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Chapter 1

Introduction

In this dissertation we are mostly interested in two different topics. The first one is the
convergence of Fourier transforms, with special emphasis on uniform convergence. We are
going to solve these problems through variational methods, according to recent substantial
advances that have been done in this topic. More precisely, we consider the general
monotone functions, which we shall now briefly describe, and comprehensively discuss in
Chapter 2. The second problem we consider is the weighted integrability of generalized
Fourier transforms. In more detail, we study integral operators that generalize the Fourier
transform and study necessary and sufficient conditions on weights for these operators to
be bounded between weighted Lebesgue spaces. We proceed to briefly expose the main
concepts and problems considered in the present dissertation.

Let us introduce some basic definitions. An integral transform is an expression of the
form

Tf(y) = /X K () (x) dr, (1.1)

where X is an appropriate domain of integration (in this dissertation, X will always be a
subset of R"), f: X — C is a measurable function, and K : X x Y — C (also measurable)
is the kernel of the transform 7. The transform of f, T'f, is a function defined on the
points y € Y where the integral (1.1) converges.

Let us list a few of the well known and widely used integral transforms.

e Fourier transform:

Tf) = [ ) de,
where z - y denotes the scalar product of x and y;

e Sine/Cosine transform:

T, f(y) = /0 " o(ay) () dr,

where either p(z) = sinz or ¢(x) = cos z;

e Hankel transform of order v > —1/2 [126]:

Taf(y) = /OOO 2 f () ja(zy) dz,

1



where j, is the normalized Bessel function of order « (cf. [1, 47, 136]). This trans-

form is related to the Fourier transform and will be discussed with more detail in
Chapter 4;

e The 7, transform, with o > —1/2 [109, 110, 136]:

Tof(y) = /0 " (a9) " f(2) Ho () dor,

where H,, is the Struve function of order a (cf. [1, 47, 136]). This transform is also
related to the Hankel transform, and will be discussed in more detail in Chapter 5;

e Laplace transform [120]:
Tf(y) :/0 f(x)e™™Y dx;

e Stieltjes transform of order A > 0 [6, 119, 138]:

i = [ L e

T+ y)A

There are several other integral transforms we could mention here, as the Dunkl transform
[38, 111], or the Mellin transform [136], but the list would be too long. We refer the reader
to the books [26], [37], [117], and [136] for several other examples of integral transforms,
and to the book [48] for a comprehensive list of functions and their respective integral
transforms.

Recall that if 1 < p < oo and f : X — C is a measurable function, we say that
f e LP(X) if || fllzr(x) < 0o, where

1/p
1l ::( / If(:v)l”dw> . ifp<os,

and
[fllso = esssup|f(z)| :=inf {C >0:|f(z)| < C for almost every z € X }.
reX
The functional | - ||, is a norm for every 1 < p < oo and LP(X) are Banach spaces (cf.
[112]).

Usually, depending on the properties of K, one assumes different properties on f in
order to ensure the well-definiteness of (1.1). For example, if K is bounded on X x Y, a
usual assumption is that f € L'(X). In particular, this is the case of the Fourier transform
(with X = R"™).

Several problems involving integral transforms (1.1) can be considered. Chapters 3 and 4
are devoted to study the uniform convergence of certain types of Fourier transforms, con-
cretely the sine and Hankel transforms. In Chapter 5 we study weighted norm inequalities,
i.e., inequalities of the type

|w-TfllLayy < Cllv- fllex)s (1.2)

where C' > 0 is independent of the choice of f and u and v are weights (i.e., nonnegative
locally integrable functions) defined on Y and X respectively.
We recall the notion of uniform convergence.



3 Chapter 1. Introduction

Definition 1.1. We say that a family of functions {fs}ser,, fs : X — C, converges
uniformly to the function f on a set £ C X if for every € > 0 there exists sg € Ry such
that

[fs(2) = ()] <e,

for every s > sg and every x € E.

Remark 1.2. Uniform convergence can also be defined for a different set of parameters
than R4. For instance, if the set of parameters s is taken to be N, then we obtain a
sequence of functions. For a more general setting we refer to [145].

The notion of uniform convergence is desirable, as shown in undergraduate courses,
because in such case the limit function inherits properties that the family of functions may
possess. We recall, for instance, that the limit function of a family of continuous functions
that converge uniformly is continuous, or that the integral of the limit function equals the
limit of the integrals of the functions from the family.

There is an analogue to the usual Cauchy criterion for uniform convergence that we
will use repeatedly (cf. [145]).

Theorem 1.3. A necessary and sufficient condition for {fs}ser, to converge uniformly
on B C X is that for every € > 0, there exists sg € Ry such that

|fsy () — fso ()] < e for every s1,s2 > so and every x € E,

or equivalently,
lim sup |fi(z) — fs(z)| = 0.
1,5=00 1c |

A concept that is central in this work is general monotonicity. As the name indicates,
it generalizes classical monotonicity, and it was introduced by S. Tikhonov in [131, 135]
for sequences. Since then, several authors have considered problems involving general
monotone sequences and functions (see the references in Chapter 2).

For a nonnegative function  defined on (0, 00), the class of 8-general monotone (GM)
functions is defined to be the set of functions f : (0,00) — C that are locally of bounded
variation on (0, c0), and for which there exists a constant C' > 0 such that

2x
[ 1rwlar< s

Here we also assume f is differentiable for simplicity, a more accurate and general definition
will be given in Section 2.3.
As observed in [86], since monotone functions f satisfy

flz) <2 ’ @dt for all z > 0,

z/2

and

2
/ I ()| dt < f(x) for all z > 0,
then it is natural to consider

B(x) = (), mmm:/ZVfut



if we wish to generalize monotone functions. In fact, one of the classes of GM functions
that is most considered in the existing literature is that given by

)
Blz) = /x//\ Tdt,

where A > 1 is a constant chosen conveniently.

It is clear that different choices of 8 give rise to different classes of functions. We will
give the known embeddings between these classes, and moreover we will construct a larger
class (Section 2.5) than those considered before, which is very general but whose functions
still inherit desirable properties that monotone functions satisfy.

Another important observation about GM functions is that in the above choices of
B we have put absolute value bars on f. We implicitly meant that we do not only con-
sider nonnegative functions, as in the monotone case, but real-valued or even complex-
valued functions. In fact, some of the problems whose solutions are known for monotone
functions, have the same solution for real-valued functions of certain GM classes, see
Sections 2.4, 3.1, and 4.5, as well as the papers [41, 46, 50].

We emphasize that in order to generalize monotonicity, instead of looking at the values
of the function itself, as for instance the quasi-monotone functions, i.e., those f such that
z7 f(z) is monotone for some 7 < 0 (cf. [121]), it is also convenient to look at its variation.
For monotone functions f vanishing at infinity, one has

| 1rwld= s,

One may then obtain generalizations to monotone functions by manipulating the above
equality, as for instance L. Leindler did in [83], where he introduced the sequences with
rest of bounded variation, whose analogue for functions reads as

/Wuﬁmﬁsmﬂmu (1.3)

for all x > 0 and some absolute constant C' > 0. This class is rather small, since condition
(1.3) is very restrictive.

We will also deal with general monotone functions of two variables (cf. Section 2.6).

The first problem where we apply GM functions is the study of uniform convergence
of sine integrals, or in other words, Fourier transforms of odd functions. Such a problem
was first considered by Chaundy and Jolliffe back in 1916 [25], where they showed that if
{a,} is nonnegative and decreasing, then > | a, sinna converges uniformly on [0, 27) if
and only if lim,_, . na, = 0.

In the context of functions, F. Méricz [96] showed that if f is decreasing and such that
tf(t) € L'(0,1), then

/00 f(t)sinut dt (1.4)
0

converges uniformly on [0, 00) if and only if zf(x) — 0 as x — oco. Note that for functions
f decreasing to zero, there holds

of@) = [ IF @)
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and in fact, M. Dyachenko, E. Liflyand, and S. Tikhonov proved in [40] that a sufficient
condition for (1.4) to converge uniformly is that

a:/ lf'(t)dt =0 as ¥ — 00,

without any monotonicity assumption on f, provided that ¢f(t) € L'(0,1).

Our main result in this direction is the following: for any real-valued f from the
GM class we construct in Section 2.5, we prove that the uniform convergence of (1.4) is
equivalent to z f(z) — 0, provided that the integrals fjx |f(t)| dt are bounded as © — oo.
This latter hypothesis is shown to be sharp and is needed to have some control on f, since
the GM class we use is too wide, and otherwise we cannot obtain useful estimates for f.
For smaller GM classes, the fact that f;x |f(t)] dt is bounded at infinity follows from the
condition zf(x) — 0 as * — oo. Summarizing, we generalize the known results in two
ways: first, we consider a class of GM functions containing all the previously considered
ones, and secondly, we solve the problem for real-valued functions. To this end, we adapt
the technique of L. Feng, V. Totik, and S. P. Zhou from [50] to the context of functions. In
particular, the necessity of the condition z f(z) — 0 as x — oo for the uniform convergence
of (1.4) was only proved for nonnegative f.

We also study the uniform convergence of double sine transforms

/ / f(z,y) sinuzx sin vy dz dy. (1.5)
o Jo

In the two-dimensional case there are various types of convergence of double integrals. We
are mostly concerned about regular convergence, but we also partially discuss Pringsheim
convergence. See the beginning of Section 3.2 for the precise definitions. Here we just
mention that regular convergence is stronger than Pringsheim convergence.

Analogously as in the one-dimensional case, we show that in general, if

xy/ / |di1f(s,t)|dsdt — 0 as ¢ +y — 00, (1.6)
Yy T

then (1.5) converges uniformly in the regular sense, where dy; f denotes the “mixed differ-
ences” of f (the terms dsdt in (1.6) are meaningless save for the order of integration, cf.
Remark 2.26). It is also shown that if f is from a certain class of two-dimensional general
monotone functions, then (1.6) is equivalent to

zyf(x,y) =0 as * +y — oo,

and moreover this condition is also necessary for the uniform convergence of (1.5) in the
regular sense whenever f > 0.
Chapter 4 is devoted to study the uniform convergence of weighted Hankel transforms

Ly, f(r)=r# /Ooo(rt)”f(t)ja(rt) dt, a>-1/2, v,ueR, r>0, (1.7)

where j, is the normalized Bessel function of order «. Its basic properties are discussed
in Section 4.1.

The family of transforms (1.7) was recently introduced by L. De Carli in [27], where
she studied necessary and sufficient conditions on the parameters «,v, and u, and the
weights u and v (chosen to be power functions), for the inequality (1.2) to hold.



The Hankel transform of order o« > —1/2, one of the most important transforms of the
type (1.7), is defined as

o
Hof (1) = B0 £0) = [ B F0ia(rt)
and, as is well known, represents the Fourier transform of radial functions defined on R"
whenever a = n/2 — 1 (cf. [126]). In fact, if n = 1, the Hankel transform of order —1/2
is just the cosine transform, so that H, may be viewed as a generalization of the cosine
transform.

The sine transform can also be written as a transform of the form (1.7), namely it
corresponds to the choice of parameters a = 1/2, v = 1, and p = 0. We will divide the
transforms (1.7) satisfying 0 < p+ v < a + 3/2 into two types, depending on the choice
of the parameters, and according to their uniform convergence criteria. The first type
consists on those transforms L7  f with u = —v, or equivalently, u +v =0 (such as the
cosine or Hankel transforms). We call them cosine-type transforms. The second type of
transforms L7 | f we study are those satisfying 0 < p+v < a+3 /2, which we call sine-type
transforms. Of course, the sine transform is one of these.

First of all we give rather rough sufficient conditions on f for the pointwise and uniform
convergence of Ly, , f, without any restriction on the parameters, and show that in general
we cannot have uniform convergence of L7, f on Ry if p+v <0or p+v>a+3/2.

The main result concerning cosine-type transforms states that if f satisfies

MY TLE(M) = 0 as M — oo,

Ma+3/2/ =2 2|df ()] — 0 as M — oo,
M

then L2, f converges uniformly if and only if [ ¢ f(t)dt converges. In the case of
sine-type transforms, the uniform convergence follows from the conditions

MY@“EF(M) =0 as M — oo,

o
Ma+3/2—u—l// t”—a_l/2|df(t)| —0 as M — oo.
M

In both cases we are able to rewrite the variational conditions in terms of conditions on
the function f itself when general monotonicity is assumed.

In the case of sine-type transforms we also discuss the sharpness of the obtained results.

To conclude Chapter 4, we study the equivalence between conditions that guarantee
the uniform convergence and the boundedness of Hankel transforms of functions from a
concrete GM class. Namely, we show that the uniform convergence of H, f is equivalent
to the boundedness of the function H,f(r), and also equivalent to the convergence of
JoT Rt f(t) dt.

In Chapter 5 we study weighted norm inequalities of integral transforms. More pre-
cisely, we investigate necessary and sufficient conditions on the weights v and v for (1.2)
to hold for different choices of the transform 7.

We first consider generalized Fourier transforms [136], i.e., those of the form

/0 " (@) (0)K () d,
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where s is locally integrable, and the kernel K : Ri — C satisfies the estimate

1, if zy <1,
IK(%@/)!S{ R

C(s(x)w(y) ™, ifzy >1,
for some C > 0, where w is a function for which there exist constants C7 > Cy > 0 such
that Cos(z) < w(l/z) < Cis(z) for every x > 0. The Hankel transform is an example of
such transforms.

It is important to remark that in our approach we are interested on necessary and
sufficient conditions on the weights u and v themselves, and not on their decreasing rear-
rangements, contrarily as in several previous investigations.

We also deal with transforms of the form

Tf(y) = 4 / () K () de, (18)

0

that have kernels of power type, i.e., that satisfy the estimate

Cabryer, ifay <1
Kay)|<g 00 =

CzP2y2 ifxy > 1,
as for instance Hankel and sine transforms. Another example is the so-called .77, trans-
form, defined as

A f(y) = /0 @) 2 f (@) Ha(ay) do, o> —1/2,

where H,, is the Struve function of order « (see Section 5.2).

In order to study transforms with kernels of power type we reduce ourselves to the
cases when u and v are power functions, so that we obtain all necessary and sufficient
conditions involved in terms of the powers and the parameters b; and ¢; (i = 0,1,2).

In Section 5.5 we use an idea of Sadosky and Wheeden [114] to relax the sufficient
conditions that guarantee that the inequality

lz=T flly < Clla"fllp,  1<p<g<oco, (1.9)

holds, where T" is of the form (1.8) and has a kernel of power type. They showed, in
particular, that the sufficient conditions that guarantee (1.9) can be relaxed in the case
of the Fourier transform provided that ffooo f(z)dx = 0. We show that this can be done
for any transform whose kernel K(z,y) admits a representation by power series (the sine,
cosine, Bessel, and Struve functions are examples of those).

Finally, we use an approach based on knowing upper estimates for the antiderivative
of the kernel K(z,y) (as a function of x) to obtain sufficient conditions for (1.9) to hold
whenever f satisfies general monotonicity conditions, for transforms 7' of the form (1.8).
This approach yields sharp sufficient conditions that are already known in some cases
(concretely, for the sine and Hankel transforms), and previously unknown ones, as in the
case of the 7, transform.

Let ¢(z) and ¥ (x) be nonnegative functions. Through the sequel we will use the
notation ¢(x) < ¢ (z) if there exists C' > 0 such that ¢(z) < Cy(z) for all z in a given



domain. Likewise, we denote ¢(x) 2 1(x) if there exists C' > 0 such that p(z) > Cy(x).
We denote p(z) < ¢(z) if p(x) < (z) and p(z) 2 ¥(x) simultaneously.
Also, the notation
o) = o(w(:n)) as T — xo,

with 29 € RU {—00, 00}, means that

and
o(z) = O(¢(x)) as T — xo
means that there exists C > 0 such that

M<C as r — xg.

Plz) ~



Chapter 2

General Monotonicity

This chapter is devoted to present and discuss the concept of general monotonicity, which,
as the name indicates, extends the notion of usual monotonicity for sequences and func-
tions.

A nonnegative sequence {a,} is said to be monotone (or nonincreasing) if a,+1 < a,
for every n € N, or equivalently, if the sequence Aa,, := a,, — an+1 1S nonnegative.

A nonnegative function f defined on an interval I C R is said to be monotone (or
nonincreasing) if for every x,y € I, x < y implies f(y) < f(x).

Monotonicity condition plays a fundamental role in many problems of analysis. More
specifically, in the theory of trigonometric series, for the general case, it is often relatively
easy to obtain (sometimes trivial) partial results based on rough hypotheses. However,
the monotonicity condition of a sequence {a,} often allows us to characterize properties
of series in terms of the rate of decay or summability of their coefficients a,,. Let us
mention some problems where this goal has been achieved: the uniform convergence [25],
the degree of approximation and smoothness [91], the asymptotic behaviour at the origin
[61], the L' convergence [51], and the LP convergence with 1 < p < oo [62]. Of course,
these problems also have their counterparts in the case of Fourier integrals, and we shall
see some of them in the sequel.

Thus, monotonicity is a desirable property, but it is also very restrictive in applications.
In the first place, if we analyse a trigonometric series

0
Z an()D(nx)v
n=0

where either p(t) = sint or ¢(t) = cost, it is necessary to assume that a,, — 0 if we wish
to have convergence at any fixed x. This implies that if {a,} is monotone, it cannot vary
its sign. Another restriction is that either a finite number or all of the terms are strictly
positive, since a,, = 0 implies a,, = 0 for all n > m.

2.1 Extensions of monotone sequences/functions

One of the most popular generalizations of monotonicity is the bounded variation condi-
tion. We say that a complex sequence {a,} is of bounded variation if

oo

Z\Aan\ < 00, Aay = ap — py1-

n=1
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It is well known that a sequence of bounded variation can be written as a difference of two
decreasing sequences, namely if

o0 o0
bn:Z\Aak\, cn:Z]Aak\—an,
k=n k=n

then b, and ¢, are clearly decreasing, and b, — ¢, = a,.
The definition of a function of bounded variation is more delicate. For I = [a,b] C R,
a partition P of the interval I is a finite set of points

P={a=x0<z1 <---<xy =D}

For a function f : I — C, we define the variation of f associated to the partition P as

n—1
V(£ P) = |f (@) — Flaw)l.
k=0

Then, the variation of f over the interval I is

V(f;I):= sup V(f,P), (2.1)
PeP(I)

where P(I) denotes the set of all partitions of I. If the supremum in (2.1) is finite, we say
that f is a function of bounded variation on I, and we write f € BV (I). Such condition
is defined for closed intervals, but it can be extended to intervals not necessarily closed
(as for instance, (a,b), [a,b)), as follows. For any interval J C R and f : J — C, if the
supremum
V(f;J):= sup V(f;[a,b]),
[a,b]CJ

is finite, we say that f is of bounded variation on J, written f € BV (J). Of course, this
definition can also be used to define the bounded variation property on R if we choose
J=R.

Remark 2.1. It follows easily that if a function f is of bounded variation on a compact
interval, then it is bounded on such interval. Moreover, it has derivative almost everywhere
in the interval and such derivative is locally integrable, see [73, Ch. 9].

A useful tool related to functions of bounded variation is the so-called Riemann-
Stieltjes integral (see [108], for instance), which is a generalization of the usual Riemann in-
tegral. Let f,g: [a,b] C R — C, and for n € N, let P = {x},}}!_, be a partition of [a, b]. Let
{&}7=) be such that z, < & < gy for k=0,...,n—1. Denote || P| = max{zpi1—z}-
If the limit

n—

lim > (&) (f(wer1) — f(@n) (2.2)

P
IPll=0 &=

exists, then it is called the Riemann-Stieltjes integral of f with respect to g over the interval
[a,b], and it is denoted by

b
/ a()df (1), (2.3)
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It is known [21] that a sufficient condition for such an integral to exist is that f is continuous
on [a, b] and f is of bounded variation on the same interval. Likewise, the Riemann-Stieltjes
integral can be defined in the improper sense for non-closed or unbounded intervals.
Observe that if f(x) = x and the limit (2.2) exists, it equals the Riemann integral of
g over |a, b].
We will use the following property repeatedly: if f is of bounded variation on [a, c0)
for some a € R, then

T—00

/boo df(t) = —f(b) + lim f(z), (2.4)

for any b > a. Indeed, to prove (2.4), it suffices to take g = 1 in (2.2) and compute the
resulting telescopic sum, taking into account that it converges absolutely in the limit, since
f is of bounded variation. Note that if f(z) — 0 as x — oo, then the right-hand side of
(2.4) reduces to f(b). The estimate

v@méwmm

will be used repeatedly throughout this work.

Remark 2.2. If f is differentiable on (a,b), it follows easily by applying the mean value
theorem on (2.2) that

b b
[ swarn = [ g,
whenever the limit in (2.2) exists.

The Riemann-Stieltjes integral is closely related to functions of bounded variation. In
fact, this is a starting point of the variational approaches we use in the following chapters.
It is well known that the variation of a function over an interval can be written as a
Riemann-Stieltjes integral (with absolute value on the integrand). That is, defining

[ 1w 1ﬁ%2umﬂ o)

where P = {z1}}_, € P([a,b]), there holds

b
[ 1= v e,
for any f € BV ([a,b]).

Likewise, for a continuous function w one can define the integral

b
/wmww (2.5)

as the weighted variation of f with respect to w over the interval [a, b] by putting w in place
of g in (2.2) and incorporating the absolute value bars inside the sum. The function w is
the weight function. If f is of bounded variation on a compact interval [a, b], the integral
n (2.5) converges (cf. [21]). If b = oo, the integral is defined as the limit of integrals over
finite intervals.
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2.2 General monotone sequences

Although the sequences of bounded variation have shown to be a suitable generalization
for monotone sequences, the bounded variation condition is too mild to guarantee mono-
tonicity type properties. In fact, as mentioned in [86], none of the problems stated at the
beginning of this chapter can be solved within the framework of all sequences of bounded
variation. In general we can only say that such sequences satisfy

oo
Z|Aak| =o0(1) as n — oo,
k=n

whilst we sometimes need stronger conditions on the rate of decay of the above series.
Thus, the next step is to consider quantitative characteristics of the sequences of bounded
variation, and this is where general monotonicity comes into play.

The concept of general monotone sequence (GM S) was first introduced by S. Tikhonov
[131, 135].

Definition 2.3. We say that a sequence {a,} C C is general monotone (written {a,} €
GMYS) if there exists a constant C' > 0 such that the inequality

2n
" Aax] < Clanl (2.6)
k=n

holds for every n € N.

It was also proved in [135] that {a,} € GMS if and only if the following conditions
hold:

lax| < Cla,| for n <k < 2n;

N N ‘a ‘
Z|Aak|§0<|anl+ Z ]:) for N > n.

k=n k=n+1

Although the GM S generalizes monotone sequences, we find that condition (2.6) is still
somehow restrictive. For instance, general monotone sequences, like monotone ones, satisfy
the property that if a,,, = 0 for some m, then a,, = 0 for n > m. One can go even further
and consider a wider class of sequences (see [130]), namely GM S5, being those for which
there exist constants C, A > 1 such that

2n An
|ag|
< —_— .
dlAagl<C Y - (2.7)
k=n k=n/A

It is proved in [130] that GM S C GM Ss, and moreover, as noted in [86, Example 2.3], for
any positive sequence a € GM S and any n > 2, there holds {a,...,an—1,0,ap41,...} €
GMS;\GMS.

Other classes of general monotone sequences may be defined as follows: given {a,} C C
and a nonnegative sequence {3,}, we say that a is a general monotone sequence with
majorant § (written (a, 8) € GMS) if there exists C' > 0 such that

2n
> |Aa| < CB,  forall m. (2.8)
k=n
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We refer the reader to [45, 77, 130], which contain examples of the sequence 3.

Usually the sequence {8,} will depend on {a,}, as for instance in (2.7). However,
abusing of notation, we will write a € GM S(3) for simplicity. A typical assumption when
studying GM S(3) sequences is 3, — 0 as n — oco. However, it is sometimes interesting
to consider GM S(3) sequences such that 5, — co as n — oo, see e.g. [44].

The GM S(B) classes have been widely used recently by several authors in order to
solve some the aforementioned problems and different ones, and they have also been object
of generalization in order to further study such problems, see for instance [18, 41, 43, 44,
45, 50, 59, 69, 77, 85, 90, 128, 129, 130, 132, 135].

In this dissertation we are concerned about general monotonicity properties for func-
tions, thus we will not go into further details of GM S and its generalizations.

2.3 General monotone functions

We can define the general monotonicity property for functions similarly as for sequences
in a natural way, that is, replacing the sum of increments in (2.8) by the variation of the
function (cf. [86, 88]).

Definition 2.4. Let f : R — C be locally of bounded variation, and let 8 : R, — R..
We say that the couple (f,3) € GM (or f is a general monotone function with majorant
B) if there exists C' > 0 such that for every x > 0

2
/ 4 (8)] < CBla). (2.9)

The majorant 8 will typically depend on the function f. For example, the counterpart
to the class of sequences GM S (Definition 2.3) is given by S(z) = |f(x)|. Abusing of
notation, we may write f € GM () when the expression of 5 in terms of f is given.

We shall now present some examples of choices of 5 in (2.9) giving rise to different
classes of general monotone functions that will be referred to throughout the sequel.

Examples. o Bi(z) =|f(2)[;
Az
o Ba(x) = /x/,\ ‘f(tt)’dt, where A > 1;

1 2s
e (3(x) = — sup / |f(t)| dt, where \ > 1.

T s>x/A

Remark 2.5. Since for any fixed constant A > 1 there holds

/M‘f(t)'dtxl/)\x]f(t)\dt,

/nt T S/
we may use any of these two expressions for (Go.

Remark 2.6. The appearance of A > 1 in (3 is essential if we wish that the class GM (f3)
contains the class of monotone functions. Indeed, if we took A = 1, then rapidly decreasing
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functions such as f(z) = e~ would not satisfy f € GM(f3). In fact, monotone functions

f satisfy the inequality
@l < (1-5 1/ o
T _ - l
B A T z/\

for any A > 1, thus such parameter makes sure that all decreasing functions fall into the
scope of GM functions.

Remark 2.7. Throughout the sequel we will use the fact that if f € GM(fB2), then
t'f(t) € GM(B2) for every v € R (see [86]). Taking into account the abuse of notation
made when writing f € GM(f3), the property t” f(t) € GM(32) should be understood as

2x Az
/ At ()] < / O
T A

xT

If we denote by M the class of monotone functions, then
M C GM(B1) © GM(B:) © GM(Bs),

see [45, 86, 135].

To conclude this section, we give a basic estimate of GM functions as well as an
estimate for certain weighted variations that we will use repeatedly. Its proof (with more
general statements) was first given in the survey paper about general monotone sequences
and functions [86]. For the sake of completeness, we also include the proof here.

Proposition 2.8. Let f € GM(B). Then, for every x > 0 and every u € [z, 2],

2x
Sl <5 [ 170)]de+ Co),

x
where C' is the constant from (2.9).

Proof. For any u,v € [z, 2z], we have

2x
£l = F0)] < 1) - 70 < [ ldr(e)] < Cao)
Integrating with respect to v over [z, 2z], we obtain
2z
df@) < [ IFO]dt+ 2CB()
and the result follows. ]

Remark 2.9. Note that if 3 is such that 5(z) > % fjx |f(t)] dt, it follows from Proposi-
tion 2.8 that for any > 0 and any u € [z, 2x],

[f(w)] < (C+CNB().
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Remark 2.10. If f € GM(B2), we can assume without loss of generality that A > 2.
Therefore, in view of Remark 2.9, we can deduce that if f € GM(Ss), then

|<C/”u

From now on we will always assume A > 2 when dealing with the class GM (/32).

Proposition 2.11. Let f € GM(B) and v > 0. Let w : [x/2,00) — Ry be such that
w(y) < w(z) for all y,z € [u,2u] and all u > x/2. Then

o o0 w t
[ oo [T s0a
T /2
Proof. First of all note that

A |#|</‘ /% ) ldf (s)

see e.g. [87]. Since w(s) =< w(t) for all s € [t,2t], by the GM condition of f, we have

//2 /2t ) |df (s)] dt =< / wi’f)/jﬂdf(s)dtﬁ/x:wit)ﬁ(t)dt,

as desired. O

As an example of a function w satisfying the hypotheses of Proposition 2.11, consider
w(t) = t7 with v € R. In particular, this was proved in [88] for w(t) = 1.
Note that if f € GM(B2), then Proposition 2.11 allows us to deduce

00 4y At ) w
[Tuowors [ [ renasas [© S oa e

t/A z/(2))

i.e., we can obtain conditions on the weighted variation of f from its weighted integrability
conditions (provided that w is defined on [x/(2)), 00) and satisfies the required assumption
in this latter interval). We will make use of this fact in Chapter 4, where conditions on
the weighted variation of f play a fundamental role. For future reference, we state (2.10)
as a corollary:

Corollary 2.12. Let f € GM(f2) and x > 0. Let w : [z/(2)),00) — R4 be such that
w(y) < w(z) for all y,z € [u,2u] and all u > x/(2X\). Then

[ wwlaols | Z» WO ¢ 1) .

t

2.4 Abel-Olivier test for real-valued GM (f3;) functions

The goal of this section is to give a version of the well-known Abel-Olivier test for conver-
gence of integrals in the case of real-valued functions from the class GM (B2). Such a test
states that if f: Ry — Ry is monotone and the integral fo t)dt converges, then

tf(t) —0 as t — 00.
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Its proof is rather trivial, since it follows from the inequality xf(x) < 2 f;/Q f(t)dt, valid
for all monotone f.

Taking into account the properties of GM () functions, it is not difficult to extend
Abel-Olivier test to the framework of nonnegative functions from GM (5) classes, for
reasonable choices of 8 (for instance, § = fa2, cf. [90]). Recent works [33, 41, 46, 50]
show that several properties easily derived for nonnegative GM (f2) functions also hold in
the case of f € GM(B2) having non-constant sign. In other words, some of the problems
that have been solved in the case of monotone functions can also be solved in the case of
real-valued GM (f2) functions. It is worth mentioning that the class GM(83) is too wide
for this purpose, and additional essential hypoteses may come into play in such a case, as
we shall see in Chapter 3 (see also [33, 41]). Of course, the analogue for the class GM S
is also true. We also cover that case in the present section.

Before proving Abel-Olivier’s test for real-valued GM (53) functions, we prove two
auxiliary results, namely Lemmas 2.13 and 2.14, that are analogue to those proved in [46]
for the class of sequences GM S,.

Throughout this section we assume without loss of generality that the parameter A in
the definition of the class GM (f2) is of the form A = 2%, with v € N, and C will denote
the constant from the GM condition (cf. Definition 2.4). For any function f : Ry — C
and any n € N, we define

An = sup (1),
2n§t§2n+l
Bnp:=  sup [f(¥)].

2n—2u <t<2n+2u

For n € NU {0}, we say that n is a good number if either n = 0 or B,, < 2% A,,. The
rest of natural numbers consists of bad numbers.

To illustrate such definitions we give a couple of examples. On the one hand, if f(t) =
1/t% for t > 1, since

1 1
An = 59, Bn = Wu

then B, = 2% A,,, and all natural numbers n (associated to f) are good. On the other
hand, if f(t) = 1/t for t > 1, since

1 1

An =550 Bn= g

then B, = 2¥A, £ 2% A, thus all natural numbers n are bad. More generally, if f
decreases rapidly enough (faster than 1/t2, as for instance 1/t3 or e~!), then all numbers

n # 0 associated to f are bad.

Lemma 2.13. Let f € GM(fB2) be real-valued. For any good number n > 0, there holds

| En| =

A AL
n—v on+viy . n >
{eepra 1.rf<x>|>8c22,,}]_8025,,, (2.11)

where |E| denotes the Lebesque measure of E.
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Proof. Assume (2.11) does not hold for n > 0. Let us define D,, := [2"7",2""]\ E,,. Then,
since n is good,

S0l £(0) £
[ e [ T [

< 2ntY A, n 2"B, _ B, n An < An
— 8C22on—v - 8(C2/von—v  8C2%  8C T 4C°
Since f € GM(Bz), for any z € [27,2"F1],
2n+1 2n+l/
t A A
T)| = An — — Hn T -, 2 Ap — — > —/,
|f(x)] > A / df ()| > A, — C O gy > 4 - =
n on—v 1 4 2
which contradicts our assumption. O

Before stating the next lemma, let us introduce the following notation.
Ef:={z € E,: f(z) > 0}, E, ={z € E,: f(x) <0}

Lemma 2.14. Let f € GM(B2) be real-valued. For any good number n > 0, there is an
interval (£, my,) C [2"7Y,2"TY] such that at least one of the following is true:

1. for any x € (£y, my,), there holds f(x) > 0 and

2’FL

+ .
B 0 Uy )| 2 55 gt

2. for any x € (b, my,), there holds f(x) <0 and

_ 2"
£y N (nymp)| > 25603215
27’L
Proof. First of all, note that by Lemma 2.13 one has that either |E;| > Tecow or

n

|E | > Tecom We assume the former, and prove that item 1. holds.

Let us cover the set E; by a union of intervals {I; = [r;, s;]}}, in [2n—v, 2n e ],
with the property that the I;’s intersect with each other at most at one point. The number
en Will be conveniently chosen later. We proceed as follows. Let r; = inf EF, and

¢ = inf{z € [r1,2""] : f(z) < 0}.

If such ¢; does not exist, then we simply let s; = 2" and finish the process. Contrarily,
we define

51 =C1+én.
Once we have the first interval Iy = [rq,s1], if |[E\I1] > 0, we let ro = inf E\ I, and
define py similarly as above, thus obtaining a new interval Iy = [ro, s3] = [r2, (2 + &,]. We

continue this process until our collection of intervals is such that
‘E:{\(Il UlhU--- UIpn)’ =0,

so that Ef C UL I
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By construction, for any 1 < j < p,, — 1, we can find y; € [rj, ;] such that y; € E;,
and z; € [, s;] such that f(z;) <0. Thus,

/ @) = [ WO1 2 1) = 15) 2 ) > g

J

Hence,

n—v

on+v pn—1 An
JRCE > | 1012 6o~ Dl

On the other hand, the fact that n is good together with the assumption f € GM(f32)
imply that

n+v n+2v n+2v
2 ) S

/ df (t)] < C2u/ S dt < C’2an/ —dt
n—v 277,721/ t 271721/ t
= C2uB,log 2% < C2%81% 4, log2 < C27 A,,.

We can deduce from the above estimates that
pn < 8C%2% 41 < 802210,

Since E;f C Ué’lll j, and the I;’s intersect with each other at most at one point, we have

on Pn Pn
+— | gt | — ¥ T
16095 = 1Enl = |Fa 0 (Ulf) = | U] <pu s 1B O,
J= 7=

so we can deduce that there exists 1 < jg < p, such that

n

+ A
En 0 Lol = Togomgren
Taking &, = 2"/(256C32'%"), the interval (£, m,) = (7o Sjo — 25602%) = (70, Cjo) C
[27=V 27t¥] has the desired properties by construction, and the proof is complete. ]

We are in a position to prove Abel-Olivier’s test for real-valued GM (S2) functions.

Theorem 2.15. Let f € GM(B2) be real-valued and vanishing at infinity. If the integral

/ " fydt (2.12)

converges, then
tf(t) —0 as t — 00.

Proof. Recall that the convergence of (2.12) is equivalent to the condition

N
‘/ f(t)dt‘ﬁo as N > M — oo.
M

We distinguish two cases, namely if there are finitely or infinitely many good numbers.
Assume first there are infinitely many.
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For any good number n > 0, it follows from Lemma 2.14 that

1 mn
P L I S— ,
2043C 12170 = ‘ /gn J®) dt'

and moreover f(z) > 0 (or f(z) < 0) for all x € (,,my) C [2"77,2""]. Since the
integrals |, Z:” f(t) dt vanish as n — oo (by the convergence of (2.12)) we deduce that

2"A, —»0 as n — 00, n good. (2.13)

We now prove that 2" A,, also vanishes as n — oo whenever n is bad. If n is a bad
number, then A, < 27%B,,, and B,, = A,,, for some s satisfying |n — s1| < 2v.

Let us first assume that s; < n and find the largest good number m which is smaller
than n. If there is a good number in the set [s1,n—1]NN, we just choose m to be the largest
good number from such a set and conclude the procedure. On the contrary, s; is a bad
number. Then there exists sq satisfying |s; —s2| < 2v such that A5, < 274 B, = 27" A,,.
Also, note that so < s1; the opposite is not possible. Indeed, if so > s1, taking into account
that so < n 4+ 2v,

Asl < 2—41/B81 _ 2_4VA52 < 2—4uBn — 2—41/14517

which is absurd. Similarly as before, if there is any good number in the set [s2,s1 — 1] NN,
we choose m to be the largest good number from such a set and conclude the procedure.

Repeating this process, we arrive at a finite sequence n = sg > s1 > -+ > 551 > s,
j > 1, where all the numbers in the set [s;_1,s0 — 1] NN are bad, and there is at least
one good number m € [sj,sj—1 — 1] NN (fix it to be the largest from [s;,s;—1 — 1] N N).
Note that A, < 2_4”145,€Jrl and [sy — sp41| < 2v forany 0 < k < j—1, thus n < s; 4+ 2jv.
Also, the number m obtained by this procedure tends to infinity as n — oo, since there
are infinitely many good numbers and m is the largest good number that is smaller than
n. Since m is good, we deduce

A, < 2VWA, << 2VTHVA < 29TRVAL < 22OMAL, — 0

as n — oo, by (2.13).

Suppose now that n < sj, and assume A,, > 0 (if this n does not exist, our assertion
follows trivially). Then either s; is a good number, or there exists s; < sy such that
|so —s1| < 2v and A, < 2*41’1482 (note that the case s < s1 is not possible, since it leads
to a contradiction as above). Similarly as before, we iterate the procedure until we find
a finite sequence n = sy < s1 < -+ < sj_1 < s, where |sp — sp41| < 2v and s;, are bad
for 0 <k <j—1,ie, Ay, <2 %A, . Note that such a good number s; can always be
found. Indeed, if we assume the contrary, that is, we obtain an infinite sequence

n=sy<s < <8< e,

where all numbers s; are bad, then ASkH/ASk > 2% for all k. Since A, > 0, we obtain
that As, — oo as k — oo, which contradicts the hypothesis of f vanishing at infinity. We
can now deduce from the inequality n < s; that

2" A, < 2"WA, << 2VHVA <294 — 0
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as n — 00, by (2.13). This completes the part of the proof where we assume there are
infinitely many good numbers.

Assume now there are finitely many good numbers n. Assume that N € N is such that
m < N for all good numbers m. If n > N, then n is a bad number, hence A4, < 2B,
and B, = A, for some s satisfying |n — s1| < 2v.

If s1 < n, one can find, in a similar way as above, a sequence n = sg > s1 > --- >
sj—1 > sj, where sg, s1,...,5j—1 are bad and s; is good, and moreover n < s; +2jv. Since
Sj S Na

..n—s;i _n—N
j> L > (2.14)

2 — 2w
and we deduce
2MA, < 2VWA, < <2V A L <95 AY A < oNTEY max Ay
0<k<N
The latter vanishes as n — oo, since in such case j — oo, by (2.14).
Finally, we are left to investigate the case s; > n. We actually show that this case is not
possible. Let n be such that A,, > 0 (if this n does not exist, our assertion follows trivially).

If s; > n, then there is an infinite sequence of bad numbers n = sy < 51 < s9 < --- such
that A, < 2_4”st =24 for every j > 0. Hence,

Sj+1

A,
o s 9% forall j >0,
As,

i.e., the sequence A, does not vanish as & — oco. This contradicts the hypothesis of f
vanishing at infinity, showing that the case s; > n is not possible and thus completing the
proof. ]

We now derive some corollaries of Theorem 2.15. Let us first improve Theorem 2.15 to
an “if and only if” statement. A multidimensional analogue of the following is obtained
in [36] for the so-called weak monotone sequences (see also [90]).

Corollary 2.16. Let v € R\{0}. Let f € GM(B2) be real-valued, vanishing at infinity,
and such that tV f(t) — 0 as t — 0.Then fooo t'=Lf(t)dt converges if and only if

t’f(t) > 0ast— o0 and / t"df (t) converges,
0

and moreover,

/OO L) dt = ! /Ooo tdf (t).

0 14

Proof. First we note that if f € GM(B2), then t¥ f(t) € GM(S3) for every v € R (cf. [86]).
Integration by parts along with the condition t” f(¢t) — 0 as t — 0 implies that, for any
N e Ry,

N 1 1 N
v—1 _ T ATV - v
/O 7 f () dt = NVF(N) V/o tdf(t),

see [21]. Letting N — oo yields the desired result, where we apply Theorem 2.15 to prove
the “only if” part and the equality given in the statement. O

The analogue of Theorem 2.15 for the class GM S reads as follows:
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Corollary 2.17. Let {a,} € GM Sy be real-valued. If the series > .” ,an converges, then
na, — 0 as n — 0.

Proof. Let
f(t) = an, te (n,n+1],n e NU{0}.

It is clear that f € GM(S2) if and only if {a,} € GMS3. Moreover, the convergence of
Y ne g an is equivalent to the convergence of (2.12) and implies that the function f vanishes
at infinity. Applying Theorem 2.15, we derive that ¢ f(¢) — 0 as t — oo, or in other words,
na, — 0 as n — oo. O

With Corollary 2.17 in hand one can prove the analogue of Corollary 2.16 for the class
of sequences GM S5, which we do not state for the sake of brevity.

2.5 A generalization of the class GM (53)

Our next goal is to introduce a class of general monotone functions that extends the class
GM (53) (see p. 13 or (2.15) below).

In order to construct a new GM () class we need to give an expression of the majorant
B. We take as a starting point the class GM (f3); recall that

2s
By(z) = & sup / FOlde, A> 1. (2.15)

T s>x/\

If we denote I(z) = I(f;z) := sz |f(t)] dt, then we can rewrite

1
B3(xz) = — sup I(s), A > 1.
T s>x/A

Let us now denote, for a function ¢ : (0,00) = Ry, B(x,¢) = sup ¢(s). Then it is clear
s>z /A

that B3(z) = 27! B(z,I). This motivates our next definition.

Definition 2.18. Let M be the space of nonnegative functions defined on (0, 00). We
say that an operator B : M1 — M is admissible if for any ¢ € M, the function B(-, )
satisfies the following properties:

(i) if ¢ vanishes at infinity, then B(-, ¢) vanishes at infinity;
(ii) if ¢ is bounded at infinity, then B(:, ) is bounded at infinity;
(iii) for every z > 0, ¢(x) < B(z,¢);
(iv) the function B(x,¢) is monotone in z.
We readily observe that B(z, ) = s>u;/)/\<p(s) satisfies all the properties listed in Defi-
s>z

nition 2.18. We now introduce the generalization of the class GM (53), obtained by means
of such admissible operators.
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Definition 2.19. We say that f € GM,qy, if there exists an admissible operator B such
that f € GM (), where

B(z) = %B(m,[).

In fact, the 8 from Definition 2.19 is obtained by just replacing the supremum in (2.15)
by an operator satisfying similar properties. Obviously, one has GM (f3) C GMaqm- The
proper inclusion GM (33) € G M,an is proved below in Proposition 2.22. However, there
are some observations to be done before. In the first place, note that if we define, for an
admissible operator B,

1
then
GMum= |J GM(8p).
B admissible

Secondly, properties (iii) and (iv) from Definition 2.18 are useful in terms of calculations,
and for any given operator B satisfying properties (i) and (ii) from Definition 2.18, we
can construct an admissible operator B (i.e., satisfying properties (i)—(iv)). Indeed, if we
define, for p € M,

B(x, ) = Sup max {e), By, »)},

then B meets all conditions from Definition 2.18. Moreover, if we denote

5@)= 1 B@.D),  Ba)= BT,
it is clear that GM (B) C GM(B)

For f € GM,gm, let B be an admissible operator such that f € GM(f8p) with Sp
defined by (2.16). The class GMuqn is the widest known class for which the conditions
zf(z) - 0 as x — oo and zfp(x) — 0 as x — oo are equivalent. Indeed, one direction of
this equivalence follows from property (i), whilst the other direction follows from Propo-
sition 2.8 and property (iii) of B (see also Remark 2.9). Both conditions z f(x) — oo as
x — oo and zfp(z) — 0 as  — oo are key in the study of the uniform convergence of
sine transforms, see Theorem 3.4 below.

We now list some examples of admissible operators. Note that for some of the operators
B; appearing here we only assume that the functions B;(-, ), ¢ € M_, satisfy properties
(i)—(ii) of Definition 2.18; afterwards, one may construct an admissible operator (i.e.,
satisfying (i)—(iv) of Definition 2.18) Ej following the process just described above.

(1) Bi(z, ) = ¢(x);

(2) Bol, ) = p(x)*, where a > 0;

(8) Bs(x,) = [0 )/t dt, where X > 1;

(4) By(x, ) = a© 107/\ @)/t where A > 1 and a > 0;
(5) Bs(z, ) = sups>y/y ¢(s), where A > 1;

(6) Bg(w,p) = SuPg>y(z) ¢(8), where ¢ is increasing to infinity (see [76, 77, 132]);
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(7) The composition of two admissible operators is an admissible operator, i.e., if D
and Dy are admissible, it follows readily from the definition that the function

B7($, 90) = Dl(xv DQ('v 90))
satisfies properties (i)—(iv).
Remark 2.20. We cannot allow o = 0, in By, since the operator would not be admissible.
Indeed, if
0, if x <2,
p(z) = . .
(logz)~", otherwise,

then ¢ clearly vanishes at infinity, but for any x > 2, one has

/ SO(t)dt_/ Lt = o,
z/A t x/)\thgt

and therefore By(+, ¢) does not satisfy condition (ii) of Definition 2.18.

Using Proposition 2.8, Remark 2.9, and property (iii) of admissible operators, we have the
following estimate for f € G M qm.

Corollary 2.21. If f € GM 4, for any x > 0 and any t € [z, 2x],

(C+1)

T

|f(B)] < B(z,I), (2.17)

where C' is the constant from (2.9).
To conclude this section, we show that the class G Mgy, is strictly larger than GM (B3).

Proposition 2.22. The proper inclusion GM(B3) € GM yqm holds.

Proof. As mentioned above, the inclusion is clear. Thus, we only need to find a function
[ € GMyam \GM (B3) and a suitable admissible operator B. Let us define n; = 49 and

1
f(SC): nj17a7 1fn]§x§nj+1’ ]GN,
0, otherwise,

and for 0 < a < 1, we define the admissible operator Bq(z,¢) := supys,/y ¢(s)®, with
A> 1
For any z € (nj—1 + 1,n; + 1], one has

2z 1
[ o) <20,

Moreover, since njy1 = 4n;, for j large enough, (recall that I(z) = f;w |f(t)|dt)

L S 1 e e s [T
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so that f € GM(Ba), where By(z) = 2 'By(z,I), and therefore f € GM,qy,. On the
other hand,

1 2s 1 _2-a
— sup / f®)ldt=<n; T =mn; """
Nj s>n;/xJs

However, if the inequality

2n; 1 _2-a
_ 11—« -«
[ o) =20, 7 s,
n;
is true, then 2 —a < 1, i.e., @ > 1, which cis a contradiction. Thus, f ¢ GM(B3), and our
claim follows. O

2.6 General monotonicity in two variables

Before defining the concept of general monotonicity for functions of two variables, it is
necessary that we introduce the variation of a function in two dimensions. We also take
this opportunity to briefly discuss the concept of bounded variation for functions of two
variables. C. R. Adams and J. R. Clarkson collected several different definitions in [3] and
studied the relationship between them. They also investigated the properties of functions
of bounded variation in two dimensions [2, 4].

Here we are interested in the so-called Hardy bounded variation condition. Let us
introduce the following notation. For any nonnegative increasing sequences {z,}, {yn}, a
function f : R%r — C, and z,y € Ry, we put

Avof(xj,y) == f(x),y) — f(Tj41,9),
Ao f (@, yk) = (@ yk) — f(@, Y1),
A f(zg,yr) = Dor (Avof (x5, yk)) = Aro(Dor f (25, yk))
= f(zj,uk) — F(@jr1, k) — F(25, ykr1) + F (@415 Yrr1)-

There are alternative definitions for the mixed differences Aj; f (cf. [3]), as for instance

Af(xj,ur) = f(mie1, Ykr1) — f(25, yr)-

We, however, disregard those alternative definitions, since the differences A1;f are the
most appropriate in the topics treated in this dissertation. Indeed, they appear naturally
when one applies Abel’s transformation, or integration by parts once in each variable.

For a compact rectangle J := [a,b] x [c,d] C R%L, we define the Hardy variation of f
over J (also referred to as the Vitali variation, cf. [3]) as

m—1n—1

HV;(f) == sup > > [Auf(zj,u)l,

PEP(J) =0 k=0

where P={a=29p<x1 < - <zp=0b}x{c=yp<y1 <--- <y, =d} is a partition of
J and P(J) denotes the set of all partitions of J.

Definition 2.23. We say that f : Ri — C is of Hardy bounded variation on J (f €
HBV(J))if HV;(f) < oo and, in addition, the marginal functions f(zo,-) and f(-,yo) are
of bounded variation on [c, d] and [a, b], respectively, for some zg € [a,b] and yo € [c, d].
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Likewise, we can define the concept of bounded variation on the whole Ri (or on any
non-compact rectangle) taking the variation to be the supremum of the variation over
compact rectangles:

Definition 2.24. We say that f : Ri — C is of Hardy bounded variation on ]Ri (f €
HBV(R?)) if the marginal functions f(zo,), f(-,y0) are of bounded variation on R, for
any zo,yo € Ry, and HV;(f) < oo for any compact rectangle J C R2 | and furthermore

HVga (f) := sup HV,(f) < oc.
" JCRZ

Remark 2.25. Originally in the literature, Definition 2.23 was (a priori) more restrictive;
it required that

2= flao,) € BV(le,d)),  fI*:= f(-y0) € BV ([a,b]), (2.18)

for every z(y € [a,b] and every yo € [c, d], respectively. However, W. H. Young proved in
[143] that such condition is redundant; it is enough to assume that (2.18) holds for only
one o € [a,b] and one yy € [c,d], respectively. Then (2.18) follows for all z¢ € [a,b] and
all yo € [c, d], respectively, provided that HV;(f) < co. We refer the reader to [67, §254]
for further details.

Like in the one-dimensional case, we can show that if J = [a,b] X [¢,d] and HV;(f) is
finite, it coincides with the double Riemann-Stieltjes integral

d rb m—1n—1
/ / i1 f(s,t)|dsdt := lim Z > 1A (g, ue)l, (2.19)
¢ Ja IPI=0 ‘= + =5
where P = {z;}7 x {yr}i_o € P(J), and
| P|| := max { m?X{ﬂfj+1 -z}, mkax{ka - yk}}

Remark 2.26. In the two-dimensional Stieltjes integral (see (2.19)) we are including
the terms “ds dt” with the sole purpose of specifying the order of integration, since their
incorporation is not formally correct. We will keep this notation in single Stieltjes integrals
of functions of two variables (i.e., integrals with diof and dp1 f defined right below).

Whenever z > 0 is fixed, the one-dimensional variation of f with respect to the first
or second variable on [a,b] C Ry is defined as the variation of the function of one variable
f2(x) = f(x,2) or f.(y) = f(z,y) over [a,b] respectively, and it is denoted by

b b
/ diof(s,2)|ds or / do (=, 1)| dt,

respectively.

We can also define the Riemann-Stieltjes integral of ¢ : R%r — C with respect to f over
a compact rectangle J = [a, b] x [c d] as follows. For a partition P = {z;}T, X {yr}j_o €
P(J) of J and sequences {EJ}] o {Ck} satisfying xj <& <awjyrforj=0,...,m—1
and ( < yr < (po1 for k=0,. —1, we write

m—1n—1

d b
//g(s,t)duf(s,t)dsdt lim ZZQ@,@ A f(xy, yk), (2.20)

Pl|—
1Pl = &
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whenever the limit exists. Likewise, we can define the weighted variation of f with respect
to a continuous function g by incorporating the absolute value inside the sum in (2.20),
analogously as done in the one dimensional case. For noncompact rectangles J, (2.20) is
defined as the limit of the corresponding integrals over compact rectangles “approximat-
ing” J.

Similarly as in the one-dimensional case, we will use the estimate

|f(z,y)| < /OO /00 |d11f(s,t)| dsdt (2.21)
y T

valid for all f of Hardy bounded variation on [z, 00) X [y, 00) and vanishing as x +y — oo.
To prove (2.21), it suffices to apply (2.4) to each variable. This estimate will be used
repeatedly in Section 3.2.

One can also consider the Riemann-Stieltjes integral in the improper sense whenever
the rectangle is a product of not necessarily compact intervals. In particular, if H V]RQ+ (f) <
oo, then

My (N = [ [ lansts.oldsa

It is worth emphasizing that in order to be able to write the Hardy variation of f over
a rectangle J it is not necessary that f is of Hardy bounded variation on J, but only
H VJ(f) < 00Q.

Note that if f € HBV(R?), then f is necessarily bounded, since all the marginal
functions are of bounded variation on Ry. Thus, it is a rather restrictive property. Since
in this work we are particularly interested in double sine integrals

F(u,v) = /0 /0 f(z,y) sinuz sinvy dx dy, (2.22)

where f is assumed to be of bounded variation. However, we are also interested in certain
functions f that are unbounded near the origin and decay fast at infinity, so that we can
expect a good behaviour of the integral (2.22) in terms of convergence. As an example,
consider

-1 .
(xy) Y lf x? y < 17 (223)

f(l',y) = {

This motivates us to consider a slightly more general bounded variation condition, namely
to restrict it to some subset of R%r not containing the origin, instead of the whole Ri.

e~ (@) otherwise.

Definition 2.27. Let ¢ > 0. We say that f is of Hardy bounded variation on R2\[0, c)?,
written f € HBV (R%\[0,¢)?), if

sup  HV;(f), sup  HV;(f),
JCR4 x[e,00) JC[e,00) xRy
are finite, and moreover, the marginal functions f(xo,-), f(-,y0) are of bounded variation
on R, for any xg,yo > ¢, respectively.

Under this definition, functions are only required to be bounded on R2\[0,c)?, and
allows us to consider examples such as (2.23).

A similar concept is that of local bounded variation. We say that a function f : Ri —
C is locally of bounded variation (in the sense of Hardy) on a set S C R2 (written
f € HBVipe(S)) if it is of Hardy bounded variation on every compact rectangle J C S.

We are now ready define general monotone functions of two variables:
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Definition 2.28. Let f: R? — C, f € HBVj,(R?), and 3 : (0,00)* — R;. We say that
f is a general monotone function with majorant 8 (written (f, 3) € GM?), if there exists
a constant C' > 0 such that

2y 2z
/ / |di1f(s,t)|dsdt < CB(z,y), for all z,y > 0. (2.24)
y T

As in the one-dimensional case, the majorant § will typically depend on the function
f. In this case we also write f € GM?(f3), abusing of notation.

The superscript 2 in GM? and GM? stands for the dimension.

The concept of general monotonicity in several dimensions was first introduced by S.
Tikhonov and M. Dyachenko for the two-dimensional case in [42], and for multivariate
case in [43]. We denote, for d > 1, n = (ny,...,ny) C N%.

Definition 2.29. Let 5 = {4} be a nonnegative sequence. We say that a complex-valued
sequence {an} is S-general monotone ({an} € GMS%&(B)) if there exists a constant C' > 0

such that for every n € N,

o

S |Ablay] < Cfa,

k=n
where the operator Al! is defined as follows: Al = H;-lzl AJ and ANay = an —

an1,nz,‘..,njfl,nj+1,n]~+1,..‘,nd°

Here Al+1 is the mixed difference (see [105]).

The subscript “#” from GM S;; in Definition 2.29 is to distinguish between alternative
definitions of general monotonicity that have been used in the literature, which we will
discuss.

In [80, 84], the authors consider a different definition of general monotone functions of
two variables. Namely they required that there exist 8!, 32 such that

2x 2
/ (diof (s,9)| ds < CB (), / " \douf (e )] dt < OBz, y). (2.25)
x Yy

However, instead of choosing these 5!, 32 arbitrarily, we use the following intrinsic expres-
sions that follow from (2.24): if f € HBVjo.(R?%) and

flz,y) =0 as T+ y — 00,

we can formally write for any z,y > 0,

/ i f(s.y)] ds = / N
/ o f 1) = / K

Defining

/OO dllf(S, t) dt
Y

oo 2T
ds < / / |di1f(s,t)|dsdt, (2.26)
y T

2y 0o
it < / / iy f(s, )| dsdt.  (2.27)
y T

/OO dnf(s, t) ds

BHx,y) = B 2%y),  Bay) =) B@xy),
k=0 j=0

it is clear that (2.25) holds. It is important to stress that such definitions of 3! and 2 is
formal, as the series representing them may be divergent if 5 does not decay fast enough.
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Note also that (2.26) and (2.27) require that f is of Hardy bounded variation on (0, o0)?,
although we only use this condition to motivate the definitions of 8!, 32, since they are
then defined only in terms of the Hardy variation over rectangles.

The two-dimensional analogue of the function class GM (32) defined in Section 2.3 was
considered by P. Kérus and F. Méricz in [80], where they dealt with the GM?(3) class
given by

1 Ay Az
m%mzwlﬂéﬂwamw@ (2,28

for some A > 1, and also chose 8! and 32 arbitrarily to be

1 Az 1 Ay
a1 [ relds B = [ il
T Ja/x Y Jy/x
They call such functions of mean value bounded variation, and denote their correspond-
ing class by MV BV EF? Tt is also worth mentioning that in [80], the authors deal
with locally absolutely continuous functions on (0,00) (f € ACi,c((0,00)?). In Defini-
tion 2.28 we require the condition f € H BVlOC(Ri) (in the sense of Hardy, cf. Defini-
tion 2.23). It is known that ACi,c(R%) € HBV,(R?%) (see [15]). However, the classes
AClOC((O, oo)z) and H BVjs (]Ri) are not comparable, thus we cannot rigorously compare
GM? () classes with the class MV BV F2. Nonetheless, the conditions f € AC)s((0,00)?)
and f € HBVi,, (R%r) are rather technical, thus we are more concerned in finding whether
there exists f with sufficiently good properties (for instance, f € H BVlOC((O, 00)2)), such
that (2.24) does not hold with 5 from (2.28), but holds with another choice of 5 instead.
Similarly as in the one-dimensional case, we want to introduce a new GM?(3) class
that will “contain” (in the above sense) all the previously known ones. In fact, this new
class will be analogue to the class GM,qy defined in Section 2.5.
We first define the concept of admissible operator in two dimension analogous to that
of Definition 2.18.

Definition 2.30. Let M’ denote the space of nonnegative functions defined on (0, c0)".
We say that an operator B : M% — M1 is admissible if for any ¢ € M?%, the function
B(-,-, p) satisfies the following properties:

(i) if ¢(z0,y0) — 0 as xg + yo — o0, then B(z,y,p) — 0 as x + y — 00;
(ii) for all z,y > 0, there holds ¢(z,y) < B(z,y,¥).

Note that there is difference between this definition and its one-dimensional analogue
(Definition 2.18). Indeed, conditions (ii) and (iv) in Definition 2.18 do not have analogues
in Definition 2.30. On the one hand. condition (ii) from Definition 2.18 is needed to prove
a result that we could not extend to the two-dimensional framework, (namely the necessity
part of Theorem 3.7 below), so we can disregard it. On the other hand, condition (iv) from
Definition 2.18 is just a technical condition that may not be assumed, as it only simplifies
calculations (compare Corollary 2.21 with Lemma 2.33 and Remark 2.34 below).

Before proceeding, let us introduce the following notation. For a function f defined on
Ri and x,y > 0, we define

2 2x
Il?(f;mvy) = 112(3579) = / y/ ’f(S,t)]dS dt.
y x

We are now ready to introduce an analogue of the GMyqp, class in two dimensions.
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Definition 2.31. We say that a function f : RZ — C, f € HBV,.(R2), belongs to the
class GMgdm if there exists an admissible operator B such that f € GM?(f3), where

Bz, y) = xlyB(x,y,Iu). (2.29)

Several observations are natural analogues to those of the one-dimensional setting: if
for an admissible operator B we define

1
Bp(r,y) = ;yB(ﬁU, y, I12),

then
GMan.= |J GM*@Bs).

B admissible
Also, condition (ii) of Definition 2.30 does not make us lose generality in terms of G'M?
classes, i.e., if B is an operator satisfying condition (i) of Definition 2.30, and we define,
for p € M2,
B(z,y,¢) = max {¢(z,y), B(z,y, ) },

then B is admissible, and if we denote
1 ~ 1 ~
5($,y) Ty (1’7% 12)7 B(xay) Ty (xvya 12)7

then GM?(B) C GM?> (B) Thus, we are essentially interested in operators B satisfying
condition (i) of Definition 2.30. Examples of such operators are the following:

(1) Bi(z,y,0) = o(z,y);

(2) Ba(z,y,¢) = ¢(x,y)*, where a > 0;

z/)\ />\ Y p(s,t)/(st) dsdt, where \ > 1;
(4

(5 B5 €, Y,p

)
)

(3) Bs(z,y,¢
)
) SUD 4 > (24y)/x £(5: 1), where A > 1;
) B

z,y

(6 Y, @
also [75]);

(.y,%)
(#.y,) =

By(z,y,¢) = (zy) fx//\ fy//\ o(s,t)/(st)** L dsdt, where A > 1 and a > 0;
(#.y,) =
6 p) = SUDg 4> (aty) P(S: 1), where ¢ : Ry — Ry is increasing to infinity (see
0

(7) The composition of admissible operators is admissible. That is, if D; and Do are
admissible operators, then

B7(xay7 90) - (Dl o D2)(£7y790) = Dl(xay7D2('7 ) @))
is admissible.

Remark 2.32. Similarly as in the one-dimensional case, we cannot allow a = 0 in By,
since the operator would not be admissible. To see this, it suffices to consider

0, if x or y < 2,
p(r,y) = . .
(logzlogy)™", otherwise,

and proceed as in Remark 2.20.
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We can easily find a function f for which there exists an admissible operator B such
that

2y 2x C
/ / (dif (s, )] dsdt < ZB(a,y, Ina),
y x Ty

holds for some absolute constant C' > 0, but

2y 2z D Ay Az
[ wnsolasaes 2 [ g oldse
y T TY Jy/x Sz /2

does not hold for any absolute constants A\, D > 0, as follows: since if f(z,y) = g(x)h(y),

one has that J
//Idnfstldsdt (/ g ) ([ lancor),

it suffices to reduce to the one-dimensional case and consider the counterexample from
Proposition 2.22. This would allow us to write the inclusion MV BV F? C GMgdm if we
disregarded the technical conditions that the functions must satisfy in the definition of
each class, namely AC’lOC((O7 00)2) and f € HBViyc (Ri), respectively.

To conclude this chapter, we present an estimate of GMgdm analogue to (2.17). To

this end, let us introduce the notation

2z 2y
L(f;z,y) = Ii(x,y) :—/ |f(s,y)lds, Ia(f;z,y) = Ix(z,y) :—/ |f(z,t)|dt.
x Y

Lemma 2.33. Let f € GMngm be such that
f(z,y) =0 as x +y — oo. (2.30)

Assume f is of Hardy bounded variation on [c1,00) X [c2,00) for some ci,c0 > 0. Ifx,y >0
are such that x > ¢y and y > ca, then for any u € [z, 2x] and v € [y, 2y],

B(27z,2%y, Is), (2.31)

where C' is the constant from (2.24).

Remark 2.34. If we assume B(x,y, I12) is monotone in each variable, it follows from
(2.31) that if 2,y > 0 are such that > ¢; and y > cg, then for every u € [z,2x] and

v € [y, 2y], there holds
12C'+ 4
‘f(u7 U)‘ < 73(.%, Y, 112)7
Ty
which is a two-dimensional version of (2.17) (recall that in the one-dimensional case we
assumed B(z, ) was monotone, whilst in the two-dimensional case such assumption was

not considered; compare Definitions 2.18 and 2.30).

Proof of Lemma 2.33. Let ui,u2 € [x,2z] and vy, v2 € [y, 2y]. It is clear that

| (ur, 00)] = |f (uz, 01)] = [f(ur, v2)] = [f(ug, v2)| < [A11f(ur, 01)]

2y 2z
/ / ‘dllf S t ‘dS dt.
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Hence,

C
|f(ur,v1)] < ;yB(%y,Im) + | f(u2,v1)| + | f(ur,v2)| + | f(u2, v2)|.
Integrating both sides with respect to ug over [z, 2zx], and vy over [y, 2y|, we obtain
zy|f(ur,v)| < CB(z,y, h2) + 2l (w1, y) + yh(z,v1) + Lia(z, y).

Thus, property (ii) of the operator B (cf. Definition 2.30),

1 1
|f(u1,v1)] < B(z,y, L2) + ;IZ(UL?/) + ;Il(xvvl)' (2.32)

Ty

Finally, we estimate the terms Io(u1,y)/y and I1(z,v1)/x. The GM? condition, the fact
that f is of Hardy bounded variation on [c1,00) X [c2,00), and (2.30) yield

2 2 fe'e)
;Ig(ul,y):l/y]f(ul, )]dw—;/y / diof(s,w)ds

/2?// |d10f5w’d5dw_/2y< ‘/ i1 f(s,¢) dt|d )dw
y/y </ / ’duf(st)]dsdt)dw—/ / \di1 f(5,)| ds dt
— kz/zkﬂ /229+1 ydufst]dsdt<c’§i5 (272, 2%y)

7=0 0 0
C 1

— J

= }0 2. Siot -B(22,2"y, I3). (2.33)

J=

dw

| /\

| /\

<

Similarly, we can get the same upper estimate for I (x, v1)/z. Therefore, combining (2.32)
and (2.33), we arrive at (2.31). O






Chapter 3

Uniform convergence of sine
transforms

In this chapter we study the uniform convergence of one-dimensional sine transforms

o0
/ f(t) sinut dt, u € Ry, (3.1)
0
and two-dimensional sine transforms
o o
/ / g(z,y) sin ux sin vy dx dy, u,v € Ry. (3.2)
o Jo

Our approach is in general based on variational assumptions on f and g, so that whenever f
and g satisfy general monotonicity conditions we can characterize the uniform convergence
of (3.1) and (3.2) in terms of the magnitude of f and ¢ at infinity, as is usually done in
this topic. In both cases, we will give a comprehensive description of the known results
and then generalize them. To this end, we will assume f € GMuqm (cf. Section 2.5) and
g € GM2,  (cf. Section 2.6) in the one and two-dimensional case, respectively. The main
results from this chapter have been published in [32, 33].

Before proceeding further, if we denote by f the Fourier transform of f (cf. Introduc-
tion), we note that

flu) = 2/ f(t) cos 2mut dt, if f is even,
0

f(u) = 2i/ f(¢t) sin 27wt dt, if fis odd,
0

that is, the sine and cosine transforms are partial cases of the Fourier transform. Likewise,
the Hankel transform (which is introduced and discussed in Chapter 4) appears naturally
when studying the Fourier transform of radial functions in the multivariate case, so it is
also a partial case of the Fourier transform in some cases. In fact, the cosine transform is
a particular case of Hankel transform.

3.1 One-dimensional sine transform

In this section we are interested in studying the uniform convergence of the sine transforms
(3.1), where f is a locally integrable function such that tf(¢) € L'(0,1). This condition

33
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will be assumed everywhere in this section. As usual in this topic, we also assume f(t) — 0
as t — oo.
We start with a brief survey on the topic of uniform convergence of sine series, and
continue with the known results relating to the uniform convergence of sine integrals.
We will see that the (general) monotonicity property plays a fundamental role in the
study of this topic.

3.1.1 Known results

The first result we should mention is due to Chaundy and Jolliffe [25], [146, V. I, p. 182]
(1916). They characterized the nonnegative monotone sequences {a,} whose sine series
converge uniformly.

Theorem 3.1. Let a, > 0 be monotonically decreasing to zero. Then, the series

oo
g a, sinne
n=1

converges uniformly in x € [0,27) if and only if na, — 0.

For the sake of completeness, we include the corresponding statement for the cosine
series.

Theorem 3.2. Let a,, > 0. Then, the series

oo
g ap, COSNT
n=0

converges uniformly in x € [0,27) if and only if > oy an < 00.

Theorem 3.2 is rather trivial due to the nonnegativity of a, and the convergence at
z = 0 (no monotonicity assumption is needed). Thus, an interesting problem concerning
the uniform convergence of cosine series is when a, ? 0. We discuss this problem for
sequences of the class GM Sy in Section 4.5. See also [39, 41, 44].

In 2007, Tikhonov proved that the statement of Theorem 3.1 holds true if we replace
the condition {a,} is monotone by {a,} € GMS, see [135]; in fact, the sufficiency part
does not even require a, > 0 (recall that GMS may be complex-valued). It is worth
mentioning that several other authors generalized Theorem 3.1 before the latter appeared
by assuming different conditions on {a,} that generalize monotonicity. For instance,
Nurcombe proved the statement for quasi-monotone sequences (QM.S) [100], i.e., those
nonnegative sequences {a,} for which there exists 7 > 0 such that n="a, is decreasing.
See also [124, 141], where the problem was studied for an extension of QM S, and [116],
where some problems on Fourier series were studied through an application of interpolation
theory to QM S. Leindler also proved a version of Theorem 3.1 for sequences with rest of
bounded variation, i.e., those for which there exists C' > 0 such that

oo
> lak — aps1| < Clanl,
k=n
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see [83]. In any case, all the classes of sequences we have just mentioned are subclasses of
GMS. For further details, we refer the reader to [135], which contains detailed descriptions
on how those classes relate to each other.

Theorem 3.1 was further generalized by Tikhonov for sequences of the class GM S
[130], by Dyachenko and Tikhonov for the sequence class which is an analogue of GM (f33)
[45], i.e., the GM S(pB) class with

= — sup las, for some A > 1, (3.3)
n k>n/AZ ’

and by Kérus [77] for the GM S(B) given by

= sup Z las|,

ng k>en 24,

where ¢, is some appropriate sequence increasing to infinity. Note that in (3.3), ¢, = n/A.

Finally, Dyachenko, Mukanov, and Tikhonov [41] constructed the class GM Spgm, anal-
ogously as we defined the function class G Mg, in Section 2.5, and proved Theorem 3.1
for sequences from such a class. In fact, those classes of sequences and functions were
considered simultaneously in the papers [33] and [41].

It is worth emphasizing that in almost all generalizations of Theorem 3.1 we mentioned
above, the sufficiency part is relatively easy to prove even for complex sequences, rather
than nonnegative ones. In fact, it was shown in [45] that a sufficient condition for the
uniform convergence of the series > > | a, sinnz on [0, 27) is that

2n
n Z lar, — ag4+1] — 0 as n — 0o, (3.4)
k=n
for any {a,} C C. In other words, (3.4) is equivalent to {a,} € GMS(5) with nS, — 0
as n — oo.

Proving the necessity part of Theorem 3.1 for real-valued sequences {a,} is more
complicated. Very recently, in [50], Feng, Totik, and Zhou achieved such goal for sequences
of the class GM Sy (cf. (2.7), p. 12). This is in part what motivates the work presented
in Section 3.1. The result of Feng, Totik, and Zhou was generalized in [41], where the
authors proved the necessity part of Theorem 3.1 for sequences of the class GM,qm.

A survey of the results in this line for two-dimensional sine series is presented in
Section 3.2.

It is also worth mentioning that the technique the authors used to prove the necessity
part of Theorem 3.1 for the GM S class in [50] also motivated other authors to develop
other techniques to deal with the GM S5 class that allow to solve problems in the framework
of real sequences, instead of nonnegative ones. For example, see the recent work [46], where
Dyachenko and Tikhonov prove, among other results, that if

o0 oo
= E an sinnz, g(z) = g an cosnx,
n=1 n=0

0 <a<l1,and {a,} € GMS; is a real-valued sequence, then f,g € Lip « if and only if
n'*%q, — 0 as n — co. Here Lip o denotes the space of functions defined by

tipa={7:0.20 € s |7 1) < Clo -y},

x,y€(0,27]
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The latter result for monotone sequences is a classical statement due to Lorentz [91] (see
also [8, Ch. X]), and it was generalized by considering nonnegative GM S(3) sequences in
place of monotone ones in [45, 130, 133, 134]. This problem was first solved within the
framework of real-valued GM Ss sequences in [46].

There are different generalizations of the class GM S than those discussed here [86, 128]
for which an analogue statement to that of Theorem 3.1 holds, see [68, 128] and the
references therein.

On the side of sine integrals, let us first observe that, unlike in the case of series, we
have to guarantee the convergence of the integrals

0
/ f(t) sinut dt, d>0.
0

For example, the above integral is infinite for any § > 0 if f(t) = t~2. In order to avoid
such scenarios, we will assume that ¢f(t) € L'(0,1), so that for 0 < § < 1,

6 0
/f(t)sinutdt<u/ tf(t)]dt < Cu.
0 0

Méricz [96] proved the following criterion for functions in the GM (f32) class:

Theorem 3.3. Let f € GM(B2), f > 0, be such that tf(t) € L'(0,1). Then, the sine
integral

/OO f(t)sinutdt (3.5)
0

converges uniformly on Ry if and only if
tf(t) =0 ast — 0o.

By saying that the sine integral (3.5) converges uniformly we mean that the partial
integrals fON f(t) sinut dt converge uniformly as N — oo. It is also worth mentioning that
the sufficiency part of Theorem 3.3 was proved for complex-valued functions.

Later on, Dyachenko, Liflyand, and Tikhonov [40] generalized the statement of Theo-
rem 3.3 for functions of the class GM(33). What is more, they obtained a more general
sufficient condition for complex-valued functions. More precisely, they proved the follow-
ing.

Theorem 3.4. Let f : R, — C be such that tf(t) € L*(0,1).
(i) If f € GM(B) and xf(x) — 0 as x — oo, or equivalently, if

x/% |df (t)] — 0 as x — 00, (3.6)

then fooo f(t)sinut dt converges uniformly on R.
(ii) If f € GM(B3) and f > 0, the uniform convergence of fooo f(t)sinut dt implies

tf(t) =0 ast — 0o.

It is clear that if f € GM(f3) and tf(t) — 0 as ¢t — oo, then z53(z) — 0 as x — oo,
in which case we can write an “if and only if” statement.
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Corollary 3.5. Let f : Ry — Ry be such that f € GM(B3) and tf(t) € L'(0,1). Then
fooo f(t)sinut converges uniformly on Ry if and only if

tf(t) —0 as t — oo.

For the sake of completeness, we write the corresponding result for the cosine transform
from [40], although we are not going to discuss it further in this chapter. We deal with
cosine (or more generally, Hankel) transforms of functions from the class GM(f2) in
Section 4.5.

Theorem 3.6. Let f € GM (f33) be such that f € L*(0,1), and assume (3.6) holds. Then,

the cosine transform
o
/ f(t) cosutdt
0

converges uniformly on Ry if and only if fooo f(t)dt converges.

Note that in Theorem 3.6 we do not need the assumption f > 0.
To conclude this section, we make the following observation concerning condition (3.6)
that will be useful later: note that it is equivalent to

l‘/ |df (t)| — 0 as r — 00.

More generally, for any v > 0, one has
oo 2z
x”/ |df (t)] = 0 as x — oo if and only if aﬂ/ ldf (t)] = 0 asz —oc0. (3.7)

Indeed, one direction is clear. To prove the other direction, since f;x ldf (t)] = o(1) as
T — 00, we write

o [ lart \—x”Z/

as r — OoQ.

2k+1 o0

e \—wz( ) = X et = o1

3.1.2 New results

The purpose of this subsection is to generalize the statement of Corollary 3.5 in two
different ways: first, to prove it for a class of functions that contains all other classes
that have been considered before, namely GM,qy, (recall that GM(B3) € GMaqm, cf.
Proposition 2.22). Secondly, we also wish to prove the necessity part of Corollary 3.5
for real-valued functions instead of nonnegative ones. To this end, we use the technique
from [50] (which deals with sequences from the class GM S3) adapted to the framework of
functions.
The main statement of this section reads as follows.

Theorem 3.7. Let f € GMgy, be a real-valued function such that tf(t) € L'(0,1).
Assume I(x) = I(f,z) = sz |f(t)|dt is bounded at infinity. Then, a necessary and
sufficient condition for the uniform convergence of

/00 f(t)sinutdt
0
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on Ry is that
tf(t) —0 as t — 0o. (3.8)

Proof. We first prove the sufficiency part. Since f € GM_yqm, there exists a constant C' > 0
and an admissible operator B such that

2x
/ ) <@ e o
X

xT

Condition (3.8) implies that I(z) — 0 as z — oo, so that B(z,I) — 0 as x — oo, by
property (i) of B(x,I) (cf. Definition 2.18), and the result follows by the first part of
Theorem 3.4.

In order to prove the necessity part, it is enough to show that I(z) — 0 as z — oc.
Once this is done, the result will simply follow by property (i) of B(x, ) and the estimate
from Corollary 2.21.

For any = > 0, let

A(z) = {t € [z,22] : |f ()| > I(z)/2x}.
By definition of A(x) and the estimate from Corollary 2.21, we have

_ 1(z)
f(as)—( JNLCEEY) (x)lf(t)\dt>§ SRRl LI
I

<104 coaey 22D,

where |A(z)| denotes the Lebesgue measure of the set A(z). We can now deduce

x I(x)
4@ > 56 o

provided that B(z,I) > 0, and consequently,

I(z) 1 I(x)?
[ 1oz S 2 e e (39)

Since the integral fooo f(t) sinut dt converges uniformly, for a fixed ¢ > 0 we can find £ > 0
such that

&2

f(t)sinutdt

&

Now we can choose x > ¢ such that I(x) > 0 (note that in this case B(z,I) > 0, by

property (iii) of B, cf. Definition 2.18). We can always make this choice of z, since if it

did not exist, then I(z) = 0 for all x > £, and our assertion would be trivial. Also note

that due to Corollary 2.21 and property (ii) of B(z,I), f(z) is bounded at infinity. Thus,

there exists § = d(e, ) such that

<eg fELSE<E, ueR,. (3.10)

w+6
/ |f(t)]dt < e, for all w > =. (3.11)

w

For example, take § = min{d’, z}, where ¢’ = ¢/ sup;>, |f(t)].
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Our next goal is to cover the set A(x) by almost disjoint intervals S;. More precisely,
we construct a collection of intervals {S;}7_; (with n = n(z)) such that |S; N S| = 0
whenever j # k and |A(z)\(S1 U...U S’n)| =0, or in other words,

Ax) C <O Sj> U E(x),

where |E(x)| = 0. Note that for such a collection, one trivially has

/A NOEE g /S REOIE

The construction of the intervals S; = [vj, ;] is done as follows: first let v = inf A(x).

(1) If there exists vy < y; < 2z such that f has constant sign' in (vi,y1], and |f(t)| >
I(x)/4x for every t € (vi,y1), while |f(y1)| < I(z)/4z, then we define v; = y; + 4,
with § as above.

(2) If there is no y; € (vy, 2z] satisfying all the properties described in case (1), let

z1 = Inf{¢ € [vy,22] : f(v1)f(£) <0}
If such an infimum exists, we define 11 = z1 + 9§, with ¢ as above.
(3) If neither y; nor z; described in cases (1) and (2) exist, we put v = 2.

After finding v, we set S; = [v1,11], and if A(x)\S; has positive measure, we define
vy = inf A(x)\S1. By the same procedure, we find v, and define Sy = [vg, 5], and so on
until we reach n such that

|A(z)\(S1U...US,)| =0.

Let 1 <5 < n. We now prove that

which will eventually allow us to obtain an upper estimate for n.

(1) If v; was chosen by case (1). Note that there exists® w € [vj,y;) such that |f(w)| >
I(z)/2x, whilst |f(y;)| < I(z)/4x. Thus,

[ 101 = 15) = 1) = 1) = 1) = B2

Vj

We say that f has constant sign in a set X if and only if f(z1)f(2z2) > 0 for all 21, x2 € X.

2By definition, for any set A C R, we have that m = inf A if and only if (a) m is a lower bound of A,
and (b) for every m’ > m there exists x € A such that x < m'. In our case, we can find w > v; with
w € A(x), i.e, |f(w)| > I(z)/2z.
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I(@)/(2%) 4= == mmmmmm e N
I(z)/(4)
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~I(x)/(42) |
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Figure 3.1: Choice of v; given by case (1). Note that the variation over the interval [v1, 1]
is greater than or equal to I(z)/(4x).

(2) If v; was chosen by case (2), similarly as in case (1), there exists w € [vj,v; + ) such
that | f(w)| > I(z)/2z. Since

2j = nf{€ € [uy. 2] : f(u)F(€) <0},

there must exist z € [vj, 2z; + 0) such that f(z)f(w) < 0. Indeed, if this z does not
exist, then f(y)f(w) > 0 for all y € [vj,2; + 0), and in particular, f(w)f(v;) > 0.
This implies that f(y)f(v;) > 0 for all y € [v;,2; + J), or in other words, f has
constant sign in the latter interval. Hence,

inf{¢ € [vj,22] : f(vy)f(§) <0} > 2,

which is a contradiction. Therefore, we conclude

[ 1)z 15w - s = 12 > 1.

Vj

Finally, it is only left to remark that if v; is chosen by case (3), then j = n. We can
now proceed estimating n from above (when n > 1). By the GM,q,, condition, property
(iv) of B(xz,I) (monotonicity on z), and the fact that § < z, we have

4z

C C C
— > — — >
2—B(w,1) > ~B(2x,1) + —B(x.I) > /h

2z+6 n-l .y I(:C)
>/ rdf<t>\z;/w 402 (- )5

2x
df ()] + / df (1))

Thus,
8Cx B(x,I) B(x,I)
< — 1<
"SI TS

(3.12)

If n = 1, inequality (3.12) is trivially true.
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—I(z)/(4z) |
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Figure 3.2: Choice of v; given by case (2). Note that the variation over the interval [v1, 1]
is greater than or equal to I(z)/(4x) (in fact, greater than or equal to I(x)/(2x)).

I(z)/x
= I(x)/(2x) f--2----m o mmmmmm oo
R Ep—~

Figure 3.3: Choice of v; given by case (3). Note that in this “degenerate” case we cannot
give a nontrivial lower bound for the variation of f over the interval [vy, 2x].
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Now let u = 7/8x. Then ut < /2 for all ¢ € [x,4x], so that sinut > 1/4 on the latter
interval. Since f has constant sign on (vj,v; —d) (by construction of the S;’s), it follows

from (3.10) and (3.11) that
v;—6 v
d d
A‘|NMt+[WuwrQ

1 [ 1
4Awﬂmﬁ=4(J |

J

+i<ets
1 1

<

v;j—6
/ f(t)sinutdt

J

Therefore, for any 1 < j < n,

/ 7@ dt < 5e. (3.13)

J

Since ‘A(x)\(Sl U...u Sn)} = 0, summing up on j the integrals in (3.13), it follows from

(3.12) that
I
/A(m \dt<2/ (£)] dt < 5ne < 45C ((x))s. (3.14)

Finally, combining (3.9) and (3.14), we obtain

3

1 I(x)? B(z, 1) I(x)
— < 45C ; < 180CCpe.
ACy Blz,1) = I(z) & B I1)2= 0e
Since € > 0 is arbitrary, we deduce that I(x)3/B(x, )% vanishes as 2 — co. Moreover,
since B(z, I) is bounded for x large enough (by property (ii) of B(x, I), cf. Definition 2.18),
then I(z)? — 0 as x — oo, which is what we wanted to prove. O

Remark 3.8. It is worth to comment about the appearance of § defined in (3.11) in the
proof of Theorem 3.7. We strongly make use of this small value in the construction of the
intervals S;. Let us disregard ¢ for a moment, and assume we are in the situation given
by Figure 3.2. If we define

v1 =z =min {£ € [v1,2z] : f(v1)f(§) <0},

then we have vy = inf A(z)\[v1, 21] = 21. However, according to the picture we are once
again in case (2), and moreover, vy = 29 = 21, so that So = {z1}. At this point it is clear
we enter in an infinite loop (unless |A(z)\[v1, 21]| = 0, which in general should not be
true). By taking v1 = z1 + J, we avoid these pathological situations, whilst at the same
time we have a sufficiently small upper estimate for the integrals [ wto |f(t)]dt.

Remark 3.9. Note that if the function f from Theorem 3.7 satisfies f(x) > 0 for every
x > 0, we do not need to assume the boundedness of I(x) at infinity. In fact, if u = 7/4x
n (3.10), we have

5>‘/2xf sm —t dt‘ ’ 2xf dt‘ / |f(t)]dt = —.

In this case I(x) — 0 as x — o0, so that the proof of the necessity part of Theorem 3.7
becomes much easier if we assume f > 0.
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As a corollary of Theorem 3.7 combined with Remark 3.9, we write the corresponding
“if and only if” statement for nonnegative GM,q,, functions:

Corollary 3.10. Let f € GMugn be a nonnegative function such that tf(t) € L'(0,1).
Then, fooo ft)sinutdt converges uniformly on Ry if and only if (3.8) holds.

Before proceeding further, let us remark that any function f that is locally of bounded
variation on Ry and such that I(z) is unbounded at infinity, then formally f € GM(53) C
G M.

Comparing Corollary 3.5 and Theorem 3.7, we see that if we want to consider real-
valued instead of nonnegative ones in Theorem 3.7, we need the extra assumption “I(x)
bounded at infinity”. Our next concern is whether such hypothesis is essential in The-
orem 3.7. We give an affirmative answer to this question by finding a function such
that formally f € GM(B3) such that I(x) is unbounded at infinity (thus we only require
[ € BVioc(Ry)), and for which [;° f(¢) sinut d¢ converges uniformly although ¢f(t) # 0
as t — co. We also mention that the situation is similar for the case of sine series with
coefficients in the GM Suam class, see [41].

In order to prove our assertion, we make use of the so-called Rudin-Shapiro sequence
[71, 113, 122]. The following is a well known result [113], often referred to as Rudin-
Shapiro’s lemma.

Lemma 3.11. There exists a sequence {en}o>, €n = £1, such that

m
D ene™| <Byvm+1 (3.15)
n=0

for all x € [0,27) and all m € N.

We call the sequence {e,,}22, from Lemma 3.11 the Rudin-Shapiro sequence, and the
trigonometric polynomials on the left-hand side of (3.15) are known as Rudin-Shapiro
polynomials. We need the following analogue of Lemma 3.11 for integrals.

Lemma 3.12. [Rudin-Shapiro’s lemma for Fourier integrals] There exists a function h :
[0,00) = {—1,1} such that

/0 " h(t)e™t dt’ < 6vVM (3.16)

for allu e R and all M > 0.

Proof. We define the function h by means of the Rudin-Shapiro sequence: for n € NU{0},
h(t) = ep, ift € [n,n+1).

The assertion is trivial if M < 1, so we can assume M > 1, and we can also restrict
ourselves to the case u > 0. Put N = [M], where [-] denotes the floor function. First, for
u = 0, it follows from Lemma 3.11 that

‘/OMh(t) dt’ <

N-1

D e

n=0

+ ‘/NM h(t) dt‘ < 6V M.
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Secondly, if u > 0,

N , N-1 rnt1 ‘ piv 1 N1 ‘
/ h(t)e™ dt = Z / h(t)e™ dt = — Z ene’™.
0 n=0"" v n=0
Thus, by Lemma 3.11,
N ) el 1
‘ / h(t)e™t dt’ <5VN | <5VN,
0 u

and therefore

/ h(t)et dt’ < / h(t)e™ dt’ + ‘/ h(t)e™ dt’ <6V M,
0 0

N

which completes the proof. O

Remark 3.13. The constant on the right-hand side of (3.16) is not optimal. It can be
improved, for instance, by considering sharper estimates of (3.15). Putting C'vm + 1
on the right-hand side of (3.15), it is known that the optimal C lies between /6 and
(24 v2)/3/5 (cf. [115] and the references therein).

We are in a position to prove the sharpness of Theorem 3.7 with respect to the condition
“I(x) bounded at infinity”, or in other words, that such an assumption cannot be dropped
from the statement of Theorem 3.7.

Theorem 3.14. There exists a uniformly converging sine integral fooo f(t)sinutdt such
that
tf(t) — oo as t — oo,

and

2x
/ |f(t)| dt — oo as x — 0.

Proof. Let ¢, = n=227"/2, and let h be the Rudin-Shapiro function (i.e., the function
defined in Lemma 3.12). We prove that the Fourier integral given by

1 oo A 00
/ h(t)e™ dt+ " en / h(t)e™ dt = / f(t)e™ dt, (3.17)
0 ot 2n—1 0

converges uniformly, where f(t) = c,h(t) for t € [2"1,2") with n > 1, and f(t) = h(t)
fort € 0,1). If n > 1 and 2n—l < 21 < 29 < 27, it follows from Lemma 3.12 that

22 ) 21 . 22 X

’/ f(t)e™t dt' < cn<’/ h(t)e™ dt)+’/ h(t)e“‘tdtD < n7227"/212.9M2 — 19972,
21 0 0

Hence, for arbitrary & < &o,

<2 iyt S 1
f(t)e¥ dt SlQZﬁ—)O as & > & — oo,
&1

k=nq
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where n; = max{n € N: 2" < &} and ng = min{n € N : 2" > &}. Thus, the uniform
convergence of (3.17) follows, and so does that of

/OO f(t) sinut dt.
0

However, the integrals fjx |f(t)| dt are not bounded at infinity. To prove this claim, fix
x> 1 and let n € NU {0} be such that 2" < z < 2"*L. Then,

2z
/ |F()| dt > zepio > 0227?55 as n — 00.
x

Finally, with n and = as above, we also have
z|f(z)] > 2"npe = n722"% &5 0 as n — 0o,
as desired. O

As mentioned before, a version of Theorem 3.3 was proved for real-valued sequences
of the class GMSs in [50]. Combining the proof of [50, Theorem 3.1] with that of Theo-
rem 3.7, we can obtain the following.

Theorem 3.15. Let f € GM(32) be a real-valued function such that tf(t) € L(0,1).
Then, condition (3.8) is necessary and sufficient for the uniform convergence of the integral
IS f(t)sinut dt on R

The proof of Theorem 3.15 is not included, since it is essentially a combination of those
of [50, Theorem 3.1] and Theorem 3.7.

Note that in Theorem 3.15, dealing with the class GM (33), we do not assume that
I(x) (or fx/\/x)\ |f(t)| dt) is bounded at infinity, since it already follows from the uniform
convergence of [;* f(t)sinut dt (see the proof of [50, Theorem 3.1]).

One may also wonder if the condition

tf(t) —0 as t — 0o
may be replaced by “tf(t) bounded at infinity”, and still obtain the conclusion of Theo-
rem 3.7. This is known not to be true, as shown by the example f(t) =t¢~! (cf. [40]).
3.2 Two-dimensional sine transform

This section is devoted to the study of the uniform convergence of double sine transforms
o0 o0
/ / g(z,y) sin ux sin vy dx dy, u,v € Ry. (3.18)
o Jo

Throughout this section, g : R — C is assumed to satisfy g(x,y) — 0 as max{z,y} — oo,
or equivalently, as z + y — oo.

The integral (3.18) can be viewed as the Fourier transform of functions with an “odd-
type” symmetry, i.e., such that g(z,y) = —g(—z,y) = —g(x, —y) for all z,y € R. In this
case there also holds g(x,y) = g(—x, —y).
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It is necessary to review some concepts about convergence of double (or multiple) in-
tegrals first. We start by mentioning a few historical facts about convergence of multiple
series. Pringsheim [106] realised that such convergence depends on how partial sums are
ordered, contrarily as in the one-dimensional case, and he investigated many different
ways of ordering those partial sums in [106]. Moreover, he noticed that for series with
nonnegative terms all types of convergence were equivalent (see also [107]). One of the
most natural ways of arranging partial sums is the rectangular one, often referred to as
Pringsheim’s summation (which had already been introduced by Stolz in [127]). Conver-
gence of the partial sums under this arrangement is called Pringsheim convergence. A
more restrictive type of convergence, called regular convergence, was introduced by Hardy
n [60], and its counterpart for double integrals, introduced below, will be the main type
of convergence that we study.

Given g € LlOC (Ri), we say that the double integral

/Ooo /OOO g(s,t)ds dt, (3.19)

converges in the sense of Pringsheim if the partial rectangular integrals

€z )
I(g;z,y) =/ / g(s,t)dsdt
0 0

converge to a finite limit as x,y — 0o, or equivalently, as min{x, y} — oco. In this case, the
Cauchy convergence criterion holds, or in other words, a necessary and sufficient condition
for the convergence of (3.19) in the sense of Pringsheim is that for every € > 0 there exists
z = z(e) > 0 such that

[1(gs z1,51) — I(g; 32, 92)| <, if min{zy1, 2, 91,52} > 2.
We say that (3.19) converges in the regular sense if

/ / (s,t)dsdt — 0 as 1+ 1y — 00, Ty >x1, Y2 > Y.
Y1

Note that if z1,y1 > 0, then 1 + y; — oo is equivalent to max{zi,y1} — oco. We will
always write x1 4+ y1 — 00, but keeping in mind this equivalence.

It is useful to observe [95] the that convergence in the sense of Pringsheim of (3.19) is
equivalent to the fulfilment of the following conditions:

2 Y
/ /g(s,t)dsdt—>0 as rp — 00, T2 >1T1, Y — 00,

|

whilst regular convergence of (3.19) is equivalent to

o

Y2
/ g(s,t)dsdt — 0 as yp — 00, Y2 > Y1, I — 00,
y

1

Yy
/ /gstdsdt—>0 asxr] — oo, x>z, YER,,
0

A

Y2
/gstdsdt—>0 as y; — 00, y2>1vy1, x€R,.
Yy

1

o
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From this observation it readily follows that convergence in the regular sense implies
convergence in the sense of Pringsheim. The contrary is not true, as shown by the following
example from [94]:

k, if (z,y) € (k+2,k+3] x (0,1] or (0,1] x (k+2,k+3], k€N,
g9(z,y) =< =k, if (z,y) € (k+2,k+3] x(1,2] or (1,2] X (k+2,k+ 3], k €N,

0, otherwise.

For every z,y > 2, one can easily see that I(g;x,y) = 0, so that the integral (3.19)
converges to 0 in the sense of Pringsheim, despite g being unbounded. However, (3.19)
cannot converge in the regular sense, since for any k € N,

1 k+3
/ / g(s,t)dsdt =k,
0 JEk+2

which clearly does not vanish as k — oo.

We refer the reader to [94] for a more detailed discussion between these two types of
convergence (also presented for double series) and further examples. We also mention that
a generalization of Fubini’s theorem [145, Ch. 11] is also proved in [94]. More precisely, it
is shown that the order of integration on (3.19) may be switched if the integral converges
regularly, instead of requiring the stronger condition g € L' (Ri)

We are now in a position to define the uniform convergence in both the regular and
Pringsheim’s sense of the double sine transform (3.18); for M, N > 0, define the partial
double integral of (3.18) as

N M
Sy (u,v) = Sy n(g;u,v) = / / g(z,y) sinuz sin vy dz dy. (3.20)
o Jo

On the one hand, according to the Cauchy criterion, we say that (3.18) converges uniformly
in the sense of Pringsheim if

|Sa N (u,v) — Sy N (u,v)| — 0, as min{M, M’ N,N'} — oo,
uniformly in u,v. On the other hand, we say that (3.18) converges uniformly in the regular
sense if

N oM’
/ / g(z,y) sinux sinvy dx dy — 0 as M +N — oo, M >M,N >N,
N JM

uniformly in u, v.

3.2.1 Known results

Before presenting our statements, let us give a summary of the known results related to
our framework. In this subsection we assume that the double sequences {a, » } we consider
satisfy @, — 0 as m+n — oo. The problem of uniform convergence of double sine series
was first considered by Zak and Sneider in 1966 [144]. Denote

All)a/m,n = Um,n — Am+1,n, AOlam,n = Um,n — Amn+1,

A11am,n = AOlam,n = A10(1m7n = Gm,n — Om+1n — Amnt+1l + Gmylntl-

They proved the following.
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Theorem 3.16. Let {an,,} be a nonnegative double sequence such that Aigamn > 0,
Aoramn > 0, and Av1amy > 0 for all myn > 1. Then, a necessary and sufficient
condition for the uniform convergence in the reqular sense of

oo oo
Z Z A, p SIn M sin ny (3.21)

m=1n=1
on [0,2m)? is that mnam, — 0 as m +n — oco.

The convergence in the regular sense of double series referred to above is defined
analogously as for double integrals, replacing integral by sums, and functions by sequences.

It is also worth mentioning that the uniform convergence of double cosine and sine-
cosine series were studied recently. Although we are not including those results here, we
refer the reader to [39, 78].

Recently, Koérus, Leindler, and Moricz gave extensions of Theorem 3.16 for certain
classes of double GM sequences [75, 81, 84] (in fact, they called those classes with different
names, but for our convenience we will stick to the notation introduced in Chapter 2).
They considered the following alternative of Definition 2.29.

Definition 3.17. Let {omn}, {Bmn} {ymn} be nonnegative double sequences. We say
that a sequence {a, ,} belongs to the class GM S?(a, 3,7) if there exists a constant C' > 0
such that

2m
Z }Aloaj,n} < Camn, m>my, n>ny, my,n €N, (3.22)

J=m

2n

Z |A01(Lm,k} < Cﬂm,m m > mo, n > ng, Mo, Ny € N, (323)

k=n

2m  2n
Z Z |A11a;%| < Cymn, m > mg3, n > ng, mg,n3 € N. (3.24)

j=mk=n

The superscript “2” in GM S? denotes the dimension.
The following GM S? classes have been considered so far:

1. In [81], the class GM S? (041, Bl 71), consisting of double sequences {a, } for which
there exists A > 2 such that (3.22)—(3.24) hold with

. 1 Am

am,n: mjzzw)\|aj,n|7 mZ/\, n > 1,
. 1 An
m,n:nkzzn/)\’am,k’v m>1,n> M\,

am An

1
V}n,n = % Z Z |aj,k|) m,n 2 )\7

j=m/Xk=n/X
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2. in [75], the class GM S? (a2, 52, 72), consisting of double sequences {a, ,,} for which
there exist A > 2 and sequences {b,ll}, {bi} and {bf;} increasing to infinity such that
(3.22)—(3.24) hold with

1 2M
oz?n,n = ( sup Z ]ajﬂ]), m>\n>1,
m bl SM<AbL, i3y

1 2N

2

m,n = ( Sup Z |am,k|>7 m 2 ]-7 n 2 )\7
MABZ<N<NZ 1N

1 oM 2N
2 )
Voo = — ( sup g E ]aj,k]>, m,n > A

MANZb} L 20 k=N

3. also in [75], the class GMS?(a?, 3%,7%) consisting of double sequences {amn} for
which there exist A > 2 and sequences {b}b}, {bi} and {bi} increasing to infinity
such that (3.22)—(3.24) hold with

1 2M
ol =—|( sup Z|aj7n\ , form>X\n>1,
5 m Mzb'}nj:M

2N

1

5,?3,,,’,1 = ( sup g |am,k|>, form>1,n> A,
AN

1 2M 2N
’Y?n,n = mn( sup Z Z |aj,k|>, for m,n > A.

M+N2b), 0 i—M k=N

It is proved in [75] that
GMS2(al,B1,7") © GMS (a2, 82,77) C GMS2(a®, 6°,7%).

Note that the “monotone” sequences considered in Theorem 3.16 clearly belong to the
class GM S? (ozl, 51,71). Moreover, in relation with Theorem 3.16 the following result is
obtained (in fact, the corresponding version is proved for the class G'M S? (al, 61,71) in
[81]).

Theorem 3.18. (i) Let {amn} C C be a sequence from the class GM S> (043,63,73). If
MmNy p — 0 as m—+n — oo, (3.25)

then the double sine series (3.21) converges uniformly in the reqular sense on [0, 27)?.

(ii) If {amn} C Ry belongs to the class GM S? (042,52,72) and its corresponding double
sine series (3.21) converges uniformly in the reqular sense on [0,2m)?%, then (3.25)

holds.
The “if and only if” statement reads as follows:

Corollary 3.19. Let {amn} C Ry belong to the class GMS?(a?, 3*,4%). Then its cor-
responding sine series (3.21) converges uniformly in the reqular sense on [0,2m)? if and

only if (3.25) holds.
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Leindler [84] gave general sufficient conditions for the uniform convergence of (3.21)
in the regular sense that involve the differences of {a, }. These conditions are a two-
dimensional analogue of (3.4).

Theorem 3.20. Let {amn} C C be a double sequence from the class GMS?(a, B,7).
Assume

Omp = o(mfl), Bmn = o(nfl), Ymn = o((mn)*l) as m-+mn — oo.
Then the double sine series (3.21) converges uniformly in the regular sense on [0, 27)?.

Remark 3.21. If we assume Y, = o((mn)~!) as m +n — oo, and define

00 0o
Omn = § Ym,2tn> Bm,n = § Yotmn
(=0 £=0

we can show that conditions
O = o(m™"), B =o0(n1) as m+n — 0o

are redundant in Theorem 3.20. In fact, this is the reason why we defined the GM?(3)
classes only in terms of the Hardy variation over rectangles (cf. Definition 2.28). Indeed,
one has

2m o) 2m oo oo 2m 26tlp
Allajp) <303 A aul =3 >0 > 1ATayl
j=m ' k=n j=mk=n 0=0 j=m k=2¢n
00 00 1
<> e = 30 g ) = o)1) = o)
/=0 =0

as m + n — oo, and similarly for the sums Ziin

On the side of double sine integrals, one can also find recent literature on the topic.
The analogue of Theorem 3.16 for double sine integrals [95] reads as follows:

Theorem 3.22. Let g : (0,00)? — Ry be such that zyg(z,y) € L} .(RY), and assume
that

Aqog(x1,y) >0 for all xog > x1 >0,y > 0,
Ap1g(z,y1) > 0, forallx >0, ys >y >0,
Ang(xi,y1) >0 for all xo > x1 >0, yo > y1 > 0.

Then, the double sine integral (3.18) converges uniformly in the regular sense on [0,27)>
if and only if
zyg(z,y) = 0 as x +y — oo.

Kérus and Moricz worked with the following definition of GM functions of two variables
in order to extend Theorem 3.22:
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Definition 3.23. Let «, 3,7 : (0,00)> — R,. We say that a function g : Ri — C,
gE AClOC((O, 00)2) belongs to the class GM2(a, 3,) if there exist a constant C' > 0 and
xi,y; > 0,1=1,2,3, such that

2x
/ |d10g(s,y)| ds < Calx,y), for all x > z1, y > 11, (3.26)
ac2y
[ gl < Cow), dorallazanyzim (G20
y
2y 2z
/ / |d11g(s,t)|dsdt < Cy(z,y), for all © > 3, y > ys. (3.28)
Yy T

Here the subscript “¢” in GM2 denotes that we are restricting ourselves to considering
functions from the class AClOC((O, oo)z). In contrast, the GM?(3) functions we consider
(cf. Definition 2.28) are required to belong to the class H BVjy. (Ri), or more generally, to
the class HBVioc(R%\[0,¢)?) for some ¢ > 0. This is a rather technical assumption that
is used when dealing with the Hardy variation of a function over rectangles of the form
[0,a] x [by,ba] (resp. [b1,ba] X [0,a]), with by > c.

The MV BV F? class we mentioned in Section 2.6 (cf. [79, 80]) corresponds to the
class GM?2(aq, B1,71) consisting of functions g for which there exists A > 2 such that
(3.26)—(3.28) hold with

1 Az 1 )‘y
alz,y) = — s,y)|ds, T,Y) = — x,t)| dt,
(2.) / 19(s,9)] B(z.y) / 9(z, 1)

L Jx/x Y Jy/x
Ay

1 / /)\:l?
Y(z,y) = — g(s,t)|dsdt,
(@, y) s xﬂl (s, 1)]
for all x,y > 0. In [79, 80], the authors proved the following.

Theorem 3.24. Let g € GM2(a1, f1,71) be such that xyg(x,y) € L} (Ri)

loc
(i) If the condition
zyg(z,y) — 0 as T+ 1y — o0 (3.29)

holds, then the double sine transform (3.18) converges uniformly in the reqular sense
on R2..
+

(ii) If g is nonnegative and the double sine transform (3.18) converges uniformly in the
reqular sense on R%, then (3.29) holds.

Thus, the “if and only if” statement for the class GM2(aq, B1,71) reads as follows.

Corollary 3.25. Let g : (0,00)%2 — Ry belong to the class GM2(a1, 31,7v1) and be such
that xyg(x,y) € Li . (]R%_) Then, the double sine transform (3.18) converges uniformly in
the reqular sense on R% if and only if (3.29) holds.

Furthermore, they obtained a necessary condition for the uniform convergence of (3.18)
in the sense of Pringsheim.

Theorem 3.26. Let g : (0,00)?> — Ry belong to the class GMZ2 (a1, B1,71) and be such
that xzyg(z,y) € Ll .(RL). If the double sine transform (3.18) converges uniformly in the

loc
sense of Pringsheim on R?H then

zyg(x,y) — 0 as min{z,y} — oo. (3.30)
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3.2.2 New results

Our main result concerning double sine transforms is an analogue of Theorem 3.20, yielding
sufficient conditions for the uniform convergence of (3.18) in the regular sense, without
including the redundant hypotheses outlined in Remark 3.21. Let us denote

G(u,v) ::/ / g(z,y) sin ux sin vy dzx dy. (3.31)
o Jo

Theorem 3.27. Let g : RZ — C be such that g € GM?*(B) and g € HBV(Ri). If
Blx,y) = 0((xy)_1) as x +y — 00, (3.32)
then (3.31) converges uniformly in the regular sense on R%, and moreover,

sup |G(u,v) — Sun(u,v)] < 9(eno +eoN +emN), (3.33)
u,vER

where Sy N (u,v) is the partial double sine integral given by (3.20), and

oo o
Epy = SUP ,u'l// / |d119(s,t)| dsdt. (3.34)
w>p v
v'>v

Remark 3.28. Condition (3.32) is equivalent to the condition
o o
/ / |d11g(s,t)|dsdt = 0((xy)_1) as  +y — 0.
Yy T

The proof is similar to that of (3.7).

The proof of Theorem 3.27 goes through two lemmas; the first of them concerns rewrit-
ing the double sine integral (3.31) in terms of the variation of g.

Lemma 3.29. Let M, N >0 and let g : ]R%r — C be such that g € HBV(R?F). Then,

o [ee]
/ / g(z,y) sinuz sin vy dx dy
N M

00 00 s t
:/ / dllg(s,t)</ sinuxdaz) (/ sinvydy)dsdt.
N M M N

Proof. Since g € HBV(]R%_), we have

/ / |d11g(s,t)|dsdt =o(1) as z+y — 0.
y T

Now let M’ > M, N’ > N, and u,v > 0. Also, let us denote

s t
u(s) ::/ sinux dx, Py(t) ::/Nsinvydy.

M

For every s,t € Ry, there holds |¢,(s)| < 2/u, |[¢,(t)| < 2/v. Since g € HBV(R2) and
g(z,y) = 0 as © — oo (for any fixed y > 0), we can write

g(z,y) = / diog(s,y) ds,
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and we have the following equality:

N’ M’
/ / g(z,y) sinux sin vy dx dy
N M

N pM’ oo
:/ / (/ d109(s,y) ds> sin uzx sin vy dzx dy. (3.35)
N M T

The latter integral converges absolutely for all values of M’ > M and N’ > N. Thus, we
can change the order of integration, and obtain that (3.35) is equal to

N, M/ N/ %)
/ / d10g(5,y)du(s) sinvy ds dy + ¢, (M) / / d10g(s,y) sinvy ds dy
N JMm N Jm

N oM 00
_/ (bu(s)(/ di19(s,t) dt> sinvy ds dy
N/
+ ¢ (M) / / </ d119(s,t) dt> sinvy ds dy
N’ M

! %) M/
:/ Ou(8)y(t) di1g(s,t) dsdt + wv(N’)/ / Ou(s)di1g(s,t) dsdt
N JMm ’

N’ roo
0,00 [ [ w0 dugls.0)dsdt + 0,000V [ [ gl dsae
N M/ ! !
(3.36)
It is clear that the first term on the right-hand side of (3.36) tends to

/Oo /m¢u(5)¢v(t)d1lg(5,t) dsdt
N JM

o] 00 s t
:/ / dllg(s,t)</ sin ux dx) </ sin vy dy) dsdt
N M M N

as M',N' — oco. Therefore, the statement of Lemma 3.29 follows if we prove that the
three remaining terms on the right-hand side of (3.36) vanish as M’, N’ — oo. For the
second term, we have

0o M’ 0o M’
Bo(N) / | /M %(s)dng(s,t)dsdt\sj / | /M 6u(s) dag(s,t)] ds dt

4 [ [ 1
< = d t)dsdt = —o(1
_uv// /M |di1g(s,t)|ds qu()

as M + N’ — oo. The third term on the right-hand side of (3.36) is estimated similarly:

2 [N oo
< / / [0y (t) di1g(s,t)| ds dt
u JN ’
4 [0 [ 1
— d t)|dsdt = —o(1
UU/N /M’ lduig(s, t)] ds uvo( )

as M’ + N — oo. Finally, for the last term on the right-hand side of (3.36) we have

¢uM/7w[}v ////d1198td5dt‘</,/ |d1198t’d$dt ()

as M’ + N’ — oo, which concludes the proof. O

N’ poo
(j)u(M’)/ . Uy(t) di1g(s,t) ds

N

IN
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13

The following lemma deals with estimates of the “residual” integrals

Ryrn(u,v) = Ryrn(g;u,v) = / / g(z,y) sin uz sin vy dx dy.
N Jm

Lemma 3.30. Let M, N >0 and let g : Ri —C, g€ HBV(]R?F). Then,

sup Rarn(u,v) < 9enmn,
u,vER

where epr N is defined by (3.34).
Proof. Let u,v # 0 and M, N > 0. By Lemma 3.29, we can write

o0 [o.¢]
/ / g(z,y) sinuz sin vy dx dy
N Jm

o] [ee) s t
:/ / dllg(s,t)</ sinuxdx) (/ sinvydy)dsdt.
N Jum M N

We distinguish four cases.

1. If 1/u < M and 1/v < N, then

¢
‘/ / di19(s,t) (/ smumdm)(/ sinvydy)dsdt‘
< / / |di1g(s,t)|dsdt < 4depr N,

thus in this case Rysn(u,v) < 4deprn.

2. If 1/u < M, and 1/v > N, using again the representation

g(z,y) = / diog(s,y) ds,

we obtain

o o0
/ / g(x,y) sinuzx sin vy dx dy‘
N Ju

IN

1/v poo  poo
/ / / d109(s,y) sinuz sin vy ds dz dy’
N M Jx

g(x,y) sin ux sin vy dx dy‘.

1/v

1/v 00 OO
:/ / g(x,y)sinuxsinvydazdy—i—/ / g(z,y) sinux sin vy dx dy
N Jum 1/v J M

(3.37)

(3.38)

Note first that integral (3.38) is covered by Case 1, and therefore it is bounded from
above by 4y 1/,, and in this case €p7,1/, < €p,nv. An argument similar to that of

Lemma 3.29 shows that (3.37) may be written as

1/v
‘/ / d1og(s,y </ smumdm) sinvydsdy‘.
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We estimate the latter from above by

2 1/v  poo .
/ / |d10g(s,y) sinvy| ds dy
uJn M
1/v 0o oo
< 2MU/ y/ / |d11g(s,t)| dsdt dy < 2ep N-
N Y M

Collecting these estimates, we obtain

Ry n(u,v) < 6eprn. (3.39)

. If1/u> M and 1/v < N, a similar argument as in Case 2 yields (3.39) again.

If1/u> M and 1/v > N:

o0 oo
‘/ / g(x,y) sinuz sin vy dz dy‘
N Jm

1/v rl/u 1/v  poo oo rl/u SIS
:’/ / _|_/ / +/ / +/ / g(z,y) sinux sinvy dx dy
N M N 1/u 1/vJM 1/v J1/u

= |11 (u,v) + L(u,v) + I3(u, v) + I(u,v)|.

We estimate each of these four integrals separately. First of all, for I;, we have

1/v rl/u
Ty (u,0)] < / / 9z ) luz vy e dy
N M

1/v pl/u 0o oo
< uv/ / acy/ / |di19(s,t)| ds dt dz dy < epr N
N M Y x

The upper estimate for I5 is obtained similarly as that of (3.37) from Case 2:

1/v  poo s
[I2(u,v)| = ’/ / d1og(s,y)</ sinumda:) sinvydsdy’
N 1/u 1/u
2 1/v oo oo
< / y/ / |di1g(s,t)|dsdtdy < 2epN-
u JN y 1/u

The upper estimate for I3 is analogue to that of I, i.e.,
‘Ig(u, ’U)’ S QEM’N.

Finally, by Lemma 3.29, we can write

[e%¢) [oe) s t
‘/ / dng(s,t)(/ sinuacdx) </ sinvydy)dtds
1/uJ1/v 1/u /v

4 00 00
S / / |d119(8,t>‘ dsdt S 45M,N'
v Ji/v J1/ju

L4 (u, v)]

Collecting all the estimates for the integrals I;(u,v), j = 1,...,4, we conclude that
in this case Ryr,n(u,v) < 9enr . O
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We are now in a position to prove Theorem 3.27.

Proof of Theorem 3.27. Recall that the uniform regular convergence of (3.31) means that

yi o
/ / g(z,y)sinuzrsinvydrdy — 0 as zg + yo — 00, o < =1, Yo < Y1,
yo Jao

uniformly in u,v.
We can use the residual integrals to write

yi o
‘ / / g(z,y) sin ux sin vy dx dy
yo Jo

= ’Rﬂvo,yo (u, U) - RIOJA (uv v) - Rﬂchyo (uv U) + Rﬂﬁl,yl (uv v)’
< ‘Rxo,yo (u,v)| + ‘Rxo,yl (va)‘ + ’Rxhyo (u, U)‘ + ‘Rxhyl (u,v)’. (3.40)

By Lemma 3.30, we can estimate (3.40) from above by 4 - 9e4, 4. By (3.32) (see also
Remark 3.28), it follows that €, tends to zero uniformly in u,v as ¢ + yo — oo, and
thus the uniform convergence of (3.31) in the regular sense follows. Finally, it remains to
estimate the uniform error when approximating G(u,v) by Sy n(u,v).

sup |G(u,v) — Sy,n(u,v)| = sup |Ron(u,v)+ Raro(u,v) — Ry n(u,v)
u,vER u,vER L

< sup [Ro,n(u,0)| + [Rago(u, v)| + [Rarn (u, 0)]
u,vER 4

< 9(eo,N +Emo+EMN),
where the last inequality follows from Lemma 3.30. O

We must emphasize that Lemmas 3.29 and 3.30 are still valid under the weaker as-
sumption g € HBV (R2\[0,¢)?) with ¢ > 0, if we impose the restriction M, N > ¢ in

their statements. Thus Theorem 3.27 is also true under this framework, provided that

zyg(z,y) € L] .(R%), and it allows us to consider functions whose double sine transform

is well defined although they are unbounded near the origin, as the example in (2.23), i.e.,

(2.9) (zy)~!, ifa,y <1,
x,y) =
gy e~ (@+Y)  otherwise.

Recall that if g € HB V(R%r) then it is bounded, so that in contrast with Theorem 3.24, we
do not need to assume zyg(z,y) € Li .(R2), since it already follows from the boundedness
of g.

As a corollary of Theorem 3.27, we get the following.

Corollary 3.31. Let g € GMgdm be such that
zyg(z,y) -0 asx+y — oo.
Then (3.31) converges uniformly in the regular sense on Ra_, and moreover,

sup |G(u,v) — Sun(u,v)| < 9C(Onr0 + do,n + Onr,N), (3.41)
u,vER ¢
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where?
Suw = sup B/, V', I12),
W>p
V>
and C is the constant from the GM? condition given by (2.24).

Proof. The condition zyg(z,y) — 0 as z + y — oo implies that

2y 2z
La(g; 7, y) / / g(s,t)| dsdt

<uzy sup lg(s,t)] = 0 asx+y — oc. (3.42)
(s,t)€lz,22] x[y,2y]
Since the operator B is admissible, by property (i) of Definition 2.30 and (3.42), we have
that
B(:z:, y,Ilg) =0 asz+y— 0. (3.43)
By definition (cf. Definitions 2.28 and 2.30), (3.43) precisely means that
1
Bxz,y) = 0() as & +y — oo.
Ty

Hence, we are under the hypotheses of Theorem 3.27, and the uniform convergence of
(3.31) in the regular sense follows, and moreover (3.33) holds. Finally, since g € GMdem,
combining (2.29) and (3.34), we have that for any M, N > 0,

! N1/

ey N < C sup B(M',N',I3) = CopN.

mrsm MINY

N'>N
Thus, substituting the latter inequality into (3.33), we obtain (3.41). Note also that (3.42)
implies o,y — 0 as M + N — oo. O

To conclude this section, we show necessary conditions for the uniform convergence of
(3.31) both in the regular and Pringsheim’s sense.

Theorem 3.32. Let g € GM?2, be nonnegative. Then condition (3.29) is necessary for
the uniform convergence of (3.31) in the regular sense.

Proof. Let € > 0. From the uniform convergence of (3.31) in the regular sense it follows
that there exists z > 0 such that

Y1
/ / g(z,y) sinuxsinvydxdy‘ <eg, VYu,v€eRy,
0

whenever xg +yo > z, and xg < 1, yo < y1. If 2o, yo > 0, setting x1 = 2x9, y1 = 2yg, and
choosing u = w/4xg, v = 7/4yp, we obtain

2yo 20
€ > ’/ / g(z,y) sinuxsinvyda:dy’
4

2y0 2x0 T TY 1 2yo 2z
> — dxd dx d
_WQ/ / g(m,y)404y0wy_4/ /ﬂc0 g(x,y) dz dy

yo Jao
1

= 1112(3707%)-

3Since B(a:7 Y, 112) is not defined for z = 0 or y = 0, then we define §,,, as the supremum over p’ > 0
or v/ > 0, whenever =0 or v = 0.
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Since £ > 0 is arbitrary, we deduce that I12(z,y) — 0 as x + y — oo, and consequently,
by property (i) of the operator B (cf. Definition 2.30),

B(ac,y,[lg) —0 asz+y— oo.

Finally, the result follows by Lemma 2.33, since

Jj=
4C' su

IN

oo oo 1
zylg(z,y)| < ZZT 2Jx,2ky,112)
B(2/z,2%y,I15) -0 asz+y— oo,
0
0

su
>
k>

as desired. O

The “if and only if” statement for nonnegative GMazdm functions follows from Corol-
lary 3.31 and Theorem 3.32.

Theorem 3.33. Let g € GMfdm be nonnegative. Then, condition (3.29) is necessary
and sufficient for the uniform convergence of the double sine integral (3.31) in the reqular
sense.

Regarding uniform convergence in the sense of Pringsheim, we have the following.

Theorem 3.34. Letg € GMgdm be nonnegative, and suppose that the operator B satisfies,
instead of property (1) of Definition 2.30, the following weaker condition: if I1o(z,y) — 0
as min{z,y} — oo, then B(x,y,l12) — 0 as min{z,y} — oo. Then, a necessary condition

for the uniform Pringsheim convergence of (3.31) is that
zyg(z,y) — 0 as min{z,y} — oo.

Proof. From the uniform convergence of (3.31) in the sense of Pringsheim, applying the
Cauchy criterion, it follows that for every € > 0 there exists z > 0 such that

Y1
‘/ / g(z,y) sinuxsinvydrdy| < e, Yu,v € Ry,
yo Jaxo

0

whenever min{zg,yo} > 2z, and g < x1, yo < y1. The rest of the proof is the same as for
Theorem 3.32, replacing x + y — oo by max{z,y} — oo, and using the weaker property
of B stated in Theorem 3.34, instead of property (i) of Definition 2.30. O

Since if g € GM?Z, . then (3.29) guarantees the uniform convergence of (3.31) in the
regular sense (Corollary 3.31), the convergence in the sense of Pringsheim also follows from
(3.29). However, this condition may be too strong taking into account that Pringsheim
convergence is much more relaxed than regular one. On the other hand, one may wonder
if (3.30) is sufficient in this case, although in this context it is a mild condition; in fact, a
function satisfying (3.30) does not even need to vanish as x + y — oo, thus it may not be
enough to guarantee the uniform convergence of (3.31) in the sense of Pringsheim.



Chapter 4

Uniform convergence of weighted
Hankel transforms

The purpose of this chapter is to study the uniform (and also pointwise) convergence of
the Hankel transform

2ﬂ.a+1

Hof(r) = T(a—l—l)/o RO (Qmrt dt, 1 >0, a>-1/2,  (41)

or more generally, of the weighted Hankel transform
8, f(r) =" / () () jalrt)dt, =0,  a>-1/2, (4.2)
0

where v, 1 € R are such that 0 < 4+ v < a+ 3/2 (this restriction on the parameters will
be disregarded when studying pointwise convergence). Here j, denotes the normalized
Bessel function of order « [47], defined as

N o~ (1) (2/2)%
.]a(z) = F(Oé + 1) T;)nq,(n_’_a_'_l),

(4.3)

and for which several basic properties are given in the next section (here and from now
on, I' denotes the Euler gamma function I'(z) = [ 2* 'e™® dx, see e.g. [1]). Note that
the re-scaling and multiplicative constants from (4.1) are disregarded in (4.2), since they
are unimportant in terms of convergence. Throughout this chapter, the function f in (4.2)
is taken to be locally of bounded variation on (0,00). In this case, it follows that f is
bounded on any compact set K C (0, 00), thus it is also locally integrable on (0, c0).
The Hankel transform (4.1) of order o« = n/2 — 1 represents the Fourier transform of
a radial function defined on R™. More precisely, if F(x) = fo(|z|) is a radial function of n
variables, then F is also a radial function, and moreover
~ © n
Flo) = Hofols) = [5'| [0 ol dt, 0= G =1 n=2 ()
where [S"~!| denotes the area of the unit sphere S"~! = {2 € R" : |z| = 1}, see [126].
The transforms (4.2) arose in a recent paper by De Carli [27], where she considered

the class of operators
L={C"

M,V:a2_1/27 NaVER}>

99
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where

Lo () =1t /0 ) £(8) Julrt) .

and studied their LP — LY mapping properties (that will be discussed in Chapter 5). The
function J,(z) is the Bessel function of order «, related to its normalized version j, by
the identity

ju(2) = Tla + 1) <;> ).

Certain operators from £ (up to re-scaling and multiplicative constants) appear as the
Fourier transform of a radial function multiplied by a spherical harmonic, see [28, 30, 126,
142]. Note also that operators from L relate to those from (4.2) by means of the equality

Ly f=2T(a+ 1)Zy_a,uf.

Let us now give some examples of integral transforms written in terms of (4.2). Here we
denote by F' a radial function of n variables and F'(z) = fo(|z]).

1. Since ji/o(2) = sinz/z, the sine transform [;° f(t)sinrt dt equals /317/02]“(7‘), where
re R+.

2. Since j_ /(%) = cos z, the cosine transform Jo~ f(t) cos rt dt coincides with Eaéﬂf(r),
where r € R

3. The Fourier transform of a radial function with n > 2 (cf. (4.4)) can be written as

Fy) =[s"7Cp% 7t o fo@rly),  yeR

4. The classical Hankel transform H, given by (4.1) satisfies

27Ta+1 N
Hof(r) = m£2a+1,7(2a+1)f(27”n)7 reRy.

5. If n > 2 and %, is a solid spherical harmonic of degree k, then

27.[.n/2 T k . )
1“(044-1)() £2a+1,—(2a+1)f0(277|y|), y € R™.

7

OrF(y) = Yi(y) -

with a = (n+ 2k — 2)/2, see [126, Ch. IV].

6. For n > 2, let 2, denote the Dunkl transform, defined by means of a root system
R C R", a reflection group G C O(n), and a G-invariant multiplicity function
k: R — R. Then

D F = Hy o 14y fo,

where (k) = 3> pk(z) (cf. [38, 111] and the references therein). We also refer
the reader to [11], where a generalization of the Dunkl transform is introduced, and
[55], where uncertainty principle relations for the generalized Dunkl transform are
obtained.
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By definition, the uniform convergence of £ ,f means that the family of partial inte-
grals

N
i / () F(B)ju(rt) dt, N >0,
0

converges uniformly in 7 as N — oo, or equivalently,

rt /N(rt)”f(t)ja(rt) dt — 0 as N > M — oo, (4.5)
M

uniformly in 7.

Before proceeding further, let us make the following observation. Trivially, if a function
f satisfies tf(t) € L'(0,1) and f € L'(1,00), it follows that its sine transform (3.1)
converges uniformly (and similarly, f € L'(R) implies the uniform convergence of its
cosine transform). Note that these conditions also imply their absolute convergence, so
that their uniform convergence follows from the same integrability conditions that imply
their absolute convergence. However, this is not true in general for the transforms (4.2).
Since

1 00
L5,/ (r)] 57"““/ t”\f(t)ldt+7““+”al/2/ 2 f ()] dt,
1

0

which follows from the upper estimate (4.11) for the Bessel function presented in the fol-
lowing section, we note that the absolute convergence of L7, f follows from the conditions

) e LN0,1),  t7To7V2f(1) € L1, 00). (4.6)

Conditions (4.6) do not imply the uniform convergence of Ly, f in general because the
kernel
Kf,fu(t, r) =1t (rt)" jo(rt) (4.7)

of L7, , need not be uniformly bounded, unlike in the case of the sine and cosine transforms.
To illustrate our claim, we consider the example f(¢) = 1/t with p = —1 and 0 < v <
a+1/2. Conditions (4.6) clearly hold but the estimate (4.9) of j, (see p. 63) implies that

1/r 1/r
7Mu/ (rt)” f(t)ja(rt) dt < 1 / Lt = log 2
1/@r) rJiyen r

does not vanish as 7 — 0, thus L7, f does not converge uniformly (cf. (4.5)).
Nevertheless, there is a special case when the uniform convergence of £ f follows
from (4.6) (as shown in Proposition 4.9 below), namely when

w+v=a+1/2.

In particular, the sine and cosine transforms satisfy this identity, since they are represented
by an operator of the form L7 , with a = 1/2,v=1Lpu=0and o« = —-1/2,v = p =0,
respectively.

According to the relationship between the parameters, we will subdivide the opera-
tors L7, into two main classes: first, those satisfying p+v = 0 (as for example, the
cosine transform), and secondly, those satisfying 0 < u + v < a + 3/2 (as for exam-
ple, the sine transform). We will call the former cosine-type transforms, and the latter
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w+v=a+3/2 K

2a+1,—20—1)

Figure 4.1: Relation between the parameters of cosine-type transforms (@ + v = 0) and
sine-type transforms (0 < u+ v < o + 3/2), for a given a > —1/2.

sine-type transforms. As we shall see in Sections 4.3 and 4.4, this nomenclature is mo-
tivated by the uniform convergence criteria for each case, which are generalizations of
Theorems 3.4 and 3.6.

Figure 4.1 shows the range of the parameters p and v, for which £ , is a sine or cosine-
type transform, for a fixed o > —1/2. Every point lying on the dashed line y+ v =0 (or
equivalently, i = —v) corresponds to a cosine-type transform. Among those, we highlight
the point (2ae + 1, —2a — 1), which corresponds to the Hankel transform of order « (4.1).
The area between the dashed line p = —v and the line p + v = a + 3/2 corresponds to
sine-type transforms. The point (o + 1/2,0) corresponds to the sine transform whenever
a = 1/2, and whenever o > —1/2, to transforms whose sufficient condition for their
uniform convergence is the same as in Theorem 3.4, as we will see. Note that the latter
yields the cosine transform when o = —1/2. For every point of the plane outside the
grey strip, as mentioned earlier, we will give (rather rough) sufficient conditions on f
to guarantee pointwise convergence of L7, f, as well as uniform convergence on certain
subintervals of R;. We also show that whenever the parameters v and p lie outside the
strip 0 < p+v < a+3/2, the aforementioned sufficient conditions that imply the uniform
convergence on certain subintervals of R, do not yield uniform convergence on the whole
R, in general.

As we will see, several statements in this chapter require assumptions on the weighted
variations of functions. Thus, it is also interesting to study the case of functions f of
certain GM () class in order to replace conditions on the weighted variation of f by
weighted integrability conditions on f (cf. Proposition 2.11), or its magnitude at infinity,
as done in Theorem 3.4 and Corollary 3.5. To this end, we restrict ourselves to consider
functions from the class GM(B2); in fact, if f € GM(B3) (see (2.15)) satisfies certain
weighted integrability conditions, we may still have no useful information on the variations
[2*|df (t)| if the integrals [**|f(t)| dt are unbounded as z — oco.

xT x

Unless otherwise specified, all functions f considered in this chapter are complex-valued
and defined on R.

The main results of this chapter are given in [31, 34].
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4.1 Basic properties of the normalized Bessel function

Here we list several properties of the normalized Bessel function j,(z), which can be
found in [47, Chapter VII]. In what follows we assume z € R;. Recall that j,(z) can be
represented by the power series in (4.3). This series converges uniformly and absolutely
on any bounded interval. For all z > 0, there holds |j,(z)| < jo(0) = 1. If 2 < 1,

1 —ja(2) < C22, (4.8)
with C' < 1 (see Lemma 4.2 below), and therefore
Ja(z) <1, z <1. (4.9)

Moreover, we have the following asymptotic estimate (cf. [126]):

_ Cao +1/2 e
Ja(2) = Zariy3 €O ( - 7r(a2/)> +0(z 3/2), z — 00. (4.10)
Combining (4.9) and (4.10), we obtain
. . 1
|70(2)| < min {1, +1/2} for all z > 0. (4.11)
Za
More precisely, if z > 1 we have
o (2)] < Saz™07Y2, (4.12)

where
Sa = sup 22T (2)].

z>1
Remark 4.1. Should the reader be interested on the asymptotic behaviour of S, as
a — 0o, we refer to [103], where sharp upper bounds for S, are obtained. To give a brief
overview, it is known that for a > 1/2, S, is strictly increasing to infinity as a function of
a and the supremum is attained at the first maximum of the function 2%j,(z) (see [82]).
Also, it is shown in [103] that

Sa

A al/620T(a +1) 0.6748....

Finally, we have the following property concerning the derivatives of j,:

d
a(%“”jﬂl(z)) = (20 +2)2%Hj,(2), a>-1/2, (4.13)

from which we deduce

i . (2) = 200 + 2
dzja—'—1 a

(i) — an(2)), @z -1/2 (4.14)
Let us now proceed to prove some other properties of j, that we will need. On the first
place we have upper and lower estimates for j,(z) whenever z is small, tighter than those
given above.
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Lemma 4.2. Let o« > —1/2. For every z < 2y/a+ 1 and every m € NU {0} there holds

2m—+1 n 2m n 2n
(=D"(2/2) , (=D"(2/2)

r 1 < <r 1 T Y ——
(CV‘i’ )g:on'T(TL—i-Oz—i-l)]a(Z) (04“‘ )nzzon‘r(n‘i‘a‘i‘l)
Proof. The proof relies on the fact that for every alternating series ) >° (—1)"a, with

terms a,, decreasing to zero, the estimate

2m—+1 00 om
Z (—1)"an < Z(—l)"an < Z(—l)"an (4.15)
n=0 n=0 n=0

holds for every m € N U {0}. Thus, the result follows if we prove that for any fixed
z < 2y/a+ 1, the terms of the series (4.3) decrease to zero in absolute value. That is

equivalent to say
(z/2)* (2/2)*+2

> 0.
n'n+a+1) nm+1)Tn+a+2)

Routine simplifications show that the above inequality is equivalent to

z<2y/(n+1)(n+a+1). (4.16)

Clearly, (4.16) holds for every n € NU{0} if and only if it holds for n = 0, i.e., if and only
if 2z <2va+1. ]

Another important tool for us is an upper estimate for the primitive function of
tYjo(rt), which will also be used in Chapter 5. To this end, we first observe that since j,
is continuous, if we denote

¢ rt
/s”ja(rs)ds, ifr>a+1/2and o> —1/2, orv>a+1/2,
v ’ &
Jor(t) = —/ s ja(rs)ds, ifv<a+1/2, (4.17)
t
Smrt, ifv=0and a =—-1/2,

\

then it follows from the fundamental theorem of calculus and estimate (4.11) that g, is
the primitive function of t”j,(rt) with null additive constant. Indeed, note that for any
0 <ty <ty < oo, we have

t1
/ & ja(rs) ds = g% (t1) — g% (to).

to
Since jo(z) <1 for 2 <1,if v > a+1/2 and o > —1/2, or v > a + 1/2, we have that
li v = 0.
tolino Ga,r (to) 0
On the other hand, since |jo(2)] < 27 Y/2 for z > 1, for every v < a + 1/2,
t}grlm g&r(h) =0

which was to be proved.
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Remark 4.3. Note that

t v+1 2
t 1 1 t
/Os”ja(rs)ds:y+11F2< (v+1); 2(V—|—3),a+1;—(r4) >, v>—1,

where ,F;, denotes the generalized hypergeometric function (see [93, Ch. 6]).

We start by rewriting [ J\]/\If t” jo(rt) dt in terms of higher order Bessel functions.

Lemma 4.4. Let « > —=1/2, 7 > 0 and 0 < M < N. Then, for anyn > 1 and v € R
such that v # 2(a+€) + 1 with £ = 0,...,n — 1, one has

N
/ t”jo(rt) dt = § jcm (N" T jair(rN) = MY jo e (rM))
M

N
+C v / t jorn(rt) dt, (4.18)
M

where the constants Ct, o, C,

nov,a OT€ MONZETO.

Proof. The proof is done by 1nductlon on n. For n = 1, we can rewrite the integral
on the left-hand side of (4.18) as f o 22t (rt) dt, and the result follows after

1
integrating by parts together with (4.13). In this case we have Cj,, = SR and
a
—2a—-1
Cloa= —ﬁ, which are nonzero constants due to the choice of o and v.
17 a
If (4.18) holds for some n > 1, since
N N
C')llya/ tyja+n(7‘t) dt = qu’bya/ tV—Q(Oé-‘r’fL) t2(0¢+n) ] +n(7«t) dt
M M
!/
the result follows similarly as before; in this case we obtain Cpy1 4 = — % and
w 2(a+n)+2
-2 -1
mitva = —Cny al/ 5 (oz(i :)n—i)- 7 which are nonzero constants due to the choice of «
and v. O

Lemma 4.5. Under the assumptions of Lemma 4.4, we have, for any v € R such that
v=2(a+/¥)+ 1 with some £ € NU{0},

N /+1
/ ja(rt)dt = Crpa (N jark(rN) = M oy (rM)), (4.19)
M k=1

where all the constants Cj, .. coincide with those of Lemma 4.4.

Proof. If ¢ = 0, the result immediately follows from (4.13). If £ > 0, we can apply
Lemma 4.4 with /' = 2(a+ ¢ — 1) + 1 in place of v, and then by (4.13),

N
Clya /M 2O o(rt) dt = Crrt 0 (N" oot (PN) — MY oo (rM)),

C'
Lv,a ) O

here C = bva
where Cypi1,v.a 2(a+€)+1
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Remark 4.6. We can allow M = 0 in Lemmas 4.4 and 4.5 whenever v > —1, as the
integral fON t”jo(t) dt converges in such case, due to (4.9).

The following lemma yields an upper estimate for ‘ i) ]\]}7 tY ja(rt) dt‘, and relies on Lem-
mas 4.4 and 4.5.

Lemma 4.7. Let > —1/2, 7 >0 and 0 < M < N. For any v € R and any n > 1 such
that v # a +n —1/2, we have

N n

, 1 1, e

‘/M t ja (1) dt‘ < 1 ZW(NV hootl/2 g ppr—koatl/2), (4.20)
k=1

Proof. If v is as in Lemma 4.5, then (4.20) follows by just applying the estimate |j,(2)| <
2702 2 > 0 (cf. (4.11)), to all the terms on the right-hand side of (4.19). On the
contrary, if v is as in Lemma 4.4, we estimate the sum of (4.18) from above in a similar
way, whilst since v —a —n —1/2 # —1,
N 1 N 12
17459 V—o—n—
1
—n—a+1/2 —n—a+1/2
S Tn+a+1/2 (NV n—o + MI/ n—o ),

which coincides precisely with the n-th term of the sum on the right-hand side of (4.20). O

We can finally obtain the desired upper bound for (4.17).

Lemma 4.8. For any o > —1/2, v € R, and r,t > 0, the estimate

tv—a—1/2

9ar ()] S i3 (4.21)

holds.

Proof. We distinguish two cases: v # a+ 1/2, or v = o + 1/2. In the first case, estimate
(4.21) follows readily by applying Lemma 4.7 with n = 1 and letting M — 0 or N — oo
if v>a+1/2o0r v < a+1/2, respectively.

Ifv=a+1/2, and a = —1/2, (4.21) follows immediately from (4.17). For o > —1/2,
we can apply Lemma 4.4 with n = 2 and M = 0 (see also Remark 4.6) to obtain

t
9t 2 (1)) = |C1t T 2 jasa (rt) + Cat® %o o (rt) + Cs /0 s jora(rs) ds

1 1 t
< a+1/2)
St g ) el ds

It follows from (4.11) that

! +1/2 L +1/2 1 > 2 1
o - (64 -
/0 s ljata(rs)|ds S /0 s ds + ra+5/2 /1/r s ds S ra+3/2"

Collecting the above estimates, we deduce

1 1
a+1/2
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which implies (4.21) whenever t > 1/r.
Finally, if t < 1/r, using (4.17) together with (4.9) we obtain

1
pro+3/27

t
e ()] =< / sOT1/2 gg = ¢ot3/2
0

which completes the proof. ]

4.2 Pointwise and uniform convergence of L]  f: first ap-
proach

This section is devoted to finding sufficient conditions on f that guarantee the pointwise
convergence of £, f. If t” f(t) € L*(0,1), the convergence of LS, f at ro € Ry means that

lim
M—o00

M
rity / t £ (t)ja(rot) dt| < oco.
0

In contrast with the criteria for uniform convergence (see Theorems 4.16 and 4.23 in the
following sections), here we do not impose restrictions on the parameters. The analysis of
convergence at the origin is rather simple:

(i) if p+v <0, then L7, f(0) is not defined;
(ii) if p+ v = 0, the convergence of L{, , f(0) is equivalent to | [0t f(t) dt| < oo;
(iii) if 4 +v >0, then L, f(0) = 0.

We proceed to study the pointwise convergence of L7, f (r) at » > 0. When possi-
ble, we also give sufficient conditions for the uniform convergence on subintervals of R .
The statements in this section can be subdivided into two categories, depending on their
hypotheses. First, we have those relying on the integrability of f, and secondly, those
involving conditions on the weighted variation of f.

4.2.1 Integrability conditions

We begin with the results involving integrability conditions of f.

Proposition 4.9. Let f be such that t f(t) € L'(0,1) and t*~*~1/2f(t) € L'(1,00). Then
L, f(r) converges at any r > 0. Moreover,

Lifu+v—a—1/2<0, then L3, [ converges uniformly on any interval [e, 00) with
e >0;

2. if p+v—a—1/2>0, then L7 ,f converges uniformly on any interval [0,¢] with
e >0

3. ifu+v—a—1/2=0, then Ly, [ converges uniformly on R .

Proof. 1t is clear that the pointwise convergence of £, f(r) at r > 0 is equivalent to

/OO t f(t)ja(rt) dt = o(1) as M — oo,
M



4.2. Pointwise and uniform convergence of L7  f: first approach 68

which holds by simply applying the estimate (4.11) and the fact that t*~*~1/2 € L(1, c0).
Let us now prove the statement concerning uniform convergence. For each of the three
cases, since t* =~ Y2f(t) € L'(1,00), it follows from the estimate (4.11) that

o0 o0

r“*”/ t f(t)ja(rt) dt < a“*”—“—m/ OTV2) p() | dt = 0o(1)  as M — oo,
M M

i.e., the integrals (4.5) vanish uniformly in r (on each corresponding interval) as M —

O]

Proposition 4.9 allows us to easily derive sufficient conditions for the uniform conver-
gence of L, f on Ry whenever 0 < p+v <a+1/2.

Corollary 4.10. Let 0 < p+v < a+1/2. Ift"f(t) € L'(Ry), then L3, f converges
uniformly on R..

Proof. First, if 0 < u+ v < o+ 1/2, note that since o > —1/2, t* f(t) € L'(R,) implies
t=2=1/2f(t) € L'(1,000), so we can apply Proposition 4.9 to deduce that L7, [ converges
uniformly on any interval [e, 00) with e > 0, whilst the uniform convergence on the interval
[0,¢] follows from

r“*“/ tV f(t)ja(rt) dt < e““’/ t|f(t)|dt -0  as M — cc.
M M

Secondly, if p + v = a + 1/2, then tV=*~1/2f(t) = t~#f(t), and therefore t" f(t) € L'(R,)
implies t#f(t) € L'(1,00) (since v > —pu for every a > —1/2), and the result follows by
Proposition 4.9. ]

4.2.2 Variational conditions

The statements of this subsection involve conditions on the variation of f. Note that if
f € GM(p32), we can derive these variational conditions from integrability conditions of
f (see Proposition 2.11 and Corollary 2.12). Similarly as above, we also give sufficient
conditions for the uniform convergence of L7 ,f on subintervals of Ry when possible.

Proposition 4.11. Let f be such that t* f(t) € L'(0,1). Assume that

/ tu—a—1/2|df(t)| < 0o and M”_a_1/2‘f(M)| —0 as M — oo, (4.22)
1

then Ly, f(r) converges at any r > 0. Moreover, for any € > 0,
1. if u+v—a—3/2>0, the convergence is uniform on any interval [0, ];
2. if u+v—a—3/2<0, the convergence is uniform on any interval [e,00);
3. if u+v—a—3/2=0, the convergence is uniform on Ry.
Remark 4.12. In the case v > a + 1/2, if f vanishes at infinity the convergence of

I tV=*=1/2|4f (t)| implies that M¥~*1/2f(M) — 0 as M — co. Indeed,

MY R f(M)| < My /MOO jdf (1)) < /MOO £ 2 df (1)),

and the right-hand side of the latter vanishes as M — oo. Thus, in this case we only need
to assume the convergence of [ tv=2=1/2|df(t)| in Proposition 4.11.



69 Chapter 4. Uniform convergence of weighted Hankel transforms

Proof of Proposition 4.11. Fix r > 0. Since t¥ f(t) € L*(0,1), the convergence of (4.2) is
equivalent to

M—o0

M
lim ‘/ t” f(t)ja(rt) dt‘ < 0.
1

Integrating by parts, we have

M M
/1 t7f()ja(rt) dt = go (M) f(M) = gq (1) f(1) —/1 o (8) df (), (4.23)

where gg, .(t) is given by (4.17). Now we estimate from above each term on the right-hand
side of (4.23) (note that gy, .(1)f(1) is bounded, since f is bounded on any compact set).
It follows from (4.21) and (4.22) that

My—a—1/2
9o (M) F(M)] S WU(M” —0 as M — oo.

Finally, by (4.21),

M v d < 1 M v—a—1/2 d
[ g 0d0l S g [ e

Hence, by letting M — oo we find that the convergence of floo tv==1/2df (t)| implies that
of [° g4 (t)df(t)]. This concludes the part concerning pointwise convergence.

The assertion related to uniform convergence is easily proved by simply applying esti-
mates (4.11) and (4.21):

e

N N
[ ssatry dt} = gt (0N = gk, 0500 - [t (0 df(t)‘

M

< phtv—a=3/2 (N”al/Q\f(Nﬂ + M2 £(M)

N
v—a—1/2
s [ Idf(t))-

Thus, the latter expression vanishes
1. uniformly in r € [0,e] if p+v—a—3/2>0;
2. uniformly in r € [g,00) if u+v —a—3/2 <0;
3. uniformly in r e Ry if p+v—a—3/2 =0,
as N > M — oo. O

For functions f € GM(f2), we can derive a version of Proposition 4.11 depending on
integrability conditions of f, which are less restrictive than those from Proposition 4.9.

Corollary 4.13. Let f € GM(B2) be such that t*f(t) € L'(0,1). If t*=*3/2f(t) €
L'(1,00), all the statements of Proposition 4.11 hold.

Proof. If f € GM(Bs), the condition t*~*~3/2f(t) € L*(1,00) implies that t*~*~1/2f(¢)
vanishes at infinity (see Remark 2.10). Furthermore, by Corollary 2.12; we have that all
hypotheses of Proposition 4.11 are satisfied, and the result follows. O
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The last statement of this subsection is a combination of Propositions 4.9 and 4.11.

Corollary 4.14. Let f be such that tVf(t) € L'(0,1). Assume that a +1/2 < p+v <
o + 3/2. If the conditions in (4.22) hold, and if t*~*"Y2f(t) € L'(1,00), then L3, f
converges uniformly on R.

Note that except for the case a = —1/2 and p + v = 0, the parameters for which
Corollary 4.14 can be applied correspond to sine-type transforms.

4.2.3 Examples

Let us discuss an application of Proposition 4.11, closely related to the following classical
statement [146, Ch. I, Theorem 2.6] (see also [8, Ch. I, §30]) concerning pointwise con-
vergence of trigonometric series: Let o(x) be either sinx or cosx. If ap, — 0 and {ay} is
of bounded variation, or equivalently,

oo

Z ‘an - an—i—l’ = 0(1) as N — oo,
n=N

then > 2 anp(nx) converges pointwise in x € (0,2m), and the convergence is uniform on
any interval [e,2m — €], € > 0.

A version of the latter statement for the sine and cosine transforms follows from Propo-
sition 4.11 (see item 2 of the latter, and observe that for the sine and cosine transforms
both conditions y+v —a —3/2 <0 and v —a —1/2 = 0 hold).

Corollary 4.15. Let f,g : Ry — C be vanishing at infinity and such that f € L'(0,1)
and tg(t) € LY(0,1). Assume that f and g are of bounded variation on [5,00) for some
6 > 0. Then,

/ f(t)cosrtdt and / g(t)sinrtdt
0 0

converge for every r > 0, and the convergence is uniform on every interval [e,00), with
e> 0.

Finally, we show that we cannot guarantee the uniform convergence of Ly  f on Ry
outside the range of parameters 0 < p+ v < a+3/2, whenever f satisfies both conditions
from (4.22). The case pu+ v < 0 is clear, since in this case L3, f(0) is not even defined.
The case p+v > o+ 3/2 is more involved. We proceed to constructing a counterexample.

Let

Y, ift <2,
f(t) = ¢—vratl/2
7(10g PER ift > 2.

On the one hand, since for any v € R and o > —1/2 one has
t—u—1/2+a t—l/—l/2+()f
-2

(logt)? (logt)®

fft)=(-v+a+1/2) t>2,

it is clear that

N 0 ©
tu—a—1/2 df (t S 1+ / t'/_a_l/2 f/ )| dt S / ——— dt < 0.
/1 df ()| 2 OIS [ o
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On the other hand, for ¢ > 2

1
o2 (1) = s — 0 as t — 00,

(logt)?
and hence f satisfies both conditions from (4.22). Let us now prove that L7, f does not
converge uniformly on R (although it does on any interval [0, €] for any € > 0, according
to Proposition 4.11). Let 2 < M < N. Integration by parts along with property (4.13) of
Ja yields

N N N 1 1oa+3/2 N
w4 ) () dE| < Pt s (1t
| [ saian ] <ol i) |
Latl1/2 ta+1/2
T30t 2 '/ (Tog 2 o+ilrt) dt

ta-‘rl/Q
2a+2’/ Dk ja+1(7“t) dt‘ =:ag + by + co-

First,

No+3/2 Me+3/2
N Ny M
(log N)QjOH‘l(r ) (10g M)Zja-l—l(
If we choose 7 = (log M)?/(#t¥=a=3/2) and M so that joy1(rM) =< (rM)~*3/2 (such M
can be found through the expansion (4.10)), we obtain by letting N — oo,

ag = rttv

i)

phtr—a—3/2

"= g P

We now prove that both terms by and ¢ vanish as N > M — oo (for this particular choice
of r). Then it follows that £ vuJ does not converge uniformly on Ry. Let us proceed to
estimate by from above first. Again, integration by parts and (4.13) yield

N 4a+1/2 a+3/2 N
t 1 t .
/ 5 Ja+1(11) dt’ < phtv ' [ )2]a+2(rt)} ‘

PtV

v (logt) 2a0+ 4| | (logt M
L at5/2 totl/2
T +4 '/ (logt) zJas2(rt) dt

N ta+1/2
t)dt| = b
2a+4‘/ (log t3]a+2(r) ’ bt

By (4.11), it is clear that

1 1 (log )2 =S
< pptv—a=5/2 < -0
a~r <M(log M2 T N(log N)2> M

as N > M — oo, as for b; and ¢1, we have

o [Nt tvaspp [N 1
b <S v t)|dt < rtTvTeT - dt
cras e [ el ,, wogry
;L+u—a—5/2‘
ptr—a—3/2

7«,u+ufa75/2 _ (10gM)2

<
ST S M =0
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as N > M — oo. Let us now investigate the term c¢y. Integration by parts, (4.11), and
(4.13) yield

N ta+1/2 .
/M (log t)gja-i-l(rt) dt‘ rs TM+V(

and it can be shown similarly as above that the latter vanishes as N > M — oo. Therefore,
we conclude that £, f does not converge uniformly.

. 1o+3/2 N N ja+1/2
AN —_— .a t 7o .a t)| dt )
" [(loglt):’"7 +2r >]M‘ +/M (logt)z’”j +2(rt)l )

4.3 Uniform convergence of L  f with p+v =0 (cosine-type
transforms)

This section is devoted to the study of the uniform convergence of cosine-type transforms,
Le., those of the form L7 f with u+ v = 0. Recall that the classical Hankel transform of
order a belongs to this case (v =2a+ 1 = —p).

It is usual when studying Fourier integrals to assume that the function f in the in-
tegrand vanishes at infinity. Here we do not always need this assumption, since the
kernel (4.7) of L7, vanishes as ¢ — oo for certain choices of the parameters and fixed
r € Ry. For this reason, we present two results as the main ones of this section (Theo-
rems 4.16 and 4.17), one for functions that vanish at infinity, and another (more general)
one that does not include such an assumption. We will finish this section by obtaining two
more results: one for continuous functions (Theorem 4.20), and another one for functions
from the class GM (f2) (Theorem 4.22).

The first result of this section reads as follows.

Theorem 4.16. Let v € R and u = —v. Let f be such that t* f(t) € L'(0,1), and
f(M)=o(M¥T) as M — oo, (4.24)

/ tVﬁa*l/Qfdf(t)‘ _ 0(M7a73/2) as M — oo. (4.25)
M

Then, a necessary and sufficient condition for Ly, f to converge uniformly on Ry s that

‘ /0 0 dt‘ < 0. (4.26)

Secondly, we have the corresponding result for functions vanishing at infinity.

Theorem 4.17. Let v € R and u = —v. Let f be vanishing at infinity and such that
t f(t) € L1(0,1). Assume that

/ ldf(t)] = o(M ") as M — o, ifv<a+1/2 andv>—1, (4.27)

M

/ o121 gr(4)| = o(M_a_?’/Q) as M — oo, ifv>a+1/2orv<—1. (4.28)
M

Then (4.26) is necessary and sufficient to guarantee the uniform convergence of Ly, [ on
R,.

Before proving the above theorems, let us make some observations.
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Remark 4.18. (i) Theorem 3.6, which is a uniform convergence criterion for the cosine
transform, is a particular case of Theorem 4.17, namely when v = y = 0 and
a = —1/2. This is why we call operators L; u With v = —p “cosine-type transforms”.

(ii) If we assume f > 0 in Theorems 4.16 and 4.17, the uniform convergence of L7, f is
trivially equivalent to t*f(t) € L'(Ry), since j,(0) = 1 and |ja(2)| < ja(0) for all
z> 0.

(iii) The criterion for the uniform convergence of the classical Hankel transform (4.1) can
be derived by letting v = 2a 4+ 1 in Theorem 4.16, i.e., if (4.24) and (4.25) hold,
then Hof converges uniformly on Ry if and only if

‘/OO 2oL £ (1) dt' < 0.
0

Also, note that the cosine transform corresponds to the Hankel transform of order
a = —1/2 and is therefore covered by the latter statement.

(iv) If f vanishes at infinity, then (4.25) implies (4.24), which means that for certain
choice of parameters, condition (4.24) may be redundant (more precisely, this is the
case when v > —1). This is the reason we also present Theorem 4.17, for functions
vanishing at infinity, which has simpler hypotheses than Theorem 4.16.

Let us now prove Theorems 4.16 and 4.17.

Proof of Theorem 4.16. The necessity part follows from the convergence at r = 0 and the
fact that j,(0) = 1.

In order to prove the sufficiency part, we show that the integrals (4.5) vanish uniformly
inras N > M — .

Let 0 < M < N. If r > 1/M, integration by parts yields

N
/ 1 F(8)jalrt) dt = [(£)g%,.(D)] 3y — /M Gour () df (2). (4.29)

It follows from (4.21) and (4.29) that

V 1 V—a— 1 N V—o—
‘/t (1) dt'NMsm V@) oy [ )

< sup 2| f(2)] + MOH/? / =012 gp (1),
z>M M

and both terms vanish as M — oo, by (4.24) and (4.25).
If r < 1/M, we write

[ esmna= ([ [ )e sosina
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On the one hand, the integral f1]>7r t” f(t)ja(rt) dt can be estimated as above. On the other
hand, by (4.8),

’Zj%q@h“wﬂ<sw /Zq@ﬁ*WArﬂﬂﬂﬁ—hmDﬁ

z>M M

T 1/r
< sup / t f(t)dt +r/ T f ()|t dt
M

x>M | JM
T 1/r
Ssup‘/ Vf@ﬁﬁ-+(supx”4ﬁ@ﬂot/ i
z>M M r>M M
< sup / t¥ f(t) dt| + sup 2" f(z)]. (4.30)
c>M | JM x>M

The first term of (4.30) vanishes as M — oo by (4.26), whilst the second term also vanishes
as M — oo, by (4.24). O

Proof of Theorem 4.17. First of all, since f is vanishing at infinity, we have that |f(M)| <
Jar |df ()] for all M > 0.
Let us first consider the case ¥ < o+ 1/2. On the one hand,

JWWWW<MM/|MM%O as M — oo,
M
On the other hand,
Ma+3/2/ ty_a_1/2‘df(t)| < Ml/+1/ |df(7f)’ 0 as M — oo,
M M

or in other words, (4.27) implies both hypotheses (4.24) and (4.25) of Theorem 4.16, and
the result follows.
Ifv>a+1/2,

M”WwMSM“/|#W§M”W/tw“ﬂmmao as M — oo,
M M

i.e., we are under the conditions of Theorem 4.16, and the result follows (notice that in
this case (4.25) implies (4.24)).

Finally, if v < —1, since f vanishes at infinity, condition (4.24) is automatically satis-
fied, and the result follows, since condition (4.28) is precisely (4.25). O

Remark 4.19. If v < a+1/2, (4.28) implies (4.27), and if v > a+1/2 then (4.27) implies
(4.28). In Theorem 4.17 we assume either (4.27) or (4.28) but in any case the assumption
is the less restrictive from those.

The following criterion relies on conditions of a function f itself, rather than on its
variation. Recall that if f is continuous and we write

puwz—/mfﬂwﬁ

as an improper Riemann integral, then (4.26) implies that F), is well defined and moreover
F)(z) = 2V f(z), in virtue of the fundamental theorem of calculus.
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Theorem 4.20. Let v € R and yu = —v. Let f € C(1,00) be such that t f(t) € L'(0,1).
Assume that o > 1/2, and

f(M)=o(M¥ 1) as M — oo. (4.31)
Then the transform L ,f converges uniformly on Ry if and only if (4.26) is satisfied.

Observe that the range of o for which Theorem 4.20 is valid is reduced compared to
the one of Theorems 4.16 and 4.17 (where we deal with the full range o > —1/2).

Remark 4.21. If f vanishes at infinity, then for v > —1 and v < a+1/2, (4.27) obviously
implies (4.31), and for v > a + 1/2, (4.28) implies (4.31), since |f(M)| < [7 |df(t)

so that MY f(M)| < Mo+3/2 [2#v=2=1/2|df(¢)|. However, the converse is not true
Indeed, consider f(t) =t~ ~?sint, for t > 1. Tt is clear that (4.31) holds, and thus L , f
converges uniformly (with v = —u), but f/(t) = —(v + 2)t 7V 3sint + t 2 cost, and
therefore one has for M > 1,

o oo
M”“/ |f'(t)| dt =< M”“/ 2 dt < 1,
M M

ifv<a+1/2and v > -1, and
Ma+3/2 /oo ty_a_1/2|f/(t)’ dt = Ma+3/2 /OO t_a—5/2 dt =< 1,
M M

if v > a+1/2, ie., (4.31) does not imply (4.27) nor (4.28) (in each respective case).
Therefore, Theorem 4.20 can be seen as a complement to Theorems 4.16 and 4.17.

Proof of Theorem 4.20. The necessity part is clear, due to the convergence at r = 0.
Now we proceed to prove the sufficiency part. Let us denote

F(z) := —/OO £ f(t) dt

First of all, since for a« > 1/2 one has (d/dt)j.(rt) = (2a + 2)(ja—1(rt) — ja(rt))/t (see
(4.14)), it follows from the estimate (4.11) that

d 1

%Ja( )' S [a+1/2pa—1/2" (4.32)

whenever rt > 1, or equivalently, » > 1/t. We proceed to estimate the integral

/ £ (t)ja(rt) dt,
M

which is equivalent to estimate the integrals (4.5) as N — oo. On the one hand, if
r > 1/M, we integrate by parts and obtain

'/ t f(£)ja(rt) dt‘ < |ja(rM)F, \+‘/ ( ]a(rt)> dt’
< max |F,(N)| + max |F, (N |/ ‘ ]a(rt)‘ dt
E,(N)|1 ! - dt

]{/n>ax [FL(N)[| 1+ po 172 |, jatif2

< 1
a—1/2
_Jr\}1>ax]F(N)]<1+M /Mt"‘“/th)

= max |F,(N)|,
N>M

/\

AN

N
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where we have applied (4.32) and used the fact that a > 1/2. Since F), vanishes at infinity
whenever (4.26) is satisfied, the above estimate vanishes as M — co. On the other hand,
if r <1/M, we write

/MOO B F(8)jo(rt) dt = ( /A;/T+ /1 jo>t F(t)ja(rt) dt

and estimate flo/or t" f(t)ja(rt) dt as above. Similarly as in the proof of Theorem 4.16,
estimate (4.8) yields

/r
/t”f(t)dt'—l—r/l L f ()| dt
M
/M ¥ f(t) dt' + g%(m”ﬂf(xﬂ,

1/r
tVf (rt)dt| <
‘/ ]a r ) ‘ gaMX

< max
z>M

which vanishes as M — oo. O

Finally, we give a criterion for real-valued functions from the class GM (f2).

Theorem 4.22. Let f € GM(B2) be real-valued and such that t*f(t) € L*(0,1). Then
& _f converges uniformly if and only if fooo t f(t) dt converges.

Proof. The necessity part is clear from the convergence at r = 0 and j,(0) = 1.

In order to prove the sufficiency part, we use Abel-Olivier’s test for real-valued G M (32)
functions (Theorem 2.15). Since f € GM(f2), it follows that t¥ f(t) € GM(B2) for every
v € R (cf. [86]). Therefore, the convergence of [t f(t)dt implies that t*™' f(t) — 0 as
t — oo, by Theorem 2.15, which is precisely condition (4.24).

To conclude the proof, we show that if f € GM(32), then (4.24) implies (4.25), and
the result will follow by Theorem 4.16. Indeed, since a@ > —1/2,

/M - 12af (1)) § / I / v=a=1/2)qs(5)] < /M/2t”5/2 /;:ms)\ds

[0 s e a

M/2 \t/A<z<M

s( sup fc”“!f(x)!>M‘“‘3/2-

a>M/(2)\)

Thus, by (4.24),

M+ / 0] S sup @M f(@)] 50 as M oo,
M z>M/(2X)

i.e., (4.25) holds. This completes the proof. O

We will discuss Theorem 4.22 in more detail and give an extended version of it in the
case of the Hankel transform (v = 2« + 1) in Section 4.5. In particular, we also discuss

the boundedness of £5 | _(2a+1)f( r) as a function of r.
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4.4 Uniform convergence of £ f with 0 < p+v < a+3/2
(sine-type transforms)

In this section we study the uniform convergence of sine-type transforms, or equivalently,
the transforms L7 f with 0 < p+v < a+ 3/2. In general we will give only sufficient con-
ditions for the uniform convergence of these transforms on R . For nonnegative functions
from the class GM (B2) we also obtain necessary conditions. Recall that f € GM(B2) are

those satisfying
2z 1 Az
[ aweis s [ ol

T z/\

for some A > 2 and all x > 0 (see Section 2.3).
For the same reason as in Subsection 4.3, we have two main results in this part, namely
a general one, and a simplified version where functions are assumed to vanish at infinity.

Theorem 4.23. Let v, € R be such that 0 < p+ v < a+ 3/2. Let f be such that
tVf(t) € L1(0,1). If the conditions

f(M) = o(MH1) as M — oo, (4.33)

/ O V21qf ()| = o(MPTYTa3/2) as M — oo (4.34)
M
are satisfied, then Ly, f converges uniformly on R..

Observe that conditions (4.24) and (4.25) from Theorem 4.16 are the same as (4.33) and
(4.34), respectively, for the particular case 4 = —v. However, note that in Theorem 4.16
the convergence of the integral fooo t” f(t) dt is also required, whilst in Theorem 4.23 it is
not.

Remark 4.24. In the extremal case 4 + v = « + 3/2, the conditions in (4.22) from
Proposition 4.11 are equivalent to (4.33) and (4.34). In other words, the statements of
Proposition 4.11 and Theorem 4.23 coincide in this extremal case.

The statement for functions vanishing at infinity reads as follows.
Theorem 4.25. Let v, € R be such that 0 < p+v < a+3/2, and let f be vanishing at
infinity and such that t f(t) € L1(0,1). Assume that

/ |df(t)] = o(M* 1) as M — oo, ifv<a+1/2andp<1, (4.35)
M

/ O V2Idf (1) = o(MPFY O3 as M 00, ifv>a+1/2 orp> 1. (4.36)
M

Then L7, f converges uniformly on R.

Remark 4.26. (1) Note also that part (i) of Theorem 3.4 is the particular case of
Theorem 4.25 with o = 1/2, v =1 and p = 0 (see also (3.7)).

(2) Let us observe an interesting property of the operator 53+1/2 o With a > —1/2 (if
a = —1/2, such operator corresponds to the cosine transform). Its kernel K, (r,t) =

Ko (rt) := (rt)*t1/2j,(rt) is uniformly bounded and does not vanish at infinity in
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any of the variables r nor t (for any fixed «, this is the only kernel of the type (4.7)
with this property). Moreover, K, vanishes at the origin. Thus, such kernel has a
similar behaviour as the kernel K 5(rt) = sinrt of the sine transform. In fact, the

sufficient condition that guarantees the uniform convergence of L | /2,0 f and that

of the sine transform of f is the same, namely (cf. Theorem 4.23)

o0
/ |df ()] = o(1/M) as M — oo.
M
We now proceed to prove Theorems 4.23 and 4.25.

Proof of Theorem /.23. We show that the integrals (4.5) vanish uniformly in r as N >
M — oo. Let 0 < M < N, and assume that 1/r < M. Integration by parts together with
(4.17) and estimate (4.21) yield

N N
v /M t f(t)ja(rt) dt = Tu+v([ f(t)ggw(t)]]\N/[ - /M Gor () df (t)>

Nv—a—1/2 Mr—a—1/2
+v
<o (X 2 )

1 N a1
bt [ R0

S sup 21 H (o) + MO [ et g,
z>M M

Both terms on the right-hand side vanish as M — oo, by the assumptions (4.33) and
(4.34).
If 1/r > M, we write

N 1/r N
r’”‘”/ t f(t)ja(rt) dt:r“+”</M +/1/ )t”f(t)ja(rt) dt,

M

and estimate the integral fl% tY f(t)ja(rt) dt as above. Moreover, since p+v > 0, we have

1/r

1/r 1/r
rH rt)? o, (T rH rt)Y = phtv v
/(WMMwﬂsﬂ;wvwm “vawﬁ

M

1/r
= phtv / TR £ ()| dt
M

IN

1/r
< sup :cl_“|f(a:)|>r”+”/ i =1l g < sup a:l_“\f(x)],
0

x>M x>M

which vanishes as M — oo, by (4.33). O

Proof of Theorem 4.25. We prove that our hypotheses imply those of Theorem 4.23, and
the result will follow. Consider first the case p < 1 and v < o + 1/2. Then

MY“7H|f(M)) < MYH /oo |df ()] — 0 as M — oo,
M
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and
sty [Spasttgpn < ate [ i) 50 as Moo,
M M

i.e., (4.33) and (4.34) hold.
Ifv>a+1/2,

MYH{ (M) < M / df (1)] < M3z / =012 g (1)) > 0
M M

as M — oo, or in other words, in this case (4.36) (which is precisely (4.34)) implies (4.33).
Finally, if ¢ > 1, since f vanishes at infinity, (4.33) holds, and the hypotheses of
Theorem 4.23 are met. O

For functions f € GM(f2) we can give an alternative statement to Theorem 4.23,
namely with a sufficient condition that only depends on the magnitude of f at infinity.
Furthermore, in this case we can obtain a criterion for nonnegative GM (f2) functions,
which can be seen as an extension of Corollary 3.5 (to more general transforms, but with
a more restrictive GM condition).

Theorem 4.27. Let v, ;1 € R be such that 0 < p+v < a+3/2. Let f € GM(B2) be such
that tV f(t) € LY(0,1).

1. If
(M) =o(MF1) as M — oo, (4.37)

then Ly, [ converges uniformly on Ry.
2. If f >0 and L7, f converges uniformly on Ry, then (4.33) holds.
The “if and only if” statement reads as follows:

Corollary 4.28. Let f € GM(B2) be nonnegative, « > —1/2, and v, € R be such that
0<p+v<a+3/2. Then L], f converges uniformly on Ry if and only if (4.37) holds.

Proof of Theorem 4.27. Since f € GM(B2), (4.33) implies (4.34) whenever p+v < a+3/2.
Indeed,

- oo ot 00 At
/ tl’*a*l/Q‘df(tﬂ < / 1 / Sufa71/2|df(5)‘ < / pr—a=5/2 / |f(s)|ds
M M2t Ji M/2 t/A

< / ( sup x1“|f(a:)|>t“+”a5/2dt

M/2 \t/A<z<Mt

< (s s
2>M/(2))

where in the latter inequality we have used the fact that p+v < o+ 3/2, and A > 2 is
the GM (B2) constant. Thus, we deduce that

Ma+3/2—u—l// tl’—a—l/2 |df(t)| S sup 1,‘1_'“|f(x)| — 0 as M — oo,
M x>M/(2))
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so that the result follows by applying Theorem 4.23. This completes the first part of the
proof.
For the second part, the uniform convergence of Ly, f implies

Ar Ar
w/ ()Y F(1)ju(rt) dt = r“/ FdE—0  asr— 0.
1/(2r) 1/(2Ar)
By Remark 2.10, we have
Ar Ar
famse [ fode=rore [ e
1/(27r) 1/(2xr)

and we deduce that 7#~1f(1/r) — 0 as 7 — 0, or equivalently, t!“#f(t) — 0 ast — co. [

Note that in Theorem 4.27 we exclude the case pu + v = a + 3/2. The proof of
Theorem 4.27 consists on showing that if f € GM(fB2), then condition (4.33) implies
(4.34). This does not happen in general in the extremal case p+ v = a + 3/2, as we show
NOW.

Proposition 4.29. Let v € R and pu < 1 be such that p+v = a+3/2. If f € GM(f2)
vanishes at infinity, the condition

/wtlﬂrdm—/ P2 () = o(1) s M - oo
M

is equivalent to t~*f(t) € L'(1,00).

It is clear that condition (4.33) does not imply ¢~ f(¢) € L'(1, ), even for monotone
functions. For a simpler version of Proposition 4.29, see [90].

Proof of Proposition 4.29. Since f vanishes at infinity and p < 1, the estimate

/10075“!f(t)ldté/loot“/tooydf(s)|:/1w|df(s)\/lstudtg/lwtlu,df(m

proves one direction of the statement. Note we have not used the GM so far. For the
other direction, since f € GM(f2), we have

2k+1

A2k
[ \—2/ e \<22k1“21k//r<t>\dt
vz/

which completes the proof. Note that the above inequality holds for any p € R. O

A2k

()] dt < / R f ()] dt,
1/A

k/>\

The condition f € GM(f2) in the sufficiency part of Theorem 4.27 (and therefore
also in Corollary 4.28) cannot be dropped, as shown by Proposition 4.30 below. To prove
it, we construct functions that play an analogous role to that of lacunary sequences. A
nonnegative sequence {ny} is said to be lacunary if there exists ¢ > 1 such that nyi/n; >
q for all k. It is easy to construct a uniformly converging sine series

oo
g ay sinne
n=1
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with na, /4 0 as n — oo using lacunary sequences, thus showing that the monotonicity
assumption in Theorem 3.1 is essential. Indeed, let n; be a lacunary sequence, and

n~t, ifn=ng keN,
ap = )
0, otherwise.

Then, the sine series > 00 | a,, sinnz = 3°3°; n; ' sinngz converges uniformly on [0, 2r)
since n;l converges, but na, = 1 for all n = ng.

Proposition 4.30. Let u,v € R be such that 0 < u+ v < a+ 3/2. There exists f ¢
GM (B2) such that condition (4.37) does not hold, but L3, f converges uniformly on R .

Proof of Proposition 4.30. We first construct f in a general setting and then we subdivide
the proof into two parts, namely for the case 0 < p+ v < «a + 1/2, and for the case
a+1/2<p+v<a+3/2

Let ¢, be an increasing nonnegative sequence and €, > 0 such that ¢, < ¢,+1 — ¢, and
en < ¢, for every n. Define

=1 ift € [en,cn + 0], n EN,
f<t>={ | |

0, otherwise.

For such a function, it is clear that t!=#f(t) 4 0 as t — co. We are now going to find
those choices of ¢, and ¢, for which f ¢ GM(B2) and L7, f converges uniformly on R..
Note that for any ¢, and ,, tf(t) € L*(0,1), since p + v > 0.

Let us first consider the case 0 < 4+ v < a+ 1/2. According to Corollary 4.10, the
uniform convergence of Ly ,f on Ry follows from " f(t) € LY(R,), which in this case is
equivalent to

o
Zencff“_l < 0. (4.38)
n=1

Choosing ¢, = 2" and ¢, = 27 with 8 > v + pu — 1, it can be easily proved that
f & GM(B2). Moreover, the series (4.38) converges, and the uniform convergence of L7, f
on R follows.

Consider now the case o + 1/2 < p+ v < a+ 3/2. According to Corollary 4.14, the
uniform convergence of L7 f follows from the conditions

tufa71/2f(t) — 0 as t — oo, tl/fafl/Qf(t) c Ll(l,OO), / tV*afl/Q‘df(t” < 0.
1

Since p+v < a+3/2, V" *"1/2f(t) = 0 as t — oo. Also,

/ tV o— 1/2f Z@ CLH‘I/ oa— 3/2 (439)
1

and

pr—o— 1/2 df Cg+u—a—3/2+ o+ en putv—a—3/2 5 Cg+l/—a—3/2. 4.40
s ) £ 3 ( (e + £0) )= (4.40)

n=1 n=1

Choosing ¢, = 2™ and ¢, = 1, it is easy to prove that f & GM(S2), and the series on the
right-hand sides of (4.39) and (4.40) are convergent, so that L7, f converges uniformly on
R, by Corollary 4.14. O
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We conclude this part by discussing the optimality of Theorems 4.23 and 4.25, and
their independence with respect to Corollary 4.14, which also gives sufficient conditions for
the uniform convergence of sine-type transforms, and is based on integrability conditions
of f. We will always assume that 0 < u+ v < a + 3/2.

Sharpness. We first show that the conclusions of Theorems 4.23 and 4.25 do not hold
in general if we replace o by O in conditions (4.33) and (4.34), or (4.35) and (4.36).

1. Case u < 1. In this case, we do not discuss sharpness of Theorem 4.23, since
condition (4.33) implies that f vanishes at infinity, and therefore we are in the situation of
Theorem 4.25. We prove the sharpness of the latter whenever we replace o by O in either
(4.35) or (4.36).

Consider the function f(t) = t'7# and p + v < a + 3/2. Tt is clear that neither (4.35)
nor (4.36) hold, but they are satisfied if we replace o by O (in each respective case). Since
@+ v > 0, we have, for any r > 0,

1/r

1/r
rhty / t f(t)ja(rt) dt < rHtv / vl < 1, (4.41)
1/(2r) 1/(2r)

and therefore L7, f does not converge uniformly on Ry, (the integrals (4.5) do not vanish
as N > M — o).

2. Case u = 1. Note that in this case the statements of Theorems 4.23 and 4.25 are
equivalent, since (4.33) precisely means that f vanishes at infinity. If f(¢) = 1, it is clear
that (4.33) does not hold, but holds with O in place of o, whilst (4.34) trivially holds. In
this case, we also have that the integral on the right-hand side of (4.41) (with = 1) does
not vanish as r — 0, thus L7, f does not converge uniformly on R.

3. Case 1 > 1. On the one hand, the example f(t) = t!~* shows that Theorem 4.23
does not hold if we replace o by O in (4.33) and (4.34), since we are exactly in the same
situation as in the case p < 1 (in the sense that the right-hand side of (4.41) with p > 1
does not vanish as r — 0). On the other hand, the examples f(t) = t*~2sint and f(t) = 1
show that in general, conditions (4.33) and (4.34) do not imply each other.

Independence of Theorem 4.23 and Corollary 4.14. Let us prove that the conditions
of Theorem 4.23 do not imply those of Corollary 4.14 and vice versa. In other words, these
two results complement each other.

On the one hand, let f(t) = t* 2sint for t > 1 and a +1/2 < p+ v < a + 3/2. Since

f'(t) = (u —2)t* 3sint + "2 cost,
we have that

R A T e B e S
M M

where we have used the following property of the sine function: from the fact that |sint| >
1/V?2 for t € [(2k + )7 /4, (2k + 3)7/4], k € 0,1,2,..., it follows that, for v € R and M
large enough,

(2k+3)7

(o ¢] 4 (o) o0
/ dt= > / ﬂdtx/ tVysintydtg/ £ dt.
M (21@1—1)# M M

k:(2k+1)m>M
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Hence, (4.34) does not hold, and the hypotheses of Theorem 4.23 are not satisfied. Never-
theless, note that t*~~1/2f(¢t) € L'(0,1) (and t=#f(t) € L'(1,00) if u+v = a+1/2), and
moreover conditions (4.22) hold. Hence, Corollary 4.14 implies the uniform convergence
of L7 ,f on Ry.

On the other hand, let « = 1/2, v = 1 and pu = 0 (recall that this choice of parameters

1
corresponds to the sine transform). If f(¢) = Toat for t > 2, then clearly f(t) & L'(2,c0).
og

On the other hand, since (4.34) holds, the uniform convergence of Ei/oz f on Ry follows by
Theorem 4.23 (also by Theorem 4.27, or even by Corollary 3.10).

Independence of Theorem 4.25 and Corollary 4.14. We also prove that the hy-
potheses of Theorem 4.25 and those of Corollary 4.14 do not imply each other.

Let us first give examples of functions that do not satisfy the assumption of Theo-
rem 4.25, but still fall under the scope of Corollary 4.14. Consider again f(t) = t* 2sint,
with p < 2. We have already seen in the above example that

M&+3/2—u,—l// tu—a—1/2|f/(t)| dt = 1,
M

and that, additionally to t*~*~1/2f(t) € L'(1,00), conditions (4.22) hold. Thus, in the
case v > a+1/2 or u > 1, we cannot apply Theorem 4.25, but we can apply Corollary 4.14
instead to deduce the uniform convergence of £, f on R;. On the other hand, it is easy
to see that if v < a + 1/2 and pu < 1, the hypotheses of Corollary 4.14 hold, although
those of Theorem 4.25 do not, since

o o0
M / F(8)] dt = M / P2 g = 1,
M M

We now show examples of functions that do not satisfy the assumptions of Corol-
lary 4.14, but those of Theorem 4.25. Let v > a+1/2 and a+1/2—v < pu < 1. If f(t) =
tafufl/2

1
for t > 2, then f vanishes at infinity but = Y2f(t) = —— ¢ L'(2,00).
logt tlogt
However,

00 o 1 1
Ma+3/2—u—y/ tu—a—1/2|f/(t)| dt 5 M/ 5 dt S —0 as M — oo,
v M telogt log M

so that (4.36) holds. In the case u > 1, note that ¥ < a + 1/2 (since we are assuming
p+ v < a+3/2), and hence the inequality p 4+ v > a + 1/2 implies that o — 1/2 < v.
ta—y—1/2
logt
also satisfies (4.36), whilst t*~*~1/2f(t) & L'(2, 00). Finally, consider the case v < a+1/2
-1

Thus, choosing f(t) = for t > 2 again, we have that f vanishes at infinity, and

h
and p < 1. Let f(t) = ont The inequality p + v > o + 1/2 implies that
og

. tp,—l—l/—a—3/2 1
trme 2 f () =

> LY(2
logt  ~ tlogt # L(2,00),

hence f is not under the hypotheses of Corollary 4.14. However, since f is monotone,
[o¢]
1
ME "t)|dt = M f(M) = —— =0 M —
| irel FOD) = 7 as M — oo,

and L7 , f converges uniformly on R, in virtue of Theorem 4.25 (or also by Theorem 4.27).
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Remark 4.31. Note that in the extremal case 4 4+ v = a + 3/2 (which has not been
considered above), the assumptions (4.22) we use in Corollary 4.14 are equivalent to the
assumptions of Theorem 4.23, namely (4.33) and (4.34). The conclusion is also the same.

4.5 Hankel transforms of functions from GM(f5;): equiva-
lence theorems

In the existing literature where the problem of uniform convergence of cosine transforms
or cosine series is studied [40, 41, 45, 130, 135], the problem of studying the boundedness
of >0 g ancosnx or [ f(t) cosrt dt has not attracted much attention. In fact, if we deal
with nonnegative functions (or sequences), the problem is trivial. On the other hand, the
tools to deal with functions (or sequences) with non-constant sign are being discovered
nowadays. In this section we study the Hankel transforms of real-valued functions from
the class GM (32), making use of the Abel-Olivier test we proved in Section 2.4. We also
cover the case of cosine series.
If f >0, it is clear that

Foos(r) = /0 h F(t) cosrtdt (4.42)

converges uniformly in Ry and is bounded if and only if fooo f(t) dt converges, or equiva-
lently, if f € L*(R,). Thus, for nonnegative f the boundedness and uniform convergence
of (4.42) are equivalent, since |fees(r)| < Jo° f(t)dt. However, in the general case the
uniform convergence and boundedness of (4.42) are not equivalent, as we shall now show.
More precisely, we discuss the interrelation between the following conditions:

(i) convergence of [;° f(¢) dt;
(ii) boundedness of [ f(t) cosrtdt;
(iif) uniform convergence of [ f(t)cosrtdt on R.

For now, we consider functions f that are integrable over any compact interval [0, N] C R;.

First of all, since feos(0) = [;° f(t) dt, the convergence of the integral [° f(t)dt is
necessary for the (pointwise, and therefore also uniform) convergence and boundedness of
feos, but not sufficient. Indeed, consider (cf. [48, pp. 7-8])

- o 1 1
cos(T) = t=1/2 costcosrt dt = ﬁ( + >, r> 1
Jeos(r) /0 W2\Vr+1 r—1

In this case J?Cos(r) tends to infinity as r — 17, although, as is well known, the integral
fooo t~Y2 costdt converges (it is the Fresnel cosine integral, see [1, pp. 300-301]).

We also note that unifprm convergence of ]?COS on R, implies its boundedness, but not
vice-versa. Certainly, if f.os converges uniformly, for a fixed ¢ > 0 we can find N € Ry
such that

Mo
’/ ft) cosrtdt‘ <e, if N < My < Mo,
My

uniformly on Ry, and hence,

0o N
‘/ f(t)cosrtdt‘ g/ |f(t)]dt + e < o0,
0 0
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since f is integrable on [0, N]|. To see that the contrary is not true, we just take f(t) =
X[0,1)(t), where X is the characteristic function of the set . Then, by the Dini criterion

for the Fourier transform [104, Corollary 2.3.4], if we write g(r) = feosf(r), then

w/2, ifte€]0,1),
Jeos(t) S w/4, ift=1,
0, if t > 1.

Therefore, geos is bounded, but the partial integrals fON g(r) cosrt dr converge to a discon-
tinuous function as N — oo, thus the convergence cannot be uniform.

On the side of cosine series, the situation is similar. The convergence of Y 7 ;ay
is necessary but not sufficient to guarantee the uniform convergence and boundedness of
>0 o an cosnz. Indeed, the necessity part is trivial (just take x = 0), as for the sufficiency
part let us consider ag = 0, a,, = n~'cosn, n > 1. By the well-known Dirichlet test for
series [72], it follows that > >  n~! cosn converges. However, the cosine series

o
E n~ ! cosn cosnx

n=1

diverges at x = 1, thus it is not bounded, neither its partial sums converge uniformly.
Indeed, since cos?n = (1 + cos2n)/2, one has

N cos2n_ N 1 N cos2n
Z n _;271+; on

n=1

The series Y -, cos2n/(2n) converges, by the Dirichlet test for series, and > 2 ; 1/(2n)
diverges. Thus, our claim follows.

The fact that the uniform convergence of a cosine series on [0, 27) implies its bound-
edness may be proved in the same way as the counterpart for cosine integrals we showed
above. One may also apply the following argument: since the partial sums are continuous,
the limit function g(x) = ) a, cos nx is continuous (and periodic), and therefore bounded.
Finally, we prove that the boundedness of a cosine series does not imply that its partial
sums converge uniformly. Indeed, consider the cosine series

G(z) = Z_:l Q(nl—)nl cos ((2n — 1)z).

This series is the Fourier series of the function

1, ifxe(n/2,37/2),
g(w) = {0’ x € [0,m/2) U (37/2,2m),

see [146] for basic definitions and theory of Fourier series. By the well-known Dini criterion
for convergence of Fourier series [104, Theorem 1.2.24], we have

w/4, if e (n/2,3n/2),

G(x) = m/8, ifz=mn/20rx=23r/2,
0, if x € [0,7/2) U (37/2,27).
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Hence, G is bounded, but the continuous partial sums

Z

n:l

cos (2n — 1))

converge to a discontinuous function as N — oo, thus the convergence cannot be uniform.
We shall now see that in the case of Hankel transforms H, (recall that H_; 5 is the
cosine transform), analogues of properties (i), (ii), and (iii) stated above are equivalent,
provided that f € GM(B2) is real-valued. We also give an upper estimate for H,f,
depending on «. All the functions f we consider in this section will be vanishing at
infinity.
Let us define, for any f: Ry — C and v € R,

M, (f) == sup | f(2)].

teR
The following statement is needed to obtain our main result.

Lemma 4.32. Let f € GM(B2) be real-valued and o € R. If t?>*+1£(t) € L'(0,1) and
Jo 2t f(t) dt converges, then Maq 2(f) = supyeg, t2*72|f(t)] < co.

Observe that Lemma 4.32 is stated for all € R, though we only need the case
a>—1 / 2 when dealing with Hankel transforms.

Proof of Lemma 4.32. On the one hand, the fact that t?***2f(t) — 0 as t — 0 follows
from t22FT1f(¢) € L'(0,1) and the estimate given in Remark 2.10. On the other hand,
t22F2 f(t) — 0 as t — oo follows from the convergence of [~ t***! f(t) dt and Theorem 2.15
(recall that t20T1f(t) € GM(Bs) provided that f € GM(S3z), cf. [86]). Finally, since f
is locally of bounded variation (which is a property we require in Definition 2.4 when we
introduce general monotonicity), t2**2|f(¢)| is bounded on any compact set, which yields
the desired result. O

Theorem 4.33. Let a > —1/2. Let f € GM(B2) be real-valued and such that t>**1f(t) €
LY(0,1). The following are equivalent:

(i) the integral [;° t***1f(t)dt converges;
(ii) the Hankel transform Hyf(r) = [5° 2% f(t)ja(rt) dt converges uniformly on Ry ;
(iii) the Hankel transform Hy f(r) is bounded on R.

Moreover, in any of those cases, Maa+2(f) = Supscg, t22+2|£(t)| is finite, and for every
N € R, the estimate

N2+1 2041 2042
[ esiaena <| [ e ol - o

CA2N)2042 1 N4 Sa
M-
200+ 2 a+2)+a+3/2 2at2(f)
t2a+2
su 4.43
0<a<15)<oo ‘ / 200 + 2 ‘ (443)

holds, where Sq = sup,>q 125, (x)| (see Remark 4.1).
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Note that for any 0 < a < b, the boundedness of the integral f; t29F24f (¢) in (4.43)
follows from the convergence of fooo t2a+1 £(t) dt and Corollary 2.16.

We emphasize that the boundedness of H, f follows easily from its uniform convergence,
as we showed above, and estimate (4.43) is not needed to prove H,f is bounded. The
purpose of estimate (4.43) is to show the dependence of our upper bound for H, f in terms
of . The upper estimate for H, f is obtained by letting N — oo in (4.43), and taking
into account that N?*t2f(N) — 0 as N — oo whenever [T f(t)dt converges and
f € GM(f2) is real-valued, by Theorem 2.15.

Corollary 4.34. Under the assumptions of Theorem /.33, the estimate

0 oot 1 C)\(2)\)204+2 )\4 S,
Has) < | [T e a] + OV (G e ()

t2a+2
sup
0<a<b<00‘/ 20 +2 ‘

Proof of Theorem 4.33. First of all, note that under our assumptions Ma,42(f) is finite,
provided that the integral [ t***!f(t)dt converges, by Lemma 4.32.

The fact that (i) and (ii) are equivalent is just Theorem 4.22.

We now prove (i) and (iii) are equivalent. Clearly, (iii) implies (i), since if H,f(r)
is bounded, then H,f(0) = [;°t***!f(t)dt converges. So we are left to prove that if
f € GM(B2), then (i) implies (iii). It suffices to prove estimate (4.43), and the claim
follows by letting N — oo.

Let r > 0 (the case r = 0 is trivial, since jo(0) = 1). First of all, we write

‘ / 2L £ (1) o (1) dt‘

We now integrate by parts the last integral of (4.44). By the property (4.13) of the
derivative of the Bessel function, and the fact that [j,(z)| <1 for all z > 0, we get

holds.

/ONt2“+1f( ' ‘/ tza“f()(l—]a(rt))dt‘ (4.44)

N
[ eerraa - ooy < 5 L 120 - o))
N 2a+2
+ /0 (= G (D))

v+ | 12T et
a+tl 2a 421~ Jas ’
where in the last inequality we have used that 2272 f(¢) — 0 as t — 0, which follows from

the estimate
Ax

2@ S [ o)
z/A
for GM (/32) functions given in Remark 2.10 and the fact that t2**1f(¢) € L(0,1).
Assume now that r < 1/N. By Lemma 4.2, we have jo1(rt) > 1 — (rt)?/(4(a + 2))

for t < N, and therefore

200+2 1 N
‘/ 2ta+2 Ja+1(7"t))df()‘ I N2/ 2ot qr )|,
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where B, = 4(a+2)(2a + 2).
Let ng = min{k € Z : 28 > N}. Since f € GM(B3), we have

1 2a+4 22(1 o) (2a+4)k 2
R E g > 2 ()

e — oo 2k—1
2(1—n, no A2k—1
ke —oo 2k 1/)\ t
2(1-no) (2a+4) Mo A2k—1
S C2 (2)‘) / t2a+3’f(t)| dt
Ba [ 2k:—1/)\
C22(1-m0)(2)))(2a+5) A2ro—t
< Mooio(f / tdt
2Ba a+ ( ) 0
C(21)2a+7)
= OOV a4, (4.45)

For r > 1/N, we write

t2a+2 1/r t2a+2 .
‘/ 2a+2 ~ Jas1 (rt))df (¢ ‘ ‘</ //7«)2@4—2 ]a+1(7“t))df(t)‘.

On the one hand, using (4.45) we get

0(2)\) (2a+7)
168,

1/r t2a+2
/ (- ja+1(rt))df(t)' < Mansa(f).

20 + 2

On the other hand,

t2a+2

200+ 2

t2a+2
] / ) ja+1(7't))df(t)’ < ().

2a—|—2

N t20¢+2 N
df(t)| +

t2a+2 b t20¢+2
‘ / ‘s o | [ df(t)‘,
1/r 2a0+ 2 0<a<b<oo | Ja 2a0+ 2

which is finite due to the convergence of fooo t22+24f(t), by Corollary 2.16. Secondly, let
ny = max{k € Z : 28 < 1/r}. Using the GM(f2) condition and the estimate (4.12), we
derive

t2a+2 Sa+1 [ee] ta+1/2
‘//T 90 +2]a+1 (rt)df (t )' S Cat3fe /1/1“ 2a+2|df(t)’

First, we have

o(ni+1)(a+3/2) g 0 2k+1

< a+t1 (k+1)(a+1/2)/
< o 13 Z 2 . \df (1)

k=nq 2

0o k
_ C2mrNersg, 3 akHDet/2) / L,
- 2004 2 ok/x 1 .

k=ny
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Since

o 0] >
3 gD AL g < A2 +1/2 / t 12| £(¢)] dt

: t n
ja— 2k /X 271 /X

< >\(2>\)a+1/2M2a+2(f)/2 R t—a—5/2 dt
ni

9a+1/232a+3 (at3/2)
=S omeE2 g o (f),
— ses2(f)
we conclude
N j2a+2 2042
{2042 CA(2))20128,
——Ja t)df(t)| < Mo, .
[ a0 < R Mot
Collecting the above estimates, we arrive at (4.43). O

For the sake of completeness, we state the particular case of Theorem 4.33 correspond-
ing to the cosine transform, i.e., when oo = —1/2.

Corollary 4.35. Let f € GM(32) be real-valued and such that f € L'(0,1). The following
are equivalent:

(i) the integral [;° f(t)dt converges;
(ii) the cosine transform fCOS fo ) cosrtdt converges uniformly on Ry ;

(iii) the cosine transform fcos(r) is bounded on R .

Moreover, in any of those cases, sup,cg, t|f(t)| is finite, and the estimate

‘/ONf(t) Cosrtdt' < ‘/Nf(t) dt‘ +2N|f(N)] +20)\2<); + 1) sup ¢|f(t)|

teR4
sup ‘/ tdf(t ‘
O<a<b<oo

holds.

To conclude this part, we discuss the corresponding result for cosine series, or in other
words, the discrete version of Corollary 4.35. In [130], Tikhonov mentioned the following.

Theorem 4.36. Let {a,} € GMSy be such that na, — 0. Then the cosine series

oS
g Qp, COSNX
n=0

converges uniformly on [0,27) if and only if the series Y - a, converges.

Remark 4.37. In the proof of Theorem 4.36, the hypothesis na,, — 0 is used to prove
the “if” part, whilst the “only if” part only requires the convergence of Y > ; ay.

Abel-Olivier’s test for real-valued sequences from the class GM Sy allows us to improve
Theorem 4.36 by dropping the hypothesis na,, — 0. The precise statement reads as follows.
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Theorem 4.38. Let {a,} € GM Sy be real-valued. The following are equivalent:
(i) the series 7 an converges;
(ii) the cosine series Y .- an cosnx converges uniformly on [0,27);

(iii) the cosine series Y .-, ancosnz is bounded on [0, 2m).

Proof. Since {an} € GMS; is real-valued, the convergence of Y > a, implies na, — 0
as n — oo, by Corollary 2.17. Therefore, according to Remark 4.37, the equivalence of (i)
and (ii) follows by applying Theorem 4.36, since we have shown the hypothesis na, — 0
is redundant in order to prove the “if” part. Also, as we observed at the beginning of the
present section, the uniform convergence of the partial sums Zfzvzo an cosnx implies the
boundedness of the limit function )7 ; a, cosnz, i.e., (ii) implies (iii), even in the general
case. Finally, (iii) trivially implies (i) by choosing x = 0. O



Chapter 5

Weighted norm inequalities for
Fourier-type transforms

In this chapter we study norm inequalities between weighted Lebesgue spaces for certain
integral transforms. We also state some necessary conditions in Lorentz spaces. This
chapter is based on the results from [35].

5.1 Definitions and known results

We have already defined in the Introduction the Lebesgue space of functions LP(X), where
X C R". Let us now give some more definitions that will be used throughout this chapter.
For 0 < p < 1, we may also use the notation

1/p
1 fllze(x) = (/Xf(x)]pdm> .

However, in this case the functional || - [|z»(x) does not define a norm, but a quasi-norm.

A weight u defined on X is a nonnegative function that is locally integrable on X. For
a weight u, the weighted Lebesgue space LP(X,u) is defined as the space of measurable
functions f : X — C such that

1/p
|f||Lp(X,u):=( / U(x)lf(x)l”dfc> W Sl <00 P20,

Note that if u = 1, then LP(X,1) = LP(X). Naturally, ||-||1»(x,u) defines a norm for p > 1.
For Y C R™, and an integral transform

Tf(y) = /X f@)K(@,y)de,  yeY,

with K : X x Y — C, we are interested in studying necessary and sufficient conditions on
weights u : Y — R4 and v : X — Ry such that the weighted norm inequality

||Tf||L‘1(Y,u) < C||f||LP(X,v)7 I1<p<g<oo, (51)

holds for all f € LP(X,v), where C' is independent of the choice of f. Note that a problem
to find a sharp constant C' in (5.1) for specific p,q and weight functions was studied in
[9, 27, 55, 56, 142] for the Fourier and related transforms.

Let us start by reviewing some of the most important results for the Fourier transform.

91
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5.1.1 Weighted norm inequalities for Fourier transforms

Recall that the Fourier transform of an integrable function f : R™ — C is defined as

Ty = | f@e v de.
Rn

As a basic example of a norm inequality, we mention the Hausdorff-Young inequality,
which states that if 1 < p <2, then

1Pl gy < 1 lzogeen) (5.2)

see [7, 9]. Note that the Hausdorff-Young inequality for the case p = 1 corresponds to the
trivial estimate of the Fourier transform, and for p = 2 it is actually an equality, known
as Plancherel’s theorem [126]. Note that inequality (5.2) carries no weights.

In the 1980s, Heinig [64], Jurkat-Sampson [70], and Muckenhoupt [97, 99] proved
independently that if 1 < p < ¢ < 0o and u,v : R* — C are such that

sup < /0 " (@) dw) 1/q< /0 ey @) dx> " (5.3)

where u* denotes the decreasing rearrangement of the function u, then the inequality

1N zoen wy < Cllf | ogen v) (5.4)

holds for every f € LP(R",v). Conversely, if u(x) = ug(|z|) and v = vo(|z|) (i.e., v and v
are radial), ug decreases and vy increases as a function of |z| on R4, and inequality (5.4)
holds for every f € LP(R™,v), then (5.3) is satisfied, see also [29].

Typical examples of weights u and v are power functions. If u(z) = |z|~?7 and v(z) =
|z| 7P, the inequality

11 aqn ) = N2 2 fll zagny < Cllzl” Fllzo@ny = £ ]| o @ ) (5.5)

is known as the classical Pitt’s inequality (see [13, 125]), and it holds if and only if

B:’y—l—n(l—l,), max{O,n(l—ll)}§5<n. (5.6)
q P q P q

As particular cases of Pitt’s inequality, we have Hausdorff-Young inequality (5.2), or
Hardy-Littlewood inequality (see [136])

2" =2P | Lgny < Cllflo@ny,  1<p<2.

Applications of weighted norm inequalities include the study of uncertainty principle
relations (cf. [10]) or restriction inequalities [29, 49, 137]. Inequality (5.4) and its variants
have been extensively studied, see [5, 9, 12, 13, 70, 99] and the references therein.

Another interesting problem is to investigate whether the sharp range for 8 in (5.6)
can be extended if we assume regularity conditions on f when studying Pitt’s inequality
(cf. [57, 87, 114]). For instance, it is known that if f is a radial function, f(z) = fo(|z|),
inequality (5.5) holds if and only if

1 1 -1 1 1
ﬁ=7+n<—/>, ﬁ—n2 +max{07—,}gﬂ<n. (5.7)
qQ p q qQ D q
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If, additionally, fo € GM(Ss), the range for 5 in (5.7) can be further extended to

n n+1 n

<B<77
q

q 2

and it is sharp, as shown in [57]. More results on weighted norm inequalities for general
monotone functions can be found in [28, 87, 88, 89].

5.1.2 Integral transforms of Fourier type

From now on, we set X =Y = R, and use the simplified notation

I/

Following [58], for a complex-valued function f defined on R, we denote

po = fller@y s Ifllp=1f

p,1-

Fi(y) = /O T @) @K (e ) e,y >0, (5.8)

where K is a continuous kernel and s is a nonnegative nondecreasing function, s €
Li (R,), and such that

loc
s(2z) < s(x), x> 0. (5.9)

Furthermore, we assume that there exists a nonnegative nondecreasing function w satis-

fying

s(x)w(l/z) <1, x>0, (5.10)

and such that the estimate
K (z,y)] < min {1, (s(z)w(y)?},  z,y>0, (5.11)

holds. Moreover, we will assume that

1 [e'e)
/ s(a:)]f(w)|dx+/ s(@) V2| f(2)] dz < o, (5.12)
0 1

so that F'f(y) converges pointwise on (0, 00). This is easily derived by applying the upper
bound for K (5.11) on (5.8). What is more, the estimate

1/y )
FIIS [ s@lfEde @™ [ @ @l )

y
holds. We remark that the weight s could be incorporated into the kernel K; however, it
is worth considering it separately, as it appears as one of the two factors in the estimate
(5.11). Another reason to separate s from K is to stay close to the framework of the so-
called Fourier-type transforms, also referred to as F-transforms (see [58, 63, 136, 140]), i.e.,
those satisfying (5.9)—(5.11), and for which there exists C' > 0 such that if f € L?(R,, s),

(or in other words, || f||2,s < 00), then

IF fllzw < Cl[fll2,s- (5.14)

Inequality (5.14) is known as weighted Bessel’s inequality. A classical examples of a
Fourier-type transform is the Hankel transform. It is worth mentioning that in general,
conditions (5.9)—(5.12) do not imply (5.14).
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Weighted norm inequalities of transforms with such kernels have been studied in detail
in [58], where the authors obtained sufficient conditions that guarantee inequalities of the

type
1E fllgu S 1 fllpws I<p<g<o,

where F is a transform of Fourier type. Let us denote by v. = [(1/v)*]7!, and o’ the dual
exponent of 1 < a < co. In [58], the authors proved the following.

Theorem 5.1. Let 1 <p<g< 0,1 <a<2 (pq,a)#(2,2,2). Let F be a Fourier-type
transform and let u,v be weights satisfying

1/r 1/q r , 1/p
sup (/ u*(z) da:) (/ v, ()P dx) < 00, (5.15)
r>0 0 0

o0 / 1/q o0 / / 1/pl
sup (/ =1y (2) daz) </ 7Py, ()P d:c> < 00. (5.16)
1 r

r>0 /r
Then, the following inequality holds:

W F fllg S 1Y fllpo- (5.17)

If (p,q,a) = (2,2,2) and u,v are weights satisfying

([ ([ )

the following inequality holds:
w2 F fllou <[5 Fllo,0-

Moreover, in [58] the authors show that condition (5.16) is redundant in the case
a’ < max{q,p'}.

We are interested in studying necessary and sufficient conditions on the weights u, v for
inequality (5.17) to hold, for a certain kind of transforms more general than the Fourier-
type ones, namely those of the form (5.8) for which estimate (5.11) holds. Unlike in
Theorem 5.1, our goal is to obtain necessary and sufficient conditions in terms of the
weights u and v, instead of their decreasing rearrangements.

5.1.3 Integral transforms with power-type kernel

We define the transforms with kernels of power type (or power-type kernels) as those of
the form

Fi(y) = 4 / () K () da,

0

where
1K (2,y)| < min{a®y, a>y},

with bj,¢; € R for j = 0,1,2. It is clear that every transform of the form (5.8) satisfying
the estimate (5.11) with s(z) = 2, § € R, is a transform with power-type kernel, but the
converse is not true. Note that the sine and Hankel transforms are of power-type kernel.
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In order for F f(y) to converge pointwise on (0, 00), we assume that f satisfies

1 [e'e)
/ 2T £ ()| dx + / 272 | f(2)| dz < oo.
0 1

In the context of power-type transforms, we are interested in obtaining necessary and
sufficient conditions on power-type weights u(z) = 27 and v(z) = 27 for the inequality

lz™Ffllg S a7 fllp,  1<p<g<co

to hold. These conditions, like in Pitt’s inequality (5.5), will be written in terms of the
involved powers, and will be derived from the results obtained for generalized Fourier-type
transforms.

In general, kernels of the type K (z,y) =< min{z"y, 22y} differ from the kernels
satisfying Oinarov’s condition [102], i.e., for some d > 0,

d YK (t,u) + K(u,v)) < K(t,v) < d(K(t,u) + K (u,v)), O<v<u<t<oo. (5.18)

In the case bj =¢; =0, j = 1,2, it is clear that K(z,y) < 1 implies (5.18). However, this
case is of no interest for us, as our main result for transforms with power-type kernel is
not applicable (see Corollary 5.12 below). However, if

1, if xy <1,

(zy)~°, ifay > 1,

K(ﬂﬂ,y)X{

with § > 0, and we set t = N®, u = NP, v = N~(@+F)/2 with N large enough, and
a > (>0, then (5.18) reads as

1< N9%2 <1,

which is clearly not true.

5.2 The J7, transform: definition and main properties

An important example of a transform with a kernel of power type and that is not of Fourier
type is the so-called 57, transform, defined as

At ) = [ @) alay)de, o> <12 (5.19)
0
see [109, 136]. Here H, is the Struve function of order « [47, §7.5.4], given by the series

X a+1 oo (—l)k(x/2)2k
> ~T(k+3/20(k+a+3/2) = 0. (5.20)

k

The function H, is continuous and satisfies the estimate

min{z*t! 2712}, a < 1/2,

5.21
min{z**t 2971}, o >1/2. (5:21)

[Ha ()] S {
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Moreover, H,, is related to the Bessel function of the first kind J, in the following way:
H,, is the solution of the non-homogeneous Bessel differential equation

’f | df _ 4(z/2)0M!
2’ +r—+ (2% - a®)f = T (a 11/

dz? dz
whilst J,, is the solution of the homogeneous differential equation corresponding to (5.22),
with the property that it is bounded at the origin for nonnegative «.
The 7, transform was extensively studied by Heywood and Rooney, see [65, 66, 109,
110] and the references therein.
Let us now discuss some of the properties satisfied by the Struve function, that will be
useful later. On the first place, the derivatives satisfy the rule

d
@(xaHa(x)) = 2Hy—1(x). (5.23)
The estimate (5.21) can be improved for values of = near the origin. More precisely,

one has

(5.22)

H,(z) < z°T!, r <1, a>—1/2. (5.24)
Let us show (5.24). In view of (5.20), (5.24) is equivalent to

i i (-1)*(z/2) =1, z<l1. (5.25)

£ T(k+3/2)T(k+a+3/2)

Note that the terms of the series (5.25) are decreasing in absolute value if z < 1. Hence,
applying the estimate (4.15) for alternating series, we obtain, for any = < 1,

IA

1 1 x?
20 (3/2) (o + 3/2) ~ T'(3/2)0(x + 3/2) <1 ©10(a + 5/2))
(=1)*(z/2)** < 1
T(k+3/2)T(k+a+3/2) ~ T(3/2)T(a+3/2)

—~

M

i

0
which was to be shown.

For large z, the asymptotic expansion

T —1/2 x/2)e1
H,(z) (2> (sin(x—onr/2—7r/4))+F(aiii)z)r(l/z)(l—FO(x2)), (5.26)

holds (see [139, p. 332]), which eventually allows us to deduce (5.21).

Remark 5.2. It is worth mentioning that for & > 1/2 and = > 0, H,(x) is nonnegative
[139, p. 337], and moreover, it easily follows from (5.26) that if & > 1/2, then there is
xo > 1 such that

H,(z) < 2%, T > xp.

Hence, if a > 1/2, one has H, (z) < min{z®*!, 2271} (see (5.24)).
It is useful to know upper estimates for the primitive function of z*H, (zy), as we saw

in the case of the weighted Bessel function x”j,(rx) in Chapter 4 (Lemma 4.8). We now
obtain those estimates, which will be useful in Section 5.6. Let us denote

hay(®) = /O t'Ho(ty)dt, v>-a—1, a>-1/2.
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Then it follows from (5.21) that 2"H,(xy) — 0 as x — 0 (with y > 0 fixed). Therefore,
by the fundamental theorem of calculus, we have

d., v
%h’a,y(w) =T Ha(xy)7

Lemma 5.3. For any v > 1/2 and a > —1/2, there holds
|y (2)] Sy~ 'e” min{(2y)**, (2y)}, 2y 0.

Proof. By definition of hY

a,y?

hZ’y(:z):/O t"H, (ty) dt = y”“/o 2y 1on'lHa(z) dz.

If v = a+ 1, then we simply have h§t!(z) = y~'a*" Huq1(2y), by (5.23), and
therefore, by Remark 5.2,

hot (@) =y~ e min{ (xy) 2, (2y)* .
If v # a + 1, integration by parts along with (5.23) yields

lv—a—1] [*Y

e 2" 'Ho,1(2)dz =: A+ B.

1
ey (2)] < gﬂfyHaH(ﬂf?/) +
0

Let us now estimate A and B from above. On the one hand, by Remark 5.2
1 v - a+2 «
A= i min{(zy)*"", (zy)*}.
On the other hand, we consider two cases in order to estimate B. If xy < 1, we have

1 Y T v+a+2 1
B=—— / rratlgy < (wy)7 y)yH = —a¥(zy)* T2
Yy 0 Y Yy

If zy > 1,

< 1 w v+a—1 1 1/( )a
B < / 2T N dr < —x¥ (xy)”.
Yt o Y

Collecting the above estimates, we conclude
1
ey (@) S A+B S gw” min{(zy)* 2, (zy)*},

as desired. O

As we mentioned above, the operator J%, corresponds to a transform with power-type
kernel. We emphasize that if we write it in the form (5.8), condition (5.11) does not hold
in general.

Following [109], the /7, transform can be defined for a wider range of o than o« > —1/2,
but for our purpose we need to restrict ourselves to the indicated range.
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5.3 Weighted norm inequalities for generalized Fourier-type
transforms

In this section we give necessary and sufficient conditions on the weights u,v for the
weighted norm inequality

[0 Ffllgw S 18Vl 1<a<oo, 1<p<q<oo,  (527)

to hold, where F' is a generalized Fourier-type transform, i.e., of the form

Fi(y) = /0 T @) @K@ y)de,  yeRy,

and such that

. < 1 if zy <1,
K@yl 3 {(s(w)w(y))l, if zy > 1.

We also assume s,w € L (Ry).

5.3.1 Sufficiency results

Our main tool is Hardy’s inequality (cf. [20]). If p =1, ¢ = 0o or p = ¢ = o0, the result
holds under the usual modification of LP norms.

Lemma 5.4. Let 1 < p < q < 0. There exists B > 0 such that the inequality

(v e ) Vs B( [ st as) ;

holds for every measurable g if and only if

00 1/q r , 1/p'
sup (/ u(x) dx) </ v(z) P dx) < 0.
r>0 r 0

Also, there exists B > 0 such that the inequality

( /“OO " < /yoo o dm) qdy> " =B < /OOO v(@)|g(@)” d:c) "

holds for every measurable g if and only if

; 1a, poo NV
sup (/ u(z) dx) (/ v(x) P dx) < 0.
r>0 0 T

Sufficient conditions for (5.27) to hold are given by the following result.

Theorem 5.5. Let 1 <p<g< oo andl <a<oo. Assume tat the weights v and v are

such that
1/r , 1/q r , L, l/p/
sup </ u(x)w(x)i® dx) (/ v(z) P s(z)P' /e dx) < oo, (5.28)
r>0 0 0
o0 ’ 1/q o0 ’ ’ ’ 1/1?,
sup (/ w(x)w(z) /e =1/2) dw) </ v() 7P s ()P (/A =1/2) d:c) < o0. (5.29)
r>0 1/r T

Then the weighted norm inequality (5.27) holds for every f € LP(R,,vsP/®).
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Note that the sufficient conditions in Theorem 5.5 depend both on the parameter a
and on the weights s and w. However, conditions (5.15) and (5.16) from Theorem 5.1 do
not depend on the weights s, w, but only on the parameter a. In fact, we can consider the
weights @ = w?%u and ¥ = s?/% in place of u and v respectively in Theorem 5.5, so that
the parameter a can be omitted. However, we prefer to keep it in the formulation of our
results in order to stay close to the framework of [58].

Also note that whenever s and w are increasing (as in the case of Fourier-type trans-
forms), condition (5.15) always implies (5.28), by Hardy-Littlewood rearrangement in-
equality (cf. [14, Ch. II]), given by fot u(z)dx < fot u*(z) dz for all t > 0 and measurable
u.

Proof of Theorem 5.5. Tt follows from (5.13) and the change of variables y — 1/y that
U 0o _ y q 1/q
o F o 5 ([ w2 ([ swlsalac) a)

([ sty oy 2 ([ s s ) )

=1+ b.

1/q

We proceed to estimate I1 and I from above. Applying Lemma 5.4 with g(x) = s(z) f(z),

we obtain
= (/OOO u(l/y)w(l/y)q/a,y_Q(/Oys(a:)\f(x)\ d:t:) qdy> v

< ( / Oov(w)s(w)”/“lf(fc)l”dx> "

provided that
o0 / 1/q r / / / 1/p/
sup (/ w(l/z)w(1/z)? 2 dm) </ v(z) 7P s(2)P/ da:) < 00,
r>0 T 0
or equivalently, if (5.28) holds. Finally, if (5.29) holds, or, equivalently, if

1/q /v’

r o] 1/p
sup </ u(1/z)w(1/z)1/ @ =1/2) =2 dz) (/ v(2) ' s(2)P /@ =1/2) dac) < 00,
0 T

r>0

applying Lemma 5.4 with g(z) = s(z)'/2f(z), we get
B=( [Tuamua 2y ([T @ ) ) a)
0 y

<(/ OOv(w)s(w)f’/ﬂf(xnpd:c)w,

which establishes inequality (5.27). O

1/q

In contrast with Theorem 5.1, although Theorem 5.5 can be applied to a larger num-
ber of operators than just the Fourier-type transforms, we see that it has some limitations
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(that can be avoided using an approach that relies on Calderén estimates for rearrange-
ments [58]). For instance, if s(z) < w(z) < 1, it readily follows that we can get no
sufficient conditions whenever u, v are power weights, since (5.28) and (5.29) cannot hold
simultaneously. This already excludes the cosine transform from the scope of Theorem 5.5,
among others.

Using a so-called “gluing lemma” (see [52]), it is possible to write conditions (5.28)
and (5.29) as one different condition. Let us now state a generalization of gluing lemma
[52, Lemma 2.2].

Lemma 5.6. Let f,g > 0, a,8 > 0 and let @, be nonnegative and nonincreasing.
Assume @(x)* < (z)? for x > 0. Then, the conditions

sup (/Org(at) dxy(/roo o(2)f () dm)a < oo (5.30)
sup (/Orf(m) d:c) (/ e d:v) < oo (5.31)

hold simultaneously if and only if

ap ([ sty [ ot ae)
<<p(r) /0 F(z)dz + / @(x)f(x)dx>a<oo. (5.32)

Proof. Clearly, (5.32) is equivalent to the boundedness of

sup [0 ([ 960 dx)ﬁ( [ @)+ ([ o dm)ﬂ( [ etswac)
@(?)QUOWQ o) ([ ss)’
([ vt )( [ i) | (5.33)

It is obvious that (5.32) implies both (5.30) and (5.31), since ¢(r)®/4(r)? =< 1. In order to
prove the converse, note that the second and third terms of (5.33) correspond to (5.30) and
(5.31), respectively, since ¢(r)*/1)(r)? =< 1. Thus, it is only left to prove the boundedness
of the first and fourth terms of (5.33). For r > 0, let b(r) € (0,r) be the number such
that fob (") x)dr = fb x) dz. Using the monotonicity of ¢ and 1, and the equivalence

o(r)® =< w( ) we obtaln

o ([ ot dm)ﬁ< [ s@as)

= /Obmg<w>dz)6< /wa<x>dx>a+¢<r>ﬂ( /b( ) ([ re dm)

< (/Ob(”gmdx)ﬁ(/b;)so(x)f(x)dx)a+< Y(e)g(z)d )5< OW f)de)
§§1>13</0T9($)d$>ﬁ TOOSO(J«“)f(ﬂf)dI) +7S»1i%</ U(z dw>ﬁ</orf($)dw)a,

and
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and the latter is bounded by hypotheses. Similarly, for » € (0,00), let ¢(r) € (r,00) be
such that f )g(x) dx = fc(z:) (z)g(z) dz. We have

([ v ds:)ﬁ( | ers@ dw)a
<r>6<</ v ></:(T)9”(9”)f@d$>a
/ooz/; 9(@) dm>5</6:) cp(x)f(a:)da:)a>
1 (( o) da:)ﬁ( / " () () d:c)a
+( T . da:) ( °°¢<x)f<x>dx)a>
(/ e )ﬁ( " ) +(/j%(x)dw)ﬁ(/cz¢<x>f<:c>dx)a
Si&%( wiayin) ([ swas) g ([ o) ([~ osior)”

and the latter is bounded, as desired. ]

+ @

In order to combine Theorem 5.5 with Lemma 5.6 we need to restrict ourselves to the
case a = 1.

Corollary 5.7. Let 1 < p < q < co. Assume that (5.10) holds and that s and w are
nondecreasing. If the weights u and v are such that

750 [(/@Tu(w)l_pl dz + s(r)"/? /TOO (@) 7V s(x) P/ d:c) v
- (7“0(1/7”)‘7/2 /1:? u(z)w(z) 92 da + /Ol/r u(z) d:c) 1/1 < o0, (5.34)

then the weighted norm inequality || F' f

au S |Isfllpw holds for every f € LP(Ry,vsP).

Proof of Corollary 5.7. We first rewrite conditions (5.28) and (5.29) (with a = 1) as

sup </OO u(1/z)z > da:> 1/q</(:u(:c)lp’ d:c> v < oo, (5.35)

sup < /0 " (1) w1 f2) 22 dx) Uq( / () ()72 dx> Y s (5.36)

r>0

Putting /
f(z) = u(t/z)w(l/z)" a2, g(z) = v(z)"7,

together with ¢(z) = w(1/z)¥/2, ¥(z) = s(z)"?/2, a = 1/q and § = 1/, it is clear that
(5.35) and (5.36) are the same as (5.30) and (5.31) respectively. Furthermore, (5.10) is
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equivalent to () = 1)(x)?. Hence, we are under the hypotheses of Lemma 5.7, and we
can deduce that the joint fulfilment of (5.28) and (5.29) is equivalent to

0 K /oTU(x)lp, dz + s(r)”/* / (@) () P2 d:p) v

r>0
r 00 1/q
X <w(1/r)q/2/ w(l/z)w(1/z) Y 2x2 dx—l—/ u(l/x)z 2 dl‘) ] < 00,
0 T
which is precisely (5.34). O

5.3.2 Necessity results in weighted Lebesgue spaces

Let us prove necessary conditions for (5.27) to hold. We consider the following assumptions
on the weights u and v:

qu/a’ S LIIOC(R-‘F)? ,Ulfp’sp’/a’ S Llloc(R-‘r)'

Theorem 5.8. Let 1 < p,q < o0 and 1 < a < oo. Assume that inequality (5.27) holds for
every f € LP(Ry,vsP/®), where

Pi) = [ s(o) (@)K () do
(i) If the kernel K(x,y) satisfies
K(z,y) <1, 0<zy <1, (5.37)
then (5.28) is valid;
(i) if the kernel K(x,y) satisfies
K(z,y) = (s(x)w(y) "% wy>1,
then (5.29) is valid.
Proof. For the first part, define

fr(@) = v(@) P s(z)PIE Dy (@), >0,

It follows from (5.37) and the equality 1+ (1 — p')(p/a — 1) = p'/a’ that, for y < 1/r,
Rl = [ h@Kes@ds = [ v@)!7s@p d
0 0
On the one hand, note that f, € LP(Ry, vsp/a), since
r / / / 1/p
s/l = ( / v(a) ' s ()P dw) : (5.38)
’ 0

and 0! P’ s?/% ¢ L1 (R,). On the other hand,

o eel,, = (] e ) I/q( [ ey sty an). G0
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Combining (5.27) with (5.38) and (5.39), we derive

( /Ol/ru(y)w(y)%’ dy> 1/q ( /Orv(x)l_pfs(x)p'/af dx) < < /Orv(x)l—p’s(x)p’/a' dm) ) /p’

i.e., (5.28) holds.
We omit the proof of the second part, as it is essentially a repetition of that of the first
part. In this case, one should consider the function

fr(@) = v(@)' P s(@p VDT (@), >0,
and proceed analogously as above. O

Theorem 5.8 shows that condition (5.28) is best possible for some classical transforms,
such as the Hankel (or the cosine) transform, since j,(zy) < 1 whenever xy < 1 for every
a>—1/2 (i.e., (5.37) is satisfied).

Theorem 5.8 is not limited to Fourier-type transforms. For example, let us consider
the Laplace transform,

210 = [ s d

Since K (z,y) = e ™ < 1 for zy < 1 (for convenience we choose s(z) = 1), Theorem 5.8
implies that condition (5.28) (with a = 1) is necessary for the inequality

1< Fllgu S 1 llp.o

to hold, as proved by Bloom in [16].
Combining Theorems 5.5 and 5.8 we can get an “if and only if” statement.

Corollary 5.9. Let the kernel K from (5.8) satisfy K(z,y) < min {1, (s(x)w(y))_l/z}.
Then the weighted norm inequality (5.27) holds for every f € LP(R4,vs?/®) if and only if
(5.28) and (5.29) are satisfied.

As a simple example of a kernel satisfying the hypotheses of Corollary 5.9, consider

1, if xy <1,
(s(x)w(y) ™2, if zy > 1,

K($)y) :{

so that

1/?/ (%)
Fi(y) = /0 $(2) () da + w(y) V2 / @)@

5.3.3 Necessity results in weighted Lorentz spaces

To conclude the part dealing with necessary conditions for (5.27) to hold, we present
a generalization of a result due to Benedetto and Heinig [13, Theorem 2], related to
weighted Lorentz spaces (introduced in [92]; see also [23]). For a weight u defined on R4
and 1 < p < oo, the weighted Lorentz space AP(u) is defined to be the set of functions

f: Ry — C such that
00 ) d 1/p
[ fllAr(u) = </0 u(z) f*(x) :1:) .
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Lorentz showed [92] that AP(u) is a normed linear space with norm || - ||zr(y) if and only
if u is nonincreasing on (0, o).

We are not studying sufficient conditions on weighted Lorentz spaces, since the theory
to deal with them is out of the scope of this work. We refer the reader to [13, 19, 101, 123]
and the references therein for recent advances in the theory of Fourier inequalities in
Lorentz spaces.

Recall that for a measure space (X, p) with X C R™ and f a complex u-measurable
function defined on X, the distribution function of f is

Di(t) = pfw € X : |f@)] > 1}, t € [0,00)
Note that Dy is nonnegative. Moreover, for 0 < p < oo (see, e.g., [14]),
> -1
J @ an@ =p [ oDy ar
0

Theorem 5.10. Let 1 < p,q < co. Assume that the kernel K(x,y) from (5.8) satisfies
K(z,y) <1 for xzy < 1. If u and v are weights such that the inequality

0 1/‘1 e’} 1/P
( / (F )" () u(z) dx) < o< / £ (@)Po(z) dm) , (5.40)
0 0
i, |[F'fllaaey S I fllap(w), holds for every f € AP(v), then

sup /0”’"”@ dxy“( [ e dxy“”( [ o) <o

Proof. The argument is similar to that of [13, Theorem 2]|. Let f(z) = x (o, (x). It is clear
that f* = f, and the right-hand side of (5.40) is equal to C( for v(x) dm) p, Moreover,

FIw) = [ s@f@n ) dn = [ s ) do

If we denote ¢ = mingy<i K(x,y), then by hypotheses ¢ > 0, and for y < 1/r, one has

Ff(y) > < /07” s(x)dr =: Ay. (5.41)

For any r > 0, the following estimate holds:

([ i) " ( /Ol/r(Ff)*(x)qu(:c) i) v

00 1/q
= <q/ tq1</ u(z) da:)dt)
0 {z€(0,1/7):(F f)*(z)>t}
0o min{Dp(t),1/r} 1/q
= (q/ tq_1</ u(z) da:)dt) . (5.42)
0 0

where in the last step we have used that {x : (Ff)*(z) > t} = {x : Dps(t) > x}. Also
note that for ¢ < A,, (5.41) implies

(0,1/r)Cc{y>0:Ff(y) > A} C{y>0:Ff(y) >t}
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Thus, for t < A,

1/r 1
Drp¢(t) = / dz > / dx = —.
{z>0:|F f(z)|>t} 0 r

In view of the latter inequality, we deduce that if ¢ < A,, then min{Dp¢(t),1/r} = 1/r.
Combining such observation with (5.42), we get

< /0 TP () () da:) v <q /OAT tq_1< /Ol/ru(x) d$>dt> "
— ([ toras) "

Finally, it follows from (5.40) and the above estimates that

;(/Owu(x) dx) l/q(/(:v(x) dx) W(/OTs(x) dx)
< < /0 TP (@) ulx) dx) < /0 " o(a) dx) o
<o [[vwa) ([ wwa) " =0

which completes the proof. O

5.4 Weighted norm inequalities for transforms with power-
type kernels

In this section we study necessary and sufficient conditions for the weighted norm inequal-
ity

1z F fllg < 1 fllp
to hold, where F' is a transform with power-type kernel (cf. Subsection 5.1.3). The main

results of this section are just consequences of those of Section 5.3, obtained by taking
s(z) = 2° with § > 0 and assuming u and v are power weights.

5.4.1 Sufficient conditions

For the sake of generality, we first assume u and v are piecewise power weights. Those
weights have been considered in the study of weighted restriction Fourier inequalities
[17, 29], and, moreover, they play a fundamental role in the study of weighted norm
inequalities for the Jacobi transform in [58] (see also [74]). For any real numbers a; and
ag, we denote @ = (a1, ), @ = (a9, 1), and

o o, ifx <1,
' 2 if x> 1.

Theorem 5.11. Let ﬁi,'yi eR,i=1,2, with ,81 — V1 = ﬂg — 2. Let

Fiy) = /O TP @)K (e, y)dr, 50,
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and assume
L if vy <1,

K (z,y)] S {(xy)_5/27 if zy > 1.

For1 < p<q < oo, the inequality
l==? Ff]l, < Clla71],

holds for any f € LP (RJr,xﬁ‘*"S)p), provided that

11
Bi:%‘kf_i/a i=1,2, (5.43)
q p
and 1 1
- <B< = 1,2. 5.44
. 2<&<q, i=1, (5.44)

Proof. Let us verify that if we define u(z)Y/? = 2= and v(x)'/P = z7, conditions (5.43)
and (5.44) imply (5.28) and (5.29) with @ = 1. On the one hand, it is clear that the
integrals in (5.28) converge if and only if

1 1
Bo < — and n<-.
q p
On the other hand, the integrals in (5.29) converge if and only if
1 ¢ 1 9
61 > — — 5 and Y2 I? — 5

Thus, (5.43) and (5.44) together with 81 —~1 = B2 —~2 imply that all the integrals involved
in (5.28) and (5.29) converge. We now show that the suprema from (5.28) and (5.29) are
finite. It suffices to check their finiteness for r < 1/2 or r > 2. We start with (5.28). If
r<1/2,

1/r 1/q 7 . 1/p , 1/r 1/q
</ u(x) dx) (/ v(x)t=P da:) = pmnHl/p <C+/ z P dx>
0 0 1

= p /P max{1, rﬁl_l/q}

= max{r—vﬁrl/z)’,rﬁ1—71+1/p’—1/q}’
which is bounded for r < 1/2 if and only if

Br—m >1/q—1/p. (5.45)

Ifr>2,

= pP2—1/q max{1, r—72+1/p’}

_ max{rﬁQ_l/q, rﬁz—vz—&-l/p’—l/q}.
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The latter is bounded for r > 2 if and only if

Bo—re <1/qg—1/p. (5.46)

The joint fulfilment of conditions (5.45) and (5.46) together with 81 — 1 = P2 — 72 is
equivalent to (5.43).
Finally, we are left to verify (5.29). First, if r < 1/2,

o0 1/q ; poo ., 1/p’
(/ u(x)x— 90/ da:) (/ v(z) P P2 dx)
1/r r

1 , 1/p
= pPi+é/2=1/q (C’ + / 2P (n+6/2) dac)

- 6/2—1 — 1/p'—1
~ max{xﬂl"' / /q’rﬁl m+1/p /q}7

/

which is bounded for r < 1/2 if and only if (5.45) holds. Secondly, for r > 2,

o0 1/q s poo L 1/p’
(/ u(x)z90/? dx) </ v(z) P P2 daz)
1/r r

1 1/q
= 28/ <C+/ L~ 9(B2+5/2) dx)
1/r
= max{r 2702V Brmyatl/p'=1/a)

Since the latter is bounded for r > 2 if and only if (5.46) holds, (5.29) follows, which
completes the last part of the proof. O

Our next result applies to transforms with power-type kernel, and is equivalent to The-
orem 5.11 with non-mixed power weights (note that Theorem 5.11 applies to transforms
with kernel of power type, namely those for which |K (z,y)| < min {1, x_é/Q}).

Corollary 5.12. Let 1 < p < q < 00, and b;,¢c; € R for i =0,1,2. Assume ¢ — co =
b1 — by > 0. If

Fi(y) =y / T f () K () da, (5.47)

with |K (x,y)] < min{z®1y®, xb2y2}, the inequality
2= F fllg S 127 £l (5.48)

holds for every f € LP(R4,x"P) with

1 1 1 1
5:’7+Co—b0+61—b1+5—j, 5+Co+62<5<5—|—60+61. (5.49)

Additionally to the Fourier-type transforms with s(z) = 2° and § > 0 (e.g., the Hankel
transform of order o« > —1/2), Corollary 5.12 can be applied to any kind of transform
as long as its kernel satisfies upper estimates given by power functions (e.g., the sine or
H,, transforms). We remark that although the sine transform is not of Fourier-type itself
(since |sinzy| < min{xy, 1} if xy > 0, and therefore it does not satisfy estimate (5.11)),
it can be written as a weighted Hankel transform, as done in Chapter 4.
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Proof of Corollary 5.12. The proof is essentially based on changing variables in Theo-
rem 5.11. Let us define d = ¢; — ¢9 and

K(z,y) =2 "y K (z,y).

Then, B
|K(z,y)] Smin {1, (zy)~"},  d>0.

Define the auxiliary integral transform
GIy) = |« f(@)R () do

which satisfies the hypotheses of Theorem 5.11 (with § = 2d). For g(x) := zb0t01=2df (),
we have

YOt Fg(y) = Gf(y),

and therefore, in virtue of Theorem 5.11, the weighted norm inequality
ly= =G fllg = lly™7 Follg S 127 gllp = |27 £l 1<p<q<oo,

holds with 8/ =+ +1/¢—1/p' and 1/¢g —d < B’ < 1/q. In other words, if we set
B=p"+co+c1 and v =9 4 by + by, then inequality (5.48) holds if by — ¢; = by — ¢2 and
both conditions in (5.49) are satisfied. O

We now state the sufficient conditions for (5.48) to hold derived from Corollary 5.12
whenever F' is the sine, Hankel, or .77, transform. To this end, we use the estimates (4.11),
(5.21), (also recall that |sinxy| < min{zy, 1} for x,y > 0). Those sufficient conditions
read as follows:

e Sine transform: S =~+1/¢—1/p’ and
1 1
-—<fB<l+ -
q q

e Hankel transform of order « > —1/2: f=~v—2a—1+1/q —1/p' and

1 1 1
——a—-<fB<-.
q 2 q

o ., transform of order « > —1/2: B =~ +1/q¢—1/p’ and

1 1 3

—<pB<—4a+ -, if o <1/2,

q q 2
1 1 1 3
—F+a—=-<f<—Fa+ -, if > 1/2.
q 2 q 2

Note that the above conditions are not optimal in the case of the sine and Hankel trans-
forms. If F' is the sine transform, it is known [58] that (5.48) holds if and only if

B=v+1/qg—1/p’ and
1 1 1
max{O,—,}§B<1+,
q P q
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and if F' is the Hankel transform of order o > —1/2, (5.48) holds if and only if (see [27])
B=~v—2a—1+1/qg—1/p and

1 1 1 1
max §0,— — — —a—-<B<-.
q D 2 q

Finally, if F' is the J#, transform, Rooney proved in [109] that (5.48) holds if § =
v+1/q—1/p" and

1 1 1 1 1 3
8> max<q0,— — — and —fa—=-<pf<-—4a+-, fa<l/2
qa 7 q 2 q 2
1 1 1 3
§+a—§<ﬁ<§+a+§, if>1/2. (5.50)

Note that whenever a > 1/2, the sufficient conditions for the J#, transform coincide with
those given by Corollary 5.12, and moreover they are optimal, as we prove in the following
subsection.

5.4.2 Necessary conditions

Here we are concerned on what conditions follow from (5.48). The following result goes
along the same lines as Theorem 5.8.

Theorem 5.13. Let 1 < p,q < oco. Assume that inequality (5.48) holds for all f €
LP(Ry,z"P), with F' given by (5.47) (with by, co € R).

(i) If the kernel K (x,y) satisfies

K(I‘,y) X:Cblyqa Ty < 17 blvcl ERa
then
1 1 1
ﬁ:’7+00—b0+61—b1+6—?, ﬁ<5+60+61;

(ii) if the kernel K(x,y) satisfies

K(I‘,y) X:Cb2y025 Ty > 17 b2702 € Ra
then
1 1 1
52’7+Co—b0+62—b2+6—?, ﬁ>5+00+02.

Proof. Forr > 0, let f(z) = x*bO*b1+dX(07T) (x), where d > —1 is such that y—by—b; +d >
—1/p for a given v € R. Then

T 1/p
27 frllp = (/ gP(=bo=b1+d) dm) = pY~bo—bi+d+1/p
0
If y <1/r, one has

)
Fhw) =y [ a R ) do < e,
0
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Then, it follows from inequality (5.48) and the fact that «7 f,(x) € LP(Ry) that

~

1/r 1/q
ypY—bo—bi+d+1/p ||:C’Yfr||p > HJ;—Z?FfTHq > </ x—ﬂq|FfT(x)|q d:p)
0
1/r 1/q
— Td-i-l (/ xQ(—5+Co+C1) dm) = r/B_CO_Cl_l/Q'f‘d'i‘l,
0

Note that the boundedness of the integral fol/ " ga(=Fteoter) dg is equivalent to < 1/q +
co + ¢1. Moreover, the inequality r#—co—c1—1/atd+l < py—bo—bi+d+1/p ho]ds uniformly in
r > 0if and only if 8 =~ 4 ¢y —bo+c1 — by +1/q—1/p’. This completes the proof of the
first part.

The proof of the second part is omitted, as it is analogous to that of the first part. In
this case it suffices to consider the function

fr(@) = a7 27dy (@),
where d > 1 is such that v — by — be —d < —1/p for a given v € R. O
Remark 5.14. If the kernel K (x,y) of (5.47) is such that
K(z,y) =< min{a®y, 222}, (5.51)

with by —by = ¢1—co > 0, then the sufficient conditions of Corollary 5.12 are also necessary.
An example of a transform satisfying such property is the 7, transform with o > 1/2
(cf. Remark 5.2). This proves that Corollary 5.12 is sharp with respect to the conditions
on parameters, although in general it does not give the sharp sufficient conditions for
inequality (5.48) to hold whenever F' has an oscillating kernel, as in the case of the Hankel
or sine transforms.

Another example of a kernel K (z,y) satisfying (5.51) is that of the (modified) Stieltjes
transform

Sxf(y) :/Ooo(xi(f/)y))\dx, A >0, y > 0. (5.52)

The kernel of (5.52) satisfies K (z,y) =< y* whenever 2 < 1/y and K (z,y) < 2~ whenever
x > 1/y. Hence, we can deduce from Corollary 5.12 and Theorem 5.13 (with by = ¢y =
b1 = co =0, and ¢; = —by = A, to obtain that the inequality

12”83 fllg S 127 fllpy 1<p<q<oo, (5.53)
holds for all f € LP(Ry,2"P) if and only if
1 1 1 1
B=7—A+-——, —<pB< =+
q q q

In fact, a more general approach which will be considered in future work, incorporating
weights u and v (not necessarily power functions) in (5.53). A wider range of transforms
will be considered, as for instance the classical Stieltjes transform Sy f(1/y) (cf. [6, 119]),
or the Hardy-Bellman operators

i - [ @l i = [,

X

Those operators have been extensively studied, and are being investigated nowadays. See
the papers [20, 22, 53, 54, 98, 118] and the references therein.
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5.5 Integral transforms with kernel represented by a power
series and functions with vanishing moments

This section is motivated by the well-known result due to Sadosky and Wheeden [114].
They proved that the sufficient conditions (5.6) that guarantee Pitt’s inequality can be
relaxed, provided that f has vanishing moments.

Theorem 5.15 ([114]). Let f € LP(R4,2"P) be such that

/ 2 f(z) dx =0, j=0,....n—1, neN.

—00

Then, the weighted norm inequality

([ rm|—ﬁ(I|f<m>|de)l/qsc< / |x|7p|f(:c)|pdx>1/p (5.54)

holds with B =~ +1/q—1/p’ and
1 1 1 ..
-—<fB<n+ -, B#—4+47=1,....,n—1.
q q q

Before proceeding with the generalization of Theorem 5.15, let us make a few observa-
tions. First, although Theorem 5.15 is stated for the one-dimensional Fourier transform,
the multidimensional analogue is also obtained in [114]. See also [24], where a similar
problem with nonradial weights is considered.

Secondly, note that in comparison with the classical Pitt’s inequality (cf. (5.5) and
(5.6)), if f has vanishing moments then Pitt’s inequality also holds for some 5 > 1/q. We
also emphasize that Theorem 5.15 does not hold for 5 = 1/q + j, with j € N.

The proof of Theorem 5.15 relies on the fact that the kernel of the Fourier transform,
the exponential function, can be written as the power series

o0 xn
e’ = E —, xz € R.
n!
n=0

We now obtain a generalization of Theorem 5.15 for integral transforms with a power-
type kernel that allow a representation by power series, following the idea of Sadosky and
Wheeden used in [114].

Theorem 5.16. Let 1 < p < q < oo and let the integral transform F be as in (5.47). For
bi,c1 €R, let

K(z,y) =a"y" Y am(zy)*™,  keN, aneC,  2,y>0, (5.55)
m=0

with Y > lag| = A < co. Assume the series defining K converges for every x,y > 0,
and moreover
K (,9)| S 2%y foray >1,

where by, co € R, and ¢y — ca = by — by > 0. If f € LP(Ry,xP) is such that

/ g O £ () da = 0, £=0,...,n—1, neN, (5.56)
0
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then the inequality ||z~ PF f||, < C||z7 f||, holds with

1 1 1 1
5=7+co—bo+cl—b1+a—f a+co+cl<ﬁ<§+co+cl+n€,

/7

and B#1/q+co+c1+jk, j=1,...,n—1.

Proof. First of all note that since S |a,,| < oo, one has |K(x,y)| < %y whenever
xy < 1.
By (5.56), we can write, for any £ =1,...,n,

0o -1
Frm) =yt [T i) (a7 K ) = 3 o)™ )do

0 m=0

Defining
Go(z,y) = y TK(x,y) Z am xy Z am, :cy
it clearly follows that for zy < 1 one has
|Gz, y)| < Alwy)*™

oy > 1, since oy~ K (2, )] S (xy)® < and ca—cy < 0, then [G(a, y)| S (wy)H.

In conclusion,
ke
Gilay 5o D
(zy)F D, ay > 1,

or equivalently,
|Ge(z,y)| < min {(gjy)]d’ (xy)k(f—l)}‘
Hence, by Corollary 5.12, the transform G, defined by

o

Guf(y) =y [ aM f ()G, ) da
0

satisfies the inequality

2=2Gefllg S 1127 flp,
provided that 8 =~ 4+ ¢y —byp+c¢1 — by +1/g—1/p' and

1 1
§+CO+01+]€(€—1)<5<§+CO+01+]{?£.

Since the latter holds for every £ = 1,...,n, our assertion follows. ]

Comparing Corollary 5.12 and Theorem 5.16, we see that for kernels of the form
(5.55), inequality (5.48) holds for functions with certain moments vanishing at some values
B > 1/q + ¢y + c1, thus Theorem 5.16 extends the range of 8 given by Corollary 5.12.
Moreover, the assertion is not true in general for 8 = 1/q + ¢o + ¢1, as we show in
Proposition 5.22 below.

Examples of transforms whose kernels satisfy the assumptions of Theorem 5.16 are the
sine, Hankel, and 7%, transforms. We now write the corresponding statements for each of
these transforms. Let us first make an important observation.
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Remark 5.17. In contrast with Corollary 5.12, in Theorem 5.16 we can allow b; = bo,
c1 = co. This is because in order to prove Theorem 5.16 we apply Corollary 5.12 to the
transform Gy, whose kernel satisfies |G¢(z,y)| < min {(zy)*, (a:y)k(e_l)}, thus it always
satisfies the hypothesis of Corollary 5.12, namely by = ¢; = kl > k({ — 1) = by = co. In
particular, Theorem 5.16 can be applied for the cosine transform, whilst Corollary 5.12
cannot.

In the case of the Hankel transform of order o > —1/2 (4.1), we have the representation
of jo by power series (4.3). Thus, applying Theorem 5.16 with by = ¢ = ¢; =0, by = 2a+1
and k = 2, we obtain the following.

Corollary 5.18. Let 1 < p < g < oo and let f € LP(Ry,x"P) be such that
/ a:zaHJr%f(x)dx:O, £=0,....n—1, neN.
0

Then the inequality
Iz~ Hafllg < Clla? I

holds with 8 =~v—2a—1+4+1/q—1/p' and
1 1 1

- < B < =42n, BF#-+20,4=1,....,n—1.

q q q

Remark 5.19. Let us compare Theorem 5.15 and Corollary 5.18. As mentioned above,
it is known that if [, f(z)dz = 0, then inequality (5.54) does not necessarily hold for
B =1+1/q (cf. [114]). However, it follows from Corollary 5.18 with & = —1/2 (i.e., for
the cosine transform) that if [ f(x)dx =0 and moreover f is even, then inequality (5.54)
holds for 5 =1+ 1/q.

Let us now state a version of Theorem 5.16 for the sine transform. Denote ]?Sin(y) =

Jo© f(x)sinzy dx. Since

1)m

o0
sinzy = xy Z 2&; 1 !(xy)2m
m=0

9

Theorem 5.16 with by = c¢g =0, by = ¢; = 1, and k = 2 yields the following.
Corollary 5.20. Let 1 < p < q < oo and let f € LP(R4,x"P) be such that

/ 2 f(2) dz = 0, (=0,...,.n—1, meN.
0

Then the inequality R
127 fsinllg < Cllz™ f1lp

holds with 8 =~ +1/q—1/p" and
1 1 1
—+1l<p<—4+2n+1, B#-+20+1,¢0=1,...,n—1.
q q q

Finally, we present the statement corresponding to the .7, transform. In view of (5.20)
and (5.21), we apply Theorem 5.16 with by = cyp =1/2, b1 =c; =a+ 1 and k = 2.
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Corollary 5.21. Let 1 <p<g<oo and a > —1/2. Let f € LP(R4,x"P) be such that
/ 2032y de =0,  £=0,...,n—1, neN.
0

Then the inequality
lz= Ao fllg < Clle? I

holds with 8 =~ +1/q—1/p" and
1 3 1 3 1 3
- ta+-<fB<—4a+-+2n, B#—-—4+a+=-+20,4=1,...,n—1.
q 2 q 2 q 2
We conclude this section by showing that Theorem 5.16 does not necessarily hold with
B =1/q+co+cy (or equivalently, with v = 1/p'+by+by) whenever [ z%F1 f(z)dz = 0.

Proposition 5.22. Let 0 < ¢ < o0 and 1 < p < co. Let the transform F be as in (5.47),
with the kernel K(x,y) of the form (5.55) and continuous in x, satisfying |ag| > 0 and
Yo lam| = A < 0o. Assume there is C > 0 such that

Cabryer, ifxy <1,

K(x, <
K (@)l {CwayCQ, if xy > 1,

where bj,c; € R, j = 1,2. Furthermore, suppose there exists v € R and GZ(:E) such that
(d/dx)G}(x) = xV K (x,y), and that there exists C' > 0 for which

Gy(x)| < C'zy¢,  bceR,  ay>1, (5.57)

holds with b — by — v < 1. Then, if u # 0, the inequality

o0 l/q [e’e) , 1/P
(/ mmWﬂ@%m> 5(/ ﬂW“%MWﬂ@pm) (5.58)
0 0

does not hold for all f € LP(Ry.,2?) satisfying [,° z?1 f(z) dz = 0.

Remark 5.23. Note that the examples we presented above (sine, Hankel, or J#, trans-
forms) satisfy all the hypotheses of Proposition 5.22. For example, in the case of the J%,
transform (o > —1/2), we have by = a+ 1, bp = a — 1, and for any v > 1/2, b = a + v
(cf. Lemma 5.3). The continuity of K (z,y) on z, which has not been used before, is also
satisfied by those examples.

Proof of Proposition 5.22. Define, for N € N,

1
I (@) = =g (xaywn (@) = xam (@)
Then
o 1 1 N 1
/ xb°+b1fN(x)d:E:/ dm/ —dzr =0,
0 1/N T 1z
and

0 , 1/p N 1 1/p
([ amsmsiipyopar) "= ([ Lar) " = @rogmys,
0 1

N T
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so that f € LP(Ry,2"P) for all N € N. Now let y € (0,00) and assume N is such that
1/N < 1/y < N. We have

e L | N
y O’Ff(y)\:’/ xblHK(%y)dﬂﬁ—/l (@ y)de
1y
Y

_‘/1/y$b1HK(x,y)dx

Let us now estimate I from below, and I, I3 from above. First,

_2’/ $b1+1K($ y) dx

=0 -1 —1Is

VY K(2,y) — a1y ag + 2" y“1ag

O dx

I =

1/N

1/y xblyclao ‘ ‘ /l/y K l‘ y — b y°lag
b1 bi1+1
l/N x 1+ €T 1+

>

i)

Since

[
— AT
1/N phitl

= |ag|y® > y“ag|log N — y]ag log y|,

1/y
/ L
1/N %

and

Unyy ) — agxPy J
xb1+1 €z

1y 1y
y‘”/ o Z [ ()™ da: < Ay‘”*k/ 2 de

177 O — 1/N

< Ay,
we obtain
I > yao|log N — y“|ag log y| — Ay =: y“|ao|log N —m(y).
We now proceed to estimate I from above. Here we distinguish two cases:
e if 1/y < 1 in the following we set j = 1,
e and if 1/y > 1 we set j = 2.

We have

<20y%

1 1
1
I = 2‘ / K(z,y)dz / 21 gy
1y T 1/y

<2Cy% max{l, 1/y} max {17 yb1+1_bj} < 2Cy% max {la 1/y7 ybl_bj ) yb1+1_bj}
=:12(y)-
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Finally, integration by parts together with the identity (d/dz)Gy(z) = 2V K(z,y) and
estimate (5.57) yield

Iy =

N
1 v —b1—1—v 14 v v
/1/y e K (@, y) do| < NTOTIEIGHN) [+ yn TG (L )|

N
1 14
+ (b4 v+ 1)/ |GV (@) da
1y T

N
< C/ych—bl—l—u + Clyc—b+b1+1+1/ + C/(bl +1+ V)yc/ xb—bl—Q—u dx
1/y

bi+1+v _ y
1 (1+y b+bi+1+ )

< C/yc + C/yC—b+b1+1+V + Clyc
b—b;—2—v

=:13(y).

Collecting all estimates, we obtain

y O UFf(y)| > |aollog N —y~ (m(y) +n2(y) +n3(y)).

Since u # 0, we can find 0 < ¢; < t9 < 0o such that fttf u(x) dx > 0. Choosing N so large
that for every y € (t1,t2) there holds

laol
2
it can be deduced from inequality (5.58) (with the usual modification if ¢ = oo) that

lag| ta 1/q ) 1/q
2logN(/ a0ty () dx) < (/ |F f(z)|%u(x) dx)
t1 0

) 1/p
s (/ '/ ”'*”“””!fzv(:c)”dw) — (2log )7,
0

Yy~ CTUNEFf(y)] = |aollog N =y~ (i (y) + n2(y) +n3(y)) > log N,

which is a contradiction, since p > 1 and N is arbitrarily large. ]

5.6 Weighted norm inequalities for general monotone func-
tions

In this section we consider functions from the class GM (2) (cf. Section 2.3), and obtain
sufficient conditions for the weighted norm inequality

IE g S 1 fllpws 1 <p<g<oo, (5.59)

to hold whenever f € GM(f3) and F is a transform with power-type kernel (i.e., of the
form (5.47) and whose kernel satisfies an upper estimate given by power functions). We
will assume the kernel K is continuous in the variable z. In particular, we study whether
we can relax the sufficient conditions provided by Corollary 5.12 when u and v are power
weights, under the assumption f € GM(B2).
Let us assume that
K (z,y)] S 2™y, ay <1, (5.60)

with b1, c; € R. Let G(x,y) be such that

d b
%G(x,y) =z K(z,y), (5.61)
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where the additive constant of G is taken to be zero (such G exists due to the continuity
of K in the variable x). We moreover suppose that G(z,y) satisfies the estimate

Gz, y)| Sy, ay>1, (5.62)

with b, ¢ € R. In this section we suppose that the functions f we consider satisfy

/1 2P0 £ ()| da + /OO 27 f(x)| dx < oo. (5.63)
0 1

First we obtain straightforward upper estimates for the function G from (5.61) that
follow from the upper estimates for K. This will provide an expression for b and ¢ in
(5.62) in the general case.

Proposition 5.24. Let K satisfy (5.60), and assume that |K(z,y)| < 22y for zy > 1.
Let G be given by the relation (5.61).

(i) If bo+ b1 > 0 and by + by # —1, then

y61xb0+b1+17 Zf zry < 1)
y02$b0+b2+1 + yCI—bO—bl—l 4 yCQ—bo—bg—l’ Zf xy > 17

Gz, 9)| S {

(ii) if bo+ b2 < —1 and by + by # —1, then

yclxb0+b1+1 + yclfbofblfl + yC27b07b2717 Zf xy S 1’
bo+ba+1 if zy > 1.

Gz, 9)| S {

Yy

Proof. (i) Since by + by > 0, we can write G(z,y) = [; t*K(t,y) dt, by the fundamental
theorem of calculus. For x < 1/y,

x
Gz, y)] Sy / thoto dp < yrghothitl (5.64)
0

whilst for > 1/y, using (5.64) and the estimate |K(z,y)| < %2y, we obtain

|G(ﬂ?,y)| 5 ycl—bo—bl—l + /z tbO\K(t,y)| dt 5 ycl—bo—bl—l + yC2—b0—b2—1 + yCZI.bO“er‘Fl‘
1/y

(ii) Since by + by < —1, we can write G(z,y) = [t K(t,y) dt, again by the fundamental
theorem of calculus. For xz > 1/y,

o
|G(z,y)| Sy / ootz gy — g cagbotbetl (5.65)

T

For z < 1/y, using (5.65) and the estimate |K (z,y)| < 2*2y°2,we obtain

1
/y tb0|K(t, y)| dt 4 yCQ—bo—bQ—l S yclxb0+b1+1 4 ycl_bo_bl_l 4 yCQ—bO—bQ—l’

Gawl< [

xT

as desired. ]
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Remark 5.25. Observe that the upper estimates for |G(x,y)| given in Proposition 5.24
are rather rough, and they are not optimal for oscillating kernels K (x,y), such as K (z,y) =
Ja(zy). However, those estimates are useful for kernels satisfying

b1,,c1 :

K(xay) = {xb2y027 lfxyé 17

x2y, if xy > 1.
In fact, the Struve function H, with o > 1/2 is such an example, and it can be eas-
ily checked that in this case the result given by Proposition 5.24 coincides with that of
Lemma 5.3. For oscillating kernels it is more convenient to obtain upper estimates for G
by using an iterated integration by parts, as done in Section 4.1 for the Bessel function,
or in Lemma 5.3 for the Struve function (in both cases the estimates are sharp).

We will need the following pointwise upper estimate for F'f.

Lemma 5.26. Let f € GM(f32). Assume (5.60) holds, and that G(x,y) defined by (5.61)
satisfies (5.62). Then, the transform

Fﬂwzy%/mx%ﬂMK@wwm

0

satisfies the pointwise estimate
1/y 00
R S [l @l ey [ @lds (.00
0 1/(\y)
where A > 2 is the constant from the class GM (f32).
Proof. In view of (5.60), we have

1/y
wwmsWM/ | f ()] de + Ry ANTA)

0

y° f(:z)xbOK(a:, y) dz
1/y

Partial integration on I yields the estimate

+w/'wmmwwh
1/y 1/y

[Ia] < y®|f(2)G(z,y)

First, since f € GM(B2), then 2*~! f(z) € GM(B2) (cf. [86]). Thus, it follows from (5.63)
and the estimate given by Remark 2.10 that 2°f(z) — 0 as 2 — oco. Hence, by (5.62),

‘ < 9° lim a° -
Jlim | f(z)G(z,y)| S v° lim 27|f(2)] = 0.

Secondly, we deduce from Remark 2.10 and (5.62) that

y/A
f%ﬂUwGﬂwwHSy”“*fﬂwHSy“%/ 7 f(2) de
1/(\y)
gwM/ Y f (@) da
1/(\y)
Finally, we use Corollary 2.12 and the estimate (5.62) to obtain
w/’wuwwunng/ Mﬁmmwﬁf/ Y f (@) de,
1/y 1/y 1/(My)

and therefore (5.66) is established. O
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Remark 5.27. If b — c— 1 = by + by — ¢1, one may take A = 1 in (5.66), since

1

1/y /y
g / 27U f (@) da = oo /
1/(My) 1/(My)

We are now in a position to prove sufficient conditions for the inequality (5.59) to hold.

1/y
WWWMMSWM/ 20| £ ()] da
0

Theorem 5.28. Let 1 < p < g < oo. Let the transform F be given by (5.47). Assume
(5.60) holds, and G(x,y) defined by (5.61) satisfies the estimate (5.62). Then, inequality
(5.59) holds for all f € LP(R4,v) from the class GM(f32) if

1/r 1/q r , ) 1/
sup (/ u(z)zlcotend dm) (/ v(z) 7P g botbp d:U) < 00, (5.67)
0 0

r>0

. g, oo N
sup </ u(xz)z(cteold daz) </ v(z)t P b= P dm) < 00, (5.68)
r>0 1/(Ar) r

where A > 2 is the GM (B2) constant.

Remark 5.29. Note that under certain assumptions on the parameters c, b, ¢;, and b;
(¢ = 0,1), we can use the gluing lemma (Lemma 5.6) to rewrite conditions (5.67) and
(5.68) as one single condition, similarly as done with Theorem 5.5 and Corollary 5.7.

Proof of Theorem 5.28. Using estimate (5.66), we can write

Oou(x)\Ff(:vﬂqu v < Oou(l/) yeota w 20 £ ()| dx qdy &
0 ; i
* < /0 - u(y) (y”m /1 ;y) m“f(m)yda;)qdy) v

=11+ 5.

On the one hand, by Lemma 5.4 and the change of variables y — 1/y, the inequality

= (7 e (e sswias) ) s ([ v(x)|f(x)|pdg:>l/ '

= [[fllp.

holds if
(e} u(]_/fl?) 1/q r 17p/ (b " )p/ 1/}7/
f};}g (/T 22+ (cot+er)a d:z:> /0 v(x) TP TP dy < o0,

or equivalently, if (5.67) is satisfied. On the other hand, again by Lemma 5.4 and the
change of variables y — 1/y, the inequality

= (THR () gt a) s ([Te@isera)” =15

holds provided that

T U(()\{L’)—l) 1/q [e'e) Lo (b1 1/p'
iﬂ%’(/o ) ([ e ) <

or equivalently, if (5.68) holds. O

[
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The sufficient conditions for inequality (5.59) to hold whenever u and v are power
weights read as follows.

Corollary 5.30. Let 1 <p < g< oo and f € GM(B2). Let F be given by (5.47). Assume
(5.60) holds, and G(z,y) defined by (5.61) satisfies (5.62) with ¢ < ¢1. Then, inequality
(5.48) holds for all f € LP(Ry,z"P) from the class GM (B2) if
1 1 1 1
5:’}/+Co—bo+61—b1+*—j, —4+cte<B<—4c+ .
q P q q
The proof of Corollary 5.30 is omitted, as it is essentially an application of Theorem 5.28
with u(x) = 2779, v(z) = 27, cf. the proof of Theorem 5.11.

Remark 5.31. Let us compare the conditions for g in Corollaries 5.12 and 5.30. We
cannot formally compare those two results, since the assumptions on K are different,
namely in Corollary 5.30 we assume K (x,y) is continuous in x, whilst in Corollary 5.12
we do not. However, in practice, all the examples of integral transforms we have considered
throughout this chapter have kernels K continuous in each variable, thus it makes sense to
compare Corollaries 5.12 and 5.30 in our context. On the one hand, we observe that in both
statements the condition 8 < 1/q+ ¢o + ¢ is required. On the other hand, Corollary 5.12
requires that 8 > 1/q+ ¢+ co, whilst Corollary 5.30 requires 5 > 1/q+ ¢y + ¢. Therefore,
in order for Corollary 5.30 to yield a nontrivial result we need to assume ¢ < cs.

Let us present sufficient conditions for inequality (5.48) to hold in each of the afore-
mentioned cases, under the assumption f € GM (). Some of the following results are
already known, some others are new. It is worth noting that in all examples we show
below, the conditions on the parameters ¢ < ¢1, and b —c — 1 = by + by — ¢; hold. All
functions considered here satisfy (5.63).

1. The sine transform (for which K (x,y) = sinxy and G(x,y) = —y~ ' coszy) satisfies

by =c1 =1, b=by = cg = 0 and ¢ = —1, thus, if f € GM(S2), the sufficient
conditions for the inequality

2™ Fnllg S Nl £l

to hold are 8 =~v+1/¢—1/p’ and —1 +1/q < 8 < 1+ 1/q. These conditions are
also necessary, as shown in [87].

2. The classical Hankel transform of order a« > —1/2 (4.1) has kernel K(z,y) = ja(zy)
satisfying j,(zy) =< 1 for xy < 1, and moreover

G(z,y)| Sy @320 H2 0 iy eRy,

cf. Lemma 4.8. Thus, by applying Corollary 5.30 with b9 = 2a+1, by =c=1¢; =0,
b=a+1/2 and ¢ = —a — 3/2, we get that the inequality

lzHafllg S 27 fllp

holds with 8 =~y —2a—1+1/g—1/p’ and 1/g—a—3/2 < 3 < 1/q. These sufficient
conditions are also necessary, as proved in [28]. This includes the cosine transform
(o = —1/2), see also [87].
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3. The 7, transform with o > —1/2 (5.19) has kernel K(z,y) = H,(zy) satisfying
H, (zy) < (xy)**! for 2y < 1. By Lemma 5.3, we have

Gz, y)| Sy a2y > 1

Hence, applying Corollary 5.30 with bp = cp = 1/2, by =c1 =a+1,b=a+1/2
and ¢ = o — 1, we get that if f € GM(S2), the inequality

lz=0 e fllg S 27 Fllp (5.69)

holds with 8 = v+ 1/¢—1/p’ and 1/g+a —1/2 < 8 < 1/q+ a + 3/2. Notice
that for @ > 1/2, this yields no improvement with respect to the general case (cf.
(5.50)), but for —1/2 < o < 1/2, the hypothesis f € GM(f2) allows us to drop the
condition 8 > max{0,1/¢ —1/p}.

To conclude, we prove that the range of 5 for which (5.69) holds given by Corollary 5.30
is sharp.

Theorem 5.32. Let 1 < p < g < 0o. Inequality (5.69) holds for all f € LP(Ry,x"P) from
the class GM (B2) if and only if

B=~v+1/q—1/p, 1/g+a—-1/2<p<1/qg+a+3/2. (5.70)

Proof. We only need to prove that if (5.69) holds for every f satisfying our hypotheses,
then (5.70) holds, since the “if” part is just the example we just discussed above. For
a > —1/2 and r > 0, consider the function f,.(z) = xa+1/2X(07T) (). Note that f satisfies
all hypotheses. By [48, §11.2 (2)], one has

Ao fr(y) = 1Ty P Haqa (ry).
On the one hand,

T 1/
27 f|l, = </ pP(r+a+1/2) dac) g = prrotl/2+1/p,
0

provided that v+ a4+ 1/2 > —1/p. On the other hand,

0o 1/q
le—8 gy, = v+ ( / m—qw“/?)\HaH(m)rwx) .
0

Since Hyt1(rx) < (rz)**2 whenever rz < 1, the latter integral is convergent near the

origin if and only if 5 < 1/¢ + a4+ 3/2. Since Hyy1(rx) < (rz)® whenever rz is large
enough (cf. Remark 5.2), the integral converges near infinity if and only if 5 > 1/q+a—1/2.
In order to conclude the proof, we note that

1/r 1/4
foﬁ%fruq > 7”20‘+3</ / g(—A+a+3/2) dx) = pot3/2+6-1/q
0

Combining the latter with inequality (5.69) and the equivalence |27 f||, < r¥+tat1/2+1/p
we get that ro3/2+8-1/¢ < py+et1l/241p for every r > 0, ie., B =~ 4+ 1/¢ — 1/7. O
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