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Introduccio

El fenomen Nano ha anat traspassant durant els tltims anys les fronteres de la comunitat
cientifica i, avui en dia, és dificil no haver sentit a parlar alguna vegada de conceptes com
les nanoparticules, els nanoxips, els nanofarmacs o els nanoaliments, només per donar-ne
alguns exemples. Prova d’aquesta moda és el fet que marques comercials fabricants de
cotxes o reproductors de musica digital s’hi han inspirat per donar nom a un dels seus
—molt petits— models. Sens dubte, els resso dels continus avancos en Nanociéncia i en la
seva vessant aplicada, la Nanotecnologia, aixi com de les seves potencials aplicacions en
un futur proxim en camps tan diversos com la computacié quantica, el tractament contra

el cancer o multiples industries, han contribuit a aquesta divulgacié popular.

La Nanotecnologia és 'estudi, disseny, sintesi, manipulacié i aplicacié de materials i
dispositius mitjangant el control de la Materia a l’escala del nanometre (la mil.lionesima
d’un mil.limetre) o, dit d’'una altra manera, dels atoms i les molecules. Aquesta nova i
emergent ciencia aplicada barreja multiples disciplines cientifico-tecniques com la Fisica,
la Quimica, la Bioquimica, la Biologia Molecular, I’Electronica o la Informatica i per als
seus proposits contempla 'utilitzacid, entre d’altres, de metalls, plastics, carboni, cadenes
d’ADN o semiconductors. La branca basada en aquests tultims i en concret les seves
peces basiques, les anomenades nanoestructures semiconductores, son 1'objecte d’estudi

d’aquesta tesi.

Essencialment, aquestes estructures es poden definir com a sistemes semiconductors
que generalment contenen un cert nombre d’electrons de conduccié (per aixo sovint se
les anomena nanoestructures electroniques) i on almenys una de les tres dimensions de
I’espai es troba confinada a l’escala nanometrica. La seva fabricacié es basa en el fet que
Iestructura de bandes dels semiconductors varia d’'un compost a un altre. Per tant, quan
dues capes semiconductores diferents es posen en contacte a la interficie hi ha canvis
abruptes en algunes propietats basiques. Aixo s’il.lustra esquematicament als panells
superior i central de la figura 1, on s’agafen com a exemples el AlGaAs i el GaAs, dos dels
compostos més utilitzats en la fabricacié de nanoestructures. En particular, apareix un
gradient de potencial quimic —energia de Fermi (er) en el llenguatge de semiconductors—
que origina un camp electric i fa que electrons del material amb e més gran flueixin
cap a l'altre fins que el sistema uniformitza el seu potencial quimic. La carrega positiva
(negativa) resultant al AlGaAs (GaAs) fa pujar (baixar) la banda de conduccié (e¢)

respecte al nivell de Fermi, tal i com passa quan es dopa un semiconductor amb impureses
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Figura 1: Imatge esquematica de la formacié d’un pou quantic

acceptadores (donadores), i déna lloc al fet que en una estreta zona (que usualment es
pren al llarg de 'eix z i s’anomena direcci6 de creixement) dins del GaAs es compleixi la
condicié ep < ¢, formant-se aixi un pou de potencial on electrons de conduccié queden
atrapats (panell inferior de la figura 1).

Si es realitza un apil.lament de diverses capes, amb gruix i composicié adequadament
seleccionats, es pot controlar la formacié d’'un pou de només uns nanometres de gruix en
una de les capes internes. El fet que aquestes dimensions siguin comparables o inferiors a
la longitud de de Broglie dels electrons en aquests sistemes —uns 50 nm en el cas del GaAs—
fa que els efectes quantics en la dimensié confinada siguin importants i es parli aixi de
la formacié d’un pou quantic (quantum well) o d'un gas d’electrons quasi-bidimensional.
Com que les altres dues dimensions sén diversos ordres de magnitud més grans, el pou
quantic es pot imaginar com un ‘full de paper semiconductor’ sobre el pla del qual electrons
de conduccio tenen limitat el seu moviment. La seva realitzacié experimental va ser duta
a terme per primera vegada a principis dels anys 70 per part de grups d’investigacio
dels Laboratoris Bell i IBM mitjangant tecniques epitexials de creixement que permeten
anar dipositant capes monoatomiques de material I'una sobre de 'altra i, entre d’altres
aplicacions, van servir com a base per als diodes laser.

Ben aviat es va pensar en anar més enlla i considerar la possibilitat de crear objectes
de dimensionalitat més reduida ‘retallant’ sobre aquests ‘fulls’. Des de mitjans dels anys

80, la constant evolucié de les tecniques nanolitografiques i de nanogravat ha permes
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disposar de les ‘tisores’ adequades per aconseguir aquest objectiu i s’han pogut fabricar
nanoestructures cada vegada més petites i complexes. Aixi, confinant els electrons del
pou quantic inicial en una dimensié addicional es van obtenir els fils quantics, ‘tires de
paper’ amb una amplada caracteristica de ’ordre del centenar de nanometres. Estenent el
confinament a les tres dimensions de I’espai es van crear els punts quantics, que en el cas
de ser circulars acostumen a tenir un diametre de ’ordre dels 10-100 nm. I, més tard, els
‘discs’ formats per aquests tltims es van poder ‘perforar’ mitjancant tecniques d’oxidacid
utilitzant la punta d’un microscopi de forca atomica, donant lloc aixi als anomenats
anells quantics. Recentment, a més, utilitzant metodes de creixement autoordenat s’han
pogut obtenir també sistemes d’anells concentrics i de verticalment acoblats. Basicament,
aquesta tecnica consisteix en el creixement de capes successives amb diferent parametre de
xarxa. Aix0 pot provocar la inestabilitat de ’estat homogeni inicial del sistema, donant
lloc a una transicié de fase que el porta a un estat inhomogeni i forma espontaniament
punts quantics sobre una de les capes. Si aquesta tltima es cobreix després amb una de
nova de composicié adequada, es pot modificar la topologia dels punts i convertir-los en
anells. Com que es troben confinats en les tres dimensions espaials, els punts i els anells
quantics es poden pensar com a sistemes tancats i se’ls sol caracteritzar pel nombre N
d’electrons de conduccié que contenen. En canvi, els pous i fils quantics tenen almenys
una dimensio6 lliure i que a la practica es considera infinita; aixi, per a aquests sistemes
s’acostuma a prendre el nombre d’electrons també com infinit i a descriure’ls en termes
de la seva densitat, que és finita.

Una propietat important de totes aquestes estructures és que, a causa de les carac-
teristiques del seu procés de fabricacid, aixi com de la propia natura dels materials util-
itzats, presenten asimetries inherents. Aquestes poden donar lloc a la presencia de camps
electrics que, com a efecte de la Relativitat Especial, es transformen en camps magnetics
en el sistema de referencia dels electrons, interaccionant amb els seus spins, acoblant-los
al seu moment i donant origen a 'anomenada interaccio d’spin-orbita. D’entre les difer-
ents possibles fonts n’hi ha dues que es consideren especialment importants en aquests
sistemes. En primer lloc, la majoria de materials més utilitzats en la fabricacié de na-
noestructures, com per exemple el GaAs, séon semiconductors amb estructura cristal-lina
Zinc Blenda, que no té centre d’inversi6. Aquesta asimetria doéna lloc a I’anomenada
contribucié d’spin-orbita de Dresselhaus. En segon lloc, el pou quantic que origina el
gas quasi-bidimensional inicial no és en general simetric —com es pot intuir de la figura
1- i produeix el conegut com acoblament de Bychkov-Rashba, que té una propietat molt
interessant: la seva intensitat pot ser controlada externament mitjancant ’aplicacié d’un
voltatge extern. Aixo el fa d’especial potencial aplicacié en Spintronica, una nova tec-
nologia basada en el control, la manipulacio i el transport de I’spin electronic i que té
com a dispositiu més representatiu —encara només a nivell teoric— 'anomenat transistor
d’spin, basat en un fil quantic amb interaccié de Bychkov-Rashba i que generalitza 'usual

transistor d’efecte de camp.

Aquesta tesi és un resum dels treballs publicats llistats al Curriculum Vitae que
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s’adjunta al final de la memoria i es divideix en dos capitols principals. En el primer
s’estudia 'estat fonamental i la resposta dipolar de sistemes formats per anells quantics
amb un nombre d’electrons variable. En una primera part es considera un sol anell sotmes
simultaniament a un camp electric en el pla i a un camp magnetic perpendicular a aquest.
Després es consideren dos sistemes dobles d’anells quantics; en primer lloc, i en analo-
gia amb una molecula real, un compost per dos anells acoblats verticalment amb una
distancia de separacié variable. En segon lloc, un altre format per dos anells concentrics,
considerant dues situacions: primer a camp aplicat nul i variant el radi de I'anell més gran,
i després fixant els dos radis i estudiant el sistema en funcié d’'un camp magnetic aplicat
perpendicularment al pla dels anells. Per tot aixo, s’utilitza el formalisme de la teoria del
funcional de la densitat en la seva aproximacié local per obtenir els estats fonamentals,
i la seva versio depenent del temps per als calculs de les respostes dipolars. Una breu
introduccio als dos formalismes es fa abans de mostrar els respectius resultats.

El segon capitol s’ocupa de 'estudi dels efectes de la interaccié d’spin-orbita en pous
i fils quantics sotmesos a camps magnetics externs. Primer, mitjancant un tractament
analitic aproximat, es calculen les correccions de Rashba i de Dresselhaus a les freqiiencies
de ciclotré i de Larmor, als nivells de Landau i a les excitacions induides per ones elec-
tromagnetiques externes en pous quantics. Després es consideren fils quantics sotmesos a
camps magnetics continguts en el pla del sistema, estudiant-s’hi els efectes d’intercanvi-
correlacio per tal de veure si se n’alteren els resultats coneguts sense aquesta interaccié.
Com es veura, I’acoblament d’spin-orbita fa que en general les nanoestructures continguin
spins no colineals. En aquestes condicions el formalisme utilitzat al primer capitol no és
valid i cal utilitzar-ne una generalitzacié aplicable a aquestes situacions, de la qual es fa
una introduccio al principi de la pertinent seccio.

Un resum i les conclusions extretes del treball realitzat s’exposen al final de la tesi,
aixi com les seves possibles continuacions de cara un futur inmediat. Finalment, s’inclou

un apendix ampliant alguns dels resultats presentats al capitol 2.



Chapter 1

Ground state and dipole response of

quantum ring systems

Because of their particular topology, quantum ring (QR) systems exhibit unique phys-
ical phenomena that make them very interesting from both a purely theoretical and a
technological point of view. In this sense they allow, for example, the observation of
Aharonov-Bohm oscillations [Ahab9] and related effects such as the so-called ‘persistent
current’ [But83, Cha94|, which is one of the best examples of quantum mechanical phase
coherence. Also, and similarly to quantum dots (QDs), they are good candidates for be-
ing implemented in quantum computation schemes [Fol05]. Understanding the electronic
properties of these nanostructures is essential for their eventual application in practical
devices.

In this chapter we address the ground state (gs) and the dipole response of three
quantum ring systems: a single ring and two quantum ring ‘diatomic molecules’; first
vertically and then concentrically coupled, as a function of different parameters such as
the electron number, the intensity of externally applied electric and magnetic fields and
the inter-ring distance. For this purpose, we employ one of the most successful and
accurate approaches when dealing with electronic nanostructures: the Density Functional
Theory (DFT).

1.1 Density Functional Theory

It is considered that DFT as we know it today was born in 1964 with the famous Physical
Review by Hohemberg and Kohn [Hoh64]. In it, the authors proved in a rigourous math-
ematical way that the full many-particle ground state of an inhomogeneous electron gas,
including the full electron-electron (e-e) interaction, can be described by a unique func-
tional of the density, which in turn obeys a variational principle. That is, for the correct
po(r), Elpo(r)] equals the ground state energy FEy. These are known as the Hohemberg-
Kohn (HK) theorems, and represented two big steps forward relative to other well-known

approaches, such as the Hartree or the Hartree-Fock ones. On the one hand, the replace-

7
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ment of the electronic wave function by the electronic density as basic quantity constituted
a high simplification of the problem in the computational sense, since the number of vari-
ables was reduced from 3N —three spatial components for each of the IV electrons— to only
the three spatial components of the density, which in addition is a simpler both concep-
tually and practically quantity to deal with. On the other hand, the exchange-correlation
part of the electron-electron interaction, neglected or only partially taken into account
in the above-mentioned approaches, is completely treated in the Kohn-Sham (KS) for-
malism, although in an approximate —yet very precise- way. Indeed, the HK theorems
state the ezistence of a one-to-one functional correspondence between the density and the
Hamiltonian of the system but do not provide any clue on its exact explicit form, which is
actually unknown and therefore must be approximated. This functional is usually written

as

Elp(r)] = Tolo(e)] + 5 [ o) Vise) e + [ plr) Viows (1) de + Eup(r)] . (1)

where Ty[p(r)] is the kinetic energy of an auxiliary system of noninteracting particles
with the same density p(r) of the real system and Vg(r) = %f dr'p(r’')/|r — r'| and
Veonf(r) are, respectively, the usual Hartree and confining potentials, the shape of the
latter depending of course on the system under study. Thus, all the unknown quantities,
namely the exchange-correlation contribution and the difference between the exact kinetic
energy and that of the auxiliary system are contained in the so-called exchange-correlation
functional E,.. For the noninteracting system the kinetic energy and the density can be

written in terms of independent-particle orbitals ; as

/ Sir (——V) Z [1vam a2

and

= ; loi(r) [, (1.3)

respectively.

One year after the publication of the HK theorems, Kohn and Sham [Koh65] derived,
from the stationary property of E[p] subjected to the particle-number conservation, the
selfconsistent equations that provide the single-particle (sp) wave functions and energies

of the ground state, the so-called Kohn-Sham equations:

0Th
6 *

5E:cc
+ Veons + 5, | ¥ e (1.4)

where ¢; is the energy of the ith sp orbital ;. Notice that if the exact form of F,. and

its variation with respect the density were known, the Kohn-Sham formalism would lead
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to the exact energy of the system. Unfortunately, this is not the case and therefore this
part of the functional has to be approximated. Once this is done in a suitable way, by
selfconsistently solving the KS equations one can obtain the ground state density —Eq.
(1.3)— and total energy —Eq. (1.1)— of the real N-electron system. The latter is also given

by the alternative expression [Lun83|

Elplr)] =3~ 5 [ o) Valw) dr + Eulpto)] ~ [ 25

p(r)dr . (1.5)

A numerical comparison between Egs. (1.1) and (1.5) is often taken as a convergence
criterion and as a matter of fact we have used it to check the accuracy of all the DFT
results presented in this thesis.

The quest for ever more accurate and more widely applicable exchange-correlation
functionals is one of the main tasks in DFT. Here we make use of an extremely simple
—though surprisingly accurate— approximation for E,. that constitutes the core of most

modern DF'T codes: the Local Spin-Density Approzimation.

1.1.1 The Local Spin-Density Approximation

If one considers that both the charge and the spin density vary slowly from one point
of the system to another, it can be assumed that, in the vicinity of a given point r, the
(inhomogeneous) electron gas can be well approximated by an infinite homogeneous one
—for which very accurate expressions of the exchange-correlation functional are known-—
with the same density p(r) and magnetization m(r) of the actual system. Indeed, it is
well known that the task of determining good approximations for the exchange-correlation
energy is much simpler if the latter enters the game together with the density. This
approach is therefore referred to as the Local Spin-Density Approzimation (LSDA) and

allows one to write E,. in the simple form

EZPp(r), m(r)] = / p(r) Exe [p(r), m(r)] dr (1.6)

where &, [p(r), m(r)] is the exchange-correlation energy per particle of an homogeneous,
partially spin-polarized system with spin-up and spin-down densities ny, n; that define
the electron density p = n; +n; and the spin magnetization m = ny —n|. Notice that the
latter should in principle be a vector but one can write it as a scalar since it is assumed that
the electrons have a common and constant spin quantization axis, namely the z-direction.

Exe [p(r), m(r)] can be further split into exchange and correlation contributions,

Eae [p(r), m(r)] = & [p(r), m(r)] + & [p(r), m(r)] (1.7)

with its functional form depending on the dimensionality of the system under study. For
the exchange contribution one has the local analytical expression based on the Thomas-

Fermi-Dirac model, given by [Lip03]
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e -9 (20)
e { ()" [+ -] @) } W

which interpolates [Bar72] between the fully polarized (¢ = m/p=1) and unpolarized

(£=0) homogeneous electron gas and where r, is the Wigner-Seitz radius, defined by
1/mp)/? (2D
re = ( /ﬂ-p) 1/3 ( ) . (19)
(3/4mp)'/®  (3D)
For the correlation term there exist different proposals. We shall use the parametrization
by Tanatar and Ceperley [Tan89], given by

; 1+alx
— T i 2 1 i3
+ajr+ayxc+azx

Ecrs, €] (1.10)

with x = /r, when considering 2D systems, and the one by Perdew and Zunger [Per81]

&MZ{%NHﬂh@+%m) ﬁmzl}’ 1)

A lnrs+B;+CirsInry+D;ry ifry<1

for three-dimensional approaches. The different parameters appearing in both functionals
are taken from the Monte Carlo calculations by Ceperley and coworkers [Cep78] for the
fully polarized (i=P) and unpolarized (i=U) cases. It is worth to point out that a more
accurate expression for &,. has recently become available [Att02]. However, whereas a
very precise description of the exchange-correlation energy is needed for a quantitative
description of the Wigner crystallization at low electron densities, we do not believe that
the use of this new parametrization might have introduced substantial changes in the
results we shall discuss here.

Once the functional form of &,. [p(r), m(r)] is obtained, its variations with respect to

the electron density and spin magnetization taken at the ground state,

%C:M : ve _ OCaclp,m) , (1.12)
op gs om gs
define the so-called exchange-correlation potentials.
Taking z = 0 as the plane of symmetry of the system, which we consider to be

submitted to an in-plane electric field £ (e.g. along the z-axis) and a perpendicular
magnetic field B, within the effective mass, dielectric constant approximation [Wen99],

the Kohn-Sham equations read

h2
{—%P2 -+ nglf -+ ‘/CO’]’Lf(,r7 Z)

1
b Vit Viet W24 0B 02 b palr) = apalr) (1.13)
where P = —ihV + eA/c represents the canonical momentum in terms of the vector

potential A, up = he/(2mec) is the Bohr magneton and o, is the z-component of the
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H GaAs
m* 1 0.067
€ 1 12.4
length scale | ~ 0.05nm | aj= —=ag~ 10nm

(ag = mfiz)
energy scale | ~ 27.2eV | Ef = % Ey ~ 12meV

52
2
(Eo=%)

aq

Table 1.1: Parameters for the Hydrogen atom and for the GaAs.

Pauli spin-vector operator . The quantities m = m*m,, ¢g* and € are, respectively, the
effective electron mass, gyromagnetic factor and dielectric constant, and depend on the
actual semiconductor materials containing the nanostructure. For numerical applications,
throughout this thesis we have considered GaAs/Aly 3Gag 7 As systems, whose correspond-
ing values are given in table 1.1, compared to those for the Hydrogen atom. Clearly, the
effective quantities yield big differences in the typical length and energy scales, imply-
ing e.g. that interactions such as the Zeeman one, contrarily as usually done in atomic
systems, can no longer be treated as small perturbations in semiconductor nanostructures.

The presence of an in-plane electric field breaks the cylindrical symmetry of quantum
rings and the resolution of Eq. (1.13) in Cartesian coordinates is unavoidable. How-
ever, if £ = 0 the system recovers its symmetry and one can write the KS orbitals as
Onio(1,2,0,0) = Upo(r, 2)e X, n = 0,1,2,... being the energy-band index, —I the
projection of the orbital angular momentum on the symmetry axis with [ = 0, £1,£2, .. .,
and where 0=1 (]) refers to a spin-up (-down) electron. This allows one to write, using
effective atomic units i = e?/e = m = 1 to simplify the expressions, the Kohn-Sham

equations in cylindrical coordinates as [Pi98, Rei02, Wen00] :

1 /[ 0? 10 12 0? w 1
o= 2= ) IO o
[ 2 <8r2 + ror r? * 822> 2 * 8wcr + Veons (1, 2)

(1.14)

1
+ VH + vxc + (Wmc + §Q*MBB) no} unlo<ra Z) = 6nlcrunlo('ru Z) )

with n,=+1 (—1) for 0=7 (|), w. = eB/c being the cyclotron frequency and where the
vector potential has been chosen in the symmetric gauge, namely A = B(—y, x,0)/2.

It is worth to mention that in the presence of an applied magnetic field the exchange-
correlation energy not only depends on ny,|, but also on the paramagnetic currents within
the so-called Current Spin-Density Functional Theory (CSDFT) [Vig88], which is better
suited than LSDA for high values of B. CSDF'T has been applied to study two-dimensional
quantum dots and rings [Fer94, Lin01, Pi98, Rei02], and comparisons between the obtained

results and those given by LSDA have been made, showing an overall agreement and
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indicating that the effects caused by the inclusion of such currents are in general small

—see e.g. [Anc03].

1.1.2 Time-Dependent Local Spin-Density Functional Theory

We have seen that by solving the Kohn-Sham equations one is able to find an absolute min-
imum of the total energy corresponding to a certain value of the electronic density po(r).
When selfconsistency is achieved, the mean field is essentially constant within consecutive
numerical iterations and the system remains in this minimum of energy: the ground state.
However, one can go beyond this static approach and study excited states of the system
induced by the interaction of the latter with a time-dependent external perturbation such
as, e.g., an electromagnetic field of a certain frequency w. If this perturbation is weak,
the density will start slightly oscillating around the value corresponding to the minimum
energy and, since the Kohn-Sham potential depends on the density, it will oscillate as
well inducing in turn variations in the density itself. The smallness of the perturbation
allows one to use the linear response theory, generalizing the formalism of the previous
section within the so-called Time-Dependent LSDA (TDLSDA).

In the general case the perturbation may be spin-dependent, thus affecting in a differ-

ent way the n; and n| densities. It can then be represented by the operator

Z foer (r) |0) {0 |€™™" + h.c. (1.15)

and, if one assumes that the external field induces excitations without involving spin-
flip transitions —longitudinal response—, for a constant spin-magnetization direction F' is

diagonal in the two-component Pauli space and therefore we can write its non-temporal

dependence as a vector, namely F(r) = ( ;EriT )
r))

The perturbed spin-o density is then
no(r,t) = noo(r) + 6ng(r,w)e ™ + h.c. | (1.16)

no,»(r) being the corresponding ground-state value. The consequent perturbation in the

spin-o KS potential is of the form
SVig(r,t) = 0VEig(r,w)e ™ + h.c. , (1.17)

with

67% 5ng (r',w) (1.18)

SVig(r,w) = Z/d'

and, thus, the total contribution of the external perturbation to the spin-o mean field is

Ve, t) = (fo(r) + 0Vig(r,w))e ™ + he. = VI (r)e ™" + h.c. . (1.19)

The selfconsistent spin-o-density variation can be easily obtained from ordinary first-

order perturbation theory as [Lun83, Raj78§]
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ona(r,w) = 3 [ '\ (e x5 0) VI () (1.20)

(0)

s (r,1;w) is the so-called free-particle spin-density correlation function, repre-

where x
senting the probability amplitude of a change of spin-o density at r induced by a change

of spin-¢’ density at r’' caused by V.2 (r'). It is obtained from the knowledge of the KS

pert
orbitals as

(0) Pa — P8 %/ 1 ’
r,r:w)=—0, . , r')p.(r') , 1.21
Xoor (T, 13 W) E@ _%+w+mpd)¢() (1.21)

where the label a () refers to a sp level with spin ¢ (¢”), thermal occupation p, (pg) and
energy €, (€3), and where v is a small imaginary quantity added in order to simplify the
analysis of the results, transforming the d-peaks coming from the denominator poles into
Lorentzians. Therefore, one assumes that the electrons respond as free —noninteracting—
particles to the total perturbing field, which consists of the external plus the induced one
arising from the changes produced by the perturbation in the gs mean field. However, one
can also consider interacting electrons responding just to f,» —i.e. omitting the residual

interaction §VZg/6n, in V2 .. This allows to write Eq. (1.20) as

pert*

ng(r,w) = Z:/ dr' Yoo (v, 1 W) for (T') (1.22)

where Yyo/ (1, r';w) is the so-called TDLSDA spin-density correlation function that is

related to the free-particle one through a Dyson-type integral equation:

Xoo' (T, v w) = ng (r,r’;w)

+ /drldr2 X (1,1150) K05 (T1, T2) Xopor (T2, T /50) . (1.23)

0102
The residual interaction is represented by the kernel K,, (r,r’), consisting of the direct
Coulomb interaction plus the second-order functional derivative of &,. with respect to the

spin-up and -down electron densities:

Koo (1, 12) = |r1ir2| + 8;%;g€;j)| 5(r1 —12) | (1.24)
where
Pl | 0P (o + 1) Eac s PEqe
Ong 0Ny g 0p? g dpOm om?2 g
= &H%m+%)()+%mfﬂ- (1.25)

In this thesis we consider only the dipole responses. Then F'(r) is represented, taking
e.g. the perturbing field along the z-direction, by the charge-density D, = >N, z; and

spin-density D,, = >~ z;0° dipole operators, which in vectorial form read
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1 1
Dnzz(l) andDm:x(_l) : (1.26)

Taking advantage of the circular symmetry of quantum rings they can be rewritten as

1 r 1
p&® L D&E) — Z T 1.2
S 5¢ ) and D, 5¢ ] (1.27)

so that D,, = D) + D) and analogously for D). Here ‘+’ (*-’) indicates that the
corresponding excitation operator induces a Al = +1 (-1) transition.

Equations (1.23) can in principle be solved —see below— as a system of matrix equations
in coordinate space after performing an angular decomposition of y,,, and K,, of the
form

Xoo' (1,1 W) = Z ng—/(r, s w)el0=0)
l

Koo (r,7') = ST KY, (1, 1)1~ (1.28)
l

By calculating the angular integral in Eq. (1.20) one can readily see that, indeed, only

modes with [ = £1 couple to the external dipole fields D*) and D).

Defining the correlation functions Xfffg(r, r’;w), with A, B =n,m, as

+ +
X = X7 +a7 0P i)

+ +
X&) = P P X

# = B (+) ‘I'X( ) ()

Xom = X110 — Xy Xy
+ +
X&) = i+ - = (1.29)

the so-called response functions to the dipole fields are given by
asp(w) = 7 /drl dryr?rs [X(jg (ri,r;w) + X(A_B)(Tl, ro;w)]

= o) +alp), (1.30)

and, despite the excitation energies w being always positive, formally hold the equalities

Re[aip(@)] = Relajj(-w)]
Im [agg(w)} = —Im [af&)(—w)]. (1.31)

These relations are of great practical interest: in actual calculations they allow to deter-
mine both components (4) of the response function by using only e.g. the (+) one over
a frequency range such as (—wmin, Wnaz )-

The excitations induced by short-duration perturbations are usually described by the

so-called strength functions Sap(w)
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SAB(CU) = SBA((U) = Z<0|DB|Z><Z|DA|O>5((U — wio) s (132)

)

where |0) is the ground state and the sum —or integral in the case of continuum spectrum-—

runs over all the excited states |i) of the N-particle Hamiltonian

62

N
H=Hy+ )

i<j=1

, (1.33)

€lr; — 1l
Hy being the one-body part. The functions S4p present peaks at the energies of the
excited modes of the system w;y and have relative intensity proportional to the strength
carried by each mode. Interestingly, they are related to the imaginary parts of the response
functions by Sap(w) = tIm[oap(w)]. Besides, some general properties of the system, as
well as a check of the accuracy of the calculations, can be extracted from the so-called
f-sum rules, which are related to the strength functions and finally expressed uniquely in
terms of gs quantities [Lip89]:

™ = [ Sunl)wdo = S0IID, [H, D0 = 5
m{™™ = / S (w) w dw = %<0|[Dm, [H, D,,]|0) = g (1.34)
™ = ) /Smn(w)wdw + /Snm(w)wdw = (0|[Dm, [H, Dy]]|0) = 25,
Even though the operators D,, = >N | 2; and D,, = >N | 2,0% are expected to excite,

respectively, dipole charge-density and spin-density collective modes, it is worth to point
out that the above formalism leaves room for situations in which both operators induce
excitations in both the charge and the spin channels.

At first glance, it might be thought that to obtain the response functions aap(w) one
has to explicitly calculate the correlation functions y,. (r,r’;w). This is a very demanding
numerical task for nonhomogeneous systems, involving several large-dimension complex
matrix inversions for every value of w. A guide to how to proceed can be found e.g. in
the Appendix B of Ref. [Bar94], which can be straightforwardly generalized to the Dyson
Eq. (1.23). However, if X, (r,r’;w) is not needed for any other purpose, there is an
alternative way to determine the response functions circumventing the resolution of the
Dyson equation. We first introduce a noninteracting induced —e.g. by D4— density in
analogy with Eq. (1.20):

P (r,w) = Y [dr e ). (1.35)

Substituting the Dyson equation into Eq. (1.20) and introducing a self-explanatory matrix
notation, Eq. (1.20) becomes

(0,A4) (0)
5”? _ 5”}() 2 4 X171 (()0) ® Ky Ky ® 571? ’ (1.36)
57114 (5%17 0 Xll KlT Ku (5%14
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where the symbol ‘®’ indicates an implicit spatial integration over the common r-variable

of the operands. The dynamic polarizability a4p(w) is then readily written as

aupw)=—( fi* fi*) e ( oy ) : (1.37)

5nf

The problem of determining the dynamic polarizability is thus reduced to solving the
set of 2N, complex linear equations (1.36) instead of the far more complicated task of
inverting N, x N, complex matrices, IV, being the number of points used to solve the KS
equations, which is usually higher than the one employed in the response calculation.

The simplest physical situation to which the TDLSDA can be applied corresponds to
its paramagnetic limit, i.e., when the gs spin magnetization m(r) is identically zero. In
this case one has X%OT) = XEOL), and the function M(r) entering Eq. (1.25) is identically

zero. Writing the induced densities as

on" = onf+on =xum @ f
om™ = on — o’ = Xomm @ f
on™ = o' +on|" = xpm @ f
om" = onf =] =xXm® f , (1.38)

where f denotes the r-dependence in Eq. (1.27), it is easy to check that in this limit X,

and Y, are identically zero, and that x,, and Y., obey the Dyson equations

Xmm = X2+ X9 ® Ko ® Xonm (1.39)

in which the kernels are given by K,, = 1/r1s + Kd(r12) and K, = Z(r12), where

rs = r; — ro, and with the free-particle correlation function y(© = x%OT) + XEOL) being

the same in both channels since Xﬁ) = Xiol)- Thus, in the paramagnetic limit of the
longitudinal spin response one is left with uncoupled charge and spin channels, in which
the residual interaction consists of the direct Coulomb plus an exchange-correlation term
in one case, and only of the exchange-correlation contribution in the other. When the
system is spin-polarized Xﬁ) + XEOL), M(r) is not identically zero and the two other
independent correlation functions x,.,, and x,., produce the charge-density response to
D,,, and the spin-density response to D,,, respectively. The general formalism has been
applied to the description of longitudinal modes in quantum dots and rings [Bar00, Emp99,
Ser99, Ser99b].

When considering a single quantum ring under in-plane electric and perpendicular
magnetic fields, we have calculated the charge-density dipole response of the system using
the real-time adiabatic TDLSDA approach described in detail in Ref. [Pi04], which we

have restricted to a simpler two-dimensional QR. The analysis of the modes has been
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done following the method proposed in Ref. [Pue99]. Essentially, the procedure consists
in considering the interaction with the dipole field as a small perturbation of the gs |0) of
the N-electron ring along a certain direction &, i.e., [05) = €¢T|0) with A < 1. Up to first
order in A, this can be written as [0%) ~ (1 +iAé-r)|0). The ground and excited states
of the Hamiltonian H constitute a basis {|0),]j)} (j # 0) in which the time-evolution of
the perturbed state can be expanded: |(t)5) = e "*0%) & e70!0) + 322 aje e ™"]j).
é-r|(t)s) — (0| - r|0) = ds(t) is related to
the dipole strength function by the expression

One can easily check that the quantity ((t)4%

Sa(w) = % /Ooodé(t) sinwtdt = (716 - £|0)[25 (wyo —w) - (1.40)

j=1
Finally, to obtain the excitation energies of the system we perform a least-squares mini-
mization of the time-discretized function Y, [de(t) — De(t)]?, with Dg(t) given by
M
Dg(t) = Z[Aj,é coswjot + Bj s sinwjot] , (1.41)

j=1
and where the sum extends over M frequencies, its number being large enough to provide
an accurate ds(t) from Ds(t) and assuring the convergence of the calculation. The set
{wjo} is obtained from Eqs. (1.40) and (1.41) as a discrete set of Dirac delta functions that
in practice are fairly narrow Lorentzians because of the finite-time numerical integration
in Eq. (1.40).

1.2 Single quantum rings under electric and mag-
netic fields

High-quality quantum rings have been fabricated on AlGaAs/GaAs heterostructures con-
taining a quasi-two-dimensional electron gas, both by self-assembly techniques [Lor00]
and by nanolithography using an atomic force microscope [Fuh01]. This has given rise
to many experimental and theoretical results involving, e.g., spin pairing [Thn03, Lus01],
Zeeman splitting [Dun00, Fol01, Han03, Lin02], spin states due to in-plane or perpendic-
ular magnetic fields [Cio02, Rok01], spin-blockade effects [Cio02, Hut03, Ono02| and, of
particular interest because of its potential relevance to quantum information processing
schemes, spin transitions driven by magnetic fields [Ash93, Bur99, Bur00, Cio01, Cio03,
Hu00, Kou97, Sch95, Tar00] or —even in a more efficient way [FuhO1]- by gate voltages
[Fuh03, Thn05, Kyr02, Los98]. Indeed, the possibility to externally control and induce
transitions between entangled spin-singlet | T|)—| | 1) and non-entangled spin-triplet | T7T)
states is of great importance in the realization of qubits since it provides an efficient way to
manipulate the entanglement of these systems. Coulomb- and spin-blockade spectroscopy
experiments proved the possibility to achieve such spin control in lateral [Cio03, Kyr02]
and vertical [Bur00, Kou97] quantum dots, and similar conclusions have recently been

obtained from experiments with many-electron quantum rings [Fuh03, Thn05].
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We have considered two- and three-dimensional single QRs with different confining
potentials and addressed their ground state properties and also the density dipole response
for the 2D ones, which have been considered to be submitted to both in-plane electric
and perpendicular magnetic fields. Although no structure is strictly two-dimensional, it
is commonly accepted that the confinement in the perpendicular direction is so strong
that 2D models catch the basic physics of the processes under study while rendering the

numerical effort much more affordable.

1.2.1 Ground state

At zero applied fields, for the ‘thick’ —i.e., axially symmetric 3D— quantum rings we have
taken a parabolic confining potential in the zy-plane with a repulsive core around the

origin, namely

1
Veons (r) = Vo ©(Ro — 1) + 5 mwp (r— Ro)*O(r — Ro) (1.42)

where r = /22 + y2, with ©(x) = 1 if z > 0 and zero otherwise, together with a square
well of width w and depth Vg in the z-direction. The convenience of using a hard-
wall confining potential to describe the effect of the inner core in QRs is endorsed by
several works in the literature [Li05]. The strictly two-dimensional rings have firstly
been described by the same in-plane confinement while taking the density along the z-
direction to be a Dirac delta as done in Ref. [Emp01]. For the calculations we have taken
Ry = w =5nm, Vo= 350 meV, and wy= 15 meV, a set of parameters that fairly represents
the smallest rings synthesized in Ref. [Lee04], and the potential wells have been slightly
rounded off as in Ref. [Anc03].

Experimentally, the shell structure of quantum rings is usually inferred from their

addition spectrum [Lor00, Tar96], which is theoretically calculated from the expression

Ao(N)=E(N +1) - 2E(N) + E(N — 1) | (1.43)

E(N) being the total energy of the N-electron quantum ring. In Fig. 1.1 we show the
addition energies for two- and three-dimensional QRs. It can be seen that both models
sensibly yield the same results for this observable, a well-known fact for QDs [Pi01]. For
the 3D rings the value of the calculated total-spin third component, 2., is also indicated
in the figure. It must be pointed out that the N = 3 case of the 2D model is fully
spin-polarized (2S5, = 3) whereas that of the thick ring it is not, due to the fact that the
exchange-correlation energy is overestimated by strictly two-dimensional models [Ron99b].
However, fully polarized N = 3 QR configurations are not an artifact of the LSDA. As
a matter of fact, they have also been found by exact diagonalization methods for some
ring sizes and confining potential choices [Zhu05]. For the rest of configurations displayed
in the figure both models yield the same spin assignments and coincide with those of
Ref. [Emp01], although the height of the peaks in Ay(N) clearly depends to a large
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Figure 1.1: Ay(N) (meV) for a 3D (solid dots, solid lines) and a strictly 2D (open dots, dashed

lines) quantum ring. The value of 25, obtained for the thick ring is indicated.

extent on the employed confining potential. The intensity of these peaks is proportional
to the relative stability of the electronic shell closures in the ring, which for N > 6 are
substantially different from those of QDs. For quantum rings, they are mainly governed
by the fourfold degeneracy of the noninteracting sp levels with |I| # 0 and the twofold
degeneracy of the noninteracting orbitals with |[| = 0 [Emp99]. This yields the marked
shell closures at N = 2,6,10,20 and 28 with S, = 0, as well as the S, = 0 gs found for
N = 24. The 2S5, = 2 configurations that regularly appear between the mentioned ones
indicate that Hund’s rule is fulfilled by single QRs.

The complex spin structure around N = 13, missing in other QR calculations em-
ploying a different confining potential [Lin01], can be understood by looking at the cor-
responding sp energies €,,, displayed in Fig. 1.2: for N = 12, the second (0 1) state is
empty, yielding 25, = 2; for N = 13 the exchange interaction favours the filling of this
state yielding 25, = 3; for N = 14, one of the (+3 |) states is filled —they are degenerate—,
yielding 25, = 2 (actually, this many-electron configuration is nearly degenerate with the
one in which the (0 |) state is filled instead, which also yields 25, = 2). For N = 16, the
(0 ]) and (£3 |) orbitals become populated, producing a fairly strong shell closure.

We have also considered a two-dimensional QR placed in both a magnetic field B
perpendicular to the plane of motion of the electrons and an in-plane electric field £
applied along the z-direction, both fields being static and uniform. In this case, the

confining potential modelling the ring has been chosen of the smooth form

e(T_RO _w)/'YQ

1
Vions (1) = Vo + v

1 + e(r—Rotw)/m (1.44)

1 4 e(r—Ro—w)/y2 ~

We have performed the calculations taking Ry = 2.5, Vo(l) = 0(2) =5 7 =7 = 0.3,
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Figure 1.2: Sp energy levels (meV) as a function of [ for a thick QR with N = 13. Upward
(downward) triangles denote T (|) spin states, whereas the thin horizontal line represents the
Fermi energy.

Figure 1.3: Veons(r) (upper) and electronic densities (lower) for the second 2D ring with N = 10
at B=0and £ =0, 1, 2, and 3 mV/nm (panels (a),(b),(c) and (d), respectively).

and w = 1.25 in effective atomic units, corresponding to a ring of average radius Ry ~ 25
nm and width (distance between the inner and the outer edge) 2w ~ 25 nm. A plot of
Veonf(r) is shown at the top of Fig. 1.3. In the lower panels of the same figure we plot
the gs density of the N = 10 ring at B = 0 and £ = 0 — 3 mV/nm, showing how it is
progressively deformed along the direction of the electric field as the intensity of the latter
is increased.

In spite of this progressive deformation, all the electronic configurations we have found

are always smooth, without charge-density nor spin-density waves in the azimuthal direc-
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Figure 1.4: Ay(N) for B =0 and £ = 0,1,2 and 3 mV/nm. The value of 25, is indicated in
the £ = 0 panel.

tion. We attribute this to the external ring potential we have used, which is fairly wide in
the radial direction. For more quasi-unidimensional rings and/or electronic systems more
dilute than ours, the LSDA can yield solutions with azimuthally-modulated charge and
spin densities [Rei02].

Figures 1.4-1.6 show the addition energies for quantum rings containing up to N = 12
electrons and for some selected values of the electric and the magnetic field. From the
maxima in Ay(N) at (€ = 0, B = 0) one can identify, as in the previous case, shell closures
at N = 6 and 10. As the electric field starts increasing, the deformation of the ring leads
to a shell structure in which the sequence of magic numbers differs from the circular case.
This can be seen, e.g., for (£ =1 mV/nm, B = 0), where a small peak arises at N = 4.
Increasing further the electric field while switching on the magnetic field, the addition
spectrum displays less structure. The peak at N = 8 is the sole exception, indicating a
very strong shell closure for the chosen V,,,s. It can also be seen that, for the displayed
values of N, at B = 0 the spin is unaffected by electric fields up to £ =3 mV/nm. S,(N)
corresponding to odd-N rings turns out to be very robust even when a magnetic field is
applied, and does not change for any of the values of £ and B that we have considered.
The same occurs for the N = 8 case. However, at B # 0 interesting features appear for
the rest of even electron numbers, namely N = 2, 4, 6 and 10. Indeed, one can observe
transitions between the 25,(N) = 0 and 2S5,(N) = 2 states driven by the electric field
at fixed B. In the experiments [Fuh03, Thn05], these gate-voltage-induced singlet-triplet
transitions have been related to the competition between the Hartree and the exchange

interactions, which favour, respectively, the formation of singlet and triplet spin states.
The second spin differences, So(N) = S, (N 4+ 1) — 25,(N) + S.(N — 1), have also been
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Figure 1.5: Same as Fig. 1.4 for B = 3 T. Upper panels display the value of 25, only when it
differs from that of the £ = 0 case.
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Figure 1.6: Same as Fig. 1.5 for B =5 T.

measured from the slopes of the Coulomb-blockade peak spacings [Thn05]. Our results
at € = B = 0 are shown in Fig. 1.7. It can be seen that Sy(N) takes the three integer
values —1,0 and 1, with one-unit jumps. The experimental N-sequence matches that of
our calculation except in one case, in which it passes directly from 1 to —1. We have

found these two-unit jumps only when B # 0.

For the two-electron system we have solved the Schrodinger equation with the Hamil-
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Figure 1.7: Second spin differences Sa(N) for B =0 T and £ =0 mV /nm.

3

E (mV/nm)

[E—
1

0 2 4 6 8§ 10
B(D)

Figure 1.8: Spin-phase diagram for the two-electron ring in the electric-magnetic field plane.

Black (white) indicates a triplet (singlet) ground state.

tonian Eq. (1.33) using the method of Ref. [Pue0l], which consists in a uniform dis-
cretization of the xy-plane and in using finite differences to evaluate the Laplacian in the
kinetic energy. Associating an index with the positions of the two electrons, (ry,rs) = I,
the resulting matrix equation reads H;;V; = EWV;. The Hamiltonian matrix is very
sparse since only the kinetic term yields non-diagonal contributions to H;;, the external
(confinement and electric and magnetic) fields as well as the Coulomb interaction being
local in (ry, ry). The eigenvalue matrix equation can be solved by using iterative methods
for boundary value problems [Ko090]. This way one determines E and W; by repeated
action of Hy; on an arbitrary initial guess for W;. For the singlet (triplet) state, the wave
function W(ry,re) is symmetric (antisymmetric) with respect to the exchange of r; and

ro. This result implies that the triplet state vanishes for I = (r, r) whereas the singlet one
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Figure 1.9: Charge-density dipole strength function S(w) (arbitrary units) as a function of the
excitation energy w corresponding to N = 6, B =5 T, and several values of the applied in-plane
electric field £.

has a cusp at these I's that compensates the divergence in the Coulomb interaction. To
avoid this singularity, we do not solve the Schrodinger equation at these specific values
for I, but directly impose the null value of W for the triplet state, and the cusp behavior
for the singlet one. In order to extract the cusp condition, the smooth character of the
chosen confining potential has allowed us to extrapolate the wave function at the closest
I’s by using the analytically known behavior for parabolic confinements [Zhu96], and we
have systematically checked the stability of the results by using finer grids in the calcu-
lations. A detailed exploration of the £ — B plane is presented in Fig. 1.8 with the spin
phase diagram corresponding to the ground state of the ring. The exact calculation shows
the existence of spin islands at relatively low electric and magnetic fields that cause spin
oscillations when, for a fixed &, one increases B. LSDA calculations for the same N = 2

system (not shown here) also predict the possibility to induce singlet-triplet transitions
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by varying the intensity of the electric field at fixed B. However, it must be pointed out
that, as expected, the mean-field approach is unable to reproduce the details of the exact
calculation for this low-density system, missing in particular the existence of spin islands

and the associated spin oscillations.

1.2.2 Density dipole response

Fig. 1.9 shows the charge-density dipole strength function for the the N = 6 ring at
B=5Tand £ =0—3 mV/nm as the sum of the contributions corresponding to the X-
and y- directions, i.e. S(w) = Sz(w)+ Sy(w). One can see that the more salient feature
when an electric field is applied to the QR is its robustness. The £& = 0 reference spectrum
(bottom panel) shows a two-peak structure around w = 5 meV due to the splitting caused
by the magnetic field and some high-energy strength around w = 20 meV; the latter is
discussed in detail in Ref. [Cli05] and constitutes a signature of the QR geometry that
shows up in its far-infrared spectrum. The upper panels show that both structures are
clearly visible as the electric field increases, with the only noticeable change being a higher
fragmentation of the dipole strength, as well as the appearance of a soft mode around

w =1 meV that is absent when the system is axially symmetric (i.e. when & = 0).

1.3 Vertically coupled quantum rings

One of the most appealing properties of quantum dots, widely regarded as ‘artificial
atoms’, is their capability of forming molecules. Systems composed of two vertically
coupled QDs have been investigated experimentally and theoretically at B=0 and also
submitted to magnetic fields applied along different directions [Ama0l, Asa98, Aus04,
Bou00, Bur97, Hu96, Jac04, Jou00, Mar00, Mat02, May97, Pal95, Par00, Pi01, Pi05,
Ron99, Sol96]. More recently, nanometer-sized complexes consisting of stacked layers of
InGaAs/GaAs quantum rings have also been realized, and their optical and structural
properties characterized by photoluminescence spectroscopy [Gra05].

Here we consider two vertically coupled 3D quantum rings separated by a variable
distance d. The system as a whole can be viewed as a ‘diatomic’ quantum ring molecule
(QRM) with total electron number N, and the variation of d allows one to study differ-
ent ‘interatomic’ regimes. By analogy with real molecules, we consider homonuclear and
heteronuclear QRMs, i.e., those constituted by identical or by different quantum rings.
Indeed, for vertically coupled lithographic double QDs, it has been found unavoidable
[Pi01] that a slight mismatch is unintentionally introduced in the course of their fabrica-
tion from materials with nominally identical constituent quantum wells, and the same is
expected to happen for QRs.

The rings are described using the same in-plane confining potential as in the single
QR case, Eq. (1.42) , but now with two quantum wells separated by a distance d along

the z-direction. For the heteronuclear QRM we consider two situations: one with a small
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mismatch 6 < V, between the depth of the wells and another with the rings having
slightly different radii.

1.3.1 Homonuclear quantum ring molecules

When considering two identical rings, we have calculated their gs structure for d = 2,
4 and 6 nm, and up to N = 32 electrons. It is known [Pi01] that for a given electron
number, the evolution of the gs (‘phase’) of a QRM as a function of d may be thought
of as a dissociation process. Within this scheme, each orbital is represented by four
quantum labels: S, [, the parity, and the value of reflection symmetry about the z = 0
plane. Analogously as in natural molecules, symmetric/antisymmetric states |.S)/|AS)
with respect to this plane are called bonding/antibonding states.

The energy difference between bonding and antibonding pairs of sp orbitals, Agag,
can be properly estimated [Pi01] from the difference in energy of the antisymmetric and
symmetric states of a single-electron QRM, namely Agas ~ E(*S,)—E(*S]) —see below
for the notation—, and we have found it to vary from 24.9 meV at d = 2 nm (strong
coupling), to 1.49 meV at d = 6 nm (weak coupling). In this range of inter-ring distances,
Agas can be fitted as Agag = Age Y% with Ay = 82 meV and dy = 1.68 nm. The
relative value of hwy and Agag crucially determines the structure of the molecular phases
along the dissociation path.

Figure 1.10 shows the evolution with d of the ground-state energy and molecular phase
of a QRM made of N = 3 — 7 electrons. Each configuration is labeled using an adapted
version of the ordinary spectroscopy notation [Ron99], namely ***'LE = where S and L
are the total |S,| and |L,|, respectively. The superscript + (—) refers to even (odd) states
under reflection with respect to the z = 0 plane, and the subscript g (u) to positive
(negative) parity states. To label the molecular sp states we have employed the standard
convention of Molecular Physics, using o, 7,9, ... for [l = 0,4+1,+2, ..., whereas upper case
Greek letters refer to the total |L,|. The figure shows that the energy of the molecular
phases increases with d. This is due to the increasing energy of the sp bonding states
as the rings become more separate [Pi0la], which dominates over the decrease in the
Coulomb energy. At larger inter-ring distances (not shown here), the constituent QRs are
so apart that eventually the weakness of the e-e interaction dominates and the tendency
is reversed. The phase sequences are the same as for double quantum dots [Pi01] although
the transition inter-ring distances are different as they obviously depend on the shape and
strength of the confining potential. As happens for double quantum dots, we have found
that the first phase transition of a few-electron QRM is always due to the replacement of
an occupied bonding sp state by an empty antibonding one.

In Fig. 1.11 we show the addition spectra for homonuclear QRMs with up to N = 31
for the three selected inter-ring distances. Also shown is the spectrum of a single QR for
comparison. At small distances (d =2 nm, Agag > hw) the spectra for the QRM and for

the single ring are rather similar, especially for few-electron systems, with minor changes
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Figure 1.10: Energy (meV) and gs ‘molecular’ phases of the homonuclear QRM as a function
of d for N = 3 — 7. Different phases are represented by different symbols.

arising in the NV ~ 12 and ~ 24 regions that are commented below. It is thus clear that
in this regime the two QRs are electrostatically and quantum-mechanically coupled and
behave as a single system. At intermediate distances the spectrum pattern becomes more
complex, but at larger distances (e.g. d = 6 nm), when the QRM molecule is about
to dissociate, the physical picture that emerges is rather simple and can be interpreted
using intuitive —yet approximate— arguments: At large distances (Agas < hwyp), the
QRs are coupled only electrostatically, with most of the (]S5),|AS)) pairs of states being
quasidegenerate. Electron localization [Wie03] in each constituent QR can be achieved by
combining these states as (|S)+|AS))/v/2 and, as a consequence, the strong S, = 0 peaks
found at N = 12 and 20 are readily interpreted from the peaks appearing in the single-
ring spectrum at N = 6 and 10; the process can be viewed as the symmetric dissociation
of the original QRM leading to very robust closed-shell single-QR configurations. This
is also the origin of the peaks with S, = 0 at N = 2 and 4: in the former case, the
situation corresponds to one single electron being hosted in each constituent QR coupled
into a singlet state, whereas in the latter case the QRM configuration can be interpreted
by considering two QRs, each one occupied by two electrons filling the 1s shell. At this

distance other dissociations display a more complicated pattern, such as the 16 — 8 4+ 8
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The energies have been offset for clarity and the value of 25, is indicated.

[
2 4 6

or 8 — 4 + 4 ones, whose final products are QRs that fulfill Hund’s rule whereas the
actual QRM has S, = 0. These could be interpreted as rather entangled QRMs, ‘harder’
to dissociate, for which an inter-ring distance of d = 6 nm is not large enough to allow for
electron localization. The fact is that not only quasidegeneracy of occupied |S) and |AS)
states at a given d plays a role in this intuitive analysis, but also whether their number

is equal or not, so that they eventually may be combined to favour the localization. An
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Figure 1.12: Sp energy levels (meV) as a function of [ for an homonuclear QRM in the weak

coupling regime. Open (solid) triangles correspond to antibonding (bonding) states.

example of these two different situations is illustrated in Fig. 1.12, where we show the sp
states of the N = 16, 20 and 23 QRMs at d = 6 nm. In the first and third cases, the filled
bonding states near the Fermi level have not filled antibonding partner to combine with
and are delocalized over the whole volume of the QRM: as in natural molecules, some

orbitals contribute to the molecular bonding, whereas some others do not.

1.3.2 Heteronuclear quantum ring molecules

We have considered two possible values for the mismatch between the quantum wells,
namely 26 = 2 and 4 meV (recall that V5 = 350 meV). It can be easily checked that in
the weak coupling limit (hwg > Agas), 20 is approximately equal to the energy difference
between bonding and antibonding sp states, which would be almost degenerate if 6 = 0.
Therefore, this mismatch is expected to have important effects on the electron localization
as the inter-ring coupling becomes weaker.

Fig. 1.13 displays the addition energies for heteronuclear QRMs as a function of d and
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Figure 1.13: Same as Fig. 1.11 for heteronuclear QRMs with 2§ = 2 meV (left panels) and
20 = 4 meV (right panels). Note that in some cases two different values of S, have been assigned

to the same peak, meaning that the corresponding configurations are nearly degenerate.

the electron number, as well as for the single quantum ring. It can be seen that in the
strong coupling limit the effect of the mismatch on the addition energies is negligible, as
expected [Pi01]. In this case, as we show below, the electrons are completely delocalized in
the whole volume of the QRM, and the introduced mismatch is unable to localize them in
either of the constituent rings. The situation however changes in the weak coupling limit.
Indeed, for few-electron QRMs, which represent the more interesting physical situation,
we have shown in the previous section that the fingerprint of the homonuclear character
is the appearance of peaks in Ay(N) corresponding to N = 2 and 4, as well as their
spin assignment S, = 0. It can be seen from Fig. 1.13 that in the heteronuclear case,
whereas in the intermediate regime (d = 4 nm) the N = 4 peak is still present —although
with 25, = 2—, at larger inter-ring distances it eventually disappears, yielding an addition

spectrum that, as we shall see, is characteristic of these kinds of configurations.
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Figure 1.14: P(z) (arbitrary units) as a function of z for heteronuclear QRMs. The correspond-

ing molecular configuration is also indicated.

It is useful to display the dissociation of the QRM representing the d-evolution of the

sp molecular wave functions by introducing the z-probability distribution function [Pi01]

P(z) = 27r/d7’r [u(r, 2)]* . (1.45)

Examples of these probability functions can be seen in Fig. 1.14, where we show P(z)
for (N = 20,20 = 4 meV), and (N = 8,2 = 2 meV) (deeper well always in the z < 0
region), each case for the three chosen distances. The probability functions are plotted
ordered from bottom to top according to increasing sp energies. For N = 20, the final
configurations are the closed-shell (N = 10, 25, = 0) QRs, whereas for N = 8, the
(N =4, 25, = 2) configurations induced by Hund’s rule emerge.
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Figure 1.15: As(N) for heteronuclear QRM made of QRs with different core radii, namely
R0:5andR0:6nm.

Finally, we discuss the case of two axially-symmetric vertically coupled QRs with
different radii and study the effect this asymmetry has on the addition spectrum (we have
discarded a possible disalignment of the QR symmetry axes, as addressing this situation
would require a much more demanding full 3D calculation [Pi04]). To this end, we have
taken for one ring Ry = 6 nm while for the other one we have kept the same value as
before, namely Ry = 5 nm (the mismatch ¢ between both wells is set to zero in this case).
Vertically coupled QDs of different radii have been described in Ref. [Bur97] to address
the sensitivity of the exchange coupling to an applied in-plane electric field.

We show in Fig. 1.15 the corresponding addition energy spectra for up to N = 14
electrons and inter-ring distances d = 2, 4, and 6 nm. It can be seen that in the strong
and intermediate coupling regimes they are fairly similar to the previous heteronuclear
case (and to the homonuclear case as well), indicating a fairly robust structure for the
QRM in these limits. As before, the heteronuclear character clearly shows up in the weak

coupling limit, with a peak structure and S. assignments remarkably similar to those
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discussed in the previous situation with ¢ # 0 and that seems to be a clean fingerprint of
such asymmetric systems.

This quantitative study allows one to associate realistic values to the physical magni-
tudes and to the effects that characterize vertically coupled quantum rings, like the shell
closures as a function of the inter-ring distance, which as said above can be disclosed by
the calculated addition spectra, as well as the ground-state spin assignments. Although
we still lack of experimental results to compare ours with, we believe that the presented
theoretical predictions can be helpful in the analysis of future experiments on these kinds

of systems.

1.4 Concentric quantum rings

Progress in nanofabrication technology has recently allowed to achieve the formation of
‘artificial diatomic molecules’ made of self-assembled, strain-free, concentrically-coupled
GaAs/AlGaAs double quantum rings [Man05]. This has sparked experimental and the-
oretical studies on the ground state and optical properties of these systems. In particu-
lar, photoluminescence spectra of concentric double quantum rings (CDQRs) have been
measured and interpreted as evidence of exciton localization in either the inner or the
outer ring [Kur05, Man05]; the single-electron [Fus04, Pla05] and electron-hole [Pla05]
energy levels considering the application of a magnetic field perpendicular to the plane of
symmetry of the rings were studied theoretically showing that, even for small inter-ring
distances, self-assembled CDQRs can be approximately described as a sum of two decou-
pled rings. Also, the magnetic response of one- to three-electron energy levels in this type
of nanostructures has been investigated [Sza05].

The singular geometry of concentric quantum rings has been found to introduce char-
acteristic features in the addition spectrum compared to that of other coupled nanoscopic
quantum structures. Indeed, unlike lateral quantum dots, CDQRs couple concentrically
and thus preserve their cylindrical symmetry. Moreover, these molecules are heteronu-
clear, with the volume of the outer ring usually exceeding that of the inner ring [Man05],
making the maximum charge density of bonding and antibonding states localize in differ-
ent rings and thus showing distinct energy spacing between consecutive azimuthal levels
[Pla05]. In these systems the electron localization in either ring follows from an intrin-
cate interplay between spatial confinement, centrifugal forces (favouring the occupation
of the inner ring) and Coulomb interaction (which tends to favour the occupation of the
more voluminous ring, as long as it is not heavily charged), with each of these factors
prevailing in a given range of inter-ring distances. Interestingly, this interplay may lead to
spin-dipolar configurations, where the inner-ring charge density is strongly spin-polarized
whereas the outer-ring one it is not.

Analogously as done for single QRs, we have considered two- and three-dimensional
concentric double quantum rings, addressing their ground state and also the dipole re-

sponse in the former case. The three-dimensional system has been taken to have variable
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inter-ring distance by changing the radius of the outer ring whereas for the 2D one we
have considered the application of a variable perpendicular magnetic field while keeping

the size of the rings fixed.

1.4.1 Variable inter-ring distance

The 3D concentric double quantum rings are described here by a confining potential in

the (r, z) plane consisting of two superimposed Gaussian curves with total height given
by

H(r) = han exp [— (T - Ri"ﬂ T gt €XP [— (L}zmﬂ , (1.46)

Oin Oout

where R;, and hy, (R and he,) correspond, respectively, to the radius and maximum
height of the inner (outer) ring, and oj,/ou give the corresponding half-widths. The

confinement is then defined by

(1.47)

0 if0<z<H(r)
V. otherwise, ’

Vconf(rv Z) = {

with V, standing for the heterostructure band-offset —misalignment between the bottom of
the AlGaAs and the GaAs conduction bands. It is worth stressing that this confinement
allows one to fit accurately the DQR profile observed by atomic force microscopy in Ref.
[Man05]. To this end, we have fixed the inner-ring radius at R;, = 22.5 nm while the
outer one is varied from R,,; = 22.5 to 50 nm. The inner- (outer-)ring half-width is
12.5 (30) nm, and both have height A, /0u = 4 nm. For GaAs/Aly3Gag7As systems, the
band-offset is V. = 262 meV. Eq. (1.47) also renders a detailed description of the vertical
confinement, which is essential because of the sensitivity of the energy spectrum to the
depth of the valley separating the inner and outer ring [Pla05]. Moreover, within this
model the evolution from a single to a double quantum ring as R,,; increases implies a
transfer of volume from the inner to the outer ring that realistically mimics the As-flux-
controlled self-assembly [Man05]. On the other hand, the three-dimensional Hamiltonian
—~though axially symmetric— is important not to overestimate the role of the Coulomb
interaction [Ron98]. Note also that, since the height of the two Gaussian curves adds up
when they overlap, the area of the DQR cross-section is constant.

One expects that for small inter-ring separations a large number of electrons can
be placed in the inner ring because the electronic repulsion hardly compensates for the
stronger vertical confinement in the outer ring and the centrifugal stabilization. On the
contrary, with increasing separation the relative volume of the outer ring grows and at
some point the electrons should move into it rather swiftly. The situation however becomes
less intuitive at intermediate distances, where the KS orbitals localized in the inner and
outer ring are expected to be close in energy and the Coulomb interaction to become

critical in the determination of the shell filling and the electron localization. Thus, we have
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found it convenient to disentangle this factor investigating independent-particle effects in
the first place.

Fig. 1.16 shows the single-electron orbital energy levels €,; for CDQRs with different
Roui- Only the two lowest eigenvalues (n = 0 and n = 1) for each [ are depicted because
n = 2 states are much higher in energy. In all cases, n = 0 and n = 1 levels clearly
show different spacing between consecutive values of [. This reflects the different mean
radii of their charge densities, which allow one to distinguish the states as localizing in
the inner or in the outer ring (represented by solid and open boxes, respectively). Such
classification is justified by the above-mentioned fact that the single-electron orbitals of
self-assembled CDQRs can be approximately described as the sum of states of both rings,
considering each one as an isolated entity [Fus04, Pla05]. One can see that for R,,; = 45
nm n = 0 states localize in the inner ring, whereas those with n = 1 localize in the outer
one. As R,,; increases the relative volume of the inner ring is reduced, and therefore the
states localizing in it are destabilized. Consequently, with increasing R,,; the lowest-lying
levels of the inner ring first become quasidegenerate with those of the outer one and finally
become more excited (i.e. n = 0 states localize in the outer ring).

The radial charge density corresponding to some N —electron ground states of Fig. 1.16
are shown in Fig. 1.17, resulting from an independent-particle filling of the energy levels.
The insets show the corresponding confinement profile for each value of R,,. It is noted
that for R,,; = 45 nm, even though the outer ring is clearly formed, almost no leaking of
density from the inner one to it is observed. This means that all n = 0 orbitals are mostly
localized within the inner ring regardless of their angular momentum. A similar situation
occurs for R,,; = 50 nm, but in this case the n = 0 orbitals are mostly localized in the
outer ring. Only in the intermediate region, where some n = 1 states are close in energy to
n = 0 ones with [ > 0, simultaneous charging of both rings appears. These results indicate
that the tunneling between both rings is strongly suppressed by the Gaussian-like profile
of the confinement cross-section [Man05]: since the vertical confinement is much stronger
than the lateral one, small differences in the height of the inner and outer ring have a
dramatic effect on the corresponding energy levels. For R,,; = 45 nm the outer ring is
clearly defined, but its height is lower than that of the inner ring (see insets of Fig. 1.17),
so its energy levels are relatively very excited. On the contrary, for R, = 50, when the
height of both rings is already comparable, the outer ring has become much wider than
the inner one and therefore its energy levels are more stable. It is worth stressing again
that these effects cannot be found if the employed confining potential does not properly
consider the variations of the vertical confinement for each radial position. Indeed, we have
carried out calculations taking Vio,s to be similar to that of previous works for laterally
coupled quantum dots [Wen00] and large CDQRs [Sza05], namely a quantum well in the
growth direction and two overlapping parabolae in the radial direction. The results are
then qualitatively different: for all inter-ring distances the (n = 0,1 =0) ((n = 1,1 =0))
states localize mainly in the inner (outer) ring, whereas the |I| > 0 states do so in the

opposite one. This would suggest that the centrifugal potential and the inter-ring spatial
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Figure 1.16: Lowest-lying orbital energy levels vs. angular momentum in CDQRs with R;, =
22.5 nm and changing R,,;. Solid (open) boxes correspond to states localized in the inner (outer)

ring.

confinement have comparable contributions in the Hamiltonian [Sza05]; it does not seem
to be the case for self-assembled CDQRs [Fus04, Pla05].

In Fig. 1.18 we show the independent-particle addition energy spectra. For R,,; = 42.5
nm A, (V) are essentially those of a single QR, with peaks at the closed-shell configurations
N = 2,6,10 and 14. Obviously, no peaks are now observed at half-shell-filling values of
N since we are neglecting the Coulomb interaction. It can be seen that the height of
consecutive maxima increases with N because the larger [ is, the larger the energy spacing
AE(n,l +1) becomes (see Fig. 1.16). The first irregularity is observed at R, = 45: the
peak at N = 14 is lower than the one at N = 10. This happens because once the
(n = 0,1 = 3) shell is closed by the 14th electron —i.e. that whose filling gives rise to
a CDQR with N = 14—, the next energy level is not (n = 0,/ = 4) but (n = 1,1 = 0),
which mostly localizes the wave function in the already voluminous external ring. As
R, keeps increasing, the lowest orbitals with n = 1 start catching up with lower-/ states

with n = 0. This is manifested in the spectra as the gradual destruction of the regular
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Figure 1.17: Radial charge-density distribution of N noninteracting electrons in DQRs with
R;, = 22.5 nm and changing R.,,;. The insets illustrate the DQR. cross-section profile.

single-QR pattern, which is replaced by lower peaks at ever smaller values of N. The
reduced height of the incoming peaks is in part due to the smaller energy spacing between
consecutive [’s in the outer ring. However, one should also take into account that the
outer-ring levels intermix with the inner-ring ones, so that consecutive electrons may fill
shells of different rings and, therefore, the height and distribution of the addition energy
peaks is not simply that of the inner ring up to some value of N, plus that of the outer one
for larger N’s. Instead, we generally observe a regular quantum-ring spectrum up to the
filling of the last-but-one shell prior to the (n = 1,1 = 0) state, and afterwards the peaks
become irregular in both height and position. The most complicated spectrum is found
at R, = 49 nm, when the lowest levels of the inner and outer rings are quasidegenerate.
A further increase in the inter-ring separation from R,,; = 49 to 50 nm already retrieves
the regular spectrum of a single QR. This is because the density of states of the outer
ring is much higher than that of the inner one. As a consequence, a slight stabilization of
the outer-ring levels rapidly leads to a situation where many electrons can be hosted by
it before reaching the first inner-ring level (see Fig. 1.16 for R, = 50 nm).

The next step is to investigate the influence of the electron-electron interaction, which
will be different in each ring since in general they have different volumes (we may say
that the two rings have different ‘electroaffinities’ to draw again a parallel with ordinary
molecules). In general, we expect that the Coulomb repulsion pushes the electrons towards

the larger ring [Sza05], but this trend may be reversed when the latter contains too many
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Figure 1.18: As(N) in noninteracting CDQRs with R;;, = 22.5 nm and changing R,y;.

particles. Fig. 1.19 depicts the radial charge densities of some N-electron ground states
of CDQRs with increasing R, taking the direct Coulomb and the exchange-correlation
contributions into account. We observe that the charging of the outer ring starts at smaller
values of R,,; than in the independent-particle case since the Coulomb interaction helps
to compensate for its stronger vertical confinement. Indeed, for R,,, = 45 nm, the 7th
to 14th electrons already localize in the outer ring, whereas before this only happened
from the N = 15 electron on. If we inspect the sp energy levels for R,,; = 45 nm in
Fig. 1.16 we notice that for the N = 7 electron to fill the lowest n = 1 state it skips
as much as two empty shells of the inner ring ((n = 0,1 = 2) and (n = 0,/ = 3)). This
conspicuous violation of the Aufbau principle is made possible by the large difference
between the Coulomb interaction strength in each ring as compared to that between the
respective kinetic energies. The latter is smaller in the inner ring due to the weaker vertical
confinement, but in it the electronic repulsion is stronger due to its smaller volume (see
inset in Fig. 1.17). We also observe that the 15th electron localizes back again in the inner
ring because of the accumulated electron charge in the outer one. Likewise, for R,,; = 50
nm, despite the larger volume of the outer ring, the Coulomb interaction induces the
localization of high- N states in the inner one. Nonetheless, the most complicated frame is
found at R,y ~ 47.5 nm, where the Coulomb-energy stabilization provided by the electron
localization in the outer ring is of the same order as the confinement-energy stabilization
ensuing from localization in the inner one. As a result, the charge-density localization is

extremely sensitive to the number of confined electrons. Hence, the N =1 — 2 electrons
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Figure 1.19: Same as Fig. 1.17 for the interacting CDQRs.

localize in the inner ring, the N = 3—5 do so in the outer ring, the N = 6 electron is inside
again ... In other words, around this inter-ring distance the Kohn-Sham orbitals localized
in the inner and outer ring are very close in energy, hence yielding a strongly correlated
system where the Coulomb-mediated inter-ring tunneling becomes very efficient. It is
worth stressing that the entanglement in this structure arises from ‘molecular orbitals’
with similar energies but very different spatial distributions. Even though, as it has
been shown in the previous section, a similar situation may appear in vertically coupled
heteronuclear quantum rings, in the latter case it would be difficult to (experimentally)
tune the appropriate barrier thickness for the dimensions of the constituent rings. In
contrast, for CDQRs this situation follows naturally from the As-flux-controlled synthesis
described in Ref. [Man05].

A striking feature of the entangled CDQR systems is the possibility of forming spin-
dipolar ground states. This is illustrated in Fig. 1.20(a), where we show the N = 12 gs
spin-up and spin-down charge densities for the CDQR with R,,; = 47.5 nm. Interestingly,
the charge density in the inner ring is completely spin-polarized, whereas in the outer one
it is not. To understand this phenomenon, in Fig. 1.20(b) we show the corresponding
Kohn-Sham sp energies. Solid and open triangles represent spin-orbitals localized in the
inner and outer ring, respectively, with upward (downward)-pointing triangles accounting
for spin-up (-down) states as usual. By comparison with the independent-particle energies
of Fig. 1.16, it is clear that the electron-electron interaction is now playing a major role.
In particular, the energy splitting between spin-up and spin-down levels in the inner ring

is much larger than that in the outer one. Again, this is due to the stronger Coulomb
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Figure 1.20: (a) Radial charge-density distribution and (b) KS orbital energies of the N = 12
ground state in a CDQR with R;, = 22.5 nm and Ry, = 47.5 nm. In panel (b), solid (open)

triangles represent orbitals localized in the inner (outer) ring.

interaction in the smaller ring, which gives rise to larger exchange-correlation energies
thus favouring the appearance of locally strongly spin-polarized configurations.

Finally, in Fig. 1.21 we show the addition energy spectra and spin values of CDQRs
with interacting electrons, as well as those of single QRs with radii R = 22.5 and 50
nm (dashed lines). The spectrum of the smallest single ring is regular, with maxima at
closed-shell values of N (6, 10 and 14) and secondary maxima, arising from the exchange
energy, at half-shell filling values (N = 4,8,12). One can realize that the peak at N = 2,
corresponding to the filling of the (n = 0,1 = 0) shell, is missing. This is because the
(n = 0,1 = 0) orbitals lie very close in energy to the (n = 0,1 = 1) ones, due to the
large radius of the ring. The spin sequence is well defined by Hund’s rule. For R,,; = 30
nm the confining potential is still that of a single QR, but the effective mean radius is
slightly increased by the exiting outer ring. As a result, irregularities are introduced
around N = 3, where now a local maximum shows up. This is due to the formation of an
exchange-favoured S, = 3/2 three-electron ground state, characteristic of QRs with large
mean radius [Zhu05]. Since it could be argued that the LSDA provides a less accurate
description of small-/N systems, we have carried out calculations using the configuration
interaction (CI) procedure of Ref. [Pla05], which confirm the spin-polarized gs for N = 3.
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Figure 1.21: Ay(N) versus the number of confined interacting electrons in CDQRs with R;, =
22.5 nm and changing R,y (full lines). Single R = 22.5 and 50 nm quantum ring spectra are

also shown for comparison (dashed lines). The values of 25, are also indicated.

Up to Ry = 40 nm, the spectrum remains almost constant, except for the increasing size
of the N = 3 peak as the mean radius of the CDQR becomes larger (this is essentially
a single-ring effect). For R,,; = 42.5 and R,,; = 45 nm, the flattening of the addition
energy spectrum for decreasing values of IV reflects the localization of electronic states in
the outer ring. It can be observed that, once the first level of the outer ring is occupied,
the spectrum no longer displays any regular pattern, which suggests that the system is
then ruled by the Coulomb interaction. For R,,; ~ 47.5 nm, when electronic correlations
play the most important role, the entire spectrum is irregular. Finally, for R,,; = 50 nm
the spectrum resembles that of the single quantum ring with R = 50 nm up to N = 9
electrons, which means that the outer-ring low-lying energy levels are already more stable
than the inner-ring ones (notice that the single QR with R = 50 nm has an irregular
spectrum as well since it is dominated by the electron-electron interaction, owing to its

large radius).

It must be pointed out that we have explored CDQRs with different sizes to determine
the range of applicability of the shown results. On the one hand, for smaller CDQRs the
physical behavior is similar, though the stronger kinetic energy reduces the range of inter-
ring distances at which the electron-electron interaction is critical. On the other hand,
for larger CDQRs the system soon enters the low-density regime and the Coulomb term

leads to Wigner crystallization transitions [Ped02] for most inter-ring distances.
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1.4.2 Variable perpendicular magnetic field

Once the effects of a variable inter-ring distance on the ground state of the CDQRs have
been addressed, it is natural to investigate whether and how electron localization shows
up as a function of other parameters of the system such as, e.g., a perpendicularly applied
magnetic field, as well as the corresponding effects on another key observable like the
longitudinal dipole response. The latter has been addressed for single quantum rings
[Emp01], for which a wealth of experimental [Bay03, Fuh01, Fuh03, Thn05, Lor00, War00]
and theoretical [Aic06, Cha94, Cli03, Emp00, Hal96, Kos01, Lin01, Pro92, Pue01, Wen96,
Zar96, Zhu05] work is available.

We consider now a strictly two-dimensional CDQR system in the interesting few-
electron case, represented by a confining potential composed of two overlapping parabolae
centered at different positions, which slightly generalizes that of Ref. [Sza05]:

1 1
Veons(1) = min {5 wi (r—Ry)?, 3 wy (r — R2)2} . (1.48)

We have set the radii to the experimental values of Ref. [Kur05], namely R; = 20 nm
and Ry = 40 nm, whereas for the frequencies we have taken w; = 30 meV and wy = 40
meV, arbitrary though quite large values in order to mimic the strong confinement felt
by the electrons in CDQRs. The election ws > w; somewhat compensates the fact that,
since Ry >> Ry, the ‘surface’ of the outer ring might have been overestimated if we had
taken both frequencies to be equal.

In Fig. 1.22 we show the squared wave functions |u(r)|? corresponding to the occu-
pied KS orbitals for different electron numbers and intensities of the magnetic field. For
(N =6, B = 0) the total spin of the CDQR is zero, and the spin-up and -down states
corresponding to the same (n, |I|) values are degenerate. As a consequence, there are only
two different radial wave functions: one for s (I = 0) and another for p (I = 1) orbitals. It
can be seen that in this case the electrons are fairly delocalized within the CDQR; for the
chosen confining potential, localized configurations would only appear at larger inter-ring
distances, as we can expect from the results obtained in the previous section. However,
the situation changes when switching on the magnetic field: for, e.g., (N =6, B =5
T) and (N =5, B = 4.5 T), we can see that high- (low-)[ orbitals are mostly localized
in the outer (inner) ring, in spite of having solved the KS equations implicitly assuming
a full coherence regime in which the electrons are allowed to occupy the whole CDQR
surface. This can be intuitively understood from the knowledge of parabolical quantum
dots, where, if only nodeless radial states are occupied, the sp orbitals are proportional
to alle=**/4 where z = r/a with a = \/h/(2mQ) and Q = \/w? + w?/4. Of course, this is
so only for a harmonic confining potential with frequency wy, but some of that structure
is expected to remain for ring confinements. Since these wave functions are peaked at
Tmaz ™~ \/M a, as B is increased the values of |I| corresponding to occupied levels must
increase as well so that 7,,,, sensibly lies within the range of values of r spanned by the

ring morphology. The same effect has been found for single QRs submitted to perpendic-
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Figure 1.22: Top panel: Squared wave functions (arbitrary units) as a function of r (nm) of
the occupied KS orbitals corresponding to (N = 6, B =0 T). Solid line, 1s state; dashed line,
1p state. Middle panel: same as top panel for (N =6, B =5 T); all orbitals are spin-polarized.
Notice that the [ = 3 state is not occupied. Bottom panel: same as middle panel for (N = 5,
B=45T).

ular magnetic fields, where sp states with small values of [ become progressively empty
as B is increased [Emp99].

Fig. 1.23 displays the sp energy levels as a function of [ for N = 5 and several values
of the magnetic field. It can be seen that in most cases spin-up and -down orbitals cor-
responding to the same values of (n,[) are not degenerate due to the spin-magnetization-
dependence of the exchange-correlation energy functional —notice that N is odd. Yet,
some orbitals still present this degeneracy and, among them, some are occupied, like the
[(0,1) T, ] ones at B =1 T or the [(0,2) T, |] ones at B = 2 T. This can be explained from
the different spatial localization of these orbitals in the CDQR and the spin-magnetization
distribution m(r), which is shown in Fig. 1.24: at B = 2 T, the [ = +2 sp orbitals are
mostly localized in the outer ring, where the local magnetization is fairly small, with the

same happening for the inner ring and the [ = +1 sp orbitals at B = 3 T. Two facts



44 Chapter 1: Ground state and dipole response...

T " T Y | T Iy
70 X - 70 1 X

) @ 1 i 1
—_ Xy X "Xy X X
> 60 y| 60F y
éb 50~ 4T I sy 40T Y —
= Y 1 Ty v 1
“ 014V 4V - 4t Ivva =
fTrvedvvyryl FIvétvyvzd
IET A 1 3ol &t At
0 2 4 6 0 2 4 6 8

Figure 1.23: Sp energies (meV) for N = 5 and several values of B.

are worth to be pointed out when increasing B: on the one hand, the number of spin-up
orbitals eventually becomes so large that the T, | degeneracy is fully broken (for B > 3
in the displayed cases). On the other hand, for some configurations one can find empty
KS states having occupied [-neighbours. This is due to the double-well structure of the
employed confining potential, which inhibits the filling of the orbitals whose ‘radius’ is
close to that of the maximum of the inter-ring barrier. In the present case, this happens
for [ = 3 and, as we shall see, it is relevant for the understanding of the dipole response
spectra.

From Fig. 1.23 one can also see that at low B’s the delocalization regime yields a
very regular sp energy pattern, with the electrons feeling simultaneously the confining
potential of both rings. However, at higher values of the magnetic field the two lowest
parabolic-like bands tend to cross between [ = 2 and 3. Roughly speaking, each band
arises from one of the constituent rings. This crossing is quantum-mechanically prevented
(level repulsion), and also appears for the one-electron CDQR, as shown in Fig. 1.25 for

N =1 and B =4 T. In this case, the spin-up and -down orbitals are nearly degenerate
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Figure 1.25: Single-electron energies (meV) of the N =1 CDQR for B =4 T.

due to the smallness of the Zeeman energy.

Once the gs has been determined, the dipole response can be worked out using the

formalism described in section 1.1.2. It is experimentally known [Dah93, Lor00] that for
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Figure 1.26: Charge-dipole (solid lines) and spin-dipole (dashed lines) strengths (arbitrary
units) for the N = 4 CDQR as a function of the excitation energy (meV) and several values of
B. The (—) or (+) symbol close to the more intense charge-density peaks denotes the character of
the circular polarization. Some structures are superposition of peaks with different polarization,
which is represented by a ‘/’ symbol with the polarization of the more intense peak indicated
to the left of the slash. The intensities are fixed in such a way that, for a given B, the more

intense peaks in both channels roughly have the same height.

a single QR the dipole spectrum as a function of an applied perpendicular magnetic field
consists of several high- and low-frequency branches.

Figs. 1.26-1.28 show the charge- and spin-dipole strength functions for CDQRs with
N = 4—6. In the delocalized regime, i.e. at low B’s, the physical pictures for a single ring
and for a CDQR turn out to be similar: the magneto-excitations can be classified into
bulk (high-energy) and edge (low-energy) modes, with the delocalization yielding only
two effective edges: the inner and outer one of the smaller and larger ring, respectively.
This can be easily understood from, e.g., the B = 1 and 2 T panels in Fig. 1.23. Bulk,
high-energy peaks arise from non-spin-flip electronic excitations mostly involving (An =
1,Al = +£1) transitions (inter-‘Landau level” excitations), whereas edge low-energy peaks
come from non-spin-flip electronic excitations involving (An = 0,Al = £1) transitions

(intra-‘Landau level’ excitations). One thus expects that the B-dispersion of the bulk
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Figure 1.27: Same as Fig. 1.26 for N = 5.

and edge modes split into two branches each, one corresponding to Al = +1 and another
to Al = —1 (recall that the (&) excitations are induced by the dipole operators Dﬁ;i)).
The (—) edge modes are intra-‘Landau level’ excitations of the innermost boundary of
the double ring system, whereas the (4) edge modes are intra-‘Landau level’ excitations
of the outermost boundary. This is in contrast with the quantum dot case [Ser99], since
the (—) edge mode is obviously absent for the dot geometry. The high-energy modes are
bulk modes mostly of (—) character, similarly to the cyclotron mode in quantum dots and
wells, and carry much less strength, i.e., the corresponding peaks are less intense. Notice
that at B = 0 the (£) excitations are degenerate and also that some modes present
a fine structure (fragmentation) despite the tendency given by the effective interaction
K, (r,r’) to correlate the otherwise free-electron excitations, grouping them coherently
into few excitation peaks. Also, even though the figures only show the low-energy (up
to 12 meV) part of the dipole spectrum, some strength exists also in the form of low-
intensity higher-energy modes arising from An = 2 electronic excitations, which can be
easily identifiable in Fig. 1.23.

As a general rule, charge modes are at higher energies than spin modes because

K, (r,r’) is repulsive in the density channel, as it is essentially determined by the direct
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Figure 1.28: Same as Fig. 1.26 for N = 6.

Coulomb interaction, whereas it is attractive in the spin channel, related to the exchange-
correlation contribution. However, one can see that in some situations the spin and the
charge strengths are coupled, i.e., spin (charge) modes can be ‘seen’ in the charge (spin)
channel. As discussed in Ref. [Ser99], the coupling between spin and charge modes may
appear when the gs configuration has a non-zero total spin. Obviously, when the system
is fully polarized both responses coincide and we have plotted only one of them.

Finally, we discuss the interesting localized regime, exemplified here by the configura-
tions (N =4, B=4T),(N=5 B=45T)and (N =6, B=5T) (Figs. 1.26, 1.27
and 1.28, respectively). In this case, the response of the CDQRs deviates from that of
single rings. The above-mentioned fact that for these configurations the [ = 3 KS orbital
is empty makes it possible to generate additional low-energy modes at the inner and outer
boundaries of both rings. This yields the appearance of a richer dipole response, with two

series of (—) and (+) polarization edge modes instead of just one.



Chapter 2

Spin-orbit effects in quantum

nanostructures

The fabrication process of quantum nanostructures begins with the creation of a quasi-
two-dimensional electron gas (Q2DEG) —or quantum well- originated from the superposi-
tion of semiconductor layers with different bandgaps. A simplified vision of the procedure
consists in thinking of the quantum well as an ‘infinite sheet of paper’ from which quantum
dots, rings or wires are ‘cut out’ by using as ‘scissors’ different kinds of nanolithographic
techniques. Of course, the actual realization of these systems is much more intricate and,
due to the complexity of manipulating Matter at the nanoscale, the unintentional intro-
duction of asymmetries becomes unavoidable. As a matter of fact, the initial quantum
well is not symmetric itself [And82|, as can be intuitively inferred from the schematic
picture shown in Fig. 2.1. Moreover, the usually employed semiconductor compounds in
nanostructure fabrication, such as e.g. GaAs, have Zinc Blende structure —shown in Fig.
2.2—, which lacks of inversion symmetry, i.e., it is not invariant under the transformation

r — —r for the position of each atom in the Bravais lattice.

Such asymmetries can give rise to the presence of macroscopic electric fields in the
nanostructures that, as a consequence of Special Relativity, transform in the reference
frame of the confined conduction electrons into effective magnetic fields, coupling to the
electronic spins and giving rise to the so-called spin-orbit (SO) interaction. Two are the
most commonly considered contributions to the SO coupling in confined electron gases:
the one arising from the bulk inversion asymmetry (BIA) of the crystal lattice structure

of the substrate material, which is described by the Hamiltonian [Dre55]

Ap &
HD:?ZI[Pxe_PyUy]j (2'1)
‘7:

and known as the Dresselhaus SO contribution, and the one due to the non-perfectly-
square shape of the initial quantum well confining the Q2DEG and so-called structure

inversion asymmetry (SIA), given by [Byc84]

49
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Q2DEG

Figure 2.2: Zinc blende lattice structure of GaAs.

)\ N
Hp = ?R S [Pyo, — Puoy ], (2.2)
j=1

which is referred to as the Bychkov-Rashba —usually just ‘Rashba’ for short— term. One
could also consider possible asymmetries in the lateral confinements [Mor99] introduced
when creating e.g. a quantum wire, but we do not have taken them into account here.

The parameters A\p and Ar give the intensity of the respective couplings and can be
experimentally determined [Kna96]. While the one corresponding to the Dresselhaus term
is fixed for a given semiconductor layer —in particular it is inversely proportional to the
width of the latter—, the Rashba parameter has been proven to be externally tunable
by the application of gate voltages [Nit97]. This can be of great potential technological
interest since, as said above, to each source of SO interaction it can be associated an
effective magnetic field, about which the spins will precess. Therefore, tailoring the spin-
orbit coupling might translate into a control over the electron spin. This is the goal
of an emerging field called Spintronics that aims to exploit this intrinsic property of
the electrons for multiple practical applications, such as e.g. quantum information, and
promises remarkable new devices, faster, smaller and more powerful than those currently
existing, which are based on the electron charge.

As a consequence, an intense activity in the study of spin-orbit effects in semiconductor
nanostructures has been prompted [And99, Cal05, Can99, Fol01b, Hal01, Kon05, Mal00,
Mor99, Per04, Rac97, Ric99, Sch03, Ser05, Val02b, Vos01]. In this second chapter we
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address the spin-orbit effects on quantum wells and wires with Rashba and Dresselhaus

couplings and submitted to external magnetic fields.

2.1 Quantum wells submitted to perpendicular mag-
netic fields

The extraction from measurements of the coupling constant of both the Rashba and
Dresselhaus interactions is not a simple matter, since the SO corrections to the electron
energy spectrum in a magnetic field are vanishingly small as they correspond to second-
order effects in perturbation theory. Thus, few physical observables are sensitive enough to
this interaction and allow for a quantitative estimate of the coupling parameters. One such
observable is the splitting of the cyclotron resonance (CR), which has been determined in
far-infrared transmission experiments [Man01] and is due to the coupling between charge-
density and spin-density excitations [Ton04]. A less clear example is the change in the
Larmor frequency —spin splitting—, which has been observed in electron-spin resonance
(ESR) [Dob88, Ste82] and in inelastic light scattering (ILS) experiments [Dav97, Kan00].

Here we consider a two-dimensional GaAs quantum well with both Rashba and Dres-
selhaus SO couplings submitted to a perpendicular magnetic field. By using an approx-
imate —yet very accurate— analytical approach to the problem we are able to study the
SO corrections to the Landau levels in a simple way, as well as the transitions induced by

an external electromagnetic field acting upon the system.

2.1.1 Single-particle states

The quantum well is described by the Hamiltonian H = Hy 4+ < ZZ “j=1 ﬁ, where H
is the one-body part
N N [ptP-+ P Pt 1
Ho=Y [hol; = Z + §Q*MBBUz
=1 =1 am
© M(pre. Pal) £ 22(PYo, + Po) (2.3)
2ih AT ‘

J
consisting of the kinetic, Zeeman, Rashba and Dresselhaus contributions, written in terms

of P* = P,+iP, and 0+ = 0,+i0,. The potential vector has been choosen in the Landau

gauge, namely A = B(0,z,0) yielding B =V x A = Bz. Introducing the operators

1
at = mpi , (2.4)

which satisfy the relation [a~,a™] = 1, the sp Hamiltonian hy can be rewritten as

1 1 1 1~
ho/w. = §(a+a_+a_a+) §ﬁaz—§z)\3(a o_—a 0+)+2)\D(a oy+a o) , (2.5)
We
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where w;, = |¢g*upB| is the Larmor frequency and S\R,D = )\R,D,/w%. Clearly, from the
hamiltonians Eqgs. (2.1) and (2.2) one can see that in the presence of spin-orbit cou-

pling the states of the system are given by two-component spinors |p) = ( 23; ) The
Schrodinger equation hg|y) = €|p) thus reads

ata + CL~_CL+) —wr/(2we) — € iApa™ + Apat } ( 01 ) 0
—iAgat + Apa~ Hatam+aa") +wr/(2we) — ¢ ©o ’

(2.6)
where it has been used the label ‘1’ (‘2”) for the top (bottom) component of the spinors.
One can expand ¢; and ¢, into oscillator states |n) as @1 = Y00 g an|n), o = >0 baln),
on which a™ and a™ act in the usual way, i.c., 3(aTa”™ 4+ a~a%)|n) = (n+ 3)n), a™|n) =
vn+1ln+1), a”|n) = y/n|n — 1), and a~|0) = 0. This yields the infinite system of
equations

(n+ o — )by, — iApv/Nan_1 + ApVn + Lags; = 0
(n+ B — €)an + iAgVn + Lbyi1 + Apy/nby_1 =0 (2.7)
forn>0,witha_1=0,b_1=0,and a = (1 +wr/w.)/2, B = (1 —wp/w.)/2.
It has already been shown [Das90, Fal93, Ras60, Sch03] that when only either the

Rashba or the Dresselhaus term is considered, Eqs. (2.7) can be exactly solved. Indeed,

in the e.g. A\p = 0 case, by combining both equations one obtains

(n+a-e)n—1+8-e)—nA}| b, = 0
(n+a—e)n—1+8-c)—nXg|apy = 0 , (2.8)

yielding the energies (in w, units)

1 22
Effznj:\/1<1+%> +w—)\%n (2.9)
and also the relations
(n—1+48—c)a, = —igvnbs | (2.10)

where ail and bf;jf represent, respectively, the (n — 1)th and nth coefficient of the basis
expansion for the components |p1) and |p3) of the spinor |¢) with energy . Since 5 < «
and by analogy with the situation without spin-orbit interaction, from Eqs. (2.9) and
(2.10) we can see that the ‘=" and ‘4’ solutions correspond to ‘up’ and ‘down’ eigenstates
respectively, which we shall therefore denote as |n,) and |ng). In addition, from Egs.
(2.8) one can see that only one of the coefficients —a; or b,— appears in the corresponding

series expansion of the spinor components, which read

+ —
a, q|n—1) azr |n)
= ; w) = - , 2.11
ra) ( b |n) ) ) (bi’;lln+1> (211)
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and vield, respectively, the normalization conditions |aS*|? + ben 2 = 1 and |asr |2 +
- + — — +
512 =1 (forn =0, a2 =b° =0, a’ =b =1, and ef = (1t wp/w.)).

The Ar = 0 case can be worked out similarly. In this case one obtains the secular

equation

(n+B—e)n—1+a—e)—nr3 =0, (2.12)
yielding

1 Wi, 2 2

Efzn:i:\/z (1—w—c> +w—c)\%n (2.13)

and the relations
+ ~
(n—14a—c5br, =—Apv/na . (2.14)

One has now

- +
‘:Ln + 1 a;"—:Ln n
Ina) = ¢ +1€|7n ) o) = | n) : (2.15)
bnn |n> bn—1|n - 1>

and the normalization conditions |aS" |2 + |b5" |2 = 1 and |aZ" |2 + \bf{t_l\z =1 (for n =0,

a = ba_gl =0, a? = bfﬁ =1, and gy = (1 Fwr/w.)). The coefficients a; and b,
can be easily exactly calculated. Expressions valid up to order A%L p are obtained below
showing that, in the limit of zero spin-orbit coupling, the spinors |n,) and |n4) become,
respectively, |n>( (1) ) and \n)( (1) ) Therefore, in the following we shall refer to them as
to the quasi-spin-down (|ng)) and quasi-spin-up (|n,)) spinors (qdown and qup for short).

When both SO terms are simultaneously considered, from Eq. (2.7) one can see that
this interaction couples the states of all Landau levels (the series expansions have now an
infinite number of terms) and an exact analytical solution is unknown, and likely does not
exist. Nevertheless, it is possible to find an approximate solution that, as we shall see, in
the )\%7 p/we < 1 limit coincides with the results of second-order perturbation theory —i.e.
it is valid up to order 5\% p— and that it is quite accurate as compared with numerically
obtained exact results. This limit is justified by the fact that the known values of the SO
parameters A% p, for the GaAs are of the order of 10 peV whereas w, is of the order of the

meV even at small B(~ 1 T). In this general case, the combination of Eqs. (2.7) yields

- ~ 1
ln+a—5—)\§ n 2 nt ] =

n—-1+pf—¢c Pnt+l+p—c¢

S n(n —1) \/(n+1)(n—|—2)
—iApA\p | ———— b9 — b, 2.16
ZRD{ —14+f—-¢ "? n+l4p-c "7 (2.16)
and
Y n+1 52 n } B
{njLﬂ c )\Rn+1+a—e )\Dn—1+0z—a "
S5 n(n —1) V(4 1)(n+2) )17
CARAD T T —e T i lta—e P (2.17)
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The approximation consists in taking a, o = a,42 = b,_o = b,12 = 0 in the above equa-

tions, implying that each level |n) is coupled only to the |n — 1) and |n + 1) states. The

solution is therefore obtained by solving the secular, cubic equations

(n+a—e)(n—1+6—¢)(n+145—¢c) = Nan(n+14+8—e)+ A3 (n+1)(n—1+LF—¢)

and

(n+B—¢)(n—14a—e)(n+l+a—e) = A\4(n+1)(n—1+a—e)+ 5n(n+1+a—e)

Together with the relations extracted from Egs. (2.16) and (2.17),

(n—1+48—¢&)an1 = —iAgy/nby
(n+1+ﬁ_5)an+l = _S\Dvn“—lbn

0 ol B = 1

and

m—14+a—¢e)b, 1= —Apvnan,
m+1+a—e)by = iAeV+ Lay,

Jag P 4 [ P B P =1

they determine, respectively, the quasi-spin-down and quasi-spin-up solutions:

d d
ng) = a oy |n—1) +a;y [n+1)
bt In)

for the qdown one, with

2 A2
e =nt+at+2n—LE— —2n41)—2 ,
We +wpr, We — W[,
(Ii;l_l = ZS\R\/E e
We + Wy,
~ We
afﬁl = —Apvn+1
We — Wy,

1-~ 2 1-~ 2

We + Wy, We — W,

and

az |n)
|7’Lu> = en (e
by In—1) + b, [n+ 1)

for the qup one, with

2 A2
l=n+p-2n+1)—E— 4oL
We +wr, We — W[,

(2.18)

. (2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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bfzz—l = S\D\/ﬁ -
We — Wp,
if-;i-l = ZS\R\/n_'_l wC
We + Wy,
o 1+, We 2 14 We 2
G = 1-5Nn+1) (%JFWL) — A (wC_wL) . (2.27)

It is easy to check that when either \gr or Ap is zero Egs. (2.22) and (2.25) reduce,
respectively, to the exact results (2.11) and (2.15) whereas the corresponding a; and b;
coefficients, valid up to order A% ;,, can be extracted from Eqs. (2.24) and (2.27). One
can see that the pairs (a,,b,), (ant1,bps1) and (ant2,bnao) are, respectively, of order
O(1), O(Ag,p) and O(X% p). Therefore, the neglected terms in Eqgs. (2.16) and (2.17) are
of order O(Xg p).

From Egs. (2.23) and (2.26) one obtains, in the A% j/w, < 1 limit, the spin-orbit-

corrected Landau levels:

1 wr, w w
Ed = Nwe + — 420\ ——— —2 1)\ =
i (n+2)w +5 t2n Rt o (n+1) s
1 wr, 2 We 2 We
EY = —Jw, — — — 2 DA 2nA 2.28
L= g T 2n DN R (28)

It can be checked that they coincide with those derived from second-order perturbation

theory using the standard expression

po _ L 5 [(m| — iAgwe(aTo. —a0,) + ApwelaToy + a0 )|n)|?
nT g

. (2.29)

where |n) = |n, 1), |n, |) are the spin-up and spin-down eigenstates of the sp Hamiltonian
Hata™ + a”a")w, — twro, with eigenvalues EV(T) = (n + 3w, — 2wy and EQ(]) =
(n+ 3)we. + swr, respectively.

The approximate energies Eq. (2.28) are very accurate in the high-B limit (see below),
but they also carry interesting information in the opposite limit of vanishing magnetic
field. In this regime (wg,w. < A% p), Egs. (2.18) and (2.19) yield the solutions

E! = 2w [n)h + (n+ 1)A3)

EY = \2wl(n+ 1N, + A3, (2.30)

showing that, at B ~ 0 and up to order )\%, p, the Landau levels are not split due to the
SO interaction as one might have naively inferred from Eqs. (2.28). Another merit of
the approximate solution is that it displays in a transparent way the interplay between
the three spin-dependent interactions, namely the Zeeman, Rashba and Dresselhaus ones.
Such interplay has also been discussed in relation with the violation of Larmor’s theorem
due to the SO coupling [Mal06] and by using the unitarily transformed Hamiltonian
technique [Val06]. Note also that in GaAs quantum wells, due to the negative sign of
1

g*, the lowest energy level is the qup one at energy Ef = sw. — swi, — 20} we/(we + wy)
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Figure 2.3: Top (bottom) panel: lowest energy levels for a GaAs well as a function of the
Rashba (Dresselhaus) intensity ygr = A%/w. (yp = A3 /w.) for a fixed Dresselhaus (Rashba)
intensity yp (yr)=0.01. Solid lines represent the analytical result, Eq. (2.28), while symbols

correspond to the exact diagonalization, Eq. (2.31).

containing only the Rashba contribution, whereas the following one corresponds to the
qdown state at energy E¢ = %wc + %wL — 2% w,/(w. —wr) involving only the Dresselhaus
term. For all the other levels both SO couplings contribute to the energies.

We have assessed the accuracy of Egs. (2.28) by comparing them with exact numerical
results for some particular cases. Indeed, the exact solution to Eqs. (2.7) can be obtained
in the truncated space spanned by the lowest N oscillator levels. Mathematically, this is

expressed by the linear eigenvalue problem
M(ﬁ):a(%) : (2.31)

where M is a 2N x 2N matrix whereas a and b are column vectors made up of the
sets of coefficients {a,,n = 0,...,N — 1} and {b,,n = 0,...,N — 1}, respectively. We
have diagonalized M using a large enough N to ensure good convergence in the lowest

eigenvalues. Fig. 2.3 displays the comparison between the analytical and the numerical
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Figure 2.4: Histograms with the amplitudes of a,, and b, for the rightmost qup state of the
third Landau level of Fig. 2.3. Panels a) and b) are for (yg = 0.05, yp = 0.01), whereas ¢) and
d) correspond to (yr = 0.01, yp = 0.05). Circles (crosses) represent the numerical (analytical)

results.

energies as a function of one of the SO strengths while the other is kept fixed at a
given value in units of w,, namely yr = A\%/w. and yp = A% /w.. The chosen values
for yp and yr are within the expected range for a GaAs quantum well. For instance,
taking A% p/h* ~ 10peV and B ~ 1T, one has (mA% p/h%)/(hw.) ~ 1072 (we have set
yr,p=0.01). One can see that there is an excellent agreement between the analytical and
the numerical results, with differences starting to be visible only for strong SO intensities
and high Landau levels. Actually, the largest value of ypp = A} p/w. is 0.05, small
enough to validate the analytical expression. Notice, however, that for larger yr p values
—not shown in the figure- Eqs. (2.28) no longer reproduce the numerical results. For
GaAs this turns out to happen at B < 0.1 T. It can also be seen that for each Landau
level both panels show a crossing between the |n,) state —which is at lower energy for
yr.p < 0.01 because g* < 0— and the |ng4) state, which eventually lies lower in energy.
This crossing is due to the interplay between both spin-orbit couplings.

Fig. 2.4 compares the amplitudes of the qup coefficients a,, and b, obtained from the
numerical diagonalization with those of the analytical result Eq. (2.27). For this purpose,
we have chosen the rightmost qup states of the third Landau band in both panels of
Fig. 2.3, which are those with the largest SO intensity. Notice that even for these strong
spin-orbit couplings the analytical prediction is still excellent since the numerical and
analytical amplitudes of ay are very close, with only small numerical corrections to ag and
ay. For the b, coefficients the comparison is also quite good and there are no relevant
numerical corrections for n’s different from 1 and 3 —corresponding to by and by. Similar

results are found for the qdown states.
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2.1.2 Electromagnetic-wave excitations

The preceding results can be used to study the single-particle transitions induced in the
system by its interaction with a left-circularly polarized electromagnetic wave propagating
along the z-direction, i.e., perpendicular to the plane of motion of the electrons. The
vector potential is given by A(t) = 2A(cos#i + sinfj), with § = wt — ¢z, and the sp
interaction Hamiltonian h;,; =J - A/c+ g*ups- (V x A), with J = ev/ /e, reads

. . 1 . .
Pine = v_e + v+6_’6) + =g " upqA (a_e’e + U+e_’9) , (2.32)

E%A( 2

where the velocity operator is given by vy = —i[z+iy, H] = P*+i\gos+Apo+. Defining

the operators

+ ) - 3
at=|"? A Ca=| Y Ap , (2.33)
Ap a’ —iAp a”
the Hamiltonian can be rewritten as
. . 1 . .
Pint = CLﬁA\/ 2w, (a7 +ate™) + 59 HBaA (0_e” +ope™) (2.34)

We consider next, within the dipole approximation (¢ =~ 0) and in the absence of Coulomb
interaction, several useful examples of single-particle transition matrix elements involving
the operators a™ (proportional to v, ), o_, and the qup and qdown states represented by
Egs. (2.22) and (2.25).

For the operator a™ one can write in general

(W]t |g) = wia ¢ + iAgtide + Aptsdy + iat ey (2.35)

with the possibility to have qup-qup, qdown-qdown, qup-qdown and gqdown-qup transi-
tions. The two first ones are related to the usual cyclotron resonance and, up to order >\%7 D
they are dominated by the transition n — n+1 at energies EY,, — E? and E!, , — E"

n

with strengths given by the matrix elements | ((n+ 1), |a™|[n,)| = [((n+ 1)4lat|ng| =

vn + 1. Explicitly,

Elp=El, — Bl =w + 20— 2\,
CR nt1 — Ly = wet I, —
w W,
Elp=E" | —E"=w,— 2\ - 20— 2.36
CR nt1 — Ly =W ch+wL+ s (2.36)

Thus, provided the level with energy E¢ is occupied, from these expressions one expects

a cyclotron splitting given by

Ve gz e | (2.37)

AECR = Ed — B
CR CR
We wr We wr

_ }4@2

The spin-flip qdown-qup and qup-qdown transitions are also induced by o™, found at

energies E'—FE® and E¢—E" respectively, with strengths |(n,]|at|ng)| = Agwr/(wetwr)
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and |(ng|at|n.)| = Apwr/(w. —wy). The latter is of particular interest since when n = 0
it gives the spin-orbit correction to the Larmor resonance [Mal06]:

We

By, = wy +2 (Ag pY L) . (2.38)

we +wr, D e —wr,
It is worth to note that, since the corresponding transition matrix element is linear in Ap,
in the presence of Rashba interaction alone the Larmor mode is not excited by a*.

For the operator o_ one gets (¢|o_|p) = 2¢5¢;. The dominant transition in this case
is the spin-flip one at energy E? — E¥ with strength |(ng|o_|n,)| = 2. The qup-qup and
gdown-qdown cyclotron resonances are also excited, with strengths |[{((n + 1),|o_|n.)| =
{(n+ Dalo_|na)| = 2Apvn + Lwe/ (we — wy).

Other excitations that deserve some attention are those induced by the spin-density
(or spin-dipole)-type operators a*oy and ao,, which can be detected in inelastic light
experiments like spin-dipole resonances [Eri99]. The operator a™ o, turns out to excite the
same cyclotron states as o, i.e., those at energies E?, | — B¢ and E' , — E*, with the
same transition matrix element v/n + 1. In contrast, the operators a™ o and a™o_ mainly
induce, respectively, the qdown-qup and qup-qdown excitations with energies E) ; — Ed
and E¢ , — E! and matrix elements [{(n 4+ 1),JaToy|ng| = [{(n + ilato_|n,)| =
2v/n + 1.

So far, the electron-electron interaction has not been taken into account. Therefore it
is natural to ask for the role played by it in the physical processes in which the spin-orbit
effects can be important and, thus, have a chance to be experimentally detected. Since we
have obtained a spinor basis that includes the SO coupling, namely Eqgs. (2.22) and (2.25),
one might use it to diagonalize the e-e interaction. This has been done, for example, in
Ref. [Cal05], where the spinors Eq. (2.11) are used to study the influence of the Rashba
coupling on the incompressible Laughlin state. One could also use this basis to solve
the random-phase-approximation equations [Kal84] or to study spin-orbit effects on the
collective states of quantum wells within the adiabatic time-dependent local spin-current-
density approximation [Mal06, Ser99]. Here we have chosen a different way to incorporate
the Coulomb contribution and investigate whether its combination with the SO coupling
alters the above-discussed results for the Larmor and cyclotron frequencies. It is the so-
called sum-rule approach and, while being more approximate, it is accurate enough and
allows one to obtain simple analytical expressions to study the interplay between both
interactions in some relevant excitation processes.

We firstly recall that, in the absence of spin-orbit coupling, two important theorems
hold involving the full Hamiltonian H = Hy + V, V = V/(r;;) being the Coulomb term,
and the so-called cyclotron and Larmor operators, given by Z;V P;’ and S_ =1/2 Z;V o’

respectively. On the one hand, Kohn’s theorem

(H,>_ Pfl=w P, (2.39)
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which tells us that in photoabsorption experiments on quantum wells a narrow peak must
appear at the cyclotron energy w = w, excited by >, Pj+. This follows from the fact that
the electron-electron interaction is invariant under translations and thus commutes with

the cyclotron operator:

N N
> Viry), Y B =0. (2.40)
i<j k
On the other hand, Larmor’s theorem
[H, S_] = wLS_ s (241)

stating that in ILS experiments at small transferred momentum, or in ESR experiments,
a narrow collective state must be excited by S_ at the Larmor frequency w = wy.
Nevertheless, things radically change when the spin-orbit effects are taken into account.

Indeed, one then has

N N
[H,Y Pfl=w.Y (P +idroy + )\Da_)j (2.42)
J J
and N
[H,S_ ) =wrS_+ (2iAnP 0. + 2)\DP+az)j . (2.43)
J

It can be clearly seen that the SO interaction couples the charge-density (-, Pf) and
spin-density (3; P;"07) modes with the spin (0. 4) ones, thus violating both Kohn’s and
Larmor’s theorems.

We start the approach by introducing the so-called mixed sum rules [Boh79]

mi = Y ko (01F16,)(61G110) £ (01G16,) (0, FI0))
= % ((O1F (H — Eo)*G10) + (0|GH(H — Eo)*F|0)) , (2.44)

where |0) and |¢,) are the ground and nth excited state of H, respectively, and E, and
wno the corresponding energies. Of particular interest [Lip03] are mg, mi, m; and m3,
which can be expressed in terms of commutators between the operators F', G and the

Hamiltonian as

my = S{OIIF G0

mi = SR [H,G0)

my = SOl H)H,G1)o)

mi = SUOIIF A [, [1,GT) (2.45)

We first consider the case in which the ground state is fully spin-polarized, i.e. (0] 3;0]0) =
N, and take F = G = Y, P (G" is therefore the cyclotron operator). The evaluation of
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the above commutators then yields, up to order A% p:

my, = 2Nw,
mj = 2Nw?
2
my = 2N [1- (% - X)
We
4 2
mi = 2Nw! [1 —— (g - M)+ R+ /\%)1 , (2.46)

where it has been used Kohn’s theorem Eq. (2.39), as well as the commutation relations
[P, PT] = 2w,, [01,0_] = 40, and [0,,04] = £204. It can be easily checked that the
first right-hand side of Eq. (2.44), recalling that Y=, P,"|0) = 0, reads

1 al 1
mit = 5 > whol(gal X PHI0) = 5 Sy ma (2.47)

Hence, by combining Eqgs. 2.46 and 2.47 one can obtain a (nonlinear) system of equations
with four unknowns, namely the first two excitation energies wqg, wop and the respective
strengths 71, mo. In the )\%7 p/we < 1 limit, and considering only one of the spin-orbit

contributions, the solution is straightforwardly obtained. Indeed, if e.g. Agp = 0, one has

2w,
Wig — We -+ L)\%
We — Wy,
2w
= — ¢ )2
w20 wr e — WL D
2Nw, |1 e _y2
T = we |l = ——
! (Wc - WL)2 P
2w?

Clearly, wyp and wyy coincide with Egs. (2.36) and (2.38), corresponding to the cyclotron
and Larmor modes. The A\p = 0 case can be worked out in the same way, yielding
again total coincidence with the results found without considering the e-e interaction.
Alternatively, the above calculations can be carried out using for G the Larmor operator,
namely F' = G = Y, 0, obtaining the same result.

Of course, the more sum rules are known, the better knowledge of the Hamiltonian
spectrum is available. By using also, e.g., m; and mji one might obtain information on
other excited states. We have checked that their consideration yields the same conclusion:
neither the cyclotron nor the Larmor modes are affected, up to order )\%, p and provided
that the system is fully spin-polarized, by the Coulomb interaction.

However, when the latter condition is not satisfied, i.e., if the ground-state spin is
such that (0] 32, 01|0) # N, the interplay between the spin-orbit and the electron-electron
interactions can introduce new features in the dipole spectrum. The reason is that in
this case, even in the absence of SO coupling, the spin-density operator 3=, P;*o?, which

does not commute with the Coulomb term V/(r;;), excites a mode at energy different
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to we. Indeed, an additional peak is expected [Ton04] to be found in experiments at
w = w.(1 4 K), where K is the correction due to the Coulomb interaction given by

1 .
K = oo O S V2,V )t = 2l) (2.49)

1<)

Including the spin-orbit coupling, one can consider the mixed m] sum rule for the oper-
ators F =Y, P ol and G =3, P:

(2

N N
mi = w0l Polon)(en 3 P10)

= SOOI Prob [H, Y IOy = w200 S atj0) (250)

This expression allows one to study the interplay between dipole and spin-dipole modes
by splitting it into a sum over spin-density states |¢,,) and another over charge-density

states |¢,), namely
N ' N
> w01 P atlén)(enl D PiI0)
P 7 J

+ D wno(01 3° Pt pm ) (dml Do PFI0) (2.51)

As we have seen, due to the SO interaction Kohn’s theorem is violated and the cy-
clotron operator can excite both charge- and spin-density modes. Thus, in general
{pm|>; PT)0) # 0 and both contributions in m; are different from zero. This fact can be
inferred from photoabsorption experiments in GaAs quantum wells using unpolarized far-
infrared radiation [Man01] where, indeed, a splitting in the cyclotron resonance is found
for some configurations of the system, indicating that two modes at different energies are
excited. In particular, a well-resolved splitting is observed at the odd filling factors v=3,
5, and 7 —recall that v = 27p/w,. with v=0 for zero-spin systems and satisfying the relation
2S./N = 1/v otherwise—, whereas it turns out to vanish for » = 1 and for even values of
this parameter. Such v-dependence of the splitting is not predicted by Eq. (2.37); a good
explanation for this feature requires the simultaneous consideration of both the Coulomb
and the SO interactions.

Within our sum-rule approach, assuming e.g. that only one charge-density state |¢,)
and only one spin-density state |¢,,) contribute to the respective sums in Eq. (2.51), one

can define the mixed strengths
o= OIZPZUZI% ¢p|ZP+|0
Ty = O\ZP[J’Wm ¢m|ZP+|O . (2.52)

Evaluating the sum rules mg and mi for the operators G = ¥, P, and F = Y, P 0!,

7

one easily obtains in this case

B i1y B2 — we ; O()\% 1)
F= o0 = w0l oo (1 SR
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-~ i wc—El_ i OO‘%{,D)
T = Wc<0|;<72|0>ﬁ—%@;%M)W )

(2.53)
Ey and E, being, respectively, the energies of the states |¢,) and |¢p), and O(\% p)
representing the corresponding SO corrections, proportional to )\%7 p. From the expression
for my one concludes that, in the presence of spin-orbit coupling and if the system has
spin (0] 3=, 0%]0) different from zero —i.e. v is not even (and neither equal to 1 since we are
assuming a non-fully polarized ground state)—, the spin-density state is excited by >°; P;'.

In this case the predicted splitting for the cyclotron resonance is given by

We We

2
-\
We + Wy, We — W[,

2
AEcR = ‘ ]i 4 (A% ) + Kw. (2.54)

This is in complete agreement with the above-mentioned experiment and seems to be a
clear evidence of crucial spin-orbit effects on a physical observable, as the absence of the
latter interaction would imply the vanishment of the described phenomena.

Nevertheless, despite this example a confrontation between theoretical and experi-
mental results on spin-orbit effects is not in general an easy task due to the smallness of
the SO interaction and one usually has to satisfy himself with semi-quantitative analysis.
To finish this section, we consider a situation that might enhance such effects and that
consists in tilting the applied magnetic field, considering e.g. B = (B,,0, B,). To this
end, we have generalized the Landau level energies Eq. (2.28), with the corresponding
expressions given in the Appendix A.

For the cyclotron resonance one obtains now

1 1
—(CrZ24+CpV
1+ |g*|m*S/2 (Cr b )1—|g*|m*8/2

AEcr =4 [(CRV+Cp 2) . (2.55)

where Crp = mA%D /h? and with the tilting angle @ entering the quantities V, Z,
and S, defined in the Appendix. Clearly, tilting effects might arise because of the 1 —
|g*|m*S /2 denominator in the above equation, but sizeable effects on AEsg should only
be expected for materials in which |¢*|m* /2 has a large value. This is not the case for GaAs
but it is, e.g., for other semiconductors such as InAs and InSb for which, respectively,
lg*|m* /2 = 0.169 and 0.355. For the latter case the dependence of AEqg on the in-plane
component B, at fixed B, is shown in Fig. 2.5. Notice that AFE¢p is sharply increased
when B, exceeds a given value (1T for the chosen parameters), which proves the strong
enhancement of the SO effects introduced by the in-plane component of the magnetic
field. Also shown in the figure are the exact diagonalization results —see the Appendix.
One can see that the analytical expression is very accurate up to rather large tilting angles
and for different relative weights of the Rashba and the Dresselhaus terms. As a matter
of fact, this analytical result does not depend on B, although, for the sake of comparison
with the exact diagonalization, we have used B, = 1 T. The evolution with B, is not
always monotonous, especially for Cr > Cp, where we find an initial decrease of AFEcg

with increasing B,, vanishing at B, ~ 0.8 T, and eventually increasing again.
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B (T)

Figure 2.5: Splitting of the cyclotron resonance for an InSb quantum well (|g*|m*/2 = 0.355)
as a function of the in-plane component B, at fixed B, = 1 T. Lines (symbols) represent the
analytical (numerical) results. The shown results are for (Cr = 30 peV, Cp = 10 ueV) (solid
line and circles), (Cr = 10 peV, Cp = 10 peV) (long-dashed line and triangles) and (Cr = 10
ueV, Cp = 30 peV) (short-dashed line and squares).

2.2 Exchange-correlation effects in quantum wires sub-

mitted to in-plane magnetic fields

Among semiconductor nanostructures, quantum wires (QWs) are especially well-suited
for the potential developement of spintronic devices. On the one hand, their transverse
length can be externally controlled, making the system more or less quasi-one-dimensional
and hence changing the ratio of the SO strength to the confinement. On the other hand,
the electron motion can be rendered almost collisionless because of the high purity of the
starting quasi-two-dimensional electron gas.

The energy subband structure and conductance (G) of quantum wires including spin-
orbit effects have been addressed by several authors, mostly considering only the Rashba
coupling [Gov02, Mir01, Mor99] because of its possibility to be externally tuned. Also, the
effects of applied magnetic fields, either in or perpendicular to the plane containing the
QW have been considered in combination with only the Rashba [Deb05, Kno05, Ser05] or
both [Zha06] SO interactions. Interesting features of the energy subbands and G have been
disclosed, especially for strong spin-orbit couplings and with magnetic fields applied to the
QW. Among them, the presence of anticrossings, asymmetries, local extrema and energy
gaps in the subband spectra, or the so-called ‘anomalous plateaus’ in the conductance

are some of the most interesting. By the latters are meant those plateaus —or steps—
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appearing in the conductance that do not follow the increasing sequence in units of the
fundamental unit Gy = 2¢?/h, pertaining to the Landauer formula. The importance of
including the Rashba intersubband coupling term, neglected in some works, has also been
pointed out [Ser05].

Nevertheless, in the above-mentioned works the electron-electron interaction has not
been taken into account. It is thus worth to elucidate to which extend the above-mentioned
results change when it is considered, at least in a workable and sound mean-field approx-
imation. We study here the exchange-correlation effects —omitting the Hartree term as
explained below— on the energy subband structure and on the conductance of quantum
wires submitted to an in-plane magnetic field and with both Rashba and Dresselhaus
couplings. The first step is to introduce a generalization of the Local Spin-Density Ap-
proximation —which as shown below is not valid when the SO interaction is taken into

account— to address the problem.

2.2.1 Noncollinear LSDA

As we have seen when addressing quantum wells, in the presence of spin-orbit coupling

the states of the system are described by two-component spinors

U,(r) = |¥,) = ( zlg’ B ) : (2.56)

where ¢ represents the set of quantum labels and T,| refers to the up and down components.
The spin orientation at a given point can be calculated from the spin magnetization vector,

which is given by

ma(r) = D _(Wil0(r; — 1)0a| i), fulei) . (2.57)

(2

with a=x,y and 2, and where f,(g;) = (1 4 e~#/kT)=1 ig the Fermi-Dirac distribution
function giving the occupation of the ith state at a given temperature 7" and chemical

potential p. This yields

mm(r> = Z 2Re [QOZ'(I', T>*(pi(r7 l)] f#(€i>
my(r) = - 2Mmfpi(r, 1) ei(r, 1)] fule:) (2.58)
m.(r) = Y [leile, DI = leir, DIP] fules) -

(2

One thus can see that, in general, the spin orientation is different from one point of
the system to another and depends as well on the quantum numbers representing the
spinors. In this situation, the spins are said to be noncollinear and one is not able to
employ the LSDA relations introduced in section 1.1.1, where it was assumed from the

beginning a uniformly spin-polarized system taking as common magnetization direction
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the z-axis. Fortunately, there exists a generalization of the theory valid for such scenarios:
the so-called Noncollinear Local Spin-Density Approximation.

The underlying idea of this approach is that the LSDA is extended to locally treat the
spin orientation exactly as in the uniformly-magnetized system. In the noncollinear case

one has to deal with the general non-diagonal density matrix
prm’(r) - Z P (I‘, 77)()02(1" n ) fu(gz) = P P > ( . )
i I P

where n,7'=T, |, and which can be rewritten as

Pt PL 2\ mg —imy  p—m.
p being the usual electron density, given by

p(r) =D (Wild(r; — r)[Wi)r, fules)

=3 [leste, DI+ leatr, DIP] fules) - (2.61)

This gives rise to the non-diagonal exchange-correlation matrix
5Emc [/)7717' (I')]
Oy (r)

In this case, this expression cannot be directly evaluated since the explicit form for F,. is

Vi (r) = (2.62)

unknown. However, one can define [Hei99], at each point, a diagonal density matrix by

means of a local unitary transformation U

0
UpUt=n= (nT ) : (2.63)
0 n|

where the local rotation is given by

= 0/ cog 1) mio()/2 gip ) (2.64)
=2 B mio(0)/2 o 01 ) '

and where the angles 6 and ¢ give the spin orientation at the considered point and are

determined from the relations

tanp(r) = —Zig%
m2(r) +m2(r
tanf(r) = \/ (m)z(r) ) : (2.65)

Omitting the arguments, the diagonal local densities read

1

ny = §(p+mz cosf) 4+ Re {,ouei‘z’ siné’} (2.66)
1 o
ng = §(p—mzcosﬁ)—Re{p“e sm@} .
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Hence, knowing n; and n| at a point r, we can use the familiar relations of the LSDA to

compute the exchange-correlation potentials

v(r) = ( o 0 ) = ( OB g, ny] /oy 0 ) . (2.67)

0 v 0 0E7 4 [ny,my]/on,

Finally, one just needs to undo the rotation and the resulting expression for the exchange-

correlation potential reads

(2.68)

—id o
Vx"c"/(r) _ ( vo + Avcosf Ave ?siné )

Ave®sinf vy — Avcosf

where we have defined vy = (vy+v)/2 and Av = (v;—v;)/2. This scheme fully determines
the 2 x 2 potential matrix V.. in terms of the spinor orbitals and the LSDA energy

functional.

2.2.2 Subband structure

We consider a two-dimensional quantum wire of length L described by a parabolic con-
finement in the y-direction, namely V.,f(y) = %wgyz. Since the electrons move freely

along the z-axis, the Kohn-Sham two-component spinors Eq. (2.56) can be written as

V(1) = [U) = % ( ang’ B ) etke (2.69)

where £ is a continuous wave number due to the translational invariance along the longi-
tudinal axis of the wire and the index n = 1,2, 3, ... labels the different energy subbands
as usual. Therefore, the quantum numbers are n and k, and the Kohn-Sham equations

read in the spinorial form
hislp, m)| Vi) = €| Vo) - (2.70)

We have solved them for each n and k, keeping the lowest n,., eigenvalues and eigen-
vectors {e,, Var(r)}. To do so, we have introduced a y-discretization from —y,u4. to
+Ymaz. This defines N, points and, since the two spinor components are coupled, the
resulting matrix is 2V, x 2N,. For N,’s of the order of 100, the diagonalization is ex-
tremely fast and, although it is repeated N X m,,.. times per iteration, the calculation
is quite efficient. The KS Hamiltonian has been split into three different pieces, namely
hxs = ho + hso + hz, consisting of the kinetic plus confining plus exchange-correlation
term, the Rashba plus Dresselhaus SO contribution, and the Zeeman one arising from the
in-plane magnetic field

B = B(cos ¢pu, +sinppuy) , (2.71)

¢p being the azimuthal angle. The extension to include a vertical magnetic field can be

easily done but it is not addressed here. Explicitly, one has

2 2
2 4 1 ,
R T ()

he =
0 om | 2
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hso = hr+hp (2.72)
hy = &.(0,cospp+o,singpg) .

where £, = g*upB is the Zeeman energy. Note that, since B is in-plane, p, and p,
are the actual components of the linear momentum of the electron, and not those of the
generalized momentum involving the vector potential. To simplify the calculations, we
have introduced a complex SO coupling parameter, namely v = Ap +i\g, that allows one

to write the SO Hamiltonian as

(2.73)

0 k44
hR—l-hDZ( 7+7d9).

Yh=vg 0

Notice that in the above expressions the direct Coulomb interaction has been omitted.
In principle one should also include a Hartree term [Gud95, Mal05] but we have considered
it to be exactly cancelled out by some neutralizing background contribution —within the
so-called full-screening approzimation [Rei99]. The inclusion of this term would introduce
some uncertainties in the model, as its actual expression would depend on the way the
positive charges are distributed to cancel out the divergence in the Hartree potential. To
be definite, the screened transverse potential has been assumed to be parabolic though
other potentials such as a square well would have yielded a qualitatively similar behavior.

The QW is characterized [Mal05] by the one-dimensional electronic density pip, de-

fined as
pio = [ dyply) . (2.74)

As a matter of fact, the translational invariance along the wire implies that not only the
density but all the physical variables of the system depend only on y.

To carry out the k-integrations we have discretized the integrals in a [kpmin, Kmaz) in-
terval, and have computed W¥,,;, for the chosen states on a k-grid with /Ny points, for all the
n’s up to a chosen n,,,.. Next, we have performed the integrations using a high-precision
method —a Bode rule- in the k-domain [Abr72]. Moreover, to avoid the cumbersome eval-
uation of the band occupations at zero temperature, we have used a finite-T" formalism
though it can be viewed just as a numerical trick since we have chosen a temperature
small enough so that ours are in practice 7" = 0 results. Thermal effects might be intro-
duced increasing the value of T in the relevant expressions, but we have not considered
this possibility here. It must also be pointed out that, contrarily to the noninteracting
situation, in which for a given set of parameters defining the QW its energy subbands are
determined once for all and can be filled with electrons until reaching a prefixed value
for pip or p, in the present case the subband structure is selfconsistently determined and
therefore it generally changes from a value of the linear density to another.

At given pip, the total energy per unit length

L
Eiotat = Ein + Econf + ESO + by +E7 = /dyz % /dk<\llnk|hks‘\llnk> (275)
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is calculated piece by piece. Defining ¢k, = @ni(y,n), for the kinetic and confining terms

one has

1
Eyin = 1~ /dyZ/dk {16hi P + 19y |2 + B2 (lnkr 2 + lonni ) } Fulens)  (276)

w2
Econy = ﬁ /dyZ/dk y? (‘@nkﬂz + \@nkﬁ) Ju(Enk) (2.77)

with )1, = dnk,/dy. For the SO contribution, using Eq. (2.73) one obtains

Eso = /dyZ%/dk( Prkt Pnkl ) ( 0 w ! fulenk) -

* d
vk —n dy Pk
(2.78)
Performing the matrix multiplications one gets an expression that is apparently real

1 /
Eso = /dyzn: o /dk {21{5 Re [’V*QPZMSOM@T} + Re [7 (SpfjklspnkT - @ZM%M)] } fu(gnk) )
(2.79)
where it has been used that

. 1 \ )
/dy <an€0;zk1 = 2 /dy (<an€0;zk1 - S%m‘ﬂnki) . (2.80)

Finally, one has the Zeeman and exchange-correlation contributions, respectively given
by

By =& [ dyy o [ k2 {cos o Re [@hnsr] — sin 65 Tm [y ouar] } o)

(2.81)
and
Eue = [ dyzecly) ply) (2.82)
The spin-orbit regime is represented by the ratio of the SO to the confining energy,
namely ,
App = 21;,210? , (2.83)

and we have used the values (Ar = 0.0037,Ap = 0.015) and (Ar = 0.093,Ap = 0.37)
to characterize, respectively, typical weak and strong SO coupling regimes [Zha06]. The
results we discuss in the following have been obtained using these values, except when
others are explicitly given.

The intensity of the magnetic field, when different from zero, has been set to B = 20
T, and only two orientation angles have been considered, namely ¢p = 0 and /2. To
present the results, we have used the harmonic oscillator length Iy = \/h/mwy to express
both the linear density p;p and the wave number k in units of I;'. For a typical energy
value Awy = 4 meV, a unit linear density pip = Iy is about 5.9 x 10° cm™' and the
interaction-to-confinement ratio €?/(elphwy) is 1.72 for a GaAs quantum wire.

Fig. 2.6 shows the energy per electron E/N at B = 0 as a function of p;p in the

weak and strong SO coupling regimes. Due to the exchange-correlation interaction E/N
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Figure 2.6: Energy per electron (in hwgy units) as a function of p1p at B = 0. The regions
separated by vertical lines are characterized by the indicated number of distinct subbands crossed
by the electron chemical potential p, i.e., partially occupied subbands. The vertical left (right)

scale corresponds to the weak (strong) SO regime.

is not a monotonous function of the linear density [Mal05], and neither is the chemical

potential.

We have studied the effects of V,. in several situations involving in-plane magnetic
fields and different strengths of the spin-orbit interaction, having found it difficult to be
systematized since it depends on the actual value of the system parameters, namely pip,
the orientation of the applied field B, and also on the intensity of the SO coupling. In
general, though, the exchange-correlation interaction seems to have a tendency to enhance
or modify the effects of the magnetic field, especially at low densities. Indeed, we have
found that, for some low-density configurations, the subband structure at B = 0 when V..
is taken into account turns out to be qualitatively the same as when a certain magnetic
field is applied and V. is set to zero. The spontaneous symmetry breaking leading to
the appearance of a magnetization is made possible by the exchange-correlation energy,
which in some cases attains its minimal value when the system is spin-polarized even at
B = 0. Therefore, one can physically ascribe this resulting magnetization to an exchange-
correlation-induced magnetic field, By, ’. Analogously, when B # 0 V.. may give rise

to an effective field Beffective = B + By, ” with an orientation equal or different from
that of B.

Since in many previous works only the Rashba SO interaction has been taken into
account, it is pertinent to begin with the discussion of the effects of V. in the Ap = 0
situation. Fig. 2.7 shows the results corresponding to a low-density QW for B= 20 T and
¢p = 0 in a strong SO regime, namely Ar = 0.37. One may see that when V.. = 0 the

first subband presents the characteristic symmetric double-minimum shape of this case
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Figure 2.7: Sp energies (in hiwg units) for p1plp = 0.17 and B =20 T, ¢p = 0 and Ar = 0.37,
Ap = 0 (strong SO regime) as a function of kly. The thin horizontal line represents the chemical

potential.

[Per04, Ser05]. The effect of V,. at such low density is to induce an asymmetry in the
lowest subbands, transforming this symmetric double-minimum structure into another
one rather similar to that corresponding to the situation in which V. =0 and ¢p = 7/4
[Per04], i.e., the exchange-correlation interaction modifies the direction of the applied
field. It must be pointed out that, for small A values, the double minimum is not found
even when V. = 0, whereas in a very strong regime, e.g. Agr = 0.83, such structure is also
present for odd-n > 1 values. In this case, the changes induced by V,. are qualitatively
similar to those displayed in the figure.

Likely, the absence of a common spin quantization axis due to the presence of SO
coupling has much to do with the complex effect of V.. on the subband structure, which
may give rise to the presence of spin textures across the wire [Ser05] that can be calculated
from the relations (2.58). This is illustrated in Fig. 2.8, corresponding to the situation
shown in Fig. 2.7 comparing the situations in which V. is and is not taken into account.
In both panels, the z-component displays the previously found [Gov02, Ser05] spin accu-
mulations of different sign on opposite lateral sides of the wire, indicating the robustness
of this effect against V.. On the contary, the in-plane spin distributions show remarkable
differences between both situations: at V.. = 0 it is perfectly aligned along the direction
of the magnetic field (¢ = 0) whereas it deviates pointing along the ¢p ~ /4 direction
when V. is included. This result nicely illustrates the above-mentioned property of V.

that amounts to replace the applied magnetic field by an effective one having different
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Figure 2.8: Spin textures across the wire (y-direction, in [y units) corresponding to the situation
displayed in Fig. 2.7. The left panel corresponds to the V,. = 0 case. The vector plot shows the
in-plane spin, and the solid red line corresponds to the z-component. The spin scale is indicated

in panel a).

modulus and direction.

Exchange-correlation effects also appear when both SO contributions are taken into
account. Fig. 2.9 shows the energy subband structure for the strong coupling regime
and magnetic field with ¢p = 7/2. In both panels, conspicuous subband gaps and local
extrema appear near k = 0. The most interesting feature in this case is the weak local
maximum at k > 0 in even subbands when V. is not considered (bottom panel). Similar
structures have been found in Ref. [Mor99], where the B = 0 case is addressed considering
only the Rashba SO interaction. One can see that the inclusion of V,. washes out these
structures. On the other hand, the well-known [Per04, Ser05] local extrema present in the
odd bands remain qualitatively unaffected by the inclusion of the exchange-correlation
interaction. These features have important effects on the conductance, as we shall see in

the next section.

Finally, the sp energies for a situation corresponding to B=0 and a relatively low
density are shown in Fig. 2.10, again in the strong SO regime. It can be seen that V.
gives rise to a symmetric subband structure with an energy gap at k=0, characteristic of
the situation represented in the bottom panel of Fig. 2.7 (in which there is an applied

magnetic field). Once more, this exemplifies the B-like behavior of V..

The spin textures corresponding to the results with V. # 0 of Figs. 2.9 and 2.10
are shown in the left and right panels of Fig. 2.11, respectively. The left-panel results
correspond to a magnetic field along the positive y-axis that is clearly constraining the
in-plane magnetization to essentially point along this direction. However, some straggling
of the arrows around the vertical direction persists. As in Fig. 2.8, the z-component
displays different sign accumulations on opposite edges of the wire that, when combined
with the in-plane distribution, yield a rather complicated spin texturing. The right panel

in Fig. 2.11 corresponds to a case with B = 0. Hence, in this situation there is no a prior:
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Figure 2.9: Sp energies (in hwp units) for p1ply = 1.38 and B =20 T, ¢p = 7/2, in a strong SO
regime characterized by Agr = 0.093, Ap = 0.37, as a function of kly. In both panels, the thin
horizontal line represents the chemical potential for the linear density piply = 1.38, whereas
the dashed horizontal lines in the bottom panel represent the chemical potential for two smaller
linear densities that will be used in the discussion of the conductance in the next section, where

the meaning of the arrows displayed in the figure is explained.

preferred direction and the fact that the in-plane spin magnetization selects a certain one
is an example of spontaneous symmetry breaking induced by V..

It is worth to mention that exchange-correlation effects are also found in the weak SO
coupling regime, though in this case no local extrema are found. However, we show in the
next section that the effects of V. on the conductance are also visible in this situation,
especially marked at low densities and becoming notably weaker or disappearing for n > 2,
in which case only small k-asymmetries are observed in odd subbands at B = 0. When an
in-plane magnetic field already acts on the wire, V. seems to slightly enhance the effects
of B without producing qualitative changes in the subband structure.

To finish this section, we point out that a particular situation appears when Ap = Ar
at zero magnetic field. It has already been addressed at V. = 0 [Sch03b] showing that
the subband anticrossings disappear when both SO strengths are equal. We have found
that the inclusion of the exchange-correlation interaction does not alter this property in

any SO regime.
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Figure 2.10: Sp energies (in hwy units) for p;plp = 0.52 and B = 0 in a strong SO regime with
Agr =0.093, Ap = 0.37, as a function of klp.
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Figure 2.11: Same as Fig. 2.8 for the situations displayed in Fig. 2.9 (left panel) and Fig. 2.10
(right panel) with V. # 0.

2.2.3 Conductance

The noncollinear Kohn-Sham calculation discussed in the previous section allows one to
evaluate the free —-KS (mean-field)— linear density response xo(¢,w) to a field parallel to

the wire —i.e. in the z-direction—, which is given by:

; 2
Xo(q,w) 1 / €nk,q |<\Ijnk+q M| W) |
AN _ = E dk ’ 2.84
L e (w+1iN)?2 — e%,w ’ ( )

where A is a small real quantity and it is important to notice that the sum runs over all

the possible intrasubband (An = 0) excitations with energy €, , induced in the ground
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state by the density operator 3, e The longitudinal conductivity associated to M
is given by [Lip03, Pin66]
o(w) _ .€wxolg,w)
= 2.
whose real part satisfies the relation
o(w) 2w xolg,w)
Re lT] - Im T (2.86)

The conductance G is defined as the ¢ — 0 and w — 0 limits of the above expression.
When ¢ — 0, the operator Y, €’*s induces intrasubband excitations between the states

| W) and |, k4,) With energy

8€nk
€nk,g = €nk+q — Enk = (¢ ok

k=kn

where k,, are the intersections of the nth subband with the chemical potential correspond-
ing to positive slopes oy, . Indeed, it is crucial to realize that for ¢ > 0 only intrasubband
excitations with k+ ¢ > k are allowed. They are gapless and exist due to the confinement
in the QW, which breaks the translational invariance of the system along the y-direction
and bends the single-particle subbands. Notice that for the energy subband patterns gen-
erated in the previous section also intersubband (An # 0) electron-hole excitations could
be induced. As shown above, though, they do not contribute to the zz DC conductivity
of the wire. The bottom panel of Fig. 2.9 displays examples of both kinds of excitations,
the intrasubband and intersubband excitations being represented, respectively, by curved
and straight arrows.

Since
(W[4 W) = / dr Wl (1)e9 0, () (2.88)

1 * —1 xr _iqr ikx
- E Z//d[lf dy Sonk—i-q(yvn) € (k+a) e't Qan(y,n) ek =1+ O(Q) R
n

xT

in the ¢ — 0 limit the matrix elements of the operator ¢“* can be taken equal to the

unity and the phase space for electron-hole excitations is [ dk = ¢ [Lip03], yielding

o(qw)| 7 4
Re | — | =—) — o(w— 2.89
o 252 - 225 L it - on), (280
where we have denoted with >7, the sum over all the allowed intrasubband excitations.
This amounts to count the number of cuts of the chemical potential with partially occupied
subbands corresponding to positive values of «ay, . Taking the cosine Fourier transform,

we get

Re l“(yL’”)] - %%}cas <ﬂ> . (2.90)

Oékn
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Figure 2.12: Conductance (in Gy units) as a function of the linear density p;p for B =20 T
in the weak SO regime. The azimuthal angle of the magnetic field is indicated. Top (bottom)

panels show the results when the exchange-correlation interaction is (is not) taken into account.

Thus, in the w — 0 limit, we finally obtain for the conductance:

2
G-y 1=Y5 (2.91)
h kn 2 kn

When V,. = 0, in the absence of magnetic field and spin-orbit coupling, €,, = (n +
1/2)wo + k*/2 and the subbands are spin-degenerate. Therefore, only one intrasubband
excitation (one single intersection k,) for each n contributes —by e?/h— to the conductance,
which thus presents the well-known quantization of the Landauer formalism, namely
G = % > . 1. However, different results may arise due to the combined effects of the
magnetic field, spin-orbit coupling and V. on the energy spectrum.

Fig. 2.12 shows the conductance in the weak SO regime when a magnetic field is
applied along the ¢p = 0 and /2 directions for the situations in which the exchange-
correlation interaction is and is not considered. In both cases one can see the plateaus
at semi-integer multiples of Gy and notice as well the larger effect of V.. at low densities.
Indeed, the first semi-integer step is clearly wider when the exchange-correlation inter-
action is taken into account, showing how V,. combines with B giving rise to a larger
effective magnetic field. Note also that these steps are apparently narrower than those
corresponding to integer multiples of G since the splitting of the subbands due to the
confinement —coming from the (n+ 1/2)wy term— is much larger than the one induced by
‘By,, .

The corresponding strong SO regime is shown in Fig. 2.13. In this case, in addition

to the steps at semi-integer values of Gy, new features appear. Indeed, one can see
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Figure 2.13: Same as Fig. 2.12 for the strong SO regime

that the conductance presents GGy drops within narrow intervals of the electron density.
These anomalies have already been found [Per04, Ser05] without considering the exchange-
correlation interaction and are usually referred to as ‘anomalous conductance plateaus’.
They are due to the the interplay between the spin-orbit interaction and the magnetic
field, which in some situations gives rise to the presence of energy gaps at odd-even
subband intersections that may reduce the number of possible intrasubband excitations
—or k, points— by one unit. The effects of V., dramatically depending on p;p, can modify
the size of such gaps thus altering the width of these additional plateaus. By comparing
the left-top and the left-bottom panels, the latter corresponding to V,. = 0 and ¢p = 0,
one can see that the inclusion of the exchange-correlation interaction does not alter the
main structure of the conductance except for the width of the first semi-integer plateaus
(similarly as in the weak SO case). However, new interesting features are found when
¢p = 7/2 and V. = 0: in this case, in addition to the above-mentioned drops, G presents
also ‘bumps’ that increase its value by Gy, again within small —even more in this case—
intervals of p;p. Their existence is due to the local maxima at even-n subbands discussed
in the previous section that, contrarily as before, yield additional intrasubband excitations.
It is worth to stress that these structures are not robust in the sense that they are washed
out by the exchange-correlation interaction, as can be seen from the right-top panel of the
figure. We also want to point out that, in the general case at B # 0, the same behavior is
found for the subbands —and as a consequence for the conductance— when the angle of the
magnetic field is changed from ¢p = 0 to 7/2 and viceversa, provided at the same time
the interchanges Ag <+ Ap and k «» —k are made. This is due to the particular interplay

between the Rashba and Dresselhaus SO terms and the orientation of the magnetic field,
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Figure 2.14: Same as Fig. 2.12 for B = 0 in the strong and weak SO regimes.

which is discussed in the Appendix B.

Finally, we show in Fig. 2.14 the B = 0 case for the weak and strong SO regimes. It
can be seen that when V. = 0 the conductance displays the usual plateaus of the spin-
degenerate situation (for each value of p;p there are always two possible intrasubband
excitations). Contrarily, when V. # 0 the induced splitting in the energy subbands (see
fig. 2.10) gives rise to the presence of plateaus at semi-integer values of Gy in the weak
SO regime, and also of Gy drops when the spin-orbit coupling is strong, similarly as what
happens for B # 0. This is clearly a genuine exchange-correlation interaction effect,

mimicking an applied magnetic field.
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Quantum wells with spin-orbit

interaction under tilted magnetic
fields

We generalize some of the expressions derived in section 2.1.1 to the case in which B has

an in-plane component, namely e.g., B = (B,,0, B,). The Zeeman term then becomes

1
2
tanf = B,/B,, and the ‘z-Larmor’ frequency wj = |g*upB,|, with w}/w. = |¢*|m*/2.

%g*uBB-a: wi (o, tanf + o.), where we have introduced the zenithal angle 6, with

The Schrodinger equation reads now

tata” +aa") —wi/(2w,) — ¢ iAga~ + Apat — [wi/(2w,)] tan @ ] ( %) ) _0
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The calculation is performed as before, Eq. (2.7) becoming
n+a—c¢)b, — agﬁtane An — IARA/T Apt + ApVN 4 1 apey =0
(n+8—¢e)a,— = ; 5 ano by + iAgVn + 1 by + ApyV/n by =0 (A.2)

where o = (1 + wj} /w.)/2 and 8 = (1 — w} /w.)/2.
Proceeding as in the perpendicular magnetic field situation, one finds the sp spectrum
that generalizes Eqgs. (2.28):
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where we have defined S = 1/cosf, U = sin?0/4, V = (1 + cos0)?/4, and Z = (1 —
cos#)?/4. Notice that when § = 0,/ = Z =0,V = 1, and Egs. (A.3) reduces to Egs.
(2.28).
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Analytical second-order perturbation
theory solution for noninteracting

quantum wires

Noninteracting QWs in the presence of an in-plane magnetic field B have been addressed
using second-order perturbation theory, considering only the Rashba term [Ser05]. We
extend here these results taking into account both SO contributions. The Hamiltonian

can be written in dimensionless form as

H NI - il
g~ ("’“+§)+§<i> (cos 90 + sin Ppo,) + =7
M G, a0 (T — ) Tnos — o) (B.1)
5 DO ng 2\/§ Qg k RO DUy ) .

where g p = Iz = 2mApp/h°, lg = \/h/mwy, and Iz = \/h*/mg*pupB, whereas '

and ay are the usual creation and annihilation harmonic oscillator operators

ap'lnkn) = Vn+1|(n+ 1)kn)
aglnkn) = +/n|(n —1)kn), (B.2)

with n = £1. We split the Hamiltonian as Hy, = HY + Hy9 and consider the SO terms
as a small perturbation. The other piece can be exactly solved yielding the unperturbed
energies —in hwgy units— and eigenvectors

N K2 n(l)
nkn nty) Tt oy, (B.3)

Inkn) = %%(y)e““”( ! ) : (B.4)
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We have calculated the first- and second-order energy corrections arising from

k2 - 5 il
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The first-order correction is given by

Ey, = (nknlHnkn)
2 2 7 g
= % i (1 ne—ws ) N 0 - Ip +ilr 1
2 \V2 Ilp —ilg 0 neies
ki2
= Tn(lp cos ¢ — I sin ¢p) . (B.6)

As we can see, up to first order only H ,f? contributes, and setting Ap = 0 we recover the
result of Ref. [Ser05]. Note also that this correction is zero when the magnetic field is
oriented along the direction corresponding to tan¢p = Ap/Ag.

Interestingly, we see that up to first order the term that combines with the Zeeman
contribution is the Dresselhaus one at ¢ = 0, whereas it is the Rashba term at ¢p = 7/2,
having opposite signs. This result is not sensibly altered by exchange-correlation effects,
and helps to understand some of the detailed calculations shown in section 2.2.2. In
particular, the conspicuous result that, for the same intensity of the SO interaction, the
effect of the Dresselhaus term when ¢p = 0 is the same as that of the Rashba term at
¢p = /2, provided that k is changed by —k.

Defining |j) = |nkn), the second-order correction is given by

2 . o\ 2
Z| (il H2®15)| :Z\<Z\H€?+H€SIJ>\
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BV -E° & EY-EB"

, (B.7)

)

with |i) = |[n'kn’) since the perturbation is diagonal in k. Now both SO terms contribute.
We distinguish different cases:

a) |i) = |nkn'), with 1 = —n. In this case, (i|H;$|j) = 0 and we have

EY B0 _, < zlo> (B.8)
Z

and

2 7 5
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2
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This yields
g _ k'l (lz : I si i ? B.10
ja = A (DSIH¢B+ RCOS¢B) . (B.10)

b) |i) = |n'kn) with n' # n. Now, (i|H;?|j) =0, and
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)



Appendix B 83

yielding
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¢) i) = |[n'kn’) with n/ # n and 5’ = —n. Again, (i|H{?]j) = 0 and
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The total second-order correction is therefore
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showing that both SO terms are entangled and contribute similarly at any angle. Setting

Ap = 0 we recover again the result of Ref. [Ser05].
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Resum, conclusions i perspectives

En aquesta tesi hem estudiat I’estat fonamental, I'espectre d’excitacié a I'infraroig llunya
i els efectes de la interaccié d’spin-orbita en nanoestructures quantiques semiconductores
del tipus AlGaAs/GaAs. Ho hem fet en dos grans blocs diferenciats: un primer, centrant-
nos exclusivament en sistemes d’anells quantics, calculant I’estat fonamental i les respostes
dipolars, i un segon bloc on hem estudiat els efectes dels acoblaments d’spin-orbita de
Bychkov-Rashba i de Dresselhaus en pous i fils quantics sotmesos a camps magnetics

aplicats externament, tant continguts en el pla del sistema com perpendiculars a aquest.

En el primer capitol hem utilitzat el formalisme de la Local Spin-Density Approxi-
mation (LSDA), i I'hem comengat estudiant el cas d'un sol anell. Primerament, hem
considerat el sistema com a tridimensional, és a dir amb un cert gruix en la direccié de
creixement del pou quantic inicial. El pla de 'anell ha estat descrit amb un potencial
confinant mixte compost per una parabola i una barrera quadrada d’alcada Vj que hem
pres de valor corresponent al band-offset de les heteroestructures considerades. Per altra
banda, per a la direccié perpendicular al pla del sistema hem pres un pou quadrat de
fondaria també V. Aquest sistema s’ha simplificat posteriorment a només dues dimen-
sions prenent el mateix confinament en el pla pero imposant que la densitat electronica

en la direcci6 vertical és una delta de Dirac.

La comparacié de les energies d’addicié dels dos sistemes mostra qualitativament els
mateixos resultats: per una banda, els coneguts pics intensos als nombres d’electrons
N = 2,6,10,20,..., corresponents a tancaments de capa (amb spin total zero), i per
I’altra els pics a N = 4,816, ..., conseqiiencia de la regla de Hund, que com és ben
sabut es compleix en aquests sistemes i afavoreix una configuracié polaritzada en spin per
ompliments de mitja capa. En el cas de tres electrons, pero, hem trobat una diferencia:
'anell bidimensional té spin maxim (25, = 3) a causa de la sobreestimacié de l'energia
d’intercanvi-correlacié en dues dimensions. Cal dir, pero, que aquest resultat no és un
artifici de la LSDA, sin6 que ha estat trobat també per altres autors mitjancant calculs

de diagonalitzacié exacta.

Hem estudiat un segon anell bidimensional, modelitzat amb un confinament del tipus
Woods-Saxon. En aquest cas hem considerat a més a més 'aplicacié simultania d’'un
camp electric (€) en el pla de l'anell i d’'un camp magnetic (B) perpendicular a aquest.
L’estudi d’aquest segon sistema ha fet palesa la gran dependencia de I'espectre d’addicid

en la forma del potencial confinant, apreciant-se clares diferencies respecte al primer anell.
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No obstant aixo, en absencia de camps aplicats hem trobat una gran robustesa dels pics
a N =6, 8110, amb la resta de I'espectre dibuixant en aquest cas un aspecte més
pla. Hem vist també que fruit de I'aplicacié dels camps externs apareixen puntualment
nous pics —per exemple a N = 2 o 4, al mateix temps que 'estructura general s’aplana
encara més, amb 'inica excepcid del pic a N = 8 que es mostra essencialment inalterat
a qualssevol dels camps considerats. Hem comprovat també que 'efecte combinat de
camps electrics 1 magnetics pot en alguns casos canviar 1’spin total del sistema. Aix{, hem
trobat transicions d’estats amb spin zero a d’altres de polaritzats en spin i viceversa fixant
un dels dos camps i variant l'altre, propietat que ha estat observada experimentalment.
Aquesta ultima I'hem estudiat també pel cas de dos electrons mitjancant la resolucié
exacta de ’equacié d’Schrodinger. El corresponent diagrama de fases en el pla £- B mostra
clarament 'existencia d’‘illes d’spin’ separant regions d’estats singlet i triplet. Finalment,
per a aquest anell hem calculat també la resposta dipolar en el canal de densitat amb el
sistema sotmes a un camp magnetic fixat. Aixo dltim ho hem fet utilitzant I’aproximacié
adiabatica de la LSDA depenent del temps, trobant dues estructures ben definides en
Iespectre infraroig llunya: una a baixes energies i una altra —caracteristica dels anells
quantics— corresponent a altes freqiiencies de la perturbacié externa que origina l’excitacio
del sistema. En considerar l'aplicacié del camp electric hem vist que cap de les dues
estructures mostra canvis qualitatius tot i la presencia d’una petita fragmentacié general
i de I'aparicié d'un petit strength a molt baixa energia.

Posteriorment, hem considerat dos anells tridimensionals acoblats verticalment, cadas-
cun dels quals hem representat utilitzant el mateix potencial confinant que en el cas d'un
sol anell, pero ara amb dos pous quantics en la direcci6 vertical separats per una distancia
d. La variacié d’aquesta ultima ens ha permes estudiar, de manera similar a situacions
amb molecules reals, diferents regims d’acoblament ‘intramolecular’. Seguint aquesta
analogia, i tenint en compte que en una possible futura realitzacié experimental de tals
sistemes hi haura inevitablement introduides asimetries, hem considerat el cas en que els
dos ‘atoms’ sén identics i el cas en que els pous quantics o radis de cada anell difereixen
en una certa quantitat.

En el cas ‘homonuclear’, mitjangant el calcul de les energies d’addicié hem trobat que
a distancies ‘interatomiques’ petites (d = 2 nm) el sistema té un comportament qualita-
tivament similar al d’un sol anell: els dos ‘atoms’ es troben electrostatica i quanticament
lligats i es comporten com un sistema simple, amb pics pronunciats als valors d’/N comen-
tats més amunt. Quan augmentem la separacié dels anells fins a una distancia mitjana
(d = 4 nm) 'espectre presenta una estructura més difusa, conservant alguns pics respecte
al cas anterior i apareixent-ne de nous. La situacié més interessant, no obstant aixo, és la
corresponent a grans separacions (d = 6 nm), on la ‘molécula’ mostra signes inequivocs
de dissociacio: apareixen pics als mateixos valors d’N que en el cas d'un anell simple pero
multiplicats per dos, és a dir donant lloc, per exemple, a les combinacions 242— 4, 6+6—
12 0 104+10— 20. Tot i aix0, la presencia d’altres estructures més complexes indica que

la distancia més gran considerada no és suficient per donar lloc a una separacié completa
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de la molecula. La degeneracié dels estats enllagants i antienllagants i, especialment, la
possibilitat d’aquests de combinar-se en parelles donant lloc a localitzacio electronica en
un anell o altre, té molt a veure amb els resultats obtinguts.

En el cas ‘heteronuclear’, hem considerat primer com a asimetria entre els dos pous
una diferencia de fondaries 6 —mismatch— de 'ordre d'un 1% de V. L’efecte trobat és
gairebé inapreciable a distancies petites i mitjanes, pero esdevé molt important per a
acoblaments petits, on ¢ és del mateix ordre que la diferencia d’energies entre parelles
d’estats enllacants i antienllagants. Aix0 déna lloc a un espectre d’addicié completament
diferent al cas simetric i afavoreix clarament la gairebé total localitzacié dels electrons en
un dels dos anells. Quan hem considerat I'asimetria entre els dos radis, tot i considerar
una diferencia de l'ordre d’'un 20% del valor del radi més petit, hem trobat efectes i
conclusions similars, amb un espectre d’addicié qualitativament igual al cas amb els pous
desiguals i que sembla ser, doncs, caracteristic d’aquests tipus de sistemes asimetrics.

Finalment, I'tltima part del capitol 'hem dedicat a I’estudi de sistemes dobles d’anells
concentrics. En un primer lloc, hem considerat els anells constituents representats per un
potencial confinant tridimensional format per la superposicié de dues corves Gaussianes
i prenent el radi de I'anell exterior com a variable. Posteriorment, hem considerat un
confinament menys realista bidimensional, format per dues paraboles centrades a punts
diferents, cadascuna de les quals representant un dels dos anells. En aquest darrer cas, la
distancia entre tots dos s’ha fixat i hem considerat com a parametre del sistema un camp
magnetic variable aplicat en la direccié perpendicular al pla de moviment dels electrons.

En els sistemes concentrics, a camp magnetic zero, la localitzacio electronica en un o
altre anell és resultat de la competicié entre I'energia cinética, el confinament i la repulsio
Coulombiana. Aixi doncs, en el cas tridimensional hem comencgat ‘desconnectant’ la
interaccié electro-electré per tal d’entendre millor els efectes de cada contribucié. A la
distancia entre anells més petita considerada, hem trobat que els estats menys energetics
es localitzen a l’anell més petit, desplacant-se cap al més gran a mida que augmentem
la separacié entre tots dos. Pel que fa a les energies d’addicid, aquestes mostren, tant
per a petites com per a grans distancies de separacid, una estructura similar a la d'un
sol anell —exceptuant obviament els pics corresponents a ompliments de mitja capa degut
a ’absencia d’interaccié de Coulomb i en particular de la part d’intercanvi-correlacio.
A distancies mitjanes, en canvi, ’espectre mostra una nova estructura, amb variacions
relatives entre els pics degudes a la quasi-degeneracié dels estats corresponents a n=0 i
n=11 a les diferents respectives separacions energetiques entre valors de moment angular
consecutius.

En considerar la interaccio electré-electrd, hem trobat que la transferencia electronica
cap a l'anell de fora comenca a separacions més petites que en el cas no-interactuant, com
a conseqiiencia de la repulsio entre les particules. Hem vist que, clarament, aquesta tltima
esdevé molt critica a I’hora de repartir els electrons entre els dos anells, especialment en
el régim mitja de separacid, on trobem sistemes altament correlacionats. Aquest fet es

reflexa en les energies d’addicid, que mostren diferencies evidents respecte al cas en que
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no considerem la interaccié de Coulomb, amb espectres totalment irregulars a aquestes
distancies. Una caracteristica destacable que hem trobat per aquest sistema és que el
terme d’intercanvi-correlacié pot donar lloc a situacions en les quals 'anell de dins es
troba totalment polaritzat en spin mentre que el de fora té spin zero.

En fixar els radis dels dos anells i considerar ’accié d’'un camp magnetic perpendicular
al pla del sistema, per la distancia entre anells seleccionada hem trobat que la localitzacio
depen altament de la intensitat del camp aplicat, i que en absencia o per a valors petits
d’aquest els electrons es troben essencialment deslocalitzats. Per altra banda, a mida
que B augmenta —a partir d'uns 2 Tesla— trobem que els orbitals amb moment angular
baix van distribuint-se a I’anell de dins mentre que els corresponents a [’s grans se’n van
cap al de fora. Similarment al cas tridimensional, els dos anells tenen magnetitzacions
d’spin diferents, donant lloc al fet que algunes parelles d’estats (spin amunt-spin avall)
amb un [ donat estiguin degenerades mentre que d’altres no ho estiguin, en funcié de
I’anell on es trobin majoritariament localitzades. A més a més, per a valors grans de B
amb el sistema totalment polaritzat en spin hem trobat una caracteristica destacable: la
presencia en alguns casos d’orbitals desocupats amb veins —és a dir [’s inmediatament
inferior i superior— ocupats, amb el ‘radi’ de I'estat buit corresponent aproximadament a
la posicié del maxim del potencial confinant (punt d’interseccié entre les dues paraboles).

Finalitzant el primer capitol, hem estudiat les respostes dipolars en els canals de
carrega i d’spin per al sistema bidimensional. En el cas deslocalitzat, és a dir a camps
magnetics petits, I'espectre és bastant similar al conegut per un sol anell: hi ha modes
d’excitacié de bulk i d’edge a altes i baixes energies respectivament, amb els segons cor-
responent a les vores interna i externa de l'anell. En canvi, quan augmentem el camp
magnetic, la conseqiient localitzacié dels electrons en un o altre anell déna lloc a un es-
pectre molt més ric, amb nous modes d’edge de baixa energia associats a la vora externa
de T'anell més petit i a la vora interna del més gran. Com a norma general, hem trobat
que les excitacions en el canal de carrega es troben a una energia més gran que en el d’spin
a causa dels signes de les respectives interaccions residuals (lligada al terme de Coulomb
directe —positiu— en el primer, i al d’intercanvi-correlacié —negatiu— en el segon). Per
alguns valors del camp magnetic, a més a més, trobem que ambdoés modes estan acoblats,
és a dir que 'operador dipolar de densitat excita modes en el canal d’spin i viceversa.

En el segon capitol hem comencat estudiant els efectes dels acoblaments d’spin-orbita
de Rashba i de Dresselhaus en un pou quantic sotmes a un camp magnetic perpendicular
al pla que el conté. Ho hem fet mitjancant una aproximacié analitica que té com a punt
de partida I’expansié de les components dels spinors representant els estats del sistema
en termes d'una base d’oscil.lador.

Quan només es considera una de les dues contribucions d’spin-orbita, el problema té
solucié exacta, pero no és aixi quan ambdues es tenen en compte. En aquest cas hem fet
'aproximacié que un nivell donat |n) del sistema només s’acobla als nivells [n—1) i |n+1).
D’aquesta manera, hem obtingut una solucié analitica valida fins a segon ordre en les

constants de Rashba i de Dresselhaus, I’aplicabilitat de la qual —tant per a grans com per
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a petits camps magnetics— hem comprovat mitjancant la seva comparacié amb la solucio
numerica del problema. Aixi hem pogut obtenir uns nivells de Landau generalitzats,
incorporant efectes d’spin-orbita. Representant-los en funcié de la intensitat relativa dels
dos acoblaments respecte al terme de Zeeman, hem trobat que presenten creuaments
deguts a la competicié de les dues interaccions.

L’obtencié d’aquests nivells de Landau generalitzats ens ha permes també estudiar
transicions de particula independent induides per una perturbacié externa depenent del
temps, representada aqui per un camp electromagnetic d'una certa freqiiencia. D’aquesta
manera hem pogut trobar les correccions a les energies de ciclotré i de Larmor degudes
a la interaccié d’spin-orbita, aixi com a les excitacions degudes als operadors de densitat
d’spin.

Posteriorment, hem estudiat els efectes d’afegir la interaccié electré-electré en aquest
sistema mitjancant una aproximacio basada en les regles de suma. La consideracio si-
multania de les interaccions de Coulomb i d’spin-orbita ens ha permes poder explicar,
calculant les regles de suma mixtes amb els operadors de ciclotré i de densitat d’spin,
I'experimentalment observada dependencia en el filling factor de 1'splitting de la res-
sonancia de ciclotré en aquests sistemes. En particular, trobem un splitting als valors
senars v = 3, 517 i absencia d’aquest per a valors parells de v (quan 'estat fonamental té
spin total zero). En el cas v=1, els dos operadors exciten els mateixos modes i els resultats
obtinguts coincideixen amb les freqiiencies de ciclotré i de Larmor trobades quan no hem
tingut en compte la interaccié6 de Coulomb, donant lloc a un splitting nul.

Per acabar la seccid, hem considerat la possibilitat que el camp magnetic aplicat
tingui una component en el pla del sistema. Recalculant per a aquesta situacio els nivells
de Landau generalitzats i 1’splitting de la ressonancia de ciclotré, hem vist que la no-
perpendicularitat del camp pot donar lloc a una amplificacié dels efectes d’spin-orbita en
una mesura que depen de les magnituds efectives —en particular de la massa i el factor
giromagnetic— dels electrons de conduccié del semiconductor considerat. L’efecte no és
massa important en el cas del GaAs pero si ho pot ser, per exemple, per al InSb.

En la segona part del capitol hem estudiat els efectes de la interaccié d’intercanvi-
correlacid, representada pel potencial V., en fils quantics sotmesos a un camp magnetic
aplicat sobre el pla del sistema i amb presencia d’acoblaments d’spin-orbita de diferents
intensitats. A causa d’aquests ultims els spins del sistema sén no-colineals, amb la seva
orientacié depenent de la posicié espaial dins del fil i dels nombres quantics dels estats
electronics. Per tant, en aquestes condicions la LSDA —que suposa d’entrada una direcci
comu per a tots els spins del sistema— no és valida i hem hagut de recérrer a la seva versio
generalitzada aplicable a aquestes situacions. Considerant a més a més l’aproximacio
d’apantallament total del terme de Coulomb directe, hem calculat les subbandes d’energia
i la conductancia del fil.

Hem trobat que les subbandes es veuen afectades per la interaccié d’intercanvi-correlacio
en una mesura que depen altament de la densitat del sistema i amb els efectes més grans

a baixes densitats. En aquest regim, I’asimetria de les subbandes respecte al punt k=0,
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aixi com els gaps als punts d’interseccié entre subbandes corresponents a transicions d’'n
senar a parell, es poden veure amplificats o modificats com a causa de 'efecte de V,.. En
general, hem trobat que aquest sembla actuar de manera analoga a un camp magnetic,
amb una intensitat i orientacié que varien en funcié de la configuracié considerada i que
hem trobat dificil de sistematitzar tot i que, com era d’esperar, té els efectes més grans a
baixes densitats. Aquest ‘camp magnetic’ es manifesta tant en abséncia de camp aplicat
externament com quan aquest ultim és no nul donant lloc a un d’efectiu. Cal destacar
una caracteristica important de les subbandes i que desapareix quan s’inclou l'intercanvi-
correlacio: la presencia de maxims locals en subbandes amb n parell quan es consideren
valors intensos dels acoblaments d’spin-orbita en combinacié amb el camp magnetic.

Per acabar, hem calculat la conductancia G del fil com a resposta lineal del sistema
a l'aplicaci6 en la seva direccié longitudinal d’un camp electric constant. Aixi, el valor
de G per a un valor de la densitat donat s’infereix de la corresponent estructura de
subbandes: cada possible excitacié amb An=0 —dins d’una mateixa subbanda— contribueix
en la unitat fonamental Gy. D’aquesta manera, a camp magnetic nul hem trobat, com
a efecte de l'intercanvi-correlacid, la presencia d’esglaons a multiples semi-enters de Gy
i, per a acoblaments d’spin-orbita intensos, també de les conegudes caigudes de valor G|
en la conductancia que donen lloc als sovint anomenats ‘esglaons anomals’ per a petits
intervals de la densitat. En considerar un camp magnetic extern trobem, a més a més, la
presencia de nous esglaons anomals deguts a l'existencia dels maxims locals comentada
anteriorment. Aquests es manifesten com a ‘bonys’ d’alcada G, també per a petits valors
de la densitat i novament amb els efectes més grans a baixes densitats. A diferencia
dels primers esglaons anomals, que es mostren essencialment robustos contra ’efecte de
I'intercanvi-correlacid, els segons desapareixen quan aquesta tltima interaccié s’inclou en
els calculs.

Com a continuacié del treball exposat en aquesta tesi, hi ha diverses possibilitats.
Per una banda, hem comencat ja l'estudi dels anells acoblats verticalment considerant
el sistema sota l'efecte d'un camp magnetic aplicat perpendicularment i que es podria
considerar amb una orientacié arbitraria. Aixo pot donar lloc a la presencia de ‘fases
d’isospi’ en funcié de la intensitat del camp extern i de la distancia de separacié entre els
dos anells, que podrien ser observades experimentalment.

Per altra banda, els anells concentrics es poden estudiar amb tecniques de diagonal-
itzacié exacta fent servir com a base els estats obtinguts amb la LSDA. La idea és veure
els possibles efectes de localitzacié electronica, tant radial com angular, en funcié de la
separacié entre els anells o de la intensitat d’'un camp magnetic aplicat. Aquesta local-
itzacié podria donar lloc a configuracions que es podrien manifestar experimentalment en
Iespectre d’excitacio del sistema. Aquest ultim, a més, es pot calcular utilitzant la versio
depenent del temps de la LSDA, permetent una comparacié amb els resultats obtinguts
de la diagonalitzaci6. Els efectes de les oscil-lacions d’Aharonov-Bohm, especialment en
el cas dels anells concentrics feblement acoblats, també poden ser de gran interes. A més

a més, els calculs presentats aqui es poden estendre a excitacions de més alta polaritat
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o considerar-ne de provinents d’operadors d’ona plana, no només en el cas considerat
bidimensional, siné també prenent un confinament més realista en tres dimensions.

Concernint els efectes de I'acoblament d’spin-orbita, el formalisme utilitzat per estu-
diar els pous quantics es pot aplicar a punts i fils quantics sota ’accié d’un camp magnetic
perpendicular. La consideracié, a més, d'un camp electric aplicat sobre el pla del sistema
ens permetria calcular la magnetoconductivitat longitudinal i transversal, podent-ne es-
tudiar els efectes induits per les interaccions de Rashba i/o Dresselhaus. En aquest cas
caldria recorrer al teorema de Kohn generalitzat, valid quan el confinament que forma el
punt o el fil quantic és parabolic.

Finalment, el formalisme de la LSDA no-colineal es podria aplicar a I'estudi de sis-
temes més complexos, com per exemple un fil atravessant una ‘illa’ amb presencia de
les interaccions d’spin-orbita i/o d’intercanvi-correlacié. Aix0 simularia un punt o un
anell quantic ‘obert’ on el fil faria el paper d’uns contactes electrics que en un muntatge
experimental serien necessariament presents per tal de poder mesurar, per exemple, la
conductivitat del sistema. Aquesta generalitzacié de la LSDA es podria aplicar també
a sistemes d’anells quantics, estudiant el seu estat fonamental i també el seu espectre
d’excitacio.
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