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Introduction

This work is devoted to the study of upper and lower estimates of norms

and best approximations of the generalized Liouville–Weyl derivatives via

the best approximations of functions themselves. We also study estimates

of moduli of smoothness of the generalized Liouville–Weyl derivatives via

moduli of smoothness of functions themselves.

Let the series

a0(f)

2
+
∞∑
ν=1

(aν(f) cos νx+ bν(f) sin νx) (1.1.1)

be the Fourier series of f ∈ L1. The transformed Fourier series of (1.1.1) is

given by

σ(f, λ, β) :=
∞∑
ν=1

λν

[
aν cos(νx+

πβ

2
) + bν sin(νx+

πβ

2
)

]
,

where β ∈ R and λ = {λn} is a sequence of positive numbers.

We call the function ϕ(x) ∼ σ(f, λ, β) the Liouville–Weyl derivative (or

(λ, β)−derivative of the function f) and denote it by f (λ,β). As an important

example, for λn = nr, r > 0, β = r, we have f (λ,β) = f (r) and for λn = nr, r >

0, β = r+1 we have f (λ,β) = ±f̃ (r), where f (r) is the fractional derivative in the

sense of Weyl and f̃ (r) is the r-fractional derivative of the conjugate function

f̃ . For more historical details concerning the Liouville–Weyl derivatives, see

the papers [7], [22], [38],[55], [73].

Let En(f)p be the best approximation of a function f ∈ Lp by trigonometric

polynomials of degree at most n, i.e.,

En(f)p = inf
αk,βk∈R

∥∥∥∥∥f(x)−
n∑
k=0

(αk cos kx+ βk sin kx)

∥∥∥∥∥
p

.

Denote by ωα(f, δ)p the modulus of smoothness of fractional order α, α > 0,

of the function f ∈ Lp, i.e.,

ωα(f, δ)p = sup
|h|6δ
‖∆α

h(f)‖p,

where

∆α
h(f) =

∞∑
ν=0

(−1)ν
(
α

ν

)
f(x+ (α− ν)h)
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is a difference of fractional order α > 0 of a function f ∈ Lp at the point x

with increment h.

The study of the question of the existence of the r-th derivative of the

function f was started by Bernstein [4] in 1912. He proved the following

result for p =∞ (for 1 6 p <∞, see [8]):

If f ∈ Lp, 1 6 p 6∞, and
∞∑
k=0

(k + 1)r−1Ek(f)p <∞, r ∈ N, then

‖f (r)‖p 6 C(r)
∞∑
k=0

(k + 1)r−1Ek(f)p.

Later, Stechkin [60] obtained the following inequality for the best ap-

proximations of f (r) for p =∞ (for 1 6 p <∞, see [37]):

En(f
(r))p 6 C(r, p)

(
nrEn(f)p +

∞∑
k=n+1

kr−1Ek(f)p

)
, r, n ∈ N.

The corresponding estimate for moduli of smoothness was obtained by Johnen

and Scherer [29] (see also [8, pp.178-179]):

ωk

(
f (r),

1

n

)
p
6 C(k, r, p)

∞∑
ν=n+1

νr−1ωk+r

(
f,

1

ν

)
p
, 1 6 p 6∞, r, k, n ∈ N.

These investigations have been further developed by Timan, Ditzian, Si-

monov, Potapov, Tikhonov and others.

In [54] and [55], the authors considered the generalized derivatives in the

sense of Liouville–Weyl and extended mentioned above results as follows.

Theorem A1. Let 1 < p < ∞, θ = min(2, p), β ∈ R, and λ = {λn}∞n=1

be non-decreasing sequence of positive numbers satisfying ∆2−condition, i.e.,

λ2n 6 λn. If f ∈ Lp and

∞∑
n=1

(λθn+1 − λθn)Eθ
n(f)p <∞,

then there exists a function f (λ,β) ∈ Lp with the Fourier series σ(f, λ, β) and

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
n=1

(λθn+1 − λθn)Eθ
n(f)p

} 1
θ

,
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En(f
(λ,β)) .

{
λθnE

θ
n(f)p +

∞∑
k=n+1

(λθk+1 − λθk)Eθ
k(f)p

} 1
θ

.

Moreover, if α > 0 and {λnnr } is decreasing for some r > 0, then

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

( λθk
krθ
−

λθk+1

(k + 1)rθ

)
k(r+α)θωθα+r

(
f,

1

k

)
p

+
∞∑

k=n+2

(λθk+1 − λθk)ωθα+r

(
f,

1

k

)
p

+λθn+1ω
θ
α+r

(
f,

1

n+ 1

)
p

} 1
θ

.

Moreover, the corresponding estimates in the limiting cases (p = 1,∞) were

also obtained. It was assumed in this case that {λn} is convex or concave.

Our main goal in Section 1 is to extend results mentioned above for a

larger class of the Liouville–Weyl derivatives. For this purpose we consider a

more general class of sequences {λn}. We replace the monotonicity condition

on {λn} and {∆λn} by general monotonicity.

Let us recall the definition of general monotone sequences (GM) intro-

duced in [69].

Definition 1.4.1 A sequence λ := {λn}∞n=1 of real numbers is said to be

general monotone, written λ ∈ GM, if the relation

2n∑
k=n

|λk − λk+1| 6 C|λn|

holds for all integer n, where the constant C is independent of n.

In subsection 1.6, we proved the following generalization of Theorem

A1.

Theorem 1.6.1 Let 1 < p < ∞, θ = min(2, p), λ = {λn}∞n=1 ∈ GM ,

α ∈ R+, and r ∈ R+ ∪ {0}. If f ∈ Lp and the series

∞∑
n=1

|λθn+1 − λθn|Eθ
n(f)p

converges, then there exists a function f (λ,β) ∈ Lp with the Fourier series

σ(f, λ, β) and

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
n=1

|λθn+1 − λθn|Eθ
n(f)p

} 1
θ

,
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En(f
(λ,β))p .

λθ[n/2]E
θ
[n/2](f)p +

∞∑
k=[n/4]

|λθk+1 − λθk|Eθ
k(f)p


1
θ

,

and

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

∣∣∣ λθk
krθ
−

λθk+1

(k + 1)rθ

∣∣∣k(r+α)θωθα+r

(
f,

1

k

)
p

+
∞∑

k=n+1

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

+ λθnω
θ
α+r

(
f,

1

n

)
p

} 1
θ

.

In subsection 1.7 we obtain the corresponding inequalities for p = 1 and

p =∞.

In subsection 1.8 we study estimates from below of norms and best

approximations of the generalized Liouville–Weyl derivatives. We obtain the

following result.

Theorem 1.8.1 Let 1 < p < ∞,max(p, 2) 6 τ < ∞, λ = {λn}∞n=1 be

a sequence of positive numbers such that λ ∈ GM. Assume that {λn}∞n=1

satisfies the additional condition

( n∑
k=1

|λτ2k − λ
τ
2k−1|

) 1
τ

6 C|λ2n|

for all integer n, where the constant C is independent of n.

If for f ∈ Lp there exists a function f (λ,β) ∈ Lp, with the Fourier series

σ(f, λ, β) (β ∈ R), then

‖f (λ,β)‖p &

{
λτ1E

τ
0 (f)p +

∞∑
ν=1

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

} 1
τ

,

E2m−1(f
(λ,β))p &

{
λτ2m−1E

τ
2m−1(f)p +

∞∑
ν=m

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

} 1
τ

.

In the second section, we study sharp Ul’yanov-type inequalities for

moduli of smoothness of fractional order. The (p, q)-inequalities between

moduli of smoothness, nowadays called Ul’yanov-type inequalities. The first

result of this type was obtained by Ul’yanov [85] in 1968:

8



ω(f, δ)q .

 δ∫
0

(
t−θω(f, t)p

)q1 dt
t

1/q1

,

where

1 6 p < q 6∞, θ =
1

p
− 1

q
, q1 =

{
q, q <∞,
1, q =∞.

Here ω(f, δ)p = ω1(f, δ)p is the modulus of continuity and ωk(f, δ)p is

the modulus of smoothness of order k ∈ N.

This result was extended by DeVore, Riemenschneider, and Sharpley

for moduli of smoothness of an integer order and the K-functionals [9] (see

also [20, 21]). Similar estimates for moduli of smoothness of the derivatives

of a function was obtained by Ditzian and Tikhonov. Recently, a sharp

form of Ulyanov-type inequalities was extensively investigated by Simonov,

Tikhonov, Trebels, among other authors [19, 34, 36, 56, 68, 83].

Our main goal is to improve results of Tikhonov and Trebels [73] by

considering a more general class of sequences {λn}. We also consider all

limiting cases separately:

(i) p = 1 < q <∞;

(ii) 1 < p < q =∞;

(iii) p = 1 < q =∞.
In subsection 2.1 we survey some known results concerning Ul’yanov-

type inequalities for moduli of smoothness. The corresponding result con-

cerning inequalities of different metrics for the best approximations can be

found in subsection 2.2. In subsection 2.3 we give some necessary lemmas. In

subsection 2.4 we obtain the main results for non-limiting case. In particular,

we obtain the following.

Theorem 2.4.1 Let f ∈ Lp, 1 < p < q < ∞, θ = 1/p − 1/q. Let

λ = {λn}∞n=1 ∈ GM . Then, for any α > 0,

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

,

where

Λn := max
16k6n

|λ2k|
2kρ

, ρ > 0.

9



In subsection 2.5 we obtain the sharp Ul’yanov-type inequalities for the

first limiting case: p = 1 < q <∞.

Theorem 2.5.1 Let f ∈ Lp, 1 = p < q < ∞, θ = 1 − 1/q. Let λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0 and 0 < ε 6 min(ρ, θ),

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1

)q)1/q

,

where

Λ2n := 2−n
ε
2 max

16k6n

|λ2k|
2k(ρ− ε2 )

.

Theorem 2.5.2 Let f ∈ Lp, 1 = p < q < ∞, θ = 1 − 1/q, and λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0,

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
1

)q)1/q

,

where

ΛN :=
( N∑
k=1

|λk|q

k(qρ+1)

) 1
q

, ρ > 0.

In subsections 2.6 and 2.7, we obtain the sharp Ul’yanov-type inequalities for

the cases 1 < p < q =∞ and p = 1, q =∞, θ = 1, correspondingly.

In subsection 2.8 we consider estimates for the Lq−best approximations of

the generalized Liouville–Weyl derivatives via the Lp−best approximations

of functions themselves.

The third section is devoted to the study of estimates of the angle best

approximations of the generalized Liouville–Weyl derivatives by the angle

approximation of functions themselves in two-dimensional case. We consider

the generalized Liouville–Weyl derivatives in place of the classical Weyl mixed

derivatives. Our main goal is to prove analogues of Theorems 1.6.1 and 1.8.1

mentioned above in two-dimensional case. In subsection 3.1 we give necessary

notation and known results. Useful lemmas are given in subsection 3.2.

Let Ym1,m2
(f)p be the best approximation by a two-dimensional angle

of the function f ∈ Lp(T2), i.e.,

10



Ym1,m2
(f)p = inf

Tm1,∞,T∞,m2

‖f − Tm1,∞ − T∞,m2
‖p,

where the function Tm1,∞(x1, x2) ∈ Lp(T2) is a trigonometric polynomial of

order at most m1 in x1, and the function T∞,m2
(x1, x2) ∈ Lp(T2) is a trigono-

metric polynomial of order at most m2 in x2.

By σ(f) we will denote the Fourier series of a function f ∈ Lp(T2), that

is

σ(f) ≡
∞∑

n1=0

∞∑
n2=0

(an1n2 cosn1x1 cosn2x2 + bn1n2 cosn1x1 sinn2x2+

+ cn1n2 sinn1x1 cosn2x2 + dn1n2 sinn1x1 sinn2x2),

where for the sake of brevity we set cos(0 · t) = 1
2 .

The transformed Fourier series of σ(f) is given by

σ(f, λ, β1, β2) ≡
∞∑

n1=1

∞∑
n2=1

λn1,n2(an1n2 cos(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ bn1n2 cos(n1x1 + β1π/2) sin(n2x2 + β2π/2)

+ cn1n2 sin(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ dn1n2 sin(n1x1 + β1π/2) sin(n2x2 + β2π/2)),

where β1, β2 ∈ R and λ = {λn1n2}n1,n2∈N is a sequence of real numbers.

By analogy with the one-dimensional case we call the function

ϕ(x1, x2) ∼ σ(f, λ, β1, β2) the (λ, β1, β2)− mixed derivative of the function

f (or Liouville–Weyl derivative) and denote it by f (λ,β1,β2)(x1, x2).

Definition 3.1.1 A sequence λ = {λn1n2}n1,n2∈N is said to be general

monotone, written λ ∈ GM 2, if the relations

2n1∑
k1=n1

|λk1,n2 − λk1+1,n2| 6 C|λn1,n2|,

2n2∑
k2=n2

|λn1,k2 − λn1,k2+1| 6 C|λn1,n2|,

2n1∑
k1=n1

2n2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1| 6 C|λn1,n2|

11



hold for all integers n1 and n2, where the constant C is independent of n1

and n2.

In subsection 3.3 similarly to one-dimensional inequalities given by The-

orem 1.6.1, we obtain estimates of the angle approximations of (λ, β1, β2)-

derivatives by angle approximation of functions themselves.

Theorem 3.3.1 Let 1 < p < ∞, 0 < θ 6 min(p, 2), λ = {λn1,n2}n1,n2∈N be

a sequence of positive numbers such that λ ∈ GM 2, αi ∈ R+, ri ∈ R+ ∪ {0},
and βi ∈ R (i = 1, 2).

If for f ∈ L0
p(T2) the series

∞∑
n1=1

|λθn1+1,1 − λθn1,1|Y
θ
n1,0

(f)p +
∞∑

n2=1

|λθ1,n2+1 − λθ1,n2|Y
θ

0,n2
(f)p

+
∞∑
k1=1

∞∑
k2=1

|λθk1+1,k2+1 − λθk1+1,k2
− λθk1,k2+1 + λθk1,k2|Y

θ
k1,k2

(f)p

converges, then there exists a function f (λ,β1,β2) ∈ L0
p(T2), with the Fourier

series σ(f, λ, β1, β2), and

Y2m1−1,2m2−1(f
(λ,β1,β2))p .

{
λθ2m1−1,2m2−1Y

θ
2m1−1,2m2−1(f)p

+
∞∑

ν1=m1

|λθ2ν1 ,2m2−1 − λθ2ν1−1,2m2−1|Y θ
2ν1−1,2m2−1(f)p

+
∞∑

ν2=m2

|λθ2m1−1,2ν2 − λ
θ
2m1−1,2ν2−1|Y

θ
2m1−1,2ν2−1(f)p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2

−λθ2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y
θ

2ν1−1,2ν2−1(f)p

} 1
θ

.

In subsection 3.4 we obtain the corresponding estimates from below.
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1 Liouville–Weyl derivatives, best approximations, and moduli

of smoothness. (Lp, Lp) inequalities

1.1 Notation

In this section we will give needed definitions and introduce some nota-

tion. Let Lp = Lp[0, 2π] (1 6 p <∞) be the space of 2π-periodic measurable

functions that satisfy

‖f‖p =

( 2π∫
0

|f(x)|pdx

)1/p

<∞.

Let L∞ ≡ C[0, 2π] be the space of 2π-periodic continuous functions with

‖f‖p = max
x∈[0,1]

|f(x)|, p =∞.

Let the series
a0(f)

2
+
∞∑
ν=1

(aν(f) cos νx+ bν(f) sin νx) (1.1.1)

be the Fourier series of f ∈ L1. The Fourier coefficients of a function f are

given by the formulas

a0 =
1

π

∫ 2π

0

f(x)dx,

aν =
1

π

∫ 2π

0

f(x) cos νxdx, ν ∈ N,

bν =
1

π

∫ 2π

0

f(x) sin νxdx, ν ∈ N.

Throughout the paper n denotes an integer number. Let Sn(f) denote the

n-th partial sum of (1.1.1), Vn(f) denote the de la Vallée-Poussin sum and

Kn(x) be the Fejér kernel, i.e.,

Sn(f) =
n∑
ν=0

Aν(x) =
a0(f)

2
+

n∑
ν=1

(aν(f) cos νx+ bν(f) sin νx), (1.1.2)

Vn(f) =
1

n

2n−1∑
ν=n

Sν(f), V0(f) = S0(f),

13



Kn(x) =
1

n+ 1

n∑
ν=0

(1

2
+

ν∑
m=1

cosmx
)
.

The Fourier series of the r-th derivatives of f is given as follow

f (r)(x) ∼
∞∑
ν=1

νr
(
aν(f) cos (νx+

rπ

2
) + bν(f) sin (νx+

rπ

2
)
)
,

where r ∈ N.

We will use the following definition of fractional differentiation, which was

introduced by Weyl, see [52]. Let f be a 2π-periodic integrable function and

α > 0. Then the function f (α) satisfying

f (α)(x) ∼
∞∑
ν=1

να
(
aν(f) cos (νx+

απ

2
) + bν(f) sin (νx+

απ

2
)
)

(1.1.3)

is called the Weyl fractional derivatives of order α.

Recall that the conjugate series to (1.1.1) is given by

∞∑
ν=1

(aν sin νx− bν cos νx).

The transformed Fourier series of (1.1.1) is defined by

σ(f, λ, β) :=
∞∑
ν=1

λν

[
aν cos(νx+

πβ

2
) + bν sin(νx+

πβ

2
)

]
, (1.1.4)

where β ∈ R and λ = {λn} is a sequence of positive numbers.

We call the function ϕ(x) ∼ σ(f, λ, β) the Liouville–Weyl derivative (or

(λ, β)−derivative of the function f ) and denote it by f (λ,β). As an important

example, for λn = nr, r > 0, β = r, we have f (α,β) = f (r) and for λn = nr, r >

0, β = r + 1 we have f (α,β) = ±f̃ (r), where f (r) is the fractional derivative in

the sense of Weyl (see (1.1.3)) and f̃ (r) is the r-fractional derivative of the

conjugate function f̃ .

Let En(f)p be the best approximation of a function f ∈ Lp by trigono-

metric polynomials of degree at most n, i.e.,

En(f)p = inf
αk,βk∈R

∥∥∥∥∥f(x)−
n∑
k=0

(αk cos kx+ βk sin kx)

∥∥∥∥∥
p

.
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Throughout the work we use the notation F . G, with F,G > 0,

for the estimate F 6 CG, where C is a positive constant, independent of

essential quantities in F and G. Moreover F � G means that F . G . F

(in this case we say that F is equivalent to G). Moreover, C denotes positive

constants not depending on essential parameters which may be different in

different formulas.

1.2 Moduli of smoothness

First, we give the definition of the modulus of smoothness ωα(f, δ)p of

order α, α ∈ N. We define

ωα(f, δ)p = sup
|h|6δ
‖∆α

hf‖p, (1.2.5)

where ∆hf(x) = f(x+ h)− f(x), ∆α
h = ∆h∆

α−1
h .

Let us now define the difference of fractional order α > 0 of function

f ∈ Lp at the point x with increment h by

∆α
h(f) =

∞∑
ν=0

(−1)ν
(
α

ν

)
f(x+ (α− ν)h), (1.2.6)

where
(
α
ν

)
= 1 for ν = 0,

(
α
ν

)
= α for ν = 1, and(

α

ν

)
=
α(α− 1) · · · (α− ν + 1)

ν!
for ν > 2.

Since
∣∣(α
ν

)∣∣ 6 C(α)ν−α−1, ν ∈ N, then the following series

C(α) :=
∞∑
ν=0

∣∣∣∣(αν
)∣∣∣∣

converges for all α > 0. Therefore, ∆α
hf ∈ Lp for any f ∈ Lp, 1 6 p 6∞.

The main properties of fractional moduli of smoothness are similar

to those of the classical moduli. First, we recall some basic properties of

fractional differences.

Lemma 1.2.1. [7, 52, 66] Let f, f1, f2 ∈ Lp, 1 6 p 6∞, and α, β > 0. Then

(a) 4α
h(f1 + f2) = 4α

hf1 +4α
hf2;
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(b) 4α
h(4β

hf) = 4α+β
h f ;

(c) ‖4α
hf‖p . ‖f‖p.

Denote by ωα(f, δ)p the moduli of smoothness of fractional order α, α >

0, of the function f ∈ Lp, i.e.,

ωα(f, δ)p = sup
|h|6δ
‖∆α

h(f)‖p,

see [7, 52, 66]. Note that if α ∈ N this definition coincides with (1.2.5).

The following properties of moduli of smoothness are well known.

Lemma 1.2.2. [7, 49, 72] Let f, f1, f2 ∈ Lp, 1 < p <∞, α > 0. Then

(a) ωα(f, δ)p is nondecreasing nonnegative function of δ, defined on (0,∞),

with lim
δ→0+

ωα(f, δ)p = 0;

(b) ωα(f1 + f2, δ)p 6 ωα(f1, δ)p + ωα(f2, δ)p;

(c) If 0 < δ2 6 δ1 6 π, then

ωα(f, δ1)p
δα1

.
ωα(f, δ2)p

δα2
;

(d) If λ > 1, then

ωα(f, λδ)p . λαωα(f, δ)p.

For any p > 1 and α > 0, introduce the periodic Sobolev space by

W α
p :=

{
g ∈ Lp : g(α) ∈ Lp, g(α) ∼ σ(g, {λn = nα}, α)

}
,

see (1.1.4). It is known [7, 34] that the modulus of smoothness is equivalent

to the corresponding K-functional, that is,

ωα

(
f,

1

2n

)
p
� K

(
f,

1

2n
, Lp,W

α
p

)
, α > 0, (1.2.7)

where 1 6 p 6∞ and

K
(
f,

1

2n
, Lp,W

α
p

)
:= inf

g∈Wα
p

(
‖f − g‖p + 2−αn‖g(α)‖p

)
.

The following lemma will play an important role in the proofs of our

main results.
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Lemma 1.2.3. [55] Let α > 0. If ϕ ∈ Lp, 1 < p <∞, then

ωα

(
ϕ,

1

n

)
p
. ‖ϕ− Sn(ϕ)‖p + n−α‖S(α)

n (ϕ)‖p . ωα

(
ϕ,

1

n

)
p
. (1.2.8)

If ϕ ∈ Lp, 1 6 p 6∞, then

ωα

(
ϕ,

1

n

)
p
. ‖ϕ− Vn(ϕ)‖p + n−α‖V (α)

n (ϕ)‖p . ωα

(
ϕ,

1

n

)
p
. (1.2.9)

We mention that (1.2.8) and (1.2.9) are realization results for a modulus

of smoothness of fractional order. Note that for α ∈ N these results follow

from [13]. To prove realization results, one needs the following lemma.

Lemma 1.2.4. [7, 66] Let Tn(x) =
n∑
k=1

(
ak cos kx + bk sin kx

)
be a trigono-

metric polynomial of degree n, 1 6 p 6∞, and α > 0. Then

(a) ‖T (α)
n ‖p . nα‖4α

π/nTn‖p;

(b) for all h such that 0 < |h| 6 π/n, there holds ‖4α
hTn‖p . n−α‖T (α)

n ‖p.

1.3 History of the question

Direct and inverse inequalities in approximation theory

One of the main problems of the constructive theory of functions is

to find a relationship between differential properties of functions and their

structural or constructive characteristics. Direct and inverse approximation

theorems answer this question. Direct theorems for Lp, 1 6 p 6 ∞, deal

with estimates of the best approximation in terms of moduli of smoothness:

En(f)p 6 C(p, α)ωα

(
f,

1

n

)
p
, n, α ∈ N, (1.3.10)

En(f)p 6
C(p, α, r)

nr
ωα

(
f (r),

1

n

)
p
n, α, r ∈ N. (1.3.11)

Inequality (1.3.10) was obtained by Jackson [27] for α = 1, p =∞. Moreover,

Akhiezer [1] proved it for α = 2, 1 6 p 6 ∞. In the case α > 3 and p = ∞,
(1.3.10) was proved by Stechkin [59]. For α > 3 and 1 6 p <∞ see [8], [78].

The second inequality was obtained in [78], also see [8], [67], [87].
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Inverse theorems for Lp, 1 6 p 6 ∞, are written as follows: for n, α, r ∈ N,
we have

ωα

(
f,

1

n

)
p
6
C(p, α)

nα

n∑
ν=0

(ν + 1)α−1Eν(f)p, (1.3.12)

ωα

(
f (r),

1

n

)
p
6 C(p, r, α)

(
1

nα

n∑
ν=0

(ν + 1)α+r−1Eν(f)p +
∞∑

ν=n+1

νr−1Eν(f)p

)
.

(1.3.13)

Inequality (1.3.12) was proved by Salem [51] for α = 1, p = ∞; for α ∈ N
see [8], [78]. Inequality (1.3.13) was obtained by Stechkin [59] for p = ∞,

for other cases see [8], [78]. Later on, inequalities (1.3.10) - (1.3.13) were

extended by Timan [79], [80], [81]. Note that direct and inverse inequalities

(1.3.10)-(1.3.13) influenced substantially the further research [8], [78].

Let us now discuss several well-known inequalities related to direct and

inverse theorems. Further, we present the most important inequalities for

norms, best approximations, and moduli of smoothness of the r-th derivative

in terms of those of the function f itself.

The following result was proved by Bernstein [4] for p = ∞ (for 1 6

p <∞, see [8]):

If f ∈ Lp, 1 6 p 6∞, and
∞∑
k=0

(k + 1)r−1Ek(f)p <∞, r ∈ N, then

‖f (r)‖p 6 C(r)
∞∑
k=0

(k + 1)r−1Ek(f)p. (1.3.14)

Marcinkiewicz [42] and Besov [5] obtained an improvement of this inequality

for 1 < p <∞:

‖f (r)‖p 6 C(r, p)
( ∞∑
k=0

(k + 1)θr−1Eθ
k(f)p

) 1
θ

, θ = min (2, p).

Later on, Stechkin [60] for p = ∞ and Konyushkov [37] for 1 < p < ∞
obtained the following inequality for the best approximations of f (r):

En(f
(r))p 6 C(r, p)

(
nrEn(f)p +

∞∑
k=n+1

kr−1Ek(f)p

)
, r, n ∈ N. (1.3.15)
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Inequality (1.3.15) was extended by Timan [82] for the case 1 < p < ∞ as

follows

En(f
(r))p 6 C(r, p)

(
nrEn(f)p +

( ∞∑
k=n+1

kθr−1Eθ
k(f)p

) 1
θ

)
,

where θ = min(2, p), r, n ∈ N.
Moreover, Stechkin [60] proved the similar result for f̃ (r):

En(f̃
(r))p 6 C(r)

(
nrEn(f)p +

∞∑
k=n+1

kr−1Ek(f)p

)
, r, n ∈ N, (1.3.16)

where p = 1 or p =∞.

Corresponding estimates for moduli of smoothness was obtained by Johnen

and Scherer [29] (see also [8, pp.178-179]):

ωk

(
f (r),

1

n

)
p
6 C(k, r, p)

∞∑
ν=n+1

νr−1ωk+r

(
f,

1

ν

)
p
, 1 6 p 6∞, r, k, n ∈ N.

(1.3.17)

From the result by Bari and Stechkin [61] one has

ωk

(
f̃ (r),

1

n

)
p
6 C(k, r)

( 1

nk

n∑
ν=1

νk+r−1Eν(f)p +
∞∑

ν=n+1

νr−1Eν(f)p

)
,

where p = 1,∞ and r, k, n ∈ N.
Moreover, in light of Jackson’s inequality, we have the following estimate:

ωk

(
f̃ (r),

1

n

)
p
6 C(k, r)

( 1

nk

n∑
ν=1

νk+r−1ωk+r

(
f,

1

ν

)
p

+
∞∑

ν=n+1

νr−1ωk+r

(
f,

1

ν

)
p

)
,

(1.3.18)

where p = 1,∞ and r, k, n ∈ N.
Inequality (1.3.17) was extended by Ditzian and Tikhonov [11] for the case

of 0 < p <∞ as follows

ωk

(
f (r),

1

n

)
6 C(k, r, p)

( ∞∑
ν=n+1

νrθ−1ωθk+r

(
f,

1

ν

)
p

) 1
θ

, θ = min(2, p), r, k, n ∈ N,

(1.3.19)

19



see also [55].

Let us now mention estimates of En(f
(r))p from below. The following

inequality was proved for r ∈ N in [8] and for r > 0 in [54]:

nrEn(f)p 6 C(r)En(f
(r))p, 1 6 p 6∞.

Simonov and Tikhonov [54, 55] obtained estimates from below of the best

approximations of f (r):(
nrτEτ

n(f)p +
∞∑

k=n+1

kτr−1Eτ
k(f)p

) 1
τ

6 C(r)En(f
(r))p,

where 1 < p <∞, τ = max (2, p). For the case 0 < p < 1, see [35].

The problem of multipliers for trigonometric polynomials

Let us consider the following problem. Let Tn be the space of trigonometric

polynomials of degree of most n, i.e.,

tn(x) =
a0

2
+

n∑
k=1

(
ak cos kx+ bk sin kx

)
∈ Tn (1.3.20)

with the norm ‖tn(x)‖∞ = maxx |tn(x)|. By Λ = {λk}∞k=0 we define a multi-

plier sequence. We set

τn(x) = τn(x, tn) = λ0
a0

2
+

n∑
k=1

λk
(
ak cos kx+ bk sin kx

)
and

τ̃n(x) = τ̃n(x, tn) =
n∑
k=1

λk
(
ak sin kx− bk cos kx

)
,

where ak and bk are the coefficients of the polynomial (1.3.20). Several au-

thors investigated the behavior of the following two expressions:

Mn = Mn(Λ) = sup
‖tn‖∞61

‖τn(tn)‖∞

and

M̃n = M̃n(Λ) = sup
‖tn‖∞61

‖τ̃n(tn)‖∞.

By definition, the numbers M and M̃n are the smallest constants for which

inequalities

‖τn(tn)‖ 6Mn‖tn‖,
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and

‖τ̃n(tn)‖ 6 M̃n‖tn‖

are valid for any polynomial tn ∈ Tn. The problem of estimating the constants

Mn and M̃n is called the problem of multipliers for trigonometric polynomials.

One of the first result related to the problem of multipliers for trigonometric

polynomials was the result Bernstein for λ = k ([4]). Szego [65] and Fejer

[18] proved that Mn = M̃n = λn in the case λ0 = 0, ∆λk = λk − λk−1 >

0 (k = 1, 2, ..., n), and ∆2λk = λk − 2λk−1 + λk−2 > 0 (k = 2, ..., n).

Later on, Sokolov [58] obtained the following estimate

Mn 6
1

n

(
λn + 2

n−1∑
k=1

λk

)
,

where λn satisfies the following conditions:

λ0 = 0, ∆λk > 0 (k = 1, 2, ..., n),

∆2λk 6 0 (k = 2, ..., n).
(1.3.21)

In the case when conditions (1.3.21) hold, the next result was proved by

Stechkin [61] in 1950:

M̃n(Λ) ∼ Pn =
n∑
k=1

λk
k
.

We will extend the above mentioned results in Lemma 1.4.5 below.

Our next problem is closely related to embeddings of function spaces,

see [23]-[26], [45]-[47],[74], [75], and [84].

Inequalities for best approximation and moduli of smoothness

of Liouville – Weyl derivatives

In [54] and [55], the authors considered the generalized derivatives in the sense

of Liouville–Weyl and extended mentioned above results as follows. Recall

that σ(f, λ, β) is defined by (1.1.4).

Theorem A1. Let 1 < p < ∞, θ = min(2, p), β ∈ R,
and λ = {λn}∞n=1 be non-decreasing sequence of positive numbers satisfying

∆2−condition, i.e., λ2n 6 λn. If f ∈ Lp and

∞∑
n=1

(λθn+1 − λθn)Eθ
n(f)p <∞,
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then there exists a function f (λ,β) ∈ Lp with the Fourier series σ(f, λ, β) and

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
n=1

(λθn+1 − λθn)Eθ
n(f)p

} 1
θ

, (1.3.22)

En(f
(λ,β)) .

{
λθnE

θ
n(f)p +

∞∑
k=n+1

(λθk+1 − λθk)Eθ
k(f)p

} 1
θ

. (1.3.23)

Moreover, if α > 0 and {λnnr } is decreasing for some r > 0, then

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

( λθk
krθ
−

λθk+1

(k + 1)rθ

)
k(r+α)θωθα+r

(
f,

1

k

)
p

+
∞∑

k=n+2

(λθk+1 − λθk)ωθα+r

(
f,

1

k

)
p

+λθn+1ω
θ
α+r

(
f,

1

n+ 1

)
p

} 1
θ

.

(1.3.24)

In the limiting cases p = 1 or p = ∞ one has to assume additional

conditions on the sequence {λn}. The following theorem holds [54, 55].

Theorem A2. Let p = 1,∞, β ∈ R and λ = {λn}∞n=1 be non-decreasing

sequence of positive numbers satisfying ∆2−condition and such that ∆λn 6

C∆λ2n and ∆2λn > 0 (or 6 0).

If f ∈ Lp and∣∣∣ cos
πβ

2

∣∣∣ ∞∑
n=1

(λn+1 − λn)En(f)p +
∣∣∣ sin πβ

2

∣∣∣ ∞∑
n=1

λn
En(f)p
n

<∞,

then there exists a function f (λ,β) ∈ Lp with the Fourier series σ(f, λ, β) and

‖f (λ,β)‖p .
∣∣∣ cos

πβ

2

∣∣∣ ∞∑
n=1

(λn+1 − λn)En(f)p +
∣∣∣ sin πβ

2

∣∣∣ ∞∑
n=1

λn
En(f)p
n

,

(1.3.25)

En(f
(λ,β))p . λnEn(f)p +

∣∣∣ cos
πβ

2

∣∣∣ ∞∑
ν=n+1

(λν+1 − λν)Eν(f)p (1.3.26)

+
∣∣∣ sin πβ

2

∣∣∣ ∞∑
ν=n+1

λν
Eν(f)p
ν

.
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Moreover, if α > 0 and the sequence {λn}∞n=1 is such that {λnnρ} is decreasing

for some ρ > 0 and, for some τ > 0, there holds ∆2
(
λn
nr

)
> 0 with r =

ρ+ τsign
∣∣∣ sin (β−ρ)π

2

∣∣∣, then

ωα

(
f (λ,β),

1

n

)
.
∣∣∣ cos

πβ

2

∣∣∣ ∞∑
ν=n+2

(λν+1 − λν)ωα+r

(
f,

1

ν

)
p

+
∣∣∣ sin πβ

2

∣∣∣ ∞∑
ν=n+2

λν
ν
ωα+r

(
f,

1

ν

)
p

+ λn+1ωα+r(f,
1

n+ 1
)p

+ n−α
n∑
ν=1

(λν
νρ
− λν+1

(ν + 1)ρ

)
να+ρωα+ρ

(
f,

1

ν

)
p
.

(1.3.27)

In particular, (1.3.22) and (1.3.25) generalize (1.3.14), while (1.3.23)

and (1.3.26) generalize (1.3.15) and (1.3.16). In addition, (1.3.17), (1.3.18),

and (1.3.19) follow from (1.3.24) and (1.3.27).

Our main goal in this section (see subsection 1.6 and 1.7) is to prove

analogues of Theorems A1 and A2 by considering a more general class of

sequences {λn}. We replace the monotonicity condition on {λn} and {∆λn}
by general monotonicity.

1.4 General monotone sequences and their properties

In this subsection, we present some definition of monotone type se-

quences. In particular, we will give the definition of general monotone se-

quences introduced in [69] and their basic properties. First, we recall the

definition of monotone sequences:

M =
{
λ = {λn}n∈N : λn ∈ R, λn > 0, λn ↓ 0, i.e., λn > λn+1 > · · · → 0

}
.

The concept of quasi-monotone sequence was introduced in [57, 63] as follows:

QM =
{
λ = {λn}n∈N : λn ∈ R, ∃ τ > 0 such that

λn
nτ
↓
}
.

Now we give the definition of a more general class of O-regularly varying
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quasi-monotone sequences (see [62]):

ORV QM =
{
λ = {λn}n∈N : λn ∈ R, ∃ µn > 0, µn ↗, µ2n 6 Cµn

such that
λn
µn
↓
}
.

Leindler in [39] defined another class of sequences named as sequences of rest

bounded variation (denoted by RBV S), keeping some properties of decreas-

ing sequences:

RBV S =
{
λ = {λn}n∈N : λn ∈ R λn → 0,

∞∑
ν=n

|λν+1−λν| 6 C|λn| ∀n ∈ N
}
.

In particular, {λn} ∈ RBV S implies that |λk| 6 C|λn| for any n 6 k.

The classes QM (or ORV QM) and RBV S are not comparable (see [40],

[69]). It is clear that M ⊂ ORV QM ∩RBV S.

Recently, Tikhonov [69, 70] introduced the following new class of se-

quences, which contains all classes of sequences mentioned earlier.

Definition 1.4.1. A sequence λ := {λn}∞n=1 of real numbers is said to be

general monotone, written λ ∈ GM, if the relation

2n∑
k=n

|λk − λk+1| 6 C|λn|

holds for all integer n, where the constant C is independent of n.

In what follows we will consider only non-negative GM -sequences. The

class GM contains monotone or quasi-monotone sequences. Moreover, in [69],

the author showed that ORV QM ∪ RBV S ( GM . We summarize various

generalizations of the monotone conditions in the following Figure 1.

GM

ORV QM RBV SM

Figure 1: Relationships between different generalized classes of monotonic sequences.
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The following characterization of general monotone sequences is known.

Lemma 1.4.1. [69] {λn} ∈ GM if and only if there exists C > 0 such that

1. |λk| 6 C|λn| for n 6 k 6 2n,

2.
N∑
k=n

|∆λk| 6 C
(
|λn|+

N∑
k=n+1

|λk|
k

)
for any n < N.

The following multiplier property holds true.

Lemma 1.4.2. [41] If λ = {λn} ∈ GM and η = {ηn} ∈ GM then λη =

{λnηn} ∈ GM.

Note that any GM -sequence satisfies ∆2-condition, that is, λ2n 6 Cλn,

see Lemma 1.4.1.

Clearly any monotone sequence belongs to the GM class but the reverse

is not always true. Some examples one can find in [41] and [69]. Below we

give examples of {λn} such that {∆λn} ∈ GM and {∆λn
nr } ∈ GM but {λn}

is not monotone or convex. These examples are related to Theorems A1 and

A2 and Theorems 1.6.1 and 1.7.1 below.

Example 1.4.1. Let us define

λn =

{
nα+1, 2k < n < 2k+1,

nα+1 + c, n = 2k,

where α > 1 and c > 2k(α+1). It is easy to check that

(1). {λn} ∈ GM ,

(2). {∆λn} ∈ GM ,

(3). {λnnr } ∈ GM , where r > 0,

(4).
{

∆λn
nr

}
∈ GM , where r > 0.

Example 1.4.2. Let {λn} be non-decreasing sequence satisfying the condition

λ2n 6 Cλn. We define

{
λ′n

}
:=

{
λn, 2k 6 n 6 2k + 2k−1 − 1,

λ2k+2k−1+n−1 = λ2k+2k−1−n, 1 6 n 6 2k−1, k ∈ N.
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It is easy to see that {λ′n} ∈ GM .

Remark 1.4.1. One can also define another class of general monotone se-

quences (see [69]):

2n∑
k=n

|λk − λk+1| 6 C|λ2n|,

where the constant C is independent of n. We denote the class of such se-

quences by GM ↑.

The following lemma provides a characterization of sequences from

GM ↑. The proof follows the same line as the proof of Lemma 1.4.1 (see

[69]).

Lemma 1.4.3. A sequences {λn} ∈ GM ↑ if and only if there exists C > 0

such that

1. |λn| 6 C|λk| for n 6 k 6 2n,

2.
N∑
k=n

|∆λk| 6 C
(
|λN |+

N∑
k=n+1

|λk|
k

)
for any n < N.

Note that any non-decreasing sequence belongs to GM ↑.

To treat the case p = 1 or p = ∞ in subsection 1.7, we will need the

following two lemmas.

Lemma 1.4.4. If
{

∆λn

}
∈ GM , then

2n+2−2∑
m=2n

|∆2λm+2|(m+ 1) + (2n+2 − 1)|∆λ2n+2−1|

+ (2n+1 + 2)|∆λ2n| 6 C

2n∑
m=2n−1

|∆λm|.

Proof. Using the property of GM sequences, we have the following inequality

2n+2−2∑
m=2n

|∆2λm+2|(m+ 1) + (2n+2 − 1)|∆λ2n+2−1|+ (2n+1 + 2)|∆λ2n|

6 C
(

(2n+2 − 1)|∆λ2n+2|+ (2n+2 − 1)|∆λ2n|+ (2n+1 + 2)|∆λ2n|
)

6 C2n|∆λ2n| 6 C

2n∑
m=2n−1

|∆λm|,
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which proves the statement of the lemma.

For a given sequence {λn}∞n=1 define ∆λn = λn − λn+1 and ∆2λn =

∆(∆λn) = λn − 2λn+1 + λn+2.

Lemma 1.4.5. Let p = 1 or p =∞ and
{

∆λn

}
∈ GM . Let

Tn(x) =
n∑
ν=1

(aν cos νx+ bν sin νx),

Tn(λ, x) =
n∑
ν=1

λν(aν cos νx+ bν sin νx).

Then the following inequality holds

‖T2n+2(λ, x)− T2n(λ, x)‖p

6 C
( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
‖T2n+2(f)− T2n(f)‖p .

Proof. Applying the Abel transformation twice, we get∥∥∥T2n+2(λ, f)− T2n(λ, f)
∥∥∥
p

=

∥∥∥∥∥1

π

π∫
−π

(
T2n+2(f)− T2n(f)

)
(x+ u)

2n+2∑
ν=2n

(λν cos νu)du

∥∥∥∥∥
p

6

∥∥∥∥∥1

π

π∫
−π

(
T2n+2(f)− T2n(f)

)
(x+ u)

(2n+2−1∑
ν=2n

(λν − λν+1)
ν∑

m=0

cosmu

+ λ2n+2

2n+2∑
m=0

cosmu− λ2n

2n−1∑
m=0

cosmx

)
du

∥∥∥∥∥
p

6

∥∥∥∥∥1

π

π∫
−π

(
T2n+2(f)− T2n(f)

)
(x+ u)

(
2n+2−2∑
ν=2n

∆2λν

ν∑
k=0

k∑
m=0

cosmu

+ ∆λ2n+2−1

2n+2−1∑
k=0

k∑
m=0

cosmu−∆λ2n

2n∑
k=0

k∑
m=0

cosmu

+ λ2n+2

2n+2−1∑
m=0

cosmu− λ2n

2n−1∑
m=0

cosmu

)
du

∥∥∥∥∥
p

=: I.
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Using the definition of the Fejér kernel, we have

I =

∥∥∥∥∥1

π

π∫
−π

(
T2n+2(f)− T2n(f)

)
(x+ u)

(
2n+2−2∑
ν=2n

∆2λνKν(u)(ν + 1)

+
2n+2−2∑
ν=2n

∆2λν
(ν + 1)

2
+ ∆λ2n+2−1K2n+2−1(u)2n+2 + ∆λ2n+2−12

n+1−

−∆λ2nK2n(u)(2n + 1)−∆λ2n
2n + 1

2

+ λ2n+2

2n+2−1∑
m=0

cosmu− λ2n

2n−1∑
m=0

cosmu

)
du

∥∥∥∥∥
p

6
∥∥∥T2n+2(f)− T2n(f)

∥∥∥
p

(
2

2n+2−2∑
ν=2n

|∆2λν|(ν + 1)

+ |∆λ2n+2−1|2n+3 + 2|∆λ2n|(2n + 1)

)
+
∥∥∥|λ2n+2|

(
T2n+2(f)− T2n(f)

)∥∥∥
p
.

By Lemma 1.4.4,

I 6 C
( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
‖T2n+2(f)− T2n(f)‖p ,

completing the proof.

The following result provides a simple multiplier property of general

monotone sequences.

Lemma 1.4.6. Let {an} ∈ GM. Then {nαan} ∈ GM, α ∈ R.

The proof follows from Lemma 1.4.2.

Lemma 1.4.7. Let λ = {λ}∞m=1 ∈ GM, then

|λ2m| . 2mρΛ2m,

where Λ2m :=
( 2m∑
k=1

|λk|q
kqρ+1

) 1
q

and ρ, q > 0.
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Proof. Using properties of GM sequences, we get

2mρ|λ2m|(2−mρq)
1
q � 2mρ|λ2m|

( 2m∑
k=2m−1

1

kqρ+1

) 1
q

. 2mρ
( 2m∑
k=2m−1

|λk|q

kqρ+1

) 1
q

. 2mρ
( 2m∑
k=1

|λk|q

kqρ+1

) 1
q

= 2mρΛ2m.

1.5 Auxiliary results

In this subsection we give some useful Lemmas that will be used in the

proof our main results.

Lemma 1.5.1. [55] Let p = 1,∞. If T2n,2n+1(x) =
2n+1∑
ν=2n

(cν cos νx+dν sin νx),

then

‖T̃2n,2n+1(x)‖p . ‖T2n,2n+1(x)‖p . ‖T̃2n,2n+1(x)‖p.

Lemma 1.5.2. [66] Let 1 6 p 6 ∞ and α > 0. If Tn(x) =
n∑
ν=1

(cν cos νx +

dν sin νx), then

n−α‖T (α)
n (x)‖p . ωα(Tn,

1

n
)p.

The following result is the well-known Marcinkiewicz multiplier theo-

rem.

Lemma 1.5.3. [88, Ch.XV] Let f ∈ Lp, 1 < p < ∞, and (1.1.1) be the

Fourier series of f . If λ = {λ}∞n=1 satisfies the following conditions

|λν| 6M,

2ν+1−1∑
s=2ν

|λs − λs+1| 6M (ν = 0, 1, 2, ...),

then there exists a function ϕ ∈ Lp with the Fourier series σ(f, λ, β) and

‖ϕ‖p 6 C(M, p)‖f‖p.
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The following result is the well-known Hardy–Littlewood fractional in-

tegration theorem.

Lemma 1.5.4. [88, Ch.XII] Suppose that 1 < p < q < ∞, θ = 1
p −

1
q , and

Tn(x) =
n∑
ν=1

(aν cos νx+ bν sin νx), then

‖Tn(x)‖q . ‖Tn(x)(θ)‖p.

Lemma 1.5.5. (Minkowskii inequality, [43]). Let 1 6 p < ∞ and aνk > 0.

Then

(a)
( ∞∑
k=1

( k∑
ν=1

aνk

)p) 1
p

6
∞∑
ν=1

( ∞∑
k=ν

apνk

) 1
p

,

(b)
( ∞∑
k=1

( ∞∑
ν=k

aνk

)p) 1
p

6
∞∑
ν=1

( ν∑
k=1

apνk

) 1
p

.

Lemma 1.5.6. [43]. For a function f(u, y), defined on measurable set E =

E1 × E2 ⊂ Rn, where x = (u, y), u = (x1, ..., xm), y = (xm+1, ..., xn), the

following inequality(∫
E1

∣∣ ∫
E2

f(u, y)dy
∣∣pdu) 1

p

6
∫
E2

(∫
E1

∣∣f(u, y)
∣∣pdu) 1

p

dy

holds for those p > 1 for which the right part of this inequality is finite.

Lemma 1.5.7. [88]. Let f ∈ Lp, 1 < p <∞, n ∈ N ∪ {0}(i = 1, 2). Then

‖Sn(f)‖p 6 C‖f‖p,

C1‖f − Sn(f)‖p 6 En(f)p 6 C2‖f − Sn(f)‖p.

We denote ∆0 = A0(x),∆m =
2m−1∑
n=2m−1

An(x), m ∈ N.

Lemma 1.5.8. [88].

(a). Let f ∈ Lp, 1 < p <∞. Then

( 2π∫
0

( ∞∑
ν=0

∆2
ν

)p
2

dx
) 1
p

6 C(p)‖f‖p.
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(b). Let 1 < p <∞. If (1.1.1) satisfies the following inequality

Ip =
( 2π∫

0

2π∫
0

( ∞∑
ν=0

∆2
ν

)p
2

dx
) 1
p

<∞.

Then (1.1.1) is the Fourier series of a function f(x) ∈ Lp and ‖f‖p 6 C(p)Ip.

We will also need the following technical lemma.

Lemma 1.5.9. Let α ∈ R+, β ∈ R, ρ ∈ R+ ∪ {0}. Let f ∈ Lp, 1 6 p 6 ∞
and Sn(f) be the n-th partial sum of Fourier series of f . In particular,

Sn(f
(λ,β)) =

n∑
m=1

λm

(
am cos

(
mx+

πβ

2

)
+ bm sin

(
mx+

πβ

2

))
.

Then the following inequality holds

‖S(α)
2n (f (λ,β))‖p 6

∣∣∣ cos
π(β − ρ)

2

∣∣∣∥∥∥S(α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p

+
∣∣∣ sin π(β − ρ)

2

∣∣∣∥∥∥S̃(α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p
.

Proof. We have

S
(α)
2n (f (λ,β)) =

(
n∑

m=1

λm

[
am cos

(
mx+

πβ

2

)
+ bm sin

(
mx+

πβ

2

)])(α)

=

(
n∑

m=1

λm

[
am cos

(
mx+

π(β − ρ)

2
+
πρ

2

)
+ bm sin

(
mx+

π(β − ρ)

2
+
πρ

2

)])(α)

=

(( n∑
m=1

λm
mρ

mρ
[
am cos

(
mx+

πρ

2

)
+ bm sin

(
mx+

πρ

2

)])
cos

π(β − ρ)

2

−
( n∑
m=1

λm
mρ

mρ
[
am sin

(
mx+

πρ

2

)
− bm cos

(
mx+

πρ

2

)])
sin

π(β − ρ)

2

)(α)

=: I.
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Applying the definition of the fractional derivative, we have

‖I‖p =

∥∥∥∥∥
(

n∑
m=1

λm
mρ

[
am cosmx+ bm sinmx

])(α+ρ)

cos
π(β − ρ)

2

−

(
n∑

m=1

λm
mρ

[
am sinmx− bm cosmx

])(α+ρ)

sin
π(β − ρ)

2

∥∥∥∥∥
p

6
∣∣∣ cos

π(β − ρ)

2

∣∣∣∥∥∥S(α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p

+
∣∣∣ sin π(β − ρ)

2

∣∣∣∥∥∥S̃(α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p
.

The proof is now complete.

1.6 Estimates of best approximations and moduli of smooth-

ness for generalized Liouville - Weyl derivatives

In this subsection, we obtain estimates of norms, best approximations,

and moduli of smoothness in Lp, 1 < p < ∞, of the generalized Liouville–

Weyl derivatives via the best approximation and moduli of smoothness of the

function itself. The main results of this section were published in [30]. For

the sake of convenience, we assume that [ξ] = 1 for 0 < ξ < 1.

Theorem 1.6.1. Let 1 < p < ∞, θ = min(2, p), λ = {λn}∞n=1 ∈ GM ,

α ∈ R+, and r ∈ R+ ∪ {0}. If f ∈ Lp and the series

∞∑
n=1

|λθn+1 − λθn|Eθ
n(f)p (1.6.28)

converges, then there exists a function f (λ,β) ∈ Lp with the Fourier series

σ(f, λ, β) and

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
n=1

|λθn+1 − λθn|Eθ
n(f)p

} 1
θ

, (1.6.29)

En(f
(λ,β))p .

λθ[n/2]E
θ
[n/2](f)p +

∞∑
k=[n/4]

|λθk+1 − λθk|Eθ
k(f)p


1
θ

, (1.6.30)
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and

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

∣∣∣ λθk
krθ
−

λθk+1

(k + 1)rθ

∣∣∣k(r+α)θωθα+r

(
f,

1

k

)
p

+
∞∑

k=n+1

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

+ λθnω
θ
α+r

(
f,

1

n

)
p

} 1
θ

.

(1.6.31)

Remark 1.6.2. In fact, we will obtain a sharper inequality than (1.6.30):

E2m−1(f
(λ,β))p .

{
λθ2mE

θ
2m−1(f)p +

∞∑
ν=m+1

|λθ2ν−1 − λθ2ν−2|Eθ
2ν−1−1(f)p

} 1
θ

.

Remark 1.6.3. Since any decreasing sequence or any increasing sequence

satisfying the ∆2−condition belongs to the GM class, Theorem 1.6.1 extends

Theorem A1.

Analogues of Theorems 1.6.1 for the class GM ↑ can be written as fol-

lows.

Theorem 1.6.1′. Let 1 < p < ∞, θ = min(2, p), λ = {λn}∞n=1 ∈ GM ↑,

α ∈ R+, r > 0. If f ∈ Lp and

∞∑
n=1

|λθ2n − λθ2n−1|Eθ
2n−1(f)p <∞,

then there exists a function f (λ,β) ∈ Lp with the Fourier series σ(f, λ, β) and

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
n=1

|λθ2n − λθ2n−1|Eθ
2n−1(f)p

} 1
θ

,

E2n(f
(λ,β))p .

{
λθ2nE

θ
2n−1(f)p +

∞∑
k=n

|λθ2k − λ
θ
2k−1|E

θ
2k−1(f)p

} 1
θ

,

and

ωα

(
f (λ,β),

1

2n

)
p
.

{
2−nαθ

n∑
ν=1

2(r+α)νθ
∣∣∣ λθ2ν+1

2(ν+1)rθ
− λθ2ν

2νrθ

∣∣∣ωθα+r

(
f,

1

2ν

)
p

+
∞∑

ν=n+2

|λθ2ν − λθ2ν−1|ωθα+r

(
f,

1

2ν

)
p

+ λθ2nω
θ
α+r

(
f,

1

2n

)
p

} 1
θ

.
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Proof of Theorem 1.6.1. Let f ∈ Lp and series (1.6.28) be convergent. We

use the following inequality

|λθ2n−1| 6 |λθ1|+
n∑
ν=2

|λθ2ν−1 − λθ2ν−2|. (1.6.32)

Recall that ∆1 = A1(f, x), ∆n =
2n−1∑
2n−1

Aν(f, x), n = 2, 3, ... Using inequality

(1.6.32) and the inequality

C1(α)(uα1 + uα2 ) 6 (u1 + u2)
α 6 C2(α)(uα1 + uα2 )

for α > 0 and u1, u1 > 0, we get

I1 =

{ 2π∫
0

[ ∞∑
n=1

|λ2
2n−1|∆2

n

]p
2

dx

} 1
p

6

{ 2π∫
0

[
|λ2

1|∆2
1 +

∞∑
n=2

∆2
n

[
λθ1 +

n∑
ν=2

|λθ2ν−1 − λθ2ν−2|
] 2
θ

]p
2

dx

} 1
p

.

{ 2π∫
0

{[ ∞∑
n=1

|λ2
1|∆2

n

] θ
2

+

[ ∞∑
n=2

( n∑
ν=2

∆θ
n|λθ2ν−1 − λθ2ν−2|

) 2
θ

] θ
2
}p

θ

dx

} 1
p

.

Further, applying again Minkowski’s inequality (Lemma 1.5.5) for 2
θ > 1, we

have

I1 .

{ 2π∫
0

{
λθ1

[ ∞∑
n=1

∆2
n

] θ
2

+
∞∑
ν=2

[ ∞∑
n=ν

[
∆θ
n|λθ2ν−1 − λθ2ν−2|

] 2
θ

] θ
2
}p

θ

dx

} 1
p

.

{( 2π∫
0

[
λθ1

( ∞∑
n=1

∆2
n

) θ
2

]p
θ

dx

) θ
p

+

( 2π∫
0

[ ∞∑
ν=2

|λθ2ν−1 − λθ2ν−2|
( ∞∑
n=ν

∆2
n

) θ
2

]p
θ

dx

) θ
p
} 1

θ

.

Using Minkowski’s inequality with p
θ > 1, the Littlewood-Paley theorem ([88,

Ch.15]), and the following inequality ‖f −Sn(f)‖p . En(f)p ([8, p. 207]), we
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obtain

I1 .

{
λθ1E

θ
0(f)p +

∞∑
ν=1

|λθ2ν − λθ2ν−1|Eθ
2ν−1(f)p

} 1
θ

. (1.6.33)

Then, convergence of the series (1.6.28) implies I1 < ∞. Hence, by the

Littlewood-Paley theorem, there exists a function g ∈ Lp with the Fourier

series
∞∑
n=1

|λ2n−1|∆n (1.6.34)

and ‖g‖p . I1. We rewrite series (1.6.34) in the form of
∞∑
n=1

γnAn(f, x),

where γ1 := |λ1|, γν := |λ2n−1| for 2n−1 6 ν 6 2n − 1 (n = 2, 3, ...). Consider

∞∑
n=1

λnAn(f, x) =
∞∑
n=1

γnΛnAn(f, x), (1.6.35)

where Λ1 := 1, Λν := |λν |
γn

= |λν |
|λ2n−1 |

for 2n−1 6 ν 6 2n − 1 (n = 2, 3, ...).

Since the sequence Λ = {Λν}∞ν=1 satisfies the conditions of the Marcinkiewicz

theorem (see Lemma 1.5.3), then series (1.6.35) is the Fourier series of a

function f (λ,β) ∈ Lp and

‖f (λ,β)‖p . ‖g‖p.

Further, we estimate the right-hand side of (1.6.33) as follows

‖f (λ,β)‖p .

{
λθ1E

θ
0(f)p +

∞∑
ν=1

|λθ2ν − λθ2ν−1|Eθ
2ν−1(f)p

} 1
θ

.

{
λθ1E

θ
0(f)p +

∞∑
ν=1

Eθ
2ν−1(f)p

2ν−1∑
n=2ν−1

|λθn+1 − λθn|

} 1
θ

.

{
λθ1E

θ
0(f)p +

∞∑
n=1

|λθn+1 − λθn|Eθ
n(f)p

} 1
θ

.

Thus, (1.6.29) has been proved.

In the same way let us verify (1.6.30). Now we use the inequal-

ity En(f
(λ,β))p 6 ‖f (λ,β) − Sn(f

(λ,β))‖p. Applying inequality (1.6.32) and
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Minkowski’s inequality, we get{ 2π∫
0

[ ∞∑
k=m+1

|λ2
2k−1|∆

2
k

]p
2

dx

} 1
p

6

{ 2π∫
0

[ ∞∑
k=m+1

(
λθ2m +

k∑
ν=m+1

|λθ2ν−1 − λθ2ν−2|
) 2

θ

∆2
k

]p
2

dx

} 1
p

6

{
λθ2m

( 2π∫
0

[ ∞∑
k=m+1

∆2
k

]p
2

dx

) θ
p

+
∞∑

ν=m+1

|λθ2ν−1 − λθ2ν−2|

( 2π∫
0

[ ∞∑
k=ν

∆2
k

]p
2

dx

) θ
p
} 1

θ

= I2.

By the Littlewood-Paley theorem, we have

I2 .

{
λθ2mE

θ
2m−1(f)p +

∞∑
ν=m+1

|λθ2ν−1 − λθ2ν−2|Eθ
2ν−1−1(f)p

} 1
θ

.

{
λθ[n2 ]E

θ
[n2 ](f)p +

∞∑
k=[n4 ]

|λθk+1 − λθk|Eθ
k(f)p

} 1
θ

, (1.6.36)

for the given m ∈ N. Now we choose n such that 2m 6 n 6 2m+1. Then two

previous inequalities imply (1.6.30).

Finally, let us prove (1.6.31). Taking into account Lemma 1.2.3, we get

ωα

(
f (λ,β),

1

n

)
p
. ‖f (λ,β) − Sn(f (λ,β))‖p + n−α‖S(α)

n (f (λ,β))‖p. (1.6.37)

Let us estimate the first term. Applying Jackson’s inequality to estimate

(1.6.36), we obtain

‖f (λ,β)−Sn(f (λ,β))‖p .

λθ[n/2]ω
θ
α+r

(
f,

2

n

)
p

+
∞∑

s=[n/4]

|λθs+1 − λθs|ωθα+r

(
f,

1

s

)
p


1
θ

.

(1.6.38)

To estimate the second term in (1.6.37), we use the same reasoning as in

(1.6.29) and the following inequality

2−srθ|λθ2s| 6 2−mrθ|λθ2m|+
m−1∑
ν=s

|2−νrθλθ2ν − 2−(ν+1)rθλθ2ν+1|.
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Using this inequality, we obtain

I3 =

{ 2π∫
0

[ m∑
s=1

|λ2
2s−1|22α(s−1)∆2

s

]p
2

dx

} 1
p

6

{ 2π∫
0

[
m∑
s=1

(
2−mrθλθ2m+

+
m−1∑
ν=s−1

|2−νrθλθ2ν − 2−(ν+1)rθλθ2ν+1|
) 2

θ

22(s−1)(α+r)∆2
s

]p
2

dx

} 1
p

.

By Minkowski’s inequality,

I3 6

{( 2π∫
0

[
2−mrθλθ2m

[ m∑
s=1

22(s−1)(α+r)∆2
s

] θ
2
]p
θ

dx

) θ
p

+
m−1∑
ν=0

|2−νrθλθ2ν − 2−(ν+1)rθλθ2ν+1|

( 2π∫
0

[ν+1∑
s=1

22(s−1)(α+r)∆2
s

]p
2

dx

) θ
p
} 1

θ

= I4.

By the Littlewood–Paley theorem, we have( 2π∫
0

[ m∑
s=1

22(s−1)(α+r)∆2
s

]p
2

dx

) 1
p

. ‖S(α+r)
2m−1 (f)‖p.

From Lemma 1.5.2, we obtain

‖S(α+r)
2m−1 (f)‖p . 2m(α+r)ωα+r

(
S2m−1 ± f,

1

2m − 1

)
p

. 2m(α+r)
(
ωα+r

(
f,

1

2m − 1

)
p

+ ‖S2m−1 − f‖p
)

. 2m(α+r)
(
ωα+r

(
f,

1

2m − 1

)
p

+ E2m(f)p

)
. 2m(α+r)ωα+r

(
f,

1

2m − 1

)
p
.

Therefore,

I4 .

{
2−mrθλθ2m2m(α+r)θωθα+r

(
f,

1

2m − 1

)
p

+
m−1∑
ν=0

|2−νrθλθ2ν − 2−(ν+1)rθλθ2ν+1|2(ν+1)(α+r)θωθα+r

(
f,

1

2ν+1 − 1

)
p

} 1
θ

.
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Using monotonicity properties of moduli of smoothness and the formula

λθ2ν

2νθr
−

λθ2ν+1

2(ν+1)θr
=

2ν+1−1∑
k=2ν

( λθk
kθr
−

λθk+1

(k + 1)θr

)
,

we have

I4 .

{
2αmθλθ2mω

θ
α+r

(
f,

1

2m − 1

)
p

+ 2(α+r)θ
2m−1∑
k=1

|k−rθλθk − (k + 1)−rθλθk+1|k(α+r)ωθα+r

(
f,

1

k

)
p

} 1
θ

.

Combining estimates for I3 and I4, we get

n−α‖S(α)
n (f (λ,β))‖p .

{
λθ[n/2]ω

θ
α+r

(
f,

2

n

)
p

+ n−αθ
n∑
ν=1

|ν−rθλθν − (ν + 1)−rθλθν+1|ν(r+α)θωθα+r

(
f,

1

ν

)
p

} 1
θ

.

(1.6.39)

From (1.6.38) and (1.6.39), we have

ωα

(
f (λ,β),

1

n+ 1

)
p

.

{
n−αθ

n∑
k=1

k(r+α)θ|k−rθλθk − (k + 1)−rθλθk+1|ωθα+r

(
f,

1

k

)
p

+
∞∑

k=[n/4]

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

+ λθ[n/2]ω
θ
α+r

(
f,

2

n

)
p


1
θ

.

(1.6.40)

Now we note that
n∑

k=[n/4]

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

6
n∑

k=[n/4]

(
λθk+1

(k + 1)rθ
krθ−1 + krθ

∣∣∣ λθk
krθ
−

λθk+1

(k + 1)rθ

∣∣∣)ωθα+r

(
f,

1

k

)
p

6 λθ[n/4]ω
θ
α+r

(
f,

4

n

)
p

+
n∑

k=[n/4]

∣∣∣ λθk
krθ
−

λθk+1

(k + 1)rθ

∣∣∣krθωθα+r

(
f,

1

k

)
p
.
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Thus, we have

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

k(r+α)θ|k−rθλθk − (k + 1)−rθλθk+1|ωθα+r

(
f,

1

k

)
p

+
∞∑

k=n+1

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

+ λθ[n/4]ω
θ
α+r

(
f,

1

n

)
p

} 1
θ

.

Nothing that

λθn
4
6
(n

4

)rθ n−1∑
k=[n/4]

∣∣∣ λθk
krθ
−

λθk+1

(k + 1)rθ

∣∣∣+
λθn
nrθ

(n
4

)rθ
,

we arrive at

ωα

(
f (λ,β),

1

n

)
p
.

{
n−αθ

n∑
k=1

k(r+α)θ|k−rθλθk − (k + 1)−rθλθk+1|ωθα+r

(
f,

1

k

)
p

+
∞∑
k=n

|λθk+1 − λθk|ωθα+r

(
f,

1

k

)
p

+ λθnω
θ
α+r

(
f,

1

n

)
p

} 1
θ

.

The proof of Theorem 1.6.1 is complete.

1.7 Estimates for transformed Fourier series in the limiting

cases p = 1 and p =∞
In this subsection we obtain estimates of norms, best approximations,

and moduli of smoothness of the generalized Liouville–Weyl derivatives in

the limiting cases p = 1 and p =∞.

Theorem 1.7.1. Let p = 1 or p =∞ and {∆λn} ∈ GM . If f ∈ Lp and the

series
∞∑
n=1

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
E2n(f)p (1.7.41)

converges, then there exists a function f (λ,β) ∈ Lp with the Fourier series

σ(f, λ, β) such that

‖f (λ,β)‖p . |λ1|E0(f)p +
∞∑
n=1

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
E2n−1(f)p (1.7.42)
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and

E2n+1(f (λ,β))p .
∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
E2s−1(f)p. (1.7.43)

Moreover, if {∆λn
nρ} ∈ GM, α ∈ R+ and ρ ∈ R+ ∪ {0}, then

ωα

(
f (λ,β),

1

2n

)
p
.

∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
ωα+r

(
f,

1

2s

)
p

+ 2−nα
2n+2−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρωα+ρ

(
f,

1

µ

)
p

(1.7.44)

+ 2−nα
∣∣∣ sin π(β − ρ)

2

∣∣∣ n∑
k=1

|λ2n+1|2nαωα+ρ

(
f,

1

2n

)
p
.

Remark 1.7.4. Note that the conditions {∆λn} ∈ GM , {∆λn
nρ} ∈ GM in

Theorem 1.7.1 are much weaker than the corresponding conditions on {λn}
in Theorem A2.

The following analogues of Theorems 1.7.1 for GM ↑ can be written as

follows.

Theorem 1.7.1′ Let p = 1 or p = ∞, {∆λn} ∈ GM ↑, {∆λn
nρ} ∈ GM ↑,

α ∈ R+, and ρ ∈ R+ ∪ {0}. If f ∈ Lp and the series

∞∑
n=1

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
E2n(f)p

converges, then there exists a function f (λ,β) ∈ Lp with the Fourier series

σ(f, λ, β) and

‖f (λ,β)‖p . |λ1|E0(f)p +
∞∑
n=1

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
E2n(f)p,

E2n+1(f (λ,β))p .
∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
E2s(f)p,

ωα

(
f (λ,β),

1

2n

)
p
.

∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
ωα+r

(
f,

1

2s

)
p
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+ 2−nα
2n+2−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρωα+ρ

(
f,

1

µ

)
p

+ 2−nα
∣∣∣ sin π(β − ρ)

2

∣∣∣ n∑
k=1

|λ2n+1|2nαωα+ρ

(
f,

1

2n

)
p
.

Proof of Theorem 1.7.1. We consider the series

cos
πβ

2
V1(λ, f)− sin

πβ

2
Ṽ1(λ, f)+

∞∑
n=1

{
cos

πβ

2

(
V2n(λ, f)− V2n−1(λ, f)

)
− sin

πβ

2

(
Ṽ2n(λ, f)− Ṽ2n−1(λ, f)

)}
,

(1.7.45)

where V1(λ, f) := λ1A1(f, x) and

Vn = σ(λ, Vn(f)) =
n∑

m=1

λmAm(f, x) +
2n−1∑
m=n+1

λm

(
1− m− n

n

)
Am(f, x) (n > 2).

Let M > N > 0. Applying the Abel transformation twice, we get

J :=

∥∥∥∥∥
M∑
n=N

[∣∣∣ cos
πβ

2

∣∣∣(V2n+1(λ, f)− V2n(λ, f)
)

−
∣∣∣ sin πβ

2

∣∣∣(Ṽ2n+1(λ, f)− Ṽ2n(λ, f)
)]∥∥∥∥∥

p

=

∥∥∥∥∥
M∑
n=N

{∣∣∣ cos
πβ

2

∣∣∣[1

π

π∫
−π

(
V2n+1(f)− V2n(f)

)
(x+ u)

2n+2∑
ν=2n

(λν cos νu)du

]

−
∣∣∣ sin πβ

2

∣∣∣[1

π

π∫
−π

(
Ṽ2n+1(f)− Ṽ2n(f)

)
(x+ u)

2n+2∑
ν=2n

(λν cos νu)du

]}∥∥∥∥∥
p

.

By Lemmas 1.4.5 and 1.5.1 and ‖f − Vn(f)‖ 6 CEn(f), we obtain

J .
M∑
n=N

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
‖V2n+1(f)− V2n(f)‖p

.
M∑
n=N

( 2n∑
k=2n−1

|∆λk|+ |λ2n+2|
)
E2n(f)p.
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Then the convergence of series in (1.7.41) implies that there exists f (λ,β) ∈ Lp
such that the series (1.7.45) converges to f (λ,β) in Lp. Moreover, the Fourier

series of f (λ,β) is σ(f, α, β). This can be shown as in the proof of Theorem 1

(ii) in [55, pp.1379-1380].

Let us prove (1.7.43). Applying again Lemmas 1.4.5 and using the

properties of {λn} and the inequality ‖f − Vm(f)‖p 6 CEm(f)p , we obtain

J =

∥∥∥∥∥
M∑
s=N

[
V2s+1(f (λ,β))− V2s(f

(λ,β))

]∥∥∥∥∥
p

.
M∑
s=N

∥∥∥V2s+1(f)− V2s(f)
∥∥∥
p

2s∑
k=2s−1

|∆λk|+
∥∥∥ M∑
s=N

λ2s+2(V2s+1(f)− V2s(f))
∥∥∥
p

.
M∑
s=N

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
E2s(f)p.

Hence,

∥∥∥f (λ,β) − V2n(f
(λ,β))

∥∥∥
p
.

∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
E2s(f)p. (1.7.46)

Therefore, we have

E2n(f
(λ,β))p .

∞∑
s=n

( 2s∑
k=2s−1

|∆λk|+ |λ2s+2|
)
E2s(f)p. (1.7.47)

In order to prove (1.7.44), we use inequality (1.2.9) from Lemma 1.2.3. The

estimate of
∥∥f (λ,β) − V2n(f

(λ,β))
∥∥
p

follows from (1.7.46). Now let us estimate

second term of (1.2.9). By Lemma 1.5.9, we have

‖V (α)
2n (f (λ,β))‖p 6

∣∣ cos
π(β − ρ)

2

∣∣∥∥∥V (α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p

+
∣∣ sin π(β − ρ)

2

∣∣∥∥∥Ṽ (α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p
.
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Applying Abel transformation twice, we get∥∥∥V (α+ρ)
2n (f (λnnρ ,0))

∥∥∥
p

=
∥∥∥ n−1∑
k=0

(
V

(α+ρ)

2k+1 (f (
λk
kρ ,0))− V (α+ρ)

2k
(f (

λk
kρ ,0))

)
+ V

(α+ρ)
1 (f (λ1,0))

∥∥∥
p

=

∥∥∥∥∥
n−1∑
k=0

1

π

π∫
−π

(V
(α+ρ)

2k+1 − V (α+ρ)

2k
)(x+ u)

2k+2∑
ν=2k

λν
νρ

cos νudu+ λ1V
(α+ρ)

1 (f)

∥∥∥∥∥
p

.
n−1∑
k=0

‖V (α+ρ)

2k+1 − V (α+ρ)

2k
‖p

(
2k+2−1∑
j=2k

∣∣∣∆2(
λj
jρ

)
∣∣∣(j + 1) + 2k+2

∣∣∣∆ λ2k+2

2(k+2)ρ

∣∣∣+ 2k
∣∣∣∆λ2k

2kρ

∣∣∣)

+

∥∥∥∥∥
n−1∑
k=0

λ2k+2

2(k+2)ρ
(V

(α+ρ)

2k+1 − V (α+ρ)

2k
)(f) + λ1V

(α+ρ)
1 (f)

∥∥∥∥∥
p

=: J1 + J2.

To obtain the upper estimate of J1, we will use the properties of GM sequences

(see Lemma 1.4.1)

J1 .
n−1∑
k=0

‖V (α+ρ)

2k+1 − V (α+ρ)

2k
‖p

(
2k+2

2k+2−1∑
j=2k

∣∣∣∆2(
λj
jρ

)
∣∣∣+ 2k+2

∣∣∣∆ λ2k+2

2(k+2)ρ

∣∣∣+ 2k
∣∣∣∆λ2k

2kρ

∣∣∣)

.
n−1∑
k=0

‖V (α+ρ)

2k+1 − V (α+ρ)

2k
‖p2k

∣∣∣∆λ2k

2kρ

∣∣∣
.

n−1∑
k=0

‖V (α+ρ)

2k+1 − V (α+ρ)

2k
‖p

2k∑
ν=[2k−1]

∣∣∣∆ λν
νkρ

∣∣∣
.

2n−1∑
ν=1

∣∣∣λν
νρ
− λν+1

(ν + 1)ρ

∣∣∣να+ρωα+ρ

(
f,

1

ν

)
p
,

where in the last step we have used Lemma 1.2.3 and monotonicity properties

of modulus of smoothness. Now we estimate J2:

J2 6

∥∥∥∥∥
n−1∑
k=0

(V
(α+ρ)

2k+1 − V (α+ρ)

2k
)(f)

(
n−1∑
ν=k

( λ2ν+2

2(ν+2)ρ
− λ2ν+3

2(ν+3)ρ

)
+

λ2n+2

2(n+2)ρ

)
+λ1V

(α+ρ)
1 (f)

∥∥∥
p
.

Changing the order of summation, we derive
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J2 6

∥∥∥∥ λ2n+2

2(n+2)ρ
(V

(α+ρ)
2n − V (α+ρ)

1 )(f)

+
n−1∑
ν=0

( λ2ν+2

2(ν+2)ρ
− λ2ν+3

2(ν+3)ρ

)
(V

(α+ρ)
2ν+1 − V (α+ρ)

1 )(f) + λ1V
(α+ρ)

1 (f)

∥∥∥∥∥
p

.
n−1∑
ν=0

∣∣∣ λ2ν+2

2(ν+2)ρ
− λ2ν+3

2(ν+3)ρ

∣∣∣ ∥∥∥V (α+ρ)
2ν+1 (f)

∥∥∥
p

+
∣∣∣ λ2n+2

2(n+2)ρ

∣∣∣ ∥∥∥V (α+ρ)
2n

∥∥∥
p

+ |λ1|
∥∥∥V (α+ρ)

1 (f)
∥∥∥
p

.
2n+2−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρωα+ρ

(
f,

1

µ

)
p

+ |λ2n+2|2nαωα+ρ

(
f,

1

2n

)
p
.

Here we used that |λ1| 6
2n+2−1∑
µ=1

∣∣∣λµµρ− λµ+1

(µ+1)ρ

∣∣∣+∣∣∣ λ2n+2

2(n+2)ρ

∣∣∣ and the fact that
ωα+ρ(f,t)
tα+ρ

is almost decreasing (see Lemma 1.2.2). To estimate
∥∥∥Ṽ (α+ρ)

2n (f (λnnρ ,0))
∥∥∥
p
, we

will need the following lemma, which follows applying the Abel transforma-

tion.

Lemma 1.7.1. Let µ = {µn}∞n=1. Let

Tn(x) =
n∑
ν=1

(aν cos νx+ bν sin νx)

and

Tn(µ, x) =
n∑
ν=1

µν(aν cos νx+ bν sin νx).

For any M > N + 1, M ∈ N, N ∈ N ∪ {0}, we have

TM(µ, x)− Tn(µ, x) = µM(TM(x)− TN(x))

+
1

π

π∫
−π

(TM − TN)(x+ u)
[ M−2∑
j=N+1

(µj − 2µj+1 + µj+2)(j + 1)Kj(u)

+ (µM−1 − µM)MKM−1(u)
]
du = µM(TM(x)− TN(x))

+
1

π

π∫
−π

(TM − TN)(x+ u)
[ M−2∑
j=N+1

∆2(µj)(j + 1)Kj(u) + ∆(µM−1)MKM−1(u)
]
du,
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where

Kn(x) =
1

n+ 1

n∑
ν=0

(1

2
+

ν∑
m=1

cosmx
)

=
1

n+ 1

n∑
ν=0

Dν(x).

Using Lemma 1.7.1 with µ = {µn = λn
nρ}, M = 2k+2, N = 2k, we have

‖Ṽ (α+ρ)
2n (f ({λnnρ },0))‖p

=

∥∥∥∥∥
n−1∑
k=0

(
Ṽ

(α+ρ)

2k+1 (f ({λnnρ },0))− Ṽ (α+ρ)

2k
(f ({λnnρ },0))

)
+ Ṽ

(α+ρ)
1 (f ({λnnρ },0))

∥∥∥∥∥
p

=

∥∥∥∥∥λ1Ṽ
(α+ρ)

1 (f)(x) +
n−1∑
k=0

[
λ2k+2

2(k+2)ρ

(
Ṽ

(α+ρ)

2k+1 (f)(x)− Ṽ (α+ρ)

2k
(f)(x)

)
+

1

π

π∫
−π

(
Ṽ

(α+ρ)

2k+1 (f)− Ṽ (α+ρ)

2k
(f)
)

(x+ u)

×
(2k+2−2∑
j=2k+1

∆2

(λj
jρ

)
(j + 1)Kj(u) + ∆

( λ2k+2−1

(2k+2 − 1)ρ

)
2k+2K2k+2−1(u)

)
du

]∥∥∥∥∥∥
p

6
n−1∑
k=0

∣∣∣ λ2k+2

2(k+2)ρ

∣∣∣ ∥∥∥Ṽ (α+ρ)

2k+1 (f)(x)− Ṽ (α+ρ)

2k
(f)(x)

∥∥∥
p

+
∥∥∥λ1Ṽ

(α+ρ)
1 (f)(x)

∥∥∥
p

+
n−1∑
k=0

∥∥∥Ṽ (α+ρ)

2k+1 (f)− Ṽ (α+ρ)

2k
(f)
∥∥∥
p

×

(
2k+2−2∑
j=2k+1

∣∣∣∆2

(λj
jρ

)∣∣∣(j + 1) +
∣∣∣∆( λ2k+2−1

(2k+2 − 1)ρ

)∣∣∣2k+2

)
=: J3 + J4 + J5.

To estimate J3, we first note that by Lemma 1.5.1,∥∥∥Ṽ2k+1(f)− Ṽ2k(f)
∥∥∥
p
. ‖V2k+1(f)− V2k(f)‖p .

Then, making use of Lemma 1.4.1, we get

J3 .
n−1∑
k=0

λ2k+2

2(k+2)ρ

∥∥∥V (α+ρ)

2k+1 (f)(x)− V (α+ρ)

2k
(f)(x)

∥∥∥
p

.
n−1∑
k=0

λ2k+2

2(k+2)ρ
2k(ρ+α)ωα+ρ(f,

1

2k
)p.
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Further, we have

J4 + J5 .
∥∥∥λ1V

(α+ρ)
1 (f)(x)

∥∥∥
p

+
n−1∑
k=0

∥∥∥{V (α+ρ)

2k+1 (f)− V (α+ρ)

2k
(f)
}

(x)
∥∥∥
p

×

[
2k+2−2∑
j=2k+1

∣∣∣∆2

(λj
jρ

)∣∣∣(j + 1) +
∣∣∣∆( λ2k+2−1

(2k+2 − 1)ρ

)∣∣∣2k+2

]

.
∥∥∥λ1V

(α+ρ)
1 (f)(x)

∥∥∥
p

+
n−1∑
k=0

∥∥∥{V (α+ρ)

2k+1 (f)− V (α+ρ)

2k
(f)
}

(x)
∥∥∥
p

2k
∣∣∣∆λ2k

2kρ

∣∣∣
.

2n−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρωα+ρ

(
f,

1

µ

)
p
.

Collecting estimates of J1, J2, J3, J4, and J5, we obtain that

‖V (α)
2n (f (λ,β))‖p .

2n+2−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρωα+ρ

(
f,

1

µ

)
p

+ |λ2n+2|2nαωα+ρ

(
f,

1

2n

)
p

+
∣∣ sin π(β − ρ)

2

∣∣ n−1∑
k=0

|λ2k+2|2kαωα+ρ

(
f,

1

2k

)
p
.

(1.7.48)

Combining (1.7.47) and (1.7.48) and taking into account Jackson’s in-

equality, we arrive at (1.7.44). The proof of Theorem 1.7.1 is now complete.

1.8 Estimates from below of best approximations for general-

ized Liouville - Weyl derivatives

Theorem 1.8.1. Let 1 < p < ∞, max(p, 2) 6 τ < ∞, and λ = {λn}∞n=1 be

a sequence of positive numbers such that λ ∈ GM. Let the sequence {λn}∞n=1

satisfy the additional condition

( n∑
k=1

|λτ2k − λ
τ
2k−1|

) 1
τ

6 C|λ2n| (1.8.49)

for all integer n, where the constant C is independent of n.
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If for f ∈ Lp there exists a function f (λ,β) ∈ Lp, with the Fourier series

σ(f, λ, β) (β ∈ R), then

‖f (λ,β)‖p &
(
λτ1E

τ
0 (f)p +

∞∑
ν=1

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

) 1
τ

and

E2m−1(f
(λ,β))p &

(
λτ2m−1E

τ
2m−1(f)p +

∞∑
ν=m

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

) 1
τ

.

Remark 1.8.1. Note that if {λn} satisfies the condition {λτn} ∈ GM , then

(1.8.49) follows from the condition
n∑
k=1

λ2k . λ2n. (1.8.50)

Indeed
n∑
k=1

|λτ2k − λ
τ
2k+1| 6

n∑
k=1

2k+1−1∑
s=2k

|λτs − λτs+1| .
n∑
k=1

λτ2k . λτ2n.

The last inequality is equivalent to (1.8.50). For more information concerning

condition (1.8.50) see [76, 77].

Proof of Theorem 1.8.1. We consider the series

∞∑
n=1

λ2n−1∆n =
∞∑
n=1

ΛνλνAν(x), (1.8.51)

where Λν =
λ2n−1
λν

for 2n−1 6 ν 6 2n − 1 (n = 1, 2, ...). Taking into account

that λ ∈ GM, we have |λk| 6 C|λn| for n 6 k 6 2n.

We will show that the following inequality follows from (1.8.49)

C1λs 6 λk 6 C2λs, k 6 s 6 2k. (1.8.52)

The left-hand side estimate follows from the GM condition. To prove the

right-hand side, let 2n 6 k < 2n+1. Then 2n+1 6 2k < 2n+2 and

λτk 6 Cλτ2n = C
(
λτ2n+2 +

n+1∑
m=n

(λτ2m − λτ2m+1)
)

6 C
(
λτ2n+2 +

n+2∑
m=1

|λτ2m − λτ2m−1|
)
6 Cλτ2n+2 6 Cλτ2k.
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Thus, λk 6 Cλ2k 6 Cλs and (1.8.52) follows. Let us now show that (1.8.52)

implies that {1/λn} ∈ GM , that is,

2n∑
k=n

∣∣∣ 1

λk
− 1

λk+1

∣∣∣ 6 C

λn
.

Indeed,

Cλn >
2n∑
k=n

|λk − λk+1| =
2n∑
k=n

λkλk+1

∣∣∣ 1

λk
− 1

λk+1

∣∣∣ > Cλ2
n

2n∑
k=n

∣∣∣ 1

λk
− 1

λk+1

∣∣∣.
We also note that

1) |Λν| =
∣∣∣λ2n−1

λν

∣∣∣ 6 C
∣∣∣λ2n−1

λ2n−1

∣∣∣ 6M,

2) for n = 1,

2n−1∑
ν=2n−1

|Λν − Λν+1| =
∣∣∣λ1

λ1
− λ2

λ2

∣∣∣ 6M,

3) for n = 2, 3, ...,

2n−1∑
ν=2n−1

|Λν − Λν+1| =
2n−2∑
ν=2n−1

|Λν − Λν+1|+ |Λ2n−1 − Λ2n|

= λ2n−1

2n−2∑
ν1=2n−1

∣∣∣ 1

λν
− 1

λν+1

∣∣∣+
∣∣∣ λ2n−1

λ2n−1
− λ2n

λ2n

∣∣∣ 6M.

Since the sequence {Λn}∞n=1 satisfies the conditions of Lemma 1.5.3, then

the series (1.8.51) is the Fourier series of a function g(x) ∈ Lp, and ‖g‖p 6
C(p)‖f (λ,β)‖p.
Applying Lemmas 1.5.6 and 1.5.8, we have

I : = λτ1E
τ
0 (f)p +

∞∑
ν=1

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

. λτ1E
τ
0 (f)p +

∞∑
ν=1

|λτ2ν − λτ2ν−1|
( 2π∫

0

[ ∞∑
n=ν+1

∆2
n

]p
2

dx
) τ
p

. λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
ν=1

|λτ2ν − λτ2ν−1|
[ ∞∑
n=ν+1

∆2
n

] τ
2
} p

τ

dx
) τ
p
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. λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
ν=1

[ ∞∑
n=ν

|λτ2ν − λτ2ν−1|
2
τ ∆2

n+1

] τ
2
} p

τ

dx
) τ
p

.

Using condition (1.8.49), Lemma 1.5.5 with τ > 2 and Lemma 1.5.8, we get

I . λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
n=1

{ n∑
ν=1

[
|λτ2ν − λτ2ν−1|

2
τ ∆2

n+1

] τ
2
} 2

τ
}p

2

dx
) τ
p

= λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
n=1

∆2
n+1

{ n∑
ν=1

|λτ2ν − λτ2ν−1|
} 2

τ
}p

2

dx
) τ
p

. λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
n=1

∆2
n+1λ

2
2n

}p
2

dx
) τ
p

= λτ1E
τ
0 (f)p +

( 2π∫
0

{ ∞∑
n=2

∆2
nλ

2
2n−1

}p
2

dx
) τ
p

. λτ1

( 2π∫
0

{ ∞∑
n=1

∆2
n

}p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
n=2

∆2
nλ

2
2n−1

}p
2

dx
) τ
p

. λτ1

( 2π∫
0

{
∆2

1

}p
2

dx
) τ
p

+ λτ1

( 2π∫
0

{ ∞∑
n=2

∆2
n

}p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
n=2

∆2
nλ

2
2n−1

}p
2

dx
) τ
p

.

Now we use the fact that

λτ1 6 λτ2n−1 +
n−1∑
ν=1

|λτ2ν−1 − λτ2ν | 6 Cλτ2n−1, n = 2, 3, ...

We arrive at

I .
( 2π∫

0

[ ∞∑
n=1

∆2
nλ

2
2n−1

]p
2

dx
) τ
p

. ‖g‖τp . ‖f (λ,β)‖τp.

Thus, we have shown that
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‖f (λ,β)‖p &
(
λτ1E

τ
0 (f)p +

∞∑
ν=1

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

) 1
τ

.

Now we estimate E2m−1(ϕ)p from below as follows:

E2m−1(f
(λ,β))p &

{ 2π∫
0

[ ∞∑
k=m

λ2
2k∆

2
k

]p
2

dx
} 1

p

.

Using Lemmas 1.5.6 and 1.5.8, we obtain

J : =
(
λτ2m−1E

τ
2m−1(f)p +

∞∑
ν=m

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

) 1
τ

.
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p

+
∞∑
ν=m

|λτ2ν − λτ2ν−1|
( 2π∫

0

[ ∞∑
n=ν

∆2
n+1

]p
2

dx
) τ
p
) 1
τ

.
(
λτ2m
( 2π∫

0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
ν=m

|λτ2ν − λτ2ν−1|
[ ∞∑
n=ν

∆2
n+1

] τ
2
} p

τ

dx
) τ
p

=
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p

+
( 2π∫

0

{{ ∞∑
ν=m

[ ∞∑
n=ν

|λτ2ν − λτ2ν−1|
2
τ ∆2

n+1

] τ
2
} 2

τ
}p

2

dx
) τ
p
) 1
τ

.

Further, applying Lemma 1.5.5 with τ > 2, we have

J .
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p
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+
( 2π∫

0

{ ∞∑
n=m

{ n∑
ν=m

[
|λτ2ν − λτ2ν−1|

2
τ ∆2

n+1

] τ
2
} 2

τ
}p

2

dx
) τ
p
) 1
τ

=
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
n=m

∆2
n+1

{ n∑
ν=m

|λτ2ν − λτ2ν−1|
} 2

τ
}p

2

dx
) τ
p
) 1
τ

.
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m

∆2
n+1

]p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
n=m

∆2
n+1λ

2
2n

}p
2

dx
) τ
p
) 1
τ

=
(
λτ2m−1

( 2π∫
0

[ ∞∑
n=m+1

∆2
n

]p
2

dx
) τ
p

+
( 2π∫

0

{ ∞∑
n=m+1

∆2
nλ

2
2n−1

}p
2

dx
) τ
p
) 1
τ

.

Further, taking into account that

λτ2m−1 =
n−1∑
ν=m

(λτ2ν−1 − λτ2ν) + λτ2n−1 6
n−1∑
ν=m

|λτ2ν−1 − λτ2ν |+ λτ2n−1 6 Cλτ2n−1,

we derive that

J .
( 2π∫

0

{ ∞∑
n=m+1

∆2
nλ

2
2n−1

}p
2

dx
) 1
p

=
{ 2π∫

0

[ ∞∑
k=m

λ2
2k∆

2
k+1

]p
2

dx
} 1

p

. E2m−1(f
(λ,β))p.

This gives(
λτ2m−1E

τ
2m−1(f)p +

∞∑
ν=m

|λτ2ν − λτ2ν−1|Eτ
2ν−1(f)p

) 1
τ

. E2m−1(f
(λ,β))p,

completing the proof.
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2 Sharp Ul’yanov inequalities for Liouville–Weyl derivatives.

(Lp, Lq) inequalities

In this section, we study sharp (p, q)-inequalities of Ul’yanov type for

moduli of smoothness of fractional order. In more detail, we obtain estimates

of the best approximation and the modulus of smoothness of the generalized

Liouville–Weyl derivatives. We give examples showing the sharpness of these

inequalities. Main results of this section were published in [31, 33].

2.1 Ul’yanov type inequalities for moduli of smoothness

Ul’yanov [85] proved the following (p, q)-inequalities between moduli of

continuity

ω(f, δ)q .

 δ∫
0

(
t−θω(f, t)p

)q1 dt
t

1/q1

,

where

1 6 p < q 6∞, θ =
1

p
− 1

q
,

and

q1 =

{
q, q <∞,
1, q =∞.

Here ω(f, δ)p = ω1(f, δ)p is the modulus of continuity and the modulus

of smoothness of order k ∈ N is given in subsection 1.2.

The following (p, q) estimate for moduli of smoothness (of an integer

order) is due to DeVore, Riemenschneider, and Sharpley [9] and Gol’dman

[20, 21]:

ωk(f, δ)q .

 δ∫
0

(
t−θωk(f, t)p

)q1 dt
t

1/q1

.

Similar estimates for moduli of smoothness of a function f (ρ) was proved by

Z. Ditzian and S. Tikhonov [11], [12]

ωk(f
(ρ), δ)q .

 δ∫
0

(
t−θ−ρωk+ρ(f, t)p

)q1 dt
t

1/q1

, (2.1.1)
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where ρ ∈ N ∪ {0} and 0 < p < q 6∞.
It is easy to see that (2.1.1) does not give, in general, the sharp estimate.

Take, for example, f ∈ C∞. Then

ωk(f
(ρ), δ)q � δk .

 δ∫
0

(t−θ−ρtk+ρ)q
dt

t


1
q

� δk−θ.

Recently, several authors (see, e.g., [56], [68], [83]) studied the sharp form of

Ul’yanov-type inequalities given by

ωα(f (ρ), δ)q .

 δ∫
0

(
t−θ−ρωα+ρ+θ(f, t)p

)q dt
t

1/q

,

where ρ > 0, 1 < p < q <∞, θ = 1
p −

1
q , α > 0, and f (ρ) is ρ-fractional

derivative in the sense of Weyl of the function f . Note that this estimate

provides sharper estimate than (2.1.1). See also [10, 19, 34, 45, 49].

S. Tikhonov and W. Trebels [73] investigated the sharp Ul’yanov in-

equality for the Liouville–Weyl derivatives. Let us recall this definition.

Let the Fourier series of f ∈ L1 be given by

f(x) ∼
∑
ν∈Z

f̂νe
iνx,

with f̂ν being the Fourier coefficients. Then the generalized Liouville–Weyl

derivatives Dλf can be defined as follows (if the right-hand side is the Fourier

series of an integrable function):

Dλf ∼
∑
ν∈Z

λν f̂νe
iνx, λν = λ(|ν|),

where λ : [0,∞)→ [0,∞) is an increasing (non-decreasing) function satisfy-

ing the following conditions:

(A1) there exists some ρ > 0 such that t−ρλ(t) is increasing;

(A′1) there is slowly varying, increasing function ξ : [1,∞) →
[c,∞), c > 0, such that t−ρλ(t)ξ(t) is increasing for some ρ > 0;

(A2) there exists some σ > 0 such that, with ρ from (A1), t
−ρ−σλ(t) is

decreasing (i.e. non-increasing);

(A3) there exists some ε > 0 such that, t−ρ−ελ(t) is increasing (where

ρ > 0);
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(A4) λ is convex or λ′ is locally absolutely continuous and t|λ′′(t)| .
λ′(t), t > 0.

The following three theorems provide the sharp Ul’yanov inequalities

for the Liouville–Weyl derivatives in the cases 1 < p < q < ∞ and p = 1 <

q <∞.
Theorem B1. [73] Let f ∈ Lp, 1 < p < q <∞, θ = 1/p− 1/q. Let λ

satisfy conditions (A1) and (A2). Then, for any α > 0,

ωα(Dλf, δ)q .

 δ∫
0

(
t−θλ

(1

t

)
ωα+ρ+θ(f, t)p

)q
dt

t

1/q

, 0 < δ < 1.

Theorem B2. [73] Under the hypotheses of theorem B1 with condition

(A1) being replaced by (A′1), we obtain

ωα(Dλf, δ)q .

 δ∫
0

(
t−θλ

(1

t

)
ξ
(1

t

)
ωα+ρ+θ(f, t)p

)q
dt

t

1/q

, α > 0, 0 < δ < 1.

Theorem B3. [73] Let f ∈ L1, 1 < q <∞, θ = 1− 1/q.

(i) If λ satisfies conditions (A1)–(A3). Then

ωα(Dλf, δ)q .

 δ∫
0

(
t−θλ

(1

t

)
ωα+ρ+θ(f, t)1

)q
dt

t

1/q

, α > 0, 0 < δ < 1.

(ii) If λ satisfies conditions (A1), (A2), and (A4), then

ωα(Dλf, δ)q .

 δ∫
0

(
t−θλ

(1

t

)
ωα+ρ+θ(f, t)1

)q | ln t|dt
t

1/q

, α > 0, 0 < δ <
1

2
.

To the best of our knowledge, the Ulyanov type inequalities for the general-

ized Liouville–Weyl derivatives were not studied in the case p = 1 and q =∞.

However, the following theorem holds for the classical Weyl derivatives.

Theorem B4. Let f ∈ L1, θ = 1, and ρ > 0. We have

ωα(f (ρ), δ)∞ .

δ∫
0

t−ρ−θωα+ρ+θ(f, t)1
dt

t
, α > 0, 0 < δ < 1.
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Theorem B4 immediately follows from the sharp Ulyanov inequality ([68])

ωα(f, δ)∞ .

δ∫
0

t−θωα+1(f, t)1
dt

t
, α > 0, 0 < δ < 1,

and the following (p, p) estimate (1 6 p 6∞) for the Weyl derivatives ([53],

[55, Cor. 2], for a simple proof see also [71, Lemma 2.12]):

ωα(f (ρ), δ)p .

δ∫
0

t−ρωα+ρ(f, t)p
dt

t
, α, ρ > 0, 0 < δ < 1.

Our main objectives are two-fold. The first goal is to prove analogues

of Theorems B1, B2, B3, and B4 by considering a more general class of se-

quences {λn}. We replace the monotonicity condition on {λn} by the general

monotonicity. Our second goal is to study in detail all limiting cases:

(i) p = 1 < q <∞;

(ii) 1 < p < q =∞;

(iii) p = 1 < q =∞.
2.2 Inequalities of different metrics for the best approxima-

tions

The following inequality establishes the relationship between the best

approximations of a function in different Lp metrics. It was proved by

Konyushkov and Stechkin (see [37, Theorem 2]). One has

Ek(f)q . kθEk(f)p +
∞∑
m=k

mθ−1Em(f)p, (2.2.2)

where 1 6 p < q 6∞ and θ = 1
p −

1
q .

Inequality (2.2.2) was extended by Ul’yanov [86] for the case of 1 6 p < q <

∞ as follows:

Ek(f)q . kθEk(f)p +

( ∞∑
m=k

mqθ−1Eq
m(f)p,

)1/q

, 1 6 p < q <∞.

Later, Timan [82] obtained the following inequality for the best approxima-

tions of f (r):

Ek(f
(r))q . kr+θEk(f)p+

( ∞∑
m=k

mrq+qθ−1Eq
m(f)p,

)1/q

, 1 6 p < q <∞, r ∈ N.
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An estimate for best approximations involving generalized derivatives was

proved by Szalay [64]:

Ek(f
(λ))q . kθ|λk|Ek(f)p +

∞∑
m=k

mθρmEm(f)p,

where k ∈ N and ρm = max (|λm − λm+1|,m−1|λn|). Here f (λ) defined by

(1.1.4) with β = 0. It is assumed in [64] that {λn}∞n=1 is monotonically

increasing, convex (or concave) sequence.

2.3 Some necessary lemmas

To prove our main result we will use several auxiliary results. The first

one is the well-known Nikol’skii inequality for trigonometric polynomials.

Lemma 2.3.1. [8] Let 0 < p 6 q 6∞, θ = 1
p −

1
q , and

Tn(x) =
a0

2
+

n∑
ν=1

(aν cos νx+ bν sin νx).

Then

‖Tn(x)‖q . nθ‖Tn(x)‖p.

Lemma 2.3.2. [68] For any Tn(x) =
n∑
ν=1

(aν cos νx+ bν sin νx), we have

‖Tn(x)‖∞ 6 ‖(Tn(x))′‖1.

We will also need the following lemma which was proved in [12].

Lemma 2.3.3. Let f ∈ Lp, 0 < p < q 6 ∞, θ = 1
p −

1
q , and ψσ be a near

best trigonometric approximant of f, i.e., ‖ψσ − f‖Lp 6 CEσ(f)p, where C

does not depend on σ. Then

∥∥∥ m∑
l=1

(ψσ2l − ψσ2l−1)
∥∥∥
q
.

(
m∑
l=1

(
(σ2l)θEσ2l−1(f)p

)q1)1/q1

,

where q1 =

{
q, q <∞,
1, q =∞.

The following result is the Hardy–Littlewood theorem for function with

general monotone Fourier coefficients.
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Lemma 2.3.4. [17, 69] Let λ = {λ}∞m=1 ∈ GM . Let the Fourier series of

f be given by
∞∑
k=1

λk cos kx. A sufficient condition that the function f should

belong to Lp, 1 < p <∞, is that
∞∑
k=1

|λk|pkp−2 <∞. Moreover,

‖f‖p .
( ∞∑
k=1

|λk|pkp−2
) 1
p

.

If, additionally, {λn}∞n=1 is a non-negative sequences, then

‖f‖p �
( ∞∑
k=1

λpkk
p−2
) 1
p

.

2.4 New results in the case 1 < p < q <∞
For this non–limiting case we obtain the following generalization of

Theorems B1 and B2.

Theorem 2.4.1. Let f ∈ Lp, 1 < p < q < ∞, θ = 1/p − 1/q. Let λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0,

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

,

where

Λn := max
16k6n

|λ2k|
2kρ

, ρ > 0.

Remark 2.4.1. Note that if for f ∈ Lp the series
∞∑
m=1

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q
converges, then there exists a function f (λ,β) ∈ Lq with the Fourier series

σ(f, λ, β). Similar remarks are valid for all further theorems.

For the sake of convenience, we formulate Ul’yanov’s inequalities for

sums. However, the corresponding integral form holds as in Theorems B1–

B4.

Remark 2.4.2. Using the fact that ωα(f, δ)p � ωα(f, 2δ)p, we note that under

conditions of Theorem 2.4.1, one has

ωα(f (λ,β), δ)q .

 δ∫
0

(
t−θ−ρΛ[ 1t ]

ωα+ρ+θ(f, t)p

)q dt
t

1/q

, 0 < δ < 1.
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Remark 2.4.3. Note that for any {λn}∞n=1 ∈ GM , we have

max
16k6n

|λ2k|
2kρ
� max

16s62n

|λs|
sρ
.

This holds from property 1 in Lemma 1.4.1.

Remark 2.4.4. Theorem 2.4.1 generalizes Theorem B1 and B2.

The proof of this remark will be given below.

Example 2.4.1. For 1 < p < q <∞, θ = 1/p− 1/q, Theorem 2.4.1 implies

that

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)mγωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

, (2.4.3)

where λn = nρ lnγ(n+ 1), γ > 0, and

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)ωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

, (2.4.4)

where λn = nρ

lnγ(n+1) , γ > 0.

Note that inequality (2.4.3) also follows from Theorem B1.

Remark 2.4.5. Note that inequality (2.4.4), for λn = nρ

lnγ(n+1) , γ > 0, cannot

be improved as follows.

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(2m(θ+ρ)

mγ
ωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

.

See Example 3.2 in [73].

Proof of Theorem 2.4.1. We start with the realization result (Lemma 1.2.3)

ωα

(
f (λ,β),

1

2n

)
q
. ‖f (λ,β) − S2n(f

(λ,β))‖q + 2−nα‖S(α)
2n (f (λ,β))‖q =: I1 + I2.

First, we estimate I1 using Lemma 2.3.3 to obtain

‖S2l(f
(λ,β))− S2n(f

(λ,β))‖q .

(
l−1∑
m=n

2mθq‖S2m+1(f (λ,β))− S2m(f (λ,β))‖qp

)1/q

.
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By the Marcinkiewicz multiplier theorem, the definition of GM sequences,

and the fact that |λk| . |λ2m|, 2m 6 k < 2m+1, we have

‖S2m+1(f (λ,β))− S2m(f (λ,β))‖p . |λ2m|‖S2m+1(f)− S2m(f)‖p.

Let us denote Λ2m := max
16k6m

|λ2k |
2kρ

. It is clear that |λ2m| 6 2mρΛ2m. Then

|λ2m|‖S2m+1(f)− S2m(f)‖p 6 2mρΛ2m‖S2m+1(f)− S2m(f)± f‖p
. 2mρΛ2mE2m(f)p.

Applying Jackson’s inequality, we obtain

I1 = ‖f (λ,β) − S2n(f
(λ,β))‖p .

( ∞∑
m=n

2m(θ+ρ)qΛq
2mE

q
2m(f)p

)1/q

.

( ∞∑
m=n

2m(θ+ρ)qΛq
2mωα+ρ+θ(f,

1

2m
)qp

)1/q

.

To estimate I2, we use the Hardy-Littlewood fractional integration theorem

‖S(α)
2n (f (λ,β))‖q . ‖S(α+θ)

2n (f (λ,β))‖p.

Nothing that for any {λn}∞n=1 ∈ GM , we have that {λnnρ}
∞
n=1 ∈ GM for any

ρ ∈ R (see Lemma 1.4.6), and applying Lemma 1.5.3, we get

‖S(α+θ)
2n (f (λ,β))‖p . max

16k6n

|λ2k|
2kρ
‖S(α+θ+ρ)

2n (f)‖p.

Using Lemma 1.2.3, we obtain

I2 . 2−nα max
16k6n

|λ2k|
2kρ
‖S(α+θ+ρ)

2n (f)‖p

. 2n(θ+ρ) max
16k6n

|λ2k|
2kρ

ωα+ρ+θ(f,
1

2n
)p

= 2n(θ+ρ)Λ2nωα+ρ+θ(f,
1

2n
)p.

Collecting estimates for I1 and I2, we have

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

,

completing the proof.
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Proof of Remark 2.4.4. We show only a nontrivial part that Theorem 2.4.1

extends Theorem B2. Let conditions (A′1) and (A2) hold. Then λ2n . λn.

Assume that ξ(t) is an increasing slowly varying function. Then the function

t−ρξ(t) is strictly decreasing for t large enough. Suppose that λn
nρ ξ(n) is in-

creasing. Then we have that {λn} ∈ GM. Indeed, this follows from Lemma

1.4.2, since the conditions of λ imply that
{
λnξ(n)
nρ

}
∈ GM and

{
nρ

ξ(n)

}
∈ GM.

Here we have used an obvious fact that any increasing sequence bn such that

b2n . bn is general monotone.

Now we remark that

Λn = max
16k6n

λ2k

2kρ
ξ(2k) =

λ2n

2nρ
ξ(2n).

Then Theorem 2.4.1 gives

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

=

( ∞∑
m=n

(
2mθλ2mξ(2

m)ωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

,

the latter is equivalent to the statement of Theorem B2.

2.5 New results in the case p = 1 < q <∞
The next results provide the sharp Ul’yanov type inequality for the first

limiting case and, in particular, generalize Theorem B3.

Theorem 2.5.1. Let f ∈ Lp, 1 = p < q < ∞, θ = 1 − 1/q. Let λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0 and 0 < ε 6 min(ρ, θ),

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1

)q)1/q

,

where

Λ2n := 2−n
ε
2 max

16k6n

|λ2k|
2k(ρ− ε2 )

.

Remark 2.5.1. It is clear that Theorem B3 (i) follows from Theorem 2.5.1.
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Proof of Theorem 2.5.1. We consider the de la Vallée-Poussin polynomials

V1(f) := A1(f, x) and

Vn(f)(x) =
n∑

m=1

Am(f, x) +
2n−1∑
m=n+1

(
1− m− n

n

)
Am(f, x) (n > 2),

where Am(f, x) are given by (1.1.2). We start by applying realization in-

equality (1.2.9) from Lemma 1.2.3

ωα

(
f (λ,β),

1

2n

)
q
. ‖f (λ,β) − V2n(f

(λ,β))‖q + 2−nα‖V (α)
2n (f (λ,β))‖q =: I1 + I2.

(2.5.5)

Let 0 < ε 6 min (ρ, θ). To estimate I1, we use Lemma 2.3.3

‖V2l(f
(λ,β))− V2n(f

(λ,β))‖q .

(
l−1∑
m=n

2mθ0q‖V2m+1(f (λ,β))− V2m(f (λ,β))‖qp0

)1/q

,

where 1 < p0 < q <∞ is chosen such that

θ0 =
1

p0
− 1

q
= θ − ε

2
.

By Lemmas 1.4.1 and 1.5.3, we get

‖V2m+1(f (λ,β))− V2m(f (λ,β))‖p0 . |λ2m|‖V2m+1(f)− V2m(f)‖p0.

Denoting

Λ2n := 2−nε/2 max
16k6n

|λ2k|
2k(ρ−ε/2)

,

we have

|λ2m|‖V2m+1(f)− V2m(f)‖p0 . 2mρΛ2m‖V2m+1(f)− V2m(f)‖p0.

Applying Lemma 2.3.1, we obtain

2mρΛ2m‖V2m+1(f)− V2m(f)‖p0 . 2mρΛ2m2m(1− 1
p0

)‖V2m+1(f)− V2m(f)‖1 =: I3.

It is well known that Vn(f) is the Lp near-best approximant of f , that is,

‖f − Vn(f)‖p . En(f)p ≡ inf
T∈Tn
‖f − T‖p,

where Tn is the set of all trigonometric polynomials of degree at most n.

Then

I3 . 2m(ρ+1− 1
p0

)Λ2m‖V2m+1(f)− V2m(f)± f‖1 . 2m(ρ+1− 1
p0

)Λ2mE2m(f)1.
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Using Jackson’s inequality implies

I1 .

( ∞∑
m=n

(
2m(θ0+ρ+θ−θ0)Λ2mE2m(f)1

)q)1/q

.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ−ε(f,

1

2m
)p

)q)1/q

.

Now let us estimate the second term in (2.5.5). By Lemma 1.5.4, we have

‖V (α)
2n (f (λ,β))‖q . ‖V (α+θ0)

2n (f (λ,β))‖p0.

Note that if {λn} ∈ GM, then {nξλn} ∈ GM, ξ ∈ R. Again applying

Lemmas 1.4.1 and 1.5.3, we obtain

I2 . 2−nα‖V (α+θ0)
2n (f (λ,β))‖p0

. 2−nα max
16k6n

|λ2k|
2k(ρ−ε/2)

‖V (α+θ0+ρ−ε/2)
2n (f)‖p0

= 2n(ε/2−α)Λ2n‖V (α+θ0+ρ−ε/2)
2n (f)‖p0.

Therefore,

I2 . 2n(ε/2−α)Λ2n2
n(θ−θ0)‖V (α+θ0+ρ−ε/2)

2n (f)‖1

. 2n(ε/2−α)Λ2n2
n(θ−θ0)2n(α+θ0+ρ−ε/2)ωα+ρ+θ−ε/2−ε/2(f,

1

2n
)1

= 2n(θ+ρ)Λ2nωα+ρ+θ−ε(f,
1

2n
)1.

Here, the first inequality follows from Nikol’skii’s inequality given by Lemma

2.3.1 and the second from Lemma 1.5.2. Collecting estimates for I1 and I2,

we obtain

ωα(f (λ,β),
1

2n
)q .

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1

)q)1/q

,

which completes the proof.

In the next result, unlike Theorem 2.5.1, we deal with ωα+ρ+θ(f, t)1

obtaining the sharp Ul’yanov inequality.
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Theorem 2.5.2. Let f ∈ Lp, 1 = p < q < ∞, θ = 1 − 1/q, and λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0,

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
1

)q)1/q

,

where

ΛN :=
( N∑
k=1

|λk|q

k(qρ+1)

) 1
q

, ρ > 0.

Remark 2.5.2. Since the conditions (A1),(A2), and (A4) imply that {λn =

λ(n)} ∈ GM and

Λ2m =

(
2m∑
k=1

(|λk|
kρ

)q 1

k

) 1
q

.
|λ2m|
2mρ

m
1
q ,

then Theorem 2.5.2 sharpens Theorem B3 (ii).

Example 2.5.1 and Remark 2.5.3 below show that the inequalities in

Theorems 2.5.1 and 2.5.2 are not comparable.

Example 2.5.1. Let 1 = p < q < ∞, θ = 1 − 1/q, ρ > 0, γ ∈ R, and

λn = nρ lnγ(n+ 1). By Theorem 2.5.1, we have

ωα

(
f (λ,β),

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)mγωα+ρ+θ−ε

(
f,

1

2m

)
1

)q)1/q

, (2.5.6)

and, by Theorem 2.5.2, we have

ωα

(
f (λ,β),

1

2n

)
q
.



( ∞∑
m=n

(
2m(θ+ρ)mγ+ 1

qωα+ρ+θ

(
f, 1

2m

)
1

)q)1/q

, γ > −1
q ,( ∞∑

m=n

(
2m(θ+ρ)ωα+ρ+θ

(
f, 1

2m

)
1

)q
lnm

)1/q

, γ = −1
q ,( ∞∑

m=n

(
2m(θ+ρ)ωα+ρ+θ

(
f, 1

2m

)
1

)q)1/q

, γ < −1
q .

(2.5.7)

Remark 2.5.3. We note that inequality (2.5.6) for γ ∈ R and inequality

(2.5.7) for γ > 0 also follows from Theorem B3 (see [73, Corollary 1.5]).

Using {Λn} allows us to prove (2.5.7) for any choice of γ ∈ R. Moreover, in

[73] it was shown that estimates (2.5.6) and (2.5.7) are not comparable.
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Proof of Theorem 2.5.2. The proof follows the same lines as those in Theo-

rem 2.5.1. We consider the de la Vallée-Poussin sum of the function f (λ,β).

As above, we use Lemma 1.2.3

ωα

(
f (λ,β),

1

2n

)
q
. ‖f (λ,β) − V2n(f

(λ,β))‖q + 2−nα‖V (α)
2n (f (λ,β))‖q =: I1 + I2.

Now we apply the following (p, q)-inequality:

‖V2l(f
(λ,β))− V2n(f

(λ,β))‖q .

(
l−1∑
m=n

2mθ0q‖V2m+1(f (λ,β))− V2m(f (λ,β))‖qp0

)1/q

,

where 1 < p0 < q <∞, θ0 = 1
p0
− 1

q . Further,

‖V2m+1(f (λ,β))− V2m(f (λ,β))‖p0 . |λ2m|‖V2m+1(f)− V2m(f)‖p0.

Set

Λ2m :=
( 2m∑
k=1

|λk|q

kqρ+1

) 1
q

.

By Lemma 1.4.7, we have λ2m . 2mρΛ2m. Then

|λ2m|‖V2m+1(f)− V2m(f)‖p0 . 2mρΛ2m‖V2m+1(f)− V2m(f)‖p0.

Using Lemma 2.3.1, we get

2mρΛ2m‖V2m+1(f)− V2m(f)‖p0 . 2mρΛ2m2m(1− 1
p0

)‖V2m+1(f)− V2m(f)‖1 =: I3.

Since Vn is the Lp near-best approximant of f , we obtain that

I3 . 2m(ρ+1− 1
p0

)Λ2m‖V2m+1(f)− V2m(f)± f‖1 . 2m(ρ+1− 1
p0

)Λ2mE2m(f)1.

Combining these estimates and Jackson’s inequality, we derive that

I1 .

( ∞∑
m=n

(
2m(θ0+ρ+θ−θ0)Λ2mE2m(f)1

)q)1/q

.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ(f,

1

2m
)1

)q)1/q

.
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Let us estimate I2. Applying Young’s convolution inequality ([88]) we

have

‖V (α)
2n (f (λ,β))‖q .

∥∥∥ 2n∑
m=1

λmm
αAm(f, x) +

2n+1−1∑
m=2n+1

λm

(
1− m− 2n

2n

)
mαAm(f, x)

∥∥∥
q

=
∥∥∥( 2n+1−1∑

m=1

λm
mρ+θ

cosmx
)
∗
( 2n∑
m=1

mα+ρ+θAm(f, x)

+
2n+1−1∑
m=2n+1

(
1− m− 2n

2n

)
mα+ρ+θAm(f, x)

)∥∥∥
q

6
∥∥∥ 2n+1−1∑

m=1

λm
mρ+θ

cosmx
∥∥∥
q
‖V (α+ρ+θ)

2n (f, x)‖1.

Using the fact that {λn}∞n=1 ∈ GM implies that { λn
nρ+θ
}∞n=1 ∈ GM , Lemma

2.3.4 yields

∥∥∥ 2n+1−1∑
m=1

λm
mρ+θ

cosmx
∥∥∥
q
.
( 2n+1−1∑

ν=1

( |λν|
νρ+θ

)q
νq−2

) 1
q

=
( 2n+1−1∑

ν=1

|λν|q

νqρ+1

) 1
q

= Λ2n+1−1.

Taking into account that λn . λk, k 6 n 6 2k, we can estimate Λ2m+1−1 .

Λ2m. Finally, Lemma 1.5.2 implies

I2 . 2−nαΛ2n‖V (α+ρ+θ)
2n (f, x)‖1 . 2n(ρ+θ)Λ2nωα+ρ+θ

(
f,

1

2n

)
1
.

Collecting estimates for I1 and I2, we get

ωα(f (λ,β),
1

2n
)q .

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
1

)q)1/q

,

completing the proof.

2.6 New results in the case 1 < p < q =∞
In the following theorems we investigate the Ulyanov-type inequality

for another limiting case: 1 < p < q = ∞. As in the previous subsection we

obtain two main theorems.
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Theorem 2.6.1. Let f ∈ Lp, 1 < p < q =∞, θ = 1/p, and λ = {λn}∞n=1 ∈
GM . Then, for any α > 0 and 0 < ε 6 min(ρ, θ),

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
p
,

where

Λ2n := 2−nε/2 max
16k6n

|λ2k|
2k(ρ−ε/2)

.

Proof of Theorem 2.6.1. The proof is the same as that of Theorem 2.5.1. We

use Lemma 1.2.3 for q =∞ to get

ωα

(
f (λ,β),

1

2n

)
∞

. ‖f (λ,β) − V2n(f
(λ,β))‖∞ + 2−nα‖V (α)

2n (f (λ,β))‖∞ =: I1 + I2.

Observing that

λn . Λn := 2−nε/2 max
16k6n

|λ2k|
2k(ρ−ε/2)

,

we use Lemmas 2.3.3 and 1.5.3 to derive

‖V2l(f
(λ,β))− V2n(f

(λ,β))‖∞ .
l−1∑
m=n

2mθ‖V2m+1(f (λ,β))− V2m(f (λ,β))‖p,

.
l−1∑
m=n

2mθ|λ2m|‖V2m+1(f)− V2m(f)‖p

.
l−1∑
m=n

2mθ2mρΛ2m‖V2m+1(f)− V2m(f)‖p.

Then

I1 .
∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ−ε(f,
1

2m
)p.

By Lemmas 2.3.1, 1.5.4, and 1.5.3, we choose q0 such that

θ0 =
1

p
− 1

q0
= θ − ε

2
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and we estimate

I2 = 2−nα‖V (α)
2n (f (λ,β))‖∞ . 2−nα2n

1
q0 ‖V (α)

2n (f (λ,β))‖q0
. 2−nα2n

1
q0 ‖V (α+θ0)

2n (f (λ,β))‖p

. 2n( 1
q0
−α) max

16k6n

|λ2k|
2k(ρ−ε/2)

‖V (α+θ0+ρ−ε/2)
2n (f)‖p

. 2n(ε/2−α+ 1
q0

)Λn2
n(α+θ0+ρ−ε/2)ωα+ρ+θ−ε/2−ε/2(f,

1

2n
)p

= 2n(θ+ρ)Λnωα+ρ+θ−ε(f,
1

2n
)p.

Combining the obtained estimates, we finally arrive at

ωα(f (λ,β),
1

2n
)q .

∞∑
m=n

2m(θ+ρ)Λmωα+ρ+θ−ε

(
f,

1

2m

)
p
.

The next result is the sharp Ul’yanov inequality for 1 < p < q =∞.

Theorem 2.6.2. Let f ∈ Lp, 1 < p < q =∞, θ = 1/p, and λ = {λn}∞n=1 ∈
GM . Then, for any α > 0,

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p
,

where

ΛN :=
( N∑
k=1

|λk|p
′

kp′ρ+1

) 1
p′
, ρ > 0.

Example 2.6.1. Let f ∈ Lp, 1 < p < q = ∞, θ = 1/p, ρ > 0, γ ∈ R, and

λn = nρ lnγ(n+ 1). Then, by Theorem 2.6.1, we have

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)mγωα+ρ+θ−ε

(
f,

1

2m

)
p
.

Theorem 2.6.2 yields

ωα

(
f (λ,β),

1

2n

)
∞

.



∞∑
m=n

2m(θ+ρ)mγ+ 1
p′ωα+ρ+θ

(
f, 1

2m

)
p
, γ > − 1

p′ ,

∞∑
m=n

2m(θ+ρ)
(

lnm
) 1
p′
ωα+ρ+θ

(
f, 1

2m

)
p
, γ = − 1

p′ ,

∞∑
m=n

2m(θ+ρ)ωα+ρ+θ

(
f, 1

2m

)
p
, γ < − 1

p′ .

(2.6.8)
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Remark 2.6.1. Note that letting formally ρ = γ = 0 in (2.5.7) and (2.6.8)

gives

ωα(f,
1

2n
)q .

( ∞∑
m=n

(
2mθmmax

(
1
q ,

1
p′

)
ωα+θ

(
f,

1

2m

)
p

)q1) 1
q1

,

for 1 < p < q = ∞ or 1 = p < q < ∞, q1 =

{
q, q <∞,
1, q =∞,

which is the the

sharp Ul’yanov inequality proved in [68].

Proof of Theorem 2.6.2. Let 1 < p < q =∞. Applying Lemma 1.2.3, we get

ωα

(
f (λ,β),

1

2n

)
∞

. ‖f (λ,β) − V2n(f
(λ,β))‖∞ + 2−nα‖V (α)

2n (f (λ,β))‖∞ =: I1 + I2,

where V2n(f
(λ,β)) is the de la Vallée-Poussin sum of the function f (λ,β). As in

the proof of Theorem 2.6.1, we have

‖V2l(f
(λ,β))− V2n(f

(λ,β))‖∞ .
l−1∑
m=n

2mθ‖V2m+1(f (λ,β))− V2m(f (λ,β))‖p

.
l−1∑
m=n

2mθ|λ2m|‖V2m+1(f)− V2m(f)‖p

.
l−1∑
m=n

2m(θ+ρ)Λ2m‖V2m+1(f)− V2m(f)‖p,

where Λ2m :=
( 2m∑
k=1

|λk|p
′

kp′ρ+1

) 1
p′

and the last inequality follows from Lemma 1.4.7.

We know that Vn(f) is the Lp near-best approximant of f . By Jackson’s

inequality, we get

I1 .
∞∑
m=n

2m(θ+ρ)Λ2mE2m(f)p

.
∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ(f,
1

2m
)p.

We handle I2 similarly. Applying Young’s convolution inequality and Lemma

2.3.4, we have

‖V (α)
2n (f (λ,β))‖∞ .

∥∥∥ 2n+1−1∑
m=1

λm
mρ+θ

cosmx
∥∥∥
p′
‖V (α+ρ+θ)

2n (f, x)‖p

. Λ2n+1‖V (α+ρ+θ)
2n (f, x)‖p.
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Remark that Λ2n+1 . Λ2n. Finally, by Lemma 1.5.2, we obtain

I2 . 2−nαΛ2n‖V (α+ρ+θ)
2n (f, x)‖p . 2n(ρ+θ)Λ2nωα+ρ+θ

(
f,

1

2n

)
p
.

Collecting estimates for I1 and I2, we derive

ωα

(
f (λ,β),

1

2n

)
q
.

∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p
.

2.7 New results in the case 1 = p, q =∞
Our two main results here are Theorem 2.7.1 and 2.7.2 below.

Theorem 2.7.1. Let f ∈ Lp, p = 1, q =∞, θ = 1, and λ = {λn}∞n=1 ∈ GM .

Then, for any α > 0 and 0 < ε 6 min(ρ, θ),

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1
,

where

Λ2n := 2−nε/2 max
16k6n

|λ2k|
2k(ρ−ε/2)

.

Proof of Theorem 2.7.1. Let p = 1 < q = ∞. The method of proof is the

same as above. Lemma 1.2.3 with q =∞ gives

ωα

(
f (λ,β),

1

2n

)
∞

. ‖f (λ,β) − V2n(f
(λ,β))‖∞ + 2−nα‖V (α)

2n (f (λ,β))‖∞ =: I1 + I2.

Applying Lemma 2.3.3 and 1.5.3, we obtain for θ0 = 1/p0

‖V2l(f
(λ,β))− V2n(f

(λ,β))‖∞ .
l−1∑
m=n

2mθ0‖V2m+1(f (λ,β))− V2m(f (λ,β))‖p0

.
l−1∑
m=n

2mθ0|λ2m|‖V2m+1(f)− V2m(f)‖p0,

where p0 > 1. We set Λ2n := 2−nε/2 max
16k6n

|λ2k |
2k(ρ−ε/2)

. Using Nikol’skii’s inequality,

we get

|λ2m|‖V2m+1(f)− V2m(f)‖p0 6 2mρΛ2m‖V2m+1(f)− V2m(f)‖p0
. 2mρΛ2m2m(θ−θ0)‖V2m+1(f)− V2m(f)‖1.
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Finally, we estimate I1 as follows:

I1 .
∞∑
m=n

2m(ρ+θ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1
.

Arguing as above, we estimate I2. Applying Nikol’skii’s inequality with

1 < p0 < q0 <∞, θ0 = 1
p0
− 1

q0
= θ − ε

2 and then Hardy-Littlewood fractional

integration theorem and Lemma 1.5.3, we obtain

I2 = 2−nα‖V (α)
2n (f (λ,β))‖∞ . 2−nα2n

1
q0 ‖V (α)

2n (f (λ,β))‖q0
. 2−nα2n

1
q0 ‖V (α+θ0)

2n (f (λ,β))‖p0

. 2n( 1
q0
−α) max

16k6n

|λ2k|
2k(ρ−ε/2)

‖V (α+θ0+ρ−ε/2)
2n (f)‖p0.

Using again Nikol’skii’s inequality gives

I2 . 2n(ε/2−α+ 1
q0

)Λ2n2
(1− 1

p0
)n‖V (α+θ0+ρ−ε/2)

2n (f)‖1

. 2n(ε/2−α+θ−θ0)Λ2n2
n(α+θ0+ρ−ε/2)ωα+ρ+θ−ε/2−ε/2(f,

1

2n
)1

= 2n(θ+ρ)Λ2nωα+ρ+θ−ε(f,
1

2n
)1.

The last inequality follows from Lemma 1.5.2. Collecting estimates for I1 and

I2, we have

ωα(f (λ,β),
1

2n
)∞ .

∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1
.

Now we state the sharp Ul’yanov inequality in the case p = 1, q =∞,
and θ = 1.

Theorem 2.7.2. Let α ∈ R+ and ρ ∈ R+ ∪ {0}. Let f ∈ L1, λ = {λn}∞n=1 ∈
GM , {∆λn} ∈ GM, and {∆λn

nρ} ∈ GM. We have

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m|λ2m|ωα+ρ+1

(
f,

1

2m

)
1

+ 2−nα
2n+2−1∑
k=1

∣∣∣λk
kρ
− λk+1

(k + 1)ρ

∣∣∣kρ+α+1ωα+ρ+1

(
f,

1

k

)
1

(2.7.9)

+ 2−nα
∣∣ sin π(β − ρ)

2

∣∣ n∑
k=1

|λ2k|2k(α+1)ωα+ρ+1

(
f,

1

2k

)
1
.
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Proof of Theorem 2.7.2. Let 1 = p and q =∞. Using Lemma 1.2.3, we get

ωα

(
f (λ,β),

1

2n

)
∞

.
∥∥∥f (λ,β) − V2n(f

(λ,β))
∥∥∥
∞

+ 2−nα
∥∥∥V (α)

2n (f (λ,β))
∥∥∥
∞

=: I1 + I2.

Taking into account Lemma 2.3.3 for q = ∞, q1 = 1, p0 > 1 and σ =

2n, L = l − n, we obtain∥∥∥V2l(f
(λ,β))− V2n(f

(λ,β))
∥∥∥
∞

.
l−1∑
m=n

2m
1
p0

∥∥∥V2m+1(f (λ,β))− V2m(f (λ,β))
∥∥∥
p0
.

By the Marcinkiewicz multiplier theorem and properties of GM sequences,

we have∥∥∥V2m+1(f (λ,β))− V2m(f (λ,β))
∥∥∥
p0
. |λ2m|

∥∥∥V2m+1(f)− V2m(f)
∥∥∥
p0
.

Nikol’skii inequality implies

|λ2m|
∥∥∥V2m(f)− V2m(f)

∥∥∥
p0
. |λ2m|2

m

(
1− 1

p0

)∥∥∥V2m+1(f)− V2m(f)
∥∥∥

1
.

Applying Jackson’s inequality, we obtain

I1 .
∞∑
m=n

2m|λ2m|E2m(f)1 .
∞∑
m=n

2m|λ2m|ωα+ρ+1

(
f,

1

2m

)
1
.

To estimate I2, we first use Lemma 2.3.2

‖V (α)
2n (f (λ,β))‖∞ . ‖V (α+1)

2n (f (λ,β))‖1.

Further using (1.7.48), we have

‖V (α+1)
2n (f (λ,β))‖1 .

2n+2−1∑
µ=1

∣∣∣λµ
µρ
− λµ+1

(µ+ 1)ρ

∣∣∣µα+ρ+1ωα+ρ+1

(
f,

1

µ

)
1

+ |λ2n+2|2n(α+1)ωα+ρ+1

(
f,

1

2n

)
1

+
∣∣ sin π(β − ρ)

2

∣∣ n−1∑
k=0

|λ2k+2|2k(α+1)ωα+ρ+1

(
f,

1

2k

)
1
.

By properties of GM sequences and collecting estimates of I1 and I2, we

obtain

71



ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m|λ2m|ωα+ρ+1

(
f,

1

2m

)
1

+ 2−nα
2n+2−1∑
k=1

∣∣∣λk
kρ
− λk+1

(k + 1)ρ

∣∣∣kρ+α+1ωα+ρ+1

(
f,

1

k

)
1

+ 2−nα
∣∣ sin π(β − ρ)

2

∣∣ n∑
k=1

|λ2k|2k(α+1)ωα+ρ+1

(
f,

1

2k

)
1
.

The proof of Theorem 2.7.2 is now complete.

Let us apply Theorems 2.7.1 and 2.7.2 for power–logarithmic deriva-

tives.

Example 2.7.1. Let f ∈ L1, θ = 1, and

λn = nρ lnγ(n+ 1), ρ > 0, γ ∈ R.

Theorem 2.7.1 implies that

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)mγωα+ρ+θ−ε

(
f,

1

2m

)
1
.

On the other hand, Theorem 2.7.2 implies

(i) if γ = 0, β = ρ,

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)ωα+ρ+θ

(
f,

1

2m

)
1
, (2.7.10)

(ii) if γ = 0,

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)ωα+ρ+θ

(
f,

1

2m

)
1

(2.7.11)

+ 2−nα
∣∣ sin π(β − ρ)

2

∣∣ n∑
k=1

2k(α+θ+ρ)ωα+ρ+θ

(
f,

1

2k

)
1
,
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(iii) if γ 6= 0,

ωα

(
f (λ,β),

1

2n

)
∞

.
∞∑
m=n

2m(θ+ρ)mγωα+ρ+θ

(
f,

1

2m

)
1

+ 2−nα
n∑
k=1

2k(ρ+θ+α)kγ−1ωα+ρ+θ

(
f,

1

2k

)
1

+ 2−nα
∣∣ sin π(β − ρ)

2

∣∣ n∑
k=1

2k(α+θ+ρ)kγωα+ρ+θ

(
f,

1

2k

)
1
.

Proof. The proofs of (2.7.10) and (2.7.11) are clear. The part (iii) follows

from Theorem 2.7.2 and the fact that

2n+1−1∑
k=2n

| lnγ k − lnγ(k + 1)|kρ+α+1ωα+ρ+1(f,
1

k
)1 � nγ−12n(ρ+α+1)ωα+ρ+1(f,

1

2n
)1.

Remark 2.7.1. Note that inequality (2.7.10) and (2.7.11) imply the following

estimates:

ωα(f (ρ), δ)∞ .

δ∫
0

t−θ−ρωα+ρ+1(f, t)1
dt

t

and

ωα(f̃ (ρ), δ)∞ .

δ∫
0

t−θ−ρωα+ρ+1(f, t)1
dt

t
+ tα

1∫
δ

t−θ−ρ−αωα+ρ+1(f, t)1
dt

t
.

Here the first inequality is given in Theorem B4 and the second one is

new.

2.8 Estimates for the best approximations

In this subsection we obtain estimates for the Lq−best approximations

of the generalized Liouville–Weyl derivatives via the Lp−best approximations

of the function themselves.

Theorem 2.8.1. Let f ∈ Lp, 1 < p < q 6 ∞, θ = 1/p − 1/q. Let λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0,

E2n(f
(λ,β))q .

( ∞∑
m=n

(
2mθ|λ2m|E2m(f)p

)q1)1/q1

, (2.8.12)
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where q1 =

{
q, q <∞,
1, q =∞.

Proof of Theorem 2.8.1. Let 1 < p < q 6 ∞. By Lemmas 2.3.3 and 1.5.3,

we have

‖S2l(f
(λ,β))− S2n(f

(λ,β))‖q .

(
l−1∑
m=n

(
2mθ‖S2m+1(f (λ,β))− S2m(f (λ,β))‖p

)q1)1/q1

.

(
l−1∑
m=n

(
2mθ|λ2m|‖S2m+1(f)− S2m(f)‖p

)q1)1/q1

.

( ∞∑
m=n

(
2mθ|λ2m|E2m(f)p

)q1)1/q1

,

where q1 =

{
q, q <∞,
1, q =∞.

Using the inequality En(f
(λ,β))q . ‖f (λ,β) −

Sn(f
(λ,β))‖q and the fact that ‖f (λ,β) − S2n(f

(λ,β))‖q 6 lim
l→∞
‖S2l(f

(λ,β)) −
S2n(f

(λ,β))‖q, we obtain

E2n(f
(λ,β))q .

( ∞∑
m=n

(
2mθ|λ2m|E2m(f)p

)q1)1/q1

.

Theorem 2.8.2. Let f ∈ Lp, 1 = p < q 6 ∞, θ = 1 − 1/q. Let λ =

{λn}∞n=1 ∈ GM . Then, for any α > 0,

E2n+1−1(f
(λ,β))q .

( ∞∑
m=n

(
2mθ|λ2m|E2m(f)p

)q1)1/q1

, (2.8.13)

where q1 =

{
q, q <∞,
1, q =∞.

Proof of Theorem 2.8.2. The proof follows from estimate I1 in Theorem 2.7.2

when 1 < q 6 ∞. ‖f (λ,β) − V2n(f
(λ,β))‖q 6 lim

l→∞
‖V2l(f

(λ,β)) − V2n(f
(λ,β))‖q,

applying the inequality E2n+1−1(f
(λ,β))q . ‖f (λ,β) − V2n(f

(λ,β))‖q, we get

E2n+1−1(f
(λ,β))q .

( ∞∑
m=n

(
2mθ|λ2m|E2m(f)1

)q1)1/q1

.
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Remark 2.8.1. Note that some estimates of the best approximation of f (λ,β)

in Lp in terms of the best approximation of f in Lp were obtained in the paper

[54].
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3 Liouville–Weyl derivatives of double trigonometric series

3.1 Some notations, known results, and goals

Let Lp(T2), 1 < p < ∞, be the space of measureable functions of two

variables that are 2π−periodic in each variable and such that

‖f‖p =

 2π∫
0

2π∫
0

|f(x1, x2)|pdx1dx2


1
p

<∞.

L0
p - the set of functions f ∈ Lp such that

2π∫
0

f(x1, x2)dx2 = 0 a.e. x1

and
2π∫

0

f(x1, x2)dx1 = 0 a.e. x2.

Let f (ρ1,ρ2) be a derivative in the sense of Weyl of the function f(x1, x2)

of order ρ1(ρ1 > 0) with respect to x1 and of order ρ2(ρ2 > 0) with respect

to x2.

In the paper [48], the following result was proved.

Theorem C. Let 1 < p < ∞, 0 < θ 6 min(2, p),max(2, p) 6 τ < ∞, and

r1, r2, β1, β2 be positive numbers.

A. Let f ∈ L0
p(T2) and

J1(f, θ) :=
( 1∫

0

1∫
0

t−r1θ−1
1 t−r2θ−1

2 ωθr1+β1,r2+β2
(f, t1, t2)pdt1dt2

) 1
θ

<∞,

then the mixed derivative of f in the sense of Weil f (r1,r2) ∈ L0
p(T2), and

‖f (r1,r2)‖p 6 CJ1(f, θ).

B. Let f ∈ L0
p(T2) be such that f (r1,r2) ∈ L0

p(T2), then

J1(f, τ) 6 C‖f (r1,r2)‖p.
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Here ωl1,l2(f, t1, t2)p is the mixed modulus of smoothness of a function

f ∈ Lp(T2) of orders l1 and l2 with respect to variables x1 and x2, corre-

spondingly, that is,

ωl1,l2(f, δ1, δ2)p = sup
|h1|6δ1, |h2|6δ2

‖∆l1
h1

(∆l2
h2

(f))‖p.

The difference of order l1 > 0 with respect to the variable x1 and the difference

of order l2 > 0 with respect to the variable x2 are defined as follows:

∆l1
h1

(f) =
∞∑
k1=0

(−1)k1Ck1
l1
f(x1 + (l1 − k1)h1, x2)

and

∆l2
h2

(f) =
∞∑
k2=0

(−1)k2Ck2
l2
f(x1, x2 + (l2 − k2)h2).

Let Ym1,m2
(f)p be the best approximation by a two-dimensional angle

of the function f ∈ Lp(T2), i.e.,

Ym1,m2
(f)p = inf

Tm1,∞,T∞,m2

‖f − Tm1,∞ − T∞,m2
‖p,

where the function Tm1,∞(x1, x2) ∈ Lp(T2) is a trigonometric polynomial of

degree at most m1 in x1, and the function T∞,m2
(x1, x2) ∈ Lp(T2) is a trigono-

metric polynomial of degree at most m2 in x2.

The direct and inverse theorems between best approximations by two-

dimensional angle and mixed moduli of smoothness are well known [44, 45].

The Jackson inequality reads as follows: if f ∈ L0
p(T2), 1 < p <∞, then

Ym1,m2
(f)p . ωα1,α2

(
f ;

1

m1
,

1

m2

)
p
. (3.1.1)

The inverse inequality states that if f ∈ L0
p(T2), 1 < p <∞, then

ωα1,α2

(
f ;

1

m1
,

1

m2

)
p
.

1

mα1
1 m

α2
2

m1∑
k1=0

m2∑
k2=0

(k1 + 1)α1−1(k2 + 1)α2−1Yk1,k2(f)p.

(3.1.2)

Using these estimates and applying Hardy’s inequalities, we easily obtain

that

J1(f, s) �
( ∞∑
k1=0

∞∑
k2=0

(k1 + 1)r1s−1(k2 + 1)r2s−1Y s
k1,k2

(f)p

) 1
s
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for any s > 0, where as usual F1(f, r, s, p) � F2(f, r, s, p) means that there

exist positive constants C1 and C2, independent of f such that

C1 · F1(f, r, s, p) 6 F2(f, r, s, p) 6 C2 · F1(f, r, s, p).

The goal of this section is to extend theorem C in the following re-

spects. First, we consider the generalized Liouville–Weyl derivatives in place

of the classical mixed Weyl derivatives. Second, similarly to one-dimensional

inequalities (1.6.29) and (1.6.30), we obtain estimates of the angle approxi-

mations of these derivatives by angle approximation of functions themselves.

By σ(f) we will denote the Fourier series of a function f ∈ Lp(T2), that is,

σ(f) ≡
∞∑

n1=0

∞∑
n2=0

(an1n2 cosn1x1 cosn2x2 + bn1n2 cosn1x1 sinn2x2+

+ cn1n2 sinn1x1 cosn2x2 + dn1n2 sinn1x1 sinn2x2),

where for the sake of brevity we assume that cos(0 · t) = 1
2 .

The transformed Fourier series of σ(f) is given by

σ(f, λ, β1, β2) ≡
∞∑

n1=1

∞∑
n2=1

λn1,n2(an1n2 cos(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ bn1n2 cos(n1x1 + β1π/2) sin(n2x2 + β2π/2)

+ cn1n2 sin(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ dn1n2 sin(n1x1 + β1π/2) sin(n2x2 + β2π/2)),

where β1, β2 ∈ R and λ = {λn1n2}n1,n2∈N is a sequence of real numbers.

By analogy with the one-dimensional case we call the function

ϕ(x1, x2) ∼ σ(f, λ, β1, β2) the (λ, β1, β2)− mixed derivative of the function

f (or Liouville–Weyl derivative) and denote it by f (λ,β1,β2)(x1, x2). For exam-

ple, if λn1n2 = nr11 n
r2
2 , ri > 0, βi = ri (i = 1, 2), then f (λ,β1,β2) = f (r1,r2), where

f (r1,r2) is the mixed derivative of f in the sense of Weyl. Note that, for any

β1 and β2, ‖f (λ,β1,β2)‖p � ‖f (λ,0,0)‖p, 1 < p <∞.
We recall [69] that a sequence λ := {λn}∞n=1 is said to be general monotone,

written λ ∈ GM, if the relation

2n∑
k=n

|λk − λk+1| 6 C|λn|
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holds for all integer n, where the constant C is independent of n.

Similarly, one can introduce the class GM 2, where 2 stands for dimension.

See [14, 15, 16].

Definition 3.1.1. A sequence λ = {λn1n2}n1,n2∈N is said to be general mono-

tone, written λ ∈ GM 2, if the relations

2n1∑
k1=n1

|λk1,n2 − λk1+1,n2| 6 C|λn1,n2|,

2n2∑
k2=n2

|λn1,k2 − λn1,k2+1| 6 C|λn1,n2|,

2n1∑
k1=n1

2n2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1| 6 C|λn1,n2|

hold for all integers n1 and n2, where the constant C is independent of n1

and n2.

3.2 Auxiliary results

In this section we state several useful lemmas that will be used in the

proof our main result. First, we introduce some notation.

Let the series

σ(f) :=
∞∑

n1=1

∞∑
n2=1

(an1n2 cosn1x1 cosn2x2 + bn1n2 cosn1x1 sinn2x2

+ cn1n2 sinn1x1 cosn2x2 + dn1n2 sinn1x1 sinn2x2) =
∞∑

n1=1

∞∑
n2=1

An1n2(x1, x2).

(3.2.3)

be the Fourier series of f ∈ L0
p(T2).

We denote

∆m1m2
:=

2m1−1∑
n1=2m1−1

2m2−1∑
n2=2m2−1

An1n2(x1, x2), m1,m2 = 1, 2, ....
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Let Sm1,∞(f), S∞,m2
(f), Sm1,m2

(f) denote the partial sums of Fourier

series of f(x1, x2), i.e.,

Sm1,∞(f) =
1

π

2π∫
0

f(x1 + t1, x2)Dm1
(t1)dt1,

S∞,m2
(f) =

1

π

2π∫
0

f(x1, x2 + t2)Dm2
(t2)dt2,

Sm1,m2
(f) =

1

π2

2π∫
0

2π∫
0

f(x1 + t1, x2 + t2)Dm1
(t1)Dm2

(t2)dt1dt2,

where Dm(t) =
sin(m+ 1

2 )t

2 sin t
2

, m ∈ N ∪ {0}.
From [69], it follows that if {λn1n2} ∈ GM 2, then

|λk1,k2| 6 C|λn1,n2| for n1 6 k1 6 2n1, n2 6 k2 6 2n2.

This implies that the condition

2n1∑
k1=n1

2n2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1| 6 C(|λn1,n2|+ |λ2n1,2n2|)

is equivalent to the condition

2n1∑
k1=n1

2n2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1| 6 C|λn1,n2|.

Lemma 3.2.1. A sequences {λn1n2} ∈ GM 2 satisfies the following properties:

there exists C > 0 such that

(i) |λk1,k2| 6 C|λn1,n2| for n1 6 k1 6 2n1, n2 6 k2 6 2n2,

(ii)
N1∑

k1=n1

|λk1,n2 − λk1+1,n2| 6 C
(
|λn1n2|+

N1∑
k1=n1+1

|λk1n2 |
k1

)
for n1 < N1,

(iii)
N2∑

k2=n2

|λn1,k2 − λn1,k2+1| 6 C
(
|λn1n2|+

N2∑
k2=n2+1

|λn1k2 |
k2

)
for n2 < N2,

80



(iv)
N1∑

k1=n1

N2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1| 6

6 C
(
|λn1n2|+

N1∑
k1=n1+1

|λk1n2 |
k1

+
N2∑

k2=n2+1

|λn1k2 |
k2

+
N1∑

k1=n1+1

N2∑
k2=n2+1

|λk1k2 |
k1k2

)
for n1 <

N1, n2 < N2.

Proof. The properties (i), (ii), and (iii) follow from Lemma 1.4.1. Let us

prove the property (iv). Let l1 ∈ N ∪ {0}, l2 ∈ N ∪ {0} such that 2l1n1 6

N1 < 2l1+1n1, 2
l2n2 6 N2 < 2l2+1n2. Then, by definition, we have

A =

N1∑
k1=n1

N2∑
k2=n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1|

6
l1∑

s1=0

l2∑
s2=0

2s1+1n1−1∑
k1=2s1n1

2s2+1n2−1∑
k2=2s2n2

|λk1,k2 − λk1+1,k2 − λk1,k2+1 + λk1+1,k2+1|

6 C

l1∑
s1=0

l2∑
s2=0

|λ2s1n1,2s2n2|.

Using (i), we get

A 6 C
(
|λn1,n2|+

l1∑
s1=1

|λ2s1n1,n2|+
l2∑

s2=1

|λn1,2s2n2|+
l1∑

s1=1

l2∑
s2=1

|λ2s1n1,2s2n2|
)

6 C
(
|λn1,n2|+

l1∑
s1=1

|λ2s1n1,n2|
2s1n1∑

k1=2s1−1n1+1

1

k1
+

l2∑
s2=1

|λn1,2s2n2|
2s2n2∑

k2=2s2−1n2+1

1

k2

+

l1∑
s1=1

l2∑
s2=1

|λ2s1n1,2s2n2|
2s1n1∑

k1=2s1−1n1+1

2s2n2∑
k2=2s2−1n2+1

1

k1

1

k2

)
6 C

(
|λn1n2|+

N1∑
k1=n1+1

|λk1n2|
k1

+

N2∑
k2=n2+1

|λn1k2|
k2

+

N1∑
k1=n1+1

N2∑
k2=n2+1

|λk1k2|
k1k2

)
.
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Lemma 3.2.2. Let f ∈ L0
p(T2) have the Fourier series (3.2.3). We consider

σ(ϕ) ≡
∞∑

n1=1

∞∑
n2=1

(an1n2 cos(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ bn1n2 cos(n1x1 + β1π/2) sin(n2x2 + β2π/2)

+ cn1n2 sin(n1x1 + β1π/2) cos(n2x2 + β2π/2)

+ dn1n2 sin(n1x1 + β1π/2) sin(n2x2 + β2π/2)),

where β1, β2 ∈ R. Then

C1(p)‖f‖p 6 ‖ϕ‖p 6 C2(p)‖f‖p.

The proof is analogous to the proof of Lemma 5.2.6 of [49] and it uses

boundedness of the conjugate operator in Lp, 1 < p <∞.

Lemma 3.2.3. [43, p. 125] Let an > 0, 0 < α 6 β <∞. Then

( ∞∑
ν=1

aβν

) 1
β

6
( ∞∑
ν=1

aαν

) 1
α

.

Lemma 3.2.4. [45, 49] Let f ∈ Lp(T2), 1 < p < ∞, and mi ∈ N ∪ {0}(i =

1, 2). Then

‖f − Sm1,∞(f)− S∞,m2
(f) + Sm1,m2

(f)‖p � Ym1,m2
(f)p.

Lemma 3.2.5. [43]

(a). Let 1 < p < ∞ and (3.2.3) be the Fourier series of f ∈ L0
p(T2).

Then

( 2π∫
0

2π∫
0

( ∞∑
m1=1

∞∑
m2=1

∆2
m1m2

)p
2

dx1dx2

) 1
p

6 C(p)‖f‖p.

(b). Let 1 < p <∞. If (3.2.3) satisfies the following inequality

Ip =
( 2π∫

0

2π∫
0

( ∞∑
m1=1

∞∑
m2=1

∆2
m1m2

)p
2

dx1dx2

) 1
p

<∞,

then (3.2.3) is the Fourier series of a function f(x1, x2) ∈ Lp(T2) and

‖f‖p 6 C(p)Ip.
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Lemma 3.2.6. [43] Let f ∈ L0
p(T2), 1 < p < ∞, and (3.2.3) be the Fourier

series of f . If {λn1n2} satisfies the following conditions

(i) |λn1,n2| 6M,

(ii)
2n1−1∑

m1=2n1−1
|λm1,n2 − λm1+1,n2| 6M,

2n2−1∑
m2=2n2−1

|λn1,m2
− λn1,m2+1| 6M,

(iii)
2n1−1∑

m1=2n1−1

2n2−1∑
m2=2n2−1

|λm1,m2
− λm1+1,m2

− λm1,m2+1 + λm1+1,m2+1| 6M

for all n1, n2 = 1, 2, ....

Then the series
∞∑

n1=1

∞∑
n2=1

λn1,n2An1n2(x1, x2)

is the Fourier series of a function ϕ(f, λ) ∈ L0
p(T2) and ‖ϕ‖p 6 C‖f‖p, where

the constant C is independent of f.

3.3 Upper estimates of angle best approximations of general-

ized Liouville–Weyl derivatives

Our main result reads as follows.

Theorem 3.3.1. Let 1 < p < ∞, 0 < θ 6 min(p, 2), λ = {λn1,n2}n1,n2∈N be

a sequence of positive numbers such that λ ∈ GM 2, αi ∈ R+, ri ∈ R+ ∪ {0},
and βi ∈ R (i = 1, 2).

If for f ∈ L0
p(T2) the series

∞∑
n1=1

|λθn1+1,1 − λθn1,1|Y
θ
n1,0

(f)p +
∞∑

n2=1

|λθ1,n2+1 − λθ1,n2|Y
θ

0,n2
(f)p

+
∞∑
k1=1

∞∑
k2=1

|λθk1+1,k2+1 − λθk1+1,k2
− λθk1,k2+1 + λθk1,k2|Y

θ
k1,k2

(f)p

(3.3.4)

converges, then there exists a function f (λ,β1,β2) ∈ L0
p(T2), with the Fourier

series σ(f, λ, β1, β2), and
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‖f (λ,β1,β2)(x1, x2)‖p .

{
λθ1,1‖f‖θp +

∞∑
n1=1

|λθn1+1,1 − λθn1,1|Y
θ
n1,0

(f)p

+
∞∑

n2=1

|λθ1,n2+1 − λθ1,n2|Y
θ

0,n2
(f)p

+
∞∑

n1=1

∞∑
n2=1

|λθn1,n2 − λ
θ
n1+1,n2

− λθn1,n2+1 + λθn1+1,n2+1|Y θ
n1,n2

(f)p

} 1
θ

,

‖f (λ,β1,β2)(x1, x2)‖p .

{
λθ1,1‖f‖θp +

∞∑
ν1=1

|λθ2ν1 ,1 − λθ2ν1−1,1|Y
θ

2ν1−1,0(f)p

+
∞∑
ν2=1

|λθ1,2ν2 − λθ1,2ν2−1|Y
θ

0,2ν2−1(f)p

+
∞∑
ν1=1

∞∑
ν2=1

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2 − λ
θ
2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y

θ
2ν1−1,2ν2−1(f)p

} 1
θ

,

and

Y2m1−1,2m2−1(f
(λ,β1,β2)(x1, x2))p .

{
λθ2m1−1,2m2−1Y

θ
2m1−1,2m2−1(f)p

+
∞∑

ν1=m1

|λθ2ν1 ,2m2−1 − λθ2ν1−1,2m2−1|Y θ
2ν1−1,2m2−1(f)p

+
∞∑

ν2=m2

|λθ2m1−1,2ν2 − λ
θ
2m1−1,2ν2−1|Y

θ
2m1−1,2ν2−1(f)p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2

−λθ2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y
θ

2ν1−1,2ν2−1(f)p

} 1
θ

.

Proof of Theorem 3.3.1. Let the series (3.3.4) be convergent and f ∈ L0
p(T2).

We use the following inequality

λθ2n1−1,2n2−1 = λθ1,2n2−1 +

n1∑
m1=2

(λθ2m1−1,2n2−1 − λ
θ
2m1−2,2n2−1)

= λθ1,1 +

n2∑
m2=2

(λθ1,2m2−1 − λθ1,2m2−2) +

n1∑
m1=2

(λθ2m1−1,1 − λ
θ
2m1−2,1)
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+

n1∑
m1=2

n2∑
m2=2

(λθ2m1−1,2m2−1 − λθ2m1−2,2m2−1 − λθ2m1−1,2m2−2 + λθ2m1−2,2m2−2)

6 λθ1,1 +

n2∑
m2=2

|λθ1,2m2−1 − λθ1,2m2−2|+
n1∑

m1=2

|λθ2m1−1,1 − λ
θ
2m1−2,1| (3.3.5)

+

n1∑
m1=2

n2∑
m2=2

|λθ2m1−1,2m2−1 − λθ2m1−2,2m2−1 − λθ2m1−1,2m2−2 + λθ2m1−2,2m2−2|.

Let us denote ∆n1,n2 =
2n1−1∑

ν1=2n1−1

2n2−1∑
ν2=2n2−1

Aν1,ν2(f, x1, x2) (n1, n2 = 1, 2, ...); see

(3.2.3).

We will use several times the simple fact that, for any θ > 0, one has

C1(θ)(j
θ
1 + jθ2) 6 (j1 + j2)

θ 6 C2(θ)(j
θ
1 + jθ2), j1, j2 > 0.

Using (3.3.5), we derive

I1 : =
{ 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=1

λ2
2n1−1,2n2−1∆

2
n1,n2

]p
2

dx1dx2

} 1
p

=
∥∥∥[ ∞∑

n1=1

∞∑
n2=1

λ2
2n1−1,2n2−1∆

2
n1,n2

] 1
2
∥∥∥
p

=
∥∥∥[λ2

1,1∆
2
1,1 +

∞∑
n1=2

λ2
2n1−1,1∆

2
n1,1

+
∞∑

n2=2

λ2
1,2n2−1∆

2
1,n2

+
∞∑

n1=2

∞∑
n2=2

λ2
2n1−1,2n2−1∆

2
n1,n2

] 1
2
∥∥∥
p

6
∥∥∥(λ2

1,1∆
2
1,1 +

∞∑
n1=2

∆2
n1,1

[
λθ1,1 +

n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ

+
∞∑

n2=2

∆2
1,n2

[
λθ1,1 +

n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[
λθ1,1 +

n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|+

n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

+

n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ
) 1

2
∥∥∥
p
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.
∥∥∥(λ2

1,1∆
2
1,1 + λ2

1,1

∞∑
n1=2

∆2
n1,1

+ λ2
1,1

∞∑
n2=2

∆2
1,n2

+ λ2
1,1

∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

+
∞∑

n1=2

∆2
n1,1

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ

+
∞∑

n2=2

∆2
1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|+

n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

+

n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ
) 1

2
∥∥∥
p
.

This implies that

I1 .
∥∥∥{λ2

1,1

(
∆2

1,1 +
∞∑

n1=2

∆2
n1,1

+
∞∑

n2=2

∆2
1,n2

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

)
+

∞∑
n1=2

∆2
n1,1

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ

+
∞∑

n2=2

∆2
1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ

+
∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[ n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ
} 1

2
∥∥∥
p

. λ1,1

∥∥∥[ ∞∑
n1=1

∞∑
n2=1

∆2
n1,n2

] 1
2
∥∥∥
p
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+
∥∥∥( ∞∑

n1=2

∞∑
n2=1

∆2
n1,n2

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ
) 1

2
∥∥∥
p

+
∥∥∥( ∞∑

n1=1

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ
) 1

2
∥∥∥
p

+
∥∥∥( ∞∑

n1=2

∞∑
n2=2

∆2
n1,n2

[ n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ
) 1

2
∥∥∥
p

=: J1 + J2 + J3 + J4.

Let us estimate J1. Applying Lemma 3.2.5, we have J1 6 Cλ11‖f‖p <∞.
Now we estimate J2 given by

J2 =
{ 2π∫

0

2π∫
0

[ ∞∑
n1=2

∞∑
n2=1

∆2
n1,n2

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ
]p

2

dx1dx2

} 1
p

.

Using Minkowski’s inequality and Lemma 1.5.5 (a) for 2
θ > 1, we derive

∞∑
n2=1

∞∑
n1=2

∆2
n1,n2

[ n1∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ

=
∞∑

n1=2

(( ∞∑
n2=1

[ n1∑
ν1=2

|∆n1,n2|θ|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

] 2
θ
) θ

2
) 2
θ

6
∞∑

n1=2

( n1∑
ν1=2

[ ∞∑
n2=1

|∆n1,n2|2|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

2
θ

] θ
2
) 2
θ

=
(( ∞∑

n1=2

{ n1∑
ν1=2

[ ∞∑
n2=1

|∆n1,n2|2|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

2
θ

] θ
2
} 2

θ
) θ

2
) 2
θ

6
( ∞∑
ν1=2

{ ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

2
θ

} θ
2
) 2
θ

=
( ∞∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

( ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2
) θ

2
) 2
θ

.
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Applying this estimate, we obtain

J2 6
{ 2π∫

0

2π∫
0

[{ ∞∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

( ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2
) θ

2
} 2

θ
]p

2

dx1dx2

} 1
p

=
({ 2π∫

0

2π∫
0

( ∞∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

( ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2
) θ

2
)p
θ

dx1dx2

} θ
p
) 1
θ

.

Further, using Minkowski’s inequality for p
θ > 1, Lemmas 3.2.4 and 3.2.5, we

have

J2 6
( ∞∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

{ 2π∫
0

2π∫
0

(( ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2
) θ

2
)p
θ

dx1dx2

} θ
p
) 1
θ

=
( ∞∑
ν1=2

|λθ2ν1−1,1 − λ
θ
2ν1−2,1|

∥∥∥( ∞∑
n1=ν1

∞∑
n2=1

|∆n1,n2|2
) 1

2
∥∥∥θ
p

) 1
θ

.
( ∞∑
ν1=1

|λθ2ν1 ,1 − λθ2ν1−1,1|Y
θ

2ν1−1,0(f)p

) 1
θ

.

Thus, we obtain

J2 .
( ∞∑
ν1=1

|λθ2ν1 ,1 − λθ2ν1−1,1|Y
θ

2ν1−1,0(f)p

) 1
θ

.

From (3.3.4), it follows that J2 <∞.
Let us estimate

J3 =
{ 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ
]p

2

dx1dx2

} 1
p

.

We use Lemmas 1.5.6 and 1.5.5 (a) with 2
θ > 1 to get

∞∑
n1=1

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ

6
∞∑

n2=2

( n2∑
ν2=2

( ∞∑
n1=1

[
|∆n1,n2|θ|λθ1,2ν2−1 − λ

θ
1,2ν2−2|

] 2
θ
) θ

2
) 2
θ
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=
([ ∞∑

n2=2

{ n2∑
ν2=2

( ∞∑
n1=1

|∆n1,n2|2|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

2
θ

) θ
2
} 2

θ
] θ

2
) 2
θ

6
( ∞∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

( ∞∑
n2=ν2

∞∑
n1=1

|∆n1,n2|2
) θ

2
) 2
θ

.

Using this and Lemma 1.5.6 with p
θ > 1, we obtain that

J3 =
{ 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=2

∆2
n1,n2

[ n2∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

] 2
θ
]p

2

dx1dx2

} 1
p

6
{ 2π∫

0

2π∫
0

[( ∞∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

( ∞∑
n2=ν2

∞∑
n1=1

|∆n1,n2|2
) θ

2
) 2
θ
]p

2

dx1dx2

} 1
p

6
( ∞∑
ν2=2

|λθ1,2ν2−1 − λ
θ
1,2ν2−2|

{ 2π∫
0

2π∫
0

( ∞∑
n2=ν2

∞∑
n1=1

|∆n1,n2|2
)p

2

dx1dx2

} θ
p
) 1
θ

.

By Lemmas 3.2.4 and 3.2.5, we have

J3 .
( ∞∑
ν2=1

|λθ1,2ν2 − λθ1,2ν2−1|Y
θ

0,2ν2−1(f)p

) 1
θ

<∞,

provided that (3.3.4) holds.

To estimate J4, we first obtain the upper estimate of the following sum.

Applying Lemmas 1.5.5 and 1.5.6 twice for 2
θ > 1, we get

∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

[ n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ

6
∞∑

n1=2

( ∞∑
ν2=2

{ ∞∑
n2=ν2

[( n1∑
ν1=2

|∆n1,n2|θ|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

)] 2
θ
} θ

2
) 2
θ

6
∞∑

n1=2

( ∞∑
ν2=2

n1∑
ν1=2

{ ∞∑
n2=ν2

[
|∆n1,n2|θ|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

] 2
θ
} θ

2
) 2
θ
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=
(( ∞∑

n1=2

{ ∞∑
ν2=2

n1∑
ν1=2

[ ∞∑
n2=ν2

|∆n1,n2|2|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

2
θ

] θ
2
} 2

θ
) θ

2
) 2
θ

6
( ∞∑
ν2=2

{ ∞∑
n1=2

[ n1∑
ν1=2

( ∞∑
n2=ν2

|∆n1,n2|2|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

2
θ

) θ
2
] 2
θ
} θ

2
) 2
θ

6
( ∞∑
ν2=2

∞∑
ν1=2

[ ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2|λθ2ν1−1,2ν2−1

− λθ2ν1−2,2ν2−1 − λ
θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|

2
θ

] θ
2
) 2
θ

=
( ∞∑
ν2=2

∞∑
ν1=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
( ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2
) θ

2
) 2
θ

.

Hence, Lemma 1.5.6 with p
θ > 1 implies that

J4 =
{ 2π∫

0

2π∫
0

[ ∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

[ n1∑
ν1=2

n2∑
ν2=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1−

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
] 2
θ
]p

2

dx1dx2

} 1
p

6
{ 2π∫

0

2π∫
0

[( ∞∑
ν2=2

∞∑
ν1=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
( ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2
) θ

2
) 2
θ
]p

2

dx1dx2

} 1
p

=
({ 2π∫

0

2π∫
0

[ ∞∑
ν2=2

∞∑
ν1=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
( ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2
) θ

2
]p
θ

dx1dx2

} θ
p
) 1
θ
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6
( ∞∑
ν2=2

∞∑
ν1=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2

+ λθ2ν1−2,2ν2−2|
{ 2π∫

0

2π∫
0

[( ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2
) θ

2
]p
θ

dx1dx2

} θ
p
) 1
θ

=
( ∞∑
ν2=2

∞∑
ν1=2

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2

+ λθ2ν1−2,2ν2−2|
{ 2π∫

0

2π∫
0

[ ∞∑
n1=ν1

∞∑
n2=ν2

|∆n1,n2|2
]p

2

dx1dx2

} θ
p
) 1
θ

.

By Lemmas 3.2.4 and 3.2.5, we obtain

J4 .
( ∞∑
ν2=1

∞∑
ν1=1

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2 − λ
θ
2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y

θ
2ν1−1,2ν2−1(f)p

) 1
θ

.

By (3.3.4), we have J4 <∞.
Collecting estimates of J1, J2, J3 and J4, we get I1 < ∞. Hence, by

Lemma 3.2.5 (b), there exists a function g(x1, x2) ∈ L0
p, with the Fourier

series

∞∑
n1=1

∞∑
n2=1

λ2n1−1,2n2−1∆n1,n2, (3.3.6)

and

‖g‖p 6 C(p)I1. (3.3.7)

We rewrite series (3.3.6) in the form of

∞∑
n1=1

∞∑
n2=1

γn1,n2An1n2(x1, x2),

where (n1, n2 = 2, 3, ...)

γ1,1 = λ1,1, γ1,ν2 = λ1,2n2−1 for 2n2−1 6 ν2 6 2n2 − 1,

γν1,1 = λ2n1−1,1 for 2n1−1 6 ν1 6 2n1 − 1,

γν1,ν2 = λ2n1−1,2n2−1 for 2n2−1 6 ν2 6 2n2 − 1, 2n1−1 6 ν1 6 2n1 − 1.
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Now we consider the following series
∞∑

n1=1

∞∑
n2=1

λn1,n2An1n2(x1, x2) =
∞∑

n1=1

∞∑
n2=1

γn1,n2Λn1,n2An1n2(x1, x2), (3.3.8)

where

Λ1,1 = 1, Λ1,ν2 =
λ1,ν2

γ1,ν2

=
λ1,ν2

λ1,2n2−1
for 2n2−1 6 ν2 6 2n2 − 1 (n2 = 2, 3, ...),

Λν1,1 =
λν1,1
γν1,1

=
λν1,1
λ2n1−1,1

for 2n1−1 6 ν1 6 2n1 − 1 (n1 = 2, 3, ...),

Λν1,ν2 =
λν1,ν2
γν1,ν2

=
λν1,ν2

λ2n1−1,2n2−1
for 2n1−1 6 ν1 6 2n1 − 1,

2n2−1 6 ν2 6 2n2 − 1 (n1, n2 = 2, 3, ...).

Let us show that {Λn1,n2} satisfies the conditions of Lemma 3.2.6. Taking

into account that {λn1,n2} = λ ∈ GM 2, we have

1) |Λn1,n2| 6M,

2) for n1 = n2 = 1,

2n1−1∑
ν1=2n1−1

|Λν1,1 − Λν1+1,1| =
∣∣∣1− λ2,1

λ2,1

∣∣∣ 6M,

2n2−1∑
ν2=2n2−1

|Λ1,ν2 − Λ1,ν2+1| 6M,

3) for n2 = 1, n1 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

|Λν1,n2 − Λν1+1,n2| =
1

λ2n1−1,1

2n1−2∑
ν1=2n1−1

|λν1 − λν1+1,1|+
∣∣∣λ2n1−1,1

λ2n1−1,1

− 1
∣∣∣ 6M,

4) for n1 = 1, n2 = 2, 3, ...,

2n2−1∑
ν2=2n2−1

|Λ1,ν2 − Λ1,ν2+1| 6M,

5) for n2 = 2, 3, ... such that 2m2−1 6 n2 6 2m2 − 1 (m2 = 2, 3, ...),

2n1−1∑
ν1=2n1−1

|Λν1,n2 − Λν1+1,n2| 6
1

λ2n1−1,2m2−1

2n1−2∑
ν1=2n1−1

|λν1,n2 − λν1+1,n2|

+
λ2n1−1,n2

λ2n1−1,2m2−1
+

λ2n1 ,n2

λ2n1 ,2m2−1
6M,
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6) for n1 = 2, 3, ... such that 2m1−1 6 n1 6 2m1 − 1(m1 = 2, 3, ...),

2n2−1∑
ν2=2n2−1

|Λn1,ν2 − Λn1,ν2+1| 6M,

7) for n1 = n2 = 1,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

|Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1| 6M,

8) for n1 = 1, n2 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

|Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1|

6
2n2−1∑

ν2=2n2−1

|Λ1,ν2 − Λ1,ν2+1|+
2n2−1∑

ν2=2n2−1

|Λ2,ν2 − Λ2,ν2+1| 6M,

9) for n2 = 1, n1 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

|Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1| 6M,

10) for n1, n2 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

|Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1|

=
2n2−2∑

ν2=2n2−1

2n1−2∑
ν1=2n1−1

|Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1|

+
2n2−2∑

ν2=2n2−1

|Λ2n1−1,ν2 − Λ2n1 ,ν2 − Λ2n1−1,ν2+1 + Λ2n1,ν2+1|

+
2n1−2∑

ν1=2n1−2

|Λν1,2n2−1 − Λν1+1,2n2−1 − Λν1,2n2 + Λν1+1,2n2 |

+ |Λ2n1−1,2n2−1 − Λ2n2 ,2n2−1 − Λ2n1−1,2n2 + Λ2n1 ,2n2 |

=
2n2−2∑

ν2=2n2−1

2n1−2∑
ν1=2n1−1

∣∣∣ λν1,ν2
λ2n1−1,2n2−1

− λν1+1,ν2

λ2n1−1,2n2−1
− λν1,ν2+1

λ2n1−1,2n2−1
+
λν1+1,ν2+1

λ2n1−1,2n2−1

∣∣∣
+

2n2−2∑
ν2=2n2−1

∣∣∣ λ2n1−1,ν2

λ2n1−1,2n2−1
− λ2n1 ,ν2

λ2n1 ,2n2−1
− λ2n1−1,ν2+1

λ2n1−1,2n2−1
+
λ2n1 ,ν2+1

λ2n1 ,2n2−1

∣∣∣
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+
2n1−2∑

ν1=2n1−2

∣∣∣ λν1,2n2−1

λ2n1−1,2n2−1
− λν1+1,2n2−1

λ2n1−1,2n2−1
− λν1,2n2

λ2n1−1,2n2
+
λν1+1,2n2

λ2n1−1,2n2

∣∣∣
+
∣∣∣λ2n1−1,2n2−1

λ2n1−1,2n2−1
− λ2n1 ,2n2−1

λ2n1 ,2n2−1
− λ2n1−1,2n2

λ2n1−1,2n2
+
λ2n1 ,2n2

λ2n1 ,2n2

∣∣∣
6 C

λ2n1−1,2n2−1

λ2n1−1,2n2−1
+

1

λ2n1−1,2n2−1

2n1−2∑
ν1=2n1−1

|λν1,2n2−1 − λν1+1,2n2−1|

+
1

λ2n1−1,2n2

2n1−2∑
ν1=2n1−1

|λν1,2n2 − λν1+1,2n2 |+
1

λ2n1−1,2n2−1

2n2−2∑
ν2=2n2−1

|λ2n1−1,ν2 − λ2n1−1,ν2+1|

+
1

λ2n1 ,2n2−1

2n2−2∑
ν2=2n2−1

|λ2n1 ,ν2 − λ2n1 ,ν2+1| 6M.

Since the sequence {Λn1n2}
∞,∞
n1=1,n2=1 satisfies the conditions of Lemma 3.2.6,

then the series (3.3.8) is the Fourier series of a function f (λ,β1,β2)(x1, x2) ∈ Lp
and ‖f (λ,β1,β2)‖p 6 C(p, λ)‖g‖p.

Taking into account (3.3.7) and the estimates of J1, J2, J3 and J4, we

have

‖f (λ,β1,β2)‖p .

{
λθ1,1‖f‖θp +

∞∑
ν1=1

|λθ2ν1 ,1 − λθ2ν1−1,1|Y
θ

2ν1−1,0(f)p+

+
∞∑
ν2=1

|λθ1,2ν2 − λθ1,2ν2−1|Y
θ

0,2ν2−1(f)p

+
∞∑
ν2=1

∞∑
ν1=1

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2 − λ
θ
2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y

θ
2ν1−1,2ν2−1(f)p

} 1
θ

.

λθ1,1‖f‖θp +
∞∑
ν1=1

Y θ
2ν1−1,0(f)p

2ν1−1∑
n1=2ν1−1

|λθn1+1,1 − λθn1,1|

+
∞∑
ν2=1

Y θ
0,2ν2−1(f)p

2ν2−1∑
n2=2ν2−1

|λθ1,n2+1 − λθ1,n2|

+
∞∑
ν2=1

∞∑
ν1=1

Y θ
2ν1−1,2ν2−1(f)p
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×
2ν1−1∑

n1=2ν1−1

2ν2−1∑
n2=2ν2−1

|λθn1,n2 − λ
θ
n1+1,n2

− λθn1,n2+1 + λθn1+1,n2+1|

} 1
θ

.

{
λθ1,1‖f‖θp +

∞∑
n1=1

|λθn1+1,1 − λθn1,1|Y
θ
n1,0

(f)p

+
∞∑

n2=1

|λθ1,n2+1 − λθ1,n2|Y
θ

0,n2
(f)p

+
∞∑

n1=1

∞∑
n2=1

|λθn1,n2 − λ
θ
n1+1,n2

− λθn1,n2+1 + λθn1+1,n2+1|Y θ
n1,n2

(f)p

} 1
θ

.

Let us estimate Y2m1−1,2m2−1(f
(λ,β1,β2))p. Using Lemma 3.2.4, we get

Y2m1−1,2m2−1(f
(λ,β1,β2))p 6 C‖f (λ,β1,β2)

− S∞,2m2−1(f
(λ,β1,β2))− S2m1−1,∞(f (λ,β1,β2)) + S2m1−1,2m2−1(f

(λ,β1,β2))‖p.

We consider the series (cf. (3.3.8) )

∞∑
n1=1

∞∑
n2=1

λn1,n2A
∗
n1n2

(x1, x2) =
∞∑

n1=1

∞∑
n2=1

γn1,n2Λn1,n2A
∗
n1n2

(x1, x2),

where A∗n1,n2(x1, x2) = 0, if n1 6 2m1−1 and n2 6 2m2−1, also A∗n1,n2(x1, x2) =

An1,n2(x1, x2) otherwise.

Since the sequence {Λn1,n2} satisfies the conditions of Lemma 3.2.6,

then ∥∥∥ ∞∑
n1=1

∞∑
n2=1

λn1,n2A
∗
n1n2

(x1, x2)
∥∥∥
p
6 C

∥∥∥ ∞∑
n1=1

∞∑
n2=1

λ2n1−1,2n2−1∆
∗
n1,n2

∥∥∥
p
,

where ∆∗n1,n2 = 0, if n1 6 m1 or n2 6 m2, ∆∗n1,n2 = ∆n1,n2 otherwise.

By Lemma 3.2.5, we have

Y2m1−1,2m2−1(f
(λ,β1,β2))p .

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

λ2
2k1−1,2k2−1∆

2
k1,k2

]p
2

dx1dx2

} 1
p

.

(3.3.9)

It is easy to see that
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λθ2k1−1,2k2−1 = λθ2m1−1,2m2−1 +

k2∑
ν2=m2+1

(λθ2m1−1,2ν2−1 − λ
θ
2m1−1,2ν2−2)

+

k1∑
ν1=m1+1

(λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1)

+

k1∑
ν1=m1+1

k2∑
ν2=m2+1

[
λθ2ν1−1,2ν2−1 − λ

θ
2ν1−2,2ν2−1 − λ

θ
2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2

]
.

Substituting this estimate in (3.3.9), we derive

Y2m1−1,2m2−1(f
(λ,β1,β2))p .

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

(
λθ2m1−1,2m2−1

+

k2∑
ν2=m2+1

|λθ2m1−1,2ν2−1 − λ
θ
2m1−1,2ν2−2|+

k1∑
ν1=m1+1

|λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1|

+

k1∑
ν1=m1+1

k2∑
ν2=m2+1

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
) 2
θ

∆2
k1,k2

]p
2

dx1dx2

} 1
p

.

Then

Y2m1−1,2m2−1(f
(λ,β1,β2))p . λ2m1−1,2m2−1

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

]p
2

dx1dx2

} 1
p

+
{ 2π∫

0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k1∑
ν1=m1+1

|λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1|
) 2
θ
]p

2

dx1dx2

} 1
p

+
{ 2π∫

0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k2∑
ν2=m2+1

|λθ2m1−1,2ν2−1 − λ
θ
2m1−1,2ν2−2|

) 2
θ
]p

2

dx1dx2

} 1
p

+
{ 2π∫

0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k1∑
ν1=m1+1

k2∑
ν2=m2+1

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1
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− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
) 2
θ
]p

2

dx1dx2

} 1
p

=: L1 + L2 + L3 + L4.

We estimate L1 as J1 to get

L1 . λ2m1−1,2m2−1

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

]p
2

dx1dx2

} 1
p

. λ2m1−1,2m2−1Y2m1−1,2m2−1(f)p.

To estimate L2, we have

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k1∑
ν1=m1+1

|λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1|
) 2
θ
]p

2

dx1dx2

} 1
p

.
( ∞∑
ν1=m1+1

|λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1|
{ 2π∫

0

2π∫
0

[ ∞∑
k1=ν1

∞∑
k2=m2+1

∆2
k1,k2

]p
2

dx1dx2

} θ
p
) 1
θ

.
( ∞∑
ν1=m1+1

|λθ2ν1−1,2m2−1 − λθ2ν1−2,2m2−1|Y θ
2ν1−1−1,2m2−1(f)p

) 1
θ

.

Similarly, we obtain the estimate for L3:

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k2∑
ν2=m2+1

|λθ2m1−1,2ν2−1 − λ
θ
2m1−1,2ν2−2|

) 2
θ
]p

2

dx1dx2

} 1
p

.
( ∞∑
ν2=m2+1

|λθ2m1−1,2ν2−1 − λ
θ
2m1−1,2ν2−2|Y

θ
2m1−1,2ν2−1−1(f)p

) 1
θ

.

Finally, we estimate L4 as follows

L4 =
{ 2π∫

0

2π∫
0

[ ∞∑
k1=m1+1

∞∑
k2=m2+1

∆2
k1,k2

( k1∑
ν1=m1+1

k2∑
ν2=m2+1

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
) 2
θ
]p

2

dx1dx2

} 1
p

.
( ∞∑
ν1=m1+1

∞∑
ν2=m2+1

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1
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− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|
2π∫

0

2π∫
0

[ ∞∑
k1=ν1

∞∑
k2=ν2

∆2
k1,k2

]p
2

dx1dx2

} θ
p
) 1
θ

.
( ∞∑
ν1=m1+1

∞∑
ν2=m2+1

|λθ2ν1−1,2ν2−1 − λ
θ
2ν1−2,2ν2−1

− λθ2ν1−1,2ν2−2 + λθ2ν1−2,2ν2−2|Y
θ

2ν1−1−1,2ν2−1−1(f)p

) 1
θ

.

Taking into account the estimates for L1, L2, L3, and L4, we derive

Y2m1−1,2m2−1(f
(λ,β1,β2))p .

{
λθ2m1−1,2m2−1Y

θ
2m1−1,2m2−1(f)p

+
∞∑

ν1=m1

|λθ2ν1 ,2m2−1 − λθ2ν1−1,2m2−1|Y θ
2ν1−1,2m2−1(f)p

+
∞∑

ν2=m2

|λθ2m1−1,2ν2 − λ
θ
2m1−1,2ν2−1|Y

θ
2m1−1,2ν2−1(f)p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λθ2ν1 ,2ν2 − λθ2ν1−1,2ν2

− λθ2ν1 ,2ν2−1 + λθ2ν1−1,2ν2−1|Y
θ

2ν1−1,2ν2−1(f)p

} 1
θ

.

The proof is now complete.

3.4 Estimates from below of angle best approximations of gen-

eralized Liouville–Weyl derivatives

Recall that a sequence λ = {λn1n2}n1,n2∈N is such that 1
λ ∈ GM

2 if the

relations
2n1∑
k1=n1

∣∣∣ 1

λk1,n2
− 1

λk1+1,n2

∣∣∣ 6 C
∣∣∣ 1

λn1,n2

∣∣∣,
2n2∑
k2=n2

∣∣∣ 1

λn1,k2
− 1

λn1,k2+1

∣∣∣ 6 C
∣∣∣ 1

λn1,n2

∣∣∣,
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2n1∑
k1=n1

2n2∑
k2=n2

∣∣∣ 1

λk1,k2
− 1

λk1+1,k2

− 1

λk1,k2+1
+

1

λk1+1,k2+1

∣∣∣ 6 C
∣∣∣ 1

λn1,n2

∣∣∣
hold for all integers n1 and n2, where the constant C is independent of n1

and n2 (see Definition 3.1.1). Note that the last condition can be equivalently

written as follows:

2n1∑
k1=n1

2n2∑
k2=n2

∣∣∣ 1

λk1,k2
− 1

λk1+1,k2

− 1

λk1,k2+1
+

1

λk1+1,k2+1

∣∣∣ 6 C
(∣∣∣ 1

λn1,n2

∣∣∣+ ∣∣∣ 1

λ2n1,2n2

∣∣∣).
Our main result in this subsection is the following analogue of Theorem 1.8.1

in two-dimensional case.

Theorem 3.4.1. Let 1 < p < ∞, max(p, 2) 6 τ < θ, αi ∈ R+, ri ∈
R+ ∪ {0}, βi ∈ R(i = 1, 2), λ = {λn1,n2}n1,n2∈N be a sequence of positive

numbers such that 1
λ ∈ GM

2, and also satisfy the additional conditions

( n2∑
k2=1

|λτ2n1−1,2k2 − λ
τ
2n1−1,2k2−1|

) 1
τ

6 C|λ2n1−1,2n2 |,

( n1∑
k1=1

|λτ2k1 ,2n2−1 − λ
τ
2k1−1,2n2−1|

) 1
τ

6 C|λ2n1 ,2n2−1|, (3.4.10)

( n1∑
k1=1

n2∑
k2=1

|λτ2k1 ,2k2 − λ
τ
2k1 ,2k2−1 − λ

τ
2k1−1,2k2 + λτ2k1−1,2k2−1|

) 1
τ

6 C|λ2n1 ,2n2 |,

where n1 and n2 integers and the constant C is independent of n1 and n2. If

f ∈ L0
p(T2) and there exists a function f (λ,β1,β2) ∈ L0

p(T2), with the Fourier

series σ(f, λ, β1, β2), then

‖f (λ,β1,β2)‖p &

{
λτ1,1‖f‖τp +

∞∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|Y
τ

2ν1−1,0(f)p

+
∞∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|Y
τ

0,2ν2−1(f)p

+
∞∑
ν2=1

∞∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|Y

τ
2ν1−1,2ν2−1(f)p

} 1
τ

99



and

Y2m1−1,2m2−1(f
(λ,β1,β2))p &

{
λτ2m1−1,2m2−1Y

τ
2m1−1,2m2−1(f)p

+
∞∑

ν1=m1

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|Y τ
2ν1−1,2m2−1(f)p

+
∞∑

ν2=m2

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|Y

τ
2m1−1,2ν2−1(f)p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|Y

τ
2ν1−1,2ν2−1(f)p

} 1
τ

.

Proof of Theorem 3.4.1. We consider the series

∞∑
n1=1

∞∑
n2=1

λ2n1−1,2n2−1∆n1,n2 =
∞∑

n1=1

∞∑
n2=1

Λν1,ν2λν1,ν2Aν1,ν2(x1, x2), (3.4.11)

where Λν1,ν2 =
λ
2n1−1,2n2−1

λν1,ν2
for 2ni−1 6 νi 6 2ni − 1 (ni = 1, 2, ...), i = 1, 2.

Taking into account that 1
λ ∈ GM

2, we list some properties of the sequence

{Λν1,ν2} :

1) |Λν1,ν2| =
∣∣∣λ2n1−1,2n2−1

λν1,ν2

∣∣∣ 6 C
∣∣∣λ2n1−1,2n2−1

λ2n1−1,2n2−1

∣∣∣ 6M,

2) for n1 = n2 = 1,

2n1−1∑
ν1=2n1−1

∣∣∣Λν1,n2 − Λν1+1,n2

∣∣∣ =
∣∣∣λ1,1

λ1,1
− λ2,1

λ2,1

∣∣∣ 6M,

2n2−1∑
ν2=2n2−1

∣∣∣Λn1,ν2 − Λn1,ν2+1

∣∣∣ 6M,

3) for n2 = 1, n1 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

∣∣∣Λν1,n2 − Λν1+1,n2

∣∣∣ = λ2n1−1,1

2n1−2∑
ν1=2n1−1

∣∣∣ 1

λν1,1
− 1

λν1+1,1

∣∣∣
+
∣∣∣ λ2n1−1,1

λ2n1−1,1
− λ2n1 ,1

λ2n1 ,1

∣∣∣ 6M,
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4) for n1 = 1, n2 = 2, 3, ...,

2n2−1∑
ν2=2n2−1

∣∣∣Λ1,ν2 − Λ1,ν2+1

∣∣∣ 6M,

5) for n2 = 2, 3, ... : 2m2−1 6 n2 6 2m2 − 1 (m2 = 2, 3, ...),

2n1−1∑
ν1=2n1−1

∣∣∣Λν1,n2 − Λν1+1,n2

∣∣∣
=

2n1−2∑
ν1=2n1−1

∣∣∣λ2n1−1,2m2−1

λν1,n2
−
λ2n1−1,2m2−1

λν1+1,n2

∣∣∣+
∣∣∣λ2n1−1,2m2−1

λ2n1−1,n2

−
λ2n1 ,2m2−1

λ2n1 ,n2

∣∣∣
6 λ2n1−1,2m2−1

2n1−2∑
ν1=2n1−1

∣∣∣ 1

λν1,n2
− 1

λν1+1,n2

∣∣∣+
λ2n1−1,2m2−1

λ2n1−1,n2

+
λ2n1 ,2m2−1

λ2n1 ,n2

6M,

6) for n1 = 2, 3, ... : 2m1−1 6 n1 6 2m1 − 1 (m1 = 2, 3, ...),

2n2−1∑
ν2=2n2−1

∣∣∣Λn1,ν2 − Λn1,ν2+1

∣∣∣ 6M,

7) for n1 = n2 = 1,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

∣∣∣Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1

∣∣∣
=
∣∣∣1− λ2,1

λ2,1
− λ1,2

λ1,2
+
λ2,2

λ2,2

∣∣∣ 6M,

8) for n1 = 1, n2 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

∣∣∣Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1

∣∣∣
6

2n2−1∑
ν2=2n2−1

∣∣∣Λ1,ν2 − Λ1,ν2+1

∣∣∣+
2n2−1∑

ν2=2n2−1

∣∣∣Λ2,ν2 − Λ2,ν2+1

∣∣∣ 6M,

9) for n2 = 1, n1 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

∣∣∣Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1

∣∣∣
=

2n1−1∑
ν1=2n1−1

∣∣∣Λν1,1 − Λν1+1,1 − Λν1,2 + Λν1+1,2

∣∣∣ 6M,
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10) for n1, n2 = 2, 3, ...,

2n1−1∑
ν1=2n1−1

2n2−1∑
ν2=2n2−1

∣∣∣Λν1,ν2 − Λν1+1,ν2 − Λν1,ν2+1 + Λν1+1,ν2+1

∣∣∣
=

2n2−2∑
ν2=2n2−1

2n1−2∑
ν1=2n1−1

∣∣∣λ2n1−1,2n2−1

λν1,ν2
−
λ2n1−1,2n2−1

λν1+1,ν2

−
λ2n1−1,2n2−1

λν1,ν2+1
+
λ2n1−1,2n2−1

λν1+1,ν2+1

∣∣∣
+

2n1−2∑
ν1=2n1−2

∣∣∣λ2n1−1,2n2−1

λν1,2n2−1
−
λ2n1−1,2n2−1

λν1+1,2n2−1
−
λ2n1−1,2n2

λν1,2n2
+
λ2n1−1,2n2

λν1+1,2n2

∣∣∣
+

2n2−2∑
ν2=2n2−1

∣∣∣λ2n1−1,2n2−1

λ2n1−1,ν2

−
λ2n1 ,2n2−1

λ2n1 ,ν2

−
λ2n1−1,2n2−1

λ2n1−1,ν2+1
+
λ2n1 ,2n2−1

λ2n1 ,ν2+1

∣∣∣
+
∣∣∣ λ2n1−1,2n2−1

λ2n1−1,2n2−1
−
λ2n1 ,2n2−1

λ2n1 ,2n2−1
−
λ2n1−1,2n2

λ2n1−1,2n2
+
λ2n1 ,2n2

λ2n1 ,2n2

∣∣∣
6 C

λ2n1−1,2n2−1

λ2n1−1,2n2−1
+ λ2n1−1,2n2−1

2n1−2∑
ν1=2n1−1

∣∣∣ 1

λν1,2n2−1
− 1

λν1+1,2n2−1

∣∣∣
+ λ2n1−1,2n2

2n1−2∑
ν1=2n1−1

∣∣∣ 1

λν1,2n2
− 1

λν1+1,2n2

∣∣∣
+ λ2n1−1,2n2−1

2n2−2∑
ν2=2n2−1

∣∣∣ 1

λ2n1−1,ν2

− 1

λ2n1−1,ν2+1

∣∣∣
+ λ2n1 ,2n2−1

2n2−2∑
ν2=2n2−1

∣∣∣ 1

λ2n1 ,ν2

− 1

λ2n1 ,ν2+1

∣∣∣ 6M.

Since the sequence {Λn1,n2}
∞,∞
n1=1,n2=1 satisfies the conditions of Lemma 3.2.6,

then the series (3.4.11) is the Fourier series of a function g(x1, x2) ∈ Lp, and

‖g‖p 6 C(p)‖f (λ,β1,β2)‖p.
Applying Lemmas 1.5.6 and 3.2.5, we get

λτ1,1‖f‖τp +
∞∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|Y
τ

2ν1−1,0(f)p +
∞∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|Y
τ

0,2ν2−1(f)p

+
∞∑
ν2=1

∞∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|Y

τ
2ν1−1,2ν2−1(f)p
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. λτ1,1‖f‖τp +
∞∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|
( 2π∫

0

2π∫
0

[ ∞∑
n1=ν1+1

∆2
n1,1

]p
2

dx1dx2

) τ
p

+
∞∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|
( 2π∫

0

2π∫
0

[ ∞∑
n2=ν2+1

∆2
1,n2

]p
2

dx1dx2

) τ
p

+
∞∑
ν2=1

∞∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|

×
( 2π∫

0

2π∫
0

[ ∞∑
n1=ν1+1

∞∑
n2=ν2+1

∆2
n1,n2

]p
2

dx1dx2

) τ
p

. λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{ ∞∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|
[ ∞∑
n1=ν1+1

∆2
n1,1

] τ
2
} p

τ

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|
[ ∞∑
n2=ν2+1

∆2
1,n2

] τ
2
} p

τ

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=1

∞∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|

×
[ ∞∑
n1=ν1+1

∞∑
n2=ν2+1

∆2
n1,n2

] τ
2
} p

τ

dx1dx2

) τ
p

= λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{{ ∞∑
ν1=1

[ ∞∑
n1=ν1

|λτ2ν1 ,1 − λτ2ν1−1,1|
2
τ ∆2

n1+1,1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{{ ∞∑
ν2=1

[ ∞∑
n2=ν2

|λτ1,2ν2 − λτ1,2ν2−1|
2
τ ∆2

1,n2+1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=1

{{ ∞∑
ν1=1

[ ∞∑
n1=ν1

{ ∞∑
n2=ν2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

}] τ
2
} 2

τ
} τ

2
} p

τ

dx1dx2

) τ
p

= J1.

Using Lemmas 1.5.5 and 1.5.6 for τ > 2, we obtain
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J1 . λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{ ∞∑
n1=1

{ n1∑
ν1=1

[
|λτ2ν1 ,1 − λτ2ν1−1,1|

2
τ ∆2

n1+1,1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=1

{ n2∑
ν2=1

[
|λτ1,2ν2 − λτ1,2ν2−1|

2
τ ∆2

1,n2+1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=1

{ ∞∑
n1=1

{ n1∑
ν1=1

[{ ∞∑
n2=ν2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

}] τ
2
} 2

τ
} τ

2
} p

τ

dx1dx2

) τ
p

.

Note that the last term is equal to( 2π∫
0

2π∫
0

[{ ∞∑
ν2=1

{ ∞∑
n1=1

{ n1∑
ν1=1

[ ∞∑
n2=ν2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
} τ

2
} 2

τ
]p

2

dx1dx2

) τ
p

.
( 2π∫

0

2π∫
0

[ ∞∑
n1=1

{ ∞∑
ν2=1

{{ n1∑
ν1=1

[ ∞∑
n2=ν2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
} τ

2
} 2

τ
]p

2

dx1dx2

) τ
p

.

Applying Minkowskii inequality, we derive the following estimate of the latter:

( 2π∫
0

2π∫
0

[ ∞∑
n1=1

{ ∞∑
ν2=1

{ ∞∑
n2=ν2

{ n1∑
ν1=1

[
|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
} τ

2
} 2

τ
]p

2

dx1dx2

) τ
p

.

Thus,

J1 . λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{ ∞∑
n1=1

∆2
n1+1,1

{ n1∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|
} 2

τ
}p

2

dx1dx2

) τ
p
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+
( 2π∫

0

2π∫
0

{ ∞∑
n2=1

∆2
1,n2+1

{ n2∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

[ ∞∑
n1=1

{ ∞∑
ν2=1

{ ∞∑
n2=ν2

∆2
n1+1,n2+1

{ n1∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
} 2

τ
} τ

2
} 2

τ
]p

2

dx1dx2

) τ
p

= J2.

By Lemma 1.5.5 and taking into account (3.4.10), we have

J2 . λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{ ∞∑
n1=1

∆2
n1+1,1

{ n1∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=1

∆2
1,n2+1

{ n2∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=1

∆2
n1+1,n2+1

{ n2∑
ν2=1

n1∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
} 2

τ
]p

2

dx1dx2

) τ
p

. λτ1,1‖f‖τp +
( 2π∫

0

2π∫
0

{ ∞∑
n1=1

∆2
n1+1,1λ

2
2n1 ,1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=1

∆2
1,n2+1λ

2
1,2n2

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=1

∆2
n1+1,n2+1λ

2
2n1 ,2n2

]p
2

dx1dx2

) τ
p

= J3.

Using Lemma 3.2.5 (a), we obtain

J3 . λτ1,1

( 2π∫
0

2π∫
0

{ ∞∑
n1=1

∞∑
n2=1

∆2
n1,n2

}p
2

dx1dx2

) τ
p
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+
( 2π∫

0

2π∫
0

{ ∞∑
n1=2

∆2
n1,1

λ2
2n1−1,1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=2

∆2
1,n2

λ2
1,2n2−1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

[ ∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

λ2
2n1−1,2n2−1

]p
2

dx1dx2

) τ
p

.

Similarly to the estimates of J in the proof of Theorem 1.8.1, we derive

J3 . λτ1,1

[( 2π∫
0

2π∫
0

{
∆2

1,1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n1=2

∆2
n1,1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=2

∆2
1,n2

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

}p
2

dx1dx2

) τ
p
]

+
( 2π∫

0

2π∫
0

{ ∞∑
n1=2

∆2
n1,1

λ2
2n1−1,1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=2

∆2
1,n2

λ2
1,2n2−1

}p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

[ ∞∑
n1=2

∞∑
n2=2

∆2
n1,n2

λ2
2n1−1,2n2−1

]p
2

dx1dx2

) τ
p

.
( 2π∫

0

2π∫
0

[ ∞∑
n1=1

∞∑
n2=1

∆2
n1,n2

λ2
2n1−1,2n2−1

]p
2

dx1dx2

) τ
p

. ‖g‖τp . ‖f (λ,β1,β2)‖τp.

Thus,

‖f (λ,β1,β2)‖p &

{
λτ1,1‖f‖τp +

∞∑
ν1=1

|λτ2ν1 ,1 − λτ2ν1−1,1|Y
τ

2ν1−1,0(f)p

+
∞∑
ν2=1

|λτ1,2ν2 − λτ1,2ν2−1|Y
τ

0,2ν2−1(f)p
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+
∞∑
ν2=1

∞∑
ν1=1

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|Y

τ
2ν1−1,2ν2−1(f)p

} 1
τ

.

Now we estimate Y2m1−1,2m2−1(f
(λ,β1,β2))p from below. By Lemma 3.2.5 , we

have

Y2m1−1,2m2−1(f
(λ,β1,β2))p &

{ 2π∫
0

2π∫
0

[ ∞∑
k1=m1

∞∑
k2=m2

λ2
2k1 ,2k2∆

2
k1+1,k2+1

]p
2

dx1dx2

} 1
p

.

We consider the following series

J4 =
(
λτ2m1−1,2m2−1Y

τ
2m1−1,2m2−1(f)p

+
∞∑

ν1=m1

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|Y τ
2ν1−1,2m2−1(f)p

+
∞∑

ν2=m2

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|Y

τ
2m1−1,2ν2−1(f)p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|Y

τ
2ν1−1,2ν2−1(f)p

) 1
τ

.

Applying Lemmas 1.5.6 and 3.2.5, we get

J4 .
(
λτ2m1−1,2m2−1

( 2π∫
0

2π∫
0

[ ∞∑
n1=m1

∞∑
n2=m2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
∞∑

ν1=m1

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|
( 2π∫

0

2π∫
0

[ ∞∑
n1=ν1

∞∑
n2=m2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
∞∑

ν2=m2

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|

( 2π∫
0

2π∫
0

[ ∞∑
n1=m1

∞∑
n2=ν2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
∞∑

ν1=m1

∞∑
ν2=m2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|

107



×
( 2π∫

0

2π∫
0

[ ∞∑
n1=ν1

∞∑
n2=ν2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p
) 1
τ

.
(
λτ2m1−1,2m2−1

( 2π∫
0

2π∫
0

[ ∞∑
n1=m1

∞∑
n2=m2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν1=m1

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|
[ ∞∑
n1=ν1

∞∑
n2=m2

∆2
n1+1,n2+1

] τ
2
} p

τ

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=m2

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|

[ ∞∑
n1=m1

∞∑
n2=ν2

∆2
n1+1,n2+1

] τ
2
} p

τ

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν1=m1

∞∑
ν2=m2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2 − λ
τ
2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|

×
[ ∞∑
n1=ν1

∞∑
n2=ν2

∆2
n1+1,n2+1

] τ
2
} p

τ

dx1dx2

) τ
p
) 1
τ

=
(
λτ2m1−1,2m2−1

( 2π∫
0

2π∫
0

[ ∞∑
n1=m1

∞∑
n2=m2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{{ ∞∑
ν1=m1

[ ∞∑
n1=ν1

∞∑
n2=m2

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{{ ∞∑
ν2=m2

[ ∞∑
n2=ν2

∞∑
n1=m1

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|

2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
ν2=m2

{{ ∞∑
ν1=m1

[ ∞∑
n1=ν1

∞∑
n2=ν2

|λτ2ν1 ,2ν2 − λτ2ν1−1,2ν2

− λτ2ν1 ,2ν2−1 + λτ2ν1−1,2ν2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
} τ

2
} p

τ

dx1dx2

) τ
p
) 1
τ

.
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Further, using Minkowski’s inequality and Lemma 1.5.6 for τ > 2, we obtain

J4 .
(
λτ2m1−1,2m2−1

( 2π∫
0

2π∫
0

[ ∞∑
n1=m1

∞∑
n2=m2

∆2
n1+1,n2+1

]p
2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n1=m1

{ n1∑
ν1=m1

[ ∞∑
n2=m2

|λτ2ν1 ,2m2−1 − λτ2ν1−1,2m2−1|
2
τ ∆2

n1+1,n2+1

] τ
2
} 2

τ
}p

2

dx1dx2

) τ
p

+
( 2π∫

0

2π∫
0

{ ∞∑
n2=m2

{ n2∑
ν2=m2

[ ∞∑
n1=m1

|λτ2m1−1,2ν2 − λ
τ
2m1−1,2ν2−1|

2
τ ∆2

n1+1,n2+1
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Applying Lemma 1.5.6 and additional conditions (3.4.10), we get
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It is easy to see that, for any n1 > m1 and n2 > m2,
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Using this estimate, we derive that
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completing the proof.
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