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Abstract

This thesis explores classification and perturbation problems for group
actions on a class of Poisson manifolds called ™-Poisson manifolds.
b™-Poisson manifolds are manifolds which are symplectic away from a
hypersurface along which they satisfy some transversality properties.
They often model problems on symplectic manifolds with boundary
such as the study of their deformation quantization and celestial me-
chanics.

One of the interesting properties of b"-Poisson manifolds is that
their study can be achieved considering the language of b™-forms. That
is to say, we can work with forms which are symplectic away from the
critical set and admit a smooth extension as a form over a Lie algebroid
generalizing De Rham forms as form over the standard Lie algebroid of
the tangent bundle of the manifold. To consider b"-forms the standard
tangent bundle is replaced by the b™-tangent bundle.

This thesis starts with the equivariant classification of b"-Poisson
structures investigating, in particular, the analogue of Moser’s classifi-
cation theorem for symplectic surfaces and their equivariant analogues.
The classification invariants in the case of surfaces are encoded in a co-
homology called b™-cohomology which has been deeply studied by [1].
Mazzeo-Melrose type formula for b-cohomology decomposes it in two
pieces which can be read off the De Rham cohomology of both the
ambient manifold M and the critical hypersurface. As an outcome of
this identification, the Poisson classification of these manifolds is given

by the De Rham cohomology of the manifold and the hypersurface.

vii
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This classification is extended to the equivariant setting if we as-
sume that the singular forms are preserved by the group action of a
compact Lie group. These techniques can be extended to the classifi-
cation of b"™-Nambu structures which are also considered in this thesis.

Group actions re-appear in the last chapters as integrable systems
on these manifolds turn out to have associated Hamiltonian actions
of tori in a neighbourhood of a Liouville torus. We use this Hamilto-
nian group action to prove existence of action-angle coordinates in a
neighborhood of a Liouville torus. The action-angle coordinate theo-
rem that we prove gives a semilocal normal form in the neighbourhood
of a Liouville torus for the b™-symplectic structure which depends on
the modular weight of the connected component of the critical set in
which the Liouville torus is lying and the modular weights of the as-
sociated toric action. This action-angle theorem allows us to identify
a neighborhood of the Liouville torus with the 0™-cotangent lift of the
action of a torus acting by translations on itself.

We end up this thesis proving a KAM theorem for 6™-Poisson man-
ifolds which clearly refines and improves the one obtained for b-Poisson
manifolds in [2]. As an outcome of this result together with the
extension of the desingularization techniques of Guillemin-Miranda-
Weitsman to the realm of integrable systems, we obtain a KAM theo-
rem for folded symplectic manifolds where KAM theory has never been
considered before. In the way, we also obtain a brand new KAM the-
orem for symplectic manifolds where the perturbation keeps track of
a distinguished hypersurface. In celestial mechanics this distinguished

hypersurface can be the line at infinity or the collision set.



Resumen

Esta tesis doctoral explora problemas de clasificacion y perturbacion
para acciones de grupo en una clase particular de variedades de Poisson
llamadas variedades de b™-Poisson. Las variedades de b™-Poisson son
variedades que son simplécticas fuera de una hipersuperficie en la cual
satisfacen ciertas propiedades de transversalidad. A menudo modelan
problemas en variedades simplécticas con borde tales como el estudio
de la cuantizacién por deformacion o problemas de mecéanica celeste.

Una de las propiedades interesantes de las variedades b"-Poisson
es que se pueden estudiar usando el lenguage de b"-formas. Es de-
cir, que podemos trabajar con formas que son simplécticas lejos un
conjunto critico y que admiten una extension suave como forma sobre
un algebroide de Lie generalizando formas de De Rham como formas
sobre el algebroide de Lie del fibrado tangente de la variedad. Para
considerar b"-formas el fibrado tangente estandar debe reemplazarse
por el fibrado 0™-tangente.

Esta tesis empieza con una clasificacion equivariante de estructuras
b™-Poisson, investigando, en particular, el analogo del teorema de clasi-
ficacion de Moser para superficies simplécticas y sus analogos equiv-
ariantes. La clasificacion de invariantes en el caso de superficies estan
codificados en una cohomologia llamada b™-cohomologia que ha sido
estudiada en profundiad por [1]. Una férmula del tipo de Mazzeo-
Melrose para la b™-cohomologia descompone en dos partes que pueden
interpretarse como las cohomologias de De Rham tanto de la variedad

ambiente M como de la hypersuperficie critica. Como consecuencia
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de esta identificacion, la clasificacion de Poisson de estas variedades
viene dada por la cohomologia de De Rham de la variedad y de la
hipersuperficie.

Esta clasificacion se extiende al contexto equivariante si asumimos
que las formas singulares son preservadas por la acciéon de un grupo de
Lie compacto. Estas técnicas pueden ser extendidas a la clasificacion
de structuras de b"-Nambu que se consideran también en esta tesis.

Las acciones de grupo reaparecen en los ultimos capitulos ya que
los sistemas integrables en estas variedades resulta que tienen asoci-
adas acciones Hamiltonianas de toros en un entorno de un toro de
Liouville. Usamos estas acciones Hamiltonianas de grupos para de-
mostrar la existencia de coordenadas accion-angulo en un entorno de
un toro de Liouville. El teorema de accién-angulo que demostramos
da un teorema de formas normales semilocales en un entorno del toro
de Liouville para la forma b"-simpléctica que depende tanto del peso
modular de la componente conexa de la hipersuperficie donde se en-
cuentra el toro de Liouville como los pesos asociados a la accion torica.
Este teorema de accion-angulo nos permite identificar un entorno del
toro de Liouville como el b™-cotangent lift de la accién de un toro
actuano por translaciones sobre si mismo.

Acabamos la tesis demostrando un teorema KAM para variedades
de b™-Poisson que claramente refina y mejora el teorema obtenido
para variedades de b-Poisson en [2]. Como consecuencia de este re-
sultado junto con la extension de las técnicas de desingularizacion
de Guillemin-Miranda-Weitsman en el ambiente de los sistemas inte-
grables, obtenemos un teorema KAM para variedad folded-simplécticas
donde la teoria KAM nunca ha sido considerada con anterioridad.
En el camino, también obtenemos un nuevo teorema KAM para var-
iedades simplécticas dénde la perturbacién permite seguir con detalle
una hipersupericie concreta. En mecénica celeste esta hipersuperficie

puede ser interpretada cémo la linea al infinito o el conjunto de colision.



Chapter 1
Introduction

Both symplectic and Poisson geometry emerge from the study of classi-
cal mechanics. Both are broad fields widely studied and with powerful
results. But the fact that Poisson structures are far more general than
the symplectic ones imply that a lot of powerful results in symplectic
geometry do not translate well to Poisson manifolds. Here is where
b"-Poisson structures come to play. 0™-Poisson structures (or b"-
symplectic structures) lie somewhere between these two worlds. They
extend symplectic structures but in a really controlled way. Because
of this reason, a lot of results that worked in symplectic geometry still
work in 0™-symplectic geometry.

The study of b"™-Poisson geometry sparked from the study of sym-
plectic manifold with boundary [3]. In the last years the interest in
this field increased after the classification result for b-Poisson struc-
tures obtained in [4]. Later on, [5] translated these structures to the
language of forms and started applying symplectic tools to study them.
A lot of papers in the following years studied different aspects of these
structures: [6], [5], [7], [8], [9] and [10] are some examples.

Inspired by the study of manifolds with boundary, we work on a
pair of manifolds (M, Z) where Z is an hypersurface and call this pair

b-manifold
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In this context, [1] generalized the b-symplectic forms by allow-
ing higher degrees of degeneracy of the Poisson structures. The 0™-
symplectic structures inherited most of the properties of b-symplectic
structures. This thesis studies different aspects of b"™-symplectic struc-
tures. First, we present some preliminary notions necessary to under-
stand the core of the thesis. Then we illustrate the connection between
b™-symplectic structures and classical mechanics by providing several
examples. After this we present a result that classifies all possible b™-
symplectic structures on surfaces up to b™-symplectomorphisms. This
classification comes encoded by some cohomology classes associated to
those structures. We also present a theorem that determines when it
is possible for a b-manifold to have a b™-symplectic structure on it. In
the next section we present similar results for b™-Nambu structures,
which are top-degree structures with similar singularities as the ones
allowed for b™-symplectic structures. We also give a classification re-
sult, in this case for manifolds of any dimension, as well as an existence
result. Finally we study the analog of KAM theory in the b™-setting.
We present an action-angle theorem for ™-Poisson structures. Finally
we state and prove the KAM theory equivalent in manifolds with 0™-

symplectic structures.

Arising from this thesis there have appeared three different publica-
tions, and we hope a fourth will follow from the two last chapters. The
first publication is [11], and presents the results that appear at Chapter
4, about classification of b"™-symplectic structures. The second paper
published was [12] and presents the results about classification of b™-
Nambu structures explained in chapter 5. The last paper published
was a joint effort from the laboratory of geometry and dynamical sys-
tems. The results were published at [13]. Some of the examples on
this publication are presented in chapter 3. Finally we are hoping to
have a version of chapters 6 and 7 adapted for sending to a journal and

have it published soon.



1.1. STRUCTURE AND RESULTS OF THIS THESIS 3

1.1 Structure and results of this thesis

1.1.1 Chapter 2: Preliminaries

In the preliminaries we give the basic notions that lead to the ques-
tions we are addressing in this thesis. In the first part we introduce
the concept of b-Poisson manifolds, a type of Poisson manifold that
comes from the study of manifolds with boundary. Next we talk about
a generalization of these structures, that allow higher degree of degen-
eracy of the structure: the b™-symplectic structures. These structures
are the main focus of our study in this thesis. We also introduce the
concept of desingularizing these manifolds. Finally we give a short
introduction to KAM theory, a theory that will be generalized in the

setting of b™-manifolds in the last chapter.

1.1.2 Chapter 3: Examples of singular symplectic

forms in celestial mechanics

In this section we give several examples of singular symplectic struc-
tures appearing naturally in classical problems of celestial mechanics.
We also have a section where we present the difficulties of finding these
examples, and the subtleties of dealing with these structures.

First we present a change of coordinates in the Kepler problem
and how this change transforms the standard symplectic form to a
degenerate form along a hypersurface given by two hyperplanes.

Then we present a change of coordinates made in the restricted
elliptic 3-body problem, that sends the standard symplectic form to a
b3-symplectic structure.

Finally we present an example of a change of coordinates in the
two body problem that leads to a b-symplectic manifold, while talking

about why it is hard to find more naturally appearing examples.
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1.1.3 Chapter 4: Existence and classification of

b"-symplectic structures

In this chapter we present the results published in [11]. We start by pre-
senting some examples of b™-symplectic structures in both orientable
and non-orientable surfaces. Then we give an equivariant version of the
Moser theorem for b™-symplectic surfaces which lead to a classification

of these structures on surfaces.

Theorem (A). Suppose that S is a closed surface, let Z be a union of
non-intersecting embedded curves. Consider the b™-manifold given by
(S,7Z). Fizrm € N and let wy and wy be two b™-symplectic structures
on (S, Z) which are invariant under the action of a compact Lie group
p:Gx(S,Z)— (S,Z) and defining the same b™-cohomology class,
[wo] = [w1]. Then, there exists an equivariant b™-diffeomorphism & :

(S,2) — (S,Z2), such that &fw1 = wp.

We also state an equivariant b™-Moser theorem for higher dimen-
sions, taking into account that we need a path joining the two b™-

symplectic structures.

Theorem (B). Let (M,Z) be a closed b™-manifold with m a fized
natural number and let wy for 0 < t < 1 be a smooth family of 0™ -
symplectic forms on (M, Z) such that the b™-cohomology class [wy] does
not depend on t.

Assume that the family of b™-symplectic structures is invariant by
the action of a compact Lie group G on M, then, there exists a family of
equivariant b™-diffeomorphisms ¢y - (M, Z) — (M, Z), with 0 <t <1

such that ¢fw, = wy.

After this we present three theorems that talk about conditions on

the manifolds to allow b"-symplectic structures.

Theorem (C). If a closed surface admits a b**-symplectic structure
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then it is orientable.

Theorem (D). Given a b™-manifold (S,Z) (fixed m) with S closed

and orientable, there exists a b™-symplectic structure whenever:

1. m =2k,

2. m =2k + 1 if only if the associated graph I'(S, Z) is 2-colorable.

Theorem (E). Let (S,Z) be a closed non-orientable b***'-surface.
Then, (S, Z) admits a b***'-symplectic structure if and only if the fol-

lowing two conditions hold:

1. the graph of the covering (S, Z), G(S,Z) is 2-colorable and

2. the non-trivial deck transformation inverts colors of the graph

obtained in the covering.

Finally we have a section where we talk about desingularizing 0"-
symplectic structures. And what happens to the classes of the struc-

tures when desingularized.

Theorem (F). Let (S,Z,x), be a b**-manifold, where S is a closed
orientable surface and let wy and wo be two b**-symplectic forms. Also
let wie and wo be the f.-desingularizations of wy and wsy respectively. If
[wi] = [wa] in b**-cohomology then [wi] = [wae] in de Rham cohomology

for any fized €.

1.1.4 Chapter 5: Existence and classification of
b"-Nambu structures
In this chapter we follow the results in [12]. We first define the concept

of b™-Nambu structure. Then we present some examples. We then

present a theorem relating ™-Nambu structures and orientability.
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Theorem (G). A compact n-dimensional manifold M admitting a b**-

Nambu structure is orientable.

We finally present an equivariant theorem on classification of b™-

Nambu structures extending the results of [14].

Theorem (H). Let ©g and O, be two b™-Nambu forms of degree n
on a compact orientable manifold M™ and let p: G x M — M be a
compact Lie group action preserving both b™-forms. If [©g] = [©4] in
b™-cohomology then there exists an equivariant diffeomorphism ¢ such
that ¢p*©1 =

1.1.5 Chapter 6: An action-angle theorem for b"-

Poisson manifolds

In this section we define the concept of b™-functions, b™-integrable
systems. We present several examples of b™-integrable systems that
come from classical mechanics. After all this we present a version of

the action-angle theorem for 0™-symplectic manifolds.

Theorem (I). Let (M,z,w,F) a b™-integrable system, where F =
(f1 = aolog(z) + Z;-”:_ll ajﬁ, fo, .-y fn). Let m € Z be a regular point,
and such that the integral manifold through m is compact. Let F,, be
the Liouville torus through m. Then, there exists a neighborhood U of
Fm and coordinates (61, ...,0,,01,...,0,) : U — T" x B"™ such that:

1. We can find an equivalent integrable system F = (f, = af log(z)+
Yt al %) such that afy, ... al,_, € R,

» m—1

w,u = (ZC de'l/\de ) +Zd0’l/\d91

=2

where c is the modular period and ¢ = —(j — 1)a)_,, also

3. the coordinates o1, ...,0, depend only on f,, ... fn.
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1.1.6 Chapter 7: KAM theory on b"-symplectic

manifolds

In this chapter we give our version of a KAM theorem for b™-symplectic
manifolds. We begin by presenting the structure of the chapter. Then
we give an outline of how to construct the b™-symplectomorphism that
will be the main protagonist in the proof of the theorem. After this
we present some technical results that are needed for the proof, which
are quite similar to the standard KAM equivalents, but there are some
subtleties that need to be adressed. After all the preliminaries we state
and prove the b"-KAM theorem.

Theorem (J). Let G C R, n > 2 be a compact set. Let H(¢p,I) =
hI) + f(o,1), where h is a b™-function h(I) = h(I) + qolog(I}) +
St ‘}2 defined on D,(G), with h(I) and f(¢,I) analytic. Let @ = g—’}
and uw = %% Assume |94\, < M, |ule < L. Assume that u is 11 non-
degenerate (|24 > plv| for some p € R and I € G. Take a = 16M.
Assume that u is one-to-one on G and its range F' = u(G) is a D-set.

Lett>n—1,v>0and0<v <1. Let

1.
= o < gt (L)

2.
v < min(8LAj\/{r€2 ,é) (1.2)

3.
1< min(27PLEM, 27 py LK™, BT 12T T, (1.3)

where p := min (%,1). Define the set G = CA;V ={l € G-
2ﬁ]u([) is 7,7, ¢,4§— Dioph.}. Then, there exists a real continuous map
T : W%(T”) X G — D,(G) analytic with respect the angular variables
such that
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1. Forall I € G the set T(T™ x {I}) is an invariant torus of H, its

frequency vector is equal to u(I).

2. Writing T (¢, 1) = (¢ + Tp(¢p, 1), I + Ti(¢, 1)) with estimates

227—+15ML2 e

T, 1)) < 2 LA+ M)

yﬁ7+1 ¥

3. meas[(T" x )\ T(T" x G)] < C where C is a really complicated
constant depending on n, u, D, diamF, M, T, p1, p2, K and L.

Also, we obtain a way to associate a standard symplectic integrable
system or a folded integrable system to a b™-integrable system, depend-
ing on the parity of m. This is done in such a way that the dynamics
of the desingularized system are the same than the dynamics of the

original one.

Theorem (K). The desingularization transforms a b™-integrable sys-
tem into an integrable system for m even on a symplectic manifold.
For m odd the desingularization transforms it to a folded integrable
system. The integrable systems are such that:

Xy = X5,

Also this allows us to obtain two new KAM theorems using this
desingularization in conjunction with our 6-KAM theorem. The first
of this theorems is a KAM theorem for standard symplectic manifolds,
where the perturbation has a particular expression. This result is more
restrictive than the standard KAM but in exchange we can ensure that
the perturbations leave a given hypersurface invariant. This means
that the tori belonging to that hypersurface remain there after the

perturbation.



1.1. STRUCTURE AND RESULTS OF THIS THESIS 9

Theorem (L). Consider a neighborhood of a Liouville torus of an in-
tegrable system F. as in 7.20 of a symplectic manifold (M,w.) semilo-
cally endowed with coordinates (I,¢), where ¢ are the angular coor-
dinates of the torus, with w. = ddly N d¢; + Z?Zl dl; A degj;. Let
H = (m — Dem1 Iy + h(I) + R(I,¢) be a nearly integrable system

where
I, = c’I;n+1
~1 - m—+1"
d)l - Cl]1m¢17
and
I (I, I,...,1,),
¢ - (¢17¢27"'7¢n)'

Then the results for the b™-KAM theorem 7.5.1 applied to Hg;pg =
th*l + h(I) + R(I,¢) hold for this desingularized system.

The second one is a KAM theorem for folded-symplectic manifolds,

where KAM theory never was considered before.

Theorem (M). Consider a neighborhood of a Liouville torus of an
integrable system F; as in 7.27 of a folded symplectic manifold (M, w.)
semilocally endowed with coordinates (I,¢), where ¢ are the angular
coordinates of the Torus, with w. = 2clidly Ndpy + 3770y dIj Ndg;. Let
H = (m — 1)ep_1cl? + h(I) + R(I,$) a nearly integrable system with

I, = QCL+2
1 m42
o = 20[{”+1¢1:

and

j — (fl,IQ,...,In),
é = (€Z~51,¢27 ce ,<Z5n)-

Then the results for the b™-KAM theorem 7.3.1 applied to Hg;pg =
11%“ + h(I) + R(I,¢) hold for this desingularized system.
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1.2 Publications resulting from this the-
sis

As stated previously the results of this thesis can be found in the

following articles:

1. E. Miranda and A. Planas, “Equivariant classification of b"-
symplectic surfaces,” Regular and Chaotic Dynamics, vol. 23,
pp. 355-371, Jul 2018.

2. E. Miranda and A. Planas, “Classification of v"-Nambu struc-
tures of top degree,” C. R. Math. Acad. Sci. Paris, vol. 356,
no. 1, pp. 92-96, 2018.

3. R. Braddell, A. Delshams, E. Miranda, C. Oms, and A. Planas,
“An invitation to singular symplectic geometry,” International
Journal of Geometric Methods in Modern Physics, 05 2017.

4. E. Miranda and A. Planas, “A KAM theorem for b™-symplectic

manifolds,” Pre-print.



Chapter 2
Preliminaries

Let M be a smooth manifold, a Poisson structure on M is a bilinear
map {-,-} : C®°(M)xC®(M) — C>°(M) which is skew symmetric and
satisfies both the Jacobi identity and the Leibniz rule. It is possible
to express {f, g} in terms of a bivector field via the following equality
{f, g} = TI(df A dg) with IT a section of A?>(T'M). 11 is the associated
Poisson bivector. We will use indistinctively the terminology of Pois-

son structure when referring to the bracket or the Poisson bivector.

A b-Poisson bivector field on a manifold M?" is a Poisson bivector

such that the map

2n

F:M— \NTM :p— (I(p))" (2.1)

is transverse to the zero section. Then, a pair (M, II) is called a b-
Poisson manifold and the vanishing set Z of F'is called the critical

hypersurface. Observe that Z is an embedded hypersurface.

This class of Poisson structures was studied by Radko [4] in dimen-
sion two and considered in numerous papers in the last years: [6], [5],
(7], [8], [9] and [10] among others.

11
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2.1 b-Poisson manifolds

Next, we recall Radko’s classification theorem and the cohomological
re-statement presented in [5].

In what follows, (M,II) will be a closed smooth surface with a
b-Poisson structure on it, and Z its critical hypersurface.

Let h be the distance function to Z as in [9]'.

Definition 2.1.1. The Liouville volume of (M,I1) is the following
limit: V(IT) = lime g fips 0™

The previous limit exists and it is independent of the choice of the

defining function h of Z (see [4] for the proof).

Definition 2.1.2. For any (M,11) oriented Poisson manifold, let
be a volume form on it, and let uy denote the Hamiltonian vector field
of a smooth function f : M — R. The modular vector field X% is

the derivation defined as follows:

!
Q

Y
fr—>£ .

Definition 2.1.3. Given v a connected component of the critical set
Z(IT) of a closed b-Poisson manifold (M,11), the modular period of
IT around ~ is defined as:

T, (1) := period of X*|,.
Remark 2.1.4. The modular vector field X of the b-Poisson mani-
fold (M, Z) does not depend at Z on the choice of Q because for differ-

ent choices for volume form the difference of modular vector fields is

!'Notice the difference with [4] where h is assumed to be a global defining func-

tion.
2For surfaces n = 1.
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a Hamiltonian vector field. Observe that this Hamiltonian vector field

vanishes on the critical set as I vanishes there too.

Definition 2.1.5. Let M,,(M) = C,,(M)/ ~ where C,(M) is the space
of disjoint oriented curves and ~ identifies two sets of curves if there is
an orientation-preserving diffeomophism mapping the first one to the

second one and preserving the orientations of the curves.

The following theorem classifies b-symplectic structures on surfaces

using these invariants:

Theorem 2.1.6 (Radko [4]). Consider two b-Poisson structures 11,
IT" on a closed orientable surface M. Denote its critical hypersurfaces
by Z and Z'. These two b-Poisson structures are globally equivalent

(there exists a global orientation preserving diffeomorphism sending I1
to 1) if and only if the following coincide:

e the equivalence classes of [Z] and [Z'] € M, (M),

e their modular periods around the connected components of Z and
Z',

e their Liouville volume.

An appropriate formalism to deal with these structures was intro-
duced in [6].

Definition 2.1.7. A b-manifold® is a pair (M, Z) of a manifold and

an embedded hypersurface.

In this way the concept of b-manifold previously introduced by Mel-

3The ‘b’ of b-manifolds stands for ‘boundary’, as initially considered by Melrose
(Chapter 2 of [15]) for the study of pseudo-differential operators on manifolds with
boundary.
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rose is generalized.

Definition 2.1.8. A b-vector field on a b-manifold (M, Z) is a vec-
tor field tangent to the hypersurface Z at every point p € Z.

Definition 2.1.9. A b-map from (M, Z) to (M',Z") is a smooth map
¢: M — M’ such that $~(Z') = Z and ¢ is transverse to Z'.

Observe that if x is a local defining function for Z and (x, z1, ..., z,_1)
are local coordinates in a neighborhood of p € Z then the C'*(M)-

module of b-vector fields has the following local basis

o 0 0
{l'%,aixl7...,87n_1}.

In contrast with [6], in this paper we are not requiring the existence

(2.2)

of a global defining function for Z and orientability of M but we require
the existence of a defining function in a neighborhood of each point of
Z. By relaxing this condition the normal bundle of Z need not be
trivial.

Given (M, Z) a b-manifold, [6] shows that there exists a vector
bundle, denoted by *T'M whose smooth sections are b-vector fields.
This bundle is called the b-tangent bundle of (M, 7).

The b-cotangent bundle *T*M is defined using duality. A b-
form is a section of the b-cotangent bundle. Around a point p € Z the

C°°(M)-module of these sections has the following local basis:
1
{;d:v, dry,...,dz,_1}. (2.3)

In the same way we define a b-form of degree k to be a section of the
bundle A\*(*T*M), the set of these forms is denoted *QF(M). Denoting
by f the distance function® to the critical hypersurface Z, we may

write the following decomposition as in [6] for any w €® Q*(M) :

4Originally in [6] f stands for a global function, but for non-orientable manifolds

we may use the distance function instead.



2.2. ON BM_SYMPLECTIC MANIFOLDS 15

w:a/\ﬂ—i-ﬂ, with a € Q"' (M) and 8 € QF(M). (2.4)

f

This decomposition allows to extend the differential of the de Rham
complex d to *Q(M) by setting dw = da A % + df. The associated
cohomology is called b-cohomology and it is denoted by *H*(M).

Definition 2.1.10. A b-symplectic form on a b-manifold (M*", Z)
is defined as a non-degenerate closed b-form of degree 2 (i.e., wy, is of
mazimal rank as an element of A*(*T*M) for allp € M).

The notion of b-symplectic forms is dual to the notion of b-Poisson
structures. The advantage of using forms is that symplectic tools can
be ‘easily’ exported.

Radko’s classification theorem [4] can be translated into this lan-

guage. This translation was already formulated in [6]:

Theorem 2.1.11 (Radko’s theorem in b-cohomological language,
[5]). Let S be a closed orientable surface and let wy and wy be two b-
symplectic forms on (S, Z) defining the same b-cohomology class (i.e.,|wy] =
[wi]).  Then there exists a diffeomorphism ¢ : S — S such that

gb*wl = Wo-

2.2  On b"-Symplectic manifolds

2.2.1 Basic definitions

By relaxing the transversality condition allowing higher order singular-
ities ([16] and [17]) we may consider other symplectic structures with
singularities as done by Scott [1] with b™-symplectic structures. Let m
be a positive integer a b™-manifold is a b-manifold (M, Z) together
with a b™-tangent bundle attached to it. The b™-tangent bundle is (by
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Serre-Swan theorem [18]) a vector bundle, *"T'M whose sections are

given by,
I TM)={veT(TM):v(x) vanishes to order m at Z},

where x is a defining function for the critical set Z in a neighborhood
of each connected component of Z and can be defined as z : M \ Z —
(0,00),z € C°°(M) such that:

e z(p) = d(p) a distance function from p to Z for p : d(p) < 1/2
e z(p)=1o0n M\ {p € M such that d(p) < 1}.5

(This definition of z allows us to extend the construction in [1] to the
non-orientable case as in [9].) We may define the notion of a b™-map
as a map in this category (see [1]). The sections of this bundle are
referred to as b"™-vector fields and their flows define b™-maps. In
local coordinates the sections of the b™-tangent bundle are generated

by:
m 0 0 0

o o B By

1. (2.5)

Proceeding mutatis mutandis as in the b-case one defines the b™-
cotangent bundle (*"T*M), the b™-de Rham complex and the b™-
symplectic structures.

A Laurent Series of a closed b"-form w is a decomposition of w
in a tubular neighborhood U of Z of the form

w= S AE T (@)a) + (26)

with m : U — Z the projection of the tubular neighborhood onto Z, «;

a closed smooth de Rham form on Z and $ a de Rham form on M.

5Then a b™-manifold will be a triple (M, Z, z), but for the sake of simplicity we

refer to it as a pair (M, Z) and we tacitly assume the function z is fixed.
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In [1] it is proved that in a neighborhood of Z, every closed b™-
form w can be written in a Laurent form of type (2.6) having fixed a
(semi)local defining function.

b™-Cohomology is related to de Rham cohomology via the following

theorem:

Theorem 2.2.1 (b™-Mazzeo-Melrose, [1]). Let (M,Z) be a b™-

manifold, then:
HP(M) = HP(M) @ (HP Y (Z2))™. (2.7)

The isomorphism constructed in the proof of the theorem above is
non-canonical (see [1]).
The Moser path method can be generalized to 0"-symplectic struc-

tures:

Theorem 2.2.2 (Moser path method, [1]). Let wy,w; be two b™-
symplectic forms defining the same b™-cohomology class [wo] = [w1]
on (M?*" Z) with M*" closed and orientable then there exist a b™-
symplectomorphism o : (M?*", Z) —s (M*", Z) such that ¢*(w1) = wo.

An outstanding consequence of Moser path method is a global clas-
sification of closed orientable b™-symplectic surfaces a la Radko in

terms of b™-cohomology classes.

Theorem 2.2.3 (Classification of closed orientable b™-surfaces,
[1]). Let wy and wy be two b™-symplectic forms on a closed orientable
connected b™-surface (S, Z). Then, the following conditions are equiv-

alent:

e their b™-cohomology classes coincide [wy] = [w1],
e the surfaces are globally b™-symplectomorphic,

e the Liouville volumes of wy and wy and the numbers

8
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for all connected components v C Z and all 1 <1 < m coincide
(where «; are the one-forms appearing in the Laurent decompo-

sition of the two b™-forms of degree 2, wy and w ).

Definition 2.2.4. The numbers [a;] = [, a; are called modular weights

for the connected components v C Z.

A relative version of Moser path method is proved in [8] as a corol-
lary we obtain the following local description of a b™-symplectic man-
ifold:

Theorem 2.2.5 (b"-Darboux theorem, [8]). Letw be a b™-symplectic
form on (M,Z) and p € Z. Then we can find a coordinate chart
(U, 1, Y1, .-, Tpn,Yn) centered at p such that on U the hypersurface Z
1s locally defined by x1 = 0 and

d n
w= %/\dw%—dei/\dyi.
Iy i—2

Remark 2.2.6. For the sake of simplicity sometimes we will omit
describing Z and we will talk directly about b™-symplectic structures
on manifolds M implicitly assuming that Z is the vanishing locus of

[T where 11 is the Poisson vector field dual to the b™-symplectic form.

Next we present two lemmas that allow us to talk about b™-symplectic
structures and b™-Poisson as a single kind of structure. They are dual

to each other and in one-to-one correspondence.

Lemma 2.2.7. Let w be a b"-symplectic and 11 its dual vector field,

then II is b™-Poisson.

Proof. The quickest way to do this is to take the inverse, which is
a bivector field, and observe that it is a Poisson structure (because

dw = 0 implies [II,II] = 0). To see that it is b™-Poisson it is enough
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to take a point p on the critical set Z and because of our b™-Darboux
theorem w = dz1 /27" A dyy + Y ;51 dz; A dy; This means that in the
new coordinate system II = z1"0zq A Oy; + 3,51 Ox; A Oy; and thus 11

is b™-Poisson. O

Lemma 2.2.8. Let IT be b™-Poisson and w its dual vector field, then

w 1s b™-symplectic.

Proof. Tf 11 transverse a la Thom on Z with singularity of order m then

because of Weinstein’s splitting theorem we can locally write

IT = 27"0x1 N\ Oyy + Z@xi A Qy;
i>1
now its inverse is w = dxi /a7 A dyy + > ;51 dz; A dy; which is a

b™-symplectic form. m

Hence we have a correspondence from b™-symplectic to b™-Poisson.

2.2.2 Desingularizing 0"-Poisson manifolds

In [8] Guillemin, Miranda and Weitsman presented a desingulariza-
tion procedure for b™-symplectic manifolds proving that we may as-
sociate a family of folded symplectic or symplectic forms to a given

b™-symplectic structure depending on the parity of m. Namely,

Theorem 2.2.9 (Guillemin-Miranda-Weitsman, [8]). Let w be a
b™-symplectic structure on a closed orientable manifold M and let Z

be its critical hypersurface.

o If m = 2k, there exists a family of symplectic forms w. which
coincide with the b™-symplectic form w outside an e-neighborhood

of Z and for which the family of bivector fields (w.)™" converges

1

in the C**~'-topology to the Poisson structure w™' ase — 0 .
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o If m = 2k + 1, there exists a family of folded symplectic forms
we which coincide with the b™-symplectic form w outside an e-
netghborhood of Z.

As a consequence of Theorem 2.2.9, any closed orientable manifold
that supports a b**-symplectic structure necessarily supports a sym-
plectic structure.

In [8] explicit formulae are given for even and odd cases. Let us
refer here to the even dimensional case as these formulae will be used
later on.

Let us briefly recall how the desingularization is defined and the

main result in [8]. Recall that we can express the b**-form as:

dr 2k—1 )
w=— A (ZO xloz2-> + 3. (2.8)
This expression holds on a e-tubular neighborhood of a given con-

nected component of Z. This expression comes directly from equation

2.6, to see a proof of this result we refer to [1].

Definition 2.2.10. Let (S,Z,x), be a b*-manifold, where S is a
closed orientable manifold and let w be a b**-symplectic form. Con-
sider the decomposition given by the expression (2.8) on an e-tubular
netghborhood U, of a connected component of Z.

Let f € C*(R) be an odd smooth function satisfying f'(x) > 0 for
all x € [—1,1] and satisfying outside that

et — 2 for x < —1,
fa) = { T 2 (2.9

W‘i‘Q fOT x> 1.

Let f.(z) be defined as e~V f(x/e).
The f.-desingularization w. is a form that is defined on U, by

the following expression:

2%—1
we = dfe. A (Z x’ai> + 3.
i=0
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This desingularization procedure is also known as deblogging in

the literature.

Remark 2.2.11. Though there are infinitely many choices for f, we
will assume that we choose one, and assume it fized through the rest
of the discussion. It would be interesting to discuss the existence of an

isotopy of forms under a change of function f.

Remark 2.2.12. Because w. can be trivially extended to the whole S
in such a way that it agrees with w (see [8]) outside a neighborhood of

Z, we can talk about the f.-desingularization of w as a form on S.

2.3 A crash course on KAM theory

The last chapter of this thesis is entirely dedicated to prove a KAM
theorem for b™-symplectic structures. So the aim of this section is to
give a quick overview on the traditional KAM theorem. The setting
of the KAM theorem is a sympletic manifold with action angle coor-
dinates and an integrable system in it. The theorem says that under
small perturbations of the Hamiltonian "most” of the Liouville tori
survive.

Consider T" x G C T™ x R™ with action-angle coordinates in it
(h1,... &n, 11,...,1,) and the standard symplectic form w in it. And
assume the Hamiltonian function of the system is given by h(I) a
function only depending on the action coordinates. Then the Hamilton

equations of the system are given by

Lx,w = dh

where X, is the vector field generating the trajectories. Because h
does not depend on ¢ the angular variables the system is really easy

to solve, and the equations are given by
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z(t) = (o(t), 1(t)) = (¢o + ut, Ip),

where v = 0h/OI is called the frequency vector. These motions
for a fixed initial condition are inside a Liouville torus, and are called
quasiperiodic.

The KAM theorem studies what happens to such a systems when
a small perturbation is applied to the Hamiltonian function, i.e. we
consider the evolution of the system given by the Hamiltonian h(I) +
R(I,¢), where we think of the term R(I, ¢) as the small perturbation in
the system. With this in mind the Hamilton equations can be written

as

¢ =u(l)+ ZR(1,¢),1 = —ZR(I,¢),

Another important concept to have in mind is the concept of ratio-
nal dependency. A frequency wu is rationally dependent if (u, k) = 0 for
some k € Z", if there exists no k satisfying the condition then the vec-
tor u is called rationally independent. There is a stronger concept to
being rationally independent and that is the concept of being Diophan-
tine. A vector u is ,7-diophantine if (u, k) > ﬁ for all k € Z" \ {0}.
v>0and 7 >n—1.

The KAM theorem states that the Liouville tori with frequency
vector satisfying the diophantine condition survive under the small
perturbation R(I, ¢). There are conditions relating the size of the per-
turbation with v and 7. Also the set of tori satisfying the Diophantine
condition has measure 1 — Cy for some constant C.

Now we give a proper statement of the theorem as was given in
[19].

Theorem 2.3.1 (Isoenergetic KAM theorem). Let G C R", n > 2, a
compact, and let H(¢,1) = h(I) + f(¢, 1) real analytic on D,(G). Let
w = 0h/0I, and assume the bounds:
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d*h

BT <M, |wlg<L and |w,(I)|>1IVI€QG.

g7p2
Assume also that w is p-isoenergetically nondegenerate on G. For

a=16M/I?, assume that the map Q = Q4.4 is one-to-one on G, and
that its range F = Q(G) is a D-set. LetT >n—1,v7>0and0 <v <1
given, and assume:

2 A2742

VACuEp 2 . (8LMp,
53:||f||9,pgm'77 7 < min Wul 5

where we write p := min (#"jﬂ), 1). Define the set

A A 2
G=G,:= {I €g— . w(l)ist,~y — Dz'ophantz'ne} :
v
Then, there exists a real continuous map T = Wer (T") X G —

D,(G), analytic with respect to the angular variables, such that:

1. For every I € G, the set T(T™ x {I}) is an invariant torus of H,

its frequency vector is colinear to w(I) and its energy is h(I).

2. Writing
T(9, 1) = (¢ + To(d, 1), I + Ti(9, 1)),

one has the estimates

227-+15L2M c 27’+16L3M €
’7;’@7(%0),00 = 222+ ?’ ’7}|év(%70) = VBB ;

3. meas[(T" x G)\ T(T" x G)] < C, where C' is a very complicated
constant depending on n, T, diamF', D, p, M, L, [, u.

Remark 2.3.2. This verion of the KAM theorem is the isoenergetic
one, this version ensures that the energy of the Liouville Tori identified
by the diffeomorphism after the perturbation remains the same as before
the perturbation. Our version of the b™-KAM is not isoenergetic for

the sake of simplifying the computations.
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Also we have to remark that the KAM theorem has already been
explored in singular symplectic manifolds before. In [2] the authors
proved a KAM theorem for b-symplectic manifolds, for a particular

kind of perturbations.

Theorem 2.3.3 (KAM Theorem for b-Poisson manifolds). Let T™ x
B be endowed with standard coordinates (p,y) and the b-symplectic

structure. Consider a b-function
H = klog [y1] + h(y)

on this manifold, where h is analytic. Let yo be a point in B)' with first
component equal to zero, so that the corresponding level set T™ x {yo}
lies inside the critical hypersurface Z.

Assume that the frequency map

QB R Gy) = g];(y)
has a Diophantine value & = &(yo) at yo € B"™ and that it is non-
degenerate at yy in the sense that the Jacobian g—‘;(yo) is reqular.
Then the torus T™ x {yo} persists under sufficiently small pertur-
bations of H which have the form mentioned above, i.e. they are given

by €P, where ¢ € R and P €*C>®(T" x B") has the form
P(e,y) = K'log || + f(¢,y)
flo.y) = f1(@.y) + yfale,y) + faler,m).
More precisely, if |€| is sufficiently small, then the perturbed system
H.=H+¢€P

admits an invariant torus T .
Moreover, there exists a diffeomorphism T™ — T close® to the iden-

tity taking the flow +' of the perturbed system on T to the linear flow

6By saying that the diffeomorphism is “e-close to the identity” we mean that,
for given H, P and r, there is a constant C such that || — Id|| < Ce.
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on T™ with frequency vector

<k+6k’ ~>
L.
c
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Chapter 3

Examples of singular
structures in Celestial

Mechanics

In this chapter we present several examples appearing in Celestial Me-
chanics where singular symplectic forms show up. Part of this chapter
(not all) is contained in the article [13]. Most of the singularities ap-
pear as an outcome of reqularization techniques. We invite the reader
to consult the book [20] for a pedagogical approach to the study of
regularization.

This list of examples is of special relevance for this thesis as the
theoretical results that we obtain such as action-angle coordinates or

KAM can be, de facto, applied to the list of problems considered below.

3.1 Transformations and Singular Sym-

plectic Forms

Structures which are symplectic almost everywhere can arise as the
result of a non-canonical changes of coordinates. Given configuration

space R? and phase space T*R? as is seen, for example, in the Kepler

27
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problem, the traditional (canonical) Levi-Civita transformation is the
following: identify R? = C so that T*R? = T*C = C? and treat (q,p)
as complex variables (q; + iy := u,p; + ips := v) . Take the following
change of coordinates (q,p) = (u*/2,v/u), where % denotes the com-
plex conjugation of u. The resulting coordinate change can easily be
seen to be canonical. However this canonical change of coordinates can
result in more difficult equations of motion, or a more difficult Hamil-
tonian, which can both obscure certain aspects of the dynamics of the

system.

3.1.1 The Kepler Problem

In suitable coordinates in T* (R? \ {0}), the Kepler problem has Hamil-

tonian

Ipl> 1
H — -
(¢,p) 5 T

With the canonical Levi-Civita transformation (q,p) = (u?/2,v/u),

(3.1)

this becomes )
Il

- 2fafr [l

Sometimes, as in this case, canonical changes lead to a more difficult

H(u,v) (3.2)

system, so it may be desirable to leave the momentum unchanged
and examine instead the transformation (¢,p) = (u?/2,p) which can
result in a simpler Hamiltonian. Now the transformation is not a
symplectomorphism and the symplectic form on T*R? pulls back under
the transformation to a two-form symplectic almost everywhere, but
degenerate on a hypersurface of T*R2.

Explicitly, the Liouville one-form pydg; 4+ pedgs = R(pdq) pulls back to
aQ
g=" <pd <2>> = R (pudu)
= pi(wduy — uadug) + pa(usduy + urdus)
and computing —df we get the almost everywhere symplectic form

w = urduy A dpy — usduq N dps + usdus A dpy + urdug A dps.
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Wedging this form with itself we find
wAw= (U2 —u3)duy Adp; A dug A dpy

which is degenerate along the hypersurface given by u; = dus.

3.1.2 The Problem of Two Fixed Centers

Related to the folded symplectic form found in the Levi-Civita transfor-
mation is the folded form associated with elliptic coordinates, employed
while regularizing the problem of two fixed centers. This describes the
motion of a satellite moving in a gravitational potential generated by
two fixed massive bodies. We assume also that the motion of the satel-
lite is restricted to the plane in R? containing the two massive bodies.

The Hamiltonian in suitable coordinates is given by

poop 1-p

H=—
2m 79

(3.3)

where p is the mass ratio of the two bodies (i.e. p = ).

Euler first showed the integrability of this problem using elliptic

coordinates, where the coordinate lines are confocal ellipses and hy-
perbola. Explicitly, consider a coordinate system in which the two
centers are placed at (£1,0), in which the (Cartesian) coordinates are
given by (g1, g2). Then the elliptic coordinates of the system are given
by

¢1 = sinh A cosv (3.4)
q2 = cosh Asinv (3.5)

for (A, v) € Rx S'. Thus lines of A = ¢ and v = ¢ are given by confocal
hyperbola and ellipses in the plane, respectively. Similar to the Levi-
Civita transformation this results in a double branched covering with

branch points at the centers of attraction.
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Center of mass

my=1—p mg = [

Figure 3.1: Scheme of the three body problem.

Pulling back the canonical symplectic structure w = dgq A dp we find

w = cosh A cos v(dA A dpy + dv A dpy) — sinh Asin v(dv A dpy + dX\ A dps)

(3.6)
which is degenerate along the hypersurface (A, v) satisfying cosh A cosv =
sinh A sin A.

3.2 Escape Singularities and b-symplectic

forms

The restricted elliptic 3-body problem describes the behavior of a mass-
less object in the gravitational field of two massive bodies, orbiting in
elliptic Keplerian motion. The planar version assumes that all motion
occurs in a plane. The associated Hamiltonian of the particle is given
Y Iol?
p L—p p

H(q,p) = 5+ =l + 0=l =T+U (3.7)

where p is the reduced mass of the system.

After making a change to polar coordinates (g1, g2) = (7 cos «, r sin «)

and the corresponding canonical change of momenta we find the Hamil-



3.3. WHY IS IT SO HARD TO FIND EXAMPLES? 31

tonian P2 )
H(r,a, P, P,) = 77" + 2—"‘2 + U(r cos a, r sin «v) (3.8)
r

where P,, P, are the associated canonical momenta and
U(rcosa,rsina)

is the potential energy of the system in the new coordinates.
The McGehee change of coordinates is traditionally employed to
study the behavior of orbits near infinity, see also [21]. This non-

canonical change of coordinates is given by

S (3.9)

x2

The corresponding change for the canonical momenta is easily seen to

be

l,?:

P.=——P,. 3.10
- (3.10)
The Hamiltonian is then transformed to

I'GPZ ZE4P2
= =4+ U . 3.11

H(r,a, P, P,) =

By dropping the condition that the change is canonical and simply
transforming the position coordinate (3.9), we are left with a simpler
Hamiltonian, however the pull-back of the symplectic form under the
non-canonical transformation is no longer symplectic, but rather b3-
symplectic:

w= ;lgda: N dP, 4+ da A dP,. (3.12)

3.3 Why is it so hard to find examples?

In this section we find another example of b-symplectic structure ap-
pearing quite naturally in physical dynamical systems. From this ex-
ample it would seem natural that a collection of different examples

for b™-symplectic models or even b™-folded models would follow. But



32 CHAPTER 3. EXAMPLES OF SINGULAR STRUCTURES

one finds a major problem while pursuing these examples. We give an
important remark to why this example does not extend to construct
b™-symplectic models of b™-folded for any m.

First let us introduce te McGehee coordinate change.

The system of two particles moving under the influence of the gen-
eralized potential U(x) = —|z|™%, a > 0, where |z| is the distance
between the two particles, is studied by McGehee in [22]. We fix the
center of mass at the origin and hence can simplify the problem to the
one of a single particle moving in a central force field.

The equation of motion writes down as
i=—-VU(r) = —alz|* %z (3.13)
where the dot represents the derivative with respect to time. In the
Hamiltonian formalism, this equation becomes
To=y,
y = —alr|7 .

(3.14)

To study the behavior of this system, the following change of coordi-
nates is suggested in [22]:

r = rle?,
o (3.15)
y = r v +iw)e?

where the parameters 5 and v are related with « in the following way:

/8 = a/27
v o= {1+

Identifying once more the plane R? with the complex plane C, we can

(3.16)

write the symplectic form of this problem as w = R(dx A dy).

Remark 3.3.1. To check that a form w is actually a b™-symplectic
form, it is no enough to check that the multi-vector field dual to w A w
is a section of N*"(*" T M) which is transverse to the zero section. One
has to check additionally that the Poisson structure dual to w itself is
a proper section of N*(*"TM).
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Proposition 3.3.2. Under the coordinate change (3.15), the symplec-

tic form w is sent to a b-symplectic structure for a = 2.

Proof. The proof of this proposition is a straightforward computation.
Observe that the change is not a smooth change, so we are not working
with standard de Rham forms. But, we will see at the end of the
computation that the form becomes a b-symplectic form and hence the

computations are legitimate. If one does the change of variables, we

obtain:
g = (v —iw)e .
dsi = 7 tefdr + Wewz:dG. | | (3.17)
dy = r P77 =py)(v—iw)e Pdr + r=Pe " dy
+r? (v — iw)e™? (—i)d6.
We wedge the previous two forms:
dr Ndy = dr A dvo(yr?=157)
dr A dw(yr7=1=57)
dr A dO(yr' =177 (—iv — w)) (3.18)

df A dr(ir? =257 (=By) (v — iw))
do A dv(ir’=57)
+ dO A dw(ir’=P7(=i)).

+ + + +

Now we can take the real part of this form and use that vy —1— gy =

—ay. In the new coordinates, we obtain.

w=R(dx ANdy) = yr P Ldr Adv — (1 — B)r P lwdr A df
r=Pr 7 dw A db.
(3.19)

Moreover, we can use that (14 /) = 1 to further simplifly the previous

expression to:
w = (dr Adv+dr Adw)yr~®" +dr AdO(wr~*")+dO Adw(r~*7T1). (3.20)

We would like to know what kind of structure this form is. If we want

to check this we have to wedge it with itself and look at the structure
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of the form in the singular set. Wedging this form, we obtain

WAw = —yr 2872 1dr Adv AdO A dw

2-3a (3.21)
= —rzredr Adv A\df A dw.

where we use (3.16). Let us set f(a) = 22;35‘. We see that this function
does not take values lower than —3 or higher than 1. We easily see

that we obtain When a = 2 this gives us a b-symplectic structure:
wAw=—~yrdr AdvAdi N dw.

The section of A*(°T'M) given by the dual structure of w A w is cleary
transverse to the zero section.
On the other hand if & = 2, then § = 1 and hence:

w="r"tdr Aw A dv,

and its dual Poisson structure is clearly also a proper section of
N (CTM).
O

Remark 3.3.3. One may ask if for other values of a it is possible to
obtain other kinds of b™-symplectic structures. For example for a = 6,
WAw = —yr=2dr Adv A df A dw seems likely to be a b-symplectic
form. But it actually is not. If one takes a look at the expression of w

it becomes clear that it is not a proper section of /\2(b2T*M)



Chapter 4

Existence and classification

of b""'-symplectic structures

In this chapter we follow the article [11].

The motivation of this chapter comes from the theorem of clas-
sification of volume forms on a manifold. In the particular case of
surfaces this corresponds to classification theorem on symplectic forms
on a surface.

In his article [23], Moser proved the following theorem:

Theorem 4.0.1 (Classification of symplectic surfaces, [23]). Let
S be a compact oriented surface, and and let wy and wy be two sym-
plectic forms on (M, Z) with [wo] = [w1]. Then there exists a diffeo-
morphism ¢ : M — M such that ¢*wi, = wy.

Later on Radko classified b-symplectic forms on a surface. In this
case, Z is a union of smooth curves and each point in these curves is a
symplectic leaf of the symplectic foliation induced on Z. In [4], Radko

describes the following invariant of b-Poisson surfaces:

e The set of curves 7,...,7, along which the Poisson structure

vanishes.

35
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e The periods along the curves v4,...,7, of a modular vector field
on M associated to the volume form wyy, the two-form dual to I,

on the complement of Z.

e The regularized Liouville volume of (M, IT), which is a correction
along Z of the natural volume associated to the Poisson structure
which blows up at Z. It is defined by the integral

/ w = lim w,
M e—0 If|>e

where f is a defining function for Z. This limit exists and is

independent of the choice of f.

The following classification holds:

Theorem 4.0.2 (Radko). The set of curves, modular periods and reg-
ularized Liouville volume completely determines, up to Poisson diffeo-

morphisms, the b-Poisson structure on a compact surface M.

This was reproved in [5] by Guillemin-Miranda-Pires by identifying
these invariants as determining the b-cohomology class. In this sense
the theorem below is just Moser’s classification theorem replacing the

standard De Rham cohomology by b-cohomology.

Corollary 4.0.3 (Classification of b-symplectic surface, [5]).
Let S be a compact orientable surface and and let wy and wy be two
b-symplectic forms on (M,Z) defining the same b-cohomology class
(i.e.,Jwo] = [w1]). Then there exists a diffeomorphism ¢ : M — M

such that ¢*w, = wy.

In this chapter we investigate constructions of b™-surfaces using
combinatorial invariants associated to the critical set and we prove an
analogue of the theorem above by identifying the invariants of Scott in

terms of b"™-cohomology considering also its equivariant counterparts.
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4.1 Toy examples of bv"-symplectic sur-

faces

In this section we describe several examples of orientable and non-

orientable b"-symplectic surfaces.

1. A b™-symplectic structure on the sphere: Consider the
sphere S? C R? with the equator Z = {(z1, %9, z3) € S?|x3 = 0}
as critical set. Let h = z3 the height function. Then (52, Z, h)
is a b™-manifold for any m. Consider w = himdh A df, where 6
stands for the angular coordinate. This form is a b™-symplectic

form.

2. A b™-symplectic structure on the torus: Consider T? as
quotient of the plane (T? = {(z,y) € (R/Z)*}). Let w =
mdx A dy be a b™-symplectic structure on R2  The ac-

tion of Z? leaves this form invariant and therefore this b™-form

descends to the quotient. Observe that this b™-form defines
Z ={x€{0,3}}.

Figure 4.1: Example: b™-symplectic structure in the torus.

3. A v***l_symplectic structure on the projective space: Con-
sider Example (1) and consider the quotient of S? by the antipo-
dal action. Because this action leaves the critical set invariant,
the b™-manifold structure (S, Z) descends to (RP?, Z) and gives
a non-orientable ™ manifold. Z is the equator modulo the an-
tipodal identification (thus diffeomorphic to RP' = S'). More-
over a neighborhood of 7 is diffeomorphic to the Moebius band.
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Observe that w is invariant by the action for m = 2k 41, yielding

a b2 +1_symplectic form in RP? with critical set Z.

Figure 4.2: The b***!-symplectic structure on the sphere S? that van-
ishes at the equator induces a b***!-symplectic structure on the pro-

jective space RP2.

4. A b**+l.symplectic structure on a Klein bottle: Consider

the torus with the structure given in Example (2).

Consider Z/2Z acting on (z,y) € T? by -Id-(z,y) = (1—x,y+1/2
(mod 1)). The orbit space by this action is the Klein bottle K.
Then the b™-manifold (R?, Z), descends to (K, Z) where Z is the
quotient of Z by the action. It is easy to see that Z =Sty st

Moreover the tubular neighborhood of each S! is isomorphic to
the Moebius band.

Thus, the b"™-symplectic form w = mdaz A dy induces a b™-
symplectic structure in T if w is invariant by the action of the
group. It is easy to check that w is invariant if and only if m
is odd, in this case one obtains a 0™-symplectic structure on the

Klein bottle.

Remark 4.1.1. The previous exzamples only exhibit b**T'-symplectic
structures on non-orientable surfaces. As we will see in Section 4.3

only orientable surfaces can admit b**-symplectic structures.
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4.2 Equivariant classification of b"’-surfaces

and non-orientable b"-surfaces.

In this section we give an equivariant Moser theorem for b™-symplectic
manifolds. This yields the classification of non-orientable surfaces thus
extending the classification theorems of Radko and Scott for orientable

surfaces (see Theorem 4.2.4).

We now extend the classification result (Theorem 2.2.2) for mani-
folds admitting a compact Lie group action leaving the b™-symplectic
structure invariant. The following theorem is a simple consequence of
applying the equivariant tools to the Moser path method. We include
the detail of the proof for the sake of completeness. Other applications

of the equivariant tools in b-geometry can be found in [7] and [24].

Theorem 4.2.1 (Equivariant y™-Moser theorem for surfaces).
Suppose that S is a closed surface, let Z be a union of non-intersecting
embedded curves. Consider the b™-manifold given by (S, 7). Fix m €
N and let wy and wy be two b™-symplectic structures on (S, Z) which are
invariant under the action of a compact Lie group p: G x (S,2) —
(S, Z) and defining the same b™-cohomology class, [wo] = [w1]. Then,
there exists an equivariant b™-diffeomorphism & : (S,2) — (S, Z),

such that £fwi = wy.

Proof. Denote by p, the induced diffeomorphism for a fixed g € G.
ie., pg(x) = p(g,x). Consider the linear family of b"-forms w, =
sw1+ (1 —s)wp. Since the manifold is a surface, the fact that wy and w;
are non-degenerate b"-forms and of the same sign on S\ Z* (thus non-
vanishing sections of A%(®T*(S))) implies that the linear path is non-
degenerate too. We will prove that there exists a family & : S — S,

IThis is a consequence of Mazzeo-Melrose theorem and the determination of the

Liouville volume from it.
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with 0 < s <1 such that
Elws = wo. (4.1)

S

We want to construct & as the time-1 flow of a time-dependent
Hamiltonian vector field X (as in the standard Moser trick).

Since the cohomology class of both forms coincide, w; — wy = da
for a a b™-form of degree 1.

Therefore Moser’s equation reads
Lx,Ws = —a. (4.2)

This equation has a unique solution X, because w, is b™-symplectic
and therefore it is non-degenerate. X, depends smoothly on s because
ws depends smoothly on s and w, defines a non-degenerate pairing
between b™-vector fields and b™-forms. Furthermore, the solution is a
b™-vector field but this solution may not be compatible with the group
action. From this solution we will construct an equivariant solution
such that its s-dependent flow gives an equivariant diffeomorphism.

Since the forms wy and wy are G-invariant, we can find a G-invariant
primitive & by averaging with respect to a Haar measure the initial
form o: & = [i; pi(e)dp and therefore the invariant vector field, X&' =

Ja Pg. (Xs)dp is a solution of the equation,

Lxews = —Q. (4.3)

We can get an equivariant £ by integrating X¢. This family satisfies
£9%w, = wp and it is equivariant. Also observe that since X is a
bm-vector field £¢ is a b™-diffeomorphism of (S, 7).

O

A non-orientable manifold can be seen as a pair (M, p) with M
the orientable covering and p the action given by deck-transformations

of Z/27 on M. This perspective is very convenient for classification
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issues because equivariant mappings on the orientable covering yield
actual diffeomorphisms on the non-orientable manifolds. We adopt this
point of view to provide a classification theorem for non-orientable b™-

surfaces in cohomological terms.

Remark 4.2.2. Observe that the b™-Mazzeo-Melrose allows us to de-
termine whether a given b™-cohomology of degree 2 is non-zero by re-

ducing this question to de Rham cohomology.

Corollary 4.2.3. Let (S, Z) be a non-orientable b -manifold where Z
is its critical set and let wy and we be two b™-symplectic forms such
that [wy] = [we] in b™-cohomology then (S,wy) is equivalent to (S, ws),
i.e., there exists a b™-diffeomorphism ¢ : (S,Z) — (S,Z) such that

YWy = wi.

Proof. Consider m fixed and assume [w;] = [wo] in b™-symplectic co-
homology. Let p : S — S be a covering map, and S the orientation
double cover. (S,p~1(Z)) is a b™-manifold and p*(w;), p*(ws) are b™-
symplectic structures on (3,p~1(Z)). By construction the previous
two forms are invariant under the action by deck transformations of
7 /27. The defining function of the critical set in the double cover is
the pullback by p of the defining function in (S, 7). Since [w;] = [w2)
then [p*(w1)] = [p*(w2)]. By Theorem 4.2.1, there exists a Z/2Z-
equivariant b™-diffeomorhism @ : (S,p*(Z)) — (S,p~*(Z)) such that
P*p*wy = p*wy. Since ¢ is Z/27Z-equivariant it descends to a map
¢ : S — S. Moreover, because p(p~1(Z)) = p~1(Z), it follows that
©(Z) = Z. Since ¢ is smooth and p is a submersion, then ¢ is smooth,
(the same argument shows ¢! is smooth). It follows that ¢ is a dif-
feomorphism and because p(Z) = Z it is also a b"-diffeomorphism.
Moreover, by construction, the condition ¢*p*ws = p*w; implies that
YWy = wy.

[]
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A similar equivariant b™-Moser theorem as theorem 4.2.1 holds for
higher dimensions. In that case we need to require that there exists
a path w; of b™-symplectic structures connecting wy and wq, which is
not true in general [25]. The proof follows the same lines as Theorem
4.2.1. Such a result was already proved for b-symplectic manifolds (see
Theorem 8 in [26]).

Theorem 4.2.4 (Equivariant b"-Moser theorem). Let (M, Z) be
a closed b™-manifold with m a fized natural number and let w; for
0 <t <1 bea smooth family of b™-symplectic forms on (M,Z) such

that the b™-cohomology class [wy| does not depend on t.

Assume that the family of b™-symplectic structures is invariant by
the action of a compact Lie group G on M, then, there exists a family of
equivariant b™-diffeomorphisms ¢y - (M, Z) — (M, Z), with 0 <t <1

such that ¢fw, = wy.

4.3 Constructions and classification of b"-

symplectic structures

In this section we describe constructions of b™-symplectic structures

on closed surfaces. We obtain topological constraints on b

-symplectic
surfaces as we will prove that the underlying closed surface needs to be
orientable, see Theorem 4.3.1. Then we characterize the existence of
b™-symplectic forms depending on the parity of m and the colorability
of an associated graph. We also obtain a result about non-orientable
surfaces: if m = 2k + 1 we find necessary and sufficient conditions for

a non-orientable b"-surface to admit a b™-symplectic structure (see
Theorem 4.3.10).
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4.3.1 b*-symplectic orientable surfaces

We start by proving that only orientable surfaces admit b?*-symplectic

structures:

Theorem 4.3.1. If a closed surface admits a b**-symplectic structure

then it is orientable.

Proof. The proof consists in building a collar of b?**-Darboux neigh-
borhoods with compatible orientations (the local orientations on the

b?*-Darboux

complement of the critical hypersurface induced by the
charts agree) in a neighborhood of each connected component of Z.
Indeed the proof does more, it constructs a symplectic structure in a
neighborhood of Z which can be extended to S. This in particular will
give an orientation on S.

Let (S, Z) be a closed b**-surface and let w denote a b**-symplectic
structure on (S, Z). Pick (S,Z) an orientable double cover of the
vF-surface (S, Z), with p : Z/27Z x S — S the action by deck trans-
formations. For each point ¢ € Z, using Theorem 2.2.5, we can find a
b**-Darboux neighborhood U, (by shrinking the neighborhood if neces-
sary) which does not contain other points identified by p (p(U,) = U,).
Let us define V, := p(U,), where p is the projection from S to S. With
the previous construction we have w|y, = x%da: A dy.

Now we can use the desingularization formulae in Theorem 2.2.9
and Definition 2.2.10 in each U, (because every U, is orientable) to ob-
tain a symplectic form w,, on each U,. All these symplectic structures
and hence the orientations on each U, glue in a compatible manner
because the function x is globally defined.

Since Z is compact we can take a finite subcovering for U, to define
a collar U of symplectic and compatible orientations. Furthermore we
can assume this covering to be symmetric as we can shrink further
the neighborhoods and add the pre-images of all of them -for each U,

the image p(U,) is included in the covering.
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Since p preserves w, and the defining function is invariant by p, it
also preserves the deblogged symplectic forms w,, and the compatible
orientations and indeed the deblogged symplectic form descends to .S,
thus defining a symplectic form and an orientation on V' = p(U). Using
the standard techniques of Radko [4] the symplectic structures on V'\ Z
can be glued to define a compatible symplectic structure on the whole
S. When Z has more than one connected component we may proceed
in the same way by isolating collar neighborhoods of each component.
Thus proving that S admits a symplectic structure and in particular

it is oriented.

Figure 4.3: A collar of compatible neighborhoods.

4.3.2 Associated graph of a b-manifold.

Let us introduce some definitions that will be needed in the next sub-

section.

Definition 4.3.2. Let (M, Z) be a closed b-manifold. The associated
graph T'(M, Z) to this b-manifold is defined as follows:

1. The set of vertices is in one-to-one correspondence with the con-
nected components (Uy,...,U,) of M\ Z.



4.3. CL. OF BM_SYMPLECTIC STRUCTURES 45
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(a) Example of a non-colorable as- (b) Example of a colorable associated

sociated graph. graph.

Figure 4.4: Examples of associated graphs.

2. Let (Zy,...,Zy,) be the connected components of Z. Two vertices
(vi,vj), (represented by (U;,U;)) are connected by an edge if and
only if for any tubular neighborhood of some Zy, it intersects both
Ui and U;.

Remark 4.3.3. As observed in [1] (Section 3.2), associated to any
b™-manifold there is a canonical b-manifold, obtained by forgetting the
distance function. The latter is henceforth said to be underlying the
former. Using definition 4.3.2, the graph associated to a b™-manifold

is the graph associated to its underlying b-manifold.

Remark 4.3.4. Given an oriented closed b™-manifold (M,Z), a b™-
symplectic structure induces a standard orientation on each connected
component of M\ Z. Comparing this orientation with the fixed one
determines a sign that can be attached to each vertex of T'(M,Z). A
natural question to ask is whether adjacent vertices possess equal or

opposite signs, thus yielding the following notions.

Definition 4.3.5. A 2-coloring of a graph is a labeling (with only
two labels) of the vertices of the graph such that no two adjacent vertices

share the same label.
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Definition 4.3.6. Since not every graph admits a 2-coloring, a graph

is called 2-colorable if it admits a 2-coloring.

4.3.3 b***l-symplectic orientable surfaces

Theorem 4.3.7. Given a b™-manifold (S, Z) (fizedm) with S a closed

and orientable surface, there exists a b™-symplectic structure whenever:

1. m = 2k,

2. m = 2k + 1 if and only if the associated graph T'(S,Z) is 2-

colorable.

Proof. (of Theorem 4.3.7)

Let C14, ..., C, be the connected components of S\ Z, let Z1, ..., Z,
the connected components of Z and let U(Z,), ... ,U(Z;) tubular neigh-
borhoods of the connected components. Moreover, we denote the union
of U(Zy),...,U(Zs) by U(Z).

We assume there is an orientation defined by some symplectic form
in 9, that allows us to define a sign criterion.

The proof consists in 3-steps:

1. Using Weinstein normal form theorem. Fix i € {1,...,s},
where s is the number of connected components. By virtue of
Weinstein’s normal form theorem for Lagrangian submanifolds
(Corollary 6.2 in [27]) each tubular neighborhood U(Z;) can be
identified with the zero section of the cotangent bundle of Z;.
Now replace, the cotangent bundle of Z; by the b™-cotangent
bundle of Z;2. In this way the neighborhood of the zero section
of the b™-cotangent bundle has a b™-symplectic structure that

we will denote wyy(z,).

2This can be done after fixing a point in Z to define a b™-structure on Z.
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2. Constructing compatible orientation using the graph.
For any i = 1,...,s, U(Z;) \ Z; has two connected components
(as S is orientable); to each such component, we assign the sign
of the restriction of the b™-symplectic form wy(z,). Note that
the sign does not change for m even, but it changes for k£ odd.
Observe that we can apply Moser’s trick to glue two rings that
share some C; (as done in Radko [4] to extend a symplectic form
between the two rings) if and only if the sign of the two rings

match on this component.

Now, let us consider separately the odd and even cases:

(a) For b* the color of adjacent vertices must coincide. And
hence we have no additional constraint on the topology of

the graph.

(b) In the b**1 case the sign of two adjacent vertices must be
different. Then, we have to impose the associated graph to

be 2-colorable.

These two conditions are necessary for the existence of the b* —

and b**! —forms respectively.

3. Gluing. Now we may glue back this neighborhood to S\ U(Z)
in such a way that the symplectic structures fit on the boundary
(again using the standard techniques used in Radko [4] to extend
with a symplectic form between the two rings), using the Moser’s
path method.

]

Given a b**1-symplectic structure w on a b?**1-surface (S, Z) (where
S is closed oriented) one can obtain a 2-coloring of the associated graph
(by the local expression given by the b™-Darboux theorem -see The-

orem 2.2.5-, the sign has to change every time we cross a component
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Z;) by assigning to each connected component C; of S\ Z the ‘color’
sign( [, w).

Remark 4.3.8. Observe that any given 2-coloring has to be equivalent

b+ _symplectic form. This is due to the

to the 2-coloring induced by a
fact that for every connected component of the graph there exist only 2
possible 2-colorings of a graph (when it is 2-colorable). The difference
between the two 2-colorings is only re-labeling of the signs. Then, if the

b1 _symplectic form does not correspond to

2-coloring induced by the
the prescribed 2-coloring, it can be matched by changing the orientation

of the underlying manifold at every connected component.

Another way to construct b*-structures on a surface is to use de-
composition theorem as connected sum of b**-spheres (1) and b?*-torus
(2). The drawback of this construction is that it is harder to adapt
having fixed a prescribed Z.

4.3.4 b**l.symplectic non-orientable surfaces

Definition 4.3.9. Let (S, Z) be a closed orientable b***1-surface and
['(S, Z) its associated graph. Fiz the 2-coloring on I'(S,Z) given by
by sign(fe, w). We say that a b**'-map ¢ inverts colors of the

associated graph if sign([q, w) = —sz’gn(fw(ci) w).

Theorem 4.3.10. Let (S, Z) be a closed non-orientable b?**'-surface.
Then, (S,Z) admits a b**T1-symplectic structure if and only if the fol-

lowing two conditions hold:

1. the graph of some covering (S,Z), G(S, Z) is 2-colorable and

2. the non-trivial deck transformation inverts colors of the graph

obtained in the covering’.

3Observe that if a transformation inverts colors for a given coloring, then it
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Proof. Let us assume the two conditions on the statement of the the-
orem hold. Apply Theorem 4.3.7 to endow the covering (S, Z) with
a b***tl.symplectic structure, if the form obtained is invariant by the
deck transformations, then it descends to the quotient, thus obtaining
a b?+1symplectic structure on (S, Z) and then we are done.

Now, let us assume that the v***'-form w obtained via theorem
4.3.7 is not invariant by deck transformations. We will note the deck

transformation induced by —Id as p. Observe that

sign (/Cz p*w) = —sign (/p(Ci) w) = +sign (/Cl w> . (4.4)

The first equality is due to p changing orientations and the second
one is due to p inverting colors. Then the pullback of w has the same
sign as w, and hence w + p*(w) is a non-degenerate b**+1-form that is
invariant under the action of p, and it descends to the quotient. Hence
a b** lsymplectic structure is obtained on (S, Z).

b*+1_symplectic form

The other implication is easier. If we have a
on (S, Z) we can pull it back to the double cover by means of the pro-
jection. Then we obtain a b***!-form on the double cover, that induces
a 2-coloring defined by the orientations. And since the b***!-form on
the double cover has to be invariant by the deck transformation, the

deck transformation has to invert colors.

]

Example 4.3.11. Let us illustrate what is happening in the previous
proof with an example. Take the sphere having the equator as critical
set and endowed with the b-symplectic form w = %dh Adf. Let us call
the north hemisphere Cy and the south hemisphere Cs, and let p be
the antipodal map. Look at the coloring of the graph (a path graph of

inverts colors for all of them (there is only 2 possible 2-colorings when a graph is

2-colorable, and they correspond with the possible choices of orientation).
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length two):

sign(Cy) = sign (/01 ) = sign (hm /_W/6 —dh A d9>

= 329”@5% —2mlog |e|) (4.5)

which is positive. And

sign(Cy) = sign (/C ) = sign <11m /_7r /_E ldh A dH)

= sign(lii% 27 log |€]) (4.6)

which is negative. Then,

/Clp*w=g%// (dhAdG)-hm/ﬂ/ﬁ h) A db

=/ (4.7)

In this case w was already invariant, but one can observe that if p

inverts colors then the signs of the form and the pullback are the same.

Example 4.3.12. One may ask why the condition of inverting colors
is necessary. Next we provide an example where b**T'-structures can
be exhibited on the double cover but cannot be projected to induce a
b* 1 _structure on the non-orientable surface.

Consider the Example 3 in Section 4.1. If one translates the critical
set in the h direction in the projective space, the double cover is still
the sphere, but instead of Z being the equator, Z consists of different
meridians {h = ho} and {h = —ho}.

Observe that the associated graph of this double cover is a path graph
of length 3, that can be easily 2-colored. Take a generic b***'-form

= f(h,0)dhAdl, and look at the poles N, S. sign(f(N)) = sign(f(S))
because of the 2-coloring of the graph. But p*(w)|ny = f(p(N))d(—h) A
df = —f(S)dh Ndf. Then sign(w) # sign(p*(w)), and hence w can not

be invariant for p.
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4.4 Desingularization of closed

b**-symplectic surfaces

In this section we only refer to the desingularization of b**-symplectic
structures, because as we explained in section 2.2.2 the desingular-
ization procedure, associates folded symplectic structures to b?*+1-
symplectic structures instead of symplectic structures. The goal of this
section is to compare the classification schemes in the b™-symplectic

and symplectic realms.

The aim of this section is to use the desingularization formulas
described in section 2.2.2 in the case of closed orientable surfaces. The
main result of this section (Theorem 4.4.1) is that if [w;] = [ws] (where
w; and wy are two b*-symplectic forms on a b*-surface (S, 7)) in
b*_-cohomology, then the desingularization of the two forms also is
in the same class [wi] = [wa]. But the converse is not true: it is
possible to find different classes of b?*-forms that go the same class

when desingularized.

Next we apply our classification scheme and see how it behaves

under the desingularization procedure.

Theorem 4.4.1. Let (S, Z,x), be a b*-manifold, where S is a closed
orientable surface and let wy and wy be two b**-symplectic forms. Also
let wie and ws be the f.-desingularizations of wy and ws respectively. If
[wi] = [wa] in b**-cohomology then [wi] = [wa] in de Rham cohomology

for any fixed €.

Before proceeding to proving the theorem we will state some defi-

nitions in [1] that are necessary for the proof.

Definition 4.4.2. Let (M,Z,x) be an n-dimensional b™-manifold.

Given w a b™-form of top degree with compact support, € > 0 small,
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and let U, an e-tubular neighborhood*, then vol.(w) is defined as:

vol(w) = /M\U w

Theorem 4.4.3 (Theorem 4.3 in [1]). For a fized [w] the b™-cohomology
class of a b™-form w, on a b™-manifold (M, Z, x) with Z compact, there

is a polynomial Py, (t) for which
litn(Pl(1/6) = vol.(w)) = 0
for any w representing [w].

Definition 4.4.4. The polynomial P described in Theorem 4.4.3 is
the volume polynomial of [w]. Its constant term Py;(0) is the Li-

ouville volume of |w].

Remark 4.4.5. Let U = [—1,1] X Z be a tubular neighborhood of Z

containing U.. From the definition of the Liouville volume we may

Pa0) = (/M\U “t /U Bt é (22'_—2 1) /z O‘”) - @)

Observe that in the proof of Theorem 5.3 in [1] the term [yn,;w does

write:

not appear. This is because in [1] M is assumed to be U for the sake of
simplicity. Adding this term is the way to extend this expression when

UgM.

Proof. (of Theorem 4.4.1) Our strategy for the proof is to show that
the cohomology class of a desingularization of a b?*-symplectic struc-
ture on a closed orientable surface (which is the cohomology class of a
symplectic structure and hence it can be encoded by its signed area,

i.e. the integral of itself over S), only depends on the b?*-cohomology of

4the e-tubular neighborhood is defined using the 2 from the b™-manifold
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the b?*-symplectic structure (which, in its turn, can be encoded by the
integral of the forms appearing in its Laurent series and its Liouville
volume -Theorem 2.2.3-).

In order to compute the class of the desingularization we calculate
the integral of the desingularized form over the whole manifold. We
are going to proceed in two steps. Firstly we are going to compute
the integral of the desingularization inside the e-neighborhood U, of Z,
and then we compute it outside.

Using the expression of w, we compute:
2%—1

o = (S [

2k—1

N 1/ df (z/€) A (Zmaz>+/Ueﬁ
e 0 (5 )
_ E%%’“f/“ i dar [ ot [

Then, because f is an odd function, df (z/€)/dz is even and hence
the integral [*° df(””/e)

Thus,

/6 _ ka/“dfx/e 2id95/2042i+/U€5'

Recall that out81de the e-neighborhood the desingularization w, co-

r'dx is going to be different from 0 if i is even.

incides with the b**-symplectic form w. Moreover, let us define U a
tubular neighborhood of Z containing U,, (assume U = [—1,1] x Z).

Following the computations in [1] we obtain,

fow® =
M\U. M\Ue

= / w + w
M\U U\U.
ko2
= + / + - /Oéz‘
/M\Uw (U\Ueﬂ ;22—1 z 2)

+§k:< 2 /a2‘)€2z’—1
—=\2i—1Jz " ’

Now we may add the two terms in order to compute the integral
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over the whole surface M:

/Mw“— _ 2k2/+edf (z/€) Zidl'/za21+/[]€ﬁ

k
-2

+ / +/ +> = i

M\Uw <U\U€B ;22_1 ZOQ)

+Zk (212 . fz 0421) (2i-1

= 2% 2/6 af :1:/6 ¥ dx /()@,

i=1

+ /M\Uw+ (/UB"”;%__ 1 /Za%)

=P,)(0) by the expression 4.8

k 2 2i—1
+ Zi:l (22-_1 fZ 0621') €.

In a more compact way:

k—1 k

/M we=3"ae) /Z o + Py (0) + S bi(e) /Z as  (4.9)

=1 =1

This integral only depends on the classes [o;] and the Liouville
Volume F;,;(0), which are determined by (and determine) the class of
[w]. So, two b**-forms on the same cohomology class, determine the
same cohomology class when desingularized.

]

Remark 4.4.6. This previous theorem asserts that, for b**-surfaces
(S,Z) with S closed and orientable and f and € fived, equivalent b**-
symplectic structures get mapped to equivalent symplectic structures

under the desingularization procedure. Non-equivalent b

-symplectic
structures might get mapped to equivalent symplectic structures via de-
blogging. It is easy to see that there are different classes of b**-forms
that desingularize to the same class by looking at expression (4.9). We
only have terms [o;] with i even. As a consequence, if two forms differ
only in the odd terms, they have the same desingularized forms (as-
suming the auziliary function f in the desingularization process is the

same). We compute a particular example below.
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Example 4.4.7. Consider S? with coordinates (h,0). Consider the b*-
manifold given by (S%,{h = 0}, h) with the following two b*-symplectic

structures:

Wy = ﬁdh/\dﬁ w2:<2+;)dh/\d8:h12dh/\(hd9+d0).
(4.10)
As before, assume f and € fized. Observe that for wy, the forms
in the Laurent series are oy = df and o} = 0, while for wy they are
at = df and o3 = df. Then [,af = 0 # [,a} = 2w, and hence
lal] # [a2] and [wi] # |ws]. The desingularized expressions of those

forms are given by:

dfe(h)dh ANdO if |h] <k,
W1e = dh (411)
w1 otherwise,
and ah.(h)
S 2dh A (hdO +df) if |h] <
o Vg A (hdt ) ] < o
wWo otherwise.

Let us compute the classes of wlﬁ and Woe.

Lo = | +/ dfe ) (hdt + o)
52 SQ\UC

_ /S —dh/\(hd9+d9)+ dfe(h)(cl@)

2\U, h2f( " v. dh
d
hdo
* v. dh (hd0)
- 1 daf.(h)
= —dh N dO —dh A df df
/52\U h? * s2\vU. h * v. dh (d0)

=0
= / Wie-
SQ
Let us consider the action of S* over S? given by ¢ : St x §% —
S%: (t,(h,0)) — (h,0 +t). Observe that both wy and wy are invariant
under the previous action. Moreover, their desingularizations are also

nvariant.






Chapter 5

Existence and classification

of b"*-Nambu structures

In this chapter we consider a natural generalization of b™-Poisson struc-
tures by imposing transversality conditions on higher order multivector
fields. Nambu mechanics is a generalization of Hamiltonian mechanics
involving multiple Hamiltonian functions.

Nambu structures originally considered in [28] and a Nambu bracket
can be defined attached to a set of Hamiltonian functions which in-

spired the following axiomatic definition to Takhtajan [29]:

Definition 5.0.1. A Nambu structure of degree k on a smooth

manifold M"™, where k < n, is an k-multilinear, skew-symmetric bracket,

(o} CF(M) % - x C=(M) = C%(M),

k

satisfying:

1. The Leibniz rule:
{fa, fi... s ficay = Ho fioo o foma b HF f - foma b,

2. The identity:
{f17 ey f?“—la {917 ce agk}}

57
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k
:Z:{gl,...,{f1,.---,fk—lygi}a--wgk};

This is indeed a generalization of Poisson bracket and thanks to the
Leibniz rule, it can be encoded in the language of multivectorfields. In
that language a Nambu structure of order £ is defined by the following

simple criteria:

Definition 5.0.2. A Nambu structure of order k on a smooth manifold
M is a k-vector field 11 on M such that for any point p € M such
that TI(p) # 0, there is a local coordinate system (x1,...,T,) in a

neighborhood of p such that

in that neighborhood.

We can think of the following definition above as an integrability
condition. In this chapter we study normal forms of Nambu struc-
tures with a b"-singularities which are of maximal degree. We study
normal forms, existence and classification a la Moser in terms of 0™-
cohomology in the same terms as the previous chapter.

The contents of this section are published in the Comptes Rendus

de I’Academie des Sciences de Paris (joint paper with Eva Miranda)
(see [12]).

5.1 Constructions and classification of b"-

Nambu structures

Nambu structures of b™-type can be described using forms which are
singular along a smooth hypersurface.

We now introduce b"-Nambu structures of top degree,
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Definition 5.1.1. A b™-Nambu structure of top degree on a pair

(M", Z)

with Z a smooth hypersurface is given by a smooth n-multivector field

A such that there exists a local system of coordinates for which

Azx?i/\.../\ 0

and Z is defined by x1 = 0 in a neighborhood of Z.

Dualizing the local expression of the Nambu structure we obtain

the form

O = imdxl AL Adxy, (5.2)
L1
(which is not a smooth de Rham form), but it is a ™-form of degree n
defined on a b™-manifold. As it is done in [5], we can check that this
dual form is non-degenerate. So we may define a b"™-Nambu form as
follows.

Mimicking the same condition as for b™-symplectic forms we can
talk about non-degenerate b"-forms of top degree. This means that
seen as a section of A"(*T*M) the form does not vanish.

Notation: We will denote by A the Nambu multivectorfield and
by © its dual.

Definition 5.1.2. A b™-Nambu form is a non-degenerate b™-form of

top degree.

We first include a collection of motivating examples, and then prove

an equivariant classification theorem.
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5.1.1 Examples

1. b"-symplectic surfaces: Any b™-symplectic surface is a b"-

Nambu manifold with Nambu structure of top degree.

2. bm-symplectic manifolds as 0"-Nambu manifolds: Let a
pair (M?",w) be a b™-symplectic manifold, then (M?" w A ... A w)
—_——

is automatically b™-Nambu.

3. Orientable manifolds: Let (M™, Q) be any orientable manifold
(with Q a volume form) and let f be a defining function for Z,
then (1/f™)Q defines a b™-Nambu structure of top degree having

Z as critical set.

Any Nambu structure can be written in this way if the hypersur-
face can be globally described as the vanishing set of a smooth

function.

4. Spheres: In [14], it was given special importance to the ex-
ample (S”, I_IiSi(n_l) ) because of the Schoenflies theorem?!, which
imposes the associated graph to be a tree. The nice feature of
this example is that O(n) acts on the b™-manifold (S™, 1),
and it makes sense to consider its classification under these sym-
metries. This also works for other homogeneous spaces of type
(G1/Ga,Go/G3) with Go and G3 with codimension 1 in G and
G5 respectively.

5.1.2 b"™-Nambu structures of top degree and ori-

entability

We start proving:

!The nature of this theorem is purely topological in dimension equal or greater

than four, and so is its construction.
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Theorem 5.1.3. A compact n-dimensional manifold M admitting a

b2k -Nambu structure is orientable.

Proof: Consider a collar of charts for the b**-Nambu structure
such that in local coordinates the Nambu structure can be written as
x3F 8%1 AL A % with compatible orientations in a neighborhood of
each connected component of Z.

Consider a 2:1 orientable covering (M, Z) of the manifold and de-
note by p : Z/27Z x M — M the deck transformation. For each point
p € Z take a neighborhood U, which does not contain other points
identified by p thus U, = 7(U,) =: V,, and © = —xdxy A ... A dxy,.
This form defines an orientation on V, \ 7(Z). Take a symmetric cov-
ering of such neighborhoods to define a collar of Z with compatible
orientations, and compatible with the covering. The compatible orien-
tations and the symmetric coverings descend to (M, Z), thus defining
an orientation in (M, Z). Thus, we have an orientation in V' \ Z. By
perturbing © in V we obtain a volume form on V, ©, and thus an
orientation in V. These can be glued to define an orientation via the

volume form © on the whole M proving that M is oriented.

5.1.3 Classification of "'-Nambu structures of top

degree and 0"-cohomology

We present the definitions contained in [14] of modular period attached
to the connected component of an orientable Nambu structure using
the language of b"-forms.

Let © be the dual to the multivectorfield A defining a Nambu struc-
ture. From the general decomposition of b™-forms as it was set in
Equation 2.8 we may write:

O =0y A L
fm
with ©y € Q"1 (M).
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This decomposition is valid in a neighborhood of Z whenever the
defining function is well-defined. For non-orientable manifolds a similar
decomposition can be proved by replacing the defining function f by
an adapted distance (see [9]).

With this language in mind, the the modular (n—1)-vector field
in [14] of © along Z is the dual of the form ©g in the decomposition
above which is indeed the modular (n — 1)-form along Z in [14].

Recall from [14] in our language:

Definition 5.1.4. The modular period T? of the component Z of

the zero locus of A is
T? ::/ 0y > 0.
z

In fact, this positive number determines the Nambu structure in a
neighborhood of Z up to isotopy as it was proved in [14].
The following theorem gives a classification of b™-Nambu struc-

tures.

Theorem 5.1.5. Let ©y and ©1 be two b™-Nambu forms of degree n
on a compact orientable manifold M™. If [O¢] = [©1] in b™-cohomology
then there exists a diffeomorphism ¢ such that $*©, = O.

Proof: We will apply the techniques of [23] with the only difference
that we work with b™-volume forms instead of volume forms.

Since Oy and O, are non-degenerate b"-forms both of them are a
multiple of a volume form and thus the linear path ©, = (1—t)©+t0;
is a path of non-degenerate b-forms.

Because Oy and ©; determine the same cohomology class:
01— 09 =dp

with d the ™-De Rham differential and g a b™-form of degree n — 1.

Now consider the Moser equation:

th@t = —B- (53)
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Observe that since 3 is a b™-form and ©; is non-degenerate. The
vector field X; is a b™-vector field. Let ¢; be the t-dependent flow
integrating X.

The ¢; gives the desired diffeomorphism ¢; : M — M, leaving Z
invariant (since X is tangent to Z) and ¢;0; = O.

In particular we recover the classification of b-Nambu structures of

top degree in [14]:

Theorem 5.1.6 (Classification of b-Nambu structures of top
degree, [14]). A generic b-Nambu structure © is determined, up to
orientation preserving diffeomorphism, by the following three invari-
ants: the diffeomorphism type of the oriented pair (M, Z), the modular

periods and the reqularized Liouville volume.

By Theorem 2.2.1,
"H™M(M) = H™(M) & H"(2).

The first term on the right hand side is the Liouville volume im-
age by the De Rham theorem, as it was done in [7] for b-symplectic
forms. The second term collects the periods of the modular vector
field. So if the three invariants coincide then they determine the same
b-cohomology class.

In other words, the statement in [14] is equivalent to the following

theorem in the language of b-cohomology.

Theorem 5.1.7. Let ©1 and ©5 be two b-Nambu forms on an ori-
entable manifold M. If [©1] = [O2] in b-cohomology then there exists
a diffeomorphism ¢ such that ¢*©; = O,.

This global Moser theorem for 0™-Nambu structures admits an

equivariant version,

Theorem 5.1.8. Let ©y and ©1 be two b™-Nambu forms of degree n
on a compact orientable manifold M™ and let p: G x M — M be a
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compact Lie group action preserving both b™-forms. If [©g] = [©4] in
b™-cohomology then there exists an equivariant diffeomorphism ¢ such

that ¢*@1 == @0.
Proof: As in the former proof, write
O, — 60y =dpj

with d the v™-De Rham differential and 5 a b™-form of degree n — 1.
Observe that the path ©; = (1 — t)©g + tO; is a path of invariant
b™-forms.

Now consider Moser’s equation:
th@t = —ﬁ (54)

Since O, is invariant we can find an invariant 5. For instance take
B =/ Py (B)dp with p1 a de Haar measure on G and p, the induced
diffeomorphism p,(z) := p(g, z).

Now replace 3 by § to obtain,

LXtG@t == _B (55)

with X& = [, Pg.X¢dp. The vector field X is an invariant b-vector
field. Its flow ¢¢ preserves the action and ¢*0; = Oy.

Playing the equivariant b™-Moser trick using the 2:1 cover of a non-
orientable manifold and taking as G the group of deck transformations

we obtain,

Corollary 5.1.9. Let ©¢ and ©1 be two b™-Nambu forms of degree
n on a manifold M"™ (not necessarily oriented). If [Og] = [©4] in b™-
cohomology then there exists a diffeomorphism ¢ such that p*©, = ©O,.



Chapter 6

An action-angle theorem for

b"'-Poisson manifolds

In this chapter we continue with the study of classification theorems.
In this case we consider the semilocal classification for any -Poisson
manifold in a neighbourhood of an invariant compact submanifold.
The compact submanifold which we will be considering are the compact
invariant leaves of the distribution D generated by the Hamiltonian
vector fields Xy, of an integrable system. An integrable system is
given by a set of n functions on a 2n-dimensional symplectic manifold
which we can order in a map F' = (fi,..., f,). Historically, integrable
systems where introduced to actually integrate Hamiltonian systems
Xy using the first-integrals f; and, classically, we identify H = f;. It
turns out that in the symplectic context the compact regular orbits
of the distribution D coincide with the fibers F~!(F(p)) for any point
p on these orbits/fibers. The fact that the orbit coincides with the

connected fiber is part of the magic of symplectic duality.

The same picture is reproduced for singular symplectic manifolds

of b™-type or b™-Poisson manifolds as we will see in this chapter.

The study of action-angle coordinates has interest from this ge-

ometrical point of view of classification of geometric structures in a

65
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neighbourhood of a compact submanifold of a b™-Poisson manifold,
but also an interest from a dynamical point of view as these compact
submanifolds now coincide with invariant subsets of the Hamiltonian
system under consideration.

From a geometric point of view, the existence of action-angle co-
ordinates determines a unique geometrical model for the b™-Poisson
(or b™-symplectic) structure in a neighbourhood of the invariant set.
From a dynamical point of view, the existence of action-angle coor-
dinates provides a normal form theorem that can be used to study
stability and perturbation problems of the Hamiltonian systems (as
we will see in the last chapter of this thesis).

An important ingredient that makes our action-angle coordinate
theorem brand-new from the symplectic perspective is that the sys-
tem under consideration is more general than Hamiltonian, it is b™-
Hamiltonian as the first-integrals of the system can be b™-functions
which are not necessarily smooth functions. Dynamically, this means
that we are adding to the set of Hamiltonian invariant vector fields,
the modular vector field of the integrable system.

In contrast to the standard action-angle coordinates for symplectic
manifolds, our action-angle theorem comes with m additional invari-
ants associated to the modular vector field which can be interpreted
in cohomological terms as the projection of the b™-cohomology class
determined by the modular vector field on the first cohomology group
of the critical hypersurface under the Mazzeo-Melrose correspondence.

The strategy of the proof of the action-angle coordinate systems is
the search of a toric action (so this takes us back to the motivation
of the use of symmetries in this thesis). In contrast to the symplectic
case, it is not enough that this action is Hamiltonian as then a direction
of the Liouville torus would be missing. We need the toric action to be
b"-Hamiltonian. The structure of this proof looks like the one in [2]
but encounters serious technical difficulties as in order to check that the

natural action to be considered is b"™-Hamiltonian we need to go deeper
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inspired by [1] in the relation between the geometry of the modular
vector field and the coefficients of the Taylor series ¢; of one of the
first-integrals. This enables to understand new connections between
the geometry and analysis of b™-Poisson structures not explored before.

Once we prove the existence of this b"-Hamiltonian action the proof
looks very close to the one in [2].

We end up this chapter restating the action-angle theorem as a
cotangent lift theorem with the following mantra:

Every integrable system on a b™-Poisson manifold looks like a b™-

cotangent lift in a neighborhood of a Liouville torus.

6.1 Basic definitions

6.1.1 On b"-functions

The definition of the analogue of b-functions in the b™-setting is some-
what delicate. The set of *"C>(M) needs to be such that for all the
functions f €% C*°(M), its differential df is a b-form, where d is the
bm-exterior differential. Recall that a form in *"QF(M) can be locally

written as

alN—+p
xm

where o € Q*}(M) and 8 € QF(M). Recall also that
d d
d(&/\yﬁ%—ﬁ) :da/\x—z+dﬁ.

We need df to be a well-defined b™-form fo degree 1. Let f = gﬁ,
then df = algm,},1 — g%dm. This from can only be a b™-form if and

only if g only depends on z. If f = glog(x), then dglog(z) + g+du,
which imposes dg = 0 and hence g to be constant.

With all this in mind, we make the following definition.
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Definition 6.1.1. The set of b™-functions is defined recursively ac-

cording to the formula

bmfl

YC(M) = 2~ mTIC () + C>(M)

with C*°(x) the set of smooth functions in the defining function x and

’C®(M) = {glog|z| + h,g € R,h € C™(M)}.

Remark 6.1.2. A ""C>(M)-function can be written as

1

1
f=alogz+a—+...+am1——
x x

= th

where a;, h € C®(M).

Remark 6.1.3. From this chapter on we are only considering b™-
manifolds (M, z,Z) with x defined up to order m. ILe. we can think
of x as a jet of functions that coincide up to order m to some defining
function. This is the original viewpoint of Scott in [1] which we adopt
from now on. The difference with respect to the other chapters is that

we do not fix an specific function (but the jet in this chapter).

Definition 6.1.4. We say that two b™-integrable systems Fy, Fy are
equivalent if there exists v, a b™-symplectomorphism, i.e. a diffeomor-
phism preserving both w and the critical set Z (“up to order m™), such
that ¢ o F} = F.

Remark 6.1.5. The Hamiltonian vector field associated to a b™-function

f is a smooth vector field. Let us compute it locally using the b™-

T.e. it preserves the jet x
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Darboux theorem:

8 9 ™ma 9 - 1
=z o, " o + ; o0 oy and f = aglog 1 + ; a P +

Then if we compute

C1 1 m—1 . 1
df = “ag —+ Y (aj — (i — 1)a;—1) —dx,
T =1 Ty

—_—
—(m—1)am—1 mdxl + dh

= > iz, +dh.

i=1 L1
Then,
0
X ch " Z—+H(dh ), (6.1)

we obtain a smooth vector field.

6.1.2 On b"-integrable systems

In this section we present the definition of ™-integrable system as well

as some observations about these objects.

Definition 6.1.6. Let (M?", Z, x) be a b™-manifold, and let II be a b™-

Poisson structure on it. F = (f1,..., fa)? is a b™-integrable system?

if:

1. dfy,...,df, are independent on a dense subset of M and in all the
points of Z where independent means that the form dfy A ... Ndf,

is non-zero as a section of A™(*"T*(M)),

2. the functions fi,..., f, Poisson commute pairwise.

2, are b™-functions.
3In this thesis we only consider integrable systems of maximal rank n.
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Definition 6.1.7. The points of M where df, ..., df, are independent

are called regular points.

The next remarks will lead us to a normal form for the first function

fi-

Remark 6.1.8. Note that dfy,...,df, are independent on a point if
and only if X¢,,..., Xy

n

are independent at that point. This is because

the map
TM = TM u s wy(u, )

is an isomorphism.

Remark 6.1.9. The condition of df1,...,df, being independent must
be understood as dfi A. .. \df, being a non-zero section of N"( *"T*M).

Remark 6.1.10. By remark 6.1.8 the vector fields Xy, , ..., Xy, have
to be independent. This implies that one of the fi,..., f, has to be a
singular (non-smooth) b™-function with a singularity of mazximal de-
gree. If we write f; = co;log(z1) + X725 ! i{l + fi

0
mm ]él + X
Z Js y fi

% — (j — D1y If there is mno b™-function with

where ¢;,;(x) =
a singularity of mazximum degree all the terms in the /0y, direction

become 0 at Z. And hence Xy,,..., Xy, cannot have maximal rank at
Z.

Lemma 6.1.11. Let F' = (fi,..., fn) a b™-integrable system. If fi has

a singularity of maximal degree, there exists an equivalent integrable
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system F' = (f1,..., fl) where f{ has a singularity of mazimal degree

and no other f] has singularity of any degree.

m—

Proof. Let f; = co,log(z) Z fi = G(x1) + fi. By remark

Ci(z1)
6.1.104,

0 0
xy ]ézi—i—Xi: () — 4+ Xz,
Z 75 yl fi g( 1)8y1 fz

\—,_/
gi(z1)

Note that g;(z1) = ¢:(0) = &,,; at Z. Let us look at the distribution
given by the Hamiltonian vector fields Xy = gi(wl)a%l + Xj. This

distribution is the same that the one given by:

g2(x1) In(71)
Xy, Xpy — —F—=Xp,.00, Xy, — Xt 6.2
{ / ¢ 91(371) / ! 91(371) f} ( )

Observe that for i > 1, Xy, — ((zll))X = X + g2EII)Xfl Also g1(z1)

is different from 0 close to Z because at Z g1(x1) = € 1. Since the dis-

tribution given by these vector fields is the same, an integrable system
that has Hamiltonian vector fields 6.2 would be equivalent to F'. From
the expression 6.2 it is clear that the new vector fields commute. And
it is also true that this new vector fields are Hamiltonian. Let us take

F" the set of functions that have as Hamiltonian vector fields 6.2. O

From now on we will assume the integrable system to have only

one singular function and this function to be f;.

Remark 6.1.12. Because we asked Xy, , ..., Xy, to be linearly inde-
pendent at all the points of Z and using the previous remarks c,, :=
cm,1 7 0 at all the points of Z.

Furthermore, we can assume f; to have a smooth part equal to

zero as subtracting the smooth part of f; to all the functions gives an

4Here have used the b™-Darboux theorem to do the computations.
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equivalent system. Also, we can assume that ¢, is 1 because dividing
all the functions of the b™-integrable system by c¢,, also gives us an
equivalent system.

As a summary, we can assume f; = qglog(z) + a;l/x + ...+
Um_21/2™ 2+ 1/2™ ! and fy,..., f, to be smooth, ay € R and
A1y .y Qg € CP(2).

Also we are going to state lemma 3.2 in [26], because we are going
to use it later in this section. The result states that if we have a toric
action on a b™-symplectic manifold (which we will prove in a neigh-
bourhood of a Liouville torus), then we can assume the coefficients

as, . .., 0, o to be constants. More precisely

Lemma 6.1.13. There exists a neighborhood of the critical set U =
Z x (—e,e) where the moment map p: M — t* is given by

m x—(i—l)
o= anoglel + 3"
= 11

+ o

with a; € tOL and o is the moment map for the Ty -action on the sym-

plectic leaves of the foliation.

6.1.3 Examples of 0"-integrable systems

The following example illustrates why it is necessary to use the defini-
tion of b™-function as considered above. There are natural examples
of changes of coordinates in standard integrable systems in symplec-
tic manifolds that yield to b™-symplectic manifolds but do not give

b™-integrable systems.

Example 6.1.14. This example makes a time change in the two body
problem, to obtain a b*-integrable system. In the classical construction
used to solve the 2-body problem we obtain the following two conserved

quantities:

2 2
l k
fr = omg gk

2ur? T
f2 = l?
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with symplectic form w = dr A\ dy + dl N\ da, where r is the distance
between the two masses and [ is the angular momentum. We also know
that | is constant along the trajectories. Because l is a constant of the
movement, we can do a symplectic reduction on its level sets. The form
on the symplectic reduction becomes dr A dy. To simplify the notation

we will note x instead of r. Then w = dx Ndy. With hamiltonian given

by [ = 2y + EI—Q — /{;1 Hence, the equations are:
. _ 8f
xr = Fy’
_of
ox"

Doing a time change T = x3t then d—f = x%‘é—”t”. With this time coordi-

nate, the equations become:

. 1
r = 7387]0

@‘Qﬁ
<

i = 4
These equations can be viewed as the motion equations given by a b*-
symplectic form w = x—lgd:v Ady.

Let us check that this is actually a 0™ -integrable system.

e All the functions Poisson commute is immediate because we only

have one.

o df = pydy + (m% — ﬁm%)dx is a b3-form because the term with dx

does not depend on y

o All the functions are independent, this is true because df does not

vanish as a b*-form.

Example 6.1.15. In the paper [30] the author builds an action of
SL(2,R) over (P,wp) where P = {¢ € C\ (€ — &) > 0} is the complex
semi-plane, with moment map Jp(§) = ((]5\2 +1),2¢, (€2 + 1)),
where the + sign depends on the chozce of the hemisphere projected
by the stereographic projection. From now on we will take the sign +.

Also the symplectic form wp has the following expression:
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R
wp = £ —-d& N d&im
For sake of simplifying the notation we will identify P with the real
half-plane P = {x,y € R?|y > 0}. With this identification, the moment
map becomes Jy(z,y) = g(:c2 +y?+ 1,2z, 2% +y2 +1). Obviously, this
moment map does not give an integrable system. The symplectic form

writes as:

R
wp = ?dy A dzx.

Which can be viewed as a b*>-form if we extend P including the line
{y = 0} as its singular set. Let us consider only one of the components
of Jp as b™-function and let us see if it gives a b™-integrable system.
First we will try with f; = %(xQ + 3%+ 1) and then fy = g(Zx).

1. fi = %(IZ +y? + 1) We have to check three things to see if this

gives a b*-integrable system.

(a) All the functions Poisson commute is immediate because we

only have one.

(b) All the functions are b™-functions. This point does not hold
because df; = y%(Qxyd:E + (y* — 22 — 1)dy) and the first

. 2
component does have no sense as a section of A1(*"T*M).

(c) All the functions are independent. In this case we have to
check that df; does not vanish, but since it is not a b™-form

it has no sense to be a non-zero section of A (¥ T*M).

2. f2=(2z)

< |

(a) Same as before.

(b) All the functions are b™-functions. This point does not hold
because dfy = %d:p — %dy and the first component does

. 2
have no sense as a section of A*(*"T*M).
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(c) Same as before.

Now we give a couple examples of b™-integrable systems.

Example 6.1.16. This example uses the product of b -integrable sys-
tems on a b™-symplectic manifold with an integrable system on a sym-
plectic manifold. Given (Mfm, Z,x,w1) a b™-symplectic manifold with
fis o fo, ab™-integrable system and (M3"™,ws) a symplectic manifold
with gy, ..., gn, an integrable system. Then (My X My, Z X My, x,w; +
wa) is a b™-symplectic manifold and (fi,..., for, 915+ Gny) @5 a b~

integrable system on it.

Example 6.1.17. (From integrable systems on cosymplectic
manifolds to b -integrable systems:)

Using the extension theorem (Theorem 50) of [5] we can extend
any integrable system (fa, ..., fn) to an integrable system in a neigh-
bourhood of a cosymplectic manifold (Z,a,w) by just adding a b™-

function fi to the integrable system so that the new integrable system

is (f1, fo, ..., [n) and considering the associated b™-symplectic form:
dt
O=pal m +pw. (6.3)

(t is the defining function of Z ).

6.2 Looking for a toric action

One of the main difficulties in comparison with the construction for
b-symplectic structures it is that is not easy to prove that coefficients
ai,...,a, can be considered constants. This makes more difficult to
prove the existence of a T" action, but once we have it we can use the

results in [8] to assume that the coefficients ay, ..., a, are constant.
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Proposition 6.2.1. Let (M, Z,z,w) be a b™-symplectic manifold such
that Z is connected with modular period k. Let w : Z — S' ~ R/kZ
be the projection to the base of the corresponding mapping torus. Let
v: SV =R/KZ — Z be any loop such that o v is positively oriented

and has constant velocity 1. Then the following are equal:

1. The modular period of Z,
2. [, uw,

3. The value a,,_y for any """ C>(M) function
m—1 1
f=aolog(z) + > aj +h
j=1

such that the hamiltonian vector field Xy has I-periodic orbits

homotopic in Z to some .
Proof. Let us prove separately that (1)=(2) and later (2)=(3).

(1)=(2) Lets denote by V,,,¢ the modular vector field. Recall from [§]
that ¢, (Vmoa) is the constant function 1. Let s : [0,k] — Z be
the trajectory of the modular vector field. Because the modular
period is k, s(0) and s(k) are in the same leaf £. Let §: [0,k +
1] = Z a smooth extension of s such that 8|ik,k41) is a path in
L joining §(k) = s(k) to §(k+ 1) = s(0). This way § becomes a
loop. Then,

k
k:/ 1dt:/LLw:/LLw:/LLw
0 S 8 o'

(2)=(3) Let r:[0,1] — Z be the trajectory of X; the hamiltonian vector
field of f. Recall that X satisfies
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Let [Bm% be a generator of the linear normal bundle .. We know

that X is 1-periodic and its trajectory is homotopic to . Hence,

1
k=[uw = /Obxm%W(Xflr(t))dt
= [ e @ Do
= Ox

= —Cn = —Qmpm-1

Theorem 6.2.2 (Darboux-Carathéodory (b™-version)). Let
(M*" 2, Zw)

be a b™-symplectic manifold and m be a point on Z. Let fi,..., [,
be a b"-integrable system. Then there exist b™-functions (qi, ..., qn)

around m such that .

Z i A dg;

-1
and the vector fields {Xy,, X, }” commute. If f1 is not smooth (recall
fi = aolog(z) + X7 aj% with a, # 0 on Z and ag € R) the ¢
can be chosen to be smooth functions, and (x, fo, ..., fu, Q1 -+, qn) 18

a system of local coordinates.

Proof. The first part of this proof is exactly as in [2]. Assume now
m—1

1
f1 = aglog(x)+ Z a]x— We modify the induction requiring also that

7j=1
wi (in addition to be in K;) is also in T*M C® T*M. We can also ask

this extra condition while asking y;(Xy,) = 1, we only have to check
that Xy, does not vanish in 7'M . This is clear because Xy, does not
vanish at *T'M and

0= (f [} = (i a?) (X},) = (j_iéam) (X
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Where the last expression becomes 0 for each and every term except
for the one of degree m.

Then dz/xz™ is in the kernel of Xy, hence X, does not vanish on
TM and the ¢; can be chosen smooth.

{Xe, Xy oo, Xy, Xy, - - Xy, } commute because { X, X, }i ; com-

mute. Then

de Ndfy... Ndf, Ndgy N ... N dgy

is a non-zero section of A\"(*T'M). And hence

($7f27'"7fn—17Q17"'aqn)

are local coordinates.
O]

Lemma 6.2.3 (Topological Lemma). Let m € Z be a regular point of
a b"-integrable system (M, x, Z,w, F). Assume that the integral mani-
fold F,, through m is compact. Then there exists a neighborhood U of

Fm and a diffeomorphism
¢:U~T"x B"
which takes the foliation F to the trivial foliation {T™ x {b}}pepn.

Proof. As in the proof of [2] we follow the steps of [31]. In this case,
the only extra step that must be checked is that the foliation given
by the b™-hamiltonian vector fields of F' = (f1, fa, ..., fu) is the same
as the one given by the level sets of F := (x, fo,..., fn). In our case
fi = aglog(z) + X} ai%, where ag € R, a; € C®(x), a1 = 1.
Hence the foliations are the same. Then as in [31], we take an arbitrary
Riemannian metric on M and this defines a canonical projection 1 :
U — F,. Let us define ¢ := ¢ x F. We obtain the commutative

diagram (Figure 6.1).
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Figure 6.1: Commutiative diagram of the construction of the isomor-

phism of b"-integrable systems.

which provides the necessary isomorphism of b™-integrable systems.

]

6.2.1 Action-angle coordinates on b"-symplectic

manifolds

In a neighbourhood of one of our Liouville tori all we can assume about
the form of our b™-symplectic structure is that is given by the Laurent
series defined in [1].

That is to say we can assume that in a tubular neighborhood U of
Z

Zﬁ az +67

where m : U — Z is the projection of the tubular neighborhood onto
7, «; are closed smooth de Rham forms on Z and  a de Rham form
on M.

Theorem 6.2.4 (Action-angle coordinates for b™-symplectic mani-
folds). Let (M,x,w,F) be a b"-integrable system, where F' = (f; =
aplog(z) + Z;” LG, xlj,...,fn) with a; for j > 1 functions in x. Let
m € Z be a reqular point and let us assume that the integral manifold
of the distribution generated by the Xy, through m is compact. Let F,,
be the Liouwville torus through m. Then, there exists a neighborhood U

of Fm and coordinates (01, ...,0,,01,...,0,) : U — T" X B™ such that:

1. We can find an equivalent integrable system F' = (f; = aglog(z)+
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motal Lo f,) such that the coefficients aj,...,a., | of fi

J=1 iz
are constants € R,

2.
Wl = (Z % o) /\del) 3 doy A db,
=1 01 =2
where c is the modular period and ¢ = —(j — 1)a);_,, also
3. the coordinates o1, ...,0, depend only on fi,... fy.

Proof. The idea of this proof is to construct an equivalent b™-integrable
system whose fundamental vector fields define a T™-action on a neigh-
borhood of T x {0}. It is clear that all the vector fields Xy, ..., Xy,
define a torus action on each Liouville tori T" x {b} where b € B",
but this does not guarantee that their flow defines a toric action on
all T™ x B™. The proof is structured in three steps. The first one is
the uniformization of the periods, i.e. we define an R"-action on a
neighborhood of T™ x {0} such that the lattice defined by its kernel
at every point is constant. This allows to induce an actual action of a
torus (as the periods are constant) of rank n: A T™ action by taking
quotients. The second step consists in checking that this action is ac-
tually b"™-Hamiltonian. And in the final step we apply theorem 6.2.2

to obtain the expression of w.

1. Uniformization of periods.

Let ®%, be defined as the joint flow by the Hamiltonian vector
fields of the action:

¢:R"x (T"x B") — (T"x B")

(6.4)
((s1,---58n), (2,0)) = Py o---0®F ((z,b))

this defines an R"-action on T" x B™. For each b € B" at a single
orbit T™ x {b} the kernel of this action is a discrete subgroup of
R"™. We will denote the lattice given by this kernel A,. Because
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the orbit is compact, the rank of A, is maximal i.e. n. This
lattice is known as the period lattice of T" x {b} as we know by
standard arguments in group theory that the lattice has to be
of maximal rank so as to have a torus as a quotient. In general
we can not assume that A, does not depend on b. The process
of uniformization of the periods modifies the action 6.4 in such a
way that A, = Z" for all b. Let us consider the following Hamil-
tonian vector field 1, k;Xs. The b™-function that generates

this Hamiltonian vector field is:

m—1 1 n
kq (ao log(z) + ) aj:w) + Y kif;
j=1 i=2

where recall that a,,_; is constant equal 1. Observe that the
coefficient multiplying 1/2™ 1 is k;. By proposition 6.2.1 k; = ¢

the modular period. In this case ¢ = [y

Hence, for b € B" ! x {0} the lattice A, is contained in R"~! x
cZ C R™. Pick (Ay,...,\,) : B = R" such that:

e (A\i(b),...,\u(b)) is a basis of Ay for all b € B™,

e \" vanishes along B"! x {0} at order m for i < n and )\

is equal to ¢ along B"! x {0}.

In the previous points, /\f denotes the j-th component of \;.
The first condition can be satisfied by using the implicit function
theorem. That is because ®(\,m) = m is regular with respect
to the s coordinates. The second condition is automatically true

because Ay, C R x ¢Z. We define the uniformed flow as:
d:R"x (T" x B") — (T" x B")

(6.5)
(1,5 8n), (x,0) = P, s\, (,0))

2. The T™ action is b"-Hamiltonian. The objective of this step is to
find b"-functions o4, ..., 0, such that X, are the fundamental
vector fields of the T"-action Y; = 377, )\{ Xy,
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By using the Cartan formula for a b™-symplectic form:

,Cyiﬁyiw ,Cyz (d(LleJ) + Lyidw)
Ly (d(= X7y Ndf:))

= —Ly,(T0_ dX Adf;) =0

Note that A are constant on the level sets of F' because ®(\, m) =
m is solved in the definition of A and the level sets of F' are

invariant by ®.

Recall that if Y is a complete periodic vector field and P is a
bivector such that £y Ly P = 0, then Ly P = 0. So,the vector
fields Y; are Poisson. To show that each ty,w has a *" C* primitive

we will see that [ty;w] = 0 in the b™-cohomology.

One one hand, if ¢ > 1, ty,w vanishes at Z. This holds because

Y; has not any component 0/9Y .

Recall Proposition 6 from [5]

Proposition 6.2.5. If w €® Q(M) with w|z = 0, then w €

The same holds for b™-forms thus,

Proposition 6.2.6. If w € Q(M) with w|z vanishing up to
order m, then w € Q(M).

Thus as ty,w vanishes at Z, the b™-forms ty,w are indeed smooth.
Thus we can now apply the standard Poincaré lemma and as
these forms are closed they are locally exact. This proves that

all the vector fields Y; with ¢ > 1 are indeed Hamiltonian.

On the other hand, the fact that ty,w = cdf; is obvious.
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Then, because we have a toric action that is Hamiltonian, we can
use lemma 3.2 in [26], and we get an equivalent system such that

a; are all constant and moreover (a;, X) = a;(X*). Note that by

!/

r 1, we can still assume a/, _; =1 to be consistent

dividing by a
with our notation, but we then have to multiply f;-c in the next

step.

3. Apply Darboux-Carathéodory.

The construction above gives us some candidates o1 = cf1,09,...,0,

for the action coordinates.

We now apply the Darboux-Carathéodory theorem and express

the form in terms of z:

1=2

w = (Z c%dm A dq1> + Z do; N\ dg;.
j=1

Since the vector fields X,, = a% are fundamental fields of the

T™-action the flow 6.5 gives a linear action on the ¢; coordinates.

Observe that the coordinate system is only defined in ¢/. It may
not be valid at points outside U that may be in the orbit of
points in U. Let us see that we can extend the coordinates to

these points.

Define U’ the union of all tori that intersect U. We will see that

the coordinates are valid at U'.

Let {pi, 6,} be the extension of {o;,¢;}. It is clear that {p;,0;} =

d;; by its construction in the Darboux-Carathéodory theorem.

To see that {0;,0;} = 0 we take the flows by X,, and extend the

expression to the whole U’

Xp ({05,0;3) = {{0:,0;}, pc } = {0:, 05} — {05,063 = 0.
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The fact that w is preserved is obvious because X,, are hamilto-
nian vector fields and thus they preserve the b"-symplectic forms.
Moreover t, 01, pa,0a, ..., pn, 0, are independent on U’ and hence

are a coordinate system in a neighbourhood of the torus.

Remark 6.2.7. In the proof we have seen that there exists an equiv-
alent integrable system where the coefficients of the singular function
are indeed constant. From now on when considering a b™-integrable

system we are going to make this assumption.

6.3 Reformulating the action-angle coor-

dinate via cotangent lifts

The action-angle theorem for symplectic manifolds (also known as
action-angle coordinate theorem) can be reformulated in terms of a

cotangent lift.

Recall that given a Lie group action on any manifold its cotan-
gent lifted action is automatically Hamiltonian. By considering the
action of a torus on itself by translations this action can be lifted to
its cotangent bundle and give a semilocal normal form theorem as the
Arnold-Liouville-Mineur theorem for symplectic manifolds. If we now
replace this cotangent lift to the cotangent bundle to a lift to the b™-
cotangent bundle we obtain the semilocal normal form of the main

theorem of this chapter.

Let us recall this from the article [32].
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6.3.1 Cotangent lifts and Arnold-Liouville-Mineur

in Symplectic Geometry

Let G be a Lie group and let M be any smooth manifold. Given a
group action p : G x M — M, we define its cotangent lift as the
action on T*M given by gy := p;-, where g € G. We then have a

commuting diagram

T*M — e
S

M ——

Figure 6.2: Commutiative diagram of the construction of the isomor-

phism of b"-integrable systems.

where 7 is the canonical projection from T*M to M.
The cotangent bundle T* M is a symplectic manifold endowed with
the exact symplectic form given by the differential of the Liouville

one-form w = —d\. The Lioville one-form can be defined intrinsically:

Ap, ) == (p, ()4 (v)) (6.6)

with v € T(T*M),p € T*M.

A standard argument (see for instance [33]) shows that the cotan-
gent lift p is Hamiltonian with moment map p : T"M — g* given
by

(u(p), X) == <)‘p>X#|p> = (p, X#|7F(P)>>

where p € T*M, X is an element of the Lie algebra g and we use
the same symbol X# to denote the fundamental vector field of X
generated by the action on T*M or M. This construction is known as
the cotangent lift.

In the special case where the manifold M is a torus T" and the

group is T" acting by translations, we obtain the following explicit
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structure: Let 6y,...,6, be the standard (S'-valued) coordinates on
T™ and let
O1,...,0,,t1,... 1, (6.7)

:;0 =t

be the corresponding chart on T*T", i.e. we associate to the coor-
dinates (6.7) the cotangent vector Y, t;df; € Ty;T™. The Liouville

one-form is given in these coordinates by

A=Y tdb;
i=1

and its negative differential is the standard symplectic form on 7*T™:

Wean, = Y _ db; A dt;. (6.8)

i=1
Denoting by 75 the translation by 8 € T" on T", its lift to T*T" is
given by

75 :(0,t) — (68 + B,1).

The moment map ficqn : T*T™ — t* of the lifted action with respect to

the canonical symplectic form is
,uam(Q, t) = Z tzdigl, (69)

where the 6; on the right hand side are understood as elements of t* in
the obvious way. Even simpler, if we identify t* with R™ by choosing the
standard basis (% of t then the moment map is just the projection onto
the second component of T*T"™ = T™ x R™. Note that the components
of p naturally define an integrable system on TT".

We can rephrase Arnold-Liouville-Mineur theorem in terms of the

symplectic cotangent model:

Theorem 6.3.1. Let F' = (fi,..., fn) be an integrable system on the
symplectic manifold (M,w). Then semilocally around a regular Liou-
ville torus the system is equivalent to the cotangent model (T*T™)can
restricted to a neighbourhood of the zero section (T*T™)q of T*T".
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6.3.2 The case of b"-symplectic manifolds

Let us now go to the case of b™-symplectic manifolds.

Let start introducing what is called the twisted b™-cotangent model
for torus actions. This model has additional invariants: the modular
vector field of the connected component of the critical set and the
modular weights of the associated toric action. Consider T*T" be
endowed with the standard coordinates (0,t), # € T", t € R" and
consider again the action on T*T" induced by lifting translations of the
torus T". We will now view this action as a b"-Hamiltonian action with
respect to a suitable b™-symplectic form. In analogy to the classical
Liouville one-form we define the following non-smooth one-form away

from the hypersurface Z = {t; = 0} :

m —(i—1) n
t
(CCl log ’tl’ + g CCi—Ei—l)) del + E tldel

=2 1=2

When differentiating this form we obtain a b™-symplectic form on

T*T™ which we call (after a sign change) the twisted b™-symplectic

form on T*T™ with invariants (ccq, ..., ccp):
Ww,c = (Z ijjdtl VAN d@l) + Z dtz VAN dﬁz, (610)
j=1 1 =2

where ¢ is the modular period. The moment map of the lifted action

is then given by

N (i1
Mtw,qo,...7qm_1) = (QO log |t1| + ZQZtl ( )a t2) s 7tn)7 (611)
=2
where we are identifying t* with R™ and ¢; = —(j — 1)g;—1.
We call this lift together with the 0™-symplectic form 6.10 the
twisted b0™-cotangent lift with modular period ¢ and invariants
(c1,...,¢m). Note that the components of the moment map define

a b™-integrable system on (T*T", Wew,(cer,....cem))-
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The model of twisted b™-cotangent lift allows us to express the
action-angle coordinate theorem for 0™-integrable systems in the fol-

lowing way:

Theorem 6.3.2. Let F' = (f1,..., fa) be a b™-integrable system on
the b™-symplectic manifold (M,w). Then semilocally around a regu-
lar Liouville torus T, which lies inside the critical hypersurface Z of
M, the system is equivalent to the cotangent model (T*T")m(ccl,m,ccm)
restricted to a neighbourhood of (T*T™)y. Here ¢ is the modular pe-
riod of the connected component of Z containing T and the constants
(c1,...,cm) are the invariants associated to the integrable system and

its associated toric action.



Chapter 7

KAM theory on

b"'-symplectic manifolds

The KAM theorem explains how integrable systems behave under small
perturbations. More precisely, it studies how an integrable system
in action-angle coordinates responds to a small perturbation on its
hamiltonian. The trajectories of an integrable system in action-angle
coordinates can be seen as linear trajectories over a torus. The KAM
theorem fins a way to transform these original trajectories to other
linear trajectories over some transformed torus. The KAM theorem
states that most of these tori, and the linear solutions of the system
on these tori, survive if the perturbation is small enough.

The objective of this chapter is to give a construction of KAM
theory in the setting of b™-symplectic manifolds and with b™-integrable
systems. The core of the chapter is the construction of the proper
statement and the proof of the equivalent of the KAM theorem on
b™-symplectic manifolds.

This chapter is divided in 5 sections:

1. On the structure of the proof. On this section we are going
to present the main ideas that are going to appear in the proper

statement and proof of the main theorem. The idea of the theo-

89



90

CHAPTER 7. BM-KAM THEORY

rem is to build a sequence of b™-symplectomorphisms such that
its limit transforms the hamiltonian to only depend on the action

coordinates.

. Technical results and definitions. On this section we present

some technical results and definitions that are key for the proof

of the main theorem.

. KAM theorem on b™-symplectic manifolds. On this sec-

tion we present the statement and the proof of the main result of
this chapter. The proof is structured in 6 parts. In the first part
we define the parameters that are going to be used to define the
sequence of b"-symplectomorphisms. In the second part we build
precisely this sequence of b™-symplectomorphisms. In the third
part we see that the sequence of frequency maps of the trans-
formed Hamiltonian functions at every step converges. In the
fourth part we wee that the sequence of b-symplectomorphisms
converges. In the fifth part we obtain results on the stability
of the trajectories under the original perturbation. In the sixth
part we find bounds to explain how close the invariant tori are
from the unperturbed. In the last part we obtain a bound for

the measure of the set of invariant tori.

. Desingularization of b™-integrable systems. We present a

way to use the desingularization of 0"-symplectic manifolds pre-
sented in [8] to construct standard smooth integrable systems
from b™-integrable systems. This desingularized integrable sys-

tem is uniquely defined.

. Desingularization of the KAM theorem on b™-symplectic

manifolds. In this section we use the desingularization of b™-
integrable systems in conjunction with the KAM theorem for

b™-symplectic manifolds to deduce the original KAM theorem as
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well as a completely new KAM theorem for folded symplectic

forms.

7.1 On the structure of the proof

The first thing we do is to prove that we can reduce our study to
the case the perturbation is not a b™-function but an analytic one.
This is because any purely singular perturbation only has effect on
the component in the direction of the modular vector field and can be
easily controlled.

The idea of the proof is really similar to the classical KAM case. We
want to build a diffeomorphism such that its transformed hamiltonian
only depends on the action coordinates. But it is not possible to build
this diffeomorphism in one step. What we do, as it is done in the
classical case, it is to build a sequence of diffeomorphisms such that the
part of the hamiltonian depending on the angular variables decreases
at every step. The idea is to remove the first K terms of its Fourier
expression at every step while making K rapidly increase. This is
done by assuming the diffeomorphism comes as the flow at time 1
generated by a Hamiltonian function. In this way one can use the
Lie Series in conjunction with the Fourier series to find the expression
for the hamiltonian function that generates our diffeomorphism. The
final diffeomorphism will be the composition of all the diffeomorphisms
obtained at each step. One of the main difficulties of the proof, as in
the classical case, is to prove that these diffeomorphisms converge and
to prove some bounds of its norm.

We also note that for our b™-symplectic setting, the diffeomor-
phisms we consider leave the defining function of the critical set in-
variant up to order m, this will have an important role later. Also
observe in particular that the critical set can not be transformed by

any perturbation given by a b™-function.
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Next we give some technical definitions and results. We define the
norms we are going to use to do all the estimates. We set the nota-
tion for the proof and the statement of the theorem. We define the
notion of non-resonance for a neighborhood of the critical set of the
b™-symplectic manifold. We study the set of all possible non-resonant
vectors. And we state the inductive lemma, which gives us estimates

and constructions for every step of our sequence of diffeomorphisms.

After all this discussion we are in conditions to properly state the
b™-version of the KAM theorem. One important difference to the clas-
sical KAM theorem is that we have to guarantee that at Z the set
of non-resonant vectors does not become the whole set of frequencies.
This condition can be understood as the perturbation being smaller

than some constant multiplied by the inverse of the modular period.

The proof of the theorem is done in six different steps by following
the structure on [19]. Since we are going to use the inductive lemma
at every step, first we define the parameters and sets to which we are
going apply such lemma. Then we check that we can actually apply the
lemma and obtain some extra estimates for the results of the lemma.
After this we see that the sequence of frequency vectors converges. We
do the same with the sequence of canonical transformations. Then we
get some bounds for the size of the components of the final diffeomor-
phism. Next we characterize the tori that survive by the perturbation.

Finally we give some estimates for the measure of the set of these tori.

Note that our version of the b™-KAM theorem improves the one in
[2] in several ways. Firstly it is applicable to b™-symplectic structures
not only for b-symplectic. Also we give several estimates that are not
obtained in [2], this estimates have sense in a neighborhood of the
critical set Z, while [2] only studied the behavior at Z. Finally the
type of perturbation we consider is far more general, since we do not

have any condition of the form of the perturbation but only on its size.
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7.1.1 Reducing the problem to an analytical per-

turbation.

In the standard KAM, we assume to have an analytic Hamiltonian
h(I) depending only on the action coordinates and we add to it a
small analytical perturbation R(¢, I). This perturbed system receives
the name of nearly integrable system. And then find a new coordinate
system such that h(I)+R(¢, I) = h(I) where most of the quasi-periodic
orbits are preserved and can be mapped to the unperturbed quasi-
periodic orbits by means of the coordinate change.

In our setting we may assume h(I) to not be analytical and be a
b"-function. Also the perturbation R(¢, I) may as well be considered a
b™-function. In the following lines we justify without loss of generality
that actually we can assume the perturbation to be analytical.

Let us state this more precisely. Let (M, z, Z,w, F') be a b™-manifold
with a 0" integrable system F' on it. Consider action angle coordinates

on a neighborhood of Z. Then we can assume the expressions:

W= (Z ;;) dI, Adey + S dI; A dg;, and

=111 i=2

m—1

1
1

i=1
where h, fo, ..., f, are analytical.

Let the Hamiltonian function of our system be the first component
of the moment map 7' = glog I, + 2?:11(]{-[% + h = (' + h, where
¢ = qylogI; + Z?Slqg%i. Note that d¢’ = Y7, é;%, where ¢, =
—(i—1)g;_,. Note that by the result of the previous chapter ¢;/q; = K
the modular period. In particular ¢,,/q, = K.

The hamiltonian system given by ' can be easily solved by ¢ =
oo + u't,I = Iy where u is going to be defined in the following sec-
tions. Consider now a perturbation of this system: H' = h/(I) =

R(I,¢), where R is a b™-function R(I,¢) = Re(I,) + R(I,$) where
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Re(L) = (rolog I + Xt g p) is the singular part. Then we can con-
sider the perturbations RC(Il) and R(I,¢) separately. This way, we

may consider R¢(I) as part of #'(I). Then we have a new hamiltonian
R m—1 1 m—1 1

h(I) = (gp + 7o) log I + Z(QZI'WLTZ)I +h=qylogli + ) G + h.
i=1 1 i=1 1

Now, instead of the identity K¢} = ¢; we will have K(g; — #;) = ¢;,

which implies K (1 —

qj+rj

K (1 - T’”) = m

g, + dm

Let us define IC’ =K (1 -z +
h=qlogl +3m gk T Lih, that the perturbation R(¢, I) is analytical,

and we have the condition 2= = K. Observe that this system with

m

) = 2., In particular
qj

). So from now on we assume

only the singular perturbation is still easy to solve in the same way

that the system previous to this perturbation was.

7.1.2 Looking for a b"-symplectomorphism

Assume we have a Hamiltonian function H = h(I)+ R(¢, I) in action-
angle coordinates. Where h(I) is the singular component of the b™-

integrable system, i.e.

m—1 1

h(I) = h(I) + qolog(I1) + Z o (7.1)

where h(I) is analytical'. Assume also that the b™-symplectic form w?

in these coordinates is expressed as:

w= (i Z) AL Adoy + 3 dI A dé, (7.2)

j=1 i=2

'If another component of the moment map is chosen to be the hamiltonian of
the system, the result still holds: the computations can be replicated assuming
h(I) = h(I).

2In classical KAM, w is used to denote the frequency vector %. We need w to
denote the b™-symplectic form so we are going to use u to denote the frequency

vector.
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And finally, the expression for the frequency vector is:

ok (D) + aolog(h) + T 4igr)
U= — =

oI oI

.
Q>
_ <u1+zlg,u2,...,un>,

where ¢; = qg and §;_1 = —iq; if i # 0.
The objective is to follow the steps of the usual KAM construction
(the steps followed are highly inspired in [19]) replacing the standard

symplectic form for w and taking as hamiltonian the ™-function h.

Remark 7.1.1. The objective of the construction is to find a diffeo-
morphism (actually a b™-symplectomorphism) 1 such that H o) =
h(I). This is done inductively, by taking Hop = Hogyo...0¢,0...,
while trying to make R(¢, 1) smaller at every step.

Let us focus in one single step

Recall the classical formula:

Lemma 7.1.2. See [19].
=t j j—1
fod= E :ﬁLWfa LWf:{LW faW}
=0J°

Where W is the Hamiltonian that generates the flow ¢y, and {-,-} is

the corresponding Poisson bracket.

We will denote rj,(H, W, t) = 3%, & Ll H.

j=k 4
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© i
Hop=Hog|,_, = Z;L%/V\—F/I,
)

h4Rli—1
— h4 R{h+ R, W} +ry(H,W,1)
= ht R4+ {h,W}+{R, W} +ry(h, W, 1)
+ry(R, W, 1)

= h+ R+ {h, W} 4ry(h,W,1) + ro(R, W, 1)
N————

We want to cancel
this term as
fast as we can

(7.3)
We want {ﬁ, W}+ R<i = 0, equivalently {W, B} = Ry, where R<y,

means the Fourier expression of R up to order K:

Reap= > Ry(I)e™
keR™
|k|1 <K

Let us impose the condition {W,h} = R<g. Let us write the

expression of the Poisson bracket associated to the 0™-symplectic form.

A 1 oW oh  OW oh
h} = : oL, oI, Ody
{W, h} ( T111> (a¢1 oL, oI a@)

ol el Oh  OW Oh
=\ 0¢; 0L, I, 09,

Because h depends only on I, 887’1 = 0 for all ¢. Moreover, the

singular part of the b™-function only depends on I; and hence its
derivatives with respect to the other variables are also 0. Using that
dh

o m 4 . . . . .
oL = u+ 2l ﬁ the previous expression can be simplified:
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~ u1+zz 1[1 "8W
Wy = ( = >8¢1 23@

j=1 [{ =2
To expand the expression further we develop W in its Fourier ex-

pression: W = Z Ice]R" Wi (I)e?*®. The Fourier expansion is added up

to order K, because 1t is only necessary for the expressions to agree up

to order K. With this notations the condition becomes:

R +20 4 )
{W,h}<x = <U1 ™ 0]1] ) 821 Z Wi (I)e™?

j=1 I{ keR™
|k <K

+Z“J0¢J > WiD)e™

keR™
|k[1 <K

uy + 200 z .

j=1 Ij keR™
! |k <K

3w | YT Wi(D)e*?ik;
j=2

keR™
[kl <K
u1+2 1 1 n
_ )e'ko . = I 1870
= > Wil iky | T2 ik
e LIRS
1>

Then, it is possible to make the two sides of the equation equal by

imposing the condition term by term:
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1

ui+ Zlqz
Z<k1(zm CI)+Z]2 )
j=1 1J

1

) “1+ZL 1 11 - ’
2 kl micj + ku
j=1 ]{

where we adopted the notation 2?22 kju; = k.

Wi(I) = Ry(I)

(7.4)

= Ry(I)

Remark 7.1.3. Observe that the expression 7.4 has no sense when
k = 0 and hence {W,h}o = Ry* can not be solved. Let Wy(I) = 0,
then {h, W}SK = RgK — Ro.

Plugging the results above into the equation 7.3, one obtains:

Ho¢=h+ Ry+ Rog + ro(h, W, 1) + (R, W, 1)

With this construction the diffeomorphism ¢ is found. But this
only makes for one of the steps that must be done. If ¢ denotes the

number of the iteration of this procedure, in general, we obtain:

H@ = e Do p@ = pla-b 4 gl +R(q 1)
+r2(h( D W@, 1)+ rl(R(qfl)’ W@, 1),
(7.5)

and at every step:

h@ = jla-D 4 Rl
R@ = RU 4y (R0, W, 1) 4 7y (ROD, W@, 1)

3The zero term of the Fourier series can be seen as the angular average of the

(7.6)

function
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7.1.3 On the change of the defining function under
b"-symplectomorphisms

Note that since we are in a b"-manifold it only has sense to consider Iy
up to order m, see [1]. When talking about defining functions we are
interested in [[1] its jet up to order m. By definition b™-maps preserve
I up to order m and b™-vector fields X are such that Lx([;) =g - I
for g € C*(M).

Lemma 7.1.4. Let ¢; be the integral flow of X a b™-vector field, then

O s a b -map.

Proof. We want
Loos=0L+1"-g

fo some g € C*°(M). We will use 7.1.2.

Ilogbt Z Lle—]l—f—EX Il —I—Z LXII

j= 2

_Il+lm+z LX11
j= 2

On the other hand, let us prove by induction L% I; = ¢t® ™. The base

case is obvious, assume the case k holds and let us prove the case k+1.

LA = {1, X}
= {g®I, X}
= (Lxg' ))[m +¢® I Ly Iy
= (Lxg® +g®-m- 1" g)Ir
g(kJrl)]in

where g+ = Lyg® 4 g® . [ g.
O]

Lemma 7.1.5. The Hamiltonian vector flow of some smooth hamil-

tonian function h is a b"™-vector field.
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Proof. At each point of Z the following identity holds Lx, I, = IT" 86 qf
The result can be extended at a neighborhood of Z. O]

Observe that combining the two previous results we get that the

hamilonian flow of a function preserves I; up to order m.

7.2 Technical results

As the non-singular part of our functions we will be considering an-
alytic functions on T x G, G C R”. The easiest way to work with
these functions is to consider them as holomorphic functions on some

complex neighborhood. Let us define formally this neighborhood.

Wy, (T") :=A{¢ : Rp € T", [SP|os < p1},
Vy,(G) :={I € C": |I — I'| < py for some I' € G},
Dp(G) 1= Wp, (T") x V,,(G),

where | - |5 denotes the maximum norm and | - |5 denotes de Eu-
clidean norm. Now it is necessary to clarify the norms that are going

to be used on these sets.

Definition 7.2.1. Let f be an action function (only depending on the

I coordinates), and F' an action vector field.

| flay = SUPrev,(G) f(D], 1fle = |flao
| Flanp = SUPrev, (@) E(Dlps | Flem = |Flane

Now, assume f(1,®) to be an action-angle function written in its Fourier

expansion as Y ez fr(1)e®?, and F to be an action-angle vector field.

|f’Gp = SUP(,1ep, (G ’f( )l ”fHG,p = D kezn ‘fk’qme'k'lpl
’F’G,p,p = kezn |Fk|G,P2,P€‘k‘Ip17 HF”G,p = ”FHGP,Z
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Lemma 7.2.2 (Cauchy Inequality).

of |
‘ 96 < o5 1flle,,
¢ G,(p1—61,p2),1 €0
of
v < Hf||Gp
‘a] G,(pl,pQ—&Q),OO 62

Definition 7.2.3. If Df = (%J;7 %)’

1216 e = w0 (155 sl i s

Definition 7.2.4. To simplify notation let us define:

m QJ

1 1
A([l) = ZTL ﬁ] and B(II) = ﬂ
i=lp J=17

Remark 7.2.5. With this notation, equation 7.4 can be written as:

Ry, (1)
i(kB(I)wy + ki + ki A(LL))

Wi(I) =

Observe that A(l;) and B(I;) are analytic (holomorphic in the
complex extended domain) where the denominator does not vanish.
We can assume that this does not happen by shrinking the domain G
in the direction of ;. Observe in particular that when I; — 0, A(l;) —
Gm/cm = 1/K' the inverse of the modular period and B(/;) — 0. In
this way, we can define the norms of A(l;) and B(I;) are bounded
and well defined. We will denote this norms K 4 and Kp respectively.
Also, since A(l;) and B(I;) are analytic, their derivatives will also be
bounded, and we will denote the norms of this derivatives as K 4 and
Kpr.

To further simplify notation in the next computations we introduce

the following definition:
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Definition 7.2.6.

A= A and B= b 0
0 0 ]dn—l,n—l

Remark 7.2.7. With this notation, equation 7.4 can be written as:

Ry (1)

Wk(l) = z(k[;’(h)u + kvzt([l))

(7.7)

Definition 7.2.8. Having fized w a b™-symplectic form (as in equa-
tion 7.2) and h a b™-function (as in equation 7.1) as a hamiltonian.
Given an integer K and o > 0, FF C R™ (or C") the space of frequen-

cies is said to be a, K-nonresonant with respect to (ci,...,cn) and

(G155 Gm) if

KB(I)u + kA(L)| > a,Vk € Z\ {0}, |k, < K,Yu € F.

We are going to use the notation o, K, ¢, §-nonresonant.

Remark 7.2.9. The non-resonance condition is established on u =
Oh/OI, not on @ = dh/OI, because our non-resonance condition al-
ready takes into account the singularities. In this way we can use the

analyticity of u.

is bounded by M’, then ’ (Bu + A)’

P2 G,p2

s also bounded:

& (But A)|, < |Fu+Bg 5,

(7.8)
< KB"U|G,,02 + KgM' + K4 =: M.

Remark 7.2.11. When we consider the standard KAM theorem, the
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frequency vector u is relevant because the solution to the Hamilton equa-

tions of the unperturbed problem has the form:

I:I(), ¢=¢0+ut

Let us see what plays the role of u in our b™-KAM theorem. Let us
find the coordinate expression of the solution to tx.w = diL, where w is

a b™-symplectic form in action-angle coordinates.

;) )
Xo=hLh—+4...+1,—,
AT
where I,. .., I, are the functions we want to find.
. moq
7j=1 1

and hence,

by 0
T 5 06

=17

Xh.

H = Bu+ A)t. So th tor that
ence ¢ = ¢o + (Bu+ A) o the frequency vector that we are

u/

. . . A~ 97
going to be concerned about is going to be u’ and not 4 = S;h.

Lemma 7.2.12. If u is one-to-one from G to its image then u' =
Bu + A is also one-to-one from G' to its image in a neighborhood of
Z, while at Z it is the projection of u such that the first coordinate is

sent to z—m = 1/K' the inverse of the modular period, were G' C G.

Proof. Because

m _d;

’ 1 _]ZIIJ

— 1
U= S gt S Uy Un |

=171 i=1 T

and B is invertible outside I; = 0, shrinking G if necessary in the first

dimension the map is one-to-one. But at the critical set {/; = 0}, o/
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is a projection of u where the first component is sent to the constant

Gm _ 1
value =5 O

Lemma 7.2.13. If u(G) is o, K, ¢, G-nonresonant, then u(V,,(G)) is

Ju l
ol | SM

o
2MK

5, K, ¢, g-nonresonant, assuming that py < and

P2

Proof. Fix k € Z\ {0}, we want to bound |kB(I)v + kA(I;)| where
v € u(V,,(G)) as a function on v. Given v € u(V,,(G)) one must ask

if there is any bound for the distance to some v" € u(G).
veuV,(G)) = v=u(x),r €V, (G) = Iy € G such that |z—y| < ps.
Take v' = u(y).

(e} [0}
= M/Kg= .
IMK /K 9K Kg

< poM' < poM/Kp <
G,p2

o=/ < ey | o

= ) ol
Where we used equation 7.8 in the third inequality.
|k18([1)?}1 +]_€13+k1¢4([1)| 2 ’]le(Il)’Ull +I;?7;,+]€1A(.[1)|

>a

—|k1B(11)(vy — v}) + k(v — ')

> a— Kglk-(v—1")]
—_————
<Ko/(2KKp)
> a—a/2=q/2

O

Proposition 7.2.14. Let ﬁ(]) be a b"-function as in equation 7.1.

Assume h(I) and R(¢,1) be real analytic on D,(G), u(G) = 9%(G)

is a, K, ¢, g-nonresonant. Assume also that \%u\gm < M and py <

sife- Let ¢ > 0 given. Then Ry(¢,1), W<k (¢, 1) given by the previous

construction are both real analytic on D,(G) and the following bounds

hold
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1. [[DRollgpe < |IDR|g.p.c

2. ||[D(R = Ro)llG,p.c < [IDRollGpe

3. [[DWlgpe < %HIDRollG p.c
Where A =1+ ZTMC

Proof. Inequalities 1 and 2 are obvious because of the Fourier expres-
sion. Let us prove inequality 3. Let us expand R(¢, I) and W (¢, I) in

their Fourier expression:

R= Y Ri(D)e™®, W= > Wi(I)e*?.
keR™ keR™

We will bound this expression finding term-by-term bounds.

OR ,
— =Y Ry(D)e™?ik.
9
Hence, if we denote [%]k the k-th term of the Fourier expansion of
%v we have:
OR
— | = Ryik.
laezs 1 o
Let us compute the derivative of W), with respect to the I variables:
owy, 2 Ry
or I \i(kB(I)u + kA(I))
B ORy, /01 Ry Z(kB(L)u + kA(1)))

i(kB(I)u + kA(LL))) [i(kB(I)u + kA(I))))2

ORy, /01 Ryik2(B(I)u + A(I})))
i(kB(I)u+ EA(L)))  [(kB(I))u + kA(LL)))]?

ORy,/01 [l gr (B(In)u + A(1)))
s

T iB(Lyut KAL) | [(kB(I)u+ KAL)
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Then, we take norms (| - [ p,,00) at each side of the equation.

o 2oR| | AM[[OR,]
ol Gopaso0 - a0l Gpaso0 a || 0¢ | e
2 |ORy 4M |[OR},]
< — |5 +— |5
ol df Gpooo L 0¢ | kG
Taking the supremum at the whole domain:
.. = al5, 5]
G,pa,00 « G,pa,00 a¢ kG, p2,1
Moreover,
oW (1) k-
— Z Wi (I)e?
0¢ (keR”
0
= — | D ikWi(I)e™? .
0¢ (kzeR"
Hence, the k-th term of the Fourier series of 2¥ is
FW] Wik = ———
99 |, i(kB(I)u+ kA(LL)))

) 1 B
i(kB(L)u + kA(L))) |09 ],

Taking norms (|| - ||¢,p,1) at each side:

2o
¢

%

G,p,1

ow )
G,p,00

G,p,1
Then,

ot~ oo ([2]
e a¢ Gpl
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_ o (2]or H OR )

< max | — A
« 8(b szoo agb G,p2,1
2 ||0R 2 4M

- ( 367 1D om0 ”DR”G“’C)
2 ||OR 2 2M

= max | —|—=— ,(1+C) IDRg .
|| 90]g,, e\ a

2 2M
< o (1 + C) HDRHGpgc

2
< ZA|DRlg,,.

where A is as desired.

[
Recall the Cauchy inequalities, see [34]:
of 1
1% < lflle
€01
(p1,p2), (7.9)
1
e < il
J(p1,p2—02), 2

Lemma 7.2.15. Let f, g be analytic functions on D,(G), where 0 <
d = (01,02) < p = (p1,p2) and ¢ > 0. Define e 1= min(cdq, d2). The

following inequalities hold:
1. ||Df| Gp—be = S%HJCHG,p
2. {f. 9 e < 2D fllape - 1 Dgllcpe

3' HD(f>K)HG:(P*5l,P2)7C S €_K§1 HDf”G,p,C

Proof. Let us prove each point separately.
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1. Using the Cauchy inequalities one obtains the following:

35l

G,(p1—061,p2—02),1
of 1
< T||f||G7p=
s(p1—01,p2),1 1
||af -3
81 va_évoo aI G (P1—51 P2—52) o)
< < ||fHGp
3] (p1.p—52),00 51

Putting the two inequahtles inside the definition of the norm:

1DfllGp-se = {H ¢ ol G,pzs,oo}

1 c
< max { N fllop 21l

G,p— 51 H

1l cc
< max{ =5 £l

C C
< max§-—&, = ,
< {65 : }||f||cp

where the last inequality holds because 0, = min(cdy, ds).

2. Let us find the expression of {f, g} for a b™-symplectic structure.
{f, 9} = w(Xy, Xy) where Xy and X, are such that tx,w = df
and tx,w = dg. Let restrict the computions only to f.

af = z d¢1 Xf_zaz iyl
’ a¢l a¢l

i=1

Where a; and b; are coefficients to be determined by imposing

the following condition:
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b0 = (i 2) (ardIy — bydgy) + i(aidfi — bidi) = df.

=111 i=2

Then, solving for the coefficients the following expressions are

obtained:

1 of of .
a; ( mlcaj>3¢1 and q; 900 ori# 1,
=i

1 of af :
by = — d bi=—=Lfori#l.
! ( m161>a(]§1 an a¢z or

Hence, the expression for the hamiltonian vector fields becomes:

o of & of 9\ . (0f & of 9
Y <a<z>1 96y O, afl>+; (a@- 90 az%)’
=l p

1 (00 99 0\ .(dg 0 g0
Xg_( mlcj,) <0¢18¢1 311311>+,-§:1 <a¢i8¢i aliali>‘
=17

Then the Poisson bracket applied to the two functions:

{(f,9} =w(X}, X,) = 1 - <8f dg  Of ag>

oL d¢y 0y 0L

m —_
17
J I{

"~ (0f 99 Of 8g>
+ -~ .
g (811‘ 0¢;  0¢; 01,

And hence the norm of the Poisson bracket becomes:
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ooty = [ (afag of ag)

06, 091 0¢1 01

m
]1[.7

of g Of ag>H
+ —
) %ngﬁ@w%@@fi Gp
E:( g g)

Where we assumed ’Z > 1. This assumption makes sense,

7=1 ]
1
because we are interested in the behaviour close the critical set

Z. Close enough to the critical set this expression holds. Then,

| of g g
H{figtle, < D *‘E:
i=1 a[l G,p a¢z G,p i=1 a(bz G,p [z G,p
< |9f 9 off |9
= ol 01, " |05, |00,
1 1
< 2IDfllcpelDgllcse + 21Dl Dol
2
< ZlIPfllepelDgllcpe
3. Lastly,
HD(f>K)“G, plf(sl,pg),l
- {Haf>K Haf>K }
= max .
J(p1—01 p1)1 G,(p1—01,p1),00

We will proceed by bounding each term separately. On one hand:

zl

> ik fi(I)e™*?

kezm

(P1:p2), G,(p1,p2),1
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> 3 kDl p 0 €

kezn

> Z k| fu(X ||Gp21€|k’h(p1+61—61)
kez™
[kl1>K
> YT k() gy €O
kez™
[k[1>K
_ 0f-x
8¢ G’(P1—51,P2)11

On the other hand:

Z afk(l) eikd)

+(p1,p2),00 vezn 01 G (p1,p2),00
> Z afk<1) e|k|1p1
kezn a]— G7P2,00
>y 0 fu(1) oIkl (pr+61-61)
keZ™ aI G,p2,00
‘k|1>K
> oK Z 0fr(1) elkli(p1—d1)
kezZ™ oI G,p2,00
‘k|1>K
> Ofsxk
a] G,(p1—61,p2),00

Hence HD(f>k)”Gv(pl_6lvp2)70 S e_KdlquHvavC
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Now we define a norm that indicates how close a map ® is to the

identity.

Definition 7.2.16. Let x = (¢, 1) € C*", then

|x|c = maX(|¢|1: C|I|<>O)

Definition 7.2.17. For a map Y : D,(G) — C*" its norm and the

norm of its derivative its defined as:

Tlape = sup [Y(z)le,

€D, (G)
[DY g pe = sup |DT(x)le,
€D, (G)
where |DY(x)|. = sup |DY(x) - yl.
yeRZn
‘y|c:1

Lemma 7.2.18. If Y is analytic on D,(G), then |DY|q p—s5c < méﬂ

Proof. Observe that if we have [|.|| any norm on C" and we have a

matrix A of size n x n, and ||A|| defines the induced norm of matrices

le.
[A]l = sup [[A-y]
ye(c2n
llyll=1
then one has that ||(||a1]|’, ..., [|an|")]| < ||A| where a; denotes the j-th
row of A. Also note that || - || can be a any norm consider the infinity

norm. This can be easily proven in the following way:

ap -y ax|[lyll
|A-y| = :

IN

n - Y [lan] [yl
Where Vy € C" such that ||y|| = 1. Let a; be the rows of DY (),

_ (9Y; 01)
Y= \"8¢ a1 )
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and be ||a;||" its norm. With this property in mind we proceed as

follows:
DY |¢p-5. = sup |DY(x)|.
z€D,_s5(G)
< sup |(J@1]eos - - -5 |@n]oo)le
xEDp_g(G)
< |(supsep, , D1l 5D, , 1D anll )|
= J(IPY1llgp 500> 1D onll 500
< |(EIillgys o 2 1 alle,)]
< HiMillg,, - 1 Tanllg,,
= isupxepp((;) i, Yonl, = ésuprD‘,(G) 1],
- é‘T|G,p,c

]

Lemma 7.2.19. Let W be an analytic function on D,(G), p > 0 and
let @, be its Hamiltonian flow at timet (t > 0). Let 6 = (01,02) > 0 and
¢ > 0 given. Assume that |[DW | gpe < de. Then, ®, maps D,_i5(G)
into D,(G) and one has:

1. |q)t - ]d|G,p—t6,c S tHDWHG,p,cz
2. ®(D,(G)) D D,_i5(G) for p < p—1té,

3. Assuming that || DW |G pe < b./2e, for any given function f an-
alytic on D,(G), and for any integer m > 0, the following bound
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holds:

17m (f, W, ) || G p—ts

| 1 (2]|DWape '] ")
<> { l+m> ' ( 5 @HwaHG,p

o (242

C

)WM%%W

where for 0 < x < 1 we define

ZEl

s l!
V() = Z

= ([ +m)!

Proof. During the proof we are going to denote ®,(¢q, Iy) by (¢(s), I(s)).
Let us find the coordinate expression of the hamiltonian flow for

the expression 7.2 of a b™-symplectic form. Recall that the equation

for the hamiltonian flow is £¢;(s) = {¢;, W} and £ I;(s) = {I;, W}.

| B # % ‘ ow B 09; _ ow
{65, W} = ( ) <311 o1 Oy 011)

m £
j=1 77
Jj=1r

" (0p OW 00 aw)
+ . — . .
]Zz (afj op;  0¢; Ol;

Hence,
d 1 ow ... d oW
£¢i(s) = —< - C]) a1, ifi=1and £¢i(s) = if 1 # 1.
=l p
On the other side,
1 oL, ow oI, oW
I — Zh, _ )
W3 [z ) Ok 900 9, af1>
=l p
_i_z":(@h'@W_ ol; .8W>
o ol; d¢; 0¢; OI; )
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Hence,
d 1 ow d ow
dsli(s) ( - C]) 96, ifi=1and y I;(s) 0, if ¢ # 1.
J=1p
1. Assume now that 0 < so < t. Then,
|¢(SO) - ¢0|OO S S0 Sup0<s§so |¢/(S)|Oo
= S08UPgcscy, (max(|@y(s),. .., @, (s)]))
= Sy su max L W) 19w ow
A (zm ) o, || o, | |,
=l

IN

oW oW
W‘m < o HW

50 SUPo<s<s0 HG,p,oo

Where we have used again that on the domain D,(G) the inequal-

ity | X272, | > 1holds. Similarly, |1(so) —Io| < s0l|55 l|cp.1, and
1

hence [@; —Id|g p—15.c < L DWlg,p.c-

Because

16(5) = Goloo <D |00 < 1o < 16,6 =16 Y0 < 5 < 59
11(s) = Toly <t %Y [lgpa < 10, < t65 V0 < 5 < 59
(7.10)

hence, (¢(s),1(s)) € Dp_i5415(G) = D,(G) for all 0 < s < sq.

2. Repeat the same argument as in 7.10 with ¢(—s). If (¢o, ly) €
D,_45, then (¢(—s),1(—s)) € Dy_i5+16(G) = D,. Hence,

Dy(G) D ®7H(Dy-1s(G)),
then CI)('Dp/(G)) D) Dp/_t(g(G).

3. Consider f an analytical function. By the previous construction

f o ®,; is defined in D,_5(G). Because W is analytic we also
p
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have that f o ®, is analytic and we can expand its Lie series. Let
meZ,l>m+1,5=m+1,...,] then

2||D(Lj_1 P ,o-=mytnel DW |G p.c
fHGp (j—1- m)thDW”Gpca

||L{/Vf||G7p—(j—m)tn

IAIA

tnc

where we used lemma 7.2.15 and defined n =
min(cny, 12).

Then,

(l—ém) and 7). =

2||DW . l—m
Ly fllap-ts < (%)

—m 2| DW |G, p.c
< e (1= m)! (AW ene) " L

where we used that 7, = lfj’n and (I —m)=™ < el=m . (I —m)!
And hence, the bound for (|7, (f, W, t)|lc p—ts s

= = (L= m)! (26 DWllgpe " |
L Mwaw<[Z . ( oee) L £,
=m l=m : c
and this series converges if || DW{|g . < g—g.
[

Theorem 7.2.20. [Iterative Lemma] H(¢,I) = h(I) + R(¢,I) where
h(I) is as in equation 7.1 defined on D,(G). Let 4 = oh gnd y = 2

oI a1’

and assume u is a, K, ¢, G-non-resonant. Assume that ’81 ’G < M.
P2

Letd < pandc >0, A=14+21 Assume that py < 57357, |DR|lc pe <

70‘452. Then, there exists a real analytic map ® : Dp_g(G) — D,(G),

such that H o ® = h + R, with:

L. |DRllGp-se < e M| DRllG pc + L2 IIDRIZ .
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2 10— g, g, < 2| DRlope
3. ®(Dy(G)) D Dp,_g(G) forp <p—2%

Proof. Recall that ‘ ‘ < M’ implies ’%(B_u—l—fi)’G < M by
P2
equation 7.8. By equatlon 7 6

R@ :Rq 1) +7“ (h(q 1) W(q),l)—l—rl(R(q_l),W(Q),l).

To simplify the notation we are going to omit the index of the

iteration:

R=Rog +1r2(WW,1) 4+ ri(R,W,1). (7.11)

Where W is defined in terms of its Fourier expressions by equation
7.7

Ry (1
Wi(l) = —— 1)
i(kB(L)u+ kA(I))
By proposition 7.2.14: ||[DW||g e < %”DR”G,M < 2;4 70‘452 = %.

And @ is defined as in lemma 7.2.15: @ : Dpfg(G) — D,(G).

1. Differentiating equation 7.11 we obtain:
DR = DRok + Dry(h,W,1) + Dry(R, W, 1).

Taking norms at every side of the expression:

IDRllGp—sc = |IDRsxk + Dry(h, W, 1) + Dri(R,W,1)|cp-se
IDR> k|G p-se + 1Dr2(h, W, 1) s
+[Dri(R, W, 1)l po-sc
7K51||DR||GPC
+2 ([lra(h, W, )l s o+ I (R W Dl )

IN

IN

Let us further develop the two last terms of the previous expres-
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sion, by using lemma 7.2.19:

IN

2el| DW
5T ) Ll

< (%) 1{{h, W}, W Hl G

(WD)l s

2e||DW ¢
I W, Dllgyog, < (P55 Ly Rl

o (08 1),

IA

Then, using the second statement of lemma 7.2.15 and that
{VV, h} = RSK:

{R, Whe, < *IIDRIIGchDWHGpm and

{h. W} Whle, = I{R<x, Wille,

IN

2
EHDRSKHG,p,cHDWHG,p,c

2
< ZIDRlpe DW i e

—log(1—x)

Moreover, it is easy to see that () = >

z+(1—z) log(1—x)
22

increasing in . Recall that | DW||g,. < 22||DR||g, .- Then,

- «

and 72(z) =
. Observe that these functions are monotonously

”rl(iL7m1>HG,p—g,c
Hira(h, WDl ps, < oy (2FIC2) 1R, W||e,
o (PG ) | (fh, W}, W6,

4e||DW ¢
< (M2Yene) 2 DR, | DY
+72 (1251922 ) 2 DRl e | DW |6 e
e||DW ¢
S il (%) 22AHDRHGpc

4e||DW || G.p.c
Ty (2 Wleee) 224 DR,

2 +REILDRIE,.
412[ (3;) +72( e)]||DR||2G,p,c‘
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Moreover 71(5¢) + 12(55) ~ 1.741... < I.

Then,
IDRlgp-se < e DRIl +ZBI[|2,,
< e " DRllgpe + FLIDRIE 0

as we wanted to prove.

2. Direct from lemma 7.2.19:
2A
| — Id|G,p.‘S < ||DW||G7p,c < ;|

2:¢

|DR||G7P70
3. Also direct from lemma 7.2.19:
(D,(G)) 5 D,y_s(G), for pl < p— /2

]

Definition 7.2.21. A_4(k,a) = {J € R” such that |kB(I,)J+kA(IL})| <
a}

Lemma 7.2.22. With the previous definitions we have the following

bounds.
Outside of Z:

2
meas (F N A, 4(k,a)) < (diamF)"! |k|a :
2w
At Z:
=0 if a < %

meas(F N Aqqs(k, «
Proof. It is important to understand the geometry of the set A. 4(k, o).
Recall that /{:B(Il)J = le(Il)Jl—I—l;;j, hence this part of the expression

can be interpreted as the scalar product of the vector J with the vector
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(k1B(I}), ko, ..., k,). Then the set {J € R™ such that |kB(I,).J| < a}

is the space between two hyperplanes orthogonal to (k1B(11), ko, . . . , kp)-
Adding the term k/i([l) only applies a transition to the previous set.

Let us find what is the separation between the hyperplanes. Assume

J is parallel to (k1B(1y), ka, ..., k,) with lengths a:

(k1B(I1), ko, ..., ky)

J = ,
|k|2,w

where |k|o,, = /B(I1)2k7 + k3 + ... k2. Then,

J-(B(I), ko k) = c(BOKE 4R+ k)

= alklaw <asa< \k\az,w'

And finally,
2a

meas (F N A 4(k, ) < (diamF)"_lw.
2w

The previous formula can not be applied if when we are at Z and

(Il)J| <«

|kB(I)J + kAL < «

Figure 7.1: Graphical representation of the set A, ()

k= (k1,0,...,0). At Z,

A.4(K,a) = {J € R" such that |[KJ + qu—m| < a}.
Cm
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And if k£ = (k1,0,...,0) then
Ao4(K, @) = {J € R" such that |k, | < .
Cm
Then
R” if k1] < aé2 = ak’,
Aeylla) = ] < ag, o
{0} if [k > ag = oK.
Using this last identity, the statement we wanted to prove is imme-

diate.
]

Definition 7.2.23. G — b := {I € G such that Uy(I) C G}, where
Uy(I) is the ball of radius b centered at I.

Definition 7.2.24. F is a D-set if meas|[(F —by) \ (F —bs)] < D(by —
b1).

Lemma 7.2.25. Let F' C R"™ be a D-set ford >0, 7 >0, >0 and
k > 0 an integer. Consider the set

P K) = (F-d)\ U A (k |,f|) |
e

Then, outside of Z:
1. Ifd >d, 8> B, K >k, then

meas(F(d, 5,k)\ F(d',0', k)] <

! . n—1 /BI - /8 5/
kezm\{o} IMI1IVI2w  pezm\fo} IMITINVI2w
k|1 <K 0<|kh <K

2. For every b > 0

meas[F(d, 3, K) \ (F(d, 3, K) — b)] < (D + 2" (dim F)""'K™)b
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And inside of Z, if we assume [ <
only the terms k # 0 and 2 holds without any change.

%, the equation 1 holds adding

Proof. Recall that

Ac,(j <k7 |lf|7_> = {J € R" such that ‘ké(ll)J—l— kj(ll)‘ < |]f|‘r} )
! 1

First we will prove the results outside of Z and then

1. Let us expand the expression of meas[F(d, 3, k) \ F(d', 5, k')]:

P U s (b )N E= 0N U A (]

kezZ™\{0} kezZ™\{0}
|kl1<K |k[1<K

Now we use the following property on the previous expression:

(ANB)\(C\D) = [(A\B)\CJU[(A\ B)n D]
(ANC)U[(A\ B) N D]
(ANC)U (AN (D B)),

N

where the last equality is true because D D B. Using this prop-
erty we have that meas[F(d, 3,k) \ F(d', ', k)] is included in

/6/
[(F=d)\(F=d) U |(F=d)n Acq (ke
kiZ%}{(q} ( |k|1>

B

A RYRSIC

kez™\{0} 1
|k|1 <K

And this expression is equivalent to:
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[(F—d)\ (F-d)] U U ((F —d)n (AC@ (k, |/f|/{>

kez™\{0}
B
Aoo |k, ——
o))

|k <K
U (F=d)NA |k
kezZm\{0} |k|1

K<|kh <K'

Now, using lemma 7.2.22 we obtain:

meas(F(d, 3, K)\ F(d,5,K")) <

< D(d'—d)+(diamF)" " [ > 25"~ B) + 3 20’

kezZ™\{0} |F[TIF 2.0 keZm\{0} k|7 K20
|k[1 <K K<|k1 <K'
2. Observe that:
P8, K)=b = |[F-d)\ U Acq
kez™\{0}
|kl1 <K
ﬁ
> (F-@d+bu)\ U Acq
kez™\{0}
|k|1 <K
Then,
meas|(F(d, 3, K)) \ (F(d, 3, K) — b)]
<  meas [((F — d) \ UkeZ”\{o} Ac@ (]{7, kﬂ{)> \
|k[1<K
((F — (d+0)) \ Urezm joy Deg (k, w‘?))]
|k|1 <K

< meas|[(F—d)\ (F—(d+b)U
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_ Nk B ; b
Uk|€kZ|1”<\§?} ((F d)n (Acvq <k7 k[T - b|k|27w))) \ (A“q (k’ lkli))]
< Db+ Y pezm\foy (diamF)" z‘b]y‘qz .
kb <K -
< Db+ 2"K™(diamF)"! -2 = Db+ 2 " (diamF)" !,

where in the last inequality we used that the number of vectors

k such that |k|; < K is less or equal than 2" K™.

The previous identities worked outside of Z. Let us understand the

set F(d, 3, K) when we are ate Z.

F(d,B,K) = (F—d)\Uezm{o} Deg(k, ; |)

k1<K

= (F=ad)\ || Urezn\jop Acq(, W)

k|1 <K
k40

U UkeZ" \{o0} Acq(l'C \k|")
|k[1 <K

= (F =D\ || Usezmoy Aeglk. 12)
|k[1<K
k40

uluU €2\ {0) R"
k|1 <—L K

Ik "

Note that if for some ky € Z\ {0}, |k|; > ‘kﬂv K’, we take out all the
> LK for all

possible frequencies. Then seems natural to ask |k|; T
ki € Z\{0}, which holds if and only if |k;|'*™ > SK’ for all k; € Z\ {0}

or simply 8 < % which we assumed. Then

B
F(d767K> = (F_d)\ U Ac@(k7W)'
kez™\{0} 1
|k[1 <K
k#0

Hence we can replicate the proof of 1 only with the terms k # 0. And
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the bound of 2 can be slightly improved by using that the number of
vectors k € Z" \ {0} such that |k|; < K and |k| # 0 is bounded by
2"K™ — K, but since it is not a big improve, for the sake of simplicity
we assume the bound 2 at Z.

]

Lemma 7.2.26. Let G C R" be compact. u, @ : G — R"™ maps of class
C?. |u —u| < e. Assume that u is one-to-one on G, let F = u(QG).

Consider the following bounds:

ou ou
— < — ol > n
3] G_M, 81(]) vl > pulv| Yo e R"VI € G,
ot ~ | On ~ |0u
—_ < 2 < gu > 7 n
i G_M, o7z G_Mg, aI(I)v > alv] Yv e R"VI € G,

fi < poand M < M. Assume ¢ < mu?/(4My). Then, given a subset
FcF- % and writing G = (@)Y (F), the map i is one-to-one from
G to F and

2 . .
GcG-=, w@) >F—¢
Moreover,
€
(@)~ —up < -
P

Proof. The statement is not any different than the classical one, so we

are not going to prove it in here. A proof can be found in [19]. H

Lemma 7.2.27 (Inductive lemma). Let G C R" be a compact.
H(, 1) = h(I) + R(9, 1)

where h is defined as in 7.1 in the domain D,(G),and R(¢, 1) analytic

. ~ iﬁ __ 0h 0
on the same domain. Let i = 5} and u = 37. Assume that | 55ulq,p, <

M’ and |u|g < L. Also, assume that u is non-degenerate:

ou
—l > I .
‘8IU > ulvl YIeg
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Let M > M, L > L and i < . Assume u is one-to-one on G and
denote F' = u(G). Assume 7 > 0,0 < 3 <1 and K given. Assume
also that

B

FNA.l| K,
’q< k|7

>=@, Vk € Z", k|, < K,k #0.

Denote € := | DR||Gpc, 1 = |Rolc,p, and & := %

G»P2 ’

B
1. p2 < spreerT

: Bsc ﬂg(p2_62)
2. € < min (74AKT’ AN )

3. & < min (M — M)&/R, (1 — ) p2)
Then there exists a real canonical transformation

o:D, s(G) — D,(G)

P2
and a decomposition Ho® = i:z([) +R(p,I). Writing it = %fz one has.
1. |a— U‘G,pz =¢, !5 - h|G,p2 =1,
2. &:= |DR||gpsc < e K0+ ”‘5‘%62,

3. 7= |Rol,, & <6

cf ’

|G-

4. |(b - ]le,p—é < 2AKT€

3¢ — B 7

’WUIGPQ S Ml} |a|G S IM

6. |%v| > pv| VI€G,

7. Given a subset F C F — 4]‘56, G(a)~"(F) the map @ is one-
)

to-one from G to f?’, GcG- %, u(é > [ —¢e. Moreover

@ —u g < e/p
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Proof. The set u(I) is 5/K™, K-non-resonant with respect to w. This
implies that

B un + kit + A(IL | > B/K™. > “f' > [fT (7.12)
1
Then py < 54 = sypier, IDR|ape < 2255 = -2 We apply

the iterative lemma (Theorem 7.2.20) to obtain @ : D, s (G) — D,(G),
such that H o ® = h + R where h = h + R.

We have taken out the points that are not 5/K7, K-non-resonant
with respect to w. Because of conditions 1 and 2 we can apply the

Iterative lemma. Now let us prove each of the points in the statement.

.. ~  8h _ O(h+Ro) ah R
1. We know by definition that & = §7 = == = 7 + 5%, hence:

i — g, = |2 4 O _Oh 90 ¢
U= tGn =g T o1 T 919 T ITgr 16 T

2. By the iterative lemma:

IDRlgp-sc < e DRlgpe+ w5 IDRlGpe

<

< o—Kb& 144 2
< e €+ .
~Ko1 o | 14AKT

- ¢ 55

B2,

where we have used that a = %

3. At this point we use an inequality used in the proof of the itera-
tive Lemma (theorem 7.2.20).

~ <

R P2— > |7 W +ri(R,W P2—

‘ 0|G 2—02/2 | 2(h7 71) 1( ) 7]->‘Gp2 d2/2
< 712||DR||2,p,c TAK™ 2

4. Also using the the iterative Lemma:

2AKT

@ —id|a,,- 6/2c— ||DR||Gpc= 3

IDR|g,p.c-
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5. Recall that |2 A%, p,—s, < M, |ile < L, h = h+R,, |2 A%l py <
M, |ule¢ < L. Note that A(/;) < m - max;(g;)/ min;(c;) and
B(I;) < 1/min;(c;). Hence A(I)+B(I;) < max;(g;)/ min;(c;)+
1/min;(c¢;) :== R, and we have that |A¥] < R.

|%Awﬂ|G7pz—52 = ’a[Awa+ aAwu_ 7A U|GP2 2
|§ (U - u) G,pa—62 T |WA u|G7p2—52
|8IA RO‘sz 5+ M

Wloplilos |

| A |Gp2£ M

%ff M
((M*éw)tsz)
02

where £ < (M — M)d,/R.

VAN VAN VAR VAR VAN

IA

+M<M-—M-+M=M,

6. We know |2%(I)v| > plv| for all I € G, then |2%(I)v|¢ > plv].
We want to find |g—7}(1)v|g > o) if ff < p.

grvle = 157 + 5 — 31)vle

2
|(681R20 + %) ’G

ulol = %Pl vl

> —|5Rle + |5l
> Ivl—laaf?lelvl
>

>

plvl = £l = (u = &/pa)lvl = '],
where we have used that |8;IR20 o < |%|pi27 and also that y/ <

=&/ pa2, hence § < (1 — pt')pa.

7. To apply lemma 7.2.26 we only need to check that ¢ < A’Z.

M, can be chosen such that |812 o < M,. Note that ’aﬂ o <

|W G,p2—062+

|%|G,p2—52 < M = |a]2 |G p2— 52<p2 52) < |%|va2—52 < M
= |3[2‘G'pz P! <
|812 ‘G S M2

= M,

p2— 52
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M
= 4M> (p25

e < % which it is assumed in the statement.

) if and only if

7.3 KAM theorem on b"-symplectic man-
ifolds

Theorem 7.3.1 (™-KAM theorem). Let G C R™, n > 2 be a compact
set. Let H(¢p,I) = fl(]) + f(p, 1), where h is a b™-function fz([) =
h(I) + agolog(11) + 1" §¢ defined on D,(G), with h(I) and f(¢,1)
analytic. Let 4 = % and u = 9. Assume |%%4|c,, < M, |ulg < L.
Assume that w is p non-degenerate (|9%v| > plv| for some p € RY and
I € G. Take a = 16M. Assume that u s one-to-one on G and its

range F' = u(G) is a D-set. Let 7t >n—1,v>0and 0 <v < 1. Let

1.
= o < gl (7.13

2.
)< min(gLﬁ%’iQ, ,é) (7.14)

3.
< min(275 LM, 27 py LUK T, BT+ T, (7.15)

where p = min (%,1). Define the set G = CA;W ={l € G —
277|u(]) is 7,7, ¢,G— Dioph.}. Then, there exists a real continuous map
T : Wer (T") X G = Dy(G) analytic with respect the angular variables
such that

1. Forall I € G the set T(T" x {I}) is an invariant torus of H, its

frequency vector is equal to u(I).



130 CHAPTER 7. BM-KAM THEORY

2. Writing T(¢,1) = (¢ + Te(p, 1), I + T1(¢, 1)) with estimates

227—+15ML2 e

T, 1)) < 2 LA+ M)

yﬁTJrl ¥

3. meas|(T" x G)\ T(T" x Q)] < Cy where C' is a really complicated
constant depending on n, u, D, diamF', M, T, py, pe, K and L.

Proof. This proof, as the one in [19] is going to be structured in six
sections. First we define the parameters used in each iteration while
building the diffeomorphism. After that, we prove that we can apply
the inductive lemma 7.2.27 and we prove some bound that hold using
the results of the inductive lemma. After that we find that the suc-
cession of frequency vectors and the succession of diffeomorphisms we
built actually converge. Then we find estimates of the components of
the canonical transformation we have built. Then we find a way to
identify the invariant tori and finally we give a bound for the measure

of the set fo invariant tori.

1. Choice of parameters

We are going to make iterative use of proposition 7.2.27. So we
need to properly define all the parameters in the statement for

every iteration. Let:

Mq = (2 - 2%)M7
Lq = (2 - 2%)117
Hq = (1 + 2%)%

Note that M,, L, monotonically increase from M to 2M and L to
2L when ¢ — 0o. On the other hand p, monotonically decreases

from p to p/2. Also, let:
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KO 07
Kq = K-qq—l’qz L
where K is the minimum natural number such that is greater or

equal than 1/p and greater or equal than (MQ;fim)l/ ™. Moreover
g :=~/L <1, and

PO = (p" "),
p? = (1+55)5,
(@ _ vB
P2’ = MK
Notice that pﬁ‘” decreases monotonically from p; /2 to p; /4. Also,

pé‘n decreases to 0. We also denote:

—1
)
—1
5 =
6;1)
Cq = (ng)

Note that

0 = (1+5d=)8-(1+5)2

4

(# _ L) pL
ov(g—1) vq | 4

1-1/2" py

ov(g—1) 4 °

Also, since 0 < v < 1 then v/2 <1—1/2" <. Using this in the

previous equation we obtain:

vp1 (q) vp
ov(g-1)8 <o < v(g—1)4"

(7.16)

Also,

5(Q) _ v vB

27 RBMK;Tl 32MK[]

_ v _ vf3
—  B32M(K20-1)7+I  32M(K24)7 11

v 1
sy (1= ) -
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Also, since 7 > 0 then 1/2 < (1 —1/27!) < 1. Using this in the

previous equation:

Vﬁ (q) Vﬂ
— << — 7.17
6AMK7+H = 2 T 32M K7+ (7.17)

Using equations 7.16 and 7.17 we find bounds for ¢,

vB
s2M KT Bov(a—1)
G = vop = IMEK, Ty
ov(g—1)
v
eanr iyt gov(a—1)
G = vop = 16MEK, Ty
ov(g—1)4

Then, we also define

{ By = (1—55)8,

By = e

Observe that both 3, and 3, tend to 8. Also observe that 3, >

B, because:

6(/] _ BatBen1

_ (1*ﬁ)+(1*2u<ql+1>> 3

2

- (-(3)y):

> (1-(1-1/29)%)8> 4B,

Because K is the minimal natural number such that K > 1/p
then K < 2/p. Hence p < 2. Also

1 K T+1
> (= )
ﬁ‘rJrl - (2)

Recall that p = min(%, 1) and, in particular, p < vp; and
pel.
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By definition v < 362 - And because 8 = v/L:

Vﬁr+1

8LMp2 < 8LMp2KT+1

L<
PL < vprtl T v
V2222 o .

Because we assumed ¢ < 5576757 then, using that v = Lj

and p < 2/K:
2742
cve (k) v 7.18
€= 4T+32[ 6 \[3 — 247'+30L4M3K27'+2' ( ' )

: . . 2,,2527+2
Also using again the assumption that ¢ < 5758=757* we want

to prove that
vip, 37

€S 927 +22 | [ {27+ (7.19)

It is enough to check that:

V2u2ﬁ2T+2L252 < V?’PlﬂZ
24T+32L6M3 — 22T+22MK2T+1

where we used v = L. Now using p < vp; it suffices to see

2,2 274+2 2742712 02 3 2
e VpiB
24T+32L6M3 - 22T+22MK2T+1 )

which simplifies to

12 p¥ 2 1

Qr+10T A7 2 — K27+1 ’

Using that K > 1/(vp;) is enough to see that

2 2741 2742
pepy v T < (V )27’-1—1
9212 A\ [2 = P1 )

which holds if and only if u < 277 L2M as we assumed.
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2. Induction

Let us take Gy = G. The objective now is to construct a decreas-
ing sequence of compacts G, C G and a sequence of real analytic

canonical transformations

@ D ) (Gy) = Dy (Gg1), g > 1.

Denoting U@ = &' o ... 0 @ the transformed Hamiltonian
functions will be noted by H@ = H o U@ = j(@(I) + R (¢, I).
Moreover, (@) = 82—;@ and 4@ 82;(1).

We are going to show that the following bounds hold for all ¢ > 0:

(a) &g := [IDRDg, a1 ey < %7
T+1
(b |RO |G (q) < 2(27—+3)q and gq = | |G p(Q> S %7

)

c) |8j;;;‘”6, w <M, |u? <L, VIE€G,
)
)

(e) u'@ is one-to-one on G, and u(?(G,) = F, where we define:

B
=(F=B)\ U A 8
kez™\{0} ‘ |1

|kl1<K

To prove this we proceed by induction. For ¢ = 0:

GO = g7
hO = h, b = h,
RO = .

Using the definitions from the previous point:

A = 1+ 1E =2,
0 v
pé ) = 32M[6(T+1 S



7.3. KAM THEOREM ON BM-SYMPLECTIC MANIFOLDS 135

where in the last inequality we have used that 5 < M and
hence py > 5%

Then,
g0 = [|Dflla.p©),er = | Dfllapmy+s)-

Now, let us use that [DY|g 5. < % while having in mind
that o) = min(c; 6, 68Y). Then,

1l fla,po) < | fla.p(0) < |flep8 8

D o < =
H fHG,p(l), 1= 3., — 5%1) vp1 vp

AL~ = YL This proves the base

1
where we have used 5§ ) > ST £

case for 2a).

Let us prove now the base case for 2b). On one side 7y =

]R(()O)\Gmm(o) < @m0 = €, which holds because IR Gop® =
O o = _ _ ory

[R5 o0 = |flg.p0) = € On the other hand & = [=55 |G0,pg°) <

8Réo) 1 2e €

ot |Gope—pesz < mmlRolla, < 55 < o where we used that

p2(0) < pa/2 = py — pa/2.

.. . 82h(0) 8%h _
The base case of 2c) is immediate because | - |G07péo) < %% lg,pm =

M = My and also [u|g, = |ulg < L = L.

The base case of 2d holds because u(®) = v is p non-degenerate
in g = Go.

The base case of 2e holds because u(®) = v is one-to-one in Gy = G
by hypothesis. u(*)(Gy) = Fy where Fy = (F — () \ {0} = F
because Ky = 0 and [y = 0.

For ¢ > 1, we assume the statements true for ¢ — 1 and we prove
it for q. Let us apply proposition 7.2.27 (Inductive Lemma) to
H@=D = a1 + RI~! with K, instead of K.

We have to be careful with the condition F N A 4(k, %) =10
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Vk e Z", k|1 < K, k # 0 and with the definition

8.
qul = (F - ﬁqfl) \ U AC,é(kv |Z’7—1)7
kezZ™\{0} 1
|k[1 <K

because the resonances have to be removed up to order K, not
K, 1. Let us define

Flym (F =B\ U Auglk, D)

kez™\ {0} L
|kl1 <K

where we simply replaced 3,1 for 3 _; because Ac,é(h[f#—:)
1

makes no sense when ¢ =1, 5,1 = 0.

Accordingly let us define G/_, := (u(@)7}(F!_}). The condi-
tions in proposition 7.2.27 are going to be satisfied with F;_,
/

q—1 va qulv qula ,Uqup(q_l)» 5(q)’ Cqs Mq7 Lq> Hq replacing
F.B8,K,M,L,p,p,0,c, M,L,ji. And also a =16M > 8M,.

We are now going to check that 1, 2 and 3 are satisfied so we can

apply proposition 7.2.27.

— 1 We want to see that pgqfl) < QquI;iJrl. By definition
qtrq

g—1 _ v < 4851 < -1 < _Bam1
P2 32MK]T = 32MK; T = SM K]T! — 2My K7D
used that M, > M.

where we

A(q) 7 (@—1) _¢(qg—1)
_ 3 qulpc :uq (pg _6(: )
2 We want to see that £,_; < min (74AqK;1 , i, ,

OM,_1coKT
where A, := 14 =1,

q—1

Notice that:
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2M, lcqu

2
Il

q - 1+
1+
1+

q 1
8M, lcqK;

IN

8M,_ 152"@—1)[(;
4MK;(+1p1)u5
ov(q 1
= 1+ 2Mg—_1 27977

MKgp1v
1+ 2My—12v(a—1)
MK21—1pv
4M2a~1
1+ MK?21—1pyv

4
= 1+ <1+4=5

IN

IN

(@)
First we will check that g, < %.
By induction hypothesis we know that £,_; < W.

Hence it is enough to see

8¢ - ;_lééq)
V120726 = 75 5K

Notice that
/ 6(‘1)

q—1% vB  vB 1
379K; = 4 6AMK] I 37Ky
_ g2 1
T 464-370 MK2THT
V2 2

4-64-370-M2(a—1)(27+1) (2741 *

And this holds if the following is true:

8e < V232 e V332,
— € .
1~ 4-64-379- K27HIM — 212135 M K27+

Which is true because in the previous section we have seen
3 2

that ¢ < 22r+30?\/1[§(27+1

(a 1)_5(4*1))

Let us now prove that ¢ < WT2. First of all ob-
q

serve that ( — 5 ) = i So, what we want to prove

is equivalent to proving g,_; < 2
q
On the other hand, we know that 5q 1 < W. And

“qu (n/2)? 32MKT+1 _ p2vp
observe also that on, > S = wipTT
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If are able to check that Vplz(gffgxq,l) < 5 M’Q”ﬁT — we would
be fine. The previous equation holds if and only if the fol-

lowing holds,
My26p12(27+2)(q—1)

= ol |2 (T +1
If we knew beforehand that e < “1’21’?5’\}3 K(if) = 227+’f’3’;f§ ez
we would be done.
But we also know that
2,28

€< 92r+30 [A\[3 (242
Then it is enough to check that

u?p° < mBp
927130 [A N [3 J(2+2 — 92r+13 \J2{T+1"
And this holds because p < 27p; L*K7H!

3 Lastly we want to see that

] sl
§g-1 < min((M, — Mq—l)%’ (1g-1 — p1g)P5™ "),

Observe that R does not depend on ¢ because at each itera—
tion h(@ singular part is not modified. Ao = p@ —|—R and
Ry is analytic depending only on the action coordinates. By

induction hypothesis we know that

ORLY AMK™e
fq—l = ’ ol |G p<q) < W
v(32 a

We are going to check the two different inequalities sepa-

rately
(q)
(a) &1 < (M, — M, 1)%-. Note that M, = (2 — L)M,
then M, — Mq_l = QMQ
5@ = VB vp

>
2T 64AM(K201)T+ T 64 M (K24)7+!
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B vp 1
 GAM KT 24m+a’

We deduce

() vp 1
(Mg — My1)05" = 64K+ 9Ta+2q"

Hence we only need to check that

4MK™ e v 1
v[B2(r+2)a = GAK T+ 2Ta+24’

The previous condition holds if and only if

AMK™1e v V232
< Sel ——.
% 96 fgT+1 SR 2T2 )\ [
On the other hand, let us use again ¢ < 2QT+3O”LQf;f;KQT 5.

If we apply the condition p < 27TL2M in the last

expression we obtain:

V232027 H2 [4 ) 12 1232
€< 92730 [ 4 \[3[(27+2 Q8 2r+2)[

-1
§-1 < (Uqfl - Nq)/)gq )-

Observe that

I
Mq:(l_}—ﬁ)ga
1 1w 1 1. p
(g1 —t1a) = (1 ) = (1 2)E = (o - 5008
_(2-WN\p_lp_ op
_( 24 )2_2q2_2q+1
Also,
@y vB v

P T BMEKT T 32M(K2e )

v
> .
— 32MK7-+12q(7—+1)
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Then,

1) o M v
(II"Lq_1 _NQ)p2 Z 2q+1 32MKT+12q(7—+1)

Then we only have to check that

AMK™H1e w v
vB2Tat2¢—2  — 24+l 32\ f KT+124¢(T+1)

_ I vB

Which holds if and only if

27a+2¢+1 39 M KT+L

MK™e u v
< = .
vp2=2 T 232MKTH!
Then,
,u272 I/2ﬂ2 ,UV2B2

€< 9 3OM227+2 T 98222

But we know

VQ;U'QBQ
2T+30L4M3K27’+2
V2“2T+5L4M62
2T+30 A 7NT3 27 +2
v2ufB?
225M2K2T+2
p?B?
28M2K27—+2

€

IA A

IN

as we wanted. In the second inequality we used that
p < 27FLAM.

So, finally we can apply the inductive lemma 7.2.27 with
the parameters mentioned previously in this section. Hence
we obtain a canonical transformation ®(@ and a transformed
hamiltonian H@ = h{?+R®@_ The new domains G, C G,_,
are going to be specified in the following lines. So now we

are going to prove 2a,2b,2c¢,2d,2e.

8e
S vp12(2742)q "

By the second result of proposition 7.2.27 we have:



7.3. KAM THEOREM ON BM_-SYMPLECTIC MANIFOLDS 141

144,

/
q—1

| BAKT, .
B _1050

Now we are going to bound each term of the right hand

(7.20)

of the expression at a time.
Recall that 6{7 > 2o

g2v(g—1)
K80 > K20 'veg-via-
— K0
> 1242 90-v)(a-1)
= (3/21+3)2(1 —v)(g—1)
> (27+3)2>(2r+3)In2,

where we used that Kp > 1 and hence K > %;1“2). So

(9)
we conclude that e %e% < 227%, and we have bounded

the first term of 7.20. Let us bound the second one.

On one hand we have that

AK] 145K 2K

; < <
q—1 % Vﬁ
where we have used that 61/1 > % and A, <5.
. 8
Now we are going to apply that ¢,_; < W@)(H,
(Q) 14 1/3 2 .
(52 Z 64M[€;—+1 and € S % to obtain
KT 14A K]
q — afq 1
FORCE CARNSORUS
< 2K GAME; +! 8¢
= vB v Vp12(2'r+2)(q71)
< gt
iy V3B2p12(2‘r+2)(q—1) 227+22MK27‘+1
< 9189(g—1)(2r+1)—(27+2)(g—1)—(27+22)
_ 1-q)9—2r—4 _ 1
= 9l-g)9—2r—4 _ T

This gives us the bound of the second term of 7.20. Now
we put both bounds together:
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1 11 1
€4S Sorafet t SaE gttt S Sara et

. . .
That implies £, < 5m5=1 as we wanted. Because we

can assume vp; < 1.

2b
Let us write U(q) _ p(q—l) (q)/2 _ pgq) + 55(1)/2 > pgq)7
then n, = |RQ)|G 0 < |R0 |G

By the inductive lemma 7.2.27:

TAGKT
< q q€2
Ny = caB_, Ca-1 .
7Aqu 2 &
< Br_ € _1@
144, KT 9 69
= 15
IB(F 2 )
1 9y
< rsgife-17g
1 5(0)
S 2227’4—52(} 1 yp12(2"'+2)(q 1)
< 1 vp1 1 8¢
= 242u(q 1) 927+399— 1Vp12(27—+2)(q 1)
<

2(27+3)q .

For the second part we only need to apply Cauchy in-

equalities:

2 2 €
fq S @|RO|Gq p(q) S 5§q)m

2¢ and 2d are direct from lemma 7.2.27.

2e We need to consider again the results from lemma
7.2.27 with Fj, as F'. We have to check the condition

F, C F’ — ‘qu%. Let us define d, := B;;ﬁ?[ll.
Using that Fy_; := (F' — B4-1) \ Ukezm\{0} Acq(k- |Z|fl)
k|1 <K
we have
/
Fé—l_dq ) (F ( q— 1+d ))\ U Acq<k7 |k’|T _Hk'd )

keZ™ {0}
|k[1 <K
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Moreover,

ﬁq—l +dq S Bqa and

Bq—Bg—1
i d B _1+IkI Tkl ZKT?H
q
|kr -+ |kl T
Bl _ +KT+1 4 a1 Bq Bg-1
< a1 QKTH _ 624*7[17 = _ By
- k|7 k[T k|7

Now if we see that 4]\/[‘1;& < d, we will have the

q

. . 4M

inclusion we want. Observe that Mq L 42M _ 16M
q

/2 woe
So, it is enough to check that ¥ < d,.

8e
vp1 2(27'"!‘2)’1
81/3 1 2
Vp12(27—+2)q2(27—+22)MK2T+1
8232
2(27+2)q+27’+20MK27’+1
ﬁQ(ﬁq Bg—1)
(T+1)q+(7‘+1)q+27’+20MK27+1
8v82(8g—Bg—1)
2(7—+1)+(T+1)q+27—+20MK;'+1K‘r

8vp2 (B4—Bq—1)
o(r+D)+(r+D)g+27+19 \f KT 2K¢;+1

IA

Eg—1

IN

IN

IN

vp d
2(T+1)+(T+1)g+27+15 \f KT G

< dq.

v
23T+16 N\ KT

Hence, it is enough to prove the following:

16 M vf3 d, < d,
[ 23THI6 KT
Wich holds if an only if
16M v . v
o g SR 2 s

which we assumed when choosing K.

3. Convergence of diffeomorphisms
Now we are going to prove the convergence of the successive maps

9:G,— F,
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i.e. we want to see that exist proper sets G*, F* and an analytical

map u* such that u'? : G, — F, converge to u* : G* — F*.
Let us use lemma 7.2.27 as before.

For ¢ > 1 we obtain

u® —u Vg, <& and (@) — (V) < =L

Now, because the following two inequalities hold

& < AMK™t1e
q — yﬂ2(7+2)q
g < 8¢ 1 _ 8e211
po = vp 2T (g b T pB2ETERI L

1

the sequences u? and (u'®)~! converge to maps u* and T respec-

tively. This maps are defined on the following sets:

G* = ﬂqZO GQ’
F* = Mo Fy = (F = )\ Urezmoy Acah, i)

|kl1 <K

The second equality holds because F* is a compact for being

intersection of compact sets. We can now deduce that

ZS>(] |u(q) — u(q_l) G*
ZSZ(] |u(Q) — u(q71)|G

ZSZq gq-

lu* — | g

IAIA TN

with the same argument we see that [T — (u(@)7}p < ... <

£
Z:szq ,TZ

2eq—1
Hq—1

and F, C F, 1 — ‘WZ*%. If we check it and we take the limit
-

The next steps are going to be to prove that G, C G4—1 —
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we would have:

2 4 M,
G’"CGQ—X:ﬁ and F*CFq—Zing.

s>q Ma s>q HMq

Let us first check F, C F,_;— AMa=1a=1 T ,et us define x 1= o=t
Hq-1 Hq—1

Fooi—2 O (F—(Bgm1+12))\ Uk|€Z|”\{0} Ac,d(k |k|f + |k|x)
k<K

T+1I
D (F = (Bg=1 + ) \ Ukezm\ {0y Acqlk, %)
[kl <K ¢

To have the inclusion we want, we have to check that:
(a) 5q—1 +x < Bq-
T+1
(b) Lertitle < g KT,

k[T IkIT

Since the second one implies the first we will only check the

second one.

4M, 5
5q—1+Kg+1fE Bq 1+KT+1 g—1Eg—1

Hq—1
7+1 16M5q 1
Bq—l + Kq o
/qul _|_ KT+1d

+1Bq—Bq—1 /3

ﬁq—l - 6q—1/2 + Bq/2
Bq71+5q
2

= 0

VARVA

Where we have used that 16M¢e,/p < d, and that §, is mono-

tonically increasing with q.

The inclusion G, C G,
7.2.27.

So we proved what we wanted. We are now going to see that u*
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is one-to-one on G* and taht u*(G*) = F™.

Tale I € G*, we have that u@(I) € F, for every q. Hence
u*(I) € F*, and we deduce that u*(G*) C F*. With the same
argument we see Y(F*) C G*. Let us prove that Y(u*(/)) = I.

T(u™ (D) =1 < |T(u(])
)

(u @) (ur(1)
(q )

) — )
)M (1) = (u@) " (u (D))
) — )
) )

< |T(ur(D) = (@) (u*())]
+|(u q) Hut (1)) = (u @)~ (ul(D)]
< T = @)+ o |ut —

Where to bound the second term we used the mean value the-

orem, ie. [u(z) — ul?(y)|a, < |Zu?|g, |z —y|, and the fact

that because of the p,-nondegeneracy, ‘au@)‘ > g, Yo € R™
and VI’ € G4. Note that we can use the mean value theorem
because u*(I) — u®(I) belongs to F, because MZ—ZEQ > ¢, Let us
prove this inequality. If we want to see 4]\‘{7‘26‘1 > &, it is enough

4Meq
to see — = > &,

2 (@)
gq < (a) |RO |G pC))
Q) 3,92
< 2 6%ey 4 1
— 5(q) 2 227+32q—1
2

1 1 4M
aWi‘?q—l < “u Ea-1

The last inequality is true if and only if

5211((1— 1)22T+32q—1
Kitlpi4
ﬁQV(qfl) 927+39g—1
K7+12(7+1)(a—1) p4
B227’+3
KT+1p14
ﬂ227—+1
KT-{»lpl
ﬁ227—+1
ﬁ
=

IN

1

IN

IA

— BVT+1227+1p1iau
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as we assumed at the statement of the theorem. Since the bound
obtained tends to 0, we have Y (u*(1)) = I and hence u* is one-to-
one. Analogously we obtain u*(Y(J)) =J VJ € F*. Finally u*
is one-to-one and u*(G*) = F*. Note also that from the inductive
lemma we obtain |h((1) _ h(q71)|Gq,p;q71) < ny—1. Also observe the

following bound that we are going to use in the next sections.

4MKT+1
G* < Z v32(+2)s

s>q

| — ul

4. Convergence of the canonical transformations

Let 0@ = ple=1) — 519 /2 Observe that this definition implies
that (@ —p(@ = 55(1) and ¢(@ —5§q) = p9. Observe that applying
the inductive lemma 7.2.27:

2Aq 1 K]

a) _
’¢( ld’Gq,U(q),cq -~ q L €q 1
2-5-4 e
< VB vp2@T (a1
29K7¢
S TG
< 29K71/5p 5
—  12p 8207 +2)(¢—1) 227 +22 [ 27 +1
< 2908
—  2(t+2)(qa—1)927+20 pf K T+1
— ﬂ 29
—  26M(K29-1)7+1 2(a—D)p27+14
(9) 1
< 0y sungE
5(4)
< 9%
—  2(¢—1)32>
where we have used that 680 > ¥ o < __ vimpf?
2 = BAMK,Pr+1° S SerTooN eI

SMKTH1 vB
B <=~ and B > %
Now, recall that 8, = min(cdy, 85), then ch = min(cq5§Q)7 55‘1)) —
min(5(q) 5(Q)) _ 55(1)‘

Now using that [DY|q 5. < I |G e we can obtain:

D2 —Tdlg, o, = [D@9) —idlg, yw,
S |D(<I>( )_1d|Gq,a(4)75gq),0q
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D) _id
B e AR
> Beq
|q>(f1) id\ (@)
< q
— 5(‘1)
< 2|<I>(q) 1d| (Q),Cq
— 6(‘1)
2 5;‘1) 1 1
< @2@—1)-32 < 57116 S 2(g—1)g

Let z,y be such that the segment joining them is contained in
D, (Gy). Using the mean value theorem one can deduce the

following bound:

[@(x) = D(y)le, < [DPVlg, o, |7 = yle,.

By 7.22, in particular |®@(z) —z|., < 64 and |®@ (y) —yl., < 0.
Then the segment that join ®@(z) and ®@(y) is contained in
Dp<q71>(Gq_1) = D@45, because Gy, C Gy — :q:11 and because
p(Q) _ p(q_l) S 5§q) because p(Q) _ p(q_l) — 5§q)

Therefore we can apply the mean value theorem once again:

26-(@0(2) — 2D @O ()., ,
< ’D(b(q_l)‘Gq—lqu—l,Cq—l ’@(Q)(x) - (I)(q) (y)|cq—1
< 27+1_V’D(I)(q_1)|Gq717pq—1,cq71’(I)(q)(x) - (I)(q)(y>|cq=

6;‘1*1>/5§l1*1) 6&‘1*1) 65@!)

where we have used that ¢,_1/c, = SIS = s gD =
2 1 2 1

27+1 1 2’7’+1—V
2v :
Using the previous bounds and iterating by ¢, we obtain the

following:

|\I;(<1)(x) - \I}(q)(y)|c1

< 2(T+17V)(Q*1)|D®(1)|Gl7p(1),61 C |D@(Q)|Gq,p(q>,cq|$ —Yle,
< 2PN D14 L) (L bl -yl

< 2(T+1—l/)(q 1) 1/2|$ y| < 2 (74+1-v)(g—1) 2|.T _ y|



7.3. KAM THEOREM ON BM-SYMPLECTIC MANIFOLDS 149

Which holds for ¢ > 1 and for every x,y such that the segment
joining them is contained in D, (G,). Now, given ¢ > 2 and
2 € Dy (Gy) let y = & (2):

[P () — w(2)],, [P V(@(D () — V()]
2(T+1+V)(q72)2|q)(q) (,ZL') —_ :L'|c 1
q—
2(rH14)(@-1)2|§(@) () — 7],
q

2(T+1+V)(q—1)25éQ)

VAN VAN VAR VAN

(T+14v)(g-1)g___ 2°KTe
2 2y2p162(7+2)(‘1*1>
29K e
y2p152(1+1’)(q_1) :

Which holds even for ¢ = 1 by setting ¥(©) = id by 7.22. Hence

7.25 implies that ¥(@ converges to a map

U Dy a0y (GF) = Wi (T™) x G* = D,(G).

4
And we deduce for every ¢ > 0 that

210K™e

V=¥l 0 <zt

Moreover by taking the limit to the equation

Hovu@ = p@ 4 p@

we see that H o U* = h*(I) on Dix

T’

0)(G").
5. Stability estimates

Next we see that for ¢ — oo, the motions associated to the
transformed hamiltonian @ = 1@ 4+ R@ and the quasiperiodic

motions of (@ become closer and closer.

Let us denote

@ (t) = (¢\D(t), [D(t)) the trajectory of H (@
FO(t) = (qg(Q) (1), @ (1)) the trajectory of H@
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corresponding to a given initial condition z(?(0) = z} = (¢, I}) €
T" x G,. Let

{fww = (09, [§) = (9 + ul () I,
$0(t) = (90), I5) = (9 + u DIt I

the corresponding trajectories of the integrable parts of A9 and

(9 respectively. Recall that 29 (1) = RD(I)+¢9 (1) = hD(I)+

qo log(Iy) + ZZ”I Qi p and v/@ = Bu@ + A(I,). Tt is clear that
#@(t) and 29 (t) are defined for all t € R.

Let us denote:

T, = inf{t > 0 : [19(t) = 5| > 65 or [0 (1) — 69 (1)] o0 >
Oy Ty = infft > 0 ¢ [T9@) =I5 > & or |69(1) -
6 (1) > 61"}

Observe that 2@ (t) and 29 (t) are defined and belong do D) (Gy),
for0 <t <T,and 0 <t < Tq respectively, because §(? < p(q).
Also recall the Hamiltonian equations. Let us first state the mo-

tion equations for our Hamiltonian function H@:

= dH?D,  or  Xp =(dHD, ).

LXF[(Q)W

Let us write

g O
X]f[(q) = [1( 2

[(q — . o)
or, T tn af o a¢1 +¢

Moreover
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dH@ = gh@ 4+ qR@
= d¢9 + dh'? + dR

. n  a¢c@ oh(®)
= 2i=1 3y, +Z >i=1 “ar,
8(151

0
n 8h (a) (@)
+Z a6, T Xt o+ i g
=0
Recall
(Z J) AL, A dey + Y dI, A do,
- 1 i=2
po_ L 0,0 00
—( m Cf) 0L, 9¢1 0L 0d;
j=1 Ii]
Then:
T](q) _ _85%(;:)(@(4)(15)), if j # 1 and
: (@ , A (@) / &
W _ _ m1 - aéij (2@D(t)) = —B(I}) 8}2)1 (21D (¢)).
(zm2)
Observe that
(9) IR £.(q)
L7 ()] < W(x ()] (7.21)
1
Moreover,
39— 5@ (f@) )y L OB (200 (¢
B0 = @ (I@(8) + 22 (30 (1)
A (@) / A Lo
_ ugg)(](q))_F 6§}j (@) ifj#1

O = (B + AL))(TD (1)) + B(1) 2B (3@ (1)),
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where we have used that ﬂg-q) = u;-(q) if 7 # 1. Using 7.21 we

obtain
X OR@
19 (1)| < <ep
q7p(Q>
Hence,
6@ — ([ = |[W@( t))+BaR(q>(;@<>(t))—u’<q (15)|so

|ul(q (I

(2)
M|T(t) — I |+HW 17,000
M |[(q)( I*’Jrcail

q

MY s < 3ps5%Y)
Cq+1 —

4
)
) =
) —

VAN VAN VAN VAN

Where in the last bound we used that

o< gl (7.22)

Cq+1
that holds because:

+
£q < 16MKT 41 P1 8e
e S e
16MK(H_1 S V2232
Beva Vp12(27—+2)q 27+30 14 N2 (2742
27K;1L11 vu?B
2(27’+2)q+uq+7’+30L4M2K27’+2
- vBu’
T
Kq+1 2Vq+T+23L4M2
p? v
uq+T+IT AN 26MK;':11
©? 5(‘14‘1)
27+17+qu4M
22T+12L4M2 5(q+1)
27—+17+VqL4M
QT—5— Vq5 (g+1)

25+Vq M52q+1)
M&SY if g is large enough.

IN

IA A

VAN VAN VAN VAN VAN

Thus, since one of the inequalities defining T g has to be an equal-

(T9(t)) — WD (L)oo + |22 (2O (8))] oo
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ity for ¢ = T, we have that

5§q+1) = |f(q) (Ty) — 5| < Tyeq,  or

O = 19(T,) = ¢9(Th) | < T,3ME.

A . 550"’1) 5561"'1) 1 .
Hence, 7}, > min( S BT > Siegiy where we used again
7.22.
Let us denote T, := 5 Mqu? then Tq > T,. This implies

129 (¢) — 2@ (1)) < 5§q+1) for [t| < Ty

Cq+1

Since H® = H o U@ and U@ is canonical it turns out that
U@ (2@ (¢)) is a trajectory of H defined for t < 1. Tt is impor-
tant to observe that for ¢ big enough this trajectory remains near
the torus W@ (T™ x {I;}). Morcover T, tends to infinity when
q — 00.

. Invariant tori

Assume now that zj € T" x G* and let us write

{x*(ﬂ = (G+vlotl) o R

() = (96 +u"(5)t, 15)

Note that

FO0) = 8 WOleges < il @) — (Il clt

<
S Cq+1|u/(Q) _ul*

G*,oo|t|-

(a+1)
And observe that if [t < ‘ o =: T then,

u,(q) —u’* |G* ,00

6§Q+1)

|'%(q) (t) — I (t) ‘Cq+1

!/ /%
Cor1lu C)—y
satt

*
G ,00 |u/(q>7ul*‘c*,oo

IN

g+l _ cq+l1
It = gutt,

TT
61
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Observe that

‘u/* . u/(q)

Byt + A Bu® — 4

G*

= |B(u* —ul?)

a < |ut — u@

close enough to Z.

¢+ also holds for |u"* —

Hence the bound obtained for |u* — u(9
u' (@

G*-

AMK™ e 8MKT+1€
o <> <
52 (742)s V52(7-+2)q

s>q

| (@)

Using this bound, we see that T tends to infinity because

T > <VP1> 32T+ _ V2B o(r+2-v)g.
Q- 2va SMKTtle 64M K™+1le

Then

2D (e < 1890 =F (Ol D (=8 D)y < 2057,

when ¢ < T7" :=min(17, T7).

Next, we see that the trajectory W@ (x(@(t)) is very close to
U*(z*(t)) for large values of g. This is true because, when |t| <
T///

i

[PO(ED — W (2*(1))) ey
< [O@O@D(1) = TO@*(1)]ey + [TD(27(2)) — T2 (1)),
< rH1=v)(a=1) . 2|2(@) (1) — *(t)]e, + W@ —
< 20rH1=m)(a-1) gl 4 | p@ — g

=) (g— 1 10 zo7
9(T+1-v)(g-1) .45§Q+ ) 4 y2p21,8§1'f”)q

G*,(p1/4,0),c1

G*,(p1/4,0),c1

IA

o AsY 2107
Cqt+1 2(T+1-v) V2p1ﬁ2(l+u)q
6<Q+1) 1 10 77
c14 1 (g+1) 210KTe
2(r+1-v) égq+l) 2 I/2p152<1+l’)q
a4 s(g+1) 210K e
o +1—-v) 51 + V2p162(1+1/)q

IN

IN

IN
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where we used that ¢, 1/c, = 277" then ¢1 /¢4 = o(r+1-v)q

The bound 7.28 tends to zero. So we deduce, for every fixed
t, U@(£@(t)) exits or ¢ large enough and its limit is ®*(2*(¢)).
This fact and the continuity of the flow of A imply that U*(2*(t))
is also a trajectory of H, which is defined for all ¢t € R.

This holds for every initial condition z§ = (¢, I5) € T x G*
for this reason W*(T" x {I}) is an invariant torus of H, with
frequency vector u*(1}). Observe that the energy on the torus
is (W (65, 15)) = h*(1).

The preserved invariant tori are completely determined by the
transformed actions Ij € G*. We are now going to characterize

the preserved tori by the original action coordinates.

A

First, let us see that u(G) C F*. Recall that:

A.4(k,a) = {J € R such that |kBu(I) + kA| < a},

o]
W

G={leg- 2 such that |kBu(I) + kA| <
0

With this definition is obvious that if I € G then u(l) is ﬁ, K, c, -
1
nonresonant. Hence u(I) ¢ A.4(k, 2-) for all k& # 0. Then

T IRIT
A

u(G) C F*.
We want to find a correspondence between the invariant tori of

h and the invariant tori of the perturbed system H=h+R,or

in the new coordinates h*.

Recall
U = Bu+ A,
% 2,k 1 1 * ?ll % * *
ut =But+ A= (Zm ﬁu1+w,ugv---,un)-
1=1 1{‘ i=1 [{‘
Observe u*(0, Iy, ..., I,) = zﬂ = % the inverse of the modular

period, hence v and u' are not one-to-one at Z because they

project the first component of v* and u to %
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D,(G) =W, (T* x V), (G)) +———— W,,a(T") x G*

P*

uw(@) C F d F*

Figure 7.2: Diagram of the different maps and sets used in the proof.

Let us define I} = (u*)"'(u(lp)), recall that v and u* are in-
deed one-to-one even though ' and u™* are not, so [ is properly
defined.

With this definition u*(I§) = u(ly) and this implies u*(I) =
u'(Ip). Now, let us define T (¢g, Iy) = U* (o, I§).

We obtain 7.13 because the set T (T" x {Ip}) is an invariant
torus of the hamiltonian flow of H with frequency vector u/*(I%)
because T" x {I}} is an invariant torus for the hamiltonian flow
of h*. And we have seen that u*(I?) = u/(Iy). In a nutshell, the
original frequencies (of the unperturbed system) u(Iy) for Iy € G
are in F* and hence can be seen as frequencies of the unperturbed
system in the new coordinates u*(1}). Hence we can conclude
that for this I, € G its new (perturbed) solution is also linear in
a torus (¢ +u*t, I7) € W*(T" x {I;}) = T(T" x {Ip}). And the
new frequency vector u* is such that u* = /.

Let us now prove 7.14. Let us write, for (¢o, I§) € Wi (T™) x G*.

4
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U™ (o, Ig) = (o + Vi (o, I5), Iy + Vi(do, I5)).
And for (¢, Iy) € W%(Tn)xé-
T (¢, Lo) = (0 + T4(d0, o), Lo + Ti(bo, 1o))-

Then, for (¢, Iy) € W%(T")XG:

Ts(do, o) = Vi (do, Ig), and  Tr(¢o, lo) = Vi(do, Ig) +Io—Ij.

Let us bound the norms of these terms:

1 .
(W5 (d0, I5)|oo < [0 —id|ge (21 ) ¢,
< 16MK™+1p) 210KTe
- 14 6 2741 VQplﬁ
< MK
B
where we used that ¢; > 6T - Then,
Ui(go,15) < |®" —id|ge (21 0.

< QIOkTE

vZp1B°

Now it only remains the term I — I:

15 = Tol < (")) = (@)

e < ng

s>0

AMK™e < SMK™ e
— Z VB2(7+2)5 — 1/62(7+2) :

s>0

Let us put everything together and use p < vp;, K < 2/p and
B=n/L.

214M(%)27—+1€

|\IJZ(¢0718)|00 < v2(L)2
227+15ML2 B

IN
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Y . . 210(2yme gM(2)mtHle
(W (b0, I5)] + 15 = To| < =50 + gy

210+7 e SM27 1 Le
- I/ﬁ7—+l’y VﬁT+1,y2(T+2)
< 22T Le4M2THiLe - 2V9FTL(4+M) ¢
— Vp”‘r-',-l,y — Vﬁ7‘+1 ~

Estimate of the measure

Finally we carry out the estimate of part 3. Let us write
G = (u) 7 (ul(@)).
The invariant tori fill the set
T(T" x Q) = T*(T" x &)

i.e. all the tori inside T (T" x é) are invariant although there are
more of them. Because ¥(9 are hamiltonian transformations, in

particular preserve the volumes:

meas[U @ (T" x G*)] = meas(T" x G*) = (27)"meas(G*).

Now, let us consider the measure of the limit:

meas[U* (T x G¥)].

To do this we use the superior limit of sets:

N U@ <)),

n=q j=q
Because W) (T" x G*) are compact and we have the bound

20K

* _pla) - =
|\II \II G*7(%,0)101 S V2p1/62(1+y)q7

;’;q(\ll(j)(T" x G*)) is also compact. All the measures are well

defined and we can say that
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meas[T* (T x G*)] > (27)"meas(G*).

Then, to bound the measure of the complement of the invariant
set it is enough to bound the measure of G \ G

But first we are going to define some auxiliary sets. Let 5 = TM’

By = (1 — 55)B. Note that 3 > $ if and only if u < 2M L and
we assumed p < 276 L2

Then, for ¢ > 0 we define

ﬁ -

F (F Bq) \ U Ac q(k‘ |kf7—)7 Gq = (u(q)) 1(Fq)
kez™\{0} 1
|k[1 <K
and
(- ALk Dy E-ne
m ﬁ) \ U C(I(k ]f 7—>7 - ﬂ q-
q>0 kezZ™\{0} L q>0
|kl1 <K

In order to prove the bounds, we need to prove previously the

inclusions G* ¢ G* and éo cg.

(a) G D Gy = (u®)"Y(Fy) = (u)""(F—p), but we know u(G) =
F.

(b) G* ¢ G*. Take I € G*, then I € G,Vq > 0. Hence 3J €
°F,¥q such that «@(I). Then 3J € F* such that u*(J) = I.

If we check that J € u(G) the we will have that (u*)~1(J) =
I € G* and we will be done. We want F* C u(G). Because
we take out all the resonances in F* it is enough to see
(F-3) C uN(Q— 277) We only need to use that |%|g’p2~ <M.
Then F — 5 C u(G — Qﬁ) This holds if and only if % < 277

which is true because § < %
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Then, we proceed as follows

meas(G \ G*) meas(G \ G*)

<
< meas(Gy \ G¥)
< 32 meas(Gyo \ Gy).

For ¢ > 1 we obtain the following estimate:

u(q—l)(éq,l) u<q71>((j;q)

1 ~ -
meas(G q— I\G ) < | de t(au<q ) (I))’meas( Foor \(Fg —gg-1))-

Where we have used lemma 7.2.27. Also det(a“gl_ () > T
because of the p,_1-nondegeneracy condition all the eigenvalues

have to be greater than j,_;.

meas(Gy_1 \ Gy)

IN

uql (F, 9 1\( —€q-1))

< M—meas( w1\ (Fy —e41))-

Now, we are going to apply lemma 7.2.25 with

q 1= (Bq 175(] la 1)

and Fq = F(Bq,Bq, K,).

Applying the lemma:

meas(F, 1 \ Fy) < D(B, — By-1)

) _ By — By A
2 d F n—1 g Fg—1 q
FAmE)T 2 ks T 2 TRTR
kezZm\ {0} ; kez™\{0} LIS,
|kl <Kq-1 Kq1<|k1<Kq

and
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meas(F, \ (F, — &,)) < (D + 2" (diamF)" "' K™)e,.

Putting everything together (and using that Gy = 0), we get

> . - p
kezm\{o} MITIMI2w

n

meas(G \ G*) <

T

+D D egor + 27 (diamF)" Y Kl
g=1 g=1
(7.23)
We now only have to check that the series converge in the pre-

vious expression converge. Let us check that they converge at Z
first and then outside of Z. Recall that at Z we take the vectors

k #0.

1 1
ke {0} CHE < Dkez\{o} R
70 70

. Vn

S LRemr I\ (0} hkn€Z TR Tk TR
k0

<

n—1 y~oo g3
\/ﬁ2 Zj:1 aneZ i+1kn|)”

J

where we used that the number of vectors k € Z" ! with |k|, =
j > 1 can be bounded by 27715772, This series can be bounded

by comparing it to an integral:

zl<1+2/°°d$

kneZ (J+ k)™ = 47 o (j+ao)
1 2 T+1 1
N S =g

Where we used that 7 > 1 because n > 2. Then

n—1 00
3 71 < Vn2rHr 4+ 1) 3 -T_1n+2
keZ™\{0} |k|1|k|2,w T—1 J
k0

J=1
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which converges by the condition 7 > n — 1.

Now let us check that it converges outside of Z.

1 _ 1 " 1
ZkeZ”\{O} EHEE . Zke%;\o{[)} EHET™ + Zke% \0{0} k[T k2.0
_ 1 _ 1
= 2kem\0} e T 2k €z R AT
k+£0

We have seen before that the first term converges. The second

term:

1 1 1
2 TaFB ~ B 2, i

k1€Z k1€Z

which converges VI; # 0, i.e. outside of Z.

Now we go back to the expression 7.23. The other terms of that
expression can be bounded simultaneouslty inside and outside
Z. Now we only have to check that the third series converges,
because if the third converges so does the second. We only have

to check that Zg‘;l Kgaq_l converges. We will use that ¢ <
8e

y/)12(27+2)(‘I*1> .
00 n — n |00 n(g—1
q=1 Kq Eg—1 = K g q=1 2 ( )€q,1

n x0o 8e2n(a—1)
K q=1 yp,227+2)(¢—-1)

_ n 8 oo 1
- K vp1 Zq:]_ 2(27+2-n)(g—1) *

Which converges if and only if 27 +2 —n > 1. And we are done
because 27 > n — 1 since 7 > n — 1 by hypothesis.

Putting everything together:
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meas(G \ G¥)
2” 2vM 2y M /n2"1 a1
D2 g + 2(d F)n_l i \/ﬁ (T + ) Z -
u” % % T—1 il

I/plqz:l 27‘—}—2 )g—1)

8e 1
n+1 n—1g-n
+2 (dlamF) K VP Zl 2(27+2—n)(q_1))

Now using that

< V2M252 27-—18 A 8MK7—+1p2 - 27—15p2
SRS QT+30 A N3 27+1 — LM K?27+2 7> LK1 7

We can write meas(G \ G*) < C'y where €’ depends only on n,
wu, D, diamF, M, 7, p1, p2, L, K and if we efine C' = (2m)"C".

Hence,

meas([(T" x G) \ T(T"G)] < Cr.

7.4 Desingularization of 0"'-integrable sys-

tems

In this section, we follow [8], for the definition of the desingularization

of the b™-symplectic form.

Definition 7.4.1. The f.-desingularization w. form of w = j—i A

(Zlﬂol 2y Z) + [ is:

m—1
we = df. A (Z xioami) +
=0
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Where in the even case, f.(x) is defined as e~V f(x/e). And f €
C*(R) is an odd smooth function satisfying f'(x) > 0 for allx € [—1,1]
and satisfying outside that

b — 2 < -1,
fla) = {(2’“)”‘“ ' for (7.24)

m‘l—Z fO'I" l'>1

And in the odd case, f.(x) = e ¥ f(x/e). And f € C®(R) is an
even smooth positive function which satisfies: f'(z) < 0 if x < 0,
f(x) = —2?+2 forx € [-1,1], and

) {Wz ifk>0zeR\[-22] _—
log(|z]) if k=0, e R\ [-2,2].

Remark 7.4.2. With the previous definition, we obtain smooth sym-

plectic (in the even case) or smooth folded symplectic (in the odd case)

forms that agree outside an e-neighbourhood with the origial b™-forms.

Moreover, there is a convergence result in terms of m. See [26] for the

details.

To simplify notation, we introduce F™"/(z) = (L f.(z))z’, and
hence F'(z) = (i f.(z))2™~". With this notation the desingularization

W, 1s written:
m—1 )
we= Y F" " (x)dx A i+ B
i=0

Definition 7.4.3. The desingularization for (M,w,p) is the triple

(M, we, j1e) where w, is defined as above and p. is:

W= e = <f1E = iézGi(x),fQ(IN; 95); S 7fn<j7 é)) )

where

n= <f1 = colog(z) + Z Cill_iafZ(Iv @) ... full, ¢)>
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Gila) = [ Fi(r)ar.

and ¢ = ¢g and ¢;_1 = —ic; if i # 0. Also

f = (fla IQa LRI In)a fl = OI1 (Zl_lrn’Cézcii(T)> dr

i=1 1J

1= (D1, b2, n), I = (W) b1

=1 7J
Il

Remark 7.4.4. Observe that with the last definition, when € tends to
0, pe tends to p.

Lemma 7.4.5. The desingularization transforms a b™-integrable sys-
tem into an integrable system for m even on a symplectic manifid. For
m odd the desingularization transforms it to a folded integrable system.

The integrable systems are such that:
w We
Xy = Xj-.

Proof. Let us first check the singular part, i.e. let us check that that
X§ = Xjc. Let us compute the two equations that define each one of

the vector fields. We have to impose —df; = ¢ Xo W and —df;. = X% We.
1 le

But observe first that we can rewrite w = 1, %daz A a; + 8 and
we = Y, Fidx A o; + 8. The conditions translate as:

LS| LA |
- Aifd - w *d VAN i 5
de —dr = iy, (; Lz A +B>

i=1

m—1 m—1
=Y 4 F! (x)dr = Lxwe (Z Fi(z)dz A oy +B> ‘
= =0

le

Since the toric action leaves w invariant, in particular the singular
set is invariant, and then X}"; and X are in the kernel of dz. More-
over, since /3 is a symplectic form in each leaf of the foliation and X<

and X§ are transversal to this foliation, they are also in the kernel of

3.
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m—1 1 m—1 1
— Y ¢—dr= —dx A ay(X}),
=0 't =0 't
m—1 ) -1
—Z ZFZ z)dr A oy (X57).

Then, the conditions over X} and X are respectively:

—éz = OZZ(X%%
=& = a;(XFe).

Then, the two vector fields have to be the same.

Let us now see X}Jj = X}’] for 7 > 1. Assume now we have the -

symplectic form in action-angle coordinates w = Y, 28dly A dey +
1
n o dL A do,.

The differential of the functions are

dfs = Grdl+ 5dos + 3, (5rdl; + 5do;)
- 4 (Ezm%) s (S5

i=1 77 i=1 71

n (0F
+ 50 (5L + 5
On the other hand, the desingularized form is:

Z e, FI (1), A dy + Z dI; A dg;.

7j=2
Hence, one can see that the expression for both X;Jj and X]‘Z’] is

ofi ofi
B off | 01
X9 = X9 = 9 _ S— + < ! >
fi fje sm Ké; a¢l sm Ké; all 322 6@5] ¢J

i=1 "] i=1 i

[]

Remark 7.4.6. The previous lemma tells us that the dynamics of the
desingularized system are identical to the dynamics of the original b™ -

integrable system in the b™-symplectic manifold.
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Hence the desingularized b™-form goes to folded in the case m =
2k + 1 and to symplectic for m = 2k. And the b™-integrable system
goes to a folded integrable system (see [35]) in the case m = 2k + 1

and to a standard integrable system for n = 2k.

7.5 Desingularization of the KAM theo-

rem on b"-symplectic manifolds

The idea of this section is to recover some version of the classical
KAM theorem by “desingularizing the ™-KAM theorem”, as well as
a new version of a KAM theorem that works for folded symplectic
forms. Observe that no KAM theorem is known for folded symplectic
forms. The best that is known is a KAM theorem for presymplectic
structures that was done in [36]. Desingularizing the KAM means
applying the b™-KAM in the b"™-manifold and then translate the result
to the desingularized setting.

To be able to obtain proper desingularized theorems we need to
identify which integrable systems that can be obtained as a desingular-
ization of a b"-integrable system. To simplify computations we are go-
ing to use a particular case of b™-integrable systems, where f; = Iiﬂ%l
We call these systems simple. Observe that by taking a particular case
of b™-integrable systems we will not get all the systems that can be

obtained by desingularizing a b™-integrable system, but some of them.

1. Even case m = 2k.

F=(fi= Ilzk%,fm---,fn), W= ﬁdll Ndoy + 370 dI; A do;.
Observe that close to Z in the even case we can assume f(I;) =
cly for some ¢ > (2 — gz=r). Then f.(I1) = L = 1,
hence w. = ddly A dgy + X5_, dIj N de;. Also FI'(I,) = ¢,
G™(I,) = 1. Then,
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m—+1
111

1/7m™ m+1

L = [ Sadr = [P drmdr =c
o1 = %Illm% =",

FE - ((m - 1)Cm—lc/llaf2(i7 Qg)v < fTL(INJ gg)) (726)

Hence, the systems in this form can be viewed as a desingular-

ization of a b™-integrable system.

Theorem 7.5.1 (Desingularized KAM for symplectic manifolds).
Consider a neighborhood of a Liouville torus of an integrable sys-
tem F. as in 7.26 of a symplectic manifold (M,w.) semilocally
endowed with coordinates (I, @), where ¢ are the angular coordi-
nates of the torus, with w. = /dly N d¢; + 327, dIj A dp;. Let

H=(m—=1)cpm1dL+h(I)+R(I,d) be a nearly integrable system

where
I, = c’IIn+1
~1 - m+1"
¢1 = C/Iin(blv
and ~ R
I (I, Is, ..., 1),
Qg = (éla¢27"'7¢n)'

Then the results for the b™-KAM theorem 7.3.1 applied to H ;g =
171—1 + h(I)+ R(I,¢) hold for this desingularized system.
1

Remark 7.5.2. This theorem is not as general as the standard
KAM, but we also know extra information of the dynamics. For
instance the perturbed of trajectories in tori inside of Z will be
trajectories lying inside of Z. In this sense the theorem is new

because it leaves invariant an hypersurface of the manifold.

2. Odd case m = 2k + 1.

F = (fl = 11%, fg, ey fn) and w = Il%%djl/\dgbl—f—zyzl d.lj/\dgbj
Before continuing we need the following notions defined in [35].
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Definition 7.5.3. A function f : M — R in a folded symplectic
manifold (M,w) is folded if df|z(v) =0 for allv € V = kerw|z.

Definition 7.5.4. An integrable system in a folded symplectic
manifold (M,w) with critical surface Z is a set of functions F =
(f1,--., fn) such that they define Hamiltonian vector fields which
are independent (dfiA. . .Adf, # 0 in the folded cotangent bundle)

on a dense subset of Z and M, and commute with respect to w.

Note that we need to prove that the desingularized functions in

this case are folded.

Observe that close to Z in the odd case we can assume f([;) =
1742 Then () = =@ F(B) = e(~(2)24+2) = el + %
Then

We = 26[1d]1 VAN d¢1 + dej VAN dqu

j=1

Also F™(I) = 2¢cl,, G™(I;) = cI?. Then,

~ I or I(m+2)
L= Jy' gjdr = 2¢60,
o1 = 2"y

Then the desingularized moment map becomes

ke = ((m - l)cm—lcllgv f2(I~a &)7 tet fn(ja q;)) (727)

It is a simple computation to check that these functions are actu-
ally folded and hence they form a folded integrable system. Note
that the systems of the form 7.27 can be viewed as a desingu-
larization of a b™-integrable system. Then, like we proceeded in

the even case:
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Theorem 7.5.5 (Desingularized KAM for folded symplectic man-
ifolds). Consider a neighborhood of a Liouville torus of an in-
tegrable system F. as in 7.27 of a folded symplectic manifold
(M, w.) semilocally endowed with coordinates (I, @), where ¢ are
the angular coordinates of the Torus, with w. = 2clidI; A dg, +
Y, dIjAdg;. Let H = (m—1)cp_rel}+h(I)+R(I,¢) a nearly

integrable system with

~ I'm+2
{ = 20555,
¢

—_

1 — 20]{n+1¢17
and 3 .
] - (117[27--~7In);
qg = (Q;17¢2,-~7¢n)'

Then the results for the b™-KAM theorem 7.3.1 applied to H ;g =
11% + h(I) + R(I,®) hold for this desingularized system.

Remark 7.5.6. The last two theorems can be improved if con-

sidering b -integrable systems non necessarily simple.

7.6 Applications to Celestial mechanics

In this last section of the thesis we catch up with the circular planar
restricted three body problem which we discussed in Chapter 2. Given
an autonomous Hamiltonian system of a symplectic manifold of dimen-
sion 2n, the level sets of the Hamiltonian function are often endowed
with a contact structure ( a contact structure is given by a one form
«a satisfying a condition of type a A (da)"™! # 0).

In [37, 38] the authors discuss applications of the b-apparatus in this
context. In particular the notion of b™-contact structures is introduced
by translating the condition above for b™-forms. The classical notions
in the contact realm such as Reeb vector fields can also be introduced

in this set-up.
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In particular by considering the Mc Gehee change as we did in the

contact context, the authors of [38] prove:

Theorem 7.6.1. After the McGehee change, the Liouville vector field
Y = pa% is a b®-vector field that is everywhere transverse to the level
sets of the Hamiltonian . for ¢ > 0 and the level-sets (X, tyw) for
¢ > 0 are b®-contact manifolds. Topologically, the critical set of this
contact manifold is a cylinder (which can be interpreted as a subset of
the line at infinity) and the Reeb vector field admits infinitely many

non-trivial periodic orbits on the critical set.

One of the possible applications of our KAM theorem would be to
find new periodic orbits of the restricted three body problem close to

infinity by perturbing the periodic orbits described above.
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