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Resumen de la tesis

El contenido de esta tesis se enmarca dentro del Analisis Real. En particular, trata
del estudio de ciertos problemas de la teoria de pesos, (una referencia clasica sobre

esta teorfa es el libro de J. Garcia-Cuerva y J.L. Rubio de Francia [GR]).

Nosotros consideramos, por este orden, tres problemas clasicos diferentes, que

abarcan buena parte de la teoria de pesos:

(i) Estudio de las inclusiones para espacios con pesos y acotacion de operadores

integrales entre estos espacios.

(ii) Estudio de propiedades funcionales de espacios con pesos asociados a una reor-

denada decreciente de funciones.

(iii) Estudio de la acotacién de operadores maximales asociados a regiones de aproxi-

macion entre espacios con pesos.

Todos estos problemas han sido tratados extensamente en la literatura. Nuestro
enfoque ha sido el de extender estos resultados a espacios con la minima estructura
necesaria. Concretamente, hemos trabajado respectivamente en cada capitulo en los

siguientes contextos:
(i) Espacios de medida arbitrarios.
(ii) Arboles.
(iii) Espacios de tipo homogéneo.

Puesto que un arbol puede ser a su vez un espacio de medida, o puesto que su frontera
puede ser un espacio de tipo homogéneo, algunos resultados para espacios de medida
y espacios de tipo homogéneo han sido aplicados a los drboles (véanse los capitulos
primero y tercero). En cambio, en el capitulo segundo trabajamos exclusivamente en

arboles.

X



X Resumen de la tesis

Los espacios donde hemos desarrollado nuestra teoria no poseen, en general,
ningin tipo de estructura algebraica. Por tanto, todos los resultados persiguen un

objetivo comun: la extension de la teoria de pesos a espacios no euclidianos.
Detallemos el contenido de cada capitulo.

1. Inclusiones y operadores en espacios con pesos de funciones mono-
tonas. En este capitulo tratamos basicamente tres problemas clésicos:
(1.1) Inclusiones de espacios de Lebesgue con pesos de funciones mondtonas. Sea
un espacio de medida arbitrario (X, p). Llamamos peso a toda funcién positiva
u: X — R que sea localmente integrable. Para cierto 0 < p < oo, el espacio de

Lebesgue con peso LP(u) es el conjunto de funciones f tales que el funcional

1l =( [ @ ute) du(:v)>1/p

es finito. Con esta notacién, en el caso u(z) = 1, se tiene LP(1) = LP(X,u). Por
tanto, los espacios con pesos suponen una primera generalizacion de los espacios de

Lebesgue.

Uno de los problemas resueltos en la literatura es la caracterizacién de las inclu-
siones entre espacios de Lebesgue con pesos: jbajo qué condiciones sobre los pesos
u, vy los indice p, g se obtiene la inclusién LP(u) — L%(v)? Es decir, ;qué condiciones
en u,v,p y ¢ se requieren para asegurar la existencia de una constante positiva C' tal

que la desigualdad

(/X f(z)v(z) d,u(ac))l/q <C (/X Fl2)P u(x) du(a:))l/p, 0

sea satisfecha para cualquier funcién positiva f € LP(u)?

En nuestro estudio, damos respuesta a esta pregunta cuando nos restringimos a las
funciones mondétonas, es decir, funciones crecientes o bien decrecientes. Para poder
considerar el concepto de funcién mondtona, sera necesario que nuestro espacio X
esté ordenado. No obstante, no se requiere que el orden adoptado sea total, siendo
suficiente que sea un orden parcial. La caracterizacién de la desigualdad (1) para
funciones mondtonas en espacios euclidianos como R, o R} ha despertado gran interés
ultimamente. Por ejemplo, se ha visto que dicha desigualdad es necesaria para la
acotacién de ciertos operadores integrales en la semirrecta ([S2]), o se ha usado para la
caracterizacion de las inclusiones entre espacios de Lorentz definidos por reordenadas
decrecientes en R}, para n > 1 ([S2] y [BPSo2]).
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De esta manera, nuestro primer objetivo es caracterizar la desigualdad (1) para el
conjunto de funciones decrecientes del espacio de Lebesgue, que denotamos L (u),
en el contexto del espacio de medida arbitrario (X, i), donde X es un conjunto orde-
nado. Como se ha explicado anteriormente, esta desigualdad equivale a la inclusion

Lflec(“) - Lglec(v)

Para nuestra demostracion, utilizamos un argumento de discretizaciéon. Conse-
cuentemente, nos es necesario conocer previamente la caracterizacién de la desigual-
dad (1) para el caso discreto X = Z y u la medida contadora, que tiene interés por
si sola. Debemos caracterizar los pesos discretos {uy : k € Z} yv {vx : k € Z} y los

indices p y ¢ tales que

o 1/q o0 1/p
(Z aka) SC(Z aﬁuk) .
k=—00 k=—o00

En el caso 0 < p < ¢ < oo era ya conocida ([R], [CRSo]), y la podemos ver en el
Teorema 1.1.4. En el rango 0 < g < p < 00, no se encuentra en la literatura, y queda
resuelta en el Teorema 1.1.6. La demostracién se basa en la Proposicion 1.1.5, que
manifiesta que la desigualdad discreta para X = Z con pesos u y v es equivalente a
otra desigualdad no discreta del mismo tipo para X = R, y para ciertos pesos @ y v
que se construyen en funcion de v y v. Esta ultima desigualdad en R, se caracteriza
gracias al conocido resultado sobre dualidad debido a E. Sawyer ([S2]) que citamos

en el Teorema 1.1.1.

Una vez conocido el resultado para Z, discretizamos el espacio X en términos
de sucesiones de conjuntos decrecientes que lo recubren (véase la Definicién 1.1.7),
y obtenemos la caracterizacién pretendida en el Teorema 1.1.10, nuestro principal
resultado en esta seccion, gracias al resultado anterior en el ambito discreto. Poste-
riormente, demostramos en el Teorema 1.1.13 la equivalencia con otro resultado ya
conocido para el caso X =R’} ([BPSte]).

(1.2) Pesos en la clase B, y el operador de Hardy discreto. La clase de pesos B, fue
introducida por M.A. Arino y B. Muckenhoupt (JAM]). Son los pesos en la semirrecta

u: Ry — R, para los que el operador de Hardy

(u). En [R], J.A. Raposo estudi6 la clase

u € B,(N) de pesos discretos, es decir, de sucesiones positivas indexadas en N, para

: 1A . JP p
satisface la acotacién A : L} (u) — Li.
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los que se tiene la acotacion Ay : 64 (u) — ..

(u), donde
Anf(n ij n=0,1,2,.

es el operador de Hardy discreto definido sobre sucesiones {f, : n € N}, y & (u) es
el espacio de Lebesgue con peso de sucesiones decrecientes indexadas en N. El citado

autor demostro que, en cierto sentido, se tiene

B,(N)c B,n{f:Ry — R, : ¥n € N,3a, > 0tal quef(z) =a,siz € [n,n+1)}.

Nosotros vemos que, de hecho, se tiene la igualdad (Lema 1.2.3), es decir, los
pesos discretos son restriccion de pesos continuos. Nos interesa estudiar si existe un
resultado a la inversa: ;(podemos reconstruir la clase B, a partir de pesos discretos?
Vemos que la respuesta es negativa. Sin embargo, observaremos que es afirmativa
si en vez de considerar pesos discretos sobre N consideramos pesos discretos sobre

Z. Esto nos lleva a estudiar las acotaciones Az : ¢4 (u) — ¢4 .(u), donde ahora el

dec

operador de Hardy es
1 .

para sucesiones {f; : j € Z} con indices en Z, y el espacio ¢_(u) es el espacio de
Lebesgue de sucesiones decrecientes sobre Z. En los Teoremas 1.2.4, 1.2.6, 1.2.8,
1.2.9 y 1.2.10, se dan las caracterizaciones de la acotacién de tipo fuerte y débil del
operador Az en todo el rango de indices, que sirven para establecer las relaciones entre
las clases B, y B,(Z), y también entre las clases B, y Bpo(Z). Como corolario,
podemos afirmar que efectivamente es posible reconstruir la clase B, para 0 < p < oo,

a partir de la clase B,(Z), es decir
By ={u>0: (u)r € Bp(Z)},

donde hemos definido
2k+1

U = / u(z) de,
2k

para todo k € Z (véase Corolario 1.2.5). Con la misma notacién, se obtiene analoga-

mente (Corolario 1.2.7)

B, = {u >0: (Uk)k S Bppo(Z)}.
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(1.3) Operadores sobre funciones monétonas. El operador de Hardy Af antes citado
y el operador de Hardy-Volterra definido para una funcion f : R, — R por la

expresion
Via = [ 1o

son ejemplos de operadores que poseen propiedades mondtonas: V f es una funcion
creciente para toda funcion f positiva y Af es una funciéon decreciente, si f es positiva
y decreciente. Es posible establecer acotaciones para estos operadores usando estas

propiedades mondtonas (véase por ejemplo [R], capitulo primero).

Nosotros obtenemos acotaciones de tipo débil para operadores con ciertas propie-
dades mondtonas definidos sobre funciones en espacios de medida (X, p1), donde X
es un conjunto ordenado. Para ello, necesitamos en primer lugar una definicion de la
norma débil que dependa en mayor grado de la geometria del espacio X (Lema 1.3.1
y Corolario 1.3.2):

doo(yy = SU VEl/q(inf x ),
1 amiy = 50 V(B it | o)

donde denotamos U(E) = [, u(x)du(z). Si f es decreciente, podemos restringir el

supremo a conjuntos decrecientes
iy = sup V(D)V7 ( inf :
11| oo o) Sup (D) (;ng(x))

Esto permite obtener el resultado general que caracteriza la mencionada acotacion
débil para esta clase de operadores: los Teoremas 1.3.3 y 1.3.4 son los principales
resultados en esta seccién. En ellos se demuestra la equivalencia de la acotacion
débil del operador con cierta condicién capacitaria sobre los conjuntos crecientes o
decrecientes en X. En las posteriores subsecciones, se aplica esta caracterizacion a
espacios y operadores concretos y se obtienen de esta manera nuevos resultados asi
como otros ya conocidos:

(1.3.1) Operadores integrales en R,. La aplicaciéon de los Teoremas 1.3.3 y 1.3.4 al
caso de operadores integrales monétonos en X = R, da una nueva demostracion
de ciertos resultados debidos a J.A. Raposo ([R], [CRSo]), que demostramos en los
Teoremas 1.3.5, 1.3.6 y 1.3.7.

(1.3.2) Operadores integrales en drboles métricos. El Teorema 1.3.8 es la aplicacién
del Teorema 1.3.4 al caso de los operadores integrales del tipo Hardy para &rboles

métricos. Este resultado, junto con la técnica de discretizacion usada en la Seccién
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1.1, dan una extension de ciertos resultados en [EHP], que demostramos en el Teorema
1.3.10.

(1.3.3) Operadores de Hardy-Volterra en drboles. De nuevo, el Teorema 1.3.12 es la
aplicacion del Teorema 1.3.4 al caso del operador de Hardy-Volterra para arboles.
Siguiendo con el estudio de las relaciones entre lo discreto y lo continuo, establecemos
en el Teorema 1.3.14 la equivalencia de las acotaciones de los operadores de Hardy-
Volterra en arboles regulares y en arboles métricos, y posteriormente caracteriza-
mos en los Teoremas 1.3.15 y 1.3.16 la acotacién del operador de Hardy-Volterra en
arboles para un rango parcial de indices. Utilizamos estos resultados para obtener
caracterizaciones de la acotacién de este operador definido en N (Teorema 1.3.19 y
Corolario 1.3.20).

(1.3.4) Operador de Hardy en R%. La aplicacién del Teorema 1.3.3 en este contexto,
nos establece la acotacién débil del operador de Hardy definido para funciones en R?,

enunciado en el Teorema 1.3.21.

2. Reordenadas no lineales en arboles. Para un espacio de medida (X, u),

la reordenada decreciente de una funcion f : X — C es la funciéon
() =inf {\: p{z € X : |f(z)| > A\}) < t}, t>0.

La reordenada decreciente conserva, por ejemplo, la p-norma de Lebesgue de la
funcién original y, en consecuencia, es posible describir el espacio de funciones LP (1)
en términos de la p-norma de las reordenadas decrecientes con respecto a la medida
de Lebesgue en R,. También es posible considerar extensiones de estos espacios fun-
cionales: si u es un peso definido en X y 0 < p < oo es un indice, el espacio de

Lorentz A% (u) consta de aquellas funciones f tales que el funcional

o =( [ @ruar) " )

es finito. Tenemos, por ejemplo, que AP(1) = LP(u).

Sin embargo, esta reordenada no capta ninguna caracteristica de la geometria del
espacio X. Existen otras reordenadas, también llamadas simetrizaciones, que si de-
penden en cierta manera de propiedades geométricas del espacio (véase [B]). Nuestra
intencion es definir una nueva reordenada decreciente en cierto espacio X que si tenga
en cuenta estas propiedades, y estudiar posteriormente la normabilidad de los espacios
de Lorentz asociados a esta reordenada. Si queremos hablar de funciones decrecientes,

nuestro espacio X debe estar ordenado, y debe poseer una geometria particular que lo
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haga interesante. Nuestra eleccién es la del arbol homogéneo. La estructura discreta
del arbol conlleva que las técnicas utilizadas para las demostraciones sean de tipo
combinatorio. Establecemos de esta manera un nuevo puente entre combinatoria y
andlisis.

Destacamos algunos de los contenidos de las secciones del capitulo:
(2.1) Definiciones. Esta seccién estd dedicada a dar las nociones basicas sobre drboles
que utilizamos posteriormente. Como ejemplos importantes, se definen el orden en el

arbol y la frontera de éste.

(2.2) Reordenando conjuntos finitos. El paso previo a la definicién de la reordenada
decreciente de funciones es describir la reordenada decreciente de conjuntos finitos,
puesto que, si sabemos reordenar conjuntos, sabemos reordenar funciones gracias a

la féormula del “pastel de milhojas”:

f(x) = / X{teT,:f(t)y>a} (2) dA.
0

Esta igualdad permite reconstruir una funcion en términos de sus conjuntos de nivel.
La Seccion 2.2 se dedica a dar la definicion de reordenada decreciente de conjuntos fini-
tos (Definicién 2.2.7) y estudiar algunas propiedades bdsicas. Para dicha definicién,
es necesario dotar a la frontera del arbol de un orden. Para ello, vemos que la frontera
del arbol esta en biyeccion con un intervalo de la recta real, y consideramos entonces
en la frontera el orden heredado de R (Definicién 2.2.4). Nuestra reordenada depende
del llamado origen de arbol y del orden en la frontera. El Teorema 2.2.15 es im-
portante puesto que establece la canonicidad de la definicién de la reordenada. En
concreto, muestra que si se sabe reordenar respecto a un origen y a un orden de-
terminado, entonces se sabe reordenar respecto a cualquier eleccién del origen o del

orden.

Finalmente, demostramos en la Proposicion 2.2.20 la monotonia de nuestra re-
ordenada respecto a la inclusién de conjuntos. Cabe destacar que en el caso de la
reordenada decreciente clasica, esta importante propiedad tiene una demostracion
trivial. En cambio, en nuestro contexto su demostracion requiere de un fino analisis

combinatorio previo.

(2.3) La reordenada decreciente de funciones. En la Definicién 2.3.2 de la Seccién
2.3 definimos la reordenada decreciente para funciones con conjuntos de nivel finitos

a partir de la férmula del “pastel de milhojas” antes mencionada:

f*(l"):/o X{yer:|f () >2* () dA,
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donde denotamos E* el conjunto reordenado decreciente de E.

Esta definicion depende de nuevo del origen y del orden elegidos en el arbol, pero
vemos en la Proposicion 2.3.3 que esta reordenada es también candnica en el sentido
antes comentado. El Lema 2.3.4 es una nueva expresiéon de la reordenada de la funcion

en términos de los valores que ésta toma: si

(@) =3 axe, (o),

con

lai| > |as| > |ag] > ... > |an| > |ans1| > ...\ 0,

y E, son conjuntos disjuntos de vértices, entonces la reordenada de f es

(@) = Z anXFo\F:_, (7)), (3)

donde F,, = LJE';€ y Fy = 0.

k=1

Esta expresion nos facilita la demostracion la Proposicion 2.3.6, que recoge todas
las propiedades de la reordenada que seran usadas posteriormente. La Definicion 2.3.7
es importante porque nos permite extender la reordenada a funciones con conjuntos
de nivel arbitrarios: la reordenada de una funcién con conjuntos de nivel no finitos se
define por paso al limite de la reordenada de la funcién truncada con soporte finito,

es decir
P =t (1701 Xpermen()) @)

A su vez, nos permite restringir la totalidad de nuestro posterior estudio a funciones

con soporte finito.

Ni la definicién de la reordenada ni su expresion equivalente (3) facilitan en la
practica la comprension del proceso de reordenamiento. Necesitamos una nueva ex-
presién equivalente mds manejable e intuitiva; esta expresién viene dada en (2.7) y
(2.8), v la equivalencia se demuestra en el Teorema 2.3.10. La demostracién se basa
de nuevo en un minucioso andlisis combinatorio sobre el proceso inductivo de reor-
denamiento. A partir de ella, observamos que reordenar una funcién en el arbol es
equivalente a reordenarla por diferentes geodésicas consecutivamente. Este proceso

es mucho més intuitivo y serd de vital importancia para el desarrollo del capitulo.
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(2.4) La desigualdad de Hardy-Littlewood. La Seccién 2.4 esta dedicada al estudio
de la desigualdad de Hardy-Littlewood y cuestiones relacionadas. La desigualdad de

Hardy-Littlewood se demuestra en el Teorema 2.4.2:

> 1 f(@)g(x)] <D )y (@),
zeT zeT
para todas las funciones f y g. La Proposicion 2.4.3 y el Corolario 2.4.4 establecen

las relaciones entre nuestra reordenada (f*) y la reordenada clasica (f*)

(f1) @) =ft),  t>0,
y entre la desigualdad clasica de Hardy-Littlewood y la nuestra.

En el resto de la seccion, el posterior estudio persigue conocer bajo qué condiciones
se tiene la saturacion de la desigualdad de Hardy-Littlewood. Es decir, ;jcuando se
tiene

D (@) (@) =sup Y |f(w)h(z)], (4)
zeT zeT
donde el supremo se toma sobre todas las funciones h tales que h* = ¢*? Veremos
en la siguiente seccion que esta igualdad esta estrechamente relacionada con la nor-
mabilidad de los espacios de Lorentz. En el contexto de la reordenada decreciente
clasica, la igualdad se obtiene si y sélo si la funcién g es decreciente. No ocurre asi

con nuestra reordenada en el arbol, como vemos en el Ejemplo 2.4.6.

Con el objetivo citado de obtener condiciones sobre la funcién g que aseguren la
igualdad (4), vemos que es fundamental conocer las que llamamos transformaciones
reordenantes (véase Definicion 2.4.8). Se trata de las biyecciones ¢ entre los soportes
de una funcién f y su reordenada f* que nos permiten relacionar los valores de una

y otra mediante la expresion
f(@) = [ (er(2)),

para todo = en el soporte de f. En el caso clasico, como apuntamos antes, para
obtener la saturaciéon de la desigualdad de Hardy-Littlewood es necesario y suficiente
que g sea decreciente, y esto equivale a que ¢ sea invariante respecto a todas las

transformaciones reordenantes, en el sentido que se satisface que

gler()" =g,

para toda funcion f.



xviii Resumen de la tesis

En el caso de arboles, como hemos dicho, no es suficiente que g sea decreciente,
aunque si es necesario. Sin embargo, y al igual que en el caso clasico, se demuestra en
el principal resultado de esta seccién (Teorema 2.4.17) que, para obtener (4), debe-
mos pedir que g sea invariante respecto a todas las transformaciones reordenantes.
Veremos en la siguiente seccion que la implicacion inversa es cierta, completando asi

este resultado, y ligandolo con la normabilidad del espacio de Lorentz.

Previamente, en el Teorema 2.4.15 vemos que si g es linealmente decreciente,
entonces es invariante respecto a transformaciones reordenantes. Debemos explicar
que una funcion es linealmente decreciente si es decreciente respecto a un nuevo orden
total en el arbol introducido en la Definicién 2.4.10 que, a su vez, depende del orden
en su frontera. Es sencillo comprobar que toda funcién linealmente decreciente es
decreciente. A modo de resumen, el Corolario 2.4.18 dice que si la funcién ¢ es

linealmente decreciente, entonces se obtiene la saturacién (4).

(2.5) Los espacios de Lorentz. En la Seccién 2.5 definimos el espacio de Lorentz
asociado a nuestra reordenada. Para un peso u en el drbol, A%.(u) es el conjunto de

funciones f tales que el funcional

1/p
Il = (S0 @)ruto)) 5)

zeT
es finito.

Pretendemos saber cuando este funcional es una cuasi-norma o una norma, pero
antes vemos otras propiedades funcionales. Demostramos en la Proposicion 2.5.5 que
este espacio es completo y en la Proposicién 2.5.6 que son una generalizacion de los

espacios de Lebesgue, puesto que si v = 1, tenemos que
A (1) = LT, |.]),

donde |.| es la medida contadora. Estos espacios no pueden ser invariantes por reor-
denacion salvo en el caso trivial que u sea constante, como vemos en la Proposicion

2.5.7.

Volviendo a nuestro interés principal, el estudio de la normabilidad, se caracterizan
en el Teorema 2.5.9 los pesos u para los cuales el funcional (5) es una cuasi-norma.
Es més dificil saber cudndo A%.(u) equipado con el funcional (5) es un espacio de
Banach, es decir, cudndo (5) es una norma, puesto que hemos comentado que A% (u)

es completo. En el contexto del espacio X = (0,1) y de la reordenada clasica y
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para p > 1, G.G. Lorentz ([Lo]) prob6 que es necesario y suficiente que el peso u
(definido en la semirecta) sea decreciente para que el espacio AIZOJ)(U) sea de Banach,
o equivalentemente, el funcional (2) es una norma; J.A. Raposo ([R], [CRSo]) obtuvo
el mismo resultado para A% (u) con espacios de medida X mds generales. Este tltimo
autor, en los citados trabajos, da una respuesta también para el rango 0 < p < 1.
Nuestra primera aproximacién a la solucién es en este sentido: en el Lema 2.5.10
demostramos que el peso u debe ser decreciente en el arbol para que (5) sea una norma.

Pero un simple ejemplo muestra que no es condicién suficiente (Ejemplo 2.5.11).

Se repite asi el esquema anterior cuando estudiamos la saturacién de la desigualdad
de Hardy-Littlewood: es necesario que el peso sea decreciente pero no suficiente.

Vimos entonces que si el peso u es linealmente decreciente, si se garantiza la igualdad

> fr@ulz) =sup Y [f(x)h(z)|, (6)
zeT z€T
donde el supremo se toma sobre todas las funciones h tales que h* = u. La pregunta
que surge es: ;si el peso u es linealmente decreciente, es entonces el funcional (5)
una norma? Damos respuesta afirmativa en el Teorema 2.5.12; pero ain mejor, se
demuestra que esta condicion en u también es necesaria, y que equivale a su vez
a la igualdad (6), y que equivale a que u sea invariante con respecto a todas las

transformaciones reordenantes. Este teorema es el mas importante en la Seccion 2.5.

Por ultimo, usando los resultados del primer capitulo, nos es posible caracterizar

las inclusiones

Al (u) — A7(v)
en términos de u,v,p y ¢, en el Teorema 2.5.15.

(2.6) Arboles finitos y drboles regulares. Es posible extender nuestros resultados en
arboles homogéneos a una clase mas amplia como son los arboles regulares. También
es posible adaptar los resultados para el caso de arboles finitos. En ambos casos, la
idea principal es la de encajar los arboles regulares o finitos en un darbol homogéneo
adecuado, donde ya sabemos reordenar. Para el caso finito, vemos en el ejemplo final
que podemos enumerar los vértices en la frontera del arbol, y utilizar este orden para
obtener la reordenada de un conjunto cualquiera (y por tanto, de cualquier funcién),
en vez de usar el orden en la frontera del arbol de la Definicion 2.2.4. Parece mas
natural elegir este orden sencillo, pero para nuestra sorpresa, con este nuevo orden el

Teorema 2.5.12 es falso, como demostramos.
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3. Desigualdades con pesos y la forma de las regiones de aproximacion.
En la historia del Analisis, se han estudiado muchos problemas relacionados con la
existencia de valores en la frontera de un dominio para cierta clase de funciones. Uno
de ellos es determinar el tipo de regiones contenidas en el dominio para las que existe
el limite en la frontera de funciones pertenecientes a cierto espacio funcional. Estas
regiones se denominan regiones de aproximacién. Por ejemplo, si el dominio es el
disco unidad

D={zeC:|z| <1},

su frontera es 0D = {z € C: |z| = 1}, y las regiones son conos definidos por
['w)={2z€eD:|z—w|<2(1—|2])},
para w € 0D, es conocido que el limite

lim f(2)

z—w

zel(w)

existe (a.e. w) para toda funcién armoénica en D. En cambio, si la regién contiene
curvas que se acercan tangencialmente a w, el limite no existe en general. Digamos

que la forma geométrica de la regién influye en la existencia o no del limite.

En 1930, Hardy y Littlewood ([HL]) introdujeron la idea de estudiar la conver-
gencia de una sucesién de funciones a partir de la acotacién de una funcion maximal.

Mas tarde, A. Nagel and E.M. Stein ([NS]) caracterizan las regions de aproximacién
QCc R :={(z,t) eR"™ : 2 €R", t >0}

para las que se tiene convergencia hacia la frontera para la integral de Poisson de
funciones en L? de la frontera, es decir, LP(R™). Definen el operador maximal asociado

a la regién de aproximacién al origen 0, que denotamos (0),

1
Mof@) = swp o [ @) de
wnea©) BT Jawr

y estudian las acotaciones

MQin—>Lp, p>1,
Mg : L' — LY,

Nosotros nos planteamos estudiar la acotacién con pesos

Mg : LP(u) — LP™(v), p>1,
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para un operador Mg asociado a una familia de aproximacién (i.e., una familia de
regiones de aproximacién) en un contexto mas general. Luego estudiamos bajo qué

condiciones en la familia €2 se obtiene la estimacion
Mqf(x) < CM f(z),

para todo z y toda f, donde M f es el operador maximal de Hardy-Littlewood. Esta
desigualdad se traduce en una inclusion entre ciertas clases de pesos que seran también
estudiadas. Estas cuestiones son introducidas por A. Sanchez-Colomer y J. Soria en
[SS2] para el espacio euclideo R’7™', y nosotros pretendemos extender el estudio a

espacios mas generales.

Hemos estructurado el capitulo siguiendo el orden cronolégico en que efectuamos
la investigacion. Empezamos por estudiar en la Seccién 3.2 las cuestiones antes men-

cionadas para familias de aproximacion
QC X, =X x(0,00),

donde (X, u,d) es un espacio de tipo homogéneo no simétrico, que denotamos por
ns-espacio de tipo homogéneo, y que es una extensién de la nocion del espacio de tipo
homogéneo (véanse las Definiciones 3.2.1y 3.2.2). En la Subseccién 3.2.3 aplicamos los
resultados obtenidos al caso (mas sencillo) en que X es un grupo, puesto que existen
muchos ejemplos con esta caracteristica. Posteriormente, el estudio se extiende a un
contexto abstracto en la Seccién 3.3, dado que muchos ejemplos de dominios donde
se pueden aplicar los resultados no poseen una estructura cartesiana como la de X, .
Para ilustrar este salto al caso abstracto, hacemos un estudio previo en la Subseccién

3.3.1 del caso de los arboles homogéneos.

Debido a esta estructura, aparecen resultados semejantes a lo largo del capitulo,
que corresponden a las mismas ideas aplicadas a cada contexto. Hemos creido opor-
tuno incluirlos puesto que asi se ve cudles son las dificultades que debemos salvar en

cada caso. Ademas, se facilita el seguimiento del estudio de esta manera.

Detallamos el contenido de cada seccion:
(3.1) Resultados preliminares en R"™. Con el fin de centrarnos en nuestro objeto de
investigacion, recogemos en esta seccién todos aquellos resultados conocidos hasta el
momento que nos son utiles. Algunos de ellos serdn generalizados y completados en

secciones posteriores.
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(3.2) El semiepacio X x (0,00) para un espacio de tipo homogéneo X. Dedicamos
esta seccion al caso del producto cartesiano X, := X x (0,00), donde X es un espacio
de tipo homogéneo. Hemos dividido la seccion en tres partes:

(3.2.1) Definiciones y resultados previos. Empezamos por incluir las definiciones de
los espacios de tipo homogéneo y los espacios de tipo homogéneo no simétrico, que
llamamos ns-espacios de tipo homogéneo (Definiciones 3.2.1 y 3.2.2). Proseguimos
con algunos resultados clasicos adaptados a los ns-espacios: lema de recubrimiento de
tipo Vitali (Lema 3.2.5), estimaciones para el operador maximal de Hardy-Littlewood
(Teorema 3.2.6), descomposicion de tipo Whitney (Teorema 3.2.7) y extensién del
concepto de par de Carleson a abiertos arbitrarios (Proposicién 3.2.9). Introducimos
entonces en la Definicion 3.2.10 los conceptos basicos asociados a una familia de
aproximacion

Q={Qx): 2z € X},

donde cada Q(z) es un conjunto medible en X,. Asimismo, definimos para una

funcién f el operador maximal asociado a la familia 2 como

1
M. = _ d :

El Teorema 3.2.13 es importante: se caracteriza la acotacion
Mg : LP(v) — L"™(p),

para dos medidas v y p, en términos de una condicion de tipo Carleson, que es
equivalente a una desigualdad entre las funciones de distribucion de Mg f y M f, para
toda f.

La clase de pesos A, fue introducida por B. Muckenhoupt ([M]). Es el conjunto de

pesos u para los que se tiene la acotacion del operador maximal de Hardy-Littlewood
M : LP(u) — LP™(u).

Anélogamente, definimos la clase de pesos Ag como los pesos u tales que se tiene la

acotacién
Mg : LP(u) — LP*(u).

Finalmente, se define la clase de pesos W ({2) asociados a la familia © (Definicién
3.2.16). Una consecuencia del Teorema 3.2.13 es el Teorema 3.2.17, también impor-
tante, donde se da la relacién existente entre estas clases de pesos. Concretamente,

obtenemos que
A=A, NW(Q). (7)
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(3.2.2) La forma de las regiones de aproximacion. En esta subseccién respondemos a
una pregunta natural en vista de la igualdad (7): ;jcudndo se tiene A, = A;Z? Para
ello, necesitamos cierta propiedad de invariancia sobre el espacio de tipo homogéneo
(X, p,d): existe C' > 0 tal que
1

cHBla,r) < u(Bly,r)) < Cu(B(z,1)),

para todo x,y y v > 0, donde B(x,r) es la bola de centro x y radio r > 0. Con
este fin, requerimos al espacio (X, i, d) que cumpla la siguiente condicién: existe una

constante M > 0 tal que
B(x, Mr)\ B(a,r) # ¢, (®)
para todo x y r > 0.

Si el espacio de tipo homogéneo (X, p, d) satisface esta ultima condicién, entonces
podemos reemplazar la cuasi-distancia d por otra cuasi-distancia no simétrica ¢, de
tal manera que (X, i, d) es un ns-espacio de tipo homogéneo. Con este cambio, ni
la topologfa ni las clases de pesos A, y Aff varfan, y se consigue que u(B(z,r)) sea
comparable a r, con lo que obtenemos la invariancia deseada. FEstos resultados se

recogen en el Teorema 3.2.21 y el Corolario 3.2.25.

Antes de dar nuestro principal teorema, necesitamos que la familia de aproxi-
macion satisfaga cierta condiciéon de regularidad descrita en la Definicion 3.2.28. Con
los ejemplos de familias de aproximacién regulares que se presentan después, pode-
mos ver que esta regularidad requerida no es demasiado restrictiva en el sentido que

existen familias regulares, en ]Ri por ejemplo, no generadas por traslacion.

Finalmente, probamos el principal teorema (Teorema 3.2.30) donde se dan dife-
rentes caracterizaciones para la obtencion de la igualdad A, = Ag. Una de ellas es la
inclusién

Qz) C To(x),
para cierta € > 0, donde I'y(z) es el cono de vértice x y apertura 6. Asi, vemos que
condiciones analiticas en la clase de pesos se traducen en condiciones geométricas en

la familia de regiones.

(3.2.3) El caso de la estructura de grupo: algunos ejemplos. En esta seccién, damos
algunos ejemplos de espacios de tipo homogéneo que poseen la estructura de grupo,
y a los que se aplica nuestro resultado. Aprovechamos para obtener una nueva de-

mostracién del Teorema 3.2.30 mas sencilla en este contexto.

Los ejemplos tratados son:
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(i) X =R" con la medida de Lebesgue y la distancia no isotrépica

d(w,y) =Y _|ak — s,
k=1
es un espacio de tipo homogéneo.
(ii) X = H,, el grupo de Heisenberg dotado de la distancia

d(x,y) = Hy_l : .1‘”,

donde
(¢, 8] = max(|¢[?, [¢]),

es la pseudo-norma en H,,, y de la medida de Lebesgue en C™ x R, es un espacio

de tipo homogéneo.

(iii) X es el conjunto de las matrices reales triangulares superior 3 x 3 con unos en
la diagonal. La ley multiplicativa de grupo es el producto usual de matrices.
La cuasi-distancia es d'(z,y) = (d(z,y) + d(y,x))/2, donde d(z,y) = |ly~" - ||
y ||z|| = max{|al, |b]'/?,|c|}. La medida es la medida de Lebesgue en R3.

(iv) Todo grupo de Lie nilpotente y unimodular, con la métrica Riemaniana y la

medida inducida es un espacio de tipo homogéneo.

(3.3) EI caso general. Muchos ejemplos interesantes de dominios donde se ha es-
tudiado el fenémeno de la convergencia hacia la frontera no poseen una estructura
de producto cartesiano como la estudiada en la seccién anterior. Por este motivo,

resolvemos aqui las mismas cuestiones, pero en el contexto mas abstracto.

(3.3.1) Regiones de aproximacion en un drbol homogéneo isotropico. Desarrollamos
la teorfa en este nuevo marco. Ahora el arbol juega el papel del semiespacio X, y su
frontera es un espacio de tipo homogéneo que juega el papel de X. En este caso, se
tiene que la medida de todas las bolas en la frontera con el mismo radio coincide. El

Teorema 3.3.8 es el resultado andlogo al Teorema 3.2.30.

(3.3.2) Regiones de aprozimacion en el contexto abstracto. Usamos las técnicas in-
troducidas por F. Di Biase ([DiB]) para la tltima extensién de nuestros resultados.
Definimos la estructura general en la Definicién 3.3.9, y suplimos la nocién de cono por
la de regién supernatural (Definicién 3.3.10). Bésicamente, una familia supernatural

I satisface que la sombra de (,

I'(¢) ={reX: (el (2)},
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es comparable a una bola, y que para cada bola, existe una sombra comparable.

Definimos el operador maximal asociado a una familia de aproximacion {2 en

funcién de la familia de aproximacion supernatural fijada I' como sigue:

1
Maf(e) = swp —s [ 1) duty)
ceQ(z) M(FL(C)) INT(S)
Obtenemos también la igualdad A} = A, N W(Q2) en el Teorema 3.3.15, con las

definiciones pertinentes para cada clase de pesos.

Como hicimos anteriormente, podemos reemplazar el espacio de tipo homogéneo
(X, i, d) por el ns-espacio de tipo homogéneo (X, p,d) sin pérdida de generalidad
(Teorema 3.3.16), siempre que (X, i, d) cumpla la condicién (8).

El anédlogo al Teorema 3.2.30 es el Teorema 3.3.18, que supone el mayor grado de

generalizacion de nuestros resultados.

(3.4) Vuelta a espacios euclideos: dos aplicaciones. En esta iltima seccién, apli-
camos las técnicas utilizadas en este capitulo para completar algunos resultados en

R™ aparecidos en [FJR] y [RS].

(3.4.1) Operadores integrales singulares. En este apartado estudiamos la acotacién

del operador

Nof(z) = sup |(Ki* f)(y)],
(y,t)eQ()

definido para una familia de aproximacién 0 C R’ffl y un nucleo de Calderon-

Zygmund. Obtenemos la caracterizacién completa de la acotacién
No: (m) — LP(p),

si p > 1, m la medida de Lebesgue y p una medida arbitraria, cuando K;(z) =
wj(x)/ |z" con wj(x) = x;/|x;|, para cierto 1 < j < n, es el nicleo de Riesz (Teo-
rema 3.4.2). En el caso de un nicleo general de Calderén-Zygmund, obtenemos un

resultado parcial en el Teorema 3.4.4.

(3.4.2) Espacios potenciales. Aqui damos estimaciones para el operador

Nof(z) = sup |(Pxf)(y)l,

(y,1) Q)

donde P es el niicleo de Poisson y 2 es una familia de aproximacién en R’™. Con-

cretamente, se caracteriza la acotacion

No = Li(m) — L">(p),
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donde
LY (m)={f: f=Fxk, para alguna F' € LP(m)}

es el espacio potencial. El principal resultado es el Teorema 3.4.6.
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Introduction

The main contents of this thesis belong to the area of Real Analysis. In particular, we
deal with the study of certain problems in the theory of weights, (a classical reference
for this theory is the book of J. Garcia-Cuerva and J.L. Rubio de Francia [GR]).

We consider, in this order, three different classical problems, that cover a big part

of the theory of weights:

(i) Study of embeddings of weighted spaces and boundedness of integral operators

between weighted spaces.

(ii) Study of functional properties of weighted spaces related to a decreasing rear-

rangement of functions.

(iii) Study of the boundedness of maximal operators related to approach regions

between weighted spaces.

All these problems have been intensively studied in the literature. Our point of
view has been to extend these results to spaces with the minimum necessary structure.

To be precise, to obtain our results, we have worked respectively in each chapter in:

(i) Arbitrary measure spaces.
(ii) Trees.
(iii) Spaces of homogeneous type.

Since a tree can also be seen as a measure space, and since its boundary can be a space
of homogeneous type, some results about measure spaces and spaces of homogeneous
type have been applied to trees (see the first and the third chapters). On the other

hand, in the second chapter we work exclusively in trees.

The spaces where we work do not enjoy, in general, any type of algebraic structure.
Therefore, our results go in one direction: the extension of the theory of weights to

non-FEuclidean spaces.



2 Introduction

We detail the content of each chapter:

1. Embeddings and operators on weighted spaces of monotone func-
tions. In this chapter, we deal basically with three classical problems:
(1.1) Embeddings of weighted spaces of monotone functions. Let (X, ;1) be a measure
space. A positive locally integrable function v : X — R* is called a weight. For
0 < p < o0, the weighted Lebesgue space LP(u) is the set of functions f such that

the functional
1/p
T =( [ 1@ o du<x>)

is finite. With this notation, we trivially have that if u(x) = 1, then LP(1) = LP(X, p).
Then, these weighted spaces are a generalization of the Lebesgue spaces.

P

Fec(u) stands as the set

We consider the case of monotone functions. The space L
of decreasing functions in LP(u). In our work, we characterize the embedding

LP

dec

() = Lee(v);

or equivalently, we find conditions on u,v,p and ¢ such that there exists a constant

C' > 0 such that the inequality

</X CORIC) dﬂ(%’))l/q <C (/X f(@)" u(z) du(x)>l/p, (9)

holds for all decreasing functions f € LP(u).

To be able to consider this question, our space X has to be ordered, but we just
need a partial order. The characterization of inequality (9) for the Euclidean cases
X = R, with the usual order, or X = R’} with the order

(CLl,CLQ,...,(J,n) S (bl,bg,...,bn)

if and only if a; < b; for ¢ = 1,...,n, have been of great interest in the recent years.
For example, it has been proved that this inequality is necessary for the boundedness
of certain integral operators defined in R, ([S2]), or it has been used to characterize

the embeddings of Lorentz spaces related to decreasing rearrangements in R}, n > 1
([S2] and [BPSo02]).

To obtain the characterization of inequality (9), we use a discretization argument.
Thus, we previously need to know the characterization of this inequality for the

discrete case X = Z and p the counting measure, which is of interest by itself. We
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have to give conditions on the discrete weights {uy, : k € Z} and {vy, : k € Z} and the
indices p and ¢ such that

In the range 0 < p < ¢ < oo this is known ([R], [CRSo]). In the range 0 < g < p < o0,
it seems to be an open problem, and we solve it in Theorem 1.1.6. The proof is based
in Proposition 1.1.5, that shows that the discrete inequality for X = Z and weights u
and v is equivalent to the same non-discrete inequality in X = R, for certain weights
u and v that depend on v and v. This last inequality in R, is characterized by using

the well-known duality result due to E. Sawyer ([S2]), introduced in Theorem 1.1.1.

Once the result for Z is obtained, we discretize the space X in terms of covering
sequences of decreasing sets (see Definition 1.1.7), and we obtain Theorem 1.1.10, our
main result in this section, thanks to the discrete case. Then, we prove in Theorem

1.1.13 that our result is equivalent to the previously known case X = R, ([BPSte]).

(1.2) B, weights and the discrete Hardy operator. The B, class of weights was
introduced by M.A. Arino and B. Muckenhoupt ([AM]). These are the weights u :
R, — R, such that the Hardy operator

Afe) =1 [ foa@ 2>

satisfies the boundedness A : LA (u) — L}

dec

(u). In [R], J.A. Raposo studied the
class u € B,(N) of discrete weights, that is, of positive sequences indexed over N,

such that we have the boundedness Ay : ¢4 (u) — 4

hec(u), where

1 n
Anf(n) = —= > fi =012,
=0

is the discrete Hardy operator defined on sequences {f, : n € N}, and ¢ (u) is the
weighted Lebesgue space of sequences over N. This author proved that, in some sense,

we have

B,(N) ¢ B,n{f : Ry — R, :Vn € N,Ja, > Osuch thatf(z) = a,ifz € [n,n+1)}.

We prove that the equality is true (Lemma 1.2.3), that is, the discrete weights
come from the restriction of continuos weights. We are interested in the converse

result: can we build the B, class in terms of the discrete weights? The answer is
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negative, as a simple example shows. But we prove that the answer is affirmative if,
instead of B,(N), we consider discrete weights indexed over Z. This leads us to prove

estimates Az : ¢4 (u) — 04 .(u), where now the Hardy operator is

dec
1 k
Aef(k) =5 D 25 kEL

j=—o00

defined for sequences {f; : j € Z} with indices in Z, and ¢__

(u) is the Lebesgue space
of decreasing sequences over Z. In Theorems 1.2.4, 1.2.6, 1.2.8, 1.2.9 and 1.2.10, we
give several characterizations of the boundedness and the weak-boundedness of A7 in
all the range of indices 0 < p < oo. They are used to obtain relations between B,
and B,(Z), and also between B, o, and B, .(Z). We mention, as a summary, that
for 0 < p < o0,

B, ={u>0: (u)r € B,(Z)},

where
2k+1

Uy = / u(z) de,
2k

for all k € Z (see Corollary 1.2.5). With the same notation (Corollary 1.2.7)

Bp,oo = {U >0: (uk)k € BppO(Z)} .

(1.3) Operators on monotone functions. We obtain estimates for the weak-bounded-
ness of operators with certain monotone properties in measure spaces (X, i), where
X is an ordered set. For this, we need a more geometrical definition of the weak norm

of a function (Lemma 1.3.1 and Corollary 1.3.2):

gy = SU VEl/q(inf x ),
110y = 500 VE)? (0t | 7o)

where U(E) = [, u(x)du(z). If fis decreasing, then
— 1/q | :
£l = sup VD) (inf ) ).

This allows us to obtain the general result for the mentioned weak-boundedness
of this class of operators: Theorems 1.3.3 and 1.3.4 are our main result in this sec-
tion. In the forthcoming subsections, we apply it to different spaces and operators,
obtaining new and known results:

(1.3.1) Integral operators in Ry. The application of Theorems 1.3.3 and 1.3.4 to the



Introduction 5

case of monotone integral operators in X = R, give new proofs of certain results due
to J.A. Raposo ([R], [CRSo]), that we prove in Theorems 1.3.5, 1.3.6 and 1.3.7.
(1.3.2) Integral operators in metric trees. Theorem 1.3.8 is the application of Theorem
1.3.4 to the case of Hardy type operators in metric trees. This result, with the use
of the discretization technique of Section 1.1, gives an extension of certain results in
[EHP], that we prove in Theorem 1.3.10.

(1.3.3) Hardy-Volterra operators in trees. Once more, Theorem 1.3.12 is the applica-
tion of Theorem 1.3.4 to the Hardy-Volterra operator on trees. Following the study
of the relations between discrete and continuous, we establish in Theorem 1.3.14 the
equivalency of the boundedness of the Hardy-Volterra operators in regular trees and
metric trees, and later we give the boundedness of the Hardy-Volterra operator in
trees for a partial range of indices in Theorems 1.3.15 and 1.3.16. We use these re-
sults to obtain characterizations of this operator defined in N (Theorem 1.3.19 and
Corollary 1.3.20).

(1.3.4) Hardy operator in Ri. The application of Theorem 1.3.3 in this context, es-
tablishes the weak-boundedness of the Hardy operator defined for functions in R%,

announced in Theorem 1.3.21.

2. Non-linear rearrangement on trees The classical decreasing rearrangement

of a function f: X — C in a measure space (X, ) is
7)) =inf{\: p({z € X : |f(z)| > A\}) < t}, t>0.

If u is a weight in X and 0 < p < oo, the Lorentz space A% (u) contains the functions
f such that the functional

o =( [ 0 @raa) )

is finite.

The classical rearrangement does not distinguish any geometric characteristic of
X. There exist other rearrangements or symetrizations that depend on these charac-
teristics of the space (see [B]). Our intention is to define a new decreasing rearrange-
ment in certain space X that strongly depends on its geometric properties, and to
study the normability of the related Lorentz spaces. Our space X has to be ordered,
and must have an interesting geometry. We choose a homogeneous tree. Its discrete
topology forces us to prove our results by using combinatorial techniques. Thus, we

establish a new interplay between analysis and combinatorics.
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Some of the contents of the chapter are:
(2.1) Definitions. We give the basic notions about trees. Two important examples

are the order in the tree and its boundary.

(2.2) Rearranging finite sets. By using the “Layer-cake” formula

f(x) _/ X{teT,: f(t)>x} () dA,
0

to rearrange a function it is enough to rearrange its level sets. Section 2.2 is devoted
to give the definition of the decreasing rearrangement for finite sets (Definition 2.2.7)
and to study some basic properties. To this end, we need to adopt an order in the
boundary of the tree. We do it by establishing a bijection between the boundary and
an interval in R, and then we transfer the usual order of the real numbers (Definition
2.2.4).

Our rearrangement depends on the so-called origin of the tree and the order in
the boundary. Theorem 2.2.15 is important because it shows the canonicity of the

definition.

Finally, Proposition 2.2.20 shows that our rearrangement is monotone with respect
to the inclusion of sets. It turns out that, contrary to the classical rearrangement,

the proof is not trivial and requires a sharp combinatorial analysis.

(2.3) The decreasing rearrangement of functions. Definition 2.3.2 in Section 2.3 is

the decreasing rearrangement of functions with finite level sets:

f*(17>:/0 X{yeT:|f ()| >2* (T) dA,

where £* is the rearranged of E.

Proposition 2.3.3 shows its canonicity, and Proposition 2.3.6 collects all the main
properties. Definition 2.3.7 is important because it allows us to extend the notion of
the rearrangement to general functions. The idea is to cut the function in a sequence
of functions with finite support, to rearrange them, and to define the rearrangement

pointwise as the limit of the sequence of rearranged functions:

P =t (1701 Xpermen()) @)

Therefore, we can restrict the study to finitely supported functions.

The definition of the decreasing rearrangement is elegant but not handy. So, we

look for a more intuitive equivalent way of rearranging; this way is given in expressions
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(2.7) and (2.8), and the equivalency is shown in Theorem 2.3.10. The proof is based

in a detailed combinatorial analysis of the inductive process of rearrangement.

(2.4) The Hardy-Littlewood inequality. Section 2.4 is devoted to the Hardy-Little-
wood inequality (Theorem 2.4.2) and related topics. Proposition 2.4.3 and Corollary
2.4.4 establish the relations between our rearrangement (f*) and the classical one
(f%),

(1)) = f*(8),  t>0,

and between the Hardy-Littlewood classical inequality and ours.

The last part is devoted to study conditions on the function g such that we get

the saturation of the Hardy-Littlewood inequality, that is: when do we have

> (@) (@) =sup > |f(w)h(z)], (10)
z€T zeT
where the supremum is taken over all i such that h* = ¢*7 We will see in the next
section that this equality is linked with normablility properties of the Lorentz spaces.
In the context of the classical rearrangement, the equality is true if and only if ¢ is

decreasing. This is not the case in the tree, as Example 2.4.6 shows.

It turns out that to obtain the saturation, it is fundamental to know what we call
the rearranging transformations (see Definition 2.4.8). They are the bijections ¢y

between the supports of f and f* that relate the values of the two functions, that is,

f(@) = " (es(2)),

for all z in the support of f. In the classical context, a function ¢ is decreasing if and
only if it is invariant under the action of the rearranging transformations in the sense
that

gles()" =g,

for all functions f.

As in the classical context, we prove in Theorem 2.4.17, one of our main results in
the section, that if g is invariant with respect to all the rearranging transformations,

then (10) holds. We will see in the next section that the converse is also true.

Previously, we see in Theorem 2.4.15 that if ¢ is linearly decreasing, then it is
invariant with respect to all rearranging transformations. We shall explain that a
function is linearly decreasing if it is decreasing with respect to a new total order,

introduced in Definition 2.4.10, that depends also on the order of the boundary of
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the tree. It is trivial to prove that every linearly decreasing function is also a de-
creasing function in the tree. As a summary, Corollary 2.4.18 says that if g is linearly

decreasing, then we obtain the saturation (10).

(2.5) The Lorentz spaces. For a weight in the tree u, the Lorentz space A% (u) is the

set of functions f such that the functional

1/p
0 = (S0 @rato) (1)

xzeT
is finite.

We prove in Proposition 2.5.5 its completeness, and in Proposition 2.5.6 that they
are a generalization of the Lebesgue spaces, since if u = 1 then AL(1) = LP(T,].|),
where |.| is the counting measure. These spaces cannot be rearrangement invariant
spaces in the classical sense except for the trivial case that u is constant (Proposition
2.5.7).

Our main interest are the normability properties. Theorem 2.5.9 gives the weights
u for which the functional (11) is a quasi-norm. It is more difficult to know when
Al.(u) equipped with the functional (11) is a Banach space, that is, when (11) is a
norm. We show in Lemma 2.5.10 that the weight v must be decreasing in order to

get this. But a simple example shows that it is not enough (Example 2.5.11).

Finally, we find in Theorem 2.5.12 that the saturation (10), with g = u, is equiv-
alent to saying that (11) is a norm, also to the condition w is linearly decreasing and
finally, to have that u is invariant with respect to all the rearranging transformations.

This theorem completes the previous results and is the most important in this section.

In the last result, we characterize the embedding
A (u) = A% (v)

in terms of u, v, p and ¢ in Theorem 2.5.15, by using some results of the first chapter.

(2.6) Finite trees and regular trees. It is possible to extend our results to a wider
class of trees: the regular trees. It is also possible to adapt them to the finite trees.
In both cases, the main idea is to embed the regular tree and the finite tree into a
homogeneous tree. In the finite case, we see in the final example that we can list the
vertices in the boundary of the tree and use it to rearrange, instead of using the order

of Definition 2.2.4. Surprisingly, Theorem 2.5.12 is false with this order.
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3. Weighted inequalities and the shape of approach regions. We study
the weighted boundedness

Mg : LP(u) — LP>™(v), p>1,

for a maximal operator Mg related to a family of approach regions in a general
context, and the relations of this boundedness with the shape of the approach family.
These are questions introduced by A. Sanchez-Colomer and J. Soria in [SS2] for the

Euclidean space RTI, and we want to extend them to more general spaces.

We have structured the chapter following the chronological order of our research.

We start by studying in Section 3.2 the above questions for approach families
QC X, :=X x(0,00),

where (X, u1,d) is a non symmetric space of homogeneous type, denoted by ns-space
of homogeneous type (see Definitions 3.2.1 and 3.2.2). In Subsection 3.2.3 we apply
the results to the (easier) case of a group structure in X. Later, the study extends
to an abstract context in Section 3.3, since many examples of domains do not have
a Cartesian structure as X,. In order to illustrate the way of extension, we make a

previous study in Subsection 3.3.1 for the case of the homogeneous trees.

Due to this structure, we obtain similar results, that correspond to the same ideas
applied to the different contexts. We think that by writing things this way it is
much easier to understand what are the main difficulties we have to overcome in each

setting.

We detail the content of each section:
(3.1) Preliminary results in R’ We collect some known results in the Euclidean

space. Some of them will be completed and generalized.

(3.2) The half-space X x (0,00) for a space of homogeneous type X. This section is
devoted to the case X, := X x (0,00), where X is a space of homogeneous type. We
have divided the section in three parts:

(3.2.1) Definitions and previous results. We begin by describing the spaces of homo-
geneous type and the non-symmetric spaces (ns-spaces) of homogeneous type (Defi-
nitions 3.2.1 and 3.2.2). We follow with some classic results adapted to the ns-spaces:
covering lemma of Vitali type (Lemma 3.2.5), estimates for the Hardy-Littlewood
maximal operator (Theorem 3.2.6), decomposition of Whitney type (Theorem 3.2.7)

and extension to arbitrary open sets of the Carleson pair condition (Proposition 3.2.9).
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We then introduce in Definition 3.2.10 the basic concepts related to a family of ap-
proach regions
Q={Qx):x € X},

where () is a measurable set in X for all xz. We define the maximal operator

related to §: .

r)= su _— 2)du(z).
Maf(2) (y,t)eg(x) w(B(y,t)) /B(y,t)lf( ldulz)

Theorem 3.2.13 is important: it determines the boundedness
Mg : LP(v) — L"™(p),

for two measures v and p, in terms of a condition of Carleson type.
The A, class of weights was introduced by B. Muckenhoupt ([M]). It is the set of
weights u such that the boundedness

M : LP(u) — LP*(u),

is satisfied for the Hardy-Littlewood maximal operator. We define Ag as the set of

weights u such that we have the boundedness
Mgq : LP(u) — LP>(u).

Finally, W(£2) is a set of weights also related to € (Definition 3.2.16). A consequence
of Theorem 3.2.13 is Theorem 3.2.17, also important, where the equality

A = A, N W (), (12)

is proved.

(3.2.2) The shape of approach regions. We answer a natural question in view of (12):
when do we have A, = Ag? To answer it, we need an invariancy property on the
space (X, i, d): there exists C' > 0 such that
1
C,U

for all x,y and r > 0, where B(x,r) is the ball of center x and radius r > 0. To this

(B(z,r)) < p(B(y,r)) < Cu(B(x,r)),

end, we require an extra condition on (X, i, d): there exists M > 0 such that

B(z, Mr)\ B(z,r) # ¢, (13)

for all x and » > 0.



Introduction 11

If the space (X, u1, d) satisfies this condition, then we can replace the quasi-distance
d by another non-symmetric quasi-distance J, so that (X, u,d) is a ns-space of ho-
mogeneous type. The topology and the classes A, and Ag are invariant under this
change, and we get that u(B(x,r)) is comparable to r. These results are shown in
Theorem 3.2.21 and Corollary 3.2.25.

Before giving our main result, we need that the approach family satisfies certain
regularity condition described in Definition 3.2.28. This condition is not so restrictive

as the given examples show.

Finally, we prove the main theorem (Theorem 3.2.30) where we give several char-

acterizations so that equality A, = Aff holds. One of them is that
Qx) C Ty(x),

for certain # > 0, where I'y(x) is the cone of vertex x and width #. Thus, analytic

conditions on the weights are equivalent to geometric properties of the regions.

(3.2.3) The case of a group structure: some examples. In this section we give some
examples of spaces of homogeneous type that have a group structure, and we apply

Theorem 3.2.30 to each case.

The examples are:

(i) X =R" with the Lebesgue measure and the non-isotropic distance

n

d(z,y) = Z‘ﬂ% — yi| V.

k=1

(i) X = H,, is the Heisenberg group, with the Lebesgue measure in C" x R, with
the distance d(z,y) = ||y~ - 2|, where ||[C,#]|| = max(|¢|?, [¢]).

(iii) X is the set of real upper triangular 3 x 3 matrices with ones along the diagonal.
The quasi-distance is d'(z,y) = (d(z,y) + d(y,))/2, where d(z,y) = ||y~ - z||

and ||z|| = max{|al, |b|*/2, |¢|}. The measure is the Lebesgue measure in R®.

(iv) A nilpotent unimodular group, with the Riemannian metric and the induced

measure.

(3.3) The general case. Many interesting examples of domains do not occur as the
product space X,. We solve here the same type of questions but in an abstract

context.
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(3.3.1) Approach regions in an isotropic homogeneous tree. We develop the theory
in this new setting. Now, the tree plays the role of X, and its boundary the one of
X. In this case, all the balls in the boundary with the same radius have the same

measure. Theorem 3.3.8 is the analog of Theorem 3.2.30.

(3.3.2) Approach regions in the abstract context. We use the techniques introduced
by F. Di Biase [DiB]. We first define the general structure in Definition 3.3.9, and
we substitute the notion of a cone by the one of a supernatural family (Definition

3.3.10). Basically, I' is supernatural if its shadow for (,
M) ={zeX:(el(a)},

is comparable to a ball, and for every ball there exists a comparable shadow.

We define the maximal operator for an approach family 2 and a fixed supernatural
family 1™
1
Maf(e) = swp —s [ 1) duty).
cea() MIHC)) Jrio
We also obtain that A = A,NW(Q) in Theorem 3.3.15, with the adapted definitions

for this case.

As we did before, we can replace the homogeneous type space (X, u,d) by the
ns-space of homogeneous type (X, u, ), without loss of generality (Theorem 3.3.16),
under condition (13) on (X, u,d).

The analog of Theorem 3.2.30 is Theorem 3.3.18, which is the most general result

on this subject.

(3.4) Back to Euclidean spaces: two applications. In this last section, we apply the
techniques used in this chapter to complete some results in R™ appeared in [FJR] and

[RS).

(3.4.1) Singular integral operators. We study the boundedness of the operator

Nof(x) = sup |(Kix f)(y)l,
(5:)€0()

defined for an approach family 2 C R’ﬁl and a Calderéon-Zygmund kernel. We obtain

the complete characterization of
Ne : LP(m) — LP*(p),

if p > 1, m is the Lebesgue measure and p is an arbitrary measure, when Kj;(x) =
wi(x)/ |z|", with w;(z) = x;/ x|, for 1 < j < n, the Riesz kernel (Theorem 3.4.2).
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For the case of a general Calderén-Zygmund operator, we find a partial result in
Theorem 3.4.4.

(3.4.2) Potential spaces. Here, we give estimates for the operator

Nof(z)= sup [(P* f)(y)],

(y,t) ()

where P is the Poisson kernel and €2 is an approach family in R’}FH. In particular, we

characterize the boundedness
N : Li(m) — L (p),

where

LY (m)={f: f=Fxk, for some F € LP(m)}

is a potential space. The main result is Theorem 3.4.6.






Chapter 1

Embeddings and operators on
weighted spaces of monotone
functions

Let w and v be two weights in a measure space (X, ), where X is an ordered set,
non-necessarily totally ordered. We denote the order in X by z < y for z,y € X.
A positive function f : X — [0,00) is said to be decreasing (increasing) if
f(z) < f(y) whenever x > y (z < y). Recently, there is an incoming interest in
obtaining necessary and sufficient conditions on the weights v and v so that there

exists a constant C' > 0 such that the inequality

(/X f(@)T () du(as))l/q <C (/X Fla) u(z) du(x)>1/p, (1.1)

holds for all decreasing (increasing) functions f in X, for 0 < p,q < oco. If we denote
by LE..(u) the set of positive decreasing functions in the weighted Lebesgue space

LP(u), inequality (1.1) is equivalent to the embedding
Lgec('u,) - L(cllec(v)

If X =10,00) and p is the Lebesgue measure, the embedding of decreasing functions
is closely related to the boundedness of the Hardy operator as well as to the corre-
sponding embeddings for Lorentz spaces. Some results on these questions are due to
E. Sawyer ([S2]) and M.J. Carro, L. Pick, J. Soria and V.D. Stepanov ([CPSoSte]).
Other results for monotone functions in this setting are in [CSo2| (0 < p < ¢ < o0)
and [Ste] (0 < p,q¢ < 00). If X = R} = Ry x M xR, equipped with the order
defined in (1.7) and p is the Lebesgue measure, further results can be found in the
work of S. Barza, L.E. Persson and J. Soria ([BPSol], 0 < p < ¢ < o0) and S. Barza,

15
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L.E. Persson and V.D. Stepanov ([BPSte], 0 < p,q < oo). For the discrete case
X = 7Z and p the counting measure, see the paper of H.P. Heinig and A. Kufner
([HK]). For results in a general setting (X, x) and 0 < p < g < oo, see the work of
J.A. Raposo ([R]) and of M.J. Carro, J.A. Raposo and J. Soria ([CRSo)).

Section 1.1 will be devoted to the study of inequality (1.1) in the general setting
of a measure space (X, u), and in all the range 0 < p,q < oo. Our main idea is to
begin with the characteritzation of this inequality for the particular case X = Z and
p the counting measure (which is done in Theorems 1.1.4 and 1.1.6), and to use it to
give an answer in the general setting (see Theorem 1.1.10), by using a discretization
technique. We finally apply our main result to get a new characterization in the case
X = R, equivalent to the ones given in [BPSte], but with a simpler proof (this is
Theorem 1.1.13).

The Hardy operator is defined for any measurable function f on [0, 00) by

1 X
Af(z) = —/ fBydt, x>0,
T Jo
The boundedness of the Hardy operator
A+ L, (u) — L9(v) (12
is equivalent to the boundedness of the Hardy-Littlewood maximal operator
M : AP(u) — A(v),

where AP(u) is the Lorentz space (see Chapter 2 for the definition of this space). In
1990, M.A. Arifio and B. Muckenhoupt ([AM]) characterized the weights for which
(1.2) holds in the case u = v and 1 < p = ¢. These weights are called the B, weights.
For further results on this question, see [A], [S2], [CSol], [CS02], [CSo3], [HLa], [N],
[Ste], [HK], [R] and [CRSo]. In [R], the author studied the boundedness (1.2) of the
discrete Hardy operator defined for positive sequences indexed over N and showed
that the discrete weights for which this holds form, in some sense, a subclass of the
classical B, weights (see Theorem 1.2.2). In Section 1.2, we will show that we can
reverse this process, that is, we can construct a discrete weight for which (1.2) holds
for the discrete Hardy operator, for every classical B, weight (see Lemma 1.2.3).
However, we will give an example to see that this correspondence between discrete
and non-discrete weights is not one to one. Finally, we will consider the case of the

discrete Hardy operator defined for sequences indexed in Z. We will give results in
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two directions: Theorems 1.2.4 and 1.2.6 say that, for every B, (or B,.) weight,
we can construct a discrete weight satisfying the boundedness (1.2) (or the weak
boundedness); Theorems 1.2.8 and 1.2.9 say that, for every discrete weight satisfying
(1.2) (or the weak boudedness), we can give a classical B, (or B ) weight. As a
consequence, we prove that in that case, B, can be viewed as the set of weights for
which the discretized weights satisfy (1.2) (see Corollary 1.2.5).

P

We use in Section 1.2 some results of embeddings of £ . spaces given in the first

section.

The Hardy operator is an example of operator that preserves the monotonicity of
the function, in the sense that if f is a positive decreasing function, then Af is also
decreasing. On the other hand, the Hardy-Volterra operator (also called Hardy or
Volterra operator) defined by

Vf(z) = /0 () dt, (1.3)

for a measurable function f, satisfies that V f is an increasing function whenever f

is positive. We are interested in studying the weak boundedness of general operators
T: LP(u) — LT(v),

that satisfy some growth properties of the type described above, defined in a general
measure space (X, pu). Here, L9*(v) is the weak-L?(v) space, that is, the set of

p-measurable functions for which the functional

10 = s [ (o)) (1.4)

t>0

is finite. This is the aim of Section 3. In order to obtain our results, we begin by
giving a more geometrical expression of the L%*-‘norm’ of a measurable function
(Lemma 1.3.1), and a simple consequence of this is the characterization of the weak
boundedness of general operators satisfying some growth conditions (Theorems 1.3.3
and 1.3.4). We then introduce some applications of this theorems to concrete settings
like trees, metric trees, Ry and R%. In the case of trees and metric trees, we exploit
the same ideas from Sections 1.1 and 1.2, giving results on equivalences between the

discrete and the non-discrete context (see Theorems 1.3.14 and 1.3.15).

We will denote f | (f 1) whenever f is a decreasing (increasing) function defined

in a ordered space X, and D | (D 1) for a set D C X if xp is decreasing (increasing).
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For a weight v : X — R, we denote

U(E) = [ u(e)duta),

where g is the ambient measure. In the case of R, , for a weight u : R, — R, , we

use the notation

We will always write 7 = pg/(p — q) in the case 0 < ¢ < p < oco. Two positive
quantities A and B are said to be equivalent (A ~ B) if there exists a constant C' > 1
such that C7'A < B < CA. If only B < CA, we write B < A. The undetermined

cases 0 - 0o, 2, Y

=, o, will always be taken equal to 0.

1.1 Embeddings of weighted spaces of monotone
functions

We will first characterize the inequality (1.1) in the case X = Z and p the counting
measure, for all 0 < p,q < oo. We then call a powerful and useful idea to get the
characterization of the same inequality in the general case of a measure space (X, p):
we take an appropriate discretization of the set X, and we reduce the problem to the
discrete setting of Z, where we have given an answer yet. We begin with some known

results about the inequality.

In 1990, E. Sawyer characterizes the inequality (1.1) in the case X = [0,00), u

the Lebesgue measure, and 0 < ¢ < p < co. The next theorem states his result.

Theorem 1.1.1 (Sawyer) If0 < g < p < oo, then:

- 1/4
sup </0 f(x)qv(x)dx) ~ ( /O OOV(x)r/pU(a:)_T/pv(x)dx)l/r

b= ( /O " Hap u(a) dx) b
( /0 h V()"0 ()" () dx) v - %

where U(oo) = / u(z) dx, and analogously for V(oo).
0

Q

For the range 0 < p < ¢ < oo, the solution is due to M.J. Carro and J. Soria
([CSol]) or V. Stepanov ([Ste]). In this case, the result is sharp.
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Theorem 1.1.2 (Carro-Soria, Stepanov) If0 < p < ¢ < oo, then:

fcrery " Vg

sup =5

= (/Ooof(x)P u(z) dx) I U(t)L/re

We mention a more general result in this range, due to J.A. Raposo ([R]). A

set L of measurable functions in a o-finite measure space (X, ) is a reqular class of

functions if for all f € L, we have:
(i) |kf| € L, if k € R.
(11) X{|fI>Ar € L, for all A > 0.

(i) There exists a sequence of simple functions {f, : n € N} C L such that 0 <
Ful@) < fasa (@) — |f(@)] p—ae. z € X.

The set of decreasing (increasing) functions in X is a regular class.
Theorem 1.1.3 (Raposo) If0 < p < g < oo and L is a regular class of functions,

then
1/q 1/q
([ sy vtorau)) p ([ vtrauta)

sup = su

e ( | faput du(x))l/p ( [t du(:c))l/p'

Our first goal is to consider the inequality (1.1) for decreasing sequences in X = Z,

that is,
oo 1/q o0 1/p
<Z a%vk) gC(Z aiuk) ,

k=—oc0 k=—00

for all decreasing sequences {ay : k € Z}, where {uy : k € Z} and {vy : k € Z} are

positive sequences in Z.
We use the notation (ag)x | for a decreasing sequence {ay : k € Z}, and
k
U= D uj
Jj=—00

for a weight {uy : k € Z}. The preceding theorem of J.A. Raposo solves the problem
in the range 0 < p < ¢ < 0o. We observe that yp is a decreasing function if and only
ifB=(...,1,1,1,0,0,0,...).
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Theorem 1.1.4 If0 < p < q < oo, then

(ZGZ Uk) 1/4

kel _ v,
sup sup

a /p ez Ul/p'
0<(ax)l (Zai Uk;> €z Uy,

kEZ

In the range 0 < ¢ < p < 00, the case of decreasing sequences in Z does not seem
to be known in the literature, except for the result of H.P. Heinig and A. Kufner
([HK]), where extra hypothesis on the weights are needed. To solve the problem in
its full generality, we consider the next proposition. We see that the required discrete

embedding is equivalent to a continuous embedding.

Proposition 1.1.5 [f0 < g < p < oo, then

( _f: a vk)l/q ( /0 " @) i() dx) v

A= sup =00 /R sup = B,

<ol (o=~ , \7P o< [, e

Z ay uy flz)Pu(z)de

k=—0o0 0

where v(x) = Z ;—:X[2k72k+1)(l‘) and u(z) = Z gX[kak-&-l)(l'). Moreover,
k=—0c0 k=—o0
or/a _ 1 a/r
asp< (5204
r/q

Proof. For a given positive decreasing sequence (ay)x, we define the decreasing func-
tion

f(l’) = Z CLkX[zk’Qk-»—l)(l').

keZ
Then we have:
00 v ok+1
| rwri@an =g [ swrar =3 d
keZ keZ

and analogously

/000 f(z)Pu(x)de = Zai U,

keZ
and thus, A < B.
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For a positive decreasing function f, we define the positive and decreasing sequence

2k+1

e ([ 1)

Therefore,
2k+1 d
ke keZ 2
ok+1 [e's}
< kezy%( /2 k f(x)pd:v) _ /0 F@) () da,

and applying Holder’s inequality with p/q > 1 and since r = pq/(p — q),
2k+1

/Ooof(x)q'ﬁ(a:)dx _ Z%(/Q f@)%)

2k+l

U dx a/p 2k+1 - q/r
< Uk p 7 r/q—1
< ZQ’“(/Qk f(x) x) /21c T dx

keZ

2r/q_1)q/T(Z . )
- Q. Vg |,

( r/q =

q/r
and this is B < (T/q—1> A.

r/q

a

We now use this proposition and Theorem 1.1.1 to characterize the embedding in

the desired range.

Theorem 1.1.6 If0 < g < p < oo, then

(ZGZ Uk) 1/

1r r/p 1/r
Vi t
sup — Uy (/ Z( et O > Uk:| dt)
Og(ak)i( » > 0 Lig \Uk—1 +uyt
S
kez
1r Vi1 + vpt r/q 1/r V;}/q
< ([ (Lo ) s
o Loy Ui_1 +upt Uoop

where Uy, = Z ug, and analogously for V.

k=—00



22 1. Embeddings and operators on weighted spaces of monotone functions

Proof. By the previous proposition and Theorem 1.1.1, we know that

o)
i e ([ s

l

keZ
0o " 1/r ‘7 1/q
=S (/ V(x)"1U (x) "1 7(x) dx) + N(L),
0 U(oo)l/p
where v(z) = Z %X[kakﬂrl)(l’) and u(x) = Z %X[%,Qkﬂ)(x). First, observe
k=—o00 k=—00

that if 28 < x < 28! then

V(i) = Z/

]_—OO

21+1 27+1

l\DlG

Vk *
dt + — dt
e

" k—
dt+/ () d Z
Jj=—00

x — 2k

x—2*
= Zvj—H)k o = Vi1 + v

j=—00

and the same for U. Now, splitting the integral into dyadic intervals, we get:

/ h V()P U(z)~"/?5(x) d

2k+1

= Z/ (2)77 U )™/ (x) da

kez /2"

2kt kN T/P k r/p
v r—2 €T 2
Z 2—’; /k (Vk—l + UkT) <Uk;—1 + ug o ) dx
keZ 2
1
= / (Z(Vkl + 0pt)""P (Up—1 + upt) /pvk) dt
0 Nkez
where the last equality follows by the change of variable ¢ = x;,fk in each integral.

The other equivalence is analogous.

O

We now deal with the problem in the general setting of a measure space (X, u),

where X is an ordered set.

Our results are based on a discretization technique which shows that the embed-

ding (1.1) is equivalent to a collection of embeddings of sequences in Z. This technique
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was pointed out by E. Sawyer in [S1], and has been also used in [BP], [BPSte|, [HLa]
and [L]. In our case, the results are given in terms of covering sequences of decreasing
sets in X. We say that set D C X is decreasing if and only if the function xp is

decreasing. In what follows, we will assume that every decreasing set is y-measurable.

Definition 1.1.7 A collection of sets {Dy : k € Z} is a covering family of de-

creasing sets for the set X if:

e D) C DkJrl for all k € Z.

o | JD: =

kEZ

The set of all covering families of decreasing sets in X is denoted by D(X) or simply
D if there is no possible confusion. For a fixed family {Dy : k € Z} in D(X), we

denote

Ak = Dk+1 \ Dk.

We now present a lemma that can be found in a slightly different version in [HLa]
for the case X = [0,00) and in [BP] for X = R’. In our case, we do not require
any additional condition neither on the covering family of decreasing sets nor in the
modular functions. Recall that a modular function P is a positive and increasing
function P : [0, 00) — [0, 00) such that P(0) = 0 and P(cc0) = co. We will use the

subsequent corollary for our purpose.

Lemma 1.1.8 Let (X, u) be a measure space, where X is an ordered set. Let Q) and
P be two modular functions. Let A be the infimum of the constants C' > 0 such that
the inequality

1 (/X Q(f(x)) v(x) du(x)) < p! (/X P(Cf(z))u(x) du(l’)),

holds for all 0 < f |, and let B be the infimum of the constants C' > 0 such that the

inequality
(Zcm/ (o)) < P (chak/ (@) duls) ).

keZ kEZ

holds for all 0 < (0x) | and for all {Dy} C D. Then A=B.
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Proof. For every positive decreasing sequence (Jx) and every family {Dy, : k € Z}, if

we consider the decreasing function

F@) =" dkxa,(@),

kEZ

we easily get that A < B.

Take a positive decreasing function f such that

([ @utan v du)) < P ([ Pia+ 2@ ute) (o)),
for a fixed ¢ > 0. Take ¢ > 1 and define 6, = ¢* and
Ap={zeX:c" < flz)<cF},

for all k € Z. Now, by using that P,Q, P~! and Q™! are increasing functions and our

hypothesis, we have

@1@@@“) / kv(x)dm) < ([ QU@ auto)
< P(Z [ Pta+ @) u ey
Pl(;P«Amc'f) / kU(x)du(x)),

and this is B < ¢(A +¢). Letting ¢ — 0" and ¢ — 17, we obtain B < A.

IN

O
Corollary 1.1.9 If P(t) =t and Q(t) = t9, then the previous lemma reads as
1/q Ya
( / F(@)7u(z) d,u(x)) (Zaz Uk)
X keZ
sup 7; = Sup _ sup 7 (1.5)
0<fl (/ )P u(z) du(x)) {Dy}CD 0<(64)] (Z&Z“k>
X keZ

where we are using the notation

u(x) dp(z) = U(Ag),

k

v(x)du(z) = V(Ag).

k

U =

V ‘=

o
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We are ready to prove our main result of this section.
Theorem 1.1.10 Let (X, ) be a measure space, where X is an ordered set. For

0 <p,q< o0, we have:
(a) If 0 < p < g < 00, then

([rer@ae)” o

sup = sup

([ rwra du(m))w ot U

(b) If 0 < g < p < 00, then the following conditions are equivalent:

(i) There exists C' > 0 such that

(et ain) o qrczere) "

for all positive decreasing functions f.
(ii) There exists C' > 0 such that

([ [s(Lmoeveny™ )" <c

kEZ

for all {Dy} C D.
(i1i) There exists C' > 0 such that
! V(D) + V(Ag)t r/a r V(X)V4
(/0 [é(U(Dk) + U(Ak)t) U(A")} dt) + U(X)\r <G

for all {Dy} C D.

Proof. We first observe that, in the case (a), we can apply Theorem 1.1.4 and (1.5)

to characterize the embedding for sequences in Z, and thus we get

([ sere@ae)” "

sup = sup sup —-.

1/p 1/p
0<fl {DyycD kez U
< / f(@)Pu(z) du(w)) ‘
X

Now, we observe that

k

Uk = Z Uj = Z U(A]> = U(Dk+1),

j=—o00 j=—00

(1.6)
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and similarly for V}, and therefore we get

([ s i) —

sup = sup sup

= (/Xf(:ﬂ)pU(x) dM(x)) ¥ waco e VDI

and the right hand side of this equality is trivially equal to

su —V(D>l/q
ot U(D)/»

For the case (b), we return to (1.5) and we apply Theorem 1.1.6 getting

1 r/p 1/r
Vi— t
A sup (/ [ E (—Uk 1+ Ukt) vk} dt)
{Dy}cD 0 Ly k—1 T Uk
1 r/q 1/r 1/q
j : Vi— + vt Voo
e (/ [ (Uk = ) Uk] dt) i)
{Dy}CD 0 k—1 T uit o0

keZ

Q

and we finally get the characterizations (i) and (4i7) if we observe that Uy_y = U(Dy,)
and Vi_; = V(Dy) by considering (1.6).

O
Remark 1.1.11 Part (a) was already proved by J.A. Raposo (see Theorem 1.1.3).
Consider the particular case X = R equipped with the order defined by
(a1, a9, ... ,a,) < (by,ba, ... by) (1.7)

if and only if a; < b; for i = 1,...,n. Let u be the Lebesgue measure. The following
result is the characterization of the inequality (1.1) for 0 < ¢ < p < oo in this setting,
due to S. Barza, L.E. Persson and V.D. Stepanov ([BPSte]) (we observe that our

notation is different from the one used in that paper):

Theorem 1.1.12 (Barza-Persson-Stepanov) For 0 < ¢ < p < o0, the following

conditions are equivalent:
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(i) There exists a constant C' > 0 such that

1/p

1/q
([ swrmwa) <o ([ swruma)
R R?
forall0 < f |.

(ii) There exists a constant C' > 0 such that

([ U(Df,»-’”/pd[—V(Df,th})W <c

for all0 < f |, where Dy, = {z : f(x) > t}.

(i1i) There exists a constant C' > 0 such that

(Z V(AL U(Dk+1)_r/p) " <,

keZ

for all families {Dy, : k € Z} in D(R"}).

We now relate our characterization with this theorem. We point out that our

proof is simpler than the one in [BPSte].

Theorem 1.1.13 For 0 < g < p < o0, the following conditions are equivalent:

(i) There exists a constant C > 0 such that

1/p

1/q
( f(@) v(z) daz) <C ( fx)P u(x) dx) :
R} R
forallO < f|.

(i) There exists a constant C' > 0 such that

(/ | > [Zﬁgii 1 Zﬁﬁ’;;ﬁ] T/pv(Ak) dt) "o

0 ker

for all families {Dy, : k € Z} in D(R?}).

(i1i) There exists a constant C' > 0 such that

([ U(Df,oT/pd[—V(Df,thDw <c

for all 0 < f |, where Dy, = {x : f(z) > t}.
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(v) There exists a constant C' > 0 such that

(Z V(A U(Dk+1)_r/p) e

keZ

for all families {Dy, : k € Z} in D(RY).

Proof. The equivalence between (i) and (i¢) is Theorem 1.1.6. Let us see that (i7)
implies (i74). Given a function 0 < f |, we assume that U(Dy,) is continuous and
strictly decreasing in t. The general case follows by a standard limiting argument.

We define a positive decreasing sequence (), as follows: fix ¢y = 1 and

t, = sup {t :U(Dyy) = 2U(Df,tk71)} if k>1,
ty = inf{t:2U0(Dy;) =U(Dyy,,,)} if k< -1

We denote Dy, = Dy, and we observe that this is a decreasing set for all & € Z.
Using that U(Dy) + U(Ag)t < U(Dgyq), if 0 <t < 1 we have:

)+ V(A
/0 kez[ )+U Ak)t} V(A di
> Z V(AR) U(Dpyr)™" /1(V(Dk) F V(AP dt
r/q 1
= (q/r) kezy V(Ag) U(DkH)r/p((V(Dk)‘;F(le)Ak)t) )10

= (¢/r) > _U(Diy2) " (V(Disr)* = V(Dr)'7?)
k
= Q—T/P(q/r) Z U(Dk>_r/p (V(Dkﬂ)r/‘? _ V(Dk)’”/q).
k
Last equality follows from the definition of the sequence (¢;)g. It is now enough to

see that the expression in (#ii) is smaller than this last quantity. This is done using
that D, C Df,t C Dk—i—l; if tpr1r <t <ty

/OOO U(Df,t)‘r/pd[_V(Df,t)r/q] = 2 /tk U(Df’t)_r/pd{_V(Df’t)T/q}

)r/p/tk d[—V(Df,t)r/q}
= Y UDR) P (V(Dgr)" = V(Dy)/).

IA
ilng
=
S
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Let us see that (i27) implies (iv). For a fixed family {Dy, : k € Z}, define a decreasing
function f(z) = > .72 "xa, (). Then Dy = {z: f(z) > 27%} and Dyy = Dy if
27k=1 < ¢ < 27% and thus, we have:

/0°° U(Dﬁt)—r/Pd[—V(Df’t)r/q} _ /w U(Dye)~" V(Dfﬁt)r/pd{_V(Dﬁ)}

- Z/2k UDre)” /pV(Df,t)T/pd{—V(Df,t)}

kEZ
o—k
= ZU<Dk+1)7r/p V(Dkﬂ)r/p/ d{_V(Df:t)]
ke 27kt
= D U(Dr1) P V(Dieyr)? (V(Dresr) — V(D))
keZ
= Y U(Di1) P V(Dysr) P VI(A)
keZ
> Y UDpar) "PV(A)PV(A)
keZ
= D UDra) V(A
keZ

Finally we prove that (iv) implies (7). For a fixed decreasing function f, let (¢)x be
a decreasing sequence constructed in the same way as in the implication (i7) = (¢ii).
Also denote Dy, = Dy, and Ay = Dy q \ Dy = {2z : typ1 <t < t;}. Then, applying

Holder’s inequality, we have:

( / ) f@)%@)@)w = (Z dw)l/q

+ kEeZ
q
< <Z tZV AV )
keZ
1/p 1/r
< (Savmen) (Svew voe) )
keZ keZ

By construction, we have

U(84) = U(Disr) = U(D) = U(Dhya) = 5U(Dkss) = 50 (D)
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and thus U(Ay_1) = 7U(Dg+1). Now, the hypothesis and this equality give:

1
4

ke

1/p
—  (Oyl/p (Z th U(Ak_1)>

keZ

c4llr (Z

ke7, ¥ Ak-1

(@) u(z) dx) "

IN

Fla)? ul) da:) v

= 041/7’(

R}
O

Remark 1.1.14 We observe that the preceding theorem is also true in every space
X where we can assume that the function h(t) = U(Dy,) is continuous and strictly

decreasing for a decreasing function f. If X = N, this is not true in general.

1.2 B, weights and the discrete Hardy operator

We present a new characterization for a weight to be in the B, class in terms of the

boundedness of the discrete Hardy operator defined for sequences indexed in Z.

We recall that the Hardy operator is defined for any measurable function f on
[0, 00) by

The set of weights u for which the boundedness

A: LR

dec

(u) — LP(u), (1.8)
holds, is called the B, class, and the set of weights for which the boundedness

A:LP

dec

(u) — LP™(u), (1.9)

holds, is called the B, o class. Since LP(v) C LP*°(v), we always have B, C B, . It
is proved in [N], that B, = B, if 1 < p < oo. This is not true if 0 < p < 1; for
example, the weight u(x) = 277! is a B, o, weight not in B,

Further characterizations of these classes are known, and we collect some of them

in the next theorem, that will be used later.
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Theorem 1.2.1 (Arino-Muckenhoupt [AM], Soria [So], Carro-Soria [CSo02])

(a) For 0 < p < oo, the following conditions are equivalent:
(i) v e B,.

(i) There exists a constant C > 0 such that
o0 1 T
/ Mdz < C—/ u(x)dx, Vr>0. (1.10)
T P P 0

(iii) There exists a constant C' > 0 such that

r

" 1

(b) For 0 < p <1, the following conditions are equivalent:
(i) u € By .
(i1) There exists a constant C' > 0 such that

1/p 1/p
Uﬁ? SCUi), VO<s<r. (1.12)

In [R], J.A. Raposo studied a discrete Hardy operator defined for sequences in-

dexed in N, namely

n

1
ANf(n)=n+12fj n=0,1,2,...,
=0

where (f)nen C C. For a weight (u,)nen, that is, a positive sequence, ¢ ((uy)n)
is the set of positive decreasing sequences in ?((u,),), and #*°((u,),) is the set of

sequences (fy)nen such that

n)nll oo ((up)n) — n s .
1) llem oo () SUIN) n'?fr < oo (1.13)
ne

where (f¥),en is the decreasing rearrangement of (f,,)nen. The result proved in [R] is

the following:

Theorem 1.2.2 (Raposo) For 1 < p < oo, the following conditions are equivalent
for a weight (uy),

(1) An : Lgec((un)n) — €7 ((tn)n)-
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(i1) Aw : Lgee ((Un)n) — €7 ((n)n)-

(iii) An : Lee((tn)n) — € ((un)n).

(ZU) Zun X|n, n+1 B .

n—l—l
WZ 1/p— e vz

We see that the boundedness Ay : €5 ((un)n) — €°((un)n) for a discrete weight
(un)n is equivalent to u € B, for an extended weight u : Ry — R, . Can this process
be reversed in some sense? That is, if u € B,, is there a discrete weight (u,)nen
related to u such that Ay is bounded from ¢4 ((u,)n) to €P((uy),)? The answer is
affirmative, as next lemma shows. We denote B,(N) the class of discrete weights
(Un)nen such that Ay : & ((un)n) — °((un)n) is bounded.

Lemma 1.2.3 Ifu:R; — Ry is a B, weight, then (u,)nen defined by

n+1
Up = / u(z) dz,

is a B,(N) weight.

Proof. For a given positive decreasing sequence (f,)nen, we consider the extended

decreasing function
= Z fn X[n,n+1) (l‘)
n=0

We then have that
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Using this equality and that Af is a decreasing function, we get:

ii(ni1§;ﬁ>i% = §§<ni1Kfo@ﬁm)Z%

n=0 n=0

-3 [ i) ([ )

n=0

nf; /nn+1 (i /Ox ) dy)pU(x) dx
Cémﬁ@M@Mx

oo
= i
n=0

IN

IN

|

Theorem 1.2.2 says that B,(N) can be viewed as a subset of the B, weights that
are constant at each interval [n,n + 1), and Lemma 1.2.3 says that every B, weight
which is constant at each interval [n,n + 1) can be viewed as a B,(N) weight. In

other words,

B,(N)={ue B,: u(x) =¢, Vz&nn+1),for some positive (c,)n} -

Now, another question arises. Can we characterize B, as the class of weights
such that the boundedness of Ay holds for the discretized weights? That is, can we
characterize B, in terms of B,(N)? Now the answer is negative. There are weights

which are not in B, but their discretized ones are in B,(N). For example, take the

weight
0, 0<z<1/2
u(z) =4 2, 1/2<x<1
1, x> 1,

which is not a B, weight because it equals zero in a neighborhood of 0, and this
contradicts condition (1.10). But,

n+1
Up, = / u(z)dr =1,

for all n > 0, and thus, if

ﬂ(l’) — Zun X[n,n—&-l)(l‘) - 17
n=0
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then @ is a B, weight for all 1 < p < oo, and therefore Ay is bounded from ¢ ((uy,),)
to P((uy,),), by Theorem 1.2.2, that is, (uy,)nen is a B,(N) weight.

In order to get complete results in both directions (extension and discretization
of weights), we work with discrete weights indexed in Z rather than in N. The Hardy

operator, defined for sequences (f;);ez over Z, is defined by
1 k
Azf(k') — ﬁ Z 2]f]’, k S 7.
Jj=—00
The function Azf is decreasing if (fx)rez is decreasing.

A weight (uy)rez is in the B,(Z) class if and only if

Ay O ((ug)g) — P ((ug)k),

and it belongs to the B, (Z) class if and only if

Az Loe((ur)k) — 07 ((uk)1)-

We will use another expression for the functional defined in (1.13), which is a partic-
ular case of (1.4). In the case of a positive decreasing sequence (fy)gez, it is easy to

see that we can write
1
“(fk)kHep,oo((uk)k) = ilelzp Uk/pfk:, (1.14)

and in the case of a positive decreasing function f we also have
1 = S0 U7 £) (115
>

See Corollary 1.3.2 for a general proof of these expressions.

We first present the case of the discretization of a weight v : Ry — R . For

such a weight, we denote
2k+l

U = / u(x) dx
2k

~ U
u(z) = Z ﬁX[QkaH)(x).

k=—00

and

Theorem 1.2.4 If0 < p < o0, for a weight u: R, — R, the following conditions

are equivalent :

(i) u € B,.
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Uk,
ke Z.
(%) ];1 2J+1 = (2k+1)p’ Vk e
() u € B,.

Proof. Suppose that (i) holds. For a positive decreasing sequence ( fy)g, consider the
decreasing function f( ) = kax[gmkﬂ)( ). Using that

keZ
27L+1 " 2k+1
/ f(z)de = Z/ flayde =2 f,
0 k<n 2 k<n
and that X fo y) dy is decreasing, we have:
1 2k+1 " P 2k:+1
ZAZf(k;)puk = Z(W/ f(x)da:) </ u(a:)dm)
keZ, keZ 0 2k
ok+1 1 T p
< Z/ (—/ f(y) dy) u(z) dx
2k T Jo
keZ
2k+1
< C’Z/ x)dx
keZ
= O flu,
keZ

and this is condition (i7). To see that (i) implies (i7i), it is enough to consider the
boundedness of the operator on the functions f(I) = xy;.j<k} (1), for all k € Z. Let us
see that (izi) implies condition (1 10) for the weight u, which is (iv). For r > 0, take

2F <r < 281 Using that f2] (z) dz = u;, we have:
00 ﬂ(aj’) 00 23+1 ~ 21+1
[ S ZW

j=k

[e'e} k

U U 1 2 ~
= 2 <0 —— S —zpczkp i u(z) dx

=k

1 T
< 4”6’—/ u(z) dz.
™ Jo

Finally, that (iv) implies (i) is easy, if we use the characterization (1.10) of the B,
weights, and observe that for all k

k+1 k+1
/2 u@) 5 /2 u(@) .
ok xP ok xP ’
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36
2k
and fo z)dr = [ u(x)de.
O
2k+l
Corollary 1.2.5 If 0 < p < o0 and up = / u(x)dx for a weight u in Ry, we
2k
have

Bp = {u >0: (Uk)k S BP<Z)}
In the following theorem, we complete the results by considering the case of the
B, ~ weights.
Theorem 1.2.6 For a weight u: Ry — R, we have:
(a) If 0 < p < 1, the following conditions are equivalent:
(1) u € By oo.

(1) (uk)k € Bpoo(Z).

1/p U;/P

<C

(iii) Sog < Ogfyr, Wk <n.

() @ € By .
(b) If 1 < p < oo the following conditions are equivalent:
(i) v € B,.

(11) (ug)i € By(Z).

Uy
(111) Z 2j+1 < (2k+1)p’ VkeZ.

j= k+1

(Z'U) (uk)k S Bp,oo(Z)
(v) u € B,.
Proof. (a) Let us see that condition (i¢) holds if and only if (izi) holds. The bound-

edness of Az is equivalent, by (1.14), to

1/p /p
ont1 ZQJJCJ = O(Z fi uk) '
i<n kEZ
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for all decreasing sequences (f)x, and therefore also to

> S
U,{/” sup j=n <(C
on+1 0<(fx)! (pru )1/}? <
ke Wk
kEZ

Using Theorem 1.1.4 with v, = 2%, if £ < n, and 0 otherwise, and ¢ = 1, the last
expression is equivalent to
U%/p ok+1

k

which is (#4i). Let us see that (ii7) holds if and only if (iv) holds. Using that
2n+1
U@t = i(x)de = up = Uy,

0 k<n

it is not difficult to see that (1.16) is equivalent to

[7(r)1/P [J(s)1/P
uir) < CU(S) , YO<s<m,
r s

and this condition is actually equivalent to (iv) by (1.12). Finally, let us see that (7)

is equivalent to (i77). As before, using that U(2"*!) = f2n+1

o u(r)dr =U,, it is easy

to see that condition (1.16) is equivalent to

1/p 1/p
uir) SC’U(Z) , VO<s<r,

,
which is in fact equivalent to (i) by (1.12).

(b) The equivalence between (i), (i), (i7i) and (v) is already proved in the previous
theorem. That (i7) implies (iv) is well-known. Let us see that (iv) implies (v). As is

shown in the proof of (a), (iv) is equivalent to

> 20

U%/p j<n
—— sup — <C
on+1 0<(fi)l (pru )l/p
Lk Wk
kEZ

We use Proposition 1.1.5 with weights v, = 2*, if k& < n, and 0 otherwise, and wuy, to

obtain that the boundedness of Ay is equivalent to

2n+1

1/p / f
Un 0 < 07

sup

([
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2n+l

and using U(2"+!) = / u(z)dr = Zuk = U,, this is
0

k<n

U2 HYPAf (2 < C(/OOO fz)Pu(x) dx) l/p’

for all positive decreasing f. We claim that this condition also holds for all ¢ > 0
instead of 2”1, Observe that the hypothesis on Ay implies the necessity of condition

(1.16) (simply by taking f = xy;.j<k} for every k € Z), and therefore
U@mhr = utr < cut = cu@m)e.
Then, if 2" < ¢t < 2" we have

U)PAf(t) < U@ HYPAf(2")

< CUE@MPAfE2Y)

< C ( /0 N f(x)pﬂ(x)dx> "

This last condition is equivalent to A : L _(u) — LP*°(u) by (1.15), and this is
equivalent to u € B, since B, = B, » if 1 < p < o0.

IN

O

2k+1

Corollary 1.2.7 If 0 < p < 00 and up = / u(z)dx for a weight u in R, we
ok
have

proo = {u >0: (Uk)k S Bp,OO(Z)}.

We now present the result in the other direction, that is, the extension result.

For a discrete weight (ug)kez, we denote
Z ok X[2k vty ().
kEZ

Theorem 1.2.8 If 0 < p < oo, for a weight (ug)g, the following conditions are

equivalent :

(i) (ur)i € Bp(Z).
U
(ii) Z 23+1 < (2k+‘§)p, VkeZ.

j= k—i—l

(iii) U € B,
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Proof. That (i) implies (ii) is easy if we consider the boundedness of Az on the
functions f(I) = xyj.j<iy(1), for all k& € Z. Let us see that (i) implies condition
(1.10) for the weight u, which is (#ii). For r > 0, take 2% < r < 21 Using that

2i+1 __

o u(x)dr = uj, we have:

/Tooﬂ;f)dx < i/:jHN( dx<223p/

2]+1

=k
[e’e} 2k
— Uy p o U1 _ oy 1 7
= szp <2rC oo =2 CQkp i u(x) de
j=k
1 ("
< 4”6’—/ u(z) de.
™ Jo
Let us see that (ii7) implies (7). For a positive decreasing sequence (fy)g, consider
the decreasing function f Z JeX[or or+1y (7). Using that
ke,
2n+1 " 2k+1 _
/ f(z)de = Z/ flayde =>"2"f;,
0 k<n” 2" k<n
the equality fzk u(r) dz = uy, and the fact that * fo y) dy is decreasing, we have:
1 2k+1 " P 2k+1
> Azf(k)Pup = Z(Qm / flx )d:c) (/ u(x) d:c)
ke7. ke, 2
2k+1
<z[ / COELE
ke7. /2"
2k+1
< oY [ Ferawd =y fu.
kezZ keZ

and this is condition (7).

In the case of the B, ., weights, we have:

Theorem 1.2.9 For a weight (uy)y, we have:

(a) If 0 < p < 1, the following conditions are equivalent:

(1) (ur)k € Bpoo(Z).

U%/p U}i/p

(i) Gy < Copgs VE<n.
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(iii) T € Bpoo.
(b) If 1 < p < o0, the following conditions are equivalent:

(1) (ug)i € Bpoo(Z).

(ii) u € B,.

2j+1 2k+1

(111) Z 17 < C’Ul/p, VkeZ
J<k i k

Proof. (a) The equivalence between (i) and (i) has been proved in (a) of Theo-

rem 1.2.6. To prove that (i7) and (iii) are equivalent, we proceed as in Theorem 1.2.6:

using that
" 2n+1
b2+ = / () de =Y w = U,
0 k<n
it is not difficult to see that (ii) is equivalent to
[ ()P U (s)1/P
uir) SC’U(S) , VO<s <,
r s

and this condition is actually equivalent to (i) by (1.12).

(b) The equivalence between (i) and (i7) is already proved in Theorem 1.2.6, when
proving the equivalence between conditions (iv) and (v) in the case (b) (we observe
that in that proof, we are not using the ‘continuous’ weight u). The equivalence with
(i7i) is an easy consequence of the characterization (1.11) of w € B,, once we show
that for all k£ € 7Z,

2k+1

1 2k+1
/ — dr ~ .
o U(x)/r uLr

In one direction we have:

gk+1 ok+1
1

2k+1 2
Ty = = / de < 2/ — dz.
USSP U@2E)P Jor ot U(x)t/r

In the other direction, we use again that Uifrpl < OUY?, and thus:

2k+1 k k k+1

1 2 2
/ — dx =—-<C p
ok Ulx)l/p uEkve u/h u,/r
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Theorem 1.2.10 For 0 < p < o0, we have

Az, s 2 ((ug) ) — 7% ((ug)r,)

if and only iof
2j+1 2k+1
> <O, Vk€L

1 — 1/p’
< Uj/P Uk/

Proof. The boundedness of Ay is equivalent to

1Az fllgm.oe () = C 1 Flloc ) -

for all decreasing f = (fi)rez. We observe that the sequence fj, = U, P g decreasing,
and that [[f{|p.cc((,),) = 1, by using (1.14), and therefore the boundedness of Ay
implies

HAZszP,OO((uk)k) < C. (1.17)
On the other hand, we observe that for every (fi)r € *°((ux)r), we have that
fo < CU.YP for all k € Z, and this implies that A, f(k) < Au(U~Y?)(k) for all

k € Z, and thus, (1.17) is also sufficient for the boundedness of Az. Now, if we write
condition (1.17) by using (1.14), we find the desired condition.

g

By considering Theorems 1.2.8, 1.2.9 and 1.2.10, we can state the following result:

Corollary 1.2.11 If1 < p < oo, the following conditions are equivalent for a weight

o~ u
(i) W) = 3 55 Xk o (0) € By,

keZ
2]+1 2k+1
(zz)z 1/p_ 1/, Vk e Z.

(iii) (ur) € Bpoo(Z).
(v) Az Looe ((ur)) — €% ((ur)r)-

(v) (ur)x € By(Z).
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1.3 Operators on monotone functions

In this section, we study the boundedness of operators with some growth properties.
The classical example is the Hardy operator Af defined in (1.2), which is a decreasing
function whenever f is decreasing, or the Hardy-Volterra operator V f defined in (1.3),
which is always an increasing function if f is positive. The purpose of this section is to
consider general operators defined on functions in a general measure space. The key
idea is that it is possible to characterize the boundedness of the operator in terms of
capacity conditions on the level sets of the operator, that are increasing or decreasing

sets.

So, we go back to the general case of a measure space (X, ), where X is an
ordered set. Recall that we assume that every decreasing set is pu-measurable, and
that we denote the order by x < y. In some occasions, we will need to consider
the case where X is a topological connected space. The connectedness guarantees
that every non-empty open set has non-empty boundary. In that case, we avoid, for

example, the spaces with the discrete topology.
For a weight v, the weak L?(v)-‘norm’ of a measurable function f is given in (1.4).

We need to express this quantity in a more geometrical way.

Lemma 1.3.1 For every measurable function f in (X, p), we have that

iy = sup V(E)V4 ( inf
s = sup V(EP (int )] ).
where the supremum is taken over all measurable sets E in X.

Proof. By a density argument, it is enough to prove it for a simple positive function

flz) =", arxp,(x), where 0 < a; < as < ... < a,. In this case, we know that

HfHLq,oo(u) = max i V(Fk)l/q7

=1,...,

where Fy, = U E;. Now take & C X such that £ C U}_, Ey (if not, inf,cp |f(2)] =0
and it has no contribution in the supremum). If i = min{k : 1 < k <n, E C F}},

then inf,ep |f(x)| = a; and so

sup V(E)Y4 (1r€1£|f(a:)|> = max sup a, V(E)Y/9 = max ag V(F)Y,

EcCX k=1,....n ECFy k=1,....n
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The next result shows that if the function is monotone, we can restrict the supre-

mum in the weak norm to monotone sets.

Corollary 1.3.2 For a positive measurable function f, we have:

(0) Wl =500 VD) (106 (0) ). i 1 i decreasing
D] xzeD

) 1 sy =500V (i ) ). i £ is increasing
I x

Proof. (a) We trivially have that

g [ ; <
supV (D) (0 10)) < s

for every positive decreasing f in view of the previous lemma. Let us see the reverse

inequality for a fixed decreasing f > 0. For a measurable set E, set
E,= () D.
DDE,D|

which is a decreasing set, and hence, measurable. It is clear that
V(E) < V(Ey). (1.18)

We claim that
inf f(x) = inf f(x).

zeE zeEy

Thus, using (1.18) and the claim, we get

zel zeD

1 linmi = 500 VOB (inf 7(0) ) < sup V(D) (inf fi) ).
ECX D]
It is now enough to prove the inequality

inf f(x) < inf f(x),

zel reEy

because the reverse inequality is trivially true. Suppose that

11&1£f(x) > inf f(x).

zeFy

Then, there exists y € E,; such that f(y) < 1n£f(m) and thus, since f is decreasing,
BAS
we have

F(y)NE =0, (1.19)
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where F'(y) = {z € X : x > y}. For every decreasing D D E, define D' = D\ F(y),
which is also a decreasing set. By (1.19), £ C D’ for all decreasing D D E. But
observe that y ¢ D', getting a contradiction with the fact that y € E,.

(b) The proof is analogous, but considering

E;= () D,

IDE,IT

instead of E;.
O

Let L be a subclass of the set M(X) of all the measurable functions in (X, u).

We will consider operators
S M(X) — M(X),
that are (positively) homogeneous, that is,

IS (@) =[] S ()],
for all A > 0, all measurable f and all z € X.

For such L and S : M(X) — M(X), the LP(u)-capacity of a measurable set E

is defined as

Capy s () = f {Ifl o fE L ISf@)| =1 Voe B},

If L = LP(u), we will simply write Cap,, , s(F).

Theorem 1.3.3 Let S : M(X) — M(X) be a homogeneous operator such that
|Sf| is a decreasing function for every f € L. Then,

Sl fawory V(D)4
A= supm :sup# = B.
JeL ||f||LP(u) D] Capp,u,L,S(D)
Moreover, if X is a topological connected space, and Sf is a continuous function for

every f € L, then
VD)V
A:B:sup—,( ) =C,
D| Capp,u,L,S(D)

where

Cavy s (E) = f {|fll oy - f €L ISF@)| =1 VaedE},

for every measurable set E.
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Proof. We first prove that A = B. For a decreasing set D, take f € L such that
|Sf(x)| > 1, if z € D. Then,

Dc{zeX:|Sf(x) =1},
and therefore
V(D)1 <V({z e X :|Sf(x)] = 1HY" < Al fll g -
Taking the infimum, we get
V(D)"* < ACap,,,1s(D),

for all decreasing sets D, which shows B < A. Now, for a function f € L, and for a

decreasing set D, set A\p = inlf7 |Sf(x)|. We can assume that \p > 0, and then, by
xe

the homogeneity

[S(f/Ap) (@) = 1,

for all z € D. By definition, we have

< Ml

Capp,u,L,S(D) )\D

Using this last inequality and Corollary 1.3.2, we get

||Sf||Lq,oc(fU) = SBFV(D)I/Q/\D

< BsupCap,, (D) p
D]
S BHf||LP(u)7

and thisis A < B.

We now prove A = B = C, if Sf is a continuous function for every f € L. If |Sf| is
a decreasing function such that |Sf(z)| = 1 for all z € 9D, where D is a decreasing
set, then |Sf(x)| > 1 for all x € D, and therefore

Cappm,L,S(‘D) S Cap;,u,L,S(‘D)7

for all decreasing D, and that is B > (. For a fixed f € L, set as before \p =
inlf) |Sf(z)|. We can assume that Ap > 0. We have
xe

DcD :={rxeX:|Sf(x)| > \p},
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and thus,
V(D) < V(D" < CCap),, s(D). (1.20)
By continuity we have that |Sf(x)| = Ap for all z € D', and using the homogeneity
of S, we get
11l 2o o
Cap).s(D) < 1 Apl1ay =~

By using this inequality, Corollary 1.3.2 and (1.20), we finally get

1SfllLacoy = SEFV(D)I/QAD

< CsupCap,, ;s(D')Ap
D|

S C”f”LP(u)?

which gives A < C, and thus A =B = C.

Analogously, we have the next result.

Theorem 1.3.4 Let S : M(X) — M(X) be a homogeneous operator such that

|Sf| is an increasing function for every f € L. Then,

S [ faise e /4
A::supm— Vi) = B.

e Wl 11 Cappurs(d)
Moreover, if X is a topological space, and S f is a continuous function for every f € L,
then

=C.

We give some examples of application of our results. We collect known results

and new ones.

1.3.1 Integral operators in R

Let X be R, with the usual topology, and p the Lebesgue measure. A decreasing set
is an interval [0,z) or [0, ], and the increasing sets are intervals of the form (x, c0)

or [z, 00).
If S is a homogeneous operator, it is easy to see in this context that

/ 1S f(z)] )1 . ”f“Lp(u)
appﬂhL,S([O; 93']) (?“IGIIL) HfHLp(u) }IEIL ’Sf(m)‘ (1 21)
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In fact, the inequality

”fHLp( )
/ > i u
Capp,u,L,S([Oa J)]) - }22 |Sf(x)| )

is trivial. Take f € L such that |Sf(x)| > 0, and consider g(y) = f(y)/|Sf(x)|. We
then have [S(g)(z)| = 1 and ||glo() = I/l / [Sf(2)], and hence we have the

reverse inequality.

We consider integral operators of the form

Sf(x) = / K, y) fy) dy, (1.22)

where K (z,y) is a measurable function.
By using our previous results, we can prove the following theorems due to J.A.

Raposo (see [R)):

Theorem 1.3.5 Suppose that the operator defined in (1.22) satisfies that |Sf| is a

decreasing function for all positive measurable f. Then,

Sl paee o
(i) If0<p<1, SupHH;():oo

f=0 Hf”Lp(u)

Sf 9% (v V(|0 1/qK
(i) If p= 1, SupH”;U _ supsup LU%2) K@ y).

720 Il e 2>0 >0 u(y)
Sf 4,50 (y V(10 1/q
(ZZZ) [f1<p<007 SUPH;():SUP ([ ,ZL’])
=0 HfHLP(u) >0

(fooo K(z, s)p’u<s)1_p/d8> sy

Proof. We apply Theorem 1.3.3 and observation (1.21) to our operator and to the
class L ={f: f > 0}, and we have

Sfll asorw
1S f 1l Laroo ) — sup V([0,2)) sup 1S f(z)]
20 Il oy >0 120 LF 1l 2oy

-1
— sup V([O’ :L‘Dl/q sup HK(I’ )f(>u() HLl(u)
T

By duality we have

STl g0
sup || f”L (v) _ HK(JT, )U

(‘)_1 ’
e i [



48 1. Embeddings and operators on weighted spaces of monotone functions

and then, the result is obtained if we use the well-known identities

{0} if 0<p<1,
(LP(u)) = ¢ L=(u) it p=1,
LV (u) if  p>1.

The conjugate Hardy operator

Qf () = / i) %

is an example of an operator satisfying the requirements of the previous theorem.

Analogously, using Theorem 1.3.4, we have:

Theorem 1.3.6 Suppose that the operator defined in (1.22) satisfies that |Sf| is an

increasing function for all positive measurable f. Then,

SFll e
(Z) If0<p< 1; Sup””;()zoo

=0 Hf“Lp(u)

Sf q,%0 (¢ 14 1/‘1[(
(ii) Ifp=1, Sup””;U _ sup sup U2 D) K (@, y)

=0 ||f||Lp(u) x>0 y>0 u(y)
S q,00 () V 1/q
(iii) If 1 < p < oo, sup N5 Al zaeey _ sup ([, o))
f>0 Hf“Lp(u) >0 o

(fo K(xas)p'u(syp,ds) —1/p

Some examples of operators satisfying the conditions in the last theorem are the

Hardy-type operators. These are operators of the form

S1@) = [ K.y )y
0
where the kernel K (z,y) satisfies
(i) K(z,y) >0, for all z >y > 0, and K is increasing in = and decreasing in y.

(ii) There exists a constant C' > 0 such that K(z,y) < C(K(x,z) + K(z,y)) if
O<y<z<u.

Theorem 1.3.7 Suppose that the operator defined in (1.22) satisfies that |Sf| is a

decreasing function for all positive and decreasing measurable f. Then,
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||Sf||Lq,0<>( fy K(Q; 5) ds
(i) If 0 < p <1, sup ——————= = sup V([0, x])l/qsup—,
o<l N fllry >0 >0 U([0,y])1/»
(i) If 1 < p < o0,
SFll foser
Sup “f‘H;() ~ SupV([O7l‘])1/q X
0<fl HfHLp(u) >0

(/ (/ K(x,s)d ) pU(y)T/pK(x,y)dy)l/r

sup V ([0, z]) /9 x

>0

(/OOO (/Oy K(z,s) ds) T/qU(y)—r/qu@) dy) 1/r
( 2 K (2, s ds) 1/q

U (o0) /7

Q

_|_

Proof. If we apply Theorem 1.3.3 and observation (1.21) to our operator and to the
class L ={f:0< f |}, we have

Sf a4, (p S
B Movr sy o, afy e sup 152)
o<it 1o >0 o< 11 o)
e
= sup V([0,z])"4 sup —H ||L1(K( o)
x>0 0<fl HfHLP(u)
If 0 <p <1, by Theorem 1.1.3 we know that
||f||L1(K(:r:,.)) - foy K(z,s)ds

sup =sup ————7—,
o<fl Iflloy — wso U097

and thus obtaining the result. For p > 1, we apply Theorem 1.1.1 getting

1 o Y r/p r
sup Mot ey ~ (/ (/ K(z,s) ds) Uly) P K (z,y) dy)
0<fl Hf”LP(u) 0 0

0o y r/q 1/r
(/ (/ K(x,s) ds) Uly) " "u(y) dy)
0 0
1/q

Q
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If the kernel K (z,y) takes the special form

K(r.) =+ aly/),

for a positive measurable function a, we obtain in last theorem the results of K.
Andersen ([A]).

1.3.2 Integral operators on metric trees

A metric tree T is a connected graph without loops or cycles, where the edges are
non-degenerate closed line segments whose endpoints are vertices that meet a finite
number of edges. For every pair of points x and y in T, there is a unique polygonal
path in T joining x and y denoted [z,y]. If we fix a point o in i we can define the

partial order z < y if and only if = € [0, y].

T is endowed with the metric topology generated by the distance d between z and

y, that is, the length of [z, y], and with the one-dimensional Lebesgue measure.

If we parameterize [z,y| by s(t) = d(z,t), we define

[ o= [ " et ds.

for every f € LL (T).

loc

We consider integral operators of the form
S1@) = [ K.y )y (1.2

where K : T x T — C is a measurable function.

Assume that the operator S is of Hardy-type, that is, the kernel K satisfies:

(i) K(z,y) >0, forall x >y > o0in T and K is increasing in = and decreasing in
y.

(ii) There exists a constant C' > 0 such that K(z,y) < C(K(z,2) + K(z,y)), if
O<y<z<uo.

In this context, Theorem 1.3.4 applies:

Theorem 1.3.8 For a Hardy-type operator (1.23), we have:

1S f Lo ) V(1)
——— = SUPp -
>0 HfHLP(u) I7 Capp,u,L,S(I)



1.3. Operators on monotone functions 51

We introduce now a theorem about the Hardy-Volterra operator on metric trees
that extends a result of W.D. Evans, D.J. Harris and L. Pick ([EHP]). Our proof is
somehow easier and follows the discretization technique used in Section 1. We need

a proposition as a first step.

We recall that D(f ) stands as the set of all covering families of decreasing sets in

T , and we set
Z&k ::l)k+1\\l)k.

For such a family {Dy, : k € Z}, we denote

= inf {HfHLp(u) ssupp(f) C Ag_q, / flz)de =1 Vte 8Dk} :

Proposition 1.3.9 Consider the Hardy-Volterra operator

= /w f(y)dy, (1.24)

defined for a function f in the metric tree T. For 0 < p,q < 00, we have:

15110 (DZV(A”)W

A:=sup ———> & sup sup her =B

f>0 ||f||LP(u 0<{ar} {Dy}ycD(T (Z ) e
ay, O,

keZ

Proof. For a fixed positive sequence {ay : k € Z} and a family {D,} C D(T), consider

a sequence of positive functions {fj : k € Z} such that:
t
° / fr(x)dz =1 for all t € 0Dy,

o supp fr C Ap_1.
Define f(x Zakfk . Then

ke

1/p
Il = (e MAdts ) (1.25)

kEZ

and by construction

157 = [ ([ 10)d0) wto) e
- [ ([rww)

ke

Zak/ (/ fk(y)dy) v(z)de > al V(A).

k€EZ keZ

Y]
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Combining this inequality and (1.25), we get

(S V<Ak>) A(S a1 "

keZ kEZ

and taking the infimum in the right hand side of this expression over all positive

sequences { fy : k € Z} satisfying our requirements, we have

(Zatvean) R A(Satat) "

kEZ ke

and this is B < A if we take supremum. Let us see that A < B. For a given positive
f, consider the decreasing sets D, = {x eT: [F fly)dy < 2’“}. Then:

151y = (/(/ K (y>dy)qv<x)dx)l/q B
(2L ([ re)' o)

< (Z o(k+1)q V(Ak)) v

kezZ

1/p
< B(Z ok af,;) |

kEZ

Now, if t € 0Dy, then / fly 2% and there is t' € 0Dj,_; such that

/f W)Xar sy dy—/f dy—/f ) dy — /f

which implies that
ar < 27 fxa, loow)-
Then,

1/p
11 < 4B( X sl
k

— 43(/Tf(a:)7’u(x)dx>l/p,

and taking the supremum over all positive functions, we have that A < 4B.
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As a direct consequence, we have:

Theorem 1.3.10 For the Hardy-Volterra operator
si)= [ tw

defined in the metric tree f, and for 0 < p,q < 0o, we have:
(a) If 0 < p < q < 0, the following conditions are equivalent:

(i) S: LP(u) — Li(v).
(ii) There exists a constant C' > 0 such that
V(ALY < Coy,
for all k € Z and all {D,} c D(T).
(i1i) There exists a constant C' > 0 such that
V(D1 < CCaply (1),
for all increasing set I C T.
() S : LP(u) — L2>(v).
(b) If 0 < g < p < 00, the following conditions are equivalent:
(i) S: LP(u) — Li(v).

(i1) There exists a constant C > 0 such that

1/r
v <o

keZ
for all {D,,} € D(T).

Proof. For two positive sequences {uy : k € Z} and {vy : k € Z}, the well-known em-
bedding characterization between ¢4({v;}) and ¢F({uy}) is

. 1/q LM
Zakvk sup’;—/p if 0<p<gqg<oo,

kE7.
sup =

1/p 1/r
(ar)=0 (Zaﬁ uk) <Zv;2/qu;7/p> if 0<qg<p<oo.

keZ
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Now, we use these embeddings, with u; = o} and vy = V(4y), and the previous

proposition to get

1
sup supV(A—k)/q if 0<p<gqg<oo,
1S fl o) (Dr}cD(T)kEZ Ok
sup ———— & 1/r
f=0 ||f||LP(u) sup <ZV(Ak)r/qakT> if 0< g <p< oo,
{Dr}CD(T) \ker.

and this proves part (b), and also the equivalence between (i) and (i7) in part (a).
By Theorem 1.3.8 with K (x,y) = 1, (¢i7) and (iv) are equivalent. It is trivial that (7)
implies (7v). It is now enough to see that (7iz) implies (i¢). Take a family {Dy : k € Z}
in D(T), and for each k € Z, consider an increasing set I, = T\ Dy. Observe that
we trivially have that

Cap, . s(Ix) < .

Using this and (zii), we have

V(Ay) <V (Iy) < CCap,,, s(1k) < Cay.

Remarks 1.3.11

(i) Part (b) and (7), (i7) of (a) of the preceding theorem are contained in [EHP],
and the family of decreasing sets D(T) can be replaced by a smaller family of

decreasing sets (called mazimal subtrees there).

(ii) In the case T = R, and the range 0 < p < 1, it is proved in Theorem 1.3.6 that
the boundedness S : LP(u) — L%(v) of the Hardy operator is not possible.

1.3.3 Hardy-Volterra operators on trees

A tree T = (G, A) is a connected graph without circuits or cycles, consisting of a set
of vertices G and a family A of two-elements subsets of GG called edges. We identify a
tree with the set of its vertices. We are interested in locally finite trees, that is, trees

such that every vertex belongs to a finite number of edges.

A path in the tree T' = (G, A) is a finite sequence xg,x1, ..., x, of vertices such
that {z;,z;11} € A. In a tree, there exists a unique path g, x1,..., 2, joining two
vertices x and y, that is, with g = x and z,, = y, and such that x; # x;,5 for all

0 < i < n—2 We call this path a geodesic and we denote it by [z,y] (or [y, z]).
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Then the tree becomes a geodesic space, and also a metric space if we define the
distance between x and y as the number of edges in the path [z, y], that is, the length
of [x,y]. As usual, we denote it by d(z,y). Now, the vertices x and y are neighbors if

d(z,y) = 1.
For a vertex x, we denote by deg(z) the number of its neighbor vertices. A tree
is called regular if there exists M > 1 such that

2 <deg(z) < M+1, (1.26)

forall z € T.

We consider rooted trees, that is, trees with a fixed reference vertex o called origin
of the tree. In a rooted tree, we can define a partial order structure: the vertex x is

grater than or equal to the vertex y if y belongs to [0, z]. We denote it by y < z.

A function defined on a tree is a discrete function evaluated on each vertex and,
if we endow 71" with the counting measure, a function is measurable if it is finite at

each vertex. We refer to Chapter 2 for a complete introduction to trees.

The Hardy-Volterra operator in a tree is defined by

Saf(@) =Y ), (1.27)

y€lo,]
for a function f.

In this new setting, Theorem 1.3.4 applies.

Theorem 1.3.12 For the Hardy-Volterra operator (1.27), we have:

1Saf || oo ) V(I)/a
sup ————— = —_—
f=0 ”fHLP(u) 7 Capp,u,.5'<])

We introduce now some results in the spirit of Section 1.2 of this chapter. We will
prove in Theorem 1.3.14 that the boundedness of the discrete Hardy-Volterra operator
(1.27) in a tree T is equivalent to the boundedness of the continuous Hardy-Volterra

operator (1.24) in a metric tree 7.

For a tree T', we consider a metric tree T such that there exists an embedding

1: 1T — T,

satisfying:
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(i) = is a vertex in T if and only if i(x) is a vertex in 7T.

(i) ¢ is an isometry, that is, for two vertices z,y in T'

d(z,y) = d(z,y),

where d is the metric in 7. As a consequence, the length of all the non-

degenerate edges in T equals 1.

We can transfer the partial order from 7" to T so that if o € T is the origin in the
tree, then i(0) € T is the origin in the metric tree. We write the order in T also by
€ < ¢. For apoint & € T\ i(T), there exist two unique vertices up(¢) and down(€) in
i(T') such that

§ € [up(¢), down()].
Choose up(€) to be the first vertex in the geodesic path from & to i(o) (in this order,

see Figure 1).

down(§)

Figure 1: The vertices up(¢) and down(&).

We then can define for £, ¢ € T
(i) If &, ¢ are vertices of T, §<(in T if and only if :71(&) <i71(Q).
(i) If € is a vertex of T but ¢ is not, & < ¢ in T if and only if i~(&) < i *(up(()).
(iii) If neither & nor ¢ are vertices of T then (see Figure 2):

(a) If up(€) = up(¢), € < ¢ in T if and only if i~*(down(¢)) = i~!(down(¢))

and d(i(0),§) < d(i(0), ¢).
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(b) If up(€) # up(¢), € < ¢ in T if and only if i~!(down(€)) < i~ (up(¢)).

¢ down (&) = down(()

Figure 2: The two cases in (iii).

A simple example is T = NU {0} and T = R,

We set for every vertex x € T,
O(x) = {g eT:di(z),€) < 1, i(z) < g} .

We can extend every function f defined in T to a function f in T by using the

expression

fe) = Zf(ﬁ) Xa) (),

zeT
i.e, f is constant on edges [z,y), with d(o,y) = d(o,x) + 1. Analogously, u and v are
the extended weights of u and v. In order to prove the result of the equivalence of

the boundedness, we need a lemma:

Lemma 1.3.13 Let T be a regular tree. Suppose that S : LP(u) — L%(v) for 0 <
p,q < oo. Then we have:

(i) If 0 < p < q < 00, there exists a constant C' > 0 such that
o)1 < Cula)',

forallz e T.
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(11) If 0 < ¢ < p < 00, there exists a constant such that

(Zv(rc)’”/ qu(x)’“/”) " < C.

zeT

Proof. (i) For a fixed x € T, we consider the function g(&) = X{i(a),i(z)(§), Where 2’ is

a neighbor vertex of x and such that 2/ > z (it exists by the assumption of regularity

/

T 13 q
of the tree). Then, with C, = / (/ dC) d¢, using the hypothesis, we have:

/

Coote) = [ ( / Eg(C)dC>q5(€)d§
< /T</jg(€)dC)q'ﬁ(€)d§

a/p

< o [steraea) = cuwr.
T

(i) Consider the positive function g(§) = Z(v(x)’”/q u(x) ") Px o (€). We obtain

zeT
a lower bound for its L”(u)-norm:

Laeraoe = % [ RGEGL (1.28)

T

xzeT
— r/q —r/q d¢
> ula)ule) "l / y
> S (e ),
xzeT

where we have used that, by the regularity of the tree (1.26),
1 < [Q(x)], < M,

where |E]|, is the one-dimensional Lebesgue measure of a set £ in T. On the other

hand,
L ([ o) werae - >/ “0ac) ) de
- ;v@)/ﬂ(@(/jg(odc)qu

= weZva)/,(x)(/fg(odc)ng, (1.29)
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1
2

/jg@dc - /Oxg(C)dCJr/:g(C)dC

> /;g«)dc

where we have denoted ¥ (z) = {f € Q(z) : d(i(z), &) >

have

}. Now, for £ € Q(z), we

We use this inequality in (1.29):

[([o0w) w0t = S v (arrae )" [ e

xzeT

> S @) () 90()

4
zeT
1
> 1 IEZT o) u(x) TP,

Finally, this last inequality, (1.29) and the boundedness of the operator imply

1/p

(Z”(f)r/qu(ff)_”p) " < C(ZU(JC)T/QU(x)_T/p) 7

zeT xzeT

that is

(X vtor/mutar) "<o

zeT
O

We are ready to prove the theorem. Recall that S is defined in (1.24) and Sy in
(1.27).

Theorem 1.3.14 Let T be a reqular tree. If 1 < p < oo and 0 < q < oo, for two

weights u and v in T, the following conditions are equivalent:
(i) Sq: LP(u) — Li(v).
(ii) S : LP(u) — L%(v).

Proof. Suppose that Sy is bounded. For a positive ¢ : T — R, in LP(u), consider

the discrete function

)= max ’ d¢.
(@) o ] 0

{veT:d(i(z),i(y)
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It is not difficult to see, by Jensen’s inequality, that

p Y d !
fley = {yGTtg(i($i$)=l,er}(A 5¢) 5)

Y
< max / g(6)P d
{yer:d(i(2),i(y)=1,y>2} Ja

< /Q L oleras (1.30)

and this easily implies f € LP(u). By definition,

Sg(€) = / Qdc< S fy) = Suf(x), (1.31)

y€lo,x]

if £ € Q(x). This fact, the regularity and the hypothesis give:

ISl = 3 [ ( / )dc) Tl de

< :Z:(Sdf(x))qv(:v) )

< M;Sdﬂx))%(x)

< Mc(;f<m>pu<x>)q/p

< we (2; ([ oter df))q/p

q/p
— MC(/Tg(g)pﬂ(g)d§> =MC |9l o) »

where in the last inequality, (1.30) is used.
Suppose now that S is bounded. For a positive f : T — R, consider the
extended function fin T. For a vertex x € T, let us denote z_ the unique neighbor

vertex of x such that x_ € [0, z]. Therefore,

ISaflty = (3 £0)) oo

2€T Ny€loy]
(Z(Z]f ) v+ s

= C,(I+1I).

IN
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We study I and 11 separately. By definition, we have that

This equality, the regularity and the hypothesis give the desired bound for I:

(5 ) - (] 70%)
([ 70s) ([ 0

zeT

2 (/f d<)/
)

IN

IN

) d§

IN

(], e

zeT

(z)
0(§
e )q/p
a/p
- E(Z F@) ule) [9@),

xzeT
C
~ Aga/p q
< SMPf, -

To proceed with 1, we need to consider two cases:

(i) If 0 < p < g < o0, we apply part (i) of Lemma 1.3.13 and the fact that ¢/p > 1,
to get:

II = Zf(x)q”(“") < sz )P

zeT zeT

(X f(a:)”U(x)>q/p = C /%0

xzeT

IN

(ii)) If 0 < ¢ < p < oo, we apply Holder inequality for p/q > 1 and part (ii) of
Lemma 1.3.13, obtaining:

=Y f@) o) < (Zf(x)pU(x))q/p<z€z;v(x)T/qu(x)‘T/P>

xzeT xeT

a/p
< (T fara@) = OIS,

xzeT

1—q/p
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As a consequence of this result we can characterize the boundedness of Sy in the

range 1 <p < g < o0.

Theorem 1.3.15 Let T be a reqular tree. If 1 < p < q < oo, the following conditions

are equivalent:
(i) Sq: LP(u) — L2(v).
(ii) There exists a constant C' > 0 such that
V(D)1 < O Cap,,g5,(1),
for all increasing sets of vertices I C T.
(1i1) Sq: LP(u) — L9(v).
(iv) S : LP(u) — LI(v).

Proof. That (i) and (ii) are equivalent is proved in Theorem 1.3.4. The equivalence
between (7i7) and (iv) is stated in the previous theorem. It is trivial that (iii) implies
(). So, it is enough to see the implication (ii) = (iv).

By Theorem 1.3.10, this is equivalent to showing that (i7) implies the following

condition: there exists a constant C' > 0 such that
V()" < € Cap, 5 5(T),
for all increasing sets I c T. Fix an increasing set IcC T, and define
[= {x eT: di(z),]) < 1},
which is an increasing set of vertices in T (see Figure 3). We define
ol ={xel:fo,z]NI={x}}.

Take g : T — R, such that Sg(§) =1forall € € dI. As we did in Theorem 1.3.14,

we consider the discrete function

f(@) = o JRGLS

{veT: d(i(x),i(y)
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Figure 3: The sets I and I. The thick dots are the vertices of 1.

By construction, for all z € dI, there exists & € 8 such that & € Q(x) and this
observation and inequality (1.31) lead to

1=59(§) < Saf(x)

for all z € 0I, and since Syf is an increasing function, we have
Sdf(x) Z 17

for all # € I. But also, by using (1.30), we have:

1 Gy = D (@) ulz)

VAN
N
S~
&

N

—~

o

=

I 8

Y
~__

=S

8

S~—

Consequently,

Capy 5, (1) = 0f { |l + Saf (@) 2 1¥2 € 1} < llgllpoe)
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for all g with Sg(¢) = 1 if € € 1. Taking infimum on the right hand side, we arrive

at
Capp,u,Sd (I) S Cap;),ﬁ,S(])'

Finally, this last inequality and the hypothesis give the desired implication:

v s (X V(Q(x)))l/q

zel

(T e o) "

zel

Ml/qv([)l/q
< M'YiCCap,, s, (I) < MYC Cap;ﬂys(ff).

IN

We can easily complete this result for the range 0 < p <1 and p < g < 0.

Theorem 1.3.16 Let T be a tree. If 0 <p <1 and p < g < oo, we have

SafllLace V(T (z))Y1
20 Wfllpoy — zer u(@)'/?

where T'(x) ={y €T :y > x}.

Proof. Inequality A > B is obtained by evaluating A for the function f(y) = x1.}(v),
for x € T'. We observe that

Sa(X(2})(Y) = X1(2) (Y)-

A function in the tree can be expressed in the following way
F@) =" fy) xg (),
yeT
and by linearity of S;, we obtain:
Saf (x) = fy) xr ().
yeT

Thus, if 0 < p <1,
Saf (@) <Y F W) Xz (@),

yeT
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and therefore, by Fubini’s theorem and the hypothesis,

a2y = (stﬂxwx))p/q

zeT

(S(Sswrimm) vw)

xzeT “yeT

< 3 s (X aw) v(x))m

yeT zeT

= D fW)rV(Ty)y

yeT

< BY f)uly) =Bl

yeT

IA

and this leads to 4 < B.

O

Corollary 1.3.17 Let T be a tree. If 0 < p < 1 and p < q < o0, the following

conditions are equivalent:
(i) Sq: LP(u) — L(v).
(i1) Sq: LP(u) — Li(v).
(iii) There exists a constant C' > 0 such that V(T(z))"/? < Cu(x)'/?, for all v € T.

Proof. The equivalence between (ii) and (i) is the previous theorem. It is enough to
see that (7) implies (#i¢). By Lemma 1.3.2, the boundedness (i) is equivalent to the

existence of a constant C' > 0 such that
1/p
sup V(1) /q(medf )<C’(Zf ) ,
m yeT

for all positive f. For x € T', take I = T'(x) and f(y) = X{z}(y). Then

inf Saf(y) = Sa(X())(*) = X1()(7) = 1,

yeT'(z)

and the last inequality becomes

V(T(z))Y1 < Cu(z)?.
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Example 1.3.18 Set T}, = {x € T : d(x,0) = k} and let |T;| be its cardinal. The
weights v(z) = (28 |Tx|) 7', if 2 € Ty, and u(z) = (2'7F)P/4 if x € Ty, satisfy condition

(7i7) in the last corollary.

We can apply our results to the special case of T'= NU {0} and T = R.. Now
the Hardy-Volterra operator is

=0

for the sequence {f; : j > 0}. We restrict our attention to the diagonal case u = v
and p = ¢, although our last results give an answer to more general cases. See [BSte]

and [HK] for some results about the discrete Hardy-Volterra operator.

Theorem 1.3.19 [f0 < p < oo, and u := {uy : k > 0} is a positive sequence, we
have:

(a) If 0 < p < 1, the following conditions are equivalent:
(i) Sq: P(u) — (P(u).

(ii) Sq: P(u) — (P>°(u).

(11i) There exists a constant C' > 0 such that Zuj < Cuy, for alln > 0.

j=n

(b) If 1 < p < o0, the following conditions are equivalent:
(i) Sq:0P(u) — (P (u).

(11) Sq: 0P(u) — €7°(u).

/

00 1/p n —1/p
(111) There exists a constant C > 0 such that <Zu3) < C(Zujl-p) .
=0

Jj=n

Proof. Part (a) is directly obtained from the last corollary observing that in this case

U(T(n)) = Zuj. In case (b), by Theorem 1.3.15, it is enough to see the equality
j=n

n —1/p
Copys )= (S)
j=0
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where we have denoted, for each n > 0, the increasing set I,, = {n,n+1,n+2,...}.
The sequence f :={f; : j > 0} with

satisfies that Sy f(k) > 1, for all £ > n, and thus

n -1/p’
Capy sy (1) < [l = (Zu) |
=0

If g := {g; : j >0} is a positive sequence such that S;(g)(k) > 1 for all & > n, we

(i“l_p) ~1/p' (iul_p,) —1/p (i )
j j 9j
j=0 =0 i=0

J
00 1/p

< (Z & ) Mgl
=0

where the last inequality follows from Holder’s inequality. Taking the infimum in g,

then have

IN

we finally obtain that

n - —=1/p'
(Zuj ) < Capy 5, (1n)-
j=0

|

Corollary 1.3.20 If u; > 0 for all j > 0, then for all 0 < p < oo, the following

conditions are equivalent:
(i) Sq: 0P(u) — P(u).

(11) Sq: P(u) — €7°(u).

(iii) There exists a constant C' > 0 such that Zuj < Cu, for allm > 0.

j=n
Proof. By the preceding theorem, we only have to prove the result for the case 1 <

p < oo, and, in fact, it is enough to prove the equivalence between:

(1) Zuj < Cu, forall n>0.

j=n

(2) (guj)l/p < C(]Z;u;—p’)

-1/p'
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One implication is trivial because clearly

n —1/p
1-p’ 1/p
(Z Uj ) S Uy
j=0

Conversely, we write 0 < S,, = >>° ;. Then (1) reads as

j=n
Sn S C(Sn - Sn+1)7

or equivalently
SnJrl S ﬁSny (132)

where 0 < k < 1. With g =p — 1, (2) reads as

n 1/8
S,(20-sm)?) <c

=0

Using (1.32), this is equivalent to

n i 1/
S (Z S; ) <C,
j=0

and this expression is also equivalent to

n—1 1/8
-8
Sn(E 'S; ) <c
J=0

If we write T}, = SP, this inequality is
n—1 1
T, — | <C.
(X7)<c
7=0

We know, by (1.32), that T,,11 < pT,, with 0 < p < 1, which implies that 7,, < p" 7 T}
forall 0 < 7 <n—1. Thus,

n—1 1 n—1 pni]
T, — < T,
7)< ~(57)

Jj=0 7=0
S e
= p 1= pfl

- 1 n—oo

= p P < 00




1.3. Operators on monotone functions 69

1.3.4 Hardy operator in Ri

Consider the case X = R? equipped with the order defined by

(ar,as) < (b, bs)

if and only if a; < b; for 1 = 1,2. Let u be the Lebesgue measure.

The Hardy operator is defined for a positive function f: R2 — [0, c0) by

S (e.y) = % /O ) /O " f(s,1) dds,

for (z,y) € R. It is easy to see that Sf is decreasing if f is decreasing. In this new

context, Theorem 1.3.3 applies with L being the class of decreasing functions.

Theorem 1.3.21 For 0 < p,q < oo we have

1S e w) V(D)4
SUp ——————— = SUp .
o<fl ey b1 Capp,rs(D)

It is possible to give a similar expression to (1.21) in this context. However, the

computation of the capacity is not easy.

Lemma 1.3.22 If D C R is a decreasing set, then

-1
A:=Cap), ;. ¢(D)= ( sup ( inf |Sf(:1c,y)|)) = B.
p 11y =1.F1 \(@v)€OD
Proof. We take € > 0 and a decreasing f such that Sf(z,y) = 1 for all (x,y) € 9D
and such that A —e > |[f|| ). Thus,
inf Sf(z,y)

1 (z,y)€0D
A—e — ||fHLP(u)

N (x,zi/?efaDSU/ 111 2o ) (5 )

< B.

On the other hand, for a ¢ > 0, take a decreasing f such that | f[;,,) = 1 and

( i?faDSf(x’ y) > B—¢. Consider a decreasing g such that 0 < g < f and Sg(x,y) =
xy)e

B — ¢ for all (z,y) € 0D. Therefore,

”gHLP(u)

A
— B—g’
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and finally

190l 2oy 1

B— <
© = T4 cw

using that ||gll o) < [[fll o) = 1-



Chapter 2

Non-linear rearrangement on trees

The classical decreasing rearrangement of a function f defined on a measure space
(X, p) is the function

fr(6) =inf{A: p{e e X o [f(z)| > A}) <t}, >0

It appears in the literature in the final part of the XIX'" Century, in works of,
for example, H.A. Schwarz ([Sc2]). The first systematic treatment is done by G.H.
Hardy, J.E. Littlewood and G. Pélya in their book Inequalities ([HLP]). The paper
[HL] by G.H. Hardy and J.E. Littlewood on the maximal function is an example of

an important result where the decreasing rearrangement plays a fundamental role.

Let (X, ) be a measure space. For every 0 < p < oo and every weight in the
positive real line, the Lorentz space A% (u) is defined as the set of p-measurable

functions f such that the functional

11 =( / RO dt) " 2.1)

is finite. The Lorentz spaces were introduced in 1951 by G.G. Lorentz in [Lo] in
the case X = (0,1) and p the Lebesgue measure, and they are generalitzations of
the LP and LPY spaces. In this paper, G.G. Lorentz proved that in the case p > 1,
the functional defined in (2.1) is a norm if and only if the weight u is decreasing. A.
Haaker ([H]) studied these spaces in the case X = R* with the Lebesgue measure and
characterized the normability of the weak version of these spaces for all 0 < p < oco.
In 1990, E. Sawyer proved that, in the case X = R", the Lebesgue measure and
p > 1, the Lorentz space A% (u) is normable if and only if the Hardy-Littlewood
maximal operator is bounded from A% (u) to A% (u), which, in turn, is equivalent
to the B, condition on u found by M.A. Arifio and B. Muckenhoupt ([AM]). In

71
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1993, M.J. Carro and J. Soria studied in [CSol| the embedding of the Lorentz spaces
with X = R", as well as the characteritzation of their quasi-normability in terms
of a doubling condition on the primitive of the weight. Later, these authors and A.
Garcia del Amo ([CGSo]) solved the normability for the case p =1 and X = R"™. In
1998, J. Soria studied the normability of the weak version of the Lorentz spaces in
[So]. Recently, J.A. Raposo (|R] or the book [CRSo]) has studied the Lorentz spaces
in the general context of a resonant measure space (see Definition 2.3 in Chapter 2
of [BS]). The discrete context of X = N* has been studied by many different authors
(see [R] or [CRSo] and the references therein).

The classical decreasing rearrangement of functions can be seen as a particular
case of the theory of symmetrization, which has applications in potential theory or in
PDE’s, as the comparison theorems for solutions of PDE’s. We refer to the work of
A. Baernstein [B] for an introduction. Recently, S. Barza, L.E. Persson and J. Soria
have introduced a decreasing rearrangement for functions defined in R? ([BPSo02]).
This new decreasing rearrangement is strongly linked with the geometry of Ri, while
the classical decreasing rearrangement introduced above does not take into account

the geometry of the space X.

In the recent years, the study of trees has had a wide development. The study of
Harmonic Analysis in trees begun in 1972 with the work of P. Cartier ([C]), and follows
with M.H. Taibleson ([T]). A tree is an example of a discrete domain with a very rich
geometric structure. In some occasions, it is taken as model for other non-discrete
spaces where we are not able to solve a problem (see for example [FPR]). Sometimes,
we can use results on trees to solve problems in other non-discrete contexts (see

[DiB]). Examples of references about real and harmonic analysis on trees are [RT],
[KP], [BCPT], [PW], [KPT], [ADiBU], [CP], [EHL], [NaS1], [NaS2] and [Le].

Our intention is to give a new decreasing rearrangement of functions defined in
a homogeneous tree, which takes strongly into account the geometric structure of
the tree. Then, we introduce the weighted Lorentz space related to our decreasing
rearrangement and we characterize some normability properties of these spaces in
terms of the weight. It is important to remark that the classical techniques do not
work in our context due to the lack of algebraic structure, and trivial facts for the
classical rearrangement of functions become difficult in the tree (see for example the
monotonic condition proved in Proposition 2.2.20). Instead, we use combinatorial

techniques.

In this context, we mention the works of A.R. Pruss [Prl] and [Pr2], where a



2.1. Definitions 73

decreasing rearrangement on homogeneous trees is given by means of a ‘spiral-like’
ordering. We point out that this rearrangement is not useful for our purpose because

it does no satisfy point (iii) of Definition 2.2.1.

The chapter is organized as follows: the first section is devoted to introduce the
general facts about trees that will be useful; in the second section, we give the de-
creasing rearrangement for finite sets of vertices, and we prove that this definition
is canonical (see Theorem 2.2.15) and that we have a monotonic property on this
rearrangement (Proposition 2.2.20); in the third section, we introduce the decreas-
ing rearrangement of functions defined in the homogeneous tree, we see some related
properties, and we give an easier alternative way for rearranging a function (Theo-
rem 2.3.10); in the fourth section, we study the Hardy-Littlewood inequality for our
decreasing rearrangement and we find conditions on the functions in order to get the
saturation of this inequality (Theorems 2.4.15 and 2.4.17); in section five, we intro-
duce the Lorentz spaces related to our decreasing rearrangement and we characterize
when these spaces become Banach spaces (Theorem 2.5.12); in section six, we apply

ours results to finite trees and regular trees.

In order to illustrate the results, we include some figures. In all the figures, the
thick vertices are the vertices of a set or of the support of a function that we are
considering. The hollow vertices are the vertices out of the set or the support of the

function.

2.1 Definitions

We give the basic definitions and facts about trees that we will need.

Many different definitions of trees have been given. We will use the one in [FTN],

as well as some notation from there.

A graph is a pair (G, A) consisting of a set of vertices G and a family A of
two-elements subsets of G called edges. When for a given two vertices  and y in
G, we have that {x,y} € A, we say that x and y are adjacent vertices or simply

neighbor vertices.

A path in the graph (G, A) is a finite sequence xg,z1,...,x, of vertices such
that {z;,z;11} € A. A graph is connected if for every two vertices x and y in G,

there exists a path joining x and y, that is, there exists a path xg,x1,..., 2, with
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xo = and x, = y. A chain is a path xg, 21, ..., x, such that z; # z;,2, and a chain

Zo,T1,...,T, With zg = x,, is a circuit or a cycle.

A tree T'= (G, A) is a connected graph without circuits or cycles. In the sequel,
we will identify a tree with the set of its vertices. We are interested in nonfinite
and locally finite trees, that is trees with an infinite family of vertices, but such
that every vertex belongs to a finite number of edges. A tree may be graphically

represented as shown in Figure 4.

The degree of a vertex is the number of edges to which it belongs or equivalently,
is the number of neighbors it has. A tree is called homogeneous if the degree is
independent of the choice of the vertex. Then the tree is called homogeneous of degree
q + 1 if the number of neighbors is ¢ + 1, ¢ > 1. An example of a homogeneous tree

of degree ¢ + 1 = 3 is shown in Figure 4 (b).

Figure 4: Examples of trees.

In a tree, there exists a unique chain joining two vertices = and y. We call this
chain a geodesic and we denote it by [z,y] (or [y,z]). Then the tree becomes a
geodesic space, and also a metric space if we define the distance between x and y
as the number of edges in the path [z,y], that is, the length of [z,y]. As usual, we
denote it by d(z,y). Now, the vertices x and y are neighbors if d(z,y) = 1.

An infinite chain is an infinite sequence xg, x1, T, . . . of vertices such that x; and
x;+1 are neighbors and x; # ;.o for all « > 0. We define an equivalent relation on
the set of infinite chains: xg,x1, s, ... and yo, y1,¥yo, . .. are equivalent if they share
infinite vertices (see Figure 5). This means that there is an integer n € Z* such
that xy = y,.x for every k large enough. The boundary of the tree 97 is the set of

equivalent classes of infinite chains.
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A rooted tree is a tree with a fixed reference vertex o called origin of the tree. In
the sequel, every tree will be a rooted tree. The boundary of a rooted tree is the set
of all infinite chains starting at o. The boundary can be viewed as the set of points
at infinity. We can represent it graphically as shown in Figure 6. Every point of the
boundary is an infinite chain starting at o, in other words, the boundary is the set of

end points.

Figure 5: Two equivalent infinite chains.

If z is a vertex and w is a point at the boundary of the tree, there exists a unique
infinite chain in the equivalent class of w starting at x. Then we say that this infinite
chain is the infinite geodesic joining x and w. We denote it by [z,w). A doubly infi-
nite chain is a sequence of vertices indexed by the integers ..., x_o,x_1, g, T1, To, . ..
such that x; and z;,, are neighbors and x; # z;,o for all © € Z. A doubly infinite
chain identifies two boundary points, and we call it the infinite geodesic joining these

points. If w and v are boundary points, we denote it by (w, v).
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or

Figure 6: A rooted homogeneous tree of degree 3 and its boundary.

or

Figure 7: The infinite geodesic between x and w.

For every x in T', we write the geodesic joining o to x by

{z(0) = 0,2(1),...,2(n) =z} := [0, 2],

where k = d(o, z(k)) and n = d(o,z). Analogously, for a point w in the boundary, we

write the geodesic joining o to w by
{w(0) = 0,w(1),...,w(n),...} == [o,w).

The confluent vertex of the vertices x and y is the unique vertex c(x,y) such
that the geodesics [0, c¢(z,y)], [c(z,y), x] and [c(z,y), y] meet only at c(z,y). If w and
v are two boundary points, we can also define their confluent vertex c(w,v) as the
unique vertex ¢(w,r) such that the geodesics [o, ¢(w,v)], [c(w,V),w) and [c¢(w, V), V)

meet only at ¢(w, V) (see next figure).
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oT

Figure 8: Confluent vertices.

The tent of =, T'(x), is the set of vertices such that x belongs to the geodesic
between o and those vertices and the shadow of z, I(x), is the set of end points in
0T such that = belongs to the geodesic between o and these boundary points (see

Figure 9). We can write it as:

T(x) = {yeT: zeloyl},
I(z) = {wedl:z€o,w)}.

Figure 9: The tent T'(x) and the shadow I(z) of .

Finally, we can define a partial order structure: the vertex x is grater than or

equal to the vertex y if y belongs to [0, x]. We denote it by y <, x. In other words:

y<,r< y€lox]s xel(y).
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(a) (b)

Figure 10: A decreasing set (a) and a non-decreasing set (b).

A function defined on a tree is a discrete function evaluated on each vertex. We are
interested in monotone functions. A function is decreasing if f(z) < f(y) whenever
y <, x. A set of vertices E' in T' is a decreasing set if whenever x € E, then we

have that y € F for all y such that y <, x, that is, yg is a decreasing function.

2.2 Rearranging finite sets

We will define the decreasing rearrangement for finite sets of vertices, which is the
first step to introduce a decreasing rearrangement of functions. Then, we show the
canonicity of this definition in the sense that it is mostly independent on the choice

of the parameters.

In the sequel, T" will be a homogeneous tree of degree ¢+ 1. We choose a reference
vertex o as its origin, and we then write the tree as T,. The underlying measure is the

counting measure and if £ is a finite set of vertices in T, we note by |E| its cardinal.

The so-called “Layer cake” formula allows us to reconstruct a positive measurable

function by means of its level sets (see [LL]). That is:

f(x) :/ X{teT,:ft)y>a} (2) dA.
0

In order to introduce a decreasing rearrangement of functions, it is enough to
define a rearrangement for finite sets and then use this formula to get a decreasing

rearrangement of any function with finite level sets.
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Definition 2.2.1 A map between finite sets of vertices in T,
E— FE~,

is a decreasing rearrangement of finite sets if the following conditions are satis-
fied:

(i) E* is decreasing.
(i) [E]=[£"].
(iii) If £ is decreasing, then E* = E.

(iv) If D C E, then D* C E*.

To this aim, it will be necessary to introduce an order structure in the boundary
of the tree.

Let T} be the set of vertices at distance k from o. Observe that {7} : k > 0} is a
disjoint partition of 7T, and that

To| = 1
Tl = (¢g+1)d" " k>1.

The tree T, is then a countable union of vertices. On the other hand, the boundary

of the tree is uncountable, as we will see later.

Let Fy be the interval [0, (¢+1)q']. For every k > 1, let F, be the set of all g-adic
intervals of the form (j ¢ %, (j +1)¢7%), with j € Z* and 0 < j < (¢ + 1)¢" ! — 1,
contained in the interval [0, (¢ + 1)¢~*]. Set F =, Fr.

Definition 2.2.2 An admissible map o is a bijection between the tree T, and F

satisfying :
f

(b) o(x) g 0&;) ity <, .

Using an admissible map o, we can define another bijection between 0T, and
a subset of the interval [0, (¢ + 1)¢™'| as follows: with the exception of the g-adic
numbers, every point A in the interval [0, (¢ + 1)g~'] is uniquely identified with the
sequence {I(\) : k > 0} of g-adic intervals with length ¢=* containing it. Then by

the definition of o,
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{o7 (I(N) : k> 0}

is an infinite geodesic in T, starting at o, that is, it is a point w(A) in 97T,. Conversely,

a point w in the boundary of T, can be viewed as an infinite geodesic

[va) = {w(O) = 07w<1)7w(2>7 . } :
Then {o(w(k)) : k > 0} is a sequence of g-adic intervals satisfying that for every k > 0
that
o(w(k+1)) C o(w(k)),
and therefore it determines a unique point A(w) in [0, (¢ + 1)g].

It is natural to also denote by o this new bijection, and we also call it an admis-

sible map. We have that
0 : 9T, — [0,(g+1)g"']\ N(q) (2.2)

is a one-to-one correspondence between 9T, onto the interval [0, (¢+ 1)g '] minus the

set of g-adic numbers N(¢), and hence 07, is uncountable.

Examples 2.2.3 We give two examples of possible admissible maps that will be used
in what follows. Suppose that T, is a homogeneous tree of degree ¢+ 1 = 3. We need
first to label the vertices. Recall that T} is the set of vertices at distance k from o.

Then denote

Tk = {xO,ka m?,ka I 7mnk,k} 5
where nj, + 1 = 3-2871 is the total number of edges in T}, and hence, for all k& and
J, the vertices x9j ;41 and xg;41 x4+1 are the adjacent vertices of x;; in Ti41. Denote
]070 = [0, 3'271] and

L= (27" (G+1)27"),
for k > 1and 0 < j < 32" ' — 1. Observe that Iy 1 and Iyjq 41 are the dyadic

intervals contained in [;;. Then define two admissible maps ¢ and ¢’ as follows:
(i) o(xjx) = I;) for all j and k.

(ll) 0'/(513070) = 1070.
For Tl, set O',(.Z’O,l) = [1’1, U’(l'l,l) = [071 and 0/(1'271) = 1271.

For T5 set 0/(530,2) = 12,2, 0/(931,2) = 13,2, 0/(552,2) = [072, 0/(5153,2) = ]1,2,
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U’(l’472) = [5’2 and O'/<.§L’572) = [472.
Now, we can proceed by choosing the dyadic intervals so that if we have

/ /
o ($2j,k;+1) = ]2i,k;+17 then o ($2j+1,k+1) = ]2i+1,k+1-

We give now our two examples graphically. We draw the tree in an ordered way
following the labels, from left to right. Then we draw the images of the vertices in

the same way.

o
oo =0 , 0 %
( \
C )
1 3
Zo,1 T1,1 T21 0 2 1 2
( \ ( \ ([ \
C AN /AN ]
Zo,2 T5.2
N NN ¢ NN
C )T € AN VAN,
/ . 1 1 3 5 3
/; N 0 1 2 4 1 4 2
or
o’ 0 3
Zo,o = O 2
L/ \
> F ]
1 1 3
2 10 7 1 2
93'071 1:1,1 1‘271 ( ) ( )( )
0,2 L5,2 (N NN NN
SIEAY 1/\0 IS IETAY §/\1 5/
, . 24 1 4 42 432 4
orT

Figure 11: The two maps o and o’.

Now, we can introduce an order relation in 97T, by using an admissible map.
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Definition 2.2.4 Let o be an admissible map as in (2.2). Given w and ' in 07,

we define

if and only if

In the sequel, every admissible map ¢ will be called an order in 97,. Observe
that for both maps in Examples 2.2.3, the largest points at the boundary are those

in /(z91). In the case of o, the smallest are in I(x,), but for ¢’, they are in I(xy ;).

For two given disjoint sets A and B in [0, (¢+1)g '], we will write A < B, if x < y
for all x € A and all y € B. Analogously, for two given disjoint sets A and B in 07,,
we will write A <, B, if x <, y for all z € A and all y € B.

Lemma 2.2.5 Let o be an order in 0T, and x a vertex in T,. Then the shadow of
x, I(x), is an interval of the boundary, in the sense that if w,w" € I(x) with w <, &',
then for all v € OT, satisfying

W<, V<o,
we have v € I(x).

Proof. Set n = d(o,x). Take w,w’ € I(x) and v € 9T, satisfying w <, v <, w'.

We write

[07(")) = {w(O),w(l),w(Q), . } 5
[0’ w,) = {w'(O), w/<1)7 w/<2)7 - } )
lo,v) ={v(0),v(1),v(2),...},

where w(k),w'(k),v(k) € T, and by hypothesis w(n) = w'(n) = z. We want to see
that v(n) = x or equivalently, that there exists an integer k > n such that x <, v(k).
Take

k=min{j: w(j) # w'(j),w(h) # v(5), &' () # v(i)}-
The fact that w,w’ € I(z) implies that & > n. By the definition of o, there exist
three different g-adic intervals Ji(w), Ji(w') and Jg(v) in F such that

o(w(k)) = Je(w),
o(W'(k) = Je(w),
o(w(k) = Jk(v),
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and by hypothesis Jy(w) < Ji(v) < Ji(«'). By the properties of o, we know that
I(w) and I(w'") are subintervals of o(z), and then we also have that I(v) C o(x), that
is, x <, v(k).

We need to define some new concepts:

Definition 2.2.6 For a finite set of vertices F, the boundary of E, OF, is the set
of vertices x of E such that no bigger vertices than x belong to E. Explicitly,

OF ={z € E :T@x)NE={z}}.

Observe that by this definition, if x and y are different boundary points in JF,
then I(x) N I(y) = 0. See Figure 12.

oE

Figure 12: The boundary of a finite set £, OF.
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€3 €4 €5 €2 €5¢€4

€1 €2 €6 €3 €1 €4

(9E:{61,...,66}0 (9E:{61,...,66}U,

Figure 13: The set FE and its boundary ordered by ¢ and o’.

In view of the previous lemma, using an order ¢ in 97, it makes sense to introduce

the following notation on the boundary of every finite set . We write:

OF ={ey, e, ,en} (2.3)

o)

if n =n(F)=10F|, and for all 1 < k < n, e, € OF and I(e;) <, I(exs1) if k& # n.
See Figure 13, where the boundary of the set E of the previous figure is ordered by
using the two maps of Examples 2.2.3, supposing the tree is drawn with the labels

from left to right.

Recall that for a vertex e in T, we write [o,e] = {e(0) = 0,e(1),...,e(n)} with
n = d(o,e) and k = d(o,e(k)). Now we are able to define the rearrangement of

finite sets:

Definition 2.2.7 Let o be an order in 07,, and let E be a finite set of vertices in T,
with boundary OF = {e1,es, -+ ,e,},. Set

R(o’mo) (E) = E,
and then recursively define, for every 0 < k < n — 1, the sets
Riook+1)(E) := (R(o,a,k)(E) \ [o, €k+1]) U o, ex+1(s)];

where s + 1 = s(k) + 1 = |R(oou(E) N[0, e41]|. Finally, the decreasing rear-

rangement of F is
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This definition needs a practical explanation. What do we do in every step of the
construction of the rearranged set? We count the number of vertices we have in a
fixed geodesic from o to a boundary point e, then we erase them, and finally we fill
in the same geodesic with the same number of vertices we had, but we now impose

they are adjacent vertices starting from o.

We can give another easy explanation of the rearrangement by using marbles:
think that every vertex in F is a marble and only those. Then suppose that we can
lift up one by one every geodesic leaving o at the bottom, following a fixed order, so
that marbles can go down until they fill up the empty vertices near o. The process
stops when we have proceeded with all the geodesics. We observe that what we get

is a decreasing set. See Figures 14 and 15 for more details.

We now want to study the dependence of the defined decreasing rearrangement

in terms of the origin o and the order ¢ chosen in T'.

An automorphism of the tree is a bijective map of the set of vertices onto itself
which preserves the edges. In fact, a map is an automorphism if and only if it is
an isometry of the tree, with respect to the natural metric defined in the previous

section, and then we trivially have the following lemma.

Lemma 2.2.8 If ¢ is an automorphism of the tree, then

o([z,y]) = le(z), o(y)],

for all xz and y in T.

As a consequence, we have that:

(i) Every automorphism o takes the rooted tree T}, into the rooted tree Ty, and

we can extend the automorphism to the boundary in a natural way: if
w={w(0) =o0,w(l),...,w(n),...} € I1,,
then define

o(w) == {o(w(0)) = 0(0), o(w(1)),...,0(w(n)),...} € 0Ty

(i) For all z and y in T, x <, y if and only if o(z) <, o(v).

(iii) For all x € T, o(T'(x)) = T(o(x)), where T'(o(z)) is taken with respect to the

induced order in Ty ,).
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(iv) For all z € T,, o(I(x)) = I(o(x)), where I(p(x)) is taken with respect to the

induced order in Ty().

Let us see the effect of an automorphism over an order in 97,:

Lemma 2.2.9 Let o be an order in 0T, and o an automorphism of the tree. Then

there exists a unique admissible map o' in Ty such that
w SU’ V<— Qil(w> So Qil(V)v
for all v and w of OT'.

Proof. Take o' = o - p~%, which satisfies the required condition. By Definition 2.2.2,

we need to prove that

where now

Ty ={x €T :d(z,0(0) =k}.
Since p is an isometry, we have that
ofz € T:d(x,0) = k}) ={z € T : d(x, 0(0)) = k},

and then (a) is easily derived. By the previous lemma, we have that if x and y are

vertices in 7', then,
T g0 Y == 07 (1) S0 07 (y),

and by definition, o(o~*(y)) C o(o7'(x)), that is, ¢/(y) C o/(x), which is (b). To see

the uniqueness, suppose there exists an admissible map u satisfying
w<, V= g_l(w) <, Q_l(V).

Fix k& > 0 and consider as before T}, the set of vertices at distance k from p(0). Using

the notation introduced in (2.3), we denote

Ty, = {xlax% s 7xn(k:)}a./ )

where n(k) = (g+1)¢"* ! and I(x;) <, I(x;y1) for all 1 <i < n(k)—1. By hypothesis,

we have that

Ty, = {x1, 29, .. ,xn(k)}a, = {0 (1), 07 (22), .. .,Qfl(:cn(k))}o,



2.2. Rearranging finite sets 87

0 0
€3 €4 €5 €3 €4 €5
€1 €2 €6 €1 €2 €
R(o,a,l) (E) R(O,J,Q) (E)
0 0
€3 €4 €5 €3 €4 €5
€1 €2 €6 €1 €2 €
R(o,a,?)) (E) R(O,JA) (E)
0 0
€3 €4 €5 €3 €4 €5
€1 &) €6 €1 €9 €
R(0,0,5) (E) R(o,a) (E>

Figure 14: Rearranging the set E of Figure 13, using the order o.



88

2. Non-linear rearrangement on trees

0
€9 €5 €q
€3 €1 €4
Ro01)(£)
0
€2 €5 €
€3 €1 €4
Ro0,3)(£)
0]
€2 €5 €
€3 €1 €4
Ro.0,5)(E)

0
€2 €5 €
€3 €1 €4
R(o,00,2)(E)
0
€2 €5 €
€3 €1 €4
R (0,00,)(E)
0]
€2 €5 €
€3 €1 €4
Ro.on(E)

Figure 15: Rearranging the set E of Figure 13, using the order o’.
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and therefore we have

T, = {1‘1, To, ... ,xn(k)}a, = {xl,xg, . ’x"(k)}u ,
and this is only possible if for all 1 <i < n(k) —1
o'(x;) = p(x:),
that is o/ = p.
a

We describe the action of an automorphism over the boundary of a finite set in
the tree:

Lemma 2.2.10 Let E be a finite set of vertices and o an automorphism of the tree.
If o is an order in 0T, and OF = {e1,es,...,e,}, then

d(o(E)) = {ole1), 0(e2), ..., 0(en)},

Yis an order in 9T )

where o' =0 - 0~
Proof. Let us see first that o(OF) = 9(p(E)) by using the consequences of Lemma
2.2.8:
ecdE < ENT(e) ={e}
< o(E)No(T
< o(E)NT(e
o(e) € 9(o(E)).

Finally, by using the previous lemma and the consequences of Lemma 2.2.8, we get
forall 1 <i<n-—1:

=

I(e,) <s I(ei—l—l) ~ Q(I(@z) <

S~—
q\
o)
—~
~
~—~
D
_l’_
[S
SN—
SN—

|

This lemma says that it is equivalent to order the boundary of any finite set
with respect to ¢ and to order the boundary of the image of the set given by the
automorphism ¢ by means of the order o/ = o - p=!. We can now explain the action

of an automorphism over the decreasing rearrangement of a set:
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Theorem 2.2.11 Let o be an order in 0T, and o an automorphism of the tree. Then

Q(R(o,a) (E)) = R(g(o),a-gfl) (Q(E))

Proof. Set o' = o - 07!, It is enough to see that

0 Roo)(E)) = Rg(0).0n.1) (0(E)),

for all 0 < k < n, where n = |0E| = |0(o(F))|. Let us show it by induction. If k =0

it follows because

o(E) = 0(R(0.0.0)(E)) = Rig(0).0".0)(0(E)).

Suppose it is true for £ > 1. By definition we have

o(Roois1)(E)) = 0 (Riooi (E) \ [0, €x41])) U e([0, exs1(s)]),

where s+1 = s(k)+1 = ‘R(O,U,k)(E) N [o, ek+1]}. Using the consequences of Lemma 2.2.8,

we have

o(Rociin(E)) = (0(Roen) (E)) \ [0(0), 0(exs1)]) U [o(0), oler+1(5))]-

By the hypothesis of induction, we then have that

o(Roai1)(E)) = (Rigo)ory (2(E)) \ [0(0), e(ex+1)]) U [o(0), e(ex+1(s))];

and we also observe that

s+1 = sk)+1=|Rpom(E)N[o,er1]| = [0(Rioom)(E)) N[o(0), o(ers1)]|
= |Rgto).or) (0(E)) N [0(0), o(ers1)]| -

Now, using this equality and Lemma 2.2.10 which says, roughly speaking, that both
rearrangements are compatible in some sense, we then have by recalling the definition

of the decreasing rearrangement that

o(Rioann(E)) = (Rigtoyory(0(E)) \ [0(0), o(ex+1)]) U [0(0), o(exs1(s))]
= Ro0),0'k+1)(0(E)).

O

In [FTN], it is shown that in a homogeneous tree, there are only three kind of

1sometries:
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e An isometry p is a rotation, if there exists a vertex z such that o(z) = z.

e An isometry p is an inversion, if there exist two neighbor vertices  and y such

that o(z) = y and o(y) = =.
e An isometry p is a translation, if there exist a doubly infinite chain
ey Ty Ty, Ty T1, Ty - .
and an integer k such that o(x;) = x4 for all j € Z.

Corollary 2.2.12 Let o and o' be two orders in T,. Then, there exists a unique

rotation o of center o such that
W< V=0 (W) <o 0 ),
for all w and v in OT,.

Proof. Define o=! = o071 -0’ : T — T, which is clearly a bijection. Trivially we have
that o(0o) = o. Let us see that it preserves the edges. Take z € T}, and y € T},,; with
d(x,y) = 1. Then,
v €T, y€Th,dz,y) =1 & ox)eF,, dy) € Fo, o'(y) Co(x)
& 07N (d'(2) € T, 07 (' (y) € To,
(o™ (0'(2)), 07 (o' (y)) = 1
< o(x) € Ty, 0(y) € Tatr, d(o(x), o(y)) = 1.

The rest of the result is a consequence of Lemma 2.2.9.

|

Corollary 2.2.13 Let o and o' be two vertices in T. Then, there exists a translation
T in the tree such that
T(TO) = TO/.

Proof. Simply take a doubly infinite chain passing through o and o', and consider the

translation 7 along this infinite chain such that 7(o) = o'.

|

Corollary 2.2.14 Let o and o' be two vertices, and o and o' be two orders in 0T,

and 0T, respectively. Then there exists an automorphism o such that:
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o o(T,) =Ty,
o W<y vi= o Y w) <, 07 (v), for allv and w in OT.
Proof. By Lemma 2.2.9 and Corollary 2.2.13, there exists a translation 7 such that:
o (1) =Ty,
o w <, v<= 7 Hw) <, 7 (v), for all v and w in IT,

where = o - 771, By Corollary 2.2.12, there exists a unique rotation ¢ of center o
such that
W<y v (w) <, 07 (v),

for all w and v in OT. Then, the automorphism o = 6! - 7, satisfies:
o o(T,) =67H1(To)) =07 (Ty) = Ty,
e For all v and w in 0T
W<y ve= i Hw) <

)
=7 (0W)) <o 7 (0())

— 0 '(w) <, 0 (v).
O

As a final consequence of this corollary and Theorem 2.2.11, we have the following
theorem, which says that our rearrangement is canonical in the sense that if we know
how to rearrange a set with respect to an origin o and an order o, then we

know how to rearrange it with respect to any origin and any order.

Theorem 2.2.15 Let o and o be two vertices, and o and o' be two orders in 0T,

and 0T, respectively. Then, there exists an automorphism o such that:

0(R0,0)(E)) = Rior,on (0(E)).

Remark 2.2.16 From now on, and as a consequence of this theorem, we will not
need to specify the origin and the order that we are using to rearrange a set. So,
we will always assume that we have chosen an origin o and an order o, and we will

denote the decreasing rearrangement of any set £ as E*, that is

B = Rion)(E). (2.4)
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We will also use the notation
Ri(E) = Riooi) (E),
for all £ > 0. Moreover, we denote
r<y<=1x€loy,

for x,y € T, and also
w<r <<= o(w) <o),

for w,v € OT. But we will keep the notation of the boundary of a finite set given in
(2.3), in order not to forget the meaning of this notation. Furthermore, in all figures
that we will draw, we will always use the order ¢ given in (7) of Examples 2.2.3, that
is, we will always order the boundary of any set from left to right, and all the trees

will be homogeneous of degree 3 for simplicity.

It is easy to see that conditions (i), (i) and (éi7) of Definition 2.2.1 are trivially
satisfied by our transformation. To see condition (iv), we need some new facts. First,
as we are working with finite sets, it is enough to see this condition with D and
E = D U{z}, where z is a vertex in 7'\ D. Now, we need to understand how the

boundary of the set D can change when we add a new vertex (see Figure 16).

Lemma 2.2.17 Let D be a finite set of vertices and x € T\D. Consider E = DU{x}.

Then we have one of the following situations:
(i) OE = 0D if and only if T(z) N D # 0.

(ii) There exists a unique y € 0D such that OF = (0D \ {y}) U {z} if and only if
there ezists a unique y € 0D such that x € T(y).

(iii) OE = 0D U {x} if and only if T(x) N D =0 and x ¢ T(y) for ally € OD.

Proof. (i) If OE = 0D, then z ¢ 9D and by definition T'(x) N D # ().

Conversely, if T'(x) N D # (), there exists z € D, with z # x because = ¢ D, such
that z € T'(x)N D, and then x ¢ OE. Now, if y € 0D, then T'(y)NE = {y} and hence
oD C oF (if T(y) N E # {y}, then T(y) N E = {y,z} and we get a contradiction
because z € T(x) N D C T(y) N E = {y,z}). We also have that if y € OF, then
T(y)NE = {y} and y # x by hypothesis. Therefore T'(y)ND = {y} and thus y € 9D,
in other words, OF C 0D.
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(17) If x € OF and there exists a unique y € 0D with T'(y) N E = {y,x}, then
z e T(y).

Conversely, if there exists (a necessarily unique) y € 0D with z € T'(y), then
by definition y ¢ OF and also T(xz) N D = (), that is, x € 0E. If z € 9D \ {y},
then T'(z) N D = {z} and z # y. Therefore T(z) N E = {z}, that is z € OF (if
T(z)NE = {z,x}, then € T(2) and hence z = y getting a contradiction). On the
other hand, if z € OF and z # x and z # y, then T'(2) N E = {z} and consequently
T(z)ND = {z}, that is z € 9D.

(171) If OF = 9D U{x}, then clearly T'(x) N D = () and if there exists y € 0D such
that x € T'(y), then y ¢ OF contradicting the fact that 0D C OF.

Conversely, if y € 9D with y # x, then T(y)NE = {y} thatisy € OF (if T'(y)NE =
{y,x}, then x € T(y) getting into a contradiction). We have also that if T'(x)ND = (),
then T'(x) N E' = {x} and therefore z € OF.

O

Next lemma will be crucial to prove the monotonic condition on the rearrange-

ment.

Lemma 2.2.18 Let D and E be two finite sets in T. Write 0D = {dy,ds,...,d,},
and OE = {ey,€2,...,en},. Suppose that there exist 0 < k <mn and 0 <1 < m such
that:

e Rip(D) C Ri(E),
® Cii11 € T(dm+1)

Then
Ri1(D) C Riga(E).

Proof. By hypothesis we have that
s+ 1:=|Re(D)N[o,dps1]| < |RiU(E) N o, e41]] =t + 1,

and therefore

[0, di41(5)] C [0, €1 (2)].
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Then we have:

Ri1(D) = (Re(D) \ [0, dyes1]) U [0, dit1(s)]
= (Ri(D) \ [0, €141]) U [0, dj41(5)]
( 1(E) \ [0, er1]) U [0, e141(2)]
+1(E).

[l
The set D.
OE = 9D OE = (0D \ {y}) U {z} O = 9D U {z}

Figure 16: The three cases of Lemma 2.2.17, where ' = D U {z}.

Finally, we need a technical lemma of the decomposition at each step of the
rearrangement. The set Ej, is the part of the set Ry(E) that is not rearranged at step
k, meanwhile Fj is the part that is rearranged at this step. See Figure 17 for details.
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Lemma 2.2.19 Let E be a finite set of vertices. For each k > 0, define

Byi= E\ (U[ o). Bi=RuE)n (U[ ).

j=1

where we denote OF = {ey,ea,...,e,}, . Then we have:

(i) Ri(E) = E, UEy for all k >0, and Ey and E}, are disjoint sets.

(ii) Ep = (£, \ [0, ex1]) U o, eny1(s)] for all k, where s +1 = |Ri(E) N [0, ex41]|-
(iii) E;, C E;, for allk >0, and E* = EJ,.

Proof. (i) The disjointness follows by definition. It is enough to prove that
k k
R\ (Ulower) = £ (Uioes))
j=1 j=1

We prove it by induction. If k = 0, it is true since Ro(E) = E. Suppose it is true for
k > 0. Then, by the definition of the rearrangement, the fact that

[0, er11(8)] C o, exs1],

and using the hypothesis of induction, we have that:

Ricei(F)\ (U[ o) = ((RuE)\orcxa]) Ulocwn(on) (U[ o)

_ — Ru(E)\ (U[ ) _

j=1

= (mue)\ (U[ ) Vfoena

J=1

— (E\ <Q[0, ej])) \ [0, €x41]

7=1

= £\ (Ui

J=1
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(i7) By the definition of the rearrangement and the definition of Fj, we have:

By = Rk+1(E)ﬂ(U[07€j])

j=1

= ((ReB)\ eral) Uloewaton ) 0 (U[ )

J=1

- ((RuB)\ocr) 0 (U[ ) ) Ulorcusn(o)

J=1

= ((Remr0 (o)) Vo)) Uit

— (B [o,een]) U o, e (s)].

(i77) Tt is clear that E, = () and

n

E =R,.(E)N (U[o, ej]) = E*.
j=1
To see the inclusion, it is enough to observe that
Ej, N o, epi1] C [0, exs1(s)],

and this is a consequence of s + 1 = |Ry(E) N o, ext1]| > |EL N [0, exs1]] -

O
Proposition 2.2.20 Let D and E be finite sets of vertices such that D C E. Then
D* C E*.

Proof. 1t is enough to prove it when E = DU {x}, where x ¢ D. We distinguish the
three cases of Lemma 2.2.17:
(1) OFE = 0D. Since we have

D =Ro(D) C Ro(E) = E,

we can apply Lemma 2.2.18 recursively to obtain the result.

(i1) OE = (0D\{y})U{z}. Write 0D = {d;,ds,...,d,}, and OF = {ey,ea,...,€,},.
There exists 0 < k < n such that d; = e; for all j # k, and d, = y and e, = =.
Applying Lemma 2.2.18 recursively we get

Ri—1 (D) C Ri-1 (E)
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But now, Lemma 2.2.17 gives
er =z € T(y) =T(dy),

so applying Lemma 2.2.18 recursively, we get the result.

€3 €465

€1 €2 €6

Ru(E)

€3 €465 €3 €4 €5
€1 €2 €6 €1 €2 €6
/
E4 E4

Figure 17: The sets £, and E) of Figure 14, at step 4.

(1i1) OF = 0DU{x}. Write OF = {dy,dy, -+ ,dg,x,dy1,- -+ ,d,}. By Lemma 2.2.18,
we have that

Using the notation of Lemma 2.2.19, we claim that

l);€ C E’,/f and D, C E|, \ [0, LE]
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Therefore, using Lemma 2.2.19, we get

D, c B CE,
Dy C Ep\[o,2] = Epp,
(where here s+1 = |Ry(E) N [0, z]|) and as a consequence, using (i) of Lemma 2.2.19,

we get:

Rk(D) = D;c UD, C Ellc—f—l U By = Rk+1(E).

To finish, we call recursively Lemma 2.2.18 to obtain the result.
We now prove the claim. Take y € Dj. By (2.5), we know that y € E| U E.
Suppose that y € Ej. Then by the Lemma 2.2.19,

k
ver (Ubal) c£\0;
j=1
getting a contradiction. Take now y € Dy. Then
k
ve o\ (Uo.a1).
j=1

and y ¢ [o,z] (if y € o, x|, there exists z € JD such that x € T(z), and this
contradicts the hypothesis (ii7)) and therefore

ye (D\Q[mdj]) \[o,2] = By \ [0,

2.3 The decreasing rearrangement of functions

We will define the decreasing rearrangement for functions in the tree and we will see

useful properties of this rearrangement.

Let M be the set of functions f defined on the tree such that the level sets
{reT:|f(x)| > A}

are finite for all A > 0.
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Lemma 2.3.1 If f € M, then

lim | f(zn)] = 0,

n—oo

for all infinite sequences {x,, : n € N} of different vertices (being not necessarily an

infinite chain) in the tree.

Proof. Suppose that there exists an infinite sequence of vertices {z, : n € N} such
that

Tim | f(z,)] # 0.
There exists € > 0 such that for all n > 1, there exists m(n) > n satisfying
|f (@mm)| = .
Thus, we have that
{Tmm) :n €N} C{z eT:|f(z) >e/2},

contradicting the fact that f € M.

As a consequence of this lemma, if f € My we have that

lim [f(w(n))| =0,

n—oo

for all w € 0T. We have also that, if {a, : n € N} is the set of images of all the

vertices by f, we then can assume that

lai| > |as| > |ag] > ... > |an| > |ans1| > ...\, 0.

Consider the rooted tree T, and an order o in 9d7,. Recall that we denote
E* =R0)(E)

as the decreasing rearrangement of the set . We define the decreasing rearrange-

ment of functions in M,:

Definition 2.3.2 For every f € M, the decreasing rearrangement of f is the

function -
f*(@:/o X{yeT:|f(y)|>2} () dA,

defined for all x € T'.
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Observe that this definition strongly depends on the choice of 0 and o, and it would
be more correct to write this dependence by denoting f(*o’g), but we will avoid it by
simplicity. However, we recall that we have shown in Theorem 2.2.15 the canonicity
of the rearrangement, and as a consequence we have the following proposition. We

keep for a moment the long notation f¢,

Proposition 2.3.3 Let o and o' be two vertices in T, and o and o' be two orders in

0T, and 0T, respectively. Then, there exists an automorphism o such that

(f © Q)Eko,a)(m) = ffko/,a’)<g(x))7
forall x € T and all f € M,.

Proof. By Theorem 2.2.15, there exists an automorphism o such that

Q(R(O,J) (E)) - R(o’,a’) (Q(E))7

for all finite set F. Taking F = {x € T : |f(x)| > A} for A > 0, it is easy to see that

T € Ripo)(E) <= 0(7) € Ry o) ({y | f(o \>A})

and that is
XR (g, (B) (Z) = XRyy o ({15 e~ (D=2 (0(T))-
Finally, by Definition 2.3.2, the last equality takes to the result.

We trivially have that
fH(x) = (LFD)" (),

for all z € T. So, in the sequel, we will always work with positive functions on the

tree.

By Lemma 2.3.1, for every positive function f in M, there exists a positive
strictly decreasing sequence of real numbers {a, : n € N}, with lim, . a, = 0, and

a collection of disjoint finite sets of vertices {E,, : n € N}, such that

=" anxs, (@), (2.6)

forall z € T.
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Lemma 2.3.4 Tuake a positive f € My, and consider the representation (2.6) of f.
Then

[e.9]

[(z) = Z An X FA\Fr_, (z),

n=1

for all x € T, where F,, = UEk and Fy = 0.

k=1
Proof. If a1 < A < ay,, then

{reT:flx)>\}=FE,UEU...UE, = F,,

and for a; < A\, we have

{reT: f(x)> A} =0.

Therefore,

f(z) = / X{yeT:f(y)>xp* () dA

= 2/ X{yeT:f(y >A}*($)d>\+/ X{yeT:f(y)>xy (T) dA
An+41

ay

= > @) — o)

n=1
o0

= E G, XF,*:\FTL*A(x);
n=1

where in the last equality we have used Proposition 2.2.20, that is, F};y C F;, | because
F, C F,.1.

Remark 2.3.5 We can give another formulation of this lemma. If we write

n=1

where F,, C F,41, b, >0 and ) b, < oo, then
n=1

It suffices to consider E,, = F,, \ F,,_1 and a,, = Zbk'
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See Figure 18 as an example of the rearrangement of a positive function. Observe
that the function takes the values 1,2,3,4,5. Following Lemma 2.3.4, we rearrange

consecutively, for n =1, 2,3, 4,5, the sets
F,=|J{z: flx)=6—k},
k=1

and we put the value 6 —n at the new layer. Recall that we use the order o from left
to right fixed in Remarks 2.2.16.

We give the basic properties of the decreasing rearrangement:

Proposition 2.3.6 The decreasing rearrangement f* of a function f € My is a

nonnegative decreasing function on T'. Furthermore, for f,g, fr, k > 1, functions in

M we have:
(i) (xg)"(x) = xg-(x) for all finite sets E.
(i) supp(f*) = (supp(f))”.
(iii) (kf)*(z) = |k| f*(z) for all k € C.
(iv) If |g(x)| < |f(x)| for allz € T, then g*(x) < f*(x) for allz € T.
(v) If f is positive and decreasing, then f*(z) = f(z) for all z € T.
(vi) {w € T |f(z)] >\ ={z €T : f*(x) > A} for all A > 0.
(vii) (If1)" = (7).

(viii) If |f(x)] < lim inf |fu(2)|, then f*(z) < lilriinff;(x). In particular, whenever
|fu(@)| | f(2)] for all x € T, we have f}(x) /" f*(x) for allxz € T.

Proof. Lemma 2.3.4 directly gives (i) and that f* is decreasing. Let us now prove
the other statements:

(1) (xe)* (@) = [~ Xixpoay () dX = fol Xe+ (1) d\ = xp-(T).

(iti) (kf)*(x) = Jg~ Xgrssay (@) dX = [57 [kl g0 (2) dC = |k] f*(2).

() If |g(x)| < |f(x)| for all z € T, then

{zeT:|g(x)]| > C{z eT: [f(x)] > A},
for all A > 0 and hence

{zeT:|gx) >\ Cc{zeT:|f(x) >},
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Using this inclusion, we have:

o0

g9*(x) :/0 X{yeT1g(y)>2y~ () dA S/O X{yeT: )= (T) dA = [ ().
(v) If f is positive and decreasing, we have
{reT: flx)>A\' ={zeT: f(x)> A},
and therefore

() :/0 X{yeT:f(y)>1* () dA :/0 X{yeT:f(y)>x} (T) AN = f(x).

(vi) We use the representation (2.6) of | f|. Then,
{eeT:|f(@)> A =] Er=F.
k=1

if a1 < A < a,, and also

n

fweT:f @) > N=JEN\F)=F.

(vii) Using twice a change of variable and (vi), we get:

(’f’p)*(l’) = /0 X{yeT:|f(y)P>A}*($)d)\:/0 PCP71X{yeT:|f(y)|><}*(9E)dC

= /0 pC" X pyer - wy>ay () dC = /O X{yers(r @)>aH(T) dA
= (f"@)".
(viii) Recall that
liminf | f,,(x)| = sup inf | f,(z)].
n—00 Lk n>k
Fix A > 0 and take x € {y € T: |f(y)| > A}. Then, by hypothesis, there exists

n = n(A, x) such that x € {y € T : | fi(y)| > A} for all k£ > n. Since f € M,, the set
Eyx={yeT:|f(y)] > A} is finite. Thus, set

no(A) = max n(A, z).

We then have that x € {y € T : |fe(y)| > A} for all k& > ng(\), that is,
yeT:|fwl> c () weT:|fily)l> A}

k>no(N)
By Proposition 2.2.20, we obtain
fyeT:|fwl> "c () veT:|fily)l>r",

k>no(X)
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f*

Figure 18: The rearrangement of a positive function.
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and therefore
X{yeT:|f(y)\>>\}*('T) < X{yeT:\fk(y)N}*(:”)?
for all x € T and all k > ng(\), and hence:

Xpperiswi>n (#) < sup If Xgerpwi>a (2) = Iminfxger s, g)sap (2)-
Finally, using Fatou’s lemma, we have
File) = /0 " Xerpay () dA < /0 ) lim inf X gyer 1> 2y (%) dA
< lin}linf /000 X{yeT:|fn(w)>2}* (T) dX = limninf fi(x).
O

How can we extend the definition of the decreasing rearrangement to any function
defined in the tree? Take f : T — C a function in the tree, and suppose that there
exist two sequences { f,, : n € N} and {g,, : n € N} of functions in M, such that

[l A 1f1 andgal 7 [S1

pointwise. Define f*(z) = lim, f!(z) and ¢*(z) = lim, g;(z). Observe that these
limits exist by (viii) of Proposition 2.3.6, and they can be infinite. We claim that

f*=g*. In fact, we have

{yeT: [fl>N=UyeT: 1Ll >\ =UJyeT:|nwl >,

k=1 k=1

for all A > 0, and since f,, and g, are in M for all n > 1, their level sets are finite
sets, and thus, for all n > 1 there exists m(n) > 1 such that

{yeT: 1L >N C{y €T |gmm(y)| > A},
and by Proposition 2.2.20,
el >N C{yeT: [gnm)| >}
Using this inclusion, we get:
f*(z) = lim /0 X{weTifn(wi>x} (@) dA < lim /0 X{yeT:|gnum w52} (@) A = g7 (2).

Analogously, we have the converse inequality, and therefore f* = ¢g*. Thanks to this

equality, the following definition makes sense:
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Definition 2.3.7 For a function f : T — C defined on the tree, the decreasing

rearrangement of f is the function
P =t (1701 Xperimen() (@)

We observe that from now on, it is enough to consider functions with finite support.

In view of the definition of the decreasing rearrangement and looking at Figure 18,
we can ask if the defined rearrangement is equivalent to rearrange recursively the
function restricted to each geodesic from o to a boundary point in the support of the
function, following the order given by o. The answer is positive, as we will see in
Theorem 2.3.10, and it will be helpful in the following sections. We need first two

lemmas.

Lemma 2.3.8 Let S : My — My be a positive operator defined on positive func-
tions in Mg such that for all f € My and all X > 0,

HexeT:Sf(x)=A={zeT: f(x)=N}.

For a positive f € My, let x be a minimum of f. Let E = supp(f) be the support
of f, and set Ey = E \ {z}.
Then there exists a unique x' in the support of S f such that

e supp(Sf) = supp(S(f - xr,)) U {z'}.
o SF) = f(x).
Proof. By hypothesis, |supp(f)| = |supp(Sf)|, and therefore
[supp(f - X, )| = [supp(S(f - xr))| -

Thus, we have

lsupp(Sf)| = [supp(f)| = [supp(f - x&,)| + 1
= [supp(S(f - xz))| + 1.

Set ' = supp(Sf) \ supp(S(f - xr,))- By hypothesis, we get that

HyeT: fly)=f@)H=HyeT:(f xm)ly) = fl@)}+1
=y eT:S5(f xp)(y) = f(2)} +1,
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and also that for all A # f(x):
{yeT: fly) =M =HyeT: (f xg)y) =}
=Hy eT:5(f xm)(y) = AH.
Consequently, we have that 2’ € {y € T': Sf(y) = f(z)}, that is Sf(z') = f(x).

O

As an easy consequence of this lemma with Sf(y) = f*(y), we get the following
result. It is important to remark that this lemma is not true in general if the vertex

2 1s not the minimum of the function.

Lemma 2.3.9 Suppose that supp(g) C [o, €] for a positive g € My, and e € T. If g

attains its minimum at x and Ay = supp(g) \ {z}, then

(9 x40)"(¥) = 9" (y) - xa:(y),
forally eT.

We now give a decreasing rearrangement of a function by rearranging recursively
the restriction of the function to each geodesic from o to the boundary vertices of its
support, ordered by using . Specifically, take a positive f € M with finite support
and set F = supp(f) and OF = {eq,es,...,e,},. Define for each 1 <k < n:

fl?—l(y> if y e Rk(E) N [07 ek]cv

fely) = (2.7)
(.kafl : X[o,ek])*(y) if Yy e Rk(E) N [0? ek]?

where f& = f. Observe that supp(f{) = Ri(E). Finally, set
o= re (2.8)

See Figures 19 and 20 for an example. Observe that we rearrange the same function
than in Figure 18, and that f* and f* coincide.

Theorem 2.3.10 For every function f € Mgy with finite support, we have
f* — fA-

Proof. We prove it by induction on the cardinal of the support of the function. If
|supp(f)| = 1, then clearly f* = f2. Suppose that it is true for |supp(f)| = n. Take
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a positive f € M, with [supp(f)| = n+ 1. Write E = supp(f), and let x be a
minimum of f. Set Ey = E \ {z}. By Lemma 2.3.8, there exists a unique 2/ € E*
such that £* = Ef U {2’} and f*(2/) = f(z). As the support of ¢g* and g coincide
for all g € Mg with finite support, we then also have that

f1@) = o @) = flz). (2.9)

By induction, we have
(f ’ XEO)* = (f ' XEO)A' (210)

Figure 19: The first steps of the definition of f~.
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£o= g

Figure 20: The last steps of the definition of f2.
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Let us show that
(f - xm)"(y) = () - X85 (y),
for all y € T. Write

f(y) = Z Ak X Ey, (y)’

(2.11)

with Ey N E; = 0 if j # k, and a, > a; > 0if j > k (and so, f(z) = ay). By

Lemma 2.3.4, we know that

N
[ (y) = Z AR X F\Fy_, (y),
k=1

k
for all y € T, where F}, = UEj and Fy = (). Thus,
j=1
N-1
(f xm)"(y) = Z arXro\Fr_ (T) +anxenFy_ (Y)-
k=1

On the other hand,
N—
P xe@) = Y axer @)+ avxe@ineg )

—

b
Il
—

=2

= arXrorr_ (T) +anXxenFy_ (Y)-
1

b
Il

Now, we will show that

(f - xm)W) = () - xe: (),

(2.12)

for all y € T. To this end, we need to know what vertex in E* is 2/, that is, we

need to know where the minimum value f(x) of f is going in the construction of f2.
Let ey be the first vertex (with respect to o) in OF such that z € [o, ex]. Recall the

definition of confluent vertex c(z,y) of two vertices x and y in page 76. Two things

can happen when we construct f£, taking into account that z is a minimum of f (see

Figure 21):
o (1) I [Ri s (B) 1 [0, el > lloscles, exs)], then
S [07 €k] \ [07 C(eka ek—l—l)]

and f£(2') = f(z), and we get 2.
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o (2;) If [Rk_1(E) N o, ex]| < |[o,c(ex, ers1)]| then there exists
zk € [0, c(er, ent1)]

such that f/(z) = f(x), that is, the vertex zy is now the vertex with minimum
value f(x) for f£. In this case, we proceed now by constructing f ;, and two

things can happen again:
> (Ler) If [R(E) N[0, exia]| > [[0, c(€nsa, €r42)]], then
' € [0, ex] \ [0, c(ensr, Exy2)]

and fi (2') = f(x), and we get 2.

> (2k41) If [Re(E) N o, exs1]| < [0, c(€ri1, ext2)]| then there exists

Tt € [0, c(rr1, Epra)]
such that [, (z41) = f(2), and we follow repeating this process at each
step.
In view of this, the search stops if:

e (1,,) There exists m < n such that |R,,—1(E) N[0, en]| > |[0, c(€m, em+1)]|, and
then

' € [o,en] \ [0, c(€m, Emi1)]

and f7,(2) = f(x).

e (2,,_1) We arrive at the end of the rearrangement, that is, |R,,_2(E) N [0, €,,—1]] <

[0, c(en—1,€n)]| and then there exists
Tn_1 € |o,c(en_1,6)]
such that f2 (x,—1) = f(x). Rearranging now with respect to e, we have that
' € E*NJo, e,
In both cases, there exists a family of vertices S(x) = {zg, Z411,- -+, xn—;} for certain
1<j<n—k+1,with S(x) =0if j =n —k+ 1, such that

x; € [o, (e, eiv1)] (2.13)

fP(x) = f(z), Vi=k,...,n—j. (2.14)
' € o, en_ji1] \ [0, c(en_ji1,€n—jro)] i j>1

¥ e E*No, e, if j=1
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0 0
/
c(er, et X
T
€k €k+1 €k €k+1
Ri-1(F) Ri(E)
The case (1;).
0 0
c(er, err1 Lk
T
€k Ck41 €k €41
Ri_1(F) Ri(E)

The case (2).

Figure 21: The two possibilities in the definition of f£.
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This family of vertices S(x) can be seen as the path where the minimum value
f(z) is moving during the process of constructing f* (see Figure 22). As e is the

first vertex in OF (with respect to o) with x € [0, €], we trivially have that

(f- XEo)ﬁ_l = fior XRp_1(E)\{z}- (2.16)

By definition, we have:

(f  XEo)r-1(y) if y € Rr(Eo) N o, e,
(f ' XEo)lé(y) -
((f * XBo)k-1X[0ex) " (v) iy € Ry(Eo) N o, ex].

We observe that, by construction, we have that

Rk(Eo) N [O, €k]c = Rk(E) N [O, ek]c
Ri(Eo) No,er] = (Ri(E) N[0 ex]) \ {zx}-

Thus, using (2.16) and observing that Ry(E) N [0,ex]® C Ryp—1(E) \ {z}, this is

equivalent to:

fea () if  yeRi(E)N[o, e,
(f - xz)k (v) =
(fim1 - XRir B\ Xloe))™(y) Iy € (Ri(E) O [o, ex]) \ {za} -

Now, we apply Lemma 2.3.9 with A = Ry_1(E)N[o, ex], Ao = (Re—1(E)\{x})N]o, ex]
and g = f* 1 - Xjo,e,]» getting:

fie1 () if y € Ri(E) N o, ex]",
(f xm)x (y) =
(1 Xoer) () iy € (Ri(E) N o, ex]) \ {zx} .

where we have used that (Rx—1(E) \ {z}) N o, ex])* = (Re(E) N o, ex)) \ {zx}, and
that is:
(fxm)i (W) = fi W) Xry@)\ (2 (9):

Repeating the same argument and using that the minimum is attained at z;, ¢ =
kE+ 1,...,n— j, by (2.14), we arrive at

__ fA

(f * XB)n—i (W) = i () * XRory (BN {on—s} (),
and applying the argument once more, we get

__ f£A

(f XEn—jr1(¥) = Faji1(¥) - XRo_sr (B0 (2} ()
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I14>

6 6
2 3 2 3
/1 45 45
T
f ft
10) 0
o)
€3
1 2
6 1 6
3
45 45
f3 f3

Figure 22: The “path” S(x) = {x1, 2, x3, 24} of the minimum value f(z) =1 and

the final vertex 2/, in the process of constructing f*.
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If j = 1 thisis exactly (2.12). If j > 1, by (2.15), 2" € [0, ep—jt+1]\[0, c(€n—jt1, €nji2)]
and so, in the following geodesic rearrangements, the lack of 2’ does not imply changes
with respect to the case of the presence of z’, and therefore, (2.12) holds. Finally,
using Lemma 2.3.8, (2.9), (2.10), (2.11) and (2.12), we have:

) = ) xegW)+ @) xey )
= (f xm)" () + (@) Xy (y)
= (fxm)" () + f2(2") - xpn (v)
= [y xe(y) + @) Xy (v)
= [*(y),

forally e T.

2.4 The Hardy-Littlewood inequality

In this section we will study the Hardy-Littlewood inequality in our context. We
then consider what kind of conditions on the functions are needed in order to get the

saturation of this inequality.

We now recall the classical decreasing rearrangement for measurable func-
tions. For a function f we denote it by f* to distinguish it from our rearrangement
f*. Thus,

fr6) =it {A: [{|f| > A} < tp, £20,

where |{|f| > A}| is the counting measure of the A-level set of | f|. This is a decreasing
function defined in [0, 00). See [BS] (Chapter 2) for details.

The classical Hardy-Littlewood inequality for measurable functions f and g de-
fined in T is -
Sl < [ roeea (217)
0

zeT
Consequently, the inequality

S 1f@)h(z)] < / g de (2.18)

zeT
holds for all measurable functions h such that h* = ¢g*. In some measure spaces, the
so-called strongly resonant spaces (see [BS]), the equality is attained in (2.18) for a
suitable h.
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A weaker requirement than the attainment of equality in (2.18) holds in our mea-
sure space. In particular, the measure space (7}, |.|) is resonant (with respect to the

classical rearrangement), that is, for each measurable f and g in (7, |.|), the identity

| 5@ =sw 3 an), (2.19)

zeT

holds, where the supremum is taken over all measurable functions A on T such that
h* = g*. We will see in the next section that this identity is strongly linked with

normability properties of some functional spaces, and that is the reason for our study.
Our purpose is to give the same type of results but using our decreasing rear-

rangement on the tree.

Proposition 2.4.1 For all f € My and for all finite set of vertices E C T the

iequality
D@ <) )

zel zelb*

holds.

Proof. We use the notation from Remark 2.3.5 for the function |f| and Proposi-
tion 2.2.20:

D@ = Y b |ENE,

zel

= ) b |(ENE,)
n=1

Y b |ET N =) fr(x)
n=1

zelb*

IN

We obtain for our rearrangement the Hardy-Littlewood inequality.

Theorem 2.4.2 (Hardy-Littlewood inequality) For all f and g in My, the in-
equality

D oIf@g@)] <Y fH(@)g (@)

zeT zeT

holds.
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Proof. We use the notation from Remark 2.3.5 for the function |f| and last proposi-

tion:

S I @)gle)] = ibn(z 9(0)]) < ibn(z 7)) =% Fa

xeT n=1 xel, n=1 reF zeT
O

It is natural to ask if there is any relationship between both rearrangements. The

following two results give some information about this.
Proposition 2.4.3 For all f € My, the identity

(L)) =ft),  t>0,
holds.

Proof. We use the notation of Remark 2.3.5 for the function |f|, and this notation

also works for the classical rearrangement, that is

= baXpo ) ()
n=1

Applying this to the function f*(z) = > " byxr:(x) and recalling that |E| = |E*|

for finite sets F, we get:

(Lf1) anX[o 2 (8) = baxiom (t) = f(1).
n=1
O

Using this proposition, Theorem 2.4.2, (2.17) and (2.19) we have the following

result.

Corollary 2.4.4 For all f,g € Mg, we have:

(i) For all measurable functions f and g in T,

S @)e@) < 3 (@) (@) < / T e d.

zeT zeT

(i) For all measurable functions f and g in T,
/ f*(t)g*(t) dt = sup Z ff(x
xzeT

where the supremum is taken over all measurable functions h on T such that
h* = g*.
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By Proposition 2.4.3, if f* = g* then f* = g*. The converse is not true in general

as we can see in the next example.

Example 2.4.5 Consider the functions defined below on the pictures. Observe that
they differ only at two vertices and that their rearrangements on the tree also differ

at two vertices.

I g

Figure 23: Two functions on T with the same classical rearrangement, but different

rearrangement on the tree.

But their classical rearrangements coincide. In particular,
F1(t) = g7 () = 5X10.2) () + 4X[2.0) () + 3X(a.6)(t) + 2X[6,9) () + Lxp0,11) (1)

Returning to the Hardy-Littlewood inequality of Theorem 2.4.2, we observe that

as a consequence, we have that the inequality

DoIf@h@) <Y fr(x)g(x)

zeT zeT
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holds for all functions h € M, such that h* = g*. Is it possible to saturate this
inequality in order to obtain an identity such as (2.19) but with our rearrangement

on the tree? That is, is it possible to get the equality
D (@) (@) =sup > |f(w)h(z)], (2.20)
zeT zeT

where the supremum is taken over all functions h € Mg such that h* = ¢*? The

answer is negative in general, as the following example shows.

Example 2.4.6 Consider the four vertices in the tree of the following figure.

X1

€2 €3

Figure 24: The four vertices.

Take E = {0, 21,29} and g = xp. Since E is a decreasing set, we have that ¢* = g¢.
For a fixed f € My, we would like to have the equality

S r@= s S If@h@)],

z€E theMo:h*=xp} jor

or equivalently

Y@= sup > |f(x)].

- {DCT:D*=E} | =)
To see that this equality does not hold it is enough to take the function f to be large

enough at z3 with respect to its values at the rest of the vertices. In particular, take

F(2) = 4X a5y () + X0} (2) + X (a1} (%) + X(a) (2).

Therefore,
(@) = Axoy () + X{aa} (T) + X1} (T) + X{aa} ()

> (@) =6,

zel

and thus
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but

sup S |f(@) =3,

{DCT:D*=E} ;=]

because any set D such that D* = E cannot contain z3 (recall that we take the order
o fixed in Remarks 2.2.16).

Last example says that identity (2.20) fails to be true for a general decreasing
function g, even for a general characteristic function of a decreasing set. Now, we

choose four new vertices given in the next figure.

T

T3 i)

Figure 25: The new four vertices.
As before set E = {o,x1,22} and g = xp = ¢*, and

F(2) = 4X (25} (T) + X{0} (T) + X (21} (T) + X {2} (T),
and thus
(@) = Xgasy () + 44X (0} (%) + X{a1} (T) + X {2} (2).

In this case, we have

Y f@= s > |f(x)| =6,

z€E {DCT:D*=E} yep
simply taking D = {1, s, x3}.

We see that there exist decreasing functions g in the tree such that (2.20) holds.
Our purpose now is to identify the class of decreasing functions in the tree such that

this equality holds.

We first fix our attention to the functions with finite support, and we begin by
looking at the case of functions with support in one geodesic from the origin o to a fixed

vertex e. In this case, our rearrangement is equivalent to the classical rearrangement
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of discrete functions defined on N, with support in the interval [0, N] for a fixed N,

simply by considering the bijection
l0,e] ={o=1¢(0),e(1),...,e(N) =e} = [0, N],

such that e(i) «— i. The measure space ([0, N],|.|) is strongly resonant and this

means that, for fixed f and g, the equality
D @)= Y fr(@)g (), (2.21)
x€[o,e] z€[o,€]

holds for a suitable h. In fact, a suitable h can be constructed by permuting the
values of g*, by using the permutation that takes f into f*. To be precise, consider
the permutation

pr:lo,e] — o €]
such that

[f(@)] = [ (ep(2)),
for all x € [o,e]. Then, h(z) = g*(¢s(x)) satisfies equality (2.21) (by considering a
change of variable z = ¢((y)), and trivially h* = ¢*.

Example 2.4.7 Consider the function
f(#) = 2xqe01 () + 3X (e} () + X e (%) + AX{e@)} () + 2X (e} (T) + X{e)3 (),
with rearrangement

fH(@) = 5xqe3 () + AX (e (T) + 3X{e@3(T) + 2Xe3)3(2) + 2X (e} (T) + X{e)} (2)-

Now, set
er(e(0)) = e(3), wrle(l)) =e(2),
er(e(2)) = e(0), wrle(3)) =e(l),
pr(e(4)) = e(4), ¢r(e(5)) =e(5),

that satisfies f(x) = f(¢s(x)). For all decreasing functions ¢* in [e(0),e(5)], the
function h(z) = g*(¢r(z)) satisfies equality (2.21) and trivially h* = ¢g*. For instance,
take

9" () = 6x1e0)} () + 6xge(} (@) + Axge@} () + 3X{e@)} () + 2X (e (T) + Xie)} (@),

then

h() = 3X(e(0)} () + 4X ()} (T) + 6X(e(2)} () + 6X(e(3)} () + 2Xfe(a)} () + X{e(s)y (T)-
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It is easy to compute that
Do f@h() = Y f(a)g (x) =TT,
z€[o,e] z€lo,e]

Observe that the permutation ¢ is not unique in general. In our example, we could

have also taken ((e(0)) = e(4) and ps(e(4)) = e(3). If we require the permutation

to satisfy that pr(e(i)) < ¢r(e(y)) if e(z) < e(j), whenever f(e(i)) = f(e(j)), then
@y 1s unique.

We observe that the permutation ¢, for measurable f, plays an important role
in order to obtain equality (2.21). In the “linear” case of |0, €], we trivially have that
if g is decreasing, then g(¢y(.))* = g for all f. In fact, the reverse implication is also
true, and we can trivially state that ¢ is decreasing if and only if g(¢y(.))* = g for all

f. This is not true in the case of general finite support.

We fix now our attention on functions with general finite support not necessarily

contained in a geodesic.

Definition 2.4.8 Let f be a positive function with finite support £ C T. A rear-

ranging transformation for f is a bijection
or: B — E*

such that
f(@) = f(pr(z)),

forall x € .

In view of Theorem 2.3.10 and definitions (2.7) and (2.8), we can decompose ¢y
into the composition of rearranging transformations for every geodesic from o to each

vertex in the boundary of E. To be precise, if n = [0E|,

Pr=%rmOPfn-1°"""°Yr1,
where each ¢y, is a mapping
erk Ri1(E) — Ry(E)
such that

o ;. is the identity out of |o, €], that is

Prk - XRy_1(E)\[oer] = 1d.
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e Each ¢y, is the rearranging transformation for f/ restricted to [0, ex], that is:

(1) (Pf,k . Rk_1<E) N [O, ek] — Rk(E) N [O, €k].
fealy) iy e Ru(E) \ [o, e,

fisa(epa(m) if y € Ri(E) Mo, exl.

In other words, each ¢y, is the rearranging transformation for f£ - X[, extended
to all Rx_1(F) as the identity. We have seen in Example 2.4.7 that these bijections

are not unique, unless we require that ¢ (z) < pri(y) if © <y whenever f ,(z) =

(i) fi(y) =

f£ 1 (y). We keep this condition for granted, so that ¢ is also unique for every f.

For a finite set of vertices F, we define
QE)={p: E«—— E":3fst.o= s},

and

o= |J eow®m.

{ECT:|E|<co}

Thus, @ is the set of all the rearranging transformations in the tree.

In general, for a decreasing positive function g, the equality

9(er())" =g (2.22)

does not hold.

Example 2.4.9 Consider the vertices of the next figure,

0
a b

Figure 26: The support of f and g.

and the functions

f(z) = X1} (%) + 2x(a} (2) + 3xqe3(2),
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and
9(z) = 2x(0} (%) + X{a}(2),
and thus,
f1(@) = 3x00) () + Xga} (2) + 2x (0} (2),

and g = ¢g* is decreasing. By definition, we have

prb) =0, ¢fl0) =a, ¢sla)=".
Therefore,
9(¢ () = X0y () + 2x 0 (),
and
(9(er ()" (@) = 2x(0 () + X103 (),
and so, (2.22) does not hold.

Examples 2.4.6 and 2.4.9 say that g must be something better than decreasing in

order to have (2.20) or (2.22). We need to consider a new order structure in the tree.
Definition 2.4.10 Given two vertices x and y in 7', we define

z <y

if and only if
x<y or I(x)>,I(y).

We illustrate the definition below. Recall that we use the order o (from left to right)
fixed in Remarks 2.2.16.

It is very important to observe that this new order is a total order, compatible

with the natural partial order, and that it depends on the choice of o.

We give now some results that will lead to the final result of this section. In what

follows, we will use the notation

(2, 9] = [z, y] \ {z},

[z,y) = [z, 9] \ {v},

for two vertices x and y in 7.
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Figure 27: The two possibilities for x <Jy.

Lemma 2.4.11 Let f be a positive function in T with finite support E, and OF =
{e1,€2,... e}, its boundary. If z,y € ENJo,e] satisfy that

f(x) = fy),

then
er() Lpr(y).

Proof. If ps(x) and ¢;(y) lie in the same geodesic, we trivially have that
i) < 0yp(y),

because of the hypothesis and that f* is decreasing. Suppose that ¢(z) and ¢ps(y)

do not lie in the same geodesic. Take the decomposition

(pf = ()Of,n © (pfvnfl ©---0 ()Df,17

and write y; = @pj0---0pr1(y) and x; = s, 0---0@yi(z). By hypothesis, there

exists 1 < k < n such that z; and y; lie in the same geodesic and

Tk S Yk,

but zx41 and yy41 do not lie in the same geodesic. This can only happen if (see Figure
28)
Yr € Rk‘(E) N (c(ek’v 6k:+1)7 ek]a
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and
Trp1 € R (B) N (cler, err1), ertal,
since then, by definition of ¢y ;1 we have
Y1 = Pra1(Uk) = yr € (clex, exr), €xl,

and then zp,, and yx; do not lie in the same geodesic, and by construction

Tht1 D Ykt
Pfk+1
Ty,
c(ek, ex+1) c(ex, ex+1)
Yk Yk+1
Tk4+1
€k €k
€r+1 Cr+1

Figure 28: The situation of z; and y;, and the action of pg i1 .

Now, we claim that

er() < Tpsr- (2.23)

Thus,
er(®) < Ty LYra = 05 (Y),

where the last equality is due to the fact that ¢r; = Id in (c(ek, €xt1), €x] for all
j > k+ 1. We now prove the claim. Two possibilities can happen: first, if x;,1 €
(c(egt1,€rr2), €xr1] then

pr(x) = Tp1,
because ¢r; = Id in (c(ext1,e€rt2), ex+1] for all j > k + 2, and so we have an

equality in (2.23). Second, if zx11 € [0, c(ext1,€rr2)] and if it does not exist y €
(c(egt1,€pr2), €xra] such that

ka—i—l (Tpy1) < ka—i—l (),
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then
Ti42 = ‘Pf,k+2($k+1) = Tk+1,

and nothing changes in this rearrangement. If there exists y € (c(€xy1,€x42), €ri2]
such that

fen (@) < fen(y),

then necessarily zj10 = @ pi2(2it1) € T(zg41), and then
Thg2 < Thgt-
Repeating this argument, we obtain

SDf<x) - :L‘n S mn—l S .. .Ik+1.

Lemma 2.4.12 Let E be a finite set in T, and n = |0E|. If

@ =PnoPn_10-0p20¢p € P(E),
then
¢ = pnopn10-:0p € D(D),
where D = Ry (E) \ (c(e1, e2), e1].
Proof. Observe that |D| = n — 1. Moreover,
0D =0F \{e1}.
There exists f supported in F such that ¢ = ¢y. Set
9= 11" xo,

and then we get
g* = f* . XE*\(C(€1,€2),61]7

and

for all z € D.

We illustrate this lemma with a graphic example.
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Example 2.4.13 We give a function with finite support and its decreasing rearrange-

ment:

€1 €9 €3

Figure 29: A function f and its rearrangement f*.

We label the vertices in order to explicit the rearranging transformations:

Jklmnopqrstu

Figure 30: Putting labels at the vertices.
The geodesic rearranging transformations are:
pra(k) =0, ¢ri(a) =a.

pr2(b) =0, @ral0) =b, @r2(9) =g, @r2(p) =p
pr3(0) =0, @rs(s) =c¢, pp3(c) = h.
It is easy to check that pf = @30 s 0¢yi. The function g defined in last lemma

and ¢g* are in our case:
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Figure 31: The function g and its rearrangement g*.
It is straightforward to see that

g1 =wr2 and Qg0 = py3,

and hence ¢, = @30 @fo.

124589910t 121 1245899104121
11 13 11 13

g f

Figure 32: A linearly decreasing function g and a function f not linearly decreasing.

Before proving the next important result, we define a new decreasing property for

functions in the tree.
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Definition 2.4.14 A function g is linearly decreasing if

g(x) > g(y)

if and only if
xr dy.

We observe that if g is linearly decreasing, then ¢ is decreasing. We give a graphic
example in Figure 32; we agree that we extend the function to each tent of the vertices
at the bottom of the figure, with the same value at these bottom vertices. In the case
of the function not linearly decreasing, we remark what vertices do not satisfy the

definition.

The basic result of this section is the following:

Theorem 2.4.15 If g is a linearly decreasing positive function, then

(go9)(y) = g(y), (2.24)

for all ¢ € @, and for all y in the support of p.

Proof. Take ¢ € ®(E) for a certain finite set E. We prove the proposition by induction
on |[0E|. If |0E| = 1, then E is contained into a geodesic |o,¢], and we are done
because if ¢ is linearly decreasing, it is decreasing. Suppose it is true for |0FE| = n—1.
Fix E such that OF = {eq,e2,...,¢e,},. If ¢ € ®(E), we know that

P =PnOPn-10- 0P,

where ¢; = ¢y, for a certain f supported in . Set h = g o ¢, which is supported in
E. There exists @5, € ®(E) such that

h(x) = h*(@n(2)),

for all x € E. Its decomposition is

Ph = Phn © Phn-1°©"""0Php1.
We claim that
©1 = Ph1-

Take x,y € ENJo, e1] and suppose that ¢1(x) < ¢1(y). Necessarily then, f(z) > f(y).
By Lemma 2.4.11, we have that ¢(x) < ¢(y), and then

h(z) = g(p(z)) > g(e(y)) = h(y),
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because ¢ is linearly decreasing. Therefore,

en1(z) < pn1(y).

Since this is true for all z and y in E N o, e;] which is a finite set, we have proved the
claim. Using the claim and that ¢; = Id in Ry(FE) \ [0,e1] C E'\ [0, e1], we have:

hy) iy € Ra(E) \ o, edl,

hily) =
W (y) it y € Ri(E)Nlo,el].
= glpno--opa(y)), (2.25)
for all y € R1(E). So, for y € E % \(c(eq, €2), e1], we get
h*(y) = (h1)"(y) = (gl o -+ 0 02())" (1) (2.26)

If Ri(E) N (c(e,eq),e1] # 0, using (2.25) and that ¢; = Id in Ry(E) N (c(er, e2), €]
for j > 2, we get for y € R1(F) N (c(ey, e2), eq]:

W (y) = ht(y) = gleno---0pa(y)) = g(y).

This equality, (2.26) and the fact that E* N (c(er,e2),e1] = Ri(E) N (c(e1,e2), €]
finally takes to:

P (y) = h(Y)  XEn(eeren)en) V) + B(Y) - XE\(c(eren),en] (V)

= 9(¥) - XEn(cler,ea)er](¥) + (g(@n 0= 0 ©a())"(Y) - X\ (clersen)en] (Y)
= 9(¥) - XEn(clerea)er] ¥) + 9(Y) - XE\(cler,e2),e1] (V)
= g(y),

where we have used in the third equality Lemma 2.4.12 and the hypothesis of induc-

tion.

We give a graphic example of this last proposition.

Example 2.4.16 In the figures below, we give a function f and its rearrangement.
If we label the vertices as in Figure 30, we can give explicitly the rearranging trans-

formation ¢ = ¢y:

plo) =e, pla)=j, w(b)=n, p(c)=c, ¢(d)=o0, ple)=a, of)=o,
p(g)=p, ph)=r, i) =i ¢(j)=d, ek =k ¢l =1 ¢m)=nm,
wgn; =b, plo)=1, ¢)=g ¢l =q o) =h s =s o) =t,
p(u) =u.
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421376654321 221335251321

f f

Figure 33: A function f and its rearrangement f*.

125688101121%14

11 13
g
(0]
1 8 15
84 Tx 16 10412 %15
14
42561912113114 125688101121 14
12 11 13 11 13
goy (go)*

Figure 34: A linearly decreasing function g, the function go ¢ and its rearrangement.
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Then, we have chosen a positive linearly decreasing function g, we have found
g o ¢ and we have computed (g o ¢)*. We observe that g(y) = (g o ¢)*(y) for all y in
the support of f.

The last result of this section is the equality (2.20).

Theorem 2.4.17 If g is a positive function in T such that

(gow) =g,

in the support of v, for all p € @, then
> fra)g(x) = S > 1 f(@)h(z)],
zeT h*=9} ver

for all measurable functions f.

Proof. Set C' =" [*(x)g(x). It is enough to see that for all € > 0, there exists a
function A such that h* = g and

C—e <3 |f@hia)

zeT

Set By ={x €T :|zx| <k} and fr = |f| - xg,. By Proposition 2.3.6 (viii), we know
that

fe 717
because fr " |f|. By the Monotone Convergence Theorem, and observing that
E} = Ej, for all kK > 0, there exists n such that

C—e< Y fix)g(x). (2.27)

By hypothesis, we know that h, = g o ¢y, satisfies
h;kl = g . XEn’

and

Y fal@ha(z) =) fi(2)g(x)

$€En IEEn

because trivially

S fa@gla) = frlen)g(en @) =D fa)hn(y).

zeFEy, yEFn, yEFn,
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This equality and (2.27) lead to
C—-e< Z fn(m)hn<x)
IEEn

Define h = hy, - X, + g - X7\E,- We claim that
h* =g,
and using the last inequality, we get
C—e< > ful@)ha(z) <D f(2)h(@),
z€Ey, z€T

as we wanted to prove. We now prove the claim. Since we know that
h* = lillcrn(h “XE.)

it is enough to prove that

(b XE.)" =9 XEn,
for all m > n. We denote 0E, =T, = {e1,€q,...,6,},, with r = (¢ + 1)¢" . If we
decompose

Pt = PrOPr—10---0@1,

then

(g0 ¢s. )i (er) = glex),
because we know that (g o ¢y, )* = g and ¢; = Id in R;_1(E) \ [0, ¢;] for all j, and
in our case e, € R;j_1(E) \ [o,¢;] for all j > k + 1. Now, to finish the proof, we
only need to observe that g is a decreasing function because of the hypothesis, and
to consider the following trivial fact at each geodesic rearrangement: let {ay, ..., ax}
be a sequence of positive real numbers and {a], ..., a}} its decreasing rearrangement;
let us add some new values {by,...,b,} to the sequence satisfying b; > b; 4, for all

1 <i<m and b; < aj. Then, the rearrangement of

{al,...,ak,bl,...,bm}
1s

{aj, ..., a5, b1,..., by}

As a consequence of the last two results, we can state the following corollary:
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Corollary 2.4.18 If g is a positive linearly decreasing function, then
D fr@glx)= sup D |f(w)h(z)],
zeT {h:h*=g} ;er

for all measurable functions f.

We will show in Theorem 2.5.12 that the converse also holds.

2.5 The Lorentz spaces

We give the definition of the Lorentz spaces related to our decreasing rearrangement,

and we study normability properties of these new spaces.

In 1951, G.G. Lorentz (see [Lo]) introduced the so-called Lorentz spaces for an
interval (0, (). For a positive real number p and a weight u in the positive real line, the
Lorentz space AP(u) is defined as the set of Lebesgue measurable functions defined in
(0,1) such that the functional

1l = ( | ey dt) " (2.28)

is finite, where f* stands as the classical decreasing rearrangement. For a general
measure space (X, i), the Lorentz space A% (u) is the set of p-measurable functions
f defined in X such that the functional (2.28) is finite, where now the classical

decreasing rearrangement is defined with respect to the measure p, that is

1) = mt{A - p({If] > A)) <t} 120

These spaces are generalizations of the Lebesgue spaces LP(X, u).

We give now our version of these spaces in the tree, using our decreasing rear-

rangement.

Definition 2.5.1 Let 0 < p < oo be a real number and u a positive function defined
in T, that is, a weight. The Lorentz space A% (u) is the set of measurable functions
f defined in T such that the functional

11 sp0 = (Z<f*<x>>pu<x>)l/p

zeT

is finite.
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Remarks 2.5.2

(i) The simple functions with finite support are in A% (u). If u € L'(T), then
L>°(T) ¢ A%.(u) and all simple functions are in A% (u).

(ii) Once more, we observe that this space depends on the choice of the origin o
and the order 0. But we do not complicate the notation by doing explicit this

dependence.

We give some basic properties, with trivial proof derived from Proposition 2.3.6.

Proposition 2.5.3 For measurable functions f, g and fi, k > 1, defined in T, we

have:
() 171 < lgl. then | fll a0y < loll g
(1) 1Al apuy = ANl ap -
(i) If 0 < fx /" f pointwise, then ||fk||N%(u) / Hf”N%(u).

(iv) liminfy | fill| ap ) < liminfe [| fil sz ) -

We will use the notation

zeFE

for every set £ C T and for every weight u in 7. We describe the functional in a new

way that will be useful later on.

Lemma 2.5.4 For all f € Al.(u), we have

00 1/p
s = ([ o2 0ot )

Proof. By Proposition 2.3.6 (vii), we have:

1/p
g = (S0P @Date))

zeT
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We use Definition 2.3.2 of the decreasing rearrangement and then we apply Fubini’s

Theorem obtaining:

g = (S [ xupor@ dA)u(w))W

zeT

- (Z ( | e e @ df)u(:c)) "

zeT

(L5,

ze{|f]>€}"

We show that our Lorentz spaces have the property of completeness.

Proposition 2.5.5 Suppose u(o) # 0, and let {fi, : k > 0} be a sequence of measur-
able functions defined in T. If

i 1~ fullag ) = 0.
then there exists a function f € AL (u) defined in T such that

h}Ln If = anN;(u) =0.

Proof. Using the expression given in the previous lemma for the functional, we get
for all t > 0:

t t
1 ar 0y 2 /pk”‘lU(ﬂfl > A})dA > U({|f] >t}*)/ pAPL A
0 0
= U{lfI>t}")t,
and thus, for all ¢ > 0 we have

_ Wiy

Ul > ) < =

This inequality and the hypothesis lead to
LllrgU(ﬂfm - fn| > t}*> =0,

for all £ > 0. Since u(o) # 0, the last equality implies that for all ¢ > 0, there exists
p such that

{|fm - fn' > t} = @7
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for all m,n > p, that is, {fx : £ > 0} is a Cauchy sequence in measure. Then, we
know that the sequence is converging in measure to certain measurable f, and there
exists a subsequence {f, :k >0} that converges pointwise to f. By Proposition
2.5.3 (iv), we have that f € Af(u) and also that

Hf - fn"A%(u) < hmklnf ank - anAzj)“(“) )

and therefore

tm 1 Full gy =0

O

The classical Lorentz spaces are generalizations of the classical Lebesgue spaces,

in the sense that
A% (1) = L7(X, ).

In view of this, it is logical to ask if this relation holds true in the case of our Lorentz

spaces. Next proposition gives an answer to this question.
Proposition 2.5.6 For 0 < p < oo, we have
AT(1) = LX(T, |]).

Proof. We will use Proposition 2.3.6 (vi) and (vii), and that |E| = |E*| forall E C T,

and by Fubini’s Theorem, we get

ey = @ = [T > A dx= [T 1y > M)

zeT 0

— Z(f*(x))p = Hf”N;u)'

zeT

g

As a consequence we have AL.(1) = AZ.(1). However, the spaces A% (v) (v a weight
in [0,00)) and A%.(u) (u a weight in T") are not equal in general. The classical Lorentz

spaces are rearrangement invariant spaces, that is

11t oy = Nl -

whenever f and g are equimeasurable functions, in the sense that

n({1f1 > A}) = u({lgl > A}),
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for all A > 0. In fact, two functions f and g are equimeasurable if and only if f* = g*.
The Lorentz spaces A%.(u) are not rearrangement invariant spaces in this sense in
general, as the functions f and ¢ in Example 2.4.5 show (f* = ¢g* but f* # g%).

Furthermore:

Proposition 2.5.7 The space Al.(u) is a rearrangement invariant space if and only

if the weight u is a constant in T \ {o}.

Proof. Suppose first that u is constant in 7'\ {o}. Take two equimeasurable functions
fand g in (7].|), that is

{IF1 = A = Hlgl = A3 (2.29)

We can assume that their supports are finite. We have:

1Fllaz ) = (F*(0)Pu(0) + C > _(f*(x)),
xF#o0

190l a2 00y = (97 (0))Pu(0) + C Y (9" ()"
TF#0
By (2.29), f*(0) = g*(0) and using also the last proposition, we get :
D@ = Ml — (F0)
r#o
= HgHLP(T,H) —(g%(0))”
= Y (¢"@)"
TH#0
and thus
1 g o = lglap
Let us see the converse implication. Suppose that AZ.(u) is a rearrangement invariant
space. We first show that necessarily, u is radial. Take x and y two different vertices
such that
d(o,z) = d(o,y).

Then f = X[o2] and g = X[o, are equimeasurable functions and thus

U(lo,z]) = [ fllaz.wy = N9l az @y = U(l0s9]).

This equality implies that u is radial. Now take x € T, and y such that y ¢ [0, 2] and
d(o,y) = 1. Set E = ([o,z]\{z})U{y} and f = xp and g = X|o.+] are equimeasurable
functions satisfying f* = f and ¢* = g, and thus

U(lo,z]) = 19l azy = [l az.wy = Ullos 2]) = u(z) +uly),
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that is, u(z) = wu(y). This equality and the fact that u is radial leads to v = C' in

T\ {o}.

O
In any case, we always have an inclusion between these two spaces.
Proposition 2.5.8 If u is a weight in T', then A% (u*) is a subspace of Af(u*).
Proof. We simply apply Corollary 2.4.4 (i) and Proposition 2.4.3:
1y = S @Pu@
zeT
= Y (") (@) (=)
zeT
< [ ey
- [ rwrema
0
= e
We have used the well-known fact (|f|”)*(x) = (f*(x))P.
O

We focus our attention on the functional ||.| AP and we study what kind of

u))?
conditions are required on the weight u such that it becomes a quasi-norm or a norm.

We observe that we trivially have
[fllaz @ =0« f=0.

In the classical context, M.J. Carro and J. Soria ([CSol]) characterized the weights
u such that the functional ||.|| A% () 18 & quasi-norm, if X is non-atomic. Later, J.A.
Raposo ([R]) completed this result for all X. In our case, we have the following

characteritzation.

Theorem 2.5.9 The functional H'HN}(U) s a quasi-norm if and only if there exists a
constant C' > 0 such that

0 < U((EUD)*) < C(U(E") + U(DY)), (2.30)

for all sets E and D such that EU D # ().
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Proof. Suppose that condition (2.30) holds. By Lemma 2.5.4, if ||fHA?(u) =0, then

U{lf1>A}) =0,

for all A > 0, and by hypothesis,

{lf/1>A} =0,

for all A\, that is, f = 0. Also by Lemma 2.5.4 and applying our hypothesis, we have:
I +ollige = [ 2T ol > A7) i

< [T A > M2 0 llsl > A2 dx

< o [Tpervins vy [Tornuisl > 32y i)

= ZC(O/OOOPA“U({If > A}’")dAﬂL/OgopV’1U({\g\ > A}*)OM>

= 20(’|f”21}(u) + ||gHA’}(u))p7

where we have used the monotonic property E* C D* if E C D. Now, suppose that
the functional is a quasi-norm. Take E and D such that £ U D # (), an then:

U((BUD))Y? = |xeupllarw < Clxellarw + XDl aza)
= C(UENHY? +U(D)'P).

O

We study now when the functional ||.|| AP (u 18 a norm. In the classical context,
this problem was solved by G.G. Lorentz ([Lo]) in the case X = (0,l) and p > 1.
The general case is completely characterized by J.A. Raposo in [R]. In all cases, the
necessary and sufficient condition on the weight so that ||.|| AZ () Decomes a norm is
that v must be a decreasing function. With these results in mind, we obtain our first

positive result:

Lemma 2.5.10 If ||.||A;%(u) is a norm, then w is a decreasing function in T .

Proof. We take two neighbor vertices x and y, with x <y. Set f = X[, + Axy,) and
9 = Xjow]\{z} T AX{z}, With 0 < A < 1. We then have g* = f* = f and

11 = 9l ) = Ullo. 2]) + Wu(y).
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Moreover, f 4+ g = 2X[oy)\{2} + (1 + X)(X{a} + X{u}), and thus

1f + 9llAz ) = 2°U ([0, y] \ {z}) + (1 + A)P(u(z) + u(y)).

By the triangle inequality, we have
1/p 1/p
(2000 \ o)) + (1 AP ute) 4 u) ) < 2(Uloral) + )
We derive from here that

W _ (14 AP
TES\ v

u(y) < ().
We obtain u(y) < u(x) by letting A 7 1.
O

Unfortunately, it is easy to see that this condition on u is not sufficient to get a

norm.

Example 2.5.11 Consider the decreasing weight u and the functions f and ¢ in the
figure.

o 0 0
2 1 1 3 3 4
U g

Figure 35: A decreasing weight u and the functions f and g.

It is easy to compute that [|f + gl[a; ) = 33 and |[flla1 @) + 9/l Ay @) = 32, that is

H.HA%F(U) is not a norm.

As Examples 2.4.6 and 2.4.9 in the previous section, this example says that u must
be something better than decreasing. If we observe the proof of G.G. Lorentz in [Lo]
of the characteritzation as a norm of the functional, we can complete this result by

stating the following: if p > 1, the following are equivalent
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(i) The weight u is a decreasing function in [0, 0o).

(ii) For all Lebesgue measurable functions f in (0,1), the equality

l o)
sup / FOR()] dt = / £ (Eyult) dt,

{h: h*=u}

holds.

(iii) The functional H'HA&,Z)(u) in (2.28) is a norm.

In view of this, maybe the required condition on the weight u is to be a linearly
decreasing function, since in the previous section we saw that this condition leads to
an equality of the type (ii) above. The answer is next theorem. Recall that ® is the

set of all the rearranging transformations in the tree.

Theorem 2.5.12 Let w be a weight in T.
(i) If 0 < p < 1, the functional H.HA;%(U) is a norm if and only if supp(u) = {o}.
(ii) If p > 1, the following are equivalent:
(a) w is linearly decreasing in T
(b) For all p € ®, the equality
(uo @) (y) = u(y)

holds for all y in the support of .
(c) For all measurable functions f in T, the equality
sup Y [f(2)h(x)] =) f(z)ulz)
{h: h*=u} zeT 2€T
holds.
(d) The functional H-HN;(U) is a norm.
Proof. We first proof that if ||.|| AP (u) 18 @ norm, then u is linearly decreasing, for all
0 <p<oo. Ifz >y, then Lemma 2.5.10 shows that u(z) < u(y). Take x >y and

0<a<b<c<d set 2m = a+ b and consider the functions f and g of Figure 36.

Observe that f* = g*. The triangle inequality gives, after cancelations

((a+b)" = (2a)?) u(z) < ((20)" = (a +0)") u(y).
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(f+g9r 7

Figure 36: The functions f, g, f + ¢ and their rearrangements.
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If we set 1 < A\ = b/a, the inequality becomes

(L + )P = 2%) u(z) < ((2A)" = (1+A)) uly).

Now, observe that

lim (2A)P — (1 + AP

=1
A1 (1 + )\)p —9p ’

and thus, u(x) < u(y). This proves (d) = (a) in part (i7).

(i) The sufficiency is obvious. Suppose that the functional is a norm. Set f = Xy,
and g = Axyzy with 0 < A < 1 and x a neighbor vertex of o such that z <y for all
y #0in T. Then f* = f, g" = Aoy and (f +9)" = [+ 9 = X{o} + Ax{zy. The
triangle inequality gives

1/p
15 + sl = (1(0) + ¥ule) ) < ulo) + OPu(o) = Il ago + lollagco-

From this, we have

(u(o) + )‘p“(if)> " — u(o)"/?

< u(0)"? < 0.

If u(x) # 0, then

li =
pu— A o
because p < 1, getting a contradiction. Thus, u(z) = 0 and since wu is linearly

decreasing, © = u(0)X{o}-

(ii)(a) = (b) This is Theorem 2.4.15.

(b) = (c) This is Theorem 2.4.17. (¢) = (d) We apply Proposition 2.3.6 (vii), and
the hypothesis (twice):
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1/p
I + sl = (07 + 0 @ru)

- (:Xg(m g|p)*(x)u(x)>1/p

= S (Z; )+ g@) P h (x)) v

< (Suerin) s w (Sworae)”
_ (;( f*(a:))pu(x)> e <;< g*m)pu(@) o

= 115 lap + 190z

Taking into account Proposition 2.5.5, we obtain:

Corollary 2.5.13 For 1 < p < oo, Al(u) is a Banach space if and only if u is

linearly decreasing in T'.

By considering Proposition 2.5.8, we can state:

Corollary 2.5.14 For 1 < p < oo, if u is a linearly decreasing weight in T', A%.(u*)

is a Banach proper subspace of the Banach space Al (u).

In view of Theorem 2.5.12, it is now clear that the property of being a Banach space
is not invariant under the choice of the origin and the order of the rearrangement,
because the linearly decreasing property on a weight is not invariant by the change

of the origin and the order in 7.

Finally, we use Theorem 1.1.10 to completely characterize the embeddings between

these spaces.

Theorem 2.5.15 For weights v and v inT'" and 0 < p,q < oo, we have:
(a) If 0 < p < q < oo, then AL (u) — AL(v) if and only if there exists a constant
C' > 0 such that y
V(D)
<C.
bl UMDY =

(b) If 0 < ¢ < p < 00, then the following are equivalent:
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(i) Ap(u) — Az (v).
(ii) There exists C' > 0 such that

([ e <c

kEZ

for all {D} C D(T).
(111) There exists C > 0 such that

([ (o ey " via] ) Y2 <

keZ

for all {Dy} C D(T).

2.6 Finite trees and regular trees

2.6.1 Regular trees
Recall that a regular tree T is a tree with the property that
2 <deg(x) < M +1,

for all z € T, for some M > 1, where deg(z) is the number of neighbour vertices of
z. For a rooted regular tree T,, consider the homogeneous tree TM of degree M + 1
and an injective map

i:T,— T™,
such that d(x,y) = dy(i(z),i(y)), where d and dj; are the distances defined in T,
and T™ respectively, that is, 7 is an isometry. Define a partial order in TM as follows:
x < y if and only if z € [i(0),y]. With this embedding ¢, we can think of 7, as a

subtree of T%)

Extending, in the natural way, the map i to the boundary of T, we easily obtain
that
i(0T,) C GT%).

Hence, if we consider an order o in GT%) (recall Definition 2.2.4), it is also an order
in i(07,).

It is possible to rearrange a set £ C T, by rearranging its inclusion i(F) in Tz](‘g)

More explicitly, for a finite set F in T, define its rearrangement by

E{,0) = Rii(o)0) (i(E)),
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where o is the origin in T and ¢ is an order in 9T.

In this case, we loose the canonicity of the rearrangement expressed in Theo-
rem 2.2.15 for the case of a homogeneous tree, because the group of automorphisms
of a regular tree T is not as reach as the one of a homogeneous tree 7M. Moreover,
we observe that, in general, an automorphism of 7 is not an automorphism of 7.
As a consequence, we need to be clear in specifying the origin of the regular tree and

the order in the boundary.

However, the rest of the results for homogeneous trees given in the previous sec-
tions can be applied to this special case, because the group of automorphisms is not
playing any role (except in Proposition 2.3.3). We observe that we have only needed
to prove this results for finite sets of vertices, and that every finite set of vertices F

in T can be viewed as a finite set of vertices i(E) in T™.

Definition 2.6.1 For every f € My(T), its decreasing rearrangement with re-

spect to the origin o in T" and the order o in J7, is the function

fooy () = /O X{yer M (1= ) >AY,,, (1(2)) dA,

defined for all z € T

Definition 2.6.2 Let 0 < p < oo be a real number and u a positive function defined
in 7. The Lorentz space Af’o o) (u) is the set of measurable functions f defined in T

such that the functional

1/p
11,0 = (X o))

zeT

is finite.

Theorem 2.6.3 The functional ||HA€ N
a constant C' > 0 such that ’

) U8 @ quasi-norm if and only if there exists

0<U(EUD),.) <CUE,) +UMDG)), (2.31)

(0,0) (0,0)

for all sets E and D such that E'U D # ().
Definition 2.6.4 Given two vertices x and y in T', we define

r (0,0) Y

if and only if
<oy or i(l(x)) = i(I(y)).
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Definition 2.6.5 A function g is (0, 0)-linearly decreasing if
9(x) = g(y)

if and only if
x S](O,U) Y.

We denote by ®(o,0) the set of all the rearranging transformations (recall Defi-

nition 2.4.8), for the given pair (o, ).

Theorem 2.6.6 Let u be a weight in a reqular tree T,, and o an order defined in the

boundary of the associated homogeneous tree TM .
(i) If 0 < p < 1, the functional H'HAfo,a)(u) is a norm if and only if supp(u) = {o}.
(ii) If p > 1, the following are equivalent:
(a) u is (o,0)-linearly decreasing in T
(b) For all p € ®(0,0), the equality
(w0 9)(o0) () = uly)

holds for all y in the support of p.

(¢) For all measurable functions f in T, the equality

sup D |f(@)h(@)] =Y [0 (@)ulz)

{h: h(oya):u} zeT zeT

holds.

(d) The functional H'HAfo,a)(u) is a norm.

2.6.2 Finite trees

The same results of the previous subsection can be given for finite trees, using the
same idea. A finite tree 7 is a tree with a finite number of vertices. We fix an origin

vertex o and we define a partial order in T, as usual:
<,y <€ oy
We define the boundary of T, as in Definition 2.2.6, that is,

o, ={z €T :T(x)NT = {z}},
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where T'(z) ={y € T : y >, z}.

Set
M + 1 = maxdeg(z).

{L‘GTO

The finite tree can be seen as a subtree of the homogeneous tree 7™ of degree M + 1,

if we consider an injective isometric map
i T, — TM.

Define a partial order in 7™ as before: x < y if and only if x € [i(0),y]. Therefore,
every order in 87’%) is also an order in 0i(T,), and we can rearrange every finite set

E in T, by rearranging its image i(F) in T%) We define
Efo.0) = Rii(o)0) (i(E)).

In this context, and with the same definitions of the previous subsection, we can

state the main result.

Theorem 2.6.7 Let u be a weight in a finite tree T,, and o an order defined in the

boundary of the associated homogeneous tree TM .
(i) If 0 < p < 1, the functional H'HAfo,a)(“) is a norm if and only if supp(u) = {o}.
(i) If p > 1, the following are equivalent:
(a) u is (o,0)-linearly decreasing in T
(b) For all p € ®(0,0), the equality

*

(U © 90)(0,0) (y) = U(y)
holds for all y in the support of .
(¢) For all measurable functions f in T, the equality

sup Y [f(@)h(@)] =Y [ (@)ule)

{n:ny, ,=u} zeT z€T

holds.

(d) The functional H'”N(’o,o)( ) @S a norm.

u
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We now point out a surprising fact. For a rooted finite tree T, it is easy to choose
an order in JT, simply by listing these vertices. So, we can use this listing order to
rearrange sets and, therefore, functions. A natural question arises: can we have the
same previous theorem for this rearrangement? The answer is negative in general, as

we are going to show.

By the previous theorem, if there exists an order in 9T™ such that its restriction
to 0i(T,) coincides with our listing order, the theorem will be true. But it is easy to
see that there are listing orders that are not restriction of any order in 97™. And for
this listing orders, the theorem fails to be true, as stated. Let us see an example that
shows that we can have a linearly decreasing weight w not satisfying the condition
(wo )" =w, for all rearranging transformations ¢. We consider the finite tree 7" of
Figure 37:

We observe that 0T, = {x1,x3,24}. We choose the listing order z3 < x; < 4.

With this choice, the linearly decreasing order is

0<1To Lxy 21 <T3.

€ T2

T3 Xyq

Figure 37: The finite tree 7.

Figure 38: The linearly decreasing weight w.
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Figure 39: The function f and its rearrangement.

In the two preceding figures, a linearly decreasing weight w is given, and we have

considered a positive function f and its rearrangement.
Thus, the rearranging transformation for f is
%Of(O) = T3, SOf(l‘1) = X2, §0f($2) = I, SOf(x?,) = Ty, SDf(l‘4) = 0.

Finally, we compute w o ¢ and we rearrange it. We observe that 2 = w(z;) #

(o ps) (@) =3.

wops (woy)*

Figure 40: w o ¢ and its rearrangement.
We can see in this example that the crucial result in Lemma 2.4.11 is not satisfied
by a general listing order. In our case, f(x2) > f(x3) but p(xs) = x1 > 24 = p(x3).

We observe that the listing order in this example cannot come from an order
defined in the boundary of the homogenous tree of degree 3 (an admissible map),

because the assumptions in Definition 2.2.2 oblige to satisfy
1 w3, 1 2y,

or, on the other hand,

T3 <x1, X427






Chapter 3

Weighted inequalities and the
shape of approach regions

In the history of analysis, many problems are concerned with the existence of bound-
ary limits for certain classes of functions defined on a general domain. The beginning
of the study of these questions goes back to 1872, when H.A. Schwarz ([Scl]) proved
the existence of radial limits for all boundary points in the unit disc D for the Pois-
son integral of a continuous 27m-periodic function. P. Fatou proved in 1906 ([F])
the existence of boundary limits, for almost every point in the boundary of D, for
bounded holomorphic functions if we approach the boundary point within certain
regions called nontangential approach regions. The nontangential condition became
strongly linked with boundary convergence when J. Littlewood ([Li], 1927) proved
the failure of convergence for bounded holomorphic functions on D along tangential
curves. In 1930, Hardy and Littlewood ([HL]) introduced the idea of studying the
convergence of a sequence of operators by means of estimates on a maximal function.
It turns out that a natural setting to study estimates on maximal functions is the

spaces of homogeneous type.

In [K], A. Koranyi gave the boundary convergence for H? functions on the gen-
eralized half-plane of C"*! within the so-called admissible domains. These regions
allow parabolic tangential approach to the boundary along certain directions. In
1984, A. Nagel and E.M. Stein ([NS]) completely characterized the approach regions
in the half space R7*! := {(z,t) € R™! :2 € R", t > 0} where we have boundary
convergence for the Poisson integral of L” functions on the boundary. They studied

estimates on a maximal operator Mg, related to the approach region, for the origin 0,

155



156 3. Weighted inequalities and the shape of approach regions

(0) defined by

1
Vofr)= swp e | e (31)
and the result is quite surprising: there exist nontangential regions (without tangen-
tial directions) not contained in any cone for which convergence is allowed. These are
the so-called non nontangential approach regions. J. Sueiro ([Su], 1986) generalizes
this result by studying the problem in the general setting of the spaces of homoge-
neous type, and he applies it in the case of the generalized half-plane in C"*! which
can be seen as the product H, x(0,00), where H,, is the Heisenberg group. Later,
M. Andersson and H. Carlsson ([AC]) gave an easy proof of the Nagel-Stein result
using the key concept of Carleson measures. A complete and original overview of this

subject can be found in [DiB], where new interesting results are given.

Following the ideas of [Su], Pan (see [P]) studied the weak-type weighted norm
estimates for M also in spaces of homogeneous type. Later, in [SS1], A. Sanchez-
Colomer and J. Soria gave and answer to the strong-type weighted estimates for
Mg in the Euclidean space, and they also studied the relationship between weighted
inequalities for this operator and the geometry of the region €2 (see [SS2]).

Our intention is to follow these researches by extending the results in the Euclidean
spaces of [SS2] to the more general setting of the spaces of homogeneous type. In
this new context, we find two new difficulties: the lack of a group structure and the
lack of the invariance of the measure with respect to the metric (i.e., balls of the
same radii but with different centres can have very different measures). Thus, we will
characterize geometric properties of a family of approach regions by means of analytic
properties on the class of weights related to the boundedness of the maximal operator
associated to this family, in the framework of the spaces of homogeneous type. In
order to obtain our results, we will need to go deeply in the description of this class

of weights giving the relationship with the classical Muckenhoupt A, weights.

The chapter is organized as follows. The first section is devoted to collect some
of the known results for the Euclidean spaces in order to present the current state of
the theory. The second section is our main section, and we work in the product space
X % (0, 00) for a space of homogeneous type X. There, we find another (easier) charac-
terization of the weak-type inequalities for Mg, in terms of the classical A, condition
plus an extra property related to being a Carleson measure (see Theorem 3.2.17). For

this, we use some of the techniques given in [AC]. This result allows us to prove that
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the equivalence of weighted inequalities for Mg and the classical Hardy-Littlewood
maximal function M completely determines the geometry of the family of approach
regions € (see Theorem 3.2.30). To this end, we observe that there exists a class
of “power” weights which are the key to establish the correspondence between ana-
lytic properties (boundedness of maximal operators) and geometric properties of the
domains 2. The main idea behind this technique is to find an equivalent metric in
the given space which enjoys some extra invariance properties (see Theorem 3.2.21
and Corollary 3.2.25). This new quasi-metric is described in [ST]. Some particular
examples of spaces with a group structure where our results apply are given in the
final subsection. The contents of the second section have been published in [GS]]
and [GS2]. In the third section we go further into the generalization of the results
by considering an abstract context. We first show that our study makes sense in a
more general setting by considering the case of homogeneous trees. In the fourth
section, we go back to the case of Euclidean spaces to obtain two applications of our
results that allow us to extend two results dealing with approach regions and singular

integral operators of [FJR] and with approach regions and potential spaces of [RS].

We now introduce some notation. For a measure space (X, ) equipped with a
quasi-metric function d, M will always denote the non-centered Hardy-Littlewood
maximal operator defined for a measurable function f by

M) =sup s [ |1w)] duty
zeB ILL

where the supremum is taken over all the balls containing z, and M., stands as the

centered Hardy-Littlewood maximal operator defined for a measurable function f by

1
Mo () = sup m /B W) dnty).

For a weight u defined in X, we write U(E) = [, u pU ) for a measurable set
E c X. Two positive functions f and g are Sald to be equlvalent if there exists a
positive constant C' > 1 such that C'g(z) < f(z) < C g(z) for all x. We then write

f~g.

3.1 Preliminary results in R

This section is devoted to give the classical definitions of approach regions in the
particular case of Rffl, and to collect the known results in this setting that will be

extended in the forthcoming sections.
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We consider the Euclidean half-space erfl = R" x (0,00). Its boundary, R"™,
equipped with the Lebesgue measure and the Euclidean metric is a space of homoge-

neous type (see Section 2 for a definition). The measure of a set £ C R™ is denoted
by |E|, and the balls of the metric by B(x,r), for z € R" and r > 0.

As usual the existence of boundary limits for certain classes of functions follows
from estimates for the corresponding maximal operator. Thus, for a given family of
measurable sets Q = {Q(z) : x € R"} in R}, we consider the operator Mg defined
by

Mqof(z) = su / )| dz,
Qf( ) (y,7) EIf)l |B y,r | B(y,r) |

which is a generalization of the operator (3.1) of [NS|, where A. Nagel and E.M. Stein
characterized the boundedness of Mg when Q(z) = (z,0) + Qo, for a measurable set
Qp. We will always assume that €2 is chosen in such a way that Mg f is a well-defined

measurable function.

We define some concepts that will be used.

Definition 3.1.1 For a family of sets Q, the shadow of a point (x,t) by € is the set
Oz, t) = {y €R": (z,1) € Qy)},
the cross—section at height t of Q(x) is the set
A(x) ={y €R": (y,1) € Ax)},
and the Q2-neighborhood at height t of a point x € R" is the set
So(z,t) ={y e R" : Q'(y) N B(x,t) #0} .
The set Q(z) is said to be full on the vertical direction if
Q(x,8) € Q4 (x, 1),

whenever 0 < s < ¢. This means that if (y, s) € Q(z), then (y,t) € Q(z) for all t > s.
It is proved in [Su| that in order to get estimates on Mg, we can assume with no loss
of generality, that Q(x) is full on the vertical direction for all z € R™, that is, the

approach family is full on the vertical direction.

We recall that a weight u : R™ — [0, 00) is a locally integrable positive function.

The weight u is doubling if there exists a constant K, > 0 such that

U(B(x,2r)) < K,U(B(x,r)),
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for all z € R™ and r > 0.
The main result in [Su] applies to the case of R7*! with the measure u(x) dx, for

a doubling weight u, instead of the Lebesgue measure:

Theorem 3.1.2 (Sueiro) For a family of sets Q C R’fﬂ full on the vertical direction

and a doubling weight u, the following conditions are equivalent:
(i) Mg : L'(u) — L*°(u) is bounded.

(i) There exists a constant C > 0 such that U(Sq(z,t)) < CU(B(z,t)) for all
reR" andt > 0.

Since Mg is bounded on L (u), the weak type (1,1) implies the strong type (p, p)

for p > 1, by the Marcinkiewicz interpolation theorem.

The set Q(x) C R is an approach region for x € R" if and only if (x,0) €
Q(z). If every set Q(x) is an approach region for x, then the family € is said to be

an approach family.

The following proposition appears in [SS1]. It makes explicit the relation between
the geometric condition of being an approach region and a pointwise estimate for the

maximal operator related to the approach family.

Lemma 3.1.3 (Sanchez-Colomer, Soria) Suppose that Q(x) is full on the vertical
direction, for certain x € R™. Then Q(x) is an approach region for x if and only if
Meen f(x) < Mo f(x), for all measurable functions f.

A weight u is in the A, class of Muckenhoupt (see [M]) if and only if
Meen : LP(u) — LP™(u)

is bounded. It is well-known that the non-centered and the centered Hardy—Littlewood
maximal operators are equivalent in a space of homogeneous type as R", and that

every A, weight is doubling. An A}? weight is a weight u such that
Mg : LP(u) — LP*°(u)

is bounded.

A consequence of Theorem 3.1.2 and Lemma 3.1.3 is the following result in [SS2]:

Proposition 3.1.4 (Sanchez-Colomer, Soria) If (2 is an approach family full on

the vertical direction, the following conditions are equivalent for p > 1:
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(i) ue Al

(i) w € A, and there exists C > 0 such that U(Sq(z,t)) < CU(B(x,t)) for all
(z,t) € R

With this result in mind, the last two authors ask the following natural question:
how must a region €2 be to ensure that Ag = A,? They could answer it in the par-
ticular case of a translation invariant family of regions, obtaining a nice result which
relates weighted inequalities for maximal operators and the shape of the approach

regions:

Proposition 3.1.5 Let Q(0) C R be an approach region for 0 = (0,...,0) € R®
full on the vertical direction, and set Q(z) = (x,0) + Q(0) for all x € R™. Then,

A, = Ag for some p > 1, if and only if Q(0) is contained in a cone with vertex at
0eR"

We will extend this result to a more general setting.

3.2 The half space X x (0,00) for a space of homo-
geneous type X

We are interested in understanding more deeply the relationship between weighted
inequalities and the shape of approach regions. So, our main purpose is to give a new
and clarifying proof of Proposition 3.1.5, which allows us to extend the results to the
framework of the spaces of homogeneous type. To be precise, we will work with the
half-space

X, =X x(0,00),

where (X, u,d) is a space of homogeneous type with the measure p and the metric
d (see the definition below). The space X can be viewed as the boundary of X,. In

this new setting, two difficulties appear:
(i) The lack of a group or pseudo-group transformation in X.

(ii) The lack of the invariance of the measure with respect to the collection of balls,

that is, in general, we have neither

p(B(z, 7)) = p(B(y,r)) nor pu(B(x,r)) = u(By,r)),

for all z,y € X and r > 0.
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3.2.1 Definitions and previous results

Let X be a topological space with a nonnegative Borel measure pu. Suppose we have
a nonnegative real-valued function d defined in X x X that satisfies the following

properties:
(i) d(x,y) = 0 if and only if z = y.
(i) d(x,y) = d(y,x) for all z,y in X.
(iii) There is a constant A > 1 such that d(z,y) < A (d(x, z) +d(y, 2)), for all z,y, z
in X.

(iv) The balls B(z,r) = {y € X : d(x,y) < r} are measurable sets for all z in X and
r > 0. Moreover, {B(z,r) : r > 0} is a basis of open neighborhoods for all z in
X.

(v) There is a constant K, > 1, such that 0 < p(B(x,2r)) < K, u(B(x,r)), for all
zin X and r > 0. .

Definition 3.2.1 A trio (X, p, d) satisfying the above conditions is called a space of
homogeneous type (see [CW] for a more general definition), a measure satisfying

(v) is called a doubling measure and d is called a quasi-distance.

Although our purpose is to work in the setting of spaces of homogeneous type, we
need to assume our quasi-distance not symmetric in general (we still call it a quasi-
distance), and in order to distinguish it from the symmetric case, we will denote it
by 9.

Let us introduce the precise definition.
Definition 3.2.2 A ns-space of homogeneous type is a trio (X, u, ) satisfying:
(i) 0(z,y) =0 if and only if z = y.
(ii) There exists a constant D > 1 such that é(x,y) < Dd(y,x) for all z,y in X.

(iii) There is a constant A > 1 such that §(z,y) < A (6(x, z) +0(y, 2)), for all z,y, z
in X.

(iv) The balls B(z,r) = {y € X : 6(x,y) < r} are measurable sets for all z in X and
r > 0. Moreover, {B(x,r) : r > 0} is a basis of open neighborhoods for all = in
X.
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(v) There is a constant K, > 1, such that 0 < pu(B(z,2r)) < K, u(B(x,r)), for all
zin X and r > 0.

Obviously, every space of homogeneous type is a ns-space of homogeneous type,
with D = 1.

In the sequel, it will be important in every computation to be careful with con-
stants, since we are trying to have uniform results in x € X. We will explicit the
dependence of the constants appearing at each result if it is needed. If not, a constant
C > 0 may change from one occurrence to the next. The constant K, will always be
the doubling constant of a measure v. We give some technical results involving the
metric and the measure of our space that are important for later purposes. The first

one is well-known.

Lemma 3.2.3 A measure p is doubling if and only if there exists a > 0 such that
pu(B(x,tr)) < K, t* u(B(x,r)), for all z € X and r > 0.

Lemma 3.2.4 ([ST]) Let a > 0. If B(z,r) N B(y,r") # ¢ and r < ar’, then
B(IE, T) - B(y7 COTJ>7 with Co = A2(1 -+ CL) -+ ADa.

The next result is a Vitali-type covering lemma:

Lemma 3.2.5 ([ST]) Let F be a family of balls with bounded radii. Then there is
a countable subfamily of pairwise disjoint balls B(xy,ry) such that each ball in F is
contained in one of the balls B(xy,cory), where ¢ is the constant of the previous

lemma in the case a=2.

Given a nonnegative measure v, the Hardy-Littlewood maximal function of v with

respect to the measure p is:

=su v(B)
M”V(x) B BSIz) N(B)'

We write M = M, if there is no possible confusion.
As a consequence of Lemma 3.2.5, it is now easy to prove the following well-known

estimates (see also [ST]):

Theorem 3.2.6 For a doubling measure i, we have:

(a) The Hardy-Littlewood maximal operator is of weak-type (1,1) and strong-type (p,p)
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for 1 <p <oo on LP(u).
(b) There is a constant C,, > 0 such that for every A > 0,

C
p{z € X : Mu(x) > \}) < THI/(X),
for all nonnegative measures v of finite total variation.

The following theorem, a Whitney-type decomposition, is proved in [CW] in the
case of spaces of homogeneous type, and works in the setting of the ns-spaces of

homogeneous type with slight modifications.

Theorem 3.2.7 Let j be a doubling measure. Let f € L'(u) be a positive function
with bounded support. Then, there exists a countable family of balls { B(xy, k) }x such
that:

(i) O={x e X : Mf(z) >1/2} = | JB(zr. ).

(1) There is a constant C,, > 0 such that Z,u(B(xk,rk)) < Cu I fl-
k

(11i) B(zg,3Ary) N O # ¢, for all k.

We will follow the ideas of M. Andersson and H. Carlsson in [AC], involving the
concept of Carleson measures to obtaining estimates for maximal operators. We now

introduce a general notion of pairs of Carleson measures. The tent of an open set
O C X is the set T(O) = {(y,t) € X, : B(y,t) C O}.

Definition 3.2.8 We say that two measures, p defined in X, and v defined in X,

are a Carleson pair if there exists a constant C,,, > 0 such that
p(T(B)) < Cpuv(B),
for all balls B C X. In this case, we use the notation (p,v) € C(X).

By using the Whitney-type decomposition of Theorem 3.2.7, it is now a classical

computation to extend the definition of a Carleson pair to every open set.

Proposition 3.2.9 Let (p,v) € C(X) so that v is doubling. Then, there exists a
constant C),, > 0 such that

p(T(0)) < C,, v(0),

for all O C X open.
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Proof. We can assume that v(0) < co. Let f = xo € L'(v). Then
Oc{reX:M,f(x)>1/2}.
We use Theorem 3.2.7 to obtain a family of balls { B(xy, ry)}x satisfying:

(1) O C UB(CL’k,Tk)
k
(ii) There is a constant C,, > 0 such that ZV(B(a:k,rk)) < C,v(0).
k

(iii) B(xy,3Ar,) NO° # ¢, for all k.

Take (z,s) € T(O). By definition, B(z,s) C O and (i) implies that there is ko so
that x € B(xy,, k). Now, (i) implies there exists y € B(xg,, 3Ark,) \ B(z,s) and

hence:

IN

s <d(x,y) A(S(z, hy) + 6(y, Thy))
AD((S(kax) +6(xk07y>>

S AD(l + ?)A)T‘ko.

IN

Using Lemma 3.2.4, there exists C' > 0 independent of z,s, zy, and 1y, such that
B(z,s) C B(xg,, Crg,), thatis (z,s) € T(B(zk,, Crx,)). Therefore T'(O) C UT(B(xy, Cry)).

Now, using (i) and the hypothesis on the measures, we have:
p(T(0) < > p(T(B(wx, Cry)))

k
< Cpu Y V(B Cry))
k

IN

C,n K, ce) Z v(B(zg, 1))
k

IN

c,, K, C,v(0)
= C,,v(0),

where K, and «a(v) are the constants appearing in Lemma 3.2.3 for the measure v.
O

We consider a family of measurable sets Q = {Q(x) : © € X}, with Q(z) C X, for

all x € X. For such a family, let us introduce the following definitions:
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Definition 3.2.10
(i) The shadow of a point (x,t) € X, by the family €2 is the set

Q(z,t) ={y € X : (z,t) € Qy)}.

(ii) The cross-section of () at height t > 0 is the set
'(x) ={y € X : (y,t) € Qa)}.
(iii) The Q-neighborhood at height t > 0 of a point x € X is the set
Sa(x,t) ={y € X : Q(y) N B(x,1) # ¢}.
(iv) Given a nonnegative measure o in X, we define the outer measure in X
oo(E) =o({r € X : Q(z) N E # ¢}),
for EC X, (see [AC]).

As we did in the first section, we define the maximal operator related to the family

Q0.

Definition 3.2.11 For a measurable function f, the maximal operator related to a

family of sets €2 is the function

1
M — [ — d .
af(@) (y,fjlelg(x) (B(y,t)) /B(y,t) @)l du(z)

We will always assume that Mg f is a measurable function.

In the next proposition, we find a necessary condition for the boundedness of this

operator.

Proposition 3.2.12 Let p and v be two nonnegative measures on X so that v s
doubling. If Mq : LP(v) — LP*°(p) is bounded for some p > 1, then there exists a
constant C = C(K,, ||Ma||tr()—1r(p)) > 0 such that:

p(Sa(z,t)) < Cv(B(z,t)),

for all (z,t) € X,.
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Proof. Take y € Sq(x,t). Then, there exists z € B(x,t) so that z € Q'(y)). Now, by
condition (7i) on 0, we have B(z,t) C B(x, A(D +1)t). Let f = XB(z,a(p+1)1)- Then,
Mqf(y) > 1/2 for all y € Sq(x,t), and therefore:

IN

p({r € X : Mo f(x) > 1/2})
Cv(B(z, A(D+ 1)t))
Cv(B(x,t)).

IN

IN

O

It is proved in [Su] that with no loss of generality, we can always assume that 2
is full on the vertical direction, that is (y,s) € Q(z) implies (y,t) € Q(z) for all
t > s. This is equivalent to the fact that Q'(y, s) C Q!(y,t) whenever s < t. We will

also take this condition for granted.

We say that a family of measurable sets Q@ = {Q(x) : x € X} in X is an approach
family if (z,0) € M for all x € X, with respect to the product topology in
X, . The natural example of approach family is the cone of width 6 > 0, T'y(z) =
{(y,t) € Xy 1z € B(y,0t)}. We denote I'(x) = I';(x). In the particular case of
Q(z) = Ty(x), it is known that M f ~ M, f for all measurable f, that is, there is a

positive constant C' such that
C'Mf(x) < My, f(x) < C Mf(x), (3.2)

for all measurable f and = € X. So, the operator Mr, has the same estimates of M
in Theorem 3.2.6.

We now characterize the boundedness of Mg : LP(v) — LP*°(p) for some p > 1.

Theorem 3.2.13 Let (X, u,d) be a ns-space of homogeneous type, and consider a
family Q. Let p and v be two nonnegative measures on X. If M : LP(v) — LP*>(v)

15 bounded for some p > 1, then the following conditions are equivalent:

(i) There exists C' > 0 such that
p({x € X : Mof(x) > A\}) <Cv({z € X : Mpf(x) > \}),
for all A > 0 and measurable f.

(ii) Mg : LP(v) — LP*°(p) is bounded.
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(iii) There exists C' > 0 such that p(Sq(z,t)) < Cv(B(z,t)) for all (x,t) € X .

(i) (pa,v) € C(X).

Proof. 1t is known that v is necessarily a doubling measure. That (i) implies (i7)
follows trivially by using (3.2). That (i) implies (iii) is Proposition 3.2.12. Let us
see that (i7) implies (iv). Take y € X so that Q(y)NT(B(z,t)) # ¢. Thereis (z,s) €
Q(y) with B(z,s) C B(z,t). Since (y) is full on the vertical direction, (z,t) € Q(y).
Therefore z € Qf(y) N B(z,t), and hence {y € X : Q(y) NT(B(x,t)) # ¢} C Sa(z,t).

So, using the definition of pg, we have:
po(T(B(x.1)) < plSalz, 1)) < Cv(B(z,1)).

Now, suppose (pg,v) € C(X). Observe that

1
{<y,t> e ) > A} c T(0),

where O = {z € X : Mpf(z) > A}, for all functions f. Then, applying Proposi-

ol {00 s | N )

pa(T(0))
Cv(0O)
Cv({x € X : Mrf(z)> A}).

tion 3.2.9, we obtain:

p({x € X : Mqof(z) > A})

IAIA

Remarks 3.2.14

(i) The hypothesis of the boundedness of M is only needed in the implication

(ii) We observe that €2 need not be an approach family.

A weight w in (X, u,d) is a positive and locally integrable function. We say that
u is doubling if the measure u(z) du(z) is doubling.

A weight u is in the A, class of Muckenhoupt (see [M]), 1 < p < oo, if the maximal
operator M : LP(u) — LP*(u) is bounded. By the A, constant ||u||4, of a weight u
in A, we mean the norm of the maximal operator. It is a well-known fact that every

weight u in A, is doubling, but we need to be more explicit for later purposes:



168 3. Weighted inequalities and the shape of approach regions

Lemma 3.2.15 If u is an A, weight for some p > 1 in a ns-space of homogeneous

type (X, i1,9), then u is doubling and
Ko < K7 |Julla,, (33)

where K, is the doubling constant of the measure u(z) du(z).

Proof. We recall that u € A, if and only if there exists C' > 0 such that

C
Uz € X - Mf(z) > A}) < 1) -

for all f € LP(u) and all A > 0. For a ball B = B(y, 2r), it is easy to see that for all
reX

1
o= /B ) dulz) < M(Frs)(@).

Thus B C {z € X : M(fxp)(xz) > t}, if t < fp. Using this and the definition above

of an A, weight, we have

U(B) < Ul € X s M(fxa)a) >t < 5 [ IFP ) duz),

for all t < fp. Letting t — fp, we obtain
fBUB) < C / FEP uz) du(2).
B

Now, we choose f = fxp whith B’ = B(y,r), and we substitute this in the last

expression getting

1 P
(o [ 1 ) ) 0By <€ [ 170 o dute)
Finally, if f =1, this is
((—g> U(B) < CU(B),
that is,
U(B) < c(ﬁéﬁ%) U(B) < CK?U(B)

We introduce two new classes of weights related to a family 2.
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Definition 3.2.16 For a family 2, we consider:
(a) For 1 < p < o0, a weight u belongs to the Ag class of weights if and only if
Mg : LP(u) — LP®(u) is bounded, and the Af-constant |[u[[ag is the norm of Mq.

(b) Set
W(Q) = {u € Lio(n),u>0:3C >0, U(Sa(z,t) < CU(B(z,t)), V (z,t) € X\ },

and let the W (§2)-constant ||u||w ) be the infimum of the constants appearing in

this expression.

A basic result to explain the interplay between weighted inequalities and approach

regions is the following theorem, that is our version of Proposition 3.1.4.

Theorem 3.2.17 Let Q2 be a family of approach regions in Xy. For 1 < p < 0o, we
have

A} =A,NW(Q),
and

[lulla, < Jullag,

for all w in AIS}.

Proof. Theorem 3.2.13 with dp(z) = dv(z) = u(z) du(z) says that A, N W (Q) C AY
and A} C W(Q). Now, let us see that if Q is a family of approach regions full on the
vertical direction, then
Meen f(x) < Mo f(z),

for all x € X and all measurable f. Therefore, we will have that Ag C A, and
[ulla, < [lul] -

Suppose {(zg, %) : k> 0} C Q(x), with 2, — x and 7, — 0. Given r > 0, we
can find ky > 0 such that if k& > kg, then 7, < r and hence (xy,r) € Q(x) since 2 is

full on the vertical direction. Since

1 1
Mqf(x) > w(Blan) /B(W) |f(y)| du(y) — m/}g(m) |f ()] du(y),

by the Lebesgue’s differentiation theorem. Hence, taking the supremum over r > 0,

we obtain
MQf(x) > Mcenf(x>'
O

Remark 3.2.18 The argument to show the estimate between the maximal operators

comes from Proposition 2.1 in [SS1].
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3.2.2 The shape of approach regions

In this subsection we show our main theorem that answers a natural question in view
of Theorem 3.2.17: when is it true that A, = AI?? To this end, we will need some kind
of invariance property on the measure of the balls of comparable radius. This will be
a consequence of a new requirement on the metric of our space of homogeneous type.
In fact, this new requirement on the initial quasi-distance will allow us to replace it

by a second quasi-distance, changing neither the topology nor the maximal operators.

Let (X, u,d) be a space of homogeneous type (and hence, d is symmetric). To be

precise, we denote the balls with respect the quasi-distance d by

Bz, t)={y € X :d(z,y) <t}, (x,t) € X,.

We impose on (X, p, d) the following extra condition: there is a constant M > 1
such that
B(a, Mr)\ B(x,r) # 6. (3.4)

for all z in X and r > 0. (If X is bounded, this should be considered for r small
enough.)

As a consequence of Lemma 3.2.4 and the hypothesis in (X, i, d), we obtain (see
also [ST]):

Proposition 3.2.19 There exist « >0 and 3 > 0, and 0 < Ky < 1 such that
Kyt u(B(x,r)) < p(B(x,tr)) < K, t*u(B(e,r)), (3.5)

forallx in X, r>0andt>1.

Proof. The right inequality is Lemma 3.2.3, and condition (3.4) is not needed. To see
the left inequality, we claim that there exist two constants Ay > 1 and 0 < K; < 1
such that

w(B(x,r)) < Ky p(B(z, Aor)),

for all z € X and 7 > 0, and therefore, letting n > 1 so that Aj~" <t < Al we

obtain:
w(B(a,tr) > p(Bla, A7) > K" u(Blx,r)) > Ky tp(B(x,r)),

where 3 = log, (K7 ).
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We now prove the claim. Let ¢y be the constant in Lemma 3.2.4 when a = 1. Choose
L > Dcy, and take y € B(x, MLr) \ B(z, Lr) which is not empty by condition
(3.4). Then Lr < d(z,y) < MLr, and by condition (ii) in Definition 3.2.1, we have
Lr/D < d(y,x) < DMLr. By the choice on L, we have c¢or < d(y,z) < DM Lr.

Now, using Lemma 3.2.4, we obtain:
B(xz,r)N B(y,r) = ¢ and B(y,r) C B(x,coMLr).
Let Ag = coM L. By construction, we have:

p(B(x, 7)) < p(B(x, Aor)) — u(B(y, 7).

The right inequality in (3.5), gives us the existence of a constant C' > 1 such that
w(B(z, Agr)) < C u(B(y, 7)), and hence:
1
wB(z, 7)) < u(B(x, Aor)) — 7 u(Bz, Aor)) = K1 p(B(z, Aor)).
O

This proposition says that our measure is invariant in some sense. We observe

that we avoid measures with atoms.

In [ST], under condition (3.4), J.O. Strémberg and A. Torchinsky introduce a
non-symmetric quasi-distance 0 in X x X having the property that the measure of
a o0-ball is comparable to its radius. Specifically, for a fixed z € X, consider the

function:

—1

1
r.(t) = exp|l-—— / w(B(x,st))ds, ift#0,
r.(0) = 0.

This function is strictly increasing, continuous (continuity at 0 is given by Propo-

sition 3.2.19), r,(t) — oo if t — oo when X is not a compact space, and the measure
of a ball B4(x,t) is comparable to r,(t):

Lemma 3.2.20 Forallz € X andt >0
27,(t) < p(B4(z,t)) < K, 2° L er,(t). (3.6)

Proof. In one direction,

1

ralt) < / B ) ds < (B, ) / b= L n(B' (. 1)),
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Using Proposition 3.2.19, we have
(B, 1)) = p(B%(x, (1/s)st)) < K, (1/s)" u(B(a, st)) < K, 2° u(B(a, st)),

for all 1/2 < s <1. From this inequality it follows:

1 1
W(B ) = 5 [ uB)ds
1/2
1
< K, / u(B(z, st)) ds
1/2
—1 _1 !
< K,2° eexp(1—H> /I/QM(B(x,st))ds

= K,2°er,(t).
O

The function r, has an inverse r! for all z in X. If X is a compact space, there

exists a constant ¢, > 0 such that ! is defined in [0, c,).

We define the normalized quasi-distance

6(x,y) == r.(d(z,y)),

for all x,y € X. This new quasi-distance is non-symmetric in general. The ¢-balls
are B(z,t) = {y € X : 6(x,y) < t}. By (3.6), we trivially have that

2t < u(B°(w,t)) < K, 2" *et.

Theorem 3.2.21 ([ST]) If (X, u,d) is a space of homogeneous type satisfying prop-
erty (3.4), then (X, u,0) is a ns-space of homogeneous type such that:

(i) B(x,t) = B(z,r,(t)) for all x in X and t > 0.

(ii) p(B°(z,t)) is comparable to t, for allz € X and t > 0.

Since the collection of balls for both quasi-distances coincide, the topology does
not change if we adopt the new quasi-distance. But, what is the effect on the A, and
AS weights?

Definition 3.2.22 Given an approach family Q = {Q(z) : z € X} in X, with re-
spect to (X, i, d), we define the corresponding family ©° with respect to (X, u,d) as
follows. Set

D(2) = {(y.5) : (5,7, () € Aa) } = {(y.7y(1) = (y,1) € QAa)}.
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The next lemma ensures that we can still assume that our approach regions are

full on the vertical direction.
Lemma 3.2.23 For all x € X andt > 0, we have
Q1) = () (2, 7.(1),
and therefore, Q) is full on the vertical direction if and only if Q° is.
Proof. By definition,

y € Q(x,1) & (2,1) € Ay) & (,7:(1)) € V(y) & y € () (z,7.(1)).

Consider the Hardy-Littlewood maximal operator with respect to ¢:

M) = sup s [ G )auce)

B>z

for a measurable function f. The maximal operator associated to ©° in (X, p, §) is:

1
0 = u —
Mﬂéf(x) (y,s?ESI;‘s(z) M(B(S(y’ S)) /B;‘;(y,s) |f(z>| dM(Z)’

for a measurable function f.

Lemma 3.2.24 Let Q be a family in X, with respect to (X, u,d), and 2 the corre-
sponding family with respect to (X, u, ). Then,

(i) For all x in X and measurable f, M°f(x) = M f(x), where M is the mazimal

operator with respect to d.

(i) For all x in X and measurable f, M3, f(x) = Maqf(z), where Mg is the mazimal
operator related to Q in (X, p,d).

Proof. We simply need to observe that, by definition, (y,t) € Q(z) < (y,7,(t)) €
Q°(z), and to recall that B(y,t) = B°(y,r,(t)) for all t > 0 and 7, is one to one.

a

Corollary 3.2.25 Let Q be a family in X, with respect to (X, u,d), and Q° be the
corresponding family with respect to (X, p,0). Then,
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(i) If AS is the class of weights u such that M° : LP(u) — LP>(u), then A) = A,

with the same constants.

(ii) Define Agé as the class of weights uw such that M3, : LP(u) — LP™(u) is

bounded. We have A;YS = AI? with the same constant.

In the sequel, we take § as the ambient quasi-distance, and we simplify the no-
tation putting B(z,t) = B%(x,t) and Q = Q°. So, we are working in a ns-space of
homogeneous type (X, i, d), where pu(B(z,t)) is comparable to ¢, for all x € X and
t > 0. The next result is essentially proved in [CR], but we give the proof in our

general setting of the ns-space of homogeneous type for the sake of completeness.

Proposition 3.2.26 Let v be a Borel measure in X such that Mv # oo. Then
Mve e Ay, for all 0 < e <1, with Ay constant depending only on €.

Proof. We need to see that M : L'(Mv¢) — L'*°(Mv*) with norm depending only
on €. It is a well-known fact that this is equivalent to proving that there exists a
constant C' = C'(€) such that

1
——— | Mv(x)du(x) < CessinfcpMv(x)S,
5 || vty dute) < s Mv(a)

for all balls B C X (see [ST] for a proof of the equivalence in this context).

For a fixed By, take © € By and consider Q1 = {B 3z : u(B) < u(2By)} and
Qs ={B > x:u(B)>u2By)}, where 2By is the ball with the same center than B
but with double radius. We have

Mv(z) < sup vB) + sup v(B) = A(z) + B(z),

BeQ, IU(B) BeQo M(B)

and then Mv(z)® < A(x) + B(x)".
If B € 9y, by Lemma 3.2.4, 2By C ¢¢B, and then:

v(B) v(cyB)
w(B) = “hlcoB)

and so B(x) < Cessinf,ep, Mv(y). If B € Qp, by Lemma 3.2.4, B C 2¢yBy.
Consider the measure vy so that dvg(y) = xacn, (¥)dv(y). Then we have A(z) <

< C essinfyep Mv(y) < C essinfyep, Mv(y),

Muy(z), and therefore, it is enough to prove

1
— Muvy(y)ed < (' essinf Muv(y)©,
(B s, o(y)duly) < veno Mv(y)
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with C' depending only on e. Applying Fubini’s theorem, we get:

u(ll-%) B Muwo(y)duly) = Mégo) /OOO et 'u({y € By : Mwg(y) > t})dt
= [ L) > 0 s
= I + Iy,

for R > 0 to be chosen later. We obtain I; < R° if we get the distribution function
bounded by the total mass of By. In the second integral, we use the boundedness of

the maximal operator (Theorem 3.2.6 (b)) obtaining:

C o0 C €
I, < —# / et 2 (X)dt < —E (X R
= w(Bo) Jr olX)dt < 1(Bo) o )1 —€

Since vy(X) = v(2¢yBy), taking R = % and using the doubling condition on g,

we finally have:

L+ 1, < C(e) (%) < C(e) (%) < C(e) ess inf e Miy)".

O

Corollary 3.2.27 For all x € X, the weight u(§) = §(x, &)™ is in Ay, for all 0 <

€ < 1, with Ay constant independent of x.

Proof. The result follows from the previous theorem taking v = §,, the Dirac delta

at z, since MJ,(£) is pointwise equivalent to §(x, &)~

|

If uy and us are two A; weights, Holder’s inequality gives us that ulué_p is an A,
weight for 1 < p < co. Using the last result, there exists 0 < v = v(p) < 1 such that
() = 0(z,§)7 is an A, weight for all z € X, with A, constant independent of x.

We will need some kind of regularity on the approach family to prove our main
result. However, in the case of the existence of a group or pseudo-group structure
in X, this additional condition allows us to work with a larger class of regions that

those generated by translation of a fixed one, as we can see in the examples below.

Definition 3.2.28 We say that an approach family €2 is regular if there is a constant
C > 0 such that for all (z,t) € X the next condition is satisfied:

Vy € Q' (x), F3y* € X with §(y,z) = d(y*,x) such that B(y*,t) C Sq(z,Ct).
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Some examples of regular approach regions are:

Examples 3.2.29

(i)

(iii)

Assume that (X, i, d) is a space of homogeneous type and X is a group. Denote
e the identity element of the group. Let (e) be an approach region of e, and
for each x € X set Q(z) = {(yz,t) : (y,t) € Q(e)}. Then (see [Sul)

Sa(z,t) = [¥(e)] ™' B(a, 1),
and since ¢ is left-invariant, also

So(z.t)= ) B(z"'a,1t).
zeQt(e)
Now, y € Q(z) if and only if yz=! € Q(e). Then, take y* = xy 'x which
satisfies 6(y,x) = d(y*,x) because of the left-invariance, and B(xy~'z,t) C
Sa(z,t), and consequently, Q2 is regular with C' = 1. This is the case of Euclidean

spaces.

Let (X, u,0) be a space of homogeneous type. Consider a family of approach
regions given by cones of width bounded by a constant R > 1, that is, Q(z) =
Loy (2) and 0 < 6(z) < R. Then Qf(z) = B(z,0(x)t) and B(z,t) C So(z,t)
for all z in X and ¢t > 0. Take y € Q'(z) C B(z, Rt) and use Lemma 3.2.4
to obtain B(y,t) C B(z,coRt) and hence B(y,t) C Sq(x,coRt). The family is
regular with C' = ¢gR and y* = y.

Set X = R, and let u be the Lebesgue measure and § the usual distance §(z,y) =
|z —y|. We consider the family of cones I' = {Ty()(z) : = € R} with 6(z) = |z|.
By symmetry, we can take 0 < z, without loss of generality. Assume that
(y,t) € I'(x) and that y > z, that is

0<y—uax<tx. (3.7)

We claim that B(y,t) C Sr(x,t), and thus I' is regular with C' = 1 and the

choice '
PN N
20—y if |yl < |z].

We now prove the claim. Take z € B(y,t) = (y —t,y +t). If z <z + ¢, then
z € B(x,t) but also z € T%(z) and thus z € Sp(z,t) as claimed. Therefore, we
can restrict our attention to z € [z + ¢,y + t), and thus 0 < z. To see that
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I'(z) N B(xz,t) # 0, it is now enough to show that z — ¢tz < x + ¢. This is
trivially true if ¢ > 1. If t < 1, then we must show that z < (x +¢)/(1 — ).
We know by (3.7) that 2 < y +t < x + tx + t, so all is reduced to see that
r+tr+t<(z+t)/(1—t)or equivalently (1 —t?) +¢(1 —t) < x +t, which is

true from the assumption ¢t < 1.

We can see that regularity holds even when the regions are not the translated of

a fixed one. We now prove our main result:

Theorem 3.2.30 Let (X, u,d) be a ns-space of homogeneous type, and assume 2 C

X, to be a reqular approach family. Then the following conditions are equivalent:

(i) There exists C > 0 and 6 > 0 such that Mqf(x) < C My, f(x), for all x in X

and all measurable functions f.
(i1) A;} = A, for all 1 < p < oo, with equivalent constants.

(iii) There is p > 1 such that A, = AS, with equivalent constants.
(iv) There exists 0 < v < 1 such that the family of weights {d(z,.)" : x € X} is in
W(Q) uniformly in x.

(v) There exists 0 > 0 such that Q(x) C Ty(z) for all z in X.

Proof. It is obvious that (v) implies () and (i7) implies (é#i7). The implication (i) =
(71) is easy if we recall Theorem 3.2.17. Now, suppose Ag = A, for some p > 1, with
equivalent constants. We can assume that p > 1 by the extrapolation theorem of
Rubio de Francia, as proved in [J]. We have seen that there is 0 < v = v(p) < 1
such that the family of weights {d(x,.)” : x € X} is in A,, uniformly in z. So, by
hypothesis, this family is in Ag uniformly in z. Then, we can see by Proposition 3.2.12
and (3.3) that this family of weights is in W (€2) uniformly in z, that is, there exists
a constant C' > 0 such that [|(z,.)7 ||y q) < C for all z in X.

Suppose the family of weights is uniformly in W(£2). Take (y,t) € Q(z) for a fixed

x € X. Then, using the assumption of the regularity on € and conditions (iz) and
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(i1) of Definition 3.2.2 on ¢, we have:

6(y, z)"

oy, z)"
DY o(z,y*)
D7 oy
N w(B(y*, 1)) /B(y*,t) oy dud)
(AD)

w(B(y*,t))
1

< A (G507 " T HO 1)

Set u,(§) = d(x,£)7. Using the hypothesis on the family {u, : z € X}, and the fact
that p(B(y*,t)) is comparable to the radius ¢, we have:

sy < (apy (BB )

< C(ADY <M + ﬂ). (3.8)

IN

IN

JCERRRRERTC

Let us now see that U,(B(z,t)) is comparable to ?*! for all £ > 0 uniformly in x:

Uy(B(x,t)) = )dp( L6)7d
(B(x,1) /BW) (v, € du(€ 2/(5 EORTG
A Y 2RI 27 < 6(a, ) < 270
k>0

~ 1Y 27 (w(Bw,27M)) — p(B(x, 274 1)))
k>0

~ t'y+1 2—k’y(2—k_2—k—1)

~

Finally, returning to (3.8), we get 6(y, ) < ok ADt, that is, (y,t) € I'p(z), where
0=C A D, and the proof is completed.

Remarks 3.2.31

(i) The implication (i) = (i) can be viewed as a local result: Fix z € X; if Q(z)
satisfies the condition in the Definition 3.2.28 for all ¢ > 0, then u, = (z,.)” €
W (2) implies there exists 6, > 0 such that Q(x) C 'y, (z).
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(ii) We observe that in the definition of a regular approach family, we could have
just assumed that the point y* satisfies that §(y, x) ~ §(y*, x). Also in statement

(1v), the restriction v < 1 is not really needed.

Next corollary allows us to obtain the result for an initial approach family defined

with respect to a space of homogeneous type.

Corollary 3.2.32 Let (X, pu,d) be a space of homogeneous type. Suppose € is an
approach family in X, with respect to (X, pu,d) such that the related family Q° with

respect to (X, p,0) is reqular. Then the following conditions are equivalent:
(i) A, = Af} for all p > 1, with equivalent constants.
(ii) There is p > 1 such that A, = A with equivalent constants.

(i1i) There is 0 > 0 such that Q(z) C Ty(z) for all z in X.

Proof. We only need to see that (ii) implies (iii). We saw before that A = Agé
with the same constants. We can apply the previous theorem to obtain that Q°(x)
is contained in a cone I')(x) with respect to §, and then Q(z) is also contained in
a cone. In fact, we will see that there exists # > 0 such that Q(z) C T'y(z), if and
only if there exists # > 0 such that Q°(z) C T'},(z). First, we observe that using
Proposition 3.2.19 and the fact that

—1 —1 -1
)< _ )< -
eXp(l +t) - eXp(l +6t) = eXp(l +t>’
for all # > 1 and t > 0, we have that
K1 60% 7, (t) <1 (0t) < e K, 0%r,(t). (3.9)

Suppose first that Q(x) C Ty(x). We can assume that § > 1. Take (y,s) € Q°(z), that
is (y,r,"(s)) € Q(x). By hypothesis, d(y,z) < 67, (s) and by definition d(y, z) <
ry(0r, ' (s)); using (3.9) we get 0(y,x) < e K 6%s, and so, (y,s) € Ty (x) with ¢ =
e K 6°.

On the other hand, assume that Q°(x) C I'},(z) with ¢ > 1. Take (y,s) € Q(z).
Then (y,7,(s)) € Q°(x) and therefore 6(y,x) < 6'r,(s). Using the definition of § and
(3.9), we get d(y,z) < (0//K,)"/Ps, and so (y,s) € [y(x) with 0 = (¢ /K)"/5.

We now give a version of our result in the case of a group structure in X.
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Corollary 3.2.33 Let (X, pu,d) be a space of homogeneous type. Suppose that X is

a group and that d and p are left-invariant, that is
(i) yB(x,t) = B(yx,t) for all x and y in X and t > 0.
(ii) w(xE) = p(E) for all measurable sets E and x € X.

Given an approach region €(e) for the identity element e of X, set Q(z) = {(yz,t) :
(y,t) € Q.}. Then, the following conditions are equivalent:

(i) Ay, = A3 for allp > 1.
(i1) There is p > 1 such that A, = AS}.
(1ii) There is 0 > 0 such that Q(x) C Te(z) for all x in X.

Proof. The assumptions on d and p show that r,(t) = r.(¢) for all x in X (and there-
fore, 6 is symmetric). Then, it is easy to see that Q°(z) = {(yz,?) : (y,t) € Q°(e)}
using the definition of ©°, and we saw in (i) of Examples 3.2.29 that this kind of
family of approach regions is regular. So, we are in the hypothesis of Theorem 3.2.30,
but we do not need the equivalence on the constants because in the case of translated

approach regions, if one region is contained in a cone, so are all the rest.

O

Corollary 3.2.34 Let (X, u,d) be a space of homogeneous type as in the previous
corollary. There exists a family of approach regions €2 for which A}? is not A,, but
u=1eA} forp>1;ie, ¢p# A} # A,

Proof. In [Su], the author gives a family of translated regions 2 which is not non-
tangential, and so, not contained in a cone, for which the operator Mg, is of weak-type
(p,p) on LP(u), for p > 1, that is, u = 1 € Ag for all p > 1. Using the previous
corollary, we have that Aj} # A, for this family.

3.2.3 The case of a group structure: some examples

We will give some examples of spaces of homogeneous type with a group structure
where we can apply our results. First, we give a simpler proof of Theorem 3.2.30 in

this setting.
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Consider (X, pu,d) a space of homogeneous type. Suppose that there exist two
constants C,C” > 0 such that

(3.10)

for all z,y € X and r > 0. (We recall that this can occur under the assumption of
condition (3.4), as is proved in the last section.) Assume that X is a group with a
multiplicative law (not necessary commutative) such that d is left-invariant and p is

left-invariant and invariant under inversion, that is respectively,

r-B(y,r) = B(z-y,r) Yz,ye X, r>0,
plr-E) = p(E) VzelX, ECX measurable,
wE) = p(E™Y V EC X measurable,

e.g. this is the case if X is unimodular and p is the Haar measure ([Fo|, Proposi-

tion 2.9). We denote by e the identity element of the group.

For a measurable set {2(e) in X, full on the vertical direction, consider the trans-

lated family of sets given by

Q) =2 Q) = {(@-11) : (1.1) € QAe)}.
Recall that this family is regular in the sense of Definition 3.2.28.

With this hypothesis, the proof of Theorem 3.2.30 is much simpler:

Theorem 3.2.35 If Q(z) = {(x-y,t): (y,t) € Q(e)} for a given approach region

Q(e) of e, then the following conditions are equivalent:

(i) There exist C > 0 and 6 > 0 such that Mqf(x) < CMry,f(x), for all x € X

and all measurable functions f.
(it) A=A, for all1 < p < co.
(iii) There is p > 1 such that A, = A3},
(iv) There exists 0 <y <1 such that u(y) = d(e,y)’ € W(2).

(v) There exists 0 > 0 such that Q(e) C T'p(e).



182 3. Weighted inequalities and the shape of approach regions

Proof. 1t is obvious that (i7) implies (ii7). Because of the left-invariance of d, if
Qe) C I'p(e) then Q(x) C Iy(x) for all z, and so, (v) implies (7). The implication
(1) = (i7) is easy if we recall Theorem 3.2.17 (one can also show that, since Q is
full on the vertical direction, then M f(x) < CMqf(x)). Now, suppose A = A, for
some p > 1. We can assume that p > 1 by the extrapolation theorem of Rubio de
Francia, as proved in [J]. We have seen that there is 0 < v = v(p) < 1 such that
u(y) = d(e,y)? is in A,, and so, by hypothesis and Theorem 3.2.17, u € W().

Suppose that u(y) = d(e,y)? € W(Q). Take (y,t) € Q(e). Using the triangle

inequality, we have:

dle,y)” = W/B( t)_ld(e,y)7du(z)
—Av 1y 27 y) z
< o / e G ) du)
A7 v -1 .\ P
T B0 Jag MO
< 2 (gt Een )

We now use that Sq(e, t) = B(e,t) - [Q2(e)] ™! (see [Su]), that is

and so, by hypothesis, we have:

de,y)” < A (Mﬁw)

U
7
< CA”(

Finally, observe that U(B(e,t)) = fB(e 9 d(e,z)Vdu(z) <t u(B(e,t)), and then using
(3.10),
dle,y)? <2C A t".

Hence, Q(e) C Ty(e), with 6 = A (2C)'/7.

We consider now some examples that satisfy our assumptions:
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Examples 3.2.36

(i)

Take X = R"™ and p the Lebesgue measure. Consider the non-isotropic quasi-

distance
n
d(x,y) =Y lox — yel 7,
k=1
where ay, ..., a, are strictly positive constants, or the equivalent

dl(l‘; y) = SUP|iUk - yk|1/ak-
k

It is easy to see that all the required conditions are satisfied. We write |z| =
d(x,0) = d'(z,0). Our theorem completes now the result proved in [SS2] (The-
orem 3.1.5 in Section 1 of this chapter):

Theorem 3.2.37 If Q(z) = {(x+y,t): (y,t) € Q0)} for a given approach
region 2(0) of 0, then, the following conditions are equivalent:

(a) There exist C' > 0 and 6 > 0 such that Mqf(x) < CMr, f(z), for allx € X
and all measurable functions f.

(b) AY = A, for all 1 < p < c0.

(¢) There is p > 1 such that A, = AS.

(d) There exists 0 < v <1 such that u(z) = |z|” € W(Q).

(e) There exists 6 > 0 such that ©(0) C I'p(0).

If ar = 2 for all k, Nagel and Stein proved in [NS] that if the weight u(y) =
ly|° = 1isin Ag, then 2y need not be contained in a cone: in fact, it can contain
a sequence of points approaching 0 tangentially. Our theorem states that this
is the extremal situation, because if Ag contains a power weight with positive

exponent, ) is necessarily a subset of a cone.

Take X = H,, the Heisenberg group (see [St2, XII.1.4] or [Su] for the details).
This is the set

C"xR=A{[¢,t]: CeC" teR},
with the (noncommutative) multiplicative law
[€,t] - [n,s] = [C+n,t+ s+ 2 Im(¢7)).

The identity element is e = [0,0], and we have [¢,t]™! = [—(, —t].
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Consider the generalized half-plane D = {z € C"™! : h(z) > 0}, where

h(z) = Imz,.; — Z |21|?,
k=1

for z = (21,...,2n41) € C"". Then, we can see H, as the boundary 9D =
{z € C"*' : h(z) = 0}, by considering the map ¢ : C"*' — H,, defined
as ¥(z) = (z1,...,2n, Rez,i1), where the restriction to 9D gives the desired

bijection. Now, we are able to think of D as the product H,, x (0, c0) using the
identification

®: D — H, x(0,00),
defined by ®(2) = (¢¥(z), h(2)).

The group H,, acts on D (and 0D) associating to each element [(,t] € H, the

following affine self-mapping:
(G 1] = (2, 20p1) 7= (2 4 Gz + 14 202'CH ().

It is not difficult to see that [n, s|([¢,t]z) = ([n, s] - [(,t])z, and that this action
is simply transitive on dD: for every two points in 0D, there is exactly one
element in H, mapping the first to the second. So, we can also identify H,, as

the translations on 0D.

We consider the pseudo-norm function defined in H,

€. ¢]] = max(|]*, [¢]),

satisfying the quasi-triangle inequality

[z - yll < e(llll + [lyl]),

for all z,y € H,. Observe the different homogeneity in ¢ and t. We can
define the quasi-distance in H, by d(z,y) = ||y~ - z||, symmetric because

l|z|| = [|z7!]|, and left-invariant with respect to the group action.

We take as the underlying measure du in H,, to be the Euclidean Lebesgue

measure on C" x R, which is left-invariant and invariant under inversion.

With these definitions, (H,, i, d) becomes a space of homogeneous type, with
the conditions required in Theorem 3.2.35. For the following result we will use
the trivial fact that d(e, [¢,t]) = max(|C|%, |¢]) =~ (|C|* + |t]).
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Theorem 3.2.38 If Q(z) = {(z-2,t): (2,t) € Qe)} C H, x(0,00) for a
given approach region Q(e) of e € H,, then, the following conditions are equiv-
alent:

(a) There exist C' > 0 and 6 > 0 such that Mg f(z) < CMry, f(x), for allz € H,
and all measurable functions f.

(b) AY = A, for all 1 < p < co.

(¢) There is p > 1 such that A, = A3

(d) There exists 0 < v <1 such that u([,t]) = ([C]* + [t])? € W(Q).

(e) There exists 6 > 0 such that Q(e) C Iy(e).

The Kordnyi admissible regions for D are defined by
L4(0) = {z € D [[(2)]| < Oh(2)},

and Ty(g-0) = g - T(0) if g € H,. We have

®(Ty(¢)) = La(v(€)),

where I'g(z) = {(y,s) € H, x(0,00) : d(y,x) < Os} is a cone in H,, x(0, 00). If
Q(O) is an approach region of 0 € D, we can translate it by the action of the
Heisenberg group: for ¢ € 0D, there exists a unique element x € H,, such that
¢ =z -0, and then consider Q(¢) = z - Q(0). Then, taking ®(Q(0)) = Q(e) we

have
®(Q(¢)) = Qx),

with Q(z) = {(x-y,t) : (y,t) € Q(e)}. We have that €(e) is contained in a cone
if and only if ®~(Q(e)) is contained in an admissible region (see [Su]). With

this notations, we can give the next result:

Corollary 3.2.39 For a given approach region Q(0) C D of 0 € D, the fol-
lowing conditions are equivalent:

(a) There exist C' > 0 and 8 > 0 such that Mo f(z) < CMy, f(x), for allz € H,
and all measurable functions f.

(b) A} = A, for all 1 < p < c0.

(¢) There is p > 1 such that A, = A3

(d) There exists 0 < v < 1 such that u([¢,t]) = (|C]* + [t])” € W(Q).

(e) There exists 0 > 0 such that Q(0) C Ty(0).
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(iii) Consider X as the set of all real 3 x 3 upper-triangular matrices having ones
along the diagonal. The group multiplicative law is the usual matrix product
(see [St, XIII.5.2.3]). The norm function is defined by

[l | = max{|al, [o'/2, |e]},
where
1 a b
r=101 ¢
0 01
The function d(z,y) = ||ly~! - z|| is left-invariant but nonsymmetric. We can

consider the equivalent quasi-distance d'(x,y) = (d(x,y)+d(y, x))/2, since there
exists a constant C' such that d(z,y) < C'd(y,x) for all 2,y € X. Notice that

we can realize X as R3 with the inner product
(a,b,¢)-(d,e, f)=(a+d,b+e+af c+f)

We write # = (a,b,c) € X and observe that ||z|| ~ (a® + |b| + ¢*)'/? =~ d'(z,0).
Then we take as the underlying measure du to be the Lebesgue measure, which
is left-invariant and invariant under inversion. Also, (X, u,d’) is a space of

homogeneous type. We can state the theorem:

Theorem 3.2.40 If Q(x) = {(x-y,t) : (y,t) € Q0)} C X x(0,00) for a given
approach region o of 0, then, the following conditions are equivalent:

(a) There exist C > 0 and 6 > 0 such that Mo f(z) < CMry, f(z), for allx € X
and all measurable functions f.

(b) AS = A, for all 1 < p < co.

(¢) There is p > 1 such that A, = A3

(d) There exists 0 <y < 1 such that u(x) = (a® + |b| + ¢2)/2 € W(Q).

(e) There exists @ > 0 such that 2(0) C I'y(0).

(iv) Every connected nilpotent unimodular Lie group with a left-invariant Rieman-
nian metric and the induced measure is a space of homogeneous type satisfying

our conditions (see [Ch, Example VI.7]).

3.3 The general case

The boundary convergence phenomena has been studied for classes of functions de-

fined in general sets that have not a product structure of the type X x (0,00) as
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studied in the previous section, but X is just the boundary of a more general set.
Some examples are: the unit ball in C", non-tangentially accessible domains (NTA do-
mains), strongly pseudoconvex domains in C" and trees (see [DiB] and the references

therein.)

In this section we extend the results of Section 3.2 to an abstract setting, that
allows us to extend this results to a wider class of sets. Without the product structure,
we find some new difficulties: the notion of being full on the vertical direction has
no sense, in general; we are not able to work with cones; and we do not have the
natural assignment between points and balls (z,t) € X x (0,00) < B(z,t) C X.
We will replace the notion of a cone by the definition of a so-called supernatural
approach region, which is a slight modification of the definition of a natural region
given in page 30 of [DiB]. Then, we also replace the notion of an approach region
completed in the vertical direction by the approach region completed with respect
the supernatural approach region. This is a notion introduced in [DiB], and it is
a generalization of the cone condition appearing in [NS|. Finally, we replace the
maximal operator related to an approach family by a new maximal operator that

depends on the supernatural family.

Before to go into the abstract case, we begin with the case of a homogeneous tree
in order to illustrate the way of generalization. Here, the tree T, takes the place of
X x (0,00) and the 07, is just the boundary. The tree has not a product structure
but its geometry has a vertical direction. Moreover, there are cones, and to every

vertex in the tree corresponds a ball in the boundary. Boundary convergence on trees

are considered in, for example, [ADiBU], [C], [DiB], [FPR], [KP], [KPT] and [SV].

3.3.1 Approach regions in an isotropic homogeneous tree

We briefly recall some notions about homogeneous trees. We refer to Chapter 2 for a

complete introduction.

A homogeneous tree of degree ¢ is a tree where every vertex has ¢ + 1 neighbor
vertices. When a origin vertex o has been chosen, the tree T}, is rooted and it is
endowed of a partial order structure, namely, < y if and only if x belongs to the
unique shortest path joining y and o, that is, the geodesic from o to y (or from y to
0), which is written as [0,y]. Then, the boundary of the tree 0T, is seen as the set of

geodesics of infinite length (and actually, it does not depend on the choice of o).

The tree is a metric space endowed with the so-called hyperbolic distance d(x,vy),
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which counts the number of edges between x and y. We denote |z| = d(o, x) for every
zel.

For a vertex x € T, the tent under x is the set
T(x)={yeT:y=u},
and its shadow in 0T, is
I(z)={wedl:z€o,w)},

where [0,w) is the infinite geodesic joining the origin o and the boundary point w,

also denoted as
lo,w) ={o=w(0),w(l),w(2),...,w(n),...},

with the convention that w(n) is the unique vertex in the path from o to w at distance

n from o. Equivalently, we can write T'(x) = {y € T : I(y) C I(z)}.

The Euclidean distance in T, U 07, is given by
de(z,y) = q—|c(x,y)\’

for all x # y € T, U JT,, where ¢(x,y) is the confluent vertex of x and y (with the
convention ¢(z,y) = z if x € [0,y]), and d.(z,y) = 0 if x = y (see [T]). The balls in
JT, with respect to d. are exactly the shadows I(z) for some x € T,. Specifically, if
0 <r <gq, we have

B(w,r) :={C € 0T, : de(w,() <r} =I{wk+1)), (3.11)
whenever ¢~ *~1 < r < g% for k > —1. Conversely,
I(z) = B(w,r), Ywel(x),

if g~1*l < < ¢'~1*l. The space T, U 9T, is compact with respect this distance. The
set of tents {T'(z) : x € T'} forms a basis of open sets of the topology generated by
d., and the set of shadows {I(x) : x € T'} is a basis of open sets in the boundary.

We endow 07, with a probability measure p defined on the sets {I(z) : z € T'}
by

1—|z|

q
pI@) =1,

if x # o, and u(97T,) =1 (see again [T]).
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We observe that from (3.11) and the equality

p(l(z) = qu(l(y)),

if z and y are neighbor vertices and |y| = ||+ 1 (that is, y is a son of x), the measure
i is doubling with respect to the Euclidean balls. Hence, (07,, i, d.) is a space of

homogeneous type.

A pair of measures (p,v), p defined in T, and v in 9T, form a Carleson pair if

there exists a constant C' > 0 such that
p(T(z)) < Cv(l(x)),

for all z € T. Set T(O) :={x € T : I(x) C O} for an open set O C 9T,. The proof

of Proposition 3.2.9 also holds in this setting, and therefore we have:

Lemma 3.3.1 If (p,v) is a Carleson pair and v is doubling, then for all open sets
O c dT,,
p(T(0)) < Cv(0).

A family of sets 2 = {Q(w) : w € 9T, }, with Q(w) C T, for all w, is an approach
famaly in T, if

w € Qw),

where the closure is taken with respect to the Euclidean distance. An example is the
family of cones of width 0 < 0 € Z

Tow) ={z €T :de(w,z) < qe’"”‘} :

An approach family €2 is full on the vertical direction if v € Q(w), then y € Q(w) for
all y < z, for all w € 9T,. For every 2, it is possible to give a new approach region

full in the vertical direction by considering

w)= | el y<a}
zeQ(w)

ﬁ(u)) is called the vertical completion of €.

For a measure p in 97T, and a family 2, we define a (outer) measure in T, by
pa(E) = p({w € 0T, : Qw) N E # 0}),

for aset £ C T,.
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We can define a maximal operator related to an approach family by mimicking
the Definition 3.2.11:

1
Maf(@) = s o / )

In the special case of the cone I'y(w) = [o,w), the operator becomes the centered
Hardy-Littlewood maximal operator M., which is known that satisfies the estimates
of Theorem 3.2.6.

The analog of Theorem 3.2.13 is:

Theorem 3.3.2 Let p and v be two nonnegative measures on T,. If M : LP(v) —

LP>(v) is bounded for some p > 1, then the following conditions are equivalent:
(i) There exists C' > 0 such that
p{w € 0T, : Mo f(w) > A}) < Cv({w € 0T, : Meen f(w) > A}),
for all A > 0 and measurable f.
(ii) Mq : LP(v) — LP*°(p) is bounded.
(111) There exists C > 0 such that po(T(z)) < Cv(I(x)) for all x € T,.

Proof. 1t is known that v is necessarily doubling. That (i) implies (i7) is trivial.
To see that (i7) implies (iii), we take f = Xy for a fixed z € T,. If there exists
y € Qw)NT(x), then I(y) C I(z), and therefore Mg f(w) > 1/2 for all w € I(z).
Thus, by hypothesis we have

pa(T(2)) < p({w € 9T, Mo f(w) > 1/2}) < C |[fl g,y = Cv(I(2)).

Suppose that (7i7) holds and let us see (7). We take w such that Mqf(w) > A for
certain A > 0. There exists x € Q(w) such that

1
) ) >
and hence
Q(w)ﬁ{xETo : ﬁ/ﬂ W aute) > )\} 20

We observe that

foen [ Eldute) > \bero)
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where O = {w € 9T, : Mcen f(w) > A}, for all functions f. Thus, by Lemma 3.3.1,

m({oer s [ WEdutz) > i}

pa(T(0))
Cv(0)
Cl/({l’ S To : Mcenf(w) > )‘})

p({w € T, : Mo f(w) > A})

IN

IAIA

|

Corollary 3.3.3 Let p and v be two nonnegative measures on T,. If M : LP(v) —

LP>°(v) is bounded for some p > 1, then the following conditions are equivalent:
(i) Mg : LP(v) — LP*°(p) is bounded.
(1) Mg : LP(v) — LP>°(p) is bounded.

(111) There exists C > 0 such that pg(T(x)) < Cv(I(z)) for all z € T,.

Proof. Since Mg f(w) > Mgqf(w), simply because Q(w) C Q(w) for all w € OT,, we
have that (i7) implies (7). That (i7) is equivalent to (iii) is proved in the last theorem.

So, it is enough to see (i) == (i77). Trivially,
(wedl,: Qw)NT(x) #0) C {w € T, : Qw) N T(z) # @} .

On the other hand, if ﬁ(w)ﬂT(m) # (), there exists y € ﬁ(w)ﬂT(w). By definition of ),
this means that there exists z € Q(w) such that z > y, with y € T'(x). Consequently,
z € Q(w) and I(z) C I(y) for y € T'(z), and hence z € Q(w) and z € T'(x), that is
Q(w)NT(z) # 0. Finally,

(wedT, : Qw)NT(z) # 0} = {w € T, : O(w) N T(x) # @} ,

and it follows
pa(T(z)) = pa(T(x)).

Now, the implication is derived from the last theorem.

a

This corollary says that we can always assume that our approach family is full on

the vertical direction. From now on, we take this condition for granted.
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Remark 3.3.4 If €2 is full on the vertical direction, it is easy to see that condition

(1) is equivalent to the existence of C' > 0 such that
p(2H(2)) < Cv(I(2)),
for all © € T,, since in the context of our tree we have
pa(T(x)) = p(Q(2)).
Moreover, it is easy to see the equality
QY z) = {w € IT, : Q"N (w) N I(z) # 0} := So(x),

where QF(w) = {¢ € 9T, : ((k) € Q(w)} is the cross-section at height 0 < k € Z.
The set Sq(z) is the substitute of Sq(z,t) of the last section. Thus, if 2 is full on
the vertical direction, condition (iii) also reads as follows: there exists C' > 0 such
that p(Sq(x)) < Cv(I(z)) for all x € T,, which is the same condition appearing in
Theorem 3.2.13.

Lemma 3.3.5 If Q) is an approach family in T, full on the vertical direction, then

Mcenf(w) < MQf(w)v

for all w € 9T, and measurable f.

Proof. If w € Q(w), there exists {zy : k > 0} C Q(w) C T, such that
de(z),w) — 0.

For a fixed j > 0, there exists n(j) > 0 such that d.(xp,w) < % for all k& > n(y).
Thus, x; € T(w(j)), and since 2 is full on the vertical direction, w(j) € Q(w). Then,

1
Maf(@) 2 fos / PRELZC!

for all 7 > 0 and measurable f, and therefore

MQf(w) Z Mcenf(w)7

for all w € 9T, and measurable f.
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Remark 3.3.6 In fact, we have proved that [o,w) C Q(w) for all w € 9T, if Q is full

in the vertical direction.

As usual, a weight is a positive function u € L (). For p > 1, A, is the class of

loc

weights u : 0T, — [0, 00) such that M, : LP(u) — LP*°(u) is bounded. We denote
A?, the class of weights u such that Mg : LP(u) — LP°°(u) is bounded. Finally, we
define

W(Q) ={u:3C > 0such that Ug(T(z)) < CU(I(z)),Vz € T,}.

Combining Theorem 3.3.2 and Lemma 3.3.5, we easily get:

Proposition 3.3.7 Let Q) be a family of approach regions in T,. For1 < p < oo, we
have

A]? =A,N W(Q),
and

el < el -

The last result is the natural analog of Theorem 3.2.30. We observe that in our

actual context we have that

p(Bw,r)) = u(B(¢ 7)),

for all w,( € 9T, and r > 0, or equivalently

if || = |y|. An approach family €2 is regular if for all w € 9T, we have
Ve € Qw), 32" €T, with de(w,z) = de(w,x*) such that I(z*) C Sq(w(|z])).

Theorem 3.3.8 Assume €2 C T, to be a reqular approach family, then the following

conditions are equivalent:

(i) There exists C' > 0 and 6 > 0 such that Mg f(w) < C My, f(w), for allw in 0T,

and all measurable functions f.
(ii) A=A, for all 1 < p < co.

(iii) There is p > 1 such that A, = Ag.
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(iv) There exists 0 < v < 1 such that the family of weights {0(w,.)? : w € IT,} is in
W () uniformly in w.

(v) There exists 0 > 0 such that Q(w) C T'y(w) for all w in OT,.

Proof. In view of the proof of Theorem 3.2.30, it is enough to prove that (iv) implies
(v), because by using Proposition 3.3.7 the same argument holds.
Suppose the family of weights is uniformly in W(Q). Take z € Q(w) for a fixed

w € JT,. Then, using the assumption of the regularity on 2, we have:
de(w, )’ = de(w,z")”
),
— de(w, ") dp(§)
p(L(z%)) Jr@e
=,
T ) (de(wuf) +de($*,§))7du(§)
(L)) i
L
I (z*))
Set u,(§) = de(w, €)7. Using the hypothesis on the family {u,, : w € 9T,} and taking

into account Remark 3.3.4, we have:

| dwerdute) .
Sa(w(|z]))

L UGSale(le))
WD = )
CUL(I(w(|
@)

(
= u(I(z

D) + ¢, (3.12)

)
)

But,

Uo(I(w(]2]))) / IR

= ¢ (I (w(|2]))
= ¢ "PuI(w(2))),

and hence, returning to (3.12), we get d.(w,z) < (C + 1)% ¢ 17l that is, x € Ty(w),
where 6 is the integer part of log(C' + 1)/(vlog(q)).

3.3.2 Approach regions in the abstract context

We present in this subsection the more general context where our results apply. We

use some of the terminology and the techniques introduced in [DiB].

Let (X, ) be a quasi-metric space.
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Definition 3.3.9 A set D is a space of approach to (X,J) for the approach
function
a:DxX —[0,00),

if the following conditions are satisfied:

(i) For each € X there exists a sequence {(, : n € N} in D such that

lim a(¢,,z) = 0.

n—oo

(ii)) Whenever lim §(z,,y,) = lim a({,, x,) = 0, then

n—o0

lim a(C,,yn) =0,

n—oo

for sequences {x, : n € N} and {y, : n € N} in X and {(, : n € N} in D.

(iii) Whenever lim a(¢,,z,) = lim a(¢,,y,) = 0, then

n—oo

lim §(z,,y,) =0,

n—0o0

for sequences {z,, : n € N} and {y, : n € N} in X and {¢,, : n € N} in D.

If D is a space of approach to (X,¢), a subset Q(z) C D is an approach region
to x € X if there exists a sequence {(, : n € N} in Q(x) such that

lim a(¢,,z) = 0.

n—0oo

The family of sets Q@ = {Q(z) : 2 € X} is an approach family for (D;X,J) if

every )(z) C D is an approach region to x.

For an approach family €2, the shadow of a set £ C D is the set
QME)={r e X : Qz)NnE #0},
and, in particular, the shadow of a point ¢ € D is the set
Q) ={z e X : (e Qa)}.

Definition 3.3.10 The approach family I' = {I'(z) : z € X'} for (D; X, 0) is super-

natural if the following conditions are satisfied:

(i) For all ¢ € D, TH(¢) is open.
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(ii) There exist two constants 0 < Ly < Ly such that:
(a) For every ¢ € D, there is a ball B(z,r) = B(z(T',(), (T, {)) satisfying
B(z, Lyr) C THC) € B(x, Lor).

(b) Conversely, for every ball B(x,r) in X, there exists ( = ((x,r,I") € D such
that

B(z,Lir) Cc TH() € B(x, Lor).

(iii) If lim a(C,, ) = 0, then

n—oo

(a) lim diam(T''(¢,)) = 0 and

(b) lim sup a(Gn,y) = 0.

0 yer(¢n)

Examples 3.3.11

(i) If (X, pu, d) is a space of homogeneous type, then D = X, is a space of approach
to X for the induced metric in X ;. The set of cones of a given width 6 > 0

Lo(z) ={(y,t) € Xy : d(z,y) <Ot}, z€X,
is a supernatural approach family, because (I'g)*(y,t) = B(y, 0t).

(ii) The tree T, is a space of approach to its boundary 97, for the Euclidean distance
d., and again the set of cones of a certain width 0 < 0 € Z

Fy(w) = {x €T, :de(w,z) < q6_|$|} , weaiT,,

is a supernatural approach family, since (Iy)'(2) = I(z(|z| — 0)), where we
recall that [o,z] = {o = x(0),z(1),...,z(|z]) = z} is the geodesic from o to z,

and we use the convention z(|z| —6) = 0 if 0 > |z|.

(iii) The unit disc D = {z € C:|z| < 1} is a space of approach to its boundary
0D = {z € C: |z| = 1} for the Euclidean distance. For a > 0 and w € 0D, the

sets
Fow)=4{z€eD:|z—w|<(1+a)(l-|z|)}

form a supernatural approach family.
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In the sequel, we fix the notation I' for a chosen supernatural approach family in
the space of approach D to (X, ¢), where (X, i, d) is a ns-space of homogeneous type
(see Definition 3.2.2).

Given an approach family Q for (D;X,d), the related maximal operator is
defined by

1
Mqof(x) = sup ————
of (@) = s )

for a measurable f. If we choose 2 = I, the operator M is easily seen to be pointwise

/ |f(Y)] di(y), (3.13)
ri(¢)

equivalent to the Hardy-Littlewood maximal operator M since yu is doubling, in view

of the definition of a supernatural family I'.

Remark 3.3.12 For the particular setting D = X, for a space of homogeneous type
X, this operator and the operator in Definition 3.2.11 are pointwise equivalent if I' is

a supernatural family, but they are not equivalent in general if I' is not supernatural.
We give, for this abstract setting, some known definitions.
Definition 3.3.13

(i) The tent of a ball B is the set
T(B)={¢eD:T'() C B}.
(ii) For a measure ¢ in X and an approach family 2 for (D; X, ¢), the outer mea-
sure o in D is given by
oa(E) = o(QY(E)) = o({z € X : Q(z) N E # 0}),
for a measurable set E.

(iii) For p > 1 and an approach family 2 for (D; X, §), the class of Aff—weights is
the set of weights u defined in X such that Mq : LP(u) — LP*°(u) is bounded,

and the Af’-constant ||uf|ag is the norm of M.

(iv) A weight u is in the W (Q)-class if there is a constant C' > 0 such that

Uo(T(B)) < CU(B),

for all balls B in X. Let ||u||w ) be the infimum of the constants satisfying
this inequality for all balls.
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The following theorem is essentially proved in [DiB] (Theorem 2.14, page 37):

Theorem 3.3.14 Let (X, p,0) be a ns-space of homogeneous type. Consider an ap-
proach family Q for (D; X, ), with a fized supernatural approach family T'. Let p and
v be two nonnegative measures on X. If M : LP(v) — LP*°(v) is bounded for some

p > 1, then the following conditions are equivalent:
(i) There exists C' > 0 such that
p{x € X : Mqof(x) > A\}) < Cv({z € X : Mpf(x) > \}),
for all X > 0 and measurable f.
(i) Mg : LP(v) — LP*°(p) is bounded.
(11i) There exists C' > 0 such that po(T(B)) < Cv(B) for all ball B in X.

In our new abstract context, the notion of a region full in the vertical direction has
no meaning. We now define its natural substitute. For x € X, an approach region
Q(x) is -complete if for all ¢ € Q(z), we also have ¢ € Q(x) whenever I''({) C TH(&).
It is proved in [DiB] that we can assume, without loss of generality, that the region
Q(x) is I'-complete for every x € X, that is, the family €2 is I'-complete. This notion
appears for the first time in [NS] in the Euclidean context D = R™! and X = R™.

Theorem 3.3.15 Let Q be a I'-complete family of approach regions for (D; X, J).
For1 <p < oo, we have
A = A, N W (),

and there exists C' > 0 such that
|ul|a, < Cllullag,
for all u in Ag.

Proof. The fact that My and M are equivalent and Theorem 3.3.14 with dp(z) =
dv(z) = u(z) du(z) say that A, NW(Q) C AY and AT C W(2). Now, let us see that
if 2 is a family of I'-complete approach regions, there exists a constant C' > 0 such
that

Meen f(z) < C Mo f(z),

for all € X and all measurable f, where M., is the centered Hardy-Littlewood

maximal operator. Therefore, we will have that A7 C Ay, and [|u[4, < C|ul| A9



3.3. The general case 199

Fix x € X and r > 0. Since I' is supernatural, there exists ¢ = ((z,r) € D such
that
B(z, Lir) C TH() € B(x, Lor). (3.14)

Suppose {(, :n >0} C Q(x), with lim,, .o a(y, 2) = 0. By definition, z € T'H((,)
for all n > 0 and lim,, ., diam(T'*(¢,)) = 0. Thus, there exists ny such that I''(¢,) C
B(z, Lyr) for all n > ng, and hence, by (3.14), T'H((,) € TH(¢). Since Q(x) is T-
complete, we have that ( € Q(x). Consequently,

1 C
LT /ri(o [f W)l duly) = W/B(m f )] duly),

where the last inequality follows from (3.14) and the doubling property of p. Hence,

Mo f(x) >

taking the supremum over r > 0, we obtain
MQf<x) 2 CMcenf(:E)v
with C' independent of x.

a

Suppose that (X, u,d) is a space of homogeneous type satisfying condition (3.4).
We proved in Theorem 3.2.21 of the previous section the existence of a non-symmetric
quasi-distance ¢ with a good invariance property, namely, the measure of a ball is
comparable to its radius, uniformly on the center of the ball. Moreover, (X, p,¢) is a

ns-space of homogeneous type.

Theorem 3.3.16 If (X, u,d) is a space of homogeneous type satisfying property
(3.4), then (X, p,0) is a ns-space of homogeneous type such that:

(i) If D is a space of approach to (X, d) for the approach function a, then it is also
a space of approach to (X, 8) for the same approach function a.

(i7) If T is a supernatural family for (D; X, d), then it is also a supernatural family
for (D; X,9).

(i1i) The A, and Ag class of weights do not change with the change of quasi-distance.

Proof. Condition (7) holds simply because by definition we have that

lim d(z,,y,) =0 <= lim 0(x,,y,) =0,

n—oo n—o0
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for all sequences {z, :n >0} and {y,:n >0} in X. (i) is due to (i) of Theo-
rem 3.2.21 and to condition (3.9). Condition (iii) follows from (i) of Corollary 3.2.25
and from the fact that the operator M, defined in (3.13) is invariant under the change

of quasi-distance.

O

As a consequence, we assume that the ambient ns-space of homogeneous type

(X, 1, 0) satisfies that u(B(x,r)) ~r, for all z € X.

Definition 3.3.17 An approach system of dilates of I' is the collection {I'y : § > 0}
of approach regions I'y satisfying:

(i) T'p is a supernatural approach family for all 6 > 0.

(ii) Ty, = I for some 6y > 0.

(iii) Tp(z) C T'y(x) whenever § < 9, for all z € X.

(iv) There exist two positive increasing functions L;(0) < Lo(6) satisfying that

éii% L;(#) =0 and 01i—>I£lo L;(0) = oo,

for ¢+ = 1, 2, such that for all § > 0:

(a) For every ¢ € D, there is a ball B(z,r) = B(x(Iy, (), (I, ()) satisfying

Bz, L(0)r) € (Tg)'(¢) C Bz, L(0)r),

(b) and conversely, for every ball B(x,r) in X, there exists ( = ((x,r,T'g) € D
such that
Bz, L(0)r) € (T)*(¢) C B(x, La(0)r).

We say that a family of approach regions €2 is regular if there is a constant C' > 0
such that for all ¢ € D the next condition is satisfied:

Yy € QH(), Fy* € X with 6(y,2) = 6(y*,x) such that B(y*,t) C QY(Tp(B(z, Cr))),

where we recall that (z,r) = (z(T', (), r(T',{)) comes from the definition of I being a

supernatural family.

Our last result is the next theorem.
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Theorem 3.3.18 Let (X, u,d) be a ns-space of homogeneous type, and assume 2 C
D to be a reqular family of approach regions. Then the following conditions are

equivalent:

(i) There exists C' > 0 and 6 > 0 such that Mqf(x) < C My, f(z), for all x in X

and all measurable functions f.
(i1) Ag = A, for all 1 < p < oo, with equivalent constants.

(iii) There is p > 1 such that A, = Ag, with equivalent constants.

(iv) There exists 0 < v < 1 such that the family of weights {6(x,.)" : x € X} is in
W(Q) uniformly in x.

(v) There exists 0 > 0 such that Q(x) C Ty(z) for all z in X.

Proof. In view of the proof of the preceding results, the proof of equivalency between
(1), (47) and (7i7) is standard, and the completed proof follows once we get proved that
(iv) implies (v). We observe that (v) is equivalent to Q(¢) C (I'p)*(¢) for all ¢ € D.

Suppose the family of weights is uniformly in W(Q2). Fix ¢ € D. We know that
there exist z € X and r > 0 such that

Bz, L(0)r) € (T)'(¢) C Bz, L(0)r),

for all # > 0. Take y € Q'({). Then, using the assumption of the regularity on Q, we

have:

o(z,y)” = o(y",z)
< D76(x,y)"
DY o

- M(B(y*,’l“)) /B(y*,r) 5(:L‘7y ) du( )

_ Ay 2. 2) 4 6y, ) du(z
S BT fo (07 002 C)

1

<

(4D)! (u(B(y*, 7)) /Ql(Tp(B(x,Cr))) o, 2)dpu(z) + ﬂ) '

Set u,(z) = d(x, 2)7. Using the hypothesis on the family {u, : € X}, and the fact
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that u(B(y*,r)) is comparable to the radius r, we have:

! 2. Cr
iy, ) < (AD)V(U;E(Q :gii(’r,)? ))) Hﬁ)
(U)o (Tk(B(x, Cr)) w)

- “‘D”( W(Bly )
< C(AD)V(MJrr”). (3.15)

- r

Now, we saw in Theorem 3.2.30 that U,(B(x,t)) is comparable to t?*! for all ¢ > 0
uniformly in z, and thus returning to (3.15), we get that for all y € Q*(¢) and for all
6 > 0 we have

3(y. 2(I'0,¢)) < C7 AD (T, ),

that is,
Q'(¢) € B(z(Ly, (), ADr(Ly,()).

To complete the proof, choose @ such that C7AD < L1(0), and thus Q) C
(To)* (€)-

3.4 Back to Euclidean spaces: two applications

The ideas and techniques used in the previous sections can be applied to extend some

known results and to simplify the proofs. We consider two cases.

3.4.1 Singular integral operators

We work in R™ equipped with the Lebesgue measure m and the Euclidean distance,
and we think of R’}fl as a space of approach to R". We denote the the unit sphere
by S"~! and |E| = m(E) is the Lebesgue measure of a set E. We will easily proof
an extended version of the results obtained in [FJR]. Moreover, we will not use the

group structure of R™ to construct an approach family by translating a fixed one.

Let K : R" — R be a Calderén-Zygmund kernel, that is, K(z) = w(z)/|z|" such
that:

(i) w e L>*(S™1) is homogeneous of degree 0.

(i) /S () dr =0,
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(iii) There exists a constant C' > 0 such that |K(z+y) — K(x)|] < Cm”%, if
|z > 2y.
: wj(z) Tj . .
The Riesz kernel K(z) = T where w;(z) = 2k is an example of a Calderdén-
T xZ;

Zygmund kernel.

We consider the truncated singular integral operator defined by

= “(y) x — = * f)(x
T.f(x) = /| e = (e i),

where K. () = K () X{jy|>e} (7).

The maximal operator related to this family of truncated singular integral opera-

tors 1s

T f(x) = sup [T f(2)| = sup | (K f)(x)] .

e>0 e>0
It is well-known that this operator satisfies the boundedness 7% : LP(m) — LP(m)

it p>1and T*: L'(m) — L“°(m) (see Theorem 4 in page 42 of [St1]).
Let Q = {Q(z) : # € R"} be an approach family in R"'. For such a family, we

define the maximal operator for a measurable function f by

Nof(z) = sup |(K¢* f)(y)]-

(y,t)€Q(z)
In the particular case of cones I'(z) = {(y,t) € R} : |z —y| <t}, the next

lemma is proved in [FJR].

Lemma 3.4.1 For a Calderon-Zygmund kernel K, there exists a constant C' > 0

depending on the dimension n such that:

Nef(z) = sup |(Kex f)(y)| < T"f(x) + C Mf(z),

(y,t)€l(z)

for all measurable f. Thus, we have the estimates Ny : LP(m) — LP(m) if p > 1
and Nr : LY(m) — L“*°(m)

We recall some concepts defined in the previous sections. The set
Q'(y,t) = {z €R": (y.1) € Qx)}

is the shadow under (y,t) by the approach family 2. We define the I'—completion
of Q0 by

Qz) = {(y,t) e R : 3 (2, 5) € Q(z) such that B(z,s) C B(y,1)}.
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The approach family €2 is '—complete (it is also said that it satisfies the so-called
cone condition) if and only if ﬁ(m) = Q(z) for all x € R". For a measure ¢ in R” and

an approach family €2, we define the (outer) measure oq in RTLI by
oo(E)=c({x e R": Q(z) N E £ 0}),

for a measurable set E.

The tent under a point (y,t) € R’ is the set

T(y,t) ={(z,s): B(z,8) C B(y,t)}.

A measure p defined in R} is a Carleson measure if there exists a constant
C' > 0 such that

p(T'(y,t)) < C [B(y,t)|,

for all (y,t) € R?*'. By Proposition 3.2.9 this is equivalent to the existence of a
constant C' > 0 such that

p(T(0)) < C 0], (3.16)
for all open sets O C R", where T'(O) = {(z,s) : B(z,s) C O}.

For the special case of the Riesz kernel, we have:

Theorem 3.4.2 Let ) be an approach family, and consider the Riesz kernel K;(x) =
wi(x)/ |z|" where wi(x) = x;/|z;| for 1 < j <n. For a measure p defined in R™, the

following conditions are equivalent:
(i) There exists C' > 0 such that
p({x €R": Nof() > \}) < C [{z € B : Nof(z) > A},
for all A > 0 and measurable f.
(ii) Ng : LP(m) — LP>°(p) is bounded for p > 1.
(iii) There exists C > 0 such that p(QY(z,t)) < C |B(x,t)| for all (z,t) € R
() pg is a Carleson measure.

(v) pq is a Carleson measure.
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Proof. That (i) implies (i¢) follows trivially by using Lema 3.4.1. Let us see that (7i7)
implies (iv). Take z € R™ so that Q(z) N T(y,t)) # ¢. There is (z,s) € Q(z) with
B(z,s) C B(y,t). Since ﬁ(x) is '—complete, (y,t) € (Al(x) Therefore = € ﬁi(y,t),
and hence

{oeR": Q)N T(y,t) # 0} < Oy, 0)

So, using the definition of pg, we have:

pa(T(y, 1) < p(Q(y,1)) < C [B(y,1)].

That (iv) and (v) are equivalent conditions follows once we have proved that

pa(T(y,1)) = pa(T(y,1))-
That po(T'(y,t)) < pa(T(y,t)) is due to Q(z) C Q(z) for all z € R™. Now, if
Q(z) N T(y,t) # 0, there exists (z,8) € Q(z) with B(z,s) C B(y,t). By definition
of the I'—completion, there exists (u,r) € (z) such that B(u,r) C B(z,s). Thus,
(u,r7) € Q(x) and B(u,r) C B(y,t), that is, Q(z) N T(y,t) # 0, which leads to
pa(T(y,t)) < pa(T(y,t)). Now, suppose that pq is a Carleson measure. Observe that

{(y, 1) [(Ke x )(y)] > A} € T(0),

where O = {z € R": Npf(x) > A}, for all functions f. Then, applying (3.16), we

obtain:

p({z € R" : Nof(z) > A}) pa({(y,t) + [(K; = f)(y)] > A})
pa(T(0))
C O]

C {x € R": Npf(z) > A}.

INIA

Finally, let us see that (i¢) implies (éi7). Without loss of generality, we proof it in
the case of wy(z) = z1/|x1|. Take z € Ql(y,t). By the definition of Q being the
['—completion of €, there exists (z, s) such that z € Q}(z,s) and B(z,s) C B(y,t).
Let us write y = (y1,9') € R" withy; € Rand 3 € R"™'. We consider B’ = B(y/,t) C
R and A(y,t) = (y1 — 3t,y1) x B'. We observe that |A(y,t)| = 3|B(y,t)|. Set
f(w) = xan(w). We claim that for this choice, there exists a positive constant C,
depending on the dimension n such that |( K, x f)(z)| > C,,, and thus Nq f(z) > C,,/2.

As a consequence, we have

Oy, t) C {z € R": Nof(z) > C,/2},
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and by hypothesis

p(Q(y,1))

IN

p({x € R": Nof(x) > C,/2})
Co 1 f 1l £y

Cn [Ay, 1)]

Cn |B(y, 1)l

IIA

which is (i7i). Let us proof the claim:

- (§> X{jely>s(§) d€ ‘

(Kyx )()] = /{

y1—3t<z1—&1<y1, |zi—&—vil<t, Z7£1} ‘€|

= /{ wl(g) X{jel>s3(§) d€ ‘

21 —y1<€1<3t+z1—y1, |zi—&—yi|<t, i#1} |£|

—1
= /{ = X{l¢|>s3 (&) d€

21—y1<€1<0, |z;—&—yi|<t, i#£1} |§’

1
+/ = X{le>s3 (€ dﬁ‘
{0<fl<3t+21 Y1, ‘Zz &i— yz|<t 'L#l} |§|

1
- /{ T Xdle>sy(§) dE,

ler -y |<€1 <3tz -y ei—&—wil<t, 21} €]

where the last equality follows by symmetry. Now, since B(z,s) C B(y,t) we have
that

21—y < |z—yl<t—s<t

3t—|21_y1| > 2t7
and therefore

(K * f)(2)]

v

1
/{ 7 X{le|>s(§) d€

t<€1<2t, |zi—&—vyil<t, i#1} |€|

1
-/ L,
{t<§1<2t|zi—§i—yi\<t, ’L#l} |€‘

where the equality is due to the fact that if ¢ < &, then s < ¢ < |[£|. We observe that
& < 2t but also |§| < |§ — 2z + yi| + |yi — 2] <2t if i # 1, and thus |§] < /n2t, that
is,
1 Ch
W > t—n

Using this estimate, we finally have

C, ,
(K * f)(2)] > t—n|{§€ant<§1<2t, lzi =& —wyi| <t, i £ 1} =C
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O

An easy consequence of Theorem 3.4.2 is that, without loss of generality, we can

always assume our approach family €2 to be I'—complete :

Corollary 3.4.3 Let Q) be an approach family, and consider the Riesz kernel K;(z) =
wi(x)/ |z|" where wj(x) = x;/|z;| for 1 < j <n. For a measure p defined in R, the

following conditions are equivalent:
(i) Nq : LP(m) — LP>(p) is bounded for p > 1.
(ii) Ng : LP(m) — LP*(p) is bounded for p > 1.
(iii) There exists C > 0 such that p(Qt(z,t)) < C |B(x,t)| for all (z,t) € R

In Theorem 3.4.2, all the implications remain true for a general Calderén-Zygmund
kernel, maybe except implication (it) = (i77), and with the same proof. In particu-

lar, we have:

Theorem 3.4.4 Let Q) be an approach family, and K a Calderon-Zygmund kernel.
If, for a measure p in R", there exists C > 0 such that p(Q*(z,t)) < C |B(x,t)| for
all (x,t) € R then Ng : LP(m) — LP*>(p) is bounded for p > 1.

3.4.2 Potential spaces

We extend the result of [RS] relaying potential spaces and approach regions. As

before, we do not need to consider translated regions of an initial approach region.

For 1 < p < oo, let k be a positive radially decreasing function in L'(m). We
define
LY (m)={f: f=Fxk, for some F € LP(m)},
endowed with the quotient norm ||f||L§(m) = inf {||F||Lp(m) cf=Fx k:} We denote
Vi(z) = (P % k)(x) the harmonic extension of k, where P is the Poisson kernel and
Py(y) = t™"P(t"'y), that is

cpt

Bly) = (|]? + 2) 1727

for (y,t) € Riﬂ’ where ¢, = I'(n + 1/2). We set 7(t) = ||Vt||;/p/n-

For an approach family in R", we consider the operator

Nof(x) = sup [(Fxf)(y)l,
(5:)€0x)
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for a measurable f.
The r-cones are the sets I',(z) = { y,t) ERM:r —y| < T(t)}. The following
lemma is proved in [NRS].

Lemma 3.4.5 For a radially decreasing function k € L'(m)\ L (m), there exists a

positive constant C' such that

Nr, (F + k)(2) < C M,F(x),

1/p
for all x € R"™, where M,F(xz) = sup ( / 2) [ dz) . As a conse-
|B y7 | B(y,t)

B(y,t)>x
quence Nr, : L} (m) — LP°°(m) is bounded.

The I'.-completion of an approach family €2 is the approach family
Q. (z) ={(y,t) : I (2,5) € Qx) such that B(z,r(s)) C B(y,r(t))}.

An approach family 2 is I',-complete if Q(z) = Q,.(x) for all z € R™.

The r-tents are the sets T,(y,t) = {(z,s) € R} : B(z,r(s)) C B(y,r(t))}. A
measure p defined in R is a r-Carleson measure if there exists a constant C' > 0
such that

p(T.(y,t)) < C |B(y,t)|,

for all (y,t) € R It is proved in [RS] that this is equivalent to the existence of a
constant C' > 0 such that
p(T:(0)) < C [O], (3.17)

for all open sets O C R", where T,(0) = {(y,t) € Rt : B(y,r(t)) C O}.

Theorem 3.4.6 Let ) be an I'.-complete approach family, and consider a radially
decreasing function k € L*(m)\ L¥ (m) and r(t) = ||Vt||;,p/n. For a measure p defined

in R™, the following conditions are equivalent:

(i) There exists C' > 0 such that
p({z € R" : Nof(z) > A\}) < C |{x € R" : Np, f(z) > A},
for all A > 0 and measurable f.

(i) Ngq : L} (m) — LP>(p) is bounded for p > 1.
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(iii) There exists C' > 0 such that p(Q'(z,t)) < C |B(x,t)| for all (z,t) € R
(1v) pq is a r-Carleson measure.

Proof. That (i) implies (i) is Lemma 3.4.5. Let us see that (ii7) implies (iv). Take
x € R™ so that Q,.(z) N T,(y,t)) # ¢. There is (z,s) € Q. (x) with B(z,r(s)) C
B(y,r(t)). Since Q,(z) is [',—complete, (y,t) € Q,(z). Therefore z € Ql(y,t), and
hence

{z e R": Q.(z) N T, (y, t) # ¢} C Ql(y,1).

So, using the definition of pq , we have:

po, (To(y, 1)) < p(Qh(y, 1)) < C |B(y, t)|.

That (iv) implies (v) is easy because po(E) < pq,(F), since Q(z) C Q.(z) for all
x € R™. Now, suppose that (pq,m) is a Carleson pair. Observe that

{(y.t) eRY:[(Prx f)(y)] > A} C T(0),

where O = {z € R": Nr_f(z) > A}, for all functions f. Then, applying (3.17), we

obtain:

p({z € R" : Nof(z) > A}) po({(y,t) € RE™|(Prx f)(y)| > A})
pa(T(0))
elle]

C [z € R": Ny, f(z) > A}

IA A

Finally, let us proof that (ii) implies (iii). We fix (y,t) € R and take z € Q'(y, t).

Since the application
FeL’(m)— H,(F)(.)=F(y+.) € L’(m)

is an isomorphic and isometric map of LP for all y € R", we have that

Will, = sup | [ Vitw)Hy(F)(-w)du| = sup |V F)w)]
l1£1],=1 " |1Fll,=1
We choose F' € LP with ||F'[|, = 1 satisfying that [V, x F(y)| > ”V;””/. Now, we take
f = F x k, and therefore:
Vil

Naf@)= suwp |(Vox F)E)| = |(Vix F)(g)] > .
(2z,5)€Q(x)
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Then,
| n Vil
Q' (y,t) czeR :NQf(x)>T ,

and by hypothesis, we obtain:

p(Q(y, 1))

IN

p({x ER": Nof(x) > |[Vill, /4})
< CIVil," I f1IZx
C |B(y, (1))l

IN
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