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Abstract

This dissertation addresses three different problems in the study of discrete dynamical sys-
tems. Firstly, this work dynamically classifies a 9 parametric family of planar birational
maps f: C2  C? that is

Bo + Bix + ﬁzy>
Yo+ Mz + Yy /)’

f(l‘7 y) = (040 + a1+ a2y,

where the parameters are complex numbers. This is done by finding the dynamical degree o
for the degenerate and non degenerate cases of £’ that is the extended map of f in projective

space. The dynamical degree ¢ defined as
§(F) := lim (deg(F™))",

indicates the subfamilies which are chaotic, that is when 6 > 1, and otherwise. The study
of the sequence of degrees d,, of F' shows the degree growth rate of all the subfamilies of
f- This gives the families which have bounded growth , or they grow linearly, quadratically
or grow exponentially. The family f includes the birational maps studied by Bedford and
Kim in [BK04] as one of its subfamily.

The second problem includes the study of the subfamilies of f with zero entropy that
is for = 1. These includes the families with bounded (in particular periodic), linear or
quadratic growth rate. Two transverse fibrations are found for the families with bounded
growth. In the periodic case the period of the families is indicated. It is observed that there
exist infinite periodic subfamilies of f, depending on the parameter region. The families
with linear growth rate preserve rational fibration and the quadratic growth rate families

preserve elliptic fibration that is unique depending on the parameters. In all the cases with

vil



zero entropy all the mappings are found up to affine conjugacy.

Thirdly, it deals with non-autonomous Lyness type recurrences of the form

o Ay, + Tn+1
$n+2 — T 3
n

where a, ,isa k-periodic sequence of complex numbers with minimal period k. We treat
such non-autonomous recurrences via the autonomous dynamical system generated by the

birational mapping F;,, Iy F,, where I, is defined by

kE—1

a—+vy
T

Fo(z,y) = (y, )-

For the cases k 1,2,3,6 the corresponding mappings have a rational first integral. By
calculating the dynamical degree we show that for k& = 4 and for £ = 5 generically the
dynamical system is no longer rationally integrable. We also prove that the only values of
k for which the corresponding dynamical system is rationally integrable for all the values

of the involved parameters, are k 1,2,3,6 .
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Mathematics, as much as music or any other art, is one of the means by which we rise to a
complete self-consciousness. The significance of mathematics resides precisely in the fact that it is
an art; by informing us of the nature of our own minds it informs us of much that depends on our

minds - John William Navin Sullivan






Chapter 1

Introduction

1.1 Motivation and Significance

The subject of studying the dynamics of rational maps arose in early part of 20"

century. The
global study of iteration of analytic functions which falls in the area of studying holomorphic dy-
namics was first introduced by Pierre Fatou in 1917 Many basic results were found independently
in parallel by Gaston Julia and Samuel Lattes in 1918. This initiated the interest of studying the
complex dynamics. The computer generated pictures appeared showing ordered and disordered
chaos underlying in this theory stimulated great interest not only in mathematicians but also out-
side of the mathematical community. The studies of Henri Poincaré on planetary motion stared
the interest of iterative dynamical systems in mathematics and physics community. These iter-
ations naturally appear in the beautiful attractive picture showing complex dynamics of differ-
ent phenomenons. Therefore in last two decades an increased interest is observed to study the
difference equations that model different phenomenons of life. The population dynamics, eco-
nomic and financial dynamics, ecological and biological aspects of life are widely studied now
by using the tools from discrete dynamical systems [Bla09, Gan97, EK78, Mic90, CGMO6b].
The difference equations which are linear or nonlinear rational recurrences are of much interest
[KLP0O, LGKO02, ZEMOS, CLV03, Bed, CGMO08b, San90, CZ14, FIL96].

In recent years the study of holomorphic dynamics of complex manifolds has received much atten-
tion [DFO1, BK06, BK04]. One of the main objective is to study the dynamics of rational mappings
of PC™ These can be studied as the systems of difference equation. The intention is to classify these

mappings with respect to the involved parameters that are closely related to the life phenomenon
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under study. This is done in order to know the local and global behavior of these iterative map-
pings in real and complex space [KLMRO03, DS05, ZEMO0S, Lad95, BC, FS92, FS45, DF01, BK04,
CGMO06a, CGMO06b, K1.93, BPvdV84]. In these works several authors have devoted their attention
to the Cremona transformations [Hud27, Des12, Dill1, Bla09]. The birational maps in PC? form
the Cremona group Bir(PC?), see [Des12, Bla09, Dil96]. From a dynamical point of view the Cre-
mona transformations are considered to define a dynamical system. Much efforts have been made
in [BK06, BK04, Dill11, BC, BD12, Bla09, Dill1l, dMV06, CLV03] to understand the dynamics
and global behavior of such birational maps. In this work we consider the family of fractional maps
f:C?  C? of the form:

0+ 17+ zy) (1)

Ty)= + 1x+
@ y) (0 Y T

where the parameters are complex numbers.

The study of family f in (1.1) can be considered as a continuation of this exploration. This is a

subfamily of Cremona group with nine different unknown parameters.

In [BB0O, McMO7, BF0O, Jac05, Fri91, FS45, Fri91, Gro03, CGMO06a] authors have studied
birational maps by using different tools from algebraic geometry, dynamical systems, (see [KH95,
Sha94, Har77, Sil86, San90, Aga92, Ela96, Can99]) and by utilizing several techniques including
blowups in projective space (see [Har85, BK04, CZ14]). In past decade the study of degree growth
of birational maps and its estimates are studied in different aspects (see [dMVO06, Des12]), the
quantity dynamical degree is of most interest, (see [Bel99, DF01, BK06, CZ14, BC, BD12, BV99,
Yom87, Sil]).

In those, Diller and Favre [DF01] gave a classification of bimeromorphic maps of complex sur-
faces and discussed their dynamics by utilizing the quantity dynamical degree associated to these
maps in PC" The degree growth rate was studied and results were produced for the four cases
which are bounded, linear, quadratic or exponential growth of the sequence of degrees. The con-
ditions for the mapping to be an automorphisms were addressed and for what values of dynamical
degree one can expect to have an integrable mapping, or a mapping that preserves fibrations was
also discussed.

Many other authors including (see [CGMO08a, CGM06a, CGM07, CGMO08b, K193, May75, CZ14])
have studied the difference equation related to birational maps. Ladas, Camouzis and Zayed in
[CLVO03, Lad95, ZEMO08] have intended to study some birational maps, which includes family (1.1)
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as a subfamily, in real space with respect to the involved parameters. The intention to classify these
maps has resulted in providing thousands of cases which are tedious to study and inefficient to work
with.

In [BKO06], Bedford and Kim have studied a subfamily of mapping 1 1 They have classified their
family of mappings for all the values of parameters and studied their dynamics by using the notion
of dynamical degree as used in [DFO1].

The objective of this work is to dynamically classify the family f in (1.1) into it s subclasses and
indicate their independent behavior for all the values of unknown parameters. We do this by finding
the dynamical degree, for all the existing sub cases, which is the associated quantity with growth
sequence of these maps in PC? This work provides families as examples of the classification done
by Diller and Favre in [DFO1]. This also shows that the methodology used to achieve the results is
more efficient and provides more concrete and concise results. This family 1.1 includes the family
of Bedford and Kim in [BKO06] as its subfamily for the values of parameters ¢ =0 | = 0 and

2=1

1.2 Introduction of the problem

In this work we consider the family of fractional maps f : C>  C? of the form:

o+ 1x+ 2y> (12)

ry)=| ot 1+ 2
o= y At

where the parameters are complex numbers.

This family of maps can be extended to the projective plane PC? by considering the embedding
(x1 w3) C? [l:axp:x9] PC?into projective space. The induced map F : PC?2  PC?
has three components F;[xg : x1 : 3] ¢ = 1 2 3 which are homogeneous polynomials of degree
two. For general values of the parameters the three components have no a common factor: we say
that these maps have degree two. Similarly we can define the degree of " = F' F for each
n N It can be seen (see Proposition (6) or [DFO1]) that if f(z;1 z2) is a birational map, then the
sequence of its degrees satisfies a homogeneous linear recurrence with constant coefficients.

In order to determine the behavior of iterates F'" = F' F' we begin by studying their

degree growth rate. In particular we are going to determine

(F) = lim (deg(F™))w (1.3)
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which is known as the dynamical degree and the logarithm of this quantity which is called the
algebraic entropy.

It is also known (see [Yom87]) that the algebraic entropy is an upper bound of the fopological
entropy, which in turn is a dynamic measure of the complexity of the mapping. For this reason
the results that we get can be seen as a dynamical classification of family (1.1). Furthermore, they
generalize the results obtained in [BKO06], in which a similar problem is treated for the case in which

0=0 1=0and o =1 thatis, for Linear Fractional Recurrences.

Birational mappings F' : PC?>  PC? have an indeterminacy set Z(F) of points where F is

ill-defined as a continuous map. This set is given by:

I<F) = [1701901:952] PCthl[.Tolafl:.%'Q}:O

Fylwg : 21 2 w2] = 0 F3[xg @ 21 : 2] = 0]

On the other hand, if we consider one irreducible component V' of the determinant of the Jacobian
of F, it is known (see [DF01]) that F'(V') reduces to a point, which belongs to the indeterminacy set
of the inverse of ' The set of these curves which are sent to a single points is called the exceptional
locus of F and it is denoted by E(F')

It is known that the dynamical degree depends on the orbits of the indeterminacy points of the
inverse of F' under the action of F' (see Proposition 5 of Chapter 2). Indeed, the key point is whether
the iterates of such a points coincide with any of the indeterminacy points of F'

If this happens we do a series of blow ups to remove the indeterminacies. As a result we get an
expanded space X where our map is algebraically stable AS. We discuss all this process of blowups
and stability of map in more detail in Chapter 2.

For an AS map f we can consider the induced map f : Pic(X)  Pic(X) According to
[DFO01] for an AS map we have (f™) = (f )™ where (F) is the spectral radius of f

We are later interested to know if (F') 1 in order to make a classification of the zero entropy
( (F) = 1) cases and the ones which have dynamical degree greater than one. We later study the
zero entropy families.

The aim of this work is to study the dynamical consequences. For instance finding the mappings
which are globally periodic, this is to look for the ones whose sequence of degrees are periodic.
To know the mappings which preserve rational or elliptic fibrations is to look for the ones whose
sequence of degrees grow linearly or quadratically (see Theorem 7 in Chapter 2). Also the study of

the complete dynamics of f by using symbolic dynamics requires to look for the models who have
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same dynamical degree as f

1.3 Thesis layout

This work discusses the classification of birational maps f of PC? given in (1 1) An introduction
to the family, scheme and methods to tackle the problem are discussed in the introduction and
classification section of chapter 1. The subsection of classification provides the conditions for the
classification of maps into two larger subfamilies, which provides the information for the existence
of families discussed in later chapters 3 6

The family of birational maps (1 1) are bimeromorphic maps as discussed in chapter 2. We are
using several results proved in [DF01] to study the complex dynamics of such maps in compact
complex spaces. To get an AS map the method of regularization of the map f is discussed in detail
in chapter 2. The orbit structure and the collision of orbits is also discussed in this chapter.

Chapter 3 discusses the families of maps which are degenerate that is all the parameters satisfy
either the condition ()12 = O or ()12 = 0 on the parameters of the map 1.1. The results in
both of these cases are given in two different theorems which classify the families later into further
subfamilies by finding the dynamical degree and then the dynamics of families existing inside these
cases which have dynamical degree one or zero entropy is discussed in the end of this chapter.

In chapters 4 to 6 discussed the families of maps which are non degenerate that is all the parameters
satisfy either the condition ()12 = 0 and ()12 = 0 on the parameters of the map (1.1). The
results for all the cases are given in the form of different theorems which classify the families later
into further subfamilies by finding the dynamical degree. The dynamics of families existing inside
these cases which have dynamical degree one or zero entropy is discussed in the end of this chapter.
Chapter 7 discusses the non integrability of & periodic Lyness recurrences globally. This work
serves as one of the applications of dynamical degree associated to birational maps of PC™ The
result is presented as a theorem in the end of chapter that uses the four propositions described
before in the same chapter to prove its result. These propositions are the non integrable cases for
four different values of £ These four cases suffice the required result globally.

In chapter 9 We also discuss as the continuity of this work the possible aspects of future work and
its significance as a contribution in the present work in the study of complex dynamics of birational
maps.

In 8 we give the calculation done for finding the exact values for different orbit lengths of the

indeterminacy points A; and A of the inverse of the birational map f
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In the end we give the bibliography.

1.3.1 Quick review

This thesis work is organized as follows: The introduction to the family is given in chapter 1. The
required preliminaries which include basic settings of the work, some background of birational
maps, Picard group, orbit and list structure of orbits are discussed in chapter 2. From chapter 3 to
6 the classification and zero entropy families are discussed for both non degenerate and degenerate
cases of f Chapter 7 gives the non integrability result for Lyness & periodic recurrences. In chapter
9 we the future work scope. Then in the appendix we give required calculation used in the work.

We end with mentioning all the references utilized to complete this work.
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Pure mathematics is the world’s best game. It is more absorbing than chess, more of a gamble
than poker, and lasts longer than Monopoly. It’s free. It can be played anywhere, Archimedes did it
in a bathtub - Richard J. Trudeau, Dots and Lines.
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Chapter 2
Preliminaries

For the better understanding of the subject and problem of this research thesis work, in this chapter
we provide some necessary background definitions, the tools that we are going to use in our work
and the methodologies we follow in order to get regularized maps. We introduce the general family
of maps to study in this work in the section of settings and provide a first classification of it in
two major cases, the degenerate and non degenerate. To achieve the results in degenerate case,
that we discuss in Chapter 3, the tools and methodology that we use are described in detail in this
chapter, that is to perform a series of blowups, get an extended space and then find the characteristic
polynomial by using Picard group in order to find the dynamical degree. These are the same tools
that we use to achieve AS maps in Chapter 7. However to get the results in non degenerate case
that we discuss in Chapters 4, 5, 6, we use a theorem of [BK06]. We describe the basic tools for the

understanding of this theorem in the last section of this chapter.

2.1 Background knowledge

2.1.1 Projective space PC>

The projective space of dimension two is defined as the quotient of C> 0 by the relation identi-
fying p with pforanyp C? 0 and any C That is, complex lines through origin in C3
become points in PC? The equivalence class of p = (zg 1 x2) C?is denoted by [z : 21 : 2]

called the homogeneous coordinates of p Note that homogeneous coordinates are unique only up

11
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to multiplication by non zero complex numbers. Considering the natural inclusion
i:C* PC? (x1 w2) [l:my: a2

we see that 7 is injective and that
PC? i(C?) = [0:z1:23) = 20=0

We refer to this set as the line at infinity.

An algebraic curve V. PC? is a set of the foom V = x  PC? : P(z) = 0 where P
is a non constant homogeneous polynomial. If P has the smallest possible degree among defining
polynomials for V' then we say that P is minimal and that the algebraic degree deg(V') of V is
deg(P) If P is a minimal defining polynomial for V' and P cannot be written as P; P for any

pair of non constant homogeneous polynomial, then we say that V' is irreducible.

2.1.2 Rational maps of PC? and the dynamical degree

Let f be a map of C? with rational coordinates functions. This map can be extended to the projective
plane PC? by considering the embedding (21 x5) C? [1: 21 :29) PC? into projective
space. The induced map F' : PC? PC? has three components Fi[xg : x1 : 9] i =1 2 3
which are homogeneous polynomials of the same degree.

Notice that a rational map f of C? in general is not defined in all C? In fact we have points on
which the denominator vanishes. We manage this difficulty with the extension of ' on PC? For
a point of C? where the numerator and denominator of some component of f both vanish, at this
point F' is ill-defined, that is, all components of F' vanish at this point. The set of points where F' is

ill-defined is called the indeterminacy set of F' and it is denoted by Z(F') such that
I(F)= x= PC?:Fi(z) = Fy(z) = F3(z) =0

The set Z(F') is an algebraic variety. If Z(F) has a component V' of positive dimension and ) is
the minimal defining polynomial of V' then () necessarily has to divide the three components of F'
By dropping this common factor we get a map which induces the same map F on PC? V After
reducing F' by all possible polynomial factors, we obtain a minimal homogeneous map inducing F'

The indeterminacy set will then be at most a finite set of points in PC?



2.1. BACKGROUND KNOWLEDGE 13

If F is minimal, degree d homogeneous map defined on PC? Z(F) we say that F' is a degree
d rational map of PC? Despite the fact that F is ill-defined on Z(F) we write F' : PC2  PC?
for simplicity.

Let F" and G be two minimal homogeneous maps. Then ' G is not necessarily a minimal map
for the composition of F’ and G because by finding F' G a common factor M in the components
of I’ G can appear. If this is the case, then the curve V = M = 0 satisfies that G(V) Z(F)
Clearly the converse is also true. Hence we have the following results (see proposition 2 3 of [DFO1]
and [FS92)):

Proposition 1 ([DFO0I, FS92]) Let F' and G be two minimal homogeneous maps. Then ' G is a
minimal representative of the composition if and only if there exists no algebraic curve V such that
G(V) I(F) Inparticular,

deg(F G) (degF) (deg@G) (2.1

with equality holding if and only if no such 'V exists.

Given arational map F' and an algebraic curve V' it is said that V' is a degree lowering curve for
Fif F*(V) Z(F) for some integer k Thus I’ has maximal degree deg(F') if and only if /" has no
degree lowering curves. According to the previous proposition, the degree of F™ will be (deg F')™
for all n if and only if F' has no degree lowering curves. Calling a,, = logdeg F" inequality
(2.1) implies that a4, an + an, and it is well known that is if the sequence a,, satisfies this
subadditivity condition then the limit < exists. From that observation and the definition of degree

lowering curve the following proposition can be easily proved (see corollary 2 4 of [DFO1]).

Proposition 2 ([DFO01]) Given a rational map F
(F) = lim (deg(F™))n (2.2)

always exists. Furthermore (F)  deg(F) with equality if and only if F' has no degree lowering

curves.

The number (F’) is called the dynamical degree of F' and the logarithm of (F') is called the
algebraic entropy of F' see [BK04, Bed, BV99].



14 CHAPTER 2. PRELIMINARIES

The degree of F' is not a birational invariant because for H being birational, deg(H F H !) =
deg(F') But the dynamical degree is invariant because

1
6deg(F”) deg(HF"H ') deg(F™)C

where C' = deg(H)? Taking the power = and the limit we get that (F) = (H F H ') Here we
have used that the deg(H) = deg(H 1)

2.1.3 Birational map of PC?

Arational map F : PC2  PC? is birational if there exists another rational map G and an algebraic
curve V suchthat F G = G F =idon PC?> V Asusual wecall G = F ! It is known that
for F being birational, the degree of F' coincides with the degree of F' ! It is a consequence of the
structure of birational maps on PC? see Theorem 3 2 of [DF01] for the proof.

The exceptional locus of F denoted by £(F') is defined as follows:

E(F)= = PC?*:Det(DF), =0
The following statements are true for birational maps on PC?(see proposition 3 3 of [DFO01]).

Proposition 3 (/DF01]) Let F : PC? PC? be a birational map and let F ' be its inverse.
Then:

1. Given any irreducible curve V.- E(F) F(V) is a single point in T(F ') For any point
p I(F 1) the preimage of p for F is an element of £(F)

2. I(F) E(F) and every irreducible element of E(F') contains a point of Z(F)

3. F:PC?* &(F) PC%* &(F ')isabimeromorphic map.

Recall that for a complex Eucledean space C™ a mapping f(x1 xn) = (f1 fn) D1 Do
for D1 Dy  C" is holomorphic if each of the coordinates is holomorphic. That is it is complex
differentiable in the neighborhood of every point in its domain. This implies that it is infinitely
differentiable and coincides with its own Taylor series. Analytic function, regular function and
conformal mappings are the terms often used in the text as an interchange of the term holomorphic

functions. If f is a bijective map then its inverse f ! : Dy  Dj exists. For f ! to be holomorphic
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we obtain a biholomorphic map.

The mapping f is meromorphic if it is holomorphic except for a finite number of points. These
points are the singularities of f on which it goes to infinity like a polynomial. These singularities
are the poles of f Therefore f can be expressed as a ratio of two holomorphic functions g h such
that f = % Then a pole of f is a zero of the the function & For f ! to be meromorphic we obtain
a bimeromorphic map.

Hence from 3 we see that F' maps each exceptional irreducible curve to a single point. If V' is not

exceptional then the following holds: (see corollary 3 7 of [DFO1], also [Dil96]).

Proposition 4 ([DFO0I, Dil96]) Let V PC? be an irreducible algebraic curve such that V
E(F) Then F(V) is an irreducible algebraic curve and

deg(F(V))  deg(F) deg(V)

with equality holding if and only if V' has no indeterminacy points of F’

Returning to the notion of dynamical degree for birational maps, in the light of proposition 3, we

have the following result:

Proposition 5 A birational map F has a degree lowering curve V for F' if and only if there exists
an exceptional curve S E(F') such that F™(S) I(F)forsomen N

Proof. Let V be a degree lowering curve for F and let & N such that F¥(V')  Z(F) Then from
Proposition 4, there exists j 0 1 k1 suchthat F/(V) &(F)

We can assume that FV (V) is irreducible (if not we take one of their components). Then
from Proposition 3, F7+1(V) is a single point ¢ Z(F ') Since F*(V)  Z(F) we see that
F* G+1(q)  Z(F) The result follows considering S = F/(V)andn = k (j + 1) The

converse is trivially satisfied. [ |

Hence in order to determine the dynamical degree we have to follow the orbit of the points in
Z(F 1) If the orbit of each v;  Z(F !) never reaches some point in Z(F) then no degree
lowering curve for F'exist and (F) = deg(F)
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2.1.4 The blow-up technique and the Picard group

When there is a point in Z(F ') such that after some iterates lands in Z(F) we blow-up such a
point and all its iterates including the last one that is in Z(F') Givenapointp C? we are going to
consider (X ) the blow up of C? at the point p where is the holomorphic map from X  C?
The If p = (0 0) C2 (if not we do a translation) then

X = ((zy) [u:v) C* PC':zv=yu

and
X C?

is the projection on the first component:

(z y) [u:v]) = (z y)

‘We notice that
'p= 100)= (00) [u:v]) :=E, PC!

and : X E, C? (00) isabiholomorphic map. Given the point ((0 0) [u:v]) E,
(resp. ((z y) [z : y])) we are going to represent it by [u : v]g,(resp. by (z y) C? orby [1 :
x :y] PC?if it is convenient). After every blow up we have the new expanded space X and
the induced map F : ! F : X X As usual, given an irreducible curve C in C? the
proper transform of C'is an irreducible curve in X that is the closure of ~ '(C' p ) in the Zariski

topology. This pullback of C'by is denoted as C

We are going to consider the Picard group of X, denoted by Pic(X) The set Div(X) of the
divisors of X is formed by formal sums D = > d; D; whered; Zand D; ; N alocally finite
sequence of irreducible hypersurfaces on X (locally finite means that every point has a neighbour-
hood which meets only finitely many D; s). Then Pic(X) is the set Div(X) modulo linear
equivalence. That is, a divisor D is linearly equivalent to zero if D = div(h) where h denotes a
rational (or meromorphic) function h on X and div(h) = Zeros(h) Poles(h) is the associated
divisor (see [Bed, BPvdV84]). Then in Pic(PC?) two divisors are equal if and only if they have
the same degree and if D has degree m then D is equivalent to m times the class of . where L is
a generic line in PC? Hence Pic(PC?) is generated by the class of L

We are dealing with the complex manifolds X obtained after performing a finite sequence of
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blowing-ups. If the base points of the blow-ups are p; p2 Dk PC?and E; := ! p; are
the exceptional fibres at these base points then the Pic(X) is generated by < L B, Ey By >
called a basis B for Pic(X) (see [Bed, BK04]) where L = (L) and L is disjoint from all the
p; s. Furthermore : X PC? induces a morphism of groups  : Pic(PC?) Pic(X)
with the property that for any complex curve C PC?

(C)=C+> miE (2.3)

where m; is the algebraic multiplicity of C' at p; and if p; C then m; = 0 (see [Bea78]).
The induced map F induces a morphism of groups, F' : Pic(X)  Pic(X) This is a pullback
map that is by taking classes of preimages, and it is a well defined linear map on Pic(X) The

interesting thing here is that
) k
F(L)=dL+ ) cE o/
i=1

where d is the degree of ' The above formula plays a key role in this theory because of the appear-
ance of the degree of F' By iterating ' we get the corresponding formula by changing F' by F™
and d by d,, In order to deduce the behavior of the sequence d,, it is convenient to deal with maps
F such that

(F") = (F )" 2.4)

Maps F satisfying condition (2.4) are called Algebraically Stable maps (AS for short), (see [DF01]).
We call this extension the regularization of ' on PC?

It is known (see Theorem 0 1 of [DF(01]) that one can always arrange for a birational map to be
AS by performing a finite number of blowups. In order to get AS maps we will use the following
useful result showed by Fornaess and Sibony in [FS92] (see also Theorem 1.14 of [DFO01]):

Fis AS if and only if for every exceptional curve C andalln 0 F"(C) Z(F) (2.5)

Notice that this result is related to Proposition 5.

Proposition 6 Let F be a birational map of PC? and let d,, be the degree of F™ Then d,, satisfies

a homogeneous linear recurrence with constant coefficients.
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Proof. Consider ' = (mi;) = M the matrix with integer entries with respect to the basis of
Pic(X) that is B =< L Ei Ey E, >. As after the blowup process we get an AS map
satisfying 2.4 therefore M™ represents the matrix for (F™) with respect to the basis B Let X( ) =

Fren 1 Fl4e 2 24 461 4+ cobe the characteristic of M Now note that the degree
of F ' d =d; = My the first entry of the matrix M Since F' is AS also d,, = (15'”)171 = My

Since X'(M) = 0 we get that d,, satisfies the recursion formula
dp = (C() + c1dy + cody + + ¢ 1di 1)

i. e., the sequence d,, satisfies a homogeneous linear recurrence with constant coefficients. [ |

The following result is quiet useful in our work. It is a direct consequence of Theorem 0 2 of
[DFO1]. Given a birational map F of PC2 Let F be its regularized map so that the induced map
F :Pic(X) Pic(X) satisfies (F") = (F )" Then

Theorem 7 Let F : PC?>  PC? be a birational map and let d,, = deg(F™) Then exactly one of
the following holds:

The sequence d,, grows quadratically and F preserves an elliptic fibration. In this case there

exists a regularization F of F' such that Fisan automorphism.

The sequence d,, grows linearly and F preserves a rational fibration and there does not exists

any regularization of F' being an automorphism.

The sequence d,, is bounded and there exists a regularization F of F such that F is an

automorphism.
The sequence d,, grows exponentially.

In the first three cases (F') = 1 while in the last one (F') > 1 Furthermore in the first and second,

the invariant fibrations are unique.

Remark 2.1.1 Note that when (F') = 1 and F has two generically transverse fibrations then d,,
is bounded.
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2.2 Settings

Consider the family of fractional maps f : C>  C?:

o+ 1x+ 2y> (2.6)

zyYy)=| ot 1+ 2
Iz y) ( y At

where the parameters are complex numbers. We call F'xg : x1 : @] = [Fi[zo : @1 : x9] : Faxg :

x1 @ x9] : F3[xg : 1 : x2]] the extension of f(z y) to the projective plane. Then

Filzg: @ @] = 20 oo + 121+ 222)
Folzg:x1:xo) =( omo+ 121+ 222)( 0xo+ 121+ 272)

F[xg : @yt we) = xo( ox0 + 171+ 272)

The indeterminacy set of F'[xg : 1 : xa] is

where
Oo=[( Jiz:( J2o:( )l
O1=[0: » 1]
Oy =1[0: 1]
and
C Jigi= iy i
fort =012

The exceptional locus of F'[zg : 1 : xo] is
E(F) = Sp S1 S

where
So = Xy = 0

Si1= oxo+ 121+ 222=0
So= (1( )o2 2( o) zo+ 1( )2+ 2( )i2ze=0

By calling f (x y) the inverse of f(x y)and by F' [z : o1 : xo] its extension on PC? also
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a indeterminacy set Z(F~!) exists. In fact:

I(F7Y) = {A1, As, A3},

where
AO == {0 01 0],
A1 =10:0:1],

and the exceptional locus of F~![xg : 21 : x9] is
EFY) = {To, Th, Tz},

where
To = {(vo(af)12 — y1(aB)o2 + v2(aB)or) xo — (B7)1221 = 0},
Ty = {(aB) 1220 — (ay)1222 = 0},
T2 = {(L‘O = 0}

For the birational map 2.6 the exceptional curves of F' and F'~! collapse to a single point that are
the indeterminacy points of F’ ~land F thatis S; — A,, T; — Oj fori,j = 0,1, 2. From now on
we will use the notation S; — A; to indicate that /' maps the set .S; to a single point A; € £ (Ffl).
The following figure shows how the exceptional curves and indeterminacy points of F and F~!

behave under the action of F and F~1.

o 01
£ %) Al

52 I T1

Figure 2.1: Behavior of exceptional curves and indeterminacy points of I and !

We are interested in the mappings (2.6) which are birational mappings for all the values of
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parameters and, to avoid the already studied mappings, we will consider that ( ;1 2) = (0 0)
Next lemma states the conditions on the parameters of f in (2.6) to be birational also, to distinguish
the degenerate ( non degenerate case resp) of f that is when the map F' has exactly two distinct

exceptional curves (has exactly three distinct exceptional curves resp).

Lemma 8 Consider the mappings

o+ 121+ 21‘2> (1 2)

flz1 22 =< 0o+ 171+ 222
( ) o+ 171+ 2x2

Then:

(a) The mapping f is birational if and only if the vectors ( ¢ 1 2) ( 9) are lin-

0 1
early independent and (( )12 ( )12) = (00) (( )iz ( )i2) = (0 0) and either
(C iz ( )i2)=(0)or( 1 2)=(00)

(b) The mapping | has two distinct exceptional curves if and only if ()12 =0o0r( )12=0

Proof. The conditions in (a) are necessary for f to be invertible as if the vectors ( ¢ 1 2)

(0 1 2)arelinearly dependent then the second component of f is a constant, alsoif (( )12 ( )12) =
(00)or (( )12 ( )12) = (0 0) then f only depends on 21+ gx20ron 1z + oz If

(( )2 ( )12)=(00)and( ; 2)= (0 0)the f only depends on 1x; + oz2.

Now assume that conditions (a) are satisfied. Then the inverse of f which formally is

( Joz+ 224+( o2y 22y ( Jor 12+ ( oy + 11:y>

1 _
fle y)‘< C e ( uy (e ( iy

is well defined. Furthermore the numerators of the determinants of the Jacobian of f and f ! are

1 Doz 20 o+ 1( Diez+ 20 )2y 2.7

and
o( iz 1 Dozt 20 Jor ( )i2y (2.8)

respectively. It is easily seen that conditions (a) imply that both (2.7) and (2.8) are not identically
zero.Hence, f f '=f ' f=1idinC?> V where V is the algebraic curve determined by the
common zeros of (2.7) and (2.8).

To see (¢) we know that since .S; maps to A; this implies that the points Ay A; As are not all

distinct. Since Ay = A; we have two possibilities: Ag = Ao or A; = Ay Condition Ay = Ao
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writes as ( )12( )12 = O0and ( )12( )12 = 0 From (a), the vector (( )12 ( )12) =
(0 0) Hence ()12 must be zero. In a similar way it is seen that A; = Ag ifand only if ( )12 =
0

Remark 2.2.1 Note that the conditions (a) in Lemma 8 also imply that ( 1 1 1) = (0 0 0) and
(2 2 2)=(000)

Proposition 9 Let f(x y) be the map 2.6 and let F be its extension to the projective space. Let
V = P =0 bean irreducible algebraic curve such that V.. E(F') Then

deg(F(V)) = 2deg(V) > my(P) 2.9)
p Z(F)

where my,(P) is the algebraic multiplicity of P at p

Proof. Let P be a minimal polynomial of V' and consider Q = P F ! Clearly deg(Q) =
2deg(V') and if we apply @ at the points ¢ F'(V') we have

Q(q)=(P F ') (F(p))=P(p)=0

Assume that there exists some indeterminacy point of F' which belongs to V' Then by Proposition
3 there is some T E(F 1) such that F' * maps T to p Hence Q(T(z)) = (P F ') (T(z)) =
P(p) = 0 Since F(V) is an irreducible curve, T' cannot be a factor of F'(V') Furthermore since
eachT E(F 1) has degree one, if m,(P) =1 thendeg(F(V)) 2deg(V) 1 Furthermore if
mp(P) =k thendeg(F(V)) 2deg(V) k If V contains several indeterminacy points then the
inequality
deg(F(V)) 2deg(V) 3 my(P)
p Z(F)

Now the equality (2.9) holds. Because if P(F ') = 0 then ' !(x) V and either F !(z)
I(F)andz F(x)orF Y(2)=p ZI(F)andz T ]

We will not use these settings for the families studied in Chapter 7 of Lyness £ periodic recur-
rences. As those families of maps are different from rest of the mappings considered to study in

previous chapters, hence we prefer to introduce all the required settings in the same chapter.
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2.2.1 Classification

We first classify our family 2.6 into two large subfamilies. These are the degenerate mappings
or non degenerate mappings. For general values of the parameters, the mappings in our family
have three indeterminacy points and the exceptional locus is formed by three straight lines. But
there is a subfamily such that the exceptional locus only has two straight lines. We call these
mappings degenerate mappings, this happens when ( );2 = O or ()12 = 0 When all three
lines are distinct we call such maps as non degenerate mappings, this happens when ()12 = 0
and ()12 = 0 We study these cases separately for all the values of parameters satisfying these
condition of existing in one or the other group of mappings. To study the behavior of the sequence
of degrees, we treat differently the degenerate case of the non degenerate. In the non degenerate
context we use a Theorem of Bedford and Kim (see [BK06] or Theorem 10 in chapter 2 ) to find
the characteristic polynomial that gives the recurrence which follow the sequence of degrees. In the

degenerate case we explicitly compute the action of F' in the corresponding Picard group.

2.3 Lists of orbits

We derive our results in the non-degenerate case by using Theorem 10 discussed in the end of this
subsection, established and proved in [BK06, BK04] with the same tools explained in the previous
subsection. In order to determine the matrix of the extended map in the Picard group, it is necessary
to distinguish between different behaviors of the iterates of the map on the indeterminacy points of
its inverse.

The result in Theorem 10 is for a general family G of quadratic maps of the form G = L J
The maps of family (2.6), when the triangle is non-degenerate, are linearly conjugated to such maps.

Here L is an invertible linear map and .J is the involution in PC? as follows:

Jzo 1 x1 1 x2] = [z L. x, L. T, 1] = [x129 : TOT2 : ToX1]

We find that the involution J has an indeterminacy locus Z = ¢ 1 2 and a set of exceptional
curves E = Yo ¥y Xo ,where¥; = z;, =0 fori=012 and ; =%, with ¢ j k =
012 LetZ(G ') := ag a; ay the elements of this set are determined by a; := G(%;
I(J)) =L ;fori=0 1 2;see [BKO6]. To follow the orbits of the points of Z(G' ') we need to
understand the following definitions and construction of orbits and lists in order to apply the result

of Theorem 10.
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We assemble the orbit of a point p  PC? under the map G as follows. For a point p
E(G) ZI(G) we say that the orbit O(p) = p . Now consider that there exitsap ~ PC? such that
itsn'" iterate belongs to £(G) Z(G) for some n, whereas all the other n 1 iterates of p under G
are never in £(G) Z(G). This is to say that for some n the orbit of p reaches an exceptional curve
of G or an indeterminacy point of G We thus define the orbit of pas O(p) = p G(p) G"(p)
and we call it a singular orbit. If for some p  PC? in turns out that p and all of its iterates under G
are never in £(G) Z(G) foralln wesetas O(p) = p G(p) G*(p)  and O(p) is non singular
orbit. We now make another characterization of these orbits. Consider that a singular orbit reaches
an indeterminacy point of G, this is to say that G"(p) Z(G) but its not in £(G) We call such
orbits as singular elementary orbits and we refer them as SE-orbits.

We are now proceeding towards the main preliminary result of this section which is Theorem
10. We will use this theorem to find the characteristic polynomial in our following work. To apply
Theorem 10 we need to organize our SE orbits into lists in the following way.

Two orbits O1 = aq s, and Oy = ag j» are in the same list if either j; = 2 or
j2 = 1 thatis, if the ending index of one orbit is the same as the beginning index of the other. We

have the following possibilities:

Case 1: One SE-orbit, O; = q; (i) Then we havethelist L = O; = q; (3)

If (¢) =i we say that L is a closed list. Otherwise it is an open list.

Case 2: Two SE-orbits, O; = «q; (i) and O; = a; ;) In this case we can

have either two closed lists,
L= O;,= a; i and Lo = Oj: a; j with ¢ =7

or one open and one closed list

El — OZ‘Z a; 4 and

Lo = Oj: a; k with 1=75 j=%k k=1

or a single list

L= 0O,= q j Oj: a; () with 7=
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which is closed if (j) = ¢ and an open list otherwise.

Notice that we cannot have two open lists because there are at most three SE-orbits.

Case 3: Three SE orbits: In this case we can have either three closed lists

L1 = Op= a 0 L= O1= a 1 and
Lz = O2= a3 2
or two closed lists
L1 = 0O;= q i 0= aj i and
Ly = Opr= ay k with i=k=7 and i=3j
or one closed list
L= Op= ag 1 O1= 2 O2= a3 0

We now define two polynomials 7, and Sy which we will use to apply theorem 10. Let n;
denote the sum of the number of elements of an orbit O; and let N = ny +  + nyo . denote the
sum of the numbers of elements of each list £ If £ is closed then T = 2Nz

1 and if £ is open
then 7, = 2Nt Now we define S ¢ for different lists as follows:

™ 4+ "2+ 2 if Lisclosedand £ = ni ng
™ 42" 41 if Lisopenand £ = nj ng
Sr(x) = 3
> [:cNﬂ i +:c”i] +3 if Lisclosedand £ = nji ng ng
i=1
xNe Mg N4 1 if Lisopenand £ = ny no ng
i=2

=1 1=

Theorem 10 [fG = L J, then the dynamical degree (G) is the largest real zero of the polynomial

Xa)=(z 2) [ Te@+@ 1 Y Su@) [[ Te@
L'=L

L Le Lo L Le Lo

Here L runs over all the orbit lists.
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2.3.1 Orbit collision

The study of the orbits of the indeterminacy points of G ! is important for the understanding of the
mappings of the form G = L J as discussed above. To do this we first locate the singular orbits.
These can be the ones which reach an indeterminacy point of G or an exceptional curve of G The
first case corresponds to the elementary case where we get an SE orbit. The lists for such orbits
are discussed above. The later case is a non elementary one in which the orbit of a point a; reaches
some ~;  &£(G) If the orbit O; of a point a; joins the orbit O; of some other point a; then this
shows that O; collides with the O;. This is when of orbit collision happens. There can be more
than one orbit collision. In this case every time when we blow up the space X, as discussed earlier,
we check for the possible collisions and the new indeterminacy points for the induced map on X
It can happen that the orbit of a; after colliding with the orbit of a; reaches an indeterminacy point
that exists in O; To understand this, in the family 6 2 of chapter 6, there has appeared an example
of this case. This is discussed in Theorem 42. But it is also possible that O; does not contain any
point that is still indeterminate for new induced map on X In this case if O; collides with O, then
O; cannot be SE. This can be understood by looking at Theorem 28 in this work. The collision of

orbits is discussed in detail in [BKO06].
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The scientist does not study nature because it is useful; he studies it because he delights in it,
and he delights in it because it is beautiful. If nature were not beautiful, it would not be worth
knowing, and if nature were not worth knowing, life would not be worth living. Of course I do not
here speak of that beauty that strikes the senses, the beauty of qualities and appearances; not that
I undervalue such beauty, far from it, but it has nothing to do with science; I mean that profounder
beauty which comes from the harmonious order of the parts, and which a pure intelligence can

grasp - Henri Poincaré.
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Chapter 3
Degenerate Case

This chapter classifies the mappings in the degenerate case. Two different cases depending on
( )iz2=0o0r( )12 =0 are discussed. We identify the families with dynamical degree one and

study their dynamics.

We refer to degenerate case and call that the mappings f in (2.6) are degenerate when we only
have two exceptional curves in £(F') where F is the extension of f in projective space. Since .S;
maps to A; this implies that the points Ay A; Ao are not all distinct. Since Ag = A; we have
two possibilities: Ay = Ay or Ay = Ay Condition Ay = Ay writes as ()12 ()12 = 0 and
( )i2( )12 =0 From (a), the vector (( )12 ( )12) = (0 0) Hence ( )i2 must be zero. In
a similar way it is seen that A; = Ag ifand only if ()12 =0

To prove the result in this chapter for both cases ()12 =0and ()12 = 0 in the first two sec-
tions we first calculate the dynamical degree depending on the coefficients using the methodologies
explained in Chapter 2. That is to perform the necessary blow-up s in order to extend the map F' to
a space X getting a map F which is AS. This will be the case if (2.5) is satisfied. We then study the
induced map F on the corresponding Picard group to find the associated characteristic polynomial

which gives the sequence of degrees of F’

In the third and last section of this chapter we focus our attention to detect the families with zero
entropy that is with dynamical degree one. They appear to be able to separate in two different sets
of mappings, i.e. the maps whose sequence of degrees grows linearly and the ones whose sequence
of degrees is bounded. For the maps in the first set we find explicitly the rational invariant fibration
which assures Lemma 4 2 in [DFO01]. In almost all the cases the fibration is trivial. In the second

set of mappings when the sequence of degrees is bounded we distinguish those mappings that have

29
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periodic sequence of degrees, and hence we show that the mappings indeed are periodic. But the
mappings (5) required more work. As there appear a family that is 2 k& periodic for all k but this
family is too much singular, this is to say that it requires several multiple blowups to get an AS
map. However the family is quiet simple and to deduce the behavior of the degrees we have used
the well known results on Md&bius one dimensional maps in [CGMO06a]. For the other mappings
with bounded sequence of degrees we explicitly find two fibrations generically transverse.
We begin by the case ()12 = 1 2 2 1 = 0 This condition implies that Sy = So =
20=0 andOg =03 =1[0: 9: 1]. ThusE(F) = Sy S1 and Z(F) = Op Oy where
S1= oro+ 121+ 222 =0 and O; = [0 : 2+ 1] The two exceptional curves Sy S;
collapses to Ay A; respectively where Ag = [0:1:0]and A; =[0:0: 1] We notice that F' maps
PC? E&(F)to PC?> &(F ')in abijective way, where F' ! is the inverse of F' It is seen that in
thiscase E(F )= Toy Ty whereTh= 20=0 andTy = ( )i2zo+( )oarz2=0

We now study these two cases separately in the following sections:

3.1 Mappings with (7)1, =0
Theorem 11 Assume that ()12 = 1 2 o 1 =0 Then the following hold:
1. If 1 1=0= o o thenthe dynamical degree of F'is (F) =2

22If 1 1=0and 9 =0then | =0= g9 andthedynamical degreeis (F)=1 d, =
l+nforalln N

33.If 1 1 =0and 9 = 0then o =0 o = 0 = 1 and the dynamical degree is
(F) =2 dyyo =dpp1 +dyforalln N

4. If 1=0 9=0then 1 =0 = 4 and the dynamical degree is (F) = 1+2 5 dpro =
dnt1 +dp foralln N

S5.If 1=0then o =0= 1 1 = 0and the dynamical degree of F' is (F) =1 Further-
more the sequence of degrees is dp, =1+ nord, =2 foralln N depending on o =10

or o = (0 respectively.

6. If 1 =0= gothen 1 =0= o o = 0 and the dynamical degree is (F) = 1 This
k
Sfamily is 2 k periodic if (%) = 1for somek >1 N where 1 and 2 are the roots of
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x? 0x o = 0 with g—|—4 0=01If 3—|—4 o = 0 then f is not periodic and d,, = 2
foralln N

Proof.

1. The exceptional curves Sy Apand S;  A; Considerthat (  )j2 = 1 2 9 1=0
and 1 1=0= o o Then we observe that F(Ap) =[0: 1 1:00=Ay Z(F)and
F(A1)=[0: 2 9:0=Ap Z(F) Thus using (2.5) we see that F' is AS, which implies
that d,, = 2" and consequently (F) = 2.

2. Assumethat ; | =0and 9 = 0 Then fromlemma 8 we see that for f to be birational in
this case we have conditions ()12 =0=( )igwith( ;1 2)=(00) (1 2)=(00)
but ( 1 2) can be simultaneously zero. Also as we know that ()12 = 0 thus we find that
to satisfy these conditions we must have ; and o non zero. Observe that Sy collapses to
Ap=10:1:0] Spandthat F[0:1:0] =[0:1:0] which is not equal to any of the

indeterminacy points O; Oz Hence Ay is a fixed point.

Now S A1 =0,=1[0:0: ;] Z(F) Hence blow-up A; to obtain £;. We identify

E7 with PC! in the following way. For [u : v]g,  PC!, we associate the point
[u:v]g, = %in% Ytw:tv:1] Fy

We may now determine the map FonS; For

(oxo+ 171) .
T = |xo:x1: =lim |xg: 271 :
9 t 0

we assign

F(x):= %iI%F [:po DX

That is

F xo:ml:i('yong“wl)] =[tzo:( oo+ 171)t:

zo (Bov2 xo+y2 frzi+P2t xo B2y Pemi :131)]
2

and thus taking limitas ¢ 0 yields

F[O T Xy :xg] = [:Uo T o%o + 1x1]E1
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Now we make similar computations for a point [u : v|g, in the fibre Ey over the indetermi-

nacy point A;. We set x = [tu : tv : 1] so that

F(z) =[tu( otu+ 1tv+ 2):t( ou+ 10)( gtu+ 1tv+ 2):
tu( gtu+ 1tv+ 2]

Dropping ¢ from three components and taking the limitas¢ 0 we get

Flu:vlg, [u: ou+ 1v:u] T

The above equation shows that F maps £ to T biholomorphically and the assumptions on

the coefficients imply that no points on E; are undetermined for F

Let X be the manifold obtained after the blow-up. We have extended F on X getting I© We
see thatnow £(F) = Sy andthat Z(F) = Oy Toknow if F is AS we have to assure that
the orbit of Ay under F never reaches O Notice that Ay is also fixed under F and Ay = Os
Thus using (2.5) we see that F'is AS.

In order to find the matrix of the induced mapping F' on Pic(X) since Pic(X) =<

L Ey>and F acts taking preimages, the above calculations show that:

~ ~

F (Ey) =51
From (2.3) we know that  (S;) = S) and since S; is equivalent to L in Pic(PC?) and
(L) = L we getthat  (S;) = L Hence,

~ ~

F (By) =1

It remains to calculate F (E) To this end, we observe that again from (2.3) and since A;
F (L) we get:

—

(F (L) =F YL)+F, (3.1)
and since F '(L) 2L in Pic(X) itimplies that ¥ 1(L) = 2L [ and hence that

~ o —

F(L)=F YL)=2L F (3.2)
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Now we are ready to write the matrix of F:

F = 3.3)
10

The characteristic polynomial of (F' )is (z 1)? and hence the dynamical degree is 1 By
finding the degree of first two iterates of F' i.e. dj = 2 ds = 3 we can write the sequence of

degrees asd, = cop+cyn=1+nforalln N Hence proved.

3. Assumethat ; 1 =0and 2 = 0 Then from lemma 8 we see that for f to be birational
we have conditions ()12 =0=( )i2with( 1 2)=(00) (1 2) = (00)but
(1 2) can be simultaneously zero. Also as we know that ()12 = 0 thus we find that to

satisfy these conditions we musthave o =0and 2 =0=
Observe that now we have S A3 =02 =[0:0:1]and F(Ap) =[0: 1 1:0] = Ao
Z(F) So we have to blow-up A; = [0 : 0 : 1] getting E; The extension of F' on S; and on

FE; acts as follows:

F[mozloazozxg] =[1zo:( )orxo+ 2 172]E andﬁ’[u:v]E1 =1[0:1:0]

On the other hand since Ay is a fixed point, we see that F' is AS and the computations give:

F = (3.4)
1 1

with characteristic polynomial 22 2z 1 Hence the dynamical degree is (F) = L5 and

2
dnto =2dp41 +dy foralln N

4. Assumethat ;| =(0and o = 0 Then from lemma 8 we see that for f to be a birational map
in this case we have conditions ()12 =0=( )iowith( 1 2)=(00) (1 2) =
(0 0) but ( 1 2) can be simultaneously zero. Also as we know that (  );2 = 0 thus we

find that to satisfy these conditions we musthave ; =0= o
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In this case Sy Ap = O1  ZI(F) Hence we blow-up Ay to obtain Ey. So we have to

blow-up Ap to get Fy The extension of F' on Sy and on Ej acts as follows:

FO:zy:zl=[1214+ 222: 121+ 222]R,
and

F[u:v]E():[lu: 1( ou+ Q’U): 1u} T
As Ay S is not an indeterminacy point of F' we find that F(Al) =[2: 2|lg, Aswe
have not created new points of indeterminacy after the blow-up process then 7 (F) = Oy

and O2 Sy = T> We know that the only points on 75 which have preimages are Ay and
Aj which implies that if the iterates of Ay reaches Oy for some iterate of F' then Oy should
be equal to either Ag or A; Butas | =0 = o therefore Ag = Oy = A; This implies that
O3 has no preimages hence no the iterates of A; cannot reach O, Hence we see that Fis

AS. As described in the previous case we can write the following equations:

()
F = (3.5)
1 1

with characteristic polynomial 22 2z 1 Hence the dynamical degree is (F) = 1+—23

dpyo =dpy1 +dy foralln N

and

. Assume that ; = 0 then from lemma 8 we see that for f to be a birational map we have

conditions ( )12=0=( )igwith( 1 2)=(00) (1 2)=(00)but( ; 2)can
be simultaneously zero. Also as we know that ()12 = O thus we findthat o =0 =
and 1 =0

In this case Sy Ayp = Oy ZI(F) Hence we blow-up Ay to obtain Ey. So we have to

blow-up Ag to get Fy The extension of F' on Sy and on Ej acts as follows:

F[O:J:‘l:ivg]:[z: Q]anndF[u:v}Eoz[ou—i— 2V U+ QU]EO
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As Ay S is not an indeterminacy point of F' we find that F(Al) =[2: 2]lg, Aswe
have not created new points of indeterminacy after the blow-up process then 7 (F’) = O

and O; Sy = T> We know that the only points on 75 which have preimages are Ay and
A which implies that if the iterates of A; reaches O; for some iterate of F' then O; should
be equal to either Ay or A; Butas 1 = 0 therefore Ag = O; For o =0 A; = O; and
for 9 =0 A; = Op We first consider the case when 5 = 0 In this case Fis AS. Then

we find that
F(Ly=2L E
(S()) = go + Eqy then F (Eo) =1

The matrix of ' on Pic(X) =< L Eg > is:

F = (3.6)
1 0

with characteristic polynomial (z 1)? Hence the dynamical degreeis (F) = 1 We observe

that the sequence of the degrees d,, exactly satisfies the recurrence
dn+2 = 2dn+1 dn

Thend; =2 do =3andd, =1+n

Now consider the case when o = 0 then A; = O; We then blow up A; to get Fq Then
under the action of F we find that S FE1 in the following way:

~ T t
Flzg: 1 : %]:[1’0: 0o+ 171)E,
and
F[U:U]Elz[QUZ 2( ou+ 111): gu] Ty
Hence F is AS. Then we find that
F(Ly=2L E, E
F (Ey)=L F
F(B))=L Ey
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The matrix of ' on Pic(X) =< L Ey E; > is:

F = 1 0 1 (3.7

with characteristic polynomial z (2 1)? Hence the dynamical degree is (F) = 1 We

observe that the sequence of the degrees d,, exactly satisfies the recurrence

dny3 =2dpy2  dpp

Thend1:2 d2:23nddn=2

. This family is very degenerate and needs multiple blowups in order to find the dynamical

degree. We therefore use other methodology to provide results in this case and to show that
these families of maps have dynamical degree one. If ; = 5 = 0 Then from lemma 8
we see that for f to be a birational map we have conditions (  );2 = 0 = ()12 with
(1 20=00) (1 2)=(00)but( ; 2)canbe simultaneously zero. As ( )12 =0
wegetthat o =0= 1 and 2 =0

For 1 2 1 2 Clety:(xy) (1z+ 1 2y+ 2)bethelinear translated scaling

1

map. We consider the conjugation y f v in affine coordinates. By the natural group

action on parameter space under the action of v we have

o+ 2 2 1 2 2
(ay By ) ( ) 0 — 0 2 0+ 11

121 11 1210 (o+ 11)2 1120>

By choosing

1 1 12+ 01 1
(1 2 1 2)=|— —

the new parameters are
(a, B,7) (001 500 7 10)

By renaming the parameters we see that the map after conjugation in this case is the following
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map f

flz y)= <y ) 0=0 (3.8)

o+

Now observe that f2¥(z y) = (h*(z) h*(y)) where h( ) = vfj)rn and f2kl(z ) =

(h¥(y) h**1(x)) This mapping f in general satisfies d,, = 2 foralln N Notice that h( )

is a Mobius transformation ‘ijis witha=0b= ¢ c=1 d= ¢ Itis well known that
any iterate of a Mdbius transformation is again a Mdobius if and only if the coefficient of z
in the denominator is non zero. We claim that f is 2%k periodic if and only if (i—?) * =1
where ;| o are the roots of 2 0 o = 0 To prove our claim we will use the
results found in [CGMO6a]. It is easy to see that the numerator of h¥ can be written as
Ni41 = bDj, where Dy, is the denominator of h* Then Dy 1 = ¢ Dy, + N;, This implies
that Dgyo c¢Dpy1 bDy=0forDp = ;+ paxforsome , , C Then wecan write

that the equation ;49 ¢ g4+1 b x = 0 Then the associated characteristic polynomial is

2 o = 0 this has the roots 1:# 2:7°2ZforA: 344 o Weknow
that when A = Othen | = o andfor A =0 wehave | = o We first consider the case
when A =0 Then ;= ’f—l—cz ’2“ Now if ; = 0 then this implies that % _ (%)k
As 1=1=c¢c 14+c3 2 2= g=0 %“I‘CQ gwegetthat%: 1 This implies

k
that (i—f) = 1 To prove the periodicity we now use the results established in Corollary
3 in [CGMO6a] for periodic solutions. We see that for A = 0 then H(h(x)) = H(x)
where H is a non autonomous invariant with multiplier ~ Also H (h*(x)) = * H(xz) We

k
observe that ¥ = 1 if and only if (i—f) = 1 This gives that h¥(x) = = This shows that

2k (x y) = (h*(x) h*(y)) = (z y) forsome k > 1 N such that <:\\—f)k =1

We now consider the case when A =0 then ; = o = which implies that ¢ = %0 and
h( )= 4(7?)7(23”7) Then ;= (c1 +c2k) (%)k as = % Now we observe that | = 4 and
9 = 16 ( which gives that , = ( 48 4+ 56 k) (%) Asfork 1 48456k >0

therefore , =Oforallk 1 k£ N Thisimplies that the denominator keeps the coefficient
of which for all 2 k 4 1 iterates gives a Mobius. Therefore the degree remains the same for

all 2k + 1 iterates thatis d,, = 2 foralln N

3.2 Mappings with (ay);2 =0

Consider thecase ()12 = 1 2 5 1=0
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Next proposition gives the dynamical degree of F' in this case, by specifying the behavior of the

sequence of the degrees of F' in the cases that the dynamical degree equals one.

Theorem 12 Assume that ()12 = 1 2 o 1 =0 Then the following hold:

(i) If 1=0 9=0 1=0and o =0 then the dynamical degree is (F) =2

(ii) Ifany of 1 2 1 2 is zero, then the dynamical degree is (F) = 1 or (F) = 1+2 5
More precisely:
Case 1. Assume that 1 = =0 Then 2 =0 9=0 1 = 0 and the dynamical degree

1
of Fis (F) =145

Case 2 Assumethat o= 9 =0 Then 1 =0 1=0 o = 0 and the dynamical degree
of F'is (F) =1 Furthermore the sequence of degreesis d, =1+n

Proof. From hypothesis ()12 = 0 and this implies that Sy = So = 29 =0 and Oy = Oy =
0: 2: 1] Thus&E(F)= Sp S; andZ(F)= O; Oz withS; = ozo+ 121+ 222 =0
andO; =[0: o: 1] We also know that Sy collapses to Ag = [0 : 1 : 0] and S collapses to
Ay =1[0:0:1]

In general when ; o 1and 5 arenon zero we observe that F(Ag) =[0: 1 1:0] = A4y
Z(F)and F(A1) =[0: 2 2:0] = Ay Z(F) Thus F is AS, which implies that d,, = 2" and
consequently (F) = 2.

From now on we separate the proof in two cases: In case 1 we assume that ; = 0 Then from
Lemma 8 2 = 0 Since ( );2 = 0 we get that ; also must be zero. Furthermore ; = 0
because 1 = 0 implies that f(z y) does not depend on x and it is not birational. In a similar way,

in case 2 we assume that o = 0 what impliesthat ; =0 =0 ;=0and =0

Casel: 1=0 1=0with =0 9=0and ;=0
In this case O; = [0 : 1 : 0] = Ap and we do the blow-up at this point, getting Fy The
calculations give:

F[O:xlzzcg]:[gazg: 171 + zxg]EOandF[u:v:]Eoz[O:O:l} So

Furthermore F[0 : 0: 1] = [ o : 2]g, which is sent to [0 : 0 : 1] This shows that A; is
fixed under F2. Hence, the orbit of A; = [0 : 0 : 1] never reaches indeterminacy point O
and F: X X isAS.
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Hence, F' (Ey) = Sy which can be written as So = L Epand F (L) = 2L Ey The
matrix of ' on Pic(X) =< L Ey >:

(0
F = (3.9
1 1

1+ 5
2
Furthermore, since d; = 2 and dy = 3 we get that the sequence of the degrees of F' is

23581321

with characteristic polynomial 22 2z 1 Hence the dynamical degree is =

Case2: 9=0 9=0with ;=0 1=0and 5=0

In this case O; = [0 : 0 : 1] = A; and we do the blow-up at this point, getting F; Now
S1= oxz9+ 1xz1 =0 The extension of F' at SH and F is the following:

~ €T ~
F[wo: 20:@]:[1:( Joilp, and Flu :v]|g, = [u: ou+ 19]g,

The second equality tells us that £ is F-invariant and the assumptions on the parameters let

us to know that no points on F; are indeterminacy points of F

On the other hand, Sy is mapped to A9 = [0 : 1: 0] and F(Ap) =[0: 1 1:0] = A
Hence, Ay is a fixed point. All together implies that F:X  XisAS. Then,

F(E)=S8+4+E =Land F (L)=2L E

The matrix of F' on Pic(X) =< L E; > :

F = (3.10)
10

with characteristic polynomial (2  1)2 Hence the dynamical degree is = 1 Furthermore,

since dy = 2 and do = 3 we getthatd,, =1+ n

The next section discusses the dynamics of the families with zero entropy classified in this
chapter in previously discussed theorems. The results stated provides the examples for the results
in [DF01] and Theorem 7.
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3.3 Zero entropy

In this section the following theorem identifies and state the particular families in the degenerate

case when the dynamical degree =1 Itis as follows:

Theorem 13 Let f(x y) be the mappings which satisfy the hypothesis of Theorems 11 and 12.

If it has entropy zero and the sequence of degrees d,, grows linearly in n then after an affine

change of coordinates it can be written in one of the following ways:

(1) fy)=( o+ 1o By —0=

(2) f($y):(0+ 1+y Voﬁiy) 1=0= o

— Bo+ —
(3) flx y) = ( 0o+ 12 OTy> 1 = 0 Moreover the maps 1 3 preserve the fibra-
tion Vi(z y) =« suchthat Vi(f(z y)) = o+ 1Vi(zy) ¢ (1) (3) (4) For
0o = 0and 1 = 1 these mappings f are integrable. Also the mapping (2) preserve

the fibration Va(z y) =y such that Va(f(x y)) = 70+5720(zy)

If it has entropy zero and the sequence of degrees d,, is bounded, then after an affine change

of coordinates it can be written as follows:

(4)
f(a;y)z( o+ 1z o-?—g) 1=0= o
(5)
f(in):(y OiQU) 0=0= o

and the mapping (4) preserve both above given fibrations Vi and V3 in a similar manner.

The mapping (5) preserves the following fibrations

r m m ry+ax+ a
Hy(x ) = ( )y mi) Hy(s y) = 2Y (o @y o
(x mo)(y me) vy ar+(o+a)y o
if (2)—1-4 o = 0 where mq mgaretherootsofm2—|— om 0= 0and a®> = o If

g + 4 o = 0 then it preserves the fibrations

2(x+y+ o)
(2x+ o) (2y+ o)

Walz y) = 2(y =)

Wiz y) = 2z+ 0)(2y+ o)
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Furthermore H1(f(z y)) = 7t Hi(z y) Ho(f(z y)) = Ha(z y) and Wi(f(z y)) =
Wiz y) + 55 Wo(f(z y) = Walz y)+ 5,

Proof. From Theorem 11 we know that the families with zero entropy are the following: For
( )i2=0

1. Assumethat ; 1 =0and 9 = 0 Then fromlemma 8 we see that for f to be birational in
this case we have conditions (  );2 =0=( )12 Also as we know that ()12 = O thus
we find that to satisfy these conditions we must have | 9 and 5 all non zero. Then for

9 o Clety:(zry) (x 2y+ 2)be the linear translated scaling map. We consider

1

the conjugation y f v in affine coordinates. By the natural group action on parameter

space under the actionof yfora=( o 1 2) B8=(0 1 2) y=(0o 1 2) we

have
(e, By ) <0 10 o 20+ 22 2 3
1 12 22 =222 (o0o+ 22 2 12 2%)

We find that by choosing

(a,By,v) (o 10 o 11 %5 7 %)

By renaming the parameters we see that the map after conjugation in this case is the following

map f

1 =0= » (3.11)

f(a:y)=< a0t 1“’“/)

o+ 1+ 2y

which gives us the required map f;(z y) Observe that the mapping (1) has the first com-

ponent o + 12 This gives us the scaled translation in z This implies that this mapping

preserves a fibration Vi (x y) = 2 with the property that V1 (f(z y)) = o+ 1Vi(z y) For
o=0and ; =1wehave Vi(f(x y)) = Vi(zx y) which gives the following integrable

subfamily of f :

flzy) = (x OTI;iJij) 2 =0 (3.12)
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2.If 1= 1 =0 Then ; = 0and 2 = 0 Moreover when 2 = 0 then the dynamical

degree of F'is (F') = 1 and the sequence of degrees is d,, = 1 +n foralln N For

1 2 2 Clety: (zy) ( 1z 2y + 2) be the linear translated scaling map. We

1

consider the conjugation y f v in affine coordinates. By the natural group action on

parameter space under the action of v we have

ot 2 2 2 2
(ay By ) ( X L (o 32+ 22 20

0 222+ 22 (o0+ 2220 2%)

By choosing

then the new parameters are

(@, B,7v) (o 11 o000 01

By renaming the parameters we see that the map after conjugation in this case is the following

map f

f(wy)z(oJr 1T+ > 1=0= o (3.13)

0oty

which gives us the required map (2) Observe that the mappings (2) have the second com-

ponent voﬁiy This implies that these mappings preserve a fibration V,(z y) = y with the
property that Va(f(x y)) = 70+5720(:cy) Therefore the curve y at level C passes to the the
curve at level —22

Yo+C

We now discuss the family with zero entropy that satisfies the hypothesis of second Theo-
rem 12 of degenerate case. The sequence of degrees for this family grows linearly in n as

discussed follows:

. From Theorem 12 we know that we have only one family with zero entropy that is the follow-

ing: For( );12=01if 9= 2=0then ; =0= ;andalso 2 = 0 then the dynamical
degree (F') = 1 also the sequence of degrees d,, = 1 +n Thenfor ; 2 1 o C

lety:(zy) (1x+ 1 2y+ 1)be thelinear translated scaling map. We consider the

1

conjugation vy f v in affine coordinates. By the natural group action on parameter space
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under the action of v we have

o+ 1 1 1
(o, By ) < X 10 o 20+ 11 12 1+

2 2 11 211 22(0+11)2 1120)

)

(e, B,7) (0 10 001010

By choosing
1
2

- lo

—~
-

no

=

no

S~—
I
7N
- e

the new parameters are

By renaming the parameters we see that the map after conjugation in this case is the following

map f

flz y) = < o+ 1w °;y> 1=0 (3.14)

which gives us the required map (3) This preserves V; as discussed above for f in (1)

In the following we discuss the dynamics of the families which have bounded growth rate

and they satisfy the hypothesis of first Theorem 11 of degenerate case.

4 If 1= 1 =0 Then ; =0and 2 =0 Moreover when o = 0 then the dynamical degree
of F'is (F) = 1 and the sequence of degrees is d, = 2 forallm N For ; o Clet
v:(xy) (zr 1y—+ 2)be the linear translated scaling map. We consider the conjugation
v 1 f -~ in affine coordinates. By the natural group action on parameter space under the

action of v we have

(o, By ) (0 10 0 294+ 22 200 991+

291 (0o+ 2210 2%)

By choosing
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then the new parameters are

(ay By ) (o 10~000~001)

By renaming the parameters we see that the map after conjugation in this case is the following

map f

0
[z y) < ot 17— y> 1 0 (3.15)
which gives us the required map (4) Observe that the mappings (4) have their first com-

Bo
Yo+y

serve two fibrations generically transversal. The first one Vi (z y) = = with Vi(f(z y)) =

0o+ 1Vi(z y) and the other Va(z y) = y with Va(f(z y)) = 70+5720(xy) For o =0and

1 = 1 wehave Vi(f(z y)) = Vi(z y) gives the integrable subfamily of map (4) which is

ponent o + 1z and the second component This implies that these mappings pre-

the following

flz y) = <x > 0=0 (3.16)

oty

. From Theorem 7 we know that this mapping should preserve an elliptic fibration. This im-

plies that f sends a curve of genus one to another curve of same genus. We search for a

rational fibration such that V' = g = k for some polynomials P(z y) Q(x y) with no

w1 k+ws
w3 k+wy

V(f) = % for some rational function V' = g Then in particular we will have the

common factors, goes to (k) = for some w; wy ws wg k C Therefore

following cases:

(a) V(f) =V the integrable case,
(b) V(f) = w1V the scaled fibration case,

() V(f) =w1V +ws the scaled translated fibration case.

Note that in case a the functions P and () are invariant under f as they satisfy the equation
P Q(f) = Q P(f) Similarly for case b it follows. In case c only @ is invariant as it
satisfies the equation P(f) Q = Q(f) (w1 P+ w2 Q)

To find the invariant curves we start by considering the curve C' to be the curve of minimum
degree 3 Then f must send this curve to some other curve of same degree. As we know
that degree of f(C') is maximum equal to deg(f) deg(C) This implies that f(C') will be

equal to 6 for a curve C' of degree 3 The degree of f(C') will decrease if C' contains points
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of indeterminacy of F' which is the extension of f in projective space. This happens because
of the fact that curve C' which is an algebraic curve is sent to another curve that is given by
C(F ') see Proposition 9 in Chapter (2). This curve is a product of the exceptional curves
of ' 1 that collapse to the indeterminacy points of I’ contained in C' and another curve C' /
of degree less than the deg(C) deg(F) Observe that same should be true for ' 1 If F' sends
a curve C of degree 3 to another curve C” of degree 3 then F' ' must send C'  C' which
implies that C’ must contain the three points of indeterminacy of F' ! so that the degree of
the curve F'(C ’) decreases by 3 Note that this curve can be reducible. In this case the curve
C will be a product of either a line and a conic that is C' = L conic or a product of three
linesLy Lo L3=C

Then by considering the curve C'in affine plane C? (in this case it simplifies the calculations
however one can do the calculation in PC? as well) as f preserves a fibration of curves of
genus 1 Hence we start by looking for one invariant cubic curve C' under f This implies
that C' = 0 implies that C'(f) = 0 For the choice of C' we use the above discussed method,
and consider some general cubic curve C that contains the points of indeterminacy of F' We
find as stated below that C' = L; Lo Lg Also Ly Lo Lj L1 which implies that
the curve C' goes to some curve C which is the same curve C for this mapping f. Therefore

1

the curve C' also contains all the points of indeterminacy of F' * as well.

Therefore the invariant fibrations for f can be obtained by searching for invariant curves.

Since f(z y) = (y Woﬁiw) it can be seen that = = m y= o o+m By choosing
m such that y = m we get that m is the root of the m( ¢ + m) o = 0 Then we find
that the product (x  m) (y m) is an invariant conic for f Assume that 2 +4 ¢ =0
Then there are two different roots m; msq of m?> + om o = 0 This gives two invariant
conics (x mq)(y my)and (z  mi)(y mq1) Then by taking their fraction we find that

for Hy(z y) = & m0W M) e oot 17, (f(2 y)) = (v y)

(@ ma)(y m2)
To find the other invariant curve consider a general conic that is a degree two polynomial
Q(z y) such that Q(z y) = 0 passes through the two indeterminacy points Oy O; of F’
Then it follows that Q(z y) = goxy + ¢1 * + ¢2y + g3 Now the image of Q(z y) = 0 is

also a degree two curve (see Proposition 9). The calculations give that

Qx y)=0 (@2 o09)zy+ ogz+ (3 oq)y+ 0qi =0

Imposing that the two curves agree we find that Q1 (z y) =xzy+ax+ (o a)y =0
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and Q2(z y) = zy ax+(o+a)y o = 0 are two invariant curves for f Calling
Hy(z y) = % after some computations we find that Ho(f(z y)) = Ha(x y) In the
case ¢+4 o=0 Hi(z y)isidentically 1 But (x m)(y m)isstill an invariant curve
for f where m = 2 is the unique root of m?2+ om o = 0 Now we search a degree
one curve that is a line lo + Iy z + Iy = 0 such that W(z y) = ¢ loth oty

W satisfies
W(f(z y)) = w1 W(z y) 4+ ws and we find the following:

2y =)
2z+ 0o)(2y+ o)

2(x+y+ o)
(2z+ 0)(2y+ o)

Wi(z y) = Wa(z y) =

which satisfy Wi (f(z y)) = Wi(z y) + %0 Wo(f(z y) = Wa(z y)+ %0
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Mathematics is the language with which God has written the universe - Galileo
The laws of nature are but the mathematical thoughts of God - Euclid

Nature speaks the language of beauty and beauty has letters of Mathematics - Sundus

47



48

CHAPTER 3. DEGENERATE CASE



Chapter 4
Non Degenerate Case 7o = (

In this chapter we study the family of mappings 2.6 when they are non degenerate for 3 = 0 This
implies that all the three exceptional curves of F' are distinct. Two different cases depending on
is zero are discussed. We classify them into subfamilies with dynamical degree one and greater than
one. In the end we study the mappings with dynamical degree one. Note that the case 1 = 0 gives
us the mappings studied in [BKO06]. For the sake of completeness of results we study this case in

this chapter in detail again.

To find the dynamical degree in both cases we use the result for the linear fractional maps
established in [BK06]. This result is given in Chapter 2 in Theorem 10. We first look for the
singular and elementary orbits of the indeterminacy points of F' !. Then to calculate the dynamical
degree depending on the coefficients we organize these orbits into lists in order to apply the Theorem
10. This gives the associated characteristic polynomial of /' which gives us the sequence of degrees

of F' and dynamical degree of F' The methodologies are explained in Chapter 2 in detail.

In the third and last section of this chapter we detect the families with zero entropy that is with
dynamical degree one. We separate them in three different sets of mappings, i.e. the maps whose
sequence of degrees is periodic, grows quadratically or grows linearly. For the maps in the first
set we illustrate exactly what is the period of the mappings and hence we show that the mappings
indeed are periodic. For quadratic growth mappings we have illustrated the techniques we use to
find the elliptic fibrations which assures Theorem 4 3 and Proposition 4 4 in [DF01], also revised
in this chapter. For the mappings with linear growth rate we demonstrate that they preserve rational

invariant fibrations that agrees with the results of Lemma 4 2 in [DFO1].

We now start by introducing our family of mappings. Consider the birational mapping f : C2
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C2 of the form

0+ 1T+ 2y> @1

f$y=<0+ 12+ 2y
( ) o+t 1T+ 2y

for complex numbers ; ; ;% = 0 1 2 We discuss the general result for this family in the

following theorem.

Theorem 14 Suppose that the triangle is non degenerate and 1 o 1 2 are all non zero. Then

either,
(i) If it exists p N such that FP(As) = Oq then the dynamical degree of F is given by the

largest root of the polynomial

P2 9Pt L

(ii) If no such p exists then dynamical degree of F' is 2.

Notice that Proposition 14 says us that the family (??) generically has dynamical degree equal

Proof. The conditions on the parameters imply that F'(Ag) = Ag with Ay Z(F) and F(A;) =
Ay Since Ag A1 Sp  E(F), thus we find that their orbits are Oy = Ay and O; = A

which are singular but not elementary. Now it remains to analyze the behavior of iterates of A,. We
claim that ip N : FP(Ay) = Oy and fip N : FP(Ay) = Oo Itis so because if FP(A3) = Oy
then, since 07 Sy = Tb it would imply O; = Ag or O = A; thatis = 0or 5 =0
Similarly, FP(A2) = Oz implies 1 = 0or 3 = 0 Therefore the only possibility is that any iterate

of Ag reaches Og Thus we assume the following cases:
1. Assume that FP(Ag) = Op forallp N Then the map F is itself AS. Hence, (f) =2

2. Now assume that FP(As) = Og for some p N Thus we have a SE orbit of A, which is as

follows:
02 = A2 F(AQ) Fp(AQ) = 00

In this case we have only one list £, which is open. It is as follows:

Lo= Os= Ay F(A)) FP(A3) = Oy
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To find the characteristic polynomial we use Theorem ??. We find that Nz, = p, Tz, =
2P and S, = 1 Then the dynamical degree of f is the largest root of the polynomial
P2 2Pl 4 g 1

We now study the case when o = 0 Consider the birational mapping f : C2  C? of the form

+ 1z +
flxy) = ( 0+ 1T+ oy 012y> 4.2)
o+ 17
for complex numbers ; ; ¢ = 01 2and ; ¢« = 0 1 From lemma 8 we know that f is

non degenerate i.e. all S; are distinct if and only if ()12 = 0 = ()12 For o = 0 this
implies that o ; = 0 = o ; Therefore 5 o 1 are all non zero. However the parameters
o 1 0o 1 o canbe zero.
We consider the imbedding (z y) [l :x:y] PC? into projective space and consider the
induced map F : PC?  PC? given by

F[J:‘(] A 2.7}2] = [ZEQ( 0xo + 1$1) : ( $)( 0o + 1$1) 1.7}0( l‘)]
wherea © = (oxo+ 171+ 222 Theindeterminacy locusof F'isZ(F) = Op O; Oy where
Oo=] 21: 20:( Joi] O1=[0: 2: 1] O2=1[0:0:1]

and the indeterminacy locus of ' Yis Z(F ') = Ay A; Ay  where

Ag = [0:1:00] A;=[0:0:1]
Ay = [ 221:( o021+ 20 Jou+ 01 2) 1: 20 )2
where( )12: 1 2 2 1.

We see that A1 = Os Also o = 0 this implies that for ;| = 0 we get Ag = O1 For |1 =0

we have Ag = O; We therefore separately study these two cases.

4.1 Mappings with oy =0

For 1 2 1 2 Clety:(xry) (1x+ 1 29+ 2)bethelinear translated scaling map. We

1

consider the conjugation ~y f v in affine coordinates. By the natural group action on parameter
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space under the action of v we have

1+220
1 1

(22 0 2 112+ o+ 1 1)

@8 (-

(1 12)1 22 (114 0)2 1120>

By choosing

(1 2 1 2)—<212(01+21)1>

1 1

[\

the new parameters are
(@, Byy) (001 401 % 70

For ; 2 Clet :(zy) ( 1z 2y) bethe scaling map. By the group action of  for

1 = & = 5 we get the following parameters
(aaﬁa’Y) (001~001:010)

The dynamical property that an exceptional curve is mapped to a point of indeterminacy is
preserved under the above given two conjugations. By renaming the parameters we see that the map

f(z y) in (4.2) is conjugated to the following map f

fly) = (y gii’) 4.3)

We consider the induced map in projective space as follows: F': PC?>  PC? given by
F[xo A .%'2} = [xo( 0xo + 1‘1) ) ( 0xo + 1'1) : Hfo(xg + :L'())] 4.4)
The set of indeterminacy of F'and F' 'are Z(F) = Og Oy Oy where
Op=[1: o: o O1=[0:1:00 O2=1[0:0:1]
andZ(F )= Ay A; Ay  where

Ap=[0:1:00 A;=[0:0:1] Ay=[1: ¢:0]
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1

Furthermore the exceptional curves of ' and F' * are as follows

So = x9=0 S1= oro+xz1=0 So= ogrg+z2=0
To = oo +x1 =0 Ti= 29=0 To= 20=0

Orbits of Ap and A,

Observe that Sy Ag = O7 and 5 Ay = O2 Therefore we need to blow up the points
A; = Oy and Ag = O; Let X be the new space we get after blowing up the points Ag A; and
let £y E; be the exceptional fibre at these points. We recognize the induced map after the blow up
process as F.X X For the points © = [0 : 21 : wa]  Sp we find that the map F sends the

curve Sy to Ey in the following way:

FlO:zy:m] So  [z1:22)R,

Moreover it sends all the points = [tu : 1 : tv] Epast 0 to 7} ina way such that

Flu:vlg, [u:v:0] Ty

Also F sends the curve S7to By and E4 to Th = Sy as follows:

F[wo : 0Zo : .I'Q] S [.’L'() : a:g]El F[u : U]E1 [0 Dou+ v u} So =1Ts

Since we have not created new indeterminacy points hence the indeterminacy set is Z(F) = Oy

and the exceptional set is E(F) = Sy
Orbit of A,

The exceptional curve S Ao After the observations we see that the only way that Os is an SE
orbit is that FP(Ay) = Op for some p N

If no such p exists, then ' : X X isan AS mapping. Notice that in this case, when we apply
F S, still collapses to As

Assume that there exists some p N such that FP(AQ) = Op Then we have to blow-up all the
points Ay F(Ay) F2(Ay)  FP(Ay) =0Og LetF; i =2 3 p + 2 be the exceptional fibres
we get after the blow up process. Let X; be the expanded space and let Fi: X, X1 be the
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induced map. Then under the action of F| we have that:
Ey, E3 Epto
AsTy  Og therefore this sequence can be completed in the following manner:
S»  E; Ej By Ty

where after some calculations we find that the action of 1 on .Sy and on E, o is:

Filzo:x1:  oxo]l = om0+ x1: x0lR,

and

Fl[u:v]EpH:[u: ou:v] To

Observe that now Fl .¢ X is an AS map. Furthermore:

So Ey T
51 El SOZTl
Sa Ey, B3 Eprv Epra 1o

Hence all the S; which were collapsing to a single point i.e. they were exceptional, are no more
exceptional because under the action of FY all the points on .S; now have their images defined on
some other new curve i.e. the blown up fibres. Moreover previously the only points on 7; with
pre-images were A; Ay with j = % = k& But now under the action of F all the points on the
curves 7; have pre-images i.e. we have found the curves which map to the whole curve 7; and do

not collapse only to a single point of 7; We can therefore say that £ is an automorphism.

The result is the following:

Theorem 15 Let F' be the map (4.4) and let F be the induced map after blowing up the points
Ay Ay If there exists some p N such that FP (A2) = Oq then the characteristic polynomial

associated with F' is given by

Vp=aP@® oz 1)+ @ +2? 1)
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If no such p exists then the characteristic polynomial associated with F' is given by
Y= 2 x 1

Proof. From above given calculations we observe that now we don t have any exceptional curves
which can reach any indeterminacy point of F Hence from 2.5 we see that I is an AS or regular-

ized map now. We can now organize our orbits into lists. We have the following orbits:

Oo == A0201 01: A1:02
Oy = Ay F(A) FP(Ay) = O

and we have one closed list as follows

Lo= Op= Ay=0, Oy = A =0, Oy = Ay F(A) FP(Ag) = Og

Then for N, = p+3 wehave T, = (zP*3 1) and Sp, = 22PT2 + 2Pt + 22 4+ 20+ 3 Uti-
lizing Theorem 10 and by using the previous information we find that the characteristic polynomial
associated to I is )}, = xP*1(z®  x 1)+ (23 +2% 1)

Now suppose that no p exists such that FP (A2) = Og In this case we have one open list as

follows:
LOZ 00: A(]:Ol 012 A1:OQ

Then for Ny, = 2 we have T, = 2 and Sy, = 22 + 1 By using the result from Theorem 10 we
find that in this case the dynamical degree of f is given by the polynomial Y(x) = (x  2)Ty, +
(x 1)Sp, =2 =z 1. |

Proposition 16 Consider the mappings which satisfy the hypothesis of Theorem 15. Then forp 5
the sequence of degrees of map F' is periodic. For p = 6 either the sequence of degrees grows

quadratically or it is periodic. For p > 6 it grows exponentially.

Proof. The characteristic polynomial ), is similar to the one discussed in Theorem (4 3) in [BKO06].

For giving a complete account of results we study ), in this work too.
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For p N we have the following polynomials:

Vo(z) = (22 1)(2®>+2+1)

Vi(z) (x D@*+22+22+z+1)

Wo(z) = (a* 1) (@' +1)

Va(e) = (@ D(@tz+1)(@t 22+1)

Valz) = (@ 1)(E° 2°+1)

Vs(x) (x 1)@%+2" 25 2t 2P+a+1)

Yo(x) = (¢ 1)P*(@@+1)@*+z+1) @ +2° +2° +2+1)

For p = 0 the polynomial (z?> 1) (2> + 2+ 1) hasrootsz =1 1 | owhere ; = 5and

3 =1 3 =1 This implies that the sequence of degrees
dp=ci+ca( 1)"+e3( 1)" +eal 2)"

satisfies d,4+¢ = d, i.e, it s periodic of period 6

For p = 1 the polynomial (z 1) (#*+ 23+ 22+ x+1)hasrootsz =1 | 2 3 4 where
all ;s are distinctand 1 ; s are all roots of unity of period 5 This implies that the sequence of
degrees

dn=c1+ca( 1)"+es( 2)" +eal 3)" +es( 2)"

satisfies d,4+5 = d,, i.e, it s periodic of period 5

For p = 2 the polynomial (z2 1) (z* 4 1) has roots of unity of period 8 hence d,, g = dy,

For p = 3 the polynomial (z 1) (22 + 2 + 1) (z* 22 + 1) has roots of unity of period 12
and we have dy, 112 = dj,

For p = 4 the polynomial (z? 1)(z® 3 + 1) has roots of unity of period 18 hence
dnt18 = dn

For p = 5 the polynomial (z 1) (z8+27 2° 2* 2%+ +1) hasroots of unity of period
30 and dy, 30 = d,,

For p = 6 the polynomial (z  1)3(z + 1) (2% + 2 + 1) (2* + 23 + 2% + 2 + 1) has roots
r=111 1 1 9 3 4 5 ¢ whereall ;aredistinctand1 1 ;s are all the roots

of unity. This implies that the sequence of degrees is

dp =ci+contesn®+eg (1) +es (1) " +es( 2)"+er( 3)"+es( a)"+Feol 5)"+cio 6)"
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As F) is an automorphism, we know that the sequence of degrees does not grow linearly. Then
therefore

either, cs = 0 and d,, grows quadratically or co = 0 = ¢3 and d,, is periodic.
Now observe that forp > 6 V,(1) =0 V,(1) =6 p<0 lim, | Y, =+
> 1 such that Y,( ) = 0 Therefore the sequence of degrees grows

there always exists a root

exponentially.
The result can be seen observed in the following figure 4.1
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Figure 4.1: Behaviorof Y, forp =0,1,2,3,4,5,6

1 are all non zero. However
C(zy) (12 +

2 Clet v :
L f ~in affine

4.2 Mappings with a; =0
We know from the start of this chapter that the parameters ;1 2 o
the parameters ¢ ¢ 1 o canbezero. For ; o

2y + 2) be the linear translated scaling map. We consider the conjugation

1
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coordinates. By the natural group action on parameter space under the action of v we have

11+ 2 2 2 2
0 (22 02 112+ 0+ 11)

(@, B, ) ( 017t
1 1

(1 12)1 22 (114 0)2 1120>

By choosing
<2 1 0 1>
2 2 1 1
the new parameters are

(avﬂ,'Y) (~0 11~001O~1 0)

For  Clet :(xy) (1=

the choiceof | =1 1 = 2 we getthe following parameters

(aaﬁv'y) (:O 11:001010)

Hence our map f in (4.2) is conjugated to the following map f

f(xy):<0+ 1T +y Os_y) 1=0

We consider the induced map in projective space as follows: F' : PC?>  PC? given by

F[:L‘o T I 902] = [J}ol‘l : ( 0To + 121+ $2)J}1 : x0($2 =+ 01'0)] 1=0

The indeterminacy sets of Fand I/ 'are Z(F) = Oy O; Oy where

Op=[1:0: ] O1=[0:1: 4] O2=[0:0:1]

andZ(F )= Ay A; Ay  where

A0:[01120] A1:[001] Agz[li(g 0)2 1]

2y) be the scaling map in x. By the group action of  for

4.5)

(4.6)
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1

Furthermore the exceptional curves of ' and F' * are as follows

So= 20=0 Si1= 21=0 So= oxog+ 1x1+x2=0

Ty = (0 0)3604—%1:0 T = 120+ 22 =0 To= 29g=0
Ol‘bitOon

Observe that Sy  Ag =O;foranyi 0 1 2 also Ay Sy Hence Ay is a fixed point under F’
Observe that the orbit of Ag thatis Og = A is not an SE orbit.

Orbit of A,

Now S;  A; = Oy therefore we need to blow up the point A; = Os Let X be the new space we
get after blowing up the point Oy and let £ be the exceptional fibre at this point. We recognize the
induced map after the blow up process as F': X X We find that the map F' sends the curve S;
to F1 and F; to T = S in the following way:

F[.’L‘o:O:J?Q] S [.’L’o: 01‘0—!—932]]51 F[U:U]El [OZ’U:U] To=Sy= x29g=0

Hence the indeterminacy setisnow Z(F) = Op O; and the exceptional setis E(F) = Sy Ss
Therefore the orbit of A; is SE.

Orbit of A,

The exceptional curve So Ao Following the orbit of A we need to know if any of it s iterates
reach any indeterminacy point of F Now Z (F )= Op Op and O; Sy = T, We know that
the only points on 75 which have preimages are Ay and A; which implies that if the orbit of Ao
through F' reaches O; at some iterate of F' then O should be equal to either Ag or A; Now as
1 = 0 hence Ag = O; = A; This implies that FP(As) = O; for all p but it is possible that
FP (A2) = O1 Then in general there are two possibilities that for some p N either FP(AQ) =0y
or forsome ¢ N Fq(Ag) = 07 In both cases the orbit of A, is SE.
Now if there exists some p N such that FP(AQ) = Op then we have to blow-up all the points
Ay F(Ay) F2(Ay) FP(A3) = Og LetE; i =23 p + 2 be the exceptional fibres we
get after the blow up process. Let X be the expanded space and let Fi:X; X be the induced
map. But the action of Fl is same as the action of F' on the orbit of A5 Then under the action of
P
Es  Ej3 Epio
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This sequence can be completed in the following manner:
Sy By B3 Epa T

where after some calculations we find that the action of 1on Sy and on E, o is:

Filzg:z1: oo 121] = [21 : 20 B,

and

Fl[u:v]Ep+2:[u:( 0 O)u:v] T()

Observe that now Fl . ¢ X7 is an AS map.

Also if there exists some ¢ N such that F9 (A2) = Oy then we have to blow-up all the points
Ay F(Ay) F2(Ay) Fi(A3) = O LetG; i =23 q + 2 be the exceptional fibres we
get after the blow up process. Let X be the expanded space and let £} : X1 X be the induced

map. We see that under the action of Fy:
Gy Gz Ggt2
This sequence can be completed in the following manner:
Se Gy Gs Gor2 T

where after some calculations we find that the action of F 1 on Sy and on G 42 is:

Filzg:z1: ( oxo 121)] = [z1 @ zola,

and

Filu:vlg,,, =u:( out+v): 1u] Ti

Observe that now FI . ¢ X7 is an AS map. In these cases F’l is not an automorphism as Sy

still collapses.

Following are the results:

Theorem 17 Let F' be the map (4.6) and let F be the induced map after blowing up the point A,

If there exists some p N such that F P(Ag) = Oq then the characteristic polynomial associated
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with F' is given by

Vp=aP(2? = 1) +2® 1

Proof. From above given calculations we observe that now we don t have any exceptional curves
which can reach any indeterminacy point of F; Hence F} is an AS or regularized map now. We

can now organize our orbits in to lists. We have the following orbits:

01= A1 =09 Oy = Ay F(Ay) FP(As) = Og
and we have one open list as follows
Lo= O1= A =0y Oy= Ay F(Ay) FP(A4y) = O

Then for N, = p + 2 we have Ty, = zP*2? and Sy, = 2" + z + 1 Utilizing Theorem 10
and by using the previous information we find that the characteristic polynomial associated to F' is
Vp=aP(z? 2 1)+2% 1

Proposition 18 Consider the mappings which satisfy the hypothesis of Theorem 17. Then for all

p N the sequence of degrees has exponential growth rate.

Proof. We observe that for all the values of p N the polynomial ), = P (2?2 oz 1)+2? 1

has always the largest root > 1 This is because V(1) = 1 < O and lim, Y, = +

therefore there always exists aroot > 1 such that J,( ) = 0 It can be seen in figure 4.2. We thus
conclude that as all the families with associated characteristic polynomial ), have = > 1 for
all p N Therefore the sequence of degrees has exponential growth rate. [ |

Theorem 19 Let F' be the map (4.6) and let F be the induced map after blowing up the point A,
If there exists some ¢ N such that F 9(Ag) = O then the characteristic polynomial associated
with F' is given by

Yy = :C‘JH(QU2 x 1)+ x?

Proof. From above given calculations we observe that Fy is an AS map now and we have the

following orbits:

O1= A1 =09 Oy = Ay F(Ag) F1(Ay) = 04
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Figure 4.2: Behavior of Y, forp = 0,1, 2.

and we have one closed list as follows:
Lo= O1= A =0y 0Oy= Ay F(A)) Fi(A) = Oy

Then for Ni, = ¢+2 we have Ty, = 292 1and Sy, = 29! + x4 2 Utilizing Theorem 10
and by using the previous information we find that the characteristic polynomial associated to Fl
is Y, =27 (2> 1z 1) + 2% The proof of the second polynomial is discussed in the result of

Theorem 17. [ |

We observe the characteristic polynomial of this theorem for the values of ¢ N in the following

proposition.

Proposition 20 Consider the mappings which satisfy the hypothesis of Theorem 19. Then
(i) Forq= 0 1 there are no such mappings.
(ii) The sequence of the degrees is bounded or grows linearly when q = 2

(iii) The sequence of the degrees grows exponentially when q > 2
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Figure 4.3: Behavior of ), for ¢ = 1,2, 3,4, 5.

Proof. For ¢ = 0 the above Theorem 19 gives us the condition A5 = O; But we observe that
0O1[1] = 0 and Az[1] = 1 which implies that As = O; For ¢ = 1 we have two possibilities when
As S then the condition F (Ag) = F(A2) = Op which shows that the orbit of Ay can never
reach O because O;  T5 and the only point other than A; on 75 which has preimage is Ay where
01 = Ag Now if A, S then we have the condition F(Ag) = 01 But in this case F(Ag) B
and it is clear that O;  FEj therefore ¢ = 1 is not possible. Hence there are no mappings for
q 01
We know that Y, = 241 (22 = 1)+ 2? For ¢ = 2 we get the polynomial X» = 2° z*

234+ 22 =2%(x +1)(z 1)? This polynomial hasrootsz =0 0 1 1 1 This implies that the
sequence of degrees

dp=co( )" +c3+cyn

Then ¢4 = 0 (resp. ¢4 = 0) gives that d,, grows linearly (resp.d, is bounded).
Forq > 2 weobserve that V(1) =0 YV 4,(1) =2 ¢<Oandlim, 4 Y,(x)=+  Hence

Y, always has aroot > 1 and the result follows. This can be observed in the following figure.
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Theorem 21 Let F' be the map (4.6) and let F be the induced map after blowing up the point A,
If FP (A2) = Oq and FP (A3) = Oy forallp N then the characteristic polynomial associated
with F' is given by

yp:x2 r 1

and the sequence of degrees grows exponentially.

Proof. Now suppose that no p exists such that F?(Ay) = Oy and FP(As) = Op In this case we

have one open list as follows:
Lo= O1= A =09

Then for Ny, = 1wehave 17, = xz and S;, = 1 By using the result from Theorem 10 we find that
in this case the dynamical degree of f is given by the polynomial Y (z) = (z 2)Tp, +(x 1)Sp, =
2 oz 1

The next section discusses the dynamics of the families with zero entropy classified in this
chapter in previously discussed theorems. The following families of mappings provide examples

for the results stated and proved in [DF01, Can99, Bel99], also given in Theorem (7).

4.3 Zero entropy

In this section the following theorem identifies and state the particular families in the degenerate

case when the dynamical degree =1 Itis as follows:

Theorem 22 Let f(x y) be the map

fan= (v 22

If f(x y) has zero entropy then either, the sequence of degrees is periodic or it grows quadratically.

Furthermore:

If the sequence of degrees is periodic then f(x y) is one of the following:

(1) f(x y)= (y %) and f(x y) is 6-periodic.



4.3. ZERO ENTROPY 65

2) flx y)= (y HTy) and f(x y) is 5-periodic.

=

“+x

2
(=)

(3) f(zy)= (y °+y> with 2+1=0 2 g=1+ ¢and f(z y) is 8-periodic.

4) flx y) = (y ggig)with d+1=0 & (0+2) o+ o=0and f(x y)is

12-periodic.

(5) f(x y)z(y 5gig>with38+961+63+1:0 2 0=3+ o0+72+3 jand

f(x y) is 18-periodic.

(6) f(z y):(y %)wim S+88+14 3+72+1=0 2 9= 5+ ¢ 222

15 ¢ 2 Sand f(z y) is 30-periodic.

If the sequence of degrees grows quadratically then f(x y) is one of the following:

s

(7) f(x y)z(y ij) with o =0

=y

otz

=2

8) f(x y)z(y °+y>with G+52+5=0 29= 1+ ¢ ¢

The map (7) is integrable being

(z+Dy+DE+y+ o
Y

Vi(x y) =

a first integral. The maps (8) preserve the elliptic fibration

LQ
1% =_—*_
where
L = (2 30+ 2% 3z B+ o+ dy+2
Q = (1 o+ 3 2z 24 o+ 2+ Dy+( 2430 2+ Day
and
Ly == 2y (3 o+ dr (1+20+ @)
Ly = 2y (3 o+ Q)
Ly == 2z (3 o+ 2)

with Vo(f(z y)) = V(z y)where =1 3 o+3 2% 3 3and 5=1
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Proof. From Proposition 7 we see that all the maps of family 4.1 which have zero entropy are the
ones which F?(Ay) = Og forp =01 2 3 4 5 6 Looking at each one of these values of p it is
easy to see that FP (Az) = Oy is equivalent to FP(As) = O as the orbit of As does not collide
with the orbit of Ag and A; for these values of p Hence the conditions on the parameters ¢ ( are
given in the appendix in subsection non-degenerate case 2 = 0 = ;. This gives us the required
familiesforp =012 3456

We are going to prove that for p = 1 2 3 4 5 the map is indeed periodic. For p = 0 the
proof is trivial. We call n,, the period of the sequence of the degrees of the map F' which satisfies

FP(Ag) = FP(Ay) = Op ie., ng =6 ny = 5 and so on.

If F is the regularization of F' then we know that in this case F} acts in the following way:
S 1 E1 T2 EO Tl

where Ty = Sy
52 E2 ES Ep+2 TD

and that F| : Pic(X)  Pic(X) where Pic(X) =< L Ey Fy Ey  E,.9 > Since
(F,)"™ = Id itis alinear map so we know that (F, )"»(E;) = E; foreachi = 0 1 p+2 It
implies that F"*» sends the base point of each F; to itself. On the other hand F"» is a map of degree

one, because of the periodicity of the sequence of degrees. Hence we have
F"™ g @ 21 1 23] = [powo + p121 + paza : qoTo + 171 + qa2 : ToTo + 7171 + 127

Now we see that:

Fre(Ag)=Ap = pr=711=0 ¢1=0

F(Ay) = A4 p2=q=0 12=0

Fre(Ag) = Ag ro=0 go= oq1 Po o
F'(F(Ag)) = F(A2) =  qo=0 po=rs

All together implies that F"*» is the identity.

Now we deal with the case p = 6 When (¢ = 0 we find the celebrated Lyness map which is
very well known that it is integrable. For mapping (8) we are going to explain the way to find the

invariant fibration.

To find the invariant curve we use the same methodology defined for family 5 in last section of
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Chapter 3. We begin by taking all the lines which pass through Oy = [1 : ¢ : (] thatis the
lines Ly : y =m( o+ x) o We find the following:

Ly = y:m(o—i—x) 0 Loy = y=m L3:= z=m

Bo
Yo+m

Ly:= y= Wo}rmx+

We see that a straight line passing through Oy gives a straight line passing through O; and hence
their image also will be a straight line. Also a straight line passing through O gives a straight line
passing through O,

Now we look for m such that the last line coincide whit the first one. It gives us a couple of
equations:

m?+m =1 and 0m2+((2) 0)m 0 00=0

It is easily seen that these two equations are compatible if and only if ¢ =0o0r ¢ 2 g 0o o0+
2 = 0 and in this case m = 705%707050 If the condition FP(A) = Oy of the mapping (8) is
satisfiedthen ¢ 2 ¢ 0 o+ (2) = i o é +5 3 + 5) which gives the condition on ( which
shows that Ly, = L1 In this way we find that 1.y Lo L3 is an invariant curve for f
In a similar manner we search cubics being the product of a conic and a line. We take a general
conic passing through Oy O; Os in such a way that its image is a straight line. And we impose
that the image of this straight line coincides with the conic. In this way we find ) and L After, a
calculation gives that Va(z y) = LILLing satisfies Va(f(z y)) = Va(zr y) We want to point out
that all the calculations have been done taking into account the only parameter ¢ and in each step

of the calculation considering the remainder of the expressions after dividingby &+5 2+5=0

Theorem 23 If a map in 4.5 has zero entropy then it can be written as:

f(xy)—( + 14y ?) =1 1=0

Moreover the corresponding sequence of degrees grows linearly and f preserves the rational fibra-

tion
(124+1D)( 1x+y+ 1)
T 1( 1+1)

withV(f(x y)) = 1V(z y) If 1 =1then fisintegrable. If T =1 forsomen N then f"is

integrable.

Viz y) =

Proof. From the results discussed in Propositions 18 and 20 we see that there is only one family
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which has zero entropy. This mapping satisfies the hypothesis of Theorem 19 for ¢ = 2 We see that
fordo =3 d3 =5 dy =7 we can write that d,, = 14 2n n > 1 which implies that d,, grows
linearly in n
We study the condition in this case that is FQ(AQ) = 07 We see that we have two possibilities, with
or without collision of orbits. When A S; then the condition £ (A3) = F%(As) = Op which
shows that the orbit of A, can never reach O Tt is because O1 Sy = T and the only points on
T which have preimage by F' are Ag and A; and we know that Ag = O = A3
Now if Ay S; then we have the condition F' 2(A3) = O; This implies that F? (A2) Sp as
01 Sy Now as

Si1 B So=1

This shows that there is a collision of orbits of Ay with the orbit of A; We observe that Ay  S;

implies that ¢ = g = 1 Hence the orbit of A, is as follows:

A2:[1:02 1] [1: 0 1]E1 [0 0 1:1]:[0:1: 1]201

From the above we find that the condition F 2(A2) = (O is satisfied for ¢ = o‘il = ¢ This

gives us our required mapping f

We find that the line Ly = = = - Ly : = y= 1(x+1) L1 Now by
considering a general line Ly = Iy + Iy  + l2y and taking V(z y) = LlL—BL? then after an easy

computation we find that the function V' (z y) gives a rational fibration for this mapping f where

(1z+1)( x+y+ 1)
T 1( 1+1)

with V(f(z y)) = 1V(x y) Note that for ; = 1 we have V(f(z y)) = V(z y) which shows
that the map f is integrable. Note that V' (f™(z y)) = 7 V(z y) therefore if T = 1 for some

V(e y) =

n  Nthen f" is integrable. This completes the proof. |
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It is not enough to have a good mind. The main thing is to use it well - Rene Descartes
Millions saw the apple fall, but Newton asked why - Bernard Baruch

If there’s no struggle, there’s no progress - Frederick Douglass
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Chapter 5

Non Degenerate Case v = 0 = o,
(Ckl ZOOI‘CQ:O)

In this chapter we classify the family of maps in the the non degenerate case when ;| =0= o We
study the dynamical degree of all these mappings and discuss these families in two different cases
dependingon 1 = 0or o = 0. The families with dynamical degree one are dynamically studied.

To prove the result in this chapter for both cases we use a Theorem 10 for the linear fractional
maps which is given in Chapter 2. We first calculate the dynamical degree depending on the co-
efficients using the methodology explained in Chapter 2, that is to find the SE orbits and organize
them into lists in order to apply the Theorem 10 to find the associated characteristic polynomial of
F' which gives us the sequence of degrees of F' and dynamical degree of F'

We find that in mappings 1 = 0 there exist the case when the orbits of indeterminacy points
of F' ! can collide. This is discussed in Theorem 28. The theory of collision of orbits of the

1 js discussed in detail in the Chapter 2.

indeterminacy points of F’
In the third and last section of this chapter we detect the two families of mappings with zero
entropy that is with dynamical degree one. We find that these mappings have linear growth hence
we illustrate that they preserve a rational invariant fibrations.
We now start by introducing our family of mappings we consider to study in this chapter.
Given complex numbers ; ; ; i =0 1 2 Consider the birational mapping f : C>  C?

of the form

0o+ 1T+ 2y>

x = + 1x+
f(z y) (0 1 2y PR

71
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From lemma 8 we know that f is non degenerate i.e. all S; are distinct if and only if ()12 =
0 = ()12 This implies that 1 o 2 1 = 0 Therefore we consider that the parameters

o o 1 2 o andoneof 1 o atthe same moment can be zero.

5.1 Mappings with a; = 0
Now the birational map f has the following form

(5.1)

f(xy)z( o M*”)

o+ 1x+ 2y

For 1 o 1 o Clety: (zy) (12 4+ 1 2y -+ 2) be the linear translated scaling
map. We consider the conjugationy ! f -~ in affine coordinates. By the natural group action on

parameter space under the action of v we have

1+220
1 1

(22 0 2 112+ o+ 1 1)

@ 8 (-

(1 12)1 2 2 22(11“’0)2 112 22)

By choosing

1
(1 2 1 2)=<2 o+ 2 1 1)
1 2 1 1

the new parameters are
(@, Byv) (00 % 90 2 o 11)

By Renaming the coefficients we see that the map f(z y) in (5.1) is conjugated to the following

map

f(xy):<2y(my> 2=0= > 5.2)

Note that the parameter 2 = ()12 =0 We consider the imbedding (z y) [1:2:y] PC?

into projective space and consider the induced map ' : PC?>  PC? in projective space as follows:

Flxg :x1 2] = [zo( omo+x1+22) @ 222( oxo+x1+22) 1 20( 0xo+ 222)] 2=0= 2
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The indeterminacy sets of F'and F' *are Z(F) = Og O; Oy where
Oo=[ 2:(o02 0): 0o O01=[0:1:00 0O2=1[0: 1:1]
andZ(F ') = Ag Ay Ay where
Ap=100:1:00 A1 =[0:0:1] Ay=[ 2: 2 ¢:0]
Furthermore the exceptional curves of F and F' ! are as follows
So= 20=0 Si= ogro+x1+x9=0 So=  oxg+ 9222 =0

Ty = 9 oo+ o2x1 =0 Th= x29=0 To= 20=0
Orbit of A,

Observe that S5y Ag = O1 We need to blow up Ag = O1 Let X be the new space we get after
blowing up the point O; and let £ be the exceptional fibre at this point. We recognize the induced
map after the blow up process as F:X X Forthe points x = [0 : x1 : x2] Sp we find that

the map F sends the curve So to Ey as follows:
0:21:22] So [r1+x2: 222)E,
Moreover F' sends all the points z = [tu:1:tv] Epast 0 toT)inaway such that

Flu:vlg, [u: 2v:0] T

Hence the new indeterminacy set is Z(F) = Oy Oz and the new exceptional set is £(F) =
S1 So

Orbit of A; and A,

We see that Sy Ay = O, for ¢ 012 Alsoas Ay Sy this implies that the orbit of A;

collides with the orbit of A therefore F sends the curve

Sl A1 [1 : Q]EO [1 L2 92 0] T1
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Following the orbit of A; we need to know if any of it s iterates reach any indeterminacy point of
F AsT (F) = Oy Oy and O2 Sy = T, We know that the only points on 75 which have
preimages are Ay and A; which implies that if the orbit of Ay reaches O5 at some iterate then O,
should be equal to either Ag or A; But Ay = O = A; This implies that FP (A1) = Oy for all p
but it is possible that FP(A;) = O for some p N In this case the orbit of A; is SE. Moreover if
no such p exists, then the orbit of A; is not SE

Assume that there exists some p N such that FP (A1) = Op Then we have to blow-up all
the points A; F(A;) F2(A) FP(A)) = Oy Let By i =12 p + 1 be the exceptional
fibres we get after the blow up process. Let X be the expanded space and let Fi:X, X bethe

induced map. Hence we see that under the action of Fl :
E, E Epia
This sequence can be completed in the following manner:
S1 B Es E,pv 1o

where after some calculations we find that the action of £} on Sy and on E, 1 is:

Filzo: ( owo+x2) :x2) = [x0: 272]E,

and

Fl[u:v]EpH:[ a(u+wv): 2 o(u+v): 2211} T
Since 2 = 0 = o we see that we have not created any new points of indeterminacy, hence
T(Fy) = Oy and the exceptional set is £(F}) = Sy

The exceptional curve Ss As Following the orbit of A we need to know if any of it s iter-
ates reach any indeterminacy point of Fy AsT (ﬁ' 1) = Oz We notice that if O has a preimage
via F} then since O Ty 11 then O- has a preimage F' But O  Sp = T5 we know that the
only points on 75 which have preimages are Ay and A; which implies that if the orbit of A9 reaches
0> at some iterate then Oy should be equal to either Ag or A; But Ag = Oy = A; Therefore for
nog N we can get Fq(Ag) = O9 Thus the orbit of A5 is not SE.

Now assume that no such p exists such that F?(A;) = Oy Then the orbit of A; is not SE as
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it cannot reach any indeterminacy point of F' Thus for some g it is possible that F 7(A3) = Op In
this case we have to blow-up all the points Ao F(Ag) 152(A2) F‘I(AQ) =0y LetE; 1 =
12 q + 1 be the exceptional fibres we get after the blow up process. Let X; be the expanded
space and let Fl : X1 X be the induced map. Then under the action of Fl we have that:

E, E» Eqn
This sequence can be completed in the following manner:
SQ E1 E2 Eq+1 T()

where after some calculations we find that the action of F} on Sy and on Ey 1 is:

Fl[:vo S —Zxo} = [ 2( 2 0%Zo + 271 0950) + 2o %]E1
and
F’l[u:v]Eq+1:[ as(ut+wv): 9 olutv): %v] To
Observe that now Fl . ¢ X7 is an AS map and that Fl is not an automorphism as S still

collapses. The results are as follows:

Theorem 24 Let F' be the map (5.3) and let F be the induced map after blowing up the point Ag
If there exists some p N such that FP(Ay) = Og and F9(Ay) = Oq for all ¢ N then the

characteristic polynomial associated with F' is given by
Z, =2 (2® =z 1)+2?

Proof. From above given calculations we observe that F] is an AS map now and we have the

following orbits:
Op= Ag=0, O = A F(A) FP(A1) = Oq
and we have one closed list as follows:

Lo= Op= Ay=0 O1= A F(4) FP(A}) = O
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Then for N;, = p+2 we have T, = #P*? 1and Sy, = P! 4+ 2+ 2 Utilizing Theorem 10
and by using the previous information we find that the characteristic polynomial associated to £ is
Z,=aPT(2? z 1)+ 2? |

We observe the characteristic polynomial of this theorem for the values of p N in the following
proposition.

Proposition 25 Consider the mappings which satisfy the hypothesis of Theorem 24. Then for p
2:

(i) The sequence of the degrees is bounded or grows linearly for p = 2.

(ii) The sequence of the degrees grows exponentially for p > 2.

Forp= 0 1 there are no such mappings.

Proof. We know that Z, = 2P™1(2? 2 1)+ 22
For p = 2 we get the polynomial Xo = 2° z* 23422 = 22(x+1)(z 1) This polynomial

hasrootsx =0 0 1 1 1 This implies that the sequence of degrees
dp=co( )" +c3+cyn

Then depending on ¢4 = 0 (resp. ¢4 = 0) d,, is bounded (resp. grows linearly in n).

For p > 2 we observe that Z,(1) =0 Z,(1) =2 ¢ < Oandlim, ; 2Z,(z) =+
Hence Z,, always has aroot > 1 and the result follows. This can be observed in figure 5.1.

Note that for p = 0 the above Theorem 24 gives us the condition A; = Oy But we observe
that Op[1] = 0 and A;[1] = 0 which implies that A; = Oy Also for p = 1 we get the condition
F(A;) = Op which implies that F(A;) = [1 : o]g, As Oy Ejy therefore F'(A;) cannot be

equal to Op Hence there are no families withp = 0 1

|
We now discuss the other possibility when there exist some ¢ N such that F9(A) = Oy In

this case FP(A;) = Op forallp N

Theorem 26 Let F' be the map (5.3) and let F be the induced map after blowing up the point Ag
If there exists some ¢ N such that F9(Ay) = Og and FP(Ay) = Og for all p N then the

characteristic polynomial associated with F' is given by

Zy=2M @ o ) +2* 1
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Figure 5.1: Behavior of Z, for p = 1,2, 3,4, 5.

Proof. As we don t have any exceptional curves which can reach any indeterminacy point of F}
Hence F} is an AS or regularized map now. We can now organize our orbits in to lists. We have the
following orbits:

O = Ao =0

Oy = Ay F(Ap) F1(A5) = O
and we have one open list as follows

Lo= Oy= Ay F(Ay) Fil(A) =0y Op= Ay=0,

Then for Ni, = q + 2 we have Ty, = 292 and S;,, = 297! + 2 + 1 Utilizing Theorem 10
and by using the previous information we find that the characteristic polynomial associated to F is
Zy=a2? x 1) +2* 1 |

Proposition 27 Consider the mappings which satisfy the hypothesis of Theorem 26. Then for all

q N the sequence of degree has exponential growth rate.

Proof. We observe that for all the values of ¢ N the polynomial Z, = 241 (22 =z 1)+2? 1
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Figure 5.2: Behavior of Z, forq = 0,1, 2.
has always the largest root > 1 This is because Z,(1) = 1 < 0 and lim, 4 2Z, =+

therefore there always exists aroot > 1 such that Z,( ) =0
This can be observed in the figure 5.1. We thus conclude that all the families with associated
characteristic polynomial Z, have D = > 1forallg N therefore they have exponential growth

rate. [ ]

Theorem 28 Let F' be the map (5.3) and let F be the induced map after blowing up the point O
If FP(Ay) = Og and F9(Ay) = Oq for somep q N thenp = q and

for p > q the characteristic polynomial associated with I is Z,

for p < q the characteristic polynomial associated with F'is Z,

Proof. We know that the birational map F is well defined and bijective near all the points except
the points of the exceptional curves S; .52 that collapse to the single points A1 As of Ty 17 This
implies that if for some k& N any iterate of A; or Ay belongs to any Ty 77 then it can have

multiple preimages and not otherwise.
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We claim that p must be different from ¢ Assume that F¥(A;) = Ay and FJ(Ay) = A, for
any 0 < k£ < pand 0 < j < g Because otherwise these points can have multiple preimages.
Then p = ¢ gives the condition that FP (Ay) = FP (Ag) = Op implies that A = A, which is a
contradiction because we are in the non degenerate case and all A; s must be different. Now if there
exists some k or j such that FFk (A)) = Agor Fi (Az) = Aj then either A; collides with the orbit
of As or vice versa. This gives that £ > 0 which shows that p = ¢

Now consider that ¢ > p In this case the orbit of A; cannot collide with the orbit of Ay as
if this happens then the orbit of A; cannot reach Oy But the orbit of Ay collides with the orbit
of A; Because if not then this claims that F*(Ay) = A; forall 0 < k < ¢ As ¢ > p then for
some j > 0 we can write ¢ = p + j This gives F'9(Ay) = FItP(Ay) = Oy = FP(A;) As Og has
unique preimage and there is no collision this implies that no orbit enters any 77 or 75 Therefore the
points F71P(Ay) and F?(A;) have unique preimages. Then for F/+P(Ay) = Oy = FP(A;) we can
find the preimages by iterating p times with ' 1 This gives us I P(FITP(Ay)) = F P(FP(A}))
which implies that F7(Ay) = A; for some 0 < j < ¢ which gives contradiction to our claim. This
implies that in the case when ¢ > p or ¢ < p we always have collision of orbits of As with Ay or
Aq with Ag

Now for ¢ > p we must have F*(Ay) = A; for some 0 < j < ¢ Then we have the following

situation:
Sy Ay F(Ap) FUP(A) = A F(A) FP(Ay) = O

and

S A F(A) FP(Ay) = Oy

This implies that the orbit of Ay is no more SE. Hence in this case we have two SE orbits that
are the orbits of Ag and A; This leads us to the case of two SE orbits discussed above hence
the characteristic polynomial is Z,, in this case. Similarly, in the second case the characteristic

polynomial is Z,
Theorem 29 Let F' be the map (5.3) and let F be the induced map after blowing up the point O
Ifforallp ¢ N FP(Ay) = O and F9(Ay) = Og then the characteristic polynomial associated

with F is given by Z = 2> x 1 and the sequence of degree grows exponentially.

Proof. From hypothesis we know that fornop ¢ N FEP(A;) = Og or F1(Ay) = Oy Thus in
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this case we have one open list as follows:
Lo= Op= Ay=0;

Then for N, = 1 we have 17, = x and S;,, = 1 By using the result from theorem 10 we find that
in this case the dynamical degree of f is given by the polynomial Z(z) = (z 2)Tp, +(x 1)Sp, =
w2 oz 1 [ |

5.2 Mappings with a, =0

We know from the start of this chapter that the parameters ; 1 2 are all non zero. However the

parameters o o 1 2 o canbe zero. Now the birational map f has the following form

(5.4)

f(xy):( o+ 1z 0+1x+2y>

0o+ 1x+ 2y

For 1 2 1 o Clety: (zy) (1x+ 1 2y -+ 2) be the linear translated scaling

1

map. We consider the conjugation -y f v in affine coordinates. By the natural group action on

parameter space under the action of v we have

1+ 2 2
1

(%53’)’)(0 10(22 02 1124 0+ 11)

(1 121 22 2211+ 02 112 22)

By choosing

the new parameters are

(aaﬂa’)’) (NO 10~00~2011)

Since f is non degenerate we have ( )2 = 2 1 = 0 this implies that the parameter
2=0For 1 o Clet :(xry) (17 29)bethescaling map. By the group action of

for 1 = 9 = 9 we get the following parameters

(@ B,7) (o 10 60101 1)
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Renaming the coefficients we see that the map f(z y) in (5.4) is conjugated to the map f of the

following form:

f(x y)z( o+ 1z moj_rj) 1=0 (5.5)

We consider the induced map in projective space as follows: F' : PC?>  PC? given by

F[J:‘() A .2132] = [1'0(21?1 + .%'2) : ( 0xo + 11’1)(1’1 + .1‘2) : wo( 0To + :Bz)} (5.6)

The indeterminacy sets of F' and F’ L are the following: Z(F) = Og O; Oz where
Op=1[1: 90: o O1=1[0:0:1] Oy=[0:1: 1]
andZ(F 1) = Ay Ay As where

A0:[01120] Alz[OO]_] A2:[12(0—|— 10)21]

1

Furthermore the exceptional curves of ' and F' * are as follows

S(): 1'0:0 51:$1+1‘2:0 SQZ 00 .%'120

To= ( o+ 10z 21=0 Ty = 29 x22=0 To = 29=0
Orbit of Ay

Observe that Sy Ag = O; for any 7 012 also Ay Sphence Ay is a fixed point under F’
This implies that the orbit of Ag is not SE.

Orbit of A1

Now S A = O In order to get a defined trajectory of the points of S; we need to blow up
A; = O; Let X be the new space we get after blowing up the point O; and let E; be the exceptional
fibre at this point. We recognize the induced map after the blow up process as F:X X Wefind
that the map F sends the curve S to ) in the following way:

[:L'() . TI9 332] Sl [1'0 L0290 1$Q]E1 F[u : 'U]E1 [u Looou + qu: u] T1

Now the indeterminacy setis Z(F) = Oy O and the exceptional setis E(F) = Sy S5
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Orbit of As

The exceptional curve So Ag Following the orbit of A, we need to know if any of it s iterates
reach any indeterminacy point of F Now Z (F ) = Og Oz and Oy So = T We know
that the only points on 75 which have preimages through F' are Ag and A; which implies that if
the orbit of A reaches O, at some iterate of F' then Os should be equal to either Ag or A; But
Ap = Oz = A; hence we get that FP(Ag) = Os for all p N Furthermore since Oy T3 we
infer that also FP(As) = Og forallp N
Then in general there is a possibility that for some p N we have F P(A2) = Oq In this case the
orbit of Ay is SE.

If no such p exists, then F : X X is an AS mapping. Notice that when we apply F Sy still
collapses to As

If there exists p N such that FP(AQ) = Oy then we have to blow-up all the points Ay F (A2),
F2(Ay) FP(Ay) = O Let E; i =2 3 p + 2 be the exceptional fibres we get after the
blow up process. Let X be the expanded space and let Fi: X, X be the induced map. Then

under the action of Fl we have that:
Ey Ej Epio
This sequence can be completed in the following manner:
So  FEy Ej Eyro 1o

where after some calculations we find that the action of F 1 on .Sy and on K, o is:

Fl[xo : 0L : xg] = [ 1( 0Zo + X2 : xO]EQ
and
Fl[u:v]Ep+2:[(u+v):( o+ 1 0)(U+’U):U] To
Observe that now F| : X Xj is an AS map. Since we have not created any new points of

indeterminacy of F we get that Z(F) = O, and the exceptional set is £(F) = Sp

Note that F] is not an automorphism as Sy still collapses. The result is as follows:

Theorem 30 Let F' be the map 5.6 and let F be the induced map after blowing up the point A,

If there exists some p N such that F P(Ag) = Oq then the characteristic polynomial associated
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with F' is given by
Z,= @@+ ) 1)?

If no such p exists then the characteristic polynomial associated with F is given by Z = (z = 1)?

Proof. We see that now there is no exceptional curves which can reach any indeterminacy point of
Fy Hence F} is an AS or regularized map now. We can now organize our orbits in to lists. We have

the following orbits:
Or= Al=0; Oy= Ay, F(A4) FP(Ag) = Og
and we have one closed list and one open list as follows
Lo= 0= A =0 Lo= Oy= Ay F(A4) FP(Ay) = O

Then for Ny, =1 Ny, =p+1wehave Ty, =1 Ty, = 2P and S;, =1 Sy, =1 Uti-
lizing theorem 10 and by using the previous information we find that the characteristic polynomial
associated to ' is Z, = (zPT! + 1)(z 1)

Now suppose that no p exists such that FP (A2) = Og In this case we have one open list as

follows:
Lo= O1= A1 =04

Then for N;,, = 1wehave T, =2 1and S;, = 1 By using the result from theorem [9] we find
that in this case the dynamical degree of f is given by the polynomial Z(z) = (x  2)Tp, + (z
DS, = (= 1)~ _

Proposition 31 Consider the mappings which satisfy the hypothesis of Theorem 30. Then for all

p N the sequence of degrees d,, grows linearly.

Proof. We observe that for all the values of p N the polynomial Z, = (zP*! + 1)(z  1)? The
polynomial Z), has roots for the equations (x 1)2=0 (2P*!+1) =0 Then sequence of degrees
is

dn=co+tcin+cy 1 +c3 5+ +cpr2 i
where | o p+1 are the roots of polynomial (xP*t! 4+ 1) i.e. they all are the roots of unity.

Now we claim that c; = 0 From (5.5) we can write f(z y) = ( o+ 1 JI\%) where N1 = o+y
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and D; = x 4+ y Then

o+gﬁ >

f2my:<01+ D+ iz
wu=( o0+ 0+ fe P

which implies that No = ¢ D1+ N7 Do =( o+ 1x)D;+ N; We find that the first component
of some iterate f*+! can be writtenas (1 + 1+ 4+ ™)+ "2 and the numerator and
denominator of the second component of fiJrl can be written as N;y1 = oD1 + N; Djyq =
( 0+ 12)D;+ N; Bylooking at the degrees () of numerator and denominator of the second
component, we find that they follow the sequence (1 1) (1 2) (23) (3 4) This
implies that for some iterate 2 p + 2 the degrees ( 2,42 2p+2) = (2p+1 2p+2) Now without
simplifications we consider the homogenized numerator and denominator as N and D" Then we
can write

2p+1

22— [D§p+2 zo:( o Z Zixo + %pﬁ 1) Dgp—i—Q : N;p—i-Q m(2)]

i=0
Now if ¢; = 0 this implies that d,, is periodic of period 2p + 2 Then dz,42 = dop = 1 that is,
F?2P+2 5 of degree 1 i.e. is linear. This implies that inspite of all the other possible cancellations,
Dgp o must have a factor xq that can be dropped as a common factor from all the three components
of F2P*2 But Dypyo(x y) has degree 2p + 2 which implies that if D}, , has a factor o then
after dropping this factor Dy p4o(z y) has degree 2p + 1 This gives contradiction. Hence ¢; = 0

and sequence of degrees grows linearly in n [ |

In the coming section we are going to discuss the families with dynamical degree one. We separately
indicate the families of mappings that have appeared in previous sections of this chapter with zero

entropy and discuss their behavior.

5.3 Zero entropy

Theorem 32 If a map of family 5.2 has zero entropy then it can be written as:

ren=( w2 am0=

2 2+tx+y
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Moreover the corresponding sequence of degrees grows linearly and f preserves the fibration

(2 yYl22 =
y

Viz y) =

with V(f(x y)) = 2V(rxy) If § = ( 1)" then f" is integrable. In particular for o =
1 f is integrable.

Proof. From the results discussed in Propositions 25 and 27 we see that there is only one mapping
in Family 3 1 which has zero entropy. This mapping satisfies the hypothesis of Theorem 24 for
p =2 Wefindthatdy = 3 d3 = 5 d4y = 7 therefore we can write thatd,, = 14+2n n > 1
which implies that d,, grows linearly in n

We now study the condition in this case that is F2(A;) = Oy The condition F2(A;) = O implies

that
[1: 2 2:0]= 1:7(O 02): 0
2 2
This gives us that g = 0 which further implies that ¢ = o o which shows that for p = 2 the

condition F’ 2(Ay) = Oy is satisfied. This gives us our required mapping f

Now we first look for an invariant curve. We find that the straight line I; : y = 0 because
f(z 0)=(0 0) L; Also we observe that the line

Ly: y=c Ls= 2= 9¢c and Ly: x =k L5:{y: %2—1—2]3; 2+$}
Then by takingk = o2 o ¢ = owegetthat y = o = 9 9 y = o Then we
consider

V(xy):(2 (22 =)
Y
which satisfies V(f(z y)) = 2V (xz y) Notethatfor o= 1wehave V(f(z y)) =V (x y)
which shows that the map f is integrable. Since V(f(z y)) = 2V(x y) foralln N then
V(f"(z y)) = ( 1)™ §V(x y) and when n is even, if 5 = 1 for some n N then f” is
integrable. Also for n odd,if 5 = 1forsomen N then f" is integrable.
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Theorem 33 All the mappings f such that

f(xy)=<o+ 1 O+y) 1=0

r+y

have zero entropy and the sequence of degrees grows linearly. They all preserve the fibration
Vizy) ==
withV(f(z y))= o+ 1V(x y) For o= 0and | = 1these mappings f are integrable.

Proof. From the result discussed in proposition (31) we see that all the mappings in equation (5.5)
satisfy the hypothesis of Theorem 30 and they all have zero entropy as the sequence of degrees grow
linearly.

Observe that these mappings f in equation 5 5 have first component o+ 1z This gives us the
scaled translation in « This implies that these mappings preserve a fibration V(z y) = x with
V(f(z y)) = o+ 1V(z y) Wherefor ¢ =0and ; =1wehave V(f(xz y)) =V (x y) gives
the integrable mappings f



5.3. ZERO ENTROPY 87

A mathematician, like a painter or a poet, is a maker of patterns. If his patterns are more
permanent than theirs, it is because they are made with ideas - Godfrey Harold Hardy
The measure of our intellectual capacity is the capacity to feel less and less satisfied with our

answers to better and better problems - C.W. Churchmann
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Chapter 6
Non Degenerate Case v = (

This family of mappings is the most largest and dynamically rich families we have studied so far
in this work. It first divides into two different subfamilies for the zero and nonzero values of o
and from there it spreads vastly into infinite number of subfamilies existing inside this small family
of maps. This happens because of the collisions of orbits happening inside the maps with o = 0
This opens the door to a large number of families which were not clearly visible at first without
the consideration of collisions of orbits. The more interesting and beautiful thing to observe in this
Chapter is that these families have shown a variety of different dynamical behavior and it covers
completely the dynamics of the families discussed in [DF01]. Also there are found families with
quadratic growth rate which preserve elliptic fibrations. As far as this is the most largest family of
maps we have found so far, on the same hand it includes several families with the coefficients which
create difficulty once you start iterating the family in order to get information about its growth and
dynamics. Although here the dynamical degree has well paid to provide us the information about
these families, however it yet remains to look for elliptic fibrations for few families because of

unreachable tedious computer calculations.

In this chapter we again use Theorem 10 to calculate the dynamical degree. To find the SE
orbits and organize them into lists we use the methodologies discussed in Chapter 2. We then find
the associated characteristic polynomial of F' which gives us the sequence of degrees of F' and the

dynamical degree of I

In the last section we study the zero entropy families. These happen to have the sequence of
degrees that is bounded, periodic, grows quadratically. The maps with bounded growth are found to

preserve two fibrations whereas for the maps in the second set we illustrate exactly what is the period

89
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of the mappings and hence we show that the mappings indeed are periodic. In this there appears a
family of mappings whose sequence of degrees is periodic but the mappings appears to be linear for
that period. They include infinite families as they satisfy a certain condition on £ N as discussed
in this chapter. In the quadratic growth mappings appear some families with elliptic fibration and
invariant elliptic curve which assures the results of [DF01] stated in Chapter 4. However there are
few families whose calculation is too large and tedious to compute. Moreover they are not found
to preserve the invariant cubics of the types that are discussed in the proof of Proposition 46. The
family of mapping we consider to study in this chapter also includes in the non degenerate case as

all the exceptional curves of F' are distinct as discussed in the following work, it is as follows:

We consider the birational mapping f : C>  C? of the form

o+ 1x+ 2y> 6.1)

T = + 1+
f(z y) <0 1 2y paT—

for the complex numbers ; ; ¢ = 01 2and ; ¢ = 0 2 From lemma 8 we know that h is
non degenerate i.e. all S; are distinct if and only if ( )12 = 0 = ()12 For 1 = 0 this
implies that ;| o = 0 = 1 o Therefore ; 1 2 are all non zero. However the parameters

o 2 0o 2 o canbe zero.

We consider the imbedding (z y) [l :x:y] PC? into projective space and consider the
induced map F : PC?  PC? given by

Flzg : x1 : wo) = [xo( omo + 212) : (@ x)( oxo+ 272) : xo(8 x)]
wherea © = (gzo+ 121+ 22 Theindeterminacy locus of FisZ(F) = Op O1 Oy where
Oo=[12: ( Jo2: 10 O1=[0: 2: 1] Og=[0:1:0]

and the indeterminacy locus of I Yis Z(F ') = Ay A; Ay  where

Ap = [0:1:00 A;=1[0:0:1]
A2 = [112:(012 1( )02 011)1: 1( )12]
and ()= 12 2 1.

We see that Ag = Oz Also 1 = 0 this implies that for o = 0we get Ay = O; For 2 =0

we have A; = O We therefore separately study these two cases.
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6.1 Mappings with a, =0

For 1 2 Clety: (zy) (x+ 1 y+ 2)be the linear translation map. We consider the

1

conjugation y f v in affine coordinates. By the natural group action on parameter space under

the action of v we have

(o, By ) <0+(1 1)1 10 2 35+(2 o) 2+ o+ 11

1 29+ 2 292+ 90 2)

By different choices of ; and 2 we can make some parameters zero in the following way. For
o= o 2and ;=( )y 1 2weget 2 o+ g=0and 3 3+( 2 o) 2t ot 1 1=

0 The new parameters are
(@ B,7) (o 100 1 200 7

For 1 o Clet :(zy) ( 1z 2y) bethe scaling map. By the group action of we
have
(,B,9) (o 1100 11 2200 3 3)

For the choiceof ;=1 jand 3 =1 2 we get the following parameters

(a,ﬂ77) (=0 1001:2001)

Hence by renaming the parameters our map f in (6.1) can be written as map f and has the following

form

f(a:y)z( o+ 17 xi/”):( o+ 1z +z> with ;=0 (6.2)

The second component of f has only one parameter namely 2 so we recognize itas ~ We consider
the induced map in projective space as follows: F' : PC?  PC? given by
Flxg:xy i xo) = [zox2 : ( oxo+ 121)72 : x0(T1 + 2)] (6.3)

The indeterminacy sets of F and F 'are Z(F) = Og O1 Oy where

Op=1[1:0:00 O1=[0:0:1 O=1[0:1:0]
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andZ(F ') = Ag Ay Ay where

Ap=[0:1:00 A1 =1[0:0:1] As=1[1: ¢: |

1

Furthermore the exceptional curves of /' and F' * are as following:

50: $0:0 51: m2:0 52: 1‘120

Toz 0o 161:0 T1: i) 1'2:0 TQZ IL‘():O
Orbits of Ap and A,

We observe that S, Ag = Og and S, Ay = O;1 In order to get a defined trajectory of the
points of Sy S1 we need to blow up Ag = O and A1 = O; Let X be the new space we get after
blowing up the points Ag A; and let £y FE; be the exceptional fibre at these points. We recognize
the induced map after the blow up process as F:X X Forthe points x = [0 : x1 : x3] Spwe

find that the map F sends the curve So to Ey as follows:
F: 0:21:22] [r2:21+ =2)E,
Moreover F' sends all the points - = [tu:1:tv] Epast 0 backtoSyina way such that

F:lu:vlg, [0: jv:u] To=2Sp

In a similar way F sends S1 to 1 and Eq to T} as follows:

F:lrog:21:0] [zo: oxo+ 171]g, F:lu:vlg [u: ou+ w:u | Ty
As 1 = 0 hence we have not created any new point of indeterminacy therefore 7 (F )= Op and
E(F)= S
Orbit of As

After the above observations we see that the only way that O is an SE orbit is that F(Ay) = Og
forsomep N
If no such p exists, then F : X X is an AS mapping. Notice that when we apply F Sy still

collapses to Ao



6.1. MAPPINGS WITH a3 =0 93

If it exists p N such that F? (A2) = Op then we have to blow-up also all the points
Ay F(Ag) F%(Ap) FP(Ay) = O LetE; i =23 p + 2 be the exceptional fibres we
get after the blow up process. Let X be the expanded space and let Fi: X1 X be the induced

map. Then under the action of 151 we have that:
Es Ej Epto
This sequence can be completed in the following manner:
Sy By Ej Eyo T

where after some calculations we find that the action of £} on Sy and on E, is:

Fi[zo : 0: z2] = [a1 21 : o] B, (6.4)

and

Filu:v]g viagv:u+ v] Ty (6.5)

p+2:[

Observe that now Fl . ¢ X is an AS map. Furthermore:

S Ey So=T
S1 E, T
So Ey E3 Ep+1 Ep+2 To

Hence all the .S; which were collapsing to a single point i.e. they were exceptional, are no more
exceptional because under the action of Fl all the points on .S; now have their images defined on
some other new curve i.e. the blown up fibres. Moreover previously the only points on 7; with
pre-images were A; Ay with j = ¢ = k But now under the action of Fy all the points on the
curves 7T; have pre-images i.e. we have found the curves which map to the whole curve 7; and do

not collapse only to a single point of 7; We can therefore say that Fy is an automorphism.

The result is the following:

Theorem 34 Let F be the mapping (6.3) and let F be the extension of F after blowing-up the points
Ao Ay Assume that there exists some p N such that FP(Ay) = O Then the characteristic
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polynomial associated with F' is given by
Xy =@ 4 D)z 1)*(z+1)
If no such p exists then the characteristic polynomial associated with F is
X =(x 1)*z+1)

Proof. Assume that there exists p N such that FP (A2) = Op and consider the extension FI
which satisfies (6.4) and (6.5) and which is an AS map. We can now organize our orbits in to lists.

We have the following orbits:

OQ = AQZOQ 01: Alel
Oy = Ay F(A) FP(Ay) = O

and we have two closed lists as follows

Lo, = Op= Ag=0y Oy= Ay F(Ay) FP(As) = Oq
L, = 0= A =0

Then for Ny, = p+2 Np, = 1wehave Ty, = (zP™® 1) Tp,, =« 1land S, =
Pt 4z 42 St., = 1 Utilizing theorem 10 of Bedford by using the previous information we

find that the characteristic polynomial associated to F' is X = (2P*! + 1)(z  1)%(z 4+ 1) If

€2

3 (A2) = Op forallp N then we have two lists which are open and closed as follows:
Lo= Op= Ag=0s L= O1= A1 =0,

Then for Ny, =1 Ny, =1wehave T, =2 T, =x landSr, =1 S, =1 By using the
result from theorem we find that in this case the dynamical degree of f is given by the polynomial
X(@)=(z 2)T1,Te. + (@ 1)(SL,Tr. +SL.TL,) = (z 1)*(z+1). n

Proposition 35 Consider the mappings which satisfy the hypothesis of Theorem 34. Then the se-
quence of degrees d,, of F' is periodic with period 2p + 2

If no such p exists then the sequence of degrees d,, grows linearly.
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Proof. In the first case we know that the characteristic polynomial associated to F' is
X=@PT+ 1)@ 1D)%*(z+1)

If pis even then 2PT1 + 1 has the factor z+1and X = (z  1)?(z+1)? (2P 2P 1+ z+1)
Hence the sequence of degreesis d,, = co+cin+ca( 1)"+csn( 1)"4+cs T+c5 5+ +
Cp+3 Z where ¢; are constants and 1 o p are the roots of polynomial z¥ P 14
z+1 Weseethat | o p are roots of unity. By looking at d,, we observe that in our family
we do not have quadratic or exponential growth. Also we cannot have linear growth as our map Fy
in this case is an automorphism. Hence the sequence of degrees must be periodic. then we have
c1 = c3 = 0 This implies that da, 124, = d,, i.e. the sequence of degrees is periodic with period
2p+2

In a similar manner, if pisodd thend,, = co+cin+ca( 1)"+c3 T+es 5+  +cpis bl
where ¢; are constantsand | o p+1 are the roots of the polynomial zPt141 Hence ¢; must
be zero and d,, is periodic with period 2p + 2

If F P(Ay) = Oy for all p then we know that the characteristic polynomial associated to F is
(r  1)?(x + 1) By finding the sequence of degrees of F? F3 we see that do = 2 and d3 = 3

which implies thatd, = 2+ 4n 1 ( 1)" hence d,, grows linearly.

It is clear that the condition FP(AQ) = Oy is satisfied when F7(Ay) Sy Sp forall j =
01 p land FP(Ay) = Op But there is another possibility, with collision of orbits. Assume
that it exists some [ N with F/(43) S} Og Then F2(F'(A)) i and perhaps iterating
A under F we can meet the point Og There is a very special case in this setting, which we want to
remark: this is the case [ = 0 that is, when Ay S; Og It happens when the parameter = 0
And we suppose that o = 0 if not Ay = Op which corresponds to the situation FP(As) = Op
with p = 0 Notice that in this case 77 = S}

The orbit of A5 under the action of F is as follows:
Ag=1[1: ¢:0] [1: o1+ g [1: o1+ 1+ D:0] S
After some iterates we can write the expression of F 24(Ag) forall g > 0 :
FU(Ay)=[1: o1+ 1+ 24 + 39:0 S

Since Op S it is possible that F29(Ay) = Oy This happens when the following condition is
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satisfied for any ¢ We recognize it as condition q
1+ 1+ 3+ + 17=0

The result is as follows:

Corollary 36 Let F' be the mapping (6.3) and assume that = 0 o = 0 If condition q is

satisfied, then the characteristic polynomial associated with F' is given by
X = @ )@ D 1)

and the sequence of degrees is periodic with period 4q + 2

6.2 Mappings with a, =0

From the start of this chapter we know that the parameters | 1 o are all non zero and the
parameters o 2 o 2 o canbezerobutin thiscasewehave 5 =0 For | o 1 2

Clety : (x y) (124 1 2y + 2) be the linear translated scaling map. We consider the

1

conjugation -y f v in affine coordinates. By the natural group action on parameter space under

the action of v we have
1+ 11+ 2 2) 2 2

(ay By ) <(0 5 L (22 o2+ oF 11+ 22

(1)1 (2 22 2(22+ 020 2%)

By choosing

)

the new parameters are

(ayBy,yv) (o 11010 750 7)

For 1 o Clet :(zvy) ( 1z 2y) be the scaling map. By the group action of  for

1 = == = 9 we get the following parameters

(a’/3$7) (:0 11010:001)
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By renaming the parameters we can write our map f in (6.1) in the following form:

f(z y):<0+ 1z 4y )With 1=0 (6.6)
0oty
We consider the imbedding (x y) [l : 2 :y] PC? into projective space and consider the
induced map F : PC?>  PC? given by:
F[.T}o 1T 1'2] = [xo( 0o + xg) : ( 0oTo + 121+ .%'2)( 0xo + 1'2) : xgxl] (6.7)

The indeterminacy locus of F'is Z(F) = Oy O1 Oz  where
Op=1[1:0: o O1=[0:1: 1] O3=[0:1:0]

and the indeterminacy locus of ' Yis Z(F ') = Ay A; Ay  where

Ap=[0:1:00 Ay =1[0:0:1] Ao=[ 1: 1( 0o o0):1]
The set of exceptional curves is given as £(F) = Sy S1 Sz where

So= zp=0 S1= oxo+x2=0 So= oxo+a2+ 121=0

and the set of exceptional curves of F' lis givenas E(F ') = Ty 71 To where

To= (o oz x1=0 Ty = xo 172 To= 20=0

Orbit of A

Observe that Sy Ag = O and T> = Sy Hence we need to blow up the point Ag = Oy Let X
be the new space we get after blowing up the point Oy and let £y be the exceptional fibre at this
point. We recognize the induced map after the blow up process as F:X X For the points

x=1[0:x:29] Sowe find that the map F satisfies:
So Eo  So

with

F[O oy T $2] = [I‘Q . xl]EO (68)
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and

F[U:'U]EO:[OZ 1( OU—I—U):U] T5 =Sy (6.9

Hence the indeterminacy set is Z(F) = O O; and the exceptional setis E(F) = S; S
Orbit of A,

We now consider the orbit of S7 The exceptional curve S; Ay Sy Since O1]2] = 0 we get
that Ay = O; But under the action of F'

Sl Al S() AO
we observe that we have a collision of orbits here. Now under the action of F
S, A F(A) Ey, F*A4) S,

As Op  Sp it is possible that some iterate of A; under F reaches the indeterminacy point O
Note that A; or any iterate of it under F can never reach Oy This happens because Sy is invariant
under F2 and Oy Sy Hence all the points belonging to Sy will come back to Sy after every two

iterates.

The orbit of A; under F is as follows:
ST A [1:0]g, 0: 10:1] So
After some iterates we can write the expression of /2 (A;) forall k >0 N as follows:
FFA)=[0: 1 o0+ 1+ 2+ + FhHo1g S

Observe that for some value of & N it is possible that F'2 (A1) = O; This happens when the

following condition is satisfied for any £ We recognize it as condition k
2001+ 14+ 2+ + Phpi=o0 (6.10)

If it is the case then O] = A; F(Al) F2(A1) F%(Al) = O; is a singular elementary

orbit. We will blow-up all the points on O; We call X; the new space after this process and

Fi X4 X the induced map. LetG; i =0 1 2 2k be the exceptional fibres we get after
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blowing up. Then under the action of F we have
Go G1 Ga Gor 1 Gag
where the corresponding sequence of base points is
A1 F(A)  F*(A) F%*(A1) = 01
Notice that the sequence (6.2) is naturally extended in the following manner:
St Go Gi G G 1 Go T

In fact, the calculations show that Fl 1 S G through

Filzgo:xz1: oxo]l=[zo:( 0 o)zo+ 121l

and F 1:Gor T through

Fl[u:v]GQk:%ir%F[tuzl: 1+t =[] u:( gutwv) 1: u Ty

Note that Z(F}) = Op and E(F)) = Sy

If condition k is not satisfied then the orbit of A; is no more singular.
Orbit of Ao

Following the orbit of A, we need to know if any of it s iterates reach any indeterminacy point
of the map. But we have to consider ForF, depending that condition k is satisfied or not.

If the condition k is satisfied then Z(Fy) = Op and E(Fy) = Sy In order to have a third
singular elementary orbit it must happen that Ff (A2) = Og for some p N Then the orbit of Ay
is SE.

Now assume that 7 & such that condition k is satisfied. In this case, we have to take into account
the first extension of F' F which satisfies (6.8) and (6.9). Since 7 (F ) = Op O; in principle we
have two options: FP(As) = Og or FP(As) = Oy

We claim that for all p N EP (A2) = O; Assume that FP (A2) = O; and assume that
Fi(As) Spforj=12 p 1 Then FP(AQ) = FP(A3) = O; Since O1 Spand Ay Sy
if FP(As) = O then p would be greater than zero and since Sy = T» it would imply that O = A;
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or O; = Ay which is not the case (recall that the only points in 75 which have a preimage are A;
and As).

Contrarily, if it exists some [ N [ < p such that F7(43) Spforj = 12 [ 1
but F'(A3) Sy O; then F'(Ay) must be equal to A; that is, FP(Ay) = FP L(F!(A4y)) =
FP Y(A;) = O, which implies that p = [ + 2r and F?"(A;) = O; Hence condition k must be
satisfied for £ = r and it is a contradiction as £ N

It implies that the only available possibility for Oy to be singular and elementary is to have that
for some p FP(Ap) = Op or EF(As) = Op

If FP (Az) = Oy then it will be necessary to blow-up all the points on Oz in order to get an AS
map. LetE; i =1 2 p—+1 be the exceptional fibre at the points Ao F(Ag) FP (A3) = Og
Then

Sy Ev By E, Ep,a To
where
Fi:lzo:a1: oxo 171] So [Zo:( 0o o)xzo 121E (6.11)
and
Fi:fu: VB, v:( o ov:ul T (6.12)

This leaves us with the following possible cases.

Case 1 : One SE orbitsi.e. Ay = O9 with the conditions that FQk(Al) = Oy and FP(AQ) =
Ogforallk p N

Case 2 : Two SE orbits i.e. (a) : Ay = Oy FP(Ay) = Op and F?#(A;) = O for all
k' N or(b):Ay=0y F?*(A))=0;and F}"(Ay) = Og forallp N

Case 3 : Three SE orbits i.e. Ag = Oy F?(A;) = O; FP(A3) = Op for a certain
pk N

where S E describes a singular and elementary orbit. Next theorem deals with Case 1.

Theorem 37 Let F' be the mapping (6.7) and let F be the induced map after blowing up the point
Ao Assume that F?*(Ay) = Op and FP(As) = Oq for all k p N Then the characteristic

polynomial associated with ' is given by

X(z)=2> z 1
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Proof. By using Theorem 10 we see that in this case we have only one list £, which is open. It is
as follows:
Lo= Op= Ay=0s

Then for N, = 1 we have T, = x and S;, = 1 By using the result from theorem 10 we
find that in this case the dynamical degree of F' is given by the greatest root of the polynomial
X(x)=2> z 1

Next theorem deals with (b) of Case 2.

Theorem 38 Let F' be the mapping (6.7), let F be the induced map after blow-up the point Ag =
[0 : 1 : 0] and assume that there exists some kN such that F?*(A1) = Oy Let F| be the
induced map after we blow-up the points Ay Ay F(A;) F?K(A)) = Oy Ifforeachp N

F P(As) = Oq then the characteristic polynomial associated with F is given by

Xy =% 2? oz 1)+1 (6.13)

Proof. From the above discussion it is clear that after the mentioned series of blow-up s, £ (Fl) =

So I (Fl) = (g and that the orbit of A5 is no more singular. So we have the following orbits
Op= Ag=0, O1= A F(A) F*A)=0,
and we have one open and one closed list as follows
Lo= Oy= Ag= 0 L.= O1= A F(4A) F?R(A) =0,

Thenfor Ny, =1 Np, =2k+1wehave Ty, =z Tp, = 2" landS;, =1 Sp. =1 By
utilizing theorem 10 and by using the previous information we find that the characteristic polynomial

associated to F' is Ay, = 22122 = 1) +1

Proposition 39 The sequence of the degrees of the iterates of all the maps satisfying the hypothesis

of Theorem 38 has exponential growth rate.

Proof. We observe that for all the values of ¥ N %k 1 the polynomial Ay = 2%*1(22 =z
1) + 1 has always one root > 1 Itis so because if k£ > 0 then Xp(1) =0 X (1) = 2k<0
and lim, 4 Aj(x)=+



102 CHAPTER 6. NON DEGENERATE CASE v, =0

Now consider that F satisfies the hypothesis of (a) of Case 2.

Theorem 40 Let F' be the mapping (6.7) and let F be the induced map after blowing up the point
Ag If there exists some p N such that FP(Ay) = Oq and there does not exists any kN such
that F2¥ (A1) = Oy then the characteristic polynomial associated with F' is given by

X, =2 (2® =z 1)+2?

Proof. Since Oy and O, are SE orbits, we have to blow-up all the points in these orbits. Let X
be the extended space after this process and let Fi: X1  Xjbethe corresponding extended map.
Then £ (Fl) = Siand Z (F 1) = O Since condition & is not satisfied then the orbit of A; is
contained in Sy but it does not reach the point O; Hence Fyisan AS or regularized map.

We can now organize our orbits into lists. We have the following orbits:
Oo= Ag= 0 Oy = Ay F(Ay)  FP(Ay) =0y
and we have one closed list as follows:
Lo= Op= Ag=05 Oy= Ay F(Ay) FP(Ay) =0y

Then for Nj, = p + 2 we have T, = 2P*2 1and Sy, = P! + 2 + 2 Utilizing theorem 10
and by using the previous information we find that the characteristic polynomial associated to F is

X, =2 (2? z 1)+ 22

Proposition 41 Consider the mappings which satisfy the hypothesis of Theorem 40. Then:
(i) Forp = 0and p = 1 the sequence of the degrees is bounded.
(ii) For p = 2 the sequence of the degrees is bounded or grows linearly.

(iii) For p > 2 the sequence of the degrees grows exponentially.

Proof. We know that X, = 2P (2 =z 1)+ 2?
For p = 0 and p = 1 we deal with the polynomials 2> 2 and * 23 respectively. This

implies that the sequence of degrees satisfies d,,+3 = d,, and d, 4 = d,,+3 respectively.
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For p = 2 we get the polynomial X = 2° z* 23422 = 22(z+1)(z 1)? This polynomial

hasrootsx =0 0 1 1 1 This implies that the sequence of degrees
dp=co( )" +cg+cyn

Hence d,, grows linearly or d,, is bounded dependingoncs =0 orcy =0

For p > 2 we observe that X,(1) = 0 X ,(1) =2 p < Oandlim, ; AX,(z) =+

Hence &), always has aroot > 1 and the result follows.

Theorem 42 Let F' be the mapping (6.7) and let F' be the induced map after blowing up the point
Ag If there exist some kN such that F?(A;) = Oy then let I\ be the induced map after
blowing up the points of the orbit of A1 If there exist some p N such that F P(A2) = Oq then the

characteristic polynomial associated with F' is given by

X(k — $p+l(x2k+3 $2k+2 x2k+1 4 1) + .’172k+3 .CC2 |

D)

Proof. This theorem states the result for Case 3 mentioned above. Since Op O and O, are
SE orbits, we have to blow-up all the points in these orbits. Let X5 be the extended space after
this process and let By X, X5 be the corresponding extended map. Then & (F‘g) = and
z (Fg) —  Hence F, is an AS or regularized map.

We can now organize our orbits into lists. We have the following orbits under F":
Op= Ag=0y O1= A  F*UA)=0, 0Oy= Ay FP(4Ay)=0p
and we have two closed lists as follows
Lo= Og= Ag=0; Or= Ay Fi(A) Ff(4s) =0y

Lo= O1= A F(A)g, F*(A)s, =0

Then for Nz, = p+2 Ni,, = 2k + 1 we have T, = 2Pt 1 Ty, = 2zt 1and
St
find that the characteristic polynomial associated to F is Xikp) = gP L (p2k 43 g 2k42 g 2k41

1) +x2k+3 1.2 r+1

o = Pz +2 8 L., = 1 Utilizing theorem 10 and by using the previous information we
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Let F;, ) be the family we get in case 3 with associated characteristic polynomial

Xikp) L I e L I I |
Lemmad43 Ifp > w then the polynomial Xy ) has a root greater than one. For p

w k1 all the roots of X, ,y have modulus one.

Proof. We observe the behavior of X{;, ,,y around 2 = 1 For it we consider it s Taylor expansion

nearx = 1:

Xop) (@) =22 kp+2k)(x 1)2+0(z 1°)

Thus the function X(y, ) vanishes at z = 1 and has a maximum at z = 1 when 2(2  kp +2k) <0

i. e., when p > @ Since lim, X py(z) = T always exists a root greater than one.
Ifp w k  1then it is easy to see that the pairs (k p) with this property are the ones in

the following set:

Appy= (k1 0) (k D1 (( 1)2) (13) (23) (14)

For (k p)  A(xp) we have the following polynomials:

Xio)(2) = (2 1)@+ 1)

Xpy(z) = (z 1)@+ 1)

Xpoy(x) = (x 1)*(z+1) @3 41)

Xag(r) = (z 1) (z+1)(® 2°+1)

X2,3)(7) (z Di@+D)@P4+r+1)@* +22+22+2+1)
Xogx) = (@ DV z+1)2@*+1) @2 +a+1)

And all the roots of these polynomials are roots of unity.

Proposition 44 Let F be the mapping (6.7) and assume that condition k is satisfied and F? (Ag) =
Og Then

(i) Forthe values (k p) Agp 2 (kp) (23) (14) the sequence of degrees d,, associ-
ated to F is periodic.

(ii) For (k p) (23) (1 4) the sequence of degrees d,, is either periodic or it grows
quadratically.
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Proof. As we noted before in this case we have to blow-up all the points in Oy O; and Oy Let

X5 be the extended space after this process and let FQ 1 X9 X5 be the corresponding extended

map. Then F} acts in the following manner:
So Eo So=1T3

S1 Gy Gi Go Gor 1 Gop T

and
Sy FEy Es E, Eyu To

where £; i =1 2 p + 1 is the exceptional fibre at the points Ay F'(A3) FP(Ay)

In fact, the calculations show that F. 3159 FE) through

070 €2

FQ X0 : ) 71:$2 :[ 10$0+$21$0}E1
and Fg s By Tp trough
Fg[u:v]EpH:[v: ov: (u+v)] To

(6.14)

(6.15)

Hence, it is clear that the map Fyisan automorphism for all the values (k p) According to Diller

and Favre in [DFO1] the growth of degrees of iterates of an automorphism could be bounded,

quadratic or exponential but it cannot be linear as in such a case the map is never an automorphism

as discussed in chapter 4. We do the analysis case by case.

For the values (k 0)

Xpoy= (@ DEHM? )= 1)@ 1)@ +1)=
= (z 2@+l @r+28 1+ +ax+1) @ +01)

If k is even then z*! 4 1 has the factor x + 1 and the sequence of degrees is

dn200+01n+62( 1)”—!—63( 1)”n—|—04 ?+C5 g—i— + Cop+3 gk

where ¢; are constants and | o ok are the roots of polynomial x2k+2 = 1 different
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from 1 If kis odd then
dn:lo—i-lln—l-lz( 1)n+l3 ?+l4 §+ +l2k+3 gk—&-l

where [; are constants and | o ok+1 are the roots of polynomial (a:kH 1) (a:k +
T rax41)
Since }3’2 is an automorphism for all (k p) using [DF01] we have ¢; = 0 = c¢3 and also

Iy = 0 This implies that dog 2+, = dy, 1. €., the sequence of degrees is periodic with period
2k +2

For the values (k 1)
Xppy = @ D 1)

2k+4

Since all the roots of Xy, 1) are roots of = 1 = 0 the same argument as before shows

that the sequence of degrees is periodic with period 2k + 4

For the values (k 2)
Xy = @B+ 1)z 1)*(z+1)

4k+6

Since all the roots of Xy, 9) are roots of = 1 = 0 the same argument as before shows

that the sequence of degrees is periodic with period 4k + 6

For the value (1 3)
X(Lg) = (.’176 .'173 + 1)($ 1)2(.'17 + 1)

and we can assert that the sequence of degrees is periodic with period 18
When (k p) = (2 3)
X3 = (z D3+ 1)@+ + D)@t 422+ 22 +24+1)
The sequence of degrees is then
do=co( I)"+er+cantesn’+es T+es 54+ +eo ¢

where | o ¢ are the roots of (22 4 2 4 1)(2* + 2% + 22 + 2 + 1) Since our map is
an automorphism we see that either c3 = ¢ = 0 and d,, is 30-periodic or cs = 0 and d,, has

quadratic growth.
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If (k p) = (1 4) then
Xog =@ D' z+1)P@+D@*+2+1)

and the same arguments as before let us to say that either, d,, is periodic with period 12 or d,,

grows quadratically.
Next result states the behavior of the sequence of the degrees when the collision has appeared.

Proposition 45 Let I be the mapping (6.7), let F be the induced map after blow-up the point
Ag = [0 : 1 : 0] and assume that there exists some kN such that F?*(A;) = Oy Let F be the
induced map after we blow-up the points Ag Ay F(A;) F2?8(A)) = Oy Assume that there
existl p  Nsuchthat F}(Ay) S1 Op and FF(A3) = Oy p > 1 Then:

(i) Ifl > 0O then the sequence of degrees grows exponentially.

(ii) Ifl = 0 and k > 1 then the sequence of degrees grows exponentially. Ifl = 0 and k = 1 then

the sequence of degrees is either periodic with period 12 or it grows quadratically.
Proof. By using the hypothesis we can write the following
So Eo  So

St Go Gi Ga G 1 Gy Th
Now assume that [ > 0 Then p satisfies

20k +1)

pol+2k+2>2k+1)> =

From the above lemma we know that the characteristic polynomial associated to FQ has a root
greater than one.

Assume now that [ = 0 thatis, A5 S1 Op It happens if

thatis A5 S; O if and only if
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It turns out that whit these conditions on the parameters 77 = .57 and hence we have the following
cycle:
St Go Gi Ga Go 1 Gar 51

So the condition Flp(Az) = Op with A1 = Og can happen when p = m(2k+2) withm N m
1 Then

2(k+1
p=m(2k+2) 2(k+1)and 2(k+1) > (;)
if and only if £ > 1 From the above Lemma, when £ > 1 the polynomial X{; ;) has some root

greater than one. If k = 1 then p = m(2k + 2) = 4m satisfies p %TH =4onlyifm 1 Then

when £ =1 m = 1 the characteristic polynomial is
Xon@) = (& D'z +1)* (@ +1) (@ +z+1)
Since the extended map Fy: Xy X, introduced in the proof of Theorem 42 is an automorphism

and all the roots of Xy 4 are roots of unity, from the results in Theorem 7 the statement follows.

In the following section we discuss the families with dynamical degree one that is zero algebraic
entropy. We give the families for all the values of & p N and discuss their growth and find their

preserves fibrations, also periods for periodic mappings.

6.3 Zero entropy

Theorem 46 Let f(x y) be a mapping such that the corresponding F' satisfies the hypothesis of

Theorem 40 and it has zero entropy. Then f can be written in one of the following way:

(1)

1 x
fan= (% awty )
1 a1 +vy
with 1 =0and 1+ 1+ %4— + ’f:Oforallk N d, =2foralln N and
it preserves two rational fibrations V| = % Vo = % such that Vi(f(z y)) = a%Vl (x y)
and Vo(f(x y)) = 1Va(z y) + 1 where

Ly =1+ 1y
Qr =1 Dy+H(1(1 Dz+ 1y+1)
Q2 = 1(1 Daxy+ 192+ 12+y
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(2)

2

+ 1+1 T
f(z y)=<12+ 1Z+Y 1)

1(1+1) m‘Fy

with 1 0 1 andl+ 1+ %—1— + ’szforallk: N di =2 dy =
3 d,=4foralln 3 Nand f preserves two rational fibrations H; = % such
that Hi(f(x y)) = ;Hi(x y) +a i =1 2 where ;istherootof 12> =1 a =

(i 1+ i 1) where

Qs(z y W;) =Asxy+Ayx Ay Ay for
Az =W; $+3W; S+ @BWi+1) 1+(W;+3) $+3 3+
Ay =W; P+GBW; 1) 1+6BW; 2) i+ 1) 7
Ay = $+2 7+2 141
Ay = 14+ 1+1

and Qu(z y) = Byy?>+ Bsxy+ Box+ Byy+ By for
By = $(7+2 1+1)

By = 1(1+2 7 21 1)

By = {(i+2 1+1)

By =2 343 3+2 ;+1

By = 14+ 1+1

(3) .
1 T
f(ﬂfy)Z( 5 5+ 2fv+y>
(w 1)
( 1) ( +1) m +y
with =0 1=0 2 41=01 + 2 3 2kl g 2kE2 — 0 for
allk N d, grows linearly in n and f preserves the rational fibration Hy = % such
2
that Hs(f(z y)) = 1Hs(z y)+ 2 for 1= 9 = w(;” 21;)+1 where

Qs(z y) =(Asy+A)x+Ary+ Ay for
A3:928+37 6 5+34 23+2
A =272 234 4
Ay = 2 2 +1
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and
Qs(r y) = Bsy*+ Bay+ Biz+ By for

B = 3 7 5 44 6 2

By = * 234 24+ 1

From Proposition 41 we know that if F P(A2) = Og and p > 2 then the dynamical degree
of F'is greater than 1. Hence for the cases of p 2 we have dynamical degree 1 Also as
forp =0 dpys = d, we find thatd, = 2 foralln N Now from p = 0 we mean,
when Ay = Op from Proposition 1 of the appendix we know that the coefficients of f have

to satisfy conditions (C'1) and we obtain the maps (1) of the theorem.

To find the fibrations for this family we use the same methodology we utilize to get our results
in Chapter 3. By considering a general cubic C, we impose that it passes through all the three
points of indeterminacy of F' After some calculations we find the cubic coefficients of C' are
zero and that f preserves a conic ()1 We then consider another general conic () and consider
a rational function of two conic to find our required fibration. It results that () reduces to a
line L; Hence giving our first rational fibration V; such that it satisfies Vi (f) = O%l Vi.Ina
similar context to find the other fibration we consider a function L% for a general conic @

With some easy computations we find that @) = Q2 we therefore get V5 such that it satisfies
Va(f) = 1Va+1

For p = 1 we observe that F'(As) = Oy is equivalent to F(Ay) = Oy because the point
Ay Eg From Proposition 2 of the appendix again we know that the coefficients of f have
to satisfy condition (C2) and we obtain the map (2) of the theorem. Now observe that for
p=1 dntq = dnys wefindthatd, = 4forallm 3 N Hence both of these families
have bounded growth rate. Now we first intend to look for an invariant cubic curve C for f
by considering that the cubic passes through all the points of indeterminacy and then looking
for the image of such a curve we find that this results in providing us with the invariant
conic )4 Then by considering a rational function of ()4 with another general conic () we
find that the function % gives us the required fibrations H; with ) = ()3 and it satisfies
Hi(f(x y)) = iHi(x y)+a i=1 2for ;therootof 122=1 a= (; 1+ ; 1)

and H; = %
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(3) From Proposition 41 we know that if F P(Ag) = Op and p 2 we have dynamical degree
equal to 1 We see that for p = 2 this mapping has linear growth which is given by d,, =
ca( 1)"+c3+cqgn whichfordy =2 do = 3 d3 =5 dy = 7 we can write that d,, =

1+ 2n n > 1 which implies that d,, grows linearly in n

For p = 2 we have the condition F2(A5) = Oy which is equivalent to F2(As) = Og

because the point Ay Sy Looking at Proposition 3 of the appendix we find the conditions
on the coefficients of f have to satisfy condition (C'3) and we obtain the required map, hence
the result follows. Now if the condition F2¢(A;) = O; forall kN then

1
F*A)=00: 1001+ 1+ i+ + FH:l)=01=00:—:1]
1
By substituting o = % from (C3) for =0 2 + 1 = 0 we can write the
above equation as following:

F%(Al):[(): 2(( 5
then we have
( D(%+ 54+ T4 4 ZHp (2 41)=0 (6.16)

which can be written as the following two conditions

1 + 2 3 2k+1 + 2k+2 — O (617)

for all kN This gives the required condition on the parameters. Now observe that for
p=1 dytq = dnys wefindthatd, = 4forallm 3 N Hence both of these families
have bounded growth rate. We now look for an invariant cubic curve C' such that it passes
through all the points of indeterminacy of f We find that this results in providing us with the
invariant conic (Jg We then consider a rational function % such that it gives us the required
fibrations H3 then we get that Q = Q5 and it satisfies Hs(f(xz y)) = 1 Hs(z y)+ 2 i=

2
1 2for | = o= ol iand Hy =%

Remark 6.3.1 Note that f in (1) in Theorem 46 is birationally conjugate to a linear map. We
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observe that for the rational map h(x y) = (1ilafy y) whose inverse is given by h '(z y) =
(m(ljifal) y) we can write the equation h(f(z y)) = g(h(z y)) for g(z y) = (1 + a1y x) This

implies that g is the birationally conjugate to f

Theorem 47 Let f(x y) be a mappings such that the corresponding F satisfies the hypothesis of
Theorem 42 and it has zero entropy. If the sequence of degrees of F' is periodic then f is one of
following:

(1)

flzy) = (11+ 1z +y 1iy)

(631

and f is 2k + 2 periodic for some kN suchthat1+ 1+ 2+ + If =0

(2) ,
+ 1+1
f(ﬂfy)=<1+ 174y >
1(1+1)2 a1+1+y
and f is 2k + 4 periodic for some k' Nsuchthat1+ 1+ 2+ 4+ =0

(3)

fuy):( . +2x+y””>
C D2 +1pP G Ty

w(w? w+l

with =0 2 +1=0 1 =0and f is 4 k + 6 periodic for some k N such that
1 4+ 2 3 2k+1l | 2h42 _

(4)

f(x y):< o+ 1w+y oiy)

with o= 25+ 3 % 1 o= éandfislS periodic suchthat $+ $4+1=0
1

Proof. From Proposition 44 we know that if FP(Ay) = Op and F?#(A;) = Oy then the for the
values of (k p) A(y,p) the dynamical degree of F' is equal to 1. We first consider the case
(k p) = (k 0) then

(1) For p = 0 we mean, when Ay = Op from Proposition of the appendix we know that the

coefficients of f have to satisfy conditions (C'1) and we obtain the maps (1) of the theorem.
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As this family satisfies the hypothesis of theorem 42 for p = 0 and for all £ Therefore we
know that the condition FZk(Al) = (7 should be satisfied. By using the same condition
(C1) of appendix we can thus write the condition F?*(A;) = Oy as following

1
F*(A)=00: 1 o1+ 1+ 3+ + ’fl):l]:Olz[Ozlzl]

By substituting ¢ = ¢ = a% from (C'1) we can write the above equation as following:

1
F*A)=00:14+ 14+ 3+ + ’51;1]:01:[0:;1]
1

which can be written as the following condition

I+ 14+ 1+ + §F'+ t=0 M= (6.18)

Now consider the mapping 1 of the above theorem that is

1 x
f(xy)=<+ Tty )
1 a‘i‘@/

with y=0and1+ 14+ 3+ + F=0forsomek N

By iterating f and using a simple induction process we find that the expression of f2"(x y)

forany » N can be written as follows:

o _ [ G+a+ad+ +ai+ei Ty ((A+eatad+ 4ol Htoary(tai+ai+ +ai H+aia)

1+ 14+ 1+ + §+ ’{y)

Therefore we can write the expression of f2*+2(z y) as follows:

R y) =

(Hai+ai+ +af a2y (14ar+a3+ +ab)tary(l+ai+ai+ +ab)+ali )
a1 (1+a1y)

1+ 1+ 24+ + b+ ’f+1y>

As we know from above calculations that 1 + 1+ 2?4+  + % = 0 which implies that
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lf“ = land ’f” = | By substituting these values in the above expression of f2#2 we

find that f2¥+2(x y) = (z y) i.e. itis the identity.

(2) We now consider the case (k p) = (k 1) then for p = 1 we observe that F'(4y) = Oy is

equivalent to F'(As) = Op because the point Ay Ey From Proposition of the Appendix
again we know that the coefficients of f have to satisfy condition (C'2) and we obtain the map
(2) of the theorem. This family satisfies the hypothesis of theorem 42 for p = 1 and for all k
Therefore we know that the condition F'2¥ (A1) = O should be satisfied. By using the same

condition (C2) of appendix we can thus write the condition F?*(A;) = Oy as following

1
F2k(A1):[OZ 10(1—|— 1+ %—l— + ’fl):l]:Olz[Ozzl]
1

By substituting ¢ = ﬁ from (C2) for 4 0 1 we can write the above equation as
following:
1
FPA)=10: ——(1+ 14+ 3+ + " YH:1|=0,=|0:—:1
1+1 1

which can be written as the following condition

1+ 14+ i+ + i+ =0 (6.19)
which implies that ’f+2 =1 Now consider the mapping (2) of the above theorem that is
f@ ) ( I+ 1+1 N N x )
TY)=\—F—""FTv2 1T+Y —q
1( 1+1)2 a11+1+y

from the above calculations we see that we can write the following conditions on the param-

eters: 1 0 1 and1+ 1+ %—l— + IfH:Oforsomek‘ N

From Proposition 44 we know that for the case (k p) = (k 1) the sequence of degrees d, is
2k + 4 periodic. This implies that dog14 = dy = 1 Therefore the function F2k+4 5 linear.
Hence we can consider that for some constants ; p; ¢; R the function F’ 2k+4 has the

following form:

F2k+4[950 L1t X) = [ro @ + 11 X1 12 X2 1 Po To+P1 X1+ P2 T2 1 o To+ q1 X1+ G2 2]
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We know that Sy is invariant under the action F2 therefore it is invariant under the action of

F2k+4 a5 well. This implies that

F2k+4[0 L X 1‘2] = [0 L X .I'Q]

which further implies that 71 x1 + r2 2 = 0 for all complex numbers x; xo This is only

possible if r; = ro = 0 Then we can write

xo x| = xO:@mo—l—&xl—i—@xg:q—0m0+q—1m1+q—2w2

F2/€+4 [
To To To To To To

which in affine plane by taking g = 1 and rewriting the parameters, as new parameters, the

function F'2**4 can be written as following:

f2k+4(95 y)=@o+pix+py @o+azr+aqy) (6.20)

foranypo p1 P2 90 ¢1 ¢ R

We find that the following curve C'is a curve fixed by f2 This implies that it is also fixed by
f2h+4

C= (3+ 1+D)+ 3 1+1)%2+(1+2 342 1+3 Hy+
(1 D@l+1)? yzy+(i+2 §+ §)y?=0

We take any three arbitrary points on this curve namely;

fien =( FEEE 0 fin=0 g

fies = (Gmme o)

As these points are fixed by f2 so they are also fixed points of f2*T* Then finding the images

of fixy fixo and fixs under the action of f2¥*4 using 6.20 we get a system of following
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equations:

a+oi+1

2
ajtar+1
Po+Pp1 ( a? (a1+1)?2

a? (a1+1)?
=0

Po + P2 ( TS|
1

)
)
Po +p1 (a1 (ai—}—l)g) + P2 ( 071) ~ o (a1+1)2
2 ) oc%—i—oq—&—l
)

wtal Foie) = Feer

q+ a2 ( o) =0
qo +q1 (m)wLQZ( a%) :m
By solving the above system of equation for the values of py p1 p2 qo q1 g2 we find that
(po 1 P2 g0 @1 q2) = (0 1 0 0 0 1) which implies that f?**4(z y) = (z y)

From Proposition 44 we know that if FP(Ay) = Op and F2¥(A;) = O, then the for the
values of (k p) A(k,p) the dynamical degree of F' is equal to 1. We consider the case
(k p) = (k 2) then for p = 2 we have that F2(Ay) = Oy is equivalent to F2(A4s) = Oy
because the point As Sy Looking at Proposition of the Appendix we find the conditions

on the coefficients of f have to satisfy condition (C'3) and we obtain the required map.

This family satisfies the hypothesis of theorem 42 for p = 2 and for all £ Therefore we know
that the condition F2¥(A;) = O, should be satisfied. By using the same condition (C3) of

appendix we can thus write the condition F’ Qk(Al) = O as following

1
F2k<A1):[O: 10(1—|— 1+ %—l— + Ifl)ll]zolz[()::l]
1

% from (C3) for =0 2 + 1 = 0 we can write the

above equation as following:

By substituting ¢ =
FR(A) = [01 ? (w(wgi+l))(1+ oty ). 1} =04

then we have
( DO+ °+ "+ + *H+(? +1=0 (6.21)
which can be written as the following two conditions

1 + 2 3 2k+1 + 2k+2 — 0 (622)
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4

The above two equations give us the required condition k on the parameter ; for this family,

thatis 2FF3 = ( 2)2k4+3 — 4k+6 — ( 2k43)2 — | forsome kN

From proposition 44 we know that for the case (k p) = (k 2) the sequence of degrees d,, is
4k + 6 periodic. This implies that dg,,6 = do = 1 Therefore the function F4*+6 is linear.

Then F*¥16 has the following form:

F¥%F 020 0 2y 2 o] = [ro @0+ 7121 + 1202 : po o +p1 1+ Paa : oo+ q1 1 + g2 To)]

for some constants 7; p; ¢; R the function. As Sy is invariant under the action F? there-

fore it is invariant under the action of F4**6 as well. This implies that we can write

f4k+6(95 y)=@o+prx+py go+qaz+qvy) (6.23)

foranypo p1 p2 @0 ¢1 @2 N

We find that the following two are the fixed points of f and the third one is fixed by f2

fza: — 1 w
1 (w2 w+1) (w+1) (w3+1) w3+1
fll' _ w? w1 w? w1
2 Tl oW? wtD) (@? 1) (@ &BFw 1) wWw? Ww+w 1)
; _ 1 w
fizs = wO+2w3+1 w3+1>

Now these points must also be fixed by f4*+6 Then by finding the images of fiz; fixo and
fiz3 under the action of f4*%6 using 6.23 such that f4*+6( fixy) = (fiz1) f¥*+5(fize) =
(fize) f¥+6(fixs) = (fixz) Also as the sequence of degrees is periodic of period 4 k + 6
this implies that the matrix (13'1 )4+6 fixes the elements in the basis of Picard group. This
implies that (F, )*+6 also fixes F; that is the blown up fibre at Ay Then F***0 fixes the base
point A in PC? By utilizing this information and then solving this system of four equations
for the valuesof pg p1 p2 qo q1 ge wefindthat (pg p1 P2 9 ¢ ¢2)=(01000 1)
which implies that f4%+6(z ) = (z y)

From Proposition 44 we know that if F?(Ay) = Op and F2¥(A;) = O then the for the
values of (k p) A(y,p) the dynamical degree of F' is equal to 1. We now consider the case
(k p) = (1 3) then we have that F2(A;) = O; and F3(Ay) = Op which is equivalent
to F3(As) = Og This is because the point A So S1 and by looking at the orbits
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of Ag and A; we find by easy calculations that the condition F 3(A2) = Oy implies that
F(Ay) So S1 and F?(As) So S1  Looking at Proposition of the Appendix we
find the conditions on the coefficients of f have to satisfy condition (C'4) and we get our

required family. This family satisfies the hypothesis of Theorem 42 forp =3 and k =1

From proposition 44 we know that for the case (k p) = (1 3) the sequence of degrees d,, is
18 periodic. This implies that d1g = dg = 1 Therefore the function F''® is linear. Hence we

can consider that for some constants 7; p; ¢; R the function F''® has the following form:
F¥2g 210 29] = [ro o + 1121 + 1222 1 Po To + P1&1 + P2 T2t o To + q1 71 + G2 T2)]

As Sy is invariant then as discussed above we can write the function F''® as follows:

8@ y)=po+pir+py g+qz+qy) (6.24)

foranypo p1 p2 @ 1 ¢ R

As 1 satisfy the equation $ + 9 + 1 then by choosing any three roots of this equation
for the values of 1 we find that the f has three fixed points fix; = (x1 y1) fizea =
(x2 y2) fizs = (x3 y3) As these points are fixed by f so they are also fixed points of
f1® Then finding the images of fiz| fixs and fizz under the action of f'® by using (6.24).
Then by solving the system of equations for the values of py p1 p2 qo g1 ¢o we find that
(po p1 P2 @ q1 g2) = (01 0 0 0 1) which implies that f'8(x y) = (x y) This com-
pletes the proof. [ |

Theorem 48 Let f(x y) be a mappings such that the corresponding F satisfies the hypothesis of
Theorem 42 and it has zero entropy. If the sequence of degrees is 12 periodic or grows quadrati-

cally then f can be written in one of the following way:

(1)

fan=( o ory )

then f has quadratic growth rate and preserves the following elliptic curve:

y 1
Cl(x =
(@ v) xy? 22y+ oxyt+y 1

with C(f(xz y)) = C(x y) Hence f is integrable.
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(2)

fan=(o+s <)

then f has quadratic growth rate and it preserves the elliptic fibration

292 +2x+y+1)
zy(z+y)

O y) = ¢

with C(f(x y)) = C(x y) Hence f? is integrable.

(3)

f(z y):( o+ 1wty oiy)

with one of the following conditions on the parameters

(a) % +1=0 =0 =1 then f has quadratic growth rate and it preserves the

elliptic fibration
Cl
C = —
=Ty
with O(f(x y)) = 1C(x y)+2(1+1) whereC' = 1+ (1 1)+ (1

2 Dy+2zy+(1 1)y2+2 1x2y+2xy2 or
) T+ 3+ 3+ 1+1=0 o= B3+ $+4 1+2) and o= a%l,or

(c) $1+1=0 o=1 Sand o=

o
b—‘[\JH

Proof. From Proposition 44 we know that if FP(Ay) = Op and F?#(A;) = Oy then the for the
values of (k p) A ) the dynamical degree of F is equal to 1. Consider the case (k p) = (1 4)
then we have F 2(A1) = Oy and F 4(A3) = Og which for Ay S; by looking at Proposition 6
of Appendix we find that condition on the coefficients of f have to satisfy condition (C'7) which
give us the family (1) Also the condition F*(Ay) = Oy is equivalent to F*(As) = Op when the
point Aj So S1  Looking at the same Proposition of the Appendix we find that the conditions
on the coefficients of f have to satisfy conditions (C8 C9 C'10 C11) which give us the required
families (2 3a 3b 3c) of theorem.

We see that the sequence of degrees d,, for this case can be written as follows:

dp=co( )" +ein( 1)”+02+03n+04n2—|—05n3+06 T"+er 54+c 5+co o
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where | o 3 4 are the roots of (#2 4 1) (22 + = + 1) Since our map is an automor-
phisms we know it cannot have linear growth rate. Therefore d,, is either 12-periodic or
¢4 = 0 and d,, has quadratic growth. But we find that the sequence of degrees for f grows
quadratically, we do this by finding the values of the constants ¢; Utilizing the information

from the sequence of degrees of f for the families (1 2 3(a) 3(c)) thatis:
235 7 11 15 20 25 32 39

we find that the sequence of degrees d,, can be written as follows:

dn—1< §( n~ " )”+223+3n2)

which shows that f has quadratic growth.

By using the methodology defined in the proof of Theorem 46, we start by looking for one
invariant cubic curve C7 under f We first impose that this curve passes through the three
indeterminacy points of F© We then look for the curve C(F ') This curve is a product of
the exceptional curve of I ! and another distinct curve C'. We impose that C' becomes
equal to C; such that it becomes invariant under ¥ We then we find that C; = x>

22y + oxy+y 1 We then consider another general cubic Cy such that the function
C = C—f satisfies C(f(z y)) = w1 C(x y) + wo for some wy we C We then find that
Clry) = sr— y?-Ji-alowy—i-y 1
wy = 0 for this family and hence f is integrable.

satisfying C(f(x y)) = C which shows that w; = 1 and

The proof is similar as explained in the proof of above given result with L3 = x4+ y =0

Moreover in this case we find that w; = 1and wy =0

The proof is similar as explained in the proof of of above given result. Moreover in this case

we find that wy = randwe =2 (1 + 1)

Hence proved. [ |

Theorem 49 Let f(x y) be a mappings such that the corresponding F satisfies the hypothesis of
Theorem 42 and it has zero entropy. If the sequence of degrees is 30 periodic or grows quadrati-

cally then f can be written in one of the following way:
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(1)

fan= (3ot

N[ — 5
+
<
N————

and d,, grows quadratically.

(2)

flz y)=< o+ 1w+y oiy)

with 14+ 34+ 24+ 1+1=0 o= m o= (1+2 71+ 1+2)

Proof. From Proposition 44 we know that if FP(Ay) = Op and F?#(A;) = Oy then the for the
values of (k p) A p) the dynamical degree of F' is equal to 1. Now consider the case (k p) =
(2 3) then we have that F*(A;) = Oy and F3(Ay) = Op which is equivalent to F3(As) = Oy
because the point Aa So S1  Looking at Proposition of the Appendix we find the conditions
on the coefficients of f have to satisfy conditions (C'5) and (C'6) we get our required families (1)
and (2) We claim that the map (1) is not periodic. We know that d,, is either periodic or period 30
or it grows quadratically. Hence if f is periodic then f"(x y) = (x y) for r a multiple of 30 Now
we notice that f°(0 y) = ( ﬁ) Calling h(y) = 4;% from the results of [CGM] we know
that h(y) is not periodic. It implies that f” = Id for any r multiple of 30
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Do not falter or shrink. Just think out your work, and work out your think - Nixon Waterman
Each problem that I solved became a rule which served afterwards to solve other problems -

Rene Descartes



Chapter 7
Lyness K periodic

This chapter discusses the non-autonomous Lyness type recurrences with parameters as k-periodic
sequence of complex numbers with minimal period k. Such non-autonomous recurrences are treated
by the autonomous dynamical system generated by the birational mapping. The dynamical degree
of such mappings is studied for four different values of £ and then by using these results the main

results on the non-integrability of these systems is established.

7.1 Introduction

Consider the non-autonomous Lyness difference equations of the form

Tnio = n + Tny1 (7.1
In

where a, , is a k-periodic sequence of real numbers. Such recurrences have been studied in
[CGM12, dAOS, FJIL96, JKNO7, KN04, CGMO08a, dA05], and recently in [CGM].

In discrete integrability community there is a rising interest in the study of integrability of the
systems of difference equations with periodic coefficients. The integrability of some maps com-
ing from periodic difference equations have been studied in [CGMO8b, FIL96, GRT11a, GRT11b,
CGMO7, CGMO6b, CGMO06a] and [RGW11]. However the investigation in the area of non integra-
bility of periodic difference equations is rare. The work in this article makes an evident contribution
in the area of non integrable periodic difference equations by providing large number of classes of
non integrable difference equation with periodic coefficients.

From a mathematical biology point of view, it is interesting to study these non autonomous

123
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difference equations because they can be used to model different biological systems which possess
the change in time. These biological systems can possess certain behavior due to some changes in
their environment. We consider those changes which are cyclic. That is to say that the parameters

of the biological system are periodic.

In our study we consider the more general case when the parameters and the variables belong

to the complex space.

For each k, the composition mappings are

Fap,..an,ar = Fa Fu, Fo (7.2)

k

where each Fj,; is defined by

x

Fulz y) = (y aﬁy)

and a1 as ay, are the k elements of the cycle.
For the sake of shortness, we also will use the notation F[k} = Fy, a0

For instance, when k = 2 by setting

a for n=2 +1
an = (7.3)
b for n=2
we get
at+y a+bx+
Fuale )= By Fulo ) = (2 ")
T xy
and when k = 3
a for n=3 +1
an = b for n=3 +2 (7.4)
¢ for n=3
and

a+br+y a+br+y+cxry
Fc,b,a(xy):Fc Fb Fa(xy):<

xy y(a+y)

Clearly the study of the dynamics of the recurrences given by (7.1) can be deduced from the dy-
namics generated by the composition mappings (7.2). It is known that for the cases & 1236

and for all values of the parameters, the mappings F,, Iy, Frp, and Ff e 4.cpq have a rational first
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integral :

a+(a+ Dz + (a+ 1)y + 2+ 9% + 22y + 232

Va =
(z y) o
ab+ (a+b%)x + (b+ a®)y + bx? + ay? + ax?y + bwy?
V;),a(x y) = ( ) ( ) 2y
ac + (a+ bc)x + (¢ + ab)y + bx? + by? + cxy + axy?
Vol ) = 2 b (e oy
af + (a+bf)x + (f + ae)y + bx? + ey? + cx’y + day?
Vf,e,d,c,b,a(x y) = Ty

In this work we prove that for & 1 2 3 6 the corresponding mapping F[; does not have a
rational first integral for some values of the involved parameters. This result has also been stated in

[CGM] from a numerical point of view. Here we give an analytical proof.

7.2 Global non-integrability

From the results discussed in Chapter 2 we known that the existence of a foliation of the space by
algebraic invariant curves implies that the dynamical degree is one, see [Bel99] for instance, also
[DFO1]. In order to prove our results about the non-integrability of the mapping 7.1, we use the
method of calculating the dynamical degree.

We want to emphasize that the method that we implement allows us to know the sequence d,, for
the mappings under consideration. When the growth of this sequence is exponential the calculation
of the degrees of the iterates quickly becomes unfeasible.

The main result of this chapter is the following:

Theorem 50 For k 1 2 3 6 there are some values of the parameters for which the mapping

Fly) does not have a rational first integral.

To prove Theorem 50 we begin by studying the cases k = 4 and k = 5 We calculate the
dynamical degree of Fiy and F[5) for general values of the parameters, see Proposition 51 and 52.
As usual we say that a set of k parameters a; ao ay is generic if (a1 a9 ay) CF isan
open and dense subset of C* with the usual topology. We then consider one parametric families for
k =T7and k = 11 in sections 7 2 3 and 7 2 4 In both case we prove that for almost all the values

of the parameter the algebraic entropy is positive. In the last section in 7 2 5 we prove Theorem 50.
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7.2.1 Dynamical degree of ;. ,

In order to compute the dynamical degree we look for the exceptional and indeterminacy set of the
map.

It is easy to prove (see [FS92] and [Dil96, DF01]) that if there is no exceptional curve whose
orbit lands on a point of indeterminacy, then the degree of f is multiplicative, i.e., deg(f™) =
(deg(f))™ It easily implies that the dynamical degree coincides with the degree of the map.

If there is an exceptional curve which lands on a point of indeterminacy then we have to perform
a series of blow ups and extend the map f at the new space X until we get an AS map f

Once we have such AS map we compute the action f of f on the Pic(X) of X We then
consider the associated matrix of f and we calculate it s characteristic polynomial. Finally the

dynamical degree is the spectral radius of the matrix.

Proposition 51 For a generic set of the values of the parameters a b ¢ d  C the dynamical
degree of the mapping Fyy .. = Fq F. Fy, Fyis the largest root of the polynomial 23 222
3z 1 which approximately is 3 079595625

Proof. We consider the family of mappings Fyycp.(z v) :=F; F. F, F,(z y) which has the

following expression:

cxy +bxr+a+y :L'(dya+dy2+cxy+bx+a+y)
Fd,c,b,a(x y) =

y(a+y) (a+y)(br+a+y)
By extending it to PC? we get the mapping f|xo : 21 : z2] with components

filxo : x1 1 o] = wox2(axo + x2)(axg + by + x2)
folzo s x1 : 22) = wo(azo + bry + m2)(axd + brox1 + ToT2 + CT1T2)

fa[zo : 21 : 2] = z122(axd + broz1 + (1 + ad)zoxa + cr129 + d2l)

In order to find the exceptional locus of f we calculate the determinant of the jacobian of f

which we call j; and it is given by

Jr = 4xoxa(axo + x2)(axe + bxy + z9)?(azd + brory + ToT2 + CTI1T2)
(az? + bror1 + (1 + ad)zoz2 + cr172 + dd)
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Fori=0 12 3 4 5let S; be defined by g;[z¢ =1 x2] = 0 with:

So:= z0=0

S1i= 12=0

So = axg+x2=0

Ss = axg+br;i+x2=0

Sy = aaz% + broz1 + xox2 + cx129 = 0

Ss:= axg + brox1 + (1 + ad)zozs + criz2 + dag = 0

We see that for generic values of the parameters the curves g;[xg x1 x2| = 0 are irreducible and
distinct.

Applying the mapping we see that each S; collapses to A;, where
Ap:=10:0:1] A1:=[0:1:0] A2:=[0:b: a] Ag:=[c:0: d] As:=[1: d:0]

and S5 collapses to Ag too.

On the other hand the indeterminacy set of f is given by the five points:
Op:=10:0:1] O;:=[0:1:0] O2:=[0: d:c] O3:=[b: a:0] Og:=[1:0: da

We observe that Ay = Og A; = O and that for generic values of the parameters A; = O; for
i=245 j=234

Since Sy 57 collapse to Oy Oq respectively, the dynamical degree is less than two. Therefore
we begin by blowing up the points Op and O

Let X be the space we get after blowing up the two points Og O1 Now we are going to extend
the mapping f to X on a continuous way. To this end we identify Fy :=  !(Op) with PC' in the

following way: given [u: v] PC! we associate the point
[u:v|g, = PH(I] Ytw:tv:1] FE (7.5)

From now on we are going to identify a set S PC? withthe set  '(S) X
To determine the mappingon Sy = x9 =0 letx =[0: 21 : 9] =limy o[t : 21 :x2] So

We assign:

f(z) = }/in% flt oz :xo] = }in%[tx%(bxl + x9) @ texizo(bry + z2) : w125 (cry + dao)]
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Assuming zqx2(cz1 + dxa) = 0 we get

_ [t bry +mxy ; c(bxy 4+ x2) 1]
t 0 1

fla) = Jim (cx1 +dwg) ~ xo(cxy +dzg)

and we identify this point with:

bri+x2  c(bwy + 2)
x1

(cxl + d$2) ’ :132(61‘1 + dl'2):| Ey [Q:Q : C‘Tl]EO

If x129(cxy + dza) = 0 we have the points Og = [0:0:1]) O =[0:1:0]/andO2 =[0: d: ]

Then we have that

is defined trough

FI0: 2y 2] = [x2: cx1] g, (7.6)

To determine the mapping f on Ey we consider a point [u : v]g, in the fibre Ey as shown in (7.5).

We need to evaluate f[tu : tv : 1] Its three components are given by

tu(dtu+ 1) (dtu + ctv + 1)
tu (at*u® + bt*vu + tu + ctv) (atu + btv + 1)
tv (ctv + bt?vu + at?u® + d + tuda + tu)

Hence, lim; ¢ fltu:tv:1] =[u:0:dv] CallingT) = x; =0 we have that

f:Ey T

is given by

flu:v]g, =[u:0:dv (7.7)

On the other hand we notice that the action of f on 77 is given by
flzo: 0: xo] = [woxa(azg + 22)? : z3(azg + z2)? : 0]

If zo(axg+x2) = Owe getthepoints [0: 0: 1] = Opand[1:0: a] = O4 Andif zg(azxg+z2) =
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0 then flxo:0: x9] = [x2: xo : 0] Hence,

is given by
flzo : 0 @a) = [z : xp : 0] (7.8)
The same type of arguments and computations allow us to extend f to S; and By :=  1(Oy)
We get that:
f:8 Z(f) Ey
is defined by:
flzo : 1 : 0] = [azo : 1], (7.9)
and
f:E So
is given by
flu:v]g, =[0:bu: vl (7.10)

Hence, from (7.6), (7.7), (7.8), (7.9) and (7.10) we see that we get a cycle between these complex

1-dimensional manifolds:

So Ey Ty St En So (7.11)

On the other hand, since f maps 53 to Ag we have to extend f to S5 The result that we get is
that Ss still collapses:

f:S5s Z(f) b: g, (7.12)

Hence, S5 is still exceptional for f

From the above calculations we have that the indeterminacy and the exceptional sets of f are:

I(f)= Oy O3 Oy and E(f)= Sy S3 Sy Ss (7.13)
where we again identify sets and points on PC? with the equivalent points in X

We claim that, for generic values of the parameters, f : X Xis AS To prove this claim we

use Theorem 2.5. So we have to follow the orbits of S; fori = 2 3 4 5 and verify that f”(Si)



130 CHAPTER 7. LYNESS K PERIODIC

Z(f) for all n From (7.11) we observe that each one of the manifolds Sy Eyg 77 S; and E; are

invariant by f°> The calculations are the following:
The orbit of S,

Since f(S2) = A2 =[0:b: a] we have that generically:

fR(Ag) = fo%[0:b: a]=[0:ad" Wrtickab: 1] Sy Z(f)

(Az) [ a:bg, =] 1:aF "Wihtdk),, By Z(f)
(As) [ a:0:bed) =] 1:0:a" Wicktiaghtl] Ty Z(f)
foR43(Ag) = f%bed = a: 0] = [aF WFTIHAHIGRY . 1:0] S Z(f)
f5k:+4(A2) _ f5k[bdc: 1]E1 _ [akzbk—i-lck—i-ldk:-i-l . 1]E1 E I(f)

The orbit of S, Since f(S4) = A4 =] b:0:a] we have that:

fR(AY) = f*c:0: d=[1:0: d*oFcd Wdk+ T Z(f)
foRL(AY) = fO%[d: ¢:0] = [ abbFek 1ab 1t 1:0] S Z(f)
f5k+2(A4> _ fSk[ ad - C]El — [ aktlpkck 1gk+1 . 1]E1 Fy I(f)
(Ay) [0: abd:c|=[0: aFtiphtick gkt 1] Sy Z(f)
FR(Ag) = fFle: abed]p, = [c: (abed) g, By I(f)

Very similar computations show that generically f™(S;) Z(f)fori =35
Hence, using 2.5 we see that f:X X is AS.
Finally we have to compute the matrix of f : Pic(X) Pic(X) To this end we take into

account the action of
. Pic(PC) =< L> Pice(X)=<L Ey E; >
Since Oy O Sp and deg(Sp) = 1 then we have that
(So) = So + Eo + B (7.14)

Similarly
(S1) = S1+ B (7.15)

and

(S3) = 53 (7.16)
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But in Pic(PC?) all the curves of degree one are equivalent to L i. e, (S;) = (L) = L for
t =0 1 3 Itimplies that

SOZL E() E1 glzi E1 and ngjj

Now we are ready to calculate the matrix of f From (7.6), (7.12), (7.14) and (7.16) we deduce
that:

f(Ey)=S80+8=2L Ey E
where f acts by taking preimages. Similarly,

N

f(E)=58 =L E

It only remains to determine f (i}) which we recall that L = pxg + g1 + rzo = 0 where the

parameters p ¢ r are generic. Considering the algebraic curve of degree 4:
F L) = [wo:ar:ma] PC?:pfilzo: oy x] + qfalzo : 1 : mo] + rfslzo 21 i 3] =0

we have that  (f 1(L)) equals to its strict transform plus mj Eg + mo E7 where m1 mo are the
multiplicities of f (L) at Oy O; respectively. It can easily be seen that m; = 1 and ma = 2
Hence,

f(L)=4L E, 2E

and the matrix of f is given by:

4 2 1
Fry= 1 1 0
2 1 1

The characteristic polynomial of (f )is 3 2 2 3 1 which has a unique real root

1 — 26 1 2
1:63388+12 69 + = — + 3 3079595625

3 /388 +12 69

and two complex conjugated roots with modulus less than ; So, Proposition 51 is proved. [ |
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We observe that the sequence of the degrees d,, exactly satisfies the recurrence
dn+3 = 2dn+2 + 3dn+1 + dn
and since dy =4 do = 12 and d3 = 37 the sequence of the degrees is

4 12 37 114 351 1081 4059 11712

We emphasize that the above result is valid for generic values of the parameters and that for
other values of the parameters the entropy can be changed. For example, if we take a = b =

c = d=1 we getamapping that is topologically conjugated to F',.2 and so it is
rationally integrable with zero entropy. Alsothecasea = 2 b= <c¢=1 d=1 2 haszero
entropy: the corresponding mapping is 5-periodic (see [CGM]).

Next result deals with the case k = 5 The case & multiple of 5 is distinguished from others.
This is because in this case, generically, F is well defined on the axes z = 0 and y = 0 these
axes are invariant and (0 0) is a fixed point. Furthermore, when we extend the mapping to the
projective space also the line at infinity is invariant. For general values of the parameters the entropy

is approximately In(4 079595625) 1 405997872 as shown in the next proposition.

7.2.2 Dynamical degree of . ;.

Proposition 52 For a generic set of the values of the parameters a b ¢ d e  C the dynamical
degree of the mapping F, g.po = Fe Fyq F. Iy, Fyis the largest root of the polynomial
2% 522442 1 which approximately is 4 079595625

Proof. In order to prove Proposition 52 we follow the same procedure as described above. Consider

the composition mapping Fe g cpq = Fe Fy F. Fy, F, which has the following two components:

azx + bx? + (ad + 1)zy + cx’y + dwy?
(a+y)(a+bxr+y)

ea’y + a(eb+ 1) vy + 2 eay? + ba’y + (eb + 1 + da) zy? + ey® + ca®y? + day?
(a+bx+y+ cxy)(a+ bz + y)

Let f be the extension of the above mapping to PC2. Then the homogeneous components of
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flzo =1 z2) = [f1: fo : f3] are the following:

fi = xolaxy + x2)(azo + bxy + acg)(axg + brozxy + zox2 + cri1T2)
fo = a:l(axg + bxozy + (1 + ad)xors + cxizs + dx%)(am% + brozy + zox2 + cr12)
fz3 = xo(axg + x9)(aexy + a(l + be)xdzry + 2aexizs + brox? + (1 + be + ad)xor s

+exors + cxive + drizd)

Since the jacobian of this mapping is:

Jjr = b5laxo+ 1’2)2(@:130 + bz + xg)(am% + bxox1 + xoX2 + CJ?1IL’2)2(CLJI% + bzoz1 +
1+ ad)xoxs + cxix0 + dr2)(a’ex? + a(1 + be)aizy + 2aexizs + bx0x2
2 0 0 0 1

+(1 + be + ad)zoz122 + ex03 + cxiTs + dr173)

we have the following five exceptional curves S; where we define S; as g;[ro x1 z2] = 0 for
i 12345:
Sy = am% + broz1 + xox2 + cx129 = 0
Sy = axg+x2=0
Sy = axo + bry +x9 =0
Sy = axd+brox + (1 + ad)zozs + crizy + doi =0
S5 = a’exy +a(l +be)xgrr + 2aexgas + broxi + (1 + be + ad)zorizs + exors

+C.%'%$2 + dmlxg =0
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Each S; collapses to A; where A; Z(f 1) and they are as follows:

Ay :=[0:0:1] A2:=[0:1:0] A3:=[0: c¢:b] As:=] d:0:¢] As:=[1: e:0]

We can see that for generic values of the parameters all these g;s are distinct and irreducible.
The indeterminacy points of f are:

O01:=1[0:0:1] O2:=[0:1:0] O3:=[0: d:c] Og:=[ b:a:0] O5:=[1:0: da

We observe that O; = A; Oz = Ay and that generically O; = Aj foralli j = 345 To
regularize our f so that f is AS we need to follow the orbit of each A; so that we can see if it
reaches an indeterminacy point of f. In our case we see that .S; Ay = O and Sy Ay = O,
while S3  Asg r0=0,8y Ay r1 =0 and Sy  Aj r9 = 0 . Also we observe

that the straight lines o =0 23 =0 and x2 =0 are invariant under f. More precisely, for
allk N:

R0z im] = [0:cFay o a]
fRlro:0:m) = [z0:0:ermy]
fk[mo cxp: 0] = [akxg 21 : 0]

Therefore, forall ¥k N:

fk(Ag) = [0: AR b]
fH(Ay) = [ d:0:eM
fk(A5) = [ak :oe: 0]

IS

We observe that for generic values of the parameters the orbits of A3 A4 and A5 will never reach
any indeterminacy point of f. Hence we have only two points O; and Oz which we need to blow up.
Let X be the space we get after blowing up O; and O3 and let E; and E5 be the exceptional fibres

correspondingly. Let f be the corresponding extension of f to X. To determine fonS: Sy Ey
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and FE, after some computations we see that:

and

flu:vlg, = [u: dvlg, flu:vlp, = [bu: v,

This means that S; and S5 are still exceptional for f and that F; FE5 are invariant for f But it
is easy to see that fk(Sl) =[c: d*|g, and fk(Sg) = [V* :  a]g, hence for generic values of
parameters the points [c : d*]g, and [b¥ : a]p, forall & can never reach any indeterminacy point

of f. It is now clear that f is AS.

In order to compute the matrix f : Pic(X) Pic(X) we first take into account
: Pie(PCH) =< L>  Pie(X)=<L E| Ey>

Since deg(S1) =2 and O; Oy S; with multiplicity 1, we have that

(81) = S1 + E1 + B (7.17)
Similarly
(S9) = Sy + Es (7.18)
and
(f {(L)=f YL)+ E\ + 2B, (7.19)

because O, has multiplicity 2 in the components of f[xg : 71 : 2] Now in Pic(PC?)
gl = Qﬁ E1 E2 and SQ = i EQ
Therefore by using the above equations we have:
f(L) = 5L E; 2B,

f(El) = S1+E1:2£ E5
f~<E2> = SQ—I—EQ:I:
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The matrix of f is:

5 2 1
F)y= 1 0 o
2 1 0

The characteristic polynomial of ( f yis 3 5 244 1 which has the unique real root
1 = 4079595625
and two complex conjugated roots with modulus less than ; Hence proved. |
We can see that the sequence of the degrees d,, satisfies the recurrence
dpy3 =5dpi2  4dpy1 +dy
Since d; = 5 dy = 21 and d3 = 86 the sequence of the degrees is
5 21 86 351 1432 5842 23833

Now let a b ¢ d such that the mapping Fy . , has dynamical degree equal to the largest root
of the polynomial 23 222 3z 1 and consider Facevadepa = Faeva Facepa Then the
dynamical degree of such a mapping is the square of the dynamical degree of F}; .} , (see Lemma
55 in section 7.2.5), and so it is also greater than 1 This remark proves the theorem for the case
k = 8 To prove the theorem for the case £ = 9 we recall that the Lyness mapping with ¢ = 1 is
five periodic and we take into account F1 1 1,1,1,d,cba = F1,1,1,11  Faepa In fact this mapping
actually is F; .5 o itself, but it proves that there are values of the parameters when £ = 9 such that
the corresponding mapping has dynamical degree greater than one. Thus the algebraic entropy is

greater than zero.

7.2.3 Dynamical degree of F,, 1 ;1,14

In order to cover all the cases we also need some families with positive entropy when & = 7 and
k = 11 We do not do the general case because the computations are too large. Hence we give
two 1 parametric families which are some subfamilies of the general F7) and F;y) families. The

general cases are avoided as they involve tedious and much larger calculations. We will prove that in
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general FJ7) and F1q) are not integrable by giving a proof for the > 1 for these two 1 parametric

subfamilies.

For the case £ = 7 we calculate the entropy of F{, 1 4.1.4,1,« In general these mappings have two
exceptional curves which have degrees 4 and 5, but they have genus zero. As it is well known, the
curves of genus zero have a rational parametrization. The existence of such a parameterizations has

been useful to deduce the behavior of the induced mapping in the Picard group.

Proposition 53 Foralla C a =0 o = 1forallp N the dynamical degree of the one-
parametric family of mappings Fy 1 a.1,a.1.a is the largest root of the polynomial z3 32> +z 1
which approximately is 2 769292354
Proof. For the case k = 7 we consider the one parametric family

Fa,l,a,l,ml,a:Fa Fl Fa Fl Fa Fl Fa

The extension f of the mapping F} 1.4,1,4,1,4 in PC? has the form:

flzo 1 x2] = [x12291 9293 : X293 94 g5 © To g1 96 97]

where
g = ax% + zox1 + T2 + aT129
g2 = a:cg + zox1 + (1 + a)zoze + axiz2 + x%
g3 = a’zd+ala+ Dadey + 2a%xixe + 2023 + azor’ + axive + x1235 4+ (14 2a) 00102
g1 = a’zy+2axdzy +ala® + 2)zdry + 2de? + (202 + Dadad + (2+ a+ 2a%)adxa0 +

(1 + a)zorizs + (3a + V)xoxi23 4+ azors + axicd + xi23
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gs = axo+ T2
g6 = aro+ 1+ T2
gr = a’z) +d*(2+ a)xjry + a*(3 + aP)agrs +ala + 2)xdr? + 3a(1l + a®)xdrd +

a(4+3a 4 3a*)xdz120 + (1 + 3a + 2a® + 2a3)xdrize 4+ (2 + 3a + Ta®)xz 23 +

axday + (3a® + 1) xdes + 2 woxiee + (14 2a + 3a* + a®)zoxizs +

(1 + 5a)xox12s + azory + a>xded 4+ a(a + )izl + 103

The jacobian of f is j; = 92 912 92 93% 94 95 g6 g7 So, we have the following eight exceptional

curves S; fori =1 2 8:

Each S; collapses to A; where A;  Z(f !)fori=1 2 7 and Sg collapses to A; too, where:
Ay :=[0:0:1] Ay:=[ 1:0:1] As:=Ja: 1:0] Ay:=[0:a: 1]

As:=[1:0: a] Ag:=[l: a:0] A7:=[0:1:0]

The indeterminacy points of f are
O1:=[0:0:1] O2:=[1:0: a] O3:=] a:0:1] Og4:=[0:1:0]

Os:=[0:1: a] Og:=[ 1:1:0] O7:=[1: a:0]

In order to regularize our f we see that in this family we have the following situation:

St A1 =0,
So A2 Sy
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Sy As3 51
S4 A4 (&) Sl
S5 A5 =02

Se Ag = O
S7 A7 =04
Sy A1 =0

where e; = [ a® : 1: 0]. Therefore we need to blow up A; As Ag and A7. Let X be the space we
get after blowing up the points A; As Ag and Ay and let Fy FEs Fs and Ej be the corresponding

exceptional fibres. Let f be the extension of f on X.

We begin by determining f on the curves S; S7 and Sy After some calculations we see that f

sends S1 = z2 =0 to the fibre F in the following way:

[o:21:0] Si  [x1:a*zolp,

and that S7 and S are still exceptional for f, because

57 [1 : a]E4 and Sg [a : 1]E’1

On the other hand, on F; and E4 f acts as:
f[u:v]Elz[v:u]E4 and f[u:v]E4:[v:0:au] r1=0 =T E(f Y

The mapping f also sends E and E3 on some exceptional curves of f ! which we call T, and T}

respectively.

To determine f on S5 and Sg we observe that the algebraic curves which define S5 and Sg have
genus g = 0 Infact, S5 = [z9 =1 22]: g4 =0 can be parametrized trough (¢) where

) = [t+a®)t+t*+a+ta): 1+3a+t+t* 4a*+ad°+ta* +ta 2t%
2ta®  t2a  4ta® 2t%a%: (a®+2a+2ta 1+t +t3)(t+ 12 +a+ ta)]

and S¢ = [r9 =1 x2] : gv = 0 can be parametrized through () where the three components of
v(t) are:

(@ 1((a 1)t+a* o® a®+a 1)((a 1)t a a®+a®)((2a o® 1)t*+(a®> 1)t+a® 2a*4+2d® 2a)
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(1 a) (p3(a)t® + pa(a)t? + p1(a)t +po(a)) ((a* a)t+a® a® 2a+1)

and

( 1+ 1Dt)(2a o® 1+ ( a® a+3a® 1)) (t+d® 3a*+3a°+2d*+1 5a)

where
pa(a): = a*+3a® 3a+1
pa(a): = a® 3a+2
pi(a): = a" a® 5a°+9a* @® 94 +6a
po(a): = a® 3a®+a"+4ad® 5d°+4a* @ 4d®>+5a 1

From these parameterizations it is very easy to see that f maps S to A5 = [1:0: a] and Sg
toAg=[1: a:0]

On the other hand to determine f on S5, we consider the following perturbation:

llH(l][ 1(t) + shl(s) Q(t) + Shg(s) 3(t) + Shg(s)]

where hy ho hs are analytic functions on s near s = 0 Applying F' we get:

fOC@)=[1:1+t)s+0(2): a+(a® 1)(t+a+1l)s+o(2)] [1+t):(a*> 1)(t+a+1)g,

where 0(2) means terms of order two in s

In a similar way, the expression of f on Sg is
fa@)=[(a® 1)( 14+ t):(a t+a* @ a®+a 1]g,
From the above calculations we have the following indeterminacy points of f:
I(f) = O3 O5 Og
And the exceptional locus of f is

E(f)= S S3 S4 S7 Sy
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Hence we observe the following:

Sy Ay Ay e 5
Ss Az S5
S4 A4 €1 Sl

Also S7 collapses to the single point [1 : a]g, and Sg collapses to [ a : 1]g, We observe that
Sl E1 E4 T = 0 o = 0 Sl = T2 = 0 (720)

where f[0 : zy : o] = [az; : 29 : 0] and flzg : 0 : 5] = [0 : azg : z9] Hence we get that for all
k. N:

[

f (20 : 0 : a*F o]
frlrg:a:0] = [a*zg:2:0]
Pruzolp, = [u:a™)p
Pruzolp, = [a™u: g,

Therefore by using the cycle (7 20) and by the help of the above equations we have that for all
k N:

]E5k:(A3) [ a4k+1 -1 0]
f5k(61) _ [ a4k+2 -1 0]
Patp = [1: o™ g,
P e, = [ o™ g,

Above equations show that if @ = 0 and a? = 1 for all p N then the excepcional curves

Sy S5 Sy S7 and Sg can never reach any indeterminacy point of f. It is now clear that f is AS.
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Thus we have the following situation:

where T1 Ty T3 E(f Y

S

Se
St
Ss

To compute the matrix of f : Pic(X)

: Pic(PC?) =< L >

Ey
E,
Es
Ey

CHAPTER 7. LYNESS K PERIODIC

Ey
T
15
T3

Pic(X) we first compute

Pic(X)=< L E, Ey E3 E; >

We can see the degrees of the exceptional curves and the multiplicities of the base points passing

through them in the following table:

Table 7.1: Multiplicities at Indeterminacy points of Exceptional curves and f '(L).

Curves degree O; O, 0O, Oy
S1 1 0O o0 1 1
S5 4 1 2 2 2
Se 5 1 3 2 2
Sy 2 1 1 1 1
Sg 3 1 2 1 1
f YL 9 2 5 4 4
From the values of table 7 1 we have the following:
f(L)=9L 2E, 5E, 4Es; 4E,
f(B)=8+8=4L E, 2E, 2E; 2E,
F(By) =8 =4L E, 2B, 2E; 2B
f(Bs)=Ss=5L E, 3E, 2E; 2E,
f(Ey)=8;+E =2L Fy
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Hence the matrix f can be seen as:

2 1 1 1 0
fry=| 5 2 2 3 1

4 2 2 2 1

4 2 2 2 1
The characteristic polynomial of (f )is 2( 3 3 2+ 1) which has the unique real non-zero
root

1 = 2769292354
and the other roots have modulus less than ; Hence proposition 4 is proved. [ |

We can see that the sequence of the degrees d,, exactly satisfies the recurrence
dn+3 = 3dn+2 dn+1 + dn
Since d; =9 dp = 25 and d3 = 67 the sequence of the degrees is

9 25 67 185 513 1093 2951

We now discuss the case when k = 11 by considering a particular family of it in the following

result.

7.2.4 Dynamical degree of /', 1 ,,101001a

Proposition 54 Foralla C a 1 0 1 the dynamical degree of the one-parametric family
of mappings Fy1.a.a1,a,1,a,a,1,a IS the largest root of the polynomial 23 222 3z 1 which
approximately is 3 079595625

Proof. We now illustrate an example for the case £ = 11. Consider the 1- parametric family of

mappings Fa,l,a,a,l,a,l,a,a,l,a3

3
a+
Fa,l,a,a,l,a,l,a,a,l,a(x y) =1lY (7y)2
x(ay + 1)
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Let f be the extension of the above mapping to PC2. Then the homogeneous components of
flzo x1 m2) = [f1: fo : f3] are the following:

f1 = zo(2dz1 + 2am071 79 + a*1173)
fa= £U1332(330 + amz)g

f3 = zo(amo + 22)3

Since the jacobian of this mapping is:

i = da1wo(azo + x2)* (20 + azs)*

we have the following four exceptional curves S; where we define S; as g;[xg x1 x2] = 0 for
) 123:

S1= m =

So= x90=0

S3= axg+x9=0

Sy = x9g+aras =0

Each S; fori 1 2 3 collapses to A; where A; Z(f !) and they are as follows:
A1:=[0:0:1] A2:=[0:1:0] Ag:=[1: a:0]

and S4 goes to A; too. We observe that all these g;s are distinct and irreducible for the required
values of @ The indeterminacy points of f are

O1:=[0:0:1] O2:=[0:1:0] O3:=[1:0:

al
In order to regularize our f we see that in this family we have the following situation:

Si1 Ai=0
Sy Ay=0y

Sg A3 T = 0 g(f 1)
Sy A1 =04

We see that x5 = 0 [1 :0:x0] S; Therefore we need to blow up A; Ay and then also
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follow the orbits of S5 Sy to see if they reach any indeterminacy point of f. Let X be the space we
get after blowing up the points A; Ao and let £y E» be the corresponding exceptional fibres. Let
f be the extension of f on X. To determine the f on S1 So E; E5 after some calculations, we see
that under the action of f :

51 [1‘0 . xg]El

SZ [CLQﬂ?l ICEQ]EZ
JE[UZU]Elz[O:aQU:u] S5
f[UIU]Ezz[u:v:O] z9 =10

From the above calculations we have the following indeterminacy point of f :

I(f)= (03
And the exceptional locus of fis
Ef)=" (S (S
We observe that S3 As [@:0: 1] [a : 1]p, Now we are going to perform the

calculationson Sy = x9+axy =0 Bycallingt = xg+ axy the points of Sy can be described

aslim; o[t awa:x;:x2] And

Flt azy:xy a0l =[ axit?+o(t®) : x> +o(t?) : (a*> 1)Cazi+o(t)] [a: 1]g, (7.21)
Hence f mappings Sy [a : 1]g, and we observe that it does so with multiplicity 2 if a
101

Thus we now need to follow the orbit of the point [a :  1]g, to see if S5 and S4 can reach any
indeterminacy point of f By doing the same calculations as we did in the case K = 4 we observe

the following:
fRa: 1p, =[ 1:a* g, forallk N

From the previous calculation it is clear that for of a 101 thecurves !'(S3)and 1(S,)

can never reach any indeterminacy point of f. It is now clear that f is AS. Thus we have the
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following situation:

S1 Ey
Sy E»
Sy By

To compute the matrix of f : Pic(X) Pic(X) we first compute
. Pic(PC*) =< L> Pic(X)=<L E| Ey>

Now A;  S1, A1 As Spand Ay Sy. As we said before Sy reaches the point [a : 1]z, with
multiplicity 2. Whereas the point Ay f (L) has multiplicity 3. Thus we have the following set

of equations:

f(Ly=4L E; 3E,
f(E)=8+25=3L E 2B,
f(B)=8=L E E

The matrix of f thus can be seen as:

The characteristic polynomial of ( f yis 3 22 3 1 which has the unique real root

1 = 3079595625
and other roots with modulus less than ; Hence proposition 5 is proved. [ |
In this case the sequence of the degrees d,, satisfies the recurrence
dpy3 = 2dp40 + 3dpy1 +dy,
and since dy = 4 do = 10 and d3 = 33 the sequence of the degrees is
4 10 33 100 309 951 2929

We now give the proof of the main non-integrability result as follows:
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7.2.5 Proof of main result

Lemma 55 Let (F) be the dynamical degree of the birational mapping F' Then (F?) = (F)?
Proof. The dynamical degree of F' is given as

(F) = lim (dy)n

n

Let K, be the degree of mapping (F2)" Then the dynamical degree of the mapping F'? is
(F?) = lim (K,)»
n

2
Observe that the sequence K,%/ "= d;/ln = (d;{f”) Applying limits on both sides as n tends to
infinity we get the result. |

We now give the proof of the main non-integrability Theorem 50 as follows:

Proof. Consider Fl4 .= Focva F 5] .= e.d,c,h,a With generic values of a b ¢ d e  C and
Fll .= a,la,1,a,1,a FI .= Fo1a,a1,0,1,a,a,1, With generic valuesofa  C

From Propositions 51, 52, 53 and 54 we know that the dynamical degree of FI4 Bl pl7) plil]
is greater than one. Hence Theorem 50 is proved for k 4 7 8 11 In order to find examples of
mappings for others values of k we recall that the Lyness mapping with a = 1 is five-periodic and

we consider
Flom] — (F[5])m m 1
pmitl =g 20 FUML o, 2
Fhm+2] — F1m717117171 Fl m 1
Flm+3] — an,1,11,1,1 F4 A o 1

pomtd —pm o FE om0

Using lemma 55 we conclude that the above mappings have dynamical degree greater than one. |
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Only if I go deep and deep inside mathematics I realize that behind every open door there is a

new one to open - Sundus



Chapter 8

Appendix

8.1 Parameter region

8.1.1 Introduction

This chapter is devoted to explain in detail the calculation done to find the zero entropy families in

Chapter 4 and 6. In Chapter 4 in the first section we deal with the mappings

fla y)z(y 0”)

o

We want to know the conditions on ( ¢ such that the condition FP(Ay) = Oy is satisfied for
p=20 6 We find that for p = 0 3 the calculations are easy, whereas forp =4 5 6 itis
necessary to solve some system of polynomial equations. We first find the resultant of such system
in order to drop the previous known cases, we then use Grobner basis to find the solutions of the
system, which gives an equivalent system of equations easier to solve. We give explicit solutions
when required. We give these solutions in the second section of this Chapter.

In the third section we consider the family

f(z y):< o+ 1x+y Oﬁ_y>

This family appears in the second section of Chapter 6. Here we find the values of the parameters
o 1 ¢ for which the conditions F’“(Al) = (07 and Ff(AQ) = (O are satisfied. We use the

same methodology to find the required solutions as discussed above.

149
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8.1.2 Non-degenerate case 7, = 0 = ;.

If f(x y) is a non-degenerate mapping with o = 0 = | we know that, after an affine change of

coordinates, we can write

flz y) = (y 213) (8.1)

Proposition 56 Assume that As = Oy Then the coefficients of f have to satisfy the following

condition:

(Conl) o=0= g

Proof. We know that A, = [ 1: (:0] and Oy is
Oo = [ 1 0 0]
Then As = Og implies that g = ¢ = 0 and the result follows. [ |

Proposition 57 Let F be the induced map of F we get after blowing up Ay = O1 and A1 = O4
Assume that F (A2) = Oqg Then the coefficients of | have to satisfy the following condition:

(Con2) og=1 ¢=0
Proof. We know that F'(A2) = [ o+ 0:0: o] and Opis
00 = [ 1: o - 0]

Then F(A2) = Op implies that ¢ =0and o( ¢ 1) =0but o= 0 gives Cl therefore ¢ =0

and o =1 and the result follows. [ |

Proposition 58 Assume that F?(As) = Oy Then the coefficients of f have to satisfy the following

condition:
(Con3) o= o= 1

Proof. The expression for F2(Ay) is the following:

[0(0o 0o):00: ol 14+ 0 o)
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Assume that F2(A3) = Og =] 1: ¢: o] Then the coefficients have to satisfy the following
conditions:
Q1 = 0 §+ o 0=20
Q2 = o o+ o 1 3-!—00):0

We get the above equations by considering the numerators of the equations

To find the simultaneous solutions of the above polynomials we are going to take into account some

resultants. The resultant of the polynomials ()1 ()2 with respect to ¢ and ¢ factorizes as:

Ri(Q1 Q2 o)= g(2+1) Ra(Q1 Q2 0)= (2 g+1+2 )

We see that these two resultants have all the information about our solutions. To find a solution for
@1 Q2 we will see that for a particular combinations of pairs of the factors of these resultants 2y

and Ry we get our required solutions. Thus we have
Pi= P=(5+1)

Py= 2 Pi= 2 og+1+2 §

We now check them one by one. Solving P; = 0 implies that ¢ = 0 By substituting this in ()1 and
()2 we find that they both are satisfied for ¢ = 0 This gives us the conditions (Conl). Therefore
we consider that g = 0 We get the same result for P; = 0 this means that ¢ = 0 implies g =0
Hence we consider ¢ = 0 as well.

We then take P, = 0 i.e. 8 +1=0 Wefind Q7 Q> by finding the remainder of (1 and Q)2
by Z+1 wrt o Weseethat Q1 Q2 both are satisfied for Py = 0 Hence proved. B

Proposition 59 Assume that F3(As) = Oy Then the coefficients of f have to satisfy the following

condition:
(Cond) o and  are the roots of the polynomials 8 00 2 o0+ oand 3 +1

Proof. The expression for F3(As) is the following:

(0o o) otoo0o &:o( 1+ o0 o o+o00 o)
olo o( 1+ 0 o+ 00 3l



152 CHAPTER 8. APPENDIX

Assume that F3(A3) = Og =] 1: ¢: o] Then the coefficients have to satisfy the following
conditions:
Qi = o0+ 4§ o G+ 5 0=0
Q = o(3+1D( o+ 0o 1)=0

To find the simultaneous solutions of the above polynomials we are going to take into account some

resultants. The resultant of the polynomials ()1 ()2 with respectto ¢ and ( factorizes as:

Ri(Q1 Q2 o)= §(g+1)* Ro(@Q Q2 o= (o D1 2 04+5 3§ 4 5+ )

To find a solution for (); ()2 we utilize the information we get from above resultants. That is for a
particular combinations of pairs of the factors of these resultants 2, and Ry we see that we get our

required solutions. Thus we have
P= P=(§+1)

Pi= o Pi=52 2 o+1+ ¢ 43 Ps=(,o 1)

By checking them all, we first consider P; = 0 thatis ¢ = 0 By substituting this in ()1 and Q-
we find that they both are satisfied for ¢ = 0and ¢ = 1 thatis for P; = 0 and for P5 = 0 This
gives us the conditions (Conl) and (Con2). Therefore we consider that P, = 0 We get the same
result for P3 = 0 and for P; = 0 therefore ¢ =0and =1

We then consider P, = 0 i.e. 3 4+ 1 = 0 Then we find that the equations ()1 and ()5 are
satisfied when  and ( are roots of the two polynomials P, and Py By using Grobner basis we
see that the system of equations )1 = 0 Q2 = 0 Po =0and Q1 = 0 Q2 =0 Py = 0is
equivalent to the system of equations P, =0 2 o o 2 o+ o = O this gives us our required

result. Hence proved. [ |

Proposition 60 Assume that F*(As) = Oy Then the coefficients of f have to satisfy the following

condition:

2 4
(Con5) 3 §+9 446 2+1=0and Ozw

Proof. The expression for F'*(As) is the following:

[o( o ¢+ 00 oo+

( 0oo0+ & o + 6 0: ol o+ 0 ol g+D( o+ o 1)
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Assume that F4(A3) = Og =] 1: ¢: o] Then the coefficients have to satisfy the following
conditions:
Q == 00+ 3§ o 2Fo0+o0§ ¢+ § o0=0
Q = o(g 236+ 8+ 3 200+ 0+2 3
o Gt 6 2o00toit o )=

To find the simultaneous solutions of the above polynomials we are going to find their resultants.

The resultant of the polynomials ()1 @2 with respectto ¢ and ( factorizes as:

Rl(Ql QQ 0) = 8(84—1)2(3 g+9 3—1—6 8-}—1)
Re(Q1 Q2 o) = 52 2% 20+1)(9 8§ 27 5436 5 24 3+9 2 3 o+1
(o 1)

We see that these two resultants have all the information about our solutions. To find a solution for
Q1 Q2 we will see that for a particular combinations of pairs of the factors of these resultants Ry

and Ry we get our required solutions. Thus we have
Pi= P= §+1 Py=3 §+9 §+6 §+1

P, = ¢ P=2+1 P=22 2¢+1
P, =9 8§ 271 5436 ¢ 24 3493 3 o+1 P=(o 1)
We now check them one by one. Solving P; = 0 implies that o = 0 By substituting this in ()1
and (2 we find that it satisfies ()2 and satisty ()1 for g = 0 and ¢ = 1 thatis for Py = 0 and for
Ps = 0 This gives us the conditions (Conl) and (Con2). Therefore we consider that P, = 0 We
get the same result for P, = 0 and for P3 = 0 therefore we also consider that g =0and ¢ =1
Now let P, = 0 i.e. 2+ 1 =0 By looking at the resultant of Q1 and Q2 by 2 +1 wrt ¢
we find that both )1 and ()2 are satisfied for P = 0 = Ps But P, = 0 = F; gives (Con3). Then
let P5 = 0 Notice that P» = P5 = 0 implies that § = 2= 1 Whichimplies that § 2 =0
this gives that F4(A2)[3] = 0 as it includes the factor ( o o) thatis zeroas 2 2 =0 This
means that if F4(A2) = Oy then Og[3] = 0 which implies that o = 0 but ¢ = 0 hence we find
that P, = P5 = 0 is not a feasible solution so we will not consider it.
Hence we consider P; = 0 thatis3 §+9 §+6 2+1 =0 Then we find that the equations Q1
and (), are satisfied when o and ( are roots of the two polynomials Ps and P; By using Grobner

basis we see that the system of equations Q1 =0 Q2 =0 Ps=0and @, =0 Q2 =0 P, =0
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is equivalent to the system of equations P3 =0 3+ o+ 7 g +3 61 2 ¢ = 0 this gives us our

required result. Hence proved. [ |

Proposition 61 Assume that F°(As) = Oy Then the coefficients of f have to satisfy the following

condition.

2 4 6
(Con6) S+8 §+14 447 24+1=0and o= 20 22% 1% 2%

Proof. The expression for F°(Ay) is the following:

(o 24+ 00 8+ 02 oo

+
0 0 0 0t ¢ o ¢+ o6 0):( o+ o) o( g+
(208+ 04 o0+ ¢
2
0

ol o 24 00 ol

2

2224 34+ 2 24 of
0o+2 8 o G+ 45 200+ 85+ 0 )

Assume that F°(As) =Og =] 1: o: o] Then the coefficients have to satisfy the following
conditions:
Q =B oy 5§5+2850 68+285 0+ 04
o bt oot d & o+t § 208+ 0 =0
Q = o0(oo+t o 1 o HCo o H(F+2 0 §

00+ 6 o+ §)=0

To find the simultaneous solutions of the above polynomials we are going to take into account the

resultants. The resultant of the polynomials ()1 ()2 with respectto ¢ and ( factorizes as:

Ri(@Q1 Q2 o) = F(E+DY(5+8 §+14 §+7 2+1)
Ro(@Q1 Q2 o) = %@ 8 2 o0+1)%(g 43+58 2 0+1)(0 1*
(8 10 J+37 8§ 60 5+49 & 20 3+3 2+1)

To find the solution for ()1 ()2 we find that for a particular combinations of pairs of the factors of

these resultants R; and Ry we get our required solutions as follows:
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P, = o Ps=22 29+1 P=§ 43+52% 2 ¢g+1
P, =8 10 J+37 8 60 §+49 3 20 343 241 P=(o 1)
We now check them one by one. Solving P; = 0 implies that ¢ = 0 By substituting this in ()
and () we find that it satisfies ()5 and ()1 for ¢ = 0and ( = 1 thatis for P, = 0 and for P = 0
This gives us the conditions (Conl) and (Con2). Thus we take P, = 0 We get the same conditions
if we take P, = 0 and Ps = 0 therefore we consider g =0and (=1
We then consider P, = 0 that is 8 4+ 1 = 0 By looking at the resultant of @)1 and ()2 by
(2) +1 wrt o we find that both @)1 and ()2 are satisfied for Ps = 0 = P But P, = 0 = F; gives
(Con3). This implies that we need to consider P5; = 0 But notice that P, = Ps = 0 gives (Con4).
Therefore we cannot consider these polynomials to be equal to zero.
The we musthave P3 = O thatis §+8 §$+14 447 2+1 =0 Then we find that the equations
@1 and Q) are satisfied when ( and  are the roots of polynomials P35 and P; By using Grobner
basis we see that the system of equations @1 =0 Q2 =0 Ps=0and @, =0 Q2 =0 P, =0
is equivalent to the system of equations p3 =0 5+ ¢ 22 2 15 & 2 § 2 ¢=0this

gives us our required result. Hence proved. |

Proposition 62 Assume that F%(As) = Oy Then the coefficients of f have to satisfy the following

condition:
(Con7) o= o 0=0

(Con8) &+5 2+5=0and o= 08

Proof. The expression for F6 (Ag) = [Fy : Fy : F3] where Fy Fy Fj are the following:

i =(2093%+c02 o0+ 2 o ¢+8 0 3+ 08
D o+ 2 0B o & 53 2+22 3 22423 ot
08 odt+t oo+ s F o4+ 2086+ 060

B, =90(§ 222+3+2% 200+ 0+2¢% o 3+ 35
2080+ 83+ 0B o0d 58 3%+2¢ 3
§o+23 o0t 0d odtoot§ & ot
6 200+ 0 )
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Fs =( 0o §+ 00
( 8+ 02 o0+t 2% 0o0lo o Doot+to I o B
(§+208 o0t o o+ 3)
Assume that F9(Ay) = Opg = 1: ¢: o] Then the coefficients have to satisfy the following
conditions:
Q = g(o+too0+205+204+3 30 4§ 6+4 00

T35 408+ 8 38+24+38 8 2086+ 4 8)=0

Q =G§o( o §+oo0+20F 1204 2§ 230 8¢ 3§
400+ 8 86+908 ¢ & & 6+10F 945 i+
2 0+11 28 8 4 054+7T 32 990 4+3¢ 0
385+ 58 28041053 10§ §3d g+

3 3
300

72 44+2 5 0)=0

Observe that both equations are satisfied for the value ¢ = 0 which gives the required (Con7).Now
by dropping g from both ()1 and Q2 We have new equations ()1 and Q2 We consider the resultants
to find the simultaneous solutions of Q)1 and Q2 The resultant of the polynomials Q1 Qo with

respectto ¢ and ( factorizes as:
Ri(@Q1 Q2 o) = 4 J(2+D°(5+5 2+5 3 §+9 §+6 2+1)

Ro(@Q1 Q2 o) = S(¢ 43+452 2 0+1)
(o D(d 33+42 20+1)09 8 27 3+36 ¢
6 3o0+1)(2§ 2 o+1)!

To find a solution for Q; ()2 we observe that for a particular combinations of pairs of the factors

of these resultants R; and Ry we get our required solutions. Thus we have

Ps =98 27 5436 ¢ 24 3+92 3 o+1 Po=(o 1
P10:(28 20—1—1)
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We now check them one by one. Solving P; = 0 implies that o = 0 As discussed above it satisfies
both 1 and Q- and hence gives the first solution. Now solving P, = 2 + 1 = 0 we find that it
satisfies QQ and satisfy Ql for Ps = 0 and for Pig = 0 This gives us the conditions (Con3) and
(Con4). Therefore we do not consider these polynomials to be equal to zero.

Now consider that P, = 0 thatis3 §+9 §+6 ¢+ 1 =0 Finding the resultant of @y and
Qo by Py wrt o we find that both Q1 and Q- are satisfied for Ps = 0 This gives the (conb).
Therefore we consider these factors to be non zero.

We then consider P3 = 0 this implies that 61 +95 3 + 5 = 0 Then we find that the equations
Q1 and Q- are satisfied when ( and ( are the roots of polynomials P; and P; By using Grobner
basis we see that the system of equations Q1 =0 Q2 =0 Ps=0andQ; =0 Q2 =0 Pr =0
is equivalent to the system of equations P3 =0 14 o 3 2 ¢ = 0 this gives us our required

solution (Con8). Hence proved. [ |

8.1.3 Non-degenerate case v, =0, as = 0.

Consider the following family of maps

f(wy)—<o+ 1z 4y > 1=0 (8.2)

oty

Proposition 63 Assume that A5 = Ogy Then the coefficients of f have to satisfy the following

condition:
(Cl) o=5-= owith 1 =0

Proof. Since 1 = 0 we can write A» as:

and O is
Op =1[1:0: o]

Then As = Og implies that 0=20 a% = ( and the result follows. [ |

Proposition 64 Assume that F(A2) = Oy Then the coefficients of f satisfies the following condi-

tion:

2 1 .
(C2) o= laimr o= with 1 0 1
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Proof. The image of As is:

If F(A2) =0Op=[1:0: o]then( o 1 1)=0and o= ¢ So, F(A2) can be written as:

1. 1(o o
(o1 1

and Oy is
Op=1[1:0: ]

Hence the parameters have to satisfy the following equations:
P = %(0 o)+ o1 1=0

and
Pyi= 1000 D+ 01 0=0

We are going to calculate the resultant of the polynomials P, and P» in respectto ( and we call it
R We know that if these polynomials have a common root in respect to  then the resultant must

be zero. The introduction of this resultant will make easier our computations.

R= 1(10+0 (o1 1)

Since ;=0and o 1 1=0wehavethat ; g4+ ¢ 1= 0 which implies that

1
1+1

0=

Notethat ( 1 o+ o 1)=0impliesthat o= 0 1 1= 1
We now want that for this value of ( the polynomials P; P, are zero. By imposing this we get
that P; = 0 = P, if and only if the polynomial 2+ 1 +1= o 1(1+ 1)? By solving for

the result follows.

Proposition 65 Assume that F?(Ay) = Oy Then the coefficients of f satisfies the following con-

ditions:
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3 2 .
(C3) 1= 2 ozw(w;‘)iohl)and OZWWU]@ :0 1:0 2 —|—1:
0
Proof. For the simplification of calculations we consider ; = 2 for this proof. Therefore the

expression of F2(As) is:

where
PL= 00 > o+ 00 *+ %00 0 o+ 0 20 241

Assume that F2(Ay) = Og = [1:0: golthen 1 = 2 =0 o 2 1 =0asitgives

Ag = Oy also g 2 o+ o 2 o 2 =0 Hence we have

F2(A9) = |1: P :(02+40 Yo Do * 1)
(02 1) 2022 o904 02 0?2

Then the coefficients have to satisfy the following conditions:

Q1 = *p1=0
Q@ =200* 0%+ 00 *o OF+

4 2 3 4 2 2 2 4 _
0 0 +1+0 0 0 =0

As done in the above proposition here also we are going to take into account some resultants. The

resultant of the polynomials (91 @2 inrespectto o R(Q1 Q2 o) factorizes as:
R@Q @ o0)=(0" o2+ o +1)(0 *+ 0 2+ o (o 2 1)

Then equations Q1 = 0 Q2 = 0 imply that
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Solving P; for (¢ we get
1
G
Observe that when 2 + 1 =0 we get 1 = 0 but this is incompatible with P, = 0 By
substituting this value of ¢ in Q1 Q2 we find that the following equation satisfies both Q)1 Q2

that is
0% ot+ 0 0? o P 1=0 (8.3)
Solving this equation for ( we get
B 3 2 1
O DT 41?
Note that when (1) ( 2 +1)% = 0 then to satisfy the equation (8.3) we must also have
3 21 = 0 but the resultant of these two equations is non zero. Hence proved. [ |

Proposition 66 Let F and F be the induced map of F we get after blowing up Ay and the points
of O1 Assume that Fz(Al) = 01 and Ff’(Ag) = Qg for k = 1 p = 3 respectively. Then the

coefficients of f satisfy the following conditions.

(c4) S+ $+1=0 o= 23+ 3 2

Proof. The imposed condition F2(A1) = O1 implies that condition k is satisfied for k = 1 This

1
1 and o= =
af

2

can be written as | o + 1 = 0 which implies that

1
0= 3
1
0xo + x2 = 0 then we cannot impose the

Observe that if any of its iterates belong to 57 =
T; and for £ = 1 we have

condition F(Ay) = Op because O

Sl G() G1 GQ Tl

and Og T This shows that the orbit of As if collides with the orbit of A; then after three iterates
it can not reach Oy Also if A, So FEo still it s orbit cannot reach Oy Therefore we read the
condition F3(Ay) = Og as F3(As) = Op To find such families in the following computations we

consider that neither A, nor any of its iterate belong to .S i.e. there is no collision of orbits.
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Then the expression of F3(Ay) is:

[ O+ )0+ 14+ T+(5+2 342D )@+ 1+ T+ 1 0):

1+ 14+ T+(5+23+2 1) o)pi:

I+ 14+ 24+ 102 1+ 04210+ T 0+ 30 7

where
pr= (o+3 0 1+4 07+ §1+257+203+25 5+ o 1+
I+ i+ 08 1 10D

Assume that F3(Ay) = Oy = [1 :0: %} Since Og[1] = 0 we impose that the first component
1

of [3(Ay) is also non zero, and hence:

y4! .

1+ A+ 1+ %-l— 4110).

(1+ 0421 04+ 30+ 30 314+ 1+ $4+ 1 o)
I+ DA+ 1+ 2+(S+254+2 % )

F3(Ay) = [1 :

Then the coefficients have to satisfy the following conditions:

Qi:=p1=0
Q= §(1+ 1"+2 7+ D ol 1+ 145 1474
+73+3 D+ 3+ 1+ 8 % 27 21 D=0

To find a common solution of ()1 2 we find their resultant with respect to ¢ and 1. That is

Ri1(Q1 Q2 o) factorizes as:

Ri(Q1 Q2 o)= (8+335+158+463 9 0+3)( o+1)

and
Ry(Q1 @ 1= J( 5+ 1+ i+ 1+ 1+

We find that these two resultants have all the information about our solutions. To find a solution for
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@1 Q2 we will see that for a particular combinations of pairs of the factors of these resultants Ry

and Ry we get our required solutions. We know that ; = 0 We have
P= 1+1 P= 1+ 1+1 Py= S+ 341

Py= o+1 Ps= o Po= 5+3 5+15 0463 9 o+3

We now check them one by one. Solving P, = 0weget | = 1 By substituting thisin )1 Q2 we
get P, = 0 Butthis gives g = ¢ = 1 which implies that Ao = Op This gives a contradiction.

By considering P, = 0 we get 2 + 1+ 1 = 0 and by substituting this in Q1 Q2 we see that
to satisfy both Q1 @2 we must have P = (¢ = 0 But this gives that F'(As) = Oy Hence gives
contradiction.

Now consider that P3 = 0 this implies that ¢+ $+1 =0 We find Q; Q2 by finding the
remainder of ()1 and ()2 by (15 + :{’ +1 wrt | Weseethat Q; = A; 3 + B1 1+ (4 and
Q2 = Ay 3+ By 1+ Cy where A; B; and C; for i 1 2 are functions of ; Now to satisfy
Q1 and Q2 we must have Q1 = 0 = Q- This gives us that

A1 Cy Ay Cy

= A, B, A By

This ¢ is a rational function in ; We want this to be equivalent to polynomial in ; We call
ith( 1) If the remainder of this function with respect to P, is zero then ()1 and Q) will be satisfied.
We therefore consider that h( 1) =h; $+hs $+hg $+hs ?+hs 1+ hetobe the desired
polynomial for arbitrary values of h; 1 1 6 . Itis a degree lower than six because the value

for § is already determined. We therefore impose the following:

A1 Cy A C

=—= - - j d ¢ 341=0
0= 4, By A DBy (1)mod 7+ 7+

This is to say that we want that the remainder of (A; C2 A2 Ci) h(A2 By A Bg) with
respectto $+ 3+ 1 becomes equal to zero. This gives us an equation F in 1 whose coefficients
depend on the constants hy ho hg As the values of ; are already determined therefore to
make this equation equal to zero we cannot solve this equation for ; and cannot look for the new
values of ; Therefore we solve the coefficients of E and look for the solutions of hy ho hg
We find that the only solution for which E = Oisthat ¢ h( ;)= 2 3+ $ 2 | This
gives us the relation between ¢ and ; which satisfies the equations )1 and ()2 for the polynomial

equations $+ $+1=0and §+3 5+15 3+6 3 9 ¢+ 3 =0 We observe that we get
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the same results by using Grobner basis for this system.

Hence proved. [ |

Proposition 67 Let F and F\ be the induced map of F' we get after blowing up Ag and the points
of O1 Assume that F*(A)) = O, and Fl?’(Ag) = Og for k = 2 p = 3 respectively. Then the
coefficients of f satisfy the following condition.

(C5) 1=1 o= %and o=1%

(C6) 1+ P+ i+ 1+1=0 o= gy ad o= (7+2 1+ 1+2)

Proof. The imposed condition F*(A;) = Oy implies that condition k is satisfied for k = 2 This
can be written as  3(1+ 1) ¢+ 1 = 0 which implies that

Notethat 1 =0and1+ ;=0
Observe that As or any of it s iterates belong to S; Sy then we cannot impose the condition
F3(Ag) = Og because Oy T and for k = 2 we have

S 1 G(] Gl GQ GS G4 Tl

and Qg T7 This shows that the orbit of Ay if collides with the orbit of A; then after three iterates
it can not reach Oy Also Oy So Ey and the orbit of Ay can never reach Oy if it collides with
the orbit of Ag Therefore we read the condition F3(Ay) = Og as F3(Ay) = Oy To find such
families from now we consider that neither A nor any of its iterate belongto S; Sy i.e. there is
no collision of orbits.

Then the expression of F3(Ay) is:

[ A+ D+ 1+ DA+ 1+2 3+ $+(8+25+2 1) opi:

p1p2:
T+ 1423+ T+(8+23+2 1 0)2( 1+1)p3]

where

pr=1+ 142 7+2071+6 0 7+8 0 0+ 470 1+4 0 i+

6 7
1 1

—©
=
[\)
= Ot
[\)

0
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200 02449 14120349 % 0+ o ?
3 8

©

2
011t 0

T+
1329482 104

+12 2 641
%1 0+

5§
45

p3 = 0+301+40%+30?+20%+0? 2 4

=N
=
—_

Assume that F3(A43) = Og = [1 :0: —~1—| Since Og[1] = 0 we impose that the first
aof(14a1)

component of F'3(Ay) is also non zero, and hence:

D2
F3(A)) = |1: :
@)= A 1+ 0+ 422+ 740125420 o)

p3 1A+ 1+2 3+ F+(8+20+21) o)
1+ 1+ Hm

Then the coefficients have to satisfy the following conditions for some polynomials q; ¢2 g3

r1 T 73 depending on ; we have

Qri=q §+q o0+as Qa=7r1 §+7r2 0+73

To find a common solution of ()1 2 we find their resultant with respect to ¢ and ;. That is
Ri1(Q1 Q2 o) factorizes as:

Ri(Q1 Q2 o)= M a+43+62+9 0+11)4 o 1D*@ 2+13( 3+ o+1)8
and
Ro(@1 Q2 1)= F(1+ 3+ T4+ 1+ I+ 1+ 1+1%( 1 1*(1+1)°

We find that these two resultants have all the information about our solutions. To find a solution for
Q1 Q2 we will see that for a particular combinations of pairs of the factors of these resultants Ry

and Ry we get our required solutions. We know that ; =0 We have
PP= 1 1 P= i+ 141 P= {41 Pi= {+ {4+ i+ 1+1

Ps=49 1 Po= g443+624+9 o+11 P=424+1 R= 2+ o+1
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Now we check all the P; s to find our required families.
Solving P; we get | = 1 By substituting this in Q1 Q2 we get Ps; = O thatis ¢ = % This gives
us that F3(Ay) = Og = [1: 0 : 3. Thus we have our required family.

By considering P> = O we get 7+ 1+1 = 0and by substituting thisin Q; Q2 we see that to
satisfy both @)1 Q)2 we must have Py = (2)+ 0+1 = 0 But we see that this satisfies F'(A43) = Op
Therefore it gives contradiction. Now consider that Py = 0 this implies that 3 + 1 = 0 By
substituting this in ()1 ()2 we see that to satisfy both (1 ()2 we must have 4 g + 1 =0 Butwe
see that this satisfies F'(As) = Oy Therefore it gives contradiction.

By taking P; = 0 it implies that 1+ $+ %+ 1+ 1 = 0 By using the same method as
discussed above in the proof of C'4 of previous proposition 66 we find that to satisfy both )1 and Q2
wemusthave o= ( $+2 ?+ ;+2)also 2+ 1+1=00r ¢+4 3+6 3+9 (+11=0
We find that by using the Grobner basis one also gets the same solutions for this system of equations.

Hence proved. [ |

Proposition 68 Let F and F\ be the induced map of F we get after blowing up Ag and the points
of O1 Assume that F?(Ay) = O and Ffl(Az) = Og for k = 1 p = 4 respectively. Then the
coefficients of f satisfy the following conditions:

(C7) 1= 1 o= 1
(€8 1=1 0=0 o= 1
(C9) 2+1=0 o=0 (=1
(CI0) o= (B3 3+ 244 142) o= ai%and 1+ 3+ 3+ 1+1=0
(Ccil) o=1 3 o= Land }+1=0
Proof. The imposed condition F2(A;) = Oy implies that condition k is satisfied for k = 1 This
can be written as 2 o + 1 = 0 which implies that

1
0= 3
1

we know that ;1 =0
Observe that A2 Sp and if any of its iterates belong to Sy then we cannot impose the condition
F14(A2) = Qg because Oy Sy Ey Now we know that for £ = 1 we have
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Sl G() G1 GQ Tl

and Op T7 Thenif Ay S; we see that the condition F 4(A2) = (g can be fulfilled as after four
iterates the orbit of Ay canreach Oy Ty Butif F?(A3) Sp fori > 0 then it can not reach Oy
because of the condition F 4(A3) = Og T and that Oqg G; 7= 012 Nowif Ay orany of
its iterate is notin S} Sy then we read the condition F*(Ay) = Op as F*(Ay) = Oy Hence we

study two different cases:
(i) Ay S i.e. the orbit of Ay collides with the orbit of A;
(74) Neither A nor any of its iterate belong to S; Sy i.e. there is no collision of orbit of A,

We first study case () that is Ao 57 This implies that ; = 1 which gives ¢ = 1 To
find F' 4(A) = Og we need to follow the orbit Sy Go Gq G T1 Hence under the

action of F we see that

St fwo:( o+ Dzo  wi]ay Flu:vlg, [ u: outvla,
Then the orbit of A5 under the action of Fis
Ay [1:0]g,
also under the action of 2 which takes G directly to G then we find that
F2:01:0lg,  [1: oles

Now

Fl1: ola,=[1:0:1]=F*A3) =0y

This is true for all values of ¢ hence we get our first solution.

We now study case (i7) when there is no collisions of orbits of Ay Thus we consider that

1 +1 =0 The expression of F*(Ay) is:

[ A4+ 1+ T o+ D04+ 142§ 04+ 2423 0+ § o)
9 6
1 1

pipz o1+ 1% 2(1+ 1421 0+ 24273 o+



8.1. PARAMETER REGION 167

where

pr=1+21+3 1 0+2347 0 5+70 5+ $4+50 7 1+
5
1

8 2 8 2 9 10 2 11 2 9 6
801 + 01+t201+ 1 0+ 1 0ot o1 1

pr= 4 1°+2 18+ o010 oi+2§5F+2% 0 T
0 1+505+20% 224301 224 141

p3= o0+3 0 1+4 01+ §1+253+20 5+

4 2 2 6 2 7 2 8 6 3
10 1 it251+ 01+ 01t o1 1

Assume that F*(Ay) = Og = [1 :0: ﬁ} Since Og[1] = 0 we impose that the first component
1

of F4(As) is also non zero, and hence:

F3(A2):[1: 4 2 oz {lt 41)2 2 5 6 :
14+ 1+ 0+ DA+ 1+42 7 0+ 7+2 5 0+ § 0)
ps T(1+ 1+2 1 o+ F+2 7 0+ ¢ o)

1+ 1+ T 0+ Hm

Then the coefficients have to satisfy the following conditions for some polynomials q1 g2 g3 1 r2 73 74

depending on ; we have

Qr:=(q1 3+q o+a) o Qo=1r1 g+ry §+73 o+

To find a common solution of ()1 Q2 we find their resultant with respectto (. Thatis R(Q1 Q2 o)

factorizes as:
Ri(Q1 @2 o)= g5 g+55+1( g 43+635 40+2)(o+1)°
and

Ro(Q1 Q2 1)= 1+ 3+ 1+ 14+ I+ 1+D*( 1+ 1 D( T+ 1+1)
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We know that ; = 0 so to find a common solution for )1 ()2 we see that for a particular combi-

nation of the following polynomial equations must be zero.

Pb= 1 1 P= 24+ 141 P3= {4+ 34+ 24+ 1+1
P, = 411+1 P = %—l—l

Ps= o Pr=528452+1 DP= 3§ 43462 4¢+2 P= o+1

Solving P = 0 we get o = 0 By substituting this in Q; (2 we find that to satisfy both
@1 Q2 equal to zero we must have P} = 0 or P5 = 0 or P, = 0 We find that Py = P; = 0 for any

i = 1 5 is sufficient to have F*(Ay) = Og whereas P, = 0 = Py gives contradiction as it gives
F(Az) =0y

By taking P3 = 0 it implies that § + %4+ 2+ 1+ 1 = 0 By substituting this in Q; Q>
we see that to satisfy both )1 ()2 we use the same methodology as used in the proof of Cy of
proposition 66. This gives us that ¢ = %(3 3+ 244 1+2) We find that with this value of

o and with the conditions + $+ 24 ;+1=0o0r5 §+5 2+ 1 = 0 the equations Q;
and () are satisfied. Hence it gives us the required solution.

Now taking P; = 0 it implies that {4 1 = 0 By substituting this in Q7 Q2 we see that to
satisfy both (1 ()2 we use the same methodology as used in the proof of C of proposition 66. This
givesus that o =1 3 We find that with this value of ( and with the conditions §+1=0or

¢ 43+6 32 4 o+2=0theequations Q1 and Q> are satisfied. This gives us the required
solution. By using the Grobner basis one gets the same solutions.

Hence proved. [ |
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Future work

9.1 The problem

The natural continuation of this dissertation is to study the dynamics of the birational maps inside
family of mappings (1.1) with dynamical degree > 1 These maps have frequently appeared in this
work. In broader aspect the study of two different cases is made; the degenerate case and the non
degenerate case. The first step could be to consider the birational maps which appear in degenerate

case and have dynamical degree > 1 These are the following families:

Theorem 69 For a degenerate case the subfamilies of 1.1 with > 1 are the following: Let

( )iz2= 1 2 2 1 =0then
1.If 1 1=0= o o thenthe dynamical degree of F'is (F) =2

22If 9 9=0and 9 =0then 2 =0 o = 0 and the dynamical degree is (F) =
1+ 5

52 dpt2 =dpy1 tdpforalln N

3. If 1=0then { =0= 9 andthe dynamical degreeis (F') = 1+2 S dpyo = dps1 +dy
foralln N

Nowlet ( )i2= 1 2 o 1 = 0 then the families are the following:
I.and 1 =0 9=0 1=0and o =0 then the dynamical degree is (F) =2

2. Assumethat 1= 1 =0 Then =0 9=0 1 =0 and the dynamical degree of F'is

(F) = B2

169
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Diller and Favre [DFO01] illustrated the results for such birational maps of plane in general that
they can be automorphism and there exist maps which are not automorphisms. The families which
are automorphisms are expected to have different dynamics than the non automorphism families.
These two classes by studying their dynamics separately invites to investigate the possible periodic
orbits, attracting orbits, stable and unstable regions, fixed points and invariant curves, Julia set, Fatou
set, ordered chaos etc. It will therefore classify and explain several different types of exponential
growth inside the birational maps (1.1). Hence the objective is to investigate the above given families

is:
1. To detect the families which are automorphisms and the ones which are not automorphisms.

2. Study the dynamics of the families which are automorphism and find the possible conjugation
classes. Also make a parameter space study to find if the dynamical degree is invariant for
the any choice of parameters this is to say that if it becomes one for any choice of parameters

then how the dynamics will change.

3. Study the dynamics of the families which are not automorphism and make a parameter anal-

ysis. Also find the possible conjugation classes inside as well.

The second step could be to further study the dynamics of the families in the non degenerate

case with dynamical degree greater than one.

9.2 Significance of proposed work

This problem will provide complete the information about the degenerate case of family 1.1 and
all of its subfamilies for all the values of parameters. This family as a subfamily of Cremona maps
of PC? generalizes the results given by Bedford and Kim in [BK06], [BK04] in 2006, provides
examples of the theoretical contributions made by Diller and Favre in [DF0O1] in 2001 and Diller in
[Dil96] in 1996 also generalizes the work done by Cima and Zafar in [CZ].



Bibliography

[Aga92]

[BBOO]

[BC]

[BD12]

[Bea78]
[Bed]

[Bel99]

[BFOO]

[BKO4]

[BKO6]

[Bla09]

R. P. Agarwal. Difference equations and inequalities. Marcel Dekker, New York, 1992.

L. Bayle and A. Beauville. Birational involutions of P2. Asian J. Math., pages 11-18,
2000.

J. Blanc and S. Cantat. Dynamical degree of birational transformations of projective
surfaces. arXiv:1307.0361 [math.AG].

J. Blanc and J. Deserti. Degree growth of birational maps of the plane.
arXiv:1109.6810 [math.AG], 2012.

A. Beauville. Surfaces algebriques complexes. Asterisque, pages 0303-1179, 1978.
E. Bedford. The dynamical degree of a mapping. arxiv.org/pdf/1110.1741.

M. P. Bellon. Algebraic entropy of birational maps with invariant curves. Lett. Math.
Phys, pages 79-90, 1999.

A. M. Bonifant and J. E. Fornaess. Growth of degree for iterates of rational maps in
several variables. Indiana Univ. Math. J., 2000.

E. Bedford and K. Kim. On the degree growth of birational mappings in higher dimen-
sion. J. Geom. Anal, pages 567-596, 2004.

E. Bedford and K. Kim. Periodicities in linear fractional recurrences: Degree growth
of birational surface maps. Michigan Math. J, pages 647-670, 2006.

J. Blanc. Elements and cyclic subgroups of finite order of the cremona group.
arXiv:0809.4673 [math.AG], 2009.

171



172

BIBLIOGRAPHY

[BPvdV84] W. Barth, C. Peters, and A. van de Ven. Compact complex surfaces. Springer-Verlag,

[BVI99]

[Can99]

[CGM]

[CGMO6a]

[CGMO6b]

[CGMO7]

[CGMO08a]

[CGMO8Db]

[CGM12]

[CLVO03]

[CZ]

[CZ14]

Berlin, 1984.

M. P. Bellon and C. M. Viallet. Algebraic entropy. Comm. Math. Phys., pages 425-437,
1999.

S. Cantat. Dynamique des automorphismes des surfaces complexes compactes, phd

thesis. Ecole Normale Superieure de Lyon, 1999.

A. Cima, A. Gasull, and V. Mafiosa. Integrability and non-integrability of periodic
non-autonomous lyness recurrences. Siam J. Appl. Math, Society for Industrial and

Applied Mathematics, Preprint.

A. Cima, A. Gasull, and V. Mafiosa. Dynamics of some rational discrete dynamical
systems via invariants. Internat. J. Bifur. Chaos Appl. Sci. Engrg., pages 631-645,
2006.

A. Cima, A. Gasull, and V. Maiiosa. Global periodicity and complete integrability of
discrete dynamical systems. J. Differ. Equations Appl., pages 697716, 2006.

A. Cima, A. Gasull, and V. Mafiosa. Dynamics of the third order lyness difference
equation. J. Difference Equ. Appl., pages 855-884, 2007.

A. Cima, A. Gasull, and V. Mafiosa. Some properties of the k-dimensional lyness map.
J. Phys. A., pages 1-18, 2008.

A. Cima, A. Gasull, and V. Mafiosa. Studying discrete dynamical systems through
differential equations. J. Differential Equations, pages 630-648, 2008.

A. Cima, A. Gasull, and V. Maiiosa. On 2- and 3-periodic lyness difference equations.
J. Differ. Equations Appl, pages 849-864, 2012.

E. Camouzis, G. Ladas, and H. D. Voulov. On the dynamics of z,+; =

atgta 14402 Differ. Equ. Appl., pages 731-738, 2003.

A. Cima and S. Zafar. Classification of some birational maps of C? via dynamical

degree. Preprint.

A. Cima and S. Zafar. Integrability and algebraic entropy of k-periodic non-
autonomous lyness recurrences. J. Math. Anal. Appl., pages 20-34, 2014.



BIBLIOGRAPHY 173

[dAOS5]

[Des12]

[DFO1]

[Dil96]

[Dill1]

[dMVO06]

[DSO05]

[EK78]

[Ela96]

[FIL96]

[Friol]

[FS92]

[FS45]

[Gan97]

V. de Angelis. Notes on the non-autonomous lyness equation. J. Math. Anal and Appl,
pages 292-304, 2005.

J. Deserti. Some properties of the cremona group. ENSAIOS MATEM ATICOS, pages
1-188, 2012.

J. Diller and C. Favre. Dynamics of biremorphic maps of surfaces. Amer. J. Math,
pages 1135-1169, 2001.

J. Diller. Dynamics of birational maps of PC?. Indiana Univ. Math. J, pages 721-772,
1996.

J. Diller. Cremona transformations, surface automorphisms, and plane cubics. Michi-

gan Math. J., pages 409-440, with an appendix by Igor Dolgachev, 2011.

J-Ch. A. d Auriac, J-M. Maillard, and C. M. Viallet. On the complexity of some
birational transformations. J. Phys. A: Math. Gen., pages 3641-3654, 2006.

R. Devault and S. W. Schultz. On the dynamics of z,, 11 = %. Commun.
Appl. Nonlinear Anal., pages 35-39, 2005.

L. Edelstein-Keshet. Mathematical models in biology. Random House, New York,
1978.

S. N. Elaydi. An introduction to difference equations. Springer-Verlag, Berlin, 1996.

J. Feuer, E. J. Janowski, and G. Ladas. Invariants for some rational recursive sequences

with periodic coefficients. J. Differ Equations and Appl, pages 167-174, 1996.

S. Friedland. Entropy of polynomial and rational maps. Ann. of Math., pages 359-368,
1991.

J. E. Fornaess and N. Sibony. Complex dynamics in higher dimension, ii, modern

methods in complex analysis. Princeton, 1992.

J. E. Fornaess and N. Sibony. Complex dynamics in higher dimension, i. complex
analytic methods in dynamical systems (rio de janeiro, 1992). Astérisque, pages 201—
231, 1994(5).

G. Gandolfo. Economics dynamics. Springer-Verlag, Berlin, 1997.



174

[Gro03]

[GRT11a]

[GRT11b]

[Har77]

[Har85]

[Hud27]

[Jac05]

[JKNO7]

[KH95]

[KL93]

[KLMRO3]

[KLPOO]

[KNO4]

BIBLIOGRAPHY

M. Gromov. On the entropy of holomorphic maps. Manuscript 1977, published in
L’Enseignment Mathematique, pages 217-235, 2003.

B. Grammaticos, A. Ramani, and K. M. Tamizhmani. Mappings of hirota-kimura-

yahagi type can have periodic coefficients too. J. Phys. A, 2011.

B. Grammaticos, A. Ramani, and K. M. Tamizhmani. On quispel-roberts-thomson

extensions and integrable correspondences. J. Math. Physics, 2011.
R. Hartshorne. Algebraic geometry. Springer., 1977.

B. Harbourne. Blowings-up of P? and their blowings-down. Duke Math. J., pages
129-148, 1985.

H. P. Hudson. Cremona transformations in plane and space. Cambridge University
Press, 1927.

D. R. Jackson. Birational maps of surfaces with invariant curves. PhD dissertation,

Graduate Program in Mathematics, Norte Dame, Indiana., 2005.

E. J. Janowski, M. R. S. Kulenovi¢, and Z. Nurkanovié. Stability of the kth order
lyness equation with period k coefficient. Internat. J. Bifur. Chaos Appl. Sci. Engrg.,
pages 143-152, 2007.

A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical systems.
Cambridge U. Press, 1995.

V. L. Kocic and G. Ladas. Global behavior of nonlinear difference equations of higher

order. Kluwer Academic, Dordrecht, 1993.

M. R. S. Kulenovié, G. Ladas, L. F. Martins, and I. W. Rodrigues. On the dynamics
of Ty = %. Facts and Conjectures, Computers and Mathematics with

Applications, pages 1087-1099, 2003.

M. R. S. Kulenovi¢, G. Ladas, and N. R. Prokup. On the recursive sequence 1 =

2ntbIn=i " Differ. Equations. Appl., pages 563-576, 2000,

M. R. S. Kulenovi¢ and Z. Nurkanovié. Stability of lyness equation with period three
coefficient. Radovi Matematicki, pages 153—-161, 2004.



BIBLIOGRAPHY 175

[Lad95]

[LGKO2]

[May75]

[McMO7]

[Mic90]

[RGW11]

[San90]

[Sha94]

[Sil]

[Sil86]
[Yom87]

[ZEMO8]

G. Ladas. On the rational recursive sequence 1 = %. J. Differ. Equ.
Appl., pages 317-321, 1995.

G. Ladas, C. H. Gibbons, and M. R. S. Kulenovi¢. On the rational recursive sequence
Tpyp1 = %ﬁlf”’l. In: Proceedings of the Fifth International Conference on
Difference Equations and Applications, Temuco, 2000, Taylor and Francis, London,

pages 141-158, 2002.

R. M. May. Biological populations obeying difference equations: Stable cycles and
chaos. J. Theoret. Biol, pages 511-524, 1975.

C. McMullen. Dynamics on blowups of the projective plane. Publ. Math. Inst. Hautes
Etudes Sci, pages 49-89, 2007.

R. E. Mickens. Difference equations, theory and applications. New York, 1990.

A. Ramani, B. Grammaticos, and T. D. Wilcox. Generalized qrt mappings with peri-

odic coefficients. Nonlinearity, pages 113-126, 2011.

J. T. Sandefur. Discrete dynamical systems: Theory and applications. Clarendon Press,
1990.

I. Shafarevich. Basic algebraic geometry 1. Springer-Verlag., 1994.

J. H. Silverman. Dynamical degree, arithmetic degrees and canonical heights for dom-

inant rational self maps of projective space. arXiv:1111.5664 [math.NT].
J. Silverman. The arithmetic of elliptic curves. Springer-Verlag., 1986.
Y. Yomdin. Volume growth and entropy. Israel J. Math., pages 285-300, 1987.

E. M. E. Zayed and M. A. El-Moneam. On the rational recursive sequence T,4+1 =

bTn—k —. Commun. Appl. Nonlinear Anal., pages 47-57, 2008.

a Ty cxn dx,_



Sundus Zafar
Bellaterra, June, 2014

Barcelona, Spain

176



Universitat AutoOnoma
de Barcelona

June, 2014

Submitted to Universitat Autonoma de Barcelona
in partial fulfillment of the requirements for the
degree of Doctor of Philosophy in Mathematics



	Binder1
	PhD_Dissertation_Sundus_B




