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Introduction

This thesis is devoted to the study of dynamical phenomena related to the existence
of homoclinic orbits of conservative systems. We consider homoclinic (bi-asymptotic)
orbits either to saddle periodic orbits or to whiskered tori. Such type orbits, called
homoclinic by Poincaré, are of great interest in the theory of dynamical systems since
their presence implies complicated dynamics.

We deal with a range of problems in two quite different topics related to the homo-
clinic phenomena in conservative systems:

e Bifurcations of homoclinic tangencies in area-preserving maps (APMs)

e Exponentially small splitting of separatrices for whiskered tori with several fre-
quencies in Hamiltonian systems

The first topic is related to the study of the behavior of orbits near a given homoclinic
trajectory, while the second topic consists in the detection of homoclinic orbits arising
from a perturbation of a Hamiltonian system with a homoclinic connection (separa-
trix). Both topics are well known among specialists in dynamical systems, and any
result obtained is very relevant for theoretical aspects as well as for applications, but
many questions in these topics still remain unsolved. The problems of this thesis, on
the one hand, are new and in line with modern research of chaotic dynamics in con-
servative systems. On the other hand, their statements go back to classic problems by
H. Poincaré, J. Hadamard and other researchers of 19th century.

Before explaining the historical remarks and the main contributions to each topic,
let us give some basic definitions and properties. It is well known from the theory of
dynamical systems that an orbit or a trajectory is the ordered set of states determined
by the evolution rule of the system considered at time ¢. When the time ¢ is contin-
uous, the evolution rule is the flow defined by an ordinary differential equation and
an orbit is a curve. In the case of discrete time, the evolution rule is a map (diffeo-
morphism) and an orbit is a sequence of iterations of the map. Let a system have a
hyperbolic invariant object (for instance, saddle equilibrium, saddle fixed point, hy-
perbolic periodic orbit, whiskered torus, normally hyperbolic invariant manifold, etc).
Then, as well-known, there are two invariant manifolds associated to this invariant
object: the stable one formed by all incoming orbits and the unstable one composed
of outgoing orbits. Sometimes the invariant manifolds coincide (see Figure 1a), then
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Figure 1: Examples of homoclinic orbits to a saddle point: a) homoclinic connection, b) transverse

homoclinic orbit, ¢) nontransversal homoclinic orbit (homoclinic tangency)

we say that we have a homoclinic connection, also called separatriz or, in the case of
two-dimensional flow, separatriz loop and homoclinic loop. This configuration is usual
for integrable systems. In other cases, the stable and unstable invariant manifolds do
not coincide and can intersect along a homoclinic orbit. When the stable and unstable
invariant manifolds intersect transversally (at nonzero angle), the homoclinic orbit is
called transverse (Figure 1b). Otherwise, we deal with a homoclinic tangency (a non-
transversal homoclinic trajectory), see Figure lc. Note that if the stable and unstable
invariant manifolds of different hyperbolic objects intersect, the corresponding points
and orbits are called heteroclinic.

Background and state of the art

The phenomenon of the transverse intersection of stable and unstable invariant man-
ifolds was first discovered by the French mathematician H. Poincaré in his celebrated
work [Poi90] while he was studying the problem on stability of the solar system. He
considered the restricted 3-body problem Sun-Earth-Moon with the Moon as a small
mass. Since without Moon the problem reduced to the Kepler problem, Poincaré de-
scribed the problem Sun-Earth-Moon by means of a Hamiltonian system with 2 degrees
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of freedom as a small perturbation of the Kepler problem with the mass of the Moon as
the perturbation parameter. In the memoir he introduced new different tools and ideas
that laid down to the foundations of the area and are still popular nowadays: Poincaré
(first return) maps, integral invariants, the Poincaré recurrence theorem, etc. He estab-
lished that indeed the stable and unstable invariant manifolds intersected (splitting of
separatrices) in the perturbed system and called the orbits passing through the inter-
section points as doubly-asymptotic (later in [Poi99] he gave them the name homoclinic
solutions). Poincaré said:

Que l’on cherche a se représenter la figure formée par ces deux courbes et
leurs intersections en nombre infini dont chacune correspond a une solution
doublement asymptotique, ces intersections forment une sorte de treillis, de
tissu, de réseau a mailles infiniment serrées ; chacune des deux courbes ne
doit jamais se recouper elle-méme, mais elle doit se replier sur elle-méme
d’une maniére trés complexe pour venir recouper une infinité de fois toutes
les mailles du réseau. On sera frappé de la complexité de cette figure, que
je me cherche méme pas a tracer.

(in a free translation into English: If one attempts to represent the figure formed by
these two curves and their infinitely many intersections, each of which corresponds to
a doubly-asymptotic solution, these intersections form a kind of lattice or tissue or
web with infinitely tight loops. FEach of these curves must never intersect itself, but it
must fold upon itself in a very complicated manner in order to intersect all the loops
of the web infinitely many times. One is struck by the complexity of this figure, which
I will not even attempt to draw). This can be considered as the first mathematical
description of chaotic motions. In [P0i99] he proved that the presence of at least
one transverse homoclinic point implied the existence of infinitely many homoclinic
points. He conjectured on the complexity of the dynamics near a transverse homoclinic
trajectory and noted also that in some cases the splitting should be exponentially small
with respect to the perturbation parameter. Also we would like to mention that to
find the intersection points of the invariant manifolds Poincaré developed a method,
known today as the Poincaré-Melnikov-Arnold method.

It is a curious fact that Poincaré considered the problem of description of homoclinic
structures as not very interesting, since, as he correctly assumed, the corresponding
orbits are all unstable.! However, the problems connected with the splitting of sep-
aratrices, and, in a wide sense, with studying systems close to integrable ones, were
entitled by him as “the main problem of dynamics”.

After Poincaré, the investigations of homoclinic structures were continued by G.D.
Birkhoff. In his memoir of 1935 [Bir35], he proved that, in the case of two-dimensional

!Moreover, he knew well the paper [Had98] by another French mathematician J. Hadamard in
which similar problem on dynamics of systems on surfaces of negative curvature was studied and
the instability of geodesics was proved. Note that in this Hadamard’s work the methods of symbolic
dynamics were first applied.
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area-preserving and analytic diffeomorphisms, the set N of the orbits entirely lying in
a neighborhood of a transverse homoclinic trajectory contains infinitely many periodic
orbits. Moreover, he proposed an important idea about the possibility of the complete
description of the set A/ by means of the symbolic dynamics. This problem (on the
description of the set A) is called the Poincaré-Birkhoff problem.

Later the next most significant result in the field was achieved by S. Smale [Sma65].
He had introduced his famous horseshoe map, nowadays widely known as Smale horse-
shoe, that was the first example of dynamical system which is structurally stable (or
rough in the terminology of Andronov and Pontryagin [AP37]) and had infinitely many
periodic orbits. As Smale wrote in [Sma63] it was the answer to the Andronov ques-
tion: “Can rough systems have infinitely many periodic orbits?” In [Sma65] the idea
of the horseshoe was used to study the complicated behavior of orbits near a transverse
homoclinic orbit of a multidimensional diffeomorphism 7. He discovered a nontrivial
hyperbolic subset on which 7" is topologically conjugate to the Bernoulli shift (bi-
infinite sequences on two symbols) and showed that the Smale horseshoe is contained
in V. Naturally, the Smale horseshoe had the great influence on the theory of dynam-
ical systems and now its presence is considered as a landmark of the chaotic dynamics.
However, Smale imposed additional conditions on the linearization near the saddle that
are not always fulfilled in some resonant cases (for example, in a quite wide range of
systems as Hamiltonian systems and symplectic maps).

Two years later, L.P. Shilnikov [Shi67] used symbolic dynamics to give the complete
solution of the Poincaré-Birkhoff problem on the description of the set A/ of the orbits
entirely lying in a neighborhood of a transverse homoclinic trajectory to a saddle
equilibrium. To overcome the obstacles due to the Smale’s conditions on linearization,
Shilnikov employed a new technique consisting in the resolution of a boundary problem
near the saddle using cross-coordinates (also often called Shilnikov coordinates). He
proved that the set A is a locally maximal invariant hyperbolic set and described
N in terms of the Bernoulli shifts. Furthermore, this approach was improved by his
students and collaborators to solve other problems on transverse homoclinic orbits
[SSTC98, GS07].

One more work [Shi68] of Shilnikov on transverse homoclinic orbits is of great
importance for the theory of dynamical chaos. In this paper, Shilnikov considers ho-
moclinic trajectories to hyperbolic invariant tori and proves a result which is quite
analogous to the case of a saddle fixed point. Among other works on this topic we note
the famous works of V. M. Alekseev [Ale68, Ale69, Ale76] in which the Shilnikov’s re-
sults were generalized to hyperbolic sets described by topological Markov chains with
arbitrary (finite) number of states. Further, Alekseev used these tools and methods
to describe various hyperbolic sets (and to discover the new ones) in celestial mechan-
ics [Ale81]. Note also that L.M. Lerman and L.P. Shilnikov gave a solution of the
Poincaré-Birkhoff problem both for the infinite dimensional case [LS88] and for the
case of non-autonomous flows [L.S92].
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(@) (b) (c) (d)

Figure 2: Examples of homoclinic tangencies (a) and (b) of the first type; (c) of the second type;
(d) of the third type.

Bifurcations of nontransversal homoclinic orbits

Afterwards, it was natural to study nontransversal intersections of invariant manifolds
whose case is more intricate. The systematic study of bifurcations of homoclinic tan-
gencies was started by N.K. Gavrilov and L.P. Shilnikov [GS72, GS73] in the case of a
two-dimensional dissipative diffeomorphism fy (three-dimensional flows) with a saddle
periodic orbit O whose stable and unstable invariant manifolds were quadratically tan-
gent along a homoclinic orbit I'y. The saddle orbit O had the multipliers |A\| < 1, |y| > 1
and the saddle value 0 = [Ay| < 1. They considered a parameter-dependent family,
also called as general unfoldings, f,, containing fo at 1 = 0. They discovered many
remarkable dynamical phenomena and below we give a short description of them.

Classification of homoclinic tangencies. The diffeomorphisms fy with homoclinic
tangencies were subdivided into three types depending of the structure of the set Ny of
the orbits entirely lying in a neighborhood of Ty, see Figure 2. The first type: Ny has
a trivial structure, Ny = {O, Ty }; the second type: Ny has the complete description in
terms of the symbolic dynamics; the third type: Nj has a nontrivial (chaotic) structure.
Such classification was extended later to the multidimensional case [GS86] as well as
to the case o0 = 1 [GS87] including the conservative one [GS01].

Existence of nontrivial hyperbolic subsets. Let N, be the set of orbits of f, entirely
lying in a small neighborhood of T'y. It was shown in [GS72] that N, contains a subset
N, ., that is hyperbolic and has a nontrivial orbit structure (except for systems of the
first type). Moreover, a description of the subsets N, ., in terms of the symbolic dynamics
was given in [GS72]

Homoclinic Q-explosion. It was established in [GS73] that the system fy with a
homoclinic tangency of the first type could belong to the boundary of Morse-Smale sys-
tems and, thus, separate systems with simple and chaotic dynamics. At the transition
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through this boundary (1 = 0), the complicated dynamics appears immediately, “by
explosion” (for that reason such bifurcations were called (homoclinic) Q-explosion)?:
before the tangency (at u < 0) the system has a simple dynamics: N, = {O}; there is
only one (nontransversal) homoclinic orbit Ny = {O UTy} at the moment of the tan-
gency (pu = 0); and infinitely many Smale horseshoes appear just after the homoclinic
tangency splits (at ¢ > 0) into two transversal homoclinic orbits: N, is nontrivial. In
more detail, this phenomenon was later studied in papers of S. Newhouse and J. Palis
INP76], J. Palis and F. Takens [PT85], L. Shilnikov and O. Stenkin [SS98] etc.
Theorem on cascade of periodic sinks. This theorem is one of the fundamental re-
sults in homoclinic dynamics and plays quite important role in the theory of dissipative
chaos. It states that, in the family f,, there exist (nonintersecting) intervals of values
of p accumulating to u = 0 such that the corresponding diffeomorphism of the family
has an asymptotically stable periodic orbit (periodic sink). This result was extended
to the multidimensional case by S. Newhouse [New74] and S. Gonchenko [Gon83], and
general criteria for the existence of stable periodic orbits near a homoclinic tangency
were pointed out by S. Gonchenko, L. Shilnikov and D. Turaev in [GST93a, GST96a].
Theory of moduli of topological and 2-conjugacy of diffeomorphisms with homoclinic
tangencies. The authors explained the importance of homoclinic tangencies of different
types for the global dynamics of systems. As we said before, systems with homoclinic
tangencies of the first type can belong to the boundary of Morse-Smale systems. In
[GS73] it was shown that systems with homoclinic tangencies of the second type can
belong to the boundary of hyperbolic systems. Also in [GS73] it was established that
diffeomorphisms with homoclinic tangencies of the third type possess {2-moduli, i.e.
continuous invariants of topological conjugacy on the set of non-wandering orbits of
fu- The main Q-modulus § = —In |A|/In|y| was introduced in [GS73], where it was
shown that varying ¢ leads to bifurcations of periodic orbits of f,,. Further investiga-
tions of this topic (see e.g. [Gon89, GS90, GSTI1, GST93a, GST96a, GST99, Kal00,
DNO05, GST08]) have laid to the creation of a very interesting and rich theory of ho-
moclinic bifurcations which provides a theoretical basis of the dynamical chaos.

Simultaneously, S. Newhouse obtained a series of fundamental results [New70,
New74, New79] related to the theory of homoclinic bifurcations in two-dimensional
nonconservative diffeomorphisms. He wanted to see what happens in a one-parameter
unfolding, when a homoclinic tangency splits, and discovered wild hyperbolic sets, i.e.
nontrivial, transitive and uniformly hyperbolic sets whose the stable and unstable in-
variant manifolds have an irremovable nondegenerate tangency (in the sense that al-

2The first example of the Q-explosion was given by Shilnikov in the work [Shi69] where bifurcations
of a three-dimensional flow with several homoclinic loops to a saddle-saddle equilibrium were studied.
Recall that the saddle-saddle is an equilibrium with eigenvalues Ay = 0,y < 0,A3 > 0 having
also nonzero the first Lyapunov value /; (the simplest example is given by system &; = [122, iy =
)\2[172, (Ed = )\35&3)
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though the given homoclinic tangency is removed by a small perturbation of the system,
one cannot avoid the appearance of new homoclinic tangencies). It is important to note
that the wild hyperbolic sets exist for diffeomorphisms close (in the C*-topology) to
any diffeomorphism with a homoclinic tangency, [New79], and, hence, there exist open
regions, the so-called Newhouse regions, where diffeomorphisms with homoclinic tan-
gencies are dense. Later, the existence of Newhouse regions near any system with a
homoclinic tangency was proved in [GST93b] for the general multidimensional case.

The dynamics in Newhouse regions for various kinds of systems was studied in a
series of papers by S. Gonchenko, L. Shilnikov and D. Turaev [GST93c, GST97, GST99,
GSTO07], who established the impossibility of providing a complete study of homoclinic
bifurcations within the framework of finite parameter families.

These results were obtained for general systems. However, some genericity condi-
tions exclude from considerations such very important classes of systems as conser-
vative, reversible, Hamiltonian ones etc. The study of such systems with additional
structures is of great interest and requires often special tools and methods. Some quite
important results on homoclinic bifurcations of such systems were also obtained. We
mention a series of papers [GG00, GG04, Gon02, GKM05, GOT12] related to bifurca-
tions of diffeomorphisms with quadratic homoclinic tangencies in the case o = 1, where
very interesting homoclinic phenomena passing between the cases 0 < 1 and 0 > 1 were
studied; in [GMOO06] bifurcations of three-dimensional diffeomorphisms with quadratic
homoclinic tangencies to a saddle-focus fixed point with Jacobian equal 1 was studied
and the birth of Lorenz-like strange attractors was proved (see also [GST09, GO10]
where analogous results were obtained).

Rather interesting results were obtained recently for two-dimensional reversible
maps with homoclinic and heteroclinic tangencies. Thus, J. Lamb and O. Stenkin
[LS04] proved the existence of Newhouse regions (in the class of reversible maps) in
which maps possessing simultaneously infinitely many asymptotically stable (attract-
ing), saddle, completely unstable (repelling) and elliptic periodic orbits are dense,
extending the results of [GST97]. They considered the case of reversible and a priori
nonconservative maps (i.e. maps having two symmetric saddle fixed points with the
Jacobian different to 1). Symmetry breaking bifurcations leading to the appearance
of attracting and repelling periodic orbits in reversible maps having a nontransversal
heteroclinic cycle containing two saddle fixed points on the symmetry line were stud-
ied in [DGLO06]. This paper gave a method of detecting elements of nonconservative
dynamics in reversible systems.

Concerning the conservative case, we mention, first, the paper of Newhouse [New77],
where the appearance of 1-elliptic periodic points® under bifurcation of homoclinic
tangency was proved for symplectic multidimensional maps. Area-preserving maps
(APMs) with homoclinic tangencies were studied by L. Mora, N. Romero [MR97] who
proved the existence of a cascade of generic elliptic points. Also in the papers of

3That is, points having exactly one pair of multipliers e**#. Note that the birth of 2-elliptic points
in four-dimensional symplectic maps with homoclinic tangencies was established in [GST98, GST04].
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S.Gonchenko, L. Shilnikov [GS97, GS00], conditions of the coexistence of infinitely
many generic elliptic points were found for APMs with nontransversal heteroclinic
cycles and in [GSO1, GS03] a phenomenon of global resonance was discovered when
an APM with a homoclinic tangency had infinitely many generic elliptic points of all
successive (sufficiently large) periods.

In this thesis (Part I) we continue these investigations for APMs with homoclinic
tangencies and give, in particular, in a sense a complete description for bifurcations
of single-round periodic orbits (read, fixed points of first return maps defined near a
homoclinic tangency) including construction of the corresponding bifurcation diagrams.
Moreover, non-orientable APMs with homoclinic tangencies are also considered.

The methods of the study of the orbit behavior near homoclinic and heteroclinic
tangencies are based, first of all, on the construction of return maps. In a series of
papers [TY86, BS89, GST93a, GG00, GS01, GGT02, GSS02, GST02, GS03, GGO04]
it was shown that the corresponding rescaled first return maps are of the form of
Hénon-like maps (standard Hénon maps, generalized Hénon maps, cubic Hénon maps,
three-dimensional Hénon maps, etc).

Exponentially small splitting of separatrices in Hamiltonian
systems

In general, if a Hamiltonian system with an object having the coincident stable and
unstable invariant manifolds (separatrix) is perturbed, the invariant manifolds intersect
at points of homoclinic orbits without coincidence. This phenomenon has got the name
of splitting of separatrices and the problem of measuring the splitting has become classic
since the work by H. Poincaré [Poi90] where this phenomenon was discovered. Many
researchers devoted to finding estimates for the splitting in different settings both for
flows and maps. The splitting of separatrices can be measured by several quantities such
as: the maximal distance between the two invariant manifolds, the angle between the
invariant manifolds at a homoclinic point, the area of the lobe between two consecutive
homoclinic points, the homoclinic (Lazutkin) invariant as well as the width of the
chaotic zone.

The most popular tool to measure the splitting is the Poincaré-Melnikov pertur-
bative method, introduced by Poincaré in [Poi90] and rediscovered 70 years later by
Melnikov and Arnold [Mel63, Arn64| (also called shortly as Melnikov method). The dis-
tance between the invariant manifolds is given by a function called splitting function.
This method provides to it a first order approximation with respect to a perturba-
tion parameter given by an integral known as Melnikov function, whose simple zeros
give rise to transversal intersections between the stable and unstable perturbed man-
ifolds. For n-dimensional whiskered tori, it was established [Eli94, DGO00] that the
splitting function and the Melnikov function, which are defined on n-dimensional tori,
are the gradients of scalar functions: the splitting potential and the Melnikov poten-
tial, respectively. This means that the transverse homoclinic orbits correspond to the
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nondegenerate critical points of the splitting potential.

In the case of exponentially small splitting, the error of the method may overcome
the main term and an additional study is required to ensure that the Poincaré-Melnikov
approximation dominates the error term.

The first exponentially small upper bound was obtained by Neishtadt [Nei84] in one
and a half degrees of freedom Hamiltonian systems. Later, similar estimates were found
in [HMS88, Fon93, Fon95] for the rapidly perturbed pendulum. Also Fontich and Simé
[F'S90] obtained upper bounds for the splitting in the case of area-preserving maps close
to identity. In the case of whiskered tori with 2 or more frequencies, several authors
gave also exponentially small upper bounds [Sim94, Gal94, BCG97, BCF97, DGJS97].
In [DGS04] accurate upper bounds for the case of Diophantine n-dimensional whiskered
tori were obtained by introducing flow-box coordinates.

In general, establishing lower bounds is usually more difficult, but some results have
been obtained also by several methods.

First, the case of one-dimensional whiskered tori (periodic orbits) was considered
[Laz84, DS92, Gel97, Tre97, DS97, DRIS8|. Here, V.F.Lazutkin [Laz84] introduced new
tools studying splitting of separatrices in the Chirikov standard map. The invariant
manifolds are parameterized analytically in a complex strip whose size is defined by the
singularities of the unperturbed homoclinic orbit. Lazutkin used flow box coordinates
around one of the manifolds and obtained in the complex strip the splitting function,
an analytic periodic function. Using the analytic properties, one obtains, in the real
domain, exponentially small bounds for the splitting. The same technique was used to
justify the Poincaré-Melnikov method in a Hamiltonian with one and a half degrees of
freedom [DS92, DS97] and an area-preserving map [DRIS].

When the dimension of the whiskered torus is greater than 1, it turns out that the
arithmetic properties of its frequencies play important role and influence on the expres-
sion of the quasiperiodic splitting function in which the small divisors are presented.
This was first detected by Simé [Sim94] and then rigorously proved by Delshams et al.
[DGJS97] in the quasi-periodically forced pendulum.

Later, several authors studied the splitting of separatrices for two-dimensional
whiskered tori in 3 degrees of freedom Hamiltonian systems. For instance, Simé and
Valls [SV01] studied the Arnold example (introduced by Arnold in [Arn64] to illustrate
the transition chain mechanism which is crucial in the study of the Arnold diffusion) and
also considered the homoclinic bifurcations that can occur. Lochak, Marco and Sauzin
[Sau01, LMS03], Rudnev and Wiggins [RW00] used a different technique, namely the
parametrization of the whiskers by two different solutions of Hamilton-Jacobi equation,
to study a generalized Arnold model and proved the exponential smallness of the split-
ting for some intervals of the perturbation parameter €. Pronin and Treschev [PT00]
gave exponentially small bounds for a slow-fast system using another method called
continuous averaging.

In [DG03, DG04] Delshams and Gutiérrez studied a generalization of the Arnold’s
example, a Hamiltonian system with 3 degrees of freedom having a two-dimensional
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whiskered torus whose frequency ratio is the golden mean (v/5 —1)/2 or other few
quadratic number. They applied the theory of continued fractions to select primary
resonances related to the small divisors that appear in the dominant harmonics of
the Melnikov function. It was shown that the dominant harmonics of the splitting
function correspond to the dominant harmonics of the Melnikov function, providing
the asymptotic estimates (and, hence, lower bounds) for the splitting. With these
estimates they proved that in the case of the quadratic golden frequencies, there exist
exactly four transverse homoclinic orbits to the whiskered torus for all the sufficiently
small values of the perturbation parameter.

The asymptotic estimates were done for two-dimensional whiskered tori with few
quadratic frequencies [DG03, DGO04], and one of the objectives in this thesis is to
generalize these results to other quadratic numbers in the two-dimensional case and
also to the three-dimensional case. It is worth mentioning that there is no standard
theory of continued fractions for the case of three or more frequency vectors. This is
the reason to consider a particular case of cubic frequency vector, just to be able to
provide some results on exponentially small splitting of separatrices for 3 frequencies
for the first time.

Notice that when the Poincaré-Melnikov approach cannot be validated, other tech-
niques can be applied to get exponentially small estimates. For example, the parametriza-
tion of the invariant manifolds by solutions of the so-called inner equation, introduced
by Lazutkin [Laz84], with the subsequent application of the complex matching tech-
nique [Bal06, OSS03, MSS11, MSS11b|, and “beyond all orders” asymptotic methods
[Lom00]. Also in [Tre97] an asymptotic formula for the splitting was given in the case
of a “pendulum with a suspension point” using continuous averaging.

Structure and main results

This thesis is organized into two parts according to the topic considered, and each part
is subdivided into a number of chapters which contain the main results and appen-
dices with some complementary facts. Usually every chapter is devoted to a different
problem.

Bifurcations of homoclinic tangencies in area-preserving maps

In the first part we study area-preserving maps (whose Jacobian is +1) with a ho-
moclinic tangency to a saddle fixed point (see, for example, Figure 3). In order to
know how trajectories behave in a neighborhood of a nontransversal homoclinic orbit,
we study their bifurcations, i.e. we consider parameter dependent families of maps
close to the initial one (which possesses the homoclinic tangency) and observe how the
behavior of nearby trajectories changes qualitatively as the maps approach to or move
away from the initial map (varying the parameters). Usually the initial map corre-
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Figure 3: An example of area-preserving map having a quadratic homoclinic tangency along of a

homoclinic orbit I'g.

sponds to a bifurcation value of the parameters and divides the family into subfamilies
with qualitatively different phase portraits. In particular, we want to see what happens
with the so-called single-round periodic orbits, i.e. periodic orbits which entirely lie in
a neighborhood of the nontransversal homoclinic orbit and pass close to it only once.
To this end, we construct first return maps, for which we use finitely-smooth normal
forms of the saddle maps, containing only resonant monomials in nonlinearities up to
some order n > 3, and introduce cross-coordinates (see details in Chapter 4). The fixed
points of the first return maps correspond to single-round periodic orbits of the maps
under consideration. Applying rescaling methods (see the Rescaling Lemmas in every
chapter) we derive the first return maps to the Hénon-like maps whose bifurcations are
well known. Thus, translating the results obtained for the fixed points of the return
maps to the periodic orbits, we prove the main results. We also study the phenomenon
of the coexistence of infinitely many single-round periodic orbits of different large pe-
riods (called global resonance) and prove a two parameter version of the theorem on
cascades of elliptic periodic points.
More precisely, we consider the following problems:

Chapter 1. We consider two-dimensional symplectic maps, i.e. area-preserving maps
which are also orientation-preserving (the Jacobian is equal to 1). The initial map
fo has a saddle fixed point O with multipliers A and A~! and possesses a quadratic
homoclinic tangency I'g. Let Hg be a (codimension one) bifurcation surface composed
of symplectic C"-maps close to fy and such that every map of H, has a nontransversal
homoclinic orbit close to I'y. We consider one parameter general unfoldings f,, of sym-
plectic maps, where y is the parameter of splitting of the homoclinic tangency, and we
require that family f, is transverse to H, at u = 0.

Note that the initial map fy possesses also a homoclinic invariant 7 (introduced
in (1.15)) that is responsible for the presence of the chaotic dynamics. The point is
that the value 7 = 0 can be “bifurcational”, even without splitting the initial tangency
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[GSO01]: if 7 > 0, fo has infinitely many Smale horseshoes, while if 7 < 0, then dynamics
of fyis trivial: the set N of orbits entirely lying in a small neighborhood of 'y contains
only the saddle point O and the homoclinic orbit Ty, i.e. Ny = OJT.

By Rescaling Lemma 1.4, p. 48, we deduce the first return maps to the normal
forms which take the form of a conservative Hénon-like map (with a small cubic term)
and establish the one parameter theorem on cascade of elliptic periodic points (see
more details in Theorem 1.1, p. 37):

Theorem 0.1. Let fy be a symplectic map with a homoclinic tangency to a saddle point
and f, be a one parameter general unfolding as described above. Then the following
statements take place:

1. In any segment [—_uo, o] of values p, there are infinitely many open intervals dy,
k=kk+1,... (kis some integer), such that 0, — 0 as k — +o0 and the map
fu has a single-round elliptic periodic orbit at j1 € 0y;

2. At the border points p = it and p = p,, of O, fu. has a single-round parabolic
periodic orbit with double multipliers +1 and —1, respectively;

3. The elliptic orbit is generic (KAM-stable) for p € o, except for exactly two values

corresponding to the strong resonances 1:3 and 1:4, i.e. when the multipliers are
e:l:i27r/3 and e:tiﬂ/2 .

4. When T # 0, the intervals 6; and 6; do not intersect for sufficiently large integers
i 7.

Note that analogous results related to items 1, 2 and 3 of Theorem 0.1 were proved in
[Bir87], [BS89] and [MR97], but the coexistence of single-round elliptic periodic orbits
of different periods (the global resonance) was not considered. Item 4 of Theorem 0.1
shows that, in general (7 # 0), such elliptic orbits of different and large periods cannot
coexist,.

The case 7 = 0 is exceptional and requires a further study within the framework of
two-parameter unfoldings: f,,. It turns out that the phenomenon of the global reso-
nance depends strongly on the geometry of the initial homoclinic tangency of f,. We
distinguish two cases: the case I with homoclinic tangencies similar to Figure 2(a),(c)
and the case II with homoclinic tangencies as in Figure 2(b),(d). Thus, we prove a
new two parameter version of the theorem on cascade of elliptic periodic points (The-
orem 1.2, p. 38):

Theorem 0.2. Let fy be a symplectic map with a homoclinic tangency to a saddle point
and f, . be a two parameter general unfolding as described above. Then the following
statements take place:

1. In any neighborhood of the origin in the (T, p)—plm}e, there are infinitely many
open domains Ay, for k starting with some integer k, such that the map f, . has
a single-round periodic elliptic orbit in Ay;
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2. The domains Ay accumulate to the azis p =0 as k — o0o;

3. The boundaries of Ay are two curves L and L; where the map f,, has a
parabolic single-round periodic orbit with double multipliers either +1 and —1,
respectively;

4. The elliptic orbit is generic (KAM-stable) for all values of (T, 1) € Ay, except for
those which belong to curves Liﬂ/g and LZ/Q when resonances 1:3 and 1:4 occur,
respectively;

5. In the case I, the domains A; and A; do not intersect for any sufficiently large
and different integers i and j;

6. In the case II, the domains A; and A; are necessarily crossed and they intersect
the azis ;i = 0; Moreover, all domains Ay with sufficiently large k contain the
origin (T = 0, = 0), provided some condition (1.16) is satisfied.

See Figure 4 for an illustration of Theorem 0.2 where the planar domains Ay in the
cases | and II are represented.

mn A
L-
I k
-
k
L-
k+1
‘ . K+l ‘
k+1
=
T
Case Case 11

Figure 4: Domains Ay of Theorem 0.2 in the cases I and 11

In case II, it follows from item 6 of Theorem 0.2 that at 7 = 0 all domains A, for
k starting with some integer k, intersect and, moreover, under certain conditions (see
Corollary 1.1) all the domains contain g = 0 — this means that the map fj has infinitely
many coexisting generic elliptic periodic points of all successive periods k =k, k+1, . ..
(the global resonance).

In the next theorem we describe the character of bifurcations when p varies inside
the intervals d; of Theorem 0.1 and find the conditions under which the bifurcations
through the strong resonances 1:3 and 1:4 are non-degenerate (Theorem 1.3, p. 40).
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Theorem 0.3. The bifurcations of fized points in the first return map of f,, follow the
same scenario as the one observed in the conservative generalized Hénon map

=y, §=M—z—y +uy’, (1)

where M ~ X728(u — ay,) and oy, ~ N¥, v, ~ N¥ are small coefficients. For this map
the resonance 1 : 3 is non-degenerate for all values of vy, while the resonance 1 : 4 1s
non-degenerate if vy # 0

The reader is referred to equations (1.18) to see the exact formulae for M and v
as well as to Figure 1.7 of Chapter 1 to see the corresponding bifurcations of the map
(1).

In this chapter we also provide a classification of quadratic homoclinic tangencies
in the symplectic case (see Section 1.2).

Chapter 2. We consider f; an area-preserving map that does not preserve orientation
(the Jacobian is —1). It has a saddle fixed point O with multipliers 0 < |A] < 1 < |9/,
|Ay| = 1. The stable and unstable invariant manifolds of O have a homoclinic tangency
along a homoclinic orbit I'y. We divide such APMs fy into 2 groups:

e the globally non-orientable maps with an orientable saddle (the saddle value is
Ay = 1) on a non-orientable manifold (Mé&bius strip, Klein bottle, etc), see an
example of such a map in Figureb;

e the locally non-orientable maps with non-orientable saddles (the saddle value is
Ay =—1).

Figure 5: An example of non-orientable area-preserving map (on a Mobius strip) with a quadratic

homoclinic tangency along a homoclinic orbit T'y.

We also consider one and two parameter families f,, f, and f, s, where p is still the
parameter of splitting of the homoclinic tangency and a and & (introduced in (2.6))
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are analogs of 7 in the symplectic case, that is homoclinic invariants responsible for
the presence of the chaotic dynamics in fj.

It turns out that in the globally non-orientable case the first return maps do not
have elliptic fixed points, but a period two elliptic point appears which corresponds to
a double-round periodic orbit; whereas, in the locally non-orientable maps, there exist
intervals of the parameter 1 where the first return maps have elliptic fixed points and
other intervals where the first return maps have period 2 points. Thus, we establish
the existence of cascades of elliptic points (see details in Theorem 2.1, p. 62):

Theorem 0.4. Let fy be a non-orientable APM and f,, be a one parameter family of
close to fo APMs as described above. For any interval (—pio, pto), there exists such a
positive integer k such that the following holds:

1. (a). In the globally non-orientable case, the maps f, have no single-round elliptic
periodic orbits, while there exist infinitely many intervals €2, k = kok+1,...,
where f,, has a double-round elliptic orbit.

(b) In the locally non-orientable case, there exist infinitely many alternating in-
tervals es,, and €3, ., such that the map f, has a single-round elliptic periodic
orbit at p € ey, and has a double-round elliptic periodic orbit at ju € €3, ;.

2. The intervals ey, as well as e; accumulate to =0 as k — oo and do not intersect
for sufficiently large and different integer k if a« # 0 and & # 0.

3. Any interval ey has border points pu = p; and p = p; where the map f, has a
single-round periodic orbit with double multiplier +1 and with double multiplier
—1, respectively. Any interval €2 has border points j = u?“ and p = ui_ where
the map f,, has a single-round periodic orbit with multipliers +1 and —1 at p =
u? and a double-round periodic orbit with double multiplier —1 at p = .

4. The elliptic orbit is generic (KAM-stable) in e), and e}, except for strong reso-
nances 1:3 and 1:4.
We also consider the question on the coexistence of elliptic periodic points by means

of two parameter families f,, and f, 4.

Theorem 0.5. For two parameter families f, . and f,s there exist infinitely many
open domains, E} in the globally non-orientable case and domains Es,, and E3, ., in
the locally non-orientable case, such that

1. The map f, and f, & have a single-round periodic elliptic orbit in Ej, and have
a double-round elliptic periodic orbit in E3;

2. The domains Ey and E} accumulate to the azis p =0 as k — oo;
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3. Any domain Ej has two boundaries, bifurcation curves L} and L, corresponding
to a single-round nondegenerate periodic orbit with double multipliers +1 and —1,
respectively;

4. Any domain E? has two boundaries, bifurcation curves LZ+ and Li_, corre-
sponding to a single-round nondegenerate periodic orbit with multipliers +1 and
a double-round nondegenerate periodic orbit with double multipliers —1, respec-
tively;

5. In the globally non-orientable case, the domains E? and EJ2 with sufficiently large
i # j are crossed in the (u,a)-plane and they intersect the axis p = 0.

6. In the locally non-orientable case, in the (u, a)-plane, the domains E9; and Es;
are crossed for sufficiently large i # j and intersect all domains E3,, . as well as
the axis =0, but the domains E3; , and E§j+1 do not intersect for i # j.
Otherwise, in the (p, &)-plane, the domains E3; , and E§j+1 are crossed and they
intersect all domains Fay,y, as well as the azis p = 0, but the domains Eo; and Ey;
do not intersect for i # j.

See Figure 6 for an illustration of the theorem.

From items 5 and 6 of Theorem 0.5, one can conclude that the domains of The-
orem 0.5 can intersect for different k& (and, hence, elliptic periodic orbits of different
periods coexist) and all of them contain the origin (x = a = 0 or g = & = 0. This
means that fy has infinitely many elliptic orbits of different periods and, thus, the
global resonance is observed for non-orientable maps too. The conditions under which
the global resonance occurs, are pointed out in more details in the corresponding The-
orem 2.3, p. 65.

Chapter 3. We study bifurcations in two-dimensional symplectic maps fy with a ho-
moclinic orbit 'y along which the stable and unstable invariant manifolds to a saddle
fixed point have a cubic homoclinic tangency. We distinguish two types of cubic ho-
moclinic tangencies: “incoming from above” and “incoming from below”, see Figure 7.

We consider a two-parameter family f,, .,, where p; and o are the parameters of
splitting of the initial cubic tangency. The bifurcational diagram of the splitting is as
in Figure 8 and it turns out that in the parameter plane there is a curve By at which
fui,ue has a quadratic homoclinic tangency together with another transverse homoclinic
orbit. At passing through By, one transverse homoclinic orbit (close to I'y) breaks up
into three transverse homoclinic orbits

The “incoming from above” and “incoming from below” cases give different first
return maps derived by the cubic Rescaling lemma (see Lemma 3.8, p. 83) to diverse
cubic conservative Hénon maps with quite different bifurcation diagrams (see the cor-
responding bifurcational diagrams in Figures 3.4— 3.5). In this way, we prove the
following theorem:
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Figure 6: Domains Ej, and E}? of Theorem 0.5 (a) for globally non-orientable f, o; (b) for locally

non-orientable f, ; (c) for locally non-orientable f,, 4.

Theorem 0.6 (On the structure of the bifurcational diagram in f,, .,). Let f., ., be a
two parameter family of symplectic maps close to fo with a cubic homoclinic tangency.
Then

1) In any neighborhood of the origin in the (u1, u2)-plane, there exist infinitely many
bifurcation curves Ly and L, as well as C’f;r and C’f; that accumulate to the curve By
as k — oo. The map f,, ., has a parabolic single-round periodic orbit with multipliers
vy = vy = +1 (respectively, vy = vy = —1) at pu € L (respectively, u € L; ), a double-
round periodic orbit with multipliers vy = vy = +1 (respectively, vy = vy = —1) at
€ CY3 (respectively, i € CY5).

2) For any sufficiently large k, in the (w1, pe)-plane there is a domain Ey between
the curves L and L, where the map fu, ., has a single-round elliptic periodic orbit
at p € Ey. This point is generic (KAM-stable) for all such p except for the ones
corresponding to strong resonances 1:3 and 1: 4. vy = /2 or v 5 = eF27/3,

See an illustration of Theorem 0.6 in Figure 9). Note that the results of this chapter
are a generalization to the conservative case of the results obtained for the dissipative
case in [Gon85].
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./ «incoming
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Figure 7: Two types of cubic homoclinic tangencies.

Figure 8: The bifurcation curve By in (a) “incoming from above” and (b) “incoming from below”

cases. Map f,, has only one transverse homoclinic orbit in I and three such orbits in /1.

Chapter 4. This chapter is devoted to the proof of the technical results (Lemmas 1.1,
1.2 and 2.2) which allow us to derive the area-preserving maps from Chapters 1 and 2
to the finitely-smooth normal forms. These finitely-smooth normal forms are used to
construct the first return maps.

Appendix A. The structure of 1:4 resonance is analyzed for some conservative Hénon-
like maps. Namely, we study bifurcations of fixed points with multipliers e*"™/2 for the
standard conservative Hénon map and both types of conservative cubic Hénon map.
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Figure 9: Main elements of bifurcation diagram for the families f,,, ,, in different cases.

Exponentially small splitting of separatrices for whiskered tori
with various frequencies in Hamiltonian systems

The second part of the thesis is dedicated to the study of splitting of separatrices arising
from a perturbation of a Hamiltonian system possessing a homoclinic connection. We
consider a perturbation of an integrable Hamiltonian system having whiskered tori
with coincident stable and unstable whiskers. Generally, in the perturbed system, the
whiskers do not coincide anymore and our goal is to detect the transverse homoclinic
orbits associated to the persistent whiskered tori. The perturbed system turns out to
be not integrable due to the presence of these homoclinic trajectories and, consequently,
there is chaotic dynamics near them. We give a suitable (Lazutkin) parametrization
to the whiskers to determine the distance between them (the splitting function M(6)),
and the simple zeros of the splitting function give rise to transverse homoclinic orbits.
We use the Poincaré-Melnikov approach to measure the splitting, although in the case
of exponential smallness we have to ensure that the first order approximation overcome
the error term.

Chapter 5. This is a preliminary chapter where we describe the nearly-integrable
Hamiltonian system under study and give the statement of the problems. In particular,
we consider an example of a singular or weakly hyperbolic (a priori stable) Hamiltonian
with n + 1 degrees of freedom defined by*

H(xz,y,¢,I) = Ho(x,y,I) + pHi(x,0), (2,y,0,1) € T xR xT" xR" @)
Ho(z,y,I) = (we, I) + 5(AL, 1) + y*/2 + cosz — 1, Hy(z,¢) = h(z)f(p),

with two parameters € and p linked by a relation of kind pu = €”(p > 0).

4We study the cases n = 2 and n = 3 in Chapters 6 and 7, respectively
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The unperturbed Hamiltonian Hy possesses whiskered (hyperbolic) invariant tori
with coincident stable and unstable invariant manifolds. We will focus our attention
on the torus, located at I = 0, whose frequency vector is w. that is a vector of fast
frequencies given by a n-dimensional vector w:

w. = w/y/E. (3)

We will consider vector w and a symmetric n X n matrix A such that H, satisfies the
Diophantine condition of constant type

(k,w)| > “Zr, Vk € Z"\{0}

with some v > 0, and the condition of isoenergetic nondegeneracy

A w
det(wT 0)7&0.

We denote W, the homoclinic whisker associated to this torus and consider the
parameterization to it

WO : (x0(8)7y0(3)7970)7 s € Rae € T27

where

s 2
xo(s) = darctane®, yo(s) = p——

When perturbing (u # 0), the hyperbolic KAM theorem implies that, for p small
enough, the whiskered torus persists, although the whiskers do not coincide anymore,
in general. The problem consists in the detection of this splitting. As in the famous ex-
ample by Arnold [Arn64], we choose the perturbation H; having the form of a product:

Hy(z, ¢) = h(z)f() with
h(x) = cosz—v, withv=0orv=1, f(p)= Z e ?M cos((k, o) —oy), with o, € T,

kezn

(4)
where the constant p > 0 in the Fourier expansion of f(y) gives the complex width
of analyticity of f(¢). The phases o) can be chosen arbitrarily, in principle, although
some conditions on these phases have to be fulfilled for the validity of our results.
The difference between two values of v in (4) is the following: in the case v = 0 the
whiskered torus persists with some shift and deformations, whereas in the case v = 1
it remains fixed under the perturbation, though the whiskers deform.

In Chapter 5 we explain in detail the Poincaré-Melnikov method that gives the
first order in p approximation for the splitting function M(f) whose simple zeros
give rise to transverse homoclinic orbits. The point of the problem is that since this
approximation is exponentially small in €, we have to justify the method in our case
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i = eP and show that the remainder is smaller than the main term providing the
corresponding estimates.

Note that due to the form of f, the splitting function M as well as its Poincaré-
Melnikov approximation are readily represented in their Fourier series, and for each
value of € only a finite number of dominant harmonics is relevant to find the simple
Zeros.

Chapter 6. We study the splitting of whiskers for a two-dimensional (the case n = 2)
whiskered torus in the Hamiltonian system (2) with 3 degrees of freedom. We consider
the whiskered torus with frequencies (3) given by

w=(1,9),

where () is a quadratic irrational number, i.e. a real root of a quadratic polynomial with
integer coefficients. We deal with numbers whose continued fractions satisfy certain
arithmetic properties (see (6.14)) which give us 24 cases for consideration:

QhQQa"'7913791,%-"791,127 (5)
where we denote an irrational quadratic number by €2, according to its periodic part in
the continued fraction, for instance, Q; = [1,1,1,...] = [1] = (v/5 —1)/2 is the famous
golden number, Q1o = [1,12,1,12,...] = [1,12] = 4V/3 — 6.

We show that the Poincaré-Melnikov method can be applied to detect the splitting
as long as we choose the exponent p > p*, where p* depends on the value of v in the
function h(z) in (4). First, we give an asymptotic estimate for the maximal distance
of the splitting by means of the maximum size in modulus of the splitting function
M(0) (see details in Theorem 6.1, p. 125). We use the notation f ~ ¢ if we can bound
c1lgl < |f] < colg| with positive constant ¢, ¢; not depending on ¢, p.

Theorem 0.7 ((Maximal) splitting distance). For the Hamiltonian system (2-4) with
n = 2, assume that € is small enough and p = €P, p > p* with p* = 2 if v = 1 and
p* =3 ifv=0. Then, for the 24 quadratic numbers (5), the following estimate holds

max | M ()] ~ % exp {_Coh1(€) }

9cT? gl/4

where Cy is a positive constant, given in (6.12), and the function hy(€) is a periodic
function in Ine which satisfies min hy(e) = 1 and max hy(e) = A; > 1.

We also find 4 simple zeros of M and, hence, establish the existence of 4 homoclinic
orbits to the whiskered tori. To show the simplicity of these zeros we need 2 essential
dominant harmonics (see Definition 6.1 of essential dominant harmonics in p. 126). We
provide estimates for the dominant harmonics as well as for the remaining harmonics
and give also an asymptotic estimate for the minimal eigenvalue (in modulus) of the
splitting matrix 9y M at each zero. This estimate provides a measure of transversality
of the homoclinic orbits. See also Theorem 6.2, p. 130.
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Theorem 0.8 (Transversality of the splitting). Under the hypotheses of Theorem 0.7,
one has:

e the Melnikov function M(0) has exactly 4 zeros 0., all simple, for all € except for
some small neighborhood of some geometric sequences of € (given in (6.18) and

(6.21)).

o The minimal eigenvalue of 0pM(6,) satisfies

Coha(e) }

~ el _
My ~ JUE exp{ i/

where hy(€) is a positive periodic in Ine function.

In Figure 10 there is a schematic illustration of the functions h(¢) and hy(e) pre-
sented as exponents in the corresponding estimates of Theorem 0.7 and 0.8. It is worth
mentioning that the expression of h; and hs depends on the specific quadratic number
chosen from (5)

Notice that the geometric sequences mentioned in Theorem 0.8 are those where
the splitting function has more than 2 essential dominant harmonics because the
second essential dominant harmonic coincides with the third one, and this requires
a special study. As an illustration, we carry out this study for the silver number
Qy =1[2,2,2,...] = [2] = V2 — 1 and show (imposing some conditions on the phases oy,
of f in (4)) the continuation (without bifurcations) of the 4 homoclinic orbits for all
values of € — 0, see also Theorem 6.3, p. 153.

Theorem 0.9 (Transversality of the splitting for Q). For the Hamiltonian system
(2-4) with n = 2 and Q = Qy in (3), assume that € > 0 is small enough and p = &P,
p>prwithp* =2 ifv=1and p* =3 ifv =0, then if o, = 0 for all k € Z*\{0}, one
has:

e the Melnikov function M(0) has exactly 4 zeros 0., all simple, for all &;

o The minimal eigenvalue of 0pM(0,) satisfies

Coha(e) }

~ 1y el/4 _
My ~ JUE exp{ i/

where hy(€) is a positive periodic function in Ine.

Chapter 7. We consider the case n = 3 of the Hamiltonian system (2-4) and gen-
eralize the results obtained for two-dimensional tori with quadratic frequencies to a
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Figure 10: Plots of the functions h; and hy for Q.

three-dimensional whiskered torus with cubic frequencies. To fix ideas, we consider a
frequency vector of the form

w = (l,Q,QZ),

where ) is a cubic irrational number, i.e. a real root of a cubic polynomial with
integer coefficients. We consider the so-called complex case, i.e. the components of
the frequency vector lie in a cubic field, generated by a cubic irrational number whose
two conjugates are not real, and show an oscillatory behavior of their principal small
divisors, that did not take place for the quadratic frequencies.

First, in Section 7.1 we study the arithmetic properties of the cubic frequencies and
give a classification of the associated resonances (k € Z*\{0} such that v, := |(k,w)||k|?
is small). The idea is to construct a unimodular matrix 7" with the cubic frequency
vector w as one of its eigenvectors, and, thus, classify the resonances into primary and
secondary ones, see for more details Section 7.1. Unfortunately, for cubic irrational
numbers there is no standard theory of continued fractions like the one that was applied
for quadratic numbers (in the quadratic case the periodicity of the continued fractions

h, (€)

h, ()
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is used to construct the matrix 7). Therefore, only some concrete cubic numbers can
be considered for which the matrix 7" is known, see for example [Cha02]. In particular,
we pay special attention to the cubic golden number, the real root of Q3 + Q = 1(Q ~
0.6823).

We prove that the Poincaré-Melnikov method can be applied choosing an appro-
priate p > p* and provide an asymptotic estimate for the maximal size of the splitting
function M(0) (see also Theorem 7.1, p. 171):

Theorem 0.10 ((Maximal) splitting distance). For the Hamiltonian system (2-4) with
n = 3, assume that £ is small enough and p = €P, p > p* with p* =2 if v = 1 and
p* =3 if v =0, then the following asymptotic estimate holds

i _Cohl(g)
max |M(0) \%GXP{ 6 (0

where Cy is the constant given in (7.11) and the function hy(e) satisfies the following
bounds:

e “Constant bound”: 0 < Cy < hi(e) < CF with constants C{ and Cy, defined in
(7.22);

e “Periodic bound”: 0 < hy (¢) < hi(e) < hi(g), where h™(e), h™(g) are a 3In -
periodic functions in Ine ; minhy = Cy,maxh] = C5,minh{ = Cf, maxh{ =
Cy, the constants Cy ,Cy are defined in (7.22).

In contrast to the quadratic case, the function hi(g) is not periodic and has a more
complicated form (see Figure 11 where one can suspect that hy(e) is a quasiperiodic
function).

Also we establish the following numerical result about the existence and the transver-
sality of 8 homoclinic orbits to the whiskered torus. We prove that for € small enough
the 8 simple zeros of the splitting function M are determined by its 3 dominant har-
monics if the vectors of indexes S1, Sy, S3 corresponding to these terms are independent,
and, otherwise, by 4 dominant harmonics if not (see also Theorem 7.2, p. 173):

Theorem 0.11 (Transversality). Under the hypotheses of Theorem 0.10, one has:

o [f det(Sy, 52, 53) # 0, the Melnikov function M(0) has exactly 8 zeros 0., all
simple, for all € except for some small neighborhood of a discrete set of €. The
minimal eigenvalue of OpM(0,) satisfies

Cohs(e) } |

~ 1yel/2 _
My ~ JUE exp{ ~1/6
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Figure 11: Plots of the functions h;(e) (thick solid) and hi(e) (solid) using a logarithmic scale for
e. Notice that the upper bound C; is not sharp, but a numerical sharp upper bound C™*™ can be

obtained.

o [f det(S1,S2,55) = 0, but det(Sy, S, S4) # 0, the Melnikov function M(0) has
exactly 8 zeros 0., all simple, for all ¢ except for some small neighborhood of a
discrete set of €. The minimal eigenvalue of OgM(0.) satisfies

Coh
My ~ ,ugl/2 exp {_21—4/16(8)} .

The proof of this theorem is more difficult than the one of the quadratic case, since
the functions presented in the exponents of the estimates are not periodic in Ine and,
actually, we cannot point out exactly (analytically) the discrete set where the theorem
fails.

It is worth mentioning that, as we know, these are the first asymptotic results for
the problem of splitting of separatrices for whiskered tori with 3 frequencies, and that
many open problems still remain.
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Appendix B. We prove some auxiliary lemmas related to the Fixed Point theorem.
These lemmas enable us to find the critical points of the splitting potential £(6) and
the zeros of the splitting function M (9).

Conclusions and future work

In this section we summarize the main achievements of the thesis and suggest some
open problems to investigate in the nearest future.

Bifurcations of homoclinic tangencies in area-preserving maps

e We have studied bifurcations of a quadratic homoclinic tangency for two-dimensional
symplectic (Chapter 1) and area-preserving non-orientable (Chapter 2) saddle
maps and proved the existence of cascades of elliptic periodic orbits near the
homoclinic orbit within the framework of one and two parameter general unfold-
ings.

e We have considered the question of the coexistence of elliptic periodic orbits
of different periods for the symplectic and area-preserving non-orientable saddle
maps and established the phenomenon of the global resonance.

e We have studied bifurcations of a cubic homoclinic tangency for two-dimensional
symplectic maps and discovered the structure of the bifurcational diagram in two
parameter general unfoldings (Chapter 3).

e We have constructed finitely-smooth normal forms for two-dimensional symplec-
tic and area-preserving non-orientable saddle maps (Chapter 4).

e We have established the structure of 1 : 4 resonance for some conservative Hénon-
like maps (Appendix A).

Exponentially small splitting of separatrices for whiskered tori with several
frequencies in Hamiltonian systems

e We have studied exponentially small splitting of separatrices for two-dimensional
whiskered tori with quadratic frequencies. We have found 23 new quadratic
numbers for which the Poincaré-Melnikov method can be applied and established
the existence of 4 transverse homoclinic orbits.

e We have studied the continuation of the homoclinic orbits for all ¢ — 0 in the
case of the silver number Q, = v/2 — 1.
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We have established the existence of exponentially small splitting of separatri-
ces for three-dimensional whiskered tori with cubic golden frequency vector and
detected the transversality of 8 homoclinic orbits.

Future work

In the closest future we plan to continue investigations in these topics.
Regarding the first topic, we are going to translate the obtained results to the case
of reversible maps. Namely, we would like

To study bifurcations of cubic tangencies in reversible maps, putting a special
emphasis on symmetry-breaking bifurcations.

To adapt the results obtained for symplectic maps to the case of reversible maps.

To understand which mechanisms of asymmetry are caused by a transverse ho-
moclinic trajectory.

To analyze global bifurcations of area-preserving maps with a transverse homo-
clinic orbit to a parabolic fixed point.

For the second topic, we plan in the future

In the two-dimensional case, to study the continuation of the homoclinic orbits
for all sufficiently small ¢ in the case of the quadratic numbers (5) introduced in
Chapter 6.

To find new quadratic numbers for which the technique developed in Chapter 6
can be applied to detect splitting of separatrices.

In the three-dimensional case, to consider other concrete cubic numbers in the
complex case and apply the technique of Chapter 7 to establish splitting of sep-
aratrices.

To consider cubic numbers in the so-called real case, (i.e. the components of the
frequency vector lie in a cubic field, generated by a cubic irrational number whose
two conjugates are real). This study requires a different approach. In this case,
the behavior of the associated small divisors seems to be different to the complex
case considered in Chapter 7, and will require intensive numerical high-precision
simulations in order to establish the properties of such vectors, and then try to
obtain rigorous asymptotic estimates for the splitting.

To consider noble numbers Q = [ay, as,...,an,1,1,1,...] related to the golden
mean €2y, to apply the results obtained in this thesis to establish the phenomenon
of Arnold diffusion.
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Chapter 1

Bifurcations of quadratic
homoclinic tangencies for
two-dimensional symplectic maps

1.1 Statement of the problem and main results
Consider a C"-smooth (r > 3) symplectic map fy satisfying the following conditions:

A. fo has a saddle fixed point O with multipliers A and A\™!, where |\| < 1.

B. fy has a homoclinic orbit I'y at whose points the stable and unstable invariant
manifolds of the saddle O have a quadratic tangency (see Figure 1).

Let Hs be a (codimension one) bifurcation surface composed of symplectic C"-maps
close to fy such that every map of H, has a nontransversal homoclinic orbit close to
[y. Let f. be a family of symplectic C"-maps that contains the map fy at ¢ = 0. We
suppose that the family depends smoothly on parameters € = (e, ..., £,,,) and satisfies
the following condition:

C. The family f. is transverse to Hs at € = 0.

Let U be a small neighborhood of O UTy. It consists of a small disk U, containing
O and a number of small disks surrounding those points of I'y that do not lie in Uy
(see Figure 1).

Definition 1.1. A periodic or homoclinic orbit entirely lying in U is called p-round if
it has exactly p intersection points with any disk of the set U\U.

In this chapter we study bifurcations of single-round (p = 1) periodic orbits in
the families f.. Note that every point of such an orbit can be considered as a fixed
point of the corresponding first return map. Such a map is usually constructed as a

31
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Figure 1.1: An example of area-preserving planar map having a quadratic homoclinic tangency at
the points of a homoclinic orbit I'g. Some of these homoclinic points are shown as grey circles. Also
a small neighborhood of the set O UT is shown to be the union of the squares.

superposition Ty, = TyT¥ of two maps Ty = Ty(e) and T} = Ti(¢), see Figure 1.2.
The map Ty is called local map and it is defined as the restriction of f. onto Uy, i.e.
To(e) = fE‘UO' The map T} is called global map and it is defined as 77 = f4 and acts
from a small neighbourhood II™ C Uj of some point M~ € W} .(O) of the orbit Iy into
a neighbourhood II* C Uy of another point M+ € W _(O) of Iy, where ¢ is an integer
such that

fiM) = M+, (1.1)

Thus, any fixed point of T} is a point of a single-round periodic orbit for f. with period
k + q. We will study maps T} for all any sufficiently large integer k. Therefore, it is
very important to have “good” coordinate representations for both maps 7y and 77,
especially it relates to the local map T and its iterations Ty for large k.

It is well known that one can introduce such symplectic coordinates (z,y) in Uy
(with the origin at O) that the local map Tj takes the following form near O:

T=X X+ hi(x,y,e)r, §=A"ty+ hao(z,y,e)y, (1.2)

where h;(0,0,e) = 0,7 = 1,2,. Thus, in these coordinates, the equations of W} .NU, and
We.NUare y =0 and x = 0, respectively. However, form (1.2) is very inconvenient
for calculations. The point is that the functions h; can contain too much non-resonant
terms that give a bad contribution into formulas for iterations of Tj. Therefore, we
will use the so-called finitely smooth normal forms provided by the following lemma.

Lemma 1.1. For any given integer n (such that n < r/2 or n is arbitrary for r = oo
or r = w-the real analytic case), there is a canonical change of coordinates, of class C”
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T (W9

Figure 1.2:

forn =1 or C™™2" forn > 2, that brings Ty to the following form

T=Xx (L4 B azy+-- -+ Bn- (xy)") + 20 (lzy["(Jz] + |y]))

§= 3y (14 Byt 4 B (") +yO (gl (] + o). -

The smoothness of these coordinate changes with respect to parameters can be less on
2 than that by coordinates, i.e. C"=2 forn =1 or C"72"=2 for n > 2, respectively.

Remark 1.1. The normal form of the first order (n = 1) for Tj

T =Mz (14 By -zy) + 20 (|lzy|(|z| + |y])) ,

_ _ 5 1.4
5= 3y (14 By -y) +yO (ol (fal + o) -
is well known from [GS90, MR97| where it was proved the existence of normalizing
C"1-coordinates. The existence of C"-smooth canonical changes of coordinates (which

are C"~2-smooth with respect to parameters) bringing a symplectic saddle map to form
(1.4) was proved in [GSTOT7].

The normal forms (1.3) are very suitable for effective calculation of maps Ty :
(x0,Y0) — (g, yx) with sufficiently large integer k. So, the following result is valid.

Lemma 1.2. Let Ty be given by (1.3), then the map Ty can be written, for any integer
k, as follows
z = Neag - Ry (woye, €) + AFVRP (g, ),

1.5
Yo = Akyk : Rg“)(xoyk, 5) + )\(nﬂ)kQ%k) (550, Yk, 5), ( )



34 1. HOMOCLINIC BIFURCATIONS IN 2D SYMPLECTIC MAPS

where

R = 14 Bu(k)Nezoye + - - + Bul(R)A™ (zoy)", (1.6)
Bz(k), i=1,...,n, are some polynomials (of degree i) with respect to k with coefficients
depending on B, ..., B;, and the functions Pr(Lk), QA (xgyy) are uniformly bounded

in k along with all derivatives by coordinates up to order either (r — 2) forn =1 or
(r—2n—1) forn > 2.

The proof of Lemmas 1.1 and 1.2 is referred to section 4.2 of Chapter 4.
Note that form (1.3) can be considered as a certain finitely smooth approximation
of the following analytical Moser normal form

T =MNe)r- B(zy,e), y=A"(e)y- B (xy,¢), (1.7)

taking place for A > 0 [Mosb6], where B(zy,e) =1+ 61 -ay+---+ B, - (zy)"+.... We
show that the approximations of form (1.3) take place also in the case A < 0 (although,
it does not imply formally the existence of analytical form (1.7) for the case A < 0).
Accordingly, relation (1.5) looks as a very good approximation for the corresponding
formula in the analytical case, [GS97],

zy, = Mg - RO (zoyr, €), yo = Aeyp, - R (woyy, €), (1.8)

where R® =14 By (K)XNexoye + - - + Bu(B)A™ (zoy)" + ... and

Bulk) = Bk, Balk) = ok — B3R, .. (1.9)

In coordinates of Lemma 1.1, we have that M+ = (2*,0), M~ = (0,y~). Without loss
of generality, we assume that x* > 0 and y~ > 0. Let the neighborhoods II" and
IT~ of the homoclinic points M+ and M, respectively, be sufficiently small such that
To(IIH)NITH =0, T, Y(IT7) NI~ = (). Then, as usually (see e.g. [GS73, SSTC9S]), the
successor map from IIT into II™ by orbits of T} is defined, for all sufficiently small &,
on the set consisting of infinitely many strips o) = IT* N TO_”“H_7 k=Fkk+1,.... The
image of o) under T is the strip of = T¥(0?) = 1" NTFITT. As k — oo, the strips o)
and o} accumulate on W} and W} , respectively.
We write the global map Ti(¢) : II- — II™ as follows (in the coordinates of
Lemma 1.1)
T—aot=F(x,y—vy ,e), 7=G(x,y—y,e), (1.10)

where F'(0) = 0,G(0) = 0. Besides, we have that G,(0) = 0,G,,(0) = 2d # 0 which
follows from the fact (condition B) that at ¢ = 0 the curve Ty (W}Y,) : {T — 2t =
F0,y —y,0),y = G(0,y —y~,0)} has a quadratic tangency with W _: {y = 0} at
M™. When parameters vary this tangency can split and, moreover, we can introduce
the corresponding splitting parameter as u = G(0, 0, ¢). By condition C, the parameter
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1 must belong to the set of parameters €; and, without loss of generality, we assume
that e; = u. Accordingly, we can write the following Taylor expansions for F' and G

Flz,y—y,e) = ax+bly—y~)+enr®*+enz(y—y ) +enly—y )+ hot.,

Glz,y—y ,e) = p+cr+dy—y )+ faor® + fuz(y —y ) + faoz?
+ (Y — y7) + frox(y — vy )2+ fos(y —y7)® + heodt,

(1.11)
where the coefficients a, b, ..., fo3 (as well as ™+ and y~) depend smoothly on €. Note
also that

F, F, \ _
det < G, G, ) =1 (1.12)
since 77 is the symplectic map. In particular, we have
bc = —1,
R: (2a—|—2€02/bd—bf11/d) =0 (113)
Henceforth, the following coefficients will be very important for us:
G,y (0,0
c=G,(0,0,¢), d= M (1.14)

since together with A they define the character of geometry of the homoclinic tangen-
cies.

It is easy to see from (1.10), (1.11) that p is the parameter of splitting of manifolds
W#(0.) and W*(O,) with respect to the homoclinic point M*. Indeed, the curve
l, = Ty(W!, NTII7) has the equation I, : ¥ = p+ %(f — 2?1 + O(z — 2™1)).
Since the equation of W is y = 0 for all (small) e, it implies that the manifolds
Ty (W) and W2 do not intersect for ud > 0, intersect transversally at two points for
pd < 0, and have a quadratic tangency (at M ™) for 4 = 0. In turn, since the strips o}
accumulate on the segment W}, NI~ as k — oo, it follows that T3 (o}) has a horseshoe
form and, moreover, these horseshoes accumulate to [, as k — oo. Therefore, the first
return maps Ty, = TyTF : 02 — o0 are, in fact, conservative horseshoe maps. When p
varies near zero value infinitely many bifurcations of horseshoes creation (destruction)
occur. In this chapter we study these bifurcations and show that they include birth
(disappearance) of elliptic periodic points.

However, we can also see these horseshoe bifurcations must have different scenarios
depending on a type of the initial homoclinic tangency. Indeed, at ; = 0 a character
of reciprocal position of the strips of and their horseshoes Ti(c},) is essentially defined
by the signs of the parameters A, ¢ and d. Moreover, by this peculiarity, we can select
6 different cases of symplectic maps with quadratic homoclinic tangencies. The corre-
sponding examples are shown in Figures 1.3 and 1.4. Note that in the cases with A < 0
we can always consider d to be positive: if d is negative for the given pair of homo-
clinic points, Mt and M~, we can take another pair of points, like {To(M™), M~} or
{M*, Ty (M)}, for which the corresponding d’ becomes positive.
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(a) A >0, c<0, d<0 (b) 1 >0, ¢<0, d>0 (c) %<0, ¢<0, d>0

Figure 1.3: Symplectic maps with a homoclinic tangency for ¢ < 0.

Note that in the cases with ¢ < 0, see Figure 1.3, a reciprocal position of all the
strips o) and their horseshoes T1(0}) at 1 = 0 is defined quite simply: o9 NTy(0}) = 0 if
A > 0,d < 0; the strips 0? and horseshoes T} (0]1-) have regular intersections if A > 0,d >
0; the corresponding intersections are either regular for even j or empty for odd j if
A < 0,d > 0. Recall that the regular intersection means (by [GS87] and [GST96b], see
also Definition 1.2) that the set 0§ N T} (0}) consists of two connected components and,

moreover, the first return map 7; = 11T} : a? > 0? is the Smale horseshoe map: its
nonwandering set (2; is hyperbolic and 7T} ’ q. 1s topologically conjugate to the Bernoulli
J

shift with two symbols (for more details see [GST96b] and section 1.2). Therefore, we
can say that every map fo in the case ¢ < 0,d > 0 has infinitely many horseshoes (25,
where j runs all sufficiently large positive integers (respectively, even positive integers)
in the case A > 0 (respectively, in the case A < 0). On the other hand, every map fy
with A > 0,¢ < 0,d < 0 has no horseshoes at all (in a small neighborhood U).

In the cases of homoclinic tangencies with ¢ > 0, see Figure 1.4, a reciprocal position
of the strips a? and horseshoes T} (0]1-) depends also on other invariants of the homoclinic
structure. The principal such invariant is

1 cx
N — n —_—
In[Al |y~

Note that (see section 1.2 and [GS87], [GSO01]) the sign of 7 is very important here. For
example, in Figure 1.5 it is shown a reciprocal position of the strips O'? and horseshoes
Ti(o}) (with sufficiently large j) for various values of 7 for the case A > 0,¢ > 0,d > 0.
Thus, we can see that if 7 > 0, then f, has infinitely many horseshoes 2;; if 7 < 0, then
there exists such a neighbourhood U(O N Ty) in which dynamics of f; is trivial: only
orbits O and I'y do not leave U under iterations of fy. The case 7 = 0 is “bifurcational”,
since infinitely many horseshoes appear (disappear) when varying 7 near zero (even
without splitting the initial tangency).

+
T =

(1.15)
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(a) A >0, ¢>0, d<0 (b) .50, >0, d>0 () A<0,c>0,d>0

Figure 1.4: Symplectic maps with a homoclinic tangency for ¢ > 0.
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(a) t<0 (b) T=0 (c) >0
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Figure 1.5: A horseshoe geometry of symplectic maps with a homoclinic tangency in the case
A>0,¢>0,d > 0 for different 7.

Thus, we can draw the following conclusions: 1) the cases of homoclinic tangencies
with ¢ < 0 or with 7 # 0 at ¢ > 0 are “ordinary” and it is sufficient to study bifurcations
of single-round periodic orbits within framework of one parameter general families only
(with the parameter u); 2) the cases of homoclinic tangencies with 7 =0 at ¢ > 0 are
“special” and it is necessary to consider at least two parameter general unfoldings (for
example, with parameters p and 7). In this chapter we adhere to this approach and
present three following theorems as our main results in the symplectic case.

Theorem 1.1 (On one parameter cascades of elliptic points). Let fy be a symplectic
map satisfying conditions A and B and let f,, be a one parameter general unfolding
under condition C. Then the following statements take place:

1. In any segment [— 1o, /{0] of values of u, there are infinitely many open intervals
Ok, k=k,k+1,... (kis some integer), such that 6 — 0 as k — 400 and the
map f, has at p € 8y a single-round elliptic periodic orbit (of period k + q, where
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q is defined in (1.1));

2. At the border points p = pt and p = py of O, fu has a single-round parabolic
periodic orbit with double multipliers +1 or —1, respectively;

3. The elliptic orbit is generic for all values of p from oy, except for exactly two

values corresponding to the strong resonances when the multipliers are e*™/? and
e:l:i27r/3 .
)

4. In the cases ¢ <0 orc >0 and 7 # 0 (c is given in (1.14)), the intervals §; and
d; do not intersect when integers i and j are different and sufficiently large.

Note that some analogs related to items 1, 2 and 3 of this theorem were proved
in [Bir87], [BS89] and [MR97]. However, problems on the coexistence of single-round
elliptic periodic orbits were not considered. The item 4 of Theorem 1.1 shows that, in
general, such orbits of different and large periods can not coexist.! By “general” we
mean that the case 7 = 0 is excluded. However, from the geometrical point of view,
this case looks to be quite interesting. Indeed, as one can extract from Figures 1.5 that
if 7 varies near zero, the position of intervals d; can sharply change and, moreover, the
intervals ¢; and d; with different 7 and j can intersect and they can be even “nested”.
Therefore, in order to understand the corresponding phenomena we must include 7
into the set of parameters.

Theorem 1.2 (On two parameter cascades of elliptic points). Let fy be a symplectic
map satisfying conditions A and B and f,; be a two parameter family which unfolds
generally, under condition C, the given homoclinic tangency with = = 0. Then the
following statements take place:

1. In any neighborhood of the origin in the (7, u)-plane, there are infinitely many
open domains Ay, fork =k, k+1,... (k is some integer), such that the map fur
has a single-round periodic (of period k + q, where q is defined in (1.1)) elliptic
orbit at (1, ) € Ag;

2. The domains Ay accumulate to the azis =0 as k — oo

3. The boundaries of Ay are two curves Ly and Ly such that the map f,, has a
parabolic single-round periodic orbit with double multipliers either +1 if (1, ) €
L or —=1if (t,p) € Ly ;

4. The elliptic orbit is generic for all values of (1,1) € Ay, except for those which

belong to curves LZ/Q and Liﬁ/g when the multipliers of the orbit are equal to
eT™/2 and eF27/3 | respectively;

Tt is not the case for two-dimensional symplectic maps with nontransversal heteroclinic cycles: as
it was shown in [GS97] and [GS00], maps having simultaneously infinitely many single-round (generic)
elliptic periodic orbits are dense in a bifurcation codimension-one surface composed from maps with
nontransversal heteroclinic cycles.
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5. In the case ¢ < 0 (c is given in (1.14)), the domains A; and A; do not intersect
for any sufficiently large and different integers i and j;

6. In the cases ¢ > 0, the domains A; and A; are necessarily crossed and they
intersect the axis p = 0; Moreover, if —3 < sg < 1/4, where

1
So = dl’+(GC —+ f20£1§'+) — f11$+(1 — Zf11$+), (116)

where all the coefficients are given in (1.11) then all domains Ay with sufficiently
large k contain the origin (1 = 0, = 0).

See Figure 1.6 for the illustration of the theorem. For example, you can see the
non-intersecting (in Figure 1.6(a)—(c)) as well as the crossed and intersecting p = 0 (in
Figure 1.6 (d)—(f)) domains A; and A;, i # j, in the case ¢ < 0 and ¢ > 0, respectively.

e e
L . L - am
k k T
Ll;l Lk:l i
L ___ > [ __ | ot
Lk+1 - Lk+1 - | = Zome
T T 2m+1
(a) A >0,c<0,d<0 (b) A >0,c<0,d>0 (c) A <0,c<0,d>0
ph -
k
e T i
k+
(d) 1 >0,c>0,d<0 (e) & >0,c>0,d>0 () % <0,c>0,d>0

Figure 1.6:



40 1. HOMOCLINIC BIFURCATIONS IN 2D SYMPLECTIC MAPS

Corollary 1.1. Let the following relations ¢ > 0, 7 = 0, =3 < s < 1/4 and
so # {0;—=5/4} take place for the map fo. Then there exists such ko > 0 that fy
has a countable set of generic (KAM-stable) single-round elliptic periodic orbits of all
successive periods beginning with ko + q.

In the following theorem we clarify both a disposition of the intervals ¢§; from
Theorem 1.1 and a character of the corresponding bifurcations when g varies inside
0.2

Theorem 1.3. The intervals &y from Theorem 1.1 have form &, = (uif, uy ) if d < 0
(d is given in (1.14)) and &, = (u,, 1y ) if d > 0. Bifurcations of fized points in the
first return map Ty(p) follow, in general, the scenario observed in the conservative
generalize Hénon map

=y, §J=M-—z—y*+uy’ (1.17)

where

= &N (1.18)
M— —d(L 4+ v)A2 (4 No(ea™ —y7 )L+ kBN zTy 7)) — so+ 1 '

being foz the coefficient given in (1.11), sq the coefficient given by (1.16) and v} =
O\F), v2 = O(kXF) some asymptotically small coefficients. See Figure 1.7 for d < 0
for general bifurcations of the map (1.17). The resonance 1 : 3 is non-degenerate for all
values of vy, while the resonance 1 : 4 is non-degenerate for v, # 0 (see Figure 1.7(b)
for vy > 0 and Figure 1.7(c) for v, <0).

Note that if fy3 # 0, then both scenarios of Figure 1.7 (b) and (c) take place
for A < 0: we have the case (b) for even k and the case (c) for odd k. Analogous
phenomenon was observed in [BS89] in bifurcations of appearance (disappearance) of
horseshoes in three-dimensional conservative systems with homoclinic loops to saddle-
foci.

The content of the rest part of this chapter is the following. In section 1.2 we study
the semi-local dynamics of symplectic maps with quadratic homoclinic tangencies: we
select three classes of such maps and describe the structure of orbits entirely lying in a
small neighbourhood U(O UT). In section 1.3 we prove our main technical result, the
Rescaling Lemma 1.4, which shows that one can reduce the study of bifurcations of the
first return maps to the quite standard analysis of bifurcations of two-dimensional con-
servative Hénon-like maps. Section 1.4 contains the proofs of our main Theorems 1.1,
1.2 and 1.3.

2Note that the intervals 65 can be also viewed as intervals obtained on lines 7 = const when
intersection with domains Ag. Therefore, we can extract from Figure 1.6 a certain information on
disposition of these intervals.
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p<o0 B>0 B<0 B=0 B>

Figure 1.7: Bifurcations of fixed points in the first return map Ty (u) for d < 0. (a) The main
scenario, here p <y (if d > 0, then p > ;7). (b)-(c) Bifurcations near resonance 1: 4 (8 =0
/2)

corresponds to p = p;/”) for the cases (b) v > 0 (here the fixed point is always elliptic) and (c)

v < 0 (for 8 = 0 the fixed point is a saddle with eight separatrices).

1.2 Three classes of symplectic maps with homo-
clinic tangencies.

Let fo be a symplectic map satisfying conditions A and B. Evidently, any orbit of fy
entirely lying in U, except for O, must visit both neighborhoods IT~ and IT* (otherwise,
it wouldn’t be close to I'y). Moreover, such orbits must have points belonging to the
intersections Ty(o}) N oy for all possible integer ¢ and j. Given a sufficiently large
integer k£ > 0, we assume that II™ and IT~ contain the strips op and o}, respectively,
only with numbers k& > k. In other words, we will consider only such entirely lying in
U orbits of fy whose points from IT* reach II~ for a number of iterations that is not
less than k. Denote the set of such orbits as N = Ni(fo).

In this section we study the structure of the set Nj(fo) and, thus, extend the results
of [GS87], [GS01] and [GS03] to the symplectic case. Recall the following definition
and result.

Definition 1.2. [GS87], [GST96b] We say that the horseshoe Ti(c}) has a regular
intersection with the strip o? if (see Figure 1.2)

1 and A2 :

(i) the set T1(o}) N oy consists of two connected components Aj; B

(if) the map Ty} restricted to the preimage (7373) 'A% C oY of the component A%,
where av = 1,2, is a saddle map (i.e., it is exponentially contracting along one of
the coordinates and expanding along another).
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\

Lemma 1.3. [GS87] There are a constant Sy > 0 and a sufficiently large integer k
such that, for any i,j > k, the following assertions are valid.
(i) If | |
d(\'y~™ —cNa™) > Si(
where Si; = Sy(IN|" + |N?)|N|*/2 , the horseshoe Ty (o}

k), (1.19)
i)
i) If

intersects reqularly the strip o).

d(\'y~ —eNat) < —S;;(k) | (1.20)
then Ty (o}) Moy = 0.

The inequalities (1.19)—(1.20) have a rather simple geometrical sense. The strip

0% is a narrow horizontal rectangle in IIT having a central line y = \y~, while, the

strip o} is a narrow vertical rectangle in II- having a central line z = Ma*. By
(1.10), the strip le» is mapped under 77 into a horseshoe which contains a parabola
y=cNat+d(x—2")?/b%. The inequality d(A\'y~ —cMzT) > 0 means that the straight
line y = Ay~ and the parabola are crossed in two points, whereas, the inequality
d(Xy~ — cMaT) < 0 implies that these curves do not intersect. By coefficient S;;(k)
we take into account a non-zero thickness of the strips and horseshoes.

It is convenient to reformulate this lemma as follows: if the horseshoe Tl(a}) has

an irregular intersection with the strip ¢¢, then the following inequalities must hold
|| Ny~ — eNMat| < S(k) (1.21)
and if Ty (o) N o} # 0, then
d(N'y~ —eNat) > —S;(k) , (1.22)

It is evident that the character of integer solutions of inequalities (1.19)—(1.20)
depends essentially on the signs of the quantities A, ¢ and d. In turn, this means that
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the structure of N; depends essentially on the type of homoclinic tangency. By this
principle, the same as for the case of general diffeomorphisms (see [GS73]), we can
subdivide quadratic homoclinic tangencies in the symplectic case into three big classes
in the following way:

e The first class relates to the tangencies with A > 0, ¢ < 0 and d < 0 (see
Figure 1.3a).

e The second class relates to the tangencies with A > 0, ¢ < 0 and d > 0 (see
Figure 1.3b).

e The tangencies of all other types (with all other combinations of the signs of A, ¢
and d) are related to the third class (see Figures 1.3c and 1.4).

We will say also that a given symplectic map is of the first, second or third class,
if it has the homoclinic tangency under consideration to be the first, second or third
class, respectively.

1.2.1  Maps of the first and second classes.

In the case of a map of the first class, since A > 0, ¢ < 0 and d < 0, the inequality
(1.20) holds for all 4, j > k. It follows, by Lemma 1.3, that Ty(cj) Noy = § for any
1,7 > k which implies

Proposition 1.1. [GS87] Let fo be a map of the first class. Then the set Ni has the
trivial structure: N = {O,T}.

For a map of the second class, since A > 0, ¢ < 0 and d > 0, we have now that
inequality (1.19) holds for all 4, j > k. It means, in turn, that all the horseshoes 7} 1(0]1-)
and strips 0¥ (for any 4, j > k) have the regular intersections. Therefore the set N} has
a non-uniformly hyperbolic structure and all orbits from Nz, except for T'g, are saddle
(see also [GS87]). Moreover, we can give the exact description of the set N in this
case. Namely, let B]% e be a subsystem of the topological Bernoulli scheme (shift) on

three symbols (0, 1,2) consisting only of (bi-infinite) sequences of form

k/'s +q k5+1 +q
A A

(. 0,06-1,0,...,0,,,0,...,0, s 11,0, ...), (1.23)

where o, € {1,2}, k, > k for any s, and any sequence (1.23) does not contain two
successive nonzero symbols. Let Bg’ y be the factor-system that is resulted from Bg g if
to identify two homoclinic orbits (...,0,...,0,1,0,...,0,...) and (...,0,...,0,2,0,...,0, ...).
Denote this identified orbit as @.

Proposition 1.2. [GS87], [GS01] Let fo be a map of the second class. Then the system
fO‘N— 15 topologically conjugate to Bg’ﬂ and all orbits from N;\T'o are saddle.
k
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1.2.2 Maps of the third class

We have formally 6 different combinations of the signs of coefficients A, ¢ and d related
to the third class. However, if A\ < 0 we can always choose such pairs of the homoclinic
points M+ and M~ for which d is positive. Besides, since f; is symplectic, there is no
necessity to distinguish f; and f;'. Therefore, the combinations A > 0,¢ > 0,d > 0
and A > 0,¢ > 0,d < 0 can be transformed one to another, if to consider f;' instead
of fy.3 Thus, we can reduce the number of different types of homoclinic tangencies of
the third class to the following three ones.

1. maps with A > 0,¢ > 0,d > 0 (see Figure 1.4b);
2. maps with A < 0,¢ > 0,d > 0 (see Figure 1.4c);
3. maps with A < 0,¢ < 0,d > 0 (see Figure 1.3c).

Denote by Hi,i = 1,2,3, codimension-one bifurcation surfaces, in the space of C"-
smooth symplectic maps, composed from maps with homoclinic tangencies of pointed
out types.

It is typical for maps of the third class that the structure of the set A depends
essentially on the value of the invariant 7 (defined in (1.15)). In particular, the following
result takes place for maps on Hj (it was announced in [GS01], we give here the proof).

Proposition 1.3. Let f, € H;.

1) If 7 < 0, then there exists such ky = ki(7) — 00 as T — 0 that the set N, has the
trivial structure: N, = {O,To}.

2) If 7 > 0, the set Ny, for any k, contains nontrivial hyperbolic subsets.

3)If 7> 0 and 7 ¢ Zt (where Z* is the set of positive integer numbers), then there
exists ky = ko(T) — 00 as dist{T,Z*} — 0 such that the set Ny, allows a complete
description in terms of the symbolic dynamics and all orbits of Ny, except for Ty, are

saddle.

Proof. 1) Taking logarithm of the both hands of (1.20) we obtain the inequality
j—i+T < =S\, (1.24)

where S is a positive constant (independent of 7,5 and k). By lemma 1.3, if i > k
and j > k satisfy (1.24), then the horseshoe Ti(c}) has empty intersection with the
strip o). Note that in the case 7 < 0, the inequality (1.24) has solutions only of form
§ > i. In particular, it means that for all i > k the horseshoes Tyo} lie above the own
strips o) (see Figure 1.5a) and, therefore, all orbits, except for O and Iy, leave U under
positive iterations of fj.

R 31t is easy to check that the following relations é = ¢~ 1, d= —d(cb?)~! take place for the map
T =17



1.2. THREE CLASSES OF SYMPLECTIC MAPS 45

2) The inequality (1.19) can be written in the form
J—i4T > SAM2 (1.25)

If 7 is positive and k is sufficiently large, inequality (1.25) has always infinitely many in-
teger solutions of form j < ¢ including solutions j = ¢. The latter means, by lemma 1.3,
that , for all sufficiently large 7, the horseshoes Tio] have the regular intersections with
the own strips o?, see Figure 1.5c. It implies that if 7 > 0, the corresponding map
fo € Hi has infinitely many Smale horseshoes €2; (i.e. for every sufficiently large 7, the
first return map T; = TyT; : 0? — o) has the nonwandering set which is conjugate to
the Smale horseshoe).
3) Consider the inequality (1.21). After taking logarithm, it is rewritten as

j — i+ 7] < S|AF2. (1.26)

If 7 > 0 is not integer, inequality (1.26) has no integer solutions when k = k(7) is
sufficiently large. Thus, all the strips and horseshoes have only either regular or empty

intersections. It allows to give the complete description for N;. Namely, let B, (k) be
a subsystem of B2 ., Such that

(i) B, (k) contains the orbits (...,0,...,0,...) and &;

(ii) in any sequence (1.23) the lengths (ks + ¢) and (ksy1 + ¢) of any two successive
strings composed from zero symbols satisfy inequality (1.25) with j = kg, i = ksyq.

Then fo|, is conjugate to B, (k). [

[,
Now we consider the cases with A < 0, i.e. fo € H2 and fy € Hj (see Figure 1.8).

Proposition 1.4. Let fo € H? U H3. Then the set N3(fo), for any k, contains non-
trivial hyperbolic subsets always, except maybe for the “global resonance” case fo € Ha
with 7 = 0.

Proof. Let fy € H2. Since A < 0,¢ > 0,d > 0, inequality (1.19) for even i and j, can
be written as

j—i+7>SAM? wherei,j > kand i,j = 0(mod2),

If 7 > 0, this inequality has infinitely many integer solutions of form j > ¢ including
solutions 7 = j. It implies that, if 7 > 0, the map f, € H2 has infinitely many
horseshoes €2; with even 3.

On the other hand, inequality (1.19) for odd ¢ and j is rewritten as

j—i+71 < —=S8|A*?, wherei,j > kand i,j = 1(mod2).
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(a) 1 <0, c>0,d>0 (b) % <0, ¢ <0, d >0

Figure 1.8:

If 7 < 0, this inequality has infinitely many integer solutions of form ¢ > j. Thus,
when 7 < 0 the map fy € H? has infinitely many horseshoes Q; with odd i.

Let fo € H3. Since A < 0,c¢ < 0,d > 0, inequality (1.19) holds for any sufficiently
large even i and j. It means that all horseshoes Ti(c}) intersect regularly with all
strips 0? when the numbers i and j are even (here, a certain analogy with maps of the
second class is observed). In any case, map fy € H3 has infinitely many horseshoes Q;
where ¢ runs all sufficiently large even integers. O

Corollary 1.2. 1) Let fo € H2. Then, if 7 > 0 (resp., 7 < 0), the map fo has infinitely
many horseshoes €; with even i (resp., odd i) and has no horseshoes with odd i (resp.,
with even ).

2) Let fo € Hy. Then the map fo has infinitely many horseshoes Q; with even i and
has no horseshoes with odd 1.

Proposition 1.5. Let fy € H3 (resp., fo € HS). If |7| is not even integer (resp., odd
integer), then there exists such ks that the set Ny, allows the complete descriptions in
terms of the symbolic dynamics and all orbits of N, except for Ty, are saddle.

Proof. Consider the case fo € H3. Suppose that 7 # 0. It is easy to see that, for
sufficiently large k = k(1) (k — oo as 7 — 0), the set A} consists of orbits intersecting
strips 0? either with only even numbers when 7 > 0 or with only odd numbers when
7 < 0. In the first case (7 > 0), see Figure 1.9a, forward iterations of any point from
o with odd j can not return on of. Indeed, the horseshoe Ti(c}) can intersect only
strips with odd numbers such that 7 —i+ 7 < 0, i.e. © > 7 4+ 7; besides, any horseshoe

7
Ty (o)) with even [ does not intersect the strips with odd numbers. In the case 7 < 0,
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see Figure 1.9b, any the horseshoe Tl(a}) with even j can intersect only such strip o?
for which i is even and j — i+ 7 > 0, i.e. ¢ < 7 because 7 < 0.

2k+1) T1(62]m) T((S1 ) T](G')

1 2k+1

2m

X
O

Figure 1.9:

Now we can give a complete description of the set Nj for fo € H3 when |7]| is not
even integer. We note only that numbers i and j such that T)(o}) has an irregular
intersection with ¢ must satisfy the inequality (1.26). If |7| is not even integer, the
inequality (1.26) has no integer solutions i and j of the same parity. Consider a
subsystem B2* of 1’5’% 4+ Such that in any sequence (1.23) the numbers k; are even for
all s and satisfy inequality ks — kg1 +7 > 0. Analogously, let B2~ be such a subsystem
of lg’l% g that in any sequence (1.23) numbers k; are odd for all s and satisfy inequality

ks — ks1 + 7 < 0. Suppose that |7| is not even integer. Then the system f0|N7 is
k
conjugate either to B2" in the case 7 > 0 or to B2~ in the case 7 < 0.
For fy € H3 we have, due to the geometry, that irregular intersections of the
horseshoes Tl(ajl») and strips o} can exist only in those cases where the numbers ¢ and
J have opposite parities. Moreover, the inequality (1.26) can have such solutions only

for odd |7|. Consider a subsystem B2 of B}—;’ 4, satisfying the following conditions:

(i) B? contains all sequences of form (1.23) in which all numbers k, > k() are even;
(ii) B2 do not contain the sequences with k, and k1 to be both odd;

(iii) B2 contains all the sequences with even ky and odd k1 such that k,— ks +7 < 0;
(iv) B;QZ contains all the sequences with odd ks and even kg, such that ks —ks 1 +7 > 0.

Then fo‘ N is conjugate to B3 when |7] is not odd integer. O

1.3 General unfoldings and Rescaling Lemma

In this section we calculate the first return maps Ty, = T Ty : 0 + o? for all sufficiently
large k and apply the results obtained (Lemma 1.4) for studying bifurcations of fixed
points. Moreover, we consider in this section, and what follows, one and two parameter
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families and we take, as parameters, either ¢ = pu or € = (u, 7), respectively. Recall
that p is the parameter of splitting of manifolds W*(O) and W*(O) with respect to
the homoclinic point M™ and 7 is an invariant of the homoclinic structure given by
(1.15).

The main technical result of this section is the following

Lemma 1.4. [Rescaling Lemma]
For every sufficiently large k the map Ty, : o) — o2 can be brought, by a linear trans-
formation of coordinates and parameters, to the following form

X = Y + kMg,

_ 1.27
Y:M—X—Y2+%)\’“Y3+k>\2’“ez, (1.27)
where functions ,°(X,Y, M) are defined on a ball ||(X,Y,M)|| < R with arbitrary

large R (when k are big) and are uniformly bounded in k along with all derivatives up
to order (r — 3). Besides,

M = —d(1+ v A2 (u+ N(ea® —y )1+ kBN 2ty 7)) — s+ 17

where sq is the coefficient given by (1.16) and vi = O(\F), v2 = O(kX*) are some
asymptotically small coefficients.

Proof. We will use the representation of 7Tj in the “second normal form”, i.e. in form
(1.3) with n = 2. Then, by Lemma 1.2, the map Ty : of — o}, for all sufficiently large
k, can be written in the following form (taking into account relations (1.9))

zr = Nzo(1 4 BrhNezoyr) + O(K2N3F), yo = Neyp(1 + BrkN N xoyr) + O(K2A3F).
(1.28)
We will use the notation # = xp,y = yg. Then, by virtue of (1.10), (1.11) and
(1.28), we can write the first return map T}, : o} — o}, in the following form

T—at=aXNo+bly—y ) +enly—y )+
+O(kIMN* )2+ |y — vy~ [P+ [MF)2lly — v |),

Mg (1 —i—k‘)\kﬁlxy) + EX*RO(|z| + |y]) =
p+ ez (1+ kX Biay) + d(y — y7)? + A foo 22+
+)\kf11(1+k‘)\kﬁl$y) w(y —y)+ A f12 w(y —y )+ fos(y —y )+
+O ((y —y)* + N¥[ally - y |+ AP ] + BNy -y~ )

(1.29)
Below, we will denote by ai, i = 1,2, ..., some asymptotically small in k coefficients
such that o = O(kN*). Now we shift the coordinates, n=y—y~, £ =2 —at —
Mext(a + al), in order to nullify constant terms (independent of coordinates) in the
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first equation of (1.29). Thus, (1.29) recasts as follows
& = aN'& + by + eoan® + O (KX*IE] + nf* + [AFO([¢]In]))
(1 + af) + BACO(IE] +7%) + kA*O(|n]) = M +

+ c€(1+ a2) + XFn2(d + N frox®™) + n(fua® + o) + fuén + X7 fosn®+
+O (AP + EIAPFIE] + kXF(E2 4+ 07) + [€19?)

(1.30)
where My = p+ MNe(cat — y) (1 + kX Bizty™) + Aot (ac + foor™) + O(KNF)
Now, we rescale the variables:
b(1+03) s L+oi
_ A _ Ny, 1.31
R e S [ A -3y
Then system (1.30) in coordinates (u, v) is rewritten in the following form
u=v+a\u— %)\%Z + O(kX?),
0= MoA™%F —u(l +a}) — v+ (1.32)

%Ak fO?’Ak 3 O(kN)

+’U(f11517+ + Oég) —

where My = —(d + M\ fi,07)(1 + a}) "' M;. The following shift of coordinates, e, =
u— %(fll:zfr +a%), Vpew =0 — %(f1113+ + a?), brings map (1.32) to the following form

i = v+ aMu — S22 L O(kA),

bd
(1.33)
b= M. 2 fllb f03 k 3 2k
= 3—u—v—7)\u d2>\ + O(kX™Y)
)2
where Mz = MoA™" — fiat + Yue™7 ”Z iy
Now, we make the following linear change of coordinates * = w+vjv , y =
v — Uju , where 7 = —%Ak Uy = %)\k — a)\*. Then system (1.33) is rewritten as
T =y + Mz} + O(kN?F),
(1.34)

= My —x —y* 4+ a 'y — R\Nfoy + 22 f03 )\ky?’ + O(kA?) |

<

where R = (2a + 2egy/bd — bf11/d) = 0 by (1.13).
1
Finally, make one more shift of coordinates X = 2 — —a\* — 7} Ms, Y =y — Ea)\k,

in order to nullify the constant term in the first equation and the linear in y term in
the second equation of (1.34). After this, we obtain the final form (1.27) of map 7} in
the rescaled coordinates where formula (1.18) takes place for the parameter M. [
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Thus, the Rescaling Lemma shows that the unified limit form for the first return
maps T}, is the conservative Hénon map

T=y, g=M—x—1> (1.35)

Bifurcations of fixed points in the conservative Hénon family are well known. There
exists a generic elliptic fixed point for every M € (—1;3) except for M = 0 when
Y = /2 and M = 5/4 when ¢ = 27/3.% The latter cases correspond to the strong
resonances 1 : 4 and 1 : 3, respectively. The conservative resonance 1 : 3 is non-
degenerate, while 1 : 4 is degenerate (here the so-called case “A = 17 is realized).
However, in the “refined” map

T=1, Q—M—x—y2+%>\ky3, (1.36)
where the cubic term is non-zero, i.e. if fy3 # 0, the resonance 1 : 4 becomes non-
degenerate [Bir87], [Gon05], see also Appendix A. The conservative Hénon map has
also a fixed parabolic point: with multipliers vy = v, = +1) at M = —1 and with
multipliers 11 = vy = —1 at M = 3. It follows that the bifurcation scenario in map
(1.27) looks like in Figure 1.7(a) accompanying with one of scenarios of of bifurcations

near ¢ = /2 for fo3A\¥ > 0 (Figure 1.7(b)) or fos\* < 0 (Figure 1.7(c)).

1.4 Proofs of Theorems 1.1, 1.2 and 1.3

We can easily deduce the theorems from the Rescaling Lemma. Indeed, since bifur-
cations in the conservative Hénon maps (1.35) and (1.36) are known, we can use the
corresponding facts directly for recovering bifurcations of single-round periodic orbits
in the families f, and f, ;.

Proof of Theorem 1.1. Rewrite (1.18) in the following way

1
p=—=Ny a(l+ ks Naty ) — E(M + 50+ pr) A7, (1.37)
where pp = O(kN¥) is some small coefficient and
+
a=" 1 (1.38)
-

Since the Hénon map (1.35) has fixed parabolic points at M = —1 (with double
multiplier +1) and M = 3 (with double multiplier —1), we obtain, by (1.37), that the
first return map T} has a fixed point with multipliers 11 = vy = +1 for

1 R
p=py = =Ny a(l+ kg Aaty™) - 3(80 — 1+ pp) A, (1.39)

“Note that the fixed point of (1.35) with 1) = arccos(—1/4) is degenerate since it has local normal
form in which the first Birkhoff coefficient vanishes, however, its second Birkhoff coefficient is nonzero
[Bir87]. It means that this point is KAM-stable and, hence, generic.
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and a fixed point with multipliers v; = 1, = —1 for
- — _\k,— koo, — 1 A\ 2k
p=py ==Xy a(l+ kN 2Ty >_c_i(50+3+'0k))\ . (1.40)

As pf and p,, are border points of the interval dy, it follows that &, — 0 as k — oo.
By (1.39) and (1.40), the intervals d; have length equal to 4|A\|**(1+ ...)/|d|; besides,
intervals 6;, and d;, 1 and posed one from other in the distance of order |\|*|a|(1— |A|),
if @ # 0 and k is sufficiently large. Thus, if o # 0, the intervals with different numbers
do not intersect. Evidently, condition o = 0 means, by (1.15), that ¢ > 0 and 7 = 0.
It completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. By (1.15) and (1.38), we can express « in terms of 7; namely,
a=—-1—|A"T"ifec<0and a« = —1+4 |77 if ¢ > 0. Then we can rewrite equations
(1.39) and (1.40) as the corresponding equations of the bifurcation curves L;” and L,
on the (7, u)-plane.

In the case ¢ < 0 we have that < —1. It follows that the domains A; and A;
(defined on the (7, u)-plane) do not crossed for sufficiently large i # j, see Figure 1.6
(2)-(0).

However, in the case ¢ > 0, the value «(7) changes the sign: «(0) =0, «a(r) >0
at 7 < 0 and «(r) <0 at 7 > 0. We can rewrite equations (1.39) and (1.40) as the
corresponding equations of the bifurcation curves L and L; on the (7, u)-plane:

L ==Xy (A7 = D)1+ kpiNzty™) —d ™ (so — 14 pr) A",

)
k A e ’ 1.41
L ==Xy (A7 = D1+ kSN aTy™) —d ™ (s + 34 pr) A, (141

Evidently, these curves near the origin (7 = 0, u = 0) have a form showing in Figure 1.6
(d)—(f). If we put 7 = 0 into (1.41), we obtain that curves L} and L; intersect the
axis p in points p = —2(sg — 1 + pp)A** and p = —1(so + 3 + pr) A*, respectively. If
—3 < 59 < 1, the point p = 0 lies between these border points and, thus, the origin
(1 = 0,4 = 0) belongs to all domains Ay with sufficiently large k. It completes the
proof of Theorem 1.2 and gives Corollary 1.1. O]

Proof of Theorem 1.3. The theorem follows from the Rescaling Lemma which gives
the rescaled form (1.27) for first return maps. Since we know the bifurcation scenarios
observed in (1.27), see [Bir87] and [Gon05|, and due to relations (1.39) and (1.40)
connecting M and pu, we can complete the theorem. O]

1.5 Invariants of homoclinic tangencies in symplec-
tic two-dimensional maps
We see that in the case of the global resonance 7 = 0 the dynamics of area-preserving

maps of the third class (except for maps on H3) depends, in fact, on only one quantity
So. In this section we prove the invariance of both 7 and s
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First, we recall the result from [GS87] that 7 is an invariant of two-dimensional
diffeomorphisms with homoclinic tangencies to a saddle with o = |\y| = 1 and prove
it in the case of area-preserving maps. Note that we prove the invariance of 7 in
those C"-coordinate which conserve the first order normal form (1.4) of the saddle map
To. However, as it was shown in [AY05], 7 is also invariant under C'-linearization
coordinates that allows to say about the existence/absence of (topological, of course)
Smale horseshoes near a homoclinic tangency in terms of 7.

After this, we prove the invariance of sq. However, it will be invariant only in those
C"2-coordinates which conserve the n-order normal form (1.3) for n > 2. Naturally,
5o “disappears” when C'-linearization is used, since it depends on the coefficients of
the quadratic terms of T} which become indefinite at uncontrolled C*-changes.

The following lemma is an area-preserving variant of the corresponding result from
(GS87].

Lemma 1.5. In coordinates (1.4), the value of T does not depend on the choice (in

Wi and Wi ) of any pair of homoclinic points of the orbit I'y.

Proof. We take a pair M* = Ty(M™) and M~ of points of I'y. Then, by (1.4),
xt = AzT. The new global map T} is defined as T} = TyTy : II- — TH(II*) and
written as
=Mo"+ P,y —y7) + O + Flz,y —y)’Gle,y —y7)] =
= A"+ Fl(z,y —y7),
y=A"Gx,y—y )+ 0@+ Flz,y -y )G 2,y —y )| =G,y —y).
Since F'(0,0) = 0,G(0,0) = 0,G,(0,0) = 0, we obtain that F'(0,0) = 0 and

d =G(0,0) = A1G.(0,0) + O(G(z,y — Y7)) jem0ymy- = Al

Finally, since also y~' = y~, we have
, 1 ! drt 1 ! N AP
T = n = n =T
In[Al [y~ | I}l Y-

Take now a pair M+ = M+ and M~ = T, *(M~). Then the new global map 77 is
defined as T} =TTy : T, (IT7) — IIT and written as
7 = ot HF(A+0(@?y), Ay +0(2'y?) —y7), 5 = G(A'+0(2y), Ay +O0(2'y?) —y 7).

Since F'(0,0) = 0, we have 2™ = a*; since W}, has equation z = 0, we have y™' = \y~;
finally, since

G2(0,0) = A\G4(0,0) + [G, - O(z) + Gy - O(y?)]

x=0,y=y~
and G(0,0) = ¢,G,(0,0) = 0, we have ¢ = Ac. Thus,

1
~In )|

/
+ Aext

Ay~

, 1 dx

T In A

In In

T =T.

’

v
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Any pair of points of I'y one of which is in W} and the other is in W} can be
evidently obtained by means of a finite series of elementary choices (like before) of
neighboring homoclinic points. Every such choice does not change value of 7, it follows
that the same relates to the resulting choice. O]

Note that 7 does not also depend also on smooth changes of coordinates preserving
the main normal form (1.4) of Tp, see [GS87].

Lemma 1.6. Let the local map Ty be given in the second normal form, i.e in the form
(1.8) forn=2. If u =0 and 7 = 0, then sy does not depend on choice of pairs of the
points in Wi and W}, of orbit I'y.

Proof. Take, first, a pair M+ = Ty(M ™) and M~ of points of I'y. The new global map
T} is defined as T] = ToT} : I — TH(I17) and can be written in form

v = \e(1+ zg) + O 297, ¢ = A"'g(1 - pizg) + O [7%5°)], (1.42)

where T = 27 + F(z,y —y7),7 = G(z,y — y~). We will calculate the corresponding
coefficients (that defines new s{,) at the homoclinic point z = 0,y = y~ that gives also
that 7 = 2,y = 0. We use also that G,(0,0) = 0 and

8@’ ) oy’

=0, — =), —=X"at z=z"5=0.

or ox Toy awr=ry

It is evident also that O-terms in (1.42) vanish at y§ = 0 together with all required

derivatives (note that the second derivatives with respect to ¢ are only needed). Thus,
we have

, ox 8 ,0G g 8y e 10G

aza—x— £ )\ﬁl(>—+0() Oz %"’_O()

19k 1. PG i
d = 28y 5)\ a—y2+0(y)+0(39/5y%

, 1y 1., (96 e )
fie = 5,2 = 2 (aﬁ 2he (:))*O(?’)’

0%y | 0°G
=== O(y) + O(dy/0
and 7 = Az*. Since we find these derivatives at a point where x = 0,y = vy,

z=uz",y=0and 0y/0y = G, =0, it gives

d =Xa+Ax")Bic, ¢ =X"e, d =21, fi, = - AEBat, fl = AT
(1.43)
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Then we have

dzt =dz*, fliz™ = fuat,
a'd =ac+ (x7)2B1? + fooxt — ABi(xT)? = ac+ fyrT.

Thus, by (1.16), so = sq,.
Take now a pair M = M+ and M~ = T;'(M~). Then the new global map T} is
defined as T} = T\ Ty : Ty *(II7) — II* and, thus, it can be written as

T=a"+F@y —y), 9=G" v ~y),
where 2’ = \z(1+ Bi2y) +O(2%y?), v = A\Ly(1 - Biay) +O(2%y?) and (x,y) € T, '~

Thus, we have that ™ = 27, y~" = A\y~. Then we calculate other coefficients as the
corresponding derivatives at x = 0,y = A\y~. We have
, OFO0x OFOy , 0GOox 0GOy
a/:__—f———’ C:——_i.___’
or' dx Oy Ox or' Ox Oy Ox
182G [0\ G Oy 0r  02G [0y \® 0G4 OG0y
o= lmos (o) +2 =+ =) t e+ ,
2\ (02)2 \ Ox ox'oy Ox Ox  Oy? \ Ox ox' 0z? Oy Ox?

f’ —_82G 8_3:’8_x’+ G a_y/a_ﬁl+8_mla_yl +02Ga_yla_y/_|_8_G 0%
(922 0z Oy 0x'Oy’ \ Ox Oy Oz Oy oy? dx Oy  Ox' Dxdy
% aQy/
Oy 0x0y’

1 9*G [02\? O*G Oy 0x  8*G [0y \® OGO OGO
d == —) +2 ==+ =) ==t .
2\ (022 \ Oy 0x'0y’ dy dy  Oy? \ dy ox' dy?2 Oy Oy?

Since for x = 0,y = Ay~

oG 0 ( , 0x' Ox ) ox’ oy’

oy’
— = — — | = — = A
oy’ T Oy o oy 0 Ox ’

ZJd 1 ZJ —\2
ay A ’ al, Aﬁl(y ) ’

we obtain that

d=Xa—bBiAy")? =X, fiy=fu—2dBi(y)? d =dr?,
flo = faor® — fuX?Bi(y™ ) +dN*B(y ) + eX*Biy ™,

Thus, we have

d'zt =drtA72,

a'd = Nac —bcBiN(y™)? = Nac+ i\ (y~)? (since be = —1,
it = furt —2dBi(y~ )%,

d = dzt)\72,

foox ™ = fooX2xT — fiN2B1(y7 )22t +dN2BE(y ) et + N2 By ot
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We obtain, by (1.16),

sy =dzt [ac+ faox™| — Brd(y™) et — dfuiBi(y ) (x V) + By ) (z)?
+defry~ (x1)? + fuat — 2dB(y)2at — i(f11$+)2 +dBi(y)*(zh)?
—d* B2 (y ) (xh)? = so +dBiatTy (cat —y7)

Since cxt =y~ for 7 = 0, this completes the proof.

95
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Chapter 2

Dynamics and bifurcations of
non-orientable area-preserving
maps with quadratic homoclinic
tangencies

In this chapter we study bifurcations of area-preserving and non-orientable maps with
quadratic homoclinic tangencies. It seems that it is a quite new topic in homoclinic
bifurcations. Up to now, homoclinic tangencies of non-orientable maps were studied
only for general (dissipative) systems, see e.g. [GS73, GS86, PT87, GS07|. However,
this theme should be interesting for understanding dynamics of chaotic conservative
maps such as non-orientable planar maps like the Hénon maps with the Jacobian —1
and symplectic maps on two-dimensional non-orientable closed manifolds (like Klein
bottle).

2.1 Statement of the problem and preliminary con-
structions

In this chapter we consider non-orientable APMs close to the one with a quadratic
homoclinic tangency. Let fy be such a map. As in Chapter 1 we denote by O the saddle
fixed point of fy, by Uy a small neighbourhood of O and by I'y the nontransversal to
O homoclinic orbit. We embed f; into a parameter family f.. We assume that f, and
fe satisfy the conditions B and C of Chapter 1 (Section 1.1).

However, due to non-orientability, instead of condition A we suppose the following
condition:

A’. fy has a saddle fixed point O with multipliers A and 7, where 0 < |A\| < 1 < |y
and |[\y| =1 . Moreover, we will consider two different cases:

o7
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A1 the saddle is orientable, i.e. A\ =y}

A’.2 the saddle is non-orientable, i.e. X = —y~ L.

Note that in condition A’.1 we assume that the global map 77 defined in Chapter 1,
Section 1.1, is non-orientable, i.e. the Jacobian of T} is equal to —1. This behavior of
orbits for return maps is typical for maps on two-dimensional non-orientable manifolds
(Mobius strip, Klein bottle, projective plane etc.), see an example of such a map in
Figure 2.1.

Figure 2.1: An example of non-orientable area-preserving map (on the Mébius band) having a
quadratic homoclinic tangency at the points of a homoclinic orbit I'y. Some of these homoclinic
points are shown as grey circles. Also a small neighborhood of the set OUT'j is shown to be the union

of a number of “squares”.

The main goal is the same: to study bifurcations of single-round periodic orbits (see
Def. inition 1.1) in the families f.. Every point of such an orbit is considered again
as a fixed point of the corresponding first return map Ty, = T1Ty, where Ty = Tp(e)
is the local map and 7} = Tj(¢) is the global map whose definition is similar to the
symplectic case (see Chapter 1). In particular, the coordinate expression for 7} is the
same as in Chapter 1, formulas (1.10) and (1.11). Concerning the local map Tj, its
normal form is symplectic (the same as in Lemma 1.1) in the case A’.1, while in the

case A’.1 we provide non-orientable normal forms in the next section.

2.1.1 Finite-smooth normal forms for non-orientable saddle
area-preserving maps

In the following lemma we give the main normal form (of the first order) for the local
map Ty(e) in the non-orientable case.
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Lemma 2.1. [GST07]. Let To(e) be a C"-smooth, r > 3, saddle area-preserving map
that has a fized point O with multipliers X and —\=*, where |\| < 1. Then there exists
such C"-smooth local canonical coordinate change, which is C™=2 with respect to the
parameters, that the map Ty takes the following form

z=Ne)z +o(a?y), §=-A"'(e)y+o(zy®), (2.1)
The following lemma relates to the n-th order normal form.

Lemma 2.2. For any p = r — 2n + 1, where n > 2 is an integer such that n < r/2
(if r = o0, then n is arbitrary), there exists such CP-smooth local canonical coordinate
change, which is CP~2 with respect to the parameters, that the map Ty takes the following
form

&I
Il

e (14 5236 (o)) + ol )

o (2.2)
-ql@w(r+§&@%@wﬁ+”@%“%

Yy

where the coefficients B; and B; are invariants of smooth canonical changes of coor-
dinates preserving form (2.2), and, moreover, B;() = Bi(e) = 0 for all odd i < n.

As in the symplectic case, see Lemma 1.2, the normal forms of Lemmas 2.1 and 2.2
allow to obtain a quite simple coordinate expression for iterations T{F for all integer k.
Namely, let (z;,v;) € Uy, i =0,...,k—1, be such points that (z;11,yir1) = To(xi, vi),
then the following results hold.

Lemma 2.3. 1) If Ty takes the first order normal form (2.1), then Ty can be written
as follows

T = )\kﬂfo + >\2kp1($o,yk>5)a Yo = (—/\)kyk + /\Qle(%,yk,g), (2-3)

where the functions Py and Q)1 are uniformly bounded along with all derivatives up to
order (r — 2) and the following estimates takes place for the last derivatives

(e, 90)ller— = OUA®), l@r, mo)ller = 0(1)—soc-

2) If Ty takes the n-th order normal form (2.2), then T¥ can be written as

2, = Mg - RY (2oyk, €) + AR B (20, 4y, €),

2.4
Yo = (=N g - B (s ) + AT0EQP (. . ) (24)

where Rff)(xoyk, g) is given by formula (1.6) in which Bl(k) =0, BQ(k) =0sk,... The
functions P = o(zgyn), Q,(f) = o(xBy™) are uniformly bounded in k along with
all their derivatives with respect to xo and yr up to the order (r — 2n — 1), besides,
1(zk, yo) llor-2n = O(AM), [ (2k, y0)llcr—2nt1 = 0(1) k00
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Remark 2.1. In principle, we will use Lemma 2.3 only for the cases where Tj takes
the first and second order normal forms. In the latter case (for the second order normal
form) the iterations of T¢¥ can be written as

zr = ANz + O(KX3F), yo = (=N Fyp + O(kA?F), (2.5)

We prove Lemma 2.2 in Chapter 4. The proof of Lemma 2.3 is the same as for
Lemma 1.2 from Chapter 1 and, therefore, we omit it.

In what follows, we use in U, the local normal form coordinates (x,y) introduced
in the Sections 1.1 and 2.1. In these coordinates both W} and W}, are straightened
and, hence, we can put M+ = (2%,0), M~ = (0,y), where 27 > 0 and y~ > 0.
Without loss of generality, we assume that 2™ > 0 and ¥~ > 0. Then the global map
Ti(e) = fi(e) : II- — IIT can be written in the form (1.10), where relations (1.11)
hold.

In the area-preserving case, the Jacobian J(T7) of T} is equal to 41 identically for
all values of parameters €. We note that APMs with homoclinic tangencies have various
numerical invariants. In particular, we introduce the following important quantities

cx™ cxt
a=——1and a=—+1 (2.6)
Yy Yy
which are some analogous of the invariant 7 for the symplectic case (« is the same as

in the symplectic case, see formula (1.38)).

2.1.2 Strips, horseshoes and return maps

We assume that the neighbourhoods II™ and II™ are sufficiently small and fixed, so
that Ty(e)(ITT) NI+ = @ and Ty, *(e)(IT7) NI~ = () for all small . Then the domain of
definition of the successor map from IT* to II~ under iterations of Ty(¢) consists of in-
finitely many nonintersecting strips op belonging to IT* and accumulating at W, NI
as k — oo. Analogously, the range of this map consists of infinitely many (noninter-
secting) strips of = T¥(o%) belonging to I~ and accumulating at W NI~ as k — oo.
See Figure 2.2 where a location of the strips is shown for various cases.

According to (1.10) and (1.11), the images T} (o) of the strips o} have a horse-shoe
shape form and accumulate to the curve [, = T7(W}.) as j — oo. Note that any orbit
staying entirely in U must intersect both the neighborhoods II™ and II* (otherwise, it
would not be close to I'y). Thus, such orbits must have points belonging to intersections
of the horseshoes Tl(ajl-) and the strips ¢? for all possible integer 7 and j.

When g varies the location of the horseshoes T} 1(0;) is changed: they move to-
gether with 77 (W},.). It implies that a character of mutual intersections of the strips
and horseshoes can cardinally change. It relates, in particular, to the strips o) and
horseshoes Tj(c}) with the same numbers 7. Thus, at varying u bifurcations of cre-
ation/destruction Smale horseshoes will occur in the first return maps Ty (p). We will
study the main accompanied bifurcations in Sections below.
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(e} 1
2m+1 0 o o! 0
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Figure 2.2: The strips o9 and o} for A and 7 of various signs.

2.2 Main results: on cascades of elliptic periodic
orbits

We divide non-orientable APMs under consideration into two groups:

(i) the globally non-orientable APMs when Ty is orientable and Tj is non-orientable
(Ay = 41 and bc = +1), i.e. the condition A’.1 holds;

(ii) the locally non-orientable APMs when Tj is non-orientable (A\y = —1), , i.e. the
condition A’.2 holds.

Note that in the locally non-orientable case the Jacobian of 7T} equals +1 or —1
depending on choice of a pair of the homoclinic points. Indeed, if the Jacobian of T}
is equal to —1 (i.e. bc = +1) for a given pair M+ € W and M~ € W}, of the points,
then, for the pair M+ = Ty(M™T) and M~ of the homoclinic points, the Jacobian of
the new global map T} = TyT; will be equal +1, since .J(T,) = —1. Therefore, in the
locally non-orientable case, we will assume, for more definiteness,
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e that the homoclinic points M € Wj_ and M~ € W}, are such that J(T}) = +1.

Remark 2.2. It can show® that the quantities @ and & from (2.6) do not depend on
choice of pairs of homoclinic points M+ € W and M~ € W}’ ; conditionally that, in
the locally non-orientable case, the points are chosen in such a way that the sign of
J(T1) is not changed.

Theorem 2.1 (One parameter cascades of elliptic points in APMs). Let fo be APM
satisfying conditions A" and B and f, be a one parameter family of close to fo APMs
that unfolds generally (under condition C) at = 0 the quadratic homoclinic tangency.
For any interval I = (—po, pto) values of u, there exists such integer and positive k that
the following holds:

1. (a) In the globally non-orientable case, the maps f,, have no single-round elliptic
periodic orbits, while there exist intervals e C I, k = k. k+1,..., where fu has a
double-round elliptic orbit, of period 2(k + q), which corresponds to a period two point
of the first return map Ty.

(b) In the locally non-orientable case, there exist intervals es,,, and €3, in I for
any integer m such that 2m > k, where the map fu has a single-round elliptic periodic
of (period 2m + q) orbit at u € ey, and has a double-round elliptic periodic orbit at
jE €

2. The intervals ey, as well as e} accumulate to ;1 =0 as k — 0o and do not intersect
for sufficiently large and different integer k if o # 0 in the globally non-orientable case
as well as o # 0 and & # 0 in the locally non-orientable case.

3. Any interval e, has border points pu = p; and p = p; such that the map f,
has a single-round periodic orbit (of period k + q) with double multiplier +1 at p =
and with double multiplier —1 at pn = p, . Any interval €2 has border points p = ,u?’
and j1 = i~ such that the map f,, has a single-round periodic orbit (of period (k + q))
with multipliers +1 and —1 at p = ,uiJr and a double-round periodic orbit (of period
2(k + q)) with double multiplier —1 at 1 = p>~. See Figure 2.3.

4. The angular argument @ of the multipliers e of the elliptic points at yu € ey,
or i € €& depends monotonically on u and the elliptic point is generic (KAM-stable)

T 27

for all such p, except for those where o(u) = 3, 5"

Note that Theorem 2.1 does not give answer on the question on a mutual position of
the intervals e, and e} in the critical cases a = 0 and & = 0. But this moment is quite
important, since relates to the coexistence of elliptic orbits of different periods. The
same as in the symplectic case, we consider this question by means of two parameter
families.

We assume now that fy is a map satisfying conditions A’ and B with o = 0 in the
globally non-orientable case and with & = 0 (when ¢ > 0) or @ = 0 (when ¢ < 0) in the
locally non-orientable case. Denote by H o and 7:[070 codimension 2 bifurcation surfaces
from the space of APMs consisting of maps close to fy and having a nontransversal

lthe same as the invariance of 7 in Lemma 1.5 from Chapter 1
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(b)

Figure 2.3: Bifurcation scenarios in the first return maps 7T} according to item 3 of Theorem 2.1.
We show here that the birth of the elliptic point is happened when increasing p, while for some types
of homoclinic tangencies it can occur at decreasing p. (a) The map T} is orientable, then the value
0= ,uz corresponds to the appearance of a fixed point of T} that is a non-degenerate parabolic fixed
point with double multiplier +1. This point falls into two fixed points, saddle and elliptic ones, when
it € eg. The moment p = p, corresponds to the period doubling bifurcation with the elliptic fixed
point. (b) If T}, is the non-orientable map, then the value y = p; corresponds to the appearance of
a fixed point with multipliers +1 and —1. This point falls into four points, two saddle fixed ones and
other two points compose an elliptic cycle of period 2, when u € €. The moment p = ,ui_ corresponds

to the period doubling bifurcation of this period 2 cycle.

homoclinic orbit close to I'y and such that the condition @« = 0 and @ = 0 holds,
respectively. We will consider two parameter families { f, .} and {f, 4} of APMs which
are transverse to Hoo and 7:[0,0 at p =0,aa =0 and p = 0,& = 0, respectively.

Let D, and D, be sufficiently small neighbourhoods (of diameter e > 0) of the origin
in the parameter planes (u, ) and (u, &).

It follows from Theorem 2.1 that infinitely many such open domains, E? for the
globally non-orientable case and Es, and E3, ., for the locally non-orientable case,
exist in D, and De that the following holds.

o If (1, ) € Ej, then the map f, , or f, 4 has a single-round elliptic orbit of period
(k + q) and if (u, ) € E}, then the map f, . or f,a has a double-round elliptic
orbit of period 2(k + q).
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e The domains Ej and E? accumulate to the axis g = 0 as k — oo.

e Any domain Ej, has two boundaries, bifurcation curves L; and L, , correspond
to the existence of a single-round nondegenerate periodic orbit with double mul-
tipliers +1 and —1, respectively.

e Any domain E? has two boundaries, bifurcation curves L? and Li_, which
correspond, respectively, to the existence of a single-round nondegenerate periodic
orbit with double multipliers 4+1 and a double-round nondegenerate periodic orbit
with double multipliers —1.

In the following theorem we state that the domains Ej, or E? can mutually intersect
for different large enough k.

Theorem 2.2. 1) In the globally non-orientable case, there exist domains E? either in
D, for c> 0 orin D. for ¢ < 0. In D, the domains E? intersect the axis pn and all of
them are mutually crossed for different and sufficiently large k. In D. the domains E?
do not intersect the axis p and are not crossed.

2) In the locally non-orientable case, there exist domains Eay, and E3,,_, both in D,
and ﬁe. In the case ¢ > 0, the domains E»,, are crossed in D, and are not crossed in
lA)e; the domains E§m+1 are crossed in 155 and are not crossed in D,. In the case ¢ < 0,
the domains Es,, are crossed in 136 and are not crossed in D.; the domains Ej, 41 are

crossed in D, and do not crossed in 155.
In the case ¢ > 0, the domain Es,, intersects in D, all domains E22j+1 with 7 > m;

in the case ¢ < 0, the domain Ej, ., intersects in D, all domains Eo; with 3 > m.

In Figure 2.7 some qualitative illustrations to Theorem 2.2 are shown for the cases
where Ay = 41 and the map 7} is non-orientable, (a) and (b), and Ay = —1, (c) and

(d).

We introduce now the following quantities

1
sg" = da™(ac + fax™) +efrnat(1 - Zlfllxﬂ 5 (2.7)
and 1
s = da (ac + faoz™) — Z(f11$+)2 7 (2.8)

which are calculated by coefficients of the global map T}, see formula (1.11), and play
an important role in global dynamics of the map fy with a =0 or & = 0.

Theorems 2.1 and 2.2 show that elliptic single-round or double-round periodic orbits
of different periods can coexist when values of p and « or p and & close to zero.
Moreover, infinitely many such orbits can coexist, in principle, at the global resonance
w=0a=0o0r u=0,&=0. The following theorem give us sufficient conditions for
this event.
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Figure 2.4: Elements of the bifurcation diagrams for the families f, , in the cases with Ay = +1,

where T3 is orientable, (a) and (b), and 77 is non-orientable, (c) and (d).

Theorem 2.3 (On infinitely many elliptic points in non-orientable APMs with homo-
clinic tangency). Let fy be a non-orientable APM with a quadratic homoclinic tangency
(i.e., conditions A" and B hold). We assume also that the resonant condition o = 0 or
& = 0 takes place for fy.

1) Let fy be a globally non-orientable map and o = 0. Then, if s = Spor (See formula
(2.8)) is such that —1 < spor < 0, then fo has infinitely many double-round elliptic
periodic orbits of all successive periods 2(k + q) (where k > k).

2) Let fo be a locally non-orientable map and the homoclinic points M+ and M~
be chosen such that Ty is orientable (by our arrangement), i.e. bc = —1. Then, if
c>0,a=0and —1 < s, < 3, the map fo has infinitely many single-round elliptic
periodic orbits of all successive periods 2m + q (where 2m > k). If ¢ <0, & =0 and
—1 < Spor < 0, the map fo has infinitely many double-round elliptic periodic orbits of
all successive periods of form 2(2m + 1+ q) (where 2m > k).

3) If sop # O;% OT Spor 7 —%; --L. —g, then all these elliptic orbits of sufficiently

ok
large periods are generic (KAM-stable).
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In the rest part of this chapter we prove these and related results.

2.3 The rescaling lemmas in the non-orientable case

We embed fj into a parametric family f. which unfolds generally the initial homoclinic
tangency. Moreover, our main attention will be paid to one and two parameter families
when the parameters € = u, ¢ = (u, ) or € = (u, &), respectively, are considered as
governing ones. Recall that p is the parameter of splitting manifolds W*(O) and
W#(0O) with respect to the homoclinic point M (see formula (1.11)), and « is the
parameter given by formula (2.6).

The main goal of the rest part of the chapter is the study of bifurcations of single-
round periodic orbits. By definition (see Definition 1.1), every such an orbit has only
one intersection point with II* (or with IT7). In turn, this point can be considered
as a fixed point of the corresponding first return map Ty = TyTF : 02 — o2 with an
appropriate integer k > k. Note that the integers k can run all values from the set
{k,k+1,...} where k is some sufficiently large positive integer.

In principle, to study bifurcations, we can write the first return maps 7}, in the initial
coordinates and with the initial parameters ¢, using formula (1.11) for the global map
T, and the corresponding formulas from Lemma 2.3 for maps T¥. However, there is a
more effective way for studying bifurcations. Namely, we can bring maps Ty to some
unified form for all large k£ using the so-called rescaling method as it has been done in
many papers.? After this, we can study (one time) bifurcations in the unified map and
“project” obtained results onto the first return maps 7} for various k.

First we consider the globally non-orientable maps, i.e. we assume that the map
Ty is symlectic (A = v71) and the Jacobian of the global map T} equals to —1 (i.e.
bc = +1). Then the following result holds.

Lemma 2.4. [Rescaling lemma in the globally non-orientable case]

In the globally non-orientable case, for every sufficiently large k, the first return map
Ty, : 0 — a2 can be brought, by a linear transformation of coordinates and parameters,
to the following form

X =Y + kMg,
Jos

Y = M+X—Y2+ﬁ)\kY3+k>\2’%§ :
where functions 5,16’2(X,Y, M) are defined on some asymptotically big domain covering
in the limit k — 400 all finite values of X, Y and M, and these functions are uniformly
bounded in k along with all derivatives up to order (r — 4); and the following formula
takes place for M :

M = —d(14+ v)N (p+ Xe(ea™ —y7) L+ kg Xz Ty7)) — s§7 + vy (2.10)

Zsee, for example, papers [BS89, MR97, GS97, LS04, DGGLO13] in which the rescaling method
was applied for conservative and reversible cases

(2.9)
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where formulas (2.8) valid for s2 and v,® = O(\F), v2* = O(kXF) are some asymp-
totically small coefficients.

Proof. We will use the representation of the symplectic map 7j in the “second normal
form”, i.e. in form (2.2) for n = 2.3 Then the map Ty : o — i, for all sufficiently
large k, can be written in form (1.28).

Then, using formulae (1.11) and (1.28), we can write the first return map T : o} —
0P in the following form

T—at=aXNo+bly—y ) +enly—y )+
+O(KIN ) + |y — vy | + [M*|z|ly — vy~ |),

ARG (1+ k:)\kﬂlxy) + kX*RO(Z| + |g]) =
p+ ek (1 + k)\kﬂlxy) dy —y7)? + A2 foo 2%+
+)\kf11(1 + kN Bury) a(y —y~) + A f12 (y —y )+ fos(y —y7 )%+
+O0 ((y —y )" + N¥[ally — y | RIAPH ]+ BN |]ly — y )
(2.11)
where x = xg,y = Yi.
Below, we will denote by ak, i = 1,2, ..., some asymptotically small in k coefficients
such that ai = O(kA*). Now we shift the coordinates

n=y—y,{=z—a" = Nat(a+ay),

in order to nullify the constant term (independent of coordinates) in the first equation
of (2.11). Thus, (2.11) is recast as follows

€ = a\F& + by + egan? + O (KNF[E] + [n* + [INFO(€]In]))

Nep(1 4 ag) + kAFO(IE] +7%) + kA*O(l7]) =
= M + (1 + oz}c) +n2(d + N froz ™) + N (fria™ + o) + A frién + fosnP+
+0 (n* + E|APFIE] + kA (2 + 1?) + NEn?)
(2.12)
where

My = p+ MN(ext —y )1+ kN BizTy™) + Aot (ac + foor™) + O(kN).  (2.13)
Now, we rescale the variables:

b(1+a3) 4 1+ of k
SRS VY Y% Ky, 2.14
dt N fort T T A N frgrt Y (2.14)

30f course, we lose, a little, in a smoothness, since the second order normal form is C"~2 only,
see Lemma 2.2. However, we get more principally important information on form of the first return
maps. On the other hand, our considerations cover also C'*° and real analytical cases.



68 2. NON-ORIENTABLE APMS WITH HOMOCLINIC TANGENCIES

System (2.12) in coordinates (u,v) is rewritten in the following form
@=v+a\u— %A%Q + O(kNY,
7 = My+u(l+al) — v+ (2.15)

+o(fne” +ap) -

%)\kuv fOSA“ O(kN?F) |

d2

where

d + N frgat
1+ a3

The following shift of coordinates (we remove the linear in v terms from the second

equation)

My = — AR

1 1
Upew = U — §(f111'+ + 042)7 VUnew = UV — §(f11$+ + 042)7

brings map (2.15) to the following form

— v+ aXu— S2NEg2 L O(RAZY),

bd
b g (2.16)
_ 2 11 k 03 \k 3 2k
where e
x
M3 = M2 —l— —(f114 ) .
We make the following linear change of coordinates
T =ut+v, y=v-—7u, (2.17)
where . .
~1 02\t ~2 02 \ k
_ o 2.1
17 bd)\ , U = bd>\ a”. (2.18)
Then, system (2.16) is rewritten as
T =y + M} + O(kX?),
(2.19)

f03

Mz +x —y* + aXy — R\ zy + 2\ + O(kA™)

Yy

where R = (2a + 2eg2/bd — bfy;/d) = 0 by (1.13). Hence, map (2.19) has the following
form

=y + My + O(kA2F),

(2.20)

J=M;+z—y*+a\y+— f03 —Xy? + O(RNF)
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Finally, make one more shift of coordinates

1 1
X =z ——a\ — DiMs, Y =1y — —a)*,
2 2
in order to nullify the constant term in the first equation and the linear in y term in
the second equation of (2.20). After this, we obtain the final form (2.9) of map T} in
the rescale coordinates where formula (2.10) takes place for the parameter M. ]
Now we consider the locally non-orientable case. Thus, we assume that A = —y~L.
Moreover, as our agreement, we take the pairs M+ and M~ of the homoclinic points
in such a way that the corresponding global map 77 becomes orientable (J(T7) = +1),
ie. be = —1.

Lemma 2.5. [Rescaling lemma in the locally non-orientable case]

1) Let a sufficiently large k be even. Then the first return map Ty, : o) — oY can
be brought, by a linear transformation of coordinates and parameters, to the following
form

X =Y+ k:)\%e,{;,

SNV RN

where
M = —d(14+v)N> (p+ XN(ea™ —y™) = s + 1 ; (2.22)

2) Let a sufficiently large k be odd. Then the first return map Ty, : op — o} can
be brought, by a linear transformation of coordinates and parameters, to the following
form

X =Y +k\%e,

v Jos (2.23)
Vo= M4 X —y? =g NVP o+ kXl
where
M = —d(1+ )N (p+ N(ea™ —y™) = s§” +vp ; (2.24)

3) Here functions 5,1{’2(X,}/,M) are defined on some asymptotically big domain
covering in the limit k — 400 all finite values of X, Y and M, and these func-
tions are uniformly bounded in k along with all derivatives up to order (r — 4));
v = O\F), vt = O(kN¥) are some asymptotically small coefficients.

Proof. We will again use the representation of the map Ty in the “second normal form”,
now in form (2.2). Then the map TF : o — o}, for all sufficiently large k, can be
written in form (2.5).

Evidently, in the case 1) of the lemma, the proof does not differ from the symplectic
case, only 81 = 0 here, which gives us the sought result.



70 2. NON-ORIENTABLE APMS WITH HOMOCLINIC TANGENCIES

In the case 2) of the lemma, we proceed in the same way as at the beginning of
Lemma 2.4 and since 7% = —\*, obtain the following formula, analogous to (2.12),

€ = al*& +bn + eqn® + O (RA*IE] + nf* + [NFO(IE]n]))

—MNi(1+ aj) + ENFO(IE] + 77) + kX*O(|q]) =
= My + X (14 a}) + P (d+ N froa™) + My frux® + o) + N fi€n + fosn®+
+O (n* + EIAPFIE] + ENR(E +1?) + AR |En?)
(2.25)
where

My = p+ N(ea™ +y7) A+ ENBizTy™) + A 2T (ac + foox™) + O(kN*F).  (2.26)

(the difference is only that the factor —A* stands in the left side of the second equation
and (cxt +y7) is in formula for M;).
Now, we rescale the variables:
b(1+ )

1+a?
— )\k ’ o k
d + )\kflg.l'+ R

=k Nk, 2.97
d + )\kflgiler v ( )

§
System (2.25) in coordinates (u,v) is rewritten in the following form
- k €02 \k_ 2 2k
u=7v+al u—l—g)\ v° + O(EA™Y),
7= My+u(l+a}) — v+ (2.28)
b
—v(furt +af) - %)\kuv — %)\%3 + O(kXN*)

where

The following shift of coordinates (we remove the linear in v terms from the second
equation)

1 1
Upew = U + §(f115(7+ + 052>7 Unew = U + §(f11$+ + Oég),

brings map (2.28) to the following form

=0+ au+ 2 k2 4 O(kA?),

bd ( )
2.29
~ o Jub Jo3 \k 3 2%
v=Ms;+u—wv —7)\ uv—ﬁ)\v + O(kX™")
where o
M3:M2+M_

4
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We make the following linear change of coordinates

T =ut+v, y=v-—ru, (2.30)
where . .
1 02\ k ~2 02\ k k
= = — . 2.31
17 bd>\ bd>\ + a\ (2.31)

Then, system (2.29) is rewritten as

Kl

(2.32)

f03/\k 3 O(k,)\2k) 7

= M;+z—1y>—ay+ R\Nwy —
where R = (2a — 2eg2/bd — bfy,/d) = 0.

Finally, make one more shift of coordinates
Lok | -1 Lok
X:x+§a)\ + v, M, Y:y+§a)\,

in order to nullify the constant term in the first equation and the linear in y term in
the second equation of (2.32). After this, we obtain the final form (2.23) of map 7} in
the rescaled coordinates where formula (2.24) takes place for the parameter M. O

2.4 Proof of the main results

Theorems 2.1, 2.2 and 2.3 are proved translating the results on bifurcations of fixed
points of the first return maps 7T} to single-round periodic orbits of f,, f.a or fu.a-
Bifurcations in first return maps 7} can be studied with using their normal forms
deduced by the rescaling lemmas 2.4 and 2.5. Since these normal forms coincide up
to asymptotically small as k — oo terms with the non-orientable conservative Hénon
map, we recall in the next section some necessary results on bifurcations of fixed points
in one parameter families of conservative Hénon map in non-orientable case.

2.4.1 On bifurcations of fixed points in the conservative Hénon
maps

Thus, the Rescaling Lemma 2.4 and 2.5 show that the unified limit form for the first
return maps 7}, is the conservative Hénon map

T=y, j=M+vr—y> (2.33)

(orientable, if ¥ = —1, and non-orientable, if v = +1). Bifurcations of fixed points in
the conservative Hénon family are well known.
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In the case v = —1, the Hénon map has a generic elliptic fixed point for every
M € (—1;3) except for sy = 0 when ¢ = 7/2 and sy = 5/4 when ¢ = 27/3. These
cases corresponds to the strong resonances 1 : 4 and 1 : 3, respectively. The conservative
resonance 1 : 3 is non-degenerate, while 1 : 4 is degenerate: the so-called case “A =17,
[Arn96, AATIS86], is realized here. However, it is important that in the first return
map (2.9), when the coefficients fy3 is non-zero, the resonance 1 : 4 becomes non-
degenerate [Bir87, Gon05], see also Appendix A. The conservative Hénon map has also
fixed parabolic points, at M = —1 with multipliers v, = 1, = +1 and at M = 3 with
multipliers vy = v, = —1. The corresponding bifurcations are nondegenerate. See
Figure 2.5 for an illustration.

Figure 2.5: Bifurcations of fixed points in the Hénon map: (a) the main scenario, here /,L; < g
(if d > 0, then pf > py); (b)—(c) bifurcations near resonance 1 : 4 in map (2.9) for the cases (b)
v = fosd 2AF > 0 (here the fixed point is always elliptic) and (c) v < 0 (for B = 0 the fixed point

is a saddle with eight separatrices); here § is a parameter characterizing a deviation of ¢ from /2.

In the case v = 41, the Hénon map is non-orientable and, thus it does not have
elliptic fixed points. However, elliptic points of period 2 exist for M € (0,1). The
map has no fixed points for M < 0, it has one fixed point O(0,0) with multipliers
v = 41,15 = —1 at M = 0 and two saddle fixed points (Oy(—v/M,—+/M) and
O2(vVM,/M)) at M > 0. Besides, an elliptic orbit of period 2 exists for 0 < M < 1,
it consists of two points (p,(—v/M,v/M) and py(v'M, —v/M)); the value M = +1
corresponds to the period doubling bifurcation of this orbit. See Figure 2.6 for an
illustration. Note that the elliptic orbit of period 2 is generic for all M € (0, 1) except
for M = %, M = % which correspond to the strong resonances 1 : 4 and 1 : 3,

respectively, and M = g which corresponds to the zero first Birkhoff coefficient at the
cycle {p1, p2}, see [DGGLO13].
It is also known (see, e.g., [DN78, AS82]) that, if M > 5+ 2/5 (this is only
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(a) M=0

Figure 2.6: The main bifurcation scenario in the non-orientable conservative Hénon map.

a sufficient condition), then the nonwandering set of map (2.33) is Smale horseshoe
which is orientable for » = —1 and non-orientable for v = +1.

2.4.2 Proof of Theorem 2.1

The proof is deduced from the rescaling lemmas 2.4 and 2.5. Indeed, since bifurcations
of fixed points of the Hénon map are known, we can use this information directly for
recovering bifurcations of single-round periodic orbits in the family f,. We need only
to know relations between the parameters of the rescaled map (2.9) and the initial
parameters (i.e., in fact, between M and pu).

In the globally non-orientable case, the relations between M and p are given by
formula (2.10) from which we find p as follows

1
==Xy a1+ ks aTy™) — E(M + S0 4 pe) AR (2.34)

+
where pi = O(kM*) is some small coefficient and o = i — 1 (see formula (2.6)).

As it follows from Lemma 2.4, the conservative non-orientable Hénon map z =
y, ¥y = M+ x—y?* where M satisfies (2.10), is normal (rescaled) form for the
first return maps 7}, with all sufficiently large k. This Hénon map has no elliptic fixed
points, however, period 2 elliptic points exists for 0 < M < 1. Thus, we obtain, by
(2.10), that the first return map T}, has a fixed point with multipliers v; = +1,v5 = —1
(i.e. when M =0) if

1 .
b= = Ayl KB YT) — (5 + N (2.35)

and a period 2 point with multipliers 1 = vy = —1 (i.e. when M = 1) if

1
— (80" 4 1+ pr) A, (2.36)

p=p =Ny a(l+khNatyT) - <
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Thus, the first return map 7} has in this case a period two elliptic periodic point when
p € €2, where 7 is the interval of values of y with the border points yu = uf and
p = ;. Evidently, if o # 0, the intervals e} with sufficiently large and different k do
not intersect.

In the locally non-orientable case, as our agreement, we take such a pair of ho-
moclinic points M* and M~ that the global map 7} is orientable (i.e. J(T}) = 1).
Then, evidently, the first return maps T = TyT¢ will be orientable for even k and
non-orientable for odd k (i.e. J(T}) = (—1)*).

Consider first the case of even k. By Lemma 2.5, the normal rescaled form for T}
is the Hénon map X =Y, Y = M — X — Y2, where M satisfies (2.22). We find from
here that p is given by the relation

1
p= =Xy = (M4 g+ RN, (2.37)

for even k, where pl. = O(kA*), a is given by (2.6) and s3™ by (2.7). In this case, since
the Hénon map has parabolic fixed point for M = —1 and M = 3, we obtain that the
interval e; with even k has border points u = p and g =y, where

_ L o R
i = Nyma = S (g = 14 AT, (2.38)
1
e = Ny a— E(sgr + 3+ PPNk (2.39)

Here, the map T} has a fixed point which is parabolic with multipliers vy = v, = +1
for u = p;” and with multipliers v, = v, = —1 for u = p; and elliptic for p € e.
Note that here k runs all sufficiently large even integers and, evidently, if o # 0, the
intervals e, with different sufficiently large even k£ do not intersect.

Consider now the case of odd k. Then the map 7T} is non-orientable and its normal
rescaled form is the non-orientable conservative Hénon map 7 =y, § = M + x — 2,
where M satisfies (2.24). Then we find that the interval e} has border points p = p;,
and p = ui_, where

~ 1 nor ~
piE = =N = (s AN (2.40)

1
pE = =y a (T N, (2.41)

where & = cz/y~ + 1 and sJ" is given by (2.8). If & # 0, the intervals e} with
sufficiently large and different (odd) numbers k& do not intersect. It completes the
proof of Theorem 2.1.
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2.4.3 Proof of Theorems 2.2 and 2.3

Proof of Theorem 2.2. 1) In the globally non-orientable case, by (2.35) and (2.36) the
equations of bifurcation curves L{™ and L2, which are boundaries of the domain E?,
can be written as follows

cxt SnT 4

L2 = —)\by (yi - 1) (L+ kitaty™) — L ak, (2.42)
9 v _ [cxt TR B S P,
e L (2.43)

Since A?* < A it means that the domains E? with sufficiently large k are not mutually
crossed and do not intersect the axis u = 0, if cx™ # y~. Thus, the domains do not
intersect always in the cases with ¢ < 0 ((as in Figure 2.7 (a)—(c)). However, at the
global resonance a = (cx™/y~ —1) = 0, as it follows from (2.42) and (2.43), all domains
E? with sufficiently large k are mutually crossed and all of them intersect the axis 1 = 0
(as in Figure 2.7 (d) and (e)).

2) In the locally non-orientable case we have, by (2.38) and (2.39), that the domains
FEs,,, have boundaries

+ 1—s9"+4 ...
Li . p=—\"y~ (ﬂ - 1) Pk LS U (2.44)
Yy~ d
+ 3 ar 4+ ...

corresponding to the existence of a parabolic single-round periodic orbit with double
multiplier +1 at (u,a) € L3, or with double multiplier —1 at (u,«) € L. At the
same time, by (2.40) and (2.41), the domains E3, ., have boundaries

+ nor
L3h,y p= A2ty (i + 1) ey, (2.46)
Y

+ 1450
Loyt = =Ny~ (Cyi + 1) - %X‘m“, (2.47)

corresponding to the existence of a single-round periodic orbit with multipliers +1 and
—1 at (u,&) € L3}, or a double-round periodic orbit with double multiplier —1 at
(1, @) € Lipn sy

Thus, for the diffeomorphisms under consideration with ¢ > 0, the global resonance
occurs at o = 0. It corresponds to such situation when all the domains Es,, (with
sufficiently large m) mutually intersect and intersect the axis p = 0 near the origin
o =0, = 0, whereas, the domains E3,, ., do not intersect for different and sufficiently
large m, accumulate to the axis ;1 = 0 as m — oo but do not intersect it, see Figure 2.8
(a). Otherwise, for the case ¢ < 0, the global resonance occurs at & = cx™t/y~ + 1 =
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Figure 2.7: Elements of bifurcation diagrams for families f, , in the globally non-orientable case.

0 and correspond to the situation when the domains E3, ., mutually intersect and
intersect the axis g = 0 (near the origin & = 0, u = 0), whereas, the domains FEs,, do
not intersect for different and sufficiently large m, see Figure 2.8 (b). It completes the
proof. O]

Proof of Theorem 2.3. Assume, for more definiteness, that d > 0 for all cases under
consideration. The case d < 0 is treated in the same way.

1) Let fo be a globally non-orientable map with e = 0. Then, for the one parameter
family f, with fixed o = 0, the intervals e} have, by (2.35)-(2.36), a form

2%k
a
Evidently, if —1 < s{" < 0, these intervals will be nested and containing p = 0. It

implies that the diffeomorphism fy has infinitely many double-round elliptic periodic
orbits.

2 nor nor
e, = (—1 — 55", —sp
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Figure 2.8: Elements of bifurcation diagrams in the locally non-orientable case: (a) for a family

fu.a; (b) for a family f, 4.

2) In the locally non-orientable case, let fu have cxt =y~ and be = —1, i.e. a =0
and the global map T is orientable. In the family f, with fixed o = 0, by (2.44)—(2.45),
the intervals ey, have a form

)\4m

€om = (=3 —Sor, 1 — 5o) T

These intervals of values of p will be nested and all contain p = 0 for all sufficiently

large m if —3 < s, < 1. It implies that the diffeomorphism f, has infinitely many
single-round elliptic periodic orbits.

In the locally non-orientable case, let now fy be such a map that cx™ = —y~ and

bc = —1, i.e. @ = 0 and the global map 7} is orientable again. Consider the one

parameter family f, with fixed & = 0. Then, by (2.46)—(2.47), the intervals €3, ,,+

have a form
>\4m+2

d
If —1 < 5,0, < 0, these intervals are nested and all contain p = 0. It implies that the
diffeomorphism fy has infinitely many double-round elliptic periodic orbits.

3) For the globally non-orientable case with a = 0, as follows from Lemma 2.4, all
the first return maps 7}, (with sufficiently large k) are reduced to the same rescaled
normal form — the non-orientable Hénon map z = y, § = —sp + z — y?. It is well
known that, for —1 < s,,. < 0, the period 2 elliptic point of this map is generic if
Snor 7 —%; —\%; —g. The exceptional cases relates, respectively, to resonances 1 : 4,
1 : 3 and such elliptic point whose first Birkhoff coefficient is zero.

For the locally non-orientable case with o = 0, as follows from Lemma 2.4, all
maps 15, are reduced to the same rescaled normal form — the orientable Hénon map
T=1y, =5 —x—y> Itis well known that, for —3 < s,,, < 1, this map has a

e§m+1 = (=1~ 8o, —50r)
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fixed elliptic point which is generic (KAM-stable) if s,. # {0; _\/il}' The exceptional
cases relates, respectively, to the strong resonances ) = /2 and ¢ = 27/3.
For the locally non-orientable case with & = 0, all the first return maps 75,1 are

reduced, by Lemma 2.5, to the the non-orientable Hénon map = = y, § = —s§ +z —y>
and, thus, if s,,. # —%; _\/Li; —g, the corresponding double round elliptic periodic

orbits are generic. It completes the proof. O



Chapter 3

Bifurcations of cubic homoclinic
tangencies in area-preserving maps

In this chapter we study bifurcations of cubic homoclinic tangencies in two-dimensional
symplectic maps. We distinguish two types of cubic homoclinic tangencies, and each
type gives different first return maps derived to diverse cubic conservative Hénon maps
with quite different bifurcation diagrams. In this way, we establish the structure of
bifurcations of single-round periodic orbits in two parameter general unfoldings. Note
that the results of this chapter generalize to the conservative case the results of [Gon85]
obtained for the dissipative case.

3.1 Preambles

Bifurcations of cubic homoclinic tangencies in general setting were studied in [Gon85],
see also [GK88, Tat91, GST96a]. More precisely, in [Gon85] there were studied bifurca-
tions of a (m + 2)-dimensional C”-smooth flow Xy, where m > 1 and r > 6, satisfying
the following conditions:

e X; has a saddle periodic orbit Ly with multipliers Aq,...,\,, and 7 such that
Am| < -+ < |A1] < 1 < |y] and either

A1 is real and |\| > |Ag]; or
>‘1 = XQ = peiS@’ ¥ 7é 0,, |>‘1| > |)\3|7
e the saddle value o = |\ ||7] < 1;

e the stable W and unstable W invariant manifolds of L, have a tangency of the
second order (i.e. the cubic homoclinic tangency) along a homoclinic curve T'y.

In this chapter we consider the case 0 = 1. Moreover, we restrict ourself to two-
dimensional symplectic diffeomorphisms whose bifurcations of cubic homoclinic tan-
gencies will be studied.

79
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/ «incoming
from below» |

«incoming
from above»

Figure 3.1: Two types of cubic homoclinic tangencies: (a) “incoming from above” and (b) “incoming

from below”.

Let fo be a C"-smooth, r > 5, two-dimensional symplectic diffeomorphism which
satisfies the following conditions:

(A) fo has a saddle fixed point O with multipliers A and A™!, where |\| < 1;

(B) the invariant manifolds W*(O) and W*(O) have a cubic homoclinic tangency at
the points of some homoclinic orbit I'.

We distinguish two types of cubic tangencies of W*(O) and W*(O) at a homoclinic
point: the tangency of the first type or “incoming from above” and the tangency of
the second type or “incoming from below”. Both these types are shown in Figure 3.1.
When the multiplier A is positive the type of tangency will be the same for all points of
the homoclinic orbit. However, if X is negative the tangencies “incoming from above”
and “incoming from below” will be alternated from point to point. Note also that
bifurcations in these two cases are quite different, compare bifurcation diagrams of
Figures 3.4 and 3.5 that are be typical for first return maps, respectively, for the case
of “incoming from above” and “incoming from below” homoclinic tangencies.

Let HY% be a codimension two bifurcation surface composed of symplectic C"-maps
close to fp and such that every map of HY has a nontransversal — cubic tangency —
homoclinic orbit close to I'y. Let f. be a family of symplectic C"-maps that contains
the map fy at € = 0. We suppose that the family depends smoothly on the parameters
e = (&1, ..., &) and satisfies the following condition:

(C) the family f. is transverse to H} at e = 0.
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As in Chapter 1, let U be a small neighborhood of the contour {O,T'y}. It consists
of a small disk Uy containing O and a number of small disks surrounding those points

of T'y that do not lie in Uy, see Figure 3.2.
A% r
0

1 y

—
— %ﬁﬁw

Figure 3.2: An example of planar map having a cubic homoclinic tangency along a homoclinic orbit
To.

In this chapter we study bifurcations of single-round periodic orbits within the
families f.. Note that every point of such an orbit can be considered as a fixed point
of the corresponding first return map T), = T1 Ty, where Ty = Tp(e) is local map and
Ty = Ti(e) is the global map that can be introduced in a similar way as in Chapter
1. For analytical constructions of Ty and T3, we use the local coordinates (x,y) € Uy
in which Tj takes the first order normal form given by Lemma 1.1 (for n = 1). We
choose a pair of points M+ = (z%,0) € W _.(O) and M~ = (0,y~) € W.(O) of the
homoclinic orbit 'y (we assume that ™ > 0 and y~ > 0) and their sufficiently small
neighbourhoods IT* and IT™, respectively. We suppose that fJ(M~) = M™ for some
integer ¢. Then the global map Ti(¢) = f2: II- — II" is written as follows

T—at=F(z,y—vy ,e), 7=G(z,y—y,e), (3.1)

where F(0,0,0) = 0,G(0,0,0) = 0 and the following relations
0G(0) 9’G(0) *G(0)
dy oyt oyt
hold due to the condition B which means that at ¢ = 0 the curve T3 (W},.) : {7 — 2t =
F(0,y —y7,0),5y = G(0,y — y—,0)} has a cubic tangency with W : {g =0} at M.
When parameters vary this tangency can split and, by condition C, the family (3.1)

unfolds generally the initial cubic tangency. In this case the global map 77 can be
written in a certain normal form that the following lemma shows.

=0,

6d #£ 0 (3.2)
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Lemma 3.1. If the condition C holds, the map Ti(€) can be written in the form

T—at=ar+bly—y )+0 @+ (y—y )%,

_ _ - _ _ 3.3
J= 1t oy —y) +ex+dly —y )P+ 0@+ ally—y |+ y—y)hy, &P

where the coefficients a,b,c,d as well as 7, y~ depend smoothly (the smoothness is
the same as for the initial map (3.1)) on the new parameters € such that u; = €1 and

Mo = E2.

Proof. By virtue of (3.2), the equation 0*°G(z,y —y~,€)/dy* = 0 for small z and ¢ can
be resolved with respect to y. This solution has the form y — y~(¢) = ¢(z,e) where
©(0,e) = 0. Then, we can write the following Taylor expansion with the remainder
term for the function G near the curve y — y~(g) = p(z,¢):

0G (z,0,¢ _ PG (x,0,¢ _ _
G = G(%QéH%(y—y —90)+((9—y3)(y—y —0)P+0 ((y—y~ —9)").

Since ¢ = ¢(x,e) = O(z), we can write

G = Ei(e) +er+ Exle)(y—y ) +dly —y )’+
+O0 (2 + |zlly —y |+ (y—y)),

where E;(e) = G(0,0,¢), Eq(e) = Gy(0,0,¢) and, hence, E;(0) =0, i =1,2. Then the
map 71 () can be written in the following form

T—at=ar+by—y )+0@*+y—-y)%),
J=FEi(e) +cx+ Eye)ly—y ) +dly—y )+ (3.4)
+O (@ +|z|ly —y7 |+ (y—y)h).

Putting = 0 in (3.4) we find the equation of the curve T3(W}“,) C IIT in the following
parametric form

T—at=by—y )+0(y—y )%, (3.5)
7=FEi(e)+Exe)y—y ) +dly—y )’ +O0((y—y)"), '

where (y — y~) is the parameter now. Since b # 0, we find from the first equation of
(3.5) that y —y~ = (z —27)/b+ O ((z — z%)?) and, thus, we can write the explicit
equation of the curve Ty (W) C II* as follows

Es(e)
b

Condition C means that E;(0) = 0, E/(0) # 0 and the coefficients E;(¢) and Ey(¢) can
take any values from the ball ||e|| < &y, where dy > 0 is a small constant. Thus, the
system py = E(¢), o = Ea(e) has always a solution and we can consider p; and ps as
new parameters. 0

y=FE(e) + (z—2")(1+0 (x—2z%)) + b%(x — 273+ 0 ((z — )Y, (3.6)
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3.2 On bifurcations of periodic orbits

Due to Lemma 3.1, we can consider directly two parameter families f,, ,, of symplectic
maps. By our construction, p; and uo are the parameters of splitting of the invariant
manifolds W#(O.) and W*(O.) with respect to the homoclinic point M. Indeed, by
(3.6), the curve I, = Ty (W%, N 1I7) has the equation

d
Ly @ y=pn+ %(m —zN) (1+0(x—a2™)) + b—g(a: 2t +0((z—2)Y. (37
Thus, the family f,,, ., is a general two parameter unfolding of the initial cubic tangency
which takes place at 1 = pe = 0. For any such unfolding, the curves W} and T7(W}",)
must have a quadratic tangency for certain values of uq and po. It is true for our family
for which the following result holds.

Theorem 3.1. On the (u1, p2)-parameter plane there exists a bifurcation curve By:

i = +2d [—’;—;(1 +0 (M))]w

(see Figure 3.3) such that at j € By the map f, has a close to I'y homoclinic orbit of
a quadratic tangency of the manifolds W*(0O,,) and W*(O,,).

Proof. Consider the curve [, given by the equation (3.7). If this curve has a tangency
with the line y = 0, the following system has solutions

i+ 260+ 00) + € +0 (¢) =0,
d
pa(1 4 0(6) + 356 + 0 (€9) =0,

where £ =z — 2. We solve the second equation for £ as follows

(. ib\/—uz(lJrO(\/W))

3d

Putting this value into the first equation we find the equation of the curve By. n

Now we start studying bifurcations of single-round periodic orbits in the family
fuipe- As well-known it is the same as to study bifurcations of fixed points in the first
return maps Ty = T,Ty for every sufficiently large integer k (k = ko, ko + 1,...). We
again apply the rescaling method to find normal rescale forms for these maps. The
result is the following

Lemma 3.2. [Rescaling Lemma for cubic homoclinic tangencies]
For every sufficiently large k the first return map Ty can be brought, by a linear trans-
formation of coordinates and parameters, to the following form

= y+O(\),
= M, —x + My + vy® + O(\F),

I

(3.8)

<
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(a)

Figure 3.3: The bifurcation curve By in (a) “incoming from above” (d > 0) and (b) “incoming from
below” (d < 0) cases. For pu € I the map f, has only one (single-round and transverse) homoclinic

orbit close to I'y, whereas, three such orbits exist when p € I1.

where

v = sign (d\F), (3.9)
My = /[dNF2 (i = Ne(y™ — ca™) + O (kM)
My = X% (uz + furzt + O (kX))
and f11 = G4y(0).

(3.10)

Proof. By Lemma 1.2 and (3.3), the first return map T}, = T1Ty can be written as
follows

T—at = aNz+bly—y )+ O (EXN*z] + | A¥z)|ly — v | + (y —y7)?),
N1+ kXNO(Z,9) = o+ pe(yy —y™) +d(ys —y )2 + e ot (3.11)
+ O (kX*|z| + | A*z|ly —y~|) + O ((y —y7)h)

We shift the coordinates, ¢ = x—z"+aj,n = y—y~ +a?, where ai = —a\* 2T +O(k\?),

1
ar = —%A%* + O(EX*) and fip = §ny2<0). Then the system (3.11) is rewritten

as follows

= aXf& +bn+ O (ENFIE| + | A*IE]In] +n?)

= AP (1 — My~ —ca™) + O(BN?)) + X7 (o + fuXia™ 4+ O (kA%F)) n+
+dA7Fp3 4 cx + O (kAFE] + [€]In]) + A Fo (P).

)y

(3.12)
Here the first equation of (3.12) does not contain constant terms and the quadratic
term 72 vanishes in the second equation.
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Finally, by means of the coordinate rescaling

)\ks/2 )\k/2
E=b"= 12, 1= "=y
Vd| Vd|
we bring the map (3.12) to the form (3.8). O

3.2.1 The description of bifurcations of fixed points in the
cubic Hénon maps

By Rescaling Lemma 3.2, the following conservative cubic Hénon maps

=vy, §y = M—z+My+y (3.13)

Kl

and
=y, § = M —x+ My—y (3.14)

&I

have to be considered as certain normal forms for the first return maps in the cases
d\* > 0 and d\* < 0, respectively. Thus, if A > 0, the map (3.13) relates to the
cubic homoclinic tangency with d > 0, i.e. the tangency “incoming from below” (see
Figure 3.1 (b)), while the map (3.13) relates to the cubic homoclinic tangency with
d < 0, i.e. the tangency “incoming from above” (see Figure 3.1 (a)). In Figures 3.4 and
3.5, the main elements of the bifurcation diagrams for these cubic maps are presented.

The bifurcation curves in these figures are found analytically (see e.g. [GK88]) and
their equations are as follows (v = 41 and v = —1 relate to the map (3.13) and (3.14),
respectively):

2 — My\*?
Lt Mlzi—2< 2)

—9 M\ /2
—2> (4 — M)

(3.15)

C’fo M, =42 <+) in the case v = +1
Cff2 : M1 = :i:2 (

3/2 A
> , M22—§ in the case v = —1

1
Ciy: M} = 2160 [12 + M, + S]?[-5M, — 12+ S], where

14
S = \/9IM2 + 24 M.
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! (a) Main elements of the bifurcation diagram , (b) Main symmetric bifurcations (M =0) !

! M\

cusp bifurcation:

saddle-plus (fixed) ----- >
2 saddles (fixed) + elliptic (fixed)

period doubling:

elliptic (fixed) ------ >
_ saddle (fixed) + elliptic (period2) .

cusp (period 2) :

RN elliptic (period 2) ----- > X
§2 elliptic(period2) + saddle(period2)
R

second period-doubling
(with both elliptic period2 points )

I (c) some non-symmetric bifurcations I

! fold bifurcation:  birth of saddle and period doubling |
1 = elliptic fixed points (of elliptic fixed point) .
D= g .

Figure 3.4: (a) The main elements of the bifurcation diagram for the map (3.13). The codimension
2 bifurcation points b; are as follows: b; — a nonhyperbolic saddle fixed point with double multiplier
+1 exists; b — two period 2 cycles with double multiplier +1 exist; bé’2 — two parabolic period 2
cycles with double multipliers —1 and 41, respectively, coexist; by — two period 2 cycles with double
multiplier —1 coexist. Examples of (b) symmetric (M; = 0) and (c) asymmetric (M; # 0) bifurcations

are shown.
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i (a) main elements of bifurcation diagram ' (b) main symmetric bifurcations (for M =0)

saddle-minus (fixed) ===-->
saddle (period2) + elliptic (fixed)

elliptic (fixed) =====----- >

. y\‘
cusp bifurcation &/
,/ saddle (fixed) + 2 elliptic (fixed)@

/

double .
period-doubling \\4
— 0o .-
two elliptic (fixed) ------ >

2 saddle (fixed) + 2 elliptic (period2)

7 b
*\,double second - N
B . .
period-doubling
with both elliptic (period2)

®

(c) some non-symmetric fold bifurcations

fold bifurcation: birth of saddle and
@ — or @ elliptic points of period 2

fold bifurcation: birth of saddle S1 and

D= @

elliptic E1 fixed points

o

Figure 3.5: (a) The main elements of the bifurcation diagram for the the map (3.13). The codi-
mension 2 bifurcation points b; are as follows: b; and b} correspond to the existence of a fixed point
with double multiplier —1, zero first Lyapunov value and nonzero second one; by — a triple (stable)
fixed point exists ; by and b; — two fixed points with multipliers (—1,—1) and (41, +1) coexist; by —
two fixed points with multipliers (—1,—1) coexist; b5 — two period 2 points with multipliers (—1, —1)

coexist.
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Here the following bifurcation curves are indicated: L™ is the line of conservative fold
bifurcation (the birth of a parabolic fixed point with double multiplier +1); L~ is the
line of conservative period doubling (connected with the appearance of a fixed point
with double multiplier —1); C’ff , 1s the line of conservative fold bifurcation for period 2
points; C7;, is the line of conservative period doubling bifurcation for period 2 points
(second period doubling).

For cubic Hénon maps of form & =y, § = M; — bz + M,y & y>, main bifurcations
were studied in [GKS88|. However, the main attention in [GK88] was paid to the
dissipative case |b| < 1. Nevertheless, one can show that the bifurcation scenarios
in conservative case (b = 1), i.e. for maps (3.13) and (3.14), are quite similar, in
many aspects, to the case 0 < b < 1. But we need to remember that the maps under
consideration are area-preserving and, hence, a big specific presents here.! Then the
main bifurcations (bifurcations related to fixed points) are as follows.

Bifurcation scenario in the map (3.13), see Figure 3.4. For (M, M) € 1 the map
(3.13) has only one fixed point p; which is a saddle-plus (with multipliers A and A1,
where 0 < A < 1). The transition 1 = 2 corresponds to the birth of a pair (saddle and
elliptic) of fixed points. When (M;, My) = by, the fixed point p; is a non-hyperbolic
saddle with double multiplier 41, and this point falls in 2 onto 3 fixed points (two
saddle and one elliptic) under a conservative cusp-bifurcation. The transition 2 = 3
corresponds to a nondegenerate period-doubling bifurcation of the elliptic fixed point.
Thus, for region 3, the map (3.13) has 3 saddle fixed points (two saddle-plus and one
saddle-minus) and one period two elliptic orbit. Further primary bifurcations, when
crossing the curves Ly and L, , relate to points of period 2 and more and, therefore,
we do not observe them (see e.g. [GK88]).

Bifurcation scenario in the map (3.14), see Figure 3.5. For (M, M3) € 1 the map
(3.14) has only one fixed point p; which is a saddle-minus (with multipliers A and A™!,
where —1 < XA < 0). The transition 1 = 2 through the segment (b, b}) of the curve
L~ corresponds to the period-doubling bifurcation of the saddle point p;: the point
becomes elliptic fixed one and a saddle period two orbit is born in its neighbourhood.
A transition 1 = 2’ (as well as 1 = 2”) implies the birth (under conservative fold
bifurcation) a pair of saddle and elliptic period two points. A transition 2" = 2
corresponds to a period-doubling bifurcation under which the period 2 elliptic orbit
merged with a saddle fixed point and becomes a fixed elliptic point. Thus, in the
region 2 the map (3.14) has an elliptic fixed point and a saddle period two orbit.
We also illustrate in Figure 3.6 bifurcations happened when a passage of (M, M,)-
values around the point b;. Transitions cross the curve LT (such as 2 = 3, 2 = 3
etc) correspond to the appearance of two new fixed points, saddle and elliptic ones,
under a conservative fold bifurcation. The elliptic fixed points undergo period-doubling
bifurcation at transitions 3 = 3', 3 = 37, 3’ = 4 etc. We note that at (M, Ms) = by
a triple (stable) fixed point exists which falls in 3 onto 3 fixed points (two elliptic and

Lfor example, the presence of homoclinic and heteroclinic structures is quite usual phenomenon in
conservative dynamics even in the case of simple bifurcations...
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Figure 3.6: Bifurcations around the point b; of the bifurcation diagram of Figure 3.5. Region HZ
(homo-heteroclinic zone) corresponds those values of (M7, Ms) at which invariant manifolds of all
saddles are intersected. In a rough approximation, these bifurcations are similar bifurcations of two

dimensional Hamiltonian system whose potential function is symmetric and changes as in the figure.

one saddle).

3.2.2 Bifurcation Theorem

Due to the Rescaling Lemma 3.2, we can recover bifurcations of single-round periodic
orbits in the initial family f,, ., of symplectic maps. As result, we obtain the following

Theorem 3.2. 1) In any neighbourhood of the origin in the (1, 12)-plane, there exist
infinitely many bifurcation curves L and L; as well as C’f; and Cf}g (see formulas
(8.16)) which accumulate at the curve By from Th. 3.1 as k — oo. The map Ty (u)
has a parabolic fized point with multipliers vi = vy = +1 at p € L} and a fized point
with multipliers vy = vy = =1 atpe L, . If p € C’fg (resp., | € Cf;), then the map
Ti(1) has a period two point with multipliers vy = vy = 41 (resp., v = ve = —1).
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2) For any sufficiently large k, in the (u1, u2)-plane there is a domain Ej, between
the curves L and L, (see Figure 3.8) such that the map Ty(n) has a fized elliptic
point at p € Ey. This point is generic for all such u except those ones which belong to

the curves of strong resonances when the multipliers are vy 9 = eTim/2 o Vi = eFi2n/3
[T SN\A M g - .
YIS v ket A K L, M w
NN\ g I
RN N7 | AT T
I \“ b L‘m E p.‘Zm+1 Y i
_ 3 Y 4 - . /\B "
L o g ! /1\° N
3 3 3 ; K 2 2m+1 “
, AW T )
WA YR o XN
& “»:\ e \\ “‘\
(@) d>0,2>0 (b)  d<0,2>0 (c)  d>0, %<0

Figure 3.7: Main elements of bifurcation diagram for the families f,, ,,, in different cases.

Proof. This theorem is a corollary of the Rescaling Lemma 3.2 and the translation of
the bifurcation scenarios for fixed points of first return maps (the conservative cubic
Hénon maps, see Section3.2.1) to the corresponding single-round periodic orbits of

fu1,ll2‘
We find the equations of the curves L, L, and Cf; on the (i1, p2) -plane using

formulas (3.15) and (3.10). We obtain the following formulae:

2 —(2+ fuat)NF — py v %
3v

L =Ny —cxt+...)%

L, =My —ext+..)+
X ((4—f11:1:+))\k—,u2 (1—|—),

SRt 2 <_(4+f11w1+))\k_ﬂz)3/2(1+m) (3.16)

Jd 3

Ch = MMy — e

in the case d\* >0,

_ 2 4+ frat™ I+ o 82
Cry e =Ny —ext...) £ < (1+...),
’ Vd| 3

oA (14 > —3 in the case d\* <0,
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2k

2k
(@) d>0, A*>0 (b) d<0, A*>0

Figure 3.8: Bifurcation curves of the map Tj(p): a) the case d > 0, \* > 0, b) the case
d < 0,\* > 0. The shaded region Ej, with boundaries L and L corresponds to those
values of p at which the map Ty (u) has an elliptic fixed point. The sizes of a specific
“spring-area” zone in Ej has an order A3*/2 x \* in 1 X .

where 7 = sign(d\*). We do not write a formula for C’f; because of its largeness. [

Some elements of the bifurcation diagram for the family f, ,, are shown in Fig-
ure 3.7 for different cases. The domains F}, of stability for single-round elliptic periodic
orbits, with boundaries L} and L, , are illustrated in Figure 3.8. Note that typical sizes
for stability “spring-area zones” (near the bifurcation point u}) have order A\3%/2 x \k
and can be observed in numerical experiments, [GSV13], (whereas, such zones near
quadratic homoclinic tangencies are very narrow, with width ~ \2¥).

Note also that local bifurcations at strong resonances (for fixed points of T} with
multipliers ;5 = e*™/2 or vy, = e*?7/3) are not degenerate. Such bifurcations were
studied in [Gon05] for cubic Hénon maps and we can apply the corresponding results
to our case. See also Appendix A.
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Chapter 4

Finitely smooth normal forms for
saddle area-preserving maps

4.1 Preambles

In this chapter we prove the main technical results, Lemmas 1.1, 1.2 and 2.2. Note that
Lemma 2.3 is proved in the same way as Lemma 1.2 and we omit its proof. The proofs
of Lemmas 1.1 and 2.2 differ only in some details. However, due to the importance of
these results, we prove these lemmas independently.

Before proving the lemmas, we recall some necessary facts.

1) Consider a change of coordinates (z,y) — (&, 7n) of the following form

¢ = oV (x,n,¢) _ OV(z,n,¢)

B on Y= ox

where the function V' (z,n, €) is some sufficiently smooth function of variables z,  and
parameters ¢ satisfying conditions

82V (0,0,0)

V(0,0.0) =0
(0,0,0) ’ Ox0n

£ 0.

It is well-known that such a change is an area-preserving map (when z, n and ¢ are
small and V is sufficiently smooth, C? at least) . It is called the canonical change of
coordinates and the function V' is called the generating function.

In what follows, we will make only canonical changes of coordinates with canonical
functions of the form V = xn(1 + O(|z| + |y|). Thus, in fact, we consider close to
identical and symplectic changes, independently whether the orientation is preserved
or not.

2) Let F. be a parameter family of two-dimensional area-preserving maps which is
C"-smooth in both variables and coordinates. Let every map F. have a saddle fixed
point O, with eigenvalues A(e) and ~y(e) such that where |A\| < 1 and [\y| = 1. We

93
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can always assume that, for all sufficiently small € , the fixed point O is in the origin
and that the coordinates, z and y , are such that the axes x and y correspond to the
proper subspaces for eigenvalues A and v, respectively. Then the local map 1. = F.y ,
where U is a small fixed neighbourhood of the origin, can be written in the form

T=Ae)z+o(z,y,e) , y=7(e)y+v(z,y,¢) (4.1)

where functions ¢ and 1 and their first derivatives in coordinates vanish at z =y =0
for all small €. In this case the equations of the local stable and local unstable manifolds
can be written as y = hg(z,¢) and = = h,(y, ) , respectively, where hg and h,, are C"
and such that

Ohs(0,¢)
ox

Oh,(0,¢)
=0, hy(0,e) = —F——==0.
If to make two consecutive changes of variables of the form { = x — h,(y,¢) , n =1y
and £ =z, n =y — hg(x,e), then the map T. is brought to the following form

z=Ne)x + flz,y,e)x , g=~()" 'y +g(x,y,e)y (4.2)

where f(0,0,¢) =0, g5(0,0,¢) = 0. Form (4.2) corresponds to the case where both the
local stable and local unstable invariant manifolds of the point O. are straightened:
the equation of W .(O,) and W (Oy) are y = 0 and = = 0 , respectively (for all
sufficiently small €). Note that both the changes are C"-smooth and canonical with
generating functions V = an — [ hy,(n,e) and V = 2n + [ hy(z, ), respectively.

3) Form (4.2) of the map 7. is more convenient than (4.1) but its use gives some
technical difficulties. This is connected, in particular, with the fact that ”too much”
resonance terms are in the right side of (4.2). Thus, there is very important the question
on a reduction of the map (4.2) to a more simple form by means sufficiently smooth
and area-preserving changes of coordinates. It is clear that the simplest form is the
linear form of 7.. But only C'-linearization is possible here.

On the other hand, for the analytical case, J.Moser [Mos56] has been established
that the map 7j may be reduced to the following normal form

T=AB(xy)z , §=1"B(ay)y, (4.3)

hs(0,¢) =

where
Bay) =1+ f1-ay + Pz - (2y)* + o+ B (ay)" + .
and
B Y ay) =146y -ay+Bo-(ay)*+ ...+ B - (xy)" + ...
are series converging in some neighborhood of the origin. The Jacobian of (4.3) is equal

to one. Thus, coefficients f; and (3; are connected by some relations. For example,
B1 = =01, B2 =% — By etc. Moreover, let

By(vy) =1+ 12y + ...+ By - (xy)"

BN xy) =1+ B -ay+ ... + By - (xy)" (4.4)
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be the segments of the series B and B~! |, respectively. Then

-1 -1
e Bt OB =1 4 O((ay)") (45)

We will use these properties of the Birkhoff-Moser normal form.

4) Lemma 2.1 for n = 1 has been proved in [GST07] where the existence of
the corresponding C"-smooth canonical changes were derived, variants with C"~!-
changes were established in [GS90, MR97, GS00]. Finite smooth normal forms, as
the ones from Lemma 2.2, near saddle equilibria of two-dimensional flows were found
by E.A.Leontovich [Leo51, Leo88]. Here we use, in fact, the Leontovich method adapt-
ing to the discrete case. However, we combine the Leotovich method with the so-called
“Afraimovich method”, [Afr84], when the existence of the appropriate generating func-
tions is proved with using the normal hyperbolicity theory [HPS77], i.e. we find this
function as an equation of some strong stable (unstable) invariant manifold. In [Leo88]
these functions are found as solutions of some homological equations.

4.2 Finitely smooth normal forms for symplectic
saddle maps: the proof of Lemmas 1.1 and 1.2

Results of this section can be treated as an extension to the finitely smooth case of
the classical Moser’s theorems [Mos56] on the existence of analytical normal forms for
area-preserving saddle maps.

4.2.1 Proof of Lemma 1.1

Note first that the main normal form (n = 1) of Lemma 1.1 was found earlier: the
existence of a C"~!-smooth normalized canonical change was proved in [GS00] and such
type C"-change was found in [GSTO07]. Therefore we need to prove the existence of
normal forms with n > 2. However, we start with the map T} in the initial form (1.2).
This map is C" and can be represented in the following “n-th order extended form”

fzx@mﬂ+a£@y,>[m +aM(z,y,0)] - xy + ..
T + aD(e,y,0)] - (ay)"} + O+ 2y,

(4.6)
§=2"El+ oy (@ y.e) 4 147+ o (@) ay
B + o (@.y.2)] - (r0)") + 0@y,
where 8\, ..., B{") are some coefficients, ag Y) = [gogl') (x, 5)+¢Z@) (y,€)],i=0,...,n, v=

1,2, are functlons such that go( )(0,5) 0 @Z)Z( )(0,5) = 0. Since Ty € C" , it follows

from (4.6) that o”) € 721
The lemma states that there exist canonical changes which annihilate functions
2 for i = 0,1,...,n. We will make these changes consequently, step by step. Then
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we will see that the change vanishing the term a ) is Or—2i- , while the next term ay; 1
is Or—20+D)-1 — Or=2%-3  That is, such a ehange does not vary the smoothness of the
high order terms (in the sense of the decomposition in (4.6)). Thus, the final smoothness
will be equal to the smoothness of the last change (i.e. C7~2(*=1=2 = Cr=2n),

Suppose that for some i < n the map T} is brought to the following form (compare
with (1.3))

Ae{l+ By -ay+ Bo - (xy)? + ... + Bia (iﬂy)iflﬂL
wf "ol (@,e) + 0y, 2)] - ()} + O(at 2y )
?/{14'51 cxy+ Pa- (x ) + .. +5z 1° ($y)l_1+

+[/af " 0P (@ e) + 0P (y, )] - (ay)} + O(a" 1y +2),

where ; (and f3;) are the Birkhoff coefficients. Note that all coefficients and functions
depend on ¢, but we do not express explicitly this dependence in many places.

Let us show that there ex1sts a canonical C"~%~2_-change of coordinates that van-
ishes the functions 0451) and a . Since the number “¢” is arbitrary, it will imply the
lemma.

Make two consecutive canonical changes with the following generating functions

—|-H\

(4.7)

@l

V() —1’77+<£U77)Z+1 ()( ,E) and VQ(Z') :xn+(x77)z+1 ()(n’ )

where vV (0,¢) = 0. By means of these changes, we vanlsh the functlons gp ) and 7,0

n (4.7). After this, we show that new functions gpz ) and ¢ vanish automatically
since the Jacobian J(Tjp) of the map Tj is equal to 1 identically.

First, we make the canonical change with the function Vl(i). Thus, this change is
E=x+(i+ 1)z ”1771715 )(x, e) , y=n+anto ol )(x, £) (4.8)

where 0\ (2, ) = (i + D)o\ (2, &) + z - 90\” /0z and 7{7(0,¢) = 0 .
The first equation of (4.7) is transformed as

E=2+(+ 1)z Z“nlv(l)(a: g) = x{l+ G- a:y—l—ﬂg (xy)? + ...

B - (wy) " + B < )+ o (@) - (xy) + o (y,e) - (xy) o+
+('L+ 1))\z+1 z+1)\ 1 ()\ZE,E) +O(§l+2ni+1) —

— {1 En+ o - (577)2 N N (1) L R () L
Haitly [—(Z + 1))\U1i) (x,e))+ (i + 1)/\1)?‘)()\:10, e)+ )\gogl)(x, e)| +

M (,€) - E(€n)t + O 2+,

We take the function vii) (x,¢) to vanish the expression in the square brackets in (4.9),
ie.,

i i 1
o O e) = o (@,2) - —= 4" (@) (4.10)
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Equation (4.10) has a solution in the class of functions whose smoothness coincides
with the smoothness of function ¢\”(z, ) (namely ¢\ € C™=2%=1) . Such a solution
is found as the graph of the strong stable invariant manifold containing a fixed point

(0,0) of the following map

1

e (e) = AEe

u=u-+

Note also, that the manifold is C"~%~! and, thus, the change (4.8) is C"~%~2.
We can see from (4.8) that © = £ 4+ O(£3(&n)") . y = n+ O((&n)"*"). Then, in
the second equation of (4.7) such coordinate transformation does not change the func-

tion w( ) and other functions which do not enter to O-terms, except for the function

g0§2)( e); let the latter be transformed as @2)

T. has form (4.7) where

= cp . So, after change (4.8), the map

() =0, o g (a1

and the other explicitly given functions are the same.
We make now the change with the second generating function V = zn+(an) o G )(7), €)

where v2 (0 e) =0 . Thus, this change is

‘ s 10 (4) :
§ =+ (i+ Doty (n,0) + (an) ™ G = o+ O((am)™) (4.12)
y=n+ (i + Dty ()

The second equation of (4.7) (taking into account (4.11)) is transformed under
change (4.12) as

ﬁzg—@+nﬂw“‘% &) = Ay{1+ By -ay + Bo - (2y)* + ..
By - (xy) 4 B2 - ()i + 6D (a,2) - (ay) +

,6) - ()1} — (54 DNEAT D Ty, ) 4+ O(E ) =
= AL+ By €n+ o (€n)* + oo+ B - (En) 4+ B - (En))+
-*xﬁf*l[k**<i+-1><>< 1,2) + AP () = A+ el (g, 9)| +
)\ 1 (I’ Ef).]}' yz+1+O(£z+1 H—Z)

(4.13)

We find the function v{”(y, £) to vanish the expression in the square brackets in (4.13),
ie.,

v (A ly,e) = 00 (2, €)) — 5 (y,¢) (4.14)

This equation can be considered as an equation for the strong unstable invariant man-
ifold of the following map of the plane

U=u+ - +1¢)@,),QZA”@M-
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The sought manifold exists and is C"~%~1. Tt follows that change (4.12) is C"~%2
So, after the canonical changes (4.8) and (4.12), the map 7. takes the following
form

T=MNe)x{l+ Bi(e) - zy+ ... + Bi(e) - (wy)'} + 77Zi(l)(y’g) Ly O (i 2y

7= y{1+ Bi(e) - ay + .. + Bile) - (2y)'} + ¢ (w,6) - @ y”l + O(x ’+1y“(F?) |
4.15

Let us show that the equality J(7p) = 1 implies oﬁz) =0 and gééi) =0 . Indeed, we
can represent map (4.15) as follows

)z Bi(xy) + 0 (y,e) - 2l + Oai+2y 1)
A_l(g)nyl(xy) + @é”(x? €) - yz—H +O0(x z+1yz+2)7

Brzy + -+ + Bi(zy)’. Then, by the properties of the Bikhoff-Moser
7), we obtain that the Jacobian of (4.16) is as follows

(4.16)

T =

Yy
where B; = 1+
normal form (1.

J=1r (D) (A‘ﬁg)(fc’ &)+ A7 (. 6)> L2y + O((ay)™).

Since J = 1, it follows that g02 = 0 and z/;l = 0 . This completes the proof of
Lemma 1.1. [

4.2.2 Proof of Lemma 1.2

By Lemma 1.1, the map Ty (C" 2" ?-smooth) can be written in the form

:f - /\(g)x + f<I7 y? 8) = )\(5)]5.8(%3% 8) + F(I, y? €>x(xy>n+1 I (417)
g = M)y +9(z.y,e) = Me)lyB ay. ) + Gz, y, e)y(ay)" ™,
where F'(0,0,e) = 0,G(0,0,e) = 0. Note that if £ and G are identical zeros, then form

(4.17) becomes exactly the Birkhoff-Moser normal form (1.7).
Consider the following operator @ :

) Jj—1 ) -
jj - )\(5)]*/[.0 + Z )‘(e)Jisilf(x&yS)g)a
s=0
(4.18)
, k=1 .
gj = )‘(g)k_]yk - Z )\(5)5_]“9(%,%,5)7
s=j
(j = 0,1,...,k) defined on the set R(6) = {z = [(z;,y;)5=0, [Iz]| < 0}, where |z]]
means the maximum of the absolute value of components z;,y; of vector z and 4 is a

positive small quantity. If zyp = [(29,49)]%_, is a fixed point of ® , then the following
diagram takes place

Tt T T
(‘rgvyg) —0> ('nguy(l)) —0> T —0> (‘rgayg)
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It was proved in [AS73] that, for all sufficiently small € and § = &y ||zol| < do/2,
lyk| < do/2 , the operator ® maps region R(dy) into itself and is contracting. Thus,
the map (4.18) has a unique fixed point 2z = [(29(z0,yx), y) (20, Yx)]f—o- Due to
contractibility, its coordinates 29 and y? can be found, for example, by the method of
successive approximations. However, we know the solution in the case ' =0and G =0
(it is given by (1.8)). Thus, we can only check corrections to this solution due to the
presence of F- and G- terms in (4.17). Taking into account that z ~ A\*xg, ys ~ Ne=sq,

we can easily estimate contributions & and 7, of F'- and G-terms into the final formulas
for 9 and yJ. Thus, we obtain for & from (4.18) that

- k—1
G~ X N (L a2y
s=0

k—1
~ 1U6L+2y;2+1)\k_1 ZO 28 ()\s(n+3))\(k—s)(n+1)xo + )\s(n+2))\(k—s)(n+2)yk) =0 ()\k(n+2)) ]

The estimate 7, = O (/\k(””)) is deduced in the same way. It completes the proof. [

4.3 Finitely smooth normal forms for non-orientable
area preserving saddle maps

Proof of lemma 2.2. We start from the well-known fact that the local stable and un-
stable manifolds of O can be straightened by means of a certain C"-symplectic change
of coordinates,! i.e. the map Tj can be written in the following form

T=MNe)r + f(z,y,e)r, y =)y +g(x,y,)y , (4.19)

where f(0,0,¢) = 0,9(0,0,¢) = 0. f(z,y,e) € C"1, g(x,y,e) € C""!. In these
coordinates, the fixed point O is in the origin and the equations of W}’ . and W}, are
y = 0 and = = 0, respectively, for all sufficiently small e.

Consider the map T. in the initial form (4.19). This map is C" and can be repre-

1Let us recall some details of this. We can always write the local map in the form z = \(e)x +
hi(z,y,e) , §=v(e)y + ha(x,y,e), where |A\y| = 1, h;(0,0,¢) = 0,1}(0,0,&) = 0. Let y = p(z,¢e) be
the equation of W} .. Then, by the change £ = z,n =y — (x,¢), we straighten W}? .. Moreover, this
change is symplectic, since it is produced by the generating function V(z,7n,¢e) = an+ [ ¢(z,e). The
manifold W} is straightened analogously.
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sented in the following “n-th order extended form”

7= Me)a{l + [ (z,e) + " (g, 0] + [B + o1V (@) + ¥V (y, )] - wy+
182 + P (x,6) + 17 (y,0)] - (wy)? + ..+

FB + o (@,0) + 0P (y,0)] - (wy)"} + Oz 2yt

(e {1+ [0 () + v (y, &)+
ﬂ@”+@%L@+¢9@xnmy+wm+¢%aa+¢9@xn«wf+m+
B + 08 (@, €) + 8D (y,€)] - (wy)"} + O(amHiyn+?)

_l_

Q@l

(4.20)
where |A\y| =1, By) and 55) are number coefficients, i = 1, ..., n, go,(j)((), ) = 1,0,(:)(0, g) =
0, k=1,2. Denote ag; = [go,(f) (x,¢€) —l—w,(:) (y,e)] . Since T, € C" , we have, due to the
decomposition in (4.20), that ay; € C™21 .

The lemma states that there exist canonical changes which annihilate functions
ay; and transform constants 3 and 3% into “Birkgoff-Moser coefficients” 3; and B; .
respectively. If to make these changes consequently, then one can see that the change
annihilating the term ay,; is C""%72 | while the next term ay ;41 is CT20+D-1 =
CT=2=3 | That is, such a change does not change the smoothness of the high order
terms (in the sense of the decomposition in (4.20). Thus, the final smoothness will be
equal to the smoothness of the last coordinate transformation.

Now we prove the lemma by induction on ¢ . Note that Lemma 2.1 can be considered
here as “the first step of induction”.

Suppose that for some i < n we have brought the map 7. to the form

£ = M1+ A1(e) - 2y + 5a(e) - (@9)° + .+ Bioae) - (a)
+81 + [ (@, 2) + 0 (g, 9)] - (wy)'} + O 2yi+Y)
7=yl + Bi(e) - ay + Bale) - (xy)” + oo + Bima () - (wy) ™'+
+35) + [ (x,6) + ¥ (y,€)] - ()} + O(ai*1y+2)

Let us show that there exist a canonical change annihilating the terms «y; and as;
and that smoothness of such a change is equal to the smoothness of functions ay
minus one. Then, the lemma will be proven.

For this goal we make two consecutive canonical changes with the following gener-
ating functions

VI = an+ (an) ol (z,6) and Vy) = an+ (en) o (n,e),  (4.22)

(4.21)

where US)(O,»E) =0, k=1,2. By means of these changes one can vanish functions
(pgi) and wg” in (4.21), respectively. After this, we show that new functions gbg) and
iﬁii) vanish due to equality to one of |J(T%)]| .

First, we make the change by means of the generating function V1 where vi )(0 ) =

0 . Thus, this change is

¢=z+(i+ D)etnpnD(z,e) | y=n+an o (z,¢) (4.23)
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where 3\ (2,¢) = (i + Do\ (z, ) + 2 - 90!” /0z and 57(0,¢) = 0 .
The first equation of (4.21) is transformed as

=7+ (i+ 1)z ZHnZvP( &) = Me{l+ B -y + By - () + ..
i (wy) 4 B (ay) + @ (e) - <xy>‘+

+0(y,e) - (wy)} + (i + DA i lyiyiof) w s>+o<e+2 1) = A+
ottty [+ DA (@,2)) + i+ DAsel? (4, €)+>\g01 (z,9)] +
FABL - En+ Ba- (En)2 + oo+ By - (E) 1+ B - (€m))+

) (1, €) - E(En)'} + O(E+ 2,

(4.24)

where §; = sign (Ay)". Now we take a function ol (x, ¢) to vanish the expression from

the square brackets in (4.24), i.e
v (Az,e) = 50 (2, €)) — Lyl (@, ) (4.25)

Note that this equation has a solution in the class of functions (of variable x)
whose smoothness coincides with the smoothness of the function cpgi) (x,€) (recall that
) e C"=%~1). The sought solution, u = vii) (x,€), can be viewed as the equation of
the strong stable invariant manifold W* containing the point (0,0) of the following

planar map
u=0u— Hilcpgi)(x, g) , T=MAe)x (4.26)

(since W** is invariant, its equation u = ¢4 (z, ) has to satisfy the following homo-

logical equation: ¢gs(Ax,e) = 0;04s(x,€) — +1<p§z)( e) that is (4.25, in fact). Since

d; = +1, such a manifold exists, it is C"~%~! and, thus, the change (4.25) is C"~%72
We can see from (4.23) that the sought change is of form

z=E4+0((En)™MY), y=n+0((En)™h)

This means that, in the second equation of (4.21), such a change can vary only the
function A1l (2, )iy from the explicitly shown ones in (4.21): i’ = &%) .
Thus, after change (4.23), the map 7. have form (4.21) where

(@)

oD (z,e) =0, o) = g (4.27)

and the other explicitly given functions are the same. Note especially, that function
) (y, €) does not vary.

It is evident that the second coordinate transformatlon by means of the second
generating function V" O = ap + (zn) o ( ) (n,e) with v (O, 5) = 0, is conducted quite
symmetrically, due to the condition |\y| = 1.2

2See also the paper [GG09] in which this change is explicitly conducted for the sympletic case.
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Thus, after the canonical changes with the generating functions Vl(i) and X/Q(i) from
(4.22), the map T. takes the following form

T=Me)x{l + Bi(e) - xy + ... + Bi(e) - (wy)'}+
+01 () - 2y + O(at 2y )
g=7E)y{l + bi(e) -y + ... + Bile) - (zy)'}+
FA) () iyt 4 Oy

(4.28)

Let us show that the equality J(7.) = 1 implies @ZY) =0 and 4,5(;) = 0. Really, we
may represent the map (4.28) as

T = MNe)aBi(xy) + 1" (y.€) - a1y’ + O™ 2y+1) (4.29)

g =)y B (ay)@y () - 'y + O(a'ty+?)
where B; and B; ' are the segments of the Bikhoff-Moser normal form. Taking into
account the property (4.5), one can write Jacobian of (4.29) in the form

J=£1+ (i + D)OGY (2,6) + v (y,€)) - 2y’ + O((wy)™*)

It follows from here that gégi) =0 and @ZEZ) =0.

In the nonorientable case Ay = —1, the monomials of (2.2) with f;, B; = 0 for odd
i are not resonant. Therefore, they can be killed (inside of the every corresponding
step of the proof) by the canonical polynomial coordinate transformations with the
generating functions V; = zn + v;(zn)"t'. One can check that if in (4.4) all terms f;
and f; vanish for odd 4, except for the last ones 3, and £, for odd n, then 3, = —f,.
Then the change with the generating functions V,, kills both these terms simultaneously.

This completes the proof of the lemma. n



Appendix A

On structure of 1:4 resonances 1in
conservative Hénon-like maps

We study bifurcations of fixed points with multipliers e**™/2 (the main 1:4 resonances)
in some conservative Hénon-like maps. We analyze the 1:4 resonance in the cases
of conservative generalized Hénon maps (GHMs) and cubic Hénon maps. We find
conditions of nondegeneracy of the corresponding resonances and give a description of

accompanying bifurcations.

Introduction

The Hénon map [Hen76]
T=vy, j=1—bx+ ay? (A.1)

is one of the most popular artificial maps demonstrating a complicated chaotic dynam-
ics. In the coordinates Z,ey = —aT, Ynew = —ay map (A.1) is written in the so-called
standard form

T=vy, =M — Myx — 1>, (A.2)

where M; = —a and M, = b are new parameters. Both maps (A.1) and (A.2) have
the constant Jacobian, J = b, and, therefore, they are degenerate with respect to
(Andronov-Hopf) bifurcations of birth of invariant circles. Moreover, if we restrict our-
selves to the conservative case (J = 1), then maps (A.1) and (A.2) are degenerate again
with respect to bifurcations of fixed points with multipliers e*™/2. However, it is well
known that the standard Hénon map has also ”homoclinic origination”. It appears
as a model map for rescaled first return maps near quadratic homoclinic tangencies
[GS73, GGO04]. Thus, the degeneracy shows that map (A.2) is only "first approxi-
mation” of the return map. The corresponding ”second approximations”, so-called
generalized Hénon maps of form

=y, §y= M — Myx —y*>+ Raxy + Sy°, (A.3)
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where R and S are some coefficients, were derived in [GG00, GG04, GGT02, GSS02,
GSTO02] for various situations with quadratic homoclinic and heteroclinic tangencies.
Usually, the coefficients R and S (some invariants of the homoclinic or heteroclinic
structure) are small and depend on ”time of the return” k : if k is the number of
iterations of the diffeomorphism such that the image of an initial point is in its some
small neighbourhood, then R = R, and S = S, tend to 0 as k — oo.

When the initial homoclinic tangency is cubic, the cubic Hénon maps of form

T=vy, y= M + My — Bx+3> (A.4)

naturally appear [GST96a] as normal forms of rescaled first return maps. The signs
”+” and 7 =" correspond to different maps which appear, in turn, near cubic tangencies
of different types (see Figure 3.1). Besides, the maps with ” +” and ” —” have a rather
different structure of bifurcations [Gon85].

Main bifurcations of GHMs were studied in [GG00, GG04, Gon02, GKMO05] and
bifurcations of the cubic Hénon maps were considered in [Gon85, GKS88|. In this
appendix we pay attention only to bifurcations of fixed points with multipliers e*7/2.
We explain a character of the conservative bifurcation in cases of the GHMs with
My =1, R =0 and the cubic Hénon maps with B = 1.

A.1 The resonance 1 :4 in area-preserving maps

Let a planar area-preserving map have a fixed point with multipliers e**/2. Then, it
is well known [Arn96], that the corresponding complex local normal form is written as

¢ =i(1+ B)C + D5 C3C* + Dy + O(I¢]*), (A.5)

where [ is a parameter which characterizes a deviation of the angle argument ¢ of
multipliers of the fixed points from 7/2 (¢ > 7/2 at § > 0and p < 7/2 at <0 ),
the coefficients D5, and D{; (depending on () are real and, in general,

| Doy | + [ D] # 0. (A.6)

This condition implies that O(|¢[*) terms in (A.5) do not influence on a character of
the local bifurcations. In this case, main details of reconstructions of phase portraits
can be described by means of the analysis of bifurcations in the following flow normal
form

¢ = 4iB¢ + AC|¢)* + ¢, (A7)

where D
A= —j—2L A8
"Dl (A.8)

Form (A.7) is a result of embedding fourth degree of map (A.5) into flow up to terms
of order O([¢|*). The nondegeneracy condition for the conservative 1 : 4 resonance
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is |[A] # 1. In this case, bifurcations of the trivial equilibrium of the Hamiltonian
flow (A.7) under changing S look as in Figures 2 and 3 in the cases |A| > 1 and
|A| < 1, respectively.! When |A| = 1 in the critical moment, possible bifurcations can
be described within two-parameter families

¢ = 4iB¢ +i(A+ p)C|¢)® + ¢ (A.9)

(where |A| = 1) with parameters $ and p. The corresponding bifurcational diagram
for flow (A.9) is shown in Figure 4.

Thus, returning to the case of map (A.5), we can describe main reconstructions of
phase portrait in the following way:

1) In case |A| > 1, the fixed point O is always elliptic, but when £ > 0 two period
4 cycles appear in its neighborhood: one cycle is saddle and the other is elliptic (see
Figure 2).

M,<0 M,>0
Figure A.1: Bifurcation of the trivial equilibrium for |A| > 1.

2) In case |A] < 1, the point O is a saddle with 8 separatrices when § = 0. Main
bifurcations are connected here with a reconstruction of period 4 saddle cycles (see

Figure 3).
% AT
— — D01
N

M,=0 M,> 0

Figure A.2: Bifurcations of the trivial equilibrium for |A] < 1.

3) In case |A| = 1 there exist three bifurcation curves L;, Ly and L3 which divide
a neighbourhood of the origin of the parameter plane (3, ) onto three regions with
different local phase portraits (see Fifure 4). Note that curve Lj corresponds to the
existence of period 4 parabolic point.

'Note that case Djz = 0 is not special. In this case (if also D5, # 0), one can consider, instead of
(A.7), the flow of form ¢ = 4if¢ + i¢|¢|? + e(B)¢*3 (where £(0) = 0) whose bifurcations of the zero
equilibrium are the same as in Figure 2 (case |A| > 1).
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. &

7 @Z@

©
OO
O

Figure A.3: Bifurcation diagram in case |A| = 1.

We can apply these theoretical results to our concrete conservative maps: the gen-
eralized Hénon map and cubic Hénon maps.

A.2 Conservative generalized Hénon maps

In the case of the conservative generalized Hénon map
T=vy; , y=M —x—y*+ Sy’ (A.10)

we find that it has a fixed point with multipliers e*"/2 at M; = 0. This point is in the
origin and the corresponding complex local normal form (A.5) has the coefficients (see
[GKMO5]): 8Dy, =1+ 38, 8Dyp; = —1+ S and, thus,

1 4
1t35 and [A] =1+ —S

A=—i 1-5

Therefore, |[A] > 1if S > 0 and |[A| < 1if § < 0 (recall that we consider case of small
S). In this case, local bifurcations can be described by means of flow normal forms

(A7) or (A.9) where 8 = M;/2+ O(M}) and p = 45 + O(S?).
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A.3 Conservative cubic Hénon maps

Consider now the conservative cubic Hénon map of form
T=vy, §=M + My —x+y> (A.11)

+im/2

It has one fixed point M* with multipliers e at values of parameters M; and M,

belonging to the curve L::/Q whose equation is

M, = i2\/—% (1 - %Mz) . (A.12)

The coefficients of the local complex normal form (A.5) are
8Dy =3 —3M,, 8Dy =1+ 3M,

and, thus,

.3 —3M,
——.

|14 3M;|
Since My < 0, it implies that |A| is always greater than 1 here. The main local
bifurcations which occur here at transition of the parameters cross the curve L;’/2 are

shown in Figure 5.
Consider now the following cubic Hénon map

A:

T=y, y=M+DMy-z-y. (A.13)
It has a fixed point M** with multipliers e*"™/2
to the following curve L /o

when the parameters M;, My belong

M. M.
M, = £2 ?2 (1 - ?2) . (A.14)

Note that curve L has a self-intersection point (M; = 0, My = 3), and only in this

moment the map has simultaneously two fixed points with multipliers e**/2. The
coeflicients of the local complex normal form (A.5) are

8D), = —3 4 3Ms,, 8D}, = —1 — 3M,

and, thus
—i3 — 3M,
1+3My

It implies that there are two points P+ and P~ on Lo, (with My = % and M, = 16/27

(A.15)

1
and M; = —16/27, respectively,) where |A| = 1. Moreover, |[A| < 1 if My > 3 and

1
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ot

" M, A

II

= Y

Figure A.4: Local bifurcations at transition of the parameters cross the curve L;’/Q in the case of
map (A.11).

Then, in accordance to the observation above of conservative bifurcations at 1:4
resonance, we can describe a character of these bifurcations in the case under consid-
eration. We explain this with the help of Figure 8 where three bifurcational curves
L;/2, L3 and L are shown. The curve L3 corresponds to the existence of a period 4
parabolic point near the fixed point. The curve L, corresponds to the appearance of
a parabolic fixed point, its equation is

2 (M, —2\*?
Mlzi—( 2 ) .

3 3

Note that we restrict ourself by the consideration of a small neighbourhood of the curve
L;/z, This neighbourhood is divided by the curves L;/Q, L3 and L; into 16 domains
of values of parameters M; and M;. We show in Figure 8 the corresponding phase
portraits.
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Figure A.5: Local bifurcations at transition of the parameters cross the curve L;’/Q in the case of
map (A.11).
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Exponentially small splitting of
separatrices for whiskered tori in
Hamiltonian systems
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Chapter 5

Setup

In this chapter we describe the system under consideration. We study a singular
or weakly hyperbolic Hamiltonian with n + 1 degrees of freedom possessing an n-
dimensional whiskered tori with fast frequencies. This is a generalization of the Arnold
example that can be considered as a model for behavior of a near-integrable Hamil-
tonian system near a single resonance. In Chapters 6 and 7 we study the splitting of
separatrices in the cases n = 2 and n = 3, respectively.

5.1 A singular Hamiltonian with n + 1 degrees of
freedom

We consider a Hamiltonian system with n + 1 (n = 2 or n = 3) degrees of freedom
that is a perturbation of an integrable one. In the canonical coordinates (z,y, ¢, I) €
TxRxT" xR", with the symplectic form dz Ady+dp AdI, the Hamiltonian is defined
by

H(wayacpvl):Ho(may7[)+,qu($790)7 (51)
Ho(x,y,l):(w5,1)+%<A[,I>+%2+Cosx—1, (5.2)
Hy(z,¢) = h(z)f(p). (5:3)

Our system has two perturbation parameters € and p and we assume that ¢ > 0 and
i > 0 with no loss of generality.

The vector w. = w/+/e in (5.2) is the vector of fast frequencies given by an n-
dimensional frequency vector w satisfying a Diophantine condition of constant type

(K, w)| > ﬁ vk € 2"\ {0} (5.4)

with some v > 0 and the exponent 7 > n.
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We also consider in (5.2) a symmetric n x n matrix A such that H, satisfies the
condition of isoenergetic nondegeneracy

det ( (j\T ‘6’ > £0. (5.5)
For the perturbation (5.3), we deal with the following analytic periodic functions
h(z) =cosx —v, withv=0orv=1 (5.6)
flo) =Y e M cos((k,¢) — ox), with o} € T, (5.7)
keZ

where we introduce the set Z in order to avoid repetitions in the Fourier series:

Z = {k=(ki,ky) €Z>: ky>00r (kg =0,k >0)}, ifn=2

or

zZ = {k:(kl,kg,k’g)€Z3:(k3>0,k1,k2€Z) or
(kgzo,k’2>0,k’1EZ)OF(kgzkgzo,klzo)}, if n=3.

(5.8)

In the Fourier expansion of f(¢) the constant p > 0 gives the complex width of ana-
lyticity of f(¢). In principle, the phases o) can be chosen arbitrarily, although some
quite general condition on these phases will have to be fulfilled for the validity of our
results.

The two parameters € and p are not independent, but they are linked by a relation
of the type p = P (the smaller p the better), i.e we consider a singular problem for
e — 0. See [DGO1] for discussion about singular and regular problems.

Notice that the unperturbed system H, (that corresponds to u = 0) consists of
the pendulum given by P(z,y) = % + cosx — 1 and n rotors with fast frequencies:

I =0,$ = w.+ Al. The pendulum has a hyperbolic equilibrium at the origin. The
hyperbolic point has separatrices that correspond to curves where P(x,y) = 0. We
parameterize the upper separatrix as (xo(s), yo(s)), s € R, where

2
cosh s’

zo(s) = darctane®, yo(s) = (5.9)

The lower separatrix has the parametrization (xo(—s), —yo(—s)). The rotors system
(, I) has the solution I = Iy, ¢ = (w: + Aly)t + ©o.

Then the Hamiltonian Hy has a family of n-dimensional whiskered tori given by
I =1y=const,r=y=0

A ={(x=0,y=0,1=1Iy,0):pcT"}

where the dynamics is ¢ = w. + AI The collection of the whiskered tori at each value
of I gives a 2n-dimensional normally hyperbolic invariant manifold (NHIM)

Ar={(z=0,y=0,1,¢0): I €R", o € T"}.
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The stable and unstable manifolds (whiskers) of the NHIM that coincide in the unper-
turbed system, are

WSAI = WuAI = {($0(8)7y0(8), ],QD) : P([Eo(S),yo(S)) - 07 RS ]R7I € Rn7gp € ']I"fl}7

they are of dimension 2n + 1 and with the inner flow ¢ = w, + ALT=0,5=1.
Without loss of generality we consider the torus located at Iy =0

A ={(z=0,y=0,1=0,p):peT"}
with the dynamics ¢ = w. and its coincident n + 1-dimensional whiskers

W?Ao = W"Ao = Wo = {(z0(s),y0(s), I = 0,¢) : P(x0(s),y0(s)) = 0,5 € R, € T"}
(5.10)
We can check that the hypotheses (H1)-(H4) of [DGS04] hold in our case:

(H1) the isoenergetic condition (5.5);
(H2) the Diophantine condition (5.4);
(H3) the function h(x) is a trigonometric polynomial of degree [ = 1;

(H4) the function f(¢p) is analytic in a complex strip |Imp| < p and there exists o > 0
and a constant ¢ > 0 such that, for any 0 < § < p, || f|l,—s < ¢/0%*. (We denote
| fll)—s the norm of f(y) on the complex strip |Imp| < p — ). In our cases, we
have: a =2ifn=2and a=3if n = 3.

Thus, when perturbing the problem (u # 0), the hyperbolic KAM theorem [Eli94],[DGS04]
implies that, under non-degeneracy and non-resonance conditions (5.5) and (5.4), for u
small enough, the whiskered torus Ay as well as its local whiskers persist. We explain
the difference between two values of v in (5.6): the point is that in the case v = 0 the
whiskered torus persists with some shift and deformations, whereas in the case v = 1 it
remains fixed under the perturbation, though the whiskers deform. The Lyapunov ex-
ponent of the torus, which initially is 1, becomes a close amount b. Also the frequency
vector w, becomes perturbed and proportional vector:

b'w
NG
The amounts b and b tend to 1 as 4 — 0, and ¥ = 1 in the case v = 1. See a

precise statement of the hyperbolic KAM theorem with the corresponding estimates in
[DGS04, Th. 1].

W, =bw, =
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5.2 The Poincaré-Melnikov method

When the local whiskers are extended to global ones, one expects in general the ex-
istence of splitting between the stable and unstable whiskers (denoted W' and W™),
since they do not coincide anymore. To study the splitting, the so-called flow-box co-
ordinates are introduced in [DGS04], in a neighbourhood containing a piece of both
whiskers and excluding the torus where such coordinates are not valid. Those coordi-
nates can be constructed in such a way that the stable whisker is given by a coordinate
plane

WT:(5,0,0,0), |s| <s*,0eT",
where the parameters (s,6) are inherited from (5.10). Then the unstable whisker is
parameterized as

W™ (s,E(s,0),0, M(s,0)) |s| <s*,0 T

The inner flow on both whiskers in § = b,é = w.. To study the splitting, it is sufficient
to consider the vector function M, called the splitting function, that measures the
distance between the stable and unstable whiskers (the function £ is directly related
to M by the energy conservation).

The function M has two important properties that we will use. The first one is
that M is w.-quasiperiodic

W, bw
b by
The second property of M is that it is the gradient of a scalar function £, called the
splitting potential

M(s,0) = M(0,60 — sw.), where w, :=

(5.11)

M(s,0) = 0pL(s,0).

Then we can consider the section s = 0 and the simple zeros of M(0, §) which give rise

to transverse homoclinic orbits are given by nondegenerate critical points by £(0, ).
The Poincaré-Melnikov method gives us a first order approximation in u for the

splitting in terms of the Melnikov potential L and the Melnikov function M defined as

follows .

L(s,0) = — [ [h(xo(s + bt)) — h(0)] (6 4+ @.t)dt + const,
T M(s,0) = 9, L(0).

These functions are also w.-quasiperiodic, since they are defined in terms of the per-
turbed Lyapunov exponent b and the perturbed frequencies w.. Then, the error term

defined as

(5.12)

R(s,0) = M(s,60) — uM (s + 59, 6) (5.13)

is also w.-quasiperiodic. The amount s, not relevant, compensates a translation of
the parametrization of the perturbed whiskers YW~ and W : with respect to the initial
parametrization of Wj.
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However, the approximations (5.12), given by the Poincaré-Melnikov approach, are
exponentially small in e. Then in order to have the error term to be small, it is necessary
@ to be exponentially small (this condition was imposed in [Arn64] and [DGO00]) that
it is not true in our case p = £ (p > 0). In the last case, the problem becomes much
more complicated, since we may not guarantee that the main term (5.12) dominates
the error term and, thus, we must provide estimates to ensure it. The idea is to present
the Melnikov potential L in the Fourier series and then to find the dominant harmonics
Ly and give estimates to show that the selected harmonics dominate the error term.
These estimates have to be big enough to be valid for the dominant harmonics of L.
Then it is possible to prove the non-degeneracy of the critical points of £ and, thus,
the simplicity of the zeros of M.

To obtain exponentially small estimates of the functions we go to the complex plane
and use the quasi-periodic properties of the splitting. We define the complex domain

Puvp =1(s,0) : |Res| < K, |[Ims| < v, Ref € T", |[Imb| < p}.

Initially, the whiskers can be defined in the complex domain [Ims| < 7, [Imf| < p. This
domain is restricted by the singularity of the pendulum separatrix parametrization (5.9)
at s = +im/2 and the width of analyticity of the function f in (5.7), and it is reduced
along the successive steps leading to define the splitting function and potential. In
[DGS04] flow-box coordinates are constructed at which the loss of the complex domain
is controlled by a small parameter 4, 6 < 5 and § < p. Choosing § = €%, a > 0, and
using that our functions are analytic, quasiperiodic, and with the zero average, one
can get exponentially small estimates (see [DG03, DG04, DGS04] for more details).
Therefore, it is possible to obtain exponential small estimates for splitting function
M(s,0) in the singular case p = P with some restriction p > p*.

We give the results of [DGS04] (Theorems 1 and 10) applied to our cases: n =
2, 7=1,a=2and n = 3,7 =2, a = 3, to have an upper bound for the error term R.
We also provide bounds for |b — 1| and |6 — 1|. The exponents q1, ¢2, q3, g4 are easily
computed by expressions given in [DGS04].

Throughout Part IT we use the notation |f| < |g| if we can bound |f| < ¢|g| with
some positive constant ¢ not depending on €, u. Also we write f ~ g if |g| < [f] =< |g]-

Theorem 5.1. For a given § > 0, assuming
exXl, p=on, pxomTVE

the splitting function M(0) is analytic on Py z/o—5,-5(k > 0), and &.-quasiperiodic.
For the amounts b and b', one has bounds:

/ iz
b= 1[I0 =1 = =

The error term R(s, ) is also w.-quasiperiodic and satisfies the bound:

2 2
peoop
(Rlsm/a-sp-s % 5o + 50 (5.14)
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The exponents qi1, q2, q3, qa are given by:
in the case n = 2

G =8q@=40p=14,qu=12, ifvr=0,
91:67€I2:27Q3:107Q4:87 Z'szl,

and in the case n = 3

ifv=0: ¢ =12, ¢ =06, ¢ =20, q =1T;
ifv=1: =8, ¢=3, =14, q =11,

Note that in [DG04, DGO03] a similar Hamiltonian with 3 degrees of freedom was con-
sidered. The most accurate results were obtained for w = (1,Q) with Q = (v/5 —1)/2,
the so-called quadratic golden number. and the existence of 4 transverse homoclinic
points to the whiskered torus was proved for all values € — 0.

Due to the quasiperiodicity (5.11) of M(s, ) and the other functions involved we
can restrict ourselves into the section s = 0 and redefine the functions as:

M) == M(0,0), L£(0) :=L£(0,0), M(0) = M(0,8), L(§):=L(0,0),

and then extend the results obtained for s = 0 to any s € R.



Chapter 6

Exponentially small splitting of
separatrices for whiskered tori with
quadratic frequencies

In this chapter we study the splitting of invariant manifolds of whiskered tori in a
nearly-integrable Hamiltonian system with 3 degrees of freedom. We consider two-
dimensional tori whose frequency ratios are quadratic irrational numbers. We deal
with numbers whose continued fractions satisfy certain arithmetic properties which
give us 24 cases for consideration. We show that the Poincaré-Melnikov method can
be applied to establish the existence of 4 homoclinic orbits to the whiskered tori and
prove that these homoclinic orbits are transverse. We also prove the continuation of
these homoclinic orbits for the silver number /2 — 1.

We consider the Hamiltonian system (5.1-5.3) for n = 2. Here the frequency vector
w is given by a quadratic vector

w=(1,9Q), (6.1)

where the frequency ratio €2 is a quadratic irrational number, i.e. an irrational real
root of a quadratic polynomial with integer coefficients. It is well known that quadratic
frequency vectors satisfy the Diophantine condition (5.4) with the exponent 7 = 1.

6.1 Quadratic frequencies

6.1.1 Continued fractions of quadratic numbers

It is well known that all the quadratic irrational numbers €2 € (0, 1), i.e. the real roots
of quadratic polynomials with rational coefficients, have the continued fractions

1
Q= = [al,ag,ag,...] (62)

a1+—1
as +

as + ...
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that are periodic starting with some element a;. We consider only the numbers with
the purely periodic continued fractions [a1, ag, as, - - -, @, and denote them according
to their periodic part by 4, as.45...a., Where aq,a9,as,...,a, is the corresponding
periodic part of the continued fraction, and we say that this continued fraction is m-
periodic. For example, the famous golden number is Q; = [1] = (/5 — 1)/2, the silver
number Q, = [2] = v/2 — 1. Another interesting case is that of 2-periodic continued
fractions, as for example: ;5 = [T,2] = /3 — 1.

Remark 6.1. The same results apply for periodic but not purely periodic continued
fractions, say € = [by,...,b,, a1, .-, Gn), since for small enough e, we only need to
consider the periodic part of the continued fraction of Q. We will call these continued
fractions with the same periodic part as equivalent continued fractions. These numbers
have a relation of type

6.1.2 Arithmetic properties

From the Diophantine condition (5.4) we define the quantity v = |(k,w)||k|. We aim
to find two-dimensional non-zero integer vectors k which give the smallest values g,
we call these vectors k as primary resonances, and to study their separation from the
other vectors, secondary resonances.

We say that the integer vector k is admissible if |{k,w)| < 1/2 and denote by A the
set of admissible vectors. We restrict ourselves to the set A, since for any k& ¢ A we
have [(k,w)| > 1/2 and v, > |k|/2.

It is a well known fact that for frequency vectors there exists a unimodular matrix 7’
(with integer entries and determinant +1) having the frequency vector as an eigenvector
with the associated eigenvalue A of modulus greater than 1. In the two-dimensional
case, such matrix T can be derived from the continued fraction of the number €. For
instance, for the silver number €25 the matrix T is

2 1
= (7)
(see Section 6.3).

We define the matrix U = (T1)7 that satisfies the following equality

Uk, w) = (b, UTw) = %(k,@. (6.3)
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Thus, if k € A, then also Uk € A. We say that k is primitive if k € A but U~k ¢ A.
From (6.3) we deduce that k is primitive if and only if

Admissible vectors can be presented in form
k°(j) = (—rint (), 7).
where j = Z\{0} and rint (a) is the closest integer to a. We say that an integer j is

primitive if k°(j) is primitive. Let P be the set of primitive integers j.
For each primitive j, we define the following resonant sequences of integer vectors:

s(j,n) = U"'K%(4), n>1. (6.4)
It turns out that such resonant sequences cover the whole set of admissible vectors.

Proposition 6.1 (DG03). For any primitive j, there exists the limit

(K°(4),w)
{u, w)

7 = I g = [0, K, KG) = K() ul,

and one has
(a‘) ’78(]@) = Vj* + O(}\—2n)’ n Z 17‘
(b) [s(j,n)| = K(HA"+O(NT),n>1;

e Q+lil+a 1 ]
© = ST 2( ummo

Provided the bounds (c) of 4; for each primitive j, we can select the minimal of
them, say ;. We get
* =liminf~y, = min~y; =77 . 6.5
7" =liminfy, = minag =, (6.5)
The corresponding sequence s(jo,n) gives us the primary resonances. Denote so(n) =
s(jo, n). We call secondary resonances integer vectors belonging to any of the remaining
sequences s(j,n), j # jo. We normalize the limits v dividing by ~j;

and define a parameter 4** measuring the separation between the primary and sec-
ondary resonances
Y** = min A}
j€P\{jo}
Remark 6.2. We implicitly assume the hypothesis that the primitive j, is unique, and
hence 4** > 1. In fact, this happens for all the cases we have explored, provided we

choose the matrix T suitably.



122 EXPONENTIALLY SMALL SPLITTING OF SEPARATRICES

6.2 Asymptotic estimates

We need to show that the Poincaré-Melnikov method is applied in our singular case
w=¢e? (p>0). To do this we provide asymptotic estimates (or lower bounds) for the
dominant harmonics of the Melnikov potential L(6) and prove that the corresponding
dominant harmonics of the splitting potential £(#) overcome the remaining terms as
well as the error term of the Poicaré-Melnikov approach. It is convenient for us to
work with the scalar functions L and £, but we state our main results in terms of the
splitting function M (recall M(0) = 9,L£(6)) whose values coincide with the distance
between the invariant manifolds of the whiskered torus.

We put our functions f and h defined in (5.6) and (5.7) into the integral (5.12) and
get the Fourier expansion of the Melnikov potential

L(0) = Z Ly cos({k,0) — o)

kez\{0}

with the Fourier coeflicients

2n|(k, @) eI
© 7 bsinh [ Z(k, &)

(6.7)

Remark 6.3. Note that due to the presence of sinh| - | in (6.7) coefficients Ly turn
out to be exponentially small in €.

Recall that

/

) b'w b’
ko) = |(k, - .

We present the coefficients Ly in the exponential form
Ly = age™ P, k € Z*\{0}, (6.8)

where oy y
TO Yk O Yk
b2|k|\/e(1 — ef{ﬂbfkw?}) 2b|kv/z
Thus, the largest coefficients Ly are given by the smallest exponents ;. We can present
[ in more convenient form

(6.9)

897

C
Br = gl—ﬁgk(e), (6.10)

where we write the functions g, in the form

Vi | (e ran s Cuva [orly ™
= —_— _— —I—(—) s :——, C _= —_— Af’ = —.
9 =571\ : PR TG p P T

Jo

(6.11)
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Here we denote C), to depend implicitly on p, since b and b are p-close to 1. Indeed,

O}, is p-close to the constant
Co = 1/ 2mp7}, (6.12)

with 47 given in (6.5). Notice that the functions g, contain the main information on
the size of .

For any ¢ fixed we have to find the dominant terms L, and the corresponding
vectors k. Since L; are exponentially small in ¢, it is more convenient to work with
the functions g, whose smallest values correspond to to the largest L. To this aim we
represent the functions g, k € Z*\{0}, in a figure (see, for example, the Figure 6.1 for
2y) and for every ¢ fixed we find the vectors S; = S;(¢), ¢ = 1,2,... minimizing the
functions such that

gs,(€) < gs,(€) < gsu(e) < ...

Hence the dominant harmonics of L(6) will be Lg,, Lg,, Ls,, etc.

n+1 & n+1 n n en—l

Figure 6.1: Graphs of the functions g (¢), k € Z*\{0}, for Q using a logarithmic scale for . The

ones with solid lines are primary functions g, ()

Note that the functions g have their minimum at € = ¢, and the corresponding
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minimal values are gi(ex) = v/3%. Recall (see the Section 6.1) that all the admissible
k can be subdivided into the sequences of vectors s(j,n) defined in (6.4) according
to their limit values 47. The primary integer vectors k belonging to the sequence
so(n) = s(jo,n) play an important role here, since 7; = 1, and, thus, they give the
smallest g;, (at least near the minimum points €,(,,)). Denote the primary functions by

gn(e) = Gso(n) (e)

and also the minimum points of g,, by ¢, and the intersection points between g,, and
On—1 by €/,. Hence, we get the geometric sequences for the points

CQ 4 &1 ’ €1
n=E&omn) =\ 5 7 N1 = N4’ = nén—1 = 75" 6.13
o= = (rgiogs) ~ VR 619

Notice that the following scaling property is fulfilled:
Gn(2) = Go1(A'e) = Go(A*"e).

This implies that as a function of Ine, the graph of g, is simply the graph of gy trans-
lated a distance 4n In|A|, thus, the representation in Figure 6.1 (that uses a logarithmic
scale for €) is 41n |A|-periodic. Thus, it is sufficient to draw figures for a width 41n |}
as in Figures 6.2-6.2.2.

We define the constants (the so-called levels)

1 . .
As = SN+ A7)

Note that Ay = g,(,) = 1 is the minimal value of g,, and, for i > 1, A; is the value of g,
at the intersections points of g, and g,, for example A; = g, (¢/,). Denote by By the

minimal value of the secondary functions g n), j 7# jo- It is clear that By = ¥ > 1.
We are interested in the frequencies (2 satisfying the condition

By > Ay, (6.14)

that ensures that the most dominant harmonic for all ¢ is found among the primary
resonances. Numerical explorations indicate that the condition (6.14) is satisfied only
by a finite number of 1 or 2-periodical continued fractions, namely, for the 24 quadratic
irrational numbers

Qly--~7Ql37QL27--~aQI,12- (615)

Remark 6.4. It is clear that, for example, {25 also satisfies the condition (6.14), but
we can present it by means {2, 5 as

- _ Q
Qo1 =[2,1] =[2,1, ]:T;ém'

Thus, they are equivalent (see Remark 6.1) and, for e small enough, the graphs of g ()
in the case of {29 ; will be similar to the ones of {25 5.
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We introduce the parameter ind satisfying the equation

1 ) )
(A2 + X777%) = B, (6.16)
Then the condition (6.14) may be expressed as ind > 1.

6.2.1 Asymptotic estimates for the splitting distance

Under the condition (6.14), we can ensure that the function giving the values of the
minimum
hn(e) = ming(e) = gs, ()

is given by the primary vectors S; = s(jo, ) (see, for example, Figure 6.2 for {25) and
we find that jo = 1 for the 24 numbers of (6.15). We can rewrite the function as (note
that 5%, = 1)

h1<e>=an<a>=§((5)1/:(5—”)1/4)7 celpelnzl,  (617)

€n €

extended as a 4In|\|-periodic function of Ine. This function is continuous for all
0 < e <&} and minhy(e) = hi(e,) = 1 and max hy(e) = hy(e],) = A; > 1. Note that
the vector S; changes at the points ¢/, from s(1,n 4 1) to s(1,n).

In the following theorem we provide an estimate for the maximal distance between
the stable and unstable invariant manifolds in terms of the maximum value of the
splitting function M(#). The maximum value of M is given by the most dominant
harmonic having the function h(¢) as exponent. The estimate obtained shows that
the splitting of separatrices exists. Note that we have introduced the notation of '~’
just before Theorem 5.1 in Chapter 5.

Theorem 6.1 ((Maximal) splitting distance). For the Hamiltonian system (5.1-5.7)
with n = 2, assume that e 2 1 and p =P, p > p* with p* =2 if v =1 and p* = 3 if
v =0, then in the 24 quadratic numbers (6.15), the following estimate holds
Coh
max | M ()| ~ ieXp _Colle)
NG

0cT? gl/4

where the constant Cy is defined in (6.12) and the function hy(g) is the periodic function
in Ine defined in (6.17) which satisfies min hy(e) = 1 and max hy(e) = A; > 1.

6.2.2 Asymptotic estimates for the transversality of the split-
ting

In order to show that £(f) has nondegenerate critical points, we need to consider at
least 2 dominant harmonics of its Fourier expansion. However, for some values of ¢ it
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\ \
/ \ / \ /
/ \ / \ /
\ / \ /
\ / \ /
\ / \ 7
\ / N/
N4 %
VAR 7/ N\
s N s AN
s N s N
e ~ e N
~ - ~ P ~
A —_— B ~ ~ — - =~ ~ — - ~ ~ — 1
270
A L _
1
h, (e)
1 -
L L L L L
€ g € g €
n+1 n+1 n n n-1

Figure 6.2: Graphs of the functions g (¢) and h1 (¢) defined in (6.17) for Q5 (ind = 2 where parameter
ind is introduced in (6.16)).

is necessary to consider 3 and even more dominant harmonics if the second and some
consecutive harmonics are of the same magnitude. Also it can happen that the corre-
sponding vectors S; and S5 of the 2 dominant harmonics are linearly dependent, thus,
to prove the nondegeneracity of the critical points we have to consider enough consec-
utive dominant terms Lg,, Lg,, ..., Lgs, , Ls to have 2 linearly independent vectors Sy
and S’, while Sy, ..., S,, are dependent with S; (the number m > 1 depends on ¢).

Definition 6.1. We will call Lg, and Lg/ essential dominant harmonics if they satisfy:
(i) Lg, is the most dominant harmonic,

(i) Sy and S" are independent,

(iii) if there are harmonics Lg,, ..., Lg, such that Lg, < Lg, <...< Lg, < Lg/, then

Sizcz-Sl,i:Z...,m (618)
with constants ¢; > 1.
We will define the number m (indez of non-essentiality) as

1, if there are no non-essential harmonics between Lg, and Lg

e { [+ 1, if there are [ non-essential harmonics between Lg, and Lg (6.19)
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In the worst cases of 24 numbers (6.15), 43, Q111, Q112, m = 6 and ¢; = ¢ for
1 =2,...,6. As we show later, the terms Lg,, ..., Lg, are not relevant for the transver-
sality.

h, (¢

h, ()

| | | | |
& n+1 En+1 8n € n En—1

Figure 6.3: Functions hy and hy for 4 (ind = 1.8245) in the logarithmic scale of &

Therefore, we define the function

ha(e) = gs(¢),

where S’ is the first vector linearly independent with S; minimizing the functions gy.
Thus, hs(e) is defined by 2 vectors Sy and S’. Note that S" = S’(e) changes if ¢ varies,
and later we will discuss these critical values of € at which S” changes.

We stress that S is always a primary vector, whereas S’ can be either a primary
vector or a secondary one. Such situations can be checked from the graphics corre-
sponding to the 24 numbers (6.15). We have found two different situations:

(a) Q1,Q9,...,Q3 — for all € the vector S’ is also a primary vector. More precisely,
S" = s(1,n£1), and the critical values of € when S’ changes are €], ,, €, €/, (see,
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h, (€)

h, ()

5 = . o 5
n+1 n n n n

Figure 6.4: Graphs of the functions hy and hs for Q; o (ind = 1.3385).

for example, the Figure 6.3 for the number €,). We can write hs(e) in the form

to(e) = { et £ e (620

Note that this function is continuous, 4 In |A|-periodic in Ine and satisfies that
min h2(8> = hQ(gln) = Al and max ]’LQ(&) = h2(5n> = Ag.

(b) Q12,...,8 12— for some values of €, S" = s(1,n+1) is one of the primary vectors,
while for other ¢ the vector S” = s(j’, n) is a secondary resonance(see, for example,
the Figure 6.4 for the number € ). We denote by ¢! and €/ the points at which
S’ changes from a primary vector to a secondary one and viceversa

— 1/4 1/4 \ 2
b Vi'€s(jrm) — En+tl 1/2 1/2
En = 1/4 — 1/4 n+1€s(j’,n)’
Cs('m) T V1iCnt1 (6.21)

— 1/4 1/4 \ 2
"o (V'yjlss(j/,n_l)gn—l) 1/2 1/2

n 1/4 = 1/4 n—15s i’ n—1)"
s n—1)" V3" En—1 v )
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h, (¢

h, ()

Figure 6.5: Graphs of functions hy and hs for Q4 12 (ind = 1).
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Note that e4(;/ »y is the minimum point of the function g,(;: ), one can obtain their
formulae from (6.11), putting £ = s(j’,n). Also S’ changes from a secondary
vector s(j’,n) to another secondary vector s(j’,n — 1) at &,, the minimum point
of the primary function g, given in (6.13). Hence, the critical values of ¢ are

Eni1rEmsEnyEm s €. In the case of these numbers hy(e) takes form

Gnt1(8), eele e
= gsirmy(€), € € [en, enl
h2(8) gs(j’,n—1)<5>, € € [gmg;’;] (622)
gna(e),  eeler el

extended to all ¢ as a 41n |A|-periodic of Ine. It is also continuous and satisfies
min hg(f—f) = hg(E;L) = Al > 1 and By < max hg(a’f) = hg(En) < AQ.

The function hs(e) is relevant to establish the transversality of homoclinic orbits
associated to the whiskered torus considered. In the following theorem we prove the
existence of 4 transverse homoclinic orbits which correspond to simple zeros of the
splitting function M(f). We also give an estimate for the minimal eigenvalue (in
modulus) of the splitting matrix dy M at each zero in terms of the function hy(e). This
eigenvalue provides a measure of the transversality of the homoclinic orbits. Note that
the notation of '’~" has been introduced just before Theorem 5.1 in Chapter 5.

Theorem 6.2 (Transversality of the splitting). For the Hamiltonian system (5.1-5.7)
withn = 2, assume that 0 <e < 1l and p==¢e?, p>p* withp* =2 ifv =1 and p* =3
if v =0, then one has:

e the Melnikov function M(0) has exactly 4 zeros 0., all simple, for all € except for
some small neighbourhood of some geometric sequences of ¢;

e The minimal eigenvalue of OgM(6,) satisfies

Coha(e) }

~ 1 el/4 _
My ~ UE exp{ i/

where the constant Cy is defined in (6.12) and hs(g) is the positive periodic in
Ine function defined in (6.20) for the numbers Qq,s, ..., Q3 and in (6.22) for
the numbers 12,13, .., Q1 12.

Remark 6.5. The geometric sequences mentioned in the Theorem 6.2 are ¢, (given
in (6.13)), €7 and €/’ (given in (6.21)) where the Melnikov function has more than 2
essential dominant harmonics because the second essential harmonic coincides with the
third one, and this requires a special study (as an illustration, we carry out this study
for Qy = v/2 — 1 in Section 6.3). We can conjecture that depending on the type of

perturbation (function f) some bifurcations are possible to occur at these points.
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In the rest part of this section we give estimates for the dominant harmonics of the
Melnikov potential L and show that the sum of the remaining terms is much smaller
(Lemma 6.1, p. 132), then we translate these estimates to the splitting potential £
(Lemma 6.2, p. 138), and, finally, we find 4 nondegenerate critical points of £. All this
will allow us to prove our main results Theorems 6.1 and 6.2, taking into account that

M = L.

6.2.3 Dominant harmonics of the Melnikov potential

To show that the Melnikov potential L has nondegenerate critical points, we have to
consider at least the 2 essential dominant harmonics Lg, and Lg (see Definition 6.1
of essential dominant harmonics) in its Fourier expansion and give estimates for them
to prove that they overcome the sum of the remaining terms. Also we have to take
into account that, for some intervals of £, we can have non-essential dominant terms
Lg,,...,Lg, between Lg, and Lg such that Lg, > Lg, > ... > Lg > Lg and
So, ..., Sy (the number m > 1 depends on ¢) are dependent with S; (recall that S
and S" are independent). Since these vectors are linearly dependent with S;, they
satisfy the relations (6.18).

We fix a point €, for any primitive j and N = N(j,e) > 1 let e4(; n) defined in (6.11)
be the nearest point to . As a consequence of Proposition 6.1 we have estimates

[5(3, N)| ~ K (5)IAIY,
and applying the definition of €, for k = s(j, V) in (6.11), one gets
SN
e [ VT
e Uy

From this, one concludes

. W Jxr—1/4
|S(.]7 N)| ’7j € .
Note that the vectors S, So,...,S,, and S’, if secondary, are dominant in their

sequences, i.e. S1 = s(jo, N), S; = s(ji, N),i = 2,...,m, S" = s(j', N) if j' # jo. If &'
is primary, then it is one of the vectors s(jo, N & 1) depending on the side of 4;,.n) to
which e belongs: 5" = s(jo, N — 1) if € > g4 3y and " = s(jo, N + 1) if € < e40o.3)-
Then having that for primary vectors 7; = 1 and choosing, if necessary, from a finite

number of 77 ,...,7; 7, we obtain the following estimates:
|Sl| ~ 5_1/4, ’S/‘ ~ 8_1/4, ‘Sz‘ = ci]Sl\ ~ 6_1/4 (623)
In the next lemma we give estimates for Lg,,7 = 1,...,m, and Lg. Besides, we

provide an estimate for the sum of all the remaining terms L; in terms of the first
neglected harmonics. Since we are interested in some derivatives of the Melnikov
potential, we consider the sum of (positive) amounts of the type |k|'Ly
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Lemma 6.1. Assuming € < 1, one has:

Coh
(CL) L,S‘l ~ ﬁ exp {_ il}is) }7

1 Coha(e)
Lgr ~ e1/4 exp{— 2174 }7

i Cohi(e . .
Lg, ~ Efﬁexp{—cizl—}i)} <L Lg,,i=2,...,m,

(b) For any primitive j, if € = 4Ny, N = N(j,€), then

> 1sGo )| Loy = 150, NI Loy

n>1

(¢c) > k'L =X FxLls,n i=1,...,m1>0.
k+#S1,5",5;

Proof. According to (6.8)-(6.9), the largest coefficients L are given essentially by the
smallest exponents ;. Due to (6.10) and to the fact the smallest value of g for any e
fixed is given by k£ = S; and that this smallest value coincides with the function hy(g),

we get that
. Coh1<€)
s, = c1/4

Analogously, by definition of the function hsy(e), we obtain

5 . Coh2(€>
ST e
For the non-essential dominant terms with the vectors s, ..., S,,, due to the relations

(6.18), we have

Cohl £
Vs = C?'YSU €5, = €5y, 9s:(€) = cigs,(€), Bs, = ciffs, = Cisl—/i)

Once we have found the smallest exponents (3, we show that the dominance in L;
is not affected by the multiplicative term oy, defined in (6.9). Indeed, in general if the
denominator [1 — exp{...}] ~ 1, we deduce

Yk 2b 7Tb/’7k 2b
~ e 20 LN

and hence |Inag| < Bg. The only exception can occur if [1 — exp{...}] is too small,
that only happens if |k| = }—’jg, and since #@{—r} — 1 as x — 0, one can obtain that
aj = 1 in this case. For the dominant harmonics Lg,, Ls/, Ls,, 7 = 2,...,m, we see
that [1 —exp{...}] ~ 1. Besides, S is always primary with 7;, = 1 and, thus, using

(6.23), we deduce the following estimate: ag, ~ e /4. If S is primary (that it is true
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for Qq,...,843), then the estimates are similar to the last one. In the case if S’ is a
secondary vector (it can be for some ¢ in the case Q;9,...,; 12), we bound v by its
maximum value among all these 11 numbers and, hence, ag ~ e~ /4. Concerning to
the non-essential vectors, we get vs, = c2vs,, |Si| = ¢|Si|, and, thus, ag, ~ c;e™/4,
i =2,...,m. These estimates imply part (a).

To prove (b), first we bound the sum of the terms Lj, for k belonging to any fixed
resonant sequence s(j,-) (we fix j) by its dominant term L, ny (recall that we have
fixed € near to £, ny). Consider other vectors s(j,n) of the same sequence with n # N.
For n > N, we have an infinite number of points €,(; ,) < £5;,5) and we calculate (using
Esimn+1) = AT es(im))

;w: 1/4 s(j,n 1/4
Js(jmt+1) — s(jm) = Q(W —1) {( < ) -+ (Sotim) ]

€s(4,n)

~ V(N - 1) [N - )

2 Al

VI(A - 1)(1 - )

> P i if € > e5(,n)

V(A = DA = &) ife < e
Y e (T
e j Ay A 2’)\| )

since the difference is growing and, thus, is greater than the minimal difference at
n—N=0if e > e, n)orn—N =1if € < e4,n); also 1—ﬁ < |A] = 55 for [A] > 1.
Thus, we get that

9s(i.N+11) (€) = gsiny (€) + 4 /77Ol (6.24)

where I} > 0if € > g3 or [1 > 1if € < g4 ).
For n < N, we have g4, > €4(j,n) that are a finite number of points, and we get

i; -n n—
Gatim) — Goimeny (A = 1) [HIAN ™ = A
val
(W=D [1-4

> 5 |/\|} if€<€s(j,N)

o5 .
V(A = DA = &) ife > e

> /7O
and, therefore, we have
9s(i.N-12)(€) Z gs(i.n) (€) + /77 Crla, (6.25)
where I =0,..., N —1life <eggjnyorlo=1,... ., N —1if € > g4, n).

Recall ¢ is close to e, vy, and assume that € > e, vy (€ is on the right of €4 n);
for e < e,4(;,n) the proof is analogous). We divide the sum of the harmonics L(jny into
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the ones previous to s(j, N) (n > N) and the ones after s(j, N) (n < N).

Z |k‘Lk Z' ]’N+ll |L (j,N+11) +Z’ ]7 |L (j,N—l2)-

ke{s(j,n)} 11>0 lo=1

The first sum is

. . C s(J
1= 3 [5G N + ) Lagainy = 3 Is <3,N+z1>vasjzv+zl>exp{—%}

11>0 1>1

< [s(j, N)|" exp {— S gs(jv }Z AP avgi vy exp { =452 /A5l }

where we used the exponential form of L, (6.8), the inequality (6.24) and the fact
that |s(j, N + )| ~ [A["]s(j,n)|. Moreover, due to (6.9) we have
gl
As(§,N+11) ~ o

A Is(G, N)IVE(L = exp{— rrrtie=—:})

If we consider the sequence a;, = |)\]lllas(j7 N+1,), We obtain that

! C;
anpr _ N agg vy A AR = exp{—grge )

Ny ) AT A+ (1~ exp{ — iz )

<l

since % < || for x > 0. Therefore, a;, 11 < |Mlay, (or a;, < |N"ag, ag =
a(j,n)) and the sum is bounded above by a geometric series that can be estimated by

the first term

. Coga(; CoC
Br S 1s( My exp { - S} 5 ey { - 2501 |

[1>0

—1
. CoCx\ /72 .
— |sG, M) L (1—1Arlexp{— :;xﬂ}) < 20s(j, M) Lun.

The inequality is true for € small enough (/4 < CoC) 77 In(2[A1)/2).
For the second sum we proceed analogously, using (6.25) and |[s(j, N — lp)| ~
AI72|s(5, V)|

By = 30 Is( N = L)' Lyggn-ts)
= s(, N)[Fexp { = Frrgs.n) Z A7 vy exp { = D72 /T 2}

where

Qg l2) :V;WZQ
s(4,N—l2 ~ ] CH* :
56 MIVE (1 = exb {5tz })
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Considering a;, = |A\| 7! ay(j nv—1,) and having

il (1 _ o })
Alp+1 _1 Qs(j,N—(I2+1)) _l’)‘|2 (1 eXp{ Is(ij)Iﬁ 1
e L 1 s < A
a, Qs(j,N—l3) A2 <1 — exp {_W})
= |/\|1il < |)‘|7

. 1—exp{—
since % <1 for [A| > 1, we deduce that a;,11 < [A|2ag = [A|2 oy n).

s before, we obtain

N-1
Yo = s(j, N)I'Ly(j.ny lZ A2 exp { =452\ /A7l }
2=0
= ‘3<j7 N)llLS(j,n) S(jaN)‘lLS(j:N)'

1 <2
17|A|exp{*cocxﬁ/(2€1/4)} o ‘

The both sums complete the proof of (b).

To prove (c), we recall that for the 24 numbers from (6.15) the two essential domi-
nant terms are Lg, and Lg where S; is primary while S’ can be primary or secondary.
Also there can be non-essential terms Lg, between Lg, and Ls/. We consider 4 cases:
(1) S” is primary and no non-essential terms (numbers Qq, s, 3); (2) S is primary
and there are non-essential terms (numbers {2y, ..., {3); (3) S’ is secondary and no
non-essential terms (number €25 5); (4) S is secondary and there are non-essential terms
(numbers Oy 3,...,Q 19

Then in every case we consider the sums of Ly; ) for the sequences to which Sy, S’
and (in the case 2 and 4) S; belong to, i.e. s(jo,n),s(5’,n),s(ji,n), n > 1. According
to (b) these sums are bounded by the dominant term L, n) where s(j, N) is Sy if
Jj = Jjo, S"if j = j' (cases 3 and 4), S; if j = j; (cases 2 and 4), respectively. Then
excluding these dominant terms from the sums, the corresponding upper bounds are
estimated by the next dominant harmonic which is one of L n_1) or Ly n+1)

Z |5 (o, )| Lagiom = 15Gios N £ 1) Ly(igv1)
n>1n#N

S s ) Ly = 15N £ D] Lygr vy

n>1,nEN

Z ‘S(jian)vLs(ji,n) = |3(jiaN + 1)’lLs(ji,Ni1)
n>1n#N

One of these harmonics coincides with Lg
hence,

2> While the other ones are smaller, and,

. 1
ke{s(Gn)}
J=70,75Ji
k#S1,8,S;i=1,....,m
Further, we calculate the sum of the remaining sequences s(j,n), j # jo,j’, ji;n # 1.

Due to (b), for each j the sum of the coefficients L, of the same sequence is estimated
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essentially by Ly;n) (note that N = N(j,¢), and for different j the number N is
different).

Y3 = Z | (]7 |L s(j,n) j Z iLS(JN)

JjeEP JjEP

j?éj()>7j1’7ji 3#350,3" 53
nz
Cogsj,n) (€
= % Mg e {~LE
JEP
3#50:3" i

Recall that the set P is the set of primitive numbers j defined in Section 6.1. We
use the estimates [s(j, N)| ~ \/FTe %, gyiv) ~ /7, for € & e4.n), and, for € small

enough (/4 < C\/37/In2), ayn) < 2\/1; Also for primitive j we apply the bound
(6.1) for ~;, we will have for ¥;:

1 —|—*Q’ B a* .
27]'0 273'0

(Aljl = B)/IA <795 < Aljl+ B, where A =

Hence, we get

3 —\ [+1 Cy :y*
m oz () e {0

JjEP

J#30,5" 3
. Co/Alj| — B
< gli=b/4 Alj|+ B)*lexp{ ——N L 4
ST B e~V
7127

We denote 7 = mi7r>1 |7]. It turns out that it satisty 7 < 2 (and 7 > 2 for Q # 3, 5)
JE

J#50,5" 53
We can bound Alj| + B < x(A|j| — B) with a constant y satisfying 1 < x < ﬁg::ﬁfg

for |j| > 7— 1, and, hence, the sum is estimated by the corresponding integral

5, < e/

! VT CovAz — B
expy ———— o dx
J NEE

1 Covu

_ L - 1+1 0

= — & u ex ————— > du

2 / (Vu) p{ T)\|€1/4}
Aj—A-B

_ wg(l+l)/2 / ( )l+2 exp{ z}du

+3
ACY
CoVATA=B __1/4
VIAl
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Thus, we get the following bounds

Cov/JA7— A—B
=0 X3 (251/2+2€1/4+1)exp{ oV A 5_1/4}

VIAl
CovAT—A—D 1/4}
g
VIA

1 =2 5= (24e%? + 2467 4 12¢ + 4e3/* + /%) exp

=1 Y3 = (6c+5%* 432 4 /M) exp

CovA]—A-B
VIA

These decreasing bounds are smaller than (6.26).
Finally, we consider non-admissible vectors k for which v, > |k|/2. Also we have
e = |[{k,w)||k| < |k|*|w|. From (6.9), we obtain

o e

B2 olbl + T
T VRO Ry T

4e1/2
Therefore,

exp{—Ce~1/2
S kL £ e S el

kg A k¢ A

This sum can be bounded from above by the sum of a geometric series which is smaller
than (6.26). This completes the proof of Lemma. O

6.2.4 Dominant harmonics of the splitting potential

To study the nondegenerate critical points of the whole splitting potential £(6) (the
simple zeros of the splitting function M(f)) we can use as a first approximation the
estimates obtained in Lemma 6.1. We prove that assuming p = &P, for a suitable p > 0,
the dominant harmonics don’t change essentially in £ if we add the error term of order
O(1?).

Recall that M = 0yL and take into account that L is w.-quasiperiodic, we can
consider the following Fourier expansion:

E(S, (9) = Z £Z€i<k’97wis> = Z ﬁk COS<<k7 0 — w88> - Tk)?

kez? keZ

where Ly, 73 are real, £ > 0 and Z is defined in (5.8). For every k € Z, the exponential
and the trigonometric forms are related by L; = %[,ke_”k. Then the corresponding
Fourier coefficients of the splitting function M(s, #) and the Melnikov function M (s, 0)
are (in the exponential form) Mj = ikL} and M} = ikL}, respectively.
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Lemma 6.2. Assuming e < 1, u = &P with p > p*, with p* =2 if v =1 and p* =3 if
v =20, one has:

Cohi(e)
(a) Ls, ~ 51#/4 exp{— o1/4 }
Coha(e)
»CS’ ~ E1“/4 exp{— c1/4 }7
c; Cohi(e) . .
Lg, ~ —Eljfl exp{—c¢; YE b,ooi=2,...,m,

(b) ’Tk — O _S(O)U{awaﬂ j E%ak = 517527"'7Smas/;

(C) Z |k|l£kjﬁ£5m+2, z:l,,m,ZZO
k+#S51,5",S;

Proof. The proof is similar to the one of Lemma 5 in [DG04], here we just adapt it to
the quadratic numbers from (6.15) The splitting function M(s, ) can be defined on
a complex domain: [Im s| < 7 — 4, |Im 6| < p, where 0 is a small reduction (to be
chosen). On this domain, the upper bound (5.14), pointed out in Theorem 5.1 (for the
two-dimensional case), can be applied to the error term (5.13). Also we can deduce from
(5.13) that the Fourier coefficients for the error term are R}, = k(L] —puLje s ke)),
k # 0. Taking modulus and argument, we get

Ril
L

Ril
|kl Ly

|£k—,uLk’ = ’Tk_ak_5(0)<k>@8>‘ =

Since R is w.-quasiperiodic, a standard result (Lemma 11 of [DGS04]) can be applied
to it to get bounds for its Fourier coefficients:

2 2

Rl = (s + 5oz ) ™ ule) = (o= o)l +

We present the function Bk as

< CosvVr | [ e VA g1/
B’f(f‘:):%[(a@) +(2) ]

(m/2 = 6)b'
blklve

where
i _ CusVe B \/4 @2—0p,
€k 2(p _ (5)|/{:| ) Cuﬁ b (p 5)7]0 CO + O(/MS ) 5)

The difference with (6.10) is that for By, we write 7/2 — § and p — 6 instead of /2 and
p in Bi(e). In fact, we consider [y as a perturbation of f;. Indeed, proceeding as in
the proof of Lemma 6.1, we get for the most dominant term:

- Coly(e) + O(V/E, ué . 8)
ﬁ51 - 51/4 .
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We can neglect the perturbation term if ué=% < &'/4, § < ¢! /4. So we choose § = /4,
The smallness conditions on y become p < €%/4 (the condition containing the exponent
¢2 can be ignored, since ¢; > g2 + 3). Then using (6.23), we conclude

2
1% Coh1(€)
[Ls, — nls,| = g 13 P {— [

Therefore, the term |uLg,| ~ -7 exp{—cgf}f)} (estimated in Lemma 6.1) dominates

if

T %

51/4 - g(Q3—1)/4'

If one takes p = &P, the last condition is fulfilled at p > (g3 — 2)/4. We get p* =
max{(q3s — 2)/4,q1/4} = (g3 — 2)/4, since ¢3 — 2 > ¢;. In fact, for v = 0 we have
g3 = 14 and hence p* = 3, and for ¥ = 1 we have g3 = 10 and p* = 2. The remaining
statements of (a) for the other dominant terms S;, i = 2,...,m and S’ as well as the
part (b) are proved in a similar way.

To prove (c), we bound the sum of |k|'Ly, k # S;, 5", i = 1,...,m, by the sum of a
geometric series analogously as it was done in the proof of Lemma 6.1. O

6.2.5 Nondegenerate critical points of L

To prove the nondegenericity of the critical points of £(f) we need to consider at
least 2 essential dominant harmonics Lg, and Lg (see Definition 6.1 of essential dom-
inant harmonics), also we have to take into account all the non-essential harmonics
Ls,,...,Ls,, if necessary, that Lg > Lg, > ... > Lg,, > Lg and the corresponding
vectors S, ..., S, are linearly dependent with Sy (recall that S; and S are indepen-
dent). Since these vectors are linearly dependent with S;, they satisfy the relations
(6.18).
First we consider the approximation of £ by these m + 1 harmonics

L) =Y L, cos((S, 0) — 05,) + Lo cos((S,0) — o).
=1

After the linear change
¢1 - <8170> — 05y, ¢2 = <S/70> — Og/ (627)

which can be written as

.
= A0 —b, where A, = ( (5/1)T>,b=(051 )’

gg
the function £+ becomes
KM () = L, costy + Z Ls, cos(cipy + A1) + Lgr cos s,
i—2

where A1, = 0g, — ¢jog,, 1 =2,...,m.
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Lemma 6.3. 1. K™+Y(4)) has 4 nondegenerate critical points vV = (O(n),0),¢? =
(O(n),m),v® = (7 + O(n),0), ¥V = (7 + O(n),7) , where

— O? me: 1’
" { Ls,/Ls,, ifm>1 (6.28)

and m is defined in (6.19).
2. det D2Km+D ()} = Lg Lo(1+ O(n)).
Proof. The critical points of K1) are the solutions of the system:
Lg, sinyy + Z cilg, sin(ciy + A1) =0, Lgsinyy = 0.
=2

From the second equation we get 1), = 0 and o = 7w, while the first equation can be
written in the form

m

sinthy = =30 e 55 sinea + Ar) = nf (),

i=2 S1

where f(11) is bounded with its derivative
POl <M =D el /Lo XLIF (W SN =} clls/Ls, <1 (6:29)
1=2 1=2

Hence, for < —=—1— small enough the condition 7°(f')* + n°f* < 1 is satisfied
and, therefore, by Lemma B.1 there exist two simple solutions of the equation near to
1/11:0a11dw1:ﬂ'.

These solutions give rise to the 4 critical points ™M), @) G @ of KM+,

The determinant is easily computed. We have

det D2 K™ (1) = Lg, Lo (costpy — nf'(1h1)) cos by
for any ¢ € T2. Hence, at the critical points we get
| det D2K ™) ()| = Lg Lo/(1 + O(n)).
O

Remark 6.6. Note that if there are no non-essential harmonics between Lg, and
L, ie. m =1 and S’ = S,, then we put 7 = 0 and the critical points are ¢! =
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After having studied the critical points of the approximation K1 we have to
study their persistence if we add the remainder. Applying the linear change (6.27) to
the whole splitting potential L£(#), we get

K(y) = K" 4 Lg, G, 1),

where the term Lg,, . ,G(11,1) corresponds to the sum of all the non-dominant terms
of L (it is bounded according to part (b) of Lemma 6.2) and Lg, ., (the next after
L) is the maximum of non-dominant harmonics. Note that function G is obtained
via the linear change (6.27) applied to the remaining terms of £. Taking into account
the bound (c) of Lemma 6.2 for the non-dominant terms, one gets the following bounds

for G:
|G| j 1’ |8¢1G| j 671/27 |aw2G| j 871/27 (6 30)
2 1 2 -1 2 1 .
’a"/’l”‘/)lGl e ’a¢1w2G’ =&, ’a?/mﬁzG’ e

Lemma 6.4. If ] = max {n, Ls,.,/Ls} < &%, n is given in (6.28), then the function
K (v) has 4 critical points, all nondegenerate: Q/J,Ej) = Yo +O0M), 7 =1,2,3,4, where
Yy = (0,0), Y0 = (7,0), Y0 = (0,7), Yo = (m,m). At the critical points,

£

| det D*K (09)| = L, L (1 +0 (7)) .

Proof. The critical points of K are the solutions of

sinthy = nf (Y1) + 1911, ¥2),  sinty = 0" ga (Y1, 1h2), (6.31)

where 1f corresponds to non-essential dominant terms (the same as in the proof of
Ls Ls
m+2 "o m+2

Lemma 6.3), ' = 22, 7" = 2 are exponentially small (note that ' < n” <« 1)
1

and the functions ¢;(¢) = 0y, G(¢) and g2(v)) = 0y, G(¢) have bounds obtained from
(6.30)

1/2
1/2

) ‘8111191‘ ~ 8_17 ’61/)291’ ~ 5_17
) |8¢192‘ ~ 8_17 ’61/)292’ ~eh

91| ~ e
|ga| ~ e

Thus, 77 = max{n,n"} and the conditions of Lemma B.2 becomes

(f (1) + 7' g1(0))* + (Inf (1) + 1/ 0p g1 (V)] + |7/ Dypg91(¥)])? < 1
(f (1) +10"g2(¥))* + (Inf (1) + 1"0p, g2 ()] + [0 Dy, g2(¥)])? < 1

Due to ’ < 1, the second inequality implies the first one. We recall also that |f| < M
and |f'| < N, M and N are the constants defined in (6.29). Then the conditions are

satisfied if
€

Ve(Mel2 +1)2 + (Ne +2)2

n <
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and this inequality is true for 77 < e, thus, K (1) has 4 nondegenerate critical points.
Moreover, since the left parts of (6.31) are small in 7, the critical points are a pertur-
bation of the points ;) 0, j = 1,2,3,4.

The determinant is

det(D?K(¢)) = (=Ls, costr +nLs, f'+ 0L, 0y, 91)(—Lsr cos Py + 0" LsrOy, o)

=" Ls, L5109y, 910y, g2 = Ls, Lsr (cos by cosihp + O (7/€)) -
(6.32)

If we choose 77 < €%, we have a small term O (77/¢) in (6.32). Thus, substituting the

critical points wij ), 7 =1,2,3,4, we will get the expected estimates and complete the
proof of Lemma. O

Remark 6.7. In (6.32), we can choose n < &* with any a > 1 (for instance, n < 0!

or n =< £2013) for the validity of Lemma 6.4. Just for simplicity, we chose n < 2. Note
that 7 is exponentially small in € and, hence, can be bounded by a power of €.

We translate the results of Lemma 6.4 from the function K (1)) to the splitting
potential £(#). It is well known that each critical point of K (1)) gives rise to k critical
points of L£(#), where x := |detA,|. We have checked that for all the frequencies
(6.15), kK = 1. Thus, the linear change (6.27) is one-to-one, and applying the inverse
change of it, we obtain 4 nondegenerate critical points of £+

Qij) — A;1(¢ij) + b)7 j=1,234. (6.33)

We also find an estimate for the minimal eigenvalue (in modulus) m;) of DL at
each critical point.

Lemma 6.5. Assume 7] = max {n,Ls,.,/Ls} = g2, n is given in (6.28). Then the
splitting potential L has exactly 4 critical points 99), given by (6.33), all nondegenerate
and satisfying m;) ~ \/eLg.
Proof. We can present the minimal (in modulus) eigenvalue of D2£(0£j )) in form
2|D|
mey = ,
DT + VT2 — 4D

where D = det D2L(6) and T = tr D2L(6Y). Thus, we need to find estimates for D
and T'.

One can prove that D2L(6) = (A,)" D*K (1) A,,. Therefore, if DK = < ZH le >,
12 ka2

we see that
DL = k11 Sy - S + kio[S1- ()T + 8- S]] + kgpS" - (S)T,

where
ki = L, (—costy +nf" +n0'0p 1),
k‘lg = ,Cgm+2851w2G = n’ﬁgl&hgl = 77//,65181#192,
koo = Lg/(— costhy + 1" 0y, g2).
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At the critical points 1%, |k11| ~ Ls,, |k12] ~ Lsg

L2 j ,CS/, ]{?22 = Esl j ﬁgl. We get
that

T = ki1|S1]5 + 2k12(S1, S") + kaa|S'[3,

here we use the 2-norm |z]y = /(21)? + (22)?, but since the 1-norm and 2-norm are
equivalent (|z]1/v/2 < |z|y < |z|1), we can apply the estimates (6.23) to obtain

1
T ~—Lg,.
| | \/g S1

Moreover, since |det A,,| = 1, we get from Lemma 6.4
D] = [ det DK (W) = L, Ls (1+ O (7/e)) ~ Ls, Ls:

Thus, having |D| < T?, we conclude

mg) ~ T~ VeLs.

1Dl
T

6.2.6 Proof of Theorems 6.1 and 6.2

Theorem 6.1, p. 125, is a consequence of the fact that M (6) = 9yL(0) and the estimate
for the most dominant harmonic Lg, given in Lemma 6.2, p. 138. We consider the

approximation £t by 2 essential dominant harmonics and deduce the following
estimates:
|0 L™ D] ~ Sy Lg, ~ Ry 0L — Op LTV ~ Ry
0 1|1~5, 51/4 S1s 6 81/4 Sm+2°
Since Lg,, ., < Lg,, we get the estimate

_ e _ Cohu(e)
(M| = |0 L| NG exp{ .

cl/4

Theorem 6.2, p. 130, follows from Lemma 6.5 and that the nondegenerate critical
points of L£(#) correspond to simple zeros of M(f). Applying the estimate for the
second essential dominant harmonics Lg from Lemma 6.2, we obtain the expected
estimate for the minimal (in modulus) eigenvalue of the splitting matrix 9pM = D?L:

my ~ \/gﬁsl.

Note that the result of Lemma 6.5 applies only for 77 = max {Ls,/Ls,, Ls,...,/Ls } <€,
and this condition excludes from consideration some (decreasing as n — oo) neighbor-
hoods of the points ¢,, (given in (6.13)), €/ and €/ (given in (6.21)), where the second
and the third essential dominant harmonics of M are of the same magnitude.
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6.3 Continuation of transverse homoclinic orbits in
the case ()

In this section we focus our attention on the case of the silver number €, = /2 — 1.
Recall that in Theorem 6.1, p. 125, an asymptotic estimate of the maximum distance
between the stable and unstable invariant manifold in term of the maximum value (in
modulus) of M(€) has been given and, thus, the splitting has been established for all
e — 0, while in Theorem 6.2, p. 130, the nondegeneracity of the critical points of the
splitting potential £(0) and the transversality of the corresponding homoclinic orbits
of (5.1-5.7) with n = 2 has been proven for most values of ¢ where there are only two
essential dominant harmonics Lg, and Lg. Here we study the critical points of £(0, 6)
for e close to a critical value ¢,, at which the second dominant harmonic coincides with
some other consecutive dominant harmonics. Notice that in the case €2, there is no non-
essential harmonics, and, thus, there is no points € and €, defined in (6.21). Indeed,
we can see in Figure 6.1 that at € = ¢,, the primary function g, () is the smallest, while
the primary functions g,,—1(€), gns1(€) and the secondary function g ,—1)(¢) take the
same value. This means that for € near to €, the most dominant term of £(0) is L),
and the next dominant terms Ly n—1), Lsom+1), Ls3n—1) are of the same magnitude
(recall that we denoted by sq(+) the sequence of primary resonances (see Section 6.1)).
Thus, the point ¢, requires the consideration of 4 dominant harmonics.

For the silver number {25 we have the following data of Section 6.1:

(V) oo (1)

A=1+V2, ~*=4=05 #*=2
j0:17 ko(l):[oal]a ;)//T:L

j = 37 k(](g) = [_173]7 :Yj; = 2;
J =4, k0(4) =[-2,4], 5 =4;
i>6 5> 6.5723

We denote by s1(n) the sequence of secondary vectors generated by primitive £°(3) =
[—1, 3]. These are secondary vectors whose limit 773 is the smallest among the secondary
Yj»J # Jo, and coincides with the separation parameter y** = 2 (4** is defined at the
end of Section 6.1).

We have the relations for our vectors

so(n+1) = sp(n—1)—2s0(n),
siin—1) = sg(n—1) — so(n).

To prove the nondegenericity of the critical points of £ near € ~ ¢,, we consider
the approximation by its 4 dominant terms

L) = Loy c05({50(2):0) = Tapn) + Lantr1 c05((50(1 = 1),6) = o1
+ ‘CSO(n+1) COS(<SO(n + 1)7 9> - 080(n+1)) + 581(71—1) COS(<51(n - 1)7 9) - 051(71—1))

(6.34)
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By a linear change

wl = <80(n - 1)7 9> — Osg(n—1)» ¢2 = <80<n)7 0) — Osp(n)» (635)

that could be written as

_ T
szmw,wmmAz(%y D )J:(%MM>7

Tso(n)

the function £® is transformed into (taking into account (6.34))

KW = Bcos 4+ Bn(1—Q) cos ¥y + BnQ cos(1hy — 2tpy — AT) 4+ BnQ cos(1hy — s — ATy,
where

B = Eso(n)7 AT = Oso(n+1) = Osg(n—1) + 20_80(n)7 A7—1 = Os1(n—1) — Osp(n—1) + Oso(n)>
Q _ ﬁso(n-l—l) Q . Csl(n—l) n = *Cso(n—l) + Eso(n—l—l) '

Lso(n—l) + Lso(n-l—l) ’ B ['so(n—l) + Eso(n—i—l) ’ Lso(n)

Note that here 7 is exponentially small, 0 < @ < 1and 0 < Q < 1/2. At Q = Q = 1,
the harmonics Ly (n—1), Lso(nt1) and Ly, (1) coincide.
We introduce the following important quantity

E* = min(E® | EC))| where
R 2 -
B — \/[1—Q+QCOSAT:{:QCOSA71} + [QsinATiQsinAﬁ

2 (6.36)

In the next lemma we prove the existence of 4 critical points of K for 5 small enough,
provided E* > 0.

Lemma 6.6. Assume E* > 0 in (6.36). If 0 < n =< E*, the function K“ (1)) has 4
nondegenerate critical points: vV = (o) ,0)+0O(n),v® = (o) +7,0)+0O(n), v
(@) 1)+ 0m),vW = (o) + 7, 7) + O(n), where

1) 1—Q+QcosAT+Qcos A1y . () Qsin AT+ Qsin An
= sin «v .

Foey , = e (6.37)

COS Oé(

At the critical points,
|det DK (02)] = BB + O()),

|det D2K@ (@) = B2 nE) + O(n?)).
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Proof. In order to find the critical points of K (v)), we study the equations

(1— Q) sintyy + Qsin(yy — 24y — AT) + @sin(y — ¢y — Ary)

—siny + 2nQ sin(; — 21 — AT) + nQ sin(ih; — e — A1) = a (6.38)

We want to deduce these equations to siny; = G1(11,12), siny = Go(1, 1), then
apply Lemma B.2 (the Fixed Point theorem, see Appendix B) to obtain 4 simple
solutions.

Indeed, from the second equation we conclude the equation with a small in 7 left
part

sine = nf(Y1,12) = O(n),

where .
f(i/)l, wg) = 2@ Sin(lpl — ng — AT) —+ QSiH(wl — ¢2 — ATl). (639)

The function f(¢1, ;) and its derivatives are bounded: |f| < 2Q +Q = M < 5/2,
0f /0| < M, |0f /Oby] < 4Q +Q = N < 9/2. Thus, by Lemma B 2 the equation

has solution 1f77 (M?+ (M +N)?) <n[(5/2)*+ (14/2)?] < 1lorn < Za57- We will find
first the solution wél) €[5, 5], and then % €[5, 37”]

For i) € € [~3, 5], we have siny = nf(11,12) and costp, = \/1 — 02 f(Y1,9) =

1+ 1?2 f1(¢1,9;m), where for n small enough, for example n < ﬁ, f1 is some func-
tion bounded with its derivatives: |fi| < M2, |0f1/0¢:1] < 3M?, \8f1/8w2] < 3MN.
Putting this into the first equation of (6.38), we get the equation F (wl,wg) =0,

with the function

FyY = (1= Q)sinty + Qsin(yy — A7) + Qsin(y — An) = nfa(thr, Y2in),
= [1 —Q+ Qcos AT + Qcos ATy | siny + [Q sin AT 4+ Qsin Aﬁ] cos Yy
—nfo(thr, Y23 m), = EP sin(yr — o) —nfa(vr, ¢a;m),
where E) and a(*) are the constants defined in (6.36) and (6.37), respectively, and

function f; is also bounded with its derivatives: |fa| < My < 9, |0y, fo| < My22.1,
0y, fa| < M3 < 30.3. Thus, if E(F) # 0 or provided one of the conditions

1-Q+Qcos AT+ QcosAi A0 or Qsin A1+ Qsin Ar # 0 (6.40)

(++)

is satisfied, the equation F,;"’ = 0 is derived to

sin(ty — 04(+)) = nfz/E(+)

By Lemma B.2 (the Fixed Point theorem in Appendix B), if

(225)" (7 + (M + M5)?) <

FolEs —=282T<1=n=E", (6.41)

U
(E7)?
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the equation has 2 solutions " — o) € [—%,5] and P — o) e [z, 37

We proceed analogously for wé” S [%,37”] Substitute sinyy = nf(1¢1,1,) and

cos by = —1 — n? f1 (11, 19) into the first equation of (6.38), we find

FO) = [1 —Q + Qcos AT — Q cos Aﬁ] sin i, — [Q sin AT — Qsin Aﬁ] cos Y
—nf3(t1,02) = B sin(vy — o) —nfs(1hy, 2) = 0,
where |f3| < My, |0f3/001| < M, |0f3/0¢s| < Ms. This equation can have solution
only if E(7) #£ 0, i.e. if any of the conditions
1—Q+Qcos AT —Qcos A #0, or Qsin AT — QsinAr #0 (6.42)
holds. Under this condition, the equation is
sin(yr — ') = nfs/EC).

which gives two solutions 1/1%3) — oD e[-5,%] and w§4) —al?) € [Z, 2] if additionally
the condition (6.41) is true.
To compute the determinant, we have

det D*K®W (1) = B(ncoshy((1 — Q) singyy + Qsin(¢y — 2y — A7)
+@sin(yy — P2 — A1) +0(n?))

for any 1 € T2. At ¢, for example, we have

aF(+)
det DXKOWY) = B* | g 50| cosvy” +00r) | = BB + O(?)),
L)
and similarly with ¢®, ®) ), O

To find values of the parameters at which the conditions (6.40) and (6.42) fail, i.e.
the following equalities hold:

E® =0 1—Q+QCOSAT:chosAﬁ QsinAT:thinAﬁ
EC=0: 1-Q+QcosAT=Qcos A1y Qsin At = Qsin A1y,

we consider the points P; = (1 — Q 4+ Q cos AT, Qsin A1), Py = (@ cos Ay, Q sin ATy)
and P; = (—Q cos A1y, —Q sin A7y). These points lie on the circles represented in
Figure 6.6. Hence, E") is the distance P;P;, while E(7) is P, P,. Checking all the
possible cases of the mutual location of the circles, we can see when the points P;
coincides with P, and P3 (and, thus, E(7) = 0 and E®) = 0, respectively). From
Figure 6.7 we get for E(7):

if1-2Q>@Q, E-
if1-20=0Q, FE
if |1 -2Q|<Q, E

if1-2Q=-Q, E
ifl-20Q<-Q, E

VAT, A1y,
when AT =7, A1 =0,

) >0
) =0
) =0
) >0

when AT =7, A1 =7,

VAT, ATy,
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Figure 6.6: Geometrical representation of E(+) and E(-).

while for EY) we have

if1-2Q>Q, E® >0
if1-20=Q, E® =0
if [1-2Q|<Q, E® =0
if1-2Q=-Q, EM) =0
if1-2Q <—-Q, E®) >0

VAT, AT,
when A7 =7, A =,

1-204202—O2 24+1-2

when AT =7, A1 =0,
VAT, AT,

Also we can provide a sufficient condition for E* # 0 if we take into account that
0<Q<1 /2. Thus, the critical value for @ and the radius of the circle centered at
the origin is 1/2. In Figure 6.8 we consider two circles: C} is with radius 1/2 and Cs is
the unit circle. The map @ — (1 — Q + Q cos AT, Qsin A7), for 0 < Q < 1, gives us a
family of straight lines connecting points (1,0), at () = 0, and (cos A7, sin A1) € Cy,
at Q = 1. We can see in Figure 6.8 that the straight lines don’t intersect the circle Cf,
i.e. E* > 0, for the following values of the parameters:

2 i
AT <T*:§, VAR € T,0<Q1,0<Q < 1/2.

(6.43)

It turns out that both conditions (6.40) and (6.42) are true for AT = Ar = 0,
since 1+Q #0and 1 —Q # 0. Thus, E®) =14+ Q,a™®) = 0. We get 4 critical points
P = (0,0) + On), ¥ = (7,0) + On), ¥ = (0,7) + O(n), v = (m,7) + O(n)).
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Figure 6.7: Cases of E®*) = 0.

We prove the persistence of the critical points 1)), j = 1,2, 3,4, of the approxima-
tion K (1) in the whole function K () if we consider also non-dominant terms:

K() = KW() + B/ G(v),

where Bnn'G(1)) correspond to the sum of all non-dominant harmonics and Lg, = Bnn/
is the largest among them. Thus, we have

Ls, ~

/

n= . <Q,Q.
'Cso(n—l) + Eso(n—&—l)

From Lemma 6.2 (c), one gets the following bounds for function G(v):

|G| =1 |87/J1G| = 571/27 |87/12G| = 571/27

_ _ _ 6.44
|63)1¢1G‘ =€ ! |812b1¢20| ¢ ! |al2b2¢2G| =€ ! ( )

Lemma 6.7. Assume E* > 0 in (6.36). If 7 = max(n,n’) < E*€2, then the function
K () has 4 critical points, all nondegenerate: zﬁi]) = Y0+ 0(M), 5 =1,2,3,4, where



RICES

Figure 6.8: E(*) > 0 (the straight lines don’t intersect the circle Cy) if |Ar| < 2.

Yo = (@,0), Y0 = (@ +m,0), 0= (@), 7), dbayo = (@) + 7 7). At the
critical points,
| det D* KW (1)) = B#(EY + O(7i/<)),

| det DKW (pED)| = B2(E) + O(iy/e)).

Proof. We proceed analogously as in the proof of Lemma 6.6 and get that the critical
points of K (¢) are the solution of

F () =0

nn’

sin g = nf (1, ¥2) + 10 Ga(1,v2), if o € -5, 5]
and the solution of
Fy (@) =0 (6.45)
sinty = nf (11, %2) + 00 Ga (1, 2), i frh2 € [=F, 5]
with
Fé? () = E) sin(¢, — 04(+)) —nf2(1, Yosn, 1) +1'g1 (41, 2) (6.46)
Fyo (8) = B sin(yy — a©) = nfs(vn,vain, 0') + 0/ g (1, )

In the last equations, E®) and o) are the constants defined in (6.36) and (6.37),
respectively, the function f is defined in (6.39) and it is bounded |f| < M, |0y, f| < M,
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|0y, f| < N, the functions f2, f3 are bounded: |fs| < M, |0f2/001| < Mo, 0f2/0¢s| <
M3, |fs] < M, |0f3/0Un| < M, |0f3/0s| < Mj and the functions §; = (%IG and
= 9y, G have bounds according to Lemma 6.2(c)

_1/27 |a¢1§1‘ ~ 6_17 ‘8¢2§12’ ~ 5_17

-1

91| ~ €
|§2‘ ~ 8_1/27 ’61/11&2‘ ~ 8_17 ‘8w2§2| ~E

Therefore, the conditions (6.41) are refined as

(ﬁ%) (M +e/2)2 + (My + My +2e71)%) < 1
n ((M —|—77/8_1/2) (M + N+ 277/8_1)2) <1

These conditions are satisfied if the following inequalities are true, respectively,

=2

7
(Ex)?

1 - - -
= [e(Mlgl/Q +1)% + (Mg + Ms)e + 2)2} <1

(this inequality is true for 7 < E*¢), and

2
- [V 4 (M 4 N)e + 20/)] < 1
(this inequality is fulfilled for nn’ < 7> < &) We choose 7 < min{E*¢, e!/?} = E*¢, and,
under this condition, according to Lemma B.2 (the Fixed Point theorem in Appendix
B), the equations (6.45-6.46) have 4 simple solutions @/Ji]),j =1,2,3,4.

The determinant is

det D’KW(y) = B*n(cos((1 — Q)siney + Qsin(¢y — 2 — A7)
+Qsin(Yr — ¢ — Am)) + O(7)/¢))

for any ¥ € T2. At the point 1! = ('), 0) + O(7), we have

ort 7
det D2KW (V) = B*p "’7 cos gy +O(1) | = BA(EW + 0(/e)),
82/}1 wﬂ(}) €
and the same with 2, »® @, 0

Applying the inverse (one-to-one) linear change of (6.35), the critical points 1)), j =
1,2,3,4, of K® give rise to 4 nondegenerate critical points of £

u) = A—1(¢£J) +0), j=1,2,34. (6.47)

Lemma 6.8. Assume E* > 0 in (6.36). If 7 = max(n,n) X E*c?, the splitting
potential L has exactly 4 critical points 09), given by (6.33), all nondegenerate, and
the minimal eigenvalue (in modulus) m ;) of DQE(QiJ)) satisfies

E*VeLs, = mgy < Vels,, j=1,2,3,4. (6.48)
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Proof. The proof is similar to the one of Lemma 6.5 and, thus, we give here only a
sketch of the proof. We have the following expression for the minimal (in modulus)
eigenvalue:

2|D|
m(]) = P} )
IT|+ VT2 —4D
where D = det D2L(6) and T = tr D2L(6). Thus, we need to find estimates for D

and 7.
It is clear that

D = det D*£(0) = det((A)" D*K (¢).A) = det D*K (¢)),
since |det A| = 1. Then

D] = B*(E® +0(ij/e)) ~ LLynE® ~ EF L0 (Logm-1) + Leginin))

n

t E*L"so(n) (Eso(n—l) + Eso(n—‘rl)) ~ E*£51£527

taking into account the definition of n and the facts that B = Lg,, L (n—1) ~ Lsg(nt1) ~
Ls,, E&) > E*.

kn k
27 11 K12
If D2K = ( b ),then

DL = kyso(n—1)-so(n—1)" +kia[so(n—1)-so(n) " +5"-s0(n—1)"]+kaaso(n)-se(n) ",
where the components of D?K at the critical points wij ) are

k11| = Bn(E® 4+ O(71/¢)) < By ~ Ls,,
[k1a| = Bn(5E + O(ii/€)) = By~ Ls,,

kool = B + Bn(zL + O(ij/¢)) ~ Ls,.

We get that
T = kulso(n — 1)[3 + 2k12(so(n — 1), so(n)) + kaz|so(n)|3,

here we use the 2-norm |z]y = /(21)? + (22)2?, but since the 1-norm and 2-norm are
equivalent (|z|1/v2 < |z|y < |z]1), we can apply the estimates (6.23) to obtain

1
|T| ~ %L"Sl-
Since |D| < T?, we can deduce that mej) = %, and we obtain the expected estimate.

]
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Therefore, recalling M(6) = 0yL(0), it follows from Lemma 6.8 that the splitting
function M(0) has 4 simple zeros 0., defined in (6.47), and the minimal eigenvalue of
the splitting matrix dM (0,) satisfies the estimate given in (6.48).

Recall also that £* > 0 is fulfilled under the condition (6.43), i.e. when

2
|Uso(n+1) - Uso(n—l) + 2Jso(n)l < ?

holds. Thus, imposing the condition o, = 0 on the phases of f in (5.7), we prove the
continuation (without bifurcations) of the 4 transverse homoclinic orbits for all £ — 0
in case of the silver frequency Q = Q, = v/2 — 1 in (3). Note that we have introduced
the notation of '~ just before Theorem 5.1 in Chapter 5.

Theorem 6.3 (Transversality of the splitting for Q). For the Hamiltonian system
(5.1-5.7) with n = 2 and Q = Qs in (3), assume that 0 < e < 1 and p = P, p > p*
withp* =2 ifv=1and p* =3 if v =0, then if o, = 0 for all k € Z*\{0}, one has:

e the Melnikov function M(0) has exactly 4 zeros 0., all simple, for all &;

e The minimal eigenvalue of OgM(0,) satisfies

Coha(e) }

~ e/t _
My ~ UE exp{ i/

where the constant Cy is defined in (6.12) and ho(e) is the positive periodic in
Ine function defined in (6.20).

Remark 6.8. The continuation of the homoclinic orbits was also proved in the case
of the golden frequencies Q2 = ) = (v/5 —1)/2 in [DG03, DG04].
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Chapter 7

Exponentially small splitting of
separatrices for whiskered tori with
cubic frequencies

In this chapter we study splitting of separatrices for a three-dimensional whiskered
torus with cubic frequencies, paying special attention to the frequencies given by the
cubic golden number. We prove that the Poincaré-Melnikov approach can be applied
and establish the existence of 8 transverse homoclinic orbits associated to the whiskered
torus.

We consider the Hamiltonian system, defined in (5.1-5.3), for n = 3 in which the

frequency vector w is given by
w=(1,0,00), (7.1)

where ) is an irrational cubic number (a real root of a polynomial of degree 3 with
integer coefficients). In this chapter we put special emphasis to the concrete cubic
number that is the real root of Q% +Q —1 =0 (2 & 0.6823), the so-called cubic golden
number. It is well known that w (7.1) satisfies a Diophantine condition of constant

type

(k)] > ﬁ vk € Z2\{0} (7.2)
with 7 = 2 (this is the least possible exponent for three-dimensional integer vectors,
see for instance [Cas65]) and some v > 0.

By the Poincaré-Melnikov method the splitting function M(f) and the splitting
potential £(0) (recall M(0) = 94L(0)) are approximated in first order in u by the
Melnikov function M (f) and the Melnikov potential L(f), given in (5.12), see details
in Chapter 5). In the case p = P, we have to justify the approach and ensure that the
Poincaré-Melnikov approximation overcomes the error term (5.13).

In this chapter we generalize the technic developed in [DG04, DGO03] as well as in
Chapter 6 for two-dimensional quadratic frequency vectors to three-dimensional vectors
w = (1,9,9%). It is worth mentioning that there is no standard theory of continued
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fractions in the case of three or more frequency vectors. This is the reason to consider
the particular cases of a cubic frequency vector, just to be able to provide some results
on exponentially small splitting of separatrices for 3 frequencies.

7.1 Cubic frequencies

Given a cubic frequency vector of form (7.1) with a cubic irrational number 2. We want
to give a classification of all three-dimensional non-zero integer vectors k£ according to
the size of

Ve = |<k7w>||k’27 VkEZ?’\{O},

where we use the 2-norm |- | = | - |o. The goal is to construct the resonant sequences,
find the primary resonances (i.e. k’s for which 7, is smaller and, hence, they fit
better the Diophantine condition (7.2)) and study their separation with respect to
the secondary ones. Delshams and Gutiérrez [DG03, DG04] gave a technic to do this
for the two-dimensional case with the quadratic golden number and for some other
quadratic frequencies, here we aim to generalize their results for three-dimensional
cubic frequencies. Note that the definition of v, is motivated by the fact that any
cubic frequency is Diophantine with 7 = 2 [Cas65| satisfying (7.2).

We say that the integer vector k is admissible if |(k,w)| < 1/2 and denote by A the
set of admissible vectors.

The components of w are a basis of the cubic field Q(2) by Koch [Koc99], there
exists a unimodular matrix (a square matrix with integer entries and determinant +1)
T having eigenvector w with associated eigenvalue A (|]A| > 1, other eigenvalues are less
than 1 in modulus). Let the eigenvalues of 7" be AT = A\; AT A\T" and their associated
eigenvectors be v; = w, vy, v3. We know that AT - A\I'- \I' = 1. We distinguish two
possible cases of the eigenvalues of T

1. the complex case: the only one eigenvalue of T is real (that is A\) and the other
two ones are a pair of complex conjugate numbers;

2. the real case: all the eigenvalues of T are real.
In this section we consider cubic numbers in the complex case.

Remark 7.1. 1. The matrix T satisfying the conditions above is not unique;

2. We can assume that detT' = 1, since if det T = —1, we can consider matrix —7T
instead (hence, in the complex case we assume that A > 0)

3. To study the real case requires a different approach. In this case, the behavior
of the associated small divisors seems to be different to the complex case con-
sidered here, and will require intensive numerical high-precision simulations in
order to establish the properties of such vectors, and then try to obtain rigorous
asymptotic estimates for the splitting.
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Consider the matrix U = (T71)". Its eigenvalues are AU = A1, AU = (AD)~2,
AV = (AT)~1 and denote their associated eigenvectors by uy, ug, us.

In the complex case Al A\l as well as A\, A\ are complex, and the same are
vectors wve, V3 = U, Ug, Uz = U. To avoid working with the complex vectors we
consider z; = Re(vs), 22 = Im(vs), wy = Re(ug), wy = Im(uy) as well as a = Re(A\}),
b= Im(A]). Let ¢ and r be the angle argument and modulus of A, i.e. A\] = re’
(we have that 72 = 1/X due to AAXIAT = A\IAT = 1).

Proposition 7.1. If Al = a + ib, the following is true:
(i) AY = X\a —i\b;
(11) T,Zl = az1 — bZQ, TZ2 = bZl + azs;
(i) Uwy = dawy + ANbws, Uwy = Aawy — Abw;
(iv) Umwy = r~"[w; cos ng + wy sinny], UMwy = r~"wy cos ny — wy sin ng);
(v) U lwy = awy — bws, U twy = bwy + aws;
(Vl) <Zlaw2> = <22aw1>7 <Z17w1> = _<227w2>;
(vil) (w,wy) = (w,wy) = 0.
Proof. (i) Since AAXIAT = MAL12 =1, we get

1 a—1b a—1b
2 =3 T i paE ek

(ii) Ty = M wy, thus, Tz; + 1Tz = (a +1ib) (21 + i22) = (az; — bza) +i(azy + bzy);
(iii) Analogously to (ii), taking into account (i);

(iv) UMug = (AY)"ug = (A\T)up = 7" "Puy = r~"(cosnp — isinnp)(w; + iwy) =
U"(wl + ZUJQ)

(v) Tt follows from U~! (wy + iws) = (AY)Fug = (a + ib) (wy + iws);

Uz AT

(vi) (Tz,w) = a(z1,w1) — b{za,w1), on the other hand, (Tz;,w;) = (21, U w;) =
a{zy,wy) — b(z1, ws).
(Tz1,w) = alzi,wy) — blze,wy), and (Tzy,wse) = (21, U wy) = alzy,wsy) +
b(z1,w;). From this we conclude (vi).
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(vii) (Tw,w;) = Mw,w;) =
(Tw, we) = Mw, ws) =
Thus, we get equations

s U—11U1>
U_I'LU2>

w —_=
W, =

(1 —a){w,w) +blw,ws) =0, —blw,wi)~+ (1 —a)l{w,wy) =0

that have a unique solution ({w,w;) = (w,ws) = 0) if (1 — a)? + b* # 0 that is
true since AJ # 1.
[

The following is also true:
1
(Uk,w) = (k,UTw) = X(k,@.
It follows that if k& € A, then also Uk € A. We say k is primitive if k € A and U~ 'k is

not in A. We see that k is primitive if and only if

1 1
o < [k w)| <

i > (7.3)

Admissible vectors can be presented in form
K(j) = (—rint (192 + j29%), j1, j2),

where j = (j1,7J2) # (0,0) and rint (a) is the closest integer to a. We say that two-
dimensional integer vector j is primitive if £°(j) is primitive. Let P be the set of the
primitive integer vectors j.

For each j € P, we define the resonant sequence

s(j,n) = UKY(j), Yn=0,1,2...
We prove the following result:

Proposition 7.2. For any primitive j, one has
(a) [s(j,n)* = A"[(ch)* + (c3)] (K1 + K cos[2np — 20 — 6]) + O(A"/?)
(0) sty = Ws(G, ), w)lIs(G,n)[> = A; (K1 + Kpcos[2ng + 205 — 0]) + O(A772),
where
o Ay = (k7)) [(h)* + ()]
o Ki = 3(Jwi]* + [wa*);

o Ky = §/(Jwi]? — |wa]?)? + 4((wy, w2))?;

o ¢ = Lrw)Ek @) Hewe) (z2k0()) g (ziwe) 21k () = (z1w1) (z2.k0 ()
2 ((z1,w1))2+((21,w2))? G ((z1,w1))2+((21,w2))? ’
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o ¢ =arg(A\]);

o . o
O COSY; = —F——=——, SINY,;, = ———2——;
Vi = T Vi = T
o 0 = w1 —|wo | nf — 2(w1,wz) :
OB = JwiP—tws Pt wan?’ o G PlwaP) A w2

(c) Asn — 00, vy, oscillates between two values

yfzuwoxwmwbﬁ4éﬂuﬁ—Kﬁ,yfszuxwmwwaéﬂ”“+£%

(d) a lower bound for ~y; is

1 |U1|

”ZWMPW“meﬁ<m‘m> (75)

Proof. We present the vector k%(j) as a linear combination of u;, w; and ws
K(j) = C’{Ul + C;wl + C;Z.ZUQ,

where taking a scalar product with w, 27 and z; one can obtain the values of the
coefficients ¢, i = 1,2,3. Thus, one finds

o 0).)

iy, ) (7.6)

as well as c? and c? are the solution of

a1, wn) + Gz, we) = (21, K0(5)), Gz wn) + Gz, w2) = (20, K°(5)),
given in (b). Using these formulae, we find

s(j,n) = U"K"(j) = ciU"ul + UMy + UMw, ‘
= A "uy + " wy cos(ng) + wa sin(ne)] + cr" wg cos(ny) — wy sin(ng)]

= XUy 4 17 cos(ngp) — ¢ sin(ng)]wy 4+ (¢} cos(ngp) + ¢ sin(nep)]w,
= AN ur 17"/ ()? + (ch)2 cos(ne + ¢y )wn

+ /(&) + () sin(ng + ¢;)ws,

where 1); is defined in (b).
We calculate further

(s m), )| = S (7.7
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It remains to find |s(j,n)[*. We obtain

(s(4,n),s(4,n)) = r72"[(c3)* + (c3)?] {|w1]? cos®[ng + 1]

|ws|? sin®[ne + 5] + 2(wi, ws) sinfne + ;] cos[ng + 5]} + O(A/?)
sA(@)? + ()] {(Jwi[* + [wa]?) + (Jwi|* = Jws]?) cos[2ne + 2¢)]
2w, wa) sin2np + 245} + O\

A'[(3)? + (64)°)(Ky + K cos[2ng + 25 — 6]) + O(A?)

[s(7,n)I”

i+ 10—+

where 6 is defined in (b).
Therefore,

Ys(im) = Aj (K1 4+ Ka cos[2nep + 21p; — 0]) + O(A737/2).

Using (7.3), we obtain asymptotical bounds for n — oo

IN

>Ml= D=

[(c2)* + (c3)’] (K1 + Ko)
[(c2)” + (c3)’] (K1 = Ko)

lim sup Ys(j,n)
n—o0

lim inf v, >

n—oo

We see that the sequence () oscillates between two values 7, and 7]*, defined in
(7.4) Also we have that

K°(j) = dur[* = |hwr + cws|* < () [wn|* + () |waf* ,
< [(A)? 4 ()?)lwn |* + [()? + () wal* = [(h)* + (h)*](Jwr[* + Jwal?)
[(c3)? + (c3)?][ual?,

then due to (7.6) and (7.3), one gets

. , 1KO(5) — ctuy |? 1 [uy | 1 lug| 77
A)2+(cl)? > i k°(5)| — > R L
e T T A o | B ol (e T
Applying this inequality and (7.3) again, one obtains the lower bound (7.5) O

The sequence of integer vectors s(j,n) which gives the minimal lower 7; and upper
’y]»* bounds are called primary resonances and we denote them by so(n) = s(jo,n).
Integer vectors are called secondary resonances if they belong to any of the remaining
sequences s(j,n), j # jo. This can be defined if 7} and ;" are simultaneously minimal
(as happens in the golden cubic case). Such primary resonances can easily be detected
thanks to Proposition 7.2(d): although ’y< are not increasing in general, we have

Illlm ’yj = o0, and then one has to check only a finite number of primitive vectors
7|—00

J in order to find the minimal ;" and 7j and, hence, the primary resonances.
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7.1.1 The cubic golden number

Assume that in (7.1) Q is the real root of equation z* + x = 1 (Q ~ 0.6823). In this
case the matrix 7" can be written in the form

_ o O
O O =

1

T=1|1

0

and its eigenvalues (the roots of z3 — z? = 1) and the associated eigenvectors are

1
M= A= o~ 14636, w = (1,0,0%)7

0 a0 0\
)\2:—7+ZQL, Vg = (1,—5—2[1,—1—74—2{21—1)

0 Q 0>\
Agz—?—ZQL, V3 = (1,—§+1L,—1—7—ZQL) s

where [A;| > 1, [A2] = |A3] < 1 and

2 2
I 30 +4 _ 60 +9Q+4%1.1615.
4 2v/31

The matrix U = (T71)T is

The eigenvalues (the roots of 23 + 2z = 1) and the eigenvectors of matrix U are
AW =0=~06823, u = (1,02Q)7
Q 02 Q !
N == —iL,  uy= (1,—1— — +iQL, = —iL)

2 2 2
0 02 0 T
)\g:—§+z’L, ug—(l,—1—7—iQL,—§+z’L)

with M| < 1, ]AY| = |N\Y| =~ 1.2106 > 1.
Therefore, following the notation of this section, we have

Q 02\ '
7 = (1, —— 11— —) . 2= (0,—L,QL)"

02 0\
wy = (1 —1- = ——) . wy = (0,QL,—L)".
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Figure 7.1: The values of 7, oscillate between two quantities.

It is easy to check the following data

+ (z9,w1) = (22, w2) = L,

<Z17U1> = <22,u1) =0

<Z1,w1> = —<2’27w2> =

(wi,w) = (w2, w) =0,
(wyug) =1 +20° =3 — 20,

Q
2 Y

DN W

Q 3
’w1‘2292+z+2 ‘w2’2:§22+1+1
<'I,U1,U)2> - _%7

Q 3 1
K1:QQ+§+§7 K2:§\/Q2—Q+2.

Numerical experiments verify the statements of Proposition 7.2, namely, that for

each primitive j the values of v,(;») oscillate between two limit bounds v;" and ’y;r. For
example, you can see in Figure 7.1 the graph v,(;,) depending on integer numbers n
for the primitive vector j = [0, 1], the corresponding limit bounds are Vo F 0.3459

and 775, ~ 0.6276.
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=In|0k, =2 In| k] = Iny

Figure 7.2: Points (In |k|, —In |(k, w)]).

Taking logarithm of the both hands of the Diophantine condition (7.2), we can
write 1t as
—In|[(k,w)| <2In|k| —In~.

If we draw all the points with coordinates (In |k|, —In |(k,w)|) (see the Figure 7.2),
we can see the sequence of the points laying closer to the straight line —In |(k,w)| =
21In|k| —In~y. Such points correspond to integer vectors with minimal lower and upper
bounds which are the primary resonances sg(-).

In Table 7.3 we write down the values of the bounds 7; and y;r for the resonant
sequences induced by different primitive kq(j). In turns, we compute also the quan-
tities &, ¢y ()2 + ()2, A; = [(K(7). )l [(ch)? + (¢})?] and B, = A in Tables 7.1
and 7.1.1. The smallest ones correspond the first primitive vector kq([0, 1]) = [0, 0, 1]
(primary resonances). We can see a good separation of the primary resonances from
the secondary ones.

B

To complete the study we give the values of the remaining quantities of Proposi-
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L k() [ | & | (2)* + (@)*
[0, 0, 1] || —3:(6 —2Q +9Q?) —=L(2+49Q) + (1430 + Q%) ~ 0.4532
[1,2,0] || —=(13 + 69 + 4Q?) +L(3 —20Q) 3—(7 + 40 + 80?%) ~ 1.7360
[2,1,2] | —5:(52—7Q+169Q%) | —2L(7+16Q) (9420 + 50%) ~ 4.9132
[-1,0,3] | —5:(36 — 120 4 230%) | =2 L(12+23Q) | 5:(24 + 19Q + 18Q7) ~ 5.8509
2,-3, 1] || 31(42 +17Q + Q?) —=L(17-Q) | (23 +11Q + 10Q?) ~ 4.5369
[-3,3, 1] | =5 (72+ 7Q +1507) | ZL(7 — 15Q) (40 + 12Q + 199%) ~ 7.3592
[0,-2, 2] [| —5;(4 — 22Q + 6Q° —arL(11 + 3Q) = (5+ 0+ Q%) ~ 3.8399
bl >5 > 2.1977
Table 7.1: Computing data: quantities ¢}, ¢}, (c})? + (c})?
(ko) 160G, )l |4 E
0,0, 1] || Q% ~ 0.4656 1(3—-20)/31~ 02110 |1
[-1, 2, 0] || =1+ 20 ~ 0.3647 12(3 —2Q)/31 ~0.6330 | 3
[2,1,2] || 2—Q—20% 2 0.3866 | 36(3 —292)/31 ~ 1.8991 | 9
[-1,0, 3] || =1+ 3Q2 ~ 0.3967 44(3 —2Q)/31 =~ 2.3211 | 11
[2,-3, 1] || 2= 30 + Q2 ~ 0.4186 | 36(3 — 20)/31 ~ 1.8991 | 9
[3,3,1] || 3—30Q — Q2% ~0.4745 | 68(3 — 22)/31 ~ 3.5872 | 17
0, -2, 2] || 22 — 202 ~ 0.4335 32(3—20)/31 ~ 1.6881 | 8
171 >5 > (0.7498 > 3.55
Table 7.2: Computation data: [(k°(j),w)|, 4;, B
tion 7.2
Q= arg(——92 +iQL) = —arctan 2£ + 7 ~ 1.8565, 2 <p<m
f = — arctan 525 ~ —1.0548, —5<0<0
Y1) = arctan % — 7~ —2.0074, — <Yy <—3

Note that ¢ can be approximated by

7.2 Asymptotic estimates

To justify that the Poincaré-Melnikov approach predicts correctly the size of splitting
of separatrices, we need to provide asymptotic estimates for the dominant harmonics
of the Melnikov potential L together with bounds of the sum of the remaining terms
of L. These estimates have to be large enough such that the corresponding harmonics
of the splitting £ overcome the error of the Poincaré-Melnikov method. We work with
functions L and L, since its nondegenerate critical points correspond to simple zeros of
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[ k()] i [ o
0,0,1] | £ (BG+Q+402+(3-2Q)v2-Q+Q?) | 03459 | 0.6276
[1,2,0] || S (5+Q4+402+(3-20)v2-Q+0%) | 1.0376 | 1.8829
[2,1,2] || B (5+Q4+402+(3-20)vV2—-Q+ Q%) | 3.1127 | 5.6488
[1,0,3] || 25+ Q4407+ (3-20)vV2-Q+Q2) | 3.8044 | 6.904
2,-3,1] | £ (6+Q+42+(3-20)vV2-Q+ Q%) | 3.1127 | 5.6488
3,3, 1] | 3 (5+Q+402+(3-20)vV2-Q+Q?%) | 58796 | 10.6699
0,-2,2] | £(5+Q+402+(3-20)vV2-Q+Q?) | 27669 | 5.0211
il > 5 > 1.2289 | > 2.2302

Table 7.3: Computation and numerical data: 7;:

M and M, respectively, and give rise to transverse homoclinic orbits to the whiskered
torus.

In order to find the dominant harmonics of the Melnikov potential L we proceed in
the same way as for quadratic frequencies in Chapter 6. Substituting functions f and
h from (5.6-5.7) into (5.12), we get the Fourier series of the Melnikov potential (in the
section s = const):

0) = Lycos((k,0) — o), (7.8)

where X 3
_ 2nl(k, &e)le™ and @, = we _ b

~ bsinh [5(k, @) b byE

We can present the coefficients L in the exponential form as

_ —Br
Ly = ape P,

where S| (k)| ¥
T w s
ay = Be = plk| + 5 [(k, w)5—=.
b2 /(1 — il kw) 5272 }) 2 by/e

Therefore, the largest L, corresponds to the smallest [, and this depends strongly on
the quantity 7, = |(k,w)||k|* studied in Section 7.1, p. 156.

We find the smallest £, in a similar way as in Chapter 6. We write the functions
By of (7.9) in the form

(7.9)

i T b _C,ugk<5) . 13 c1/6 511/3 L e 7\ 10
Br(e) = o |+2\k|2b\/_ 16 where gi(e) = v, y*‘m k€ 2°\{0}

(7.10)

b/ 13 1/2 Vk b’
CM = p2/3 (T) s Ek/ = D“W’ DN = %
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Here we denote C,, and D,, to depend implicitly on p, since b and b are p-close to 1.
Indeed, C, and D,, are p-close to the constants

Co = v p*m and Dy = 7/p. (7.11)
For all & we have 13
3C,y
By > 2;/’; (7.12)

which suggests that the size of f is related to the sequence s(7j, ) to which k belongs,
due to the fact that 7, oscillates between two values (see Proposition 7.2). If 7y is
big, the corresponding L; will not be dominant. We prove below that due to the fact
that the separation between the primary and secondary resonances is big enough for
the golden cubic number, at least 4 dominant harmonics of L are given by the primary
vectors k € s(jo,n) = so(+).

We consider the functions g, which contain the main information on the size of .
First, we consider the primary functions

1/3 evs g/ 1/2 Tso(n)
I - n — so(n
gn<€> T 750(71) 531/6 + 281/3 » Ent DO |S(](’I’L>|3’ (713)
where according to Proposition 7.2, we use the following approximations:
n 750(”) nM—2
Yoom) = A+ Beos(2pn+a), [so(n)]? o N = \"Q72(A+ B cos(2on+a)),
" (ko). )]
(7.14)

where we denote A = A;K; ~ 0.4867, B = A; K, ~ 0.1408, a = 2¢p;, — 0 (all the
constants are defined in Proposition 7.2). Then, we obtain
B Di0°

M3 (A 4+ Beos(2pn +a))’

En (7.15)
We can see the functions g, depends on the value of cos(2¢n + «). Consider together
with g, (¢) also two auxiliary functions g, (¢) and g (¢) with the values cos(...) = —1
and cos(...) = 1, respectively:

1/6 (gi)l/:’,

n

+ . +\1/3 e
gn (8) - (ryn) (5?1:)1/6 + 261/3

D26
F_A+B et
N » &0 T N4+ B)

We prove the following proposition

Proposition 7.3 (Properties of g,). (a) The function g, () has the minimum 3731({(1)/2
at € = g,. The points €, satisfy the formula

1
1/2 _ y|-n 1/2 7.16
€n ’ ’ ’30(71)‘50 ( )

and they are decreasing, i.e. €,41 < €, for alln > 0.
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(b) The intersection point of the functions g, (e) and g,(e), m # n, is

som = Tsolm)] 2% ool = fsalm)]

S1/2 18%2\80(771)\ - 5,11/2]50(n)\ 1 AT\
|

m,n_2

Assume m > n, then one has

(b.1) The intersection point €, , exists if |so(m)| > |so(n)|; moreover, epyn < €p
form >n+3 and €y, > €, for m > n + 2.

(b.2) The intersection point doesn’t exist if |so(m)| < |so(n)| that may take place

ifm—n=1.

-, respectively. The
points e are decreasing. The functions g=(g) and g=(g), m # n, intersect at

(c) The functions g, (¢) and g () have minimums at €, and €}

(gi )1/2 _ 1(81)1/6(81)1/6 [(gi)l/ﬁ + (6j:>1/6] ]

m,n g\ m n m n

(d) The function g,(e) is between g, (€) and g} (e).

Proof. The first statement of part (a) is simple. For the remaining statement of (a),
we get by definition of 7., (and using also (7.7)):

A" Yso(n)
[so(n)[* =
|(k°([0, 1]), w)|
Therefore, we have
2D 2 1
Enit _ D¥sominy  [s0(n)] [s0(n)] [s0(n)]

Y2 fso(n+ 12T Dygmy  Iso(n+1)] A ]so(n+ 1)
From the recurrent formula

/2 :i [s0(n)] 1/2
" M Iso(n+ 1)1

we get
0 1
2 = Aty Ll
[s0(n)] [s0(n)]
Here we use the fact that, in the golden cubic case, so(0) = k°(jo) = [0,0,1]" and
[50(0)] = 1.

Using (7.15), we obtain

Entl _ 1 A+ Bcos(2¢pn + ) < 1 A+ B

~ 0.5764 < 1
en — |AMPA+ Bceos(2pn+2p+a) ~ [\PA—-B
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Hence, the points are decreasing. Part (c) is proved in a similar way.
(b) Equating g,(¢) and g¢,,(¢), we obtain the intersection point &,,,. Then if m < n,
we write the intersection point as

A

ez = 1y-mpg2
[s0(m)| = [s0(n)]

m,n 2

The last expression makes sense if the fraction on the right hand is positive that is
true if |so(m)| > |so(n)|, since A > 1, and, hence, the point &, , exists. Otherwise, the
function g,,(e) and g, () don’t intersect. The inequality |so(m)| < |so(n)]| is equivalent
to A™(A + Bcos(2¢m + a)) < \'(A + Bcos(2¢n + «)) that is true when

ymon < A+ Bcos(2¢n + «)
~— A+ Bcos(2pm + «)

(7.17)

The right hand of the inequality (7.17) can be bounded from above by (A+B)/(A— B).
In the case of the cubic golden number, we have A < ﬁf—g < A2, since A\ ~ 1.4656,
(A+ B)/(A — B) ~ 1.8147, A\? &~ 2.1480. Thus, the inequality (7.17) is satisfied only
form =n+1.

In the case e,,,, exists, |so(m)| > |so(n)| for m > n, this follows that

A+ Bcos(2pn + «)

AT >
A+ Bcos(2pm + «)

(7.18)

we get (using 7.14)

AR B S G N T B Wi

m,n

c2 T 2 lelml g 2y mn [AB _{

so(n)]

This quotient is smaller than 1 if

m—n A_B
—(m—n) N7 S
A +2)\ 2 “A—{—B 3> 0.

The last inequality holds for m —n > 2, excluding the values m—n =1 and m—n = 2.
Considering separately these 2 cases, we get for m —n = 1 that

el 1 1o 1 1— At
) — < =
1/2 2 lso(n+1)| 2 A+4B cos(2p(n+1)+a
En [so(n)] 1 )\1/2\/ :+Bcis?§@:+1y4; - 1

is smaller than 1 when

A+ Beos(2¢(n+1) + ) - (3—A71)2

~ 0.9163.
A+ Bcos(2¢n + «) 4\




ASYMPTOTIC ESTIMATES 169

Also we can conclude from (7.18) that for the existing point €,4;, the following is

fulfilled:
A+ Beos(2p(n+1) + «)

A+ Bcos(2¢n + «)

> A1~ 0.6823.

Thus, there can exist intersection points €,41, that are on the right of ¢, if

A+ Beos(2¢p(n+1) + ) _ (3—A71)2

)\—1
ST A + Bcos(2pn + «) 4\

On the other hand, to have €,,12, < &,, the inequality

A+ Beos(2¢(n+2) + a) - (3 —A72)2

~ 0.7476
A+ Bcos(2¢n + «) 4)\?

should be true. But it is not the case for some n satisfying

A+ Bcos(2p(n +2) + «) - (3—A72)2

)\72
ST + B cos(2¢n + a) 4)?

In a similar way one can prove that ,,,, > €, for m —n < 2 and that there possible
points €41, < &, if

A+ Bceos(2p(n+1) + «) 4

> ~ 1.1592.
A+ Bcos(2¢n + ) A3 =)

To prove (d) we equate g, (¢) and g (¢) and get no intersection points. O

Remark 7.2. It is important to know the location of the intersection point &y, ,, if
exists, with respect to ¢, and ¢, (m > n), since &,, < €, < &, implies that the
right branch of g,,(¢) intersect the left branch of g, (e) the fact that we will use later
in Lemma 7.1.

For secondary vectors k£ we have

1/6 1/3 3 3
B L B ) S 28 S 20— VI3 15186 k : 7.19
9k = Vi <511€/3 + 281/3> Z 5 Z 2(7[2,0]) . ) # 30( ) ( : )

For each e we find vectors S; = S;(¢), i = 1,2, 3,4, 5 giving the 5 smallest values of
gr(e), k € Z3\{0}. This means that

gs, () < gs,(e) < gs,(e) < gs,(€) < gs,(€) < gile), k # Sh,...,Ss.
Then we define the function

hi(e) kerzrg\go}gk(s) gs, (¢) (7.20)
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Figure 7.3: Graphs of the functions g,(g) (solid), g:*(¢) (dashed), and hy(g) (thick solid) using a

logarithmic scale for ¢

See Figure 7.3 for an illustration of the function (). In a similar way we define the
functions hi(g) for the functions g (¢) (dashed lines in Figure 7.3). The functions
hi (¢) are continuous and 3 In A-periodic in Ine. One can write the following expression

for them
hi(e) = ming, (¢), and h{(¢) = min g/ (). (7.21)

One can show that

Cy =minhy (¢) = 3(A— B)'/3 ~ 1.0529,
A

_p\1/3
Cy =maxh; (¢) = A5 </\+\/§/§1) ~ 1.0625,

(22 (VA+1))
Cy =minh{ () = (A + B)l)3 ~ 1.2843, (7.22)
+ 4oy AEBYB(OVALL)
Cy = maxhi(e) = o) 1.2960.

We prove the following result (note that we have introduced the notation of '~’ and
'<” just before Theorem 5.1 in Chapter 5):
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Theorem 7.1 ((Maximal) splitting distance). For the Hamiltonian system (5.1-5.7)
with n = 3, assume that 0 < e <1 and p=¢€P, p>p* withp* =2 ifv=1and p* =3
if v =0, then the following asymptotic estimate holds

L _Ooh1<€)
max | M(0) %eXP{ Zi/6

where Cy is the constant given in (7.11) and the function hi(e), defined in (7.20),
satisfies the following bounds:

o “Constant bound”: 0 < Cy < hi(e) < Cf with constants C; and Cy, defined in
(7.22);

e “Periodic bound”: 0 < hy (¢) < hy(e) < hi(g), where h™(g), h*(¢) are the 3In \-
periodic functions inlne defined in (7.21); min hy = C{,maxh; = Cy ,minh{ =
C{,maxh] = CF, the constants Cy ,Cf are defined in (7.22).

See Figure 7.4 for an illustration of the bounds of the function h4(e) from Theorem
7.1. Also looking at the form of hy(e) in Figure 7.4, it seems plausible to make the
following

Conjecture 7.1. The function hy(g) is quasi periodic in Ine with periods Ty = 3In A ~
1.1467 and Ty = 3w In A/ &~ 1.9406 for all ¢.

A heuristic argument is presented now. The first period 77 is the period of the
functions hf () and hy (), while T; is related to the presence of cos(...) in the formulae
for vs(n) and e, in (7.14) and (7.15). Therefore, for € ~ ¢,,, we get applying logarithm
to (7.15)

Ine ~ 21In(Dy2?) — 3nln \.

We solve the equation for n:

2In(DyQ?) — Ine
n &
31In A

Thus,

20lne  _
2 A —
cos(2¢n + a) ~ cos ( M) —i—a) :
and, hence, Ty ~ 27?/3?7“0/\ =3rln\/p.
The difficulty presented in numerical checking is due to the fact that hy(e) is not
differentiable at some points.
We also define the functions h;, i = 2,3,4,5 in a similar way as hy(e):

ha(e) = min gr = 9s,(€); hs(e) = rid, Ik = 9gs5(€); 723)

4(€) k;éé?,g;,sggk gs,(€); hs(e k;ésf}qg,ls:,»,&% gs5(€);

~—
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Figure 7.4: Graphs of the functions hy(¢) (thick solid) and hi(e) (solid) using a logarithmic scale
for e. Notice that the upper bound C3 is not sharp, but a numerical sharp upper bound C™*™ can
be obtained

Numerical experiments suggest that if we consider only primary functions g,(g) in
(7.20) and (7.23), the functions h;(e) have following bounds:

hi(e) < 1.1888 < hy(e) < 1.3037 < hy(e) < 1.3255 < hy(e) < 1.4234 < hs(c) < 1.5459

Due to (7.19), the vectors S;, i = 1,...,4 are given by primary resonances, instead S
may be a secondary resonance for some intervals of ¢.
We also define the following 2 discrete sets:

51 = {6 . hg(E) = h4(6>}, 52 = {6 . h4(6) = h5(6)} (724)

In the next theorem we find the simple zeros of the splitting function M(6) which
give rise to transverse homoclinic orbits associated to the whiskered torus considered.
These zeros are determined essentially by 3 dominant harmonics if these dominant
harmonics are given by independent vectors of indexes Sy, .55, 53, and by 4 dominant
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harmonics of indexes Sy, Sy, S3, Sy if det(S1, S, S3) = 0, det(Sy, Sz, S4) # 0. Fortu-
nately, in intervals of ¢ where 4 dominant harmonics are required, the 5th dominant
harmonic is given by a primary vector S5 as it seems from the numerical experiments.
We also give an estimate for the minimal eigenvalue (in modulus) of the splitting ma-
trix Jg M at each zero. This estimate provides a measure for the transversality of the
homoclinic orbits. Note that the notations of '~" and <X’ has been introduced just
before Theorem 5.1 in Chapter 5.

Theorem 7.2 (Transversality). For the Hamiltonian system (5.1-5.7) with n = 3,
assume that € <1 and p =P, p > p* withp* =2 if v =1 and p* = 3 if v =0, then
one has:

o [f the indexes of the first 3 dominant harmonics satisfy: det(Sy, Sa, S3) # 0, the
Melnikov function M(0) has exactly 8 zeros 0., all simple, for all € except of
some small neighbourhood of the discrete set £;;

The minimal eigenvalue of 0pM(0..) satisfies

Cohs(e) } .

~ ell/? _
My ~ UE exp{ 16

o [fdet(S1, 5, 53) =0, det(Sy, Sa, S4) # 0, the Melnikov function M(0) has exactly
8 zeros O, all simple, for all € except for some small neighbourhood of the discrete
set E;

The minimal eigenvalue of 0pM(0,) satisfies

Coha(e) } .

~ el/2 _
My ~ UE exp{ 176

The rest of the chapter is devoted to the proof of the main results: Theorem 7.1 and
Theorem 7.2. We get estimates for the dominant harmonics of L (Lemma 7.1, p. 174)
and of £ (Lemma 7.2, p. 178) as well as for the sums of the remaining terms in each
case. Then we find the critical points of £ and give estimates for the minimal eigenvalue
of D?L in both cases det(S;,Ss,53) # 0 and det(S;, Ss,S3) = 0, det(S, Sa,Sy) # 0.
Theorems 7.1 and 7.2 follow from these lemmas, taking into account that M(6) =
0gL(0).

7.3 Dominant harmonics of the Melnikov potential

In order to estimate the coefficients L of the Melnikov potential we use the following
approximations obtained from (7.14) and (7.15):

|30(n)|2 ~ AT g, ~ AT
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Therefore, if we fix on the interval of € where so(n) is the dominant vector, i.e. € & ¢,
we find

[so(n)[* ~ e71%.
Substituting (7.16) into (7.13) and using the definition of v,y and (7.7), we present
the functions g, in form

- 1
gn(e) = Qg lso(n) /0 + SeyPATme T,

where the first and the second summands correspond to the right and left branches
of g, (), respectively. Due to part (b.1) of Proposition 7.3, we ensure that at ¢ (fixed
near to &,) the value of g,4,,, [1 > 2, is estimated by its right branch, while g,_;,(¢),
Iy <1, is evaluated by its left branch, i.e.

for I} > 1: gui, () ~ |so(n 4 11)]g"/6 ~ A1/2|s0(n)|e/6 ~ N1/2

for Iy > 2 : gn_y,(g) ~ N27ne™1/3, (7.25)
Note that the dominant vectors S;, 1 = 1,...,5 get estimates
|G ~ 13, (7.26)

We want to evaluate the sum (7.8) for all £k € Z. Our idea is to find the dominant
terms (that are among the primary resonances and correspond to minimal values of
gn(€) for a fixed €) and then to provide estimates for the sum of others terms. To this
end, we divide the sum (7.8) into three ones: the first sum is for the dominant terms
Si, the second one is for primary k excluding S; and the third sum is for secondary
vectors k. We prove the lemma

1/6

Lemma 7.1. Assuming ¢ X 1 and p = 6%2¢"/°, one has

1. Ls, ~ #exp{—cahf/(g)}, i=1,...,5;

2, 3 k™ Ly ~ Si5Ls,,, 0 <1< 4, m>0;
k#£S1,...,S1,k=s0()

3. > |kI"Ly < i Ls,,, m > 0;
k#so0(:)

Proof. The largest coefficients Ly, defined in 7.9, are given by the smallest exponents
Br. Due to (7.10), the main information on the size of 5 (¢) is contained in the functions
gr(¢) whose minimal values are given by the dominant vectors S;, ¢ = 1,...,5. By the
definitions of the functions h;(g), i = 1,...,5, we get for S;

Cohi(&f)
Ps; = c1/6
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In fact, if we look at the true exponents fs,, the constant C,, (that depends on b and
b') is pd~%-close to Cy (see the corresponding estimates for b and o’ in Theorem 5.1,
p. 118, in Chapter 5). Also there is an error when we substitute the approximations
(7.14)-(7.15) into (7.13) and define the functions h;(e). According to Proposition 7.2,
this error is O(A73"/2) for vy and O(A"2) for |so(n)[®. Having A="% ~ /g, we
get for the exponent

~ Cohi(e) + O(/e, po=®)
PBs: = c1/6 :

Since v/ < €6 and pué~% < /% under the smallness condition given in the lemma,
we can neglect the error.

We show that the factor a4 in (7.9) does not influence the dominance in Ly. Indeed,
if we assume that [1 —exp{...}] ~ 1 in the denominator of ay, then we deduce from
(7.9) that ay < Bk and, hence, |In ag| < Bi. If [1 — exp {...}] is too small (that happens
when |k|? = v./\/€), we obtain aj =< 1, since Tonom ~ C for small z. Concerning
the dominant vectors, one can prove that for S; that [1 —exp{...}] ~ 1 and, reminding
(7.26) and the fact that Vo] = Vs < 7{671}, we get

Vs, 1
ag

CUISPVE T e

This estimate, together with the estimate for fg,, implies part (a).

Let us prove (b) for [ = 1. Then to bound the sum of L, for the primary vectors
k € {so(-)}, excluding the dominant vector Sy, say S1 = so(n), we fix € = £4(,) and we
divide the vectors k into the ones previous to S; and the ones after Sy. For so(n + 1),
l1 > 1 (vectors after S), we use (7.25) and get

Cogn+l1 (6) /\l1/2

Bso(n+in) = -1/6 ~ i/
Hence
Yo=Y so(n 4 1) Legnriy ~ Do A2 s0(n)| M sy (i) exp{—CoA/2e~1/6}
1i>1 . 2)11/l§>1 o
~ l;g—(mﬂ Eerg == exp{ T } ;al“
where

a, 1 — exp{—C\-heg=1/6/)\} ¢ B gl/6
AN exp {_CMM - 1) } .

~1/6

ap+1 )\m/Q—l 1— exp{_c)\_lls_l/ﬁ} Xp CVO)\ZI/2(\/X — 1) }

IN
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1—exp(—zx)
1—exp(—z/\)

N1/2 > X2 for I; > 1. Thus, the sum is bounded by a geometric series that is estimated
essentially by the first term a, if 0 <r <1

We have bounded the quotient, since < X for sufficiently small x > 0, and

as a ag a 1
Yy =a(l+=+—+..) = ar(1+ B+ 9. By ) <ay(Qtrr2+.. ) = a
= Ay Qo as a3 Q9 1—r

Taking £/6 < 2CovA(VA—1)/(mIn)) (to have r < 1), ¥, is bounded by a convergent
geometric series and is determined by the first term (i.e. [} = 2)

21 ~ |80(n + 2)|mL50(n+2).
For so(n — l) with Iy > 2 (vectors previous to S;) we get by (7.25)

)\lz—n
ﬁso(n—lg) ~ 7

Then, the sum is

C /\lg ne 1/2} n
E I)|™ Ly (n—ty) ~ E N\~ (m/2=1)lz .—(m+1)/6 exp{—Cp )
! 3|80 n—Ily)|[™ o(n—l2) —~ 1 — exp{— O}\lgg—l/G} ZE Iy
2= 9= -

can also be bounded by a geometric series, since

bt _ 1 CoA(A — 1)
< N2 gy d JHAT DL
b, P Anel/? "

In this case r < 1 for any € > 0 if m > 2 and one has to take £'/2 < CoA™™(A—1)/((1—
m/2)In A) if m = 0 and m = 1. Thus, sum is bounded by a convergent geometric series
and, thus, is estimated essentially by the first term bs:

IUESIELES

l2=3 12=3

Hence, we obtain the estimate
EQ ~ ’80(71 — 3)|mLSO(n_3).

Therefore, we conclude that the sum of the coefficients |so(-)|Ls,(.) is estimated by
a finite number of terms (including also those that have not entered in ¥, and 3):

D 1s0(D)™ Lag(iy ~ Ti4Ea+Hs0(n+1)™ L1y +ls0 (n=1)" Ly n—1) F+50(n=2) " Ly n—2)-
i#En
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The other dominant terms corresponding to the vectors S; are among those that are
presented in the last estimate. Thus, excluding a necessary number of dominant har-
monics, one obtains the expected estimate of part (b) in the case [ # 1.

To bound the sum of secondary resonances (k ¢ {so(-)}) in part (c), we divide
all such vectors into the cases |k|? < e7%/¢ and |k|> > 7Y/, In the first case, we
have a finite number of vectors (bounded by a ball |ky|? + |ko|? + |ks|? < 71/6), this
number can be estimated by O(e™!). Recall that for all k£ ¢ {so(+)}, we have the bound
Ve Z Vo & 1.0376 and, hence, by (7.12) one gets

1/3
2¢1/6

Also we conclude that in this case [1 —exp{...}] in the denominator of oy, in (7.9) and,
hence,

k= >ﬂ5’za1§l§5

SRS [ 1 | X R

CREVETOVE T Ve

The sum for these vectors is

~ - 303 B ~ 3073
Z |k:|mLk < em/12¢ 7/12exp{— 251526,01 < e—m/12 19/12eXp _ 251%0]
k#so(-

|k:\25a()*(1)/6

= |Sl+1|mLSl+1'

In the case k ¢ {so(-)} and |k|> = e7/6 we can say that for large enough k the
functions f in (7.9) behave as S ~ p|k|. Concerning oy, there are vectors satisfying
|k|? = ~1./+/€, then in this case a; < 1 and the sum is estimated as

> kML ~ 0 X0 [k[™exp{—plk[} X > K™exp(pK)
k2= /€ k= /e K2mem1/6
~ gim/m exp{_pgil/w} j |Sl+1|mLSl+1

Here we have bounded the sum by the sum of a geometric series that is assessed by its
first term. Otherwise, for e71/¢ < |k?| < v, //E, we get

kel el

HURPVE T VE TR
and we proceed analogously to estimate the sum
Z |]€|leC < 5—1/6 = Z |k|m+1e—p|k| _ 6—1/2 Z Kme—pK
e 1/6<[k[2 =y, /VE e 12 k[2 =2 /VE K2>e=1/6
~ 5_1/2_m/12 eXp{_pg_l/lz} = |Sl+1|mLSl+1

Finally, to complete the proof of Lemma, we consider the non-admissible vectors
k & A, for which |(k,w)| > 1/2 and, hence, ), > |k|?/2. We find in (7.9) that
||

ap =< (1 = exp(—C/ V) and Sy > plk| + C/+/e
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and we again bound the sum by a geometric series

S k["MLy = e Pexp(=C/yE) 3 k™ exp(—plkl) X 30 K™ exp(—pK)
kg A kgA K>1
= e exp(—p—C/V3).
The obtained upper bound is smaller than the one from part (b). O

7.4 Dominant harmonics of the splitting potential

The estimates obtained for in Lemma 7.1 can be used as a first approximation for the
dominant harmonics of the splitting potential £(#). We prove that assuming pu = €7,
for a suitable p > 0, the dominant harmonics don’t change essentially in £ if we add
the error term of order O(u?).

Lemma 7.2. Assuming e < 1, u = &P with p > p*, with p* =2 if v =1 and p* =3 if
v =0, one has:

(CL) £S z1/6 eXp{_CO?/i(gE)};
Ts,—O's.—S 57/7(/:]5 jL*;Z':L”_?E);
[ 2 epP

(b) > k"Lr = mwLls,,, 0<1<4,m>0.

Proof. The proof is analogous to the quadratic case (Lemma 6.2 in Chapter 6), we
adapt it to the cubic case having only the difference in some exponents.

Taking into account that L is w.-quasiperiodic, we can consider the following Fourier
expansion:

L(s,0) = Z Ezé(kﬁ—c&;s) - Z Ly cos({k,0 — w.8) — 1),

kez? keZ

where Ly, 7, are real, L > 0 and Z is defined in (5.8). For every k € Z, the exponential
and the trigonometric forms are related by £} = %Lke_”’“. Then the corresponding
Fourier coefficients of the splitting function M(s,0)0pL and the Melnikov function
M(s,0) are (in the exponential form) Mj = ikL; and M} = ikLj, respectively.

By Theorem 5.1, the splitting function M(s, 0) can be defined on a complex domain:
Im s| < § — 6, |[Im 0] < p, where ¢ is a small reduction (to be chosen), and we have
the upper bound (5.14) for the error term. Due to w.-quasiperiodicity of R, we apply a
standard result (Lemma 11 of [DGS04]) to it to get bounds for its Fourier coefficients:

2 2 /
, M K B 7 (o) — (/2 — 6)b'yk
N e 3 —(p— Mz 7R
‘Rk’ = ((ng + 5‘14\/5) € ) 6k<5) (P (S)’k’ + b|k|\/g
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From (5.13) we deduce that the Fourier coefficients of the error term satisfy R} = ik(L;—
pLiemis®@k@e)) | £ 0. Taking modulus and argument, we get
Ril
kL

R*
c = utad = 8L = o= 501, <

We present the function 3 as in (7.10), but with p — § and 7/2 — ¢ instead of p
and 7/2

= Clus9k(e .
6k(5) - M;gl—/6()7 where g5, = 7,1/3

1/6+251/3 k= |;€| ’

gl/s 5;1!3 ] a4 Dusvk

now with

N 1/3
Cus=(p= oy (HEEZI) ey o),

_2m/2=0)0" e
D%g— b(p—(S) —D0+O(,u5 ,(5)

In fact, we consider 3, as a perturbation of B;. Indeed, proceeding as in the proof of
Lemma 7.1, we get for the most dominant terms:

~ Cohi(e) + O(\/e, uo=%2,9)
Bs; = -1/6 '

We can neglect the perturbation term if ud=% < /6, § < /6. So we choose § =

/6. The smallness conditions on g in Theorem 5.1 become p < /% (the condition

containing the exponent ¢y can be ignored, since q; > ¢o + 4). Then using (7.26), we
R,

conclude )
1% O()hz<€)
B = e P {_ ISV

We have ignored the term containing ¢4, since g3 > q4 + 3.

Therefore, the term H7 exp{—colf/f)} (estimated in Lemma 7.1) domi-
nates if

|£Si -

I 1

cl/6 = glgs—1)/6"
If one takes p = &P, the last condition is fulfilled at p > (g3 — 2)/6. We get p* =
max{(g3—2)/6,q:1/6} = (¢3—2)/6, since g3 —2 > ¢;. In fact, for v = 0 we have g3 = 20
and hence p* = 3, and for ¥ = 1 we have q3 = 14 and p* = 2. The remaining statement
of (a) is proved similarly.
To prove (c), we bound the sum of |k|'Ly, k # S;, S, i = 1,...,m, by geometric
series analogously as it was done in the proof of Lemma 7.1. O
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7.5 Critical points of the splitting potential

In this section we study the critical points of the splitting potential

£<6) = Z’CSZ COS(<SI'78> - USi)?

i=1
where

Ls, > Lg, > Lg, > ... (7.27)

The goal is (i) to show the nondegenericity of the critical points and (ii) to give estimates
for the minimal eigenvalue of D*£(#). To these ends, we need at least 3 dominant
harmonics of £(f). We consider two different cases: 1. when the only 3 dominant
harmonics Lg,, Lg,Ls, are sufficient (it the case when the corresponding vectors Sj,
S, S3 are linearly independent, i.e. A = det(S;, S2,53) # 0) and 2. when we need
4 dominant harmonics Lg,,Ls,Ls, and Lg, (the case A = det(51,S2,55) = 0 and
Ay = det(S1, Sz, S4) # 0). Therefore, we consider, first, the approximations given by 3
or 4 dominant harmonics:

3 4
L£3) = Zﬁgi cos((S;,0) — og,) and LB (9) = ZﬁSi cos((S;,0) — og,),
i=1 =1

according to the case studied, and complete (i)-(ii). Afterwards, we apply Lemma B.3
(the Fixed Point Theorem from Appendix B) to validate these critical points in the
whole function £(9).

Remark 7.3. Numerical explorations show that A takes values 1, —1,0, and if A =0,
A is equal to 1 or —1.

7.5.1 The case A = det(S7,55,53) # 0.

In the case of nonzero determinant det(S;, Sy, S3) we consider the approximation £©)
and carry out the linear change

b = (S;,0) —og,, i=12,3, (7.28)
that can be written as
Y = An0 — b, where A, = (S1;55;55)", b, = (05,,05,,05,) "
and turns £ (6) into

K® () = Ls, costyy + L, cos s + Lg, cos .

(3]
(2),0

(0,0,7), ¢ | = (0,m,0), v | = (0,m,7), ¥ ) = (7,0,0), 02 | = (x,7,0), vl | =

It easy to see that K has 8 nondegenerate critical points wg}) o = (0,0,0), 7
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(7,0,m), ¢(8)0 = (m,m,m). Note that det. A, = A # 0 and, moreover, numerically
|A| =1 (if A # 0, see Remark 7.3). Therefore, applying the inverse change of (7.28)
and the fact that | det A| = 1, we obtain 8 nondegenerate critical points of £®)(6):

] -
00 = (1%) otbn), 7=1,....8 (7.29)
To find the eigenvalues of D2£®) (95])70) and give estimates for the minimal in modu-

lus of them, we note that the eigenvalues of the second derivative D? K ®) (1)) of K®)(3))
at the critical points w o J = 1,...,8,are \y = £Lg,, Ay = £Lg,, \3 = £Lg,.

On the other hand, the second derivative of £ can be presented in terms of D?K )
as

DL ) = AT D*K® () VA, = £L5,S1 - S £ L5,5 - S) + L, S5 .

By assumption (7.27), we write the eigenvalues of D2K®) in form \; = £Lg, = A4,
Ao = +Lg, = Aby, \3 = £Lg, = A9 with d; and J; small. Note that A, 1, d, can be
both positive and negative (depending on the sign of the corresponding eigenvalue).

Assume 4 is an eigenvalue and v the associated eigenvector of D2£®). Then the
following is true:

D*L®y = ATD?*K® A0 = pw.

Multiplying on the left by A, and denoting w = A,v and B = A,A!, we get
BD?K®w = pw. This means that p is also an eigenvalue of BD?K®) with a
new associated eigenvector w. Hence, instead of finding the eigenvalues of D?2£3) =
ATD?K® A, directly, we look for the eigenvalues of the matrix BD2K®) since these
matrices have the same eigenvalues (but different eigenvectors). Note that B is a sym-
metric matrix with components b;; = S;S; and the eigenvalues of D?K () as said
above, are A, Ad; and Ad1do. We use the following lemma to find the eigenvalues of
the product of these matrices:

Lemma 7.3. Assume 61, 05 are small enough. Then the eigenvalues of the matrix
BK, where B is a symmetric 3 X 3-matriz with positive components b; ; and K =
diag( Ay, A2d1, A3d102) is a diagonal matriz with some constants Ay, Ay, As, are:

i = Agbyy + 4,026, + Agﬁjﬁélag + O(8) + 0:5,0(31, 6);
! = Aptutetiag oA, (bs P B ) 8105 + O(03) + 010,081, 85);

bi1 baobii—b?

M:[ag] det( B) A35152 + (9(52) —+ 51520(517 52)-

bagb11— b2

Proof. We write the product

Albll A2b1251 A3b135152
BK = A1b12 A2b2251 A3b236152
Al blS A2b2361 A3b3361 52
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1. In the easiest case §; = 0, the matrix has eigenvalues u = A;b;; and ,u[Q] =

! = 0.

2. Assume that 65 = 0, but d; # 0. In this case we perturb eigenvalues obtained in
the case 1 as

pl = Aby + s+ 0(62), i = sy + 0(6%), 1 = s, + 0(62)

(2]

and try to find coefficients ¢; such that p,~ are eigenvalues of

Aibyr Asbindy 0
A1bgr Agbypdy 0
Aibsr Asbspdy 0

We get equations for ,u?]

,U[1] + Mg = A1b11 + Agbaody; H[12]M2 = A1 Ay(b11boy — 512)517 ME = 0.

[2

From the last equation we obtain 03] = 0, while for the other coefficients we have

10y + c510y = Agbyadis (Arbyr + ¢101) 561 = Ay Ag(biibas — b)61.
Neglecting terms of order O(6%), we conclude
0[12] + 0[22] = b Ag; 5116[22] = Ay(b11byy — b7,)
From this, it follows

bll b22 - b%z

@ = AT

C[12] = A2 —

Thus, in the case d; = 0 and d; # 0, the eigenvalues are

b biiboy — b2
= by + Ag7 20+ O(67); pl = Ag%él +0(8); W =0(8).
11 11

3. In order to find the eigenvalues in the whole case 1,95 # 0 we perturb M[Q} as

follows

Ml = Abl + A 12 51 + Cl 5152 + O((SQ) + 51520(51, 52);
p = Pls 4 o 516 + O(62) + 616,001, 65);
1Y = 6,6, + O(52) + 616,0(61, 65).
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We have equations

PPl o

i s+ p 4 s = 3 -
BB .

My Hg pz = L

where

T = tT’(BK) = Albll + Agbgga’ + Agbggﬁ,
T1 = tT[(BK)Q] = A%b%l + 2A1A2b%206 + 2A1A3b%3ﬁ + OQ(O{, 6),
D = det(BK) = det(B)AlAQAgOéﬁ.

Substituting uf? into the last equation, we find

3] det(B)AlAgAgéfdg
M3 =
(3],,13]
Ky Ho
det(B)A1A2A§5f52

(Albn —+ Azﬁ—idl -+ C[13]5152 + .. .)(0[22]61 —+ 0[23](5152 + .. )

2 2 (3] (3]
_ det(B)A1Aé]A35152 1_ A2b§2 5, — c 516y + .. 1_ %52 4
Aiby1cs 0y Apbyy Aibny cs
det(B)Agélég

bll b22 - b%Q

(14 O(61,69)) -

Other equations becomes (neglecting the higher order terms)

Ag det(B) )
bllb22 - b%27

det(B)

Arby B A Aghy —— 2
101165+ A1 A3 111911622_6%2

0[13]-1-0[23] = Asbsz— = A1 A3(bubsz—biy)

Thus, we get

b2, det(B As det(B
C[13}2A3_ C[23]:A3 (533— L et(5) )3 o 3 et(B)

bry basbyy — b, 5 bygbyy — 12,

3]

i

that gives the expected values for the eigenvalues u
O

In our case, we have b;; = S;'S;, 4,7 = 1,2,3, and 4, = Ay = Ay = A. Then
according to the Lemma 7.3, then the minimum eigenvalue is

3] 3] det ( B )

det(B)
m, : = ~N —
(7):0 Ha b11bag — b%g

bll b22 - b%z

A5152 = £S3~

Note that the denominator biibay — b3y = [S1]3S2)? — ((S1,52))* = [S1]?*|S2[*sin ¢,
where ¢ is the angle between S; and Ss, is far from zero. It could be equal to 0, if the
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vector S and Sy were collinear, but it is not the case, since A = det(S, 53, 53) # 0.
Moreover, due to (7.26), we can estimate

b11b22 — b%Q ~ 6_2/3.

Therefore, taking into account also the numerical result that det B = 1, we get the
estimate for the minimum eigenvalue

me) o ~ 23 Ls,. (7.30)
Thus, we have proven the following lemma:

Lemma 7.4 (Critical points of £3(6)). The function L®) has ezactly 8 nondegener-
ate critical points 95’}) o J=1,....,8, gwven by (7.29), and the minimal eigenvalue of

DZL’(GE])’O) satisfies the estimate (7.30).

To prove the persistence of the critical points 98]) o With some small perturbations
in the whole splitting potential £(6), we proceed as in the quadratic case in Chapter 6
(Section 6.2.5, p. 139). We consider the function

L(0) = LB(0) + Ls,F(0),

where the term Lg, F'(8) stands for the remainder and, according to Lemma 7.2, func-
tion [ satisfies:

1

2 Co
}a¢]F| ~ m, 81/)1%];’ ~ ﬁ’ 1,] = 172,3.
By the linear change (7.28), £(#) is transformed to
K(v) = K9) + Ls,G(v),
where function G satisfies the bounds
10,,G| ~ &2, a};iij( ~e i i=1,23 (7.31)

The critical points of K (1)) are the solutions of

sin gy = 220, G), sinthy = Z20,,G(), sinis = =20,,G(v).

,CSI »CSQ ‘CS3
We denote
e Ls, Ls, Ls,| Ls,
= Ls Ls, Ls, |  Ls

Then by Lemma B.3 (the Fixed Point Theorem, see Appendix B) the equations have

nondegenerate solutions if
2
n\? 3
(55) + (—/> <!
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is satisfied. The inequality is true for n < e.
Under this condition, by Lemma B.3 there are 8 simple solutions:

Bl _ 03] -
w(j) = w(j,o) +0M),j=1,...,8
Executing the inverse change of (7.28), we get the critical points of L:
00 =AM +D), G=1,....8. (7.32)

Remark 7.4. By the inverse change, we obtain 8 critical points, since we suppose that
|A| = 1, the fact confirmed numerically.

Regarding the eigenvalues of D?L at each critical point, we have D2£(95’.})) =
A,TD2K(@D5}))AM where

D*E(U)) = D*E®(W0) + 0n) = D*EP(40) + O(n),

and, therefore, the eigenvalues of D?L are a perturbation of order O(n) of the eigen-
values of £®). Hence, the minimal (in modulus) eigenvalue satisfies

3
me) ~ 3L, (7.33)

7.5.2 The case A =0, but A; = det(S1,55,5;) # 0.

Due to a peculiarity of the matrix U, the following equality takes place:
s(j,n+3)=s(j,n) —s(j,n+1) for any j € P (7.34)

and, therefore, it can occur that the dominant vectors S7, Ss, S3 satisfy this equality,
i.e. A =0. We assume that A; = det(S1, Sa, Sy) # 0.

Remark 7.5. Numerical explorations show that both A and A; never vanish simul-
taneously, i.e. if A =0, then A; # 0 (in fact, A; takes values —1 and 1).

In this case, we consider the approximation £ (#) by 4 dominant harmonics. We
carry out the change

77Z)1:<51’0>_0517 ¢2 <SQ7 > 08y, ¢3 <S47 > 08, (735)

or ¢p = A0 — U, with A, = (S1;S2;54)",V, = (0s,,05,,0s,)". We suppose, due to
(7.34), S5 = 75 + 0S,, 0,7 = £1. Then, under the change (7.35), L% () turns into

K® () = Lg, cosy + Lg, cosihy + Lg, cos(Tyy + 0y — Ao) + Lg, cos s,

where Ao = 03 — 701 — d035.

The case of 4 dominant harmonics is more difficult than the previous one, since
the second derivative D?K® is not diagonal anymore (but it is diagonalizable) and
a special study is required to find the critical points of K(®). Thus, we divide this
problem in some parts where we find critical points of K, reduce D?K® to the
diagonal form (and, thus, we find eigenvalues of D?K¥), and, finally, find estimates
for the eigenvalues of D2L™ (using the Lemma 7.3 through the eigenvalues of matrix
Bdiag(D?*K®) with a new B).
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Critical points of K" (¢)
The critical points ¢ € T? of K (1)) are the zeros of its gradient:

Ls, siny + 7Lg, sin(t¢y + oy — Ao)
LSQ sin ¢2 + 0'£53 SiH(T¢1 + 0'¢2 - AO’)
£S4 sin ¢3

For the last component of 1) we have siniy3 = 0 and simply find wél) = 0 and
¢§2) = 7. To find the other components we work with equations

Lg, siny + 7Lg, sin(t¢y + ohg — ANo) =0
£5‘2 Sin2/12 + O'ES3 SiH(T¢1 + U¢2 - AO’) =0

As in the case of 3 dominant harmonics, we denote again: Lg, = A, Lg, = Ady,
L, = Ad19 and, hence, get

sinyy = —0107 sin(Yy — e — Ao),
sin @ZJ; = —52025111(@/)1 i Vo i Ao). (7.36)

By Lemma B.2, these equations have 4 simple solutions if the following holds:
3(018)* <1, 385 < 1.

The second inequality implies the first one. Choosing 77 = max{d;ds,d2} = 5. Thus, if
i < 1//3 (that is Lg, < Ls,/v/3), function K® has 8 nondegenerate critical points:

1/}%} = (O(7), O(7),0 z@é} = (7 + O(7), 0(7),0),
@wg,f,ﬁ— (O >,7r+o w%iifﬁ (7 + O®@), 7 + O(), 0),
wﬁ,ﬁ (O(7), O@), = w{g - = (1 +0®@),0(H), ),
@Z}é),ﬁ = (O(7), ™+ O( ), 7), ¢(4),7 = (m+0@@), 7+ O(7), ).

Thus, by the inverse change of (7.35), we get 8 critical points of £

00 5= (AT W +8.), j=1,....8. (7.37)

J)n (4).7

Diagonal form of D?K ¥,

The matrix D2K@ in sot diagonal, but at critical points it has form

D*KW (@ ) =

(4):7

S o
S SO
QU O O
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being
a=— (Lgs, costy + Lg, cos(T1); + ohg — AO‘))|¢E4_]) ,
J)M
b= — (Ls, costpg + Lg, cos(Tihy — ohy — Acr))|w£4_]) ,
¢ =—T10Lg, cos(T1 + o1y — AU)’W])
(4),7

d=+Ls,

We mention that D?K® is a symmetric real matrix and, hence, can be reduced to
a diagonal form, say, D, by an orthogonal matrix Q' = Q7 i.e.

DQK(4) _ Q—lDQ — QTDQ
Thus,
DLW = (A)TD’KWA = (A)"Q"DQA, = W DW, with W = QA!,  (7.38)

The eigenvalues of D2K™ (and the diagonal elements of D) are

a+b++/(a+b)?—4ab+ 4c?
2

Alg = and A3 = d.

For example, at the point @DE}) 7 We have (we also denote here Lg, = Ad10203, where

53 = £54/£5‘3 < 1)3
a(qpﬁ]) ) = —A(1 + 610, cos Ao + O(7?)), b(1/1[4} ) = —Ad (1 +7cos Ao+ O(7?)),

51 (1),7
C(w[i}i’ﬁ) = —T70Ab,05 cos No + O(1?),
d(tyy) ;) = —A816205,
and the eigenvalues are
Al(@b?]fﬁ) = —A — Ab165cos Ao + O(7):
AQ(qp{;fﬁ) = — A8, — Ab16, cos Ao + O(7R);
)\3(1#{;)’77) = —A51(5253.
We write the diagonal matrix
A 000 A0 0
D = 0 X 0 | = 0 A’ 0 ,
0 0 X 0 0 A”60,

where A’ = —A — A0, cos No + O(7?), A” = —A — Ady cos Ao + O(n), A" = — Ads.

As in the case of 3 dominant harmonics, the matrix D2£® has the same eigenvalues
as the matrix BD, where B = WW T with W from (7.38). In fact, B = A/ (A!)". Then
according to Lemma 7.3, the minimum (in modulus) eigenvalue is

[4] |A”/’ det(B)6152 i Adet(B)515253

W byibyy — by o bi1bas — b3,

~ 52/3£S47
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where by = |S1[%, by = |S2)? bia = (51,9,) are elements of B. Since A; =
det(Sy, S, 54) # 0, the denominator by1byy — b2, does not vanish, and, analogously
to the case of A # 0, one give the estimate by1byy — b2, ~ e72/3,

Thus, we have proven the following lemma:

Lemma 7.5 (Critical points of £L®(0)). Assume 77 = Ls,/Ls, = €. Then function
LW has exactly 8 nondegenerate critical points 95])77, j=1,...,8, given by (7.37) ,

and the minimal eigenvalue of D2£[4](95]),ﬁ) satisfies
4 2/3
i ~ € L

Critical points of £(f) in the case A =0,A; # 0.

Concerning the critical points in the whole splitting potential, in the case of the 4
dominant harmonics, we consider

L(0) = LD (9) + L, F(H),

where we denote by Lg, F(f) the sum of the non-dominant terms which satisfies by

Lemma 7.2: ]
|0y, F| ~ v i,j=1,2,3.

2
awiij‘ ~ g1/3”

After the change (7.35), the splitting potential becomes
K(¥) = K9() + Ls,G(¢),

whose critical points are the solutions of

siny; = =710z sin(7Y + oy — Ao) + ﬁ—ii&mé(w),
siny = —ode sin(79y + oy — Ao) + i—zz&pgé(w), (7.39)
: c ~
sinyg = L_zzaﬁ)SG(z/})
Note that function G also satisfies the bounds (7.31). We denote

o maed Lo Ls L\ Ls
Ls, Ls, Ls, | Ls,

Then in order to have nondegenerate solutions, it is required by Lemma B.3 of the
Appendix B that the following inequalities hold:

(5152 + ﬁ871/2)2 + (0102 + 377671)2 < 1,
((52 + ﬁ€_1/2)2 + (52 + 3778_1)2 <1,
(7e2)* + (371 < 1.
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We choose j = max{7], 010, 52} = max{7,7} and it turns out the inequalities are true
fory <e.

Under this condition, the equations (7.39) have 8 solutions wg}) = w@o) +0®@),7 =
1,...,8. Apply the inverse change of (7.35), we get the critical points of L:

00 = (A) MW+, G=1,....8. (7.40)

Remark 7.6. By the inverse change, we obtain 8 critical points, since we suppose that
| A | = 1, the fact confirmed numerically.

One can show that the eigenvalues of D?L are a perturbation of order O(7) of the
eigenvalues of £ (for the same reason as in the case of the 3 dominant harmonics).
Hence, the minimal (in modulus) eigenvalue satisfies

4
mEj}) ~e¥3Ls,. (7.41)
In the end, we summarize the results of this section in the following lemma:

Lemma 7.6 (Critical points of £(0)). Assume that € < 1. Then one has:

e [n the case that the indexes of the 3 dominant harmonics satisfy: det(S, Se, S3) #
0, if n = Ls,/Ls, = ¢, then the splitting potential L(0) has 8 critical points 95’.]),
j=1,...,8, defined in (7.32), all nondegenerate, and the minimal eigenvalue (in
modulus) mg]) of DQE(HE})) satisfies (7.33).

e In the case det(S, So,S3) = 0,det(Sy, Sa, S4) # 0, if 1 = max{Ls,/Ls,, Ls,/Ls,} =
g, then the splitting potential L(0) has 8 critical points 951), j=1,...,8, defined
in (7.40), all nondegenerate, and the minimal eigenvalue (in modulus) m[é]) of

D2L’(98])) satisfies (7.41).
Remark 7.7. In each case, the conditions 7 < € and 7] == ¢ exclude from consideration
some neighborhoods of the points € where the last dominant harmonics, Lg, and Lg,,
respectively, coincides with the next harmonic, Lg, and Lg., respectively. These points
belong to the discrete sets & and &, introduced in (7.24). The study of these points
still remains an open problem.

7.6 Proof of Theorems 7.1 and 7.2

Theorem 7.1, p. 171, follows from the estimate for the most dominant harmonic Lg,
given in Lemma Lemma 7.2, p. 178, and the fact that M(0) = 9pL(0). We consider
the approximation £® by 3 dominant harmonics and deduce the following estimates:

1 1

@) ~ ~ —
|06L7] ~ |S1|Ls, 2176 ~1/6

Ls,, 0L — 0L ~ —Lsg,.
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Since hy(g) > hi(e), we get the estimate

1
M| = |0pL]| ~ —=ex
Ml =100l ~ L exp {
Theorem 7.2, p. 173, is a consequence of Lemma 7.6 and that the nondegenerate
critical points of £(6) correspond to simple zeros of M(6). Applying the estimate for
Lg, or Lg, given in Lemma 7.2, one can obtain the expected estimate for the minimal
(in modulus) eigenvalue of the splitting matrix 9pM = D?L.

 Cohue) } |

-1/6



Appendix B

The fixed point theorems

To find zeros of a function f(z) = 0, z € R, we rewrite the equation in the form = = g(z)
and use the iteration method to define the sequence z,.1 = g(x,), n =0,1,2,..., and
if this sequence converges, it converges to the solution of the equation. First, we state
the well-known theorems for the cases when the dimension of the variable x is 1 or
n, then we adapt them to solve specific equations of type sin X = F(X) (X € T™,
m = 1,2 or 3). Note that the last equations appear often throughout Part II of this
thesis in finding the nondegenerate critical points of the splitting potential L.

Theorem B.1 (The 1-dimensional fixed point theorem). Let I = [a,b] and g : [ — R
such that

(i) g(I) c 1

(ii) g is a Lipschitz function with a Lipschitz constant0 < L < 1, i.e. |g(x1)—g(z2)| <
Llzy — xo|, Va1, 29 €

Then for any starting point xoq € I the sequence x,+1 = g(z,),n =0,1,2,... converges
to the unique solution s € I of x = g(x) and

n

|z, — 5| < |z — o]

—1-L
Remark B.1. By the Mean Value Theorem, |g/(z)| < L < 1 implies (ii)

In the case of dimension 2, 3 or higher, we act in the analogous way, we rearrange
the equation F(z) = 0,z € R", F' € R” in the form z = G(z) and find the sequence
Zn+1 = G(z,) with some starting point zo € R™.

Theorem B.2 (The n-dimensional fixed point theorem). Let I = {z € R" : a; < z <
b;} and G : I — R™ such that

(i) G(I) C I;

191
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(ii) There exists a constant 0 < L < 1 such that ||G(z1) — G(22)|| < Ll|z1 — 22| for
all z1,20 € I;
Then
(a) the equation z = G(z) has a unique solution s € I;
(b) for any zy € I the sequence z,11 = G(2,), n =0,1,2,... converges to s;

(c) form=1,2,... the following inequality holds

— s <
20— sl < ==

|21 — 20|

Remark B.2. By the Mean Value theorem (G : R™ — R™ differentiable, z,z € R",
then Jy : y; = z; + ti(z — 2),t; € [0,1] st G(z) — G(z) = DG(y)(z — 2))

1G(2) = GG = [DG(y)(z = 2)|| < [IDG ()]l = =],

n
_ — G
where we use the 1-norm || DG|| = || DG, = 1212%);”; ‘ 97

. Therefore, L = sup || DG (y)||
Yy

and the condition 0 < L < 1 is equivalent to

oG, oG, 0G,
] a1 - ‘ (M |
: (B.1)
0G,, N ‘8Gm - ‘0Gm .
0z 0729 o 0z,

Now we apply these theorems to equations of type sin X = F(X), X € T™ m =
1,2,3. Note that we deal with equations of type f(x) = O(n) throughout Part II. In
the one-dimensional case, one gets:

Lemma B.1. If f : T — R is differentiable and satisfies
(f)?+ <1, (B.2)

then the equation
sinz = f(z) (B.3)

has exactly two solutions x* and x** which are simple.
If f(z) = O(n) for any x € T with n sufficiently small, then the solutions of (B.3)
are x* = O(n) and z** =7+ O(n).
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Proof. 1t is clear from (B.2) that |f(z)| < 1 for all x € T, then the equation (B.3) can
be rewritten as
. T T 3w
x = arcsin f(z) = g(x),x € [—5, 5] and x=m—g(x),z € [E’ ?} :
In the first case, for x € [—7/2, /2], the values of function g(x) lie in [—7/2,7/2] (the
first condition of Theorem B.1 is fulfilled) and, moreover, by (B.2)

f/
V31— f?
is satisfied (the second condition of Theorem B.1 is fulfilled too), then by the Fixed

Point Theorem B.1 there exists a unique solution z* that is the limit of the sequence
Tp = g(Tno1),n=1,2,... and |z, — 2*| < L2 |21 — 20| with

<1

g/ () =

x, = arcsin(arcsin(. . . (arcsin f(zo)))).

In the second case, for x € [7/2,37/2], we shift y = 2 — 7 and get the equation
y = §(y), where y € [—n/2,7/2], §(y) = g(y + m) satisfies g(y) € [—n/2,7/2] and
|g'(y)| < 1, then there exist a unique solution y*, thus one gets ™ = y* + 7.

The solutions are simple, since if z* (or z**) is a degenerate zero of F'(z) = sinx —
f(z), ie. it satisfies F'(z*) = 0 and F'(2*) = 0, then the following is true

sinz* = f(z*), cosz* = f'(x*)
and one gets
1= sin? o + costa” = (£(2"))? + (2"
a contradiction to (B.2). O

In the two-dimensional case, manipulating with equations

sinz = f(z,y), siny=g(z,y) (B.4)
we get 4 systems
(a) z = arcsin f(z,y), y = arcsing(z, y), S [-%3, 3l yel-5.5h
b)) z=m — arcsin flzy), y= arcsmg(:yc, ), vel5,2], ye [_% 1
(¢) « = arcsin f(z,y), y=m—arcsing(x,y), ve€[-% %], yel5, ¥
(d) x=m—arcsinf(z,y), y=n—arcsing(z,y), z€l[3, %], yelz 2.

Consider, for example, the system (a). Here, in the notation of Theorem B.2, I =
5.5 x[=5,5], 2 = (v,y) and G = (arcsin f(z,y), arcsin g(x,y)). It is clear that
G(I) C I. Also the conditions (B.1) become

la(arcsin f) N J(arcsin f)

ox dy

<l & f+(fI+4) <1
(B.5)

lﬁ(arcsin 9) ‘ N lﬁ(arcsin q9)

<1l « ¢ ! )2 <1
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If these conditions are satisfied, then by the 2-dimensional Fixed Point Theorem B.2
(with n = 2), the system (a) has a unique solution z* = (z*,y*) € I to which the
sequence z, = G(z,_1) converges for any initial point zg = (2o, yo) € I. The solution
z* is simple: if we consider the vector function

F= (sinx - f(xv y)a Siny - g<x7y))—r )

the determinant of its Hessian matrix does not vanish at z* under conditions (B.5).

In the same way, we can prove (shifting variables, if necessary) that each system
(b) — (d) has a unique simple solution, and, therefore, the equations (B.4) have 4 simple
solutions. Thus, the following lemma is true.
Lemma B.2. If f,g : T?> — R are differentiable and satisfy

P+ <1 g2+ (gl +1g))? <1

the equations (B.4) have 4 solutions which are simple.

Moreover, if f(z) = O(n),9(z) = O(n) for any point z = (z,y) € T?, then the
solutions are small perturbations ) = 29 4 Om), j=1,2,3,4 of

Zil) = (070)7 Z£2) = (71',0), ZiS) = (077T)? Z£4) - (ﬂ.’ﬂ-)'

We can proceed analogously in the three-dimensional case and prove that
Lemma B.3. If f,g,h: T> — R are differentiable and satisfy
2 / / /1\2 2 / / / 2 2 / / !/ 2
FHULIFIAIH1ED7 <1 g" + (gl + gyl +1g2D)7 <1, b7+ ([he] +|hy[+]R2])" < 1
the equations

sinx:f(x,y,z), siny:g(l’,y,z), sinz:h(:z:,y,z) (BG)

point u = (1,y, z) € T3, the solutions are ul¥) = ul) + OW), (7 =1,...,8), where

ug) = (0,0,0), uff) = (7,0,0), uf”) = (0,7,0), u>(k4) = (m,7,0),
u® = (0,0, ), ul® = (7,0, 7), ul) = (0,7,m), us ) — (70,7, )
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