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Capitulo 1

Introduccion

1.1. Tratamiento numérico de ecuaciones diferen-
ciales

Las ecuaciones diferenciales fueron propuestas por primera vez a fina-
les del siglo XVII por Newton y Leibniz, de diferentes formas pero para
un mismo proposito: modelar las leyes bésicas de la Mecénica. El simbolo
de la integral fue escrito por primera vez en 1675 por Leibniz en la ecua-
cién [ xdr = %xz [71]. Pero anos antes, aunque publicado en 1736, Newton

clasifico las ecuaciones diferenciales en tres tipos:

= Primer tipo: Z—i = f(x), % = f(y),

. dy
= S do tipo: == =
egundo tipo: —— f(z,y),

T " ou N ou
s Tercer tipo: z— — =u.
P Ox y@y

No las escribié de esta forma; es més, tampoco las llamé ecuaciones dife-
renciales, sino que, utiliz6 las palabras fluente y fluzion. Un fluente era la
cantidad x y fluxién la velocidad de este fluente, &, es decir, la derivada
respecto del tiempo. Asi, Newton escribié % = f(z,y) para el segundo tipo.

De estos tres tipos que planteé Newton, los dos primeros corresponden
a ecuaciones diferenciales ordinarias (EDOs) y el tercero a un caso parti-
cular de ecuacién diferencial en derivadas parciales (EDP). Los métodos
de integracion que abordaremos en este trabajo se restringiran a EDOs, y
aunque, en ciertas ocasiones, integremos numéricamente EDPs sera siempre
discretizando previamente una de las variables para obtener un sistema de
EDOs.

Hoy en dia, las ecuaciones diferenciales son ampliamente utilizadas en
muchos campos cientificos, desde la fisica mas elemental hasta las ciencias
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sociales, para construir modelos matematicos que permitan describir adecua-
damente los hechos observables. Sucede a menudo que para estas ecuaciones
diferenciales no es posible encontrar una solucién analitica que pueda ex-
presarse como combinacién de funciones elementales, o bien cuando ésta es
posible, la solucién es costosa de evaluar. Es entonces cuando se hace uso de
la integraciéon numérica para encontrar una aproximacion a esta solucién, y
depende del método numérico utilizado lo buena que sea esta aproximacion.

Dependiendo del problema a modelizar se utiliza un tipo de tratamiento
numérico u otro. Aqui nos centraremos en problemas que se pueden expresar
como un problema de valor inicial, en el cual se tiene una EDO y un punto
de la solucién:

T = Z—f = f(t,x), con z(tg) = xo, (1.1)
donde f : R xRP — RP es una funcién vectorial que depende de la variable
t € Ry de z(t) € RP, siendo x(t) las variables que describen el sistema
dindmico en el instante .

Para utilizar un integrador numérico, primero se fija un tiempo final de
integracion ¢, luego se discretiza el intervalo [to, ¢ y] en N puntos temporales
obteniendo una serie de valores t1,ts,...,t,,... Asi, el integrador numérico
aproximara la solucién en el instante t,, x(t,) por el valor x,,. La separacién
entre dos puntos temporales consecutivos (t, y tn+1) se llama tamano de
paso, y nosotros nos centraremos en tamanos de paso constantes, asi pues:

o1 =tn + h n=0,1,...,N—1,

siendo h el tamafnio de paso. La aproximacion x,41 es obtenida usando un
integrador x5 de un paso con la anterior aproximacion x,: Tn+1 = Xn(Tn)-
Asi, el procedimiento para obtener una evolucién numeérica es: empezar con
la solucién a tiempo inicial ¢y, xo = z(to); aplicar el integrador para obtener
una aproximacién al tiempo t1, 1 = xp(zo); aplicar el integrador a x;
para obtener una aproximacién a to, xa = xp(x1), etc. Repetiremos este
procedimiento hasta el tiempo final tn, xnx = xp(zn-1) = XhN(xo), para asf
obtener una serie de puntos x,,(n = 1,2,...) que aproximan la solucién
exacta x(t,). En la mayoria de los casos los métodos numéricos utilizaran
diferentes evaluaciones de la funcién f(t,z) para calcular la aproximacién
de la solucién.

A continuacién introduciremos el concepto de flujo, tanto para el caso
de la solucién exacta como para la aproximacién numérica, indicando las
propiedades que éste verifica; continuaremos con los integradores numéricos
més basicos, y definiremos el adjunto de un método.

El flujo exacto de un sistema en el tiempo ¢, ¢, es la funcién que, al
punto xq le asocia el valor z(t) de la solucién de (1.1)

or(xo) = x(to + t) si xg = z(to).
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Este flujo exacto ¢, constituye un grupo uniparamétrico de transformacio-
nes, cumpliendo las propiedades:

Pt © Pty = Pti+tas t1,12 € R
o =1d,

donde Id es el flujo identidad, Id(z) = = y la propiedad (1.2) se conoce como
la composicion de flujos. De estas propiedades se puede deducir la siguiente:

(o) " = o, (1.4)
conocida como el inverso de un flujo exacto. En el caso de tener dos sistemas
diferentes:

)
l‘[B} = f[B](ta :E)a

el inverso de una composiciéon cumple:
A B\ ! B\ ! AL
(0ol = () ™o () 15)

Esta propiedad y las anteriores se muestran con mas detalle, haciendo uso
del formalismo de Lie, en el apéndice A.2.

Un integrador numeérico puede expresarse como un flujo, al que llamamos
flujo numérico. El flujo numérico asociado a un integrador con tamano de
paso h, xp es la funcién que, al punto xg le asocia una aproximacion numérica
obtenida por el integrador y tiene orden r si verifica:

Xn(z0) = @n(zo) + O(R™TY)  si g = a(ty),

para h — 0. Los flujos numéricos también verifican las propiedades (1.3) y
(1.5):

xo0 = 1d,
-1 -1 -1
(Xhl ° ¢h2) = <¢h2) o (Xh1) ) (16)
para dos flujos numéricos diferentes xp v ¢n. El inverso de un flujo z,4+1 =
Xn(Zn) corresponde a intercambiar x,, > Tpq1.
Una caracteristica de los métodos numéricos es que cuando aproximan

la solucién de & = f(¢,z) lo hacen resolviendo exactamente la ecuacién
diferencial:

T = fult,®) = f(t, &) + hfo(t, @) + W2 fs(t, &) + -, (1.7)

donde f, es el campo de vectores modificado [62]. Al estudio de este campo de
vectores modificado se le conoce como backward error analysis y al estudio
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del error local (xn (o) — pn(wo)) o global (X (z¢) — ¢ (z0)) de la solucion
se le conoce como forward error analysis.

El integrador mas basico que existe y que suele ser usado a modo de
introduccion en el tratamiento numérico de las EDO es el método explicito
de Euler:

X],?E D Tpp1 =T+ Af(tn, Tn). (1.8)

A su vez, existe el llamado método implicito de Euler:

XE T Tpg1 =T + hf (tnst, Tng)- (1.9)

Ambos métodos son de orden uno, es decir aproximan la solucién exacta
x(t;) mediante 7 con un error O(h?), y como sélo utilizan una evalua-
ci6n de la funcién f se dice que tienen una etapa (s = 1). Para la versién
implicita necesitaremos resolver un sistema de ecuaciones algebraicas que
en general no serd lineal, y es que ésta es la caracteristica que define los
métodos implicitos. Aunque pueda parecer un inconveniente, en ocasiones
esto se contrarresta por el hecho que los métodos implicitos suelen necesi-
tar menos etapas para alcanzar un orden dado y tienen buenas propiedades
conservativas. Ahora, a continuacién veamos el concepto de adjunto de un
método y con él, el de método simétrico—temporal.

Dado un integrador numérico xy, el método adjunto, denotado con un
asterisco, xJ, es el flujo inverso del método con un tamano de paso cambiado
de signo —h:

Xh = X pe
Se puede visualizar este concepto con el siguiente ejemplo: utilizando el
adjunto de un método avanzamos de zg a x1: 1 = X} (20), y para volver
al punto de partida utilizamos el método con tamano de paso cambiado
de signo: zg = x_p(z1). En el caso (b) de la figura 1.1 [62] se observa este
comportamiento. Utilizando la propiedad (1.6) para el adjunto de un método
se puede obtener:

(Xhl o ¢h2)* - (¢h2)* ° (Xhl)* ) (1'1())

para dos flujos numéricos diferentes x, y ¢,. También, es facil observar que
xr = (x5)". A modo de ejemplo podemos ver cémo los métodos de Euler
presentados son uno el adjunto del otro, X}LE = (XEE)*:
XEE D Tpyl = Tp+ hf(tn7 $n),
-1
(XEE) P T4l = T — hf(tn—Ha xn—i—l))

(XEE)* = (X%)il D Tpgr = Tn A+ hf (g1, Togr),

donde la tltima expresién corresponde con el método implicito de Euler X}ZE.



1.1. Tratamiento numeérico de ecuaciones diferenciales 5

Un flujo numérico yj posee simetria temporal (o es simétrico-temporal)
si y sélo si verifica:

Xh = Xh 0 Xn o Xx—n = 1d.

En este caso, se puede avanzar desde xo a x1 con z1 = xu(xg) y volver a xg
con el mismo método con el tamano de paso cambiado de signo xg = x_p (1)
tal como se observa en el caso (c¢) de la figura 1.1. Nétese que, si xj es
un integrador que posee simetria temporal la propiedad (1.4) también se
satisface, Xgl = (X—-n)* = X—n, v la propiedad (1.10) se convierte en:

(Xhy © Ohy)™ = hy © Xhi» (1.11)

para dos integradores con simetria temporal xp y ¢p.

Figura 1.1: Reversibilidad de la evolucién numérica. La linea continua representa
la solucién exacta ¢¢(xp). (a) Primer paso con un método x, que no tiene simetria
temporal, segundo paso con el mismo método con un tamano de paso —h. (b)
Primer paso con el adjunto de un método xp, segundo paso con el método original
con un tamaifio de paso —h. (¢) Primer paso con un método con simetria temporal
Xh, segundo paso con el mismo método con tamano de paso —h. (d) Primer paso
con un método sin simetria temporal x, segundo con su adjunto xj, tercer paso
con xj_,y cuarto paso con x—_p.

Obtendremos un integrador simétrico-temporal si intercalamos el uso de
un método y su adjunto a cada paso de integracién. Podemos visualizar esta
evolucién en el caso (d) de la figura 1.1. Dicho de otro modo, si componemos
un método con su adjunto:

Xn = ¢n o ¢*%, (1.12)

el resultado serd un método simétrico-temporal. Con los métodos de Euler
explicito e implicito podemos obtener métodos simétricos temporales con
estas dos combinaciones:

XE = XI@E © XEE : Tpt+l = Tp + % (f(tn—i-lvxn—i-l) + f(tnyxn)) s
2 2

= xEE o\ 1B Tpt1 = Tp+hf (tn + 4 L“;x") .
2 2
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Ambos métodos son de orden 2, al primero se le conoce como la regla del
trapecio y al segundo como la regla del punto medio. Obsérvese que, al
componer con un método implicito necesariamente se obtiene un esquema
implicito.

Una de las familias de métodos mas utilizados en la integraciéon numérica
de ecuaciones diferenciales es la de los métodos Runge-Kutta (RK) [75]
Este tipo de métodos se suelen expresar mediante la siguiente formulacion
acompanada del tablero de Butcher [30]:

S
Y, = iL‘n-l-hZaijk'z‘ ci|amir - ais
j=1 . . .
ki = f(tn + Ciha }/;,) ’
s Cs | Qs1 -+ Qsg
Tp+l =2Zp+h Z bik; by - by

i=1

Este corresponde a un método Runge-Kutta de s etapas con coeficientes
aij, by ¢; = Z;zl a;;. Notese como los métodos que posean algtin elemento
no nulo en la parte triangular superior derecha del tablero de Butcher seran
implicitos y aquellos en que estos elementos sean nulos seran explicitos. A
modo de ejemplo, mostramos los siguientes tableros de dos métodos RK de
orden 4: uno, el famoso método RK4 de 4 etapas (a la izquierda) es explicito,

y el otro, el método Gauss—Legendre de 2 etapas (a la derecha) es implicito:

0
111 1_ V3 1 1_ V3
2|2 2 \6[ 1 /s 1776
1 1 1 3|1 3 1
30 3 3T % |1t q
1 1

10 0 1 B 1

11 1 1

6 3 3 6

1.2. Integracion numérica geométrica
Segiin McLachlan y Quispel [91], un integrador geométrico seria aquel

que preserva alguna propiedad fisica y /o matemética del sistema que aproxi-
ma (hasta error maquina). Es decir, el campo de vectores modificado cumple
alguna de las propiedades fisicas y/o matematicas del campo de vectores ori-
ginal. El término fue acunado por Sanz-Serna en 1997 en su articulo [102].

Los primeros integradores geométricos fueron los integradores simplécti-
cos de sistemas Hamiltonianos [58] y parece correcto establecer su nacimiento
en el articulo que no se llegd a publicar de De Vogelaere en 1956 [17, ].
De Vogelaere diseno estos integradores especialmente para ser utilizados en
la fisica de los aceleradores de particulas.

Un sistema Hamiltoniano (ver el apéndice A.4) es aquel donde z =
(q, p)T € R??, ]a dindmica viene definida por la funcién Hamiltoniana H (q¢,p)



1.2. Integracién numérica geométrica 7

y las ecuaciones del movimiento tienen la forma:

4= Vy,H(q,p), p=—V,H(q,p). (1.13)

La principal caracteristica que diferencia a los integradores simplécticos del
resto es que en el caso de un integrador simpléctico el flujo numérico es
una transformacién simpléctica y por tanto las fj(x) del campo de vectores
modificado (1.7):

z = fu(@) = f(Z) + hfa(Z) + R f3(2) + -,

son de la forma f;(z) = JVH;(z) [20, 62, 13] siendo J la matriz candni-
ca. Esto no sucede en los integradores que no son simplécticos cuando son
aplicados a problemas Hamiltonianos. Entonces, en el caso de un integrador
simpléctico existe un Hamiltoniano modificado de la forma:

Hy,(q,p) = H(q,p) + hHa(q,p) + hW*Hs(q,p) + -+,

el cual es resuelto de manera exacta por dicho integrador. Esta serie en
general no converge, simplemente es asintética [62].

A los integradores simplécticos se llegd, histéricamente, por tres caminos
distintos: por un lado a través de las funciones generatrices [50]; por otro, im-
poniendo a los métodos de Runge-Kutta ciertas condiciones a los coeficientes
[79, 103, 111], y por ultimo a través de la idea de escisién y composicién [17].
Posteriormente, a principios del siglo XXI Marsden y West [4] propusieron
una nueva forma de construir integradores simplécticos a través del princi-
pio variacional de Hamilton [58] dando origen a los llamados integradores
variacionales.

Los integradores simplécticos basados en funciones generatrices se basan
en el formalismo existente en Mecdnica Hamiltoniana [58] para construir
transformaciones canénicas (simplécticas) mediante unas funciones llamadas
funciones generatrices. Este fue el punto de partida de Feng Kang [50] para
construir integradores simplécticos.

En cuanto a los integradores simplécticos basados en métodos RK, fue en
el aflo 1988 cuando, de manera independiente, Lasagni [79], Sanz-Serna [103]
y Suris [111] demostraron que todos aquellos métodos RK que cumpliesen:

biaij + bjaji — bibj =0 VZ,] =1.. . S,

preservaban invariantes del tipo I(z) = z'Cz + d'z, siendo C' y d una
matriz y un vector, respectivamente. Ademads, cuando un método RK que
cumple esta condicién es aplicado a un sistema Hamiltoniano el método
en cuestién es simpléctico. Un inconveniente de este tipo de métodos es que
necesariamente han de ser implicitos [13]. El método RK de Gauss—Legendre
que hemos presentado antes cumple esta condicién y tal como hemos visto
es implicito.
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Para el caso de los métodos de escisiéon y composicién hay que remon-
tarse de nuevo hasta los afios 50 del siglo XX, cuando De Vogelaere planted
integradores simplécticos para sistemas Hamiltonianos. Entre otros, propuso
el siguiente integrador de primer orden para el sistema (1.13):

Gnt1 = Gn +hVpH(qn11,0n),
Pn+1 = Pn — thH(qTH-lvpn)v

que se trata de una composicion de un método de Euler implicito para las
q y un Euler explicito para las p. Si el sistema Hamiltoniano es separable
en dos partes, H(q,p) = T(p) + V(q), siendo T la energia cinética y V la
energia potencial, el método se convierte en

gn+1 = Q4n + hva(pn)7
Pnt1 = Pn — hV¢V (qnt1),

conocido como el método de Euler simpléctico. Este método es explicito para
ambas variables. Ademads, como el sistema es separable, la primera ecuacion
corresponde con la solucién exacta de ¢ = V,T'(p) y la segunda a la solucién
exacta de p = —V,V(q). Asi, este método corresponde a resolver primero
exactamente una ecuacién del sistema separable y luego la otra:

X =y ok,

siendo ga%v} y ga%ﬂ las soluciones exactas correspondientesa H =V y H =T

respectivamente:

v { q(t) = qo oy { q(t) = qo +tV,T(po)
Ep@) =po—tVeV(g) P p(t) =po

El método obtenido es el ejemplo mas simple de método de escisién, se
trata de un método simpléctico de primer orden, pero no simétrico. Pode-
mos utilizar la composicién con su adjunto (1.12) y asi obtener un método
simétrico-temporal:

Vg Mg V]

2
SL]ZXS%OXS,Q*:sO °Ph O Pu s

h
2
donde se ha hecho uso de la propiedad (1.2). El método resultante se conoce
como método de Stormer-Verlet, método de Strang-Marchuk y leapfrog y se
trata de un método simétrico-temporal, simpléctico, de orden 2 utilizado
ampliamente en diferentes contextos [61, , 29]. Nétese como hemos utili-
zado un superindice entre corchetes para indicar el orden del método. Esta
practica serd bastante comun en el resto de la tesis para métodos formados
por composicion de otros métodos.

Casi treinta anos después de los integradores planteados por De Vogelae-
re, en el ano 1983 Ruth [101] presenta, entre otros, un método simpléctico de
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escisién de orden 3, que para sistemas Hamiltonianos H(q,p) = T'(p) + V(q)
toma la forma:

p" =pn— c1hVqV(qn),
0" = qn+ di1hV,T(p")
P =p" —hVV(q),
" = q" +d2hV,T(p™),
pny1 =P — c3hVV(g™),

Gnt1 = ¢ + d3hV,T(pny1),

)

para el paso (¢n,Pn) — (Gn+1,Pn+1)- Aqui hemos utilizado los superindices
con asteriscos para marcar los pasos intermedios. Como cualquier método
de escisién, se puede escribir cémo composicién de flujos exactos:

3 T 1% T v T v
M3 = @b © Pesh © Pagh © Peyh © Pash © Peyh:

Ruth muestra este esquema de forma general, planteando las ecuaciones que
se deben resolver para que el método sea de orden 3:

c1+cet+c3=1, di+dy +d3 =1,
cody + c3(dy + do) = 1,
ng%—FCg(dl —|—d2)2 = %, d3—|—d2(61 +02)2+d10% = %

El sistema estd sobredeterminado, pues hay un pardmetro libre. Ruth elige
ds = 1 y obtiene los coeficientes:

[~

_ 1
C3 = YR

do = —2 dz =1

Cl —

dy =

w\wﬁ
Q
I
Il
N[

Aunque Ruth no lo hiciese, el valor del pardmetro libre (o pardmetros) se
puede utilizar para optimizar el método, planteando una funcién objetivo.
Por ejemplo, podemos plantear como funcién objetivo el error en la conser-
vacién de la energia, o los términos de error a orden superior, o la 1-norma
de los coeficientes, etc.

Si se simetriza el integrador ./\/15’} se obtiene uno de orden 4 simétrico—
temporal:

M%] — M[i] OME’]*
2 2

=] ol opl) 0pll) 0ol o plV] oGl ool
Gp "V Fh T Ty Y 2R Ty Yah Ty T Y2 h
0] ol 0wyl .

Zh S h 2h
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Este hecho es explicado por Forest [53], utilizando el formalismo de Lie. En
particular, demostré como un integrador de orden impar basado en composi-
cion al simetrizarlo aumenta un orden. En el mismo articulo, Forest presenta
el primer método de orden 6 basado en escisién y muestra cémo no es nece-
sario cumplir todas las condiciones de orden cuando el Hamiltoniano tiene
la forma H = p?/2 + V(q).

Por la misma época, pero de manera separada y en ambitos distintos
Suzuki[l13] y Yoshida[l121] crean la primera regla para generar métodos de
composicién de orden arbitrario. Esta famosa técnica para incrementar el
orden se suele denominar en la literatura como triple—jump o Suzuki—Yoshida
y se basa en la composicién de esquemas S}[?}:

] 1

[4 _ cl2] (2] (2 _
S, =8,,085,08,;,, dondea= SRR

oh y B =1-2a, (1.14)

para asi obtener un método simétrico-temporal de orden cuatro. Se puede
volver a aplicar la misma composicién para obtener un método de orden
seis y, en general, para llegar a un método de orden 2k + 2 partiendo de un
método de orden 2k:

[2k+2] _ o[2K]  o[2k] _ o[2K] _ 1 4
S, =8, OS,Bh oS, , donde a= 5 oI/ yB=1-2a.

Aunque aumentar el orden implique mayor coste computacional, se es-
pera que éste sea compensado con una mejora en la precisién, pero esto no

sucede siempre. Por ejemplo, con la técnica del triple—jump un método S,[?]

puede dar aproximaciones con menor precisiéon que un método S}[;l]. Esta es
la razén por la cual necesitamos técnicas ventajosas si queremos construir
métodos de orden alto que presenten mejoras en la precision.

Aparte del tipo de métodos nombrados anteriormente existen otros que

también son integradores geométricos [13], por ejemplo: los integradores en
grupos de Lie [72], los métodos variacionales [(4, 8], los métodos de preser-
vacién de volumen [51], etc.

1.3. Escisién y composicion

Los métodos de escisién y composicién que hemos presentado tienen la
caracteristica béasica de que si los métodos base utilizados en la composicion
son simplécticos el método resultante también lo es. Otra caracteristica es
que tanto el método resultante como su adjunto son explicitos si los métodos
base involucrados lo son. En general para un método numérico explicito su
adjunto es implicito (véase el caso del método de Euler explicito).

Los integradores tratados en esta tesis se utilizardn para problemas
autonomos,

= f(z), con x(ty) = . (1.15)
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Si f depende explicitamente del tiempo, f = f(¢,x), serd siempre en aquellos
problemas donde podamos considerar la variable ¢ cémo una variable méas
conjuntamente con la ecuacién ¢ = 1 [13]. Para visualizarlo, hagamos z =
(z,t)" y f(2) = (f(t,x),1)T. Entonces, el sistema resultante es:

()= (). o = ().

Volvamos al caso auténomo. Para una ecuacién diferencial como (1.15)
los métodos de escisién se pueden construir cuando la funcién f(x) se puede
descomponer en dos o mas partes resolubles exactamente:

f(x) = fU) + P 2) + -+ f() = ifm; (1.16)

esto es, a cada parte, fl, le corresponde una solucién exacta obtenida me-

[i]

diante la funcién ;" (zg), es decir, el flujo exacto de f [l Por lo tanto

w(to + ) = @} (z0),

corresponde a la solucién a tiempo t = £y + h del subproblema
i=fll(z), con z(ty) = .

Ahora, podemos obtener un integrador para el problema completo mediante
la combinacién de todos los flujos

Xh:gogn]o-nocpf]ocpg]. (1.17)

Este integrador, conocido como el método de Lie-Trotter, aproxima la solu-
cién exacta del problema completo a primer orden y se corresponde con el
método simpléctico de Euler x5 cuando m = 2 en (1.16).

Podemos componer los flujos de forma que el método completo sea pa-
lindrémico.

S = w[;} ow[f} o oppo. som oso[i], (1.18)

obteniendo el método de Stérmer-Verlet cuando m = 2 en (1.16). Este méto-
do puede ser escrito como S, = xh ° Xt Notese, de nuevo, como hemos

utilizado un superindice entre corchetes para indicar el orden del método.
No debe confundirse con los superindices de gp[ d
flujo exacto correspondiente a la escisién (1.16).

En el caso particular de los métodos construidos por composicién, el
adjunto del método xp, tiene la siguiente forma:

que simplemente indican el

xi=xTh = (W ool oyl ]h)
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= (1) e () era (o)

—flogflon ol

donde se han usado las propiedades (1.4) y (1.5). También, se puede usar la
propiedad (1.11) porque las soluciones exactas poseen simetria temporal.
De ahora en adelante, en esta seccién, consideraremos que la funcién
f(z) se puede separar en dos partes exactamente resolubles f(z) = fl4(z)+
fIBl(z). Por tanto el método de Lie-Trotter y su adjunto se reducen a:

A * A
Xh Zka]w%]’ XthOL]OsOEB], (1.19)

y el método de Strang a:

S = ol o Bl o A (1.20)
2 2

donde el nimero entre corchetes representa el orden del método. A partir de
ahora utilizaremos superindices con letras maytusculas para representar los
flujos exactos en caso de escisién y dejaremos los superindices con nimeros
solamente para indicar el orden de métodos compuestos

Técnicas ventajosas para incrementar el orden. A continuacién enu-
meramos las tres técnicas que se han utilizado en la presente tesis para
construir integradores geométricos eficientes de orden mayor que dos:

= Métodos de escisién: Esta técnica estd basada en la composicion
de los flujos cpg. En particular, en el caso de escision en dos partes
tenemos:

_ A (B] (4] (B] (4] [B] [A] (B]
Y = Pasiih © Poi1h © Pash © Poh © 7" ° Pagh © Pooh © Parh © Porh

= Composiciéon de método y su adjunto: Podemos componer esque-
mas usando métodos de primer orden Yy, y su adjunto x;:

* *
wh = Xasgsh © XQQS_lh O+ 0 Xagh© quh'

= Composiciones simétricas de métodos simétricos: Otra técnica
muy eficiente es componer métodos de segundo orden con simetria
temporal:
_ ¢l2 2] 2] 2]
SSh - Sash o as_1h 00 Sozzh © Salh'
En todos los casos, los coeficientes a;, b; y «; se eligen para que el método
completo alcance un cierto orden r.
A lo largo de este trabajo, para obtener nuevos integradores numéricos
se ha hecho uso del formalismo de Lie [13, 62]. Empleando este formalis-
mo explicaremos en las siguientes secciones las técnicas de construccion de
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integradores. No obstante existen otras técnicas equivalentes, entre ellas des-
tacamos la teoria generalizada de los rooted trees utilizada en particular en
la teorfa de los métodos de Runge-Kutta [97, (2].

Dedicaremos unas secciones a estudiar las tres técnicas nombradas an-
teriormente y luego, por completitud, comentaremos otras tres importantes
técnicas que también son ampliamente utilizadas en la literatura sobre méto-
dos de escisién y composicién.

1.3.1. Métodos de escision

Tal como hemos explicado, los métodos de escisién se pueden construir
cuando la funcién f(x) puede separarse en dos o més partes, de manera
que el subproblema asociado a cada parte sea resoluble explicitamente. En
este apartado trataremos la construccién de métodos de escision cuando
f(z) = fA(x) + fIB)(z). Dichos esquemes tienen la forma:

Yn = o) ol ol ool ol o gl o plB) (1.21)

Notese cémo, para construir el esquema se ha utilizado la propiedad FSAL
(First Same As Last): el primer y el ultimo flujo corresponden a la misma
parte de la escision. Asi, de una aplicacién del método a la siguiente ambos

flujos se pueden computar al mismo tiempo haciendo uso de la propiedad
(1.2) t Bl Bl _ Bl
2), en este €aso L © Py = Py bkt

A cada flujo exacto gog}, (i = A, B) se le asocia una transformacién de

Lie [13] (ver apéndice A.2 para més detalles):

] ehA’ ¢£LB] — ehB7

(A
Ph

siendo A y B las derivadas de Lie correspondientes a f[4 y a f[B] respecti-
vamente:

SN L 0
A=Lyjn =) f 5 B=Lys =Y f B

i=1 v i=1

Por tanto, un esquema como (1.21) puede asociarse a una composicién de
transformaciones de Lie:

\I’(h) — 6Z(h) — eblhBealhAebghBeaghA . ebshBeaShAestrlhB’ (1'22)

de manera que ¥ (h) es el operador diferencial a ¢, y Z(h) puede interpre-
tarse como el operador asociado al campo de vectores modificado. Se observa
que las transformaciones de Lie aparecen con una ordenacién opuesta a los
flujos en vy, (ver apéndice A.2).
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La ventaja de utilizar exponenciales de operadores para representar el
método es que se puede aplicar recursivamente la férmula de Baker—Campbell—
Hausdorff (BCH) [119]

eAeB — eA+B+%[A,B]-&-%[A,A,B]—I—E[B,A,B]—f—...’
donde [A, B] = AB— BA es el conmutador y aquellos de més de dos elemen-
tos se entienden anidados a la derecha [A, A, B] = [A, [A, B]] (ver apéndice

A.1.1). Con la aplicacién recursiva de la férmula BCH se puede obtener una
expresién de Z(h) = log(¥(h)):

Z(h) = hwy 1A + hwy 9B + h?wa 1 [A, B] + h3ws 1[A, A, B]
+ h3w3,2[B7 A7 B] + O(h4)7

donde w; ; son polinomios de los coeficientes a; y b;. Los operadores Ay B
generan un algebra de Lie que llamamos L(A, B) y el operador Z(h) perte-
nece a ella. La base que utilizamos para esta dlgebra tiene los conmutadores
anidados a la derecha y sus primeros elementos son:

N1 = A; Nig = B; Noy = [A, B];
N31:[AaA7B]; N32:[B7AvB];
N41:[A,A,A,B]; N42:[B,A,A,B}; N43:[B,B,B,A].

Ademis,

L(A,B) = é[f’(A, B),

i>1

siendo £(A, B) la componente homogénea de grado i, compuesta por todas
las combinaciones lineales de conmutadores formados por i operadores A,
B. La dimensién de L£'(A, B) viene determinada por la formula de Witt [00]:

n(i) = % S uldyvi, (1.23)

dfi

donde el sumatorio es sobre todos los enteros d que dividen a i, v es el
nimero de elementos generadores del dlgebra, en este caso 2, y la funcién p
es la funcién de Mdbius, donde pu(1) = 1, pu(d) = (—1)? si d es el producto
de ¢ factores primos distintos y pu(d) = 0 en cualquier otro caso. Para esta
algebra los primeros valores de las dimensiones de las subdlgebras son n(i) =
2,1,2,3,6,9,18,....

El operador Z(h) puede ser expresado mediante combinacién lineal de
los elementos de la base:

n(i)

Z(h) = Z hl Zwi,jNM.

i>1 j=1
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Si logramos que el operador Z(h) sea igual hasta cierto orden, digamos r,
al operador asociado al campo de vectores de la solucién exacta, X (h) =
hA + hB, es decir que Z(h) sea

Z(h) = hA +hB + O(h™ 1),
entonces, el operador W(h) = eZ(") ser4 el asociado a un integrador de orden
r. Para realizar esta tarea deberemos resolver las ecuaciones:

wig =wig =1, wij=0 siendo 1 < i <r, j <n(i),

conocidas como condiciones de orden, cuya forma a primeros érdenes es

[20, 13]:

s+1 s+1 7 1

s
w11 = Zai7 w12 = Z b, wo1 = Z b; Zaj Y (1.24)
=1 =1 =1 7=1

. 2 2
s+1 i 1 s s+1 1
w31 = § bi § a | =3 w32 = § i § bj | — 3
i=1 j=1 i=1 j=1

donde se considera as11 = 0.

En la literatura se pueden encontrar métodos de escisién muy eficientes:
los métodos de cuarto orden de McLachlan [36] y los métodos de cuarto y
sexto orden de Blanes y Moan [28] son buenos ejemplos.

Una caracteristica a remarcar de este tipo de integradores es que los
s [A] [B] int biabl A ti . 1;

jos ¢,y @)~ son intercambiables. A continuacién explicaremos un caso

donde esto no es cierto.

Un caso particular: Escisién de tipo Runge-Kutta-Nystrom Un
método Runge-Kutta—Nystrom es aquel método tipo Runge-Kutta espe-
cialmente disenado para ecuaciones diferenciales que se pueden escribir en
la forma:

. d%y

V= e
En el caso de métodos de escisién, este tipo de ecuaciones diferenciales, me-
diante la escisién que veremos a continuacion provoca que varios elementos
del dlgebra generada por A y por B se anulen autométicamente. Este hecho
hace posible el diseno de métodos de escision especialmente adaptados. Este
tipo de métodos de escision se conocen en la literatura como métodos de
escision tipo Runge—Kutta—Nystrom, de ahora en adelante RKN. A su vez,
este hecho comporta que los flujos gogf] y 4,0;131 no sean intercambiables, te-
niendo que distinguir entre dos tipos de esquemas: por un lado, los esquemas
ABA

=g(y), y e RP. (1.25)

_ [A] (B] (A] [B] (4] .
Ap = Pagirh © Poh © Pagh © 7" Poh ©Payhy
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y por el otro, los esquemas BAB

A A B
Bi = @) O Pk O Pip 00y 0ol

Para aplicar la técnica de escision a este tipo de problemas deberemos
convertir previamente la ecuacién de segundo orden § = g(y) en un problema
de primer orden. Esto, lo haremos definiendo v = gy y planteando la siguiente

=(0)-6)+ () e

Los sistemas & = fl!(y,v), (i = A, B) tienen como solucién exacta:

Py, 0) = (y + ho, v), PPy, 0) = (g, + hg(y)),  (1.26)

respectivamente, y las derivadas de Lie correspondientes son:

d
0

- ] = — 1 —_—.
A= Ly Zglv oy B = Lyin ;:19 (y)aw

El corchete de Lie [A, B] es:
d

d 89
— . J
B Z; 9i) Z "Oy; avj

y el corchete de Lie [B, A, B] es:

39

[B,A,B] =2 Z d

= 8yl 811]

Noétese que, este iltimo operador sélo depende de y y por tanto [B, B, A, B] =

0. La anulacién de este operador provoca que para orden mayor que 3 el

numero de condiciones de orden necesarias se reduzca. Asi, el nimero de

condiciones de orden independientes pasa a ser I(r) = 2,1,2,2,4,5,10,...
[92].

Un ejemplo relevante es el de los sistemas mecanicos donde el Hamilto-
niano asociado es de la forma H(q,p) = %pTM ~Ip+V(q) y en consecuencia
las ecuaciones del movimiento son § = —M 'V ,V(q). Para este caso los
flujos exactos (1.26) toman la forma

sDELA] (¢.p) = (¢ + hM 'p,p), @%B] (¢,p) = (¢, p — hV,V (q)),

y el corchete de Lie [B, A, B] es la transformacién de Lie asociada a la funcién
Hamiltoniana —(V,V)"M~1V,V, que sélo depende de las g.
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Otro caso interesante donde se pueden aplicar este tipo de integradores
es en sistemas Hamiltonianos que se pueden separar en la forma H(q,p) =
Ho(q,p) + V(q) siendo Hy una funcién cuadratica en momentos [13].

Hay otro tipo de ecuaciones diferenciales de segundo orden donde tam-
bién son aplicables este tipo de métodos [20, 13]. Si la ecuacién diferencial
se puede escribir como

. d%y .
j=—5=Mj+a)+eol), yer®, (1.27)
el problema se puede transformar en una ecuacién diferencial de primer

orden definiendo v = ¥ con la siguiente separacién:

r= <g> N <MU fgl(y)) " (92(2?;)) = M) + 20,

La solucion exacta de los sistemas asociados a estas funciones es, respecti-
vamente

A B
eh (4.0) = (y+hoo £ hMo+ha(), 9 (4.0) = (.0 + hoa(w)),
y podemos aplicar los métodos de escisién tipo RKN.
Los métodos de escisiéon RKN mas eficientes que se pueden encontrar en
la literatura son los de orden 4 y 6 presentados por Blanes y Moan en [25]
y nuestros métodos de orden ocho presentados en esta tesis (ver capitulo 4)

y en [17].

1.3.2. Composicién de método y su adjunto

Esta técnica estd basada en la composicién de un método de primer
orden, xp, y su adjunto, X7, de forma intercalada con diferentes coeficientes:

wh = XQQSh o Xngflh 0---0 XCYQh © leh' (128)

Y'(h)

Al método base x, se le puede asociar el operador e y a su adjunto el

operador e~ Y (=h) (ver apéndice A.3), donde Y (h) tiene la forma:
Y (h) :hY1+h2Y2+h3Y3+“'=ZhiY;
i>1

siendo, por consistencia, Y1 = F' = Ly la derivada de Lie asociada a f(x):

- 0
Ly = i(r)—.
i=1
Asi, el integrador numérico 1y, tiene asociado el operador ¥ (h), el cual puede
ser expresado como producto de estos operadores:

\I/(h) = eZ(h) = efy(falh)ey(o‘Qh) ce efy(beS—lh)eY(C“Qsh)_
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De nuevo, Z(h) se puede obtener aplicando recursivamente la formula BCH:

Z(h) = hwi 1 F + h*wz1Ya + hPws 1 Vs + hPws o [F, Y3
+ h4W4,1Y21 + h4W472[F, ng] + h4W473[F, [F, YQH + O(hS),
donde w;; son polinomios que sélo dependen de los coeficientes o y los

conmutadores se entienden anidados a la derecha. Si renombramos los con-
mutadores como:

Cii=F; (o =Yo C31 =Y53; C3p = [F,Y3];
Cy =Yy, Cu=[F\Y3]; Cu3=][F,F,Y,

podemos escribir de forma méas compacta Z(h) como:
()
Z(h) = Z ht Z wiijm.
i>1 =1
Asi, los operadores diferenciales Y; generan un dlgebra de Lie que llamamos
L(Y1,Y3,Y3,...). Ademds, este dlgebra estd graduada:
o0 .
l’ﬁ(Yl,YVQ,YE}, o ) = @EZ(YVhYé’Yé’ .. ')a
i>1

siendo L£!(Y7,Ys,Y3,...) la componente homogénea de grado i compuesta
por todos los operadores de grado ¢ (ver apéndice A.l) pertenecientes a
L(Y1,Y2,Ys,...) de forma que

Ci,j S ﬁi(Yl, YQ, 1/3, . )
Las dimensiones de estas subdlgebras vienen determinadas por la férmula
de Witt (1.23) [90] aplicada a este caso: ¢(r) =1,1,2,3,6,9,18, ...
Ahora, si se consigue que Z(h) sea igual hasta orden r al operador aso-
ciado al campo de vectores de la solucién exacta, X (h) = hF, es decir:

Z(h) = hF + O(h™ 1),

estoeswy ] =1yw;; =0paral <i<ryj<c(i), el integrador construido

serd de orden r. Las primeras w; j son explicitamente [20, 13]:
2s 2s 2s
Z Z i 2 Z 3
w11 = Qj, w21 = (—1) a;, w31 = ag,
i=1 i=1 i=1

2s—1 2s—1

2s 2s
w32 = % Z (—1)i+104? Z aj + Z o Z (—1)ja§ .
=1

i=1 j=i+1 = j=i+1
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Una caracteristica importante de este tipo de composiciones, demostrada
por McLachlan en [30], es que cualquier método de escisién en dos partes
que al menos sea consistente (), a; =, b; = 1):

_ [B] (4] [B] (4] [B]
Vn = Poei1h © Pash © Poh © 7 Payh © Poyi

puede ser expresado como una composicién de método y adjunto al tomar

= ool

* *
d}h = Xagsh o XOé2s—1h ©0--+0 Xazh o qufm

donde

b =au, a; = agi—1 + a2 y bit1 = i + 2iq1.
Asi pues, los métodos de escisién en dos partes (1.21) y los de composicién
(1.28) son equivalentes cuando x; = ¢£lB] o (p[f:q] (o intercambiando A y
B), y en consecuencia los métodos mas eficientes de escisién en dos partes
presentes en la literatura [36, 28] son unos buenos candidatos para utilizar
como métodos de composicién.

Coeficientes negativos para 6érdenes mayores que dos. Todos los
métodos de escision (1.21) necesitan al menos un a; y un b; negativos si
el orden del método es mayor o igual que tres y en el caso de métodos de
composicién (1.28) uno de los «a; necesariamente ha de ser negativo [11].
Esta caracteristica es inherente a los métodos de escision y composicién.

La existencia de tamanos de paso negativos para métodos de escisién y
composicién de orden mayor que tres no supone ningin inconveniente en un
gran nimero de problemas, por ejemplo, en la dindmica Hamiltoniana. Pero,
por ejemplo, en el caso de ecuaciones en derivadas parciales que involucren
al operador Laplaciano esto es una limitacion, como veremos mas adelante.
La prueba de la necesidad de tamaifios de paso negativos para orden mayor
que 2 fue obtenida originalmente en [107, , , 57]. A continuacién
reproducimos la prueba de Blanes y Casas de [11, 13].

Cualquier método de composiciéon de método de primer orden y su ad-
junto (1.28) para orden mayor que tres debe verificar la condicién ws; = 0.
Por tanto, debe existir al menos un a; < 0. Para esquemas basados en la
técnica de escisién tenemos la misma restriccion. La condicién w3 puede
expresarse como:

2s s

3 3 3

w31 = E ap = E (i1 + a3;) = 0.
i=1 i=1

Entonces debe existir algin ¢ en esta suma que verifique:

3 3
Qi + ay; <0,
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y como 3 + y® < 0, para todo z,y € R, implica que = + y < 0, tenemos
agi—1 + ag; <0,

y esta udltima ecuacién puede ser usada en la conversién de métodos de
composicién a métodos de escision tal como hemos visto anteriormente. Por
tanto, uno puede escribir:

a2i—1 + ag; = a; < 0.

El mismo razonamiento se puede usar para coeficientes b; pero con:

2s s—1
_ 3 _ 3 3\
w31 = E a; = E (ag; + agi4q) =0,
i=1 i=0

en vez de la anterior. En consecuencia, cualquier esquema construido con
estas técnicas y que haga uso solamente de coeficientes reales necesariamente
requerird un a; < 0 y un b; < 0 si el esquema en cuestion tiene un orden
mayor que dos. Noétese que el razonamiento estd ligado a la suposicién de
que los coeficientes son reales. Si los coeficientes son complejos se pueden
construir métodos de escisién y composicién manteniendo las partes reales
de los coeficientes positivas hasta cierto orden [15]. Volveremos a esto mas
adelante.

1.3.3. Composiciones simétricas de métodos simétricos de
orden 2

Una técnica muy ventajosa a la hora de construir métodos de composi-
cién de orden alto es componer métodos simétrico-temporales de orden 2n
(n=1,2,...) de manera simétrica. Aqui nos centraremos en el caso n = 1,
pero se pueden construir métodos con una técnica similar a la que vamos a
explicar para cualquier n [12].

Denotaremos al método base como & [2], pero esto no significa que sea
el método de Stormer-Verlet necesariamente, simplemente un método de
segundo orden con simetria temporal. Con esta técnica el esquema resultante
tendra la forma:

88, =8, 087 0. 08P o8P (1.29)
y al igual que en el caso previo, al método base Sf[?] se le puede asociar
un operador exponencial 3", En este caso, como el método asociado es
simétrico—temporal S(h) sélo contiene potencias impares de h (ver apéndice
A3):
S(h) = hSy + S+ 1785+ => h* 1Sy 4
i>1
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donde por consistencia S1 = F' = Ly, siendo Ly la derivada de Lie asociada
a f(z) de (1.15). Asi, el esquema SS}, tiene asociado un operador diferencial
de la forma:

U(h) = eZ(0) = Slarh)gS(azh) . S(bs-1h) S(ash)

?

siendo Z(h) el operador asociado al campo de vectores modificado. Aplican-
do recursivamente la formula BCH obtenemos:

Z(h) = hwl,lF + h3w37153 -+ h4W4’1[F, Sg] + O(h5),

siendo w; ; polinomios que sélo dependen de los coeficientes a. En este caso
los elementos generadores del algebra son los operadores S; y llamamos a
este algebra £(S1,S3,S55,...), cuyos primeros elementos de la base son:

My =F; Mz = Ss; My = [F, S3l;
Mgy = Ss5;  Msy = [F, F, S3]; Me1 = [F,S5]; Mo = [F) F, F, S5,

donde aquellos con més de dos operadores se entienden anidados a la derecha.
Al igual que en los casos anteriores, este algebra de Lie estd graduada:

L(S1,85,55,...) =P L(S1,55,55,...),

i>1

siendo L£¢(S4,S3,S5,...) la componente homogénea de grado i compuesta
por todos los operadores de grado i (ver apéndice A.l) pertenecientes a
L(S1,S3,85,...) de forma que

M, ; € L'(S1,S3,55,...).

Las dimensiones de estas subalgebras vienen determinadas por la férmula de
Witt (1.23) [90] aplicada a este caso: m(r) =1,0,1,1,2,2,4,.... Utilizando
los elementos de la base se puede expresar Z(h) de un forma més compacta:

Z(h) = Z hl Z wi’ij.

i>1 j

Si conseguimos que el campo de vectores modificado Z(h) sea igual, hasta
cierto orden r, que el campo de vectores asociado a la solucién exacta X (h) =
hF:

Z(h) = hF + O(h™ ),

es decir wiy =1y w;; =0 para 1 <i <r,j < m(i), obtendremos un inte-
grador numérico de orden 7 y si el método base es un integrador geométrico,
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la composicién también lo serd. En este caso las primeras w; j son explicita-
mente:

s s
3
w11 = ZO&@, w31 = Z a;, (1.30)
i=1 =1

s—1 s

s
OJ471:%Z [0 Zak —Oéj Za%

j=1 k=j+1 k=j+1

<l

Hay muchos integradores numéricos construidos con esta técnica en la
literatura. Nosotros destacamos los esquemas de orden 4, 6, 8 y 10 que se
pueden encontrar en los articulos [86, 74, 110].

1.3.4. Sobre el patron de los coeficientes y las etapas

En la tabla 1.1 se muestra el nimero de condiciones de orden necesarias
para alcanzar un orden dado con las diferentes técnicas que se han presen-
tado.

Orden r 1 2 3 4 5 6 7 8 9 10
n(r) 2(1) 1.2 3 6 9 18 30 56 99
I(r) 2 1 2 2 4 5 10 14 25 39
m(r) 1 0112 2 4 5 8 11

Tabla 1.1: Numero de condiciones independientes a resolver para diferentes casos:
n(r) en escisién general, [(r) en escisién RKN, y m(r) para composiciones simétricas
de métodos simétricos de segundo orden. El caso de de las composiciones de primer
orden utilizando método y adjunto, ¢(r), se corresponde con n(r) salvo a primer
orden.

Si se quiere obtener un integrador de orden r se deberdn cumplir, por
ejemplo en el caso de escisién, Y., n(i) condiciones. Pero existe una forma
para reducir el nimero de condiciones necesarias a resolver, y ésta consiste
en componer esquemas que sean simétricos temporales por construccion, es
decir ¢, = ;. Esta forma de construccién hard que el operador asociado
Z(h) s6lo tenga términos impares en su desarrollo en serie (para mas detalles
ver el apéndice A.3) y por tanto las wo;; se anulen automaticamente. Asf,
si componemos esquemas que cumplan esta condicién por construccion, las
columnas con r par de la tabla 1.1 no se tendran en cuenta en el computo
total de condiciones de orden a resolver. Utilizando la propiedad (1.10) de
los flujos numéricos es sencillo ver como para que los métodos de escision
y composicion sean simétricos temporales por construccién, sus coeficientes
deben seguir el patrén palindréomico. Asi, en el caso de escisién (1.21)

_ [B] (A] [B] (4] [B] (4] [B]
Vn = Poei1h © Pagh © Poh © 7" Payh © Py © Parh © Porho
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el método serd simétrico-temporal si sus coeficientes cumplen a; = as42-; y
b; = bsy1—4; en el caso de composicién de método y adjunto (1.28)

* *
Uh = Xassh © Xame_1h © """ © Xazh © Xah

el método serd simétrico-temporal si a; = as41—4, y, por ultimo, en el caso
de composiciones simétricas de métodos simétricos de segundo orden (1.29)
_ cl2 2] 2] 2]
SSh - Socsh o Sasfﬂz 00 Sagh o atrh’
esto se cumplird cuando o; = agy1—-
Utilizando este tipo de patréon en los coeficientes y considerando una eta-
pa como una evaluacién de la funcién f(x) de (1.15), en la tabla 1.2 se mues-

tran el nimero de etapas minimas para alcanzar un orden dado utilizando
las técnicas descritas en este trabajo para la construccién de integradores.

Ordenr |4 6 8 10
S 3 9 27 83
RKNS |3 7 17 42
SS 3 7 15 31

Tabla 1.2: Minimo ntimero de etapas necesarias para obtener un orden r en métodos
de escisién simétricos temporales (o composicién) en la primera fila, para escisién

RKN simétricos temporales en la segunda fila y para composiciones de S,[f] en la
tercera fila.

Expliquemos en detalle los resultados de la tabla 1.2 para cada una de
las técnicas:

= Escision. En el caso de escisién, una etapa corresponde a una evalua-
cion del flujo cpEZA] y a una del flujo chB] y si se hace uso de la pro-
piedad FSAL un método como (1.21) tiene un total de s etapas. Con
esta técnica el niimero de etapas es s = n., — 1 siendo n. el niimero de

condiciones a resolver, por tanto el minimo nimero de etapas para un

integrador de orden r se puede expresar como s = (Z:i 21 n(2i — 1)) -1

y en el caso RKN como s = (E:ﬁ 1(21 — 1)) — 1. Estos valores co-

rresponden con los valores de la segunda y tercera fila de la tabla 1.2
respectivamente.

= Composicion de método y su adjunto. En el caso de este tipo de compo-
siciones basicamente es como el caso de escisién: una etapa corresponde
a una evaluacion de un método y a una de su adjunto. Por ejemplo,
un método como (1.28) tiene s etapas.
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= Composicién simétrica de métodos simétricos de segundo orden. Con-

]

. . . 2
sideramos una etapa como una evaluacién completa del método S}[L .

Con esta técnica el nimero de etapas necesarias para resolver n. condi-
ciones de orden corresponde a s = 2n.—1. Si se sigue el patrén de coefi-
cientes palindromos para obtener un integrador simétrico—temporal el

numero de etapas minimas para un orden r es s = (ZZ 21 2m(2i — 1)) —
1, coincidiendo con la tltima fila de la tabla 1.2.

1.3.5. Otras técnicas ventajosas

En este apartado se presentan otras técnicas apropiadas para construir
métodos de escisiéon y composicién.

Sistemas casi—integrables Hay un cierto tipo de sistemas dindmicos en
los cuales la ecuacién diferencial (1.15) se puede escribir como & = fI4(z) +
efBl(x) donde € es un pardmetro pequefio, |¢| < 1, y cada una de las dos
partes es exactamente integrable. Se trata de un sistema que permite una
escision en la cual una de las dos partes contribuye mas que la otra, de
aqui el nombre de casi—integrables. Para este tipo de sistemas el desarrollo
en serie del operador Z(h) asociado al método de escisién, 1, = e? (h) ge
escribe como:

Z(h) = h(wi 1A+ ewr 2B) + e(h*wg 1 Na 1 + h3ws 1 N31 + htws1Nyy)
+ e2(hws3 2Nz 2 + htwyaNyo) + htws 4 N3 4 + O(eh?).

Entonces, si por ejemplo, se consigue que esta expresion se convierta en:
Z(h) = hF + O(eh® + €h%),

anulando las condiciones correspondientes, obtendremos un método de es-
cisién de orden generalizado [85] (4,3), es decir, de orden 4 para € y de
orden 3 para 2. De manera més general, decimos que un método es de or-
den generalizado (r1,72,...,7y) si el desarrollo del operador Z(h) es de la
forma:

Z(h) = hF + O(eh™ 1 4 2pr2tl 4o emprm ),

Como ejemplo de este tipo de sistemas, podemos citar los siguientes
sistemas Hamiltonianos: el problema de Kepler perturbado [18, 19]; el pro-
blema gravitatorio de N cuerpos [18, 19], y el movimiento de una particula
cargada en el seno de un campo magnético perturbado por ondas planas
electrostaticas [32]. En todos estos casos los métodos construidos teniendo
en cuenta esta caracteristica presentan una mejora significativa frente a la
escisién en energia cinética y energia potencial, H =T + V.

Los métodos de orden generalizados (2n,2) se pueden obtener mediante
cuadraturas [35, 80]. Para métodos de orden més alto, los presentados en
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[18, 49] de orden (8,6,4) y (10,6, 4) ofrecen una mejora de varios 6rdenes de
magnitud para el problema gravitatorio de N cuerpos frente a los métodos
de escisién generales.

Uso de potenciales modificados Los métodos de escision que hemos
presentado se han construido mediante los flujos asociados a las transforma-
ciones de Lie e y e/'B | pero se pueden construir esquemas de integracién
haciendo uso de otros flujos asociados a otras transformacions de Lie. En
[12, 76] encontramos un método de orden 4:

(s @[5] ° 90[24] ° 90[;{9} ° <P[?AB] ° 80[;]3] ° @[24] °© 90[5}
§ 3 3 ' m 5 3§
. [BAB] - ;o oh[B,A,B]
donde el flujo ¢}, corresponde a la transformacién de Lie e”7+"1. En ge-
[A] (B] [BAB]

neral los flujos ;v ;" son sencillos de programar, pero el caso de ¢;

no tiene por qué serlo. No obstante, si nos cenimos al caso del hamiltoniano

H(q,p) = ip"M~'p+V(q), el flujo wﬁlBAB] es de la forma:

o g p) = (q,p + 1V, (VqV(q)TM ‘1VqV(q))) :

y como se trata de un caso RKN, @%B] conmuta con goEfBAB], pudiéndose

calcular ambos de manera simultanea:
B,BAB _
ehoe ap) = (4,0 = MV V (@) + W3V, (VY (@) M7V (@) ).

y asi reexpresar el método como

B A B,BAB A B
Yn = @ o gl 0 ol BAP 0 Gl 6 I, (1.31)
6 2 3772 2 6
Noétese como el flujo cp[;}gl’/]géf;? se puede interpretar como el flujo

wLV] (¢,p) = (¢,p — KV V (g, h)),

asociado a un potencial modificado:

- 2 1

Vlg.h) = 3V(a) = h*V,V (@) MY,V (q).

Es importante senalar cémo con el uso de esta técnica el requisito de
coeficientes negativos a partir de cierto orden pasa de tres a cinco, tal como
se muestra en [13].



26 Capitulo 1. Introduccion

Técnica del procesado Al contrario que en los casos anteriores, la técni-
ca del procesado [23] es aplicable conjuntamente con cualquier técnica de
las vistas con anterioridad.

Los métodos de procesado se separan en dos partes, por un lado el nicleo
1y, y por el otro lado el procesador, 7. De tal forma que, la aplicacion del
método completo consiste en:

b =m0y om, . (1.32)

La aplicacién de n pasos del integrador 7]1}1 sera:

1[12 = 7, 0 Yy 0ﬂ;1.

Asi pues, la ventaja de esta clase de métodos consiste en aplicar el prepro-
cesado al principio 77}:1, realizar la integraciéon numérica con el nicleo ¢y y
solamente al final (o cuando necesitemos obtener datos) aplicar el postpro-
cesado 7j,. De esta forma el procesador m;, puede verse como un cambio de
coordenadas en el espacio de fases que mejora la precisién del método y,.

Ademsds, para integradores de esta clase, sélo los términos de error en
el nicleo que no pueden ser eliminados por un procesador son relevantes a
largo término [13].

En la literatura se encuentran diferentes métodos de procesado altamen-
te eficientes para métodos de escisién en dos partes [23], para métodos de
escisién tipo RKN [20] y para métodos casi-integrables [37, 24].

1.4. Composiciones con coeficientes complejos

Como hemos dicho anteriormente, una de las caracteristicas de los méto-
dos de escisién y composicion con coeficientes reales es que algunos de esos
coeficientes han de ser necesariamente negativos cuando el orden es mayor
que dos. Esta caracteristica tiene algunos inconvenientes. Primero, la evo-
lucién a cada paso de integracién presenta el tipico zigzag (o estructura
‘fractal’) [114, 62] debido a los retrocesos temporales que implican los coefi-
cientes negativos. Segundo, por consistencia deben haber coeficientes posi-
tivos grandes, que como consecuencia conducen a errores de truncamiento
y errores globales grandes. De hecho, normalmente es necesario considerar
mas términos de los estrictamente requeridos por las condiciones de orden
para conseguir integradores eficientes. Tercero, hay problemas donde utili-
zar tiempos de paso negativos no es posible. Este es el caso, por ejemplo,
cuando se trata de integrar en el tiempo una ecuacién diferencial en deri-
vadas parciales que involucra al operador laplaciano: el uso de métodos de
escision con coeficientes negativos conduce a inestabilidades severas en la
solucién numérica. En estos casos es una buena opcion utilizar métodos con
coeficientes complejos que tengan la parte real positiva [21].
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Ademds hay otro caso donde el uso de coeficientes complejos también
puede resultar beneficioso: problemas donde & = f(z),z € CP, y por tanto
utilizar coeficientes complejos a la hora de aplicar un método de integracion
no supone una pérdida de rendimiento.

A continuacién, a modo ilustrativo, veremos dos ejemplos donde es 1til
la utilizacion de métodos con coeficientes complejos. Primero comentare-
mos el caso de la ecuacion semi—lineal de Fisher, que se trata de una EDP
de evolucion, y el segundo ejemplo que veremos sera el de la ecuacién de
Schrédinger dependiente del tiempo, que ademaés de ser una EDP de evolu-
cién, incorpora los complejos en su formulacién. Por ultimo daremos algunos
métodos basicos de composicion con coeficientes complejos existentes en la
literatura.

Ecuacion semi—lineal de Fisher La ecuacién semi-lineal de Fisher tiene
la forma:

0
au(x7 t) = AU(.%', t) + F(u(xa t))?

donde u : R x R — R, A denota el operador laplaciano y F(u(z,t)) es el
potencial de Fisher [105]:

F(u) = u(l —u).

Para aplicar un método de escisién (o composicién) discretizaremos el espa-
cio para obtener un sistema de N EDOs. Concretamente en el caso unidi-
mensional tendremos x € [z, zy], la funcién uy,(t) = u(z,,t), y el potencial
de Fisher discretizado F,,(t) = F(uy,(t)). Definimos

U= (ul,uQ, ce ,un).
Asi la EDO asociada a la discretizacién de la EDP es
U= AU+ F,

donde A es la matriz de diferenciacién asociada al operador laplaciano
que surge de discretizar y cuyos valores propios son negativos, y F =
(Fy, Fs, ..., F,). Ahora ya podemos aplicar el método de escisién (o com-
posicién): por un lado resolvemos el sistema U= AU y por el otro U=F.
En el primer sistema es donde no es aconsejable utilizar tamanos de paso
negativos. Teniendo en cuenta que los valores propios de A son negativos y
la solucién a U = AU es
U(t) = U (ty),

el hecho de usar un tamano de paso negativo, a menos que sea muy pequeno,
puede ser contraproducente. Este problema se agrava al considerar el tamano
de paso en el espacio z cada vez mas pequenio debido a que los valores
propios de A (en médulo) son cada vez mdas grandes. Esta caracteristica
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deriva del hecho matemaético que el operador laplaciano no esta acotado y por
tanto genera que la evolucién del sistema continuo ocurra en un semigrupo
analitico[30, 60].

Ecuacién de Schrédinger dependiente del tiempo En Mecénica Cu-
antica la ecuacién de Schrédinger dependiente del tiempo, salvo constantes,
tiene la forma:

0
za\If(x,t) = —AVY(z,t) + V(x)¥(x,1),

donde ¥ : R x R — C se conoce como funcién de onda. En este caso como
estamos en el dominio de los complejos no supone ningin coste extra utilizar
métodos de integracion con coeficientes complejos.

Al igual que en el caso anterior, debemos discretizar el espacio previa-
mente para poder aplicar métodos de escisién (o composicién). En el ca-
so unidimensional obtendriamos z € [xg,zx], la funcién de onda wu,(t) =
U(xy,t), el potencial V,, = V(z,). A continuacién definimos el vector

U= (u1,ug,...,uy),

y la matriz V' = diag(Vi, Va, ..., V,,). Asi la EDO asociada a la discretizacién
de la ecuacién de Schrédinger dependiente del tiempo es

iU = —AU + VU,

donde A es la matriz de diferenciacién asociada al operador A. Al igual que
en el caso anterior, en esta EDO es donde aplicariamos el método de escision
(o composicién), resolviendo por un lado la parte cinética y por el otro la
parte potencial.

En este caso para el sistema asociado a la energia cinética, iU = —AU,
cuya solucién es

U(t) = U (ty),

puede no ser buena idea usar tiempos t € C porque entonces podriamos
recuperar la problematica del caso anterior. Asi pues, una buena opcién
serfa utilizar coeficientes reales para la parte de iU = —AU y coeficientes
complejos para la parte asociada a iU = VU

Algunos métodos basicos con coeficientes complejos Uno de los
esquemas con coeficientes complejos més sencillos encontrado en la literatura
8, , 30, 37, 66] es la composicion double—jump:

3 2 2
S =5 08k, (1.33)
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Aqui los coeficientes a y 8 deben satisfacer la condicién w11 =1y w31 =0
de (1.30) para que el método resultante sea de orden 3:
a+p=1 _ 1 V3
— = = — :I': _
a3+ﬁ3:0} a=p 27"
donde, R(a),R(B) > 0 y a = S. Fijémonos cémo el primer coeficiente es
el complejo conjugado del dltimo. Més adelante trataremos en detalle este
tipo de patrén en los coeficientes.

Podemos obtener el famoso método de Suzuki-Yoshida (composicién
triple—jump) [14, , | anadiendo una etapa de forma que el método
sea simétrico: " o o o

4 2 2 2
Si = San ©Sai © Sans (1.34)

de nuevo, los coeficientes a y  deben satisfacer wi; =1y w31 = 0 de (1.30)
para que el método resultante sea de orden 4. La solucién a las condiciones
de orden en el plano complejo es:

_ ) -1
B e T (e IR EEEE S

con k =0, 1,2. Cuando k = 0 recuperamos el método (1.14) con coeficientes
reales y con k = 1,2 tenemos un método con coeficientes complejos donde
R(a), R(B) > 0. Los esquemas (1.33) y (1.34) se pueden generalizar a érdenes
mayores [21], en el primer caso:

con

atpB=1 _ 1 , Sin(n%l

y en el segundo caso:
S = s st ot

con

)YB:1_2a7

20 + /3 -1 e eiw/(n-ﬁ-l)
2am 4 gl — &= S1/(nt1) _ 9gin/(nt1

siendo estos coeficientes resultado de la solucién a las condiciones de orden
con la fase més pequena. En ambos casos los integradores son de orden r > 3

y R(a), R(B) > 0.
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Capitulo 2

Objetivos y principales
resultados

A continuacién enumeraremos los principales objetivos abordados en esta

tesis.

Esencialmente, nos hemos enfocado en el diseno y andlisis de nuevas

familias de métodos de escisién y composicién como ejemplos candnicos de
integradores numéricos geométricos.

Este trabajo puede dividirse en dos partes. En la primera hemos tra-
tado de contribuir, en la medida de nuestras posibilidades, a la tarea de
completar algunos huecos detectados en los estudios sobre este campo. Méas
concretamente:

1.-

En primer lugar, hemos disenado nuevos métodos de composicién es-
pecialmente orientados a la integracién numérica del problema de valor
inicial & = f(x), z(tp) = zo, cuando el campo vectorial f(z) es sepa-
rable en tres o més partes y cada una de estas partes se puede resolver
exactamente. Como es bien sabido, para esta clase de problemas, uno
puede usar un método de escisién valido cuando f(z) es separable en
dos partes, debido a la relacién existente entre métodos de escisién y
métodos de composicién [90] que hemos comentado en la seccién 1.3.2.
Sin embargo, resulta que un método de escisién en dos partes optimi-
zado no conduce necesariamente a un método de composicion eficiente
para el problema donde f(x) es separable en tres o mds partes, por
lo que el problema que analizamos en detalle es cémo construir méto-
dos de composicion especialmente diseniados para el problema original.
Este es el contenido del capitulo 3, publicado como [34]:

e . Casas, A. Escorihuela-Tomas. Composition methods for dyna-
mical systems separable into three parts. Mathematics, 2020, 8,
533.

FEn segundo lugar, hemos construido métodos de escisiéon de orden alto
para ecuaciones diferenciales de segundo orden de la forma § = g(y),

31
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y € RP. Este tipo de métodos, tal como hemos visto en la seccién
1.3.1, reciben el nombre de métodos de escisién RKN, y las ecuacio-
nes §j = g(y) aparecen frecuentemente en las aplicaciones. Aunque la
forma mds sencilla de conseguir un orden alto (por ejemplo 8 o 10)
en este caso es usar una composiciéon simétrica de métodos simétricos,
hay que tener en cuenta que la estructura especial del problema con-
lleva una reduccion significativa del niimero de condiciones de orden
a cumplir. Asi que en principio parece posible conseguir métodos muy
competitivos de orden 8 haciendo uso de esta técnica aunque plantear
y resolver las condiciones de orden no sea un problema trivial. Este
problema es tratado en el capitulo 4, y corresponde al articulo [17]:

e S. Blanes, F. Casas, A. Escorihuela-Tomas. Runge—Kutta—Nystrom
symplectic splitting methods of order 8. Aceptado para su publi-
cacién en Applied Numerical Mathematics.

Como se ha comentado en el capitulo anterior, varios autores han pro-
puesto el uso de métodos de escision con coeficientes complejos con la parte
real positiva [21]. Los primeros esquemas dentro de esta familia estaban
destinados principalmente a fines tedricos mas que a realizar integracio-
nes practicas, teniendo en cuenta el coste computacional adicional debido
a la aritmética compleja. Sin embargo, durante la primera década del siglo
XXI se han llevado a cabo més estudios dando lugar a diferentes esquemas
que han sido probados en varios escenarios: los sistemas Hamiltonianos en
mecénica celeste [37], la ecuacién de Schrédinger dependiente del tiempo en
la mecénica cudntica [7, 100] y también en el contexto mas abstracto de las
ecuaciones de evolucion con operadores no acotados que generan semigrupos
analiticos [36, 66]. Durante el desarrollo de estos métodos, se han evidencia-
do la existencia de varias propiedades interesantes, aunque todavia falta un
analisis tedrico y sistemdtico de esta clase de esquemas, en particular con
respecto a sus propiedades de conservacion.

La segunda parte de la tesis puede considerarse como un paso prelimi-
nar en este analisis sistematico. Durante nuestro estudio hemos constatado
la existencia de algunas propiedades notables que poseen estos métodos, y
se han diseniado nuevas familias de integradores obtenidos por composicion
de esquemas basicos con excelentes propiedades de conservacién incluso pa-
ra integraciones a tiempos largos. Mas concretamente, nuestras principales
contribuciones en este a&mbito se pueden resumir de la siguiente manera:

3.- Hemos propuesto una nueva estrategia para la construccién de métodos
de orden alto basada en composiciones de double—jump con coeficientes
complejos pensada para ser proyectada en el eje real. Los esquemas re-
sultantes son simétricos temporales y simplécticos hasta 6rdenes altos
si el integrador bésico es simétrico—temporal y simpléctico. Ademas,
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requieren menos etapas que las composiciones estandar del mismo or-
den. El andlisis se realiza en el capitulo 5, que corresponde al articulo
publicado [33]

e F. Casas, P. Chartier, A. Escorihuela-Tomas, Y. Zhang. Compo-
sitions of pseudo—symmetric integrators with complex coefficients
for the numerical integration of differential equations. Journal of
Computational and Applied Mathematics, 381 (2020), p. 113006.

Cuando proyectamos sobre el eje real esquemas como los anteriores,
estamos efectuando una combinacion lineal muy concreta de los méto-
dos involucrados. Ademds, algunos de los métodos involucrados en los
esquemas del punto anterior siguen un patron de coeficientes particular
al que hemos denominado simétrico—conjugado:

v =8P o 8o 08 o5 (2.1)

2
ash s g
donde o; € Cy a541-5 = .

Resulta natural analizar lo que sucede cuando se considera una com-
binacion lineal mas general de composiciones simétrico—conjugadas y
sus complejas conjugadas. Tal como vemos en el capitulo 6 y en el
articulo publicado [35]:

e F. Casas, A. Escorihuela-Tomas. High order integrators obtained
by linear combinations of symmetric—conjugate compositions. Ap-
plied Mathematics and Computation, 414 (2022), p. 126700,

es posible construir nuevos métodos de orden superior conservando la
simetria temporal (y la simplecticidad). Ademads, la familia de méto-
dos construida estd muy bien adaptada para su implementacién en
entornos paralelos, y por tanto requiere menos esfuerzo computacional
que los métodos construidos en el punto anterior.

Las composiciones simétrico—conjugadas juegan un papel importante
en los dos items anteriores y sus propiedades de conservaciéon nos mo-
tivaron a analizar sistematicamente este tipo de composiciones cuando
el esquema bdsico es un integrador simétrico-temporal de segundo or-
den. Cuando el campo vectorial que define la ecuacién diferencial es
real, la aplicacién directa de un método de composiciéon con coeficien-
tes complejos conduce en general a una aproximacion compleja en cada
paso, de modo que hay dos formas de proceder: o bien proyectamos
la solucién al final de cada paso de integracién, o bien solamente se
proyecta al final de la evolucién temporal (o de forma més general, sélo
cuando se necesitan datos de salida). En el capitulo 7, que corresponde
al articulo [14]:
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e S. Blanes, F. Casas, P. Chartier, A. Escorihuela-Tomas. On sym-
metric—conjugate composition methods in the numerical integra-
tion of differential equations. Mathematics of Computation, 91
(331) (2022), p. 1739-1761.

nos limitamos tinicamente a la primera posibilidad (proyectar a cada
paso) y analizamos las preservacién de propiedades del integrador. Se
muestra, en general, que la proyeccion a cada paso preserva las propie-
dades cualitativas del sistema a un orden superior al orden del propio
método. Ademds, se demuestra que es posible obtener esquemas de or-
den superior que involucran un nimero menor de integradores basicos
en comparacion a cuando se utilizan composiciones palindrémicas.

6.- En la seccién 1.4 hemos mencionado cémo la aplicacién de métodos de
escisién y composicion con coeficientes complejos a ecuaciones diferen-
ciales cuyo campo vectorial es complejo no supone ningin incremento
en el coste computacional, y hemos mencionado el caso concreto de la
ecuacion de Schrodinger dependiente del tiempo. En este caso, al utili-
zar métodos con coeficientes complejos perdemos la unitariedad de la
solucion. Este problema es abordado en el capitulo 8, que corresponde
al articulo [16]:

e S. Blanes, F. Casas, A. Escorihuela-Tomas. Applying splitting
methods with complex coefficients to the numerical integration
of unitary problems. Journal of Computational Dynamics, 9(2)
(2022), p. 85-101.

Aunque esto constituye sélo un estudio preliminar, se muestra que los
métodos de escisién simétrico—conjugados aplicados a la integracion
numérica de la ecuacién de Schrodinger en el grupo SU(2) son conju-
gados a un método unitario para valores suficientemente pequenos del
tamanio de paso. Ademads, los experimentos numéricos muestran que
una cierta clase de métodos de escisién simétrico—conjugados se pue-
den aplicar con seguridad a este problema, al igual que otros métodos
que solo involucran coeficientes reales.

A continuacién proporcionamos un breve resumen de las principales con-
tribuciones mencionadas, tal como se presentan en los capitulos 3 a 8.

Capitulo 3: Composition methods for dynamical sys-
tems separable into three parts
Hay problemas relevantes donde la f(z) del problema de valor inicial

& = f(x) con z(0) = z¢ debe descomponerse en tres o més partes para
garantizar que cada subproblema se pueda resolver explicitamente. Algunos
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ejemplos son el flujo de Arnold-Beltrami-Childress (ABC) [3], la ecuacién de
Schrodinger discreta no lineal y desordenada (DDNLS de sus siglas en inglés)
[109], el movimiento de una particula cargada en un campo electromagnético
sometida a la fuerza de Lorentz [(8, (9], y las ecuaciones de Vlasov-Maxwell
en la fisica de plasmas [9]. El objetivo principal del articulo es presentar
un tipo de métodos de integracion eficientes para este tipo de problemas y
comparar su rendimiento en algunos ejemplos fisicos de esta clase.

Para simplificar, se analiza en detalle el caso en que f(x) se divide en
tres partes. De esta manera se tiene

f(x) = @) + [Pl (2) + f)), (2.2)

donde cada subproblema 4 = fll(z) (i = A, B, C) puede resolverse explici-
tamente con x(t) = gpl[f] (z9). Por supuesto, también se puede considerar un
método de escisién de la forma

A B C B A C B A
Uy, = @l 0 g 0 pih ot o 0ol ol ol L (2.3)

y determinar los coeficientes a;, bj, ¢; para que (2.3) sea un método de
integraciéon de, digamos, orden r. El principal inconveniente de este enfoque
es el gran nimero de condiciones de orden (y, por tanto, el nimero de etapas)
que intervienen en la composicién, tal como se observa en la tabla 2.1. Asi, un
método de escision simétrico-temporal de cuarto orden requeriria resolver
11 condiciones de orden, mientras que uno de orden 6 requiere 56.

Un segundo enfoque consiste en considerar métodos de composicion for-
mados con el esquema bésico de primer orden

A C
Xh = w% lo sOLB} o @L ] (2.4)

(o cualquier permutacién de sus flujos) y su adjunto

* C A
=l oo ol

En este caso el esquema serd

\Ilh = Xa1h © Xj;zh OO0 Xags_1h © X223h7 (25)

donde los coeficientes o son elegidos para conseguir el orden deseado. En
este caso, el nimero de condiciones de orden a resolver es mucho menor (ver
tabla 2.1). Obsérvese que el esquema general sigue siendo de la forma (2.3).

Se puede, de hecho, construir una clase particular de métodos (2.5) to-
mando en consideracion la relacién existente entre los métodos de composi-
cién y escision cuando f(x) se separa en dos partes, tal como se ha visto en
la seccién 1.3.2. En otras palabras, cualquier método de escision existente
disenado para sistemas separables en dos partes se puede adaptar a esta
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Orden r 1 2 3 4 5 6 7 8
Escision ABC |3 3 8 18 45 116 312 810
Composicién |1 1 2 3 6 9 18 30

Tabla 2.1: Numero de condiciones requeridas para alcanzar orden p con escisiéon y
composicién cuando la f(x) se debe separar en tres partes.

situacién tomando (2.4) como esquema bésico. Sin embargo, se puede hacer
mejor y disenar un método de la forma (2.5) desde cero, es decir, resolviendo
las condiciones de orden y aplicando criterios de optimizacién especialmente
orientados. En el presente articulo, procediendo de esta manera buscamos
integradores numéricos de orden 4 que minimizan la 1-norma del vector for-
mado por los coeficientes, el principal término de error del campo vectorial
modificado de orden 5, y también el error en la conservacién de energia para
sistemas Hamiltonianos.

Hemos construido nuevas familias de métodos de composicién de cuarto
orden mas eficientes que los mejores métodos de escisién disenados para
sistemas separables en dos partes [28] cuando son aplicados a problemas de
este tipo.

Capitulo 4: Runge-Kutta—Nystrom symplectic split-
ting methods of order 8

Como se ha dicho antes, hay un amplio abanico de problemas que pue-
den escribirse como una ecuacién diferencial de segundo orden de la forma
i = g(y),y € RP. Entre ellos podemos destacar todos aquellos sistemas Ha-
miltonianos donde la funcién Hamiltoniana es H(q,p) = %pTM “p+V(g).
Para este tipo de problemas las composiciones simétricas de métodos simétri-
cos nos valen como integradores simplécticos si los integradores basicos lo
son. Pero podemos hacer uso de la anulacién del operador [B, B, A, B] para
poder reducir las condiciones de orden necesarias y asi obtener lo que en la
literatura se denomina un método de escision RKN (ver seccién 1.3.1). De
esta forma se pueden construir esquemas mas eficientes para este tipo de
problemas.

Las condiciones que se han de resolver para alcanzar un orden dado se
dan en la tabla 2.2. Se puede observar como para orden 8 los métodos de
escision RKN pueden llegar a ser competitivos.

En este drea estdbamos interesados en la construcciéon de este tipo de
métodos de orden 8 que como minimo fueran mas eficientes que las compo-
siciones simétricas de métodos simétricos (SSE]) cuando se aplican a pro-
blemas del tipo § = g(y).

Podemos encontrar en la literatura otros métodos de escisién RKN de or-
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Orden r 2 4 6 8 10
Escision 1 2 6 18 56
Escision RKN 1 2 4 10 25
SS composiciones |1 2 4 8 16

Tabla 2.2: Numero de condiciones requeridas para alcanzar orden r para méto-
dos simétricos temporalmente con la técnica de escisién, con escision RKN y con
composiciones simétricas de métodos simétricos.

den ocho, pero utilizan algunas modificaciones en el esquema, especialmente
dos: por un lado usando la técnica del procesado [25, 26] y por el otro utili-
zando potenciales modificados [25, 99] (ver seccién 1.3.5). Nosotros estamos
interesados en esquemas de escision RKN sin ningtin tipo de modificacion,
es decir, sin procesador y solamente usando evaluaciones de la funcién g(y)
en cada paso. En este caso, solo existe en la literatura un método de escision
RKN de orden ocho, un esquema ABA de 17 etapas [9%], pero no tiene un
buen rendimiento.

Nuestra contribucion en este articulo ha sido obtener, implementar y
resolver las condiciones de orden de métodos de escision RKN para asi cons-
truir métodos eficientes de 17, 18 y 19 etapas. Realizamos esta busqueda
para esquemas ABA y BAB, y obtuvimos mas de 2000 posibles integrado-
res de estos seis posibles tipos, seleccionando los mas eficientes para cada
posibilidad.

Para obtener las condiciones de orden hemos utilizado las técnicas espe-
cificadas en el apéndice B. Dada la complejidad del problema, no es posible
resolver las ecuaciones no lineales con un CAS (Computer Algebra System),
y por ello nos vimos obligados a utilizar técnicas numéricas. Concretamente,
las hemos resuelto utilizando la funcién fsolve de Python [117] de la libreria
SciPy [120], un wrapper de las subrutinas HYBRD y HYBRJ de MINPACK
[95]. El algoritmo estd basado en una modificacién del método hibrido de
Powell. Cuando el sistema de ecuaciones no lineales asociado presentaba
parametros libres hemos utilizado las siguientes estrategias:

= s = 18 etapas. El problema en este caso involucra resolver un siste-
ma polindémico de 18 ecuaciones con 19 variables. Cogemos el primer
coeficiente del esquema como parametro libre y exploramos el interva-
lo [0, 1] fijando cada vez el valor del coeficiente. La solucién luego es
utilizada como punto de partida de un método de continuacién numéri-
ca (concretamente arc-length continuation) para seguir la solucién a
través de la curva implicita buscando un minimo de la 1-norma de los
coeficientes.

s 5 = 19 etapas. Anadiendo un nuevo parametro al sistema, tenemos 18
ecuaciones con 20 variables y por tanto la estrategia varia un poco.
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En esquemas ABA cogemos aj y as como pardmetros libres y en los
esquemas BAB b; y ba, y exploramos el intervalo [0.05,0.15]. Luego,
utilizamos una solucién como punto de partida para un método de
continuacién, denotando por ug el vector de coeficientes de la solucion;
generamos un hiperplano mediante el vector aleatorio e que verifica
a - (u—ug) =0, y aplicamos continuacién a lo largo de la curva que
resulta de la interseccion del espacio de soluciones con el hiperplano
generado aleatoriamente para buscar un minimo de la 1-norma del
vector de coeficientes.

Comparamos los nuevos métodos, 6 en total, con los mejores integrado-
res de composicién tipo SS [74, | para ilustrar cémo nuestros métodos
son mas eficientes para problemas RKN. También, comparamos con otros
integradores simplécticos RKN de orden 4 y 6 [28] y con métodos de extra-
polacién [63] (no simplécticos) para concluir que los nuevos métodos presen-
tados son buenos candidatos para integrar un problema tipo RKN cuando se
busca a la vez una precisién alta y preservar el comportamiento cualitativo
de las soluciones.

Capitulo 5: Compositions of pseudo—symmetric in-
tegrators with complex coefficients for the numeri-
cal integration of differential equations

A partir de este capitulo es cuando empieza la parte de la tesis que se ha
centrado en la construccién de métodos con coeficientes complejos. Como
se ha comentado anteriormente, numerosos autores han propuesto el uso
de coeficientes complejos en los métodos de integracién, primero con fines
tedricos, pero mas tarde llevados a la practica.

Nuestro estudio sobre el uso de coeficientes complejos en métodos de
escisiéon y composicién empieza con composiciones simétricas de métodos
simétricos, concretamente con la composicién double—jump introducida en
la seccién 1.4:

Sy = Sa o S (2.6)

donde R(a), R(B) > 0y a = B. Si este método (de orden 3) se utiliza para
integrar numéricamente un ecuacién diferencial # = f(z) donde f(z) € R” y
se proyecta sobre el eje real en cada paso de integracién, entonces el método
resultante es de orden 4:
W _ (B (gl L gl sl g2l gl
R =0 (87) =5 (8P +87) = 5 (sH o sil +shiost) .
Esto ocurre porque en el desarrollo en serie de potencias de h, los términos

que van con h* son imaginarios puros y al proyectar desaparecen. Este hecho
ya fue observado por Chambers [37] y por Bandrauk y Shen [¢]. A su vez
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REH preserva la simetria temporal y la simplecticidad hasta orden 7 si el

método base S}[?] es simétrico—temporal y simpléctico. Asi, a partir de ahora
hablaremos [10, 5] de integradores v, pseudo—simétricos de orden ¢ cuando
cumplan:

Vi =1 + 077,

y hablamos de integradores 1, pseudo—simplécticos de orden r cuando cum-
plan:
(W) "yl = J + O,

En este primer articulo sobre métodos con coeficientes complejos pre-
sentamos una nueva secuencia para construir métodos de orden mas alto
haciendo uso de la proyeccién sobre el eje real a cada paso de integracion,
al igual que se ha hecho para obtener REH. La secuencia que planteamos
empieza de la siguiente manera:

3]

Componer S}[f] mediante la técnica del double—jump para obtener S;”.

Proyectar S}[L?’] para obtener RE].

Componer mediante la técnica del double—jump RZH y asi obtener RE]:

Rf]:RﬁoREﬂ, Conu:ﬂ:;<1+1/1—\3§>,

Proyectar RE] y conseguir Rf]:

R =0 (BY) = 2 (RP 4 BY) = L (R o RU 4 BU o RY).

El hecho que el método REI] preserve el comportamiento cualitativo de la
solucion hasta orden 7 condiciona que esta secuencia no pueda extenderse
mas alla del orden 7.

Este procedimiento puede ser generalizado partiendo de un método base
S,[fn] de orden 2n y pseudo-simétrico de orden ¢, primero obteniendo la
composicién:

w}[?m_l] = S,[YQ[;LJL]h 0 S,EYQ[;]L]]]»

donde los coeficientes 2 tienen el valor

1 ™
2n] _ = . -
0 2(1+2tan<2(2n+1)>>,

para después proyectar sobre el eje real y obtener

Ry, — (w}[?n-‘rl}) _ % (w}[l2n+1] n &}[?n—i-l]) ‘ (2.7)
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Noétese como, para cada n se tiene %(7[2"}) > 0. El orden del método y el
orden de pseudo—simetria de éste dependenderan del valor de ¢q. Si ¢ > 2n+2,
el método Ry, serd de orden 2n+2 y pseudo—simétrico de orden min(q, 4n+3).
En caso contrario, si ¢ = 2n + 1, el método R; tendré el valor de ¢ como
orden y como orden de pseudo—simetria.

Utilizando esta técnica, podemos construir una familia de métodos pseudo—

simétricos empezando por un método simétrico de orden 2n, 8,[1271}:
S}[fn] = anJrQ] N REn+4} NN Rf(ner)]v

siempre y cuando 2(n + m) < 4n + 3. Para esta familia, se puede escribir
una regla recursiva de la forma:

2m+2] _ 1 [2m)] [2m] [2n] [2n]
Ry =5 (Ry[zm]h ° R;/[zm]h + R,?[?m]h o R7[2n]h) , (2.8)

donde en la primera iteracién (m = n) se parte de an] = S,[IQ"].

Con estas composiciones se puede alcanzar un orden dado con un niimero
menor de etapas respecto a las composiciones que solamente usan nimeros
reales. Ademads, se mantiene la parte real de los coeficientes positiva. Por
otro lado, estos métodos son facilmente paralelizables debido a que la regla
de recursion se puede reexpresar siempre como una combinacion lineal de
composiciones del método base S,Ezn].

Para ilustrar estos hechos se realizan experimentos numéricos: primero se
utiliza el oscilador arménico de manera que podemos estudiar los términos
de error para la solucién, para la simetria y para la simplecticidad; luego, se
utiliza el problema de Kepler para ver el comportamiento en la preservacion
de las cantidades conservadas, y por ultimo, se utilizan estos métodos en
ecuaciones diferenciales en derivadas parciales (EDPs) de evolucién. Con-
cretamente se estudia el caso de la ecuacién de Fisher [105] y la ecuacién de
Ginzburg-Landau [118].

Capitulo 6: High order integrators obtained by li-
near combinations of symmetric—conjugate compo-
sitions

A continuacién presentamos un breve resumen del articulo [35] corres-
pondiente al capitulo 6. Este puede considerarse una continuacién del ante-
rior trabajo presentado en el capitulo 5.

Si se desarrolla el procedimiento recursivo del articulo anterior (2.8), se
obtiene una combinacién lineal de composiciones de esquemas tipo S}[?n].
Por otro lado, algunas de estas composiciones son simétrico conjugadas:

Yn=Sin oS0 oS oS (2.9)

ath Qg
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donde a;j € Cy as41-; = «j. Partiendo de esta idea, en este articulo
investigamos la combinacién lineal de métodos 1}, simétrico—conjugados y su
proyeccién sobre el eje real. Construimos una nueva familia de integradores
T,Em) de orden 2(n + m) y pseudo—simétricos de orden 4n + 3 si el método
base S}[LG] es simétrico-temporal y de orden 2n.

Consideramos combinaciones lineales

1 k . .
kZ(w;(L”H/);(f)),

de forma que el metodo ¢h corresponde a la proyeccion sobre el eje real
de todas los d)h Cada w es una composicién simétrico—conjugada de

métodos S,[1 ]. Con estas combinaciones lineales aumentamos el orden de la
siguiente manera:

1 .
= T,E ) con orden r = 2n + 2. Para aumentar el orden necesitaremos
resolver solamente dos ecuaciones de orden, y con un tnico método

¢}(Ll) se pueden satisfacer:

[Qn [2n]
¢h - [Qn] h S [Qn] h’

donde los coeficientes 72" son los introducidos en el anterior articulo:

1 T
(2n] _ ; .
0% 2(1+ztan<2(2n+1)>>,

Noétese cémo este método corresponde con la composicién double—jump
y ademas con el primer método R (2.7):

W _ L (gl gl gl glon
7! (3 oSl + 8, o8l ).

2 .
= T}E ) con orden 7 = 2n+4. En este caso se han de resolver 4 ecuaciones
de orden. Estas se pueden resolver considerando los siguientes métodos

%(Lj) de cuatro etapas:

1 2n 2n 2n
gV — 5[1}305[2’3 s o sl

a a ash 1o
(2 _ [2n] [2n] (2n]
w chh Sozlh Salh Socgh’
siendo ap = 22527 ¢ oy = 52042420 E] método obtenido coin-

cide con las composiciones simétrico—conjugadas involucradas en la
., , 2
construccion del método R;L ).

1 : ]
T = 2 (w) + 9 + o + ).
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T ,53) con orden r = 2n+6. Siete son las condiciones de orden a resolver
en este caso. Podemos lograrlo utilizando las siguientes composiciones
1/1,(13) de ocho etapas:

1 2n 2n 2n 2n 2n 2n 2n 2n
Uy = S 0 St © S © Sayh © St © S © Sah © Sty
2n 2n 2n 2n 2n
05205 o 2 o 2]

2 2n 2n 2n
B2 = gl g gl o gl el glon
23) _ S[Qn} o S[Qn] o S[Qn] o S[Qn] o S[_Qn] o S[Qn} o S[_Qn] o S[_Qn]

ash arh agh o

@)

ash agh arh asgh ash arh agh ash?
4) _ o2n 2n 2n 2n 2n 2n 2n 2n
Uy = S e Sl o St o Sy o ST o ST 0 ST 0 ST

donde los coeficientes «; toman los valores:

= ,y[2n—|—4],)/[271—1—2],)/[271]7 g = ,Y[Zn—l—4],)/[271—1—2],7[271]7
(3 = H2n4l5l2n+2) o] (y = A2n4l5l2nt2)5lon]

Nuevamente, las composiciones involucradas en este método 1" son las
composiciones simétrico-conjugadas presentes en el método R respec-
tivo:

1 _ _ _ _
T}sg) _ = (Tﬂ;(ll)-i-%(ll)-i-%?)+¢;(12)+"¢;(LS)+ 1&3)+¢124)+¢i(14)>-

De esta manera se obtiene el principio de una secuencia. Los métodos con
orden 2n+2, 2n+4 y 2n+6 corresponden a los tres primeros métodos T,Em).

)

. . . , m
Las composiciones involucradas en el método T,(L corresponden a las com-

o . N , . . . 7 m ’
posiciones simétrico—conjugadas involucradas en el método R,(l ). Asi pues,

(m)

si cogemos un método R;" y nos quedamos sélo con aquellas composiciones

. , . . 7 m .
que sean simétrico—conjugadas, obtenemos el método T}(L ) correspondiente.
Con esta idea, la construccién de los nuevos métodos se puede generalizar
introduciendo la matriz de coeficientes

1 (AR 520
Pon =5\ Sz f2m )5
2 \y Y
donde cada fila representa una composiciéon de métodos basicos S,[lzn] y cada
elemento de la fila es un método bésico con el coeficiente que aparece en la

matriz. El método resultante serd la suma de todas las composiciones. Asi

pues,
1 _ 1 cl2n) [2n] [2n] [2n]
Th = 5(87[27% © 8,7[2n]h =+ 8,7[2n]h © 87[2n]h)

)

se puede representar con la matriz I's,, el método T,EQ
en general:

por F2n+2 ® Fan y

T = Tnpm-1) @ Caupm—2) @+ ® (g2 @ Tan) ).
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La secuencia que se presenta en este articulo crece como 2™, mientras
que las otras técnicas conocidas para construir métodos de orden alto con
partes reales positivas crecen como 3™ en el caso del triple—jump (1.34) y
como 4™ en el caso del double—jump. Este hecho ya era observado en los
métodos presentados en [33], la principal diferencia en este sentido radica
en que el namero de ejecuciones en paralelo en este caso es menor. Mientras
que los métodos R necesitan ejecutar 22" ~2 composiciones a la vez, con los
métodos T se necesitan 2™~ . Para comprobar la mejora de eficiencia que
aportan los nuevos métodos presentados, en el articulo se realizan diagramas
de eficiencia comparando los nuevos métodos 1" con los R y con la técnica
del triple—jump teniendo en cuenta diferentes entornos. Observandose que
los métodos T presentan mejores resultados para la preservacién de las canti-
dades conservadas, incluso en entornos que permitiesen ejecutar en paralelo
todas las composiciones necesarias de los métodos R.

Capitulo 7: On symmetric—conjugate composition
methods in the numerical integration of differential
equations

Con el trabajo presentado en el capitulo 7 y publicado en [14] se inicia un
primer andlisis sistematico sobre las composiciones simétrico—conjugadas de
métodos S}[?] y sus propiedades de preservacion de estructura. Nos cefiimos
solamente al caso en el que el campo de vectores asociado a la ecuacion
diferencial & = f(x) es real. Por tanto, aunque la utilizacién de métodos
con coeficientes complejos implique el uso de aritmética compleja, cuando
queramos obtener resultados deberemos proyectar sobre el eje real. Esto bien
lo podemos hacer a cada paso de integracién o bien en el instante de tiempo
final. En este andlisis nos centramos en el caso en el que proyectamos sobre
el eje real a cada paso de integracién.

Para obtener una visién completa comparamos las composiciones simé-
trico—conjugadas con las composiciones palindrémicas. Para el caso de las
composiciones simétricas los métodos de orden r = 2n tienen un orden de
pseudo—simétria de ¢ = 4n+1 y para el caso de las composiciones simétrico—
conjugadas demostramos el siguiente resultado:

Proposiciéon 2.1. Dado un integrador simétrico—temporal de seqgundo orden
St ], consideramos las composiciones simétrico—conjugadas

o =82, o ngh 0---0 ngh o SLQEh

ath

de orden r > 3 y su parte real, i.e.,

B =L (w4 af).
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aplicadas a ecuaciones diferenciales & = f(x) donde f(x) es un campo vec-
torial real. En este caso, se cumple lo siguiente:

(a) Si 1/’;[:} es de orden impar, r = 2n — 1, n = 2,3,..., entonces R[hQ”]
es un método de orden 2n y pseudo—simétrico de orden q = 4n — 1.

2]

Ademds, si f es un campo vectorial Hamiltoniano (real) y Sh2 es un
[2n]

integrador simpléctico, entonces Rh es pseudo—simpléctico de orden
p=4n — 1.
(b) Si 1#,[:] es de orden par, r = 2n, n = 2,3,..., entonces RLQ"] es un

método de orden 2n y pseudo—simétrico de orden q = 4n+ 3. Ademds,
st f es un campo vectorial Hamiltoniano (real) y S,[f] es un integrador

simpléctico, entonces an] es pseudo—simpléctico de orden p = 4n+1.

Por otro lado, mostramos que la serie de operadores W(h) = V() aso-
ciada a un método simétrico—conjugado es de la forma:

m(2j+1) m(27)
V(h) =hwiaF+ Y W " woi pNojiane +1 ) h7 Y wojeNajk
j>1 k=1 j>2 k=1

(2.10)
donde wj j son polinomios reales, F' es la derivada de Lie asociada a f(z) y
m(r) es la dimensién de la subélgebra L"(F, S3, S5, ...) (ver apéndice A.1),
cuyos primeros valores podemos ver en la primera fila de la tabla 2.3. De la
expresién (2.10) se deduce que los términos que van con las potencias pares
son imaginarios puros y los que van con las potencias impares son reales.
Esto reduce el nimero de condiciones de orden necesarias para alcanzar un
orden determinado, como se puede observar en la tabla 2.3. Veamos en cada

Ordenr |1 2 3 4 5 6 7 8 9 10

m(r) 10112 2 4 5 8 11
nd) 1 2 4 8 16

n") (sim-conj) 1 2 5 11(9) 24(19)
s 1 3 7 15 31

s (sim-conj) 1 2 5 11(9) 24(19)

Tabla 2.3: Dimensién de las subdgebras L"(F, Ss,S5,...) en la primera fila, en el
resto ntimero total de condiciones de orden y de etapas para conseguir un orden r
en una composicién de métodos S,[LQ} utilizando coeficientes complejos y proyectando
en el eje real. En la tercera y cuarta fila se expresan el nimero de condiciones de
orden para el caso palindromico y para el simétrico—conjugado, respectivamente.
En la quinta y sexta fila se expresan el numero de etapas minimas para el caso
palindrémico y para el simétrico—conjugado, respectivamente.

caso las condiciones de orden necesarias a resolver y el nimero de etapas
para obtener un método de orden par:
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» Composicién palindrémica. En este caso las woj; son cero por cons-
truccion, asi que el método deberd cumplir el siguiente ntimero de
condiciones de orden:

r/2
n{") = Zm(Qz - 1),
i=1

y el nimero de etapas minimas serd s = Qny) - 1.

» Composicién simétrico-conjugada. En este caso la expresion de V' (h)
(2.10) hace que las condiciones wsy;  sean imaginarias puras y al pro-
yectar desaparezcan. Por eso se pueden construir métodos de orden r
que cumplan el siguiente niimero de condiciones de orden:

n{) = Zm(z) —m(r). (2.11)
i=1

().

y el nimero de etapas minimas serd s = ng

Obsérvese que en la tabla 2.3 los métodos de orden 8 y 10 necesitan 11
y 24 condiciones a resolver si se aplica la formula (2.11), pero se pueden
lograr métodos de estos érdenes resolviendo solamente 9 y 19 condiciones
de orden. Este hecho se debe a que se pueden obtener métodos de orden 8
y 10 resolviendo el siguiente niimero de condiciones de orden:

= Zm(z) —m(r) —m(r —2).
i=1

Esto, en el caso de orden 8, significa que obviamos resolver las condiciones
we i, ¥ en el caso de orden 10, significa que obviamos resolver las condicio-
nes wg . Respectivamente, tendremos un método de orden 5 (con las wy
anuladas) y un método de orden 7 (con las wyg j, anuladas) de forma que al
proyectar se conviertan en métodos de orden 8 y 10. Este hecho tendra con-
secuencias en la pseudo—simetria del método y se generaliza en la siguiente
proposicién:

Proposicion 2.2. Sea un integrador simétrico—conjugado de orden r = 2n
después de ser pmyectada sobre el eje real:

2] 2 2 2
Pl = 8 o8 o 08P o8P

aih

Si 2n > 4q + 1 para cualquier ¢ > 0 , entonces el nimero de condiciones

de orden que deberd verificar 11),[? para tener un orden de pseudo—simetria
4(n — q) — 1 después de ser proyectado sobre el eje real serd
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Una vez analizadas estas propiedades, proponemos nuevos integradores
simétrico—conjugados hasta orden 8 y mostramos cémo los métodos de orden
alto son més eficientes incluso con tamanos de paso mas grandes, al contra-
rio de lo que ocurre en el caso de composiciones con coeficientes reales. Este
hecho es debido a dos factores, por un lado, como ya se ha explicado, con pa-
trones simétrico—conjugados se puede alcanzar un orden dado con un nimero
menor de etapas, y por otro lado, con la utilizacién de niimeros complejos
podemos construir métodos que tengan la parte real de los coeficientes po-
sitiva para 6rdenes mayores que dos. Asi, a diferencia del caso real, a cada
etapa, siempre se avanza en el tiempo (no hay retrocesos), dando lugar a co-
eficientes més pequenios y en consecuencia a errores de truncamiento mucho
mas pequenos.

Para finalizar, se realizan experimentos numéricos con los nuevos inte-
gradores simétrico—conjugados y se comparan con integradores palindrémi-
cos con coeficientes complejos. Estos experimentos ilustran cémo en el ca-
so de usar coeficientes complejos en la composicion los métodos simétrico—
conjugados preservan mejor las propiedades cualitativas del problema que
los métodos palindrémicos.

Capitulo 8: Applying splitting methods with com-
plex coefficients to the numerical integration of uni-
tary problems

En el articulo anterior se muestra que los métodos simétrico—conjugados
exhiben notables propiedades de conservacién cuando se aplican a ecua-
ciones diferenciales definidas por campos vectoriales reales y la solucién se
proyecta sobre el eje real en cada paso de integraciéon. Aqui hemos ampliado
el andlisis a problemas que evolucionan en el grupo SU(2) y en general a la
integraciéon numérica de la ecuacién de Schrédinger, donde la preservacion
de la unitariedad es un requisito fisico. En SU(2) demostramos la siguiente
proposicién:

Proposicién 2.3. Supongamos que un método simétrico—conjugado de la

forma:
_ WV (7] vl 7] (V]
Vh = P h ©Payn © O Py p © Payp © Pboy1h

con asy1—; = aj, bsyo_j = bj, es aplicado a la integracion numérica de la
ecuacion de Schrodinger:

Y HU, U0 =1
Ut U0 =1,

con el Hamiltoniano H =T +V, y U(t) € SU(2). En este caso, se cumple
lo siguiente:
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(a) Los valores propios de la matriz que aprozima la solucion tras un pa-
so temporal h estan en en el circulo unidad del plano complejo para
valores de h suficientemente pequenos.

(b) Elmétodo simétrico—conjugado es conjugado a un método unitario para
valores suficientemente pequenos de h.

Por lo tanto, el error en la unitariedad no crece de forma secular con el
tiempo y se puede escribir como un método procesado (ver seccién 1.3.5),
donde el método simétrico—conjugado seria el niicleo y el método completo
serfa un método unitario. Es decir, se puede escribir:

—1
O, =moPgc o,

siendo 7 el procesador.

Esto nos lleva a estudiar la aplicacion de estos esquemas simétrico—
conjugados en un ambito més general. Consideramos la integraciéon numérica
de la ecuacién de Schrodinger dependiente del tiempo, introducida en la sec-
cion 1.4: )

10V (x,t) = —§A\P(x,t) + V(x)U(z,t).

donde W(z,t) es la funcién de onda que representa el estado del sistema,
U : R x R — C. Consideramos el problema unidimensional y discretizamos
en el espacio tal como hemos explicado en la seccién 1.4. Siendo z € [zg, xN]
y Un(t) = U(zy,t) definimos

U= (ul,uQ,.. . ,’U,N),

y asi obtenemos la siguiente EDO asociada:
L 1
U = _§AU + BU,

donde A es la matriz de diferenciacién del operador A que surge al discretizar
y B es la matriz diagonal del potencial B =diag(V (xg), -, V(zp-1)).

Para comparar, usamos los cuatro posibles patrones, combinando las po-
sibilidades con a; € C, b; € Cy a; € R, b; € C con composiciones palindrémi-
cas o simétrico—conjugadas. Realizamos estos experimentos numéricos para
dos potenciales distintos, uno cuartico y otro el de Poschl-Teller. En ambos
problemas los métodos que mantienen la estabilidad en la conservacién de
la energia e incluso en la conservacién de la unitariedad de la norma en la
funcién de onda son los que siguen el patrén simétrico—conjugado con a; € R
y b, € C.

Un hecho conocido de los métodos con coeficientes complejos es que,
al componer un método simétrico—conjugado con su adjunto se obtiene un
método palindrémico y al componer un método palindrémico con su adjunto
se obtiene un método simétrico—conjugado. Teniendo en cuenta este hecho,
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aquellos métodos simétrico—conjugados que han sido construidos de esta ma-
nera presentan buenos resultados conservativos para integraciones a tiempos
largos, y aquellos simétrico—conjugados que se convierten en palindromicos
pierden esta propiedad dando lugar a peores resultados.

Con las aportaciones de este articulo se abre una nueva linea de inves-
tigacion sobre la aplicacién de métodos simétrico—conjugados con a; € R,
b; € C a problemas unitarios: primero porque se observa cémo el error en
la preservacién de la unitariedad estd acotado y no presenta un crecimiento
secular; segundo, el uso de niumeros reales para a; hace que el flujo asocia-
do al operador laplaciano, e~*%4  quede acotado; tercero, los errores de
truncamiento son menores en métodos con coeficientes complejos, y cuarto,
el uso de aritmética compleja en este tipo de problemas fisicos no involucra
mayor coste computacional porque el problema se ha de tratar en el dominio
complejo igualmente.
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Abstract

New families of fourth-order composition methods for the numerical integration of initial
value problems defined by ordinary differential equations are proposed. They are designed when
the problem can be separated into three parts in such a way that each part is explicitly solv-
able. The methods are obtained by applying different optimization criteria and preserve geomet-
ric properties of the continuous problem by construction. Different numerical examples exhibit
their improved performance with respect to previous splitting methods in the literature.

Institut de Matematiques i Aplicacions de Castellé (IMAC) and Departament de Matematiques,
Universitat Jaume I, E-12071 Castellon, Spain.

1 Introduction

Splitting methods are particularly useful for the numerical integration of ordinary differential equa-

tions (ODEs)
dx

dt
when the vector field f can be written as f(x) = Zf’: | fi(x), so that each subproblem

== =f(x),  x(t) =x, €RP 1)

x = fi(x), x(ty) = xg, i=1,...,n

is explicitly solvable, with solution x(t) = (py](xo). Then, by composing the different flows with
appropriate chosen weights it is possible to construct a numerical approximation to the exact solution
x(h) for a time-step A of arbitrary order [1]. Although splitting methods have a long history in numer-
ical mathematics and have been applied, sometimes with different names, in many different contexts
(partial differential equations, quantum statistical mechanics, chemical physics, molecular dynamics,
etc. [2]), it is in the realm of Geometric Numerical Integration (GNI) where they play a key role, and
in fact some of the most efficient geometric integrators are based on the related ideas of splitting and
composition [3].

In GNI the goal is to construct numerical integrators in such a way that the approximations they
furnish share one or several qualitative (often, geometric) properties with the exact solution of the
differential equation [4]. In doing so, the integrator has not only an improved qualitative behavior,
but also allows for a significantly more accurate long-time integration than it is the case with general-
purpose methods. In this sense, symplectic integration algorithms for Hamiltonian systems constitute
a paradigmatic example of geometric integrators [5, 6]. Splitting and composition methods are widely
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used in GNI because the composition of symplectic (or volume preserving, orthogonal, etc.) trans-
formations is again symplectic (volume preserving, orthogonal, etc., respectively). In composition
methods the numerical scheme is constructed as the composition of several simpler integrators for
the problem at hand, so as to improve their accuracy.

When f in (1) can be separated into two parts, very efficient splitting schemes have been designed
and applied to solve a wide variety of problems arising in several fields, ranging from Hamiltonian
Monte Carlo techniques to the evolution of the N-body gravitational problem in Celestial Mechanics
(see [3, 4] and references therein).

There are, however, relevant problems in applications where f has to be decomposed into three
or more parts in order to have subproblems that are explicitly solvable. Examples include the disor-
dered discrete nonlinear Schrodinger equation [7], Vlasov—Maxwell equations in plasma physics [8],
the motion of a charged particle in an electromagnetic field according with the Lorentz force law [9]
and problems in molecular dynamics [10]. In that case, although in principle methods of any order of
accuracy can be built, the resulting algorithms involve such a large number of maps that they are not
competitive in practice. It is the purpose of this paper to present an alternative class of efficient meth-
ods for the problem at hand and compare their performance on some non-trivial physical examples
than can be split into three parts.

The paper is structured as follows. We first review how splitting methods can be directly applied
to get numerical solutions (Section 2). Then the attention is turned to the application of composition
methods, and we get a family of 4th-order schemes obtained by applying a standard optimization
procedure (Section 3). In Section 4 we show how standard splitting methods, when formulated as a
composition scheme, lead to very competitive integrators, and also propose a different optimization
criterion for systems possessing invariant quantities. This allows us to get a new family of 4th-order
schemes. All these integration algorithms are subsequently tested in Section 5 on a pair of numerical
examples. Finally, Section 6 contains some concluding remarks.

2 First Approach: Splitting Methods
In what follows we assume that the vector field f in (1) can be split into three parts,

Sx) = fo(x) + [(x) + f.(x) @

in such a way that the exact h-flows (pEla], qo;b], quf], corresponding to f,, f;, f,., respectively, can be

computed exactly.
It is clear that the composition
10 =@y @)oo} 3)
(or any other permutation of the sub-flows) provides a first-order approximation to the exact solution
x(h) = @,(xg) of (1), i.e.,
In(x0) = @p(x0) + O(h?),

whereas the so-called Strang splitting

21 _ lal [6] [e] [6] [a]
Sh = Pppa® Pppa® P © P Py “
leads to a second-order approximation.
Higher order approximations to the exact solution of (1) can be obtained by generalizing (4), i.e.,
by considering splitting schemes of the form

[rl _ el [b] [a] [c] [b] [a]

Vi =P n®Ppn®Pan® " °Pen® Pon® Pan ®)
where the coefficients a;, b;, ¢;, i =1, ..., s, are chosen to achieve a prescribed order of accuracy, say,
r,

Wi (xg) = @(x0) + O™ as h— 0. (6)

2
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Requirement (6) leads to a set of polynomial equations (the so-called order conditions), whose number
and complexity grows enormously with the order. In particular, if » = 1 (i.e., for a consistency

method) one has
N s

s
Ya=1  Yb=1 D=1
i=1 i=1 i=1

The specific number of order conditions is determined in fact by the dimension ¢, of the homogeneous
subspace of grade k, 1 < k < r, of the free Lie algebra L(A, B, C) generated by the Lie derivatives
A, B, C corresponding to f lal f L1, f Lel] respectively [1]. These dimensions are collected Table 1 for
1<k<8.

Table 1: Number of order conditions to be satisfied by a splitting method of the form (5) at each
order k.

Grade k

1 4 5 6 7 8
cx 3

2 3
3 8 18 45 116 312 810

Thus, a splitting method (5) of order 4 requires solving 3 + 3 + 8 + 18 = 32 order conditions
and therefore the evaluation of at least a similar number of sub-flows to have as many parameters
as equations. This number can be reduced by considering time-symmetric methods, i.e., schemes
verifying

wylow!) = id, ™

where id is the identity map. Condition (7) is verified by left-right palindromic compositions, i.e., if
Ap1-i = G by =b e =¢; i=12..

in (5). Then all the conditions at even order are automatically satisfied. Thus, a symmetric method
of order 4 requires solving 11 order conditions (instead of 32). Still, within this approach, one has to
solve 56 polynomial equations to construct a method of order 6.

Methods of this class have been systematically analyzed in [11]. In particular, it has been shown
that if one aims to get schemes (5) of order 2 with the minimum number of maps, then the Strang
splitting (4) is recovered. With respect to order 4, the following scheme was presented:

41 — el [b] [a] [b] [c] (b [a] [b] [c] [6] [a] [b] ]
W‘r - (pcl‘ro (pb]‘ro (palro (pbz‘ro (pczro (pb3ro (pazro (pb3‘ro (pczfo (pbzro (palro (pblro (pcl‘r (8)
with
b b wq b wy wq wy + wq
a; = Wy, a, = Wy, = = —, =—,C =—, Ch) = —
1 1> “2 0> “1 2 2 3 2 1 2 2 2
and |
w=—-—:-, wy=1-2w,.
1 5 _21/3 0 1

In fact, 13 is the minimum number of maps required. More efficient schemes involving 17 and 25
maps can also be found in [11]. For simplicity, we denote method (8) as (¢, bya; bycob3a,b3¢5b,a, b ¢cy).
More recently, in [12] a method involving 21 maps of the form

(aybyciaybycra3bscza,bya,c3b3a5c,bya5¢1b1ay) )

has also been proposed and tested on several numerical examples.
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3 Second Approach: Composition Methods

As it is clear from the previous considerations, constructing high order splitting methods for systems
separable into three parts requires solving a large number of polynomial equations involving the coef-

ficients, and this is a very challenging task in general. For this reason, we turn our attention to another

strategy based on compositions of the first order y;, = qoL”]o qoglh]o (ch] and its adjoint,

. —1 b
2= e = o)l g lo gl

with appropriately chosen weights. In other words, we look for integrators of the form
Wi = Zayh®Zm 1O OAagh® e With (@, ap) € R% (10)
verifying in addition the time-symmetry condition a,,,;_; = «; for all i.

Remark 1 Methods of the form

— cl2l [2] [2] [2] : m
vy, —SamhoSam_lho oSazhoSalh with  (ay,....a,) €R (11)
and &, _; = a; (commonly referred in the literature as symmetric compositions of symmetric meth-

ods [1]) verify a much reduced number of order conditions and allows one to construct very efficient
high-order schemes [3]. Notice that, since the Strang splitting (4) verifies S}[lz] = Xnj2°X, v then it
is clear that when analyzing methods (10) we also recover schemes of the form (11).

3.1 Analysis in Terms of Exponentials of Operators

The analysis of the composition methods considered here can be conveniently done by considering the
Lie operators associated with the vector fields involved and the graded free Lie algebra they generate.

As is well known, for each infinitely differentiable map g : RP? — R, the function g(pp(x)
admits an expansion of the form [13, 5]

hk
8(@p() = exp(hF)lglx) = g() + Y, = FHlgl).  x e RP,
k=17
where F is the Lie derivative associated with f,
- 9
F=L,= 2 fi0) 5. (12)

i=1 i

Analogously, for the basic method y;, one can associate a series of linear operators so that [14]

() = exp(Y (W)[glx).  with Y (h) =) h'Y;
k>1

for all functions g, whereas for its adjoint one has
g, () = exp (= Y(=h))[g]x).
Then the operator series associated with the integrator (10) is
Y(h) = exp(=Y(—ha,))exp(Y(hay)) - exp(=Y (—hay,_,))exp(Y (hay)).

Notice that the order of the operators is the reverse of the maps in (10) ([3] p. 88). Now, by
repeated application of the Baker—Campbell-Hausdorff formula [4] we can express formally W(h) as
the exponential of an operator F(h),

WY(h) = exp(F(h)), with  F(h)= Y h*F,, (13)
k>1
4
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h*F, e L, foreachk > land £L = P i1 L 1s the graded free Lie algebra generated by the operators
{hY,, K?Y,, h3Y;, ...}, where, by consistency, ¥; = F. One has explicitly

Y(ha) = haY,+(ha)*Y + (ha)*Y; + -
~Y(~ha}) = haY, —(ha)*Y, + (ha,’Y; — -

so that

F(h) = hw Yy + R w,Yy + B (wsYs + wplY), Y1)
+ht (WY, + w3V, Vsl + w0 1Y, [V, V1D (14)
+h5(w5Y5 + wyulY), Y] + w30Y, Y, Y3
+10111plY1, YL Y] Yol + wysYa, Y31 + w5, Y, Ya ) + O(R®),

where [Y,, Y], Y,] = [Y,,[Y], Y]], etc, [, -] refers to the usual Lie bracket and w;, wj,, ... are polyno-
mials in the coefficients ;. In particular, one has

2s 2s
— — i 2
wy _Zai’ Wy = Z(—l) ar,
i=1 i=1

2s 2s
w3 = Za?, wy = Z(—l)iaf, (15)
i=1 i=1
1 25—1 2s 2s5—1 2s
wp =3 < Z(—l)’“o:l.2 Z a; + Z o Z (—1)’0:?).
i=1 j=i+1 i=1 j=i+l

Thus, a time-symmetric 4th-order method has to satisfy only consistency (w; = 1) and the order
conditions at order three, w; = w;, = 0. Notice, then, that the minimum number of maps to be
considered is s = 3. In that case the integrator reads

*

Wh = Xa, X, % Xe,%X 0, X, X, (16)
and the unique (real) solution is given by

1

= — a —1—2(1
202 - 2173y 3 r

=
1 2 2

This scheme corresponds to the familiar triple-jump integrator [15]

W), = 30[2,3/20 s/[;l‘o 351‘/2 with  a=1/@2-2'73. an

If v, = ¢£l“]o¢£lb]o¢£f], then y, involves 13 maps (the minimum number) and corresponds pre-
cisely to the splitting method (8).

It is worth remarking that the order conditions (15) are general for any composition method of the
form (10), with independence of the particular basic first-order scheme y, considered, as long as y,,
and its adjoint y; are included in the sequence. Thus, for instance, one might take the explicit Euler
method as y;, and the implicit Euler method as ;' and also a symplectic semi-implicit method and
its adjoint, leading to the symplectic partitioned Runge—Kutta schemes considered in [16].

3.2 Composition Methods of Order 4

Although one already gets a method of order 4 with only three stages, it is well known that the scheme
(17) has large high-order error terms. A standard practice to construct more efficient integrators con-
sists in adding more stages in the composition and determine the extra free parameters thus introduced

5
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according with some optimization criteria. Although assessing the quality of a given integration
method applied to all initial value problem is by no means obvious (the dominant error terms are not
necessarily the same for different problems), several strategies have been proposed along the years to
fix these free parameters in the composition method (10). Thus, in particular, one looks for solutions
such that the absolute value of the coefficients, i.e.,

2s
Ey(@) =) |a] (18)
i=1

is as small as possible, the logic being that higher order terms in the expansion (14) involve powers
of these coefficients. In fact, methods with small values of E;(a) usually have large stability domains
and small error terms [1]. In addition, for a number of problems, the dominant error term is precisely
the coefficient ws multiplying Y; in the expansion (14), so that it makes sense to minimize

)1/4’ (19)

2s
E,(ax) =2s | Z aiS
i=1

for a given composition to take also into account the computational effort measured as the number 2s
of basic schemes considered. Here, as in [17], we construct symmetric methods with small values of
E| which, in addition, have also small values of E,. For future reference, the corresponding values
of the objective functions for the triple-jump (17) are E; = 4.40483 and E, = 4.55004, respectively.

Next we collect the most efficient schemes we have obtained with s = 4,5, 6 by applying this
strategy.

s = 4 stages. The composition is

Wh = Xay®X o, %X, X, O X, O X g, O X, O X (20)
and involves 17 maps when the basic scheme y,, is given by (3). Now we have a free parameter,
which we take as ;. The minima of both E| and E, are achieved at approximately a; = 0.358, and
the resulting coefficients are collected in Table 2 as method XA,. In that case, E; = 2.9084 and
E, =3.1527.

s = 5 stages. The resulting composition

* ®

_ * * *
Yy = )(al°)(a2°)(a30)(0,4°)(a5°)(a5°)(a4°}(a3°)(a2°)(al

involves 21 maps when applied to a system separable into three parts. Minimum values for E; and
E, are achieved when

1 1

= — == —4q,.
24—ai3y BT

a=a=a3=0,
In consequence, the method can be written as

— cl2l  cl2l ] ol2]1 ] cl2] ] ol2]

Wi = Sa ®San ©Spn ©San ©San

with @ = 2ay, f = 2a5. Then E; = 2.3159 and E, = 2.6111. This method, denoted XAs, was first
proposed in [18] and analyzed in detail in [19].
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s = 6 stages. Analogously we have considered a composition involving three free parameters (and
25 maps when y,, is given by (3)):
Wi = X, o;(;‘zo;(%o;(;o,}/aso/y;ﬁo;(%o;(:s X, 01;3 o;(azo;(;‘l, (21)

The proposed solution is collected in Table 2 as method XAg leading to E; = 2.0513, E, =
2.4078. Notice how, by increasing the number of stages, it is possible to reduce the value of E; and
E, as a measure of the efficiency of the schemes. This integrator has been tested in the numerical
integration of the so-called reduced 1 + 1/2 Vlasov—Maxwell system [20].

We could of course increase the number of stages. It turns out, however, that with s = 7 one
has the sufficient number of parameters to satisfy all the order conditions up to order 6, resulting in a
method of the form (11) [15] involving 29 maps. More efficient 6th-order schemes can be obtained
indeed by increasing the number of stages. Thus, in particular, with s = 9 and s = 11 one has the
methods designed in [21] (37 maps) and [22] (45 maps), respectively, when the basic scheme is given
by (3).

Table 2: Fourth-order composition methods XA, with s stages minimizing E; and E,. Method S corresponds
to the splitting method of ([23] Table 2) expressed as a composition scheme.

XA4
a; =0.358 a, = —0.47710242361717810834
a3 = 0.35230499471528197958 a, = 0.26679742890189612876
XAS
=, = 1 —1l_y
(11—0'2—113—0!4—m (15—5— g
XAq
a; =0.16 a, =0.15
ay; =0.16 a, = —0.260672267225
as = 0.147945412322 ag = 0.142726854903
Se
a; = 0.0792036964311957 a, =0.1303114101821663
a3 = 0.22286149586760773 a, = —0.36671326904742574
as = 0.32464818868970624 ag = 0.10968847787674973

4 Third Approach: Splitting via Composition

‘We have already seen that there exists a close relationship between composition methods of the form
(10) and splitting methods. This connection can be established more precisely as follows [24]. Let
us assume that f in the ODE (1) can be split into two parts, x = f,(x) + f;,(x), which each part
explicitly solvable, and take y;, = (phbjo (pL"J. Then, the adjoint method reads )(;: = (pz’JO(p;bJ and the
composition (10) adopts the form

v = (0o 0l )o(@) Loal?! )o-o(@lo gl )o(ol)onl)). 22)

a1 h - 1h oh ah

. il . _ : i, il — i
Since @, ', i = a, b are exact flows, then they verify Psn®Psn = Pigssm

as the splitting scheme

and (22) can be rewritten

_ bl [a] [b] [b] [a] [b]
Y =Py, 0° Pan®Pon® " ° Poyn® Payn® Pon 23)

7
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if by = a; and

aj=a2j+tx2j_l, bj+l :“2j+1+0‘2j’ j=1,...,S (24)

(with @, | = 0). Conversely, any integrator of the form (23) with ¥_ a; = Y% b, can be expressed
in the form (10) with y;, = q,Elb]o (pE,H] and

A5 = bx+1’
a1 = 4T Hja = by =@, j=ss—-1,....1,

with ay = 0 for consistency. In consequence, any splitting method in principle designed for sys-
tems of the form x = f,(x) + f,(x) with no further restrictions on f, or f, can be formulated as
a composition (10) which, in turn, can also be applied when f is split into three (or more) pieces,
f=f,+ fy+ f., bytaking y;, = (pEZa]o (pElb]o (pEf]. The performance will be in general different,
since different optimization criteria are typically used. Notice that the situation is different, however,
if splitting methods of Runge—Kutta—Nystrom type are considered.

A particularly efficient 4th-order splitting scheme designed for problems separated into two parts
has been presented in ([23] Table 2) (method Sg) and will be used in our numerical tests. It is a
time-symmetric partitioned Runge—Kutta method of the form (23), since the role played by f, and
[ are interchangeable. When formulated as a composition method, it has six stages, i.e., it is of the
form (21), with coefficients a; listed in Table 2. For comparison, the corresponding values of E; and
E, are E; = 2.4668 and E, = 3.1648.

An Optimization Criterion Based on the Error in Energy

Very often, the class of problems to integrate are derived from a Hamiltonian function. In that case,
Equation (1) is formulated as

. 0H _ 9H

== = i=1,....d 25
q; o, )z 24, i (25)

so that x = (¢,p)", f = (V,H,-V,H)" = X; and H(qg, p) is the Hamiltonian. The Lie derivative
associated with X ,; verifies, for any function G : D c R?*? — R,

g (aHaG aGaH>
dq; dp;  9q; Op; ’

Ly,G=-{H.G}=-)

Jj=1

In other words, { H, G} is the Poisson bracket of H and G. In this context, then, the Lie bracket
of operators can be replaced by the real-valued Poisson bracket of functions [13].

It is well known that the flow corresponding to (25) is symplectic and in addition preserves the
total energy of the system. If H can be split as H = A + B, then fl4 = Ly,, fo = Ly, and the
splitting method (23) is also symplectic. Important as it is that the method shares this feature with the
exact flow, one would like in addition that the energy be preserved as accurately as possible (since a
numerical scheme cannot preserve both the symplectic form and the energy). A possible optimization
criterion would be then to select the free parameters in such a way that the error in the energy (or more
in general, in the conserved quantities of the continuous system) is as small as possible.

This criterion can be made more specific as follows [25]. First, we expand the modified Hamilto-
nian A, in the limit 4 — 0 for a 4th-order splitting method (23). A straightforward calculation shows
that

Hy,=H +h*ks,{A, A, A, A, B} + h*ks,{ B, A, A, A, B} + h*ks3{A, A, B, A, B}
+ h'ks4{A, B, B, A, B} + h*ks5{B, A, B, A, B} + h*ks¢{B, B, B, A, B}+
9
+n Z ke Eo; + O(h®),
j=1

(26)
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where k; ; are polynomials in the coefficients a;, bj, {A, A, A, A, B} refers to the iterated Poisson
bracket {A, {A, {A, {A, B}}}}, and E4 j are (independent) Poisson brackets involving 6 functions A
and B.

Now the Lie formalism allows one to get the Taylor expansion of the energy after one time-step
([5], Section 12.2) as

1
H (@141, Pivt) = Xp(=hL g YH (@ p) = H(q p) = hL g, H(@; ) + 5L H(G, p) + -+

where L (-) = {H,,-}.
An elementary calculation shows that

H(q41,pi41) — H(g; p) = hs(k51E61 + (ks; — ks3)Egy + (ksy — ks3)Eg3 + ksy Egy
1 1
+ (ksy — gkss)Ees + (kss — §k53)E66 + (kss + ksg) Egy + (ksg — ksy) Egg + ksg Ego )
+ O(h%).

Thus, for small A,

1
A=k + (ks) — ks3)* + (ksy — ks3)* + k3, + (ks — 5k53)2

27
1
+ (kss — §k53)2 + (kss + ksy)” + (ksg — ksg)* + k3,
can be taken as a measure of the energy error, and consequently,
E; =2sAl/* (28)

constitutes a possible objective function to minimize. The previous analysis can be also carried out
for a composition method (10), resulting in

2

_ 2 2 2 2 2
A_w5+w14+w113+w1112+w23+w2124 29)

The s-stage methods XB, whose coefficients are collected in Table 3 have been obtained by mini-
mizing E; with (29) and in addition provide small values for (27) when applied with y, = ¢E¢b]°(p£:a]'

We should emphasize again that, although methods XB, have been obtained by minimizing (29),
and thus the local error in the energy, their applicability is by no means limited to Hamiltonian sys-
tems. As a matter of fact, both classes of schemes XA and XB; can be used with any first-order
basic method and its adjoint. Their efficiency may depend, of course, of the type of problem one is
approximating and the particular basic scheme taken to form the composition. Moreover, due to the
close relationship between symplectic and composition methods, these schemes can also be seen as
symplectic partitioned Runge—Kutta methods that, in contrast to splitting schemes, do not require the
knowledge of the solution of the elementary flows.
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Table 3: Fourth-order composition methods XB, with s stages minimizing Ej;.

XB,
a; = 0.1728230091082606 @, = 0.43074941762060376
a; = —0.5742238363039501 a, = 0.4706514095750858
XB;
a; = 0.08967664078837478 @, = 0.16032335921162522
a; = 0.29632291754168816 a, = —0.49421908717228863
as = 0.44789616963060047
XBy
a = L w =1L
1720 27 660
) o= 3L
37330 +7 165
a’=—ﬁ a:i
37660 c 711

5 Numerical Examples

Although optimization criteria based on the objective functions E|, E, and E; allow one in principle
to construct efficient composition schemes, it is clear that their overall performance depends very
much on the particular problem considered, the initial conditions, etc. It is, then, worth considering
some illustrative numerical examples to test the methods proposed here with respect to other integra-
tors previously available in the literature. In particular, we take as representatives the splitting method
(9) designed in [12] for problems separated into three parts (referred to as ABC,; in the sequel) and
the splitting scheme of [23] considered as a composition (10) (referred as Sq in Table 2).

When a specific composition method (10) is applied to a particular problem of the form x =
fa+ f3 + f. and the first-order method is y, = (p&fjo (p%’]o (pkfj, the implementation is in fact very
similar as for a splitting method of the form (9). Thus, in particular, for the integrator (21) one has to
apply the following procedure for the time step x,, — x,,,;, Where one has to take into account the
symmetry of the coefficients: @;, = ay, etc. and s = 6:

y=x,
doj=1:6
— la
y= (pQZ{—lhy
— b
y= ¢a2171hy
a = a2j71 + azj
— el
y=9-,y
_ M
Yy=®, nY
_
y= (Pazjhy
end
Xnt1 =Y

It is worth remarking that the examples considered here have been chosen because they admit an
straightforward separation into three parts that are explicitly solvable and thus may be used as a kind
of testing bench to illustrate the main features of the proposed algorithms. Of course, many other
systems could also be considered, including non linear oscillators and the time integration of Vlasov-
Maxwell equations [8, 20]. In addition, the general technique proposed in [26] for obtaining explicit

10
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symplectic approximations of non-separable Hamiltonians provides in a natural manner examples of
systems separable into three parts.
5.1 Motion of a Charged Particle under Lorentz Force

Neglecting relativistic effects, the evolution of a particle of mass m and charge g in a given electro-
magnetic field is described by the Lorentz force as

mX =q(E+xxB), 30)

where E and B denote the electric and magnetic field, respectively. In terms of position and velocity,
the equation of motion (30) can be restated as

X=vV
31
v=IE+wbxv Gl
m
where @ = —gB/m is the local cyclotron frequency, B = ||B|| and b = B/B is the unit vector in
the direction of the magnetic field. For simplicity, we assume that both E and B only depend on the

position X.
System (31) can be split into three parts in such a way that (a) each subpart is explicitly solvable
and (b) the volume form in the space (x, v) is exactly preserved [9, 27]:

d(x v + 0 + 0
dr \ v 0 %E(x) @(x)b(x) X v
£ ) + 1P, v) + 1, v). (32)
The corresponding flows with initial condition (X, V) are given by

. J XM =x+1v, w . J xX@®)=xg
v =, ’ t V@) = v+t % E(xy)

ol : { X0 =% (33)

g V(1) = exp(to(xy)by)v,

where b, = b(x,) is the skew-symmetric matrix

A 0 —by(x) by (x)
b(x)=| b3(x) 0 —b(x)
—-by(x) b;(x) 0

associated with b(x) = (b;(x), b,(x), b3(x))T .
As in [9], we consider a static, non-uniform electromagnetic field

0.01

E:—VV:r—3(xeX+yey), B=VXxA=re, (34)
derived from the potentials
2
V= m, A=L e
r 3

respectively, in cylindrical coordinates (r, 8, z) and with the appropriate normalization. Then, it can
be shown that both the angular momentum and energy

0.01

25, 1 | T~
L=r0+—, H=§||v||+—
,

3
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are invariants of the problem [9].

With ¢ = —1, m = 1 and starting from the initial position x;, = (0, —1,0)7 with initial velocity
vy = (0.10,0.01, 0), we integrate with the different numerical schemes until the final time ¢ = 200
and compute the error in energy and angular momentum along the integration interval. As refer-
ence solution we take the output generated by the standard routine DOP853 based on a Runge—Kutta
method of order 8 with local error estimation and step size control (with a very stringent tolerance)
[28]. In this way, we obtain Figure 1 (top and bottom, respectively), where this error is depicted in
terms of the number of the computed sub-flows (by taking different time-steps). For clarity, here
and in the sequel, in the left panel we include the results attained by the most efficient XA, method,
whereas the right panel corresponds to the XB, schemes. For reference and comparison, we include
in all cases the splitting method (9) proposed in [12] (denoted here as ABC,;) and the scheme S,
whose coefficients are collected in Table 2.

_2 ‘\:“‘\ -®- ABCy 9 .“\ -®- ABCy
B Se N So
= e Bl g P XBy
5 S
o [ n|= e
& -6 g6 s
5% - 5% - \\\*o
-8 -8
325 350 3.75 400 425 450 475 325 350 375 400 425 450 475
log1g (Neval) logyo (Neval)
(a) (b)
—2 ‘\.\\ —e- ABCy o] ‘\\ _e- ABCy,
b - \\. Se \\‘~ Se
=3 “Na e —t = ~ =3 KN XB,
i o N \\.
° . e ° ~o
= LR =7 -5
i SR e ] ‘ e
~— 6 I EL -6y
5 7 \\\\‘ $ 71 e
s B -8
. . . . . . . —9 1= . . . . . .
325 350 3.75 400 425 450 475 325 350 375 400 425 450 4.5
log1g (Neval) logyo (Neval)
(©) (d

Figure 1: Relative error in conserved quantities due to each of the best numerical methods tested for charged
particle under Lorentz force. (a) Relative error in energy for XA, compared to ABC,; and Sg. (b) Relative error
in energy for XBg compared to ABC,; and Sq. (¢)Relative error in angular momentum for XA, compared to
ABC,| and Sg. (d) Relative error in angular momentum for XBg compared to ABC,; and Sg.

We notice that applying the composition methods proposed here leads to more accurate results
than the direct approach based on the splitting methods of Section 2 with the same computational cost,
and that the new scheme X B is slightly more efficient that the the splitting scheme S¢ (the remaining
composition methods of Tables 2 and 3 provide results between ABC,; and the best composition
depicted here).

In Figure 2 we show the corresponding results obtained by each method for the error in the
(x, v) space.
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—11 . Se —e- ABCy 11 % e —e- ABCy
N IS Se Ll N Se
N h N _od L §
A . -A- XA 2 ‘\\ N -e- XB;
ey T = i\ \\\ XBg
N o, ¥ S N
%4 Ts I N Ias
L SRS T Ty S
\\ \.\ ~— -5 .\\\ .‘\
\\\ e - =6 \\\ e
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-8 -8
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Figure 2: Relative error in the (x, v) space for charged particle under Lorentz force. The notation is the same
as in Figure 1. (a) Relative error in the (x, v) space for XA, compared to ABC,; and Sg. (b) Relative error in
the (x, v) space for XB5 and XBg compared to ABC,; and Sg.

MNinn a1 A o binn tlhnt alele il thio crcbnimn 1o TTaaailénininin  tlhn TTocmalilénimini Fiomnblnim S0 2andé
UILIC dSHUUIU HOUULC Uldl, dlUIOUEIL ULLS SYSLCIL IS Idiiuliidll, Ul rdinitulilidil Tuneuoll > 1ot

separable into kinetic plus potential energy, and thus general symplectic Runge—Kutta methods cannot
be explicit [27]. In order to use explicit methods, one has to split the system into three parts. On the
other hand, all the methods tested here are volume-preserving in the (x,v) space, just as the exact
flow.

5.2 Disordered Discrete Nonlinear Schrodinger Equation

The Hamiltonian of the disordered discrete nonlinear Schrodinger equation (DDNLS)
H = 24 By vty 35
= Z €ly;|” + E'Wj' =WV +vav) (35)
J

describes a one-dimensional chain of couples nonlinear oscillators [7]. Here the sum extends over N
oscillators, y; are complex variables, # > 0 stands for the nonlinearity strength and the random ener-
gies ¢; are chosen uniformly from the interval [-W /2, W /2], where W is related with the disorder
strength. This model has two invariants: the energy (35) and the norm

5= Iyl
J

and has been used to determine how the energy spreads in disordered systems [29]. Rather than
analyzing the rich dynamics this system possesses, our interest here is to use (35) as a non-trivial test
bench for the integrators we presented in previous sections. By introducing the new (real) generalized
coordinates and momenta (q;, p;) related with y; through

1 .
—(g; —ip,

V2

1 . —
V= _(qj + le)’ v; =

V2

the Hamiltonian function (35) can be written as
N /o s
H=Y (5’@; +P)+ @ P = P —q,-Hq,-) (36)
j=1
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in such a way that is the sum of three explicitly solvable parts, H = A + B + C, with

N /e s N N
J
A:Z(E(qu.+pjz.)+§(qf+pf_)2), B=—ZPJ+1P,-, Cz_ijﬂfh“
j=1 j=1 j=1
The corresponding flows are given, respectively, by

(p[a] . { q;(1) = q,(ty) cos(a;t) + p;(ty) sin(a;r)
L p;(t) = —q;(t;) sin(a;1) + p;(tp) cos(a;1)

[ . { q;(0) = q;(t9) = 1(p;_1(10) + P41 (1))

@ (37
! Pj(t) = Pj(to)
ol q;(0) = q;(19)
! p;(®) = p;(ty) +1(q;_1 (o) + 411 (1))
itha, = 2+ p2)/2
witha; = ¢; + f(q; +pj)/ .
29, LN —e- ABGy PR —e- ABCy
Y Sg L S,

—~ N RN b —~ Sso ?

o -3 e A XA, = -3 .. XBs
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Figure 3: Relative error in conserved quantities for the DDNLS system due to each of the best numerical
methods tested. (a) Relative error in energy for XA, compared to ABC,; and S¢. (b) Relative error in energy
for XBg compared to ABC, and Sg. (¢) Relative error in norm for XA, compared to ABC,; and S¢. (d) Relative
error in norm for XBg compared to ABC,; and Sg.

To compare the performance of the numerical integrators previously considered, we take a lattice
of N = 1000 sites and fixed boundary conditions, gy = py = qn41 = Py41 = 0. Asin [7, 30],
we excite, at the initial time ¢ = 0, 21 central sites by taking the g; at random in the interval [0, 1] and
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the respective p; in such a way that each site has the same constant norm 1, so that the total norm of
the system is S = 21. Moreover, # = 0.72, W = 4 and the random disorder parameters ¢; are chosen
so that the total energy is H ~ —29.63. As in the previous example, we integrate until the final time
1, = 10 and compute the maximum relative error in energy and in norm along the integration interval.
The results are depicted in Figure 3, with the top diagrams corresponding to the error in energy and
the bottom to the error in norm. The same notation has been used for the tested methods. Finally, in
Figure 4 we collect the error in the phase space. As before, the reference solution is obtained with the
DOP853 routine. Notice that for this non trivial example the new schemes XA, and especially XBg
show a better efficiency than Sg, and not only with respect to the preservation of the invariants, but

also in the computation of trajectories.

S ~o- ABCx R ~e- ABCy
‘\ \\ So \‘\ So
_2 \\\ \\.\ -~ XAy -2 \\.\ XBs
= N . = RS
[0 LN SN w5 — hiye
T i S I ~
N 1 G (N ~— 4 ‘\\
; \‘\\ \\.\ § 5 \‘\‘
_5 Yoo e =
BN o
—6 o
2.6 2.8 3.0 32 3.4 3.6 2.6 2.8 3.0 32 34 3.6
logy (Nevat) logyo (Neval)

(a) (b)

Figure 4: Relative error of trajectories for the DDNLS system. Same as in Figure 3. (a) Relative error of
trajectories for XA, compared to ABC,; and S¢. (b) Relative error of trajectories for XBg compared to ABCy;
and Sg.

6 Concluding Remarks

In this work we have presented two different families of fourth-order composition methods especially
designed for problems that can be separated into three parts in such a way that each part is explicitly
solvable. In addition to the usual optimization criteria applied in the literature to choose the free pa-
rameters in the composition, we have introduced another one especially oriented to problems where
the energy is a constant of motion. The schemes constructed in this way show an improved behavior,
and in fact one of the methods exhibits a superior performance to the familiar scheme S of Table 2 on
the tested examples. Other relevant examples include certain nonlinear oscillators, Poisson—-Maxwell
equations arising in plasma physics, and the treatment of non separable Hamiltonian dynamical sys-
tems [26].

Although only problems separable into three parts have been considered here, it is clear that
the schemes we have introduced can also be applied to differential equations split into any number
of pieces n > 3. The only modification one requires is to formulate the corresponding first order
scheme y, and its adjoint y,. One should be aware, however, that augmenting the number n leads
to evaluating an increasingly large number of flows for methods with large values of s, with the
subsequent deterioration in performance.

An important topic not addressed in this study concerns the stability of the proposed methods.
Typically, for a given method there exists a critical step size A* such that it will be unstable for
|h| > h*. Of course, one is interested in methods with A* as large as possible. The linear stabil-
ity of splitting methods has been analyzed in particular in [31, 32], where highly efficient schemes
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with optimal stability polynomials have presented for numerically approximating the evolution of lin-
ear problems. In the nonlinear case, however, the situation is more involved. In [19], a crude measure
of the nonlinear stability of a given time symmetric scheme of order r is proposed, taking into account
the error terms of orders r + 1 and r + 3. The stability of splitting methods in the particular setting of
(semidiscretized) partial differential equations with stiff terms have been considered, in particular, in
[33, 34]. A theorem is presented [34] concerning the stability of operator-splitting methods applied
to linear reaction-diffusion equations with indefinite reaction terms which controls both low and high
wave number instabilities. In any case, this result only affects methods up to order 2 with real and
positive coefficients, whereas the application of splitting and composition methods of higher order
with real coefficients in this setting leads to severe instabilities due to the existence of negative coeffi-
cients. The methods we have presented here are aimed at non-stiff problems, and they do not exhibit,
at least for the examples we have considered, special step size restrictions in comparison with other
splitting methods from the literature.

Finally, it is worth remarking that the local error estimators for composition methods proposed in
[35] based on the construction of lower order schemes obtained at each step as a linear combination
of the intermediate stages of the main integrator, can also be used in this setting. As a consequence,
it is quite straightforward to implement the methods presented here with a variable step size strategy
if necessary.
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Abstract

Different families of Runge—Kutta—Nystrom (RKN) symplectic splitting methods of order 8 are pre-
sented for second-order systems of ordinary differential equations and are tested on numerical exam-
ples. They show a better efficiency than state-of-the-art symmetric compositions of 2nd-order symmetric
schemes and RKN splitting methods of orders 4 and 6 for medium to high accuracy. For some particular
examples, they are even more efficient than extrapolation methods for high accuracies and integrations
over relatively short time intervals.

Keywords: Runge—Kutta—Nystrom splitting methods, high order symplectic integrators

1 Introduction
Second-order systems of ordinary differential equations (ODEs) of the form

d2y
= —= = 1.1
0= 9(y), (1.1)

where y € R? and g : R? — RY, appear very often in applications, so that special numerical integrators
have been designed for them, such as the Runge—Kutta—Nystrom (RKN) class of methods. As is well known,
if one introduces the new variables © = (y,v = ¢) and the maps

fa(l') = fa(yvv) = (U70), fb(l) = fb(y,ﬂ) = (079(11))7 (1.2)

then eq. (1.1) is equivalent to

&= fa(z) + fo(2) (1.3)
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and moreover each subsystem & = f;(z), i = a, b, is explicitly integrable, with exact flow

b
Al =@+t ad o) = @+ te)),
respectively. An important class of problems leading to equations of the form (1.1) corresponds to Hamilto-
nian dynamical systems of the form

1 -
H(g,p) = 50" M~ 'p+V(9), (14)

where ¢ and p denote coordinates and momenta, respectively, M is a symmetric positive definite square
constant matrix and V'(g) is the potential. Then, the corresponding equations of motion can be written as
(1.1)withy = q,v =9 = M 'pand g(y) = —M~VV(q).

Splitting methods constitute a natural option for integrating numerically the initial value problem defined
by (1.3). These are schemes of the form

b b
Yn = gl o @ 0 oo 0w, (1.5)

where the coefficients a;, b; are conveniently chosen so as to achieve high order approximations to the exact
flow of (1.3), namely () = ¥y (x) + O(R™1) for a given order 7 and step size h. Familiar examples of
splitting methods are the so-called Strang/leapfrog/Stérmer—Verlet second order schemes:

S =l oel ol (16)
and ) \ .
S}[L] - @L}z ° wﬁfl ° g;[h}Q. (1.7)

In fact, efficient schemes of this class up to order » = 6 have been designed along the years (see e.g. [5]
and references therein). In addition, they preserve qualitative properties of the continuous system and show
a very good behavior with respect to the propagation of errors, especially for long time integrations [11].
There are situations, however, when even higher-order numerical approximations (r = 8,10,...) are
required, for instance in problems arising in astrodynamics. In that case, although generic splitting methods
exist, they involve such a large number of elementary flows gogl], goﬁ}], that are not competitive with other
integrators. This is so due to the exponential growth with the order r of the required number of conditions to
be satisfied to achieve that order [19]. For this reason, palindromic compositions of the form
8[2]

Plos? o080 s with  (a1,...,am) € R™ (1.8)

ash arh
and aun+1-; = @, have been considered instead for order > 6. In practice, schemes (1.8) are the most
realistic option when one is interested in integrating (1.3) with high-order (r = 8, 10, . . .) splitting methods.

It turns out, however, that the special structure of (1.2)-(1.3) corresponding to the system (1.1) leads to a
reduction in the number of order conditions when r > 4 with respect to the generic problem. This allows one
to construct highly efficient 4th- and 6th-order splitting methods especially tailored for this class of problems
which show a better performance than schemes of the family (1.8) [8, 24]. They can be naturally called RKN
splitting methods, and the question of the existence of eighth-order schemes, more efficient than methods of
type (1.8), formulated some 25 years ago [21, p. 153], still remains unanswered, no doubt due to the technical
difficulties involved.
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It is our purpose in this note to present new RKN splitting methods of order 8 that provide higher effi-
ciency than state-of-the-art composition methods (1.8) on a variety of examples arising in physical applica-
tions. They should then be considered as the natural option when one is interested in integrating numerically
problems of the form (1.2)-(1.3) with medium to high precision whereas preserving by construction the main
qualitative features of the continuous system.

Remark 1.1 It turns out that this class of schemes can also be used to solve the slightly more general problem
§=oy+By+g(ty), (1.9)

where o, € R¥? are constant: by taking time t as a new coordinate and considering © = (y,v,t), it is
clear that equation (1.9) can be again expressed as (1.3), this time with

fa(z) = faly,v,t) = (v,av + By, 1), fo(x) = fily,v,t) = (0,9(t,y),0), (1.10)

and each sub-system being explicitly integrable.

2 Order conditions

As shown e.g. in [4], to each integrator (1.5) one can associate a series W(h) of differential operators given
by
U(h) = exp(hb1 Fy,) exp(hai Fy) - - - exp(hbs Fy) exp(hasFy), 2.1)

where F,, F}, are the Lie derivatives corresponding to f, and fj, respectively [3]: for each smooth function
g:R?* — R% and z € RY one has

Fag(x) = fa(z) - Vg(z), Fyg(x) = fo(x) - Vg(z), 22)
so that, for the whole integrator, g(15,(z)) = ¥(h)g(z). For g(z) = (g1(2), - . -, ga(z)), we denote
f(@)-Vg(x) = (f(z) - Vai(a), ..., f(z) - Vga())

in eq. (2.2). The main advantage of using the series W(h) for representing the method ), is that one can
formally apply the Baker—Campbell-Hausdorff formula [28] and express W (h) as only one exponential,

W(h) = exp(F(h)), with — F(h)=>_WFj, (2.3)
i>1

and each Fj is a linear combination of nested commutators involving j operators F; and I, whose coefficients
are polynomials of degree j in the coefficients a;, b;. A method of order r requires that F; = F, + F} for
consistency, and F; = 0 for 1 < j < r. These constraints in turn lead to a set of polynomial equations to
be satisfied by the coefficients of the splitting method. The number n, of such order conditions at each r is
collected in Table 1 [19]. For comparison, we also include the number s,. of order conditions for compositions
of the form (1.8)

As is well known, if the composition (1.5) is left-right palindromic, then all the order conditions at even
order are automatically satisfied and the method is time-symmetric. For systems of the form (1.2)-(1.3), the

flow 4,9%)] is typically the most expensive part to evaluate (for the Hamiltonian (1.4), it corresponds essentially
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r|1 2 3 45 6 7 8 9 10
s, |1 0 1 1 2 2 4 5 8 11
n- |12 1 2 3 6 9 18 30 56 99
L2 1 2 2 4 5 10 14 25 39

Table 1: Number of independent order conditions (at order r) of compositions of symmetric second order methods of
the form (1.8), s,., of splitting methods in the general case, n,., and in the RKN case, ¢,..

to the force VV (g)). It makes sense, then, to characterize a given splitting method according to the number

of flows <p£f] involved. This is called the number of stages of the method. Notice that, if the Strang splitting

is used as the scheme S}[f] in the composition (1.8), the number of stages is also m.
From Table 1 it is then straightforward to estimate the minimum number of stages to achieve an even

order r = 2k. For the composition (1.8) and the general splitting (1.5) these values are, respectively,

k k
Sp = 228%—1 -1 N, = Zan—l -1
=1 i=1

and are collected in Table 2 up to » = 2k = 10. Notice that, when counting the number of stages per step,
we have used the so—called FSAL (First Same As Last) property: the last map in one step can be saved in the
following one and does not count for the total number of stages.

r 12 4 6 8 10
S, [1 3 7 15 31
N1 3 9 27 83
Lo |1 3 7 17 4

Table 2: Minimum number of stages required to achieve order » = 2k with symmetric compositions (1.8), .S, with
general splitting (1.5), N,., and for RKN splitting methods, L,..

The number of order conditions to be solved for each family of methods is, respectively, (S, + 1)/2
and N, + 1. It is clear that symmetric compositions (1.8) require to solve a considerably smaller number
of order conditions to achieve high order methods. On the other hand, the space of solutions is significantly
larger in the case of general splitting methods, and consequently also the chance of finding highly efficient
schemes within this class. Thus, in particular, the general splitting methods of order four and six presented
in [8] outperform compositions (1.8) of the same order. At order eight, however, one has to solve a system of
28 polynomial equations for general splitting methods, and although it seems quite likely that very efficient
solutions exist, to carry out out a thorough analysis constitutes a formidable task.

Notice that for systems of the form (1.2)-(1.3) one has further restrictions: since I, = vV, and F}, =
9(y)Vy, one has for symmetric methods

[Fy, [Fa, Fy)] = §(y) Vo, with  G(y) =2Vyg(y) - g(v),

where [F,, Fy] = FoFy — FyFy, etc. In consequence, [Fy, [Fp, [Fa, F3]]] = 0, and many terms in (2.3) vanish
identically, so that their order conditions can be ignored. This can be seen in the last row of Tables 1 and 2,

4
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where we collect the order conditions ¢, and the the minimum number of stages,

k
Ly=Y by -1
=1

up to r = 10. Notice that, whereas the reduction up to r = 6 with respect to general splitting methods is
only of two equations, for a time-symmetric method of order » = 8 one has to solve 18 order conditions
(instead of 28). This problem, although more amenable, is still far from trivial. In addition, to get significant
solutions, the relevant issue here is whether the resulting 8th-order RKN splitting schemes are competitive in
terms of the number of flows involved with methods within the class (1.8).

Remark 2.1 With respect to the more general system (1.9)-(1.10), one has
Fo=vVy+ (av+ By)Vy + 10, Fy,=g(t,y)Vy,
so that
[Fln [Fm Fb” = g(tv y)vva with Zj(y) = QVyg(tv U) . g(t7 U)
and therefore [Fy, [Fy, [Fo, Fp)]] = 0 also here.
Before starting a systematic search of solutions to the order conditions, it seems appropriate to make

explicit several considerations:

1. Due to the different qualitative character of the operators F, and Fy, it is clear that the role of @f] and
W in (1.5) is not interchangeable, and so two different orderings have to be considered. Specifically,

®h,
we will analyze two types of composition:
b b
As = it 1, © P, © Pha, © 7O Chi, © Phy» 24)

with asyo; = a;, bsy1-; = b;, and

b b b

B, = SD;LILH o @Ezais o @Eﬂ])s 0---0 go%la]l o 99%[]717 2.5)

with bsyo_; = bj, as+1—i = a;. Since for methods (2.4) and (2.5) one can always apply the FSAL
property, we say that both schemes involve the same number s of stages.

2. Very often, compositions with a higher number of stages than the minimum required to solve the order
conditions are considered in the literature. This is so because, typically, (i) methods with the minimum
number of stages show a poor performance, and (ii) the presence of free parameters allows one to
optimize the schemes according with some appropriate criteria, so that the extra computational cost
is compensated by the reduction in the error. Thus, in particular, 8th-order methods within the class
(1.8) with 17, 19 and 21 stages exist that are more efficient than schemes with the minimum number
m = 15. Notice in this respect that the minimum number of stages for a RKN splitting method of
order 8 is s = 17. Although one such method of the form .A; was proposed in [23], the numerical
results collected there show no clear improvement with respect to the 8th-order method of type (1.8)
with m = 24 presented in [9].
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3. Given a method 1, one may consider a near-to-identity map 7, so that the integrator 121h = 7r;1 o
1y, o Ty, is more accurate than 1)y,, for instance, by increasing its order. In this context, ¢y, is called the
kernel of the processed method 1[);1, and 7, is the processor or corrector. Notice that N consecutive
steps correspond to 1&,11\7 = 7r;1 o q/;,ILV o Ty, i.e., the cost of applying the processed scheme is basically
the cost of the kernel. This technique allows one to separate the order conditions into two sets: the
conditions satisfied by the kernel itself, and those to be verified by the processor. As a result, it is
possible to construct high-order RKN splitting methods involving a reduced number of stages in the
kernel, although building a particular processor is far from trivial. Methods of this class have been
presented in [6, 7], so that they will not be considered here.

4. For the initial value problem defined by (1.2)-(1.3), it is possible to include in the compositions (2.4)
and (2.5) the flows generated by other vector fields lying in the Lie algebra generated by F, and F;,. For
instance, one could use the h-flow of the vector fields [Fy, [Fu, Fb]], [Fb, [Fb, [Fa, [Fa, Fb]]]], and other
more general nested commutators [6, 7]. These give rise to the so-called ‘modified potentials’, and
allow one to reduce the number of stages (although at the price of an additional computational cost to
evaluate the flows). Methods of this class with and without processing have been analyzed in particular
in [6] and [24]. Here, by contrast, we are only interested in standard compositions (2.4)-(2.5).

3 New methods of order 8

We next analyze families of schemes (2.4) and (2.5) involving s = 17,18 and 19 stages, so that one always
has enough parameters in the compositions to solve the order conditions. Of course, even with the minimum
number of parameters, these order conditions possess a large number of real solutions, so that some criterion
has to be adopted to select “good” methods. As is customary in the literature, and assuming A is sufficiently
small and ¢ is sufficiently smooth, we propose to take the leading term in the asymptotic expansion of the
modified vector field associated with the integrator as the main contribution to the truncation error. Without
any specific assumption on the function g, we take this error as (222; kg’i)l/ 2. Here ko ; are the coefficients
of the asymptotic expansion of the modified vector field at order h° when it is expressed as a linear combi-
nation of the 25 independent nested commutators involving 9 operators F, and Fj. This corresponds to the
subspace of the Lie algebra generated by F|, and Fj with the commutator as the Lie bracket (for more details,
see [20, 18]). To take into account the computational cost, we multiply this error by the number of stages s,
thus resulting in the following effective error for a method of order 8,

1/8

, (3.1)

which should be minimized by the integrator. One has to take into account, however, that the expression of
E¥ depends on the particular basis of nested commutators one is considering and that we are also assuming
that all these commutators contribute in a similar way, something that is not guaranteed to take place in all
applications. It makes sense, then, to introduce other quantities as possible estimators of the error committed.
In particular, it has been noticed that large coefficients a;, b; in the splitting method usually leads to large
truncation errors, since the expressions of ky ; for £ > 9 depend on increasingly higher powers of these
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coefficients. For this reason, we also keep track of the quantities
S
S
AEZI(|a¢|+\bi|) and 6£r£1:alx(\ai\,|bi|) 3.2)
i=

and eventually discard solutions with large values of A and/or 0. By following a similar approach as for
instance in [8, 24], we will select particular schemes with small values of E¢, A and §, and then we will test
them on an array of numerical examples to check their efficiency in practice.

s = 17 stages. In this case one has as many parameters as order conditions, 18 in total. Given the complex-
ity of the problem, it is not possible to solve these nonlinear equations with a computer algebra system, and so
one has to turn to numerical techniques. Specifically, they are solved with the Python [27] function £solve
of the SciPy library [29], a wrapper of the classic subroutines HYBRD and HYBRJ of MINPACK [22]. The
algorithm is based on a modification of the Powell hybrid method and involves the choice of the correction as
a convex combination of the Newton method and scaled gradient directions and the updating of the Jacobian
by the rank-1 method (except at the starting point, where it is approximated by forward differences). Since
we are not interested in methods with large values of ¢, a uniform distribution in the interval [—1, 1] in each
variable was taken to generate about 2 x 109 initial points to start the procedure,

When a composition of type Ay is considered, we have obtained 376 real solutions that cannot be ob-
tained as a composition of 2nd-order symmetric schemes (1.8), with parameters Ey € [2.77,18.05] and
A € [8.40,63.05], respectively. Among these, we select those solutions within the more restricted range
Ey € [2.86,3.45] and A € [8.42,19.30] and check them on the test problems of sections 4 and 5. Finally, we
have chosen the scheme whose coefficients are listed in Table 4, and parameters given in Table 3. The final
values of the coefficients (with 30 digits of accuracy) have been obtained by taking the solution found by
fsolve as the starting point of the function FindRoot of Mathematica. The method can be represented
in the compact form

Az = (a1,b1, a2, b2, a3, b3, as, by, as, bs, as, be, az, by, ag, bs, ag, by,
ag, bg, as, by, az, bg, ag, bs, as, by, ay, b3, az, bz, az, by, a1). (3.3)

For compositions of type Bs, by applying the same methodology, we have found 149 different solutions
out of more than 1.2 x 106 starting points. We have selected the four solutions in the region E; € [2.80, 3.85],
A € [7.30,9.95] and finally we take the one whose coefficients are collected in Table 5. The method thus
reads

Bi7 = (b1, a1,ba,a2,b3,a3,bs,ay,bs, a5, bg, as, by, az, bg, ag, by, ag
by, ag, bs, a7, b, ag, bs, as, bs, a4, by, az, by, az, bz, a1, by). (34

s = 18 stages. With one more stage we have one free parameter that can be used to get in principle smaller
values of the effective error and eventually more efficient schemes, as is common in the literature. Notice
that the problem in this case involves solving a system of 18 polynomial equations with 19 variables. Our
strategy is the following: for a composition of type Ag with s = 18, we take a; as the free parameter, and
explore the interval a; € [0, 1] (since we are interested in small values of the coefficients) by fixing each time
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E; A 5
Air 3.45 8.42 0.5459 (|ag))
Ars 3.65 7.42 0.6406 (|ag))
Asg 2.76 5.98 0.4237 (|a4|)
Bir 2.80 8.93 0.6355 (|as|)
Bis 3.44 9.68 0.9303 (|as))
Bio 3.41 6.94 0.5238 (|ag))

Table 3: Effective error Ef, 1- and co-norm of the vector of coefficients for different 8th-order RKN splitting methods
of type A and B;.

the value of a;. Starting with 2 x 108 initial points, we have found 722 valid solutions, the most promising
corresponding to the choice a; = 0.08. This solution is then taken as the starting point of an arc-length
continuation method and follow the solution along the curve leading to a local minimum of the 1-norm of the
vector of coefficients. In doing so we apply the algorithm presented in [1, 2]. After this process, we check
several methods in practice and finally the solution .A;g collected in Table 4, with E¢, A and § given in Table
3.

The same technique is applied to compositions Big leading to the solution collected in Table 5 after
1070748 initial points and the application of arc-length continuation.

s = 19 stages. Adding an additional stage and so forming the composition .49, we have explored the
space of parameters in the region aj, az € [0.05,0.15], where we have found 295 valid solutions. Then, we
start from the one with best parameters and apply the following strategy: let us denote by ug the vector of
coefficients of this initial solution. Then we generate a random vector « verifying « - (u — ug) = 0. Now
we apply continuation along the curve that results from the intersection of the space of solutions (with 2 free
parameters) with the random generated hyperplane. The final solution is collected in Table 5.

Concerning the composition Bjg, 173 solutions have been obtained out of more than 1.3 x 106 initial
points. After applying the previous technique, we arrive at the solution reported in Table 5.

Although the quantities (3.1) and (3.2) provide useful information about the quality and relative perfor-
mance of the methods, one should have in mind that the size of the error terms and therefore the efficiency of
each scheme ultimately depends on the particular problem one is considering and even on the initial condi-
tions. For this reason it is convenient to check the behavior of the different schemes on a variety of differential
equations and initial conditions, and also to compare them with other efficient numerical integrators available
in the literature. We have separated the numerical illustrations into two sections. Thus, in section 4 we com-
pare the new schemes with symmetric compositions (1.8) of order 8, whereas in section 5 we also consider
RKN splitting integrators of orders 4 and 6, as well as extrapolation methods.
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ai

bi

a1 = 0.0520924343840339006426037968353
az = 0.225287493267702165807274831864
az = 0.416276189612257117795363856737
ay = —0.384567270213950399652168569029
as = 0.0997271783470514816674547589369
ag = —0.108833834399100218757003157958
a7 = 0.222010736648991680848341975522
ag = 0.523879522036734296002247438223

_ 1 8
a9 =735 =3 i G

b1 = 0.145850304812644731608096609877
bo = 0.255156544139293944162028807345
bs = 0.0181334688208317251361460684041
by = —0.179040110299264554587007062749
bs = —0.118470801433302245053382954342
be = 0.186461689273821083344937258279
b7 = 0.459041581767136840219244627361
bg = —0.003660836270318358975321459399
bp=1-2%7 b,

Q;

bi

a1 = 0.0866003822712445920135805954462
az = —0.0231572735424388070228714693753
az = 0.191410576083774088999564416369
ay = 0.378895558692931579545387584925

as = —0.0467359566364556111599485526051
ag = —0.156198111997810415438979605642
a7 = 0.156025836895094823718831871041

ag = 0.252844012473796333586850465807
ag = —0.640644212172254239866860564270

aipg = 1-— 22?:1 a;

by = —0.08

by = 0.209460550048243262121199483001
bs = 0.274887805875735483503233064415
by = —0.224214208870409561366168655624
bs = 0.347657740563761656321390026010
be = —0.168783183866211679175007668385
b7 = 0.144209344805460873709120777707
bg = 0.0116851121360265483381405054244

by = % _Z§:1 bi

a;

bi

ai = 0.0505805

az = 0.149999

az = —0.0551795510771615573511026950361
ay = 0.423755898835337951482264998051

as = —0.213495353584659048059672194633
ag = —0.0680769774574032619111630736274
a7 = 0.227917056974013435948887201671

ag = —0.235373619381058906524740047732
ag = 0.387413869179878047816794031058

_ 1 9
a0 =3 =21 G

b1 = 0.129478606560536730662493794395

by = 0.222257260092671143423043559581

by = —0.0577514893325147204757023246320
by = —0.0578312262103924910221345032763
bs = 0.103087297437175356747933252265

bs = —0.140819612554090768205554103887
by = 0.0234462603492826276699713718626
bg = 0.134854517356684096617882205068

by = 0.0287973821073779306345172160211

bo=1-2%"_ b

Table 4: Coefficients of 8th-order RKN splitting methods of type A, with s = 17, 18 and 19 stages.

4 Numerical tests I: 8th-order schemes

The first set of examples is intended to illustrate the performance of the new RKN splitting methods in
comparison with the most efficient symmetric compositions of the form (1.8) we have found in the literature.
In addition, we also include in the tests the only 8th-order RKN splitting method with 17 stages. Specifically,
in addition to the previous A, and 55 schemes, we consider the following 8th-order integrators:
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a; bz
Bz a1 = 0.160227696073839513690970240076 b1 = 0.0514196142537210073343152693459
az = 0.306354507436867319879440957100 bo = 0.250497030318342871458417941091
az = 0.308395508895171191756544975556 bs = 0.512412268300327350035492806653
as = 0.120362086566233408450063177659 by = —0.231597138650894401279645184364
as = —0.622888687549183872072186218718 bs = 0.116091323536875759881216298975
as = 0.635560951632990078378672016548 be = —0.0098365173246965763985763034283
a7 = —0.144226974795419229640437363913 b7 = —0.108032771466281638634277563747
ag = —0.284867527074173816678992817545 bg = 0.249039864198023642002940910070
(1,9:17221&:1(11' bgzéfzlebi
a; b;
Bis a1 = 0.144410089394373457971755553148 by =0.045
az = 0.911935520865154315536815857376 by = 0.459016679491512416807266107555
az = —0.00072932909837392655161199996844 by = —0.0456553445594333153223655352757
ag = —0.930317101800698721159455541447 by = 0.0457031020401841003192648096559
as = 0.253804074671714046593439154323 bs = —0.216814341025322492810152535338
as = 0.147948981530918626913598733391 be = 0.163168264552484857133047358600
a7 = —0.448814759614614928125216243784 b7 = —0.0857080319814376219389850039430
ag = 0.0824123980794580106751237195418 bg = 0.0265745810650523466142922093591
ag = % - Zle a; by = —0.0365538332992893220147096150675
bio=1-2%7_ b
a; b;
Big a1 = 0.337548675291317241942440116575 b1 = 0.036132460472136313416730168194

az = —0.223647977575409990331768222380
az = 0.168949714872223740906385138015
as = 0.171179938816205886154783136334
as = —0.349765168067292877221144631312
as = 0.523808861006312397712070357524
a7 = —0.194208871063049124066394 765282
ag = —0.323496751337931087309823477561
ag = 0.322817287614899749216601693799

ann=1-2%7 a

by = 0.012697863961074113381675193011
bs = 0.201318391240629276109068041836
by = 0.135683350134504233201330671671
bs = —0.0579071833999963041504740663015

bs = —0.0772509501792649549463874931821
by = —0.00264758266409925952822161203471
bg = —0.0329844384945603065320797537355
by = 0.0476781560950366927530646289755

bio =3 — Z;;] b;

Table 5: Coefficients of 8th-order RKN splitting methods of type B, with s = 17, 18 and 19 stages.

* Oy7: the RKN splitting method of type A presented in [23], with s = 17 stages.

e §S817: the symmetric composition of m = 17 symmetric 2nd-order methods of the form (1.8) obtained
in [15] (the coefficients are also collected in [11, p. 157]).

* 8879 and §82;: schemes (1.8) with m = 19 and m = 21, respectively, presented in [25].

10

These SS,,, methods have been shown to be the most efficient 8th-order schemes within the family of compo-
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sition methods (1.8). We collect in Table 6 the corresponding values of the quantities Ff and A for methods
S8, when they are used with S,[Lz | as in (1.6) (ABA) or (1.7) (BAB). The values of F¢ are always greater
when the basic scheme is (1.7).

The implementation of all the integrators has been done in Python 3.7 [27] running on Debian GNU/Linux
10 [16] and the array operations have been coded using the NumPy library [13].

E A
ABA BAB
O17 4.78 - 16.63
SSq7 3.12 3.30 8.33
SS9 2.66 2.68 6.84
S8 2.59 2.88 6.43

Table 6: Effective error F¢ and 1-norm of the vector of coefficients for 8th-order symmetric compositions of symmetric
methods SS,,, and the RKN splitting method of [23].

Example 1: Kepler problem. We take the 2-body gravitational problem with Hamiltonian
1 1
H(g,p) = 5p"p = p—, (CR))

where ¢ = (q1,92),p = (p1,p2), » = GM, G is the gravitational constant and M is the sum of the masses
of the two bodies. We take ;1 = 1 and initial conditions

1
w0 =1-c, 60)=0, pO)=0, pO) =/ @)

so that the trajectory corresponds to an ellipse of eccentricity e, with period 27 and energy F = —%. We
first check the order of the new RKN splitting methods and compare their efficiency with respect to O;7.
Thus, Figure 1 (left panel) shows the relative error in energy with respect to s/h (which is proportional to
the number of force evaluations) for e = 0.5 and a final time ¢y = 1000 for methods of type A,, whereas
in the right panel we explore the range of eccentricities 0 < e < 0.8. All schemes involve the same number
of evaluations of the potential in this case. Figure 2 shows analogous results for methods of type B;. Notice
that the order 8 is clearly visible in the figures and that the new methods are more efficient than O;7. The
improvement is particularly prominent for A;7 and specially A9 (up to four orders of magnitude for the
same value of h/s) and is more moderate for methods B,. In fact, all of them show essentially the same
performance, which is lower than that of A;g.

We next carry out the same experiment, but in this case we compare the performance of the new schemes
Aj7 and A;g with the previous state-of-the-art symmetric compositions of the Strang splitting SS,,, m =
17,19, 21. We take the composition (1.6) as the basic Sf[f] method because it shows the best performance in
the numerical experiments. The corresponding results are shown in Figure 3. We notice that .49 is the more
efficient method for the whole range of eccentricities explored.

11
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Figure 1: (a) Efficiency diagram for the Kepler problem with e = 0.5 for all RKN splitting methods of A, type. The

final time is £y = 1000. (b) Maximum error in energy for different values of the eccentricity with t; = 1000 and
s/h = 340.

log,o(max|E(t)-E)/E,l)
Iog10(max|E(t)-E0)/E0\)

1.6 1.8 2 2.2 2.4 26 2.8 -18 : : : : :
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logo(s/h) e
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Figure 2: (a) Efficiency diagram for the Kepler problem with e = 0.5 for all RKN splitting methods of B type. The

final time is ¢y = 1000. (b) Maximum error in energy for different values of the eccentricity with £y = 1000 and
s/h = 340.

Example 2: simple pendulum. Our next example is the simple mathematical pendulum. In appropriate
units, it corresponds to the 1-degree-of-freedom Hamiltonian system with
Lo
H(q,p) = 5p° — cosg. 4.3)

12
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Figure 3: (a) Efficiency diagram for the Kepler problem with e = 0.5 for composition SS,,, and the new RKN splitting
methods A;7 and Ag. Final time ¢ty = 1000. (b) Maximum error in energy for different values of the eccentricity with
ty = 1000 and s/h = 340.

We explore the set of initial conditions (¢,p) = (0,«), with 0 < « < 5, integrate until the final time
ty = 1000 and check the error in energy along the integration. Since the error achieved by O17 is always
3-4 orders of magnitude larger than the new schemes, we no longer include them in the diagrams, so that we
only compare with symmetric compositions SS,,,. Figure 4 shows the efficiency diagram corresponding to
o = 3 (panel (a)) and the maximum of the relative error in the energy along the integration interval. In this
case, the new schemes A7 and A;g are the most efficient. Scheme A9 shows a similar behavior as SS9,
and thus it has not been included in the diagrams. On the other hand, the most efficient scheme of the BAB
type in this case is B1g (not shown), providing similar results as A;g.

Example 3: Hénon—Heiles potential. For our next experiment we choose the well known two-degrees of
freedom Hénon—-Heiles Hamiltonian [14]
H = 1 2 2 l 2 2 2 l 3 4.4

=5+ p)+5la+ @) +ae - 36 (4.4)
It has been the subject of extensive numerical experimentation and is considered, in particular, as a model
problem to characterize the transition to Hamiltonian chaos. In this case we take the same initial conditions
as in [8], the set (q1, g2, p1,p2) = (@/2,0,0,/4), with 0 < o < 1. The corresponding results are depicted
in Figure 5. In this case B;g and A;g are the most efficient schemes, whereas .47 is similar as A;g and it is
not shown in the figure.

13
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logo(max|E(t)-Ey)/Eyl)
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Figure 4: Simple pendulum. (a) Efficiency diagram for o = 3.0 and final time ¢; = 1000. (b) Maximum error in
energy for initial conditions (go, po) = (0, ) for SS and the best RKN methods at final time ¢ = 1000 with s/h = 85.
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Figure 5: Hénon-Heiles Hamiltonian. (a) Efficiency diagram with initial condition corresponding to o = 0.2 and final
time ¢y = 1000. (b) Maximum error in energy for 0 < o < 1 at final time ¢y = 1000 with s/h = 85.

Example 4: Schrodinger equation with Poschl-Teller potential. Finally, we apply our integrators to the
one-dimensional Schrédinger equation (A = 1)

0 19
i5 0@ 1) = =5 550, 1) + V(@)p(, 1), 4.5)
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with the well known Pdschl-Teller potential [10],

V(x):_A(AH)

sech?(z), (4.6)
with A(A 4+ 1) = 10. When a Fourier spectral collocation method is used for discretizing in space [26], one
ends up with the /NV-dimensional linear ODE

i%u(t) =Hu(t) = (T+V)u(t), u(0)=uyeC, 4.7)
where T is a (full) differentiation matrix related with the kinetic energy, V' is a diagonal matrix associated
with the potential and the components of the vector v are the approximations to the wave function at the
nodes, u,, = 1)(xy,t). The action of T" on the wave function vector « is then carried out by the forward and
backward discrete Fourier transform (computed with the FFT algorithm) [17]. The initial condition is taken
as Yo(z) = o e */2, with o a normalizing constant, the interval is z € [—8,8] with N = 256 nodes, and
the integration is done until the final time ¢; = 1000. In this case we check the error in the expected value of
the energy,

energy error: |y, (t) - (Huap(t)) — ug - (Huo)|, 4.8)

where uap(t) stands for the numerical approximation obtained by each method. The results are shown in
Figure 6. Observe that the new RKN splitting method A g is also the most efficient in this setting.

logo(Max|E()-Eq)/Eql)

log4(s/h)

Figure 6: Efficiency diagram of different methods. Schrodinger equation with Poschl-Teller potential.

5 Numerical tests II: RKN splitting and extrapolation methods

Given the observed improvement of the new 8th-order RKN splitting methods with respect to the symmetric
compositions of a basic 2nd-order symmetric scheme, it seems appropriate to carry out further comparisons

15
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with other lower-order RKN splitting methods when medium to high accuracy is desired. Specifically we
consider the following optimized 4th- and 6th-order methods of type B, presented in [8]:

* RKN4g: order 4 with 6 stages (the scheme SRKNg in [8]).
* RKNG61;: order 6 with 11 stages (the scheme SRKN’{1 in [8]).

On the other hand, extrapolation methods constitute one of the most efficient classes of schemes for
the numerical integration of the second order differential equation (1.1) when high accuracy is required [12].
Notice, however, that in contrast with RKN splitting methods, they do not preserve by construction geometric
properties of the exact solution. To carry out our comparisons, we take (1.6) as the symmetric second order
basic method (which corresponds to Stormer’s rule [12, eq. (14.32)]) and apply the harmonic sequence to
construct by extrapolation schemes of orders 4, 6 and 8 with only 3, 6 and 10 stages, respectively. For
completeness, the resulting methods can be written explicitly as

k l
k 2
\P(T:Qk) - ZQE )HS}[L/][, k=234,
/=1 i=1
with a®) = (Oégk)7 e ag@) and
14 f 1 16 81 1 16 729 1024

@_(_14 @ _ (L 1681 (4 _ (L 16 729 1024\ o,
@ ( 3’3)’ “ (24’ 15’40)’ “ ( 360° 45" 280° 315) SR

Example 5: Kepler problem revisited. For the Hamiltonian (4.1) with initial conditions (4.2) we compare
the most efficient 8th-order RKN splitting method A9 with the 4th- and 6th-order schemes RKN44 and
RKN611, and the previous extrapolation methods of orders 4, 6 and 8 for the final time ¢y = 1000. The
results achieved for the maximum error in energy and positions are displayed in Figure 7. To reduce round-
off errors when computing the linear combinations in extrapolation methods, instead of evaluating directly
the numerical solution as y,,+1 = W (.—ox)yn. We eXxpress yffll = Hle S}[LQ/]Z Yn as yfﬁl =yn + Ayfﬂl. In

O

this way we compute only Ay, ;,

then extrapolation is used only for these increments, namely,

k
Aynpr = aP Ayl
/=1

and finally we form vy, 11 = yn + Ayn+1. In doing so, round-off errors are reduced by two or more digits.
Figure 7 shows that the new RKN splitting methods are competitive with extrapolation methods and, in
particular, Ajg is the most efficient when medium to high accuracy is desired.

Example 6: simple pendulum revisited. Let us consider again the simple pendulum, this time with initial
conditions (¢,p) = (0,0.3). We measure the error in energy along the integration for the schemes RKN4g,
RKNG6;1, A;g and the extrapolation methods until the final time ¢ + = 1000. Figure 8 shows the efficiency
diagram corresponding to the maximum of the relative error in the energy along the integration interval. In
this case, the new scheme A3 is the most efficient when high accuracy is desired. There are initial conditions,
however, for which RKN6;; provides better results up to round-off.
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logo(max|E(t)-Ey)/Eyl)

log,o(max[|(a,p)-(a,P) gpl1)

’ 1 115 é 25
log4(s/h)
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Figure 7: (a) Maximum error in the energy for the Kepler problem with e = 0.5 obtained by RKN splitting methods
RKN44, RKN6;1, A9 (solid lines), and extrapolation (dashed lines) of orders 4 (circles), 6 (squares) and 8 (stars). (b)
Same for the maximum error in position.

4% | T
N ~
:F\ N —e—RKN4,
. v \H °*o\ —B—RKN6 |
= 6 * oy o ., ]
L % B L) —0—A,
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=} —0- Exdy
w
L 8
]
@
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£
o
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O 2t

-14
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log,(s/h)
Figure 8: Simple pendulum. Maximum error in the energy for the simple pendulum with initial conditions

(¢,p) = (0,0.3) and final time ¢y = 1000 obtained by RKN splitting methods RKN44, RKN6; 1, A9 (solid lines), and
extrapolation (dashed lines) of orders 4 (circles), 6 (squares) and 8 (stars).

Very similar results are obtained for the Hénon-Heiles potential, and for this reason they are not shown
here. From the previous experiments, we can conclude that the new scheme .49 outperforms the symplectic
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methods of order 4 and 6 from medium to high accuracy when the potential has a singularity, whereas .4;7,
Ajig and Big deliver the best results only at high accuracy for smooth potentials. To provide further evidence
to this class, we next consider a slightly more involved example.

Example 7: the restricted three body problem. In this case we have two bodies of masses 1 — p and
v in circular rotation in a plane and a third body of negligible mass moving around in the same plane. The
equations of motion in a fixed coordinate system read [12, p. 129]

I e

_— 2 —
Y1 =y1+2y2 —p D, Iy D,
(5.2)
y‘2:y272y17“/y27uy2
D1 Dy’

where Dy = ((y1 + p)% +43)%2, Do = (31 — 1')? +43)%/%, and ' = 1 — p. This system can be split as
in (1.9)-(1.10). Alternatively, in a rotating system the equations of motion become

. ay(t) — by (t) —
ZIIZ,U/ 1(t) yl_HL 1(t) =

D ) Dy (5.3)
oy az(t) — y2 " 2(t) — yo
2 / D1 D2 ;

where now
D1 = ((y1 — a1(t)* + (y2 — a2(1)*)*%, Do = (g1 = ba(1)* + (32 — b2(1))*)*/2,
and the motion of the massive bodies is described by
ai(t) = —pcos(t), az(t) = —pusin(t); by(t) = u' cos(t), ba(t) = u'sin(t).
We take, as in [12], ¢ = 0.012277471 and the following initial conditions in the rotating system:
y1(0) =0.994, 71(0) =0, w2(0)=0, y2(0)=—1.00758510637908252240.

The resulting closed trajectory corresponds to the so-called Arenstorf orbit in the fixed coordinate system,
with period 7" = 17.06521656015796255889.

In this case we integrate for one period with the RKN splitting methods of order 4 and 6, and the new
8th-order scheme Aj9. We measure the error with respect to the initial conditions (taking into account that
we are integrating in the rotating system) and display the corresponding errors in Figure 9. Again, A;g is the
most efficient scheme even for medium accuracies.

6 Conclusions

We have presented new RKN splitting methods of order 8 that show a better efficiency than the best existing
symmetric compositions of 2nd-order symmetric schemes on a variety of examples. We have thus answered
in the affirmative the question formulated by [21] in 1996 and filled the existing gap in the classification of
the most efficient splitting and composition methods [5, 19]. The technical difficulties involved in the process
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log;o(max||(g,p)1-(a.p)oll)

7 . . . . . .
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log,(s/h)

Figure 9: Error with respect to the initial conditions after one period, T', of the Arenstorf orbit versus the number of
force evaluations for the 4th-, 6th- and 8th-order RKN splitting methods, RK4Ng (circles), RKN61; (squares) and A1g
(stars).

have been overcome by applying standard techniques for solving nonlinear polynomial equations and free
software on a personal computer. Whereas previous 8th-order RKN splitting methods require the evaluation
of ‘modified potentials’ or force-gradients [24], the schemes collected here only involve the evaluation of
the force g(y), just as compositions (1.8) and thus they should be considered as the natural option when one
is interested in integrating the system (1.1) with high precision and the evaluation of modified potentials is
computationally expensive or not feasible.

Both types of compositions (2.4) and (2.5) have been analyzed and different schemes with up to two
free parameters have been constructed and tested on different numerical examples. These show that A;g and
B1g provide better efficiencies when the force is derived from a smooth, singularity-free potential, whereas
for problems involving singularities .A;9 exhibits the best results. As representatives of the first situation
(i.e., singularity-free potentials), we have examined the simple pendulum, the Hénon—Heiles potential and
the quantum treatment of the Poschl-Teller potential. The second case, involving singularities, corresponds
to the Kepler problem and the restricted planar three body problem. Moreover, the new schemes are more
efficient than lower order RKN splitting methods for medium to high accuracies, and provide better results
than extrapolation methods of order 8 even for relatively short time integrations.
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Abstract

In this paper, we are concerned with the construction and analysis of a new class of meth-
ods obtained as double jump compositions with complex coefficients and projection on the real
axis. It is shown in particular that the new integrators are symmetric and symplectic up to high
orders if one uses a symmetric and symplectic basic method. In terms of efficiency, the afore-
mentioned technique requires fewer stages than standard compositions of the same orders and
is thus expected to lead to faster methods.

Keywords: Composition methods, projection on the real-axis, pseudo-symmetry, pseudo-symplecticity.

1 Introduction

Given a differential equation

. _d
x= d—’: =fx),  x(0)=x, (1)

composition methods constitute a powerful technique to raise the order of a given integrator y,
applied to (1) with time-step 7, as high as might be required, by considering expressions of the form

d)‘r = VeV Wy e @

where the coefficients y;, y,, ... , v, are appropriately chosen so as to satisfy some universal algebraic
conditions [HLW06, MSS99, CMO09]. It is known in particular that if y, is of order k, i.e. satisfies

P.(x0) = W, (x) = O(**),

where ¢, denotes the exact flow of (1), then ¢, will be at least of order k + 1 (i.e., local error k + 2)
if the following two conditions are satisfied

M Yr=1 ad  G)Yy* =0 3)
i=1 i=1
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Given that these two equations have no real solution for odd k and arbitrary s, a series of authors
(e.g. [Suz90, Yos90]) suggested to start from a second-order method and to consider symmetric
compositions only, i.e., schemes with coefficients satisfying the additional condition

Yse1—i = Vis i=1,...,s.

This has led to so-called triple-jump compositions (s = 3, y; = y;) obtained by iterating the process
described above to construct a sequence of symmetric methods with even orders (see, e.g., [HLWO06]
pp- 44).

In spite of its simplicity, the triple-jump rationale leads to inefficiencies for high orders as com-
pared to methods obtained by solving directly the order conditions [HLWO06]. On top of this, it
also suffers from the occurrence of negative time-steps, although this fact is not specific to triple-
jump methods and concerns all composition or splitting methods of orders higher than two. This,
of course, is a severe limiting factor for equations where the vector field (usually an operator) is not
reversible, the prototypical example of which being the heat equation. To circumvent this difficulty,
several authors have suggested to use complex time-steps (or complex coefficients) in the context of
parabolic equations [CCDV09, HO09]. One indeed easily sees that, already for s = 2, solutions of
equations (i) — (ii) exist in C.

Generally speaking, suppose that y_ is an integrator of order k, denoted ST[k] in the sequel for
clarity, and consider the composition (2) with s = 2,

Sl = glklo gIkT, 4

ntoSnt
Then, if the coefficients verify conditions (i) — (ii), that is to say if
sin(22£L 2f+1 L)
1+ cos(z"ql ) for {
then (4) results in a method of order k + 1, which can subsequently be used to generate recursively
higher order composition schemes by applying the same procedure. The choice £ = 0,

1 if kiseven
1 if k is odd

W‘le‘

<7
+1S

3)

>~‘ |

<k
-2
<=

N~

1

+ e2(k’:—l) (6)

sm( ) .
1
k+ 1 zt < /4

i—=—+— an )=
21 + cos <kﬂj> 2 2 2(k+1) 2<:os<

SR

T
2(k+1)

gives the solutions with the smallest phase. If we start with a symmetric method of order 2, S l2J’ nd
apply composition (4) with corresponding coefficients (6), we can construct the following sequence
of methods:
sl gl gl4l __, glS1 __ gl6l
T T T T T’

all of which have coefficients with positive real part [HO09]. The final method of order 6 involves
16 evaluations of the basic scheme S?]. By contrast, there are composition methods of order 6 (both
with real and complex coefficients) involving just 7 evaluations of 552] [BCCM13, Yos90]. It is thus
apparent that this direct approach does not lead to cost-efficient high-order schemes.

One should remark that the composition (4) does not provide a time-symmetric method, i.e.,
SLkTHJo\S'ikHJ is not the identity map, even if S,[kJ happens to be symmetric. As we have mentioned
before, symmetry allows to raise the order by two at each iteration by considering the triple-jump
composition

S[2k+2] _ S[Zk]oS[Zk]OS[Zk] )

7T nt
starting from a symmetric method. Apart from the real solution, the complex one with the smallest
phase is
eim/ (k1)

21/(k+1) _ 9 gin/(k+1) ’

= Y2 =1-2y, €]
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and symmetric methods up to order 8 with coefficients having positive real part are possible if one
starts with a symmetric second-order scheme!. These order barriers has been rigorously proved in
[BCCM13].

The simple third-order scheme (4) corresponding to k = 2 has been in fact rediscovered sev-
eral times in the literature [BS91, CCDV09, Cha03, HO09, Suz92]. In particular, it was shown in
[Cha03] that the method, when applied to the two-body Kepler problem, behaves indeed as a fourth-
order integrator, the reason being attributed to the fact that the main error term in the asymptotic
expansion is purely imaginary. In this note we elaborate further the analysis and provide a compre-
hensive study of the general composition (4), paying special attention to the qualitative properties the
method shares with the continuous system (1). In addition, we show how it is possible to combine
compositions and a trivial linear combination to raise the order, while still preserving the qualitative
properties of the basic integrator up to an order higher than of the method itself.

2 Composition and pseudo-symmetry or pseudo-symplecticity

In what follows, we will assume for convenience that all values of x in (1) lie in a compact set K
where the function f is smooth. Before starting the analysis, it is worth recalling the notions of
adjoint method and symplectic flow.

The adjoint method w of a given method is the inverse map of the original integrator with
reversed time step —z, i.e., y/T* = u/_‘Tl. A symmetric method satisfies u/;‘ =y, [Chal5, HLWO06].

The vector field f in (1) is Hamiltonian if there exists a function H (x) such that f = JV, H(x),
where x = (¢, p)" and J is the basic canonical matrix. Then, the exact flow of (1) is a symplectic
transformation, (p;(x)TJ @)(x) = J fort > 0 [BC16, SSC94].

It then makes sense introducing the following definitions, taken from [CL98] and [AC98]:

Definition 1 Let y, be a smooth and consistent integrator:

1. itis pseudo-symmetric of pseudo-symmetry order g if for all sufficiently small z, the following
relation holds true:

wi=y, + 0, ©)
where the constant in the O-term depends on bounds of derivatives of w on K.

2. it is pseudo-symplectic of pseudo-symplecticity order r if for all sufficiently small , the fol-
lowing relation holds true when y_ is applied to a Hamiltonian system:

WO Tyl =T +0a, (10)
where the constant in the O-term depends on bounds of derivatives of w on K.

Remark 1 A symmetric method is pseudo-symmetric of any order q € N, whereas a method of
order k is pseudo-symmetric of order q > k. A similar statement holds for symplectic methods.

As a first illustration of Definition 1, let us consider again a symmetric 2nd-order method S?]
and form the composition
Bl = gl2l,gl2
v = yT 7T

withy = % + i\/?g. Then, if the vector field f under consideration is real-valued, its real part
Bly= L (03153 = L (255120 4 gl21 i
ER(WT )= 5 (WT ty; ) =5 (Syr 05;71 + S)?r osyr ) :

'Tt is actually possible to reach order 14 if, in the construction, one uses formula (7) alternatively with coefficients
71,7, and coefficients 7,, 7, [CCDV09].
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is a method of order 4 and pseudo-symmetric of pseudo-symmetry order 7. This result is a conse-
quence of the fact that
—[3

iy =7
and the following general statement, which lies at the core of the construction procedure described
in this paper.
Proposition 1 Let y,_ be any consistent smooth method for equation (1) and consider the new
method |

R, = 5 (v, +v)).

Assume also that y_ is pseudo-symmetric of order q. Then R_ is of pseudo-symmetry order 2q +
1. If w, is furthermore of pseudo-symplecticity order r, then R is of pseudo-symplecticity order
min(2q + 1, r).

Proof: By assumption, there exists a smooth function (7, x) — 6_(x), defined for all x in a compact
set K and for all sufficiently small real 7, such that
wi=w +s, o ywl=y 4™ or =y + (0™ (D

so that ,
R‘r = l[/,[ + ET‘)_H&T.

Composing the third relation of (11) from the left by y,, we obtain
id =y op_, + (1) yloy_, - 6_, + O(*@*D), (12)

where the O-term depends on bounds of the derivatives of y, and 6, on K. Similarly, composing
the second relation of (11) from the right by y__, we get

id = yop_, + 7715 op_,. (13)
As a consequence, we have
1 1 2(g+1
it oy, = (—0) " yloy_, - 5_, + O(*D),

We are then in position to write

RoR_, = (wr + %T"“ﬁf) ° (uf_f + %(—r)"“ﬁ_f)

wou_, + §<—f)"“w;° Wbt %T“‘&o Y., + O
= id+O@EHtD),

which proves the first statement. Now, if y_ is in addition of pseudo-symplecticity order r, then its
adjoint y* is also of pseudo-symplecticity order r, so that relation (11) leads to

J+0a™) =) Toy! = ! + )T T(y! + 778!
=J+0 )+ ()T Tyl + )T T6L) + 0 HD),
which implies that
£+l (T Ty + )T J6l) = O(Mina+ D1y
As an immediate consequence, we have that
(R;)TJR; = J + O(™na+Dr+D)y

which proves the second statement. []

This result can be rendered more specific as follows:

4
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Proposition 2 Let 5?"] be a smooth method of order 2n > 2 and pseudo-symmetry order q > 2n+1.
Let us consider the composition method

W[2n+l] - S[Zn]os[zn] (14)

T nt 7T’

where the coefficients y, and y, satisfy both relations y, + vy, = 1 and ylz"“ + y22”+1 = 0. Then the
method

N 1 ]
Ro=5 (vPret ey (1s)
is of order
2n+1 if g=2n+1, (16)
2n+2 if q>2n+2
when the vector field f in (1) is real, and of pseudo-symmetry order
2n+1 if q=2n+1, an
min(q,4n+3) if g>2n+2.

If in addition, f is a (real) Hamiltonian vector field and 552"] is of pseudo-symplecticity order r,
then ﬁT is of pseudo-symplecticity order

(18)

min(r, 2n + 1) if q=2n+1,
min(q,r,4n+3) if ¢ >2n+2.

Remark 2 Note that in Proposition 2, one has necessarily q > 2n + 1. This can be seen straight-
. . 2 2 . 2
forwardly by a direct computation of S0 S (x) with S (x) = ¢, (x) + T2 C(x) + O(r>"+2).

Proof: Noticing that y; and y, are complex conjugate and (1) is real, and taking into account that

5'52"] is of pseudo-symmetry order g, we have
P = sl o s = (S 1 0 ) o (S + )

= (S2 o (S + 0@ = WP + 0T, (19)
Moreover, by construction, uf?"“] is at least of order 2n + 1, so that

‘/’TmH] + O = W[TZHH _ (WT[2n+1])* + O, (20)
and altogether

R, = R, + O(r™Cr2a+D) 1)

Now, since the pseudo-symmetry order of 1;42"“] is at least 2n + 1, the method

1 *
RT — E (W’Ezni—l] + (lllll,2n+”) )
is, according to Proposition 1, of pseudo-symmetry order 4n + 3 and of pseudo-symplecticity order
min(4n+ 3, q). The first (16), second (17) and third (18) statements on orders then follow from (21).

O

In the Appendix we provide an alternative proof of Proposition 2 based on the Lie formalism,
which allow us, in addition, to generalise the previous result on pseudo-symplecticity to other geo-
metric properties the continuous system may possess (such as in volume preserving flows, isospectral
flows, differential equations evolving on Lie groups, etc.).



Capitulo 5. Compositions of pseudo—symmetric integrators with complex
100 coefficients for the numerical integration of differential equations

Notice that, according with Proposition 2, if we start from n = 1, that is to say from a basic
symmetric (¢ = 4+o0) and symplectic (r = 4+o00) method of order 2, we get a method of order 4 that
is pseudo-symmetric and pseudo-symplectic of order 7 just by considering the simple composition
(14) and taking the real part of the output at each time step. If this technique is applied to a symmetric
and symplectic method of order 4, i.e. with n = 2, then ﬁ, is of order 6 and pseudo-symmetric and
pseudo-symplectic of order 11.

Let us consider, in particular, the 4""-order symmetric scheme (7) with k = 2 as basic scheme.
Then, the resulting 6""-order integrator RT only requires the evaluation of 6 second-order methods
SEI, whereas the corresponding 6/"-order scheme obtained by the triple-jump technique involves 9
evaluations. This number is reduced to 7 by considering general compositions of 57[2] [BCCM13].
If we take this 6*-order composition of 7 schemes as the basic method ST[(’], the resulting integrator
of order 8, ﬁr, involves the evaluation of 14 S?], whereas 15 evaluations are required by pure
composition methods. Notice that R, is pseudo-symmetric and pseudo-symplectic of order 15, so
that for values of 7 sufficiently small, it preserves effectively the symmetry up to round-off error
while the drift in energy for Hamiltonian systems is hardly noticeable.

3 Families of pseudo-symplectic methods

There is another possibility to increase the order, though, and it consists in applying the technique
of Proposition 2 recursively. Thus, if denote by f((rl) = fQT the method of eq. (15), we propose to
apply the following recurrence:
For i=2,3,...
0 _ pl-D _pli-1)
oY = R o0 Rpn, (22)
A =L (q)(i) +5<")>
T 2 T T
where y?! is given by (6). Then, according with Proposition 2, it is possible to raise the order up to
the pseudo-symmetry order of the underlying basic method 5'52"]. Thus, in particular, the maximum
order one can achieve by applying this technique to the basic symmetric method SLZJ is 7, whereas
if we start with a basic symmetric method of order 4, 5'54], the maximum order is 11. It is 15 from
a symmetric method SE(’] of order 6 and so on and so forth.
To give an assessment of the computational cost of the methods obtained by applying this type

of composition, we notice that the computation of q>(,"’ and 6(;) required to form ﬁf) by (22) at the
intermediate stages can be done in parallel, whereas at the final stage it only requires taking the
real part. Thus, the method of order 6 constructed recursively from 552] only requires the effective
computation of 4 basic methods S?].

Starting from a symmetric second-order method S?], say Strang splitting for instance, it is im-
portant to monitor the sign of the real part of all coefficients involved in the previous iteration. It is
immediate to see that in the recursive construction

S RD 5 RO RO

envisaged in the recurrence (22), the basic method S?] is used with the following coefficients

P=1:y0 2
P=2 MR pEL R IR
P=3 IOl 1020 (615041 121 61, 15020 (6150415121 I6], 141,21 5615041, 121 5I6], 415020 5l615M4]512]

Given the expression of I (see (6)), these coefficients have arguments of the form

T 1 7[( 1 1 1 ) :
jadl + == +=—4+ =4 - + N =1,2,3,
2;—21-“ \EFEFETEYGT :

e}
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so that their maximum argument is

3
T 1
5;2,41'

For all the coefficients to have positive real parts, a necessary and sufficient condition is thus that

1
22_ <.
i Jj+1

It clearly holds for methods IA((TI), IAQ(TZ) and ﬁ?), of respective orders 4, 6and 7, since 1 /3+1/5+1/7 =
71/105. Similarly, starting form a symmetric method of order 4 having real or complex coefficients
with maximum argument 6, the condition becomes

4
20 20
e | Z 1 204 1888 <1

=—+ =<1
2j+3 x| 3465

T o

For instance, suppose that f in (1) can be split as f(x) = f,(x) + fj(x), so that the exact 7-flows

(p[f] and (p[,b] corresponding to f, and f, respectively, can be computed exactly. Then, the following

composition

41 — [b] [a] [b] [a] [b] [a] [b] [a] [b]
Sr - (prTO (Pa]TO (prTO (pazro (pb3r° (pazro (pbﬂo (palro (pblr 23)

with

—i—ii b—i+£i b—i—li and a;=a —a—a—l
10 30 2715150 37 D

provides a 4th-order symmetric scheme (see [CCDV09]). Taking (23) as basic method we get
max,_; , 3 Arg(b;) = arccos (4/5) so that

20, 1888 1888
a 1888 400666 + 1588 < 0.96 < 1
7 3465 © * 3265 <0

and thus all methods
Sl B L, RO, RO _, p®
T T T T T

of respective orders 4, 6, 8, 10 and 11 obtained by the procedure (22) have all their coefficients with
positive real parts. As far as the f, part is concerned, the maximum argument is less than 0.55%.
4 Numerical experiments

In this section we illustrate the previous results on several numerical examples, comprising Hamil-
tonian systems and partial differential equations of evolution previously discretised in space.

4.1 Harmonic oscillator

We first consider the simple harmonic oscillator, with Hamiltonian

1 1
H=T@(p) +V(q)= 51)2 + 542.

If we denote by M y(7) the exact matrix evolution associated with the Hamiltonians X = H, T and
V,ie. (q(z), p(r)" = Mx(7)(q(0), p(0))", then

_ cos(t) sin(7) (1 _ 1 0
My(®) = < —sin(z) cos(r) > My(m) = < 01 ) MV(”‘( —7 1 >

7
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Lv. | My(t) -y, wou_, — I, det (v,) |
1 1

RD ( 01 —E >15 —g? 0l )1.'8 Lo

i 120 - 1728

120 1728

5 0 3.8 x 10 54 %107 0

@ 7 8 -6 .8
R ( 5.1x107° 0 ’ ( 0 5.4%10-6 )r 1+54x10°7

p 5.8 x107° 0 -1.1x1078 0

(3) 8 3 _ o s
i < 0 5.8x10—9>’ < 0 _1_1X10_3)r 1-11x10%¢

Table 1: Main term in the truncation error, degree of symmetry and symplecticity for schemes ﬁ(ri) obtained
from the basic leapfrog integrator for the simple harmonic oscillator. I, stands for the 2 X 2 identity matrix.

respectively. We take as basic symmetric (and symplectic) scheme the leapfrog/Strang splitting:
S = My(z/DMy (1) M7 (2/2) 24)

and compute the first three iterations in (22). In Table 1 we collect the main term in the truncation
error for the resulting integrators IAQ(Ti), i =1,2,3. We also check their time-symmetry and the preser-
vation of the symplectic character of the approximate solution matrix by computing its determinant
(a2 x2 matrix A is symplectic iff det(A) = 1). One can observe that these results are in agreement
with the previous estimates.

Next we take initial conditions (g, p) = (2.5, 0), integrate until the final time ¢ = 10* with SP],

IAQ(TI), and IAQ(TZ) and compute the relative error in energy along the evolution. The result is depicted in
Figure 1. We see that for Rsl) and Riz) the error in energy is almost constant for a certain period of
time, and then there is a secular growth proportional to O(z7).

—4 4 ‘
—
el —6
NES
= ikl
=  —101 strang | | |||||
order 4 |
—12 1 order 6
| |

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
logyg (t)

Figure 1: Error in energy along the integration for the harmonic oscillator taking (24) as the basic integrator
in the sequence (22).
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4.2 Kepler problem
Next, we consider the two-dimensional Kepler problem with Hamiltonian

1 1
H@@.p=T@)+V@=3p"p—u_. (25)
Here g = (q1,¢5),p = (p1,p2), 4 = GM, G is the gravitational constant and M is the sum of the

masses of the two bodies. Taking y = 1 and initial conditions

(0 =1-e ¢0)=0, p0)=0, py0)= , (26)
if 0 < e < 1, then the solution is periodic with period 2z, and the trajectory is an ellipse of eccen-
tricity e. Note that the gradient function must here be implemented carefully so as to be analytic for
complex values of z = ‘712 + q§ . Here, we define it using the following determination of the complex
logarithm (analytic on the complex plane outside the negative real axis):

V(x,y) ER%st.x+iy & R_, L(x +iy) =log |x + iy| + 2i arctan # .
X+ |x + iy

2

2)3/ 2 writes

As a consequence, the analytic continuation of the function 1/ = 1/ (ql2 +gq
3 .
exp ( - zL(x + 1y)>,

where x = R(q] + ¢3) and y = (g} + q3).
Here, as with the harmonic oscillator, we take as basic method the 2nd-order Strang splitting

SP =l 0 glo o), @7

where (p[T”] (respectively, qoLb]) corresponds to the exact solution obtained by integrating the kinetic
energy T'(p) (resp., potential energy V' (g)) in (25).

We take e = 0.6, integrate until the final time ¢+ = 20 with Strang and the schemes obtained by
the recursion (22) with i = 1,2, 3 for several time steps and compute the relative error in energy at
the final time. Figure 2 show this error as a function of the inverse of the step size 1 /7 to illustrate the
order of convergence: order 2 for Strang, order 4 for IA%(TI) and order 6 for IA{(TZ). For IAQ(S), and contrary
to what happens to the harmonic oscillator, the observed numerical order is higher than expected,
varying between 7 and 8. We do not have at present a theoretical explanation for this phenomenon.
Figure 2 (right) depicts the time evolution of this error when the final time is = 10*.

4.3 The semi-linear reaction-diffusion equation of Fisher

Our third test-problem is the scalar equation in one-dimension

du(x,1)

- = Au(x,t) + F(u(x, 1)), (28)

with periodic boundary conditions on the interval [0, 1]. Here F(u) is a nonlinear reaction term.
For the purpose of testing our methods, we take Fisher’s potential [Sar15]

Fw) =u(l —u)

as considered for example in [BCCM13].
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¥ e M
Y S —4
—~ \\ e S B ®
ST ] N S
= S el Yy =B
e _75 .. ey Ty Z|_ O
g-&. \‘\ ‘\‘\\ :; =
% 4 ~ ~ =
g 71007 e 82 Y S ~— -8
2 5] o RO T A &
ol . S = — strang
3 —A&- RV . _ 8
—15.0 * Aérl) \\\ 1077 — order 4
-<- R \\‘ —— order 6
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log, (';1) logy (t)

Figure 2: Left figure: Relative error in energy vs. the inverse of the step size 7 after approximately 3.183
periods (t = 20) for the Kepler problem for the schemes obtained by the recurrence (22). Right figure:
Evolution of this error along the integration.

The splitting corresponds here to solving, on the one hand, the linear equation with the Laplacian
(as f,), and on the other hand, the non-linear ordinary differential equation

ou(x,1) _
o = u(x,)(1 — u(x, 1)),

with initial condition u(x,0) = uy(x), whose analytical solution is given by the well-defined (for
small enough complex time #) formula

(CEsR))

u(x, 1) = up(x) + up(x)(1 — uo(x))m'
0

Here we aim to solve Eq. (28) with periodic boundary conditions on the interval [0, 1], and
initial condition uy(x) = sin(2zx). Numerically, the interval is discretised on a uniform grid, i.e.,
x; = j/N,j =0,...,N -1, N € N, and u(x,1) is approximated by Fourier pseudo-spectral
methods. In this way we construct a vector u with components (w); ~ u(x;_;,1), j = 1,2,..., N.
If we denote by u, the whole numerical solution computed by a certain integrator with step size =
from ¢ = O until the final time, and by u_, the corresponding numerical solution computed by the
same integrator with step size 7/2, then the quantity E; := |u, —u, ||, is a good indicator of the
convergence order.

Numerical simulations were carried out in quadruple precision (with Intel Fortran) such that
roundoff errors are suppressed. Figure 3 shows the successive errors E_, at final time 7" = 10, of the
methods obtained with the sequence (22) with the Strang splitting as the basic method S?] (left) and
the fourth order scheme Sf” given by (23) (right) with different time steps 7; = 0.1/ 2,j=1,...,7.
One can clearly observe that the convergence order matches the previous analysis with a slightly
better performance for the highest order, analogously to the Kepler problem. Figure 4 shows the
successive errors versus the number of basic integrators in each case.

4.4 The semi-linear complex Ginzburg-Landau equation

Our final test problem is the complex Ginzburg—Landau equation on the domain (x, t) € [—100, 100]x
[0, 1001,

du(x,t)

e = alAu(x,t)+ eu(x,t) — plu(x, t)|2u(x, 1), (29)

10
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Figure 3: Successive errors E, versus time step 7 for Eq. (28) of the composition methods starting from the
Strang scheme (left) and the fourth order scheme Sf” (right).
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Figure 4: Successive errors E, versus number of basic integrators for Eq. (28) of the composition methods
starting from the Strang scheme (left) and the fourth order scheme 514] (right).
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with @ = 1 4+ icy, f = 1 — ic; and initial condition u(x,0) = uy(x). Here, €, c; and c5 denote real
coefficients. In physics, the Ginzburg-Landau appears in the mathematical theory used to model
superconductivity. For a broad introduction to the rich dynamics of this equation, we refer to [vS95].
Here, we will use the values ¢; = 1, c; = =2 and € = 1, for which plane wave solutions establish
themselves quickly after a transient phase (see [WMCO05]). In addition, we set

0.8 0.8

to(x) = cosh(x —10)2 ~ cosh(x + 10)?’

so that the solution can be represented in Figure 5.

Solution of the Ginzburg-Landau equation (amplitude) Solution of the Ginzburg-Landau equation (real part)
- 0 - -~

_/ANEAN

i

y— N
. ////5//‘;\\\\

-\’/ \‘_’-

Time
Time

100 ————————

-i00 -80 60 -40 20 0 20 40 60 20 100

Figure 5: Colormaps of the amplitude |u(x, 1|2 (left) and real part R(u(x, 1)) (right) of the solution of (29).

To apply the composition methods presented in previous sections, it seems natural to split equa-
tion (29) as

du(x, 1)
ot

= (1+4ic))Au(x,t) + gu(x, 1), (30)

whose solution is u(x, 1) = e'e’U+eVAy (x) for t > 0, and

ou(x,t)

= —(1 = ic)|u(x, D) ?u(x, 1) 31

with solution is for ¢t > 0

u(x, 1) = e—(1=ic3) g M(x,s)dsuo(x) _ e—g 1og(1+2zM0(x))uo(x)_
Here we have first solved the equation for M (x,t) := |u(x, Hl?, given by
oM (x,t
(x ) 2M2( N,
o

with solution

My(x)

M(X,f) = 1+2—]\/[0(x)t

Considering # now as a complex variable with positive real part does not raise any difficulty for the
first part, since e“’e/(I+¢)A js well-defined. More care has to be taken for the second part, since
u — |u|?u is not a holomorphic function, and this prevents us from solving (29) in its current form.

12
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As a consequence, we first rewrite (29) as a system for (v(x, 1), w(x, t)) where v(x,1) = R(u(x, 1))
and w(x,t) = S(u(x,1)):

ov(x,t)

Av(x,1) — ¢; Aw(x, 1) + ev(x, 1) — (V*(x, 1) + W (x, D)(V(x, 1) + c3w0(x, 1))

ot (32)
% = ¢ Av(x, 1) + Aw(x, 1) + ew(x, 1) — (V> (x, 1) + w?(x, D) (—c30(x, 1) + w(x, 1))

and now solve it for complex time ¢ € C with R(7) > 0. Observing that

( -l ) = PD,P' and ( I -a ):PDIP_I,
g -1 c 1

i 1
(a0 (=B O (i1 (-3 3
b= (5 2 ) (7 )= (4 ) mer=(F 1),

system (32) can be rewritten as

with

00(x,t ;
o(x, 0 _ <aAf)(x, 1) + €0(x, t)) - (ﬂM(x, Ni(x, ,))
aw(di 1) . (33)
at, = (&AIIJ(X,I)+8IIJ(X,I)> — <ﬂM(X,t)LZ)(x,t)>
where M (x,t) = 4id(x, )i0(x, 1) and where
0 _ 1 =i 1 v
w )2 1 —i w |-
It is not difficult to see that the exact solution of the second part of (33) is given by
B(x,1) = ﬁo(x)e—%‘og(lﬂr%(x» o
W(x,1) = Lbo(x)e—glog(1+2m”40(x))

where Mo(x) is now defined as Mo(x) 1= 4i0y(x)wy(x). Note that here, by convention, the log-
arithm refers to the principal value of log(z) for complex numbers: if z = (a + ib) = re’’ with
—n <0 < &, then

logz :=Inr+if@ =In|z|+iargz = 1n(|a+ib|)+2iarctan<+).

a+ Va2 +b?

Since log(z) is not defined for z € R™, this means that the solution (&(x, ), t0(x, t)) is defined only
aslongas 1 + 21\7[0(x)t ¢ R~. Finally, the solution (v(x, t), w(x, 1)) is of the form

(efﬁL(x,t)_'_efﬁ_L(x,t)
Uo(X)—) — wy(

{ v(x, 1) >
_ (e-PLGxn) Z=BLExD) (e=PLU) o—PLGD)
w(x,t) Uy(x) — + wo(x)—2

%) (e PLED _e=BLExD)

where L(x,1) 1= log(1 + 2tM(x)) = log(1 + 21 M(x)) with M(x) = v3(x) + w5 (x).

Denoting V' = (vy,...,v0y) € RN and W = (wy,...,wy) € RN, we eventually have to
numerically solve the following system:

V = AV —c|AW +€eV — GV + ;W)
W AV + AW + eW — G(—c;V + W)

13
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Figure 6: Successive errors E, versus time step 7 for Eq. (29) of the composition methods starting from the
Strang scheme (left) and the fourth order scheme SF” (right).

where G is the diagonal matrix with G; ; = vl.2 + wl.z.

Equation (29) is solved with periodic boundary conditions on the interval [—100, 100]. Now, in

the previous example, the interval is discretised on a uniform grid, i.e., x; = j/N,j =0,..., N —
1, N € Nwith N = 512, and u(x,t) is approximated by Fourier pseudo-spectral methods. The
successive errors E; 1= [[u; —u, ||, are shown also here to confirm the convergence order. Figure

6 shows the successive errors, at final time T' = 10, of the schemes obtained by applying the sequence
(22) from the basic Strang splitting and the fourth-order scheme (23) with = ;= 0.1/2/, j=1,...,7.
The observed order of convergence matches the previous analysis with a slightly better performance
for the highest order. Figure 7 shows the successive errors versus the number of basic integrators.
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Appendix

In this Appendix we provide an alternative proof of Proposition 2 via Lie formalism. This allows us
not only to gain some additional insight into the structure of the methods, but also to generalize the
result on pseudo-symplecticity to other properties of geometric character, very often related to Lie
groups, the differential equation may possess.

To begin with, if ¢, is the exact flow of the equation (1), then for each infinitely differentiable
map g, the function g(¢,(x)) admits an expansion of the form [Arn89, SSC94]

(0,00 = exp(e F)[gl(0) = g0 + ¥, = FH{g]x)
g (p‘r - p g =& Pt k! g )

14
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Figure 7: Successive errors E, versus number of basic integrators for Eq. (29) of the composition methods
starting from the Strang scheme (left) and the fourth order scheme 514] (right).

where F is the Lie derivative associated with f,

F=Y fix) (35)

i>1

0
ox;’
Analogously, for a given integrator y, one can associate a series of linear operators so that

gy, (x) = exp(Y ())[gl(x), with Y(z)= Z 7Y,
=1

for all functions g [BCMO8]. The integrator y, is of order k if
Y =F and Y;=0 for 2<j<k.

For the adjoint integrator y* = , one clearly has

-1
T

gyl (x) =exp (- Y(-1))[glx).

This shows that y, is symmetric if and only if Y(z) = 7Y, + 73Y5 + ---, and in particular, that
symmetric methods are of even order.
An integrator 552"] of order 2n > 2 can be associated with the series

(1) = exp (tF + 2™ Ny ) + 722Ny p + ) (36)
for certain operators N. Then, the adjoint method (5'52”])* has the associated series
@*(r) = exp (7F + 7" Ny — 7Ny pp + 0.
In consequence, 5?"] is pseudo-symmetric of order ¢ > 2n + 1.

(i) Let us analyse first the case ¢ > 2n + 1. Then, N,,,», = -+ = N,=0 in (36) and the series of
operators associated with the composition y>"*!l = S}[]ZZ]O S}[f;’] is

¥(7) = O(y,7) D(y,7) = exp(V (7)),

15
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where V' (7) can be formally determined by applying the Baker—Campbell-Hausdorft formula [BC16]
as

V(T) — (}/1 + J/2)7:1; + (y12n+l + y22n+l)T2n+lN2n+l

1
+ 5(}/27/12}’l+1 _ y] }’22n+])72"+2[F, N2n+]] + (y12n+3 + }/22n+3)T2n+3N2n+3 + (9(72n+4).

Here [+, -] denotes the usual Lie bracket. Clearly, the order of w[2"+1] is2n+ 1if

T

ntn=1L ey =o, 37

so that y, = 7, =y is given by eq. (5) (with k = 2n). In that case we can write

V(r) = tF + t"2G(r), with  G(z)= ) 7'G,
i=0
whereas for the adjoint method one has
W (1) = exp(=V (=1)) = exp (TF + 12"”6(7)) . with G = Y (-D*G,

i=0

. 1
In particular, Gy = (177" = 7173"*IF, Ny, and Gy = (77" + 13" )Ny, 5.

The series W(7) can also be written as
T T
Y(7) = exp (EF) exp W (r)exp <§F> ,
where W () is determined by applying the symmetric BCH formula [BC16] as
W (1) = °"G(z) + irz"M[F, [F, G(7)]] + O(z*"+)
= "Gy + "G+ TGy + 2—14[F, [F, Gyll) + O>").
By the same token,

Y*(7) = exp (%F) exp ( - W(—r)) exp (%F) .

Consider now the method

1 *
R‘[ — E(u/‘)’[—2n+1] + (II/LZHIJ) ) (38)

Clearly, its associated series of operators,
R(z) = 2W(z) + 2w (r)
) 2 ’

can be expressed as
R(7) = exp (%F) Y exp (%F) ,
where : |
Y= 5 eXp W)+ 3 exp (—W(-1)).

By expanding, we have
y=1I+ %(W(T) -W(-1)+ ‘ll(Wz(r) +WH=1)) + -+,

but

W(t) = W(=1) = 2023 Z 12iz2i =202 7 (1),
i=0

16
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with zy = Gy, 2z, = G + i[F ,[F, Gq]], etc. In general, z,; is a linear combination of the operators

{F,N5,41, Ny,1o, ...} and their nested Lie brackets. In addition, W2(r) + W2(—1) = O(z**%), so
that we can write

y =1+ T2n+3Z + 0(T4n+4) = exp (T2n+3z) + O(T4n+4)

and
R(”L') = exp <%F> exp (72ﬂ+3z) exp <%F> + (9(1_4n+4)’

whence the following statements follow at once:

e Method (38) is of order 21 + 2, since R(z) = exp(r F) + O(z>"+3).

3y IF

. . IF 2 .
e Since Z(r) only contains even powers of 7 (up to Tq+1Nq+1), then e2"e™" Ze2" is a sym-

metric composition and R, is pseudo-symmetric of order min(q, 4n + 3).

e Let us suppose that scheme (38) is applied to a Hamiltonian system and that S?"] is of
pseudo-symplecticity order r. Since Z is an operator in the free Lie algebra generated by
{F,N5,41, Ny,y», ...}, clearly the composition exferZe3l is symplectic (at least up to

terms O(7")). As a matter of fact, this can be extended to any geometric property the differ-

ential equation (1) has: volume-preserving, unitary, etc., as long as the basic scheme S'?”]

preserves this property up to order r.

Finally, in view of (19)-(21) and recalling that g > 2n + 2, the same considerations apply if we take
the complex conjugate instead of the adjoint, i.e., to the scheme

R = m(WEHu) _ % <W£2n+l] +W[{2n+l]) . (39)

(ii) We analyse next the case ¢ = 2n + 1. Then N,, ., # 0in (36) and, if y, and y, verify equations
(37), then V() read
V(1) = ©F + 22"V, + O(z*")
with |
Vo= 07" + 1" DNowa + 5™ = 117" DIF, Noy ]

Notice that, whereas y12”+2 + y22”+2 is a real number, yzylz"“ - ylyzz"“ has non-vanishing real and

imaginary parts. In any event, the same procedure as in the previous case can be carried out, leading
to the conclusion that method (38) is still of order 2n + 2.

The situation is different, however, for method (39), since relations (19)-(21) do not provide
further information. We have to analyse instead

R(W¥(r)) = exp (%F) ER( exp W(T)) exp <%F> ,
with W (7) = 722V, + O(z2"+3). Noting that
R(expW (1)) = I +R(W (D)) + O = I + "RV, + O(r*H)
then we can write

ROV = exp (T ) exp (2R + O™ ) exp ($F) + 0+

In consequence, R, is a method of order 2n + 1, pseudo-symmetric of order 2n + 1 and pseudo-
symplectic of order min(r, 2n + 1).
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Abstract

A new family of methods involving complex coefficients for the numerical integration of differential
equations is presented and analyzed. They are constructed as linear combinations of symmetric-conjugate
compositions obtained from a basic time-symmetric integrator of order 2n (n > 1). The new integrators
are of order 2(n + k), k = 1,2,..., and preserve time-symmetry up to order 4n + 3 when applied
to differential equations with real vector fields. If in addition the system is Hamiltonian and the basic
scheme is symplectic, then they also preserve symplecticity up to order 4n + 3. We show that these
integrators are well suited for a parallel implementation, thus improving their efficiency. Methods up to
order 10 based on a 4th-order integrator are built and tested in comparison with other standard procedures
to increase the order of a basic scheme.

AMS numbers: 65L05, 65P10, 37M15
Keywords: Composition methods, symmetric-conjugate compositions, complex coefficients. preservation of
properties, parabolic equations

1 Introduction

Composition methods constitute a standard tool to construct high-order numerical integrators for the initial
value problem
i = f(x), z(tg) = xo € RY, (1.1)

in particular when the vector field f possesses some qualitative property whose preservation by numerical
approximations is deemed relevant [6, 16]. Let SE"] denote a 2n-th order method, so that S}[f"](xo) =
on(xg) + O(h2"1), where x(h) = 5, (x0) is the exact solution of Eq. (1.1) for a time step h. Then, if the
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coefficients a1, aa, . . . , o satisfy some algebraic conditions, the composition of the basic scheme with step
sizes a1 h, agh, ..., agh,i.e.,

_ ol2n] [2n] [2n] [2n]
1/)’1 - Salh, ° Sazh 0---0 Sas_lh © Sash (1'2)

is a new method of higher order 2n+m [9]. If in particular f is Hamiltonian and S ,[f"] is symplectic, then the

composition method (1.2) is also symplectic [16]. In general, any geometric property the basic method has in
common with the exact solution is still shared by the higher-order scheme (1.2) if this property is preserved

by composition [18]. Moreover, suppose S,[LQ”] is time-symmetric, namely, it satisfies

SPro st —iq,

where id is the identity map, for any h. Then, method (1.2) is also time-symmetric if the composition is
left-right palindromic, i.e., as11-j =, 5 = 1,2,.. ..
A well known class of composition methods is obtained by applying the triple-jump procedure [21, 24]:

st =izl esisl s a
o oy = 1 201, (1.4)

= 92 _ 91/(2n+1)’

is a new method of order 2n + 2. The same technique can be applied again to S,?nﬁ]

construct recursively time-symmetric methods of any order 2n + 2k, k = 1,2, .. ..

When constructing high-order composition methods, real coefficients o, . . ., as are not the only option,
however. In fact, the unavoidable existence of negative c; in (1.2) when the order is higher than two [5,
15, 20, 22] typically imposes stability restrictions on the step size. This occurs in particular when Eq. (1.1)
is the outcome of a parabolic differential equation discretized in space. In that case, considering complex
coefficients with positive real part is also a valid alternative [12, 17]. Even for problems where the presence
of some a; < 0 is not particularly troublesome, composition methods with complex coefficients have also
been proposed and analyzed from the preservation of properties viewpoint [10, 7, 13].

In the particular case of the triple-jump composition (1.3), in addition to the real solution (1.4), the
complex one with the smallest phase is

, so that one can

eiﬂ'/(?'rH—l)
= 91/@n+1) _ guin/(2n+1)’

aq Qg = 1-— 20(17 (1.5)
and the resulting method has in fact smaller truncation errors than its real counterpart (1.4). If the basic
scheme is time-symmetric and of order 2, then time-symmetric methods up to order 14 with coefficients
having positive real part are possible by applying this technique [8].

The order can be raised by one instead with the simplest composition [3, 22]

2n+1 2 2
2l _ slonl o gt (1.6)
if 20+1
1 i sins—=m
a1:a2:7+1% for -n<{<n-1
2 21+6032n117r
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The choice ¢ = 0 gives the solution with the smallest phase, which we denote by 120l

1 i sin
[Qn]::§+21¢ n=12,... (L.7)
—‘,—cos2 1

When the vector field f in (1.1) is real, then x; = 1/Jh 2n+1] (o) is complex, and so it is quite natural to project
21 on the real axis and proceed to the next step only with R(x;). This is equivalent of course to integrating
with the scheme
[2n+1]
RS) (wh n+1] I ¢ n+ ) (1.8)
Method (1.8) is not time-symmetric, even when S}[L g is. Nevertheless, it has been shown in [11] that R;LU is
pseudo-symmetric of order 4n + 3, in the sense that

RV o RY) = id + O(n*" )

if the vector field f in (1.1) is real. If in addition f is Hamiltonian and S;, 2n] 4 symplectic, then R,(f) is also

pseudo-symplectic of order 4n + 3. In other words, projecting d)h "1 at each integration step leads to a

numerical method that preserves geometric properties of the exact solution up to an order that is much higher
than the order of the method itself. Pseudo-symplectic integrators have been previously considered in the
literature, both in the context of Runge—Kutta [2] and polynomial extrapolation methods [4, 14].

(1)

Moreover, as shown in [11], R} can be taken as the basis of the recursion

RM =1 5 (BUl) o B + RIS o RUGE) k=23..., (1.9)

producing methods of order 2(n + k), also pseudo-symmetric of order 4n + 3. Here the coefficients ~y124]
given by Eq. (1.7). For future reference, we call (1.9) R-methods.

Scheme (1.6) is a particular example of a symmetric-conjugate composition. These are composition
methods of the form

are

" _ gl S[Qn] oS gli2nl (1.10)

aih ash arh?

i.e., compositions (1.2) with o; € C and
@s+l—j:aj> 3:1727

Methods of this class, as shown in [7], possess remarkable preservation properties when considering its real
part,

R(vn) = % (Y +y,) -

In particular, if one takes a time-symmetric 2nd-order scheme as the basic method and the coefficients
o, g, ... are chosen in such a way that 1y, is of order 2n — 1, then R(¢)y,) is of order 2n and pseudo-
symmetric of order 4n — 1 when the vector field f in (1.1) is real. If in addition f is a (real) Hamiltonian
vector field and S ,[12] is a symplectic integrator, then $(¢;,) is pseudo-symplectic of order 4n — 1.

Since taking the real part of a symmetric-conjugate method is just a very special linear combination, it
is quite natural to ask what happens when one considers a more general linear combination of symmetric-

conjugate compositions and their complex-conjugate, wh , 1/;(]). is it possible to construct new methods
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of higher order whereas still preserving time-symmetry (and symplecticity) up to the order prescribed by
the composition w}(f )9 1If yes, how the new methods are built? Addressing these questions is precisely the
subject of the present paper. In doing so, we present a new family of schemes of increasingly higher order
well adapted for implementation in a parallel environment, requiring less computational effort than the R-
methods (1.9) but with the same qualitative properties.
If we denote for simplicity the symmetric-conjugate composition (1.10) by its sequence of coefficients,
1/)}? = (a1, 02,...,05-1,05),
with @511 j = «;, these new schemes have the basic structure

ok—1

k 1
HEEEDY (a0 a5) + ) (1.11)
j=1

and are of order 2(n+k) < 4n+3 and pseudo-symmetric of order 4n+3. We designate them as 7-methods.

2 Construction of the family of 7-methods

In this section we construct the new family of integrators Ték) and show explicitly that they are of order
2(n + k) and pseudo-symmetric of order 4n + 3 for ¥k = 1,2,3. The same procedure can be formally
extended to any £ > 3. The analysis is based on the Lie formalism applied to the series of differential
operators associated to the integrators.

2.1 Series of differential operators

As is well known, given a time-symmetric integrator S}[L%] of order 2n > 2 one can associate a series of
linear operators exp(Y (h)) so that

2n
9(SE" (2)) = exp(Y (h)[g)(=)
for all functions g [9], with
Y (h) = hY1 + W Yani1 + W2 Yangs +

Here Y}, are certain operators depending on the particular method and, for consistency, Y; = F', where F' is
the Lie derivative associated with f:

F=>" fi(a:)a%- 2.1)

i>1

The composition (1.2) then has the associated series
U(h) = exp(Y (has)) exp(Y(has—1)) - -+ exp(Y (hag)) exp(Y (hay)), (2.2)

which can be formally written as W(h) = exp(V(h)) by repeated application of the Baker—Campbell-
Hausdorff formula, with

V(h) = hE + B Vg + W22 Vo +

4
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Here V2,41, Vant2, . .. are linear combinations of Lie brackets involving the operators Y1, Y241, Yon 43, . ..
[18]. In the particular case of a symmetric-conjugate composition (1.10), terms Vo, in V() of even powers
in h are pure imaginary, whereas terms Va4 are real [7].

For a consistent symmetric-conjugate composition (1.10), i.e., verifying

daj=ortarttarta=1, (2.3)
j=1
we get explicitly
loj41 L2
V(h) =hBEry+ B2 Y WS ook Bajiag + 07 Y DY oo o)k Bajk, (24
>0 k=1 j>1 k=1
where ji,, ., 0 1, are homogeneous real polynomials of degree n in the coefficients oy, [ = 1,..., s, and E,,

are elements Y and independent Lie brackets involving these operators. In particular

2(n+j) .
Hon42j+1,1 = ZO‘ (o)t ; j=0
=1

and
Bi11=Y1, Eamyoni2ii11 = Yoni2j41,  Eont2in = [F11, Bangj—nyil, 5=1,2,...

2.2 Linear combinations of symmetric-conjugate compositions

Let us now consider the linear combination
L (), )
_ J J
= Z (v + 1), 2.5)

where each 1/),(5 ) is a consistent symmetric-conjugate composition of the form (1.10) with different coeffi-

(4)

cients a;’’. Then, clearly, ¢p, has

Zi:( (n) + TV (h)) = 2]22 (eVa‘<h> +er<’”) 2.6)

as the associated series of operators, where each V(h) is of the form (2.4). Now, by following the same
approach as in [11], we express ®(h) as

(1 b f:( .(h,)+eW_,-<h)> ef—Z”F7

j=1

w"_‘
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where ) )
W;(h) = h2"+1ugn)+1ﬁ1E2n+1,1 +ih* o 533+2A,1E2n+2,1

. ; 1
4 p2nt3 (Hgi3+3,lE2n+3,l + (ngn)wz + ﬂ:u‘(Q]n),H,l) E2n+312)

) . ; 1
4 i h2 (aé{f a1 Bonyan + (U§Q+4,2 517 533%1) EQ”*“)
1

24#(2]71)%,1) Eopis2+

+ RO (u§2+5,1E2n+5,1 + (uéif%g +
@7

(Né]n>+5,3 + ﬂugjn)+3,2 + @H%HJ) E2n+5,3)

) . ; 1
+ i h2nF6 (aé{3+671E2n+6,1 + (Ué]n>+6,2 + ﬂagz)+4,1> Eonve2t

J 1 ; 1 ;
(Ugn)%,s + ﬁag«b)ﬂg T 19207 éﬁz.;) E2n+6,3>
4 O(h2"+7).

Here
Eonys2 = [E11, Fonyo1],  Eongap = [Er1, Eongs],  Eongs2 = [Er1, Eantan],
Eonve2 = [E11, Fanys1],  Eonts3 = [E11, Eongap], Eonte2 = [E11, Eonts 2]
This is done by applying the symmetric Baker—Campbell-Hausdorff formula to each product e3P Vi) g5
From (2.7), a straightforward calculation shows that

(W +W;)* = 4h4n+2(/1/(2]73+1,1)2 E3, 111+ O™
172 n j n
W+ W75 = 22 )y 1) B+ O(™),

15

Therefore,

1 W Wy 1 — —
5 (ve +ve> — ez (Wit W) — Z(Wj2 F W) = (W + Wj)2 + - = O+

S
8

and ®(h) can also be written as

®(h) =

x| =

k
Zegz«“ o3 (Wi(+W;(h) 5 F + O(h4n+4)'
j=1

In consequence, each term in ¢y, is time-symmetric up to terms 24" *3, with independence of the polynomials
ug l), U,(c] z) , since the sum W;(h) + W ;(h) only contains odd powers of h.

’
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On the other hand, one has
1< - 1<
W, W; 772
7:2_ (e +es) — exp 55 (W + 1)
1 Zk a1 Zk
— _

1 1
- h4n+2 Z(/j‘2n+1)2 E (

so that it is also true that

®(h) = exp (; ) i i )+ W;(h)) | exp <gF) + O(hint2), (2.8)

Jj=1

I\Mw

2
§)]n)+1,1> E§n+l,1 +O(n*,

2.3 Order conditions

It is thus possible to obtain the order conditions for the method ¢y, in (2.5) by analyzing just the exponent of
the central term in (2.8). From (2.7) it follows that

N | =

9 Z (W;(h) + W;(h)) = I cony11 Bongra + B2 P eoni31 Bongsn
j=1

. 1
2n+3 2n+5
+ 2t <02n+3 2+ 51 Cn 1 Eonyap +h*" " conys1 Eopgsa

1
+ RS <02n+5,2 + ﬂc2n+3,1) Eon+s.2

1 1
2n+5 2n+7
+h c 3+ —Copy32+ ——c E 3+ O(h
( 2n+5,3 24 2n+3,2 1920 2n+1, 1> 2n+5,3 ( )7
with
}k: () }k: (7) }k: (7)
J J J
Con+1,1 = Hon41,15 Con+3,1 = Hon43.15 C2n+43,2 = Hont3.2
=1 j=1 j=1
0) ~ ) ~ o
J J J
Con+5,1 = E :#27L+5,17 Con+5,2 = E :iu2n+5,2’ C2n+5,3 = E :N2n+5,3
Jj=1 Jj=1 Jj=1
In consequence, for consistent compositions w(] ) 7 =1,...,k, the conditions to be satisfied so that ¢y,

is a method of order r are the following:
*r=2n+2: copt11 =0
e r=2n-+4 Capt11 = Cont31 = Cont32 =0

e r=2n+06: Coant11 = Can+3,1 = C2n+3,2 = C2n45,1 = C2n+52 = C2nt53 = 0
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2.4 New schemes

Once identified the relevant order conditions, our next goal is to solve these equations with the minimum
number of basic schemes in the compositions 1!1}(1") and the minimum value of £ in the linear combination
(2.5).

Order r = 2n + 2. One needs to solve two equations to get a method ¢y, of order 2n + 2: consistency and
can+1,1 = 0. These can be satisfied by taking £ = 1 and the simplest composition 1), = 83172 ) Sgl 7;3, in
which case one has

+aimtt =o.

a; +ap =1, Oé%"JF1

In other words, we recover the composition (1.6) and the R-method (1.8). Our first 7-method (1.11) is thus
1 _ _
Ti = 5 (6,58 4 (3120, 41200 29)

or in more detail

2n] (2n]
yi2nlp, +S; (2n]p, © S.Y[Zn]h>'

1) _ Ligln gl
T, = by S,Y[Qn]h oS;
Order r = 2n+4. Now we have to solve 3 order conditions in addition to consistency for the compositions
1/;2] ) involved. As before, one could take in principle k£ = 1. In that case, the minimum number of basic maps
in 1/1}(? is 4, just to have enough parameters to satisfy the order conditions. It turns out, however, that there
are no solutions with the required symmetry oy = &, a3 = a2. In fact, if we take

,—Y[Q'n+4] ,—}/[2n+2] , [2n+4],y[2n] i

1 JE . _
1/),(L) = (ay, Qg, a2, 1), with a1 = ay =7

then Mg}%l = ,ugl)ﬁ,l =0, but ué&rm # 0. On the other hand, if we take
1/1;(12) = (G2, 01,01, 02)

2)

with the same values of a1, as as before, then uén 1392 = f,ugh) 1 3,0- Whereas still verifying that ,ugi) 111 =

,LL(Q%,L) 43,1 = 0. In consequence, by combining both compositions,

on =1 (o + 3 + 0P + 5,

4

one gets a method of order 2n + 4 and pseudo-symmetric of order 4n + 3. This corresponds to our second
T-method, which reads explicitly

T’E2) _ i<(7[2n+2] [2n] 7[2n+2],—\/[2n]’ ﬁ[zmz] 7[2@ ,—}/[2n+2],—y[2n])
+('y 2n+2 [2n+2] [Zn]’,—}/[2n+2],7[2n]7,7[2n+2]7[2n]) (2.10)
_|_( 2n+2 [2n+2] [Zn]7 ,}/[271—%2],7[271]7 ,Y[ZTL-FQ],Y[ZTL])
T ( 2n+2 - [2n+2] [271,]7 7[2n+2] V[Qn]7 ,y[2n+2] ,V[Qn] )> )

Again, the coefficients 127 are given by Eq. (1.7).
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Order r = 2n + 6. A total of 7 equations (including consistency) have to be solved in this case, so that we
take a symmetric-conjugate composition involving s = 8 basic maps,

& o
Yy’ = (o1, 00,03, 04, Gy, 3, (2, O1).

With the choice
= ,)/[2n+4],y[2n+2],}/[271]7 — 7[2n+4],y[2n+2],7[2n]7

— ,)/[2n+4],$/[2n+2],}/[271]7

(€5

s ay = ,Y[2n+4],7[2n+2],7[2n]

it turns out that conditions c2p4+1 = C2n43,1 = C2n45,1 = 0 are automatically satisfied. By following the
same approach as before, we permute the position of the coefficients and take the composition

(2) _ _
wh _(a27a17a47a37a33a47a13a2)'

Then, one has ,uéi) 132 = —;4512 +3,2> SO that ¢,(Ll) + w,(f) leads to a method of order 2n + 4. More composition

have to be incorporated, however, in order to verify conditions ¢z, 452 = 0 and c2,,45.3 = 0. The former is
accomplished by both sums 1/J,(Ll) + 1/12@ and w;?) + fL/;,(f), where

3 _
11’2) = (a37a4,a1,ag,a2,a1,a4,a3)
4 _
wj(—L) = (0547ag,Cl/,Q,al,Ozl,()é27a3,(X4).,

but the later is satisfied only by adding up the four compositions. In summary, the linear combination
1 1 2 3 4
TR+ + o )

leads to a method of order 2n + 6, denoted as T}(L3). More explicitly,

1 —(1) |, —(2) , =) , (4
T = (! + o ol ol + 0+ 0 w00 <0 @.11)

The same procedure can be carried out in general, although more order conditions (and consequently
more compositions involving more basic maps) have to be dealt with. This class of methods can be repre-
sented in a convenient way as follows. If we introduce the matrix of coefficients

1 ,Y[QH] ,7[271]
Pon =5\ Sew 2n
then, according with the previous results, method T,51> (of order 2n + 2) can be represented by I'y;,,

T}El) ~ Loy,

whereas T}EZ) (of order 2n + 4) can be associated with the matrix

2n+2]y[n] o 2nt2slan]  slont2]lon]  slen+2]slen]
Caen Ty = L[ T B g o
lent2slon]  mlan+2]lon] oy [n2)zin] o 2n42) (2]
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in the sense that each file of I'y, o corresponds to a particular symmetric-conjugate composition entering
into the formulation of T,52>. We can write analogously

T}EQ) > F2n+2 ® F2n7
and moreover
3
Tfi ) TPonta ® (Pong2 @ Tay).

In general, the coefficients in the 7-method of order r = 2n + 2k are distributed according with the pattern

k
T ~ Touinot) ® Toguin-2) @+ @ (g2 @ Tap) -+,

3 Numerical examples

We illustrate next the behavior of some of the previously constructed 7-methods on a pair of numerical
examples. The first one (the 2-dimensional Kepler problem) allows one to check preservation properties,
whereas the second (a simple diffusion equation) is used as a test of their relative performance. In all cases
we take as basic scheme S,[fn] the 4th-order (n = 2) time-symmetric splitting method

4 b a b a b] a b a b)
Sf[L] = ‘#’Hh °© ‘/’([zl]h ° 901[)2]11 °© %[zjh ° Wég]h °© (p([lz]h ° ‘ng]h © %[zl]h ° @E,l]h (3.1

with coefficients

by = 0.060078275263542357774 — 0.060314841253378523039 1, (3.2)
ar = 0.18596881959910913140,

by = 0.27021183913361078161 + 0.15290393229116195895 4,

az = 0.31403118040089086860,

bs = 0.33941977120569372122 — 0.18517818207556687181 ¢,

previously considered in [8]. This integrator is intended for Eq. (1.1) when f can be decomposed as f(z) =
fa(x) + fo(z) in such a way that each sub-problem

&= fo(x), &= fy(x),

with 2:(0) = x¢, has solution z(t) = goga] (x0), and x(t) = @Eb] (x0), respectively.

The implementation of all the integrators has been done in Python 3.7 running on Debian GNU/Linux 10
and the operations with complex arithmetics have been coded using the complex class of the numpy library.

Kepler problem. The Hamiltonian function for the planar two-body problem reads

1

1
H(q.p)=T(p)+V(g)=p'p- = (3.3)

2

10
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Here ¢ = (q1,92), p = (p1,p2), r = ||q||, p = GM, G is the gravitational constant and M is the sum of the
masses of the two bodies. The corresponding equations of motion are then

_O0H _ . _ _OH _ 4
= o P b=, = T

Taking 1 = 1 and initial conditions

1
w0 =1-c, 60)=0, pO)=0, pO) =/ G4

the resulting trajectory is an ellipse of eccentricity 0 < e < 1. In this case gogl} (respectively, Lp%’]) corresponds
to the exact solution obtained by integrating the kinetic energy 7'(p) (resp., potential energy V' (q)) in (3.3).

We take e = 0.6, integrate until the final time ¢y = 207 with the basic splitting method S ,[14] given by (3.1)

Gi i=1,2.

and schemes T,gk), with k£ = 1,2, 3 for several time steps and then we compute the average error in energy
along the integration interval. Figure 1 (left) shows this error as a function of the number of evaluations of
the basic scheme S,[l4]. The diagram clearly exhibits the order of convergence of each method: order 4 for
S}[:l], and orders 6, 8 and 10 for T,El), T,E2) and T}(L3), respectively.

o

= - ‘\\.\‘o. -8 )
Jes i“: \‘"\. E
= 7 ey e _—

"R e <
! . *--e
= NN S —12
= .. |
% ‘1\\“ Yo f=1
z _ S~ Tw =z —14
g 1% 4\\}\ sy Kl
e 'S 2
g -19 el -1691 — _— 9

~~
30 35 00 £5 50 0 1 2 3
logyo ( eval) logy ()

Figure 1: Left: Relative error in energy vs. number of evaluations of the basic scheme S I (blue) for the different
T-methods: T (orange), T' @) (green) and T () (red), in the interval t € [0, 207]. Right: Evolution of this error along
the integration when ¢ € [0, 20007]. In this case the step size is chosen so that all schemes involve the same number of
evaluations of the basic method.

In the right panel we show the long-time behavior of the error in energy for each method when the step
size is chosen so that all of them involve the same computational cost. We see that the error in energy is almost
constant for ¢ < 20007, as is the case for symplectic integrators. In other words, the lack of symplecticity at
order h'? has no effect in this integration interval. In addition, the scheme T,EP’) provides the smaller error.

A linear parabolic equation. Our second example concerns the linear equation in one-dimension
2

0 0 .
au(z, t) = @u(m’, t) + V(z)u(z,t), u(z,0) = sin(27z), 3.5)

11
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with periodic boundary conditions in the space domain [0, 1]. We take V' (z) = 8 + 4 sin(27x) and partition
the interval [0, 1] into N parts of length Az = 1/N, so that the vector U = (Up,...,Unx_1)T € RV is
formed, with U; = u(z;,t) and z; = j/N, j = 0,1,..., N — 1. If a Fourier spectral collocation method is
used, we end up with the /NV-dimensional linear ODE

dUu
= — AU+ BU, (3.6)
dt

where B = diag(V(x),...,V(zny-1)) and A is a (full) differentiation matrix related with the second

derivative 0,,. The splitting here corresponds to solving separately the systems U=AUand U = BU.
Notice that, since B is diagonal, then
(eh‘BU)j _ th(m])Uj

and only requires the computation of N multiplications. On the other hand, AU = F~'D,F U, where
F and F~! are the forward and backward discrete Fourier transform, and D4 is again diagonal [23]. In

consequence,
MU = FletPaF T,

requiring O(N log N) operations when the transformation F (and its inverse) is computed with the fast
Fourier transform (FFT) algorithm.

e
—4 Rt Oy o
= &3z, “e._
5 . O\“‘
—61 *\* o9
= DS e,
= &L %
-8 Q} [ 99
I J
A
—_— A
= 101 Qa
& <

—12- -

75 D0 25 T0 75 90
1Oglo ( eval)

Figure 2: Error vs. number of evaluations of the basic method (3.1) obtained by schemes T,El) (orange), T,EQ)

(green) and T}(LB) (red). The blue line corresponds to S,[;l].

We take NV = 128 and integrate until ¢y = 1, where we compute the relative error ||U — Uey || /||Ues || with
each method T}Ek), k =1,2,3, in addition to the basic scheme (3.1). The ‘exact’ solution Uy, is taken as the

12
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output of the 8th-order composition method P8S15 of [8]. The corresponding efficiency diagram is shown
in Figure 2, where the same notation is used for the curves depicted. Here also the higher degree integrators
provide the best efficiency.

4 Discussion

4.1 7T-methods and R-methods

Methods T,Sk) have indeed close similarities with the compositions R;Lk ) (1.9) previously analyzed in [11]:
not only their starting point is the same (the basic time-symmetric method S}[f"]), but one has in addition

T,(Ll) = RS) and also the same coefficients W[Qm] defined in (1.7) enter into their formulation. Finally, they
have the same preservation properties. There is, however, a fundamental difference: whereas 7-methods are
linear combinations of symmetric-conjugate compositions only, this is not the case of R-methods, and in fact

)

schemes R,(Lk involve a much larger number of compositions. This can be clearly seen by writing explicitly

the expression of Rgf):

1 _[2n] =[2n n) ~[2n+2] < [2n
R}?) _ g((7[27HL2]7[271]77[2n+2]7[2 ],7[2 +2]7[2 ]77[2 +2]7[2 ])

+(,y[2n+2];y[2n] , 7[2n+2]7[2n] , ,—)/[2n+2],7[2n] , ;/[271+2],\/[2n]) .1
+(v[2n+2]7[2n]7 7[2n+2],7[2n] : ,7[2714—2],?[271] ;/[2n+2]7[2n])

F(Al2n25l2n) 22 (0] (2n+2] ) f2n) 7 522y [2n])
+c.c.).,
whereas R;,?) is the sum of 64 compositions containing 8 basic schemes with weights ~[2+4l~2n+2l [2n]
F2ntdly 2n42],[20] epe plus their complex conjugate divided by 128. In general, R;Lk) involves the sum of
222 compositions of 2% appropriately weighted basic schemes:

92k 2

1
R;Lk) 7= §:1 ((ajzk" ) +c.c.),
=

2n] | A R(n+h-D)]

where a, are products of the k coefficients «y and their complex conjugate. This should

2k71

i
be compared with the T-methods: in general, T,Ek) involves the sum of compositions of 2* basic
schemes. In either case, the computation of the complex conjugate part can be avoided just by taking the

real part, with no extra evaluations of S,[f nl,

These numbers are collected in Table 1, when schemes R;Lk) (second column) and 7, ék) (last column) are
formulated explicitly. Of course, a recursive implementation of R-methods by applying the procedure (1.9)
turns out to be more efficient. In that case the required computational effort, measured as the number of basic
schemes, is shown in the third column of the table. Again, in this case we only have to compute the real part
in the last iteration.

In view of the number of basic maps required by the recursive implementation of R-methods and the
explicit formulation (1.11) of T-methods, it is natural to ask what are the advantages (if any) of the later

13



Capitulo 6. High order integrators obtained by linear combinations of

130 symmetric-conjugate compositions
k | R (explicit) | R (recursive) | T (explicit)
1 2 2 2
2 16 8 8
3 512 32 32
m | 2m. 22'“—2 om  gm—1 om  gm—1

Table 1: Number of basic maps S,[f"] necessary to compute when formulating R- and T-methods explicitly or recur-
sively (in the case of R-methods).

schemes with respect to the former ones. In this respect, one should take into account that both explicit
formulations (1.11) and (4.1) are directly amenable to parallelization, whereas this is less obvious for the
recursion (1.9).

If one has a computer with, say, 2¢ threads, it is easy to estimate the effective number of evaluations of
SE"] both for R- and T-methods. Thus, for R,(zk) one has:

e if £ < 2% — 2 then the number of evaluations is 2¥;

« if £ > 2% — 2 then the number of evaluations is 2" - 22k*2*4,
whereas this number is considerably reduced for schemes T}(Lk):

s if £ < k — 1 then the number of evaluations is 2*;

s if ¢ > k — 1 then the number of evaluations is 2% - 26—1=¢,

In Table 2 we collect these numbers for the first values of k in the particular case of 22 = 4 and 2° = 32
threads. We see that the implementation of the explicit expression of the R-methods is more advantageous
than the recursive procedure already with a relatively small number of threads, and that, in any case, T™-
methods require less computational effort.

4 threads | 32 threads
k| R |T]|R T
1] 2 2| 2 2
21 4 4 | 4 4
31128 | 8 |16 8

Table 2: Effective number of evaluations of the basic map S,[LQ"] when the corresponding R- and T-method is imple-
mented in parallel with 4 and 32 threads.

To better illustrate this issue, we next compare the efficiency of the different methods when implemented
on a computer able to execute 4 threads without loss of performance. The corresponding results are displayed

14
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Figure 3: Efficiency diagram for R- and 7-methods in a computer accepting 4 threads without loss of performance.
Left: Kepler problem. Right: linear parabolic equation.

in Figure 3 for the Kepler problem (left) and the linear parabolic equation (3.5) (right). The gain in efficiency
of the new schemes is clearly visible.

Even in the case when one could run the schemes on a machine such that the effective number of evalua-
tions of both R,(L]C ) and T}Ek) is the same, i.e., 2F in both cases, the latter turn out to be more efficient. This is
clearly visible in Figure 4, obtained again by applying the previous schemes to the Kepler problem (left) and
the linear parabolic equation (right).

Finally, it is also illustrative to compare the efficiency of the new 7'-methods with the standard triple-
jump procedure, Egs. (1.3)-(1.4), both applied to the same basic scheme (3.1). Thus, in Figure 5 we depict
the results achieved by projecting S}[lﬁ], S,[ls], and SLIO] at each step, together with T,Ek), k = 1,2,3 for the
Kepler problem with the same parameters and final time ¢; = 207. Here the effective number of evaluations
of the basic scheme has been taken as 2* for T-methods and 3* for triple-jump. Not surprisingly, the new
schemes turn out to be much more efficient.

4.2 Concluding remarks

The standard triple-jump procedure is a popular technique that allows one to construct numerical integrators
for differential equations of arbitrarily high order by composition of a basic integrator of low order. It has
nevertheless certain limitations: the number of basic maps grows rapidly with the order, and the main error
terms are quite large in comparison with other specially built integrators. Moreover, they involve some
negative coefficients when the order » > 3, so that the resulting schemes cannot be used in particular when
the initial value problem (1.1) results from the space discretization of a parabolic partial differential equation
involving the Laplace operator. In this context it is quite natural to explore whether it is still possible using the
triple-jump technique (1.3), but with the complex coefficients furnished by (1.5) as long as their real part is
positive. It has been established that this is indeed the case, although once again they require an exceedingly

15
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Figure 4: Efficiency diagram for R- and T-methods when the effective number of evaluations of the basic scheme is
the same (2* in both cases). Left: Kepler problem. Right: linear parabolic equation.

large number of basic methods. For this reason, other alternatives for constructing high-order composition
methods have also been proposed [8, 12, 17]. Among them, the class of schemes (1.8) possess some special
features: starting from a time-symmetric basic scheme S ,[lQn] of order 2n, it is possible to construct recursively
methods of order 2n + 2k, k = 1,2, ... that are still time-symmetric up to order 4n + 3. Moreover, if the
differential equation in (1.1) has some qualitative properties (such as symplecticity or volume preservation)
then these properties are still shared by the numerical solution up to order 4n + 3 [11].

Methods (1.9) are based on the simple symmetric-conjugate composition (1.6). As shown in [7], sym-
metric-conjugate composition methods still possess remarkable preservation properties when projected on
the real axis at each integration step, and so it makes sense to consider more general linear combinations of
methods within this class. The corresponding analysis has been carried out here, and as a result we have
built a new class of schemes that essentially have the same preservation properties as methods (1.9), but
requiring a much reduced computational cost. In addition, these methods are particularly well suited for their
parallel implementation. The examples included show a significant improvement in efficiency with respect
to schemes (1.9) and those obtained by applying the triple-jump procedure.
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Abstract

We analyze composition methods with complex coefficients exhibiting the
so-called “symmetry-conjugate” pattern in their distribution. In particular, we
study their behavior with respect to preservation of qualitative properties when
projected on the real axis and we compare them with the usual left-right palin-
dromic compositions. New schemes within this family up to order 8 are proposed
and their efficiency is tested on several examples. Our analysis shows that higher-
order schemes are more efficient even when time step sizes are relatively large.

AMS numbers: 65105, 65P10, 37M15
Keywords: Composition methods, complex coefficients, time-symmetry, symplectic
integrators, complex coefficients, initial value problems

1 Introduction

We are concerned in this work with compositions of a time-symmetric 2nd-order inte-
grator, denoted by S }[12]. To be more specific, given the initial value problem

X'=f(x),  x(t))=x,€R? )

with solution x(f) = @,(x), method S!*! verifies that S (x,) = @, (x() + O(h?) for a
time step /# and moreover SLZ] 05'51 = id, the identity map, for any A. Then, the s-stage
composition methods we are considering here are of the form

[rl _ ol2] [2] [2] [2]
Wi =S 105 1 0SS0 @)

s s—1
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where the coefficients «; are certain numbers chosen in such a way that the order of
approximation of ll’,[,r] isr>2.

Methods (2) constitute a very efficient class of numerical integrators for (1), espe-
cially when f has some geometric properties that is advantageous to preserve under
discretization. In fact, composition methods preserve any group properties shared by
the basic scheme S }[12]: symplecticity, phase space volume, first integrals, symmetries,
etc., and therefore they provide a general and flexible class of geometric numerical
integrators [13].

If in addition the sequence of coefficients in (2) is left-right palindromic, i.e., oy, _; =
aj,j = 1,2, ..., then u/,[lr] is also time-symmetric, i.e., it verifies for small A

y/’[lr]o 1//5][ =id, 3)

and are of even order, » = 2n [13]. Methods of this class are called symmetric composi-
tions of symmetric schemes [15] and constitute an efficient way to construct high-order
approximations, due to the reduction in the number of order conditions to be satisfied.

Nevertheless, the fact that composition methods of order greater than 2 require
some negative coefficients a; typically imposes severe stability restrictions on the time
step, especially when dealing with semidiscretized PDEs [4]. To try to remedy this
situation, complex coefficients with positive real part have been considered in the liter-
ature for this class of problems [6, 11, 14]. In fact, methods with complex coefficients
have also been used even for problems when the presence of negative fractional time
steps is not problematic [3, 12].

If composition methods with complex coefficients are applied to a real vector field
S in (1), then the approximation x, at the end of the first time step t; = ty + A will
be of course complex, whereas the exact solution is real. A relevant issue is then how
to proceed with the computation of the trajectory. Two possibilities exist: either one
pursues the determination of the solution for > #; with the previously computed
value of x; € C and project on the real axis only when output is desired (after, say,
N integration steps) or one just discards the imaginary part of x; and initiates the next
step only with R(x,). In both cases, however, the favourable properties the composition
inherits from the basic scheme S }[12] (such as symplecticity) are most often lost. Previous
(heuristic) analyses show that, generally speaking, the later approach provides a better
description of the problem [6, 8, 12].

One purpose of this work is to provide a rigorous justification of this observation
and determine up to what degree symplecticity, say, is still preserved when using com-
plex coefficients. We show, in particular, that a 2xn-th order left-right palindromic com-
position with complex coefficients, when projected on the real axis after each step, still
preserves the time-symmetry and other relevant geometric properties up to order 4n+-1.
Moreover, we also show that it is possible to preserve the time-symmetry up to a higher
order by considering another family of compositions, namely methods of the form (2)
with the special symmetry

O =8, =12, @)

where a; denotes the complex conjugate of a;. For obvious reasons, we call the result-
ing scheme
llf,[lr] = sk 05[2}10 0S8 5512 (®)]

ath ~a, ah “ah’

2
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a symmetric-conjugate composition. The simplest method within this family is of
course

Vi = SunSen (©)
If
a= % + i?,
then q/E] is of order 3, but if one considers instead only its real part,

1 | ~
R =3 (vl +7)) = &Y )

or equivalently, if one projects 1//}[13] at each time step on the real axis, then the result-
ing scheme IAQE?] is an integration method of order 4. This fact has been previously

recognized by several authors [3, 12]. Although IAQE?] is no longer time-symmetric, it
nevertheless verifies
RYoRY = id + O(h®)

when the vector field f in (1) is real [10]. Moreover, if f is a (real) Hamiltonian vector
field and S, is a 2nd-order symplectic integrator, then f(g‘] is also symplectic with an
error O(h®).

Motivated by this feature of scheme IQE:” and the excellent preservation properties
of methods (5) reported in particular in [8], we shall analyze in detail this class of inte-
grators. In doing so, we will pay special attention to their preservation properties, and
eventually we will propose new schemes requiring less number of stages for achieving
a given order than left-right palindromic compositions when projected on the real axis
after each integration step.

2 Compositions of a second-order symmetric scheme

2.1 Integrators and series of operators

If @, is the exact flow of the equation (1), then for each infinitely differentiable map g,
the function g(¢,,(x)) admits an expansion of the form [1, 19]

k

g(@p(x)) = exp(hF)[g](x) = g(x) + k}; %F"[g](x),

where F is the Lie derivative associated with f,

F=) fix)

i>1

0
. @®)

Analogously, for the class of integrators y;, we are considering, one can associate a
series of linear operators so that

gwp(x)) = exp(Y (h)[gl(x), with Y(h)= Z wY,
j21
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for all functions g [7]. Here Y; are operators depending on the particular method con-
sidered. The integrator y, is of order r if

Y =F and YJ-=O for 2<j<r.
For the adjoint integrator, defined as y; := 1//__}12, one clearly has

gy (x) = exp (= Y (=h))[g](x).

Notice that y, is time-symmetric, i.e., it verifies (3), if and only if y/;l“ =y, and
therefore Y (h) only contains odd powers of A. In particular, time-symmetric methods
are of even order.

According with these comments, the time-symmetric 2nd-order scheme S}?J can
be associated with the series

@2l (h) = exp(hF + B3Y; + BOY5 + - + B2y, + ). )

Then, the series of operators associated with the integrator (2) can be determined by
applying the Baker—Campbell-Hausdorff formula, thus resulting in

P(h) = exp(V (h)), (10)
where V' (h) is formally given by
V(h) = hwF + BPws Y3 + h*w, | [F, Y31 + 1 (ws | Y5 + ws 5 [F, [F, Y3]1) + O(h°).

Here [F, Y3] stands for the Lie bracket of the operators F and Y3, etc. and

N N

5

0 =2 Wsl—Za wsy = D, 4
j=1

)(2))

j-1 s s (11)
1/1)5’2=L a? ak + z ak —4Zak z af

12 & J - 4

j=1 k=1 k=j+1 =j+1

1 j—1 s

4
3 (Zer 3 a)
Jj=1 k=1 k=j+1

(In the expression of ws , above the sum is zero when the upper index is smaller than
the lower index). In general, V'(h) is an element of the free Lie algebra £ generated
by {F,Y;,Ys, ...} [18], i.e., V' (h) is a linear combination of F, Y3, Y5, ..., and all their
nested Lie brackets,

c(n)

V(h) = hw,F + Y 1" Y w0, E, . (12)
n>3 k=1

Here w,, , are polynomials in the coefficients of the method, E,, ., = Y,,,; and E, ,,
k > 1, are independent nested Lie brackets of { F, Y3, Ys, ...} forming a basis of the

4
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Order r [1 2 3 4 6 7 8
NUT (General) 1 0 235 7 11 16
NY="1 (Palindromic) 1 2 4 8
NUT— ¢(2n) (Sym-Conjugate) 1 2 5 11(9)

Table 1: Total number of order conditions to achieve order r for the method resulting from
projecting after each step (i) the general composition (2) of time-symmetric 2nd-order meth-
ods (second row), a left-right palindromic composition (third row) and a symmetric-conjugate
composition (fourth row). It turns out that by solving only 9 order conditions one can achieve
order 8 with symmetric-conjugate compositions.

homogeneous component L, of £, with dimension c(n) [17]. Thus, in particular, L5
has dimension ¢(5) = 2, and a basis is given by { Es | = Y5, E5, = [F,[F, Y3]]}.
Method (2) is of order r if w; = 1 and the polynomials w, , vanish whenever
1 <n<rand k = 1,...,c(n). The number of the resulting equations (the order
conditions) N1 agrees of course with the sum of the dimensions c(n), i.e.,

r

NI =3 e

n=1
and is collected in Table 1 (second row) for the first values of r. A composition without
any special symmetry would involve then at least s = N stages so as to have enough
parameters to solve the equations.

2.2 Left-right palindromic compositions

Before establishing general results about preservation of properties of composition
methods with complex coefficients after projection on the real axis, it is worth to intro-
duce the following definitions, as in [10]:

Definition 1 Let y, be a smooth and consistent integrator. Then

1.y, is said to be pseudo-symmetric of pseudo-symmetry order q if for all suffi-
ciently small h, it is true that

Wy =y + O, (13)
where the constant in the O-term depends on bounds of derivatives of y,.

2. yy, is said to be pseudo-symplectic of pseudo-symplecticity order p if for all suf-
ficiently small h, the following relation holds true when it is applied to a Hamil-
tonian system:

)" Ty =T+ O, (14)

where J denotes the canonical symplectic matrix and the constant in the O-term
depends on bounds of derivatives of y,,.
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Remark 1 A symmetric method is pseudo-symmetric of any order q € N, whereas a
method of order r is pseudo-symmetric of order q > r. A similar statement holds for
symplectic methods.

We first proceed with left-right palindromic compositions. According to the con-
siderations in the previous section, the series of operators associated with such a method
of order 2n is WY?"I(h) = exp(V (h)), with

c(2j+1)
V(h)=hw F+ Y RN wy By (15)
Jjzn k=1

and w,; . ; have in general real and imaginary parts when a; € C. Then one has the
following

Proposition 1 Given S }[12] a time-symmetric 2nd-order method, consider the left-right
palindromic composition

[rl — ¢l21  cl2] [2] | cl2]
Sh - Salhosazho Osazhosalh (16)

of order r =2n, n = 2,3, ..., when the coefficients a ; are complex numbers satisfying
2(a; + ay + +--) = 1. Then the method obtained by taking its real part,

[2n] Gl2n]
(S 4 Sty

(2]
b h

0| —

is of the same order r = 2n and pseudo-symmetric of order q = 4n+ 1 when the vector

field f in (1) is real. If in addition f is a (real) Hamiltonian vector field and S}[?] isa
[2n]

n  is pseudo-symplectic of order p = 4n + 1.

symplectic integrator, then ¢

Proof: In this and the remaining proofs we apply a similar approach as in [9] for
determining the pseudo-symplectic character of methods obtained by polynomial ex-
trapolation. An important ingredient is the symmetric BCH formula [5]: given X and
Y two non-commuting operators, then

exp(%X) exp(Y) exp(%X) = exp(2),

where Z = 3, .0 Zy,41 and Z,,, 1, n > 1, is a linear combination of nested brackets
involving 2n + 1 operators X and Y. The first terms read

1 1
Z,=X+Y, Z,=—-——[X,[X,Y]]- =[Y,[X,Y]].
1 + 3 24[ [ 11 12[ [ 11
To begin with, we write the expression (15) associated with (16) as

V(h) = hF + KW, + B3V, 0+

where V5, ;, j = 1,3, ... are complex operators in the free Lie algebra generated by

{F.,Y;,Ys,...}. In consequence, the series corresponding to ‘l’f

" s
() = 2 exp((V (k) + 3 exp(V (),

6
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which can be written in fact as

®>(h) = exp (SF) (% exp(W (h)) + %exp(W(h))) exp (gF) Can

where W (h) is determined by applying the symmetric BCH formula to exp(W (h)) =
exp(—hF /2) exp(V (h)) exp(—hF /2), thus leading to

W) = 1 Wy 4 1% (Vi + o2 FL[F Vi 11) + OGS,

Now the idea is to write ®1>"(h) in (17) as e"f/2 e(K/’LW)/Z e"F/2 4 O(h9), for some q.
Therefore, we have to analyze %(eW +eW) —eW+W)/2 To this end, first we note that

W (h)y+W (h) = 2h*" Y R(Vy, ) +202"3 (ER(V2n+3) + i[F, [F, m(lfzn+l)]])+o(h2n+5),

i.e., only contains odd powers of 4 and

1

(W(h)+Wh)’ = 3

h4n+2 9{(1/'2"4—1)2 + (D(h4n+4),

0 | —

whereas

i(W(h)z + W(h')z) = %h4"+2 (ER(I/Zn+1)2 - S(I/2n+1)2) + (9(h4n+4)'

In consequence,

% (eW(h) + eW(h)) _ e%(W(h)+W(h)) — i(W(h)Z +W(h)2) _ %(W(h) +W(h))2 + (9(h4n+4)

— _%h4n+28(l/2n+1)2 + O(h4n+4)
so that
®2"(h) = exp <gF) exp (% (W(h) + W(h))) exp (gF) + O(h**?)

whence the following statements follow at once:

e Method (16) is of order 2n, since ®?"I(h) = exp(hF) + O(h*"+1).
R h
e Since Z = (W (h)+ W (h))/2 only contains odd powers of A, then egFeZeiF is
a time-symmetric composition and d)f”] is pseudo-symmetric of order 4n + 1.

e Let us suppose that scheme (16) is applied to a Hamiltonian system and that
S,[lz] is symplectic. Since Z is an operatohr in thf free Lie algebra generated by
{F.,Y;,Ys, ...}, clearly the composition e2feZeal is symplectic. As a matter of

fact, this can be extended to any geometric property the differential equation (1)

has: volume-preserving, unitary, etc., as long as the basic scheme Sp[f] preserves

this property.
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O

As an example, let us consider the well known 4th-order palindromic scheme used
in the triple jump procedure [20],
[41 _ ol2] [2] [2]
S, _SalhoS S (18)

azho ah’
with
1

N = S o1 Baikas3

a, =1-2ay, k=1,2.
(Note that with k = 0 one gets the usual real solution). Then ¢£l4] = ER(S}[?]) is still a
method of order 4, but pseudo-symmetric and pseudo-symplectic of order 9.

As is well known, the number of order conditions required by left-right palindromic
compositions to achieve order r = 2n is [17]

n

NG =3 e2j - 1.
j=1

In consequence, a palindromic composition requires at least ZNLZ"] — 1 stages so as
to have the same number of (complex) coefficients as order conditions. The values of

N E"] to achieve orders 2n = 2,4, 6, 8 are collected in the third row of Table 1.

2.3 Symmetric-conjugate compositions

In contrast with left-right palindromic compositions, even and odd order methods of
the form (5) exist, but their behavior with respect to structure preservation is different
when they are projected on the real axis at each step. The reason lies in the special
structure of the associated series of differential operators. More specifically, we have
the following

Lemma 1 Let \S'}[lz] be a time-symmetric 2nd-order method for (1), with f real, and
consider the composition method

y/}[l’] = 5[21105[2] 005 o5l

o a,_1h ah "o h’

verifying
as+1_j=5(j, ]=1,2,

Then 1//}[:] has an associated series of operators PU(h) = exp(V (h)), with

c(2j+1) c(2j)
2j+1 . 2j
V(h)=/’lw1F+Zh I+ Z ”2j+1,kE2j+1,k+thj Z O-Zj,kEZj,k' (19)
j>1 k=1 Jj=2 k=1

Here w, pyjy1 k> 02 are real polynomials depending on the real and imaginary parts
of the parameters ;. In other words, the terms of even powers in h in V (h) are pure
imaginary, whereas terms of odd powers in h are real.



145

Proof: We start by noticing that, since S ,[12] is a time-symmetric integrator, the adjoint

(y/,[q”)* is precisely the complex conjugate of w!", i.e., (u/,ll”)* = WL’]. In consequence,

the corresponding series of operators are also identical,
P = @)
and therefore V(h) = —V'(—h). From (12), these series are respectively

V(h) = hw, F + 2 et Z w1 Ejin + Z h? Z w1 Ej i

j>1 k>1 j>1 k>1
_ 2j+1 2j
—V(=h) = hw,F + Z h Z Wi kEojin — Z h Z W 1 Enj gs
i>1 k>1 i1 k>1
so that
wp = wy, Wojr1k = Wojyl ko Wyjk = —Waj k>

and (19) is obtained with ;| = Wy11 x € R, 09, = B(wy; ) € R. [

From this lemma one has the following general result concerning the preservation of
properties of symmetric-conjugate compositions.

Proposition 2 Given S }[12] a time-symmetric 2nd-order method, let us consider the sym-
metric-conjugate composition

[rl _ ol2] [2] [2] [2]
Wi = Sa S50 05, 1% h
of order r > 3 and its real part, i.e.,
~ 1 _
R =2 (v + ). (20)

applied to the differential equation (1) with a real vector field f. Then the following
statements concerning the pseudo-symmetry and pseudo-symplecticity of f(f"l hold:

(a) Ifl//}[lr] is of odd order, r = 2n — 1, n = 2,3, ..., then IAQEIZ"] is a method of or-
der 2n and pseudo-symmetric of order ¢ = 4n — 1. If in addition f is a (real)
Hamiltonian vector field and SLZ] is a symplectic integrator, then ﬁf”] is pseudo-
symplectic of order p = 4n — 1.

(b) Ifl//,[lr] isof evenorder,r = 2n,n = 2,3, ..., then 1%512”] is a method of order 2n and
pseudo-symmetric of order q = 4n + 3. If in addition f is a (real) Hamiltonian
vector field and S,[lz] is a symplectic integrator, then Iéf"] is pseudo-symplectic
of order p = 4n + 3.

Proof: We apply the same strategy as in the proof of Proposition 1.
(a) Since r = 2n — 1, then the series of operators associated with 1//}[!’] is Yp) =
exp(V (h)), with

V(h) = hF + ih*Vy, + R Wy, o + ih* 2V, o + Q1)
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where V5, = 0,1,2,... are, according to Lemma 1, real operators in the free Lie

algebra generated by { F, Y3, Y5, ...}. From here the series corresponding to IAQf"],

RI(h) = 2 (exp((V (h)) +exp(V(h)))

N[ =

can be written as

RE"(R) = exp (gF) (% exp((W (h)) + %exp(W(h))) exp (gF) ,

where W (h) is obtained from exp(W (h)) = exp(—hF /2) exp(V (h)) exp(—hF /2) as
W (h) = iR W, + R Way TR 2 Wy + B2 Wo 4 TR W,y + OR)
with
War=Var  Wan =Vaurs Wana = Vaua + 5o [F.[F. V3]
Wanss = Vausa + 57 0F. [F, Vo,

L

1
Wonea = Vopga + ﬁ[F’ LF, Vool + 1920

L, [F, [F,[F, V5,111

In general, terms in W (h) of odd powers in & are real and terms of even powers of A
are pure imaginary. Then, it is clear that

W) + W (h) = 20y, + 257 (Vg + i[F, [F. Vay]1) + OG™)
and only contains odd powers of A. Furthermore,

(W + W) = 4n+2y2

2n+1

n 1
AR (V) (Vagas + 9 LFLF Vo 1D +
1 4n+6
HVags + 33 LF[FVaraIDVayr ) + OC0)

and
W (h)* + W (h)* = =2h*"V} + O(h*"+).

Proceeding as before,

L wmy , W Hwm+wm) _ 1 4ny,2 4n+2
E(e +e )—62( )——Eh"V2n+(9(h" ),

so that
R (k) = exp <gF> exp (% (W (h) + W (h)) ) exp (gF> + O,

whence the conclusions follow readily.
(b) We proceed along the same lines as in the preceding case for even order, r = 2n.
Now

V(h) = hF + W™ W, + ik 2V, o + W2V, e

10
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and
W(h) = h2n+l %n+1+ih2n+2%n+2+h2n+3 W/zn+3+ih2n+4W2n+4+h2n+5 W/'2n+5+(9(h2n+6)
with
1
I/V2n+1 = V2n+l’ I/VZ}1+2 = V2n+2’ I/1/2n+3 = V2n+3 + ﬁ[F’ [F’ I/2n+l]]

1
Wanta = Vanga + 5 LE LF. Vool
1

TopoLE > LES LS LE Va1,

1
I/I/2n+5 = I/2n+5 + ﬁ[Fa [F, I/2n+3]] +
whence, as before,
W (h) + W (h) = 2R Wy, + 207" 3 Wo,, 5 + 207" Wy, s + OR).
On the other hand,

W(h)2 = h4n+2 W22n+1 + ih4n+3 (]/V2n+1 I/V2n+2 + W2n+2 W2n+l )

4n+4 2
+h™ (I/V2n+1VV2n+3 + I/V2n+SI/V2n+1 - I/V2n+2)

+ih*m (Wani1t Wanra + WapeaWanss + WaniaWaniz + Wa,sWonn) + O(h*),
whereas
W (h)* = B PWLE L = ih ™ (Wa, s W + WayaWap)

dn+d 2
+ h™" (VVZH+1VVZn+3 + WanisWans1 — I/V2n+2)

45 4n+6
—ih™ (I’Vzn+1W2n+4 + WoniaWopst + WopoaWopys + Wzn+3W2n+2) + O(h™™).

An straightforward calculation shows that

= 1 a7, —_— —_
% (CW(h) + eW(h)) _ e (waswm) _ %L(W(h)Z + W) - %(W(h) n W(h))2 + o
_ _%h4n+4Vszn+2 + O(h*6)
and finally

R27(h) = exp (gF) exp (% (W (h) + W (h)) ) exp (gF) FOHEMY. (22

Now f(f”] is of orden 2n, but the time-symmetry (and symplecticity) holds up to order
dn+3. [

Although apparently a symmetric-conjugate composition requires solving N"! equa-
tions to achieve order r, just as general compositions, this is not the case, however, when
one is interested in projecting on the real axis, since the symmetry in the coefficients
introduces additional reductions. As Lemma 1 and Proposition 2 show, for a scheme of
order r = 2n, the ¢(2n) order conditions at order h>" are pure imaginary and so it is not
necessary to solve them. Therefore, the number of conditions is actually N>"1 — ¢(2n).
This number is collected in the last row of Table 1. This saving in the cost comes of

11
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course at the price of reducing the preservation of time-symmetry (or symplecticity,
etc.) from order 4n + 3 to4n — 1.

We can proceed in the same vein, since the ¢(2n—2) order conditions at order h2n=2
are also pure imaginary. Now, however, the resulting schemes after projection are only
pseudo-symmetric of pseudo-symmetry order 4n — 5. If 4n — 5 > 2n, or equivalently
if 2n > 5, then we still have a method of order r = 2n obtained from a symmetric-
conjugate composition with N>l — ¢(2n) — ¢(2n — 2) stages if the corresponding order
conditions have solutions.

This can be generalized as follows:

Proposition 3 Let
Il _ ol2l o2 . cl2l _cl2l
Wy =S S 05, 1050 h

be a symmetric-conjugate composition of order r = 2n after projection on the real
axis. If 4n — (4q + 1) > 2n for some q > O (or equivalently if 2n > 4q + 1), then the
number of order conditions to be satisfied by l//}[lr] to get a pseudo-symmetric scheme of
pseudo-symmetry order 4n — (4q + 1) after projection on the real axis is

q

N2 _ Z c(2n — 2j).
Jj=0

The simplest example corresponds to scheme (6): Part (a) of Proposition 2 with
r = 3 reproduces the result obtained in [10] and summarized in section 1: its real part
renders a method of order 4 and pseudo-symmetric of order 7.

If we consider instead a composition (5) of order r = 4, then by taking the real part
at each step we do not increase the order, but the pseudo-symmetry order is ¢ = 11
(instead of 7). In view of Table 1, it is worth remarking that, although the symmetric-
conjugate compositions require more order conditions to be satisfied than palindromic
compositions for orders higher than four, the methods resulting from projecting on
the real axis require less stages: thus, in particular, it is possible to achieve a 6th-order
scheme with only 5 stages, whereas schemes based on palindromic composition require
at least 7 stages.

As an additional illustration, let us take the composition

4 g2

] [2] [2]
2,h° Sa2h° S (23)

ah’

with s = 3. Itis of order r = 2n = 4 if

1 .1\/§ 1
a1=—il— -, 0(2=—.
47'4V3 2

Taking its real part, E)‘i(u/,[f]), results in a method also of order 4, but pseudo-symmetric
and pseudo-symplectic of order 11. Both schemes ER(V/E]), (eq. (7)), and ER(V/}[;”) are

of order 4, but whereas the former requires two evaluations of S }[12] (instead of three),
the latter preserves qualitative properties up to a higher order.

12
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2.4 Example: harmonic oscillator

At this point it may be illustrative to apply all the previous 4th-order methods obtained
by projecting on the real axis to a simple example and check how different behaviors
with respect to structure preservation manifest in practice. To this end we choose the
one-dimensional harmonic oscillator,

g =p p=-q

with Hamiltonian

H(g.p)=T(®) +V(q) = %pz + %q? (24)

Denoting by M y(h) the exact matrix evolution associated with the Hamiltonians X =
H,TandV,ie., x(h) = (q(h), p(h)" = My (h)(q(0), p(0))", then

_ cos(h) sin(h) (1 h _ 1 0
MH””‘( —sin(h) cos(h) ) M = < 0 1 ) My() = < ~h 1 )

As our basic time-symmetric 2nd-order scheme S lE2] we take the leapfrog/Strang inte-
grator
s}[fl = My (h/2)M,,(h)M}(h/2) (25)

and form the 4th-order schemes 9{(1//}[!3]) (eq. (7)), 2)1(1//}[!4]) (eq. (23)), and QR(S}[;‘])
(eq. (18)). In this case, it is straightforward to verify the order of the methods (by
computing explicitly the difference y;, — M (h) for each method y,), the pseudo-
symmetry order (by evaluating y,oy_, — I) and the pseudo-symplecticity order (for
instance, by computing the determinant of the corresponding approximation matrix).
In all cases the result agrees with Propositions 1 and 2.

We can also check the relative efficiency of the three schemes by computing the
error in the energy along a time interval with different time steps. Thus, Figure 1 (top
panel) shows this relative error in H as a function of the number of evaluations of the
basic second order method S/*! when g, = 2.5, py = 0 and the final time is 7, = 650.

We see that the efficiency of schemes R(S ,[14]) and 91(1//,[13]) is quite similar for relatively
small values of A.

It is also illustrative to test the behavior of these schemes for very long time inter-
vals. This is done in Figure 1 (bottom) for ¢ € [0, 107] and constant step size h = 1/4

for ﬂi(u/f[ﬁ]) and ER(S}[:‘]), and h = 1/6 for 91(1;/}[13]), so that all schemes require the

same computational effort. We see that even for large values of time ER(W}[:”) does not
exhibit a secular component in the error in energy (one might need still larger final
times), as is the case for compositions (2) involving real coefficients (see [2], where
this phenomenon is explained). In any case the results are consistent with Proposition
2 and in particular with expression (22).

3 Symmetric-conjugate composition methods obtained from
a 2nd-order symmetric basic scheme

In this section we propose new methods constructed from a basic time-symmetric 2nd-
order basic scheme by symmetric-conjugate composition. Since the case of order 4 has
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Figure 1: Top: Relative error in energy vs. the number of evaluations of the basic S ’52] scheme
for the harmonic oscillator for ¢ € [0, 650]. Bottom: Evolution of this error along the integra-

tion; here the same step size & = 1/4 is used by ER(I//};”) and ER(S,[:‘]), and h = 1/6 by 91(1//}[,3]).

been already analyzed in section 2, here we study compositions with s > 4 stages. From
Proposition 2 it is clearly advantageous to consider conjugate-symmetric compositions
of odd order r = 2n — 1, since taking the real part leads automatically to a method of
order r = 2n (but requiring only the computational cost of a method of order 2n — 1).
For simplicity, we denote in the sequel the general composition (2) by its sequence
of coefficients:
(ag, Ag_1, ..., 09, 0p).

As a general rule for selecting a particular method, we follow the same criterion as in
[6], namely we first choose a subset of solutions with small 1-norm of the coefficient
vector (aj, ..., @) and, among them, choose the one that minimizes the norm of the
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main term in the corresponding truncation error.

Order 6. According to the previous treatment, one could consider in principle a
symmetric-conjugate composition verifying the order conditions

w1 = 1, w3’1 = O, wS’l = w5’2 = 0

in (11), since wy; is pure imaginary, so that when taking the real part of the com-
position, it does not contribute to the error. Four stages would then be necessary to
construct a 6th-order method. It turns out, however, that these equations do not admit
solutions with the required symmetry @, = &;, a3 = &, and thus at least s = 5 stages
are necessary. The additional parameter can be used to solve the condition wy; = 0
so as to achieve order 5. These equations admit 5 solutions (plus the corresponding
complex conjugate) for the sequence (5), i.e., for

[5] 5[2 0S5l 5 5[2] (26)

] ]
ah azh
Among them, we select

a; = 0.1752684090720741140583563 + 0.05761474413053870201304364 i
a, = 0.1848736801929841604288898 — 0.1941219227572495885067758 i
a3 =0.2797158214698834510255077

so that the real part
plol _ 1 (15
R =3 ("’h +, )

leads to a method of order 6 which, according with Part (a) of Proposition 2, is pseudo-
symmetric and pseudo-symplectic of order 11, although it only has 5 stages (one of
them being real). Notice that, according to Table 1, s = 7 stages are required to con-
struct a conjugate-symmetric composition of order 6. Such a method was indeed pro-
posed and tested on several numerical examples in [8], exhibiting a good long time
behavior. This behavior can be explained by Proposition 2, since the correspond-
ing method fif] constructed by taking its real part is pseudo-symmetric and pseudo-
symplectic of order 15.

The same number of stages (s = 7) is also required by a palindromic composition
to solve the 4 order conditions necessary to achieve order 6. As shown in [6], the best
solution within this class is the composition S, 6 previously found in [12]. By taking the
real part, the corresponding scheme q’)f] is pseudo-symmetric of order 13 and involves

2 more stages than fif].

Order 8. In view of the structure of the series of operators exp(} (h)) associated with
a symmetric-conjugate composition, eq. (19), it is clear that if the order conditions

wy =1, wy; =0, Wy =0, wsy = wsy =0, @7
Wy = Wy = Wy3=Wy4=0

are satisfied by u/[r], then we get a Sth-order composition whose projection on the real
axis is an 8th-order approximation. Here the condition w,; = 0 has to be included,

15
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since otherwise there appears a contribution in 43. In consequence, at least s = 9 stages
are necessary to solve equations (27). We have in fact found 7 solutions (+ c.c.) with
the required symmetry and positive real part. Among them, we propose, according
with the previous criteria,

o) = dy = 0.08848457824129988495666830 — 0.07427185309152124718276000 i

a, = ag = 0.15956870501880174198291033 + 0.02322565281009720913454462 i

a; = &; = 0.09359461460849451904251162 4 0.13796356924496549819619086 i

ay = @ = 0.15769224955121857774144315 — 0.07166960107892295549940996 i

as = 0.00131970516037055255293318

(28)

We thus have an 8th-order scheme obtained from a symmetric-conjugate composition
of a basic 2nd-order time symmetric scheme requiring only 9 stages. This is the reason
for the last entry in Table 1. Since the composition is of order 5, the final scheme will
be pseudo-symmetric of order 11. In case one is interested in preserving properties up
to a higher order, then two more stages are necessary to solve the order conditions at
order 6. In that case, we have a symmetric-conjugate composition of order 7 involving
s = 11 stages which is pseudo-symmetric of order 15.

By contrast, s = 15 stages are required to solve the 8 order conditions of an 8-th or-
der left-right palindromic composition. In [6], an optimized method of this class is pro-
posed. Notice that, when one takes its real part, the final method is pseudo-symmetric
of order 17. In any case, this different behavior with respect to time-symmetry will be
hardly visible in most practical situations.

We have carried out a numerical search of solutions such an 11-stage symmetric-
conjugate composition, finding 29 sets of coefficients with positive real part. Among
them, we recommend the following:

a, = a;; = 0.07683292597738736205503 — 0.05965805084613860757735 i
a, = @)y = 0.12844482070368650612973 4 0.02479812697572531668668 i
a; = &g = 0.06855723904168450389158 + 0.11276129325339482617990 i
a, = ag = 0.11879414810128891257046 — 0.04055765731534572031090 i
a5 = &; = 0.10279469076169306832515 + 0.06735917341353737963638 i
ag = 0.009152350828519294056116

A method of order 10 within this family would require at least 17 stages, since one
has to construct a symmetric-conjugate composition of order 5 (5 order conditions)
also verifying the 4 conditions at order 7 and the 8 conditions corresponding to order
9. This method would be pseudo-symmetric of order 11. The pseudo-symmetry can
be raised up to order 15 by adding the 2 conditions at order 6 for a total of 19 stages.
By contrast, a palindromic composition requires a minimum of 31 stages.
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4 Numerical examples

4.1 Kepler problem

As a first example we take the two-dimensional Kepler problem with Hamiltonian
H(g.p) =T(®)+ V(@) = 30" p— i

Here g = (¢1.9,), p = (p;, pp), 4 = GM, G is the gravitational constant and M is the
sum of the masses of the two bodies. We take y = 1 and initial conditions

1+e
1-e

71(0)=1-e, ¢,0)=0, p0)=0, py0)= ;
so that the trajectory corresponds to an ellipse of eccentricity e = 0.6, and integrate with
the 6th- and 8th-order methods resulting from symmetric-conjugate and palindromic
compositions after projecting on the real axis at each step. We denote them by S;(*)
and S;, respectively, where r is the order of the method and p is the number of stages
(basic 2n-order integrators) involved in the composition. Thus,

. 5'56(*) refers to scheme (26);

° 5'76(*) is method S;(’ of [8];

576 corresponds to composition S,6 found in [12];

S§ ™) refers to method (28);

Sf f*) denotes method (29);

° st corresponds to composition S;58 obtained in [6].

In our fist experiment we fix the final time 7, = 650 and compute the maximum of the
relative error in the energy along the trajectory for different step sizes. Thus, we end up
with Figure 2 (top), which shows this relative error in energy vs. the number of basic
2nd-order methods necessary for each scheme.

Notice that the new 8th-order schemes obtained from symmetric-conjugate com-
positions are almost one order of magnitude more efficient than S|58 coming from a
palindromic composition, due to the reduced number of basic 2nd-order integrators
they require. In addition, it is also worth remarking that these 8th-order methods work
better than 6th-order methods even for large time steps, in contrast with what usually
happens with compositions with real coefficients.

In Figure 2 (bottom) we illustrate the long-time behavior of the previous 6th-order
schemes. To this end, for the same initial conditions, we integrate until the final time
1y = 10° with a constant step size in such a way that all methods involve the same

number of evaluations of the basic integrator. Specifically, h = 2/5 for both 5'76 *) and

576, whereas h = 2/7 for S;’ ™) We see that the latter behaves as a symplectic integrator
for the whole integration interval.
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Figure 2: Top: Relative error in energy vs. the number of evaluations of the basic S }12] scheme
for the Kepler problem. Bottom: Evolution of this error along the integration of 6th-order
methods.

4.2 The pendulum

We consider next the one-dimensional pendulum with Hamiltonian

Hg.p)=T(p) +V(g) = %pz +(1 - cos()).

We take as initial conditions g, = 0,p, = a, such that for small values of « this is
close to a harmonic oscillator, whereas for a > 2 the pendulum gives full turns. We
take a = % (small oscillations) and a« = 5 (full turns), integrate until ¢ ¢ = 200z and
measure the average error in energy as well as the average two-norm error in g, p at
times ¢t = k - 2z, k = 1,2, ...,100 versus the number of stages. The results are shown
in Figure 3. We also observe the superiority of the higher order methods for nearly all
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accuracies and, among the eighth-order schemes, Sf f*) shows the best performance in
all cases we have considered.

. q0=05 P0=1/2 -C- Sg(*) . q0=0’ p0=1/2
- : a8l . ‘
- S
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Figure 3: Average relative error in energy (left figures) and average error in positions
(right) vs. the number of evaluations of the basic S 152] scheme for the pendulum.

5 Stability

Efficiency diagrams of Figures 2 and 3 show a distinctive pattern: methods of order 8
are more efficient than schemes of order 6 not only for small values of A, but in fact for
the whole region of & where errors are of practical interest. This comes in contrast with
what happens for methods with real coefficients: in that case the error (in a log-log plot)
of a given integrator typically exhibits a corner where higher error terms contribute by
the same amount as the main error term. In this way, the errors of the different schemes
form an envelope and one is interested in selecting those particular methods lying close
to this envelope.

In reference [16] McLachlan presents a simple model to determine in first approx-
imation this corner by defining the elbow of a given method as a crude estimate for the
envelope and for the nonlinear stability of the method. The idea is as follows: if one
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assumes that all vector fields Y; in (9) have the same order of magnitude, and considers
only a single error term e; at each order for a given palindromic composition (16) of
order r, then this effective error scales as

E = hre,_H + hr+2er+3 + .-

Here e; includes a factor s” multiplying the error coefficient of the s-stage composition,

so that it can be compared to the reference value 1 for the basic method S }[12]. Then the
elbow is defined as

e [Ere

€r+3

thus indicating the value of & below which the asymptotic error O(h") is observed,
so that no method should be used with time steps larger than A*. What is remarkable
about this model is that both £ and ~* provide a good qualitative picture of palindromic
compositions of different orders [16].

We have carried out a similar treatment for the compositions (both palindromic and
symmetric-conjugate) with complex coefficients of this work and the corresponding
results are collected in Table 2. Symmetric-conjugate compositions are denoted by
SC, whereas PR and PC stand for palindromic compositions with real and complex
coefficients, respectively. We also collect in the last column the effective stability limit,
i.e the supremum of the step sizes A for which the approximate solution matrix for the
harmonic oscillator furnished by each scheme may be bounded independently of the
iteration n so that the error does not grow exponentially as # increases. The reference
values of 2* and h, /s for the basic integrator S i[lz] are respectively 1 and 2.

We also depict in Figure 4 the effective error £ vs. 1/h for the basic scheme S }[12]
and several compositions with complex coefficients of order 4 (dash-dotted lines), 6
(dashed) and 8 (solid lines) whose errors terms are collected in Table 2. For compar-
ison we also include the curve corresponding to the triple-jump of order 4 with real
coefficients (dotted line).

In view of Table 2 and Figure 4 some comments are in order. First, the size of the
scaled error terms are much smaller for compositions with complex coefficients than for
schemes with real coefficients. Second, these error terms grow only moderately with
the order for a given method, in contrast with compositions involving real coefficients.
In some cases (e.g., for symmetric-conjugate compositions of order 8) they even de-
crease in size. Third, as a result, the elbow A* is typically much larger for schemes with
complex coefficients, attaining values for which the error is quite considerable. As a
consequence, the asymptotic behavior of the error for this class of methods is already
visible for all practical values of the step size in a given integration. This can be clearly
seen in Figure 4, which qualitatively reproduces quite well the behavior observed for
the Kepler and pendulum problems (Figures 2, 3): we notice that the curves corre-
sponding to the 8th-order symmetric-conjugate compositions are placed below the one
given by the basic scheme S}[lz] for all relevant errors.

6 Concluding remarks

Although compositions of basic second-order time-symmetric integrators S }[12] involv-
ing complex coefficients have been proposed in the past for overcoming the difficulties
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Order 4
Method | s es ey h* h,/s
SC 2| 1.7778 | 2.3704 | 0.8660 | 1.7320
SC 3 |2.2500 | 8.4375 | 0.5164 | 0.8622
PR 3 | 428.60 | 18222 | 0.1534 | 0.5245
PC 3| 1.9562 | 3.0189 | 0.8050 | 1.3771
Order 6
Method | s ey eg h* h,/s
SC 5144951 | 44.651 | 0.3173 | 0.6172
SC 7 | 4.5667 | 147.577 | 0.1759 | 0.4457
PR 7 1104518 | 9.7 x 10° | 0.1038 | 0.3242
PC 7| 43876 | 92.115 | 0.2182 | 0.4482
Order 8
Method | s ey el h* h,/s

SC 9 | 14.060 | 5996 | 1.5312 | 0.8638
SC 11 | 7.4082 | 2.4572 | 1.7363 | 0.9353
PC 15 | 2.0506 | 10.429 | 0.4434 | 0.7896

Table 2: Scaled error coefficients for different compositions of order 4, 6 and 8 with complex
and real coefficients. s is the number of stages, h* is the elbow of the method and 4, /s corre-
sponds to the effective linear stability limit. SC refers to symmetric-conjugate compositions,
whereas PR and PC stand for palindromic compositions with real and complex coefficients,
respectively.

associated with the presence of negative real coefficients when the order r > 3, this is,
we believe, the first systematic analysis of such composition methods.

When the vector field defining the differential equation is real, the goal is of course
to get accurate real approximations to the exact solution, whereas the direct applica-
tion of a composition method with complex coefficients leads in general to a complex
approximation at each step. Two approaches present themselves in a natural way: ei-
ther one projects the solution on the real axis at the end of each integration step or
the numerical solution is only projected at the end of the integration interval (or more
generally only when output is required). In either case, however, the favorable preserva-
tion properties the composition inherits from the basic scheme (such as time-symmetry,
symplecticity, volume preservation, etc.) are generally lost and the question is charac-
terizing this loss in a precise way.

We have seen that, in general, projecting at each time step preserves these qualita-
tive properties up to an order much higher than the order of accuracy of the composition
itself, and provides a good description of the system. In addition to the usual palin-
dromic sequence of coefficients in a composition, we have also explored symmetric-
conjugate sequences, showing that it is indeed possible to construct numerical integra-
tors of high order requiring a smaller number of basic schemes. Thus, in particular, we

have present a 6th-order method requiring 5 S,[f] evaluations, and an 8th-order scheme

involving only 9 S }[12] evaluations. These numbers have to be compared with 7 and
15, respectively, for palindromic compositions. The numerical tests carried out clearly
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Figure 4: Nominal effective error £ vs. 1/h for different compositions with complex
coefficients of order 4, 6 and 8. Triple-jump of order 4 with real coefficients (dash-
dotted line with stars) is included for comparison. The order of the methods is clearly
visible.

illustrate how this reduction in the computational complexity translates into a better
performance whereas still sharing with the exact solution its main qualitative proper-
ties up to a higher order. Moreover, the efficiency diagrams show that higher order
methods involving complex coefficients are more efficient than lower order schemes,
not only for small values of the step size & as occurs typically with real coefficients, but
in the whole region of 4 where errors are reasonably small. This remarkable property
has been traced back to the structure and size of the successive terms in the asymptotic
expansion of the error of these compositions.

Since high order methods obtained from compositions with complex coefficients

provide good accuracy and behave in practice as geometric numerical integrators, one
might consider comparing them with composition methods with real coefficients on
practical applications. Take, for instance, the 8th-order method Sg ®), involving 9 ba-

sic schemes S ]52]. The minimum number for a composition method of the same order
with real coefficients is 15, and more are required to have efficient schemes. It might be
the case that for certain problems this reduction in the number of evaluations compen-
sates the extra cost due to using complex arithmetic, although this of course is highly
dependent of the particular structure of the processor and the implementation. In any
case, this will be the subject of future research.

When dealing with this class of schemes, one might contemplate the possibility

of projecting at the end of the whole integration interval or alternatively after N time
steps, with t = Nh, instead of projecting after each step. In that case, however, the
approximate numerical solution explores along the evolution regions in the complex
plane not necessarily in the proximity of the real axis, so that a rigorous analysis is
more involved. Preliminary results show that even in such a situation one might still
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have preservation of structures depending on the particular system, the step size and
the initial conditions one is considering. This issue deserves further analysis and will
be explored in a forthcoming paper.
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Abstract

We explore the applicability of splitting methods involving complex coefficients to solve numerically
the time-dependent Schrodinger equation. We prove that a particular class of integrators are conjugate to
unitary methods for sufficiently small step sizes when applied to problems defined in the group SU(2).
In the general case, the error in both the energy and the norm of the numerical approximation provided
by these methods does not possess a secular component over long time intervals, when combined with
pseudo-spectral discretization techniques in space.

1 Introduction

Splitting methods constitute a natural choice for the numerical time integration of differential equations of

the form

% = A(u) + B(u),  u(0) = uo, (1.1

when each subproblem

du du

—=A — =205

- Aw), S =BW
with u(0) = wg can be solved explicitly [3, 15, 19]. Then, by composing the solution of each part with
appropriately chosen coefficients, it is possible to construct an integrator of a given order » > 1 for (1.1). In

the particular case of a linear problem,

d
dit‘ — Au + Bu, (1.2)

a splitting method is a composition of the form
\I,[r](h) — obo+1hBoashAbshB | gaithA GhihB (1.3)
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where h := At is the time step and the coefficients aj, bj are chosen as solutions of the order conditions, a
set of polynomial equations that must be satisfied to achieve an order of accuracy 7, i.e., so that exp(h(A +
B))ug — O (R)ug = O(h™+1) .

The simplest example within this class is the Lie-Trotter splitting,

e hB or B chA, (1.4)

providing a first order approximation ( r = 1), whereas the palindromic versions
S(h) _ eh/ZA ehB eh/ZA or S(h) _ Bh/ZB ehA eh/?B’ (15)

known as Strang splittings, are methods of order r = 2.

Although very efficient high order splitting methods can be found in the literature for the numerical inte-
gration of Eq. (1.1), it is important to remark that if the order » > 3, then necessarily some of the coefficient
a; and b; have to be negative [2, 21, 22]. This, while does not constitute a particular problem when the
differential equation is reversible, makes unfeasible their application in parabolic differential equations of
evolutionary type, when the operators A and B are only assumed to generate C° semi-groups (and not
groups): in that case the flows e¢*4 and/or e'® may not be defined for ¢ < 0 [10, 16, 17]. Notice that this
is the case, in particular, if A is the Laplacian operator.

Moreover, even in problems where splitting methods of order r > 3 can be safely applied, the presence
of negative coefficients usually leads to large truncation errors, so that more stages than strictly necessary to
achieve a given order have to be included in the composition to reduce these errors and improve the overall
efficiency [6].

It is with the aim of circumventing these drawbacks that splitting methods with complex coefficients (with
positive real part) have entered into the literature, mainly in the context of the integration of parabolic dif-
ferential equations [10, 17, 5], but also for ordinary differential equations (ODEs) when structure-preserving
(symplecticity, energy conservation, reversibility) is at stake [11].

Splitting and composition methods with complex coefficients, although computationally between 2 and
4 times more costly than their real counterparts when applied to ODEs involving real vector fields, possess
however some remarkable properties: their truncation errors with the minimum number of stages are typically
very small, and their stability threshold is comparatively large. Moreover, when the numerical solution is
projected at each time step, they lead to approximations that still preserve important qualitative features
(such as symplecticity and time-symmetry) up to an order much higher than the order of the method itself
[7,9,4].

To better illustrate these points, let us consider a time-symmetric second order method S(h) (such as one
of the compositions (1.5). Then, a fourth-order method can be obtained by composition. More specifically,
since the coefficients of such a scheme have to satisfy three order conditions, it makes sense to take three
maps,

S(y3h) S(y2h) S(nh).

In that case, the order conditions read [6, 15]

2 3 3
D=t > =0 > X w |- X k)| =0 (1.6)

J=1 j=1 j=1 k=j+1 k=j+1
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and admit only one real solution, namely

1
M="M=5 5 Y2=1-2m

leading to a time-symmetric composition scheme, usually referred to as Yoshida’s method, here denoted as
SHl (h) . Notice, however, that there are four more complex solutions. The first pair,

1
71=7357:W, Ye=1-2, k=12 (1.7

leads again to two time-symmetric methods, denoted as \Il[ﬁ]c(h), whereas the second one, denoted as

4
\Il[glc,c(h),
1, .1 /5 1
"/1:’73:1:&@1\/;7 ’7225 (1.8)

(here the bar indicates the complex conjugate), corresponds to a so—called symmetric-conjugate composition
method [4]: it is symmetric in the real part of the coefficients and skew-symmetric in the imaginary part. Here
and in the sequel, the first sub-index in a method (either P or SC') refers to its type (either palindromic
or symmetric-conjugate, respectively), whereas the second sub-index (either » or c) indicates that the a;
coefficients in the splitting are real or complex, respectively.

At order five there are two additional order conditions. One of them, w51 = Z?:l 7? , has been typically
used to measure the relative error of methods of the same class. If one defines the error as £ = |ws 1|, then
one has for the previous methods the following values of £ :

Sh)  £=529...,
vpl(n) =002,
UiL () £=0.027...

Notice that the error of methods with complex coefficients is about 200 smaller than in the real case.
In the particular case in which S(h) is given by (1.5), the previous methods can also be written as

eb4hB eaghA ebghB eazhA ethB ealhA eblhB7 (1.9)
with
1 1 1 1
by =50 a =0, b2:§(71+v2), az =72, b3= 5(72-1-“/3)7 a3 =173, by = 37

As a matter of fact, the simplest symmetric-conjugate composition corresponds to the third order scheme

‘I’E‘]c,c(h) = ngh 0851],17 (1.10)
with
o=y == 1 + Lﬁ
1=;m=a=; T

For equation (1.2), method (1.10) can be written as

s (h) = b1hB qaihA (bshB qarhA obihB (1.11)

3
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with a1 = o, by = /2, by =1/2.

Although (1.11) is of order 3, if A and B are real, then it renders a scheme of order 4 when it is
projected on the real axis after each time step. In addition, it verifies \I/E]C A=h)o \I/[Sd]c JAR) =TI+ 0(R®).
It is said that the scheme is pseudo-symmetric of order 7, since it preserves the time-symmetry property up
to terms of order A7 [9].

Schemes with complex coefficients have been proposed before for the treatment of quantum problems,
mainly in the context of imaginary time propagation, with the purpose of computing ground state energies
[1] and in quantum Monte Carlo simulations [23, 14], but also in the decomposition of unitary operators [20].
In the later case it is shown, both for unitary 2 x 2 matrices and empirically for exponentials of Gaussian
random Hermitian matrices, that a splitting method does indeed possess a maximal time step for which the
scheme is numerically stable. We generalize the treatment to differential equations defined in SU(2) for
methods possessing a particular symmetry and eventually examine their behavior when they are applied to
the time dependent Schrodinger equation.

2 Splitting methods in SU(2)

In the study of the evolution of two-level quantum systems one has to deal with the Schrodinger equation,
which in this context reads (A =1)

AU

i =HU,  U(0)=1, @.1)

where U(t) isa 2 x 2 unitary matrix with unit determinant and the skew-Hermitian Hamiltonian H can
be expressed as a linear combination of Pauli matrices,

01=((1)(1)), 02:(?‘5), og=(é_?>. 22)

Since our purpose is to analyze splitting methods in this context, we assume that H can be written as
H=a-0+b-o (2.3)

for given vectors a,b € R and o = (01, 02,03), so that, by comparing with (1.2), one has A = —ia- o
and B = —ib - 0. The exact solution of Eq. (2.1) after one time step h is

Uex(h) — efihH _ efih(a<a+b»o)_

On the other hand, if a splitting method of the form (1.3) of order r with real coefficients is applied to solve
this very simple problem, it is clear that the corresponding approximation can be written as

Unpp(h) = e thd(h)o where d(h)=a+b+0O(h") € R?,

and thus the method still renders an approximation in SU(2) . The situation is different, however, when the
splitting method (1.3) involves complex coefficients, since in that case d(h) € C? and the approximation is
no longer unitary. In general, the scheme will be unstable and the errors will grow exponentially along the
integration.
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Example. At this point it is worth testing the previous third- and fourth-order schemes obtained by com-
posing the Strang splitting and involving complex coefficients, namely \I/[g]c (h), \IIE%]O .(h),and \I/%]C(h) .
To do that, we consider the following simple Hamiltonian in SU(2) : H = o1+ &2 , or altemaiively,
a=(1,0,0), b=(0,1,0) in (3.5).

In our experiment, we take as initial condition U(ty = 0) = I, integrate Eq. (2.1) with different values
of the time step h and compute the error of the approximation (in the 2-norm) at the final time t; = 10
as a function of the computational cost (estimated as the number of exponentials involved in the whole
integration). The results obtained with each method are displayed in Figure 1 (left panel). We notice that
all schemes involving complex coefficients provide considerably more accurate results than S 4 (h) (black
solid line), the fourth-order methods being also more efficient than \IJE]C .(h) for high accuracy.

In order to check how each scheme with complex coefficients behaves with respect to unitarity, we take

as a final time ¢y = 1000, and adjust h (and therefore the number of iterations N ') so that they require the

same computational cost. Specifically, N = 6000 (h = 1/6) for scheme \I/E}C (h) and N = 4000 (h =
1/4) for all methods of order 4. Finally we compute |||Uapp(nh)|| — 1|, n = 1,2,...,N = (ty —to)/h,
where Uppp(nh) denotes the approximate solution after n steps. The outcome is depicted in Figure 1 (right
panel). Notice how the error in unitarity grows for \Il%’]c (h) , whereas it is bounded, even for large intervals,

for the symmetric-conjugate methods \II[SB]C .(h) and ‘1’[;’1]0 .(h). Among them, the later clearly provides

more accurate results.

3t
351
£ - =
2 =
45
o ©
u 2
5 - = 5
s 2
o g’ 5.5
o
65
35 . . . . N\ . 7 . . .
1 1.2 1.4 16 1.8 2 22 0.5 0 0.5 1 15 2 25 3
log,,(COST) log (1)

Figure 1: Left: 2-norm error vs. computational cost (number of exponentials) for \IJ[S‘% . (dotted line), S 4 (real

coefficients, solid line), \IIE‘;]c (complex coefficients, dash-dotted line) and \I/?]aC (dashed line) . Right: Error in

unitarity for \P%}c (solid line) and the symmetric-conjugate methods \IJE’]C . (dotted line) and \I/E;I]C . (dashed line).

This marked difference of both types of integrators can also be illustrated by computing the eigenvalues
A1, Ao of the approximate solution after one step size, i.e., of the corresponding matrix Uppp(h). In
the exact case, of course, both evolve on the unit circle in the complex plane, whereas here one has still
A1Ag = 1, since the determinant is one. In Figure 2 we depict |)\j , 7 = 1,2, as a function of h for the

palindromic scheme \1/[;]6 with & = 1 (black, dashed lines) and the symmetric-conjugate splittings \IIE’]C .

(blue, dotted line) and \IJ?]C . (red, solid line) in the range 1 < h < 3. It is worth remarking that for the
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symmetric-conjugate methods both |);| are exactly 1 for 0 < h < h*, with h* = 1.7570473 for "I’E]Cc
and h* = 2.9139468357 for \I/?]C . - In other words, they behave as unitary maps when h < h*. On the

(4]

other hand, it can be checked that [A\;| > 1 forany h >0 for ¥, . O

7 TS~ .
."= \‘%-.--___——"k
s ;'
/

Eigenvalues

Figure 2: Absolute value of the eigenvalues of the approximate solution matrix obtained with \Ilgf}c

coefficients ( k = 1, black dashed line), \I/[Sﬂcf (blue dotted line) and \I![S‘L]th (red, solid line).

with complex

The previous example illustrates in fact a general pattern exhibited by symmetric-conjugate methods for
this problem, as we next prove.

Propositiqn 2.1 Suppose a symmetric-conjugate splitting method of the form (1.3), with as11-; = aj,
bs12_j = bj, is applied to the numerical integration of the Schrodinger equation (2.1) with the Hamiltonian
given by (3.5). In that case, the following statements hold:

(a) The eigenvalues of the matrix approximating the solution after on time step h lie on the unit circle in
the complex plane for sufficiently small h .

(b) The symmetric-conjugate splitting method is itself conjugate to a unitary method for sufficiently small
h.

Proof. When a splitting method of the form (1.3) is applied to solve Eq. (2.1), the corresponding approxi-
mation after one step can be written as U,pp(h) = exp(V (h)) , where V (h) is a linear combination of A,
B and all their nested commutators,

V(h) = h(wi1 A+ w1 2B) + h*wa 1 [A, B] + h3(w31[A, [4, B]] + ws2[B, [4, B]]) + O(hY), @24

and wy, ), are polynomials in the coefficients a;, b; . Method (1.3) is of order r if w;; = wy2 = 1 and
the polynomials wy, ; vanish for 1 < n < r. In our case, since

[~ia-0,—ib-0]=—i2(axb)-o,
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it is clear that the vector fields associated with all commutators in (2.4) containing an even number of op-
erators are perpendicular to the plane generated by the vectors a and b, whereas those containing an odd
number of operators A and B are in such a plane. If in addition the method is symmetric-conjugate, then a
straightforward computation shows that V(h) = V(—h), and so all polynomials w415 are real whereas
all polynomials ws; s, are pure imaginary. Therefore, V' (h) can be written as

V(h) = —i hH(h), with  H(h)=d(h)-o +ic(h)-o, (2.5)
for two vectors ¢, d € R? verifying ¢-d =0 and
d(h) =a+b+ 0O, c(h) = O(A"). (2.6)
This special structure of H (h) allows one to obtain statements (a) and (b) above. First, if we write

e ihH () — ghuo with u=c-—id,

then .
Uapp(h) = "W = cosh(hu)l + sinh(hu) u-o
u

I

with u = a-u = (||c||? — ||d||?)"/2. Of course, if ||c|| < ||d||, then cosh(u) = cosa, sinh(u) =
isina, with o = (||d||? — ||c/|?)*/?, and the eigenvalues of Usp,(h) are Ajo = exp(+iha(h)). But, in
virtue of (2.6), this always holds for sufficiently small values of A .
Statement (b) can demonstrated as follows. Let us introduce the unitary vector
_dxc
lld x cf|

A trivial computation shows that

—Mc, cxC= Md,
l[ell [l

and furthermore, for a given parameter s € R,

&8 C.o ehu»o’ e Co _ exp (es Co (hu . 0_) efSC'O’) )

dxC=

From the definition of C and the properties of the Pauli matrices [13], one has

e*C7(c-0)e*C7 = cosh(2s)(c-0)—i Sinh(Qs)M d-o
]l
d
€7 (d-0)e*C7 = cosh(2s)(d o)+ sinh(QS)H c-o,
and thus
d
e*Co(u-0)e 07 = (sinh(QS)H + cosh(2s)> c-o—1 (sinh(?s)% + cosh(?s)) d-o.
If we now take s such that
d
sinh(?s)H + cosh(2s) =0, ie., tanh(2s) = —%, 2.7

then, clearly
G (—ihH)e*C7 = —ihD(h) - o,
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. el ld]
C
D(h) = sinh(2s) | 1~ — 7— | d € R%.
0 =sinhcz) (3 e )

In consequence,
&° Co O—ihH o5 Co _ C—ihD(h)-a' (2.8)

In other words, if s is such that Eq. (2.7) holds, then the map obtained by applying a symmetric-conjugate
splitting method is conjugate to a unitary matrix. Notice that if ||c|| < ||d|| this is always possible, in
agreement with statement (a) for the eigenvalues of the approximate solution matrix. |

Proposition 2.1 thus provides a rigorous justification of the results shown in Figures 1 and 2: since a
symmetric-conjugate splitting method is ultimately conjugate to a unitary map in the sense of eq. (2.8) for
sufficiently small values of A, then the error in the unitarity of the numerical solution is bounded, whereas
the eigenvalues remain on the unit circle in the complex plane.

Methods of the form (%.8) are called processed or corrected in the literature (see, e.g. [3, 6, 15, 19]). In
that context, method e~** is called the kernel, and e®*C? the processor. For integrators of this class, only
the error terms in the kernel that cannot be removed by a processor are relevant in the long run. In the case
of unitary problems in SU(2) we have shown that any symmetric-conjugate splitting method is indeed the
kernel of a processed unitary scheme.

3 Application to the time-dependent Schrodinger equation

In view of the previous results in SU(2), it is natural to examine the situation when splitting methods with
complex coefficients, and in particular symmetric-conjugate schemes, are applied in a more general setting.
To this end, we next consider the numerical integration of the general time dependent Schrédinger equation

i%w(% t) = —iAw(w,t) +V(@)(x, 1), 3.1

where now 1 : R x R — C is the wave function representing the state of the system and the initial state
is 9 (z,0) = ¢o(z) . We take again /i =1 and a reduced mass . Equation (3.1) can be written as

9 . A
iD= (@(P)+ V(X 62)

with T'(P) = P2/(2u) , and the operators X and P are defined by their actions on t(x,t) as
XQ/)(I,t) :xw(zvt)v Pw(%t) = —ivw(%t)- (33)

The usual procedure for applying splitting methods in this setting consists first in discretizing the space
variables x , so as to get a system of ordinary differential equations (ODEs) which is subsequently integrated
in time by the splitting scheme. If, for simplicity, we consider the one-dimensional problem, d = 1, and
suppose that it is defined in x € [zg,xn], first this interval is partitioned into N parts of length Az =
(xy — z0)/N and the vector u = (ug,...,ux_1)7 € CV is formed, with u,, = ¥(zn,t) and z, =
o +nAz, n = 0,1,...,N — 1. The partial differential equation (3.1) is then replaced by the N -
dimensional linear ODE

i%u(t) = Hu(t), u(0)=ugeCV, (3.4)
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where now H represents the (real symmetric) N X N matrix associated with the Hamiltonian.
When a Fourier spectral collocation method is used, then the matrix H in (3.4) is

H=T+YV, 3.5)

where V' is a diagonal matrix associated with the potential Vand T isa (full) differentiation matrix related
with the kinetic energy T'. Their action on the wave function vector w is trivial: on the one hand, Vu), =
V(xp)u, and thus the product Vu requires to compute N complex multiplications. On the other hand,
Tu = F 'DrFu,where F and F~! are the forward and backward discrete Fourier transform, and Dr is
again diagonal. The transformation F from the discrete coordinate representation to the discrete momentum
representation (and back) is done via the fast Fourier transform (FFT) algorithm, requiring O(N log N)
operations.
Notice that, since
(e‘rvu)i _ e‘rV(a:i)uZ_7 Ty = ffleTDT]_-u,

splitting methods constitute a valid alternative to approximate the solution w(t) = e™T+V)yq for a time step
At , with 7 = —iAt . Thus, with the Lie-Trotter scheme (1.4) one has

e‘r(T+V) _ e7'T eTV + (9(7_2)7

whereas the 2nd-order Strang splitting (1.5) constructs the numerical approximation u,4; at time t,41 =
tn 4+ At by
Uyl = o™/ T oT/2V gy = S(T)unp.

The resulting scheme is called split-step Fourier method in the chemical literature, and has some remarkable
properties. In particular, it is both unitary and symplectic [18], as well as time-reversible. In addition, for
suitable regularity assumptions on the potential and on the norm of the commutators [T, V} =TV -VT
and [T, [T, V]], the error at t,, is bounded by

_ < 2 . .
o ()] < C A2 E ma (o)l

Higher order methods can be obtained of course by considering compositions (1.3), which in this setting read

\I;[T] (T) _ Cb5+1TVCaS‘rTCbsTV Lol Cbl‘f'V7 3.6)

and in fact, a large collection of practical schemes of different orders exist for carrying out the numerical in-
tegration (see e.g. [6, 15, 19] and references therein). In addition, from (3.3), it is clear that [X, P] ¢(x,t) =
i(z,t), and so o

[Vv [V’ [V’ T]H Y(x,t) =0. 3.7

This property leads to a reduction in the number of order conditions necessary to achieve a given order r
and allows one to construct highly efficient schemes.
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4 Splitting methods with complex coefficients

When exploring the applicability of splitting methods with complex coefficients to the general time-dependent
Schrodinger equation, several aspects must be addressed. First, since the computational cost of method (3.6)
is dominated by the number of FFTs per step, the presence of complex a;, b; does not contribute signif-
icantly to increase this cost. In addition, it has been shown in other problems that splitting methods with
complex coefficients involving the minimum number of flows to achieve a given order already provide good
efficiency, in contrast with their real counterparts. On the other hand, however, since Zj a; =1 fora
consistent method, if a; € C, then imaginary parts positive and negative enter into the game, with the result
that severe instabilities may arise in practice due to the unboundedness of the Laplace operator. With respect
to the potential, since in regions where it takes large values the wave function typically is close to zero, we
can introduce an artificial cut-off bound in the computation if necessary, so that complex b; can in principle
be used, at least for a sufficiently small At¢. It makes sense therefore to construct and examine in detail
methods with real a; and complex b; coefficients.

In the following, and for simplicity, we restrict ourselves to splitting methods (3.6) of order r < 4,
which we denote by their sequence of coefficients as

(bst1,as,bs, ..., a2,b2,a1,by).

The order conditions are then

Order 1: zs:a,;z 1, Zbi: 1,
i=1 i=
Order 2: i b; Z aj>
i=1
s i 2 s s 2
Order 3: Zbi Za]) = %, Zch ij = %, 4.1)
= . —

Order 4: ibi Zaj :i, iaz ibj :i
i=1 i Jj=t

s s i—1 s 2
S (Y] 2w (Y (Zbk) -
i=1 =2 k=i

i=i

In typical applications of splitting methods with real coefficients, only palindromic sequences of coefficients,
i.e., methods (3.6) with bsya_; = b;, asy1—; = a; forall j are used. In that case, all the conditions at
even order are automatically satisfied and the resulting schemes are time-symmetric, gl (1) gl (—m)=1,
and of even order. Here, however, since we are dealing with complex coefficients, we also analyze the case
r = 3 for completeness.

10
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Order 3. The first five order conditions in (4.1) admit solutions with all a; real and positive and b; € C
with positive real part if one considers a composition of the form

‘I’[Sgiy,(T) = (b, a1, b2, a2,b2,a1,b1) 4.2)

involving 6 parameters. Then one gets a 1-parametric family of solutions (+c.c.) with the required properties.
Among them, we choose

3 2 13 /592 p o 25, 5V/59/2
2 —_— .

0 2Ty T e o =63 126

ap =
Composition (1.11) constitutes of course another symmetric-conjugate method of order 3, denoted here by
‘I’E]C,C(T) = (b1, a1, b2, a1,b1) (4.3)

and involving less maps, although in this case a1 € C.

Order 4. The simplest approach to construct a palindromic scheme with a; € R and b; € C consists in
taking all the a; equal. In that case, with s = 4, one has enough parameters to solve the required four order
conditions (at odd orders). Only two solutions (complex conjugate to each other) are obtained, as shown in
[10], thus resulting in the scheme

‘P%JT(T) = (b1, a1, b2, a2,b3,a2,b2,a1,b1) 4.4
with
SR NS NS N T T |
=Ry Y10 30 TS ST 15 F

Although more efficient schemes can be obtained if one allows for different a; ’s [5], since we are interested
here mainly in the qualitative behavior of the different methods, we limit ourselves to (4.4) as representative
of palindromic splitting methods with real a; ’s and complex b; ’s, whereas we can take scheme (1.9)

\II[];{](;(T) = (b17a17b27a27b27a17b1)7 (4'5)

as representative of palindromic methods with both a; € C and b; € C.
Symmetric-conjugate splitting methods with real a; ’s require at least s = 5 stages, in which case one
has a free parameter. If we fix this as a; = 1/8, we get the scheme

\IIE]C‘T(T) = (b1, a1,b2, a2, b3, a3, bz, az, by, ay, by) (4.6)
with
az = 0.23670501659941197298,
a3z = 0.27658996680117605403,
b1 = 0.03881396214419327198 — 0.045572109263923104872 1,

by = 0.19047619047619047619 + 0.115462072300408741306 7,
b3 = 0.27070984737961625182 — 0.148322245509626403888 7

11
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It is worth noticing that one can obtain symmetric-conjugate methods from palindromic schemes and vice
versa. Thus, in particular, by composing the palindromic scheme (4.4) with its complex conjugate we can
form a symmetric-conjugate splitting method with 8 stages and a; € R, b; € C:

=l (1) = Ui (r/2) TR (7/2), @.7)

whereas doing the same with the 3rd-order symmetric-conjugate method (4.2) results in the 4th-order palin-
dromic scheme with 6 stages and a; € R, b; € C:

= (1) = OB (7/2)Tet, (r/2). .8)

*

This is possible because the adjoint of (\I/[Sd]c (7)) verifies

: % —[3
(@B (1) = Teg, (7).

In our numerical experiments we shall also use for comparison one of the best 4th-order splitting methods
with real coefficients designed specifically for systems verifying (3.7). It reads

\II[}%]KN(T) = (b17 at, b27 az, b3a ag, b4a as, b37 ag, b27 at, bl) (49)

and the coefficients can be found in [8]. The scheme has three additional parameters that are used to minimize
error terms at higher orders, and provides by construction unitary approximations.

5 Numerical experiments

‘We next report on some numerical tests we have carried out with the splitting methods presented in section 4
applied to the Scrodinger equation in one dimension. Since many different schemes are tested and compared,
it is convenient to classify them into the following categories:

* symmetric-conjugate methods with a; € R, b; € C
- Order3: Wi, Eq. (4.2);
- Order4: Wi, Eq (4.6);

* symmetric-conjugate with a; € C, b; € C: method ‘1’[5]0 . » Bq. (4.3), order 3;

* palindromic with a; € R, b; € C: method \I/Bﬁ}r , Eq. (4.4), order 4;
* palindromic with a; € C, b; € C: method \II[;L , Eq. (4.5), order 4;

For completeness, we also consider the following schemes of order 4 with a; € R, b; € C:
* symmetric-conjugate obtained from a palindromic method: 5[54]01 , Eq. (4.7);

* palindromic obtained from a symmetric-conjugate method: E[;‘]T , Eq. (4.8).

12
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Quartic potential. As the first example we take the quartic oscillator

RN N
V(z) = 5% + 56° 5.1
and the initial condition y(z) = oe /2 where o is a normalization constant. As usual, and since
the exact solution decays rapidly, we truncate the infinite spatial domain to the periodic domain [—L, L],
provided L is sufficiently large and use Fourier spectral methods. We take L = 8 and set up a uniform
grid on the interval with N = 128 subdivisions. Finally, we apply the different schemes to integrate in time
the resulting equation (3.4) in the interval ¢ € [0,t¢], with ¢ty = 8000. As in the case of the example in
SU(2) , we check the behavior of each scheme with respect to unitarity by computing |||uapp(t)|| — 1| along
the integration, where .y, () denotes the numerical approximation obtained by each method.
In addition, we also compute the expected value of the energy, uj,,(t) - Huapp(t) and measure the error
as the difference with respect to the exact value:

energy error:  |up,(t) - (Huapp(t)) — ug - (Huo)|- (5.2)

In each case, the time step is adjusted so that the number of FFTs (and their inverses) are the same for all
methods (specifically, 1572864), so that the computational cost of all schemes is similar.

Figure 3 shows the corresponding results obtained by palindromic schemes with the coefficients a; real,
\I/[;]r ,and a; complex, \Il[é]c , together with the symmetric-conjugate method \IIE]CC with a; € C. We
notice that the qualitative behavior of all of them is similar: after some point, depending on the particular

step size, the unitarity is lost and the error in energy grows rapidly.
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Figure 3: Error in norm of the approximate solution (left) and error in energy (5.2) (right) for the quartic potential
(5.1) obtained by the palindromic schemes \Ilgil)]y. (magenta, dashed line), \IJBA{]C (blue dotted line) and the symmetric-
conjugate method Wg]cp (black solid line) along the integration interval. The step size is chosen so that all methods
have the same computational cost.

We notice here the same type of behavior observed in the case of the group SU(2) : palindromic schemes
with both real and complex coefficients a; are unable to preserve unitarity. On the other hand, symmetric-
conjugate schemes with a; € C lead also to unbounded errors, according with the comments formulated at
the beginning of section 4.
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We collect in Figure 4 the corresponding results achieved by the palindromic method E%}T (blue dotted

line), and the symmetric-conjugate schemes \IIE}CT (black solid line) and E[;}C.,r (magenta dashed line), all
of them with real parameters a; . It is worth noticing that both the norm of the solution and the expected
value of the energy are preserved for very long times by symmetric-conjugate methods with a; € R, and
this happens even if the method is obtained by composing a palindromic scheme (with a poor behavior) with
its complex conjugate. By contrast, a symmetric-conjugate method looses its good preservation properties
when composed to form a palindromic scheme, even if all a; are real.

We have carried out the same experiment, but with the roles of 7" and V' interchanged. In other words,
the complex coefficients b; are now multiplying the discretized Laplacian. In that case, the errors obtained
by all the previous schemes grow unbounded. This indicates that, at least for this example, one needs both
symmetric-conjugate schemes and real coefficients multiplying the Laplacian to get bounded errors in the
preservation of unitarity and energy.

~104

log10(NORM ERROR)
log10(ENERGY ERROR)

—124

—144

logso(t) l0g10(t)

Figure 4: Error in norm of the approximate solution (left) and error in energy (5.2) (right) for the quartic potential
(5.1) obtained by the palindromic scheme EE?,},,, (blue dotted line), and the symmetric-conjugate schemes \I/E’]C, (black

solid line) and E?]C » (magenta dashed line) along the integration interval. The step size is chosen so that all methods
have the same computational cost.

Poschl-Teller potential. The next set of simulations is carried out with the well known one-dimensional
Poschl-Teller potential,

AA+1)
2
with A(A+1) = 10. It has been used in polyatomic molecular simulations and admits an analytic treatment
[12]. We take again as initial condition g(z) = oce /2 with o a normalizing constant, then apply
Fourier spectral methods on the interval = € [—8,8] and integrate until the final time ¢y = 8000 with
the previous numerical splitting methods. For this potential we take N = 512 subdivisions of the space
interval to better visualize the behavior of the different methods. Figure 5 is the analogous of Fig. 3), and
only displays the results obtained by ‘1’[53]0 . (black solid line) and \I/[}i]c (blue dotted line), since the output

corresponding to \IJ[;]T is out of the scale (the errors are greater than 1037 ). On the other hand, Figure 6

Viz)=— sech?(z), (5.3)
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shows the same pattern as Figure 4: only symmetric-conjugate schemes with a; € R provide bounded errors
in the norm and in the energy of the solution.
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Figure 5:  Error in norm of the approximate solution (left) and error in energy (5.2) (right) for the Poschl-Teller
potential (5.3) obtained by the palindromic scheme \I/[;}(: (blue dotted line) and the symmetric-conjugate method

\Ilg’]cc (black solid line) along the integration interval. The result achieved by \I/%],_ is out of the scale.
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Figure 6:  Error in norm of the approximate solution (left) and error in energy(5.2) (right) for the Poschl-Teller
4

potential (5.3) obtained by the palindromic scheme = P]T (blue dotted line), and the symmetric-conjugate schemes

\IJ?]CT (black solid line) and 5[34]0‘7- (magenta dashed line) along the integration interval.

Next, we take a shorter final time ¢; = 100 and compute the maximum error in the energy along the
time interval for several step sizes h = At and integration schemes. The corresponding results are displayed
in a log-log diagrama in Figure 7 (left). The order of each method is clearly visible, as well as the values of
h where instabilities take place. Finally, in Figure 7 (right) we depict the same results but in terms of the
computational cost as measured by the number of FFTs necessary to carry out the calculations. Notice that,
for this range of times, the efficiency of the 4th-order symmetric-conjugate methods is not far away from the
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optimized scheme (4.9) that takes into account the special property (3.7).

-10 ~104

06 0.8 1.0 1.2 14 1.6 18 2.0 10 12 14 16 18 5.0
logio(h™') log;0(COST)

Figure 7: Maximum of error in the expected value of the energy in the interval ¢ € [0,100] as a function of the time
step (left) and the computational cost (number of FFTs, right) for several splitting schemes. Poschl-Teller potential.

6 Concluding remarks

Splitting and composition methods with complex coefficients have shown to be an appropriate tool in the nu-
merical time integration of differential equations of parabolic type, when one or more pieces of the equations
are only defined in semi-groups and the aim is to get high accuracy. Since it is possible to design methods of
this class with positive real part, one is thus able to circumvent the existing order barrier for methods with real
coefficients. In addition, these methods involve smaller truncation errors than their real counterparts and also
exhibit relatively large stability thresholds. On the other hand, their computational cost notably increases,
due to the use of complex arithmetic.

More recently, it has been shown that the particular class of symmetric-conjugate methods still exhibits
remarkable preservation properties when applied to differential equations defined by real vector fields and
the solution is projected on the real axis at each integration step. Here we have extended the analysis to
problems evolving in the SU(2) and more generally to the numerical integration of the Schrédinger equation,
where preservation of unitarity is a physical requirement. In the former case we have shown explicitly that
symmetric-conjugate splitting methods are indeed conjugate to unitary methods for sufficiently small time
step sizes, and thus there is not a secular component in the unitarity error propagation.

With respect to the Schrodinger equation, the examples we collect here indicate that methods of this class
(with real coefficients a; ) could safely be applied just as other schemes involving only real coefficients for
sufficiently small step sizes, although a general theoretical analysis similar to the one developed here for
problems defined in SU(2) is lacking at present. Such analysis is clearly more involved, since one has to
take into account the effect of the space discretization, the possible introduction of artificial cut-off bounds
for unbounded potentials, etc. In this sense, this paper should be considered as a preliminary step for such
analysis. In any case, we should remark that the use of methods with complex coefficients in this setting does
not imply any extra computational cost, since the problem has to be treated in the complex domain anyway.
Our results show that even some of the simplest methods within this class provide efficiencies close to the best

16
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standard splitting schemes specifically designed for the integration of the Schrédinger equation. Although
we have limited ourselves here to methods of order 3 and 4, it is clear that higher order integrators can also
be designed, just by solving the corresponding order conditions [6, 15], and more efficient schemes can be
obtained by taking into account property (3.7) and the processing technique. It is also worth noticing that,
in contrast with the time integration of parabolic differential equations, here schemes with real and negative
coefficients a; still provide unitary approximations, and so more efficient schemes with a; < 0 and b; € C
might be possible. All these issues will be treated in a forthcoming paper.
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Capitulo 9

Conclusiones y trabajo
futuro

En los dos primeros articulos de la presente tesis se han desarrollado
nuevos integradores geométricos con coeficientes reales. Para problemas se-
parables en tres o mas partes, en el capitulo 3, se ha utilizado una técnica
de construccién mas eficiente que en el caso de escisién, logrando asi, inte-
gradores geométricos de orden 4, los cuales llegan a ser mas eficientes que
los mejores métodos de escisién en dos partes aplicados a estos problemas.

En el capitulo 4, se han construido métodos de escision RKN de orden
8 que han resultado ser mas eficientes que las composiciones simétricas que
existen a dia de hoy del mismo orden e, incluso, mas eficientes que algunos
métodos de extrapolacién; contestando de forma afirmativa a la pregunta
planteada por McLachlan y Scovel [93] en 1996:

Is there a symmetric eighth-order Runge—Kutta—Nystrom method which
is better than general methods of type SS ¢

Y cerrando asi una cuestién abierta en el campo de la integracién numérica
geométrica.

Por otra parte, en lo que respecta al resto de articulos presentados en
esta tesis, se han desarrollado integradores numéricos haciendo uso de co-
eficientes complejos. La técnica del triple—jump es un procedimiento muy
utilizado para construir integradores de orden alto partiendo de un método
bésico de orden bajo. Esta técnica tiene su version con coeficientes complejos
con las partes reales positivas y se puede utilizar para problemas donde los
tamarios de paso negativos no son recomendables. Aun asi, el problema que
presenta esta técnica es que el nimero de etapas crece considerablemente
rapido. En los capitulos 5 y 6 hemos presentado dos técnicas diferentes para
construir integradores de orden alto partiendo de integradores de orden ba-
jo. Estas nuevas técnicas tienen positivas las partes reales de los coeficientes
y nos permiten integrar preservando hasta cierto orden el comportamiento
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cualitativo de las soluciones. Las nuevas técnicas estan pensadas para ser
facilmente paralelizables y requieren un nimero menor de métodos basicos
en comparacién con la técnica del triple—jump. Ademds, la técnica presenta-
da en el capitulo 6 s6lo contiene métodos simétrico—conjugados. Este hecho
hace que el ntiimero total de métodos a ejecutar en paralelo sea menor y
que presenten mejores propiedades de conservacién en comparacién con la
técnica del triple—jump y con la presentada en el capitulo 5.

A causa de los buenos resultados conservativos observados en el capitu-
lo anterior, en el capitulo 7, se ha realizado un primer analisis sistematico
sobre métodos de composicion simétrico—conjugados cuando son aplicados a
problemas donde f(x) € R. Para ello, se han comparado las composiciones
palindrémicas y las simétrico—conjugadas observando cémo, con coeficientes
complejos, las simétrico—conjugadas son mas beneficiosas que las palindrémi-
cas. Ademas, los diagramas de eficiencia muestran que los métodos de orden
alto con coeficientes complejos son mas eficientes que los de orden maés bajo,
no solamente para valores de pequenos h, sino también para toda la region
de valores de h.

Por tltimo, en el capitulo 8 se hace una extension de los métodos simétrico—
conjugados a problemas donde f(z) ya no es real, llegando a conclusiones
muy esperanzadoras sobre este tipo de métodos en problemas unitarios.
Pues, se ha probado cémo los métodos simétrico—conjugados son conjuga-
dos a métodos unitarios en el caso de matrices de SU(2).

A continuacién detallamos las futuras lineas de investigacién previstas
para los proximos meses:

= Crear métodos eficientes para problemas separables en tres o mas par-
tes siguiendo el trabajo empezado en el capitulo 3 pero utilizando la
técnica de procesado.

» Continuar con la idea de llenar los huecos que quedan en [20] utilizan-
do las técnicas ya desarrolladas para la construcciéon de métodos. Asi
pues, podriamos construir métodos de escision RKN de orden 10 con
y sin procesado para ver si son mas eficientes que las composiciones
simétricas de orden 10. Los 6ptimos resultados obtenidos en el capitulo
4 nos hacen pensar que se trata de un buen camino a seguir. Ademas,
con las mismas técnicas se podrian conseguir métodos de escision ge-
neral de orden 8 y composiciones simétricas de métodos simétricos de
orden 12.

» En el articulo [18] se presenta, entre otros, un método de orden gene-
ralizado (10, 6,4) para problemas cuasi—integrables. Como futuro tra-
bajo se puede explorar la posibilidad de construir métodos de orden
generalizado més alto con la idea de superar en eficiencia al método
citado.
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= En el caso concreto del Sistema Solar el error predominante es el
asociado a Mercurio. Asi, se podria construir un procesador para el
método de orden generalizado (10,6,4) de [18] que minimizard este
error. Para construir este procesador se utilizarian las técnicas de mi-
nimizacién que se utilizan en Inteligencia Artificial, con la idea de ir
entrenando este procesador.

» En el articulo [60] se presenta un patrén de coeficientes que es muy
eficiente para la construccién de métodos para el caso del oscilador
armonico:

Yh = PL 0 Pl 0 Pt 00 gl 0 ol 0 D)
1 Cc2 Cc3 c3 c2 c1
Este patrén puede servir en el caso més general para construir métodos
de orden impar que al simetrizarlos aumenten un orden. Con esta idea
se pueden explorar las soluciones para métodos de orden 5 que se
conviertan en orden 6 al simetrizarlos, para ver si se obtienen métodos
eficientes de orden 6 con mas etapas de las habituales.

» En el articulo [73] se presentan métodos RK para ecuaciones cuadrati-
cas. Este tipo de EDO en el caso hamiltoniano se pueden reexpresar
como un potencial ciibico, siendo un caso concreto de este tipo de pro-
blema el potencial de Hénon—Heiles [70]. El hecho de que el potencial
sea cubico comporta una reduccién de las condiciones de orden a resol-
ver. Si a este hecho le sumamos que el sistema es RKN, la reduccion
es aun mayor. De este hecho se dieron cuenta McLachlan y Ryland
en [92]. Hemos construido un método de orden 8 con 12 etapas muy
eficiente para este caso y se pueden construir métodos de orden 10 y
12 con 22 y 41 etapas respectivamente.

= En el capitulo 7 se han disenado métodos simétrico-conjugados hasta
orden ocho. Pero, el hecho de que para los 6rdenes mayores son mas
eficientes incluso para tamanos de paso grandes hace pensar que cons-
truir métodos de orden mas alto puede ser una buena opcién como
futuro trabajo. Asi, se podrian construir métodos de orden 10 y 12.

= En este mismo capitulo, nos hemos cenido al hecho de proyectar sobre
el eje real después de cada iteraciéon del método. Sin embargo, nos
queda pendiente sacar una conclusion fundamentada a la siguiente
cuestion: bajo qué circunstancias es mejor proyectar sobre el eje real
en cada paso y seguir con la parte real en el siguiente paso y bajo qué
circunstancias es mejor continuar la evolucién sin proyectar.

= Aunque el uso de coeficientes complejos puede suponer un aumento
del coste computacional, por ejemplo, el hecho de que con 9 etapas
podamos construir un método simétrico—conjugado de orden 8 y que
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con coeficientes reales necesitemos 15 etapas puede contrarestar este
aumento del coste. Auin més, cuando en el caso de coeficientes reales el
minimo numero de etapas no suele ser el méas eficiente. Esto, aunque
sea un problema altamente dependiente de la implementacién y del
tipo de maquina, es una futura via de estudio.

En el capitulo 8 se ha probado cémo los métodos simétrico—conjugados
son conjugados a métodos unitarios para el caso de SU(2). Queda pen-
diente ver si este resultado se puede generalizar, ya que los experimen-
tos numéricos muestran un comportamiento de este tipo.

Construir métodos de escisién con a; € R, b; € C y con las partes
reales positivas de orden maés alto que los presentados en el capitulo
8. Estudiar también la construccién teniendo en cuenta la condicion
RKN por las posibles mejoras que puede ocasionar.

Volviendo a los problemas cuasi—integrables, puede llegar a ser una
buena técnica la construccién de métodos simétrico—conjugados para
este caso. Se deberfa estudiar el comportamiento pseudo—simétrico y
pseudo—simpléctico para integraciones largas en el tiempo. Aun asi, el
hecho de poder contruir métodos con coeficientes con partes reales po-
sitivas puede llegar a presentar mejoras en la eficiencia. Por ejemplo, en
el caso de querer construir un método de orden generalizado (10, 6,4)
con a;,b; € C se necesitarfan tunicamente 8 etapas. La cuestién ra-
dicaria en ver si se puede contrarestar el uso de artimética compleja
construyendo métodos con coeficientes con las partes reales positivas.



Apéndice A

Algebras de Lie y Mecanica
Hamiltoniana

A.l. Algebras de Lie

Un algebra de Lie es un espacio vectorial g sobre un cierto cuerpo junto
con una operacion [+, -] : g x g — g llamada corchete de Lie, que cumple las
siguientes propiedades:

a) Bilinearidad

[aX +bY,Z] = a[X,Z] +b]Y,Z], Va,beC, VX,Y,ZE€ g,

b) Antisimetria
[XvY]:_[YvXL VX7Y697

c¢) Identidad de Jacobi

(X, [V, Z]|+ [V, [Z,X]|+[Z,[X,Y]] =0, VX,Y,Z€g.

Un ejemplo particular es el espacio de matrices d x d con el corchete de Lie
definido como el conmutador [X,Y] = XY — YV X.

Algebras de Lie libres Un concepto importante en el andlisis de los
métodos de escisién y composicion es el de dlgebra de Lie libre (FLA de sus
siglas en inglés). Un &lgebra de Lie libre se puede visualizar como aquella
algebra de Lie que es comun a todas las algebras de Lie, es decir, que no
tiene ninguna restriccién, y por tanto sera aquella generada por todos los
corchetes posibles independientes teniendo en cuenta solamente las propie-
dades del algebra de Lie. Esta idea se puede expresar mas rigurosamente
de la siguiente forma [96, 13]: dado un conjunto indice arbitrario I (finito o
infinito contable), un algebra de Lie g es libre sobre el conjunto I si
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a) A i € I le corresponde un elemento G; € g;

b) Para cualquier dlgebra de Lie h y cualquier funcién i — H; € b, existe
un uinico homeomorfismo 7 : g — b entre algebras de Lie que verifica
7(G;) = H; para todo i € I.

Algebras de Lie libres graduadas Definimos la funcién grado w [90,
, 0] sobre un élgebra de Lie g como:

» sobre el conjunto generador S = {G; :i € I}:

w(Gz) = Wi, w; € Z,

» sobre elementos [u,v] € g:
w([u,v]) = wu) + w(v).

Esto permite escribir g como una suma directa de subalgebras g,,:
o
g= @gn, donde g, = {P € g: w(P) =n},
n=1

que cumplen:
[gna gm] € In+m-

Asi, con la funcién grado, g se convierte en un algebra graduada. La dimen-
sién de la subélgebra g, viene determinada por la férmula de Witt [90]:

: 1 n
im(g,) = - 3 p(d)v
dn

donde el sumatorio es sobre todos los enteros d que dividen a n, v es el
nimero de elementos generadores de S y la funcién p es la funcién de Mobius,
donde u(l) = 1, pu(d) = (=1)? si d es el producto de ¢ factores primos
distintos y p(d) = 0 en cualquier otro caso. Los primeros valores dim(gy,)
se muestran en la tabla A.1 para los tres tipos de métodos de escisién y
composicién que hemos utilizado.

Las algebras de Lie en los métodos de escisién y composicién

= Métodos de escisién. Los elementos generadores seran las derivadas de
Lie A y B asociadas a la escisién f(z) = fl4(z) + fIB)(z). Llamamos
g = L(A, B) al élgebra generada, graduada mediante la funcién:

w(A) = w(B) = L.
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Orden n 1 23 456 7 8 9 10
9. = L"(A, B) 2 1 2 3 6 9 18 30 56 99
gn=LMF,Y5,Y3,Yy,...) |1 1 2 3 6 9 18 30 56 99
gn=L"(F,83,8,5,..)[1 0 1 1 2 2 4 5 8 11

Tabla A.l: Dimensién de las subdlgebras asociadas a los métodos de escisién y
composicion: escision en dos partes en la segunda linea, composicion de método de
primer orden y adjunto en la tercera linea, y composicién simétrica de métodos
simétricos de segundo orden en la cuarta linea.

Los elementos de una base para las primeras subdlgebras son:

{A, B};

{[A, Bl};

{[A, A, B],[B, A, B}

{[A,A, A, B],[B, A, A,B], B, B, A, B]},

renombrados durante el capitulo 1 como NV;; y que cumplen N;,; €
gi = L (A7 B)

= Composicién de método y adjunto. Los elementos generadores, en este
caso, seran los operadores diferenciales {Y;}5°,, asociados al desarrollo
en serie del integrador de primer orden xy. El dlgebra la denotaremos
por g = L(Y1,Ys,Ys3...) y se gradia mediante la funcién:

w(Y;) =i.
Los elementos de una posible base para las primeras subdlgebras son:
LY Y1,Y2,Y3...): (M)
L2(Y1,Ye,Y3...): {Ya};
ES(Y17Y27}/:3"‘) : {1%7[Y17Y2]}7
LYY, Y2, Y3, ) 0 {Ya, V1, 73], [V, 1, Yol ),

g1
92
93
94

renombrados durante el capitulo 1 como C;; y que cumplen C;; €
i = EZ(Ylayéa}/?)~--)-

= Composicién simétrica de métodos simétricos de segundo orden. En
este caso los elementos generadores serdan los operadores diferenciales
{S2i-1}72,, asociados al desarrollo del integrador de segundo orden
S,[f], el dlgebra generada la escribimos como g = £(51, 53,55,...) y se
gradda mediante la funcién:

W(Sl) =1.
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Los elementos de una posible base para las primeras subélgebras son:

g1 :[,1(51,53,55,...) : {Sl};
ds :[,3(51,53,55,...) : {Sg};
ga = L£(51,83,85,...): {[S1, 5]},

renombrados durante el capitulo 1 como M;; y que cumplen M;; €
g = L"’(Sl, 53, 55, - )

A.1.1. La férmula de Baker—-Campbell-Hausdorff

Dado X un cierto operador, definimos la exponencial de éste como:

[e.9]

eX = Z %X",

n=0

donde X° = Id es el operador identidad. El producto de dos exponenciales
de operadores se puede expresar como una nueva exponencial de un operador
que viene determinado por la férmula de Baker—Campbell-Hausdorff (BCH)

[119]:

Sean X e Y dos operadores no conmutativos. Entonces

€X€Y ZBZ,

donde Z tiene la siguiente forma como desarrollo en serie:
o0
Z =Y Zn(X)Y) (A1)
m=1

siendo Z,,,(X,Y") polinomios homogéneos de grado m que pueden ser expre-
sados como combinaciones lineales de corchetes de Lie anidados de X e Y

con coeficientes racionales. Los primeros elementos de esta serie [13] son:
Z=X+Y, Zo=i[X,Y], Zs=—[X,X,Y]— —[V,X,Y]
1= ) 2 = 9 ) ) 3 = 12 s <Ay 120 )
1
Zy=——Y, X, XY
4 24[ ) ) ) ]7
1 1 1
Zy = ——[X, X, X, X, Y] - —[X,)V, X, X,)Y] - —[X,V,Y, X, Y]
720 120 360
1 1 1
— YV, X, X. XY+ V.Y, XX Y|+ [,V XV
+ 360[ 9y Y Y Y ]+ 120[ 9 Y 9 ) } + 720[ Y Y ? 9 ]7

donde los corchetes se entienden anidados a la derecha, es decir [A, B,C] =
[A, [B, C]]. Cuando calculamos las condiciones de orden de métodos simétricos—
temporales es conveniente aplicar la siguiente variacion de la férmula BCH:

1 1
e3XeY e3X — W
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conocida como la férmula BCH simétrica. El operador W tiene la siguiente
forma:

W=> Wi 1(X,Y),

m=1
porque Ws,,, = 0. Los primeros elementos de la serie [13] son:
Wi =X+Y, W3:—24[XXY] [YXY]
7
W, X, X, X X,)Y]+ XY X, X Y- ——[X,),)Y. XY
5= 57601 I+ 480[ ] 360[ ]

Ly X X, X V)4 [V, V. X, X, Y] + [V, V.Y, X, Y].
360 120 720

A.1.2. Derivadas de Lie y transformaciones de Lie

Al campo de vectores f de & = f(x) se le puede asociar un operador []
llamado derivada de Lie actuando sobre una funcién diferenciable G : R% —
R, de la siguiente manera:

(LG (x Zfz 6% (A.2)

Llamamos transformacién de Lie a la exponencial del operador derivada de
Lie:

o

L[G)() =S il (L2G) ().
n=0

A.2. Flujos exactos como transformaciones de Lie

En este apartado utilizamos el argumento de [13] para establecer la rela-
cién entre un flujo exacto y su transformaciéon de Lie. Cuando una ecuacién
diferencial # = f(x) posee una condicién inicial z(tg) = xo, se tiene un
problema de valores inicial o problema de Cauchy:

i dj‘ = flz)  a(ty) = xo € RY, (A.3)

conz €RYy f:Rx Rd — R. Entonces existe una unica solucién ¢y (xg)
y podemos expresar la derivada de una funcién G(z) sobre las soluciones
como

d 0G dx; oG
5C (r(a0)) = ﬁwézgﬁm%ﬁﬂwmmm»

Entonces la derivada k—ésima de G(p¢(xq)) serd

k
826 (pila0)) = (15€) (oulan)).
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Con este resultado podemos expresar el desarrollo en serie de Taylor de
G(pt(zo)) alrededor de ¢t = 0:

k
Glpi(z0)) = %(L’}G)(ﬂfo) = e"M1[G](x0). (A.4)
k=0

Si en la tltima expresion consideramos que G es la funcién identidad, Id(z) =
x, obtenemos:

pr(z0) = 1d(t(0)) = €7 [I](z0)- (A.5)

Asi pues, si ¢ corresponde a la solucién tinica del problema de valor inicial
(A.3) esta puede expresarse como una transformacién de Lie. Este resultado
puede ser usado para ver que la ordenacién de flujos es en sentido contrario
a la ordenacién de transformaciones de Lie. Utilizando (A.4) para obtener
una expresion para la composicién de flujos se obtiene [13]:

(A.5)
Pt © 91, (20) = 1y (91, (20)) = €81 [ip1, ) (w0) =" BT 221 [ (o),
resultado que puede generalizarse a m flujos:
(ptm 0:++-0 <;0t2 o) Sotl (xo) — etlLfetZLf e etmLf [I](xo)

Con estos resultados, se puede reescribir las propiedades de los flujos exactos
(1.4), (1.2) y (1.5) presentadas en el capitulo 1 utilizando transformaciones
de Lie:

(€6Lfi )—1 — 6_6sz‘ ’

662Lfi 651Lfi — 6(61+52)Lfi,

1 -1 -1
(652ij 'e(lefi> _ (eélLfi) ) <652ij> .

A.3. Integradores numéricos y exponenciales de
operadores diferenciales

Podemos asociar un operador X (h) a cada integrador numérico xj :
R? — R? de los que utilizamos en esta tesis, tal como hemos hecho en el
caso de los flujos exactos [13, 20]. La forma de este operador es:

X(h)=Td+ Y h"X,,

n>1

donde Id es el operador identidad y cada operador lineal X,, actia sobre
una funcién G como:
1 dar
=] Glal(@).
h=0

XnlG](x)



A.4. Mecénica Hamiltoniana 191

Esto no es més que la formalizaciéon de un desarrollo en serie de Taylor del
integrador xj. Asi pues, G(xn(z)) = X(h)[G](x), de la misma manera que
en el caso del flujo exacto (A.4). Podemos escribir este operador X (h) como
la exponencial de un nuevo operador Y (h). Para conseguir este propdsito
usamos la serie del logaritmo:

o0 k o0
Y (h) = log(X Z Z WX, | =) h"Y,,
k=1 n>1 k=1
siendo Y,,:
o~ (=D
YnzzT S XX
k=1 Jit+ik=n

donde por consistencia Y7 = Ly = X7. Con este resultado se puede obtener
una ecuacién similar a (A.4), pero para integradores numéricos:

Glxn(x)) = e P[C)(x).

Para el adjunto de un método xj; = X:;ll se obtiene:
G (x)) = e M[G)(),

asi pues, si un método Yy es simétrico-temporal, i.e x; = X, entonces
Y (h) = =Y (—h), y esto es s6lo posible si los términos Yo, son cero para
k>1,Y(h) =32 h¥ Yy .

A.4. Mecanica Hamiltoniana

En los sistemas Hamiltonianos [5&] tenemos coordenadas ¢; y momentos
candnicos conjugados p; con ¢ = 1,...,d, donde d es el nimero de grados de
libertad, y el punto (g, p) representa el estado dindmico del sistema. Dada
una funcién llamada Hamiltoniano H(q,p) y definida en D C R? x R?, las
ecuaciones del movimiento son:

oH . oH
opi’ b= dq;

¢i = (A.6)

Siz = (q,p)", se puede obtener una expresiéon compacta de las ecuaciones
del movimiento:

&= fu(x) =JV,H(x) con J = ( OI I)
0 2d><2d

siendo J la matriz candnica.
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A.4.1. Corchete de Poisson

El corchete de Poisson [58] de dos funciones escalares F'(¢q,p) y G(q,p)
se define como:

d
oF 0G  OF 0G
the) = ; <8Qi dpi  Opi 3%) ' (A7)

En particular, el corchete de Poisson de las ¢; y de las p; es:
{gi,4;} ={pixp;} =0, {apj} =05 Vi,

donde 9;; es la delta de Kronecker cuyo valor es 1 si ¢ = j y 0 en cualquier
otro caso. Notese que, el corchete de Poisson de las x es la matriz candnica

Jij = {wi, x5}
Las propiedades algebraicas del corchete de Poisson son: la linearidad

{aFF +bG,K} =a{F,K}+b{G,K};
la antisimetria
{F,G} = —{G, F},
y la identidad de Jacobi
{F,{G,K}} +{G,{K,F}} +{K,{F,G}} =0, (A.8)

para todas las funciones F', G, y K, y los escalares a y b.
Las ecuaciones del movimiento (A.6) pueden ser escritas en términos de
los corchetes de Poisson como:

¢ = {qi, H}, pi = {pi, H}, i=1,....d,

o &; = {x;, H}. Para cualquier funcién F'(q,p,t) se puede expresar su deri-
vada total respecto del tiempo utilizando el corchete de Poisson:

d
dF S~ (OF,  OF,N  OF OF
it <8Qi% " 8pz'pl> tor T

La primera consecuencia de este resultado es que si el Hamiltoniano H no
depende explicitamente del tiempo se tiene:
a_,
dt
y en estos casos el Hamiltoniano es una cantidad conservada a lo largo de
las soluciones.
Una importante caracteristica de los sistemas Hamiltonianos es la sim-
plecticidad de los flujos exactos y:

ot (x)Jgy(x) = J parat >0,

donde ¢}(z) es la matriz jacobiana de la transformacion .



A.4. Mecénica Hamiltoniana 193

A.4.2. Evolucion Hamiltoniana como transformacién de Lie

En Mecanica Hamiltoniana la derivada de Lie del campo de vectores fgr
estd relacionada con el corchete de Poisson [13] siendo

fu=JVH(z) = (VpH’—VqH)T7
de la siguiente manera:

(LG (@) = >

(gmoc _omoc
7=1

dp; 0q;  Oq; Op;

) = —{H,G}.

De manera analoga, {H,G} = —Ly, G = Ly, H. Utilizando la identidad de
Jacobi (A.8) se puede obtener una relacién entre el corchete de Poisson y el
corchete de Lie:

{HAF,G}} = {FA{G H}} —{G.{H F}}
Lf{F,G}H = LfF{G7 H} — LfG{F’ H}
=L LyjoH + Ly, Ly, H
= _[LfF7LfG]H

Ahora podemos escribir las ecuaciones del movimiento (A.6) como:
i = Ly, [1d](x).
y su solucién formal como una transformacién de Lie:
x(t) = e s [Id)x,

que se trata de un caso particular de (A.5).
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Apéndice B

Condiciones de orden para
una base de corchetes
anidados a la derecha para

L(A, B)

En esta seccién explicaremos cémo se han implementado las técnicas para
calcular y resolver las condiciones de orden [13]. El software desarrollado ha
sido preparado para el caso general de un dlgebra de Lie libre generada por
dos elementos A y B, es decir L(A, B).

Para calcular las condiciones de orden, w; j, en el caso de escisién (1.24)
necesitamos un CAS (computer algebra system), en nuestro caso hemos he-
cho uso de la libreria Sympy [94] para Python [117]. El punto de vista adop-
tado en este desarrollo estd basado en el que fue llevado a cabo por S. Blanes
en su tesis doctoral [10] y puede dividirse en tres pasos: primero, calculamos
los elementos de la base L(A, B) haciendo uso de corchetes anidados; luego,
el conmutador de los elementos de la base, y finalmente implementamos la
formula BCH y calculamos las férmulas recursivas del desarrollo en serie
del operador Z(h) = log(V¥(h)) (1.22) asociado con un método de escisién
general.

B.1. Generacion de una base de corchetes anida-
dos a la derecha para L(A, B)

Hacemos uso de las clases Operator y Commutator de Sympy [941] para
calcular los elementos de la base g = L(A, B) con conmutadores anidados a
la derecha utilizando una implementacion del algoritmo 1. Necesitamos usar
este algoritmo porque en el caso de los conmutadores anidados no existe una
formula general para construir una base, como si ocurre en el caso de las

195
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bases de Lyndon o de Hall. Adema4s, la base de conmutadores anidados no
estd definida de forma tnica.

Data: Base de £71(4, B) en N;_; y su dimensién en n(i — 1)
Result: Base de L/(A, B) en N; y su dimensién en n(i)
inicializar N; como conjunto vacio;

inicializar n(i) < 0;

for j + 1 to n(z—l) do

if [A Nz— J} 75 Zk 1OJkNi’k then

Nz,n(z)Jrl <~ [A N;— 1,]]

n(i) < n(i) + 1;

end

f [B, Ni—l,j] 7é Zz(:l)l akNLk then

Nin(iy41 < [B, Ni—14l;

n(i) < n(i) + 1;

end

o

end
Algoritmo 1: Calcular los elementos de la base £L(A, B) a orden .

El algoritmo 1 necesita como informacién de entrada todos los elementos
de L71(A, B) y nos devuelve todos los elementos de £'(A, B) (i > 1). Asf
pues, podemos aplicar este algoritmo de manera iterativa, utilizando la salida
de una iteraciéon como la entrada de la siguiente para obtener la base de
L(A, B) hasta el orden deseado. El funcionamiento del algoritmo es sencillo:
se recorren todos los elementos de la base de L£~!(A, B) y se concatenan
con los elementos generadores viendo si los nuevos conmutadores son una
combiancién lineal de los elementos de la base de £i(A, B). En caso de no
serlo se afladen como nuevos elementos de la base de L¢(A, B). Para evaluar
los dos condicionales, lo que hacemos es expandir todos los conmutadores
y tratar de resolver el sistema lineal asociado [2]. Daremos mds detalles de
este procedimiento en la siguiente subseccion.

A continuacién, damos los elementos de la base hasta orden 9. Utilizando
el algoritmo 1 hemos calculado la base hasta orden 11 [48].

N42_ BvAaA7B]
Ny3 =B, B, B, A

[

[
Ny =A N5y =[A, A A A, B
N1y =B N5y =[B, A, A, A, B
Ny, = [A, B] Nss = [A, A, B, B, Al
Nsi = [A, A, B] Ns4 = [B,B, A, A, B
N32 = [B, A, B Ns;5 = [A, B, B, B, A]

[

N4,1 = Aa A7AaB]
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Ns¢ = [B, B, B, B, A] Ngos = [A, N7 14
N1 = [A, N5.1] Ng a5 = [B, N7,14
Ng2 = [B, N5 1]
Ne,3 = [A, N5 2]
Nga = [A, N5 4]
N5 = [B, N5 2] Ng 29 = |B, N717
[ ]
[ ]
[ ]
[

Neo =[A, N5 5 Ng 30 = |B, N718
Ne,7 = [B, N5 Ngoi—1 =[A,Ng;] <15
Ngg = [A, N5 Ngoi = [B,Ng;] <15
Ng g9 = [B, N5 ¢] Nggi—1=[B,Ng;] 16 <i<19
Nroi1=1[A,Ngi] <9 Ngai—2 = [B,Ng;] 20 <i<26
N79; = [B, Nﬁﬂl] 1 <9 Ngo2i—9 = [A, N&i} 17<i<19
Ngoi—1 = [A, N7,i] 1 <4 Ng i3 = [A, Ng Z} 21 << 26
Ngoi = [B,Nz;] <4 Ny 51 = [B, Ng 27]
Ngoi1=[B,N7;] 5<i<10 Ny 52 = [A, Ng ag]
Ngai2=[A,N7z;] 6<i<10 Ny 53 = [B, Ns 3]
Ng 20 = [B, N7.11 Ny 54 = [B, N3 2]
Ng a1 = [A, N7.12 Ny 55 = [A, N3 30]

[ ]

=
Nga22 = [B, N712 Ny s6 = [B, N3 30
[

B.2. Calculo de las relaciones entre los elementos
de la base anidada a la derecha de L(A, B)

Para construir las condiciones de orden, w; ;, para el caso de métodos de
escisién necesitamos conocer todas las relaciones entre los elementos de la
base. Es decir, cudl es el resultado (en elementos de la base) del conmutador
de dos elementos de la base:

n(i+k)

N:J7Nkl Z am i+k,ms (Bl)

donde a;;, son coeficientes reales y n(i + k) es la dimensién de la base de
LHE(A, B) que viene determinada por la férmula de Witt [00]. El procedi-
miento para calcular a,,, es similar al procedimiento utilizado en los condi-
cionales del algoritmo 1 y estd basado en el procedimiento presentado en [2].
Para ilustrarlo, utilizamos a modo de ejemplo el conmutador [Na 1, N3 o]:

» Expandimos el lado derecho de la ecuacién (B.1):

[Na1, N3] = [B, B, A, B]] = AB® — 3BAB? + 3B>AB — B3A.
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» Expandimos el lado izquierdo de la ecuacién (B.1):

c(4)
Z amNym = a1 Ny + aaNyo + agNy3

m=1
= 301 ABA? — 301 A2BA + a1 A>B — a; BA3
+ 200 ABAB — a3 A’B? — 209 BABA + ay B2 A?
— a3AB? 4+ 3a3BAB? — 3a3B>AB + a3 B> A.

Noétese que sélo necesitamos realizar este paso una vez para todos los
elementos donde el valor de ¢ + k sea el mismo.

= [gualamos las dos partes y resolvemos el sistema lineal asociado. En
este ejemplo, la soluciéon es a3 = ag = 0y ag = —1. Por lo tanto,
[No,1, N32] = —Ny3.

Ahora, daremos las relaciones entre los conmutadores de nuestra base
hasta orden 6, pero han sido calculados hasta orden 9 [18]:

[N1,1, N52] = Ng 3
Ni1,N53] = —2Ng3 + N,
[N1,1, N12] = N2y {NLI N573} N 0,3 02
[N1,1, N1l = N31 [NM’NM] B NGA
[N1,2, No1] = N3 2 N1717N575 B N6’6
[N11, N3 1] = Nuj [N, No6] = Nos
Njia, N5 1| = N
[N1.1, N3] = Nys {NL%N&? N6,2
[N12, N31] = Ny 12> 215,21 = 61’5 )
[N12, N32] = —Ny3 [N12,N53] = —3N6,6 - §N6 5 — Nea
[N11, Nya] = N5 [N12, Ns.4] = Nes — 2Ne
N1y Nao] = —Ns 3 [N1,2, N5 5] = Ne. 7
[N11, Nas] = Ns 5 [N1,2, N56] = Ne,9
(N2, Naa] = N o [Na,1, Nyl = —Ng2 + Ne 3
[N1,2, Na2| = N5 4 Nox Mool = 1N 1N
(N1, Nis] = Nsg [N21, Nag] = =3 Nes — 5 Nos
[Na1,N31] = —N52 — Ns3 [N2,1, Ny3] = Neg — Ne 7
_ 1
[N2,1, N3] = =N55 = Nsa [N3,1, N32] = —-Nee — Noa + §N6,5
[ ]

B.3. Férmulas recursivas

Con las relaciones que se acaban de obtener y la formula BCH se pueden
construir las férmulas recursivas para obtener las funciones w; ;. A la hora
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de implementar la férmula BCH hemos utilizado la expresada en [2] por ser
la mas eficiente para nuestro caso, ya que viene expresada en funcion de
conmutadores anidados a la derecha.

A continuacién presentamos las férmulas recursivas para cuatro casos
distintos hasta orden 5 y en [1&] se pueden ver hasta orden 9.

Recursién general con A. Dado C € L(A, B):

oo n(i)
C = ZZO‘@J‘NZ'»J"
i g

el producto del operador €*4 por ¢ dard un nuevo operador e?:
eP = " el z € R,
donde D tendri la forma
oo n(t)

D=2 2 Py

con B ; = f(z, a):

Br1=x+a1,

Bi2 = a1
1

P21 = JTaz +az
By = L2 ! + +

3,1 = 12$ Qa2 12;voz1 11,2 mzl a3l
P32 = 12950412 +as2
Ba1= ! + Lo ! + +

41 = 241‘ Q11012 + o721 = Sra102,1 + STaz) + a4
= 1x2a2 1xa Q —i—la:a +

42 = T U0y — HTa1202,1 + STz + 0y
Pas = au3
8 1 4, 1 n 1 9 1 5 n 1

=——2= — — 2o 0 — 1?02 |« —r a1« —z2a
5,1 AT T B e A RU Rl v R N E S P
1 1
+ %xaila1,2 197011031 + 5741 + a5

Bs2 = i$3a%2+ <. Pa1109 5 + ! 1‘04%104%2—1$a12a31+i3}0‘%1+a52

’ 360 ’ 120 720 . 6 T 12 ' '

1 1 1 1 1
B5.3 = 17201'305%,2 - %ﬁaua%g + ﬂaﬂ 1,202.1 — ﬁ 2043,2 - %xa%,ﬂ%,Q
1 1 o, 1
+ STa11032 — 5T 2031 + TG — T4 + Q53

12 12 12 2
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1 1 1
P54 = mgg?ai‘i 360xa1 104? 2~ 6x0z172a3,2 + as4
p L 2,3 1 3 1 +1 N
= 209 — =T 10 ] 9 — TZTQ] 2C¢ —TQ «
5,5 360 1,2 720 1,107 92 19 1,20¢3.2 5 43 5,5
1
Bs.6 = —%xan + a5

Recursién general con B. Dado C € L(A, B):

oo n(t)

C= ZZ% b

el producto del operador €*B por e© dard un nuevo operador e”:

e’ =e""e, z €R,

donde D tendra la forma
oo (i)
D=>_> BN
[}

con f;; = f(z, a):

B11 = a1,
Biog=z+aip
1
B2,1 = —g%an1 t+ o)
I 5
P31 = T2+ o3
5 Loy, 1 L
4 = ——X — T « —T «
3,2 5% a1+ praiae + STy +oass
Ba1 = agn
5 1, ., 1 L
= —I — — I (6] —T «
42 = 5 T 00 — oTOL1021 + S5+ g
5 1, Lo ] .
= ——T (6% — — T« — T (6% — —TQ (8%
4,3 5% QL1012 — 5T 01 + 5 T012021 — STaz2 +oy3
Ly
Bs51 = ~ 7oAl +as1
52:ix2a3 —ixa?’ 12+ ——ro 1031 + T + a5
527 360 720 LI%h2 7 99 BT 5
1 1
P53 = MJCQO; 360$O€ 1012 + §T01,103,1 +as3
1 o5 I 59 I 5 1 22 I 9 5
o4 = 1907 01 ~ 3p@ MlaM2 — 5t arae F prTas - ggeai 10t
1 1 1
+ =T 1032 — ST 2031 + = a§,1+*xa4,2+a5,4

12 12 12 2
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1 1 1 ! 1
Bs5 = %x?’ail + @95204310‘172 + %9004%,104%,2 T gre1as2 + ﬁxo‘g,l
+as5
1 1 1 1
ﬂ5,6 — _%1;4&171 — @«’Egal,lalﬁ + @‘TQOQJO(%Q + ﬂx2a1,2a2,1

1 1 1
- ﬁ$26¥3,2 + ﬁol’m,mig + ﬁxm,zam + §wa4,3 + as6

Recursién simétrico—conjugada con A. Si C € L(A,B), con e un

operador asociado a un integrador simétrico—conjugado, entonces:

n(2i—1) n(2i)

oo
C = § § ai—1,jNoi—1; +1 E oo i N9

J J

El producto por la izquierda por e*4 y por la derecha por 4 dard un nuevo
operador e? asociado a otro integrador simétrico—conjugado:

el = e#4eCe4, z=x+1iy € C,

donde D tendrd la forma

n(2i—1) n(24)

(o.9]
D= Z Z B2i—1,jN2i—1,j + 1 Z Bai,j Nai.j
i J J

con fi; = f(z,a) :

P11 =2x+ a1

Bi2 = a12
B2,1 = yaq2 + a1
1, 1 1,
P31 =—=x 012 — —TO1 1012 — Y Q12 — Yoo 1 + a3z
6 6 2
B2 = —émig + a3
5 1, 1, 1 1 1
= ——z°ya1 o — —x 091 — —TYQ] 1012 — =T 1021 — =Y
4,1 6 Yo 2 6 217 ¢ Y100 2 grM,102,1 6y 1,2
1
- 51/2042,1 +yaz 1+ aq1
1, 1
Ba2 = YL T G202, +yazo + ago
P13 = Q43
[ 7 3 I 99 L o 2 2
= —T a2+ —zx’v110019 + —x o192+ =x°yag 1 + —x7af
55,1 360 1,2 180 1,1001,2 12 Yy a2 6 Yoo 1 45 1,101,2
Lo, 1o, 1 LI 1
— =T —X « « —TYo (0% — T « — =T [0
6 31F 15 Y o100 2 6 Yya11021 360 TA11M2 T L TA1105,1
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+o + i : +
o a9 1 — =y as 1 — Yo o
243/ 1,2 6?/ 2,1 23/ 3,1 — Yy 5,1
,6’5 9 = i:E“Q’oz% 9+ i552041 104% 9+ xoz% la% 9 — 1a:a1 20031 — lxa% 1+ as2
45 ' 30 b 360 3 e 6 ’ ’
553:—ix3a%2 1ma11a12+1x a3 — 1wy a%Q—lxyalgagl
’ 60 ' 90 6 12 6
1 9 n 1 1 1 5 n 1 4 n
— —xa?a’ —XO1 10039 — =X 90031 — =L N ate «o
18071102 T pTO1103,2 = LT 2031 — LTAY 2y 3,2+ Yoy 2
+ a5,3
5 Lo o1 , 1 .
= x al — o1 — X0 20 o
5,4 = 12 T 799711002 = 3701,203,2 5,4
Bs5 = iﬂcja:{’g - L Qi — 1:voqzozsz —yous +ass
’ 90 ' 360 T 6 R ’ '
1 4
56 = T oA L0 9 T Q56
f 360 2

En el caso de y = 0 se obtienen las formulas recursivas para una iteracion

simétrica del tipo: eP = e*4eCe®4,

Recursién simétrico—conjugada con B Si C € L(A,B), con e un

operador asociado a un integrador simétrico-conjugado, entonces:

n(2i—1) n(23)

o0
C = g g ai—1,jN2i—1,; +1 E i i N9
i

J J
El producto por la izquierda por e*Z y por la derecha por e*? dard un nuevo
operador e?, asociado a otro integrador simétrico—conjugado:

el = e#Bele?B z=x+1iy €C,

donde D tendrd la forma

oo [n(2i—1) n(24)

D= Z Z B2i—1,jNai—1,j + i Z B2i,j Nai.j
i J J

con B = f(z, ) :

Bi1 = a1,
B2 =2r+aip
P21 = —yai1+ a1

1 2
P31 = graitosy

1, 1 1,
P32 = g¥ o + graLione +oyiany —yazy +asy

Ba1 = 0
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1, 1
Ba2 = 90?/041 1~ 63301,1042,1 +yasg 1+ aq2
P 1 L1 1 1 1,
= —=T Yy .’13‘ (6] — =TY « T « —_ = «
4,3 6y116 216y111261221 6?;11
1
+ §y2a2,1 —yaza + g3
1
Bs1 = —%m‘il + a5
6 1 2 3 1 3 + 1 +
= —z‘a) — —xai —To 1031 — Yo «
527 90 117 350711012 T o A1,103,1 Yoy 1 5,2
P53 = i$20¢? 1T Limi’ 1012 + 1xOél 1031 + Q53
’ 30 ' 180 o 3 N ’
1 1 1 1 1
P54 = ~g0® ?af | — %90201%1041,2 - 6932 317 15 zy’ai ) + GTYaL102,1
R | 1 1, 1,
- @xal,lal,g + 69€Oé1,1043,2 - 696041,20&3,1 - 6.730[2,1 - iy Q31 — Yo42
+ a5 4
[355—i:ca + 1:1:2a2 Qi+ —xza? ol —i—lmallagg—}xoﬂ + ags5
15 L1735 1,101, 360 M11%2 T 3 103, 621 ,
Bs.6 = LHC 0411+L96 04110412+i56 Yo —1x2ya21+ix 061104%2
360 180 12 6 45
n 1 n 1 1 + 1 n 1
696 Q32 12961/ 11012 6l‘y061 2021 36056061,104172 696061,2063,2
1 1 1
+ 24y 1,1 —gy 0121-1- 5Y 0432_y0543+0456

En el caso de y = 0 se obtienen las férmulas recursivas para una iteraciéon

simétrica del tipo: eP = e*BeCeB.
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