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ABSTRACT 

Transport of non-conservative species or solutes in porous or fractured media 
is highly influenced by heterogeneity. Additional complexity is added to the 
processes due to the presence of different types of chemical reactions that control 
the fate of species concentrations in the medium. Many of these chemical reactions 
are governed by mixing of waters with different geochemical signature. Mixing 
yields instantaneous chemical disequilibrium in the resulting mixed water, and 
reactions take place to re-equilibrate the system.  

This dissertation studies transport in heterogeneous media covering different 
problems (flow, conservative transport and reactive transport) and in different 
aquifer types. First, we analyze flow and transport in low permeable highly fractured 
massifs. These are studied using the Discrete Fracture Network (DFN) approach, 
where a dense network of water-conducting intersecting fractures is considered. 
The DFN approach traditionally has lacked the possibility of analyzing transport (as 
well as flow) in an inverse problem framework. In this Thesis we propose a 
methodology to extend the traditional inverse problem approach to dense networks 
by using the concept of zone parameter multiplied by a predefined fracture 
parameter which is drawn from an a priori pdf. We show how this methodology can 
be used to analyze hydraulic (pumping and recovery) and tracer tests in a real 
fractured massif located in Central Spain.  

The actual tracer test, performed with a conservative solute (deuterium), 
evidences Non-Fickian behavior, characterized by tailing in the breakthrough curve. 
This behavior can be numerically modeled by means of a transport equation 
including not only advection and dispersion, but an additional process accounting 
for the solute travelling through low permeable (or impermeable) areas within the 
domain. Actually, this effect can be realistically observed in fractured media since 
part of the solute diffuses into the immobile matrix (this process termed matrix 
diffusion), and parts sample portions of the domain where slow advection takes 
place.  

As a consequence, transport of conservative solutes in heterogeneous media 
can be modeled with an effective equation involving a mass transfer term between 
the mobile and some immobile zones. In the second part of the thesis we explore the 
possibility of extending this idea to account for transport of reactive species. We 
start by considering species where local chemical equilibrium conditions are reached 
instantaneously. The impact of the medium heterogeneity on effective transport is 
represented by a multi rate mass transfer approach, which models the medium as a 
multiple continuum of one mobile and multiple immobile regions, which are related 
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by kinetic mass transfer. Even though all regions (mobile and immobile) are assumed 
to be well mixed (local equilibrium), globally equilibrium is not preserved. The 
imposition of local equilibrium at all points implies the need for reactions to take 
place all through the domain, driven by both local dispersion and mass transfer. We 
derive explicit expressions for the reaction rates in the mobile and immobile regions 
and study the impact of mass transfer on reactive transport. The reaction rates can 
change significantly compared with the ones that would be obtained in a 
homogeneous media. For a broad distribution of residence times in the immobile 
zones, the system may take much more time to equilibrate globally than for a 
homogeneous medium. 

The last topic addressed in this Thesis is the analysis of transport of species 
undergoing non-instantaneous (kinetic) chemical equilibrium. Reactive transport at 
the local scale is analyzed under two situations: (i) with a single kinetic reaction and 
(ii) with two simultaneous reactions: one considered instantaneous and the other 
one being slow related to the transport characteristic time. In the first problem of 
these problems, we find that the problem can be rewritten only in terms of the initial 
state of the system plus a non-linear partial differential equation for the reaction rate. 
The equation can be solved by obtaining the individual solutions for a set of linear 
partial differential equations obtained after performing a perturbation expansion of 
the PDE in terms of the inverse of the Damkhöler number. The first of the equations 
in the expansion provides the solution for Da  (equivalent to instantaneous 
equilibrium).  



Last, the combination of equilibrium and kinetic reactions in a 

multicomponent system is studied. The work starts from the methodology of Molins 

et al., [2004] to decouple a reactive transport system with the combined presence of 
equilibrium (fast) and kinetic (slow) reactions. Then an exact explicit expression is 
developed for the space-time distribution of reaction rates for a groundwater 
reactive transport scenario where the geochemical system can be described by any 
number of instantaneous equilibrium reactions in the presence of one kinetic 
reaction. The key result is that the equilibrium reaction rate depends on a mixing-
related term, the kinetic reaction rate, which is actually controlling the availability 
of reactants in the system, and the distribution of (conservative and kinetic) linear 
combinations of aqueous species concentrations. From an operational standpoint, 
our expressions allow direct computation of equilibrium reaction rates without the 
need to calculate aqueous species concentrations. To illustrate the results, the 
dissolution of calcite in the presence of precipitating gypsum in a one-dimensional 
fully saturated system is analyzed. The example highlights the highly nonlinear and 
non monotonic response of the system to the controlling input parameters. 
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RESUMEN 

El transporte de especies o solutos no conservativos en medios porosos o 
fracturados es altamente influenciado por su heterogeneidad.  Adicionalmente, más 
complejidad es agregada al proceso de transporte, debido a la presencia de diferentes 
tipos de reacciones químicas que controlan la evolución de las concentraciones de las 
especies en el medio.  Muchas de esas reacciones químicas están gobernadas por la 
mezcla de aguas con diferente calidad geoquímica.  La mezcla produce desequilibrio 
químico instantáneo en el agua mezclada resultante, y las reacciones dan lugar para 
que se re-equilibre el sistema. 

Esta disertación doctoral estudia el transporte en medios heterogéneos 
cubriendo diferentes problemas (flujo de agua subterránea y transporte conservativo 
y reactivo) y en diferentes tipos de acuíferos.  Primero, el flujo y el transporte se 
analizan en rocas masivas fracturadas, las cuales poseen una baja permeabilidad.  
Estas formaciones son estudiadas usando como modelo conceptual las Redes 
Discretas de Fracturas (DFN, por sus siglas en inglés), donde se considera el medio 
como una densa red de fracturas que conducen agua que se interconectan.  El modelo 
de DFN es una alternativa válida para conceptualizar el transporte de solutos en el 
medio fracturado, pero tradicionalmente no se ha utilizado para analizar ni el 
transporte ni el flujo en una modelación de tipo problema inverso, debido a su alto 
costo computacional.  En esta disertación se propone una metodología para extender 
una solución tradicional tipo problema inverso para redes muy densas usando el 
concepto del parámetro de zona multiplicado por un factor predefinido de fractura el 
cual es obtenido a priori usando una función de distribución de probabilidad (pdf, 
por sus siglas en inglés).  Este trabajo, adicionalmente muestra como esta 
metodología puede ser usada para analizar pruebas hidráulicas (de bombeo y de 
recuperación) y ensayos de trazadores en un macizo fracturado real localizado en el 
centro de España. 

El ensayo de trazadores analizado, fue llevado a cabo con un soluto 
conservativo (deuterio), y evidenció un comportamiento No-Fickiano, debido al 
alargamiento en las colas de las curvas de llegada de soluto (BTC, por sus siglas en 
inglés).  Este comportamiento puede ser modelado numéricamente por medio de una 
ecuación de transporte que no sólo incluya los procesos de advección y dispersión, 
sino que adicionalmente tenga en cuenta que el soluto viaja a través del medio poco 
permeable o impermeable.  De hecho, este efecto puede observarse de una manera 
real en un medio fracturado ya que los solutos se difunden en la matriz de roca 
(proceso denominado difusión en la matriz), y en las zonas inmóviles de las fracturas, 
donde el flujo se inmoviliza o se mueve muy lento. 
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Como consecuencia, el transporte de solutos conservativos en medios 
heterogéneos puede modelarse con una ecuación efectiva que involucre un término 
de transferencia de masa entre la zona móvil y la zona inmóvil.  La segunda parte de 
la disertación explora la posibilidad de extender esta idea para tener en cuenta las 
especies reactivas.  Se parte de la consideración de que las especies están en 
equilibrio químico local, el cual es alcanzado instantáneamente.  El impacto de la 
heterogeneidad del medio en el transporte efectivo es representado por un modelo de 
tasa de transferencia múltiple de masa (MRMT, por sus siglas en inglés), el cual 
aproxima el medio a un multicontinuo de una región móvil y varias regiones 
inmóviles, las cuales se relacionan por una transferencia de masa cinética.  Partiendo 
del hecho de que todas las regiones (móviles e inmóviles) están bien mezcladas 
(equilibrio local), el equilibrio global no se preserva.  Esta imposición de equilibrio 
local en todos los puntos implica que las reacciones tomen lugar en todo el dominio, 
y sean dominadas tanto por la dispersión local como por la transferencia de masa.  Se 
derivaron expresiones explícitas para calcular las tasas de reacción en las regiones 
móvil e inmóvil y se estudió el impacto de la transferencia de masa en el transporte 
reactivo.  Las tasas de reacción pueden cambiar significativamente comparadas con 
aquellas que se obtendrían en un medio homogéneo.  Para una amplia distribución de 
tiempos de residencia en las zonas inmóviles, el sistema podría tomar mucho más 
tiempo para equilibrar globalmente el medio comparado que para un medio 
homogéneo. 

El último tema abordado en esta disertación es el análisis del transporte de 
especies bajo condiciones de cinética química o equilibrio no instantáneo.  El 
transporte reactivo a escala local es analizado bajo dos situaciones: (i) con una 
reacción sencilla y (ii) con dos reacciones simultáneas: una considerada instantánea 
y la otra como lenta respecto al tiempo característico de transporte.  En la primera 
situación de las dos planteadas, es posible concluir que el problema puede ser 
reescrito sólo en términos del estado inicial del sistema más una ecuación diferencial 
parcial  no lineal y no homogénea para la tasa de reacción.  La ecuación puede ser 
resuelta obteniendo las soluciones individuales para un conjunto de ecuaciones 
diferenciales parciales obtenidas luego de realizar una expansión por perturbaciones 
de la PDE (ecuación diferencial parcial, por sus siglas en inglés) en términos del 

inverso del número de Damköhler (Da).  La primera de estas ecuaciones en la 

expansión permite obtener la solución para Da  (equivalente al equilibrio 
instantáneo). 



Y por último se estudia la combinación de las reacciones en equilibrio y 
cinética en un sistema multicomponente.  Este trabajo parte de la metodología de 

Molins et al. [2004] para descomponer un sistema de transporte reactivo con la 
presencia de reacciones en equilibrio (rápidas) y cinéticas (lentas).  Luego una 
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expresión exacta es desarrollada para la distribución espacio temporal de las tasas de 
reacción para un escenario de transporte reactivo de aguas subterráneas donde el 
sistema geoquímico es descrito por cualquier número de reacciones en equilibrio y la 
presencia de una sola reacción cinética.  El resultado clave es que la tasa de reacción 
en equilibrio depende de un término relativo a la mezcla y a la reacción cinética, la 
cual es de hecho el factor que controla la disponibilidad de reactantes en el sistema, y 
la distribución de las combinaciones lineales de las concentraciones acuosas de las 
especies, llamadas componentes tanto conservativas como cinéticas.  Desde un 
punto de vista operacional, estas expresiones permiten el cálculo directo de las tasas 
de reacción en equilibrio sin la necesidad de calcular las concentraciones de las 
especies acuosas.  Para ilustrar los resultados, se analizó la disolución de la calcita en 
presencia de la precipitación de yeso en un sistema unidimensional totalmente 
saturado.  El ejemplo resalta la alta no linealidad y la respuesta no monótona del 
sistema a los parámetros de entrada de control. 
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RESUM 

El transport d'espècies o soluts no conservatius en medis porosos o fracturats 
és altament influït per la seva heterogeneïtat. Addicionalment, més complexitat és 
agregada al procés de transport, a causa de la presència de diferents tipus de 
reaccions químiques que controlen l'evolució de les concentracions de les espècies en 
el midi. Moltes d'aquestes reaccions químiques estan governades per la mescla 
d'aigües amb diferent qualitat geoquímica. La mescla produeix desequilibri químic 
instantani en l'aigua barrejada resultant, i les reaccions donen lloc a que es 
reequilibri el sistema. 

Aquesta dissertació doctoral estudia el transport en medis heterogenis cobrint 
diferents problemes (flux d'aigua subterrània i transport conservatiu i reactiu) i en 
diferents tipus d'aqüífers. Primer, el flux i el transport s'analitzen en roques massives 
fracturades, les quals tenen una baixa permeabilitat. Aquestes formacions són 
estudiades usant com a model conceptual les Xarxes Discretes de Fractures (DFN, 
per les seves sigles en anglès), on es considera el medi com una densa xarxa de 
fractures que condueixen aigua, que s'interconnecten. El model de DFN és una 
alternativa vàlida per conceptualizar el transport de soluts enmig fracturat, però 
tradicionalment no s'ha utilitzat per analitzar ni el transport ni el flux en un 
modelació de tipus problema invers, a causa del seu alt cost computacional. En 
aquesta dissertació es proposa una metodologia per estendre una solució tradicional 
tipus problema invers per a xarxes molt denses usant el concepte del paràmetre de 
zona multiplicat per un factor predefinit de fractura que és obtingut a priori usant 
una funció de distribució de probabilitat (pdf, per les seves sigles en anglès). Aquest 
treball, addicionalment mostra com aquesta metodologia pot ser usada per analitzar 
proves hidràuliques (de bombament i de recuperació) i assaigs de traçadors en un 
massís fracturat real localitzat en el centre d'Espanya. 

L'assaig de traçadors analitzat, va ser dut a terme amb un solut conservatiu 
(deuteri), i va evidenciar un comportament No-Fickià, a causa de l'allargament a les 
cues de les corbes d'arribada de solut (BTC, per les seves sigles en anglès). Aquest 
comportament pot ser modelat numèricament per mitjà d'una equació de transport 
que no solament inclogui els processos d'advecció i dispersió, sinó que 
addicionalment tingui en compte que el solut viatja a través del medi poc permeable 
o impermeable. De fet, aquest efecte pot observar-se d'una manera real en un medi 
fracturat ja que els soluts es difonen a la matriu de la roca (procés denominat difusió 
a la matriu), i a les zones immòbils de les fractures, on el flux s'immobilitza o es mou 
molt lent. 
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Com a conseqüència, el transport de soluts conservatius en medis heterogenis 
pot modelar-se amb una equació efectiva que involucri un terme de transferència de 
massa entre la zona mòbil i la zona immòbil. La segona part de la dissertació explora 
la possibilitat d'estendre aquesta idea per tenir en compte les espècies reactives. Es 
parteix de la consideració que les espècies estan en equilibri químic local, el qual és 
assolit instantàniament. L'impacte de l'heterogeneïtat del medi en el transport 
efectiu és representat per un model de taxa de transferència múltiple de massa 
(MRMT, per les seves sigles en anglès), el qual aproxima el medi com un 
multicontinu d'una regió mòbil i diverses regions immòbils, les quals es relacionen 
per una transferència de massa cinètica. Partint del fet que totes les regions (mòbils i 
immòbils) estan ben barrejades (equilibri local), l'equilibri global no es preserva. 
Aquesta imposició d'equilibri local en tots els punts implica la necessitat que les 
reaccions prenguin lloc en tot el domini, i siguin dominades tant per la dispersió 
local com per la transferència de massa. Es van derivar expressions explícites per 
calcular les taxes de reacció a les regions mòbil i immòbil i es va estudiar l'impacte de 
la transferència de massa en el transport reactiu. Les taxes de reacció poden canviar 
significativament comparades amb aquelles que s'obtindrien en un medi homogeni. 
Per a una àmplia distribució de temps de residència a les zones immòbils, el sistema 
podria prendre molt més temps per equilibrar globalment el medi comparat que per 
a un medi homogeni. 

L'últim tema abordat en aquesta dissertació és l'anàlisi del transport d'espècies 
sota condicions de cinètica química o equilibri no instantani. El transport reactiu a 
escala local és analitzat sota dues situacions: (i) amb una reacció senzilla i (ii) amb 
dues reaccions simultànies: una considerada instantània i l'altra com a lenta respecte 
al temps característic de transport. En la primera situació de les dues plantejades, és 
possible concloure que el problema pot ser reescrit només en termes de l'estat inicial 
del sistema més una equació diferencial parcial no lineal i no homogènia per a la taxa 
de reacció. L'equació pot ser resolta obtenint les solucions individuals per a un 
conjunt d'equacions diferencials parcials obtingudes després de realitzar una 
expansió per pertorbacions de la PDE (equació diferencial parcial, per les seves sigles 

en anglès) en termes de l'invers del nombre de Damköhler (Da). La primera 

d'aquestes equacions en l'expansió permet obtenir la solució per a Da  
(equivalent a l'equilibri instantani). 



I finalment s'estudia la combinació de les reaccions en equilibri i cinètica en un 
sistema multicomponent. Aquest treball parteix de la metodologia de Molins et al. 
[2004] per descompondre un sistema de transport reactiu amb la presència de 
reaccions en equilibri (ràpides) i cinètiques (lentes). Després una expressió exacta és 
desenvolupada per a la distribució espai temporal de les taxes de reacció per a un 
escenari de transport reactiu d'aigües subterrànies on el sistema geoquímic és descrit 
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per qualsevol nombre de reaccions en equilibri i la presència d'una sola reacció 
cinètica. El resultat clau és que la taxa de reacció en equilibri depèn d'un terme 
relatiu a la mescla i a la reacció cinètica, la qual és de fet el factor que controla la 
disponibilitat de reactants en el sistema, i la distribució de les combinacions lineals 
de les concentracions aquoses de les espècies, anomenades components tant 
conservatives com cinètiques. Des d'un punt de vista operacional, aquestes 
expressions permeten el càlcul directe de les taxes de reacció en equilibri sensa la 
necessitat de calcular les concentracions de les espècies aquoses. Per il·lustrar els 
resultats, es va analitzar la dissolució de la calcita en presència de la precipitació de 
guix en un sistema unidimensional totalment saturat. L'exemple fa ressaltar l'alta no 
linealitat i la resposta no monòtona del sistema als paràmetres d'entrada de control. 
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 Chapter 1  Chapter 1 

General Introduction 

1 GENERAL INTRODUCTION 
  

he increasing development of modern society and industry is causing 
increasing stress upon water resources, and augmenting the quantity and 
variety of wastes and pollutants that the natural environment cannot 

adequately process. Water bodies are natural receptors of this pollution, 
compromising the existing groundwater resources. This is an important cause of 
concern, since groundwater represents around 30% of the freshwater supplies 
worldwide.  

 T

In recent years, researchers, scientists and engineers have increased their 
efforts in understanding groundwater hydrodynamics. That is, the understanding 
how water flows, both in terms of magnitude and direction, and consequently the 
migration of pollutants. The overall goals of modern hydrogeology are: (1) the 
adequate management of groundwater resources; (2) the evaluation of aquifer 
vulnerability; and (3) characterization of the extension of the pollutant plumes and 
the time necessary for aquifer remediation.  

In this thesis we address both flow and transport in complex geological 
environments. Understanding the spatial heterogeneity caused by geological 
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processes, combined with a good understanding of microscale flow, transport and 
reaction processes is key to adequately comprehend effective flow and chemical 
transport in geological media. This knowledge is a precondition for example for 
correct resources management and the design of aquifer remediation strategies. 
Some of the transport processes are well known in the groundwater literature, and 
are independent of the actual contaminant. These processes include advection, 
diffusion, hydrodynamic dispersion and sorption. Other processes are the 
consequence of the interaction among different waters, which leads to changes in 
the water quality.  Interactions can be physical, chemical and biological including 
cation exchange, oxidation/reduction, precipitation/dissolution, and biological 

growth among others [e.g., Steefel and MacQuarrie, 1996; Cirpka et al., 1999; MacQuarrie 

and Mayer, 2005]. 

The difficulty in tackling biogeochemical reactions increases dramatically 
when taking into account the inherent heterogeneity of a natural system. 
Furthermore, the description of heterogeneity depends on the scale of observation of 

the problem [e.g., Neuman et al., 2008]. The impact of physical heterogeneity on flow 
through geological media has been widely recognized and is usually addressed 

through representative parameters [Sanchez-Vila et al., 2006 and references therein]. 

Spatial variability plays an important role in the transport of contaminants in 
porous media: it affects the path lines followed by solute particles, the spread of 
solute bodies, the shape of breakthrough curves, the spatial variability of the 

concentration, and the ability to quantify any of theses accurately [Rubin, 2003]. 

Physical heterogeneity is also reflected into hydromechanical dispersion [Loggia et al., 

2004; Le Borgne and Gouze, 2008]. Actually, it is well known that even if we assume 
that the classical advection-dispersion equation (ADE) holds at the local (short 
range) scale, it cannot be generally extended to larger scales. Up to the late years of 
the XXth Century focus of research was in finding equivalent parameters that could 
be included in the ADE to reproduce the observation at different scales. In the last 
years, though, a large body of literature has addressed the problem differently. 
Rather than looking for scale-dependent effective parameters in a equivalent ADE 
model.  The most widely used methods are: (1) Continuous Time Random Walk 

(CTRW) [e.g., Berkowitz and Scher, 1998; Dentz et al., 2004], (2) Multirate Mass 

Transfer (MRMT) [e.g., Haggerty and Gorelick, 1995; Wang et al., 2005] and (3) 

Fractional Advection-Dispersion Equations (FADE) [e.g., Benson et al., 2000a; Benson et 

al., 2000b].  

Fractured geological media are an example of highly heterogeneous media. 
Water flows through fractures that are organized in families whose directions are 
governed by tectonics. Continuum mechanics are applied at the scale of a 
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representative elemental volume (REV) of the media [Berkowitz, 2002; Neuman, 2005 
and references therein]. Two main kinds of equivalent porous models (EPM) exist: 
double porosity and double permeability models. The former are based on the 
assumption that the fractures are the flow channels while the host rock can store 
and exchange solute by means of matrix diffusion. The latter includes the host rock 
as a very low permeability medium compared with the material of the fractures; 

hence the water can also flow through the matrix [Carrera et al., 1998; MacQuarrie and 

Mayer, 2005].  

Another way to model low permeable fractured media is by means of Discrete 
Fracture Networks (DFN). The method defines the fractures is by using of statistical 
distributions of properties such as location, length, or aperture. Fractures are 

represented by disks, ellipses or polygons in 3D [Berkowitz, 2002; Neuman, 2005]. The 
location of the different fractures is uncertain, and so the actual network is best 
studied in a stochastic framework.  

Several field experiments have been carried out in fractured rocks. Examples 
are Äspö in Sweden, Grimsel in Switzerland, Fanay-Augères in France, El Berrocal 

and Ratones in Spain [Martinez-Landa and Carrera, 2006 and references therein]. 
Experiments designed for hydraulic characterization of these complex media include 
hydraulic tests (slug, pump, and recovery), tracer tests (usually under convergent 
flow conditions), and hydraulic tomography among others. Interpretation of such 
tests is more easily performed using an EPM model, since methodologies for the 
inverse problem in such media have been developed and used widely since the 80's 

[e.g., Carrera and Neuman, 1986a; Carrera and Neuman, 1986b; Carrera and Neuman, 1986c]. 
Nevertheless, the application of inverse problem in DFN has been given very little 
attention.  

In Chapter 2 we address precisely this last problem. The chapter develops a 
methodology that allows calibration of hydraulic and conservative tracer tests in 
fractured geological media within a DFN framework. The methodology is based on 
the simplification of the 3D fracture model to a set of 1D conduits embedded in a 3D 
block. By using data from an existing tracer test in El Berrocal Site (Spain), the best 
fit was obtained by using an advection – dispersion – matrix diffusion model 

[Carrera et al., 1998]. It accounts for the real physical process of diffusion into pseudo-
stagnant zones, and for mass-transfer between mobile and the less mobile zones. 
Results were presented in June 2005 in the ModelCARE 2005 Conference held in 

The Netherlands [Donado et al., 2006] . 

While in some cases transport of conservative solutes is of interest, the fate of 
dissolved chemical in the flow through geological media is determined by the 
medium heterogeneities as described above, and chemical reaction among 
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themselves and the solid matrix.  The description of multi-component reactive 
transport involves defining transport equations for the different aqueous species, 
plus a set of mass action laws and rate laws for the chemical reaction requires 
defining their characteristic time. Reactions can be classified in two main categories, 
fast and slow, depending on whether the characteristic reaction time is smaller or 
larger than mass transfer time scales. Fast reactions can be treated in equilibrium 
which allows reducing the mathematical complexity of a multicomponent reactive 
transport problem by reducing the dimensionality of the solution space by direct 
application of the mass action law. In such cases it is possible to compute reaction 

rates by means of explicit expressions [De Simoni et al., 2005] developed in terms of 
conservative quantities.  The derived expressions for the reaction rates are 
dominated by a factor that depends on the mixing properties of a conservative 
component.  Heterogeneities induce concentration gradients and thus mixing.  An 
equivalent ADE model characterized by a macrodispersive flux does not represent  

this mechanism adequately [Luo et al., 2008]. 

MRMT has been considered a proper framework to integrate the impact of 

heterogeneity on physical and geochemical processes [e.g., Lawrence et al., 2002]. The 
distribution of mass transfer can be obtained from soil characteristics and the 

geometry of the porous lattice [Haggerty and Gorelick, 1998]. So, Chapter 3 presents an 

extension of the methodology of De Simoni et al. [2005] and studies the impact of mass 
transfer processes on the spatial and temporal distribution of the reaction rate 

[Donado et al., Submmited-b].   

In some particular reactive problems it is not possible to assume that the 
reactions are fast. Slow reactions are characterized by a reaction rate which can be 
written in terms of the distance to equilibrium (kinetic law). The latter induces non-
linearities in reactive transport problems. In consequence, an explicit expression for 
the reaction rate in a kinetic-driven system is very difficult to be achieved. Chapter 

4 presents a methodology for the solution of a reactive bi-molecular system under 
non-equlibrium conditions. In this case, an explicit expression cannot be derived. 
Instead we develop a non-linear partial differential equation for the spatial and 
temporal distribution of the reaction rate. When the reaction rate is relatively fast 
but still equilibrium conditions cannot be invoked, the equation can be solved by 
means of a perturbations expansion. In the limit of infinitely fast reaction, the 

solution converges to that of De Simoni et al. [2005]. 

More realistic natural systems involve a combination of reactions, each one 
with different time scales. Whenever both types of reactions are present, the 

solution of the multicomponent system is extremely complex [Steefel and Lasaga, 1994; 

Steefel and MacQuarrie, 1996; Steefel et al., 2005]. Selecting whether a reaction can be 
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considered instantaneous in a real geochemical problem is not trivial. In a given 
problem we are concerned with a range of times which can usually be related to the 
characteristic transport time.  All reactions whose characteristic time is smaller than 
the characteristic transport time can be considered instantaneous. Only reactions 
with characteristic times comparable to transport characteristic time would be 
treated as kinetically driven. 

Several authors have derived methodologies to decouple systems involving 

equilibrium and kinetic reactions [e.g. Molins et al., 2004; Krautle and Knabner, 2005]. 
These approaches allow computing the species concentrations as a function of the 
kinetic reaction rates. Their solution has been approximated by means of numerical 

methods due to its high non-linearity [Donado et al., Submmited-a]. Chapter 5 
presents an analytical approach to directly compute kinetic and equilibrium reaction 
rates by solving independent reactive problems involving linear and non-linear 
partial differential equations.  

Finally, the last chapter summarizes and concludes the main results of the 
presented work and discusses some possible lines of future research. 
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Chapter 2 

Inverse Modeling in 
Discrete Fracture Networks 

2 INVERSE  MODELING  IN  DISCRETE  

FRACTURE 

2.1 Introduction 

Amongst the many heterogeneous aquifer systems, fracture networks in low 
permeability massifs are arguably the most difficult to study. In general, water 
resources are scarce in those areas. Thus, aquifers in such systems, while heavily 
exploited in some areas in the world, were ignored for quantitative resources 
evaluations until the late XXth Century  It was only few decades ago where the 
interest in such aquifer systems increased, as they started being considered and 
studied as potential hosts for hazardous waste repositories in developed countries.  

Modeling different processes in fractured geological media is challenging due 
to the inherent geometrical complexity. Additional difficulty in the model 
conceptualization of such systems arises from the existence of heterogeneity at all 
scales, meaning that the number of fractures depends on the observation window. 
Furthermore, flow is controlled by a few conducting features carrying the largest 
proportion of the total flow; the location of these features depends on the regional 
gradient and on the anisotropy linked to tectonics. A most important point is the 
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impossibility to fully characterize the fracture network in terms of both actual 
location and extension of the individual fractures and their corresponding hydraulic 
properties. Groundwater flow and solute transport in fractured media can be 
modeled by a number of approaches that can be classified in three groups depending 

on the way heterogeneity is represented [e.g., Committee on Fracture Characterization and 

Fluid Flow, 1996; Molinero, 2001; Wang and Kulatilake, 2008 and references therein]: 
equivalent porous media (EPM), porous media with embedded fractures (mixed 
approach), and discrete fractured network (DFN). All of these approaches have been 
widely applied for resources evaluation and contaminant migration problems, 
mostly involving forward flow and transport simulations.  

EPM models are the simplest ones, and are based upon considering that the 
inherent heterogeneity of the system is fully accounted for using upscaled 
parameters representing simple processes. Mostly, the domain is modeled as 
composed by a porous medium with an anisotropic tensor of hydraulic conductivity, 

, [e.g., Berkowitz et al., 1988; Durlofsky, 1991; Bear, 1993] and an effective dispersion 
tensor. Principal directions of the effective K  tensor are governed by the direction of 
the most conducting features, which can be assessed from field observations. A 
disadvantage of this model is the difficulty in defining the representative elementary 

volume (REV) [Bear, 1972]. So, the eigenvalues of the K  tensor change with the scale 
of interest. 

K

Hybrid methods account for equivalent porous media with embedded discrete 
features. In this approach it is assumed that the most relevant (in terms of water 
bearing) fractures can be detected by means of an intensive geological exploration. 
This exploration should include, at least, detailed geological cartography, electric or 
seismic prospection, and a suite of flow and tracer tests in multi-packered wells [e.g., 

Martinez-Landa and Carrera, 2006]. The fractures are embedded deterministically in 
the medium, and their properties are independent of that of the equivalent porous 
media.  

The last group of methods includes the study of the system as a discrete 
fracture network (DFN). The goal is to find a representation of the system that looks 
"realistic", meaning that water only flows within fractures. For this reason it is 
necessary to create a suite of intersecting fractures, representing in quantitative 
terms the different recorded families within a fully 3D domain. The most important 
point is the geological, geometrical and hydraulic characterization of these fractures 

[e.g., Hudson and Lapointe, 1980; Long et al., 1982; Long and Billaux, 1987].  Fundamentals 
of the fluid mechanics on the fractures with negligible matrix permeability were 

summarized in Bodin et al. [2003b; 2003a]. Moreno et al. [2006], among others, analyze 
diffusion into the rock matrix under transient flow conditions.   
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This type of approach has two important points to address when applied to 
realistic situations: (i) the geometrical problem, since this method requires 
statistical inference for selecting the stochastic distributions for fractures location, 
orientation and length, and for determining the hydraulic conductivity at some scale 
considered as local; (ii) the conditioning problem, since the information about the 
location of existing fractures should be incorporated in the fracture generation 
process, and (iii) the numerical problem, since there is the need for solving the 
equations of flow and transport (conservative and eventually reactive) in each one of 
the fractures. The inherent lack of knowledge of the full system entails working in a 
stochastic framework, such that a particular flow or transport problem can only be 
addressed within a Monte Carlo framework. 

The main limitation in DFN approaches so far has been trying to couple the 
approach with an inverse problem in order to estimate the driving parameters of the 
system. The difficulty arises from the combination of a large number of fractures, 
different hydraulic parameters for each different fracture to be estimated, and 

combined with a large number of realizations. Bodin et al., [2007] present a 
methodology for groundwater flow and solute transport modeling by means of time-

domain random walk in fracture networks and Wang and Kulatilake [2008] presents a 
qualitative and quantitative analysis of the influence of the fracture properties on the 
hydraulic behavior of the system, giving response to the issue about delineation and 

characterization of discontinuities brought up by Neuman [2005]. 

In this chapter we present a novel methodology to simplify the burden of 
running an inverse problem in a DFN. The method is based on recognizing that 
fractures are geologically grouped into families, so that it is possible to write the 
hydraulic parameters for all fractures belonging to a given family as the product of 
two values, one specific for each individual fracture (driven from an a priori 
distribution) and a second one which is a fixed factor that is applied to all fractures 
belonging to a given family. This last parameter is the only one calibrated, thus 
reducing the number of estimated parameters by orders of magnitude, and making 
the problem feasible in terms of eliminating the possibility of overparameterization.  

The method has been successfully applied to the interpretation of a hydraulic 

and a tracer test performed in the granitic batholith of El Berrocal (Spain) within the 
context of project HIDROBAP-II, financed by ENRESA and the Spanish Nuclear 
Security Council (CSN). Interpretations of these same tests are already available in 

the literature [Rivas et al., 1997] by means of a mixed approach model, which allows 
comparison of the two methodologies. The quality of the obtained fittings with the 
proposed methodology based on direct calibration of DFN allows one to conclude 
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that DFN models are an efficient alternative to study flow and solute transport in 
fractured media. 

 

2.2 Discrete Fracture Network 

Fracture geological media are extremely complex and their characterization is 
very difficult, as well as time and resources consuming. Fracture networks are 
present worldwide and at all observation scales, from regional features (observable 
from air photogrammetry) to microfracures (Figure 2.1). 

 

 
(a) 

  
(c) 

 

 
(b) 

 

  
(d) 

Figure 2.1  Some examples of outcrops in fractured massifs at different 
scales. (a): macro-scale, Guadalupe Formation, main aquifer of Bogota, 

Colombia (Courtesy by G. Pulido). (b) meso-scale, Sandstone in Suesca 

Rocks (Bogotá) (After www.cafeycrepes.com). (c) micro-scale, orthogonal 

traction fractures to foliation planes in granular rocks (After Jorgensen et al. 
[2008]). (d) evidence of channeled flow in a tuff fracture (After  

http://www-esd.lbl.gov/NW/lab_tests/index.html)  

 

Hydrogeology Group – GHS | UPC 



Chapter 2:  Inverse modeling in Discrete Fracture Network     | 31 

 

A discrete fracture network (DFN) is a full three dimensional definition of the 
geometry of the individual fractures, their intersections and the hydraulic 
parameters associated to each fracture. A DFN maps a very large number of fractures, 
ranging from very large to very small, without a priori taking into consideration the 
hydraulic significance of each one of the fractures.   

The high uncertainty in the number of fractures, their actual location within 
the massif and their extension, calls for any flow or transport study to be performed 
within a stochastic framework. Fractures are modeled by means of probability 
distributions of their geometric properties: length, orientation, location, density, 
aperture and spatial correlation between fractures. There are also some approaches 
to characterize the geometric connectivity of the networks. These methods can 

include concepts such as fractal geometry, scaling and percolation theory [Berkowitz, 
2002]. Different methods for the generation of DFNs are summarized in Table 2.1. 

 

Table 2.1.  Classification of the mathematical models for one-phase flow.  
These methods represent the heterogeneity of the fractured geological 

media by means of DFN approach. (After Committee on Fracture 

Characterization and Fluid Flow [1996]) 

REPRESENTATION OF THE 
HETEROGENEITY 

KEY PARAMETERES REFERENCE 

DFN with simple structure 
Statistics of the geometry of the network 
Distribution of the hydraulic conductivity 
of the fractures 

[Herbert et al., 1991] 

DFN with significant matrix 
diffusion 

Statistics of the geometry of the network 
Distribution of the hydraulic conductivity 
of the fractures 
Porosity and hydraulic conductivity of the  
matrix 

[Sudicky and McLaren, 1992] 

DFN with spatial relations 
between fractures 

Parameters to control fracture groups, 
fracture growing and fractal properties of 
the network 

[Dershowitz et al., 1991] 
[Long and Billaux, 1987] 

Equivalent Discontinuous  
Equivalent tensors of hydraulic 
conductivity in a grid [Long et al., 1992b] 

Continuous approach for DFN 
Statistics of the geometry of the network 
Distribution of the transmisivity of the 
network 

[Cacas et al., 1990] 
[Oda and Hatsuyama, 1985] 

 

Continuous statistics transport 
Statistics of the geometry of the network 
Distribution of the transmisivity of the 
network 

[Smith et al., 1990] 

Discontinuous equivalent Fractal parameters 
[Long et al., 1992a] 

[Chang and Yortsos, 1990] 
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Adding to the complexity of geometry, each fracture has a characteristic 
hydraulic behavior. An individual fracture can be modeled as having a constant 
separation (parallel plate approach), or a variable one. In the former model, a 

transmissivity value, T can be defined for each fracture from the cubic law approach; 

i.e., T is proportional to b3, where b is the separation among fractures [Bear, 1972; 

Witherspoon et al., 1980; Bear and Berkowitz, 1987]. In reality, fracture spacing varies 
spatially. Then water tends to flow along a small fraction of the fracture, developing 

channeling [Tsang and Witherspoon, 1985; Moreno et al., 1988; Moreno and Neretnieks, 1993; 

Tsang et al., 1996] which cover small portions of fractures. In some sense, it can be said 
that water flows through a network of interconnected 1D features. The actual 
location of these channels and their related hydraulic parameters are flow dependent 

and may change with the stress tensor variations [Oda and Hatsuyama, 1985; Durlofsky, 

1991; Berkowitz and Scher, 2001]. 

Analysis of pumping and tracer tests in fracture networks has a number of 
drawbacks. The number of existing fractures in a system is undefined, since 
fractures span all scales. The actual number of fractures in a given window can be 
modeled using fractal concepts, and thus it is necessary to define upper and lower 
cut-off values to generate realizations of the network with a finite number of 
fractures. Furthermore, each individual fracture has distinctive hydraulic features. 
When interpreting tests, it would be necessary to find the estimates of a huge 
number of hydraulic parameters in an inverse framework. The task would be 
formidable, but actually the main problem is not the magnitude, but rather the fact 
that it would be an overparameterized problem. 

A different approach is proposed in this work, where the concept of family of 
fractures is used to reduce significantly the number of parameters to be estimated, so 
that the problem becomes both stable and solvable. The methodology is presented 
next. 

 

2.3 Methodology 

In this section, we present the applied methodology for modeling flow and 
transport in geological fracture media by means of a DFN approach.  Initially, a 
description of the generation of fracture networks is shown.  This methodology 
consists on a series of stages that includes characterization of distribution functions 
for quantity, size, alignment and location of the fractures. A methodology consisting 
of four modulus (each corresponding to one of the given specified distribution 
functions) is then implemented sequentially to produce one realization of a 
fractured system.  
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In the generation process, the sequential concatenation of each one of the 
modulus must follow the principle of conservation of the fracture density.  It means 
that each new generated fracture network must respect the imposed density (within 
the simulation domain) and preserving the size distribution function. The result is a 
synthetic medium, in which additional fractures can be easily added (or removed) to 
enhance connectivity aspects of the network or to include specific fractures that 
have been observed or postulated. 

2.3.1 Generation of the discrete fracture network 

The initial step in our methodology is to define a set of fracture families, 
defined a priori on the basis of available field observations or on tectonics. Each 
family is composed by a number of fractures whose location, geometry and 

orientation are defined in terms of probability density functions (pdf) supported by 

field data such as geological cartography and well logging [see e.g., Nita et al., 2004]. 
The fracture apertures may also be predefined based on field work or on tectonics 

consideration, and also characterized by means of a pdf.  

The fracture network is directly generated from these pdf’s, which may or may 
not be conditional to existing hard data. The usual approach is to select a particular 
geometry that can be easily parameterized. The usual shape is disks. An individual 
fracture is thus characterized in a 3D space by a point (location of the center), a 
length (the radius), three angles (orientation) and a distance (the fracture aperture if 

it is considered constant). All these parameters are drawn from the pdf’s either 
independently or from joint distributions. In the latter case the procedure is to 
follow a sequential method where parameters are drawn from conditional density 
functions. 

2.3.1.1 Spatial location of the fractures (or simulation support) 

In this part of the methodology, the distribution of the fracture centers must 
be obtained. The model most widely used is Poisson, with constant or variable 
density, but other models can also be used, such as Gibbs distribution, “birth-death”, 

“salvo” or fractal [Geman and Geman, 1984]. Regardless the model selected, it is 
necessary to provide a set of values to the variables which parameterize them (see 
Table 2.2).   The simulated area can be populated by individual realizations using 
diverse statistical techniques, including random sampling, genetic algorithms or 

simulated annealing [e.g., Ouenes, 2000;  Tran and Tran, 2007]. 
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Table 2.2  Variables of parameterization of a number of possible 
generation processes 

PROCESS PARAMETER 

Poisson with constant density Number of fractures and field density 

Poisson with variable density Number of fractures, spatial variable of density   P x

Gibbs Number of elements and energy ratio or Gibbs function 

Birth – Death 
Number of initial and final elements and the ratio of 

appearance and disappearance of them. 

Salvo 
Number of initial and final elements per salvo, and the 
distribution functions of the initial and final elements. 

Fractal 
Number of elements and fractal dimension of the cover 

or aggregation. 

 

2.3.1.2 Quantity of fractures 

There are several methods to specify the quantity of fractures in each DFN 
simulation.  It can be directly done by providing a total number of fractures or a 

given (spatially variable) intensity, density or persistence of the fractures [Dershowitz 

and Einstein, 1988; Paredes and Flórez, 2001]. The first method does not establish any 
relation among the existence of the fracture and the rock volume where the 
generation will be done, while the latter links the fracture dimensions to the rock 
massif fractures. 

2.3.1.3 Size of the fractures 

Fracture size is given by a single parameter, that of the fracture radius. 
Associated distribution functions typically used are log-normal, hyperbolic, 
exponential or their truncated versions. In general, these functions can be simply 

described by means of a limited number of parameters  [Bonnet et al., 2001]. A simple 
modification to a DFN approach based on disks is to characterize the fractures as 
ellipses, thus characterized by two parameter distributions, one for the semi-axis 
length and another for axis anisotropy. The fracture size can also be generated by 
pre-specifying their associated area, which is then converted to a disk, an ellipse, a 

regular or irregular polygon, or to any rough surface [Conrad and Jacquin, 1973; Baecher 

and Lanney, 1978; Veneziano, 1978; Dershowitz, 1984; La Pointe and Hudson, 1985; Dershowitz 

and Einstein, 1988]. 

 

Hydrogeology Group – GHS | UPC 



Chapter 2:  Inverse modeling in Discrete Fracture Network     | 35 

 

2.3.1.4 Fracture alignment 

Alignment depends on the geological structure mapped on the stereographic 

sphere [Pincus, 1951; Rodgers, 1952; Watson, 1966; Jupp and Mardia, 1989]. Several 
bivariate (direction and dip) distributions could be used here, such as spherical 

Fisher, Bingham, or spherical Gauss [Solé-Sugrañes, 1977; Fisher et al., 1987].   

2.3.2 From the DFN to a numerical mesh 

Once the DFN has been created, the next step corresponds to convert it into a 
mesh that can be handled by numerical codes. We adopt here a methodology that 
conceptualizes flow in a fracture network as that of a network of interconnected 
channels. The methodology we propose is a modification of the channel model 

developed by Cacas et al., [1990]. The initial point is to find the conductive fracture 
network (a subset of the full network). This network is formed by the cluster(s) of 
fractures that are physically interconnected (not isolated) and also hydraulically 
connected to the boundaries, so that they are capable of conducting water. Finding 
the conductive network allows eliminating clusters of fractures which are 
disconnected from the main fracture skeleton. Removal of these non-conducting 
fractures allows simplifying the overall computational burden in later stages.  

Creating the grid of 1-D elements (channels) is performed in three stages: 

(1) Two intersecting disks are connected by two segments, each one having 
an end (node) located at the disk center. These two points are connected 
by defining an additional node, located at the intersection of the two 
fractures (the actual point selected is that minimizing the total length of 
the segments),Figure 2.2.  

(2) Step 1 is repeated for all intersecting disks (Figure 2.3 top) that belong to 
the interconnected cluster. 

(3) Since from step (1) it follows that each element ije generated can be 

associated to a particular fracture, it is possible to transfer properties from 
the fracture to the element. These properties include not only hydraulic 
parameters, but also the fact that each element can now be associated to 
one of the fracture families (see Figure 2.3 bottom).  
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Figure 2.2  Scheme of the construction of the conductive channel 
network. Whenever two disks intersect, their centers are connected by 
means of two segments sharing a node located at the intersecting line 
between the two disks. The resulting 1D elements (segments) can be 

associated to a given disk (fracture); i.e., elements e12 and e13 belong to the 
conductivity zone associated to fracture 1. The scheme is repeated for all 
fractures in the interconnected cluster. 

 

2.3.3 Flow and transport simulations in a DFN 

The parameters associated with each element in the 1D-channelized mesh are 
hydraulic conductivity ( ) and specific storage coefficient ( ) for saturated flow, 

and porosity (

K sS

 ) and longitudinal dispersivity ( L ) for conservative transport. 

Additional parameters could be considered to account for other processes (sorption, 
diffusion into the matrix, etc.).  

Boundary conditions (BC) must be applied to all elements that intersect a 
given predefined geometry (an external "box" containing the full network, see Figure 
2.3). In principle flow problems would admit all boundary condition types, but it is 
not always easy to select them based on physical considerations. When analyzing a 
flow test, the best way would be to select an external geometry such that it is not 
affected by the test (e.g., null drawdown at all boundaries).  

Interpretation of flow or tracer tests involves a calibration process. Calibration 
can be performed in principle using either deterministic or geostatistical 
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methodologies. Any code that can handle 1D elements in a 3D mesh could be used. 
Observation points should belong to one of the 1D elements of the conductive 
network. The way this is ensured is sketched in Figure 2.4. All fractures, intersecting 
the well are joined to a single node (representing the observation point), creating 
new 1D elements. Since these elements do not correspond to any given family, an 
external family must be created (if deemed necessary it could be one new family per 
observation point).  

In order to carry out the inverse problem, we consider that the actual 
parameter values in each individual element are given by the product of two values: 
(a) one specific number, based on geometrical and connectivity considerations, and 

drawn from a pre-specified pdf, and (b) a scaling factor (termed “family parameter”) 
which is an unknown value that is the same for all elements associated with a given 

family. Only these family parameters are actually calibrated. Thus, the final pdf of a 
particular parameter in a particular family is just rescaled from the values initially 
assigned. 

This strong reduction in the calibration burden makes it possible to solve 
demanding transport problems involving different non-conservative processes such 
as sorption, first-order radioactive decay and matrix diffusion. Whenever one of the 
processes is incorporated into the conceptual model, some additional parameters 
arise. These parameters are treated again as the product of an individual parameters 
for each element times a family parameter to be calibrated.  

 

2.4 Applications to El Berrocal Site 

The methodology proposed is now applied to the interpretation of different 

tests carried out in El Berrocal Site [D'Alessandro et al., 1995; D'Alessandro et al., 1997a; 

D'Alessandro et al., 1997b; Garcia Gutierrez et al., 1997; Rivas et al., 1997], located in the 
Province of Toledo, Spain (see Figure 2.5).  

In this area five fracture families have been characterized according to 
geomorphologic properties, such as size and orientation, strike and dip. Each family 
is defined by the number of fractures, and their location, spatial orientation and 
fracture aperture, each parameter drawn from a predetermined statistical 

distribution. Based on a regional model of the site [Rivas et al., 1997], the extension of 
the simulated block selected was 600 × 600 × 300 m. Detailed methodology about 
generation of the DFNs is shown in the next section. A total number of 100 equally 
likely networks were generated by this method. 
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Figure 2.3 An example of the full procedure of going from a 3-D DFN to a 
mesh of 1-D elements embedded in a 3-D volume. Different colors 
represent the families.  

 

Figure 2.4 Treatment for the observation points.  Two nodes are 
generated for each observation point. One of the nodes is connected to all 
intersecting disks. The two new nodes are also connected through a 1D 
element. Observations are associated to the free node in this element.  
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Figure 2.5  General location of El Berrocal Site, in Central Spain. 

2.4.1 Characterization of the fracture families 

In order to characterize the fracture families at El Berrocal Site, stochastic 
models with discrete variables for shape, type and size of fractures treated as disks 
are considered. These models are presented next.  

2.4.1.1 Distribution functions of fracture location and orientation 

A Poisson process was considered representative of the spatial distribution of 
the fracture centers. Also, based on existing data, two distribution functions were 
found appropriate to represent fracture orientation: Univariate Fisher and Bivariate 
Bingham. Orientations of the different fractures were assessed from televiewer 
logger data in boreholes S.12 and S.13 (see Figure 2.6). Both boreholes are located 
south of a quartz dike that clearly separates two distinct zones. Results of the fitting 
distribution functions of the fracture families are presented in Table 2.3. In a 3D 
problem it could be possible to specify directional-dependent distributions. Since 
such detailed information is not available and invoking parsimony principle, we 
selected distributions with spherical symmetry.  

2.4.1.2 Distribution functions of the fracture size 

The distribution of the fracture size is inferred from the orientation and trace 
size data of the measurable fractures. Since observations are always partial, disk 
sizes need to be reconstructed from measurements. This was done by an 

optimization method using  Simulated Annealing [Deutsch and Cockerham, 1994].   

Two types of distribution: (i) lognormal and (ii) power law were used, both 
sharing the common property of accounting only for positive values of the state 

variable [Elorza et al., 2003].  Power law functions also offer the possibility of 
integrating different scales of work.  Fittings where performed for data collected 
from field at two different scales:  1:10 000 and 1:2 000. The main difference in the 
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simulated fields at the two scales was due to the different cut-off values used in the 
generation process. These cut-off values were selected so that the total number of 
fractures simulated were similar (and thus independent of scale). 

simulated fields at the two scales was due to the different cut-off values used in the 
generation process. These cut-off values were selected so that the total number of 
fractures simulated were similar (and thus independent of scale). 

  

  

Figure 2.6  Location of studied boreholes S2, S13 and S15 at El Berrocal 

Site.  (After García Gutiérrez et al., [1997a]) 

 

2.4.1.3 Distribution functions of fracture density 

Fracture density can be defined in 2D or 3D domains, as the total length of 
fractures per unit of area, 21P , or the total fractured area per unit of volume of rock, 

32P , respectively.  Fracture density is treated as a spatial random function with high 

uncertainty. Additional density distributions may be family dependent. This is 
related to being postulated from the reconstruction of field observations. Figure 2.7 
shows a plan view of the fractures traces observed at the field corresponding to a 
1:2000 observation scale. Uncertainty problems are caused by the scale of available 
information that produces artificial bias in the restitution of alignments or in the 

definition of density of fractures in a specific zone [Paredes and Flórez, 2001] and does 
not accurately represent the whole area or volume of interest. Fractal geometry 

provides a solution, defining the Hausdorff or fractal dimension that identify the 
invariant behavior of the fractured media incorporating information at all scales. 
Fractal dimension in the site ranged from 0.9 to 1.7, depending on the family  (See 
Tables 2.3 and 2.4).  

After the definition of the density, a clipping algorithm, is applied for the 
adequate positioning of fractures in the simulation domain.  
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Figure 2.7 Plan view of fracture traces observed in the field at the 1:2 000 
scale. The boreholes and the trace of the quartz dike location is also 
displayed 

 

Table 2.3  Simulation parameters for the north zone at the 1:2 000 scale.  
P21 and P32 are the surface and the 3D  fracture density fitting parameters.. 

SURVEY 
1:2 000 

FAMILY A 
FISHER 

FAMILY B 
FISHER 

FAMILY C 
BIVARIED BINGHAM  

FAMILY D 
FISHER 

FAMILY E 
FISHER 

DIR;  DIP 5.1; 15.9 330.9; 16.7 235.4; 5 69.3; 4.4 108.4; 9.2 

PARAMETER K = 5.26 K = 6.63 K1 = -11.45     
K2 = -3.81 K = 5.5 5.16 

PDF(L) Lognormal Lognormal Lognormal Lognormal Lognormal 

MEAN 24,3092 40,5031 42,8196 57,679 41,5574 

STANDARD 
DEVIATION 

17,927 24,815 44,876 102,502 33,734 

FRACTAL 
DIMENSION 

1,188 1,744 1,676 0,8979 1,596 

P21 REAL (m-1) 0.002947 0.007903 0.005265 0.0006084 0.007353 

NUMBER OF 
FRACTURES 

32 53 34 4 51 

P32 REAL (m-1) 0,0037199 0,0098891 0.0049653 0,0025898 0,0083553 

MAJOR AXIS   145.2, 2.8   

 

2.4.2 Fracture Network Simulations 

Once the fracture families are statistically defined, synthetic fields of fractures 
were generated at the prespecified scale (1:2 000). Figure 2.8 shows one of the 
network realizations, together with a geological section at an elevation of 0 m 
showing the traces.  This section should be visually and statistically compared with 
that in Figure 2.7. Table 2.5 shows the comparison among the synthetic and the real 
fields. 
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Table 2.4  Simulation parameters for the south zone at the 1:2 000 scale.  
P21 and P32 are the surface and the 3D  fracture density fitting parameters.  

SURVEY 
1:2 000 

FAMILY A 
BIVARIED 
BINGHAM 

FAMILY B 
BIVARIED 

FISHER  

FAMILY C 
BIVARIED 
NORMAL  

FAMILY D 
BIVARIED 
NORMAL  

FAMILY E 
FISHER 

DIR,  DIP 180.4;  33.7 317.3;  42.4 47.8; 14.1 68.9; 12.1 276.6; 16.6 

PARAMETER 
K1 = -13.25 
K2 = -4.58 

K1 = 2 
K2 = 6.32 

K1 = 7.98 
K2 = 25.59        
K3 = 0.24 

K1 =5.52 
K2 = 25.89        

K3 = 0 
K = 6.58 

PDF(L) Lognormal Lognormal Lognormal Lognormal Lognormal 

MEAN 20,2196 33,8663 34,1438 33,748 43,5782 

STANDARD 
DEVIATION 

15,254 27,666 22,732 15,693 28,454 

FRACTAL 
DIMENSION 

1,509 1,581 1,417 1,098 1,436 

P21 REAL (m-1) 0.01007 0.009086 0.005556 0.001335 0.007091 

NUMBER OF 
FRACTURES 

112 55 33 8 33 

P32 REAL (m-1) 0.0137020 0.0159288 0.00628119 0.00108665 0.010352018 

MAJOR AXIS 88.6, 2.8 57.5, 11 227.8, 75.9 248.9, 77.9 96.6, 73.4 

 

 

Figure 2.8  An individual realization of the fracture network at the 
1:2000 scale, with the respective geological section at elevation z = 0 m. 

 

Table 2.5   Comparison of the fracture network statistics of the observed 
(Figure 2.7) and simulated (Figure 2.8) traces 

SECTOR REAL P21 SYNTHETIC P21 
NUMBER OF  

REAL 
FRACTURES  

NUMBER OF  
SIMULATED 
FRACTURES 

NORTH 0,024 0,025 171 152 

SOUTH 0,033 0,029 241 195 
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2.4.3 Flow and tracer tests 

Two types of hydraulic tests were performed at the site,: (i) single hole packer 

and (ii) long term pumping [Rivas et al., 1997]. The former were tested in isolated 
boreholes, more than 20 m in length, with pulse, slug and constant head injection 
under the assumption of 2D radial flow. Heads were measured in boreholes S.2, S.13 
and S.15 by means of pressure monitoring after long period of pumping (about 4 days) 
with a discharge of 0.1 L/min in borehole S.2 (Figure 2.9). Distances of the 
observation boreholes S.13, S.15 to the injection point were 19 m and 22 m, 
respectively. A recovery period of 4 days was also analyzed. Table 2.6 presents the 
general characteristics of the boreholes, and Figure 2.9 the schematic of the 
boreholes. 

Tracer tests were carried out at the same boreholes of the hydraulic test under 
convergent flow field conditions with a pumping flow rate of 0.08 L/min. A 
conservative tracer, deuterium, was injected in borehole S.13 (12.1 g), and a complete 
breakthrough curve was achieved in the pumping borehole (S.2), with a 56.3% mass 

recovered and a peak appearing after 52.3 h of injection [D'Alessandro et al., 1997a; 

Rivas et al., 1997].   
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F2 F1
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Figure 2.9  Packer location at borehole S2, S13 and S15 during tests.  
White intervals have no measurement instruments.  Measurements 
observed in black and white intervals are used for calibration purposes, 
while information from gray intervals is discarded.  Black intervals are 

packers.  Fractures F1 and F2 positions are located as well. (After Guimera, 

et al., [1996]). 
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Table 2.6   Location, depth and diameter of the boreholes (After Rivas et 

al.,  [1997]).  Drv means degrees respect to vertical 

 

POSITION 
BOREHOLE 

X Y Z 

SLOPE 
 [drv] 

DEPTH 
 [m] 

DIAMETER 
[mm] 

S 2 370.056 4 451.186 900.21 95 30.10 86 

S 13 370.058 4 451.194 945.00 20 173.70 101 

S 15 370.088 4 451.010 946.50 30 154.76 101 

2.4.4 Hydraulic test interpretation 

The hydraulic test presented in the previous section is calibrated using the 
approach already presented. The external block simulated was 600 × 600 × 300 m, 
with the pumping and observation points located around the middle part of the 
domain. Boundary conditions applied where no flow in top and bottom, and zero 
drawdown elsewhere, indicating an influence radius of the test assumed to be less 
than 300 m. Preliminary runs proved that no water entered in the system through 
the boundaries, so that external boundaries are quite irrelevant.  

The calibrated parameters represented a single value for hydraulic 
conductivity ( ) and a specific storage coefficient ( ) for each independent 

fracture family, leading to a total of 10 parameters to estimate.  

K
sS

One-hundred different realizations of the DFN were used in the interpretation 
process.  An inverse problem methodology based on a maximum likelihood 

framework Carrera and Neuman [1986a] was used. The code used for forward and 

inverse simulations was TRANSIN IV [Medina et al., 1996], a finite element code that 
can handle 3D meshes of 1,2 or 3D elements. The code solves the inverse problem by 

minimizing an objective function ( ) constructed as an  norm including the 

weighted differences between observed ( ) and computed ( ) heads plus that 

between estimated (

J 2L

ih *
ih

*
ip ) parameters and the values used as prior information ( ip ), i.e.  

     
 

      * *
, ,

1 1

npnh

h i i i p i i i h p
i i

J h h p p J J . (2.1) 

In the expression of , the J   values are the weighting parameters, and nh and 

 are the available number of head and parameter data values.  np
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Forty over the one-hundred networks produced excellent results in terms of a 
very small head objective function ( ) when fitting the transient head data. hJ Figure 

2.10 shows a very satisfactory agreement between simulated and computed 
drawdown. The agreement in Figure 2.11 is obviously worse. In the 100 realizations 
set it is possible to select an objective measure of the goodness of fit.  

 

Figure 2.10 Observed (dots) vs computed drawdown (lines) after 
calibration of a pumping test (pumping in S2.1 and three observation 

points) at El Berrocal using a DFN approach. This network corresponds to 

one of the best fitting (cathegory: good) with a total  J for the heads term 
of 6.7.  

The match between computed and observed drawdown shown in Figure 2.10 

is similar or even better than that presented by [Rivas et al., 1997] applying a mixed 
approach. At the observation point S13.1 it was impossible to get a good fit, either by 
means of a DFN or a porous equivalent model, which probably means that the 
quartz vein is not properly represented by neither of the models. Thus, the weight 
associated the the head data of this point was reduced.  Fracture-family number 4 
was insensitive, meaning that the same fits were obtained independently of the value 
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used for this particular zone. This is an indication that in the vicinity of the test area 
very few, if any, of the conducting elements belongs to that particular family. 

Results were divided in four groups according to their  value. Those groups 

were: good (0 to 10), fair (10 to 20), bad (20 to 50) and unfittable (greatest than 50). 
Around 40% of the networks provided values below 10, and those were selected as 
potential candidates for tracer test interpretations, that will be presented in the next 
subsection.  

hJ

 

 

Figure 2.11 Best fit for a given fracture network realization. This network 

is classified as bad in terms of calibration purposes. In this case J for 

heads only is 34.85 (compare it with that of the previous figure). 

2.4.5 Tracer test interpretation 

The proposed methodology was extended to transport analysis in the forty 
networks, where flow could be calibrated with a good fitting to the observed data, 
thus providing a good to excellent fit of the hydraulic test. A convergent tracer test 
involving the same piezometers was then analyzed. This test was carried out with an 

Hydrogeology Group – GHS | UPC 



Chapter 2:  Inverse modeling in Discrete Fracture Network     | 47 

 

extraction rate at S2 of 0.08 L/min. After a period of homogenization, 235 L of 
flushing water forced deuterium, assumed to behave as a conservative tracer, into 
the formation. Injection can be considered a pulse event. Table 2.7 specifies some 
significant values of the recovered tracer.   

 

Table 2.7 Experimental results achieved from the convergent tracer test 

(After, Rivas et al., [1997]) 

 
Injected mass 

[g] 
% recovery 

Peak arrival 
[hours] 

50% recovery 
[hours] 

Deuterium D2O 12.1 56.3 52.3 173 

 

A double porosity model was considered, along with the processes of 
advection, dispersion and matrix diffusion (ADE + MD). The total number of 
estimated zonal parameters was nine: 

– longitudinal dispersivity, 

– six porosities (one for each family, totalling five, and one for the immobile 
zone), 

– two diffusivities corresponding to the mobile (fractures) and immobile 
(matrix zone), 

In general, all the parameters should be introduced by directional fracture 
family. 

From all the listed parameters, dispersivity is the most complicated one for 
modeling because the fact it is the source of the greatest numerical instabilities.  This 
parameter requires an special treatment for modeling.  Due to each element is 1D 
defined, dispersivity is only treated as longitudinal dispersivity because they do not 
have transversal one. 

Numerical stability of the spatial solution depends on the Péclet number of the 

grid.  This Péclet number must be less or equal to 2 to be stable. If it was necessary, 

the length of the elements was reduced to accomplish the stability need.  Péclet 
number is defined as: 

 
L

L
Pe




 , (2.2) 
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where  is the length of the element. The L Pe  number should be less or equal 
to 2 to ensure stability. This condition is not satisfied in most of the calibrated 
meshes. There are three possibilities for avoiding possible instabilities: (i) treating 
longitudinal dispersivity as a (different) fix value for each family; (ii) fixing the Pe  
value and treating L  as a variable number in function of the length of each element; 

(iii) implementing a fix value for the dispersivity and for the Pe  number. In the 
latter case, the length of the element should not exceed the value in (2.2). This was 
achieved by further discretizing the longest elements. This was the approach we 
used, with the only drawback that it introduced additional nodes and elements in 
the system, and increased the CPU time in the calibration process. 

Calibration can be manual or automated. In the manual case it should be taken 
into account the following considerations: the immobile porosity value affects 
primarily the BTC tail shape, the mobile porosities influence the time corresponding 
to the peak, and the dispersivity conditions the shape of the BTC. The total injected 
mass must also be calibrated to account for partial recovery of the tracer.  

Figure 2.12 shows the fitting BTC for the network that provided the best fit in 
terms of . The deuterium curve was best fitted using an advection – dispersion–

matrix diffusion model [Carrera et al., 1998].  In the 
hJ

Table 2.8 transport parameters 

are shown.  These results are typical of the local scale problems [Dagan, 1986].  

 

 

Figure 2.12 Observed (dots) vs computed concentrations (solid lines) 

after calibrating tracer tests in El Berrocal using a DFN approach using  
deuterium with an advection– dispersion–matrix diffusion (ADE + MD) 
model. 
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Table 2.8  Calibrated parameters of transport in the modeled DFN 

MOLECULAR DIFFUSION 
[m2/s] 

POROSITY [-] 
DFN 

LONGITUDINAL 
DISPERSIVITY 

[m] FRACTURES MATRIX 1 2 3 4 5 MATRIX 

10 78.375 3.21E-02 9.12E-06 1.87E-03 4.79E-12 3.21E-04 9.21E-14 9.03E-04 2.33E-04 

04 88.965 1.00E-01 1.00E-05 1.63E-03 2.68E-09 1.18E-09 9.97E-12 4.74E-09 1.54E-03 

17 70.000 1.00E-01 1.00E-05 1.32E-03 4.55E-04 4.12E-03 5.15E-02 6.27E-06 7.07E-04 

02 65.844 1.00E-01 1.00E-05 1.13E-02 2.86E-06 8.25E-03 9.32E-06 3.77E-06 1.01E-02 

08 81.408 1.00E-01 1.00E-05 2.11E-09 3.42E-04 1.12E-09 9.97E-12 3.99E-09 1.03E-03 

 

In general terms, all the networks that displayed a good calibration of the 
hydraulic head, could also adequately calibrate the tracer test, indicating that a 
proper calibration of a DFN can indeed reproduce hydraulic and tracer tests.  

2.4.6 Statistical Analysis of the estimated hydraulic parameters 

For each individual realization, multiplying the a priori distribution of 
hydraulic conductivity and storativity in each family by the zone parameter, we 
obtain the posterior distribution of the hydraulic parameters.  

In general terms, both have a monomodal distribution for each family. 
Contrarily, when all families are compiled together, the corresponding distributions 
are bimodal. Figures 2.13 and 2.14 show respectively the histograms of frequencies 

for K and Ss in the DFN with lowest  (best fitting). In this particular network 

family 04 (including very little number of fractures) seems insensitive to flow 
analysis, and could be removed from the plot.  

hJ

Previous works [Guimera et al., 1996; Rivas et al., 1997] found an effective 
hydraulic conductivity for El Berrocal granitic massif to range between 10-3 and 10-4 
m d-1, considering an EPM approach. Storativities ranged around 10-5 and 10-7. 
Results achieved with our DFN approach agree with the latter result, but provide a 
completely different value for the mean hydraulic conductivity, of 1.94 m d-1.  

Figures 2.16 to 2.20 show the distribution of the ensemble fracture parameters 
separated in families (for all 100 networks). The mean value of hydraulic 
conductivity of each family seems to be greater than the mean value for the network 
corresponding to best fitting (Figures 2.14 and 2.15).   

2.5 Conclusions 

 

We provide a methodology to calibrate a three-dimensional fracture network 
based on head and concentration data. The methodology was applied to a hydraulic 
test and a tracer test that took place in a site located in Central Spain.  

Ph. D. Dissertation | L.D. DONADO 



50 |     On multicomponent reactive transport in porous media:  From the natural complexity to analytical solutions 

 

One hundred different realizations of a DFN were used in the calibration 
process. Eighty per cent (80%) of the networks analyzed presented acceptable 

agreement with observed drawdowns (i.e., a low value of the objective functions for 
heads). Furthermore, about 30% of those provide an excellent fitting in terms of 
heads. Fittings are comparable with, and in some cases better, than those obtained 
by means of an approach based on an equivalent porous media with embedded 
fractures. The methodology allows one to calibrate a relatively small number of 
parameters, making the calibration process possible. The actual fitted parameters 

(zonal K and Ss values) vary with each simulation. Families that do not contribute to 
flow can be detected by this method. The tracer test interpretation allows additional 
parameters to be estimated, such as porosity and dispersivity, along with the 
porosity and dispersion coefficient of the immobile zone if a double porosity model 
is adopted. 

In conclusion, the methodology presented allows calibrating the relevant 
parameters corresponding to a DFN. The definite advantage of the method is that 
the DFN simulated is not unique, so this methodology can be easily and immediately 
applied in a geostatistical framework, thus making it easier to give physical meaning 
to the calibrated values. 
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Figure 2.13  Histograms of the distribution of Hydraulic Conductivity for 
the best fitting network. The representative values are: Kmean=1.95 m d-1; 
log Kmean=-0.14; VAR[log K] = 0.45. 
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Figure 2.14 Histograms of the distribution of Storativity for each family 

in the best fitting network. The representative values are: Smean=2.5  10-6; 
log S = -6.09; VAR[log S] = 0.32 
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Figure 2.15  Histograms of the distribution of Hydraulic Conductivity 
(top) and storativity (bottom) for Family 03 in all the generated DFNs.  
The representative values are shown in each chart. 
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Figure 2.16  Histograms of the distribution of Hydraulic Conductivity 
(top) and storativity (bottom) for Family 02 in all the generated DFNs.  
The representative values are shown in each chart. 
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Figure 2.17  Histograms of the distribution of Hydraulic Conductivity 
(top) and storativity (bottom) for Family 03 in all the generated DFNs.  
The representative values are shown in each chart. 
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Figure 2.18  Histograms of the distribution of Hydraulic Conductivity 
(top) and storativity (bottom) for Family 04 in all the generated DFNs.  
The representative values are shown in each chart. 
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Figure 2.19  Histograms of the distribution of Hydraulic Conductivity 
(top) and storativity (bottom) for Family 05 in all the generated DFNs.  
The representative values are shown in each chart. 
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Chapter 3 

Reaction rates for mixing‐controlled 
reaction in multi‐continuum media 

3 REACTION  RATES  FOR  MIXING‐

CONTROLLED  REACTION  IN  MULTI‐

CONTINUUM MEDIA 

3.1 Introduction 

Reactive transport through natural permeable media incorporates complexity 
at different levels. On the one hand, aquifers are heterogeneous in terms of hydraulic 
parameters. On the other hand, reactions may require incorporating a large number 
of aqueous and solid species and a variety of reaction types. Coupling these two 
complexities is not trivial. Hence, multicomponent reactive transport has been 
traditionally modeled by means of the advection-dispersion equation (ADE) with 

additional terms to represent reactions [e.g., Cederberg et al., 1985; Rubin, 1990; Wang 

and VanCappellen, 1996]. These terms can include all kinds of reactions and affect 
hydraulic properties (e.g. porosity or hydraulic conductivity), causing the problem 
to be coupled and difficult.  

Hence, efforts have concentrated on developing solution methodologies with 

emphasis on accurate representation of multicomponent reactions. However, Rezaei 

Ph. D. Dissertation | L.D. DONADO 



58 |     On multicomponent reactive transport in porous media:  From the natural complexity to analytical solutions 

 

et al. [2005] showed that the rate, location and occurrence conditions for equilibrium 
reactions may be controlled more by transport, specifically mixing, than by 
chemistry. This is true not only for equilibrium reactions but also for fast 

degradation reactions [see Borden and Bedient, 1986; Cirpka and Valocchi, 2007]. In fact, 

De Simoni et al. [2005] derived an equation for equilibrium reaction rates that 
expresses this dependence explicitly. In this expression reaction rate is proportional 

to a mixing factor as expressed by a term similar to the dilution index [Kitanidis, 

1994]. This point is further stressed by De Simoni et al. [2007], who write reaction 
rates using the dilution index in terms of mixing ratios. Aside, from the fact that this 
may be computationally advantageous whenever the number of end-member waters 
is smaller than the number of components, it illustrates that mixing is indeed what 
controls many chemical reactions.  

The main difficulty in dealing with reactive transport through heterogeneous 
media lies precisely on how to characterize mixing. Mixing has been traditionally 
described by dispersion coefficients. In fact, macrodispersion coefficients account 

for the effect of heterogeneity [Gelhar and Axness, 1983; Dagan, 1986; Neuman et al., 1987]. 
However macrodispersion measures spreading (rate of growth of plume moments) 
rather than mixing. Therefore, it is inadequate for simulating reactive transport. As a 
result, thorough analyses of the effect of heterogeneity on reactive transport have 
been restricted to explicitly simulated variability of hydraulic conductivity and use 

of local dispersion. Such is the case of Molz and Widdowson [1988] or Fernandez-Garcia et 

al., [2008], who used a stratified medium, or MacQuarrie and Sudicky [1990] and Luo et 

al. [2008] who considered a random field. These kinds of approaches yield insight 
into the effect of heterogeneity. However, they are hard to generalize and 
cumbersome in practice.  

It is clear that a simplified transport equation discriminating between mixing 
and spreading is needed. Attempts along this line have been made in what can be 
termed effective dynamics approximations. Most of these consist of the inclusion of 
an immobile region in semi-phenomenological approaches that lead to methods such 

as the memory function [Carrera et al., 1998], multi-rate mass transfer (MRMT) 

[Haggerty and Gorelick, 1995; Wang et al., 2005], or continuous time random walk 

(CTRW) [e.g., Berkowitz and Scher, 1998; Berkowitz et al., 2006]. All these methodologies 
share the concept that if the medium is homogenized, there is a need to incorporate a 
term in the governing equation that accounts for memory of the micro-scale 
heterogeneities that solutes have sampled along their path. These memory effects 
influence transport at the large scale. 

So far, effective dynamics have been explored in the literature only for solutes 
that are either conservative or that sorb reversibly to the mineral phase. While 
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sorption reactions can be of interest for many environmental reactions, it is also true 
that other type of reactions must be incorporated in the analysis in order to have a 
complete picture of the effect of heterogeneity upon multicomponent reactive 
transport. Moreover, the fact that they explicitly discriminate between mixing and 
spreading makes them ideally suited for reactive transport. In fact, these models 
make an explicit attempt at representing the complexity of transport at the pore 

scale [Lichtner, 1985]. The fact that effective dynamics approximations incorporate 
pore scale complexity and a clear discrimination between mixing and spreading is 
hopeful, but not sufficient. To be accurate, these approximations would have to 
accurately represent mixing, which to date has not been proven. What these 
approximations yield, after calibrations is a proper reproduction of the pdf of travel 

times [Luo and Cirpka, 2008]. This is necessary for reproducing mixing, but not 
sufficient. One can envision cases where a given pdf is the result of mixing as well as 
the superposition of nearly independent flow tubes. It is clear that further research 
is needed to ascertain under which circumstances mixing is properly reproduced. 
One way to do so would be by comparing breakthrough curves of reacting and 
conservative tracers. To this end, we need to have analytical solutions for 
multicomponent reactive transport using effective dynamics approximations. 

 Analytical solutions for rather general multi-component reactive transport 

problems are available [e.g., Sun et al., 1999; Clement, 2001; Serrano, 2003; Quezada et al., 

2004; Sun et al., 2004; De Simoni et al., 2005; Werth et al., 2006; De Simoni et al., 2007]. 
However, these analytical procedures are restricted to physical and chemical 
homogeneity. With the notable exception of adsorption and linear decay processes, 
few published papers address the use of analytical methods for solving reactive 
transport problems in heterogeneous media. This is ironic as heterogeneity is 
arguably the most singular characteristic of natural aquifers. Attempts at dealing 

with heterogeneity through perturbation approaches [Miralles-Wilhelm et al., 1998; Luo 

et al., 2008] have met with limited success. Certainly, no solution is available for 
multicomponent reactive transport using effective dynamics approximations. The 
main reason is that effective dynamics methods are non-local, that is, they work with 
concentration distributions rather than local values, which are the ones needed for 
simulating reactions.  

In this work, we deal with heterogeneity in terms of an effective transport 
model using the multi rate mass transfer approach (MRMT), which represents the 
heterogeneous media as a multi continuum of a mobile and several immobile regions. 

Solute is exchanged between these regions by linear kinetic mass transfer [Haggerty et 

al., 2000]. The MRMT approach is equivalent to a certain implementation of 

continuous time random walks (CTRW) [Dentz and Berkowitz, 2003]. We prove the 
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impact of mass transfer on reactive transport in terms of explicit expressions for the 
reaction rates in the mobile and immobile regions. 

3.2 Mathematical Model 

A multicomponent reactive transport problem is defined by (i) the chemical 
system, including the aqueous and mineral species involved and the reactions taking 
place amongst them and (ii) the transport model defined in terms of mass balance 
equations. In this work all reactions are assumed to be in chemical equilibrium; that 
is, the characteristic reaction time is much smaller than the characteristic diffusive 
time.  

We first write the full multicomponent reactive transport problem in terms of 
chemical components. Then we extend it to multicontinuum media. The resulting 
system yields a suite of uncoupled conservative transport problems. Reaction rates 
can then be written explicitly in terms of the components and the prespecified 
memory function.  

3.2.1 Chemical system  

The main assumption in this work is that all reactions are in chemical 
equilibrium. Thus, they can be represented by means of mass action laws, written 

here in matrix format [e.g., Saaltink et al., 1998]: 

 log logS c K , (3.1) 

where S  is the stoichiometric matrix,  is the vector of species concentrations 
(mass of species per unit volume of fluid), and K  contains the equilibrium constants 
for all reactions involved. Mass action laws hold for both homogeneous (i.e. all 
reactants in the same phase) and heterogeneous (some reactants in aqueous and 
some in solid phases) reactions.  

c

Components can be defined as linear combinations of species, that remain 

unaffected by equilibrium reactions [Saaltink et al., 1998]. This linear relation can be 
written as  

 u Uc , (3.2) 

where u  is the vector of components, and U  is termed the components matrix, 
satisfying 

  0TUS . (3.3) 
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Most methodologies to solve geochemical reactive transport problems are 
based on posing and solving the problem in the component space. Concentrations 
can then be obtained from speciation calculations. These consist of solving (3.1) and 
(3.2) for c  given . u

3.2.2 Reactive transport in single continuum media 

The governing mass balance equations can be written in compact form as 

     , ,tt L t
t

 
   

c x M c x f x ' ,t , (3.4) 

where   is porosity; M  is a diagonal matrix with terms equal to either unity 

for aqueous species, or zero for minerals; and  is a sink/source term (mass of 
species per unit volume of aquifer and unit time). This last term accounts for the 
mass of a given species that is produced or lost due to chemical reactions (e.g., 
precipitation will be a net loss of mass of each of the reacting species, and a gain in 

the mineral species). The linear operator 

'f

 t cL  accounts for advection and 

diffusion/dispersion  

      , , ·tL t t t        c x q c x D c x,  , (3.5) 

q  being Darcy’s flux and D  the dispersion tensor. The sink/source term  in 'f

(3.4) is a linear combination of reaction rates, since a single species can be involved 
in more than one reaction with different stoichiometric coefficients. Defining r  as 

the vector of reaction rates, it is possible to write [e.g., Saaltink et al., 1998] 

 ' ' . (3.6) Tf S r

Notice that this formulation implicitly assumes that all species are subject to 
identical transport processes, which is clearly true for advection and mechanical 
dispersion, but could be argued for molecular diffusion and porosity. 

3.2.3 Reactive transport in multicontinuum media 

Solute transport through heterogeneous media faces difficulties as it makes it 
impossible to accurately know the spatial distribution of q . This implies that any 

solution of (3.4) will lead to uncertain c  values. Several approaches, either analytical 
or numerical, are available in the literature to tackle this problem. Analytical 
approaches to transport problems can be classified broadly into two groups: 
perturbation approaches and effective dynamics. In the former, the main idea is not 
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to reproduce concentration values at the local scale, but rather to find their low 
order statistical moments (typically, expected value and variance-covariance of 
concentrations). The process usually involves ensemble averaging, which smoothes 
out spatial fluctuations. As a result, transport parameters derived from conservative 
transport using these methods cannot be used for simulating mixing driven reactive 
transport. In the latter group, the goal is to find an effective equation to substitute 
the ADE approach.  

Several alternatives can be used to model effective dynamics (FADE [Benson et 

al., 2000a; Cushman and Ginn, 2000]; CTRW [Berkowitz and Scher, 1995; Berkowitz et al., 

2006]; MRMT [Haggerty and Gorelick, 1995; Carrera et al., 1998; Lawrence et al., 2002]). 
Most of them include non-local terms that hinder reactive transport calculations. 
However, some of these formulations can be localized using multicontinuum 
methods. In essence, these consist of viewing the medium as the superposition of a 
mobile and an ensemble of immobile continua. These regions interact so that solute 
mass is transferred between the mobile and each of the immobile regions. This model 
originated in the physical-chemistry literature where it was used to model photon 

trapping [e.g., Schmidlin, 1977] or non-instantaneous adsorption in batch reactors [e.g., 

Connaughton et al., 1993] using a finite number of immobile phases. The model (usually. 
but non-uniquely, termed Multi Rate Mass Transfer -MRMT- model), was later 

coupled to transport [Haggerty and Gorelick, 1995] and further extended to a 

continuous suite of immobile phases [Haggerty and Gorelick, 1998]. The resulting 

breakthrough curves are analogous to those measured in the field (i.e., in physically 
heterogeneous media). This prompted several authors to propose similar models as 

an alternative model for transport through heterogeneous media [Berkowitz and Scher, 

1998; Carrera et al., 1998; Haggerty et al., 2001]. Sanchez-Vila and Carrera [2004] 
demonstrated that in the limit of large distances a diffusive problem provides 
approximately the same statistical moments as a macrodispersive model in a 
stationary field, thus extending the range of validity of the formulation to large 

scales. Dentz and Berkowitz [2003] showed the equivalence between CTRW and 
MRMT models for particular cases. 

Multicontinuum models for conservative species are fully defined by the 
distribution of  , first order exchange rates between the mobile and the immobile 

continua. This distribution,  f  , can be seen as the fraction of immobile sites that 

transfer mass at a given rate   [T-1]. This distribution is directly related to the 

better known concept of memory function [Carrera et al., 1998; Haggerty et al., 2000], by 
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    
0

tg t f e d  


 , (3.7) 

Solute mass is distributed between mobi


le and immobile regions which 

concentrations  ,m tc x  and  , ,im tc x , respectively (all con tions expressed 

as 

centra

mass per me Notice that the latter is an unit volu of fluid).   dependent 
distribution of concentrations because concentration in the immobile region 
depends on mass transfer from the mobile region.  

Thus, the total concentration at a given point in space  ,t tc x  can be written 

as 

t d       
0

, , , ,t m m im imt t f      c x c x c x



 , (3.8)  

where m , im , and ( ) m im    are mobile, immobile, and total porosities, 

respectively.  

Mass balance of aqueous species needs to be defined both for the mobile 
(flowing) and immobile (no flowing) regions. Mobile region mass balance is 
analogous to (3.4)and reads 

            
0

, , , , , ,m m im m im t m m mt t t f d L t t
t

      



         c x c x c x c x f x .(3.9) 

The




 second term on the left hand side describes first-order mass transfer 
between the mobile and the immobile regions,  is a sink/source vector and 

orresponds to the mass removed by reactions from the mobile z
of fluid in the mobile zone and unit time. Mass balance in the immobile regions is 
given by  

mf

c one per unit volume 

 
       , ,

, , , , ,im
m i im

t
t t t

t m


  


    

c x
c x c x f x , (3.10) 

here the first term on the right hand side expresses the mass exchanged with 
the mobile zone a

w
nd corresponds to the mass removed by reactions from that  imf  
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particular immobile zone (of volume ( )im f 
(3.10)

) per unit volume of fluid (in the

immobile zone) and unit time. Integrating  with the weight 

 

( )f  , multiplying 

by im  and adding the resu (3.9)

ba io

 

lting equation and , yields the integrated mass 

lance equat n 

       , , ,m m im ,mt t t
t

  tL t


  c

tive 

  
c x x x f xΓ , (3.11) 

where  represents the time deriva of th
immobile regions  

Γ e total concentration in the 

      im

0

, ,t f t
t

, d  
x xΓ





c

, (3.12) 

and integrates reactions in the mobile and immobile regions (i.e. the total 
mass removed from the system by reactions per unit volume of aquifer and unit time). 

 

f  

It is equal to 

   , ,

,

m m im imt t

total

 
0

( ) , ,

,

f t d

m total

    


   f x

f

im

f x f x

f




. (3.13) 

In (3.13) 
,m totalf  and 

,im totalf  are the contributions to the total reaction rate 

taking place in the mobile and immobile domains, respectively.  

Up to this point, the system consists on  equations (3.11) (3.10) (one for s

each

N  and 

   value if we use a discretized version of (3.11)) for ma ance, plus a 
nu

ss bal
mber of equilibrium equations. This problem is nonlinear and must be solved for 

every ( , , )tx . Simplifications must be sought. To this end, we formulate t e 

problem in terms of components in th

h

e next section.   

Defining the system in terms of components 

Working with chemical components simplifies the mass b lance equations 
system given by (3.10) and (3.11). Pre-multiplying equations (3.10) (3.11) by 

(3.3) and (3.6), we obtain: 

3.2.4 

and using  

a
 and U , 
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       
0

, , ,im
t mt d L t

t
 

,m m imt f
t

  



   

x u x , (3.14) 

 

  u
u x

     , ,
, ,im ,im

t
t t

t





m   

u x
x u x , (3.15) 

where  and  are the vectors of mobile and immobile 

concentrations respectively, given as  

 ; and 

u

mu imu component 

m m im imu Uc u Uc . (3.16) 

Solving (3.14) for , we obtain  

 t . (3.17) 

imu

       '0 0

0

, , , ' ' *

t

t tt t
im im m im mt e e t dt e e        u x u u x u u

 0 ,im u x  being the initial condition. Substituting (3.17) into (3.14) we obtain 

the governing equation for

 

 mu  

   0
0, * ,m m im m im m t m

g
t g g L t

t t
            

u x u u u u x . (3.18) 

 

Concentrations of all species in either facies can be obtained via the flowing 
equential approach: s

ain . This is a linear partial differential 

3. Obtain  and by speciation. Several numerical codes capable of this 

are available in the literature. 

1. Solve equation (3.18) to obt  mu

equation and can be solved by means of any of the existing codes that can 
solve transport of conservative species with a multicontinuum approach, 

2. Obtain imu  from expression (3.17). 

mc imc  

Ph. D. Dissertation | L.D. DONADO 



66 |     On multicomponent reactive transport in porous media:  From the natural complexity to analytical solutions 

 

3.2.5

d (3.10).  Alternativ , it i ssible 

e 

 

 Evaluation of reaction rates 

Total reaction rates may be obtained by means of mass balance considerations 
from (3.9) an ely s po to derive an explicit expression for 
the direct evaluation of the total reaction taking place in the system. The resulting 
expression (se Appendix A.1) is  

 0
0

T
m m m im im

g * im
m m im m g f d

t t
   

       u
f H u D u J u u J , (3.19) 

 
 

where H  is the Hessian matrix of the species’ concentration with respect to 
the components in the mobile phase (the components of the k-th reaction Hessian 

are given by 2
, ,

k k
ij m m i m jc u u     , , 1i j  ,…, s rN N  where k

mc  is the secondary species 

De Simoni et al., 2005], for details). In a similar 

way, imJ  and mJ  represent the Jacobian matrix of the species concentration with 

respect to the components either in the immobile phase (

associated to the k-th reaction, see [

, , ,ij im i im jc u   ) or in the Jim

, , ,J   m ij m i m jc u ). The total reaction rate is

 quantifies the impact o
n

mobile phase (  the sum of three terms 

f dispersion 
le e second a d third terms together 

acco

 th eacti ing place in the immobile regions. Actually, 

he first term is identical to the one derived b
transport in homogeneous media.  

3.3 

3.3.1 Problem Statement 

We consider a system consisti
precipitation/dissolution reaction of two solutes (  and ) in equilibrium with a 

solid mineral (species ): 

)

on the right hand side of (19): (i)
induced mixing in the mobi

 the firs
regi

ons tak

t term
on; (ii) th

unt for the enhanced mixing of the reacting species due to mass transfer 
between the mobile and immobile zones, incorporating memory effects through 

 g t and the impact of e r

t y De Simoni et al. [2005] for reactive 

Particularization for a binary system 

ng of an instantaneous bimolecular 

1B 2B

3M

1 2 3(saB bB M  . (3.20)  

For simplicity, but without any loss of generality, we consider , so that 
we have the following stoichiometric matrix:  

 . (3.21) 

1a b 

1

1
T  
  
 

S
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The law of mass action is expressed for both the mobile and the immobile 
oncentrations  

 

c

1 2
log log logm mc c  K  and 

1 2
log ( ) log ( ) logim imc c K      (3.22) 

The mass balance equations for the two aqueous species are: 

 
       

,
, , · , ,i

i i

m
m im i m m m

c t
t c t c t r i

t
  


          

x
x q x D x 1,2  (3.23) 

 

with 

    
0

, ,
, iim

i

c t
t f d


t

  
 


x


x  (3.24) 

3.3.2

f the system to satisfy (3.3). Amongst the different 
possibilities, the simplest one will be to select  

 

 Solution 

Following the general methodology of section 3.2, it is necessary to define the 
mobile conservative components o

 1 1 U . (3.25) 

in, and another one for each mass 
transfer rate in the immobile one. 

This implies that the system can be fully defined in terms of a single 
conservative component for the mobile doma

 
1 2m m mu c c   and 

1 2
( ) ( ) ( )im im imu c c    . (3.26) 

The governing equation for (now the individual term in vector ) is (3.18). 

If an analytical or numerical solution for  to a given transport 

hen can be obtained explicit 7). 

If the equilibrium constant does not depend on the concentrations of the 
speci bined with 
(3.26) to explicitly obtain the species concentrations in terms of the components 
concentrations: 

mu  

ly fr

mu

problem is obtained, mu

3.1t om ( imu  

es, the mass action law equations (3.22) in either phase can be com
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,

( 1) 4

2

j
im im

im j

u u
c

  
 

K
. (3.27) 

Finally, the total reaction rates in the system can be obtained from: 
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In this particular chemical configuration the derivatives of species 
concentrations with respect to components used in (3.28) and (3.29) are explicitly 
given by  

 

 (3.29) 
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c u
u u K
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c K
u u K


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     1,2j  . (3.31) 

3.4 Application Example: 1-D fixed-step function 

f the methodology proposed is that, whenever the 
able analytically, so too is the multi-

comp

A significant feature o
transport of conservative species is solv

onent reactive transport problem. This is illustrated by means of an example of 
a 1-D column with constant input concentration with a discrete distribution of mass 
transfer coefficients. 
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3.4.1 Problem statement 

The material in the column is completely saturated with water in chemical 
equilibrium with the crushed mineral acting as porous media. We assume initial 

concentrations of components 0 0 0m imu u   (or equivalently 
0 0 0 0

1, 1, 2, 2,m im m imc c c c K    ). At the inlet, a solution with a different chemical 

signature (though still in equilibrium with the mineral), is injected. Despite the fact 
et-up leads to mineral precipitation along the column (located 

entially at the inlet), we will consider that the total prec
sufficient to cause changes in porosity or permeability in the medium. Accounting 
for variations in hydraulic parameters is tions of the 

onservative transport are sought nume ignifican

analytical solutions. The flow applied is steady-state and uniform, with a value 

that this s
prefer ipitated amount is not 

not a limitation if the solu
rically, but sc tly complicates 

xq . 

The system is best presented in dimensionless terms: 

2

 0 2

' 1 ' '
' * '

' ' ' '
m m m

m m

u g u u
g u u

t t Pe x x
            

, (3.32) 

 , , , ' , ' , 'x im
adv m m

x m m adv

L q L t x
t Pe t x u

q D t L K
mu 

 
      , (3.33) 

where is the characteristic length of the column. Additional dimensionless 
ariables are 

 

L  
v

, ' , ' , 'm im
adv m im im

c c u
t c c u im     . (3.34) 

The initial and boundary conditions are: 

 
0

 (3.35) 

in Laplace space and is d

K K K

 
   

' ', ' 0 0 '

' ' 0, ' ; ' ' , ' 0 ' 0
mu x t x

u x t u u x t t

  

    0m m

The solution is obtained  describe  in Appendix 2.  

      0 4
' ', exp ' exp ' 1 1

2 2m

u Pe Pe
u x s x x s g s

s Pe


                
 (3.36) 
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Pewhere  is the Péclet number and the dimensionless memory function in 

aplace space is given by    
0

f
g s d

s

 







L , and   c

dimensionless mass transfer rate. Expression (3.36) cannot be back-transformed 
analytically, but can be presented in terms of the corresponding solution for 
homogeneous media:  

 

orresponds to the 
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          

 (3.37) 

roperties of Laplace transform, the final solution is given as 

  

From the p

         1 1
1' ', ' ' ', * ' ',m m mu x t u x s u x s   2 . (3.38) 

It should also be noted that 

 

   1
1' ',mu x s  corresponds to the well-known 

 

solution provided by Ogata and Banks [1961], for a pulse injection in a homogeneous 
media, given by  

   0
1

' ' ' '
' ', exp ' erfc erfc

2 2 2' '
m

Pe x t Pe x t
u x t Pe x

u

Pe t Pe t

    
             

 (3.39) 

incorporating the effects of heterogeneity by the inclusion of the memory function. 

3



In short, (3.39) is the convolution of the Ogata-Banks solution with a function 

From ( .37),  when   tends to zero (homogeneous problem), then  ' ', 'mu x t  

reduces to the Ogata-Banks solution.  

Heterogeneity within the 1-D column 
N

3.4.2 Reaction rate 

is modeled by a multiple sites mass 

transfer probability density function (pdf) described by    
1

j j
j

f p   


  , 

where   is defined by a discretized version of a gamma function. We selected two 
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functions in order to analyze   values ranging from very small to int

s 

ermediate 

(denoted a


0  and 


1 , respectively). The actual  ,j jp  values used are displayed 

in Table 3.1. In the first of  (model  these cases


0 ) the   values are all less than one 
with the lar vgest 0.1  corresponding to alue of p . In the second case the largest 

p  value corresponds to 1.0 

maliz

) used in th

 

.  

Table 3.1

(
N

j


 Nor

1

MODEL

ed reaction rates  prob  

odels 3.4.2. 

 and c

 defined in section 

orresponding abilities

1
jp  e two m


0  MODEL 


1  

j j  jp jp    

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

0.4097 
0.1771
0.0916 
0.0601 
0.0485 
0.0443 
0.0427 
0.0421 
0.0420 
0.0419 

 
0.0397 
0.3043 
0.3754 
0.1982 
0.0640 
0.0150 
0.0028 
0.0005 
0.0001 

0.4 
0.7 
1.0 
1.3 
1.6 
1.9 
2.2 
2.5 
2.8 

  

 

o zone is obtained from a discretized 
rsio

The total reaction rate in the imm bile 
ve

 

n of (3.28) written in dimensionless form  

  ,2,'
' ' '

'
im jadv

j j

c
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tK

 
  

,2c  ,2,m im jc

1

N

j

im imr r
im

t




   (3.40) 

The corresponding total reaction rate in the mobile zone (extension of (3.29)) 
is: 
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 (3.41) 

where the memory function is  
1

j

N

T
j j

j

g T p e  



 . 

In (3.32)  we have separated the contributions from the mixing part (i.e., the 

corresponding reaction if   is taken equal to zero) from that of the heterogeneous 

domain (i.e., the contribution of the memory function plus reactions in the immobile 

The specific chemical problem considered is precipitation of siderite 

zone in our MRMT model). 

( 2+ 2-
3 3FeCO =Fe +CO ) with an equilibrium constant  log 25º 10.7K C    

[Coudrainribstein and Morel, 1987]. The porosity ratio was fixed at a constant value of 

 following the indications of Sanchez-Vila and Carrera [2004]. The reaction rate is 

computed by the inverse Laplace transform of (3.37) using the de Hoog  

[Hollenbeck, 1998]. Results are discussed in the next section.  

3.5 Evaluation of the reaction rates 

The dimensionless mass transfer rate (

5/7,

 algorithm

 ) represents the ratio between mass 
transfer rate and advection rate. It has a strong influence on the behavior of 
breakthrough curves (BTCs) of the dimensionless immobile concentration. In the 


0  model, mass transfer is very slow. Correspondingly, solute transfers back to the 

mobile zone with difficulty, causing significant tailing in BTC's. In the 


1  model the 
characteristic times of mass transfer and dispersion are similar. Finally it should be 

noted that if all   values were very large (i.e., mass transfer between the mobile and 
immobile phases is instantaneous), the system would respond as that of a 
homogeneous media with a retardation factor equal to 1  , and consequently 

reactions could be obtained from the results of De Simoni et al., [2005]. 

We s g at the reactive transport problem presented in the 
previous section in terms of norma ed concentrations. Due to the particular choice 
of boundary conditions (step-input function), the initial water will eventually be 

tart by lookin
liz
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substituted by the input water. This effect takes place faster in the mobile phase and 
eventually transmits to the different immobile phases (according to the 
corresponding   values). In Figure 3.1 we see the evolution of the concentrations of 

the components with time for two particular values of Pe (= 0.1, i.e., diffusion-

dominated problem or 10, i.e., advection-dominated problem) and for three different 

distances ( 0.1,  1  10x and ). Unless stated otherwise, all figures include only the 

results corresponding to model 




0 . In the figure we observe a clear separation 
between the curves corresponding to the mobile and the immobile zones (the latter 
is actually the weighted arithmetic average of the component concentrations). For 

the diffusive case (smaller Péclet number) the changes in the mobile zone occur 
earlier, which is a reflection of the diffusive front that propagates through the system. 
For completeness, Figure 3.2 displays the corresponding concentration of aqueous 
species obtained from the normalized expressions of the actual concentrations (3.27). 

The distribution of reaction rates in space and time is presented next. 

 

s a
action is driven by the mass transfer 

term. While this holds true for both Péclet numbers, it is clearly visible that the mass 

transfer term is more important in the higher Péclet number case. At short times, the 
concentration gradients are large and the reactions are driven by mixing due to local 
dispersion. With increasing time, gradients are smoothed out and mass transfer 
dominates over local dispersion as a mixing mechanism and becomes the dominating 
driving force of chemical reaction. This effect is more pronounced for advection-
dominated transport (

Figure 
3.3 displays the various contributions to the total reaction rates over time at three 
points in space. For the point closest to the inlet the mixing driven contribution (see 
equation (3.41)) is largest and it is only at late times that the mass transfer 
contribution dominate nd becomes the main contributor to the total reaction rate. 
For large travel distances almost all of the re

Pe  = 10). After the smoothing out of the large initial gradients, 
local dispersion plays only a subordinate role. 
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Figure 3.1  and  (weighted averaged) over time at three points 

in space : x=0.1 (top), x=1 (middle) and x=10 (bottom) for two Peclet 

numbers: , Pe=0.1 (solid line); , Pe=0.1 (dashed); , Pe=10 

(dash-dot); , Pe=10 (solid bold). 

'mu

'mu

'imu

'imu

'imu 'mu
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Figure 3.2 Concentration of the two aqueous species in the mobile and 

immobile zones (weighted average) and for the case 0.1Pe  : 

' 0.1 x  (top), x=1 (middle) and ' 10 x  (bottom):  (solid line); 

 (dashed);  (dash-dot);  (solid bold). 

1' mc

1' imc 2' mc 2im'c
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(a)                    (b) 

Figure 3.3  Reaction Rates with time at three points in space : 

' 0.1 x  (top), ' 1 x   (middle) and ' 10x   (bottom). The total 
reaction rate is the sum of the three individual contributions presented in 
equations (3.40) and (3.41): mixing term (solid line), mass transfer term 
(dashed), and total reaction in the immobile zone (dash-dot). The plots 

correspond to two different Pe values: (a) 0.1Pe   (b) 10Pe  . 

 

 

The presence of mass transfer between mobile and immobile zones leads to a 
broader temporal distribution of the reaction rates, which indicates that the system 
relaxes to global equilibrium at later times than for a homogeneous medium, for 
which mixing is exclusively due to local dispersion. These features are also reflected 
in the spatial distributions of the reaction rates, illustrated in Figure 3.4 (for two 
different times, t = 0.01 and t = 1). Close to the inlet, the different contributions to the 
total reaction rate are basically constant and decrease fast in the vicinity of the 
diffusive front. At small dimensionless times (t = 0.01) the mixing term dominates 
over the mass transfer term everywhere both for the   0.1Pe   and   10.0Pe   cases. 
For t = 1, the mass transfer term is of increasing importance. In the diffusion 
dominated case (   0.1Pe  ), the mass transfer and mixing terms are almost equal. 
For the advection-dominated case (   10.0Pe  ), the mass transfer term clearly 
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dominates over the mixing term everywhere. The mixing term is small close to the 
inlet and increases towards a maximum close to the diffusive front, which reflects 
the spatial distribution of the gradient of the mobile component. In absolute terms, 
the largest reaction rates occur close to the inlet (see Figure 3.5), as concentration 
gradients are largest. Total reaction rates are heavily affected by Pe . The more 
diffusive the problem, the larger the total rate. Another effect of the choice of Pe is 
visible when the rate is integrated in space. For the more diffusive case reactions are 
measurable over a larger time span. This effect is independent of the choice of the 

distribution of   values (see Figure 3.6 for the results corresponding to the 


1  
model, which are qualitatively similar to those of Figure 3.5).  

 

 

 

(a)                    (b) 

 

 Reaction Rates versus distance at two points in time:
ttom). The total reaction rate is the sum of the three 

contributions presented in equations (3.40) and (3.41): mixing t
mass transfer term (dashed), and total reaction in t

immo e zone (dash-dot). The plots correspond to two different 

valu (a) 

Figure 3.4

(top), t=1 (bo

(solid line), 

bil

es:  

 t=0.01 

erm 
he 

Pe 

0.1Pe   (b) 10Pe  . 
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Figure 3.5 Reaction rate integrated over time against spatial coordinate 
(top) and int er spac  against time (bottom).  two curves 

correspond to two different Pe values: Pe=0.01 (dashed line), Pe=10 (solid).  

egrated ov e  The
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Figure 3.6 Integrated reaction rates for the 


1  model. Reaction rate 
integrated over time against spatial coordinate (top). Reaction rate 
integrated over time against time (bottom). The two curves correspond 
to two different Pe values: Pe=0.01 (dashed line), Pe=10 (solid). 
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3.6 Co

We s  
characterized by a mobile region and a suite of immobile regions which are 
characterized by a distribution of solute retention times. The mobile and immobile 
regions communicate by linear kinetic mass transfer. The retention properties are 

the same at each point in space, i.e., the solute can encounter the full spectrum of 
retention zones at any point. Such an effective medium can be visualized as 
consisting of multiple overlapping continua. The resulting transport model is termed 
multi rate mass transfer (MRMT) model, providing an effective description of 
transport in heterogeneous media. In this approach, the medium heterogeneity is 
represented by the distribution of solute retention times.  

By setting the geochemical problem in term of chemical components, we derive 
explicit expressions for the reaction rates in either the mobile and the immobile 
zones. We identify three contributions to the total reaction rate, (i) a term that is 

identical in form to the one derived by De Simoni et al. [2005], which quantifies local 
dispersive mixing in the mobile region, (ii) a term that quantifies mixing due to mass 
transfer between the mobile and immobile regions, and (iii) a term that quantifies 
the total reaction in the immobile regions. The latter term is relatively small 
compared with the contributions from the mobile region. Nevertheless, the mass 
exchange between the mobile and immobile zones has an important effect on the 
reaction dynamics.  

For advective-dispersive transport in a homogeneous medium, the only mixing 
mechanism is local dispersion, which induces non-equilibrium. In the presence of 
immobile regions, advective transport and mass transfer between the mobile and 
immobile zones leads to mixing of the mobile water and water that has been 
released from the immobile regions. This induces non-equilibrium and thus reaction. 
For local dispersive mixing, the typical mixing time scale is given by the dispersion 
time over the variation distance of the component distribution, while for mass 
transfer induced mixing, the time scale is given by the typical retention time scale, 
which can be very large. Thus, for reactive transport in a medium characterized by a 
broad distribution of retention times, the time for the system to reach global 
equilibrium can be significantly increased. Such mechanisms can not be captured by 
a macro-dispersion model, which would lead to an underestimation of the total 
reaction taking place.   

 Heterogeneity is accounted by means of an effective dynamics approach, 
where the system is homogeneized by means of a multi-rate mass transfer approach. 
The mobile zone accounts for the fastest paths, while the less mobile zones are 
assumed as immobile, interexchanging mass with the mobile zone by means of a 

nclusions 

tudy mixing-driven reactive transport in an effective medium that is
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prespecifie
literature t  result of 
this work i omponent 
systems wa nt for mixing driven 

he degree of heterogeneity, as well as the mass transfer rates 
e impact.  

 

d distribution of constant rates. This model has extensively be used in the 
o account for transport of conservative species. An important
s an analytical solution of the reaction rate term for multic
s derived. Our first conclusion is that when we accou

reactions, the choice of t
has a definite quantitativ

Heterogeneous reaction rate is directly proportional to total capacity factor, 
which in our model is a measure of the degree of heterogeneity of the system. It is 
also important to note that since reactions are driven by mixing, which is itself 
driven by local dispersion/diffusion, in advective dominated cases the total reaction 
taking place in the mobile phase is quite small, but this is not the case for the 
reactions taking place in the immobile zone. As a consequence, in advective 
dominated systems, the main contribution for the reaction rates is due to explicitly 
acknowledging heterogeneity. Homogenizing the system by means of upscaling 

parameters (i.e., a macrodispersive approach) would lead to a clear underestimation 
of the total reaction taking place in the system. 
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Chapter 4 

Transport‐controlled reaction rates 
under local non‐equilibrium conditions 

4 TRANSPORT‐CONTROLLED  REACTION 

RATES  UNDER  LOCAL  NON‐EQUILIBRIUM 

CONDITIONSHOMOGENEOUS MEDIA 

4.1 Introduction 

Chemical reactions in aquatic systems are driven by non-equilibrium 
conditions. When at a given point the concentrations of the reacting species do not 
satisfy the law of mass action, the system reacts by changing these concentrations, 
driving the system towards equilibrium. In reactive transport problems, reactions 
are driven by (1) local non-equilibrium due to deviations of the locally uniform 
species concentrations from the law of mass action and (2) global non-equilibrium 
due to transport-controlled mixing, which leads to spatial variations in the aqueous 
species concentrations. 

Solute transport and mixing are governed by advection, diffusion and 
hydrodynamic dispersion. These processes are linear in the species concentrations. 
Chemical interactions induce non-linearities, since the reaction rates, incorporated 
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as sink/source terms in the global mass balances, are non-linear in the species 
concentrations. The local scale reaction rates are modeled by inferring the dynamics 
determined in a well-mixed reactor while assuming complete mixing of the species 
locally.  

The chemical evolution of a multispecies system can be fully described in 
terms of reaction rates. In a well stirred environment (complete mixing assumed), 
the reaction rate is homogeneous in space due to the uniform species concentrations, 
and solely varies in time. Its temporal evolution reflects the reaction dynamics and 
describes the relaxation of the system towards equilibrium. In a reactive transport 
problem, reaction rates are a function of space and time because the species 
concentrations vary spatio-temporally. The reaction rate provides a map of where 
reactions occur in the medium. As such, reaction rates contain valuable information 
about the transport-controlled global reaction dynamics. Thus, in order to properly 
address and understand the dynamics of multicomponent reactive transport, it is 
necessary to have a methodology at hand to compute the reaction rates at any 
location in space and time. 

Because of its mathematical complexity, the solution of multicomponent 
reactive transport problems in general, and the computation of reaction rates in 
particular, have been mostly tackled using numerical approaches. A few studies deal 
with analytical solutions to simplified reactive transport problems, such as 

homogeneous bimolecular reactions [Ham et al., 2004], biodegradation in natural 

attenuation problems [Liedl et al., 2005; Cirpka et al., 2006], and heterogeneous or 

homogeneous reactions involving multiple aqueous species and minerals [De Simoni et 

al., 2005; 2007]. In all these cases the geochemical problems are characterized by 

local instantaneous equilibrium. Kechagia et al. [2002] studied the upscaling of fast 
chemical reactions from the pore to the Darcy scale using volume-averaging 
techniques and discuss the validity of the continuum approach for fast local scale 
reactions. 

Local scale equilibrium can be assumed to hold if the reaction time  r  is small 

compared to a typical dispersion time scale D . The dispersion scale is compared to 

the reaction time scale  r  by the non-dimensional Damköhler number , defined 

as  [e.g., Knapp, 1989], 

 

 Da




 D

r

Da  (4.1) 

Note that dispersion is the relevant mass transfer mechanism in the context of 
the mixing-limited reactions under consideration here. Advective transport has the 
effect of a mere translation of a fluid element in space.  
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Under the assumption of an instantaneous local chemical reaction, i.e.,

[De Simoni et al., 2005] presented a methodology for the derivation of the 
spatiotemporal distribution of the reaction rate. The resulting expression is the 
product of two terms: (1) a mixing controlled contribution, which depends on the
local dispersion tensor; and (2) a speciation term, containing the details of the local 
chemical reaction. 

For local non-equilibrium conditions (i.e. finite Damköhler numbers), the 
species concentrations cannot be decoupled from the reaction rates, complicating
the mathematical problem. So, it is not possible to derive an explicit expression for 
the reaction rate. 

Figure 4.1 illustrates the problem for a simple geochemical system inv
precipitation of a mineral caused by the reaction of two aqueous species. In the case 
of instantaneous equilibrium, only the configurations along the line corresp
to the law of mass action (a hyperbola in Figure 4.1) are valid confi
some point two waters with different chemical signatures (still both in perfect 
chemical eq
concentratio
(ove
conc
the space is a valid configuration. If water mixes with water , and if 

 Da , 

 

 

olving 

onding 
gurations. If at 

uilibrium with the mineral) mix and no reaction takes place, the 
ns would be along the dashed line, leading for example to point A  

rsaturated with respect to the mineral). Instantaneous reaction would take the 
entrations to point B . Instead, if equilibrium is non-instantaneous, any point in 
1 2c c  

diffusion is very fast compared to reaction (small ) the path would be 
  B B , along straight lines. Any point along the line is valid, and so it is 
hat water in point 

1W  2W

Da
1

po
W A

ssible t B  mixes with additional 2W  water; the resulting 
ould be now along the new dashed line. If, instead, reaction is 
uld be 1W B , but now along the hyperbola. In such a case, the chemical

mixtures w
the path wo

fast, th

evolution is a succession of equilibrium states. 

The assumption of instantaneous equilibrium reduces the dimensionality of 
the pr

tantaneous equilibrium by [De Simoni et al., 2005]. 

en 
 

oblem through the law of mass action. Thus, non-instantaneous reactions lead 
to a more complex problem in mathematical terms. Reactions and concentrations 
cannot be decoupled, and no explicit expressions might be obtained. Instead it is 
possible to derive a non-linear evolution equation for the distribution of reaction 
rates. For fast local-scale reactions (large Da ), we derive a perturbation series of the 
reaction rate in powers of the inverse Damköhler number. In first order, we obtain 
an explicit expression for the reaction rate.  The zeroth-order contribution recovers 

the solution for local ins
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Figure 4.1.  Concentration space map showing the potential values for 
instantaneous and non-instantaneous equilibrium conditions.  In the 
former, only the values along the hyperbola are valid configurations. 

4.2 Preliminary Remarks 

We consider a geochemical problem involving two aqueous species 1B  and 2B , 

and a mineral phase 3B , which react according to,  

 1 2B B B 3  (4.2) 

 well mixed reactor. The concentration of the 
iform at all times. Mass balance requires 

for the aqueous species concentrations, 

 

Without loss of generality, the stoichiometric coefficients of the species are set 
to one.  

Let us first consider reactions in a
reacting species can be assumed spatially un

  idc
r

dt
 (4.3) 
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with i = 1, 2; porosity is denoted by  . The concentrations of the aqueous species (in 

molar mass per unit volume of fluid) are denoted by 1c  and 2c . Here, the species 

concentrations depend only on time. For the reaction rate r  (  0r  indicating 
precipitation), we employ the model given by, e.g., Knapp [1989], Steefel and Lasaga 
[1994], Lasaga et al. [1994], and Langmuir [1997],  

 0 1r Sk     (4.4) 

where the effective reaction time  r  is defined by 

  
0

r

K
Sk

 (4.5) 

with 0k  the rate constant, S  the specific reactive surface, and K  the local 

equilibrium constant.  Finally,   is the ion activity product, given by 1 2 /c c K  . 

The conservative component [e.g., Lichtner, 1985], 

 1 2u c c   (4.6) 

decouples the nonlinear system of equations (4.3). As / 0du dt  , th

conservative component 0 0
0 1 2

t tu u c c

e 
     is constant. Thus, (4.3) can be solved 

straightforwardly for the species concentrations by separation of variables. This 
yield the reaction rate the explicit expression, 

 

s for 

2 2
20 01 4

1 1 tanh
4 2r r

u K u t
r K A

K K 

    
       

     
 (4.7) 

with the constant A  given by the initial conditions, 

 1 0 0 2
1 2 0anh / 4c c u K  . In the limiting case of rtt t tA       , r tends to zero and 

the system equilibrates. The statement 1 2c c K  (law of mass action) is, thus, 

equivalent to 0r  . For transport-controlled reactions these two statements are not 
equivalent. We will address this point later. 

4.3 Transport-Controlled Reaction 

Mass conservation implies that the concentrations  ,ic tx  of the aqueous 

species ( 1,2i  ) are governed by the following transport equations,  

 i
i i

c
c c

t
       


q D r  (4.8)  
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The specific discharge is denoted by , and denotes the bulk dispersion 

tensor. Without loss of generality we set 

 q

1

D  

   in the following. The reaction rate r is 

given by (4.4), which implicitly assumes that the reacting species are well mixed 
and their concentrations are uniform on a local support volume iV  

continuum approach for very fast 

characterized by 

the length scale .  Note that the vali
local scale reactions is in fact subject of discussion. Here, we assume the existence of 
a local support scale and leave this important question aside.  Kechagia et al.[2002] 
addressed this issue in their paper on the upscaling of reactive transport processes 
from the pore to the Darcy scale. 

We distinguish here two typical transport time scales; the advection time 

scale

l dity of the 

 /a l  q , and the dispersion time scale  with a characteristic 

dispersion measure (here, for simplicity, we persion by a 
single time scale, while in general there could be more than one involving the 
directional dispersion coefficients).  The Péclet number 

2 /D l D 

characterize the effect of dis

D  

/D aPe    quantifies the 

relative importance of dispersive and advective transport mechanisms.  Note that the 
dispersion scale is the reaction limiting mass transfer mechanism. In the absence of 
dispersion, no reaction takes place since waters in contact do not mix and are just 
advected. 

We non-dimensionalize (4.8) by rescaling the spatial coordinates by 
/

l  
( i ix x l  ), time by the dispersion time scale D  ( / Dt t   ), and concentrations by 

K  ( /i K ). This yields ic c 

 i
i i

c
c

t

    


q c r        D  (4.9) 

with the re-scaled reaction rate written in terms of the Damköhler number 
defined in (4.1) 

 1r Da     (4.10)  

The dimensionless discharge and dispersion tensor are defined by /D l q q  

and  D ;    
2/D lD denotes the nabla operator in the dimens

For co

ionless coordinates. 

mpactness of notation, in the following the primes are omitted. 

The independent component (4.6) is conservative and evolves according to,  

0
u

u u
t


    


q D  (4.11)  

From equations (4.6) and (4.10) we obtain explicit expressions for and 1c  2c , 
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  2
1 / 2

1
4 1

2 2
u

c u       (4.12) 

where we defined r  ,   being the inverse Damköhler num 1Daber (  ). 

According to (4.12), the ic  are only functions of the independent components u  and 

  (i.e.,  ,c c ui i  ).  Thus, applying the chain rule to (4.9), and after so

 ob diffe
reaction rat

 

me algebra, 

w rential equation for the dimensionless e tain the following non-linear partial 
e r , 

 
2 2 2

2
2 2u 

2 T T Ti i i ir c c c c
r r u r r r r u u

t u
  

 
                       

q D D D D  (4.13) 

It turns out that (4.13) does not depend on , as can be easily seen by inserting 
(4.12) 4.

i
 into ( 13); in the following we choose 2i  . 

The solution methodology can be detailed as follows. First, the linear equation 
(4.11) is solved for , either numerically or, if possible, analytically. Then remains 
he only unkn an be obtained by s

linear e c of

u
own, and c

r  

ase 
t olving (4.13).  Since this equation is non-

 in r , the solution must in general be sought numerically. In th  large 

Damköhler numbers, r can be expanded into a series in 1Da  , from which an 
approximate solution for r  can be obtained by truncation. This is explored in the 
next section. 

4.4 Large Damköhler Numbers 

For 1 
. 

reaction rate in the case 

 ( 1Da
De Simoni et al. 

), the reactive transport system is close to local equilibrium
at all points [2005] derived an explicit exact expression for the 

 

0  , which is equivalent to the condition i.e., the 

heir result proves that the 

1 2



c c K , 

mass action law is fulfilled locally. T 0
0 lim r r  exists, 

which implies that  1    for small   values. Note  for the wellmixed 

reactor, 1 2c c K  implies 0r  , while in a reactive transport scenario, even though 

local equilibrium is reached instantaneously, the reaction rate remains finite as a 
consequence of transport-driven changes in t

 th

he concentration values. 

 solution for the reaction rate by 
means of an expansion into a series in powers of the inverse Damköhler number 

(4.14) 

at

For large Da , we obtain an approximate

  nnr r


  
0n
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For bounded  0r , 1   for 1   Thu  for small . s,  , the species 

concentration 2c , can be expanded into ries in powers of 1ra se    , which 

gives,  

    
2 2

0

n nn

n

c r r c




  ,            2
2

0

1
!

n
n

n

c
c

n  





 (4.15) 

Inserting (4.14) into (4.15), we obtain,  

    
2 2

0 0

k
n nk

k n
k n

c R c



 

   (4.16) 

where  n
kR  the are given by 

         
1 2

1 1 2 2 1

1 2 10 0

n
n n

n

m mk
n k m m m m m m

k
m m m

R r r r r


 



  

 

   

for 1n  . In particular, for 0n

n1  (4.17) 

 ,  
0

0
k kR   and for 1n  ,    1 k

kR r . 

Inserting (4.14) and (4.16) into (4.13) and collecting terms of the order k  

yields a recursive relation for  kr . Here we focus on the zeroth and first-order 

contributions to r . The zeroth order term  0r  i givs en by  

  
 02

0 2
2

Tc
r u

u


u  


D  (4.18) 

The resulting expression for  0r  is identical to the one derived by De Simoni et al. 

[2005] under local instantaneous equilibrium conditions, i.e., in the limit of Da   

(in this case  0
2 2c c ).  For the first-order contribution  1r , we obtain, 

 
 

 
 

      
 

   
0 12

1 0 0r c c
r

   
 

 
 (4.19) 

1
0 1 0 2 2

2 2
2T Tr r c r u u u r

t u u
           

q D D D

Note that equation (4.19) is explicit, since from (4.15),  0
2c  and  1

2  c are given by 

explicit expressions,  

  0 2
2

1
4

2 2
u

c u               1
2 2 4u

1
c 


 (4.20) 

With this same methodology it would also be possible to obtain explicit 

expressions for higher order terms  ir , 1i  . 
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4.5 Case Study 

In the following we study the impact of small deviations from local scale 

equili tion r  brium on the reac ate in terms of the first-order correction  1r  to the 

equilibrium rate  0r . We consider an infinite column filled homogeneously with 
ushed ( 30MgC ). The medium is saturated with water which is initially 

in chemical equilibrium with the mineral. Dissociation of magnesite is described by, 

cr  magnesi

 

te 

2 2
3 3MgCO Mg CO   (4.21) 

To ensure that the speciation of dissolved inorganic carbon is negligible, we 
consider the case that the pH is significantly higher than , which is the 10.3 pKa  of 

the ca
s. In ially, the malized equilibrium 

conce

rbonate-bicarbonate system. From Azaroual et al. [2003], a typical reaction time 
scale for this reaction is of the order of 54  day it nor

ntrations are 2
0 0

1 0.537
Mg

c c    and 2
3

0 0
2 1.858

CO
c c    (in equilibrium the 

product of the two normalized concentrations equals 1 ). A water with different 
concentrations of each species, in equilibrium with the mineral is injected at 0x  . 

The concentrations of the injected water are, 2
0
1 2.148ext

Mg
c c    and 2

3
2 0.465ext ext

CO
c c   . 

The impact of variations of ionic strength upon K  is neglected here. 

The init 0 1.321u   , ial concentration of the conservative component (4.6) is 

 thatand that of the injected water, u =1.683 , soext  0 3.004extu u u    . Considering 
continuous injection at 0x  , the resultin  
dimen less c rdinate

g solution of (4.11) for u , reads in
sion oo s  

   0 erfc
2
u x tPe

u
       (4.22) 

Using (4.22) in (4.19), 

,
2

u x t
t 

(4.18) and  0r  and  1r  can be evaluated explicitly.  We 
consider a dispersion-dominated scenario characterized by the local Péclet number 

110Pe   illustrates the temporal evolution of the leading term .  Figure 4.2 0r , the 

first-order correction  1r  and the first-order approximation    0 11r r Da r   
fixed dimensionless distance 1

at the 
x   for three different values of Da . 
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Figure 4.2.  Reaction rate as a function of dimensionless time at the 

dimensionless position 1x  for 110Pe  . 

The non-equilibrium correction  1r  is positive and peaks earlier than the local 
 0requilibrium contribution . Note that under local equilibrium conditions the peak 

of  0r  coincides with the maximum of t e gradient of h  ,u x t , where mixing is most 

ef  c

fore th

The ratio of the peak values of 

ficient. The local non-equilibrium orrection shifts the peak to smaller times and 
leads to a broader distribution of r , which is a consequence of mass transfer due to 
dispersion be e reaction can locally equilibrate. 

 1r  and  0r  is approximately  in this 
example. Even for a relatively large Damköhler number of 

6/1
10Da  ,

able. For illustration, we display the

 th

 to due to local non-equilibrium is size  
av

e correction 
 1r

beh

 0r  
ior of the first-order correction for 1Da  . Note, however, that the first-order 

approximation is stric arge Da . For a 210Da  , thtly valid only for l e sys em reaches 

local equilibrium practically instantaneously and 

t
   0r and the first-order 

ro tion for  are almost indistinguishable. pp xima ra
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Figure 4.3.  Reaction rate as a function of normalized distance at 

dimensionless time 0.5t   for 110Pe  . 

Figure 4.3 shows a snapshot of  0r ,  1r  and the first-order approximation 
versus distance at a fixed time, again for three different Damköhler nu

 0

mbers. The 

behavior of  is basically determined by the gradient of the conservative 
(4.18)

on shows a very different behavior with two p
and a negative one in between.  Th irst-order correction is 
shifte

r
component, see u  is maximal. 
The first-order correcti ositive peaks 

, and assumes a maximum where the gradient of 

e peak of the resulting f
d in the positive x -direction as a sult advection. Mass transfer due to 

oader spatial distribution for rather than for  0 . For 
f 1Da  , the shape of the first-order approximation is very different from 

the one of  0r . It has forward and backward peaks, while in b e ssume 
negative values, indicating dissolution.  However, as mentio

 re

d only for la

of 

r 
a value o

etw en ca
ned above, the first-

order appro rge . Again, fo and 

4.6 Discussion 

We present an analytical approach to study reactive transport under local 
non-equilibrium conditions. The reaction rate can be used as the main variable 

dispersion, again, leads to a br

the first-order approximation for 

r

n a

,  0r

 it 

ximation is strictly vali Da
are practically indistinguishable.  

r 100Da  

r  
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characterizing the multispecies transport system. For instantaneously reached 
chemical equilibrium the reaction rate can be evaluated explicitly in terms of 
components (linear combinations of the species concentrations behaving 
conservatively). Under local-scale non-equilibrium conditions the reaction rate can 
be obtained as the solution of a non-linear PDE and depends on the ratio between 
the characteristic dispersion and reaction times. 

We use an expansion of the reaction rate for large Damköhler numbers to 
analyze the system behavior for small deviations from local equilibrium. Even small 
deviations from local equilibrium can have a sizeable impact on the shape and 
magnitude of the reaction rate distribution in space, increasing its width and 
changing the peak position compared to the behavior under local equilibrium 
conditions.  The impact of larger deviations from local equilibrium (typical mass 
transfer time smaller than the reaction time scale) needs to be analyzed by a full 
(numerical) solution of the non-linear partial differential equation (13) and 
comparison to experiments and direct numerical simulations. 
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Chapter 5 

Simultaneous Equilibrium and 
Kinetic reaction rates

5 EOU EQUILIBRIUM AND KINETIC 

nspor

an be written 
according to different conceptual models. These include the advection dispersion 

Bear, 1972], dual- or multiple-domain mass transfer models 

[e.g., Haggerty and Gorelick, 1995; Carrera et al., 1998; Cvetkovic et al., 1999; Berkowitz et al., 

2008]

 

SIMULTAN S 

REACTION RATES 

5.1 Introduction 

 Chemical reactions may affect the fate of pollutants and the properties of the 
host porous medium. However, the conditions for the reactions to occur, their 

location, and often their rate, are largely controlled by transport [Rezaei et al., 2005], 
which is what motivates analyses of reactive transport. Modeling multicomponent 
reactive tra t problems requires specifying (a) a set of mass balance equations, 
one for each species being transported, and (b) a second set of equations describing 
the reactions amongst species. Mass balance of each individual species is expressed 
by a solute transport equation with a source term to account for all the reactions 
participated by each individual species. The transport equation itself c

equation (ADE) [e.g., 

, fractional derivatives [e.g., Benson et al., 2000a; Cushman and Ginn, 2000], or 

continuous time random walks [e.g., Berkowitz and Scher, 1995; Berkowitz et al., 2006].  
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From a pragmatic standpoint, chemical reactions can be subdivided into two 

broad groups, i.e., “sufficiently fast” and “insufficiently fast” reactions [Rubin, 1983], 
depending on whether a characteristic reaction time is much smaller than the time 

scales associated with other mass-transfer processes (e.g., advection, diffusion, 
dispersion). In the presence of “sufficiently fast” reactions the assumption of local 
chemical equilibrium can be considered appropriate. This is the case for most 
aqueous reactions. On the other hand, re

the position and magnitude of the maximum local rates, which may have significant 
impacts on hydraulic properties, including formation of wormholes in dissolution 
problems, or occurrence of clogging and diagenetic phenomena in precipitation or

biological problems [e.g., Kielland, 1937; Steefel and MacQuarrie, 1996; Krautle and

Knabner, 2005], (2) identifying the extent of the domain contributing to the observed 
process, and (3) providing information about the rate of evolution of the system
towards equilibrium conditions. 

A series of mathematical formulations to solve multicomponent reactive 
transport problems are available in the literature, and included in a variety of codes 

[e.g., Rubin, 1990; Kinzelbach et al., 1991; Yeh and Tripathi, 1991; Friedly and Rubin, 1992

Rubin, 1992; Lichtner, 1996; Steefel and MacQuarrie, 1996; Clement et al., 1998; Saaltink et al., 

1998; Tebes-Stevens et al., 1998; Parkhurst and Appelo, 1999; Robinson et al., 2000; Saaltink et

al., 2001; Molins et al., 2004; Krautle and Knabner, 2005]. All these methodologies are
based on the idea that reactive transport problems can be reformulated as follows: (a

defining the chemical system in terms of components (i.e., linear combinations of
reactive species concentrations); some of these components are conservative so that 
their associated transport equations can be decoupled from the full system, while 
other components (termed kinetic components) are associated with kinetic 
reactions and cannot be completely decoupled; (b) solving the transport equations 
for the conservative components; (c) calculating the kinetic components by solving a 
nonlinear algebraic system of equations; (d) performing speciation calculations to 
obtain the concentration of aqueous species from the space-time distribution of 
components; and (e) substituting the latter into the transport equations to evaluate 

actions involving minerals and aqueous 

species are often better described as kinetic, that is, “insufficiently fast” [e.g., Steefel 

and Lasaga, 1994]. Whenever reactions with different characteristic times occur 
simultaneously, the solution of the associated multicomponent system becomes 

mathematically complex due to the presence of non-linearities [e.g., Steefel and Lasaga, 

1994; Steefel and MacQuarrie, 1996; Molins et al., 2004; Steefel et al., 2005 and references 
therein]. 

A crucial element in the analysis of reactive transport scenarios is the 
assessment of the space-time patterns of reaction rates. This allows: (1) identifying 

 

 

 

; 

 

 
) 
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numerically reaction rates. This approach can be applied when the concentrations of
the reacting species stand in algebraic relationship to each other and transport 

parameters are identical for all compounds (e.g., if an ADE were used, that would 
meant that all species are subject to the same advective velocity and 
diffusion/dispersion coefficients). The former requirement is met by systems either

in local chemical equilibrium or instantaneous, complete, irreversible reactions [e.g., 

Ham et al., 2004; Liedl et al., 2005] and can also be used for specific cases of kinetic

reactions [Molins et al., 2004; Cirpka and Valocchi, 2007]. 

A methodology to compute directly homogeneous and heterogeneous reaction

rates under instantaneous equilibrium has been presented by De Simoni et al. [2005
2007]. Their general expression for the reaction rates illustrates that mixing 

processes control equilibrium reaction rates. De Simoni et al. [2005; 2007] solve two 
independent problems: (a) the transport of one or more conservative s

chemical speciation. The approach has been used by Guadagnini et al. [20
conjunction with laboratory-scale CaCO

Singurindy et al. [2004] 
in a homogeneous flow cell. Deconstruct
two independent ones (transport of 

additional advantages. For instance, Sanchez-Vila et al. [2009] employed it to obtain 

heterogeneous stratified medium. 

der equilibrium conditions it is not 
possible to evaluate explicitly reaction rates. Still, it is possible to pose the problem 

e the dependent variables. In the case of a bi-molecular 
system

 

 

 

 

; 

pecies, and (b) 

09] in 

3 dissolution experiments reported in 

to describe spatial distribution of equilibrium reactions rates 
ing the full reactive transport problem into 
conservative species and speciation) has 

the probability density function of aqueous species concentrations in a randomly 

Whenever reactions do not occur un

so that reaction rates ar
 where two aqueous species react to produce non-instantaneous 

precipitation/dissolution of a mineral, Sanchez-Vila et al. [2007] found that reaction 
rates can be obtained by solving a non-linear partial differential equation. When the 
kinetic reaction is fast, the latter equation can be solved by means of a perturbation 
expansion in terms of the inverse of the Damköhler number, where the leading order 

term corresponds to the expression already provided by De Simoni et al. [2005] for 
instantaneous equilibrium. 

Here we develop an exact analytical expression for the reaction rates 
associated with a multicomponent reactive transport problem in the presence of 
both kinetic and equilibrium chemical reactions. Selecting whether a reaction can be 
considered instantaneous in a real geochemical problem is not a trivial task. When 
several reactions take place simultaneously, the reaction characteristic times,  ,r i  

(   1,  ...,  ; r ri N N being the number of reactions), span over several orders of 
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magnitude. In a given subsurface transport problem one is typically concerned with 
a range of times which can usually be related to some transport characteristic time, 

t . All reactions characterized by  ,r i t  can be treated mathematically as 

instantaneous. On the other hand, reactions associated with  ,r i t  can be typically 

neglected. Thus, only reactions associated with characteristic times comparable to 

t  need to be treated as kinetically driven. 

On the basis of this reasoning, we consider here a system where only one 
reaction is kinetically controlled, while allowing for any number of equilibrium 
reactions to take place simultaneously. The methodology could be extended to 
include the presence of more than one kinetic reaction. This would only contribute 
to increase the casuistic without any added benefit to the conceptual part of the 
work. 

We start from the work of Molins et al. [2004] and De Simoni et al. [2005] and 
develop expressions for the space-time distribution of reaction rates for a two-
reactions system, when only one reaction occurs under instantaneous equilibrium. 
The equilibrium reaction rate is expressed as a function of a mixing-related term, the 
distribution of (conservative and kinetic) components and the kinetic reaction rate. 
The resulting expressions are then solved numerically to simulate the dissolution of 
calcite in the presence of precipitating gypsum. We conclude by presenting the 
generalization of the formulation for a multicomponent system characterized by an 
arbitrary number of equilibrium reactions and one kinetic reaction. 

5.2 Two Reaction Model 

The general formulation for a system involving several equilibrium reactions 
will be presented in Section 5.4. Here, we discuss the solution for a particular two-
reaction system, which facilitates presenting the general ideas and the benefits of the 

methodology. The system involves the precipitation/dissolution of two minerals ( )
4

sB  

and ( )
5

sB  in the presence of three aqueous species, 1B , 2B , and 3B , one of them 

participating in both reactions (common ion effect). The reactions considered are  

 ( )
1 2 4

sB B B  , (5.1) 

 ( )
1 3 5

sB B B  . (5.2) 

We treat both mineral as pure phases so that their activity is unity. We 
consider (5.1) to occur at equilibrium at all points in the domain. On the contrary, 
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(5.2) is considered a "slow reaction". We explicitly exclude the possibility that either 
mineral dissolves completely (this would mean a drastic change in the chemical 
system). 

The system consists, then, of five reacting species. According to Molins et al. 
[2004], any chemical system can be represented by means of the stoichiometric 
matrix S  that can be divided in two matrices, eS and kS , containing the equilibrium 

and kinetic reactions. In this particular problem this leads to: 

 
  

        

2 3 1 5 4

1 0 1 0 1

0 1 1 1 0
e

k

B B B B B

S
S

S
. (5.3) 

We use the classification of Molins et al. [2004] to distinguish the different 
species involved in the chemical system, which leads to the particular ordering of 

columns adopted in (5.3): (i) secondary aqueous species involved in the equilibrium 

reaction, 2B , (ii) primary kinetic aqueous species, 3B , (iii) general primary aqueous 

species, 1B , (iv) kinetic mineral, ( )
5

sB , and (v) constant activity species, ( )
4

sB . 

The mass action law associat

( ) ( )s s

ed with (5.1) can be expressed as 

 *
1 2eK a a . (5.4) 

Here,   1,2ia i  is the activity of aqueous species, i , and *
eK  is the equilibrium 

constant. This implies that for any given point in space and time the activities of 
species 1 and 2 should always lie along a hyperbola in the 1 2a a  space. 

The kinetic reaction rate associated with (5.2) is described by the model [e.g., 

Knapp, 1989; Steefel and Vancappellen, 1990; Lasaga et al., 1994; Steefel and Lasaga, 1994; 

Langmuir, 1997] 

 
 

  
 

1 3
0 *

1k
k

a a
r Sk

K
, (5.5) 

where *
kK  is the equilibrium constant of the kinetic reaction, kr  is the kinet  

0k  is the rate 

ic

reaction rat  is the specific reactive surface of the mineral and 

(5.5) reduces to , i hat the 

e, S

constant. In the limit for 0k , *
1 3kK a a ndicating t
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reaction is in equilibrium for all practical purposes.  Coefficients *
eK  and *

kK  usually 

depend on temperature and pressure.  For simplicity, they will be assumed constant 
this work. 

Activities ( )ia  and concentrations of aqueous species ( )ic  are related by 

in 

 


 i
i

i

where i

a
c , (5.6) 

  is the activity coefficients for the i-th aqueous species. For moderately 

saline solutions i  can be approximated by the extended Debye-Hückel equation 




   


0

1
i

ia B I

Here A  and B  are temperature dependent parameters (for a temperature of 

25 C , 0.5092A   and 0.3282B  ), b

2

log iAz I
b I . (5.7) 



 = 0.041, and 
0

ia  is the ionic radius [Kielland, 

1937] of species i; I  is the ionic strength, defined as 

 


  21
2

sN

i iI c z , 
1i

(5.8) 

where jz  is the valence of species j. Within the range of validity of (5.7), i  

depends only, and weakly, on I, which typically does not vary much in space and 
time. This allows recasting the geochemical problem in terms of concentrations, 

rather than activities. Thus, introducing 
* *

1 2

e
e

K
K

1 3

k
k

K
K

 
  and 

 

, (5.9) 

  as approximately 

constant, leads to 

 1 2eK c c 

 
   . (5.10) 

 
1 3

0 1k
k

c c
r Sk

K
 

We consider transport of the three aqueous species to be described by the 
following equations: 

Hydrogeology Group – GHS | UPC 



Chapter 5:  Simultaneous Equilibrium and Kinetic reaction rates     | 99 

 

        


1
1 1 3,e k

c
L c r r c c

t
, (5.11) 

     


2
2 e

c
L c r

t
, (5.12) 

     3c
 

 3 1 3,kL c r c c
t

, (5.13) 

where 

 

  is the medium porosity,  is the sin

either the input or removal of c1 and/or  due to the equilibrium reaction and  is 

the corresponding sink/source term for ( ) associated with the kinetic reaction. 

According to this notation, positive values eaction rates indicate th
disso

er

c2

,c c

k/source term that indicates 

kr

at mineral 
1 3

 of r
lution is occurring. Without loss of generality, we consider the transport 

operator  iL c  to be given by the advection-dispersion equation, i.e., 

        i i iL c c cq D , (5.14) 

ispersion tensor. 

The solution of the problem then entails s
(5.9), (5.10), (5.11), (5.12) and 

. Following the approach of Molins et al. [2004], it is possible to 

uple th  m

he ve conservative 
, is defined in terms of the component matrix, , as  

where q and D respectively are Darcy’s flux and the diffusion/d

olving 5 coupled non-linear 
equations [ (5.13)] in terms of the 5 unknowns 

 1 2 3, , , ,e kc c c r r

partia o

components, u

lly dec e system of equations upon introducing aster species (or 
components). These are defined as linear combinations of the species concentrations 
such that some of them are conservative quantities. T ctor of 

e U

 e u Uc  (5.15) 

where  is chosen so that U 0T
e US . The details of the methodology are 

resented in Appendix A. In the two reactio
conservative component as 

 

p ns model, one can define a single 

2 3 1eu c c c    (5.16) 
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We note that simply adding equations (5.12) and (5.13) and substracting (5.11) 

leads to the equation governing the transport of the conservative component, i.e., 

  e e et
u u u 
    q D  (5.17) 

In other words, dissolution or precipitation of two minerals  
4

sB  and  
5

sB  

affects the individual concentrations of the three aqueous species, , and 

but does not alter the space-time distribution of 
1B , 2B 3B , 

  ( )u c c c2 3 1

decoup ed from the general 5-dimensional system, and can be solved 
independently. 

. Equation (5.17)

fully l

Introduction of a kinetic component, , defined as (see Appendix 3) 

 2 , (5.18) 

e
Substracting (5.12  (5.11) yie

 is 

ku

3 1k eu c u c c   

allows furth r reducing the dimensionality of the coupled problem. 
) from lds the governing equation for this component 

   u L u r 
  ,k k k ku u

t
 (5.19) 

Using (5.9) and (5.18) leads to the following relationships between the 
aqueous species concentrations  and  and 1c 2c ku  

   
  

2

1 1

4

2 2
k ek

k

u Ku
c f u ;               

   
2

2 2

4

2 2
k ek

k

u Ku
c f u . (5.20) 

Using (5.20) for c1, expressing 3 k ec u u 

 in terms of the two com

and substituting in (5.10) allows 

etic reaction rate ponents and  as 

 

u kuexpressing the kin

2
0 1 4

2
k

k s k k e
k

u u
r S k u u K

K

         
. (5.21) 

Finally, using the mass balance equation of c2 (5.12), plus (5.19) leads, after 
some algebraic manipulations, to the following expression relating the equilibrium 
and kinetic reaction rates  
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   
2

2 2
2

, , T
e k e k k kuD . (5.22)  

k k

c c
r t r u u u

u u
 

  
 

x

We note that the derivatives of concen
component can be written explicitly as 

trations with respect to the kinetic 

 
    

  
2 1

2

1
1

2 2 4
k

k k k e

c c u
u u u K

;                
 

 


 
   

3/ 22

2 2
1 2

2 2

2 e

k

c c K
u

d o

inetic reaction 
entails deconstructing the problem according to the following steps: 

1) Solve for the conservative component , by solving a conservative transport 

equation (5.17),  

2) Solve equation (5.19) for , using (5.21) for 

5a) Explicit calculation from (5.21) and (5.22), or 

5b) By mass balance arguments from (5.12) and (5.13). 

dure is 

 the methodology we present replaces the problem of 
solving 5 coupled partial differential equations (PDEs) with the successive solution 

f a linear conservative PDE, a non-linear PDE
advantage of using this decoupled option with respect to the coupled one should be 
further explored in practical applications. 

4k k e
u u K

. (5.23) 

The equilibrium reaction rate (5.22) incorporates two terms: the first one 
accounts for the influence of the reactants being released non-instantaneously to the 
system by the kinetic reaction; the secon ne accounts for mixing of the kinetic 
component. 

In essence, the complete analysis of these types of precipitation/dissolution 
processes in the presence of an instantaneous equilibrium and a k

eu

k k

3) Perform chemical speciation using 

u r ; 

(5.20) obtain 1c  and 2c  ; 

4) Compute 3 e kc u u  . 

Finally, the reaction rates 
kr  and 

er  can be obtained by either of the following 

alternative ways: 

The critical point in the proce then step 2), i.e., the computation of ku  

by means of (5.19).  The latter equation is non-linear, and in general should be solved 
numerically. It follows that

o  and a set of algebraic expressions. The 
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Finally, we note that using step 5a) allows avoiding the need for solving for 
concentrations. Therefore, if one is only interested in assessing reaction rates, there 
is no actual need to compute aqueous species concentrations. The actual choice of 5a) 

r 5b) in general depends on the solution scheme. 
suited for analytical approaches, while option 5b) may be preferred in the context of 
numerical approaches. The solution for a particular geochemical setup is presented 
in Section 5.3. 

the procedure and results illustrated in Section 5.2 to a geochemical 

setup -gypsum 

system [e.g., Booth et al., 1997]. The presence of aqueous concentrations of calcium 

] and sulphate [  ions under satur

precipitate. This precipitation reaction is faster than calcite dissolution, and it is 

tem 

is geochemically complex and involves a large number of aqueous species and 

inerals. Under high pH conditions, though, the m
can be grasped by analyzing only the following two dominant reactions, depicting 

the calcitegypsum precipitation/dissolution 

2 , (5.24) 

o Following option 5a) is better 

5.3 Application Example 

5.3.1 Description of the chemical system 

We apply 

 which is frequently encountered in applications, i.e., the calcite

[ ated conditions causes gypsum to 2Ca

usuall

2
4SO ]

y a good approximation to consider local equilibrium conditions for 2Ca  and 
2

4SO  [Skoulikidis and Beloyannis, 1984] at all times. The actual calcite-gypsum sys

m ain characteristics of the system 

    4 22CaSO H C SO2 2
4 2O a H O

  CaCO CO 2
3 3Ca 2 . (5.25) 

) to occ
modeled as a kinetic (slow) process. On the basis of 

 

Here we consider reaction (5.24 ur at equilibrium, while (5.25) is 
(5.3), the system can be 

characterized by the following stoichiometric matrix 

   4 2 ( )2 sH O

  
         

2 2 2
4 3 3( )

1 0 1 0 1

0 1 1 1 0

s

e

k

SO CO Ca CaCO CaSO

S
S

S
. (5.26) 
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For illustration purposes, and without loss of generality, we consider a 

th at all points, i.e., 

the aqueous species involved lculated on the basis of (5.7). 

Table

constant ionic streng . Activity coefficients of 
2

-1
[H O]0.1 mol·kgI 

 in the system can be ca

 5.1 reports the values adopted for 
0

ia  and the resulting activity coefficients. The 

equilibrium constants at 25 C  are log 4.62e    for gypsum and log 8.35kK  

 -1
l·

K  for 

calcite [Morel and Hering, 1993]. We adopted 7 mo0 4.64 10 g·s  [SteefesS k    l and 

Lasaga, 1994]. The porosity of the host porous medium is set to 0.12. In our 
application we assume that modification in the solid mass due to transport involves 

very thin layers of the matrix [Rubin, 1983] and no significant variations of the pore 
system

Table 5.1. Ion size parameter and activity coefficients of the system 

 occur. If porosity variations occurred, the methodology could still be applied 
by just incorporating the variations in flow with time caused by the progressive 
changes in porosity induced by precipitation. 

species, for  -10.1 mol·kgI . 

SPECIES Ca2+ SO4
2- CO3

2- 

Ionic Radius  
0

ia   A  6 4 5 
o

i  0.68 0.90 0.67 Activity Coefficient  

5.3.2 Transport problem and dimensional analysis 

combination of calcite and gypsum so that both minerals are available for dissolution 
at all points.  The analysis is performed upon introducing dimensionless space–time 
coord

iables of interest, indicated as primed quantities.  Dimensionless 
components are then defined as: 

           and          '

We model transport within a one-dimensional column packed with a 

inates and state variables. Error! Reference source not found. reports the key 
dimensionless var

2 2 2
4 3[ ] [ ] [ ]e SO CO Ca   [k CO

' ' ' 'u c c c   2
3 ]

' 'u c u  . (5.27) 

Rewriting (5.17) using dimensionless quantities introduced in Error! 

Reference source not found. leads to 

 
2

2

' ' '
' ' '
e e eu u u

Pe
t x x

   
  

  
, (5.28) 
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which we solve with appropriate initial and boundary conditions. By the same 
token, the equation satisfied by the kinetic component can be written as 

    
   

  

2

2

' ' '
'

' ' '
k k k

k

u u u
Pe r

t x x
. (5.29) 

Table 5.2  Dimensionless parameters and characteristic times  

EQUATION PARAMETER 

'
d

t
t


  (5.30) Dimensionless time:  

Dimensionless distance: '
x

x
l

  (5.31) 

Diffusive time: 
2

d

l
D

   (5.32) 

Advective time: a

l
q

   (5.33) 

ctive time: Rea
*
13

0
r

K

Sk
   (5.34) 

Péclet number: d
e

a

ql
P

D



   (5.35) 

Damkölher number: d a

r r

Da Pe
 
 

   (5.36) 

*
12

1 2

eK
K 

 
 (5.37) Relative equilibrium reaction constant: 

*
13Relative kinetic reaction constant: 

1 3

kK
K 

 
 (5.38) 

Dimensionless concentration (i = 1, 2, 3): ' i
i

G

Dimensionless reaction rate (j = e, k): 

c
c

K
  (5.39) 


' d

j jr r
K

 (5.40) 
G

Relative equilibrium constant: 
*
12
*
13

r

K
K

K
  (5.41) 

*
12

12
G

K
K

K
  (5.42) Dimensionless equilibrium reaction constant: 

*
13

13
G

K
K

K
  (5.43) Dimensionless kinetic reaction constant: 
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The expressions for 2[ ]
'

Ca
c  , 2

4[ ]
'

SO
c   and 'kr  are: 

 2 2
4

2
12' ' 4

'
2

k ku u K
c

 
 ,              

[ ]Ca 

2
12' ' 4

'
2

k ku u K
c

  
 , (5.44) 

 

[ ]SO 

 

    
  

3

1
4

1 [ ] [ ]
2

1
' '

Ca CO

r

r Da K c
K

Once 'kr  is estimated, 'er  can be computed as: 

  

2 2'k r c . (5.45) 

                

2[ ]

2
'

' '
Ca

k
k k

u
u u x

 ,  (5.46) 

The derivatives appearing in (5.46) can be computed from(5.44). 

 

5.3.3 Numerical solution 

The solution of a particular problem is presented here to illustrate the 
methodology. The problem analyzed corresponds to a highly diffusive system 

2
2 2

[ ]
' '

' , 1 'Ca
e k

c c
r x t r

behavior ( Pe  = 0.1) to enhance reaction rates. 

Water is initially in equilibrium with respect to calcite and gypsum. The 

values adopted for the initial (resident) normalized concentrations are: 


2

0

[ ]
' 1

t

Ca
c , 




2

4

0

[ ]
' 63.229

t

SO
c  and 


2

3

0

[ ]
' 0.0158

t

CO
c . With these values the initial 

concentrations of the conservative
 0

' 62.244
t

u   and kinetic components are then 8

nd 
  0

' 62.2
t

ku . a 29

Water undersaturated with respect to calcite and saturated with respect to 
gypsum is continuously introduced in the system at the inlet ( ' 0x  ) starting at 

time 0t  . Concentration values characterizi

ter are: 

ng the chemical signature of the 



2[ ] 0

' 0.5 , 
Ca x

c 

2

4[ ] 0
' 126.458  and 


2
3[ ] 0

' 0.00031631
CO x

c . 

e 

injected wa
SO x

c

With these concentrations, the boundary conditions ar



0
' 125.9583

x
u  and 


 

0
' 125.958k x

u , respectively for the conservative and kinetic c Figure 

5.1a juxtaposes the initial and boundary conditions to the corresponding equilibrium 

omponents. 
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curve

 
 which is displaced by water which is 

ndersatu and saturated in gypsum.  

ctive transport problem involves solving the no  
PDE (5.29) me  

rward finite difference and c  
difference a ely for time and space. 

5.3.4 results 

ning the evolution of the aqueous concentrations of the 

s in ( 2[ ]
'

Ca
c  , 2

4[ ]
'

SO
c  ) space.  The corresponding depiction in ( 2[ ]

'
Ca

c  , 2'
CO

c  ) 

space is reported in Figure 5.1b. The set-up corresponds thus to a water
3[ ]

tially in

n-linear

ntral finite

 ini

ans of an implicit
e

chemical equilibrium with the two minerals
calcite 

predictor-corrector approach relying on a fo
pproximation respectiv

 

species taking part in the kinetic reaction in the (

u rated in 

The solution of the rea
 Error! Reference source not found.. We solve it by 

Analysis of the

We start by exami

2[ ]
'

Ca
c  , 2

3[ ]
'

CO
c  ) plane. 

 and three values of th

ort

 originate from the point 

Figure 5.2

ether
thlines are 

d
). We note

 

aracterizing the temporal evolution of the state of the 
cations e 

. As a reference, the equilibri rep  
with the compositions of the initial (resident)

ion of concentratio
 our example, all of them

mical signature of the re s 
the direction of the arrows i Figure 5.2  

i.e., 

depicts the pathl
chemical system for three selected lo

r

th
column samples with time. In

o 
with time (time increases along 

ines ch

, Da

e collect

the che

 of Da

 along the colum

um c
 and in

sident wat

n

urve is 
jected water. Pa

n (pair) values that a given point in the 

n 

Damkölher numbe ed, tog

defined here as 

corresponding t er and move leftwar

that for small values , 210Da  , the kinetic reaction is very slow, and all 
pathlines (corresponding to ' 0.05,  0.50,  0.95x  ) tend towards the point 

y to 

a

he inlet 

 are 

corresponding to the injected (boundary) water. This indicates that advection 
cal reaction. Notice that the final point 

) of the pathlines does not correspond exactl
that of the i r, since some amount of reaction takes place. 

. For intermediate values of l 
mewhere in between the one corresponding to the injected 

e note that pathlines tend to lie closer to the 
een the observation point a

ciated with the fact that the syst  
ing to observe that some of the pathlines in 

processes dominate with respect to chemi

e

o

equilibrium curve as the distance betw

t

(which corresponds to infinite time
njected wat

point of a pathline lies s

equilibrate. It is interes

The picture changes as Da increases Da

nd t
em has more time to

Figure 5.2

, the fin

water and the equilibrium curve. W

boundary increases. This is asso

non-monotonic in terms of values of 2[ ]
'

CO
c   s

3
ampled with me. Th  

initial decrease in , follo  

system is close to equilibrium at all times for very large values of 
oints lie near the equili

Moreover, a  exactly equal) value of  

ti is 

a later time. Obviously, the

Da

'c

indicates an

, except very 
brium curve. 

. This

2
3[ ]CO

'c 

close to the inlet point, and pathlines at al

ll curves end at a similar 

wed by an increase at 

l p

(albeit not 2[ ]Ca 
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result  constants ratio we adopted in 
the example, 

Chemical signat of the waters invol  the example 
  Resident 

ilibrium with respect to both minerals; injected water is in 
e

 is a particular consequence of the equilibrium

e kK K . 

 

water is in equ
quilib

 

Figure 5.1 ures ved in
presented in this paper. Equilibrium curves are also included.

rium with respect to gypsum and undersaturated with respect to 
calcite. Notice the very different scales used in the axes. 
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Figure ep he time evolution of the equilibrium, 'eu , an k , 

components at three different locations within the column for 1Da  . 

'u 5.3 d icts t d kinetic, 

h travel dis

entratio
 The arr

Figure 5.4 

depicts the details of the large (dimensionless) time behavior of 'ku . Notice that the 

asymptotic value tends to increase with Da  and wit tance. 

 

 

Figure 5.2.  Pathlines of the chemical evolution of the resident water at 

three different locations in conc n space, and for three Da  
numbers. ows indicate the direction of the individual pathlines for 

increasing time. For small  values, water eventually reac a 
chemical signature very close to that of the injected water (ki ic 

reaction is quite irrelevant). For large Da  values and at some distance 
from the inlet, the resulting water is close to chemical equilibrium. 

Da hes 
net
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Figure 5.3.  Evolution of components (equilibrium and kinetic) with time 

at three different locations for 1Da  . 

 

ction rates. 

Figure 5.4  Kinetic component with time for three different location 
(distance from the inlet increasing from (a) to (c)). Each plot presents the 

evolution corresponding to three different Da numbers. Notice (vertical 
scale) that the quantitative variations are not very significant, but this is 
enough to produce relevant measurable differences in rea
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Once the components have been obtained, the concentra ns of the different 
species can be obtained as outlined in Section 

tio

 

Figure 5.5  Normalized aqueous concentrations involved in the analyzed 
system for three different locations along the column and as a function of 
time. 

It can be seen that while the impact of the Damkölher number upon  and 

is negligible, the concentration of carbonate (

5.2. Figure 5.5 depicts the temporal 
variation of the normalized concentrations of the aqueous species at different points 
along the column. 

2[ ]
'

Ca
c

2
4[ ]

'
SO

c  2
3[ ]

'
CO

c ) depends stro

and relative differences between the calculated curves are very large. 

We note that the arrival of the inflow water, which is undersaturated with 
respect to 

and  a ebound in 

n 
on et and for 

rat erv r for 

traction of 

ngly on Da  

calcite, can cause in some cases a drop in the concentrations of both 
2
3O  concentrations. Dissolution of calcite can then cause r

n, which display a tendency to increase in time, depending o
d Da  (this is particularly seen for short distances from the inl

o large Da  0 2( 10 ,  10 )  .  The obs ed rebound does not occu

n. We observe that the ex

2Ca 

locati

mode

C

carbonate concentratio
an

e t 2Ca  , 
2Ca which is consumed by gypsum precipitatio  
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causes further dissolution of calcite, to the point that for high or short travel 

distances the asymptotic concentration of 

Da
2
3CO   

whic

her

oni et a

e system is th

Da

is higher than tha  of either input or 

resident waters. 

The temporal behavior of normalized kinetic and equilibri m reaction rates 
are shown in Figure 5.6. Gypsum precipitation, , 

is (non-monotonically) affected by , since it depends on the interplay between 
transport and reaction characteristic times, 

the system. In the limit for large  numbers the equilibrium reaction rate 

tends to the solution presented by m . [2005] for a bi-molecular reaction 

system. An important feature of th re tends to e) non-zero 
(albeit in some cases very close to zero) asymptotic values for large times. This is 
particularly clear for intermediate values of 

t

u
, despite occurring at equilibrium

h ultimately govern the evolution of 

 (a negativ

er

l

at 

at '

Da

Damköl

De Si

0.5 x  (Figures 5.6b, e). Likewise, 
the kinetic reaction rate depends on  to a positive asymptotic value 
(Figures 6d, e, f). This is equivalent  is always active also in 
the limit for large times, as a kinetic reaction always takes place in order to preserve 

local equilibrium conditions. In short,  and 

are always different (albeit only slight e

of the input

 

5.4 General Formulation 

We now extend the methodolog
multispecies transport processes in the p
classical heterogeneous reactions. Chemical ilibrium is defined in terms of the 
mass action law, relating reactants and prod
in Section 5.2, one can write 

 

Da and tends
 to state that the system

y illust
r
equ

ucts

 the actual late-time concentrations 

ly, in the analyzed 

2[ ]
'

Ca
c 

scenario) from thos2
4[ ]

'
SO

c    

 (external) water. 

rated in Section 5.2 to describe 
esence of generic homogeneous and 

. Following the notation introduced 

 *log log a K K logeaS 

and saN

c , (5.47) 

here,  is a a  matrix  respectively being he number of 

equilibrium reactions and the numb ueous species in the em) containing 
the stoichiometric coefficient of equilibrium reactions; is the vector of 

concentrat ectors of 

equilibriu of activity 
coefficient ed in the 
kinetic sto

eaS

i

m
s

e sN N ( eN  

er of aq

 t

syst

ac

ons of aqueous species; K  and K respectively are the v

 and equivalent equilibrium constants;  is the vector 
. The stoichiometry of kinetic reactions is typically includ
ichiometric matrix, kS  of size k sN N

*

  ( kN  and sN  respectively being the 
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number of kinetic reactions and the number of total species, including aqueous and 
constant activity). Mass balances for all species are expressed as 

    T T
e e k kL

t


  

c

M c S r S r c , (5.48) 

here, is the vector of species concentrations (of size ); c  sN   

rms equal unit

ies are subject to the same transport 

is the porosity of 

the medium is a diagonal matrix and its diagonal te y for mobile 
 and  are vectors for the equilibrium and kinetic 

reaction rat s, respectively; and  
single aqueous phase and that all spec

; 

e

parameters, the linear op

M  
species or zero otherwise; er

erator 

kr

 T is transpose.  Upon considering transport in a

 L   is defined as in (5.14). 

In the following we assume that the geochemical system can be described by 

reactions occurring at equilibrium in the presence of one kinetic reaction, i.e, 

. This situation is frequently encountered in natural aquatic systems, where 

the evolution of the whole system is controlled by the rate of one reaction, which is 

notably slower than the rest [Booth et al., 1997]. Examples include systems where a 
particular biogeochemical reaction is dominant and slower than 

precipitation/dissolution [e.g., Cirpka et al., 1999; Cirpka and Valocchi, 2007].  Our aim is 
to evaluate the expressions for rates of the equlibrium and kinetic reactions, 
generalizing the results presented in Section 5.2 to take into account any number of 
equilibrium reactions. Alternatively, the resulting expressions can also be seen as a 

generalization of the work by De Simoni et al. [2005] in order to include a kinetic 
reaction. As we did for the two reactions model (Appendix A), we adopt 

sequentiall

1. Equilibrium reaction rates are eliminated and the number of unknowns in (5.48) 

is led Tank 
Paradigm).  

erves the fully 
coupled nature of the system. Application of the Canal Paradigm procedure 
al

r his a

eN  

kN 1

y the chemical paradigms of Molins et al (2004). 

 reduced (in the notation of Molins et al. [2004], this step is cal

2. After step 1, the presence of the kinetic reaction rate still pres

lows decoupling the c s e kN N N N    equations satisfied by conservative 

components from the kN  transport equations governed by the kinetic reaction 

ate. T llows first calculating the conservative components, upon solving cN  

independent conservative transport equations. Still, this would involve solving 
the N  reactive transport equations (where the kinetic rate is a function of k
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species concentrations) together with the eN  chemical expressions (5.47) and 

the cN  definitions of conservative components. 

3. ying the River and Aquifer Paradigms procedure, it is possible to 
el

 

n a
dif

By appl
iminate both the kinetic and constant activity species from the system. This 

leads to a fully decoupled problem that can be solved in steps similar to those 
proposed in Section 5.2 for the two-reactions model. This procedure yields the 
space-time distribution of equilibrium and kinetic reaction rates from the 
numerical solution of (5.48), once the vector c is known.  

Figure 5.6  Normalized kinetic reaction rate and normalized equilibrium 
reaction rate at three different locations along the colum nd as a 
function of time. Notice the very ferent cal scales in each plot 

 

 

verti
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Table 5.3.  List of main variables 

DESCRIPTION VALUES ADOPTED IN TH
VARIABLE 

TYPE 
E EXAMPLE OF SECTIONS 2 AND 3 

DIMENSIONS OF MATRICES / VECTORS 

sN  Number of total species (aqueous + constant activity) 5 

saN  Number of aqueous species 3 

Num u

c r

eN  ber of eq ilibrium reactions 1 

Number of kineti eactions 1 

Number of conservative components sa e kN N N N    1 

VECTORS 

kN  

cN  c

c  Concentrations of all species 
2 2

4[ ] [ ]
,

Ca SO
c c  2

3 4 2 ( ) 3( )[ ] [ 2 ] [ ]
, , ,

s s

T

CO CaSO H O CaCO
c c c 

 
  

 

ac  Concentrations of aqueous species 
2 2 2

4 3[ ] [ ] [ ]
, ,

Ca SO CO
c c c  

T
 
   

Concentrations of general primary species 2[ ]Ca
c 
 
   

ration of secondary species which only contribute to 
the equilibrium reactions 2

4[ ]SO
c 

'ac  

Concent  
   

Concentration of kinetic primary species 2
3[ ]CO

c 

ec  

 
   

Equilibrium reaction rates 

kc  

 er  

Kinetic reaction rates 

er  

 kr  

Activity coefficients 
2 2 2

4 3 4 2 ( ) 3([ ] [ ] [ ] [ 2 ] [
, , , ,

s sCa SO CO CaSO H O CaCO
       

kr  

) ]

T
    

 

K  Equilibrium constants  ,
T

e kK K  

Equivalent equilibrium constants * *,
T

e kK K*K      

 

As shown by Molins et al. [2004], the chemical system can always be written in 
such a way that one secondary species is associated with an equilibrium reaction. 
For simplicity, we take the equilibrium and kinetic constants independent on 

temperature and pressure. We further assume that Ss and k0 be constant in space and 

time [e.g., Lasaga, 1984; Steefel and Lasaga, 1994; Lichtner, 1996; Mayer et al., 2002; 

Giovangigli and Massot, 2004]. This allows writing the transport equation for the 

secondary species, ec , as 

 ( )c
c eL

t
   

c

c r , (5.49) 

now, expanding ce as a function of u [recall that ] yields ( , )T T
e kuu u
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2

2
( ) ·tc cL

t
            

c u c
u u D

u u
· eu r , (5.50) 

where the left hand side is zero for all components but ku , which satisfies 

equation (5.19). Substituting (5.19) into (5.50) yields 

 
2

2
· ·tc c

e k
k

r
u
 

   
 

c c
r u D u

u
.    (5.51) 

 In the absence of the kinetically driven behavior, one immediately recovers 

from (5.51) the expression of De Simoni et al. [2005], where the reaction is solely 
driven by mixing.  

 

5.5 Conclusions 

Our work leads to the following major conclusions: 

1. The methodology we propose allows obtaining exact explicit expressions of 
the space-time distribution of reaction rates when the geochemical system 
can be described by reactions occurring at equilibrium in the presence of 

one kinetic reaction. The equilibrium reaction rate is then expressed as a 
function of a mixing-related term, the distribution of (conservative and 
kinetic) components and the kinetic reaction rate. 

2. The complete analysis of the analyzed reactive transport problem entails 
deconstructing it according to a sequence of decoupled steps. A key point of 
the procedure is that it eliminates the need to compute aqueous 
concentrations if one is only interested in assessing reaction rates. As 
compared to formulations previously proposed in the literature to solve 
multispecies transport problems in the presence of a generic number of 

reactions [e.g., Molins et al., 2004], the method we adopt is simpler and more 
concise. The critical point in the pro ctive 
com ifferential 

equ  It follows that 
the advantages associated with our procedure (solving an individual non-
linear equation in front of solving the complete coupled system of non-linear 
equations) should be further explored in practical applications. 

eN

cedure is the computation of the rea
ponent, ku , which satisfies a highly non-linear partial d

ation. In general, the latter should be solved numerically.
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3. The resulting expressions are applied to a geochemical setup which is 

frequently encountered in applications, i.e., the calcite-gypsum system. The 
salient features of the latter are typically described by two chemical reactions. 
The transport of re imulate the dissolution of 
calcite in the presence of water geochemically equilibrated with gypsum 
within a one-dimensional column. The solution is offered in terms of relevant 

system, highlighting the role of the 
play between characteristic transport and reaction 

is always active in the limit for large 
times, as the reactants kinetically interact in order to preserve local 
equilibrium conditions. 

active species is then solved to s

dimensionless parameters controlling the 
heavily non-linear inter
times. A key finding is that the system 

 



chapter

On multicomponent reactive transport in porous media: 
From the natural complexity to analytical solutions



(This page intentionally left blank.)



Chapter 6:  Summary and Conclusions      | 117 

 

 

 

 

 

 

Chapter 6 

 

 

Summary and Conclusions 

r aquifers presents high 
variability of their hydrodynamic properties.  This variability adds high complexity 

istic time.  If 

6 SUMMARY AND CONCLUSIONS 

he dissertation was focused on the analysis and characterization of the 
transport of non-conservatives solutes in the geological media.  The 
latter is very complex due to geological processes of genesis and 

formation.  Indeed, natural media as fractured rocks o
T 

in the understanding of all processes and phenomena that occurs on them. 

Effective dynamics have been stated by several authors as a modeling approach 
for flow and transport in heterogeneous media.  These dynamics can be fully-defined 
in three main groups: (i) multirate mass transfer, MRMT, (ii) continuous time 
random walk, CTRW and (iii) fractional advection dispersion equations, FADE.   

Between different geological media, fractured media presents a special interest 
in the scientific community due to its usefulness in the storage of nuclear wastes 
because of its low permeability.  Radionuclides are a very non-conservative type of 
solute that can be affected by several types of reactions.  Reactions can be defined in 
function of its characteristic time as instantaneous or slow.  The former are very fast 
in comparison with transport characteristic time and the latter are slow and the 
reaction characteristic time is relatively similar to transport character

Ph. D. Dissertation | L.D. DONADO 



118 |     On multicomponent reactive transport in porous media: From the natural complexity to analytical solutions  

reaction is slow, the hydrogeological media is not in equilibrium, and the equations 
for modeling the multicomponent system are not linear and not homogeneous. 

This research was carried out in four stages.  The first one consists on the 
inverse modeling of groundwater flow and solute transport in fractured media, 
represented by means of Discrete Fracture Network as conceptual model.  The 
second consist on a definition of an analytical expression to compute equilibrium 
reaction rates in multi-species reactive transport system in a heterogeneous media.  
The heterogeneity of the media was based on MRMT effective dynamics.  Third 
stage of the dissertation was focused on the establishment of a semi-analytical 
solution for the reaction rates in a system under non-equilibrium conditions.   And 
finally, last stage was the generation of analytical expression for reaction rates in a 
system with the presence of any quantity of equilibrium reactions and one kinetic 
reaction. A summary of the main results and future work lines of each stage are 
presented as follows. 

6.1 Inverse modeling with DFN 

6.1.1 Main Results 

Groundwater flow and solute transport were modeled in a fractured media via 
DFN approach.  A total number of 100 synthetic realizations of DFN were generated 
based on the probability distributions of the field geological properties. DFN 
represents fractures as discs that are associated to fracture families to simplify the 
total number of parameters to be calibrated. 

Hydraulic and tracer tests were calibrated by means of inverse problem with 
TRANSIN II.  Results of this modeling permit to conclude that DFN present similar 
or best results to previous modeling with an Equivalent Porous Media. DFN poses as 
a more realistic definition of the fractured media, but generate a gigantic quantity of 
hydrodynamic parameters to compute and calibrate. 

Transport in this type of media is a challenging problem due to behavior of 
solutes and their interaction with the rock matrix.  Breakthrough curves of 
deuterium shows tailing that typical fickian solutions cannot adequately represent.  
The inverse model demonstrates that adding matrix diffusion to the advection-
dispersion mass balance equation, BTC have an extraordinary fitting.  This type of 
behavior is related to memory effects caused by the heterogeneity of the media.  

Statistical analysis of the different calibrated hydraulic parameters (hydraulic 
conductivity and specific storativity) shows that every family has a monomodal 
distribution of their hydrodynamic parameter.  This is called effective parameter.  In 
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contrast, when all the values are analyzed, parameters show a bimodal distribution.  
These parameters are defined as ensemble.  Effective parameter does not represent  

6.1.2 Outlook 

Additional research into the influence of the connectivity of the channels wil
provide a reduction of the broad band of the conductance matrix.  It is suggested 
that there must be an effective network of channels that conducts all the water.  A
more extensive study of it can be done applying percolation theory. An effective 
conductive network will reduce the computation cost of the calibration models. 

DFN approach is generally related to a model in which the location of fractures 

inside the matrix are fully defined [e.g., MacQuarrie and Mayer, 2005].  It may be 
possible to condition the generated networks to hard data achieved from borehole 
data logs. 

It is suggested that a statistical analysis of transport parameter
undertaken. It will offer a definition of effective and ensemble values for transport 
parameters. An important issue that can be
greater part of multi-specie rea

il gs of the breakthrough curves are caused when diffusion dominates the 
n be carried out in 

this t a.  The main idea is to represent the heterogeneity of the media and 
its eff
high p
proce

6.2.1

used 

l 

 

s could be also 

 solved is the scale problem because the 
ctive transport problems are limited for it. 

Ta in
processes.  An application of an effective dynamics approach ca

ype of medi
ect on the diffusive processes.  The effective dynamics will represent low and 
ermeability zones and their interaction, behavior that dominates the transport 

sses. 

6.2 Reaction rates for mixing-controlled reaction in multi-
continuum media 

 Main Results 

Based on the evidence of tailing on BTC, an effective dynamic with memory 
effects was implemented.  Heterogeneous media is visualized as a multiple 
overlapping continua with different types of permeability.  MRMT approach was 

as effective dynamics. 

This type of approach permits to represent the influence of heterogeneity in 
hydrodynamic processes in the media without having into account that 
implemented scaling method for the definition of effective or ensemble parameters.   

In this approach, the medium heterogeneity is represented by the distribution 
of solute retention times.  The used approach has permitted to achieve an analytical 
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expression for compute the reaction rates in both mobile and immobile zones.  This 
analytical expression identifies three different contributions: (i) an identical term 

that represent local dispersive 

m to reach global equilibrium can be significantly increased. 
Such mechanisms can not be captured by a macro-dispersion model, which would 

on taking place.  As consequence, the 

6.2.2

erify 
that 

mixing in the mobile region [De Simoni et al., 2005], (ii) 
the term that represent mixing caused by mass transfer among zones, and (iii) a 
term that represent the reaction in the set of immobile zones. 

Heterogeneity of media is characterized by a set of mobile and immobile zones.  
When an advective-dispersive multi-specie transport is presented in the mobile 
zones, the unique mechanism that induces non equilibrium conditions is local 
dispersion. With the additional presence of mass transfer with immobile waters, 
mixing is achieved. This induces non-equilibrium and reactions too.   

For local dispersive mixing, the relevant time scale is given by the dispersion 
time, while for mass transfer mixing, the time scale is defined by the reaction time.  
The time for the syste

lead to an underestimation of the total reacti
degree of heterogeneity, as well the mass transfer rates has an important impact in 
the total reaction rate. 

In advective dominated cases, the majority of the reaction takes place in the 
immobile zones.  It means that the heterogeneity defines the reaction and mixing.  
An advantage of this type of approach, is the correct description of the reaction rate, 
with no underestimation caused by up-scaling parameters as macrodispersive 
approach. 

 Outlook 

From the point of view of practical engineering it will be important to follow 
this type of approach in natural media to obtain corroboration of the analytical 
results. 

Multi-rate mass transfer approach poses as an ideal model for representing 
mixing in micro-scale, but its applicability in large-scale media is argued by several 
senior authors.  Numerical modeling carried out by Hydrogeology Group in recent 
years demonstrates that this type of approach is useful for the differentiation among 
spreading and mixing.  

The following stage of the research could be an experimental program to v
this analytical solution really quantifies mixing effects, therefore a correct 

prediction of plume shapes and remediation techniques.   
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6.3 Transport-Controlled Reaction Rates Under Local Non-
onditions 

r or 
greater that the reaction time, the reaction can be treated as instantaneous.  In 
contr

ate in multi-species reactive transport under local non-equilibrium 
condi

ends to be 

in equ

 result of this research, the impact of larger deviations from local 
equilibrium (typical mass transfer time smaller than the reaction time scale) needs 

 to experiments and direct numerical simulations. 

s Equilibrium and Kinetic Reaction Rate in 
Poro

issertation was focused on achieving analytical solutions 
for reaction rates in a more realistic situation, with the presence of two types of 
reacti

Exact and explicit expressions to compute reaction rates distributions in 
space

Equilibrium C

6.3.1 Main Results 

A reaction can be defined by its characteristic time as slow or instantaneous.  
In an advective-dispersive transport system, it depends on the relationship with the 
transport characteristic time.  It means that when the transport time is simila

ary, when reaction time is larger than transport one, reaction is not in 
equilibrium and is defined by a kinetic law. Kinetic reaction adds non-linearity to 
mathematical models.  This part of the dissertations shows an analytical solution for 
reaction r

tions. 

One of the main results consists on an analysis of the influence on local non-
equilibrium conditions in the reaction.  This study defines the ratio among transport 
and reaction characteristic times.  When this ratio is very small, reaction t

ilibrium and the solution is the same stated one [De Simoni et al., 2005], but if 
this ratio is greater, reaction rates can be underestimated, therefore all the plumes 
hydrodynamics. 

6.3.2 Outlook 

As a

to be analyzed by a full (numerical) solution of the non-linear partial differential 
equation and comparison

6.4 Simultaneou
us Media 

6.4.1 Main Results 

The last stage of the d

ons: several ones in equilibrium and one kinetic.  This work leads to the 
following results. 

 and time for the defined geochemical system. Equilibrium reaction rates are 
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 is the procedure of computation of the kinetic component.  
In general, it is achieved by means of numerical solution of a non-linear and non-
homo

expressed in terms of the mixing, the kinetic reaction rate and the distribution of 
components. 

This study proposes a methodology to compute reaction rates, eliminating the 
need to compute aqueous concentrations, because reaction rates and their 
relationship with component define the mixing processes. 

The solution is offered in terms of relevant dimensionless parameters 
controlling the system, highlighting the role of the heavily non-linear interplay 
between characteristic transport and reaction times. A key result is that the system 
is always active in the limit for large times, as the reactants kinetically interact in 
order to preserve local equilibrium conditions. 

6.4.2 Outlook 

It follows that the advantages associated with the implemented procedure 
(solving an individual non-linear equation in front of solving the complete coupled 
system of non-linear equations) should be further explored in practical applications. 

The critical point

geneous differential partial equation.  A sophisticated numerical approach 
must be implemented for solving more complex problems. 
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8.1 Appendix A1: General reaction rate 

The starting point is equation (3.14). Also, note that species concentrations 
be written in terms of components concentrations and the equilibrium 
tants; i.e. ( , )c c u K  and ( ,

can 
cons )m m m im im imc c u K . K  values can vary with salinity 

and temperature. Assuming K  is constant in space and time, we can apply the chain 

rule ( m
md d





c
c u

u
, similar for dc ) to (3.11)  imm

m
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and finally, incorporating (3.15) we obtain (3.19). Additional terms would 
.1) if one were to consider variability of K values. appear in (A

pace we get:  

8.2 Appendix A2: General solution in Laplace space of the 
l mobile concentration tota

Writing (3.32) in Laplace s

    
 2

0
0 0 2

1 ' '
' ' '

' '
m m

m m m

d u du
su u g u s g g u

Pe dx dx
         , (A.2) 

with   indicating a variable in Laplace space. Reordering (A.2),  

 
 

   01 'm
21 ' 'md u du

2' ' mg su u
Pe dx dx

    . (A.3) 

0

A particular solution of (A.3) is given by 'mu
s

u
 . The general solution is given 

by  

    1 2

4 ' 4 '
exp 1 1 1 exp 1 1 1'

2 2m

Pe x Pe x
A s g A s g 

      
            u 

boundary conditions, 

Pe Pe         

 (A.4) 

From the 1 0A  , as the solution must remain finite for 

r , it is 'x 



 . To obtain the second integration constant, let us notice that fo  ' 0x 

0u
 . Thus, 'mu

s
0u

A2 s
 , and the specific solution for this problem becomes (3.36).  

 

8.3 

lem 

only ite a matrix such that 

Appendix A3: Decoupling of the two-reaction model 

Following the methodology and terminology of Molins et al. [2004], the prob
can be decoupled by the successive application of four paradigms.  

Tank Paradigm: In this part of the methodology, the conservative components 
(only one in our problem) are defined, and the kinetic constant activity specie is left 

 in the kinetic reaction. At this stage it is necessary to wr
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T
e eU S 0  ( 0  meaning a vector where all components are null). While this choice is

non-unique, it will have no actual influence in the final result. Thus, it is advisable to
write the simplest possible matrix. We choose the following one 

 

 

 

 
 
 
 
 
 

( ) ( )

2 3 1 5 4
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s s
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B B B B B

U  (A.5) 

Since from (5.8)   1 0 1 0 1eS , it directly follows that

Canal Paradigm: In this stage the system is decoupled in components w
kinetic reaction rate and one with kinetics. By row operations in the
(row 4) to (row 2) and (row 3), we get  

T
e eU S 0  

ithout 
 matrix, adding 

( ) ( )

2 3 1 5 4
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  

 (A.6) 

River Paradigm: The main idea is to eliminate the kinetic constant activity 
speci

 

U
U

U

es of the system and also reduce the number of components. By substituting 
(row 2) - (row 3) into (row 2), and deleting the (now unnecessary) (row 3) we get 

( ) ( )

2 3 1 5 4

1 0 0

s s
B B B B B

0 1

0 1 1 0 1
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c
river

r
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 
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 

U
U

 (A.7) 

Aquifer Paradigm. The main idea is to eliminate the constant activity specie 
in equilibrium. Now (row 1) is added to (row 2), also substracted from (row 3), and 
then removed from the system 

U
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2 3 1 5 4
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s s
B B B B B
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rU
c

aquiferU U  (A.8) 

From (A.8) we directly read the two components. In the top row we have the 
(only) conservative component 12 3eu c c c  

 that by combi

 component 

; in the bottom one, we read the 

inetic one  Notice ning both compk onents we find an  1 2ku c c  .

alternative expression for the kinetic 3k eu c u  . 
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