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+ ± + ±>Àoò(Ä�Á|ÂmÁsÃMÄ�¶�Ê�¸½µ·È�ÁsÃÆ¶(ßcëï³�Ã�¶�ÃdÈ�Á�ßªÂm¶(ßªÃ�³�Âª³�Ã-± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± +-,
+ ±/.�±>¹§ÁsÃd¶"ëï¶�È(Ä�ÁsÃMÂm¶%Ë9Á�á�³�¸½µ¿Ç�³�È(µ·Ê�ßo¶(ß�Ã½µ¿à$ºmá�³�È(µ·Á�ßª¶�Ãdà¬Á�á·¶�È(ºmá�³�¸�¶�Ã�± ± ±%± ±%± ±*±%± ±%± ±%± ± +�0
+ ±/1�±ÓÅ ç ìî¶(Ä½µ¿´iÁsÃ ± ±%± ±%± ±*±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± +��

+ ±/1�± + ±ÏÀoÁ|Âm¶(á·ÁsÃMÈ�Á�ßkÄ½µ¿ß\ºªÁsÃÆÂm¶*Ã�Á�á¿´�³�Ä�³�È(µ·Ê�ß�±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± +��
+ ±/1�±/.�±Ï°mºª¶(¸½Ç�³�ÃdÂm¶
Ë9Á�á�³�¸½µ¿Ç�³�È(µ·Ê�ß ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± +�2
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.�± + ±>úõß\Ä½¸�Á\Â�ºªÈ�È(µ·Ê�ßR±%± ±%± ±*±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B.DC
.�±/.�± � ºmã¿à�µ·ÈÉ³ � º`ð�ßkÄ½µ·ÈÉ³ ±*±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B. 0

.�±/.�± + ±Ïúõß\Ä½¸�Á\Â�ºªÈ�È(µ·Ê�ß ±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B. 0
.�±/.�±/.�±ÏÀoò(Ä�Á|ÂmÁsÃFE&GFH(IJH(K5HML3±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B.$N

.�±/.�±/.�± + ± ÞIá¢Á�Ë9¶(¸�³�ÂmÁ�¸PO�³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ>± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B.$N
.�±/.�±/.�±/.�± ÞIá§Ëm¸½µ¿ßªÈ(µ¿Ëmµ·Á¬´s³�¸½µ�³�È(µ·Á�ß`³�á ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B. �
.�±/.�±/.�±/1�± � Á�ßªÃ½Ä½¸½ºªÈ�È(µ·Ê�ßoÂm¶%á�³$ë£ºmßªÈ(µ·Ê�ß8Âm¶ Á�ßªÂª³ ±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B. 2
.�±/.�±/.�± , ± ÞIá§à¬ò(Ä�Á|ÂmÁQO�³�¸½Ä½¸�¶�¶"åõ°`Á\È�R ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B1D.
.�±/.�±/.�±/C�± °mºmßªÈ(µ·Á�ßª¶�ÃÆÂm¶ ç ³�Ã�¶ ±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B1 ,
.�±/.�±/.�± 0 ± Àoò(Ä�Á|ÂmÁsÃM»\ºª¶%µ¿ßªÈ(á¿ºmäi¶(ß�á�³�È�Á�¸½¸�¶(á�³�È(µ·Ê�ß¯¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³ ± ±*±%± ±%± ±%± ±B1DC

.�±/.�±/1�±ÏÀoò(Ä�Á|ÂmÁsÃMÃ�¶(à�µ·¶(à�Ëmã¿¸½µ·È�ÁsÃ
± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±B1$N
.�±/.�± , ±ÏÀoò(Ä�Á|ÂmÁsÃ ç ³�Ã�³�ÂmÁsÃM¶(ß8á�³�Ä�¶�Á�¸½ã�³�Âm¶(á�ë£ºmßªÈ(µ·Á�ß`³�á¢Âm¶%á�³'Âm¶(ßªÃ½µ·Âª³�Â ±*±%± ±%± ±%± ±B1 2
.�±/.�±/C�±Ïüdß`ð�á¿µ·Ã½µ·ÃdÂm¶%Âm¶�Ã�È�Á�à�Ë)ÁsÃ�µ·È(µ·Ê�ßoÂm¶
á�³�¶(ßª¶(¸½¾sã�³�Âm¶FS
µ¿Ä�³�ºm¸�³�åõÀoÁ�¸�ÁTR|ºmà�³-±%± ±%± ± ,&U

.�±/1�±>Àoò(Ä�Á|ÂmÁsÃdÈ(á�ð�Ã½µ·È�ÁsÃK± ±*±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± , .
.�±/1�± + ±Ïúõß\Ä½¸�Á\Â�ºªÈ�È(µ·Ê�ß ±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± , .
.�±/1�±/.�± � ³�à�Ë)ÁsÃMÂm¶%ëvºª¶(¸½Ç�³�Ã#± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± , .

.�±/1�±/.�± + ± ñ7ò(¸½à�µ¿ßªÁsÃÆ¶(ßmá�³�Ç�³�ß\Ä�¶�Ã ±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± , 1
.�±/1�±/.�±/.�± ñ7ò(¸½à�µ¿ßªÁsÃdßªÁ�¶(ßmá�³�Ç�³�ß\Ä�¶�Ã1±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± , C
.�±/1�±/.�±/1�± ÞCë£¶�È(Ä�ÁsÃÆÂm¶%Ë9Á�á�³�¸½µ¿Ç�³�È(µ·Ê�ß ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± ,&0
.�±/1�±/.�± , ±V�é³�¸�³�à¬¶(Ä½¸½µ¿Ç�³�È(µ·Ê�ß ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± ,&�

2
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.�± , ±>ÀoÁ|Âm¶(á·ÁsÃdÈ�Á�ß\Ä½µ¿ßkºªÁsÃ�Âm¶%Ã�Á�á¿´�³�Ä�³�È(µ·Ê�ß ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC U

.�± , ± + ±Ïúõß\Ä½¸�Á\Â�ºªÈ�È(µ·Ê�ß ±%± ±%± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC U
.�± , ±/.�±ÏÞIá§à¬Á|Âm¶(á·Á�È�Á�ßkÄ½µ¿ßkºªÁ>± ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC +
.�± , ±/1�± � Á�ßkÄ½¸½µ ç ºªÈ(µ·Ê�ßó¶(á·¶�È(Ä½¸�ÁsÃ½Ä�ð�Ä½µ·ÈÉ³ ±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BCD1

.�± , ±/1�± + ± Àoò(Ä�Á|ÂmÁsÃMÂm¶ ¶"ý�Ë`³�ßªÃ½µ·Ê�ß�à$ºmá¿Ä½µ¿Ë)Á�á�³�¸`_£Àa�fÞcb ±%± ±%± ±*±%± ±%± ±%± ±BCD1
.�± , ±/1�±/.�± ÀoÁ|Âm¶(á·Á�¾i¶(ßª¶(¸�³�á¿µ¿Ç�³�ÂmÁ�Âm¶*÷�Á�¸½ßd_^¼%÷eb�±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BCDC
.�± , ±/1�±/1�± � ³�¸½¾k³¬Ã½ºmË9¶(¸f	`È(µ�³�á¢³�Ë`³�¸�¶(ßkÄ�¶g_£ü\� � b�±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC 0

.�± , ± , ± � Á�ßkÄ½¸½µ ç ºªÈ(µ·Á�ßª¶�ÃÆßªÁ¬¶(á·¶�È(Ä½¸�ÁsÃ½Ä�ð�Ä½µ·ÈÉ³�Ã-±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC �
.�± , ± , ± + ± � ³�´|µ¿Ä�³�È(µ·Ê�ß ±%± ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC �
.�± , ± , ±/.�± ÿÆµ·Ã�Ë)¶(¸�Ã½µ·Ê�ß�å^¸�¶(Ëmºmá·Ã�µ·Ê�ßQ±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ±BC 2

.�± , ±/C�±Ï¹¢³�ÈÉ³�´|µ·Âª³�Â�hmË`³�¸�³�à¬¶(Ä½¸½µ¿Ç�³�È(µ·Ê�ßóÂm¶%à¬Á|Âm¶(á·ÁsÃMÈ�Á�ßkÄ½µ¿ß\ºªÁsÃ ±%± ±%± ±*±%± ±%± ±%± ± 0*+
.�± , ±/C�± + ± ÞIá§à¬Á|Âm¶(á·Á¬Àa�lÞ ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± 0 .
.�± , ±/C�±/.�± ÞIá§à¬Á|Âm¶(á·Ái�|À�ýÙ± ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± 0 .
.�± , ±/C�±/1�± ÞIá§à¬Á|Âm¶(á·Á¬Àj�|ñ ±%±*±%± ±%± ± ±%± ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± 0 1

.�± , ± 0 ±BO�³�È(µ�³�à¬Á|Âm¶(á·ÁsÃdÂm¶%Ã�Á�á¿´s³�Ä�³�È(µ·Ê�ß�ë£¸�³�È�È(µ·Á�ß`³�á·¶�Ã ±%±*±%± ± ±%± ±%± ±*±%± ±%± ±%± ± 0�,
5�%(3!45%(��6��87:9<;=7 k�l
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á�³*Ëm¸�ð�È(Ä½µ·ÈÉ³�â�Ë)Á|Âm¶(à¬ÁsÃ�È�Á�ßªÃ½µ·Âm¶(¸�³�¸�á�³ ¸�¶(á�³�ì�³�È(µ·Ê�ß�¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�¸�¶�Ã½Ë)¶�È(Ä�Á'³*á·ÁsÃ�à¬Á�´\µ¿à�µ·¶(ß\Ä�ÁsÃ7ßkºªÈ(á·¶É³�¸�¶�Ã
È�Á�à¬ÁMµ¿ßªÃ�Ä�³�ßkÄ�ð�ßª¶É³�±�ÞfÃ½Ä�Á7Ë9¶(¸½à�µ¿Ä�¶�Âm¶�Ã�³�È�Á�Ëmá�³�¸¢á·ÁsÃéÂmÁsÃ§à¬Á�´\µ¿à�µ·¶(ß\Ä�ÁsÃôä ÈÉ³�á·È(ºmá�³�¸é¶(ßª¶(¸½¾sã�³�Ãô¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�Ã
Ë`³�¸�³�Ë)ÁsÃ�µ·È(µ·Á�ßª¶�Ã
ßkºªÈ(á·¶É³�¸�¶�Ã
ösì�³�ÃÉâ)Âm¶*ëïÁ�¸½à�³3»kºª¶'¶(áCÄ�ø(¸½à�µ¿ßªÁ�Âm¶�¶(ßª¶(¸½¾sã�³cÈ(µ¿ßªø(Ä½µ·ÈÉ³cÂm¶$á·ÁsÃ�ß\òªÈ(á·¶�ÁsÃ Ã�¶
Ëmºª¶�Âm¶�Á�à�µ¿Ä½µ¿¸ÉâIá�³¯È�Á�¸½¸�¶(á�³�È(µ·Ê�ß ¶(ßÕ¶(á�Ë9Á�Ä�¶(ßªÈ(µ�³�áÆ³�Ä½¸�³�È(Ä½µ¿´iÁR¶(á·¶�È(Ä½¸�Ê�ß�å^ßkòªÈ(á·¶�Á>Ä�³�à ç µ·ø(ß Ã�¶3¶(á¿µ¿à�µ¿ß`³�âCä
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á�³�¸�¶(Ëmºmá·Ã�µ·Ê�ß>¶(ßkÄ½¸�¶�ßkòªÈ(á·¶�ÁsÃ'Ã�¶¬Ëmºª¶�Âm¶�È�Á�ßªÃ½µ·Âm¶(¸�³�¸$ºmß`³8È�Á�ßªÃ�Ä�³�ßkÄ�¶�Ë`³�¸�³�ºmß`³�¾i¶�Á�à¬¶(Ä½¸½ã�³oÂª³�Âª³�±é¹§ÁsÃ
Ä�ø(¸½à�µ¿ßªÁsÃd»\ºª¶
ßªÁsÃd»\ºª¶�Âª³�ß�Âm¶%á�³'¶�È(º`³�È(µ·Ê�ß D ± D ¸�¶�È(µ ç ¶(ßo¶(á�ßªÁ�à ç ¸�¶*Âm¶KS�³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ¬¶(á·¶�È(Ä½¸�Ê�ßmµ·È�Á<m

Hel = −
N
∑

i=1

1

2
∇2

i −
N
∑

i=1

M
∑

A=1

ZA

riA
+

N
∑

i=1

N
∑

j>i

1

rij

` D ±VU/b

�
¶%¶�Ã½Ä�³�ëïÁ�¸½à�³�â�á�³�¶�È(º`³�È(µ·Ê�ßoÂm¶K�|È�èm¸Åü\Â�µ¿ßm¾i¶(¸�¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³¬Ã�¶
Ëmºª¶�Âm¶*¶�Ã�È(¸½µ ç µ¿¸dÈ�Á�à¬Á<m

(Hel + VN )Ψel(ri;RA) = EelΨel(ri;RA)
` D ± Xwb

ÂmÁ�ßªÂm¶
VN

¶�Ãôá�³M¶(ßª¶(¸½¾sã�³�Âm¶f¸�¶(Ëmºmá·Ã�µ·Ê�ß$µ¿ß\Ä�¶(¸½ßkºªÈ(á·¶É³�¸Éâsä%á�³�ÃéÈ�Á\Á�¸�Âm¶(ß`³�Âª³�ÃC¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�Ã
ri
Ã�Á�ß*´s³�¸½µ�³ ç á·¶�Ã

µ¿ßªÂm¶(Ë9¶(ßªÂ�µ·¶(ßkÄ�¶�Ã%Ë9¶(¸�Á�á�³�Ã
È�Á|Á�¸�Âm¶(ß`³�Âª³�Ã�ßkºªÈ(á·¶É³�¸�¶�Ã
RA

Ã�Á�ßoË`³�¸�ð�à¬¶(Ä½¸�ÁsÃÉ±�ÞIáé´�³�á·Á�¸�Ëm¸�Á�Ëmµ·Á
Eel

Âm¶$á�³
¶�È(º`³�È(µ·Ê�ßcÂm¶��|È(¸Åü|Â�µ¿ßm¾i¶(¸�¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³$Ã�¶Má¿á�³�à�³ á�³ ¶(ßª¶(¸½¾sã�³$¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�±�
�Á�à¬Á*¶(á`Ä�ø(¸½à�µ¿ßªÁ

VN
¶�Ãlºmß`³

È�Á�ßªÃ½Ä�³�ß\Ä�¶'Ë`³�¸�³�ºmß`³3¾i¶�Á�à¬¶(Ä½¸½ã�³cÂª³�Âª³�â)äoá�³�Ã�È�Á�ßªÃ�Ä�³�ßkÄ�¶�Ã*³�ê`³�Â�µ·Âª³�Ã ³�áÌS
³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ�ßªÁ�³�ë£¶�È(Ä�³�ßÙ³
á�³�Ã�ëvºmßªÈ(µ·Á�ßª¶�Ã�Âm¶�Á�ßªÂª³�Á ç Ä�¶(ßmµ·Âª³�ÃÉâ�¶(ß�á�³*Ëm¸�ð�È(Ä½µ·ÈÉ³'Ã�¶dÃ�ºª¶(á·¶d¸�¶�Ã�Á�á¿´i¶(¸�á�³$¶�È(º`³�È(µ·Ê�ß D ± X�Ã�µ¿ß�µ¿ßªÈ(á¿ºmµ¿¸

VN
â

»\ºª¶%Ã�¶ ³�ê`³�Âm¶%Ë9ÁsÃ½Ä�¶(¸½µ·Á�¸½à¬¶(ßkÄ�¶'³�á�´�³�á·Á�¸dËm¸�Á�Ëmµ·Á¬Á ç Ä�¶(ßmµ·ÂmÁ�Ë`³�¸�³'á�³�¶(ßª¶(¸½¾sã�³�±
¹¢³�³�Ëm¸�Á�ó�µ¿à�³�È(µ·Ê�ß¯ü�Á�¸½ß�åíÅÆËmË9¶(ßmèª¶(à�µ¿à¬¶(¸
¶�Ã�Ä�ð�ìíºªÃ�Ä½µæö`ÈÉ³�Âª³�¶(ß�á�³'¾s¸�³�ß�à�³ÉäiÁ�¸½ã�³�Âm¶*ÈÉ³�Ã�ÁsÃÉâmä3ßªÁsÃ

Ë9¶(¸½à�µ¿Ä�¶dµ¿ß\Ä½¸�Á\Â�ºªÈ(µ¿¸7È�Á�ßªÈ�¶(ËmÄ�ÁsÃ�µ¿à�Ë)Á�¸½Ä�³�ß\Ä�¶�Ã7È�Á�à¬Á$¶(á9Âm¶dÃ�ºmË)¶(¸îö`È(µ·¶�Âm¶Æ¶(ßª¶(¸½¾sã�³*Ë9Á�Ä�¶(ßªÈ(µ�³�á^â\»\ºª¶Æ¶�Ã�á�³
Ã½ºmË9¶(¸îö`È(µ·¶¬Âm¶"öªßmµ·Âª³cË9Á�¸

Eel

Ã�Á ç ¸�¶�Ä�Á|Âª³�Ã%á�³�Ã
Ë9ÁsÃ½µ ç á·¶�Ã È�Á|Á�¸�Âm¶(ß`³�Âª³�Ã ßkºªÈ(á·¶É³�¸�¶�Ã�±¢÷ô³�à ç µ·ø(ßEË9¶(¸½à�µ¿Ä�¶
Âm¶"öªßmµ¿¸MÈ�Á�ßªÈ�¶(ËmÄ�ÁsÃ7à$ºmä�òmÄ½µ¿á·¶�Ã7È�Á�à¬Á'á�³�Ã�¾i¶�Á�à¬¶(Ä½¸½ã�³�ÃMÂm¶
¶�»\ºmµ¿á¿µ ç ¸½µ·Á�Á�Âm¶
¶�Ã½Ä�³�ÂmÁsÃ7Âm¶�Ä½¸�³�ßªÃ½µ·È(µ·Ê�ß§âm»\ºª¶
Ã�Á�ß�Ëmºmß\Ä�ÁsÃÆÈ(¸½ã¿Ä½µ·È�ÁsÃMÂm¶ á�³'Ã½ºmË)¶(¸îö`È(µ·¶*Âm¶ ¶(ßª¶(¸½¾sã�³'Ë9Á�Ä�¶(ßªÈ(µ�³�á¢Âm¶(á¢Ã½µ·Ã½Ä�¶(à�³�±

@ " @ " @ " @ " ��6c�
'\07$x.w0?��03)ny<9<'*039<.103)	$
9�6
�%³�ÂmÁ¬ºmß¯Á�Ë)¶(¸�³�ÂmÁ�¸�S�³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ3èª¶(¸½à�ã¿Ä½µ·È�Á

H
âª¶"ó�µ·Ã½Ä�¶%ºmß¯È�Á�ß�ìíºmß\Ä�Á�Âm¶$Ã�Á�á¿ºªÈ(µ·Á�ßª¶�Ã�¶"óm³�È(Ä�³�Ã
³

á�³'¶�È(º`³�È(µ·Ê�ßoÂm¶Ò�|È�èm¸Åü|Â�µ¿ßm¾i¶(¸Éâªµ¿ß�öªßmµ¿Ä�³�Ãd¶(ß8ßkòmà¬¶(¸�Ámâ`¶(Ä½µ·»\ºª¶(Ä�³�Âª³�ÃMË9Á�¸M¶(á�ã¿ßªÂ�µ·È�¶
i
m

HΨi = EiΨi i = 0, 1, . . .
` D ± G b

ÂmÁ�ßªÂm¶
E0 ≤ E1 ≤ E2 ≤ . . . ≤ Ei ≤ . . .

ÞfÃ'Âm¶�È(µ¿¸ÉâéË`³�¸�³oºmß`³8à¬Á�á·ø�È(ºmá�³õ¶"ó�µ·Ã½Ä�¶(ß�à*ºªÈ�è`³�Ã�Ë)ÁsÃ�µ ç á·¶�Ã*ë£ºmßªÈ(µ·Á�ßª¶�Ã�Ëm¸�Á�Ëmµ�³�Ã
Ψi

Âm¶(á7Á�Ë9¶(¸�³�ÂmÁ�¸
H
±


�Á�à¬Á
H
¶�Ã�ºmß�Á�Ë)¶(¸�³�ÂmÁ�¸'èª¶(¸½à�ã¿Ä½µ·È�Ámâéá·ÁsÃ*´s³�á·Á�¸�¶�Ã$Ëm¸�Á�Ëmµ·ÁsÃ

Ei
Ã�Á�ß>¸�¶É³�á·¶�Ã�äRá�³�Ã$È�Á�¸½¸�¶�Ã½Ë9Á�ßªÂ�µ·¶(ßkÄ�¶�Ã

ë£ºmßªÈ(µ·Á�ßª¶�ÃfËm¸�Á�Ëmµ�³�Ã
Ψi
Ã�Á�ß�Á�¸½Ä�Á�ßªÁ�¸½à�³�á·¶�ÃÉâk¶�ÃfÂm¶�È(µ¿¸ÉâkÃ�Á�ß�Á�¸½Ä�Á�¾iÁ�ß`³�á·¶�Ã�¶(ßkÄ½¸�¶MÃ½ãmä'¶�Ã½Ä�ð�ß¬ßªÁ�¸½à�³�á¿µ¿Ç�³�Âª³�Ã�â

Âm¶
ëïÁ�¸½à�³'»kºª¶%È(ºmà�Ëmá·¶(ß~m
∫

ΨiΨjdτ = δij
` D ± I b

ÂmÁ�ßªÂm¶%á�³'µ¿ß\Ä�¶(¾s¸�³�áôÃ�¶
¸�¶É³�á¿µ¿Ç�³¬Ã�Á ç ¸�¶
Ä�Á\Âª³�ÃMá�³�ÃMÈ�Á\Á�¸�Âm¶(ß`³�Âª³�Ã�Âm¶(á§Ã½µ·Ã½Ä�¶(à�³�âªµ¿ßªÂ�µ·ÈÉ³�ÂmÁ�Ë)Á�¸
dτ
â�ä

δij
¶�Ã

á�³cÂm¶(á¿Ä�³�Âm¶�[
¸Åü�ßª¶�È�Yi¶(¸q`vµ¿¾sº`³�á�³3ºmßªÁ8Ã½µ
i = j

â9ä¯È�¶(¸�Á�¶(ßÙÈÉ³�Ã�Á�È�Á�ßkÄ½¸�³�¸½µ·Á1b"±ôñ7Âm¶(à�ð�ÃÉâ¢³�Ã½ºmà�µ¿¸�¶(à¬ÁsÃ
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»\ºª¶�¶(álÈ�Á�ß�ìíºmß\Ä�Á�Âm¶'ë£ºmßªÈ(µ·Á�ßª¶�Ã Ëm¸�Á�Ëmµ�³�Ã

Ψi
Âm¶

H
â§»\ºª¶'Ë)Á|Âm¶(à¬ÁsÃ È�Á�ßªÃ½µ·Âm¶(¸�³�¸�Â�µ·Ã�È(¸�¶(Ä�Ámâ9ëïÁ�¸½à�³�ßÙºmß

È�Á�ß�ìîºmßkÄ�ÁRÈ�Á�à�Ëmá·¶(Ä�ÁmâCÂm¶�ë£Á�¸½à�³¯»\ºª¶�È(º`³�á·»\ºmµ·¶(¸�ëvºmßªÈ(µ·Ê�ß
Φ
»kºª¶3Ã�³�Ä½µ·Ãîë^³�¾k³�á�³�Ã�à�µ·Ã½à�³�Ã�È�Á�ßªÂ�µ·È(µ·Á�ßª¶�Ã

Âm¶�È�Á�ßkÄ�Á�¸½ßªÁ>»kºª¶c¶(áMÈ�Á�ß�ìîºmßkÄ�Á {Ψi}
`vßªÁ�¸½à�³�á¿à¬¶(ß\Ä�¶8»\ºª¶cá�³oëvºmßªÈ(µ·Ê�ßÕÂm¶�Á�ßªÂª³RÂm¶�Ã�³�Ë`³�¸�¶(ÇÉÈÉ³R¶(ßÕ¶(á

µ¿ß�öªßmµ¿Ä�Á1b"â`Ã�¶
Ëmºª¶�Âm¶ ¶�Ã�È(¸½µ ç µ¿¸dÈ�Á�à¬Á�ºmß`³¬È�Á�à ç µ¿ß`³�È(µ·Ê�ß8á¿µ¿ßª¶É³�áôÂm¶%á�³�Ã
Ψi
m

Φ =
∑

i

ciΨi
` D ± R b

¹¢³%¶�È(º`³�È(µ·Ê�ß3Âm¶��|È�èm¸Åü|Â�µ¿ßm¾i¶(¸�ßªÁ%ßªÁsÃfµ¿ßªÂ�µ·ÈÉ³%È�Á�à¬Á$¶(ßªÈ�Á�ßkÄ½¸�³�¸�¶�Ã½Ä�¶MÈ�Á�ß�ìîºmßkÄ�Á*È�Á�à�Ëmá·¶(Ä�Á$Âm¶�ë£ºmßªÈ(µ·Á�ßª¶�Ã
Âm¶�Á�ßªÂª³8à¬Á�á·¶�È(ºmá�³�¸�¶�ÃÉâéÃ�Ê�á·Á¯Ã�³ ç ¶(à¬ÁsÃ$»kºª¶�¶�Ã½Ä�¶�È�Á�ß�ìîºmßkÄ�Áõ¶�Ã½Ä�ðo³�È�Á�Ä�³�ÂmÁ8µ¿ß�ëï¶(¸½µ·Á�¸½à¬¶(ßkÄ�¶3Ë9Á�¸

E0
â§á�³

¶(ßª¶(¸½¾sã�³�Âm¶(áé¶�Ã½Ä�³�ÂmÁ¬ëvºmßªÂª³�à¬¶(ß\Ä�³�á^±x�\µ¿ßo¶(à ç ³�¸½¾iÁmâ)Ã�¶ Ëmºª¶�Âm¶�Âm¶(à¬ÁsÃ½Ä½¸�³�¸Éâ)³¬Ë`³�¸½Ä½µ¿¸�Âm¶$á�³�Ã�¶�È(º`³�È(µ·Á�ßª¶�Ã
D ±FEsâ D ± I ä D ± R âI»kºª¶�¶(á7´s³�á·Á�¸¬¶�Ã½Ë9¶(¸�³�ÂmÁRÂm¶(áÜS�³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁEË`³�¸�³¯á�³oëvºmßªÈ(µ·Ê�ß

Φ
Ã�¶(¸�ðõÃ�µ·¶(à�Ëm¸�¶cºmß`³

¶(ßª¶(¸½¾sã�³'µ¿¾sº`³�á¢Á�Ã½ºmË)¶(¸½µ·Á�¸d³�á�³'Âm¶(á¢¶�Ã½Ä�³�ÂmÁ�ë£ºmßªÂª³�à¬¶(ßkÄ�³�á|m

E =

∫

ΦHΦdτ
∫

Φ2dτ
≥ E0

` D ± � b
ÂmÁ�ßªÂm¶8¶(ád´�³�á·Á�¸3¶�Ã½Ë)¶(¸�³�ÂmÁ>Âm¶�á�³R¶(ßª¶(¸½¾sã�³�³õá�³õµ¿ÇÉ»\ºmµ·¶(¸�Âª³EÃ�¶�Á ç Ä½µ·¶(ßª¶¯³õË`³�¸½Ä½µ¿¸3Âm¶�á�³R¶�È(º`³�È(µ·Ê�ß Âm¶
�|È�èm¸Åü|Â�µ¿ßm¾i¶(¸fà$ºmá¿Ä½µ¿Ëmá¿µ·ÈÉ³�ßªÂmÁ Ë9Á�¸

Φ
â�µ¿ß\Ä�¶(¾s¸�³�ßªÂmÁmâsä�³�µ·Ã½á�³�ßªÂmÁ
á�³�¶(ßª¶(¸½¾sã�³�±iÞlÃ½Ä�¶�Ä�¶�Á�¸�¶(à�³
¶�ÃI¶(ámá¿á�³�à�³�ÂmÁ

Ëm¸½µ¿ßªÈ(µ¿Ëmµ·Á3´�³�¸½µ�³�È(µ·Á�ß`³�á^â)ä�Ä½µ·¶(ßª¶$µ¿à�Ëmá¿µ·ÈÉ³�È(µ·Á�ßª¶�Ã%à$ºmä�Ë)Á|Âm¶(¸�ÁsÃ�³�ÃÆäk³�»\ºª¶$Ë)¶(¸½à�µ¿Ä�¶�¶(´�³�á¿º`³�¸
á�³�ÈÉ³�á¿µ·Âª³�Â
Âm¶�ºmß`³dëvºmßªÈ(µ·Ê�ß�Âm¶�Á�ßªÂª³ÆÂm¶�Ëm¸½ºª¶ ç ³ÆË`³�¸�³
Âm¶�Ã�È(¸½µ ç µ¿¸I¶(á�¶�Ã½Ä�³�ÂmÁÆëvºmßªÂª³�à¬¶(ß\Ä�³�á`Âm¶lºmß�Ã½µ·Ã�Ä�¶(à�³Æ¶(ß ç ³�Ã�¶7³
Ã½º�¶(ßª¶(¸½¾sã�³�±iñ7Âm¶(à�ð�ÃÉâ�Ë9¶(¸½à�µ¿Ä�¶7È�Á�ßªÃ½Ä½¸½ºmµ¿¸Iß\ºª¶�Ã½Ä½¸�³ÆëvºmßªÈ(µ·Ê�ß¬Âm¶7Á�ßªÂª³�ßªÁ%³�Ë`³�¸½Ä½µ¿¸fÂm¶�ºmß`³�È�Á�à ç µ¿ß`³�È(µ·Ê�ß
á¿µ¿ßª¶É³�á§Âm¶ÆëvºmßªÈ(µ·Á�ßª¶�Ã7Á�¸½Ä�Á�ßªÁ�¸½à�³�á·¶�Ã

Φi
Âm¶�Ã�È�Á�ßªÁ|È(µ·Âª³�ÃÉâ�Ã½µ¿ßªÁ'Âm¶ÆëvºmßªÈ(µ·Á�ßª¶�ÃdÂm¶"öªßmµ·Âª³�Ã7Âm¶(Ë)¶(ßªÂ�µ·¶(ß\Ä�¶�ÃdÂm¶

È(µ·¶(¸½Ä�ÁsÃ�Ë`³�¸�ð�à¬¶(Ä½¸�ÁsÃÉâ9ä�´s³�¸½µ�³�¸�¶�Ã�ÁsÃ�Ë`³�¸�ð�à¬¶(Ä½¸�ÁsÃ
è`³�Ã½Ä�³�»\ºª¶*á�³�µ¿ßkÄ�¶(¾s¸�³�áI¶(ß¯á�³�¶�È(º`³�È(µ·Ê�ß D ± � ³�á·ÈÉ³�ßªÈ�¶
ºmß¯à�ã¿ßmµ¿à¬Ám±)ÞlÃ�¶*´s³�á·Á�¸�à�ã¿ßmµ¿à¬Á3Ã�¶(¸�ð�¶(ß\Ä�Á�ßªÈ�¶�Ã
á�³�¶�Ã½Ä½µ¿à�³�È(µ·Ê�ßõ´s³�¸½µ�³�È(µ·Á�ß`³�áf³¬á�³�¶(ßª¶(¸½¾sã�³3¶"óm³�È(Ä�³�Âm¶(á
¶�Ã½Ä�³�ÂmÁ'ë£ºmßªÂª³�à¬¶(ßkÄ�³�á^±
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ÞIálËm¸½µ¿ßªÈ(µ¿Ëmµ·Á�´�³�¸½µ�³�È(µ·Á�ß`³�álË)¶(¸½à�µ¿Ä�¶
ìîºmÇ�¾k³�¸%á�³cÈÉ³�á¿µ·Âª³�ÂÙÂm¶'ºmß`³3ë£ºmßªÈ(µ·Ê�ßÙÂm¶�Á�ßªÂª³cË9Á�¸%á�³c¶(ßª¶(¸½¾sã�³
»\ºª¶*Ä�¶(ßm¾k³3³�Ã�Á|È(µ�³�Âª³�â.Âm¶*ë£Á�¸½à�³�»\ºª¶*á�³�ëvºmßªÈ(µ·Ê�ßR»\ºª¶ à¬¶íì½Á�¸�Âm¶"öªßmµ¿¸�ð3¶(áC¶�Ã½Ä�³�ÂmÁ¬ë£ºmßªÂª³�à¬¶(ßkÄ�³�áfÂm¶$ºmß
Ã½µ·Ã½Ä�¶(à�³ÆÃ�¶(¸�ðÆá�³Æ»kºª¶�à�µ¿ßmµ¿à�µ·È�¶�Ã½º'¶(ßª¶(¸½¾sã�³�±sÞfÃ½Ä�³�ÃôëvºmßªÈ(µ·Á�ßª¶�ÃIÂm¶�Á�ßªÂª³ÆË9Á�á¿µ·¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�ÃfÃ�¶�È�Á�ßªÃ½Ä½¸½ºmäi¶(ß
³3Ë`³�¸½Ä½µ¿¸*Âm¶�Á�¸ ç µ¿Ä�³�á·¶�Ã*à¬Á�á·¶�È(ºmá�³�¸�¶�ÃÉâ¢»\ºª¶�Ã�Á�ßõë£ºmßªÈ(µ·Á�ßª¶�Ã »kºª¶�Âm¶�Ã�È(¸½µ ç ¶(ßÙ¶(álÈ�Á�à�Ë9Á�¸½Ä�³�à�µ·¶(ßkÄ�ÁoÂm¶�ºmß
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Á
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i
±

ÞfÃ½Ä�³
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È�Á�à ç µ¿ß`³�È(µ·Á�ßª¶�ÃÆá¿µ¿ßª¶É³�á·¶�ÃdÂm¶%Â�µæëï¶(¸�¶(ßkÄ�¶�ÃdËm¸�Á\Â�ºªÈ(Ä�ÁsÃTS�³�¸½Ä½¸�¶�¶sâªÂm¶
à�³�ßª¶(¸�³¬»kºª¶�á�³�ë£ºmßªÈ(µ·Ê�ß�Âm¶%Á�ßªÂª³'ßªÁ
Â�µ·Ã½Ä½µ¿ßm¾k³Æ¶(ßkÄ½¸�¶�¶(á·¶�È(Ä½¸�Á�ßª¶�Ãéä Ã�¶É³d³�ß\Ä½µ·Ã½µ¿à¬ø(Ä½¸½µ·ÈÉ³�±\��¶là�³�ßª¶(¸�³M¾i¶(ßª¶(¸�³�á�Ë`³�¸�³Mºmß�Ã½µ·Ã�Ä�¶(à�³

N
åú¶(á·¶�È(Ä½¸�Ê�ßmµ·È�Ámâ

¶�Ã½Ä�³�ë£ºmßªÈ(µ·Ê�ßÙÂm¶�Á�ßªÂª³�Ã�¶�Ëmºª¶�Âm¶¬¶"ó�Ëm¸�¶�Ã�³�¸ È�Á�à¬ÁcºmßÙÂm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶3Âm¶Â�\á�³�Ä�¶(¸ ® �*¯fÈ�Á�ßÙá�³3Ã½µ¿¾sºmµ·¶(ß\Ä�¶
ëïÁ�¸½à�³�m

ΨDS =
1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

χi(x1) χj(x1) · · · χk(x1)

χi(x2) χj(x2) · · · χk(x2)±±± ±±± ± ± ± ±±±
χi(xN ) χj(xN ) · · · χk(xN )

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

` D ±FE�Xwb



U D h-����d����- ¢¡ �<¥"!ai��k¡cf�¡c ¢¡¨ñkd��
ÂmÁ�ßªÂm¶õ¶(á�ëï³�È(Ä�Á�¸ 1√

N !

¶�Ãcºmß ë^³�È(Ä�Á�¸�Âm¶¯ßªÁ�¸½à�³�á¿µ¿Ç�³�È(µ·Ê�ß§±MÞfÃ½Ä�¶¯Âm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶RÄ½µ·¶(ßª¶
N
¶(á·¶�È(Ä½¸�Á�ßª¶�Ã

Á|È(ºmË`³�ßªÂmÁ
N
Ã½Ëmµ¿ßÙÁ�¸ ç µ¿Ä�³�á·¶�Ã

(χi, χj, . . . , χk)
â�Ã½µ¿ßÙ¶�Ã½Ë9¶�È(µæö`ÈÉ³�¸*»\ºªø�¶(á·¶�È(Ä½¸�Ê�ßE¶�Ã½Ä�ð�¶(ßÙÈÉ³�Âª³�Á�¸ ç µ¿Ä�³�á^±

ñ7Âm¶(à�ð�ÃÉâ`µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ�³�¸
á�³�ÃÆÈ�Á\Á�¸�Âm¶(ß`³�Âª³�Ã�Âm¶*ÂmÁsÃÆ¶(á·¶�È(Ä½¸�Á�ßª¶�ÃÆÈ�Á�¸½¸�¶�Ã½Ë9Á�ßªÂm¶$³�µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ�³�¸ ÂmÁsÃMöªá�³�Ã
Âm¶(á.Âm¶(Ä�¶(¸½à�µ¿ß`³�ß\Ä�¶%Âm¶��\á�³�Ä�¶(¸Éâ\á·Á$È(º`³�á)ÈÉ³�à ç µ�³�Âm¶dÃ�µ¿¾sßªÁ*¶(á9Âm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶s±��
¶d¶�Ã½Ä�³ ë£Á�¸½à�³�âká�³
ë£ºmßªÈ(µ·Ê�ß
Âm¶¯Á�ßªÂª³EÈ(ºmà�Ëmá·¶¯¶(áÆËm¸½µ¿ßªÈ(µ¿Ëmµ·ÁÓÂm¶¯³�ßkÄ½µ·Ã½µ¿à¬¶(Ä½¸½ã�³�±7ñ7Âm¶(à�ð�ÃÉâ�ÂmÁsÃ3¶(á·¶�È(Ä½¸�Á�ßª¶�ÃcßªÁÙËmºª¶�Âm¶(ßJÁ\È(ºmË`³�¸c¶(á
à�µ·Ã½à¬Á�Á�¸ ç µ¿Ä�³�á^âkäk³*»kºª¶dÄ�¶(ßªÂ�¸½ã�³�à¬ÁsÃ7ÂmÁsÃföªá�³�Ã�µ¿¾sº`³�á·¶�Ã�ä�¶(á)Âm¶(Ä�¶(¸½à�µ¿ß`³�ß\Ä�¶
´�³�á·Â�¸½ã�³*È�¶(¸�Áq`vËm¸½µ¿ßªÈ(µ¿Ëmµ·Á'Âm¶
¶"ómÈ(á¿ºªÃ½µ·Ê�ß�Âm¶��C³�ºmá¿µ?b"±#�\µ)¶�Ã�È�Á�¾i¶(à¬ÁsÃ7»kºª¶Æá�³�Ã�¶(Ä½µ·»kºª¶(Ä�³�Ã7Âm¶Æá·ÁsÃ�¶(á·¶�È(Ä½¸�Á�ßª¶�Ã7¶�Ã½Ä�ø(ß�Ã½µ·¶(à�Ëm¸�¶Æ¶(ß�¶(á9Á�¸�Âm¶(ß
x1, x2, . . . , xN

âª¶�Ã½Ä�ÁsÃMÂm¶(Ä�¶(¸½à�µ¿ß`³�ß\Ä�¶�ÃÆÃ�¶%Ã½ºª¶(á·¶(ß8¶�Ã�È(¸½µ ç µ¿¸dÂm¶�ëïÁ�¸½à�³�È�Á�à�Ë`³�È(Ä�³�È�Á�à¬Á<m

ΨDS(x1, x2, . . . , xN ) = |χiχj · · ·χk〉
` D ±FE G b

ÂmÁ�ßªÂm¶ ¶(á�ë^³�È(Ä�Á�¸MÂm¶%ßªÁ�¸½à�³�á¿µ¿Ç�³�È(µ·Ê�ß 1√
N !

¶�Ã½Ä�ð�µ¿ßªÈ(á¿ºmµ·ÂmÁ�µ¿à�Ëmá¿ã·È(µ¿Ä�³�à¬¶(ßkÄ�¶s±

@ " @ " @ "F�~" ��6ÙtWY1&()�+
)@Q�9<'s&('*A1Ai����)�.3Z

ÞIßªÈ�Á�ß\Ä½¸�³�¸ Ã�Á�á¿ºªÈ(µ·Á�ßª¶�Ã
³�Ëm¸�Á�ó�µ¿à�³�Âª³�Ã ³�á�³�¶�È(º`³�È(µ·Ê�ß¯Âm¶��|È�èm¸Åü|Â�µ¿ßm¾i¶(¸
Ë`³�¸�³�Ã½µ·Ã�Ä�¶(à�³�ÃÆÂm¶*à*ºªÈ�èªÁsÃ
¶(á·¶�È(Ä½¸�Á�ßª¶�Ã%¶�Ã�È�Á�à�Ëmá¿µ·ÈÉ³�ÂmÁ3Âm¶ ç µ·ÂmÁc³�á·ÁsÃdà¬Á�´\µ¿à�µ·¶(ß\Ä�ÁsÃ È�Á�¸½¸�¶(á�³�È(µ·Á�ß`³�ÂmÁsÃ%Âm¶*á·ÁsÃ�¶(á·¶�È(Ä½¸�Á�ßª¶�ÃÉ±9ÞIßõ¶�Ã½Ä�¶
È�Á�ßkÄ�¶"ó�Ä�Ámâk¶(ámà¬ø(Ä�Á|ÂmÁ�S
³�¸½Ä½¸�¶�¶"åú°ªÁ|ÈÅY'è`³%Ã½µ·ÂmÁ�ë£ºmßªÂª³�à¬¶(ßkÄ�³�á.Ë`³�¸�³%¶(áªÂm¶�Ã�³�¸½¸�Á�á¿á·Á*Âm¶�á�³
»\ºmã¿à�µ·ÈÉ³
à¬Á|Âm¶(¸îå
ß`³�â|ä�¶�Ã�¶(á9ËmºmßkÄ�Á¬Âm¶�Ë`³�¸½Ä½µ·Âª³�Ë`³�¸�³$Ä½¸�³�Ä�³�à�µ·¶(ßkÄ�ÁsÃÒJ1L�M?N�M7O|P�à�ð�Ã7¶"óª³�È(Ä�ÁsÃM³$¶�Ã�Ä�¶dÄ½µ¿Ë9Á'Âm¶
Ëm¸�Á ç á·¶(à�³�ÃÉ±
ÞfÃ½Ä�¶Mà¬ø(Ä�Á\ÂmÁ Ã�¶ ç ³�Ã�³%¶(ß�¶(ámºªÃ�Á*Âm¶7ºmß`³�ë£ºmßªÈ(µ·Ê�ß�Âm¶MÁ�ßªÂª³%È�Á�ßªÃ½Ä½µ¿Ä½ºmµ·Âª³ Ë)Á�¸Iºmß�Ã�Á�á·Á%Âm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶
Âm¶
�\á�³�Ä�¶(¸%Ë`³�¸�³cÂm¶�Ã�È(¸½µ ç µ¿¸*¶(áI¶�Ã½Ä�³�ÂmÁ3ë£ºmßªÂª³�à¬¶(ßkÄ�³�á�Âm¶(áfÃ½µ·Ã½Ä�¶(à�³�±x
�Á�ßªÃ½µ·Âm¶(¸�¶(à¬ÁsÃ$¶(ßkÄ�Á�ßªÈ�¶�Ã%ºmß`³�ë£ºmßªÈ(µ·Ê�ß
Âm¶*Á�ßªÂª³¬Ë)Á�á¿µ·¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³3È�Á�ßªÃ½Ä½¸½ºmµ·Âª³�³�Ë`³�¸½Ä½µ¿¸�Âm¶ ºmßoÂm¶(Ä�¶(¸½à�µ¿ß`³�ß\Ä�¶'Âm¶Ò�\á�³�Ä�¶(¸ÆÂm¶

n
Ã½Ëmµ¿ßoÁ�¸ ç µ¿Ä�³�á·¶�Ã�â

χk (k = 1, 2, . . . , n)
âs»\ºª¶�Ã�¶�Ëmºª¶�Âm¶M¶�Ã�È(¸½µ ç µ¿¸fÈ�Á�à¬Á

Ψ = |χ1 · · ·χkχl · · ·χn〉
±�ÞIá�S�³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ*¶(á·¶�È"å

Ä½¸�Ê�ßmµ·È�Á'È�Á�à�Ëmá·¶(Ä�Á
Hel

Âm¶dá�³*¶�È(º`³�È(µ·Ê�ß D ±VU ßªÁsÃ�Ë)¶(¸½à�µ¿Ä�¶�ÈÉ³�á·È(ºmá�³�¸7¶(á`´s³�á·Á�¸�¶�Ã�Ë)¶(¸�³�ÂmÁ�Âm¶dá�³*¶(ßª¶(¸½¾sã�³
EÂm¶(á¢Ã½µ·Ã�Ä�¶(à�³�âm»kºª¶
Ä�Á�à�³'á�³'ë£Á�¸½à�³�Ã�µ¿¾sºmµ·¶(ßkÄ�¶Hm

E =
∑

k

∫

χk(1)h(1)χk(1)dx1+
` D ±FE I b

+
∑

k

∑

l>k

[∫ ∫

χk(1)χl(2)
1

r12
χk(1)χl(2)dx1dx2 −

∫ ∫

χk(1)χl(2)
1

r12
χk(2)χl(1)dx1dx2

]

ÂmÁ�ßªÂm¶
h(1)

¶�Ãé¶(áwS
³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ
Âm¶lÈ�Á�¸�¶�¸�¶(á�³�Ä½µ¿´iÁ%³7ºmß'¶(á·¶�È(Ä½¸�Ê�ß§â�»\ºª¶lÈ�Á�à�Ëm¸�¶(ßªÂm¶�Ã½º�¶(ßª¶(¸½¾sã�³ÆÈ(µ¿ßªø(Ä½µ·ÈÉ³
äõÃ½ºÙ¶(ßª¶(¸½¾sã�³�Âm¶¬³�Ä½¸�³�È�È(µ·Ê�ß�È�Á�ßÙá·ÁsÃ%ßkòªÈ(á·¶�ÁsÃ�±¢¹¢³�¶(´s³�á¿º`³�È(µ·Ê�ß>Âm¶(á�Ã�¶(¾sºmßªÂmÁ�Ä�ø(¸½à�µ¿ßªÁ�Âm¶¬¶�Ã�Ä�³cÃ½ºmà�³�â
ÂmÁ�ßªÂm¶�³�Ë`³�¸�¶�È�¶(ßÓµ¿ßkÄ�¶(¾s¸�³�á·¶�Ã�¶(ßÓ»kºª¶�µ¿ßkÄ�¶(¸½´|µ·¶(ßª¶(ß{X¯Ã½Ëmµ¿ßÓÁ�¸ ç µ¿Ä�³�á·¶�ÃÉâé¸�¶�»\ºmµ·¶(¸�¶�Âm¶�ºmß>¾s¸�³�ß ¶�Ãîë£ºª¶(¸½ÇÉÁ
È�Á�à�ËmºmÄ�³�È(µ·Á�ß`³�á^±m¹¢³�<`¶"ó|µ ç µ¿á¿µ·Âª³�Â3´s³�¸½µ�³�È(µ·Á�ß`³�á)Âm¶Æá�³
ë£ºmßªÈ(µ·Ê�ß3Âm¶ÆÁ�ßªÂª³*¶�Ã�Ä�ð ¶(ß3á�³ ¶(á·¶�È�È(µ·Ê�ßcÂm¶dá·ÁsÃ�Ã½Ëmµ¿ß
Á�¸ ç µ¿Ä�³�á·¶�ÃÉâCÂm¶�ëïÁ�¸½à�³o»kºª¶�à�µ¿ßmµ¿à�µ¿Ç�³�ßªÂmÁ¯á�³8¶(ßª¶(¸½¾sã�³o¸�¶�Ã½Ë9¶�È(Ä�Á¯³8Ã½ºÓ¶(á·¶�È�È(µ·Ê�ß�Ã�¶�Ëmºª¶�Âm¶�á¿á·¶(¾k³�¸'³8á�³�Ã
¶�È(º`³�È(µ·Á�ßª¶�ÃdÂm¶ ´�³�á·Á�¸�¶�Ã7Ëm¸�Á�Ëmµ·ÁsÃÆÂm¶�S
³�¸½Ä½¸�¶�¶"åú°ªÁ\È�Y)â.»kºª¶%Âm¶(Ä�¶(¸½à�µ¿ß`³�ßoá·ÁsÃ7à¬¶íì½Á�¸�¶�ÃMÃ½Ëmµ¿ß8Á�¸ ç µ¿Ä�³�á·¶�Ã(m

f(i)χj(xi) = εjχj(xi)
` D ±FE R b
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ÂmÁ�ßªÂm¶

f(i)
¶�Ã�ºmßRÁ�Ë9¶(¸�³�ÂmÁ�¸
¶"ëï¶�È(Ä½µ¿´iÁ3à¬Á�ßªÁ\¶(á·¶�È(Ä½¸�Ê�ßmµ·È�Ámâ§á¿á�³�à�³�ÂmÁ�Á�Ë)¶(¸�³�ÂmÁ�¸%Âm¶'°ªÁ|ÈÅY9â)»\ºª¶$Ä½µ·¶(ßª¶'á�³

ëïÁ�¸½à�³�m
f(i) = −1

2
∇2

i −
M
∑

A=1

ZA

riA
+ vHF (i)

` D ±FE � b
ÞIá.Ä�ø(¸½à�µ¿ßªÁ

vHF (i)
¶�Ãl¶(á`Ë)Á�Ä�¶(ßªÈ(µ�³�á.à¬¶�Â�µ·Á*»\ºª¶M¶"ó|Ë9¶(¸½µ¿à¬¶(ßkÄ�³*¶(á.¶(á·¶�È(Ä½¸�Ê�ß

i
Âm¶ ç µ·ÂmÁ$³%á�³%Ëm¸�¶�Ã�¶(ßªÈ(µ�³*Âm¶

á·ÁsÃ�Á�Ä½¸�ÁsÃ7¶(á·¶�È(Ä½¸�Á�ßª¶�ÃÉ±mÞfÃ½Ä�³�¶�Ã�á�³�¶�Ã�¶(ßªÈ(µ�³�Âm¶(á9à¬ø(Ä�Á\ÂmÁ�S
³�¸½Ä½¸�¶�¶"åú°ªÁ|ÈÅY9âm»kºª¶Æ¸�¶�¶(à�Ëmá�³�Ç�³'¶(á�È�Á�à�Ëmá¿µ·ÈÉ³�ÂmÁ
Ëm¸�Á ç á·¶(à�³$Âm¶MÄ½¸�³�Ä�³�¸�à*ºªÈ�è`³�Ã�Ë`³�¸½Ä½ã·È(ºmá�³�Ã�Ë9Á�¸lºmß�Ëm¸�Á ç á·¶(à�³*à¬Á�ßªÁ|¶(á·¶�È(Ä½¸�Ê�ßmµ·È�Á�¶(ß3¶(á.»\ºª¶Má�³ ¸�¶(Ëmºmá·Ã½µ·Ê�ß
¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³¬Ã�¶
Ä½¸�³�Ä�³�Âm¶
ëïÁ�¸½à�³�Ëm¸�Á�à¬¶�Â�µ�³�Âª³�±

ÞIá¢Ë)Á�Ä�¶(ßªÈ(µ�³�á
vHF Ã�Á ç ¸�¶ ºmß�¶(á·¶�È(Ä½¸�Ê�ß§â`»\ºª¶%¶�Ã�È�Á�¾i¶(à¬ÁsÃdÈ�Á�à¬Á�ºmßªÁmâªÄ½µ·¶(ßª¶%á�³�ëïÁ�¸½à�³'Ã½µ¿¾sºmµ·¶(ßkÄ�¶Hm

vHF (1) =
N
∑

j=1

Jj(1) −Kj(1)
` D ±FE(�/b

ÂmÁ�ßªÂm¶*¶(áôÁ�Ë)¶(¸�³�ÂmÁ�¸
Jj
âmá¿á�³�à�³�ÂmÁ�Á�Ë)¶(¸�³�ÂmÁ�¸�Âm¶�
�Á�ºmá·Á�à ç â.µ¿ßkÄ½¸�Á|Â�ºªÈ�¶$¶(á¢Ë)Á�Ä�¶(ßªÈ(µ�³�áôá·Á\ÈÉ³�á§à¬¶�Â�µ·Á�¾i¶(ß�å

¶(¸�³�ÂmÁ¬¶(ß
x1
Ë)Á�¸7ºmß8¶(á·¶�È(Ä½¸�Ê�ßoÂm¶�Ã�È(¸½µ¿Ä�Á�Ë9Á�¸

χj
âmÃ�¶(¾sòmß~m

Jj(1) =

∫

dx2 |χj(2)|2
1

r12

` D ± D ]/b
ÞIáCÄ�ø(¸½à�µ¿ßªÁ

Kj
Ã�¶$Âm¶(ßªÁ�à�µ¿ß`³cÁ�Ë9¶(¸�³�ÂmÁ�¸ Âm¶�µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ·Á�ä¯³�Ë`³�¸�¶�È�¶�È�Á�à¬ÁcÈ�Á�ßªÃ�¶�È(ºª¶(ßªÈ(µ�³�Âm¶�á�³�ß`³�å

Ä½ºm¸�³�á·¶(Ç�³c³�ßkÄ½µ·Ã½µ¿à¬ø(Ä½¸½µ·ÈÉ³cÂm¶(áCÂm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶�Âm¶��\á�³�Ä�¶(¸É±9ÞfÃ½Ä�¶$Ä�ø(¸½à�µ¿ßªÁmâ9»kºª¶�¶�ÃÆà¬¶(ßªÁsÃ
µ¿ßkÄ½ºmµ¿Ä½µ¿´iÁ3ä�ßªÁ
Ä½µ·¶(ßª¶$ºmß`³¬µ¿ß\Ä�¶(¸½Ëm¸�¶(Ä�³�È(µ·Ê�ßÙÈ(á�ð�Ã½µ·ÈÉ³¬È�Á�à¬Á3¶(áôÄ�ø(¸½à�µ¿ßªÁ3Âm¶�
�Á�á·Á�ºmà ç â9Ã�¶*Âm¶"öªßª¶$Ë9Á�¸ÆÃ½º¯¶"ë£¶�È(Ä�Á3È(º`³�ßªÂmÁ
Á�Ë9¶(¸�³�Ã�Á ç ¸�¶
ºmß8Ã½Ëmµ¿ß�Á�¸ ç µ¿Ä�³�á

χk(1)
Âm¶ á�³$ë£Á�¸½à�³�Ã�µ¿¾sºmµ·¶(ßkÄ�¶Hm

Kj(1)χk(1) =

[∫

dx2χj(2)
1

r12
χk(2)

]

χj(1)
` D ± D Esb

¹¢³�¶�È(º`³�È(µ·Ê�ß¬Âm¶ÙS�³�¸½Ä½¸�¶�¶"åú°`Á\È�Yl`£¶�Ès± D ±FE R bô¶�ÃCºmß`³�¶�È(º`³�È(µ·Ê�ß¬Âm¶�´s³�á·Á�¸�¶�ÃéËm¸�Á�Ëmµ·ÁsÃfÈ�Á�ß'á·ÁsÃCÃ½Ëmµ¿ß�Á�¸ ç µ¿Ä�³�á·¶�Ã
È�Á�à¬Á�ëvºmßªÈ(µ·Á�ßª¶�Ã�Ëm¸�Á�Ëmµ�³�Ã�ä�á�³�ÃÆ¶(ßª¶(¸½¾sã�³�Ã
Âm¶$á·ÁsÃÆÃ�Ëmµ¿ß¯Á�¸ ç µ¿Ä�³�á·¶�Ã
È�Á�à¬Á�´�³�á·Á�¸�¶�Ã�Ëm¸�Á�Ëmµ·ÁsÃÉ±)¹§ÁsÃ

N
Ã½Ëmµ¿ß

Á�¸ ç µ¿Ä�³�á·¶�Ã�Âm¶Mà¬¶(ßªÁ�¸�¶(ßª¶(¸½¾sã�³$Ã�Á�ß�¶(ß\Ä�Á�ßªÈ�¶�Ã�á·ÁsÃfá¿á�³�à�³�ÂmÁsÃ�Á�¸ ç µ¿Ä�³�á·¶�Ã�Á|È(ºmË`³�ÂmÁsÃÉâià�µ·¶(ß\Ä½¸�³�Ã�»kºª¶M¶(á.¸�¶�Ã½Ä�Á
Ã�¶%Âm¶(ßªÁ�à�µ¿ß`³�ß¯Á�¸ ç µ¿Ä�³�á·¶�ÃM´|µ¿¸½Ä½º`³�á·¶�ÃÉ±

¹¢³Æ¸�¶�Ã�Á�á¿ºªÈ(µ·Ê�ß¬Âm¶�á�³�ÃI¶�È(º`³�È(µ·Á�ßª¶�ÃIÂm¶ÙS
³�¸½Ä½¸�¶�¶"åú°ªÁ\È�Y$¾i¶(ßª¶(¸�³�á¿à¬¶(ß\Ä�¶dÃ�¶�á¿á·¶(´s³�³�ÈÉ³ ç Á�µ¿ßkÄ½¸�Á|Â�ºªÈ(µ·¶(ßªÂmÁ
ºmßõÈ�Á�ß�ìíºmß\Ä�Á�Âm¶ ë£ºmßªÈ(µ·Á�ßª¶�Ã
Âm¶ ç ³�Ã�¶*Ë`³�¸�³�¶"ó|Ë`³�ßªÂ�µ¿¸
á·ÁsÃ
Ã½Ëmµ¿ßõÁ�¸ ç µ¿Ä�³�á·¶�Ã�`ï³�Ëm¸�Á�ó�µ¿à�³�È(µ·Ê�ß�
�¹ôÅ7ñ�â)´i¶(¸
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Âm¶(á�S
³�à�µ¿á¿Ä�Á�ßmµ�³�ßªÁ�Âm¶�Á�¸�Âm¶(ßEÈ�¶(¸�Áv`
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¶(ßõá�³c³�Ëm¸�Á�ó�µ¿à�³�È(µ·Ê�ß�N�³Q¼\²´³¶µ%O�PÊÉ�º\MQJHO|P\Í�M7µÂº\M ú�³�¹¶³°N	O7M7J\²�PHÝ*³°¹°²¸JÁ¿é`7����� Å¨b"â�¶(ßõá�³�È(º`³�áIÃ�Á�á�³�à¬¶(ß\Ä�¶�Ã�¶
³�ßkºmá�³�ßoá·ÁsÃ7Ëm¸�Á|Â�ºªÈ(Ä�ÁsÃd¶(ßkÄ½¸�¶%ëvºmßªÈ(µ·Á�ßª¶�ÃÆÂm¶ ç ³�Ã�¶%»\ºª¶
Ë)¶(¸½Ä�¶(ßª¶�È�¶(ßõ³�ð�Ä�Á�à¬ÁsÃdÂ�µæëï¶(¸�¶(ßkÄ�¶�ÃÉ±

ü7³�Ã�³�ÂmÁsÃ ¶(ßRá�³�³�Ëm¸�ÁÉó|µ¿à�³�È(µ·Ê�ß{����� Å�â�¶'µ¿ß\Ä½¸�Á\Â�ºªÈ(µ·¶(ßªÂmÁ¯³�á¿¾sºmß`³�Ã ´s³�¸½µ�³�È(µ·Á�ßª¶�ÃÉâ��
¶���³�¸*ä¯÷�èmµ·¶(á
® E � ¯IÂm¶�Ã�³�¸½¸�Á�á¿á�³�¸�Á�ßR¶(áCà¬ø(Ä�Á\ÂmÁaÍ�P(º\M dc³¶º¦N�³Q¼\²´³¶µ%O�P¶É�º\M ú�³°¹Å³°N#O7MQJ\²�P\Ý*³°¹°²FJÁ¿à`£À���� Å¨b"â)»kºª¶�Ã½ºmËmºªÃ�Á3ºmß
³�´s³�ßªÈ�¶�µ¿à�Ë9Á�¸½Ä�³�ßkÄ�¶�¶(ßÕ¶(áMÈÉ³�à�Ë9Ám±Ì�Æß`³oÂm¶cá�³�Ã¬Ëm¸½µ¿ßªÈ(µ¿Ë`³�á·¶�Ã¬á¿µ¿à�µ¿Ä�³�È(µ·Á�ßª¶�Ã�Âm¶(á7à¬ø(Ä�Á|ÂmÁRÀ���� Å4¶�Ã
Ã½º�µ¿ßªÈÉ³�Ë`³�È(µ·Âª³�ÂoË`³�¸�³�à¬Á|Âm¶(á¿µ¿Ç�³�¸�³�Ëm¸�Á�Ëmµ�³�Âª³�à¬¶(ß\Ä�¶'á·ÁsÃMËmºª¶(ß\Ä�¶�ÃÆÂm¶*èmµ·Â�¸�Ê�¾i¶(ßªÁm±.ÞfÃ�Ä�Á¬Ã�¶ Âm¶ ç ¶$³�»\ºª¶
¶(áfà¬ø(Ä�Á|ÂmÁ8À���� Å Ä½µ·¶(ßªÂm¶3³�Ã�Á ç ¸�¶�¶�Ã½Ä½µ¿à�³�¸$á�³c¸�¶(Ëmºmá·Ã½µ·Ê�ß�¶(ßkÄ½¸�¶�ð�Ä�Á�à¬ÁsÃ�Ã�¶(Ë`³�¸�³�ÂmÁsÃ*Ë)Á�¸*Â�µ·Ã�Ä�³�ßªÈ(µ�³�Ã
Ä½ã¿Ëmµ·ÈÉ³�ÃfÂm¶�µ¿ßkÄ�¶(¸�³�È�È(µ·Á�ßª¶�Ã�Âm¶�´�³�ß�Âm¶(¸ÌÓE³s³�á·ÃÉ±1
�Á�ß¬¶(á|öªß¬Âm¶�¶(á¿µ¿à�µ¿ß`³�¸l¶�Ã½Ä�¶�Ëm¸�Á ç á·¶(à�³�âsË9ÁsÃ½Ä�¶(¸½µ·Á�¸½à¬¶(ß\Ä�¶
Ã�¶ Âm¶�Ã�³�¸½¸�Á�á¿á·Ê�¶(á§à¬ø(Ä�Á|ÂmÁ�ñ�À�E ® E(�\¯c`|Ã�·1À�O7M?Na±�P(ºw³°²on�b"â`»\ºª¶%µ¿ßkÄ½¸�Á|Â�ºªÈ�¶ Ä�ø(¸½à�µ¿ßªÁsÃ
³�Â�µ·È(µ·Á�ß`³�á·¶�Ã�¶(ß8á�³
¶(ßª¶(¸½¾sã�³%Âm¶�¸�¶(Ëmºmá·Ã½µ·Ê�ß�ßkºªÈ(á·¶É³�¸É±kü7³�Ã�³�ÂmÁ%¶(ß�á�³�ÃCà�µ·Ã½à�³�Ãl¶"ó�Ëm¸�¶�Ã½µ·Á�ßª¶�Ãf»\ºª¶7ñÆÀÔEsâ�Ë9¶(¸�Á ³�ÂmÁ�ËmÄ�³�ßªÂmÁ%ºmß`³
Ë`³�¸�³�à¬¶(Ä½¸½µ¿Ç�³�È(µ·Ê�ßõà�ð�Ã�³�ºmÄ�Á�à�³�Ä½µ¿Ç�³�Âª³�â9Ã�¶*Âm¶�Ã�³�¸½¸�Á�á¿á·Ê�Ä�³�à ç µ·ø(ß¯¶(áôà¬Á\Âm¶(á·Á��fÀnU ® D ]*¯c`|¾ÜJ\¹ÊJHÍ�³%O7¹ÁM´ös³¶º
±�P(ºw³°²;p�b"±ªÞfÃ½Ä�ÁsÃMÂmÁsÃMà¬Á\Âm¶(á·ÁsÃÉâmñ�ÀÔE
ä��fÀnU�âªÃ�Á�ß�ÂmÁsÃMÂm¶
á·ÁsÃMà¬Á\Âm¶(á·ÁsÃMÃ�¶(à�µ·¶(à�Ëmã¿¸½µ·È�ÁsÃMà�ð�ÃM¶"ó�Ä�¶(ß�å
Â�µ·ÂmÁsÃ*¶(ßRá�³8³�È(Ä½º`³�á¿µ·Âª³�Â�â§ä¯á·ÁsÃ »kºª¶�Ã�¶'è`³�ßÙºªÃ�³�ÂmÁ�¶(ßE¶(áIËm¸�¶�Ã�¶(ßkÄ�¶¬Ä½¸�³ ç ³�ì½Ám±~��µ¿´i¶(¸�Ã�³�Ã%´s³�¸½µ�³�ßkÄ�¶�Ã�Âm¶
¶�Ã½Ä�ÁsÃMÂmÁsÃMà¬ø(Ä�Á\ÂmÁsÃdè`³�ß8Ã½µ·ÂmÁ'Ëmº ç á¿µ·ÈÉ³�Âª³�Ãd¶(ß8á·ÁsÃ7òmá¿Ä½µ¿à¬ÁsÃKE(]�³�êªÁsÃ ® D ¯ú±



�<¥>�<¥@?Ò�-dA!�g%h-� h���B�e��-g�h-� UH�
. b . brqfb CEDmgF4�6G4¢_"slY�_�Yt6u4¢_¯]�20[^Y gs]�4¢Zml^Y*6l]`[wv½eu2lh8704;2fY�[�6f]Ó[^Yx6f]�2�_y7A6fYz6

¹§ÁsÃ�à¬ø(Ä�Á|ÂmÁsÃ ç ³�Ã�³�ÂmÁsÃÆ¶(ß¯á�³�Ä�¶�Á�¸½ã�³�Âm¶(áôëvºmßªÈ(µ·Á�ß`³�áCÂm¶$á�³�Âm¶(ßªÃ½µ·Âª³�Â{`7�
°C÷%â�áÒ³°N<À°M3O7Ï�ã�·�N	µ%O7MQP\N	J\²
ÑxÎ�³¶PH¹ÁÏ<b ® G ¯úâ�»\ºª¶%³�ºmßª»kºª¶�ßªÁ'Ã�¶Æè`³�ß�ºªÃ�³�ÂmÁ'¶(ßc¶�Ã�Ä�¶dÄ½¸�³ ç ³�ì½Á�Ã�¶�È�Á�à¬¶(ßkÄ�³�¸�ð�ß ç ¸�¶(´i¶(à¬¶(ß\Ä�¶sâªÃ�¶ ç ³�Ã�³�ß
¶(ß�á�³�µ·Âm¶É³oÂm¶�ÈÉ³�á·È(ºmá�³�¸�¶(á�µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ·ÁõäRá�³oÈ�Á�¸½¸�¶(á�³�È(µ·Ê�ß ¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³õ³�Ë`³�¸½Ä½µ¿¸'Âm¶�á·ÁsÃ*ë£ºmßªÈ(µ·Á�ß`³�á·¶�Ã
¾i¶(ßª¶(¸�³�á·¶�Ã�Âm¶3á�³¯Âm¶(ßªÃ½µ·Âª³�ÂÓ¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�±IÞfÃ½Ä�³õ³�Ëm¸�Á�ó�µ¿à�³�È(µ·Ê�ßÕ¸�¶�Ã½ºmá¿Ä�³¯Âm¶3á·ÁsÃ�Ä½¸�³ ç ³�ìîÁsÃ�Âm¶�á·ÁsÃ¬³�êªÁsÃ
E(� D ]�â9Ëm¸½µ¿ßªÈ(µ¿Ë`³�á¿à¬¶(ßkÄ�¶3Âm¶(áIà¬Á|Âm¶(á·Á�Âm¶�÷�èªÁ�à�³�ÃÉâ�°ª¶(¸½à�µfä��Æµ¿¸�³�È�Âm¶(álð�Ä�Á�à¬Ámâ9äoÂm¶'á·ÁsÃ%Ä½¸�³ ç ³�ì½ÁsÃ Âm¶
�\á�³�Ä�¶(¸dÂm¶%á·ÁsÃÆ³�êªÁsÃ�E(� G ]�±ªÀõð�Ã7¸�¶�È(µ·¶(ßkÄ�¶(à¬¶(ß\Ä�¶sâ)Ã�¶
Ë)Á�Ëmºmá�³�¸½µ¿Ç�³�¸�Á�ßoá·ÁsÃ7à¬ø(Ä�Á\ÂmÁsÃT��°C÷ Âm¶�Ã�Ëmºªø�ÃMÂm¶%á�³
Ëmº ç á¿µ·ÈÉ³�È(µ·Ê�ß�Âm¶Má·ÁsÃlÄ�¶�Á�¸�¶(à�³�Ã�Âm¶�SÆÁ�èª¶(ß ç ¶(¸½¾�åß[ÆÁ�èmß ® D E�¯)¶(ß�E(� I Xªâk»\ºª¶dÂm¶(à*ºª¶�Ã�Ä½¸�³�ß�á�³*¶"ó|µ·Ã½Ä�¶(ßªÈ(µ�³$Âm¶
ºmßcë£ºmßªÈ(µ·Á�ß`³�á¢Âm¶%á�³'Âm¶(ßªÃ½µ·Âª³�Â�¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�»kºª¶%Âm¶(Ä�¶(¸½à�µ¿ß`³¬á�³'¶(ßª¶(¸½¾sã�³�Âm¶(á¢¶�Ã½Ä�³�ÂmÁ�ë£ºmßªÂª³�à¬¶(ßkÄ�³�á^±��\µ¿ß
¶(à ç ³�¸½¾iÁmâ.¶(á§Ä�¶�Á�¸�¶(à�³'ßªÁ¬Âm¶(Ä�¶(¸½à�µ¿ß`³¬á�³$ë£Á�¸½à�³¬Âm¶(á9ëvºmßªÈ(µ·Á�ß`³�á^±

¹¢³�¸�³�ÇÉÊ�ßÙË)Á�¸%á�³cÈ(º`³�áIá·ÁsÃ*ÈÉð�á·È(ºmá·ÁsÃK�
°C÷ÏÃ�Á�ßõëïð�È(µ¿á¿à¬¶(ß\Ä�¶�³�Ëmá¿µ·ÈÉ³ ç á·¶�Ã$¶�Ã »kºª¶'á�³cÂm¶(ßªÃ�µ·Âª³�ÂÙ¶(á·¶�È"å
Ä½¸�Ê�ßmµ·ÈÉ³
Ëmºª¶�Âm¶7Ã�¶(¸I¸�¶(Ëm¸�¶�Ã�¶(ßkÄ�³�Âª³%È�Á�à¬Á%á�³�Ã½ºmà�³
Âm¶(áªÈ(º`³�Â�¸�³�ÂmÁ*Âm¶k� Âm¶(ßªÃ½µ·Âª³�Âm¶�Ã�Âm¶�Á�¸ ç µ¿Ä�³�á·¶�Ãlà¬Á�ßªÁ�å
¶(á·¶�È(Ä½¸�Ê�ßmµ·È�ÁsÃÉ±|ÞfÃ½Ä�ÁsÃ�Á�¸ ç µ¿Ä�³�á·¶�Ã�Âm¶"öªßª¶(ß3ºmß�Ã�µ¿à�Ëmá·¶dÂm¶(Ä�¶(¸½à�µ¿ß`³�ßkÄ�¶
Âm¶��\á�³�Ä�¶(¸É±\ñÜË`³�¸½Ä½µ¿¸�Âm¶d¶�Ã½Ä�³
µ·Âm¶É³*á�³
Ä�¶�Á�¸½ã�³%Âm¶k[ÆÁ�èmß�å>�\è`³�à `7[K�<b ® DHD ¯`ÈÉ³�á·È(ºmá�³%á�³
¶(ßª¶(¸½¾sã�³%¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³ È�Á�à¬Á%á�³
Ã�ºmà�³%Âm¶�´�³�¸½µ·ÁsÃfÄ�ø(¸½à�µ¿ßªÁsÃ(m

E = ET +EV +EJ +EXC ` D ± D �/b
ÂmÁ�ßªÂm¶

ET ¶�Ã3á�³Ó¶(ßª¶(¸½¾sã�³ÓÈ(µ¿ßªø(Ä½µ·ÈÉ³�â
EV È�Á�ßkÄ½µ·¶(ßª¶Rá·ÁsÃcÄ�ø(¸½à�µ¿ßªÁsÃ8Âm¶¯¶(ßª¶(¸½¾sã�³ Ë)Á�Ä�¶(ßªÈ(µ�³�á*³�Ä½¸�³�È(Ä½µ¿´s³

¶(á·¶�È(Ä½¸�Ê�ß�å^ßkòªÈ(á·¶�Á3ä3á·ÁsÃMÄ�ø(¸½à�µ¿ßªÁsÃÆ¸�¶(Ëmºmá·Ã½µ¿´iÁsÃd¶(ß\Ä½¸�¶ ß\òªÈ(á·¶�ÁsÃÉâ
EJ ¸�¶(Ëm¸�¶�Ã�¶(ßkÄ�³�á�³�¶(ßª¶(¸½¾sã�³¬Âm¶ ¸�¶(Ëmºmá·Ã½µ·Ê�ß

È�Á�ºmá·Á�à ç µ�³�ß`³�¶(ßkÄ½¸�¶*¶(á·¶�È(Ä½¸�Á�ßª¶�ÃÉâªä
Exc ¶�Ã7á�³'¶(ßª¶(¸½¾sã�³¬Âm¶%µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ·Á�åúÈ�Á�¸½¸�¶(á�³�È(µ·Ê�ß§±

÷ôÁ\ÂmÁsÃÆá·ÁsÃMÄ�ø(¸½à�µ¿ßªÁsÃ
³�¸½¸½µ ç ³�à¬¶(ßªÈ(µ·Á�ß`³�ÂmÁsÃÉâ)¶"ómÈ�¶(ËmÄ�Á¬á�³'¸�¶(Ëmºmá·Ã½µ·Ê�ß¯ßkòªÈ(á·¶�Á�å^ß\òªÈ(á·¶�Ámâ9Ã�Á�ß�ë£ºmßªÈ(µ·Á�ßª¶�Ã
Âm¶ á�³¬Âm¶(ßªÃ½µ·Âª³�Â8¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�â

ρ
âmä�Ã�Á�ß¯³�à¬¶(ßkºªÂmÁc³�Ëm¸�Á�ó�µ¿à�³�ÂmÁsÃÆË)Á�¸Æµ¿ßkÄ�¶(¾s¸�³�á·¶�Ã�µ¿à�Ëmá¿µ·ÈÉ³�ßªÂmÁ�á�³¬Âm¶(ß�å

Ã½µ·Âª³�Â�Âm¶%Ã�Ëmµ¿ß�äc³'´i¶�È�¶�ÃdÃ½º�¾s¸�³�Â�µ·¶(ßkÄ�¶Hm

EXC (ρ) =

∫

f [ρα (r) , ρβ (r) ,∇ρα (r) ,∇ρβ (r)] d3r
` D ±VUH]/b

ÂmÁ�ßªÂm¶
ρα
Âm¶�Ã½µ¿¾sß`³
á�³%Âm¶(ßªÃ�µ·Âª³�Â�¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³$Âm¶MÃ½Ëmµ¿ß

α
â
ρβ

á�³%Âm¶MÃ�Ëmµ¿ß
β
âsä
ρ = ρα +ρβ

âsá�³ Âm¶(ßªÃ½µ·Âª³�Â
¶(á·¶�È(Ä½¸�Ê�ßmµ·ÈÉ³�Ä�Á�Ä�³�á^±

ÞIßR¾i¶(ßª¶(¸�³�á
EXC Ã�¶'Â�µ¿´|µ·Âm¶'¶(ßRºmß`³3Ë`³�¸½Ä�¶�Âm¶$µ¿ß\Ä�¶(¸�ÈÉ³�à ç µ·ÁÔ`

EX bMäoºmß`³3Ë`³�¸½Ä�¶�Âm¶'È�Á�¸½¸�¶(á�³�È(µ·Ê�ß`
EC b°m

EXC(ρ) = EX(ρ) +EC(ρ)
` D ±VU�Esb

¹§ÁsÃdë£ºmßªÈ(µ·Á�ß`³�á·¶�ÃÆÂm¶*µ¿ßkÄ�¶(¸�ÈÉ³�à ç µ·Á3ä�Âm¶ È�Á�¸½¸�¶(á�³�È(µ·Ê�ßõËmºª¶�Âm¶(ß¯Ã�¶(¸dá·Á|ÈÉ³�á·¶�ÃMäcßªÁ¬á·Á|ÈÉ³�á·¶�ÃÉâ`ä�³¬´i¶�È�¶�Ã
Ä�³�à ç µ·ø(ßÕÃ�¶�È�Á�à ç µ¿ß`³�ßÕÈ�Á�ß ¶(á�Ä�ø(¸½à�µ¿ßªÁõÂm¶�µ¿ß\Ä�¶(¸�ÈÉ³�à ç µ·ÁÙÂm¶qS�³�¸½Ä½¸�¶�¶"åú°`Á\È�Y)âIÈ�Á�à¬Áõ¶(ßÓ¶(álë£ºmßªÈ(µ·Á�ß`³�á
Âm¶�ü�¶�ÈÅYi¶oÂm¶�Ä½¸�¶�Ã�Ë`³�¸�ð�à¬¶(Ä½¸�ÁsÃ ® D U*¯ú±fÞIá�³�È�Á�Ëmá�³�à�µ·¶(ßkÄ�Á�Âm¶�ºmß ë£ºmßªÈ(µ·Á�ß`³�áÆÂm¶�µ¿ß\Ä�¶(¸�ÈÉ³�à ç µ·Á�È�Á�ß ºmß
ë£ºmßªÈ(µ·Á�ß`³�áÆÂm¶�È�Á�¸½¸�¶(á�³�È(µ·Ê�ßÜÂª³õßªÁ�à ç ¸�¶¯³RÈÉ³�Âª³õà¬ø(Ä�Á|ÂmÁj�
°C÷-ºªÃ�³�ÂmÁÙ¶(ßÕá�³õËm¸�ð�È(Ä½µ·ÈÉ³�±¢�dß`³ÙÂm¶�á�³�Ã
È�Á�à ç µ¿ß`³�È(µ·Á�ßª¶�Ãdà�ð�ÃM¶(à�Ëmá·¶É³�Âª³�Ãd³�È(Ä½º`³�á¿à¬¶(ß\Ä�¶ ¶�Ã�á�³�üÙU�¹1�¨�ôâªÂmÁ�ßªÂm¶%Ã�¶ÆºªÃ�³$¶(á)ë£ºmßªÈ(µ·Á�ß`³�á�èmã ç ¸½µ·ÂmÁ¬Âm¶
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ÞIáé³�ß`ð�á¿µ·Ã½µ·ÃMÂm¶
á�³�Ã7µ¿ß\Ä�¶(¸�³�È�È(µ·Á�ßª¶�Ãdà¬Á�á·¶�È(ºmá�³�¸�¶�Ãdµ¿à�Ëmá¿µ·ÈÉ³¬Âm¶(Ä�¶(¸½à�µ¿ß`³�¸Má�³'ß`³�Ä½ºm¸�³�á·¶(Ç�³¬Âm¶%á�³'¶(ßª¶(¸½¾sã�³
Âm¶¯µ¿ßkÄ�¶(¸�³�È�È(µ·Ê�ß§±��é³�¸�³Ó¶(á¿á·ÁÓ¶�ÃcËm¸�¶�È(µ·Ã�ÁÓ¸�¶É³�á¿µ¿Ç�³�¸�ºmß`³�Âm¶�Ã�È�Á�à�Ë9ÁsÃ½µ·È(µ·Ê�ß Âm¶¯á�³>à�µ·Ã½à�³Ó¶(ß Ä�ø(¸½à�µ¿ßªÁsÃ
È�¶(¸�ÈÉ³�ßªÁsÃ
³'ßkºª¶�Ã½Ä½¸�³¬Ë)¶(¸�È�¶(Ë9È(µ·Ê�ß�ë£ã·Ã½µ·ÈÉ³�±ªÞfá¢à¬ø(Ä�Á|ÂmÁ¬Âm¶K[
µ¿Ä�³�ºm¸�³�åúÀ¯Á�¸�Á\Y\ºmà�³ ® DHG â DHI ¯é¶�ÃMºmß�à¬ø(Ä�Á|ÂmÁ
»\ºª¶�Ë)¶(¸½à�µ¿Ä�¶MÂm¶�Ã�È�Á�à�Ë)Á�ßª¶(¸�á�³%¶(ßª¶(¸½¾sã�³%Âm¶7µ¿ß\Ä�¶(¸�³�È�È(µ·Ê�ß�S�°¯Âm¶Mºmß�È�Á�à�Ëmá·¶íìîÁ µ¿ßkÄ�¶(¸½à¬Á�á·¶�È(ºmá�³�¸�¶(ß�È(µ¿ßªÈ�Á
È�Á�à�Ë9Á�ßª¶(ßkÄ�¶�Ã(m�¶(á·¶�È(Ä½¸�ÁsÃ½Ä�ð�Ä½µ·È�Ámâ9Ë9Á�á�³�¸½µ¿Ç�³�È(µ·Ê�ß§â9¸�¶(Ëmºmá·Ã½µ·Ê�ß�å^µ¿ß\Ä�¶(¸�ÈÉ³�à ç µ·ÁmâôÄ½¸�³�ßªÃîë£¶(¸�¶(ßªÈ(µ�³3Âm¶'ÈÉ³�¸½¾k³�ä�ºmß
Ä�ø(¸½à�µ¿ßªÁcöªß`³�álÂm¶(ßªÁ�à�µ¿ß`³�ÂmÁjÍ�M��\M3Nw¼sâ�»\ºª¶¬³�Ë`³�¸�¶�È�¶¬Ë9Á�¸�»\ºª¶'á�³�Ã È(º`³�Ä½¸�Á�È�Á�à�Ë9Á�ßª¶(ßkÄ�¶�Ã$ßªÁ�Âª³�ßÙá¿ºm¾k³�¸
³�á�³3¶(ßª¶(¸½¾sã�³�Âm¶�µ¿ß\Ä�¶(¸�³�È�È(µ·Ê�ßEÈ�Á�à�Ëmá·¶(Ä�³�±�ñMëïÁ�¸½Ä½ºmß`³�Âª³�à¬¶(ßkÄ�¶sâô¶�Ã½Ä�¶$Ä�ø(¸½à�µ¿ßªÁ�Ã½ºª¶(á·¶'Ã�¶(¸
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ä8Âm¶�Ë`³�¸�ð�à¬¶(Ä½¸�ÁsÃ*³�ìîºªÃ½Ä�³�ÂmÁsÃ
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¸�Á�Ä½ºm¸�³�Ã
ßmµ¢ëïÁ�¸½à�³�È(µ·Ê�ßÙÂm¶$¶(ßmá�³�È�¶�Ã%È�Á�´�³�á·¶(ß\Ä�¶�ÃÉâ�Ã½µ ç µ·¶(ß
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à¬Á�á·ø�È(ºmá�³�Ãd»\ºª¶
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M (q,Q) +

1
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Vele(q,Q, ρM , ε)

]

Ψ(q,Q) = E(Q)Ψ(q,Q)
` D ± GHD b
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`£¶�Ès± D ± G U/b"â7»kºª¶¯Ã�¶
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∆Gele = Gele −E0 ` D ± G U/b
È�Á�ß

Gele =

〈

Ψ(q,Q)

∣

∣

∣

∣

H0 +
1

2
Vele(q.Q.ρM , ε)

∣

∣

∣

∣

Ψ(q,Q)

〉 ` D ± G Xwb
ñNßmµ¿´i¶(á#S
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Vele
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Fµν = F 0
µν + 〈µ |Vele| ν〉

` D ± GHG b
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á�³$¶(ßª¶(¸½¾sã�³�á¿µ ç ¸�¶ÆÂm¶
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∑
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∑
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∑
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∣
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∣
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∑

µ∈k

Pµµ
` D ± G �/b

k
â
k′
Ã�Á�ßoá·ÁsÃMã¿ßªÂ�µ·È�¶�Ã
³�Ä�Ê�à�µ·È�ÁsÃÉâ

Zk
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ÞIáéÄ�ø(¸½à�µ¿ßªÁ�Âm¶�ÈÉ³�´|µ¿Ä�³�È(µ·Ê�ß
∆Gcav

È�Á�¸½¸�¶�Ã½Ë9Á�ßªÂm¶�³�áôÄ½¸�³ ç ³�ì½Á�ßª¶�È�¶�Ã�³�¸½µ·Á3Ë`³�¸�³�È(¸�¶É³�¸�ºmß`³3ÈÉ³�´|µ·Âª³�Â
Âm¶Æ´iÁ�á¿ºmà¬¶(ß�ä'ëïÁ�¸½à�³$³�Âm¶�È(º`³�ÂmÁsÃ�Ë`³�¸�³�³�È�Á�à¬Á\Âª³�¸7¶(á)Ã�Á�á¿ºmÄ�Á$Âm¶(ß\Ä½¸�Á'Âm¶(á)Ã�Á�á¿´i¶(ß\Ä�¶s±��|¶Æè`³�ß3Ëm¸�Á�Ëmºª¶�Ã½Ä�Á
Â�µæëï¶(¸�¶(ßkÄ�¶�Ãdë£Á�¸½à�³�á¿µ·Ã½à¬ÁsÃÆË`³�¸�³¬¶(áôÈÉð�á·È(ºmá·Á�Âm¶ á�³¬¶(ßª¶(¸½¾sã�³�á¿µ ç ¸�¶*Âm¶$ÈÉ³�´|µ¿Ä�³�È(µ·Ê�ß ç ³�Ã�³�ÂmÁsÃd¶(ß�á�³�ë£Á�¸½à�³'ä
Ä�³�à�³�êªÁ
Âm¶(á|Ã�Á�á¿ºmÄ�Ádä*¶(ß�Ëm¸�Á�Ëmµ·¶�Âª³�Âm¶�ÃIÂm¶(á�Ã�Á�á¿´i¶(ßkÄ�¶sâ�È�Á�à¬Á�á�³MÄ�¶(ßªÃ�µ·Ê�ß�Ã½ºmË9¶(¸îö`È(µ�³�á^â�á�³dÈ�Á�à�Ëm¸�¶�Ã�µ ç µ¿á¿µ·Âª³�Â
µ·Ã�Á�Ä�ø(¸½à�µ·ÈÉ³�âªÁ'¶(á�¸�³�Â�µ·Á�à¬Á�á·¶�È(ºmá�³�¸dä�á�³'Âm¶(ßªÃ½µ·Âª³�Âcß\ºmà¬ø(¸½µ·ÈÉ³ ® E D ]�â�E D Esâ�E DHD â�E D U*¯ú±��Æß`³$ë£Á�¸½à$ºmá�³�È(µ·Ê�ß
¶�Ã½Ë9¶�È(µ�³�á¿à¬¶(ßkÄ�¶3¶(á�³ ç Á�¸�³�Âª³8Ëm¸�ÁÉ´|µ·¶(ßª¶3Âm¶¬á�³�Ä�¶�Á�¸½ã�³8Âm¶¬Ë`³�¸½Ä½ã·È(ºmá�³�Ã'¶�Ã�ÈÉ³�á�³�Âª³�Ãl`|���f÷%â�Þ�µÅJ\²´³¶ºu¾kJH¹°O7MQµ�²´³
ÑxÎ�³¶PH¹ÁÏ<blÂm¶��Iµ·¶(¸�Á�Ä½Ä½µ ® E D X/¯ú±|Þfßc¶�Ã�Ä�¶dëïÁ�¸½à�³�á¿µ·Ã½à¬Á'Ã�¶%³�Ã½ºmà¬¶
»\ºª¶Æá�³�Ã�à¬Á�á·ø�È(ºmá�³�ÃMÃ�¶ÆÈ�Á�à�Ë9Á�¸½Ä�³�ß�È�Á�à¬Á
¶�Ãîëï¶(¸�³�Ã§¸½ã¿¾sµ·Âª³�ÃÉâ�ä
á�³M¶(ßª¶(¸½¾sã�³dá¿µ ç ¸�¶lÂm¶�ÈÉ³�´|µ¿Ä�³�È(µ·Ê�ß'Ã�¶f¶"ó|Ë`³�ßªÂm¶�¶(ß*Ë9Á�Ä�¶(ßªÈ(µ�³�ÃéÂm¶(ák¸�³�Â�µ·ÁdÂm¶lá�³M¶�Ãîëï¶(¸�³M»\ºª¶
¶"ómÈ(á¿ºmäi¶*á·ÁsÃ�È�¶(ßkÄ½¸�ÁsÃ
Âm¶$á�³�Ãdà¬Á�á·ø�È(ºmá�³�Ã
Âm¶�Ã�Á�á¿´i¶(ßkÄ�¶l`£¶�Ès± D ± IHG b"±)¹§ÁsÃ
È�Á|¶"ö`È(µ·¶(ßkÄ�¶�Ã

K
Ã�¶*¶"ó�Ëm¸�¶�Ã�³�ßõ¶(ß

Ä�ø(¸½à�µ¿ßªÁsÃdÂm¶�Ëm¸�Á�Ëmµ·¶�Âª³�Âm¶�Ã�Âm¶(á§Ã�Á�á¿´i¶(ßkÄ�¶ ä�Âm¶
á�³'Ã�Á�á¿ºªÈ(µ·Ê�ßj`£¶�Ès± D ± IHI å D ± I �/b"â.È�Á�à¬Á�¶(á�¸�³�Â�µ·Á'à¬Á�á·¶�È(ºmá�³�¸
(RS)

âmá�³'Âm¶(ßªÃ½µ·Âª³�Â�ß\ºmà¬ø(¸½µ·ÈÉ³�Âm¶(á§Ã�Á�á¿´i¶(ßkÄ�¶
(nS)

â�á�³'Ëm¸�¶�Ã½µ·Ê�ß
(P )

ä3á�³'Ä�¶(à�Ë9¶(¸�³�Ä½ºm¸�³
(T )

±

∆Gcav = K0 +K1RMS +K2R
2
MS +K3R

3
MS

` D ± IHG b

K0 = RT

[

−ln (1 − y) +
9

2

(

y

1 − y

)2
]

− 4πR3
SP

3

` D ± IHI b

K1 = −3RT

RS

[

y

1 − y
+ 3

(

y

1 − y

)2
]

+ 4πR2
SP

` D ± I/R b

K2 =
3RT

RS

[

y

1 − y
+

3

2

(

y

1 − y

)2
]

− 4πRSP
` D ± IH� b
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K3 =
4πP

3

` D ± I �/b
ÂmÁ�ßªÂm¶

y =
4πR3

S
nS

3

â�ä
RMS

¶�ÃMá�³$Ã�ºmà�³'Âm¶Æá·ÁsÃ�¸�³�Â�µ·ÁsÃdÂm¶(á§Ã�Á�á¿´i¶(ßkÄ�¶%ä3Âm¶(á�Ã�Á�á¿ºmÄ�Ámâm¶�Ã7Âm¶�È(µ¿¸Éâ
RMS =

RM +RS
±

ÞIáôëïÁ�¸½à�³�á¿µ·Ã½à¬Á�Âm¶Ò�Iµ·¶(¸�Á�Ä½Ä½µCÃ�¶*¶�Ã½Ë9¶(¸�³¬»\ºª¶%ë£ºmßªÈ(µ·Á�ßª¶$¸�³�ÇÉÁ�ß`³ ç á·¶(à¬¶(ßkÄ�¶ ç µ·¶(ß¯Ë`³�¸�³¬Ã�Á�á¿ºmÄ�ÁsÃÆä�Ã�Á�áæå
´i¶(ßkÄ�¶�Ã�Âm¶�Ä�³�à�³�êªÁoË)¶�»\ºª¶(êªÁ8ä>¶�Ãîë£ø(¸½µ·È�Ám±Ì�\µ¿ßÓ¶(à ç ³�¸½¾iÁmâCË`³�¸�³oÃ�Á�á¿´i¶(ßkÄ�¶�Ã�È�Á�ß>ë£Á�¸½à�³8ßªÁ¯¶�Ãîë£ø(¸½µ·ÈÉ³8á�³
³�Ëmá¿µ·ÈÉ³�È(µ·Ê�ß Âm¶(á%à¬Á|Âm¶(á·Á�¶�Ãcà�ð�Ã�Âm¶(á¿µ·ÈÉ³�Âª³�â7Ã�µ·¶(ßªÂmÁ>ßª¶�È�¶�Ã�³�¸½µ·Á Âm¶"öªßmµ¿¸�ºmßÜ¸�³�Â�µ·Á ¶"ëï¶�È(Ä½µ¿´iÁÓË`³�¸�³>á�³�Ã
à¬Á�á·ø�È(ºmá�³�Ã�Âm¶dÃ�Á�á¿´i¶(ß\Ä�¶s±w�éÁ�¸�¶íìî¶(à�Ëmá·Ámâ\Ë`³�¸�³%á�³ Ë`³�¸�³�à¬¶(Ä½¸½µ¿Ç�³�È(µ·Ê�ß�¶(ß�ß�åúÁ|È(Ä�³�ßªÁ�á)Âm¶(á.à¬Á\Âm¶(á·Á�È�Á�ßkÄ½µ¿ß\ºªÁ
À}�|÷ Âm¶�Ã�È(¸½µ¿Ä�³�¶(ßE¶(álËm¸½µ¿à¬¶(¸*Ä½¸�³ ç ³�ì½Á�Âm¶¬¶�Ã½Ä�³cÄ�¶�Ã�µ·Ã Ã�¶�³�ÂmÁ�ËmÄ�Ê�ºmßE´�³�á·Á�¸*Âm¶ I ± � X¼§$â¢Âm¶(Ä�¶(¸½à�µ¿ß`³�ÂmÁ
³oË`³�¸½Ä½µ¿¸�Âm¶(áM³�ß`ð�á¿µ·Ã½µ·Ã¬Âm¶cÂª³�Ä�ÁsÃ¬Âm¶�Ã�Á�á¿º ç µ¿á¿µ·Âª³�Â Âm¶cý
¶c¶(ß Á\È(Ä�³�ßªÁ�áK`và¬¶�Â�µ·Âª³RÈ�Á�à¬Á¯ë£ºmßªÈ(µ·Ê�ßÕÂm¶cá�³
Ä�¶(à�Ë9¶(¸�³�Ä½ºm¸�³¬¶(ß�¶(á§µ¿ß\Ä�¶(¸½´�³�á·Á DH� U�å�U D UÂ[Kb�³'Ë`³�¸½Ä½µ¿¸dÂm¶
á�³'Ä�¶�Á�¸½ã�³¬Âm¶%Ë`³�¸½Ä½ã·È(ºmá�³�Ãd¶�Ã�ÈÉ³�á�³�Âª³�Ã�±

¹¢³>¶"ó�Ä�¶(ßªÃ½µ·Ê�ßJÂm¶(ádëïÁ�¸½à�³�á¿µ·Ã½à¬Á�Âm¶a�Iµ·¶(¸�Á�Ä½Ä½µ*³>Ã�Á�á¿ºmÄ�ÁsÃ3È�Á�ßÜë£Á�¸½à�³�Ã�à�ð�ÃcÈ�Á�à�Ëmá·¶íì½³�Ã�Ã�¶8Ëmºª¶�Âm¶
¸�¶É³�á¿µ¿Ç�³�¸�³
Ë`³�¸½Ä½µ¿¸�Âm¶�á�³%¶"ó|Ëm¸�¶�Ã�µ·Ê�ß�Âm¶T
�á�³�´i¶(¸½µ·¶ ® E DHG ¯úâsÂmÁ�ßªÂm¶7á�³%¶(ßª¶(¸½¾sã�³
á¿µ ç ¸�¶dÂm¶MÈÉ³�´|µ¿Ä�³�È(µ·Ê�ß3³�Ã�Á|È(µ�³�Âª³
³RÈÉ³�Âª³Ùð�Ä�Á�à¬Á>Âm¶cá�³õà¬Á�á·ø�È(ºmá�³ÙÃ�¶�Ë)Á�ßªÂm¶(¸�³RË)Á�¸¬ºmßÕëï³�È(Ä�Á�¸¬Ëm¸�Á�Ë9Á�¸�È(µ·Á�ß`³�á�³Rá�³Rð�¸�¶É³Ù¶"ó�Ëmºª¶�Ã½Ä�³Ù³�á
Ã�Á�á¿´i¶(ß\Ä�¶*Âm¶%¶�Ã�¶ ð�Ä�Á�à¬Á<m

∆Gcav =
∑

i

Si

4πR2
i

∆Gcav(Ri)
` D ± R ]/b
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ÞIßJà¬ø(Ä�Á|ÂmÁsÃ ç ³�Ã�³�ÂmÁsÃ�¶(ßJºmßJÄ½¸�³�Ä�³�à�µ·¶(ß\Ä�Á Â�µ·Ã�È(¸�¶(Ä�Á Âm¶õá�³�Ãcà¬Á�á·ø�È(ºmá�³�Ã8¶�Ã½Ä�³�Ã�È�Á�ßkÄ½¸½µ ç ºªÈ(µ·Á�ßª¶�Ã

Ã�¶o¶(´�³�á¿ò`³�ßÜÄ½ã¿Ëmµ·ÈÉ³�à¬¶(ßkÄ�¶Ù³ÙË`³�¸½Ä½µ¿¸3Âm¶oË)Á�Ä�¶(ßªÈ(µ�³�á·¶�ÃcÂm¶oË`³�¸3»\ºª¶�¸�¶(á�³�È(µ·Á�ß`³�ßÜë£¸�³�¾sà¬¶(ßkÄ�ÁsÃc»\ºmã¿à�µ·È�ÁsÃ
`ïð�Ä�Á�à¬ÁsÃÉâ|¶(ßmá�³�È�¶�ÃÉâi¾s¸½ºmË9ÁsÃÁbfÂm¶Má�³�Ã�à¬Á�á·ø�È(ºmá�³�Ã�Âm¶ÆÃ�Á�á¿ºmÄ�Á ä�Ã�Á�á¿´i¶(ß\Ä�¶sâ|Ä�³�á.È�Á�à¬Á*Ã�¶Mè`³ ¶"ó�Ëmá¿µ·ÈÉ³�ÂmÁ�¶(ß�á�³
Ã�¶�È�È(µ·Ê�ß D ±VU�± D ± D Ë`³�¸�³�á·ÁsÃ7ÈÉ³�à�Ë9ÁsÃ7Âm¶�ëvºª¶(¸½Ç�³�Ã7È(á�ð�Ã�µ·È�ÁsÃÉ±<�é³�¸�³�ºmß�Ã�Á�á¿ºmÄ�Á

(M)
¸�Á\Âm¶É³�ÂmÁ�Âm¶
à¬Á�á·ø�È(ºmá�³�Ã

Âm¶MÃ�Á�á¿´i¶(ß\Ä�¶
(S)

âsá�³
¶(ßª¶(¸½¾sã�³ Âm¶7Â�µ·Ã�Ë)¶(¸�Ã½µ·Ê�ß�å^¸�¶(Ëmºmá·Ã�µ·Ê�ß�Ëm¸�Á�à¬¶�Â�µ�³�Âª³ Ã�¶�Ëmºª¶�Âm¶MÂm¶(Ä�¶(¸½à�µ¿ß`³�¸�³�Ë`³�¸½Ä½µ¿¸�Âm¶
á�³¬¶�È(º`³�È(µ·Ê�ß D ± R Esâ`ÂmÁ�ßªÂm¶

NS
¶�Ã�¶(á¢ßkòmà¬¶(¸�Á3Âm¶%ë£¸�³�¾sà¬¶(ßkÄ�ÁsÃ
Âm¶*Ä½µ¿Ë)Á

s
¶(ßoá�³'à¬Á�á·ø�È(ºmá�³3Âm¶ Ã�Á�á¿´i¶(ßkÄ�¶sâ

ns
¶�Ã'á�³õÂm¶(ßªÃ½µ·Âª³�ÂÓà�³�È(¸�ÁsÃ�È�Ê�Ëmµ·ÈÉ³RÂm¶(áMÃ�Á�á¿´i¶(ßkÄ�¶sâfä

gms
¶�Ã'ºmß`³oë£ºmßªÈ(µ·Ê�ßÕÂm¶�È�Á�¸½¸�¶(á�³�È(µ·Ê�ß ¶(ß\Ä½¸�¶�á·ÁsÃ

ë£¸�³�¾sà¬¶(ßkÄ�ÁsÃ�»kºmã¿à�µ·È�ÁsÃ
m
ä
s
m

〈Edis−rep〉 = ns

∑

s∈S

NS

∑

m∈M

∫

Ums(rms)gms(rms)dr
3
ms

` D ± R Esb

¹§ÁsÃ7Ë9Á�Ä�¶(ßªÈ(µ�³�á·¶�Ã�Âm¶
Ë`³�¸dÃ�¶%Ã½ºª¶(á·¶(ß�¶"ó�Ëm¸�¶�Ã�³�¸dÈ�Á�à¬Á¬¶"ó�Ë`³�ßªÃ½µ·Á�ßª¶�ÃdÄ½¸½ºmßªÈÉ³�Âª³�Ãd¶(ß�Ë9Á�Ä�¶(ßªÈ(µ�³�ÃMÂm¶
1/r

m

Ums =
∑

k

αms,kr
−k
ms

` D ± R\D b

ÂmÁ�ßªÂm¶
αms,k

Ã�Á�ß á·ÁsÃ¬È�Á\¶"ö`È(µ·¶(ß\Ä�¶�Ã�Âm¶�á�³õ¶"ó�Ë`³�ßªÃ½µ·Ê�ß ¶(ßÕÃ�¶(¸½µ·¶sâ
k
Âm¶(ßªÁ�Ä�³õá·ÁsÃ¬Â�µæëï¶(¸�¶(ßkÄ�¶�Ã¬Ä�ø(¸½à�µ¿ßªÁsÃ

È�Á�ßªÃ½µ·Âm¶(¸�³�ÂmÁsÃ%¶(ß¯á�³¬¶"ó�Ë`³�ßªÃ½µ·Ê�ß¯Ä½¸½ºmßªÈÉ³�Âª³�ä
rms

¶�Ã�á�³¬Â�µ·Ã½Ä�³�ßªÈ(µ�³3¶(ß\Ä½¸�¶$á·ÁsÃdë£¸�³�¾sà¬¶(ßkÄ�ÁsÃ
m
ä
s
±.¹¢ÁsÃ
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Ä�ø(¸½à�µ¿ßªÁsÃ È�Á�ßªÃ½µ·Âm¶(¸�³�ÂmÁsÃ*äoÃ½ºªÃ
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Ã�Á�á¿ºmÄ�Á�ä�³�ºmà¬¶(ßkÄ�³�Âª³�ÃÆË`³�¸�³'Ä�¶(ßª¶(¸d¶(ß�È(ºª¶(ß\Ä�³¬¶(á�¸�³�Â�µ·Á¬Âm¶(á§ëv¸�³�¾sà¬¶(ß\Ä�Á�Âm¶ Ã�Á�á¿´i¶(ß\Ä�¶
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¶�Ã�ÈÉ³�á�³�ÂmÁsÃIË9Á�¸Iºmß'ë^³�È(Ä�Á�¸fÂm¶¨Es±VU�â�Ä�³�ámä$È�Á�à¬Á%Ã�¶�è`³
¶"ó�Ëmá¿µ·ÈÉ³�ÂmÁ%¶(ß�á�³
Ã�¶�È�È(µ·Ê�ß D ± Xª±VU�±FEs±iÞfÃ�Ä�³
¶(á·¶�È�È(µ·Ê�ß�Ã�¶
ç ³�Ã�³�¶(ß8Á ç Ä�¶(ßª¶(¸Æºmßo´iÁ�á¿ºmà¬¶(ß¯È�Á�èª¶(¸�¶(ß\Ä�¶$È�Á�ßoá�³�Ä�¶�Á�¸½ã�³�Âm¶�ÅÆßªÃ�³�¾i¶(¸�Âm¶ á·ÁsÃÆá¿ã·»kºmµ·ÂmÁsÃdË)Á�á�³�¸�¶�Ã ® E�X1U*¯ú±
ÞIß ¶(á7ÈÉ³�Ã�ÁõÂm¶�á¿ã·»\ºmµ·ÂmÁsÃ'Ëmºm¸�ÁsÃÉâC¶(á�´iÁ�á¿ºmà¬¶(ßÕÂm¶�ÅÆßªÃ�³�¾i¶(¸�¶�Ã$µ¿¾sº`³�ád³�á�´iÁ�á¿ºmà¬¶(ßÓËm¸�Á�à¬¶�Â�µ·ÁÙÂm¶�ºmß`³
à¬Á�á·ø�È(ºmá�³�¶(ßÙ¶(áIá¿ã·»\ºmµ·ÂmÁm±�ÞIáCë^³�È(Ä�Á�¸�Es±VUcÃ�¶'Á ç Ä½ºm´iÁ8³�Ë`³�¸½Ä½µ¿¸*Âm¶¬³�ìíºªÃ�Ä�¶�Ã%È�Á�ßÙ¶(áé´iÁ�á¿ºmà¬¶(ßEà¬Á�á·¶�È(ºmá�³�¸
¶"ó�Ë)¶(¸½µ¿à¬¶(ß\Ä�³�á¢Ë`³�¸�³'ºmß�È�Á�ß�ìîºmßkÄ�Á�Âm¶%á¿ã·»kºmµ·ÂmÁsÃdÂm¶%¸�¶"ë£¶(¸�¶(ßªÈ(µ�³�±

¹§ÁsÃ Ä�ø(¸½à�µ¿ßªÁsÃ ßªÁ�¶(á·¶�È(Ä½¸�ÁsÃ½Ä�ð�Ä½µ·È�ÁsÃÉâ§Ä�³�ßkÄ�Á�ÈÉ³É´\µ¿Ä�³�È(µ·Ê�ßEÈ�Á�à¬Á8Â�µ·Ã½Ë)¶(¸�Ã�µ·Ê�ß�å^¸�¶(Ëmºmá·Ã½µ·Ê�ß§â§Ã�¶'Âm¶�Ã�È(¸½µ ç ¶(ß
È�Á�ß�ìîºmßkÄ�³�à¬¶(ßkÄ�¶'à¬¶�Â�µ�³�ß\Ä�¶�ºmß`³¬¸�¶(á�³�È(µ·Ê�ß¯á¿µ¿ßª¶É³�áéÈ�Á�ß¯á�³�È�Á�ßkÄ½¸½µ ç ºªÈ(µ·Ê�ßÙ³�Ä�Ê�à�µ·ÈÉ³c³�á�³�ð�¸�¶É³�Ã½ºmË9¶(¸îö`È(µ�³�á
`£¶�Ès± D ± RHR b"±f¹¢³�Ã¬Ä�¶(ßªÃ½µ·Á�ßª¶�Ã¬Ã½ºmË9¶(¸îö`È(µ�³�á·¶�Ã�³�Ä�Ê�à�µ·ÈÉ³�Ã

γk

Ã�¶cÁ ç Ä½µ·¶(ßª¶(ßN³¯Ë`³�¸½Ä½µ¿¸¬Âm¶(ád³�ìîºªÃ½Ä�¶�³¯´s³�á·Á�¸�¶�Ã
¶"ó�Ë)¶(¸½µ¿à¬¶(ß\Ä�³�á·¶�ÃÆÂm¶%¶(ßª¶(¸½¾sã�³�Ãdá¿µ ç ¸�¶�ÃMÂm¶ Ã�Á�á¿´s³�Ä�³�È(µ·Ê�ß�Ë`³�¸�³'ºmß�È�Á�ß�ìîºmßkÄ�Á�Âm¶
à¬Á�á·ø�È(ºmá�³�ÃdÂm¶%¸�¶"ëï¶(¸�¶(ßªÈ(µ�³�±

∆Gn−ele =
∑

k

γkAk

` D ± RHR b

°éµ¿ß`³�á¿à¬¶(ßkÄ�¶%ÈÉ³ ç ¶�Ã�¶(ê`³�á�³�¸�»\ºª¶d¶(á)à¬Á|Âm¶(á·Á�À��fÞMâ�³$Â�µæë£¶(¸�¶(ßªÈ(µ�³$Âm¶dá·ÁsÃ�à¬Á|Âm¶(á·ÁsÃÜ�|À�ó¬ä¬À}�|÷N»\ºª¶
Ã�¶�¶"ó|Ëmá¿µ·ÈÉ³�¸�ð�ß�³�È�Á�ßkÄ½µ¿ß\º`³�È(µ·Ê�ß§â`³�ÂmÁ�ËmÄ�³$á�³$à�µ·Ã½à�³*ÈÉ³É´\µ·Âª³�ÂcÄ�³�ß\Ä�Á�Ë`³�¸�³*á·ÁsÃ�Ä�ø(¸½à�µ¿ßªÁsÃ7¶(á·¶�È(Ä½¸�ÁsÃ½Ä�ð�Ä½µ·È�ÁsÃ
È�Á�à¬Á�ßªÁ¬¶(á·¶�È(Ä½¸�ÁsÃ�Ä�ð�Ä½µ·È�ÁsÃÉ±
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¶(áé¾s¸½ºmË)Á3Âm¶'À8µ¿ßª¶�Ã�Ã�Á�Ä�³�±.ñ7Âm¶(à�ð�Ã
Âm¶$á·ÁsÃ�S
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�|À G ± X D þ ® �H� ¯¨`£ÂmÁ�ßªÂm¶qX D µ¿ßªÂ�µ·ÈÉ³¯¶(á�ºªÃ�Á¯Âm¶3ÈÉ³�¸½¾k³�Ã�Âm¶cÈ(á�³�Ã�¶3ÿ�ç­
�À D âé¶"ó|Ëmá¿µ·ÈÉ³�Âª³�Ã�¶(ß�á�³oÃ�¶�È�È(µ·Ê�ß
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Âª³�Â�Ë`³�¸�³�Â�µ¿´i¶(¸�Ã�ÁsÃdÈ�Á�ß�ìîºmßkÄ�ÁsÃ�Âm¶
ë£ºmßªÈ(µ·Á�ßª¶�ÃdÂm¶ ç ³�Ã�¶sâ`È�Á�ßªÃ½µ·Âm¶(¸�³�ßªÂmÁ�ºmß8¾s¸�³�ß�ßkòmà¬¶(¸�Á3Âm¶ Ã�Á�á¿´i¶(ß\Ä�¶�Ã
Á�¸½¾kð�ßmµ·È�ÁsÃ¨`vµ¿ßªÈ(á¿ºmäi¶(ßªÂmÁ¬³�¾sº`³�â|³�á·ÈÉ³�ßªÁsÃ�â\È(µ·È(á·Ái³�á·ÈÉ³�ßªÁsÃÉâm³�á·È�Á�èªÁ�á·¶�ÃÉâ�È�¶(Ä�Á�ß`³�ÃÉâ|ø(Ä�¶(¸�¶�ÃÉâ|¶(Ä�Ès±Èb"±\Þfß�Ä�Á�Ä�³�á^â|á�³
Ë`³�¸�³�à¬¶(Ä½¸½µ¿Ç�³�È(µ·Ê�ß>Ã�¶'¸�¶É³�á¿µ¿ÇÉÊ�È�Á�ßªÃ½µ·Âm¶(¸�³�ßªÂmÁ D E(U G ¶(ßª¶(¸½¾sã�³�Ã%á¿µ ç ¸�¶�Ã*Âm¶�Ã�Á�á¿´�³�Ä�³�È(µ·Ê�ßRË`³�¸�³ D/R\G Ã�Á�á¿ºmÄ�ÁsÃ
ßª¶(ºmÄ½¸�ÁsÃd¶(ßu��E*Ã�Á�á¿´i¶(ßkÄ�¶�ÃÉâªä�Ë`³�¸�³�X1��µ·Á�ßª¶�ÃM¶(ßo³�¾sº`³�±
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¶(á�ð�¸�¶É³
³�È�È�¶�Ã½µ ç á·¶M³�ámÃ�Á�á¿´i¶(ß\Ä�¶
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σk

âkÃ�¶MÂm¶"öªßª¶(ß�³
Ë`³�¸½Ä½µ¿¸
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È�Á\¶"ö`È(µ·¶(ß\Ä�¶�Ã7Ã�¶(à�µ·¶(à�Ëmã¿¸½µ·È�ÁsÃ7Âm¶ÆÄ�¶(ßªÃ½µ·Ê�ß�Ã½ºmË)¶(¸îö`È(µ�³�á^â

σ̃km

`£¶�Ès± D ± R �/b"â
ÂmÁ�ßªÂm¶
á·ÁsÃ�´s³�á·Á�¸�¶�ÃMÂm¶

Tm
Âm¶(Ë9¶(ßªÂm¶(ß8Âm¶�á�³�Ã7Â�µ·Ã½Ä�³�ßªÈ(µ�³�Ã7µ¿ß\Ä�¶(¸�³�Ä�Ê�à�µ·ÈÉ³�ÃÆÈ�Á�ß�á·ÁsÃMð�Ä�Á�à¬ÁsÃÆ³$Â�µ·Ã�Ä�³�ßªÈ(µ�³�Ã

¶(ßmá�³�Ç�³�ßkÄ�¶�Ã�ä�³'´i¶�È�¶�ÃÆ¶(ßo¶(á§µ¿ß\Ä�¶(¸½´�³�á·Á3Âm¶ Â�µ·Ã½Ä�³�ßªÈ(µ�³�ÃÆÄ½ã¿Ëmµ·ÈÉ³�ÃÆÂm¶ µ¿ßkÄ�¶(¸�³�È�È(µ·Á�ßª¶�Ã
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Âm¶(ßkÄ½¸�ÁcÂm¶(áôá¿á�³�à�³�ÂmÁ�à¬Á|Âm¶(á·Á3Âm¶*Ã�Á�á¿´s³�Ä�³�È(µ·Ê�ßoºmßmµ¿´i¶(¸�Ã�³�á ® E�XHX`â
E�X G âxE�X I ¯úâªÄ�³�à ç µ·ø(ßRÂm¶(Ë9¶(ßªÂm¶(ß¯Âm¶$ºmß
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∆GCDS =
∑

k

σkAk

` D ± R\� b

σk =
∑

m

σ̃kmTm
` D ± R �/b
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® G ¯$þ$±)¼'±	�é³�¸½¸ ³�ßªÂ�Ó0±<��³�ßm¾ª±�á�³�N<ÀÁM7O7Ï\â7ã�·�N	µ%O7MQP\N	JH²ÙÑxÎ�³¶PH¹ÁÏ�PÊÉ�Ã�O|PHÍ�À�J\N	º�±�P\²´³¶µ�·�²´³ÁÀ"±%Ådó\ëïÁ�¸�Â
�Æßmµ¿´i¶(¸�Ã½µ¿Äúä¦�I¸�¶�Ã�ÃÉâ.Ådó|ë£Á�¸�Â�â�E(� � ��±

® I ¯KÓ0±�²ª±�SÆ¶(èm¸�¶sâm¹f±�þ�³�ÂmÁ�à�â<�ô±|´9±|þ$±��|È�èmá·¶(äi¶(¸Éâ`³�ßªÂ�²ª±�ñ�±��éÁ�Ëmá·¶s±�Ã¨L�ÛÁN#M3O7MQPÒ±�P\²´³¶µ�·�²FJ\¹�äÙ¹%L�M3O|J\²
ÑxÎ�³ÅP\¹ÁÏs±ÌÓÜµ¿á·¶(äiâ���¶��à�lÁ�¸¶Y)âxE(� �HI ±

® R ¯$²ª±)²ª±��ô±��\Ä�¶���³�¸½ÄÉ±�åÜ³�Ý(MQ³�æ�À�M3NÇËÌP\Í�¿	·�O|J/O7M7P\N�J\²¢Ë
Î�³°Í�M?À°O7¹°Ïsâª´iÁ�á¿ºmà¬¶lEsâªË`³�¾i¶�X G ±Üç�
cS�â	��¶��
�lÁ�¸¶Y9â~E(�H�H]�±

® � ¯$À�±

�±-è)¶(¸½ßª¶(¸É±¦åÜ³°ÝsMQ³°æ�À�M?NéËÌP\Í�¿	·�O|JHO7M7PHN	J\²TË
Î�³°Í�M?À°O7¹°Ïsâ�´iÁ�á¿ºmà¬¶ D â�Ë`³�¾i¶qU�E(U�±Âç�
cS�âx��¶��
�lÁ�¸¶Y9â~E(�H��Es±

® �:¯$²ª±�
�±	�\á�³�Ä�¶(¸É±¨ÕÙ·�JHN#O7·wÍêÑxÎ�³¶P\¹°Ï�PÊÉ�±nJHOQOß³°¹(±fÀoÈ�¼
¸�³%��åßSÆµ¿á¿á^â��Æ¶��Ø�lÁ�¸¶Y)â�E(� IH� ±
® E(]:¯�
�±	
�±m²`±ªþdÁ|Á�Ä½è`³s³�ß§±¢åÜ³°Ý\½
±�P(º1½�¾cÎ1Ï*À%½�â D U�m I ��â~E(� G Es±
® EHE°¯$²ª±�
�±	�\á�³�Ä�¶(¸É±¢¾¢Î1Ï*À(½�åÜ³°Ý*½�â#U I m G/R â~E(�HUH]�±
® E D ¯��)±ª°�±mü�ÁÉä�ÃÉ±�¾c¹¶P(µs½
å�½xÞ�P(µ:½cë3ì~PHN	º/P\NHí�â D ]H]�m G X D â~E(� G ]�±
® E(U:¯KÓ0±m²ª±�S�¶(èm¸�¶sâªþ*±m°�±#�\Ä�¶���³�¸½ÄÉâ.³�ßªÂ�²ª±mñ�±<�éÁ�Ëmá·¶s±Tî�½ÜË
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â G EHm DHIHG/R âxE(� I ��±
® E�X\¯$²ª±`ñ$±<�éÁ�Ë)¶(á^â`À>±�S�¶É³�Â|åí¼
Á�¸�ÂmÁ�ß§â`³�ßªÂu[�±mþÆ³�¾sè`³�´s³�È�è`³�¸½µ^±�î�½ÙË
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â �/R m G � IH� â~E(� �/R ±
® E G ¯�
�±ªÀ�ï�á¿á·¶(¸Æ³�ßªÂ�À�±#�)±��Iá·¶�Ã�Ã�¶(ÄÉ±¢¾¢Î1Ï*À%½�åÜ³�Ý*½·â#X I m I E � â~E(�HU*Xª±

I �
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® E I ¯$²ª±`ñ$±<�éÁ�Ëmá·¶sâ#�'±<�é±	��³�ßkÄ½¸½äiâ)³�ßªÂo¼'±mñ�±#�|¶(¾k³�á^±Üî�½kË
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â�X1U�mÈ��E D ��âxE(� IHG ±
® E R ¯$²ª±`ñ$±<�éÁ�Ëmá·¶$³�ßªÂo¼�±mñ$±#�|¶(¾k³�á^±Üî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�X1U�mÈ��E(U I â~E(� IHG ±
® E � ¯$À�±m²ª±	�)±��
¶���³�¸Æ³�ßªÂ¦Ó0±m÷�èmµ·¶(á^±Üî�½�Ã�ÍÂ½ÙË
Î�³°ÍÂ½~Þ�P(µ:½·â#�H��m X � �H��â
E(� RHR ±
® E(�:¯$À�±ª²ª±	�)±#��¶���³�¸Éâ`ÞM±9¼'±#è)Á|¶ ç µ·Ã�È�è§â.ÞM±ª°�±�S�¶É³�á¿äiâ`³�ßªÂ8²ª±`²ª±��é±��\Ä�¶���³�¸½ÄÉ±�î�½�Ã�Í�½ÙË
Î<³°ÍÂ½
Þ�P(µs½�â

E(] R mVUH�H] D â
E(� �HG ±
® D ]:¯$²ª±`²ª±��é±	�\Ä�¶���³�¸½ÄÉ±�î�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E(]�m D ]H��â~E(� � ��±
® D E°¯��é±#S�Á�èª¶(ß ç ¶(¸½¾�³�ßªÂ¦Ó0±<[dÁ�èmß§±¢¾cÎ1Ï*À%½�åÜ³°Ý\½~óMâxE(U I m �HI XªâxE(� I Xª±
® DHD ¯KÓ0±<[dÁ�èmßõ³�ßªÂ�¹f±m²ª±	�\è`³�à�±c¾¢Î1Ï*À%½�åÜ³�Ý*½~Ã%âxE�X1]�mFEHE(UHU�â~E(� IHG ±
® D U:¯$ñ�±<�'±ªü�¶�ÈÅY9±kî�½kË
Î�³�Í�½�¾¢ÎwÏ:À(½·â�� � m GHI X � â
E(�H�HU�±
® D X\¯�
�±ª¹¢¶�¶sâ<Ó#±���³�ßm¾ªâ.³�ßªÂ�þ*±`¼'±<�C³�¸½¸É±c¾cÎ1Ï*À%½�åÜ³°Ý*½
óMâ�U R m R\�HG â
E(� �H� ±
® DHG ¯�[�±ªÀ¯Á�¸�Á\Y|ºmà�³�±Üî�½ÙË
Î�³�Í�½�¾cÎ1Ï*À%½�â GHG mFE D U I â~E(� R Es±
® DHI ¯�[�±�[
µ¿Ä�³�ºm¸�³�³�ßªÂ�[�±ªÀ¯Á�¸�Á\Y\ºmà�³�±¢ÛÁN	Oß½xî�½¢ÕÙ·�J\N	Oß½ÙË
Î�³°ÍÂ½·â�E(]�mVU DHG â
E(� R\I ±
® D/R ¯KÓ0±���±�
�Á�¸½ßª¶(á¿á^â<�é±#
�µ·¶(Ëmá�³*Y)â�
�±�ÿ"±|ü7³Éä\á¿äiâ�ÿ"±|þ$±�¼%Á�ºmá·Â�â�[�±mÀ�±|Ào¶(¸½Çiâ�À�±��'±�°ª¶(¸½¾sºªÃ�Á�ß§â<�'±�
�±

�\Ë9¶(á¿á¿à¬¶(äi¶(¸Éâf÷%±I°ªÁÉó9âf²`±�Ó#±�
�³�á·Â���¶(á¿á^â�³�ßªÂ��ô±�[dÁ�á¿á¿à�³�ß§±éî�½ÙÃ�ÍÂ½�Ë
Î�³°ÍÂ½ÙÞ�P(µs½�âkEHE R m G E R ��â
E(�H� G ±

® DH� ¯$ñ�±<�'±mÀ¯³�È%[%¶(¸�¶(á¿á¢²i¸Éâ<��±mü7³�Ã½è�ëïÁ�¸�Â�âmÀ�±mü�¶(á¿á·Á�Ä½ÄÉâ`þ*±�¹f±���ºmß ç ¸�³�È�Y�²s¸Éâª²ª±<�'±mÞI´s³�ßªÃ�¶�ÈÅY9âªÀ�±�²ª±
°éµ·¶(á·Â�â#�)±�°éµ·Ã�È�èª¶(¸Éâm²ª±ª¼%³�Ámâ<S�±m¼�ºªÁmâ��)±<S�³�â��'±\²kÁsÃ�¶(Ëmè�åúÀoÈs
�³�¸½Ä½è\äiâ`¹f±<[
ºªÈ�èmßmµ¿¸Éâ<[�±<[
ºªÈ(ÇÉ¶(¸�³�â
°�±ª÷%±�[�±m¹ô³�º§â�
�±ªÀõ³�Ä½Ä�ÁsÃÉâ#�)±ªÀoµ·È�èmßmµ·È�Y)â.÷%±��d¾iÁmâ#��±m÷%±#�d¾sºmäi¶(ß§âªü
±��f¸�Á\Â�èªÁ�à�â#Ó#±mÞM±`þd¶(µæå
èª¶(¸¯ÿ�ÿ�ÿ"â�ü
±MþÆÁ�º�ó9â7À�±��|È�èmá·¶(ß<Y\¸½µ·È�è§â�²`±�
�±��\à�µ¿Ä½è§âÆþ*±T�\Ä�Á�Ä�¶sâd²`±��\Ä½¸�³�º ç âdÀ�±kÓE³�Ä�³�ß`³ ç ¶sâ
²ª±�ÓNµ·Ê�¸¶Y|µ·¶��7µ·È(Ç(åß[
ºªÈ(ÇÉ¶(¸�³�â	�'±��
µ¿ß§âª³�ßªÂ�À�±<[ ³�¸½Ëmá¿ºªÃÉ±Üî�½x¾¢Î1Ï*À%½ÙË
Î�³�Í�½�ódâ~E(] D mVU GH�HI âxE(�H� � ±

® D �:¯$ñ�±���±'Àõ³�È%[%¶(¸�¶(á¿á^â�²ª±ÒÓNµ·Ê�¸¶Y|µ·¶��7µ·È(Ç(åú²sºªÈ(ÇÉ¶(¸�³�â3³�ßªÂ À>±Ò[ ³�¸½Ëmá¿ºªÃÉ± î�½ÂÃ�ÍÂ½}Ë
Î�³�Í�½lÞ�P(µs½�â
EHE R mFEHE(�*X I â
E(�H� G ±

® UH]:¯KÓ0±f°�±C´�³�ßN¼
ºmßªÃ½Ä�¶(¸�¶(ß§â�S�±I²ª±¢
�±fü�¶(¸�¶(ßªÂmÃ�¶(ß§âl²ª±�S�¶(¸½à�³�ßªÃÉâÌÓ0±l¼'±I²ª±�S�Á�á^âl³�ßªÂÕ²ª±��ô±fÀ�±
�éÁsÃ½Ä½à�³�±c¾Ù¹ÊP(µ:½xô�J/O7²F½�ÃTµÅJ/º1½
Þ�µ�MQ½�õxÞ�Ã%â � ]�m X1U�E G âxE(� � U�±

® U�E°¯KÓ0±m¹f±ª²iÁ�¸½¾i¶(ßªÃ�¶(ß¯³�ßªÂ�²ª±ª÷�µ¿¸�³�ÂmÁ�åúþdµ¿´i¶�ÃÉ±Üî�½~Ã�ÍÂ½¢Ë
Î<³°ÍÂ½xÞ�P(µs½�â�EHE(]�mFE IHG/R âxE(� �H� ±
® U D ¯$²ª±<�f¸�³�ß`³�Ä�³�â#�)±m¼�±wÓÜµ·¶(¸�Ã�È�è<Yi¶sâª³�ßªÂ�Ó0±�¹f±�²iÁ�¸½¾i¶(ßªÃ�¶(ß§±kî�½�Ã�ÍÂ½¢Ë
Î�³°ÍÂ½�Þ�P(µs½�â�EHE(U�m DH� E(]�â�E(�H��Es±
® UHU:¯���±m¹f±ªñÆá¿á¿µ¿ßm¾i¶(¸Éâ���±<S$±��fºmè§â`³�ßªÂ8²ª±�S�±m¹�µ¿µ^±Üî�½�Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�Psµs½·âxEHEHEHm �HGHG Esâ~E(� � ��±
® U*X\¯$²ª±#S$±m¹�µ¿µé³�ßªÂ��$±m¹l±mñdá¿á¿µ¿ßm¾i¶(¸É±Üî�½~Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�P(µs½�â~EHEHEHm �HGHIHI â~E(� � ��±
® U G ¯$²ª±#S$±m¹�µ¿µé³�ßªÂ��$±m¹l±mñdá¿á¿µ¿ßm¾i¶(¸É±Üî�½~Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�P(µs½�â~EHEHEHm �HG/R\I â~E(� � ��±
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® U I ¯$÷%±ªñ�±<S
³�á¿¾s¸�¶(ßo³�ßªÂ¦Ó0±<�
³�à�à�±�Ë-·w¹°¹%½¢ä
¿�½xÞ�O7¹Á·<µ%Oß½�óÜM7P\²´½�â~EHEHm D U I â D ]H]�Es±
® U R ¯$²ª±�
�³�á·Â���¶(á¿áé³�ßªÂu�ô±ªñ�±<[dÁ�á¿á¿à�³�ß§±�î�½~Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�Psµs½·â�EHE R m X�E RHR â
E(�H� G ±
® U � ¯�S�±mÀ8µ¿ßªÁ�º�ó8³�ßªÂu
�±	
�èmµ¿Ë9Á�ÄÉ±Üî�½�Ã�Í�½ÙË
Î<³°ÍÂ½�Þ�P(µs½�â~E D EHmFE(]HU IHI âxE(�H�H��±
® UH�:¯$ÞM±�
�º ç ¶(¸�Ámâª°�±m²ª±`¹�ºª»kºª¶sâ.³�ßªÂ�À>±`ÅÆ¸�Á�ÇÉÈ�Ám±c¾c¹ÊPsµs½xôKJHO7²F½�ÃTµÅJ/º1½-Þ�µ�M|½�õ~Þ�Ã â�� G m G � R\I âxE(�H� � ±
® X1]:¯$²ª±`ñdËmËmá·¶�»\ºmµ·Ã½ÄÉâª²ª±mþ$±#
�³�¸½á^â`³�ßªÂ�[�±m°mºmßm¾ª±�î�½�Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�P(µ:½·â#�*X�m D � GHD âxE(� R\D ±
® X�E°¯��é±�
�µ·¶(Ëmá�³*Y9âª²ª±#
�³�á·Â���¶(á¿á^â)³�ßªÂ¦�é±#[ÆÁ�á¿á¿à�³�ß§±Tî�½ÙËÌPHÍT¿�·�Oß½ÙË
Î�³�Í�½�â DHD mFE(]*X � â D ]H]�Es±
® X D ¯��)±<Ó0±mþMµ·È�Y)â#�)±`²ª±#�\Ä½º`³�¸½ÄÉâ.³�ßªÂ�ü
±ª²ª±mü�¶(¸½ßª¶s±Üî�½kË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�E(]�EHm I E�X�Esâ
E(�H�*Xª±
® X1U:¯��)±��C³�Ä�¶(á^â`ñ�±<�'±mÀ¯³�È%[%¶(¸�¶(á¿áô²s¸É±¿â`³�ßªÂa
�±ª¹l±mü�¸�Á|Á\Y�ÃMÿ�ÿ�ÿ"±¢î�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½·â DHG mFE G ]*Xªâ D ]H]*Xª±
® XHX\¯'¼'±m¹ô³�à¬Á�ºm¸�¶(º�óo³�ßªÂ�ü
±mþdÁ�º�ó�±kî�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�EHE(��mVUH] DHG â D ]H]HU�±
® X G ¯'¼'±m¹ô³�à¬Á�ºm¸�¶(º�ó9â.²s¸É±ªñ�±<��±`À¯³�È%[%¶(¸�¶(á¿á^â`³�ßªÂ8ü�±mþÆÁ�º�ó9±kî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�EHE(��m G E �HG â D ]H]HU�±
® X I ¯$À�±`ÅÆ¸�Á�ÇÉÈ�Á�³�ßªÂ�°�±ª²ª±m¹§ºª»kºª¶s±KË
Î<³°ÍÂ½�åÜ³°Ý*½�â~E(]H]�m X�E �/R â D ]H]H]�±
® X R ¯KÓ0±m¹f±ª²iÁ�¸½¾i¶(ßªÃ�¶(ß§±cÃÜµ�µs½ÜË
Î�³�Í�½�åÜ³°À%½�â DHD mFE � Xªâ~E(� � ��±
® X � ¯$ñ�±%ÓE³�¸�Ã½èª¶(á^±~ËÌP\Í�¿	·�Oß³°¹�±�P(º1³°²»M3Nw¼�PÊÉ�Ë
Î<³°Í�M7µÅJH²\åÜ³¶J1µ%O7M7PHN<À¢M3N¨ÆÙN�ö�Ï\ÍÂ³ÁÀcJ\N�ºÜÞ�P\²Ä·�O7MQP\N<À"±*ÓÜµ¿á·¶(äiâ

��¶��é�lÁ�¸¶Y9â�E(�H��Es±
® X1�:¯KÓ0±.°�±.´�³�ßÙ¼�ºmßªÃ½Ä�¶(¸�¶(ß§â9°�±)²ª±9¹�ºª»kºª¶sâ��'±)÷�µ¿à�à¬ÃÉâ)³�ßªÂõñ�±.Þd±.÷ôÁ�¸�Âª³�±�Ã�N�N�·�½xåÜ³�Ý*½
óÜMQPÁ¿#Î1Ï*À%½

óÜM7PHÍ�PH²F½xÞ	O7¹°·<µ%Oß½·â D U�m � X R â~E(�H�*Xª±
® G ]:¯�
�±m²ª±�
�¸�³�à¬¶(¸d³�ßªÂ¦�'±ª¼'±�÷§¸½ºmèmá�³�¸Éâª¶�Â�µ¿Ä�Á�¸�Ã�±�Þ�O7¹Á·<µ%O7·�¹¶³ÒJ\N	ºÒåÜ³¶J/µ(O7M?Ý(M7O7Ï�M3NqÃÜ÷%·<³¶PH·1À�Þ�P\²Ä·�O7MQP\N`â

Ë`³�¾i¶ D Xª±�ñT
k�v�\ä\à�Ë9ÁsÃ½µ¿ºmàø�|¶(¸½µ·¶�Ã GHIH� â§ñÆà¬¶(¸½µ·ÈÉ³�ßÔ
�èª¶(à�µ·ÈÉ³�áÙ�|Á|È(µ·¶(Äúäiâ�ÓE³�Ã�èmµ¿ßm¾sÄ�Á�ß§âx�'±È
�±¿â
E(�H�*Xª±

® G E°¯��é±`ñ�±<[dÁ�á¿á¿à�³�ß§±ÙÃÜµÅµs½ÜË
Î�³°ÍÂ½�åÜ³ÁÀ(½·â D ��m X I EsâxE(�H� I ±
® GHD ¯$²ª±)¼%³�Ám±¢ÃÜµ�µs½kË
Î�³°ÍÂ½�åÜ³°À%½�â D ��m D � � â~E(�H� I ±
® G U:¯'Å�±�÷ô³�Ëmµ�³E³�ßªÂN²ª±lü�¶(¸½Ä½¸�ð�ß§â�¶�Â�µ¿Ä�Á�¸�ÃÉ±ùÞ�P\²»Ý*³°N#O�Æ�ú�³¶µ%O3À�JHN	ºàË
Î�³°Í�M7µ�J\²cåÜ³¶J1µ%O7M?ÝsM3O7Ïs±à[
á¿º1��¶(¸Éâ

�
Á�¸�Â�¸�¶�È�è\ÄÉâ
E(�H� I ±
® G X\¯$À�±s°�±sþMºmµ¿Ç(åú¹§Ê�Ë9¶(ÇÆ³�ßªÂ¬²ª±s¹l±iþMµ¿´s³�µ¿á^±	ÆcN	µ%ÏHµ%²¸PÁ¿�³¶º\MQJ�PÊÉKËÌP\Í�¿	·�O|JHO7MQP\N	J\²xË
Î�³�ÍÒM?À°O7¹°Ïsâ�´iÁ�á¿ºmà¬¶�Esâ

Ë`³�¾i¶¨X1U R ±�ÓNµ¿á·¶(äiâ���¶��à�lÁ�¸¶Y9â~E(�H� � ±
® GHG ¯'¼'±mÀ¯Á�ß`³�¸�Â8³�ßªÂ�[�±`À>±mÀ¯¶(¸½Çi±�ÃÜµÅµ:½ÜË
Î�³°ÍÂ½�åÜ³°À%½�â�U D mV�H]*XªâxE(�H�H��±
® GHI ¯��)±ª÷ô¶(ß�å^ßªÁmâ`°�±<SÆµ¿¸�³�Ä�³�â`³�ßªÂa�)±<[ ³�Ä�Ám±KË
Î�³�Í�½�¾cÎ1Ï*À%½�ìx³%OQOß½·â D E�X�mVUH��Esâ
E(�H�HU�±
® G/R ¯$¹f±��\è`³�Ámâ�S$±��fº§â.³�ßªÂ�²ª±`¼%³�Ám±Üî�½�¾¢Î1Ï*À%½ÙË
Î<³°ÍÂ½�Ã%â�E(] D mFE(]HU IHI âxE(�H� � ±
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® GH� ¯$²ª±`÷¢Á�à�³�Ã½µô³�ßªÂ8À>±<�é¶(¸½µ·Ã�È�Ám±�Ë
Î<³°ÍÂ½�åÜ³°Ý*½�â#�*X�m D ] D/R â~E(�H�*Xª±
® G �:¯$²ª±\¹f±kþdµ¿´�³�µ¿á9³�ßªÂÂ�'±iþdµ¿ß`³�á·Â�µ^±ÜËÌP\Í�¿	·�O|J/O7M7P\N�J\²
Ë
Î�³°Í�M?À°O7¹°Ï1½�åÜ³°Ý(M|³°æ�À¨PÊÉÒË-·�¹Á¹Å³°N#OÜÑ�¹¶³�N	º*À"âkË`³�¾i¶

E(UH��±ÌÓÙÁ�¸½á·Â��|È(µ·¶(ßkÄ½µæö`Èsâ��\µ¿ßm¾k³�Ë)Á�¸�¶sâ~E(�H� G ±
® I ]:¯�
�±�²ª±H
�¸�³�à¬¶(¸I³�ßªÂÒ�'±�¼�±�÷§¸½ºmèmá�³�¸É±#åT³°Ý(M|³°æ�ÀcM3NaËÌP\Í�¿	·�O|JHO7MQP\N	J\²�Ë
Î�³°Í�M?À°O7¹°ÏsâÉ´iÁ�á¿ºmà¬¶ I âÉË`³�¾i¶�Es±

ç�
cS�â���¶��à�lÁ�¸¶Y)â~E(�H� G ±
® I E°¯$À�±.ÅÆ¸�Á�ÇÉÈ�Ámâ�
�±ªñdá¿è`³�à ç ¸�³�â`ý'±ªü7³�¸½¸½µ¿á^â`²`±`À�±ª¹§Ê�Ë9¶(Çiâ`À�±ªñ$±`ü�ºªÃ�»kºª¶(Ä�ÃÉâ.³�ßªÂ�°�±`²ª±ª¹§ºª»kºª¶s±�î�½

±�PH²F½x±�Psº1³°²´½·â D mFEsâxE(�H� I ±
® IHD ¯$²ª±é÷¢Á�à�³�Ã�µ^âôü
±§À¯¶(ßkºªÈ�È(µ^âCþ*±-
�³�à�à�µ^âé³�ßªÂ>À>±�
�ÁsÃ�Ã½µ^±�ÑxÎ�³¶P\¹Å³�O7MQµÅJ\²�Ã�Àß¿<³¶µ%O3À¦PÊÉÒóÜM7Psµ°Î�³°Í�MQµÅJ\²

åÜ³ÅJ/µ%O7M3Ý(M3O7Ïs±¢[
á¿º1��¶(¸Éâ	�
Á�¸�Â�¸�¶�È�èkÄÉâ-E(�H� R ±
® I U:¯�
�±ª²`±	
�¸�³�à¬¶(¸Æ³�ßªÂ��'±`¼'±m÷¢¸½ºmèmá�³�¸É±�Ë
Î�³°ÍÂ½�åÜ³�Ý*½·â	�H��m D E I EsâxE(�H�H��±
® I X\¯$ñ�±mü�¶(ß�åß��³�µ¿à�±ÙÞ�P\²ÄÝ*JHO7M7PHN�ÑxÎ<³°¹ÁÍ�P(ºHÏ*N�J\Í�M7µ°À(±Ì�Iá·¶(ßkºmà�â	�Æ¶��à�lÁ�¸¶Y9â~E(� �/R ±
® IHG ¯$²ª±.÷¢Á�à�³�Ã½µC³�ßªÂ8ü
±ªÀ¯¶(ßkºªÈ�È(µ^±ÜÆcN	µ%ÏHµ%²¸PÁ¿�³¶º\MQJ�PÊÉ�ËÌP\Í�¿	·�O|JHO7MQP\N	J\²cË
Î�³°Í�M�À�O7¹ÁÏsâ�Ë`³�¾i¶ G U�±�ÓÜµ¿á·¶(äiâ


�èmµ·È�èª¶�Ã½Ä�¶(¸ÉâxE(�H� � ±
® IHI ¯�
�±ªñÆà¬ÁÉ´|µ¿á¿á¿µô³�ßªÂ�ü
±mÀ¯¶(ßkºªÈ�È(µ^±�î�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�óMâ�E(]�EHmFE(] G Esâ
E(�H� R ±
® I/R ¯$À�±#èé±ªü�Á�¸½ß§±¢¾¢Î1Ï*À(½·â�EHm X G â�E(� D ]�±
® IH� ¯'¼'±m÷é³�ß�ë£Á�¸�Â¯³�ßªÂ�²ª±`¼'±#[
µ¿¸¶Yw��Á\Á|Â�±kî�½~Ã�ÍÂ½cË
Î�³°ÍÂ½xÞ�Psµs½·â R ��m G UHU�â~E(� G/R ±
® I �:¯$þ$±<�ô±ªü�¶(á¿á^±�Ñ�¹¶J\N<À%½�ãxJ\¹¶J/º\Ï�Þ�Psµs½·â D/R m R � R â~E(�HU�Es±
® R ]:¯$¹f±)ÅÆßªÃ�³�¾i¶(¸É±Üî�½�Ã�ÍÂ½ÙË
Î�³�Í�½xÞ�P(µs½�â GH� mFE�X �HI âxE(�HU I ±
® R E°¯$²ª±#Sdä|á¿Ä�Á�ß§âmþ*±mÞM±�
�èm¸½µ·Ã½Ä�Á*�9¶(¸�Ã�¶(ß§â`³�ßªÂo¼'±`¼'±<S
³�á¿á^±KË
Î�³�Í�½�¾¢ÎwÏ:À(½�ìx³�OQOß½�â DHI m G ]�Esâ~E(� R Xª±
® R\D ¯'Å�±ª÷é³�Ëmµ�³¬³�ßªÂoÅ�±.¼%ÁsÃ�È(µ¿ßªÃ¶Y|µ^±c±�P\²´½�¾¢Î1Ï*À%½�â D ��mFE IHG U�â~E(� R\G ±
® R U:¯��'±ªþdµ¿ß`³�á·Â�µ¢³�ßªÂ�²ª±ª¹f±mþdµ¿´�³�µ¿á^±KÑxÎ<³¶P\¹(½kË
Î1M3Í�½�ÃTµ%O|Jsâ#U D m G/R â~E(� R U�±
® R X\¯$²ª±`¹f±ªþMµ¿´s³�µ¿á¢³�ßªÂ¦�'±ªþMµ¿ß`³�á·Â�µ^±�Ë
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â�E � m D UHU�â~E(� R\I ±
® R\G ¯��)±��lÁ�à¬ÁsÃ�³�±Üî�½�¾¢ÎwÏ:À(½xÞ�P(µs½ÌîwJÁ¿�JHN`â#U G mFE R U � â~E(� R U�±
® R\I ¯��)±��lÁ�à¬ÁsÃ�³�±Üî�½�¾¢ÎwÏ:À(½xÞ�P(µs½ÌîwJÁ¿�JHN`â#U I mFE IHGHG â~E(� R Xª±
® RHR ¯$ñ�±sþ*±H[ ³�Ä½¸½µ¿Ä½Ç%Y|äiâkÀ�±1
�±wè)¶(¸½ßª¶(¸Éâk³�ßªÂ¬À�±sÀ�±H[ ³�¸�¶(á·Ã�Á�ß§±�î�½<Ã�ÍÂ½�Ë
Î�³°ÍÂ½	Þ�Psµs½·â<E(] � m R\D E(U�â	E(� �HI ±
® R\� ¯�S�±mñd¾s¸�¶(ß§â�
�±ªÀo¶�Â�µ¿ß`³�åú¹§á�³�ßªÁsÃÉâ.³�ßªÂ¦[�±<ç'±mÀoµFYwYi¶(á·Ã�¶(ß§±�Ë
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â�EHE G m X1U�â~E(� �/R ±
® R �:¯$À�±�Ó#±�ÓÙÁ�ßm¾ªâ.À>±m²`±m°m¸½µ·Ã�È�è§â)³�ßªÂ�[�±mü
±<ÓÜµ ç ¶(¸½¾ª±kî�½�Ã�Í�½ÙË
Î<³°ÍÂ½�Þ�P(µs½�â~EHE(U�m X RHR\I âxE(�H��Es±



ð g ð  ~g%¡¨ñÙ§���ò�d>� R U
® � ]:¯�
�±�
�ºm¸½ºmÄ�È�èª¶(ÄÉâx
�±.²ª±�
�¸�³�à¬¶(¸Éâ��'±)¼�±`÷§¸½ºmèmá�³�¸Éâ9À�±.°�±.þMºmµ¿Ç(åú¹§Ê�Ë9¶(Çiâ	�'±)þMµ¿ß`³�á·Â�µ^â)À>±9ÅÆ¸�Á�ÇÉÈ�Ámâ

³�ßªÂ�°�±m²ª±`¹�ºª»kºª¶s±Tî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â D X�m DH� Xªâ D ]H]HU�±
® � E°¯��'±ªþdµ¿ß`³�á·Â�µ^âmÀ>±m°�±ªþdºmµ¿Ç(åú¹§Ê�Ë)¶(Çiâ.³�ßªÂ�²ª±m¹f±ªþdµ¿´�³�µ¿á^±kî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â R\� m � U*Xªâ~E(� � U�±
® �HD ¯Kç'±<��µ¿á¿á·¶(ÄÉâ��'±ªþMµ¿ß`³�á·Â�µ^âm²ª±)¼'±mñdßm¾säk³�ß§â.³�ßªÂ�²ª±ª¹f±mþdµ¿´�³�µ¿á^±�Ë
Î<³°ÍÂ½�¾¢Î1Ï*À%½�ì
³�OQOß½·â D ] D mFE � â
E(�H�HU�±
® � U:¯$²ª±`¹f±ªþMµ¿´s³�µ¿á^±�Ë~åûÃTµÅJ/º1½�Þ�µ�M|½�¾kJ\¹°M�À(â�UH] R mVU�EHEsâ~E(�H�H]�±
® � X\¯$²ª±)¼'±mñdßm¾säk³�ß§±�Ë
Î�³°ÍÂ½�¾¢Î1Ï*À%½�ì
³�OQOß½�â D X�EHm G EsâxE(�H� G ±
® �HG ¯$À�±i°�±iþMºmµ¿Ç(åú¹¢Ê�Ë)¶(Çiâ\°�±sü�Á�èm¸Éâ\À>±i÷%±�
�±iÀ¯³�¸½Ä½µ¿ßªÃÙ
�ÁsÃ½Ä�³�âk³�ßªÂ���±kþMµ¿ß`³�á·Â�µ^±ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À(½�ìx³�OQOß½�â

DHD EHmFE(]H��â
E(�H�*Xª±
® �HI ¯Kç'±<��µ¿á¿á·¶(ÄÉâ��'±ªþMµ¿ß`³�á·Â�µ^âª³�ßªÂ�²`±ª¹f±ªþdµ¿´�³�µ¿á^±kî�½�¾¢Î1Ï*À%½ÙË
Î�³�Í�½�â�� � m G ]HU*Xªâ~E(�H�*Xª±
® �/R ¯Kç'±<��µ¿á¿á·¶(ÄÉâ��'±ªþMµ¿ß`³�á·Â�µ^âm²ª±`ü�¶(¸½Ä½¸�ð�ß§â.³�ßªÂ�²ª±ª¹f±`þMµ¿´s³�µ¿á^±kî�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�E(]*X�mV�*X1U R âxE(�H� I ±
® �H� ¯�
�±�
�±�
�è`³�à ç ¶(¸Éâ�¼'±��'±�S�³(�kY\µ¿ßªÃ�âÌ
�±C²ª±�
�¸�³�à¬¶(¸Éâf³�ßªÂ��'±f¼'±C÷§¸½ºmèmá�³�¸É±�î�½c¾¢Î1Ï*À(½KË
Î�³�Í�½�â

E(]H]�mFE I U �HG â
E(�H� I ±
® � �:¯$þ$±#�)±ªÀ8ºmá¿á¿µFYi¶(ß§±Tî�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â D U�mFE(�HUHU�âxE(� GHG ±
® �H]:¯$²ª±
Ó0±
�\Ä�Á�¸�¶(¸Éâ
�'±ô²ª±é¼�µ·¶�Ã�¶(ß§â-
�±¢²`±�
�¸�³�à¬¶(¸ÉâC³�ßªÂj�'±é¼�±¢÷§¸½ºmèmá�³�¸É±jî�½¨ËÌP\Í�¿	·�O7â7Ã�MQº1³¶ºa±nP\²F½

áÒ³ÁÀ%½�â#��m �/R â~E(�H� G ±
® ��E°¯$²ª±`¹�µ^âª÷%±#è.èkº§â�
�±m²ª±	
�¸�³�à¬¶(¸Éâ)³�ßªÂ¦��±)¼'±m÷§¸½ºmèmá�³�¸É±�î�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�Ã%â�E(] D mFE �HD ]�â
E(�H� � ±
® � D ¯$²ª±`¹�µ^âªü
±�ÓNµ¿á¿á¿µ�³�à¬Ã�â	
�±m²ª±	
�¸�³�à¬¶(¸Éâ)³�ßªÂ¦��±)¼'±m÷§¸½ºmèmá�³�¸É±�î�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�EHE(]�m R\D XªâxE(�H�H��±
® �HU:¯$²ª±`¹�µ^âª²ª±mý�µ¿ßm¾ªâ#
�±ª²ª±#
�¸�³�à¬¶(¸Éâ)³�ßªÂ��'±`¼'±m÷§¸½ºmèmá�³�¸É±�î�½ÙË
Î�³�Í�½�¾cÎ1Ï*À%½�â�EHEHEHm �H�HG âxE(�H�H��±
® �*X\¯$²ª±`¹�µ^âª÷%±#è.èkº§â�
�±m²ª±	
�¸�³�à¬¶(¸Éâ)³�ßªÂ¦��±)¼'±m÷§¸½ºmèmá�³�¸É±�î�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�óMâxE(]*X�m D E R\� â D ]H]H]�±
® � G ¯��é± Å�±`¹~üs�MÂ�µ¿ß§±Tî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â�E � mVU IHG â~E(� G ]�±
® � I ¯��)±ªÀoµ·¶(¸½Ä½ºªÃÉâmÞM±��|È(¸�Á\È�È�Ámâ`³�ßªÂ8²ª±ª÷¢Á�à�³�Ã�µ^±KË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â GHG mFEHE R â~E(� � Es±
® � R ¯��)±ªÀoµ·¶(¸½Ä½ºªÃd³�ßªÂ�²`±ª÷¢Á�à�³�Ã½µ^±�Ë
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â IHG m D UH��â~E(� �HD ±
® � � ¯$þ$±#
�³�à�à�µô³�ßªÂ�²ª±ª÷ôÁ�à�³�Ã½µ^±Üî�½kËÌP\Í�¿	·�Oß½¢Ë
Î<³°ÍÂ½·â�E I mFE�XHX1��â
E(�H� G ±
® �H�:¯$þ$±m²ª±	è9³�ºmè`³�¸É±Üî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î<³°ÍÂ½·â�E D m G/R\G â~E(�H��Es±
® E(]H]:¯$þ$±#
�³�à�à�µ^â`À�±#
�ÁsÃ�Ã½µ^âª³�ßªÂ�²ª±m÷ôÁ�à�³�Ã½µ^±Tî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�E(]*X�m X I EHEsâ~E(�H� I ±
® E(]�E°¯$þ$±	
�³�à�à�µ^â`À�±#
�ÁsÃ�Ã½µ^âªü
±ªÀ¯¶(ßkºªÈ�È(µ^â�
�±��)±��éÁ�à¬¶(á¿á¿µ^â9³�ßªÂ�²ª±ª÷ôÁ�à�³�Ã½µ^±ÜÛÁN#Oß½-î�½cÕÙ·<J\N#Oß½ÙË
Î�³�Í�½�â

I ]�mFEHE IHG â
E(�H� I ±



R X ð g ð  ~g%¡¨ñÙ§���ò�d>�
® E(] D ¯$À�±#
�ÁsÃ�Ã½µ^âª²`±m÷¢Á�à�³�Ã½µ^â)³�ßªÂ�þ*±�
�³�à�à�µ^±cÛÁN	Oß½xî�½¢ÕÙ·�J\N	Oß½kË
Î�³°ÍÂ½�â D ��m I � G â
E(�H� G ±
® E(]HU:¯$ü
±ªÀ¯¶(ßkºªÈ�È(µô³�ßªÂ8²ª±ª÷¢Á�à�³�Ã�µ^±Üî�½ÙË
Î�³�Í�½�¾cÎ1Ï*À%½�â�E(] I m G E G EsâxE(�H� R ±
® E(]*X\¯$À�±#
�ÁsÃ�Ã½µ^âªü
±mÀ¯¶(ßkºªÈ�È(µ^âª²`±��Iµ¿Ä�³�¸�È�è§â)³�ßªÂ�²ª±ª÷ôÁ�à�³�Ã½µ^±Üî�½kËÌP\Í�¿	·�Oß½¢Ë
Î<³°ÍÂ½·â�E(��m � UHU�â
E(�H� � ±
® E(] G ¯$ÞM±�
�³�ßªÈ�ø�ÃÉâªü
±mÀo¶(ß\ºªÈ�È(µ^â.³�ßªÂ�²`±m÷¢Á�à�³�Ã½µ^±�î�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�E(] R mVUH]HU D â
E(�H� R ±
® E(] I ¯$ü
±ªÀ¯¶(ßkºªÈ�È(µ^âªÞd±	
�³�ßªÈ�ø�ÃÉâ`³�ßªÂ�²`±m÷¢Á�à�³�Ã½µ^±�î�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�óMâxE(]�EHmFE(] G ] I âxE(�H� R ±
® E(] R ¯$ü
±ªÀ¯¶(ßkºªÈ�È(µ^âªÀ�±#
�ÁsÃ�Ã½µ^âª³�ßªÂ8²ª±ª÷¢Á�à�³�Ã�µ^±Üî�½~¾cÎ1Ï*À%½ÙË
Î�³°ÍÂ½�â�E(]H]�mFE � ] R âxE(�H� I ±
® E(] � ¯$ü
±ªÀ¯¶(ßkºªÈ�È(µ^âªÀ�±#
�ÁsÃ�Ã½µ^âª³�ßªÂ8²ª±ª÷¢Á�à�³�Ã�µ^±Üî�½kË
Î<³°ÍÂ½�¾cÎ1Ï*À%½�â�E(] D m IH� U R âxE(�H� G ±
® E(]H�:¯$°�±ª²ª±`ÅÆá¿µ¿´s³�¸�¶�ÃdÂm¶(á�çl³�á¿á·¶$³�ßªÂ�²ª±ª÷ôÁ�à�³�Ã½µ^±KË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�E G ]�mFE(UH��â
E(�H��Es±
® EHE(]:¯$°�±ª²ª±`ÅÆá¿µ¿´s³�¸�¶�ÃdÂm¶(á�çl³�á¿á·¶$³�ßªÂ�À>±mñ�±mñÆ¾sºmµ¿á�³�¸É±Üî�½kËÌPHÍT¿�·�Oß½cË
Î�³°ÍÂ½�â�E(U�mFEHE G âxE(�H� D ±
® EHEHE°¯$°�±§²ª±éÅÆá¿µ¿´�³�¸�¶�Ã�Âm¶(á�çl³�á¿á·¶sâ§À�±§ñ�±§ñd¾sºmµ¿á�³�¸Éâô³�ßªÂÔ�)±§÷ôÁ�á·ÁsÃ�³�±aî�½�±�P\²´½�Þ	O7¹°·�µ%Oß½¨ë°Ñ�Æ�ä�Ë~ýTÆc±�í�â

D/R ��m DHD U�â
E(�H�HU�±
® EHE D ¯$À�±mñ$±mñÆ¾sºmµ¿á�³�¸Éâª°�±ª²ª±`ÅÆá¿µ¿´s³�¸�¶�ÃdÂm¶(áxçl³�á¿á·¶sâ`³�ßªÂ�²ª±ª÷ôÁ�à�³�Ã½µ^±Tî�½ÙË
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â�� � m R U R\G â~E(�H�HU�±
® EHE(U:¯$ñ�±m°ªÁ�¸½Ä½ºmßª¶(á¿á¿µ^±Tî�½
±�P\²´½xÞ	O7¹°·�µ(Oß½cë°Ñ�Æ�ä�Ë~ýTÆc±�í�â�U G/R mFEHE R â~E(�H� G ±
® EHE�X\¯$²ª±�
�±w
�Á�ßkÄ�³�ÂmÁ�¸Éâ\À>±iñ�±sñÆ¾sºmµ¿á�³�¸Éâk³�ßªÂ¬°�±s²ª±\ÅÆá¿µ¿´s³�¸�¶�ÃlÂm¶(á�çl³�á¿á·¶s±ÙË
Î�³°ÍÂ½<¾¢ÎwÏ:À(½·â D E�X�mFEHE(U�â	E(�H� R ±
® EHE G ¯$þ$±#
�³�à�à�µ^â`ü
±mÀo¶(ß\ºªÈ�È(µ^â`³�ßªÂ�²ª±`÷¢Á�à�³�Ã½µ^±Üî�½~¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�Ã%â~E(]HU�mV��E(]H]�â~E(�H�H��±
® EHE I ¯$ñ�±<[
á�³�à*Ä
³�ßªÂo¼'±m²ª±	�|È�è1þ<þm¸½à�³�ßmß§±�î�½ÙË
Î�³�Í�½xÞ�P(µs½Fÿ-¾Ü³°¹��sM?NÇÑ�¹ÊJHN<À��kâ G m R �H��â~E(�H�HU�±
® EHE R ¯$ñ�±<[
á�³�à*Ä
³�ßªÂ¦ç�±m²kÁ�ß`³�ÃÉ±Üî�½ÙË
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â�� D mV�H� R\D â~E(�H� I ±
® EHE � ¯$ñ�±<[
á�³�à*ÄÉ±�î�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½·â��H��m DHDHD Xªâ
E(�H� G ±
® EHE(�:¯$ñ�±x[
á�³�à$ÄÉâxç'±¢²iÁ�ß`³�Ã�âô÷%±ôü¢þm¸½¾i¶(¸ÉâC³�ßªÂE²`±�
�±xÓ#±§¹¢Á�èm¸�¶(ßmÇi±jî�½¢¾¢Î1Ï*À%½�Ë
Î�³°ÍÂ½ÌÃ%â¢E(] D m G ] R Xªâ

E(�H� � ±
® E D ]:¯$ÿ"±m÷§ºmêªÊ�ß§â.ÞM±	�\µ¿á¿á�³�â`³�ßªÂ�²`±m¹f±��C³�Ã�È(º`³�áæåúñdè\ºmµ¿¸É±ÒË
Î<³°ÍÂ½�¾¢Î1Ï*À%½�ì
³�OQOß½·â D ]HU�m DH� ��âxE(�H�HU�±
® E D E°¯$÷%±	�\µ¿à¬Á�ßªÃ�Á�ßo³�ßªÂ�ñ�±m÷%±mü�¸¶þmßm¾i¶(¸É±�î�½�¾¢ÎwÏ:À(½ÙË
Î�³°ÍÂ½�â�� � m X IH� U�â~E(�H�*Xª±
® E DHD ¯'Å�±ª²`±	�\µ¿ß`³�ßªÁ�¾sá¿º§±KË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â R\G m X I U�â
E(� � Es±
® E D U:¯Kç'±`¼
Á�¾iÁ�ßª¶É³�³�ßªÂ�Þd±ª²ª±.Å�Ã�³(��³�±Ü±�P\²´½xÀ°O7¹°·�µ%Oß½cë�Ñ�Æ�ä�Ë~ýTÆ¢±Âí�â�U�EHEHmVUH] G â~E(�H�*Xª±
® E D X\¯$þ$±mñ$±<�Iµ·¶(¸�Á�Ä½Ä½µ^±ÒË
Î�³°ÍÂ½�åÜ³°Ý\½·â R\I m R E R âxE(� R\I ±
® E DHG ¯��é±/
�á�³�´i¶(¸½µ·¶s±	ÛÁN#Oß³�¹ÁÍ�P\²´³¶µ�·�²¸JH¹cÛÁN#Oß³°¹¶J/µ%O7MQP\N<À(Ðwã�¹ÊP\Íùá�MQJHO|P\Í�M7µ�ÀÙO|P�ókMQP\Í�P\²´³¶µ�·�²F³ÁÀ(±<ÓÜµ¿á·¶(äiâ\
�èmµ·È�è�å

¶�Ã½Ä�¶(¸ÉâxE(� R\� ±



ð g ð  ~g%¡¨ñÙ§���ò�d>� R\G
® E DHI ¯$°�±ªÀ�±m°éá·Á�¸½µ·Ãd³�ßªÂ�²ª±m÷ôÁ�à�³�Ã½µ^±Tî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î<³°ÍÂ½·â�E(]�m I E I â~E(� � ��±
® E D/R ¯$°�±ªÀ�±m°éá·Á�¸½µ·ÃÉâm²ª±ª÷ôÁ�à�³�Ã½µ^â`³�ßªÂ�²ª±`¹f±ª²ª±<�C³�Ã�È(º`³�áæåúñÆèkºmµ¿¸É±�î�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E D m R\� Xªâ~E(�H��Es±
® E DH� ¯��'±	�\µ¿Ä¶YiÁ*�Iâ<[�±ªñ�±#�\è`³�¸½Ë§â`³�ßªÂ�ü
±<SÆÁ�ßmµ¿¾ª±Tî�½�¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½·â�� � mFE(� R\� â
E(�H�*Xª±
® E D �:¯$ñ�±mñ$±mþ�³�Ã½èmµ¿ß8³�ßªÂ�[�±��
³�à ç Á|Á\Â�µ¿¸½µ^±kî�½~¾¢Î1Ï*À%½ÙË
Î<³°ÍÂ½·â<��EHm I ]H]HU�âxE(� �/R ±
® E(UH]:¯'¼'±mÞd±	
�èkºªÂ�µ¿ßªÁ�´)â��'±�ç�±<�
³�Ë)Á�á·Á�´)â.³�ßªÂ�À>±�ç'±mü7³�Ã½µ¿á·¶(´|ÃÅY\äi±�Ë
Î�³�Í�½�¾cÎ1Ï*À%½�â�E I ]�m X�Esâ~E(�H� D ±
® E(U�E°¯$ñ�±.ñ�±`þ�³�Ã½èmµ¿ß§â`À�±)ñ$±.ü�º<Ys³�Ä½µ¿ß§â)²ª±.ñÆßªÂ�ÇÉ¶(á¿à�â�³�ßªÂoñ�±`÷%±�S
³�¾sá·¶(¸É±�óÜM7P°¿#Î1Ï*À%½TË
Î�³°ÍÂ½·â G EHmVU R\G â

E(�H�*Xª±
® E(U D ¯$ÞM±�ç�±#�\Ä�¶"ë^³�ßªÁÉ´|µ·È�èõ³�ßªÂ�÷%±���±m÷§¸½ºªÁ�ßm¾ª±KË
Î�³�Í�½�¾cÎ1Ï*À%½�ìx³%OQOß½·â D XHX�m IHG â
E(�H� G ±
® E(UHU:¯$²ª±`þ*±<�Iá¿µ·¶(¾iÁ¬²i¸É±`³�ßªÂ�²ª±ªÀ�±mþMµ¿´i¶(¸�ÁsÃ�±�Ë
Î�³°ÍÂ½�¾¢Î1Ï*À%½�ì
³�OQOß½�â�U GHG m G X1U�â D ]H] D ±
® E(U*X\¯$À�±¢ñ�±¢ñÆ¾sºmµ¿á�³�¸ÉâôÀ�±éñ$±ôÀ¯³�¸½Ä½ã¿ß§âÌ�)±¢÷ôÁ�á·ÁsÃ�³�âé³�ßªÂ�°�±¢²ª±IÅÆá¿µ¿´s³�¸�¶�Ã�Âm¶(á¢çl³�á¿á·¶s±jî�½c±�P\²´½¢Þ	O7¹°·<µ%O

ë�Ñ�Æ�ä�Ë~ýTÆ¢±�í�â�X1U�mVU�E(U�â~E(� �H� ±
® E(U G ¯$À�±mñ$±mñÆ¾sºmµ¿á�³�¸Æ³�ßªÂ�°�±m²ª±)ÅÆá¿µ¿´�³�¸�¶�ÃÆÂm¶(á�çl³�á¿á·¶s±KË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�E D ��m X1UH��â
E(� � ��±
® E(U I ¯��é±`°�±mü
±`¼
Á�ß��É³�á¿´i¶�ÃÆ³�ßªÂu�ô±ªþ$±m¹�µ¿´iÁ�Ä½Ä�Ám±�Ë
Î<³°ÍÂ½�¾cÎ1Ï*À%½�ìx³%OQOß½·â#UH]*X�m X1U � âxE(�H�H��±
® E(U R ¯$À�±ôÅÆ¸�Á�ÇÉÈ�Ámâ¢°�±ô²ª±§¹�ºª»\ºª¶sâx�'±~S
³ ç µ ç Á�á¿á�³�èmÇ�³�Âm¶(è§âC³�ßªÂE²`±ô¼%³�Ám±�î�½¨Ë
Î�³�Í�½Ì¾cÎ1Ï*À%½�âÌE(] D m I E�X G â

E(�H� G ±
® E(U � ¯��é±`°�±mü
±`¼
Á�ß��É³�á¿´i¶�ÃÆ³�ßªÂuS$±#�\Ä�³�Ã�Ã�¶(ß§±kî�½kËÌP\Í�¿	·�Oß½cË
Î�³°ÍÂ½�â D U�m R ] I â D ]H] D ±
® E(UH�:¯$²ª±�ü
±�°ªÁ�¸�¶�Ã½à�³�ß§âs÷%±�ñ$±*[%¶(µ¿Ä½è§â\[�±�ü�±:ÓÜµ ç ¶(¸½¾ªâs³�ßªÂ'À>±�²ª±�°m¸½µ·Ã�È�è§±�î�½�¾¢Î1Ï*À(½xË
Î�³�Í�½�â�E(]H]�mFE I ]H� � â

E(�H� I ±
® E�X1]:¯�
�±�[�ü�á¿á·¶*³�ßªÂ�[�±ª²iºm¾ª±Üî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E � mFEsâ~E(�H� R ±
® E�X�E°¯�[�±ª²iºm¾ªâ	
�±<[Tü�á¿á·¶sâ)³�ßªÂ�°�±<�Æ¶(ºmà�³�ßmß§±Üî�½kËÌP\Í�¿	·�Oß½cË
Î�³°ÍÂ½·â D ]�mVUH]�Esâ
E(�H�H��±
® E�X D ¯$À�±`ÅÆ¸�Á�ÇÉÈ�Ámâ`À�±mü7³�È�èªÃÉâ`³�ßªÂ8°�±m²`±ª¹�ºª»\ºª¶s±Üî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E I m GHI U�âxE(�H� G ±
® E�X1U:¯$¹f±)ÅÆßªÃ�³�¾i¶(¸É±Üî�½�Ã�ÍÂ½ÙË
Î�³�Í�½xÞ�P(µs½�â GH� mFE�X �HI âxE(�HU I ±
® E�XHX\¯$²ª±é¹�µ^âC¼'±x�'±~S
³%�kY|µ¿ßªÃÉâÌ
�±¢²ª±�
�¸�³�à¬¶(¸Éâé³�ßªÂ���±C¼'±¢÷¢¸½ºmèmá�³�¸É±ÇË
Î�³°ÍÂ½�¾cÎ1Ï*À%½�ì
³�OQOß½·â DH�H� m D �HU�â

E(�H� � ±
® E�X G ¯$÷%±Üè.èkº§â7²`±�¹§µ^â7¼�±c�'±cS�³(�kY\µ¿ßªÃ�âT
�±�²ª±T
�¸�³�à¬¶(¸Éâ7³�ßªÂé�'±7¼'±�÷§¸½ºmèmá�³�¸É± î�½�Ë
Î�³�Í�½�¾¢Î1Ï*À%½�â

E(]H��mV��EHE R â
E(�H� � ±
® E�X I ¯$²ª±�¹�µ^â�÷%±Hè.èkº§âi¼'±s�'±*S�³(�kY\µ¿ßªÃ�â:�é±*ÓNµ¿ßm¾i¶(ÄÉâ*�'±�ñ�±�¹�µ·Á�Ä�³�¸�Â�â/
�±�²ª±/
�¸�³�à¬¶(¸Éâs³�ßªÂ��'±�¼�±�÷¢¸½ºmèmá�³�¸É±

ÑxÎ�³ÅP\¹%½ÜË
Î�³°ÍÂ½�ÃÜµÅµ:½·â~E(]HU�mV��â
E(�H�H��±



R\I ð g ð  ~g%¡¨ñÙ§���ò�d>�
® E�X R ¯$ñ�±mü�Á�ßªÂ�µ^±Üî�½~¾cÎ1Ï*À%½cË
Î�³°ÍÂ½�â IH� m XHX�EsâxE(� I Xª±
® E�X � ¯$À�±mü7³�È�èªÃÉâª°�±ª²`±m¹�ºª»kºª¶sâ.³�ßªÂ�À>±`ÅÆ¸�Á�ÇÉÈ�Ám±�î�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E G m XHX I âxE(�H�*Xª±
® E�X1�:¯$°�±ª²ª±m¹§ºª»kºª¶sâ	
�±`ñdá·¶(à�ð�ß§âªÀ�±mü7³�È�èªÃÉâ.³�ßªÂ�À>±`ÅÆ¸�Á�ÇÉÈ�Ám±Tî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â�E R m � ] I â~E(�H� I ±
® E G ]:¯$°�±m²ª±m¹�ºª»\ºª¶sâ���±�è.è`³�ßm¾ªâ	
�±mñdá·¶(à�ð�ß§âmÀ�±mü7³�È�èªÃÉâm²`±`¼%³�Ámâª³�ßªÂ�À>±`ÅÆ¸�Á�ÇÉÈ�Ám±kî�½�¾¢Î1Ï*À%½cË
Î�³�Í�½�â

E(]H]�m X DHI ��â
E(�H� I ±
® E G E°¯�
�±	
�ºm¸½ºmÄ�È�èª¶(ÄÉâ`À�±`ÅÆ¸�Á�ÇÉÈ�Ámâ.³�ßªÂ�°�±m²ª±`¹�ºª»kºª¶s±Tî�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½�â DHD mFEHE � ]�â D ]H]�Es±
® E GHD ¯$²ª±)¹f±��é³�Ã�È(º`³�áæåúñdè\ºmµ¿¸Éâ�ÞM±��\µ¿á¿á�³�â)²ª±)÷¢Á�à�³�Ã½µ^â�³�ßªÂ8þ$±`ü�Á�ß`³�È�È�Á�¸�Ã½µ^±�î�½�ËÌP\Í�¿	·�Oß½ÜË
Î�³°ÍÂ½·â � m RHR\� â

E(� �/R ±
® E G U:¯$²ª±`¹f±��C³�Ã�È(º`³�áæåúñdè\ºmµ¿¸
³�ßªÂ�Þd±	�\µ¿á¿á�³�±Üî�½ÙËÌPHÍT¿�·�Oß½ÙË
Î�³�Í�½�â�EHEHmFE(]*X R â~E(�H�H]�±
® E G X\¯$ÞM±��\µ¿á¿á�³�âªÿ�±m÷¢ºmêªÊ�ß§â.³�ßªÂ�²`±m¹f±��C³�Ã�È(º`³�áæåúñdè\ºmµ¿¸É±�î�½ÙËÌP\Í�¿	·�Oß½ÙË
Î�³°ÍÂ½·â���mFE(] RHR âxE(�H��Es±
® E GHG ¯$À�±`ÅÆ¸�Á�ÇÉÈ�Á�³�ßªÂ�°�±ª²ª±m¹§ºª»kºª¶s±KË
Î<³°ÍÂ½�¾¢Î1Ï*À%½�â�E �HD m D U R âxE(�H�*Xª±
® E GHI ¯�
�±ª÷é³�ß�ë£Á�¸�Â�±ÒÑxÎ�³�ý�Ï/º\¹¶PÁ¿#Î�P1L�M7µ¨Æ�ú�³¶µ(Oï±�ÓÜµ¿á·¶(äiâ��Æ¶��Ø�lÁ�¸¶Y)â�E(� � ]�±
® E G/R ¯$÷%±~�é±x�\Ä½¸�³s³�Ä�Ã½à�³�â
S$±9²ª±

�±�ü�¶(¸�¶(ßªÂmÃ�¶(ß§âô³�ßªÂR²ª±~�é±§À>±��éÁsÃ½Ä½à�³�±¦î�½�Ë
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â �HG m I/R\D ]�â

E(� �HI ±
® E GH� ¯���±m÷%±	�|Á�ºmÄ½è`³�á¿á^â#[�±mñ�±<��µ¿á¿á^â`³�ßªÂ�ñ�±<�'±m²ª±�S
³�ä|à¬¶(ÄÉ±Üî�½�¾¢ÎwÏ:À(½ÙË
Î�³°ÍÂ½�ódâ�E(] I m GHD Esâ D ]H] D ±
® E G �:¯���±	
�±ªÀõ³�¸½Ä½µ¿ß§±KÕÙ·<J\N#O7M7O|JHO7M3Ý*³¨á¨¹°·H¼�áÒ³ÁÀ°M¸¼\N�½~Ã Ë-¹ÁM7O7MQµÅJ\²�ÛÁN#O7¹¶P(º\·<µ%O7MQP\N`±�À¯³�¸�È�¶(á
��¶�Y�Yi¶(¸Éâ#��¶��

�lÁ�¸¶Y9â~E(� R\� ±
® E I ]:¯$ñ�±m¹f±�S�Á�¸½´�³�Ä½è§±k±�P\²´³¶µ�·�²¸J\¹¨á�³°ÀÁMF¼\N`±IÞIá·Ã�¶(´|µ·¶(¸ÉâªñÆà¬Ã½Ä�¶(¸�Âª³�à�â~E(�H� D ±
® E I E°¯�
�±�S
³�ßªÃ�È�è8³�ßªÂ�ñ$±m¹¢¶�Ám±�Æ��Á¿	²FP\¹°M?Nw¼aÕcÞ�Ã�å�Ð�ã�·�N	º/J\ÍÂ³°N	O|J\²ÈÀKJ\N�ºÒÃc¿/¿	²»M7µÅJ/O7M7P\N�À�M3N�Ë
Î�³°Í�M�À�O7¹ÁÏ

J\N�ºÒóÜM7PH²¸PÅ¼HÏ�±�ñdà¬¶(¸½µ·ÈÉ³�ßn
�èª¶(à�µ·ÈÉ³�á��|Á|È(µ·¶(Äúäiâ<ÓE³�Ã½èmµ¿ßm¾sÄ�Á�ß���
�â�E(�H� G ±
® E IHD ¯$þ$±mÀ¯³�ßmßmèªÁ�á·Â8³�ßªÂu[�±���¸�ÁsÃ�ÃÉ±�ÕÙ·�JHN#Oß½xÞ	O7¹°·�µ%Oß½�ÃTµ%Oß½~åÜ³�²¸JHOß½�â~E G m X1]HU�â~E(�H� I ±
® E I U:¯$þ$±IÀ¯³�ßmèªÁ�á·Â�â�¼�±¢
�¸½ºªÈ(µ�³�ßmµ^â�[�±���¸�ÁsÃ�ÃÉâf³�ßªÂ þ*±C²ª±fþÆ¶�YwYi¶(¸É±éî�½�ËÌP\Í�¿	·�O7âQÃ�M7ºw³¶º}±nP\²F½ÙáÒ³ÁÀ%½�â

E D m G/R U�â
E(�H� � ±
® E I X\¯$þ$±mÀ¯³�ßmèªÁ�á·Â8³�ßªÂuS$±m²ª±ª´�³�ß�Âm¶�ÓE³�Ä�¶(¸ ç ¶�¶(à¬Â�±Tî�½kËÌP\Í�¿	·�O7â7Ã�MQº1³¶º�±�P\²´½�á�³ÁÀ(½·âxE G mVUHU R â D ]H]�Es±
® E IHG ¯�
�±ª²`±	
�¸�³�à¬¶(¸Æ³�ßªÂ��'±`¼'±m÷¢¸½ºmèmá�³�¸É±�Ë
Î�³°ÍÂ½�¾¢ÎwÏ:À(½�ìx³�OQOß½�â�E(� � m R XªâxE(�H� D ±
® E IHI ¯��'±C²ª±f¼�µ·¶�Ã�¶(ß§â�
�±�
�±�
�è`³�à ç ¶(¸Éâ�
�±é²`±Ì
�¸�³�à¬¶(¸Éâf³�ßªÂ{�'±f¼'±é÷§¸½ºmèmá�³�¸É±Çî�½¢¾cÎ1Ï*À%½�Ë
Î�³°ÍÂ½�ódâ

E(]�EHm G ] � Xªâ
E(�H� R ±
® E I/R ¯'¼'±<�'±�S
³%�kY|µ¿ßªÃÉâ#
�±ª²`±	
�¸�³�à¬¶(¸Éâ`³�ßªÂ��'±`¼'±m÷¢¸½ºmèmá�³�¸É±Tî�½x¾¢Î1Ï*À%½ÙË
Î�³�Í�½�ódâ~E(] D mVU DHG/R âxE(�H� � ±



ð g ð  ~g%¡¨ñÙ§���ò�d>� RHR
® E IH� ¯$°�±ª²ª±m¹§ºª»kºª¶sâmý'±mü7³�¸½¸½µ¿á^â`³�ßªÂ�À�±`ÅÆ¸�Á�ÇÉÈ�Ám±Tî�½ÙËÌP\Í�¿	·�O7âQÃ�M7ºw³¶ºÂ±�P\²´½�á�³ÁÀ(½·â�E(U�mFE(UH��âxE(�H�H��±
® E I �:¯*ý'±�ü7³�¸½¸½µ¿á^â§²ª±�ÀoºmêªÁ�Çiâ�°�±�²`±�¹�ºª»kºª¶sâô³�ßªÂRÀ>±¢ÅÆ¸�Á�ÇÉÈ�Ám±Â¾¢ÎwÏ:À(½�Ë
Î�³°ÍÂ½�Ë
Î�³°ÍÂ½�¾¢Î1Ï*À%½�â D m X � � R â

D ]H]H]�±
® E R ]:¯$²ª±�ÀoºmêªÁ�Çiâ�ý�±�ü7³�¸½¸½µ¿á^â�°�±�²ª±�¹�ºª»\ºª¶sâ�²`±�¹f±i¼
¶(á¿Ëmã^âs³�ßªÂ�À>±iÅÆ¸�Á�ÇÉÈ�Ám±�ã�·�N	º/JHÍ�³�N#O|J\²ÄÀkPÊÉc±�PH²F³¶µ%·w²FJ\¹

Þ#M3Í�M?²FJ\¹°M3O7Ïsâ|Ë`³�¾i¶�E�X1U�±�[
á¿ºw��¶(¸�ñ7ÈÉ³�Âm¶(à�µ·Ès�*�Iá·¶(ßkºmà�â���¶��à�lÁ�¸¶Y)â D ]H]�Es±
® E R E°¯$²ª±ôÀ8ºmêªÁ�Çiâ§ý�±§ü7³�¸½¸½µ¿á^âôü�±xSÆ¶(¸½ß`ð�ßªÂm¶(ÇiâôÀ>±ôÅÆ¸�Á�ÇÉÈ�Ámâé³�ßªÂÙ°�±§²ª±ô¹�ºª»kºª¶s±�î�½�ËÌPHÍT¿�·�Oß½�Ë
Î�³�Í�½�â

D U�m GHG Xªâ D ]H] D ±
® E R\D ¯$°�±ª²ª±m¹§ºª»kºª¶sâª²`±ªÀ>±mü�Á�öªá¿á^â`³�ßªÂ8À>±`ÅÆ¸�Á�ÇÉÈ�Ám±Üî�½kË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�E(]HU�mFE(]�E � U�â
E(�H� G ±
® E R U:¯$²ª±)¼'±mñdßm¾säkð�ß§±Tî�½ÙË
Î�³°ÍÂ½�¾¢ÎwÏ:À(½·â�E(] R mFE D ��Esâ
E(�H� R ±
® E R X\¯$°�±ª²ª±m¹§ºª»kºª¶sâª²`±ªÀ>±mü�Á�öªá¿á^â`³�ßªÂ8À>±`ÅÆ¸�Á�ÇÉÈ�Ám±Üî�½kË
Î�³°ÍÂ½�¾¢Î1Ï*À(½·â�E(] R mFE D �HU�â
E(�H� R ±
® E R\G ¯$°�±ª²ª±m¹§ºª»kºª¶*³�ßªÂ8À>±`ÅÆ¸�Á�ÇÉÈ�Ám±Üî�½~¾¢Î1Ï*À(½ÙË
Î�³°ÍÂ½�óMâ~E(]�EHm GHG/R U�â
E(�H� R ±
® E R\I ¯$ñ�±sÀoÁ�¸½¸�¶É³�á·¶sâ\²ª±s¹f±\¼%¶(á¿Ëmã^âi°�±s²ª±i¹�ºª»\ºª¶sâk³�ßªÂ¬À�±kÅÆ¸�Á�ÇÉÈ�Ám±
î�½ÌËÌP\Í�¿	·�Oß½�Ë
Î�³°ÍÂ½�â D X�mFE I E(]�â D ]H]HU�±
® E RHR ¯��'±ªÞIµ·Ã�¶(ß ç ¶(¸½¾�³�ßªÂ�ñ�±<��±mÀ¯È�¹¢³�È�èmá�³�ß§±ÙôKJHO7·w¹Å³(â#U�E(��mFE(�H��â
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Abstract 
 

In this study we revisit the protocol previously proposed within the framework of the 

Miertus-Scrocco-Tomasi (MST) continuum model to define the cavity between solute 

and solvent for predicting hydration free energies of univalent ions [Orozco, M.; Luque, 

F. J. Chem. Phys. 1994, 182, 237]. The protocol relies on the use of a reduced cavity 

(around 10-15% smaller than the cavity used for neutral compounds) around the atom(s) 

bearing the formal charge. The suitability of this approach is examined here for a series 

of 47 univalent ions for which accurate experimental hydration free energies are 

available. Attention is also paid to the effect of the charge renormalization protocol used 

to correct uncertainties arising from the electron density located outside the solute 

cavity. The method presented here provides, with a minimum number of fitted 

parameters, reasonable estimates of the hydration free energy of ions (average relative 

error of 4.7%) and is able to reproduce solvation in water of both small and large ions. 
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Introduction 

 

 The theoretical study of chemical systems in condensed phases has experienced 

an extraordinary evolution in the last decades, leading to a number of computational 

approaches that combine quantum mechanical (QM) or classical descriptions of the 

solute with continuum or discrete representations of the solvent molecules.1 One of 

these approaches is the self-consistent reaction field (SCRF) continuum model, where 

the solute resides in a cavity carved into a continuum polarizable medium that simulates 

the solvent.2 In spite of the rather crude description of the solvent, QM SCRF methods 

have found a widespread acceptance due to several reasons. First, the availability of 

well-defined formalisms developed to account for the mutual coupling between the 

solute’s charge distribution and the solvent’s reaction field (see ref. 3 for a recent 

review). Second, the ease of gaining insight into the solvent-induced changes in the 

properties of the solute upon transfer from the gas phase to solution.2,4 Third, its low 

computational cost, which is only slightly larger than the corresponding QM calculation 

in the gas phase.  

Though the preceding features have made QM SCRF methods very popular for 

the study of molecules in solution, their chemical accuracy has mainly been restricted 

by the uncertainty in the location of the boundary between solute and solvent.2 In the 

last decade a large research effort has been spent to parametrize the solute cavity in 

different SCRF methods, such as the multipolar expansion method developed at Nancy,5 

the generalized Born SMx solvation models from Cramer and Truhlar,6 the Polarizable 

Continuum model from Tomasi and coworkers7 and the related Miertus-Scrocco-

Tomasi (MST) version developed at Barcelona,8 or the conductor-like screening model 

from Klamt and coworkers.9 As a result, the most refined QM SCRF methods predict 
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the free energy of solvation of neutral molecules in a variety of solvents with an average 

error clearly below 1 kcal/mol when solute cavities adjusted to the specific electrostatic 

model are used.10 

For ionic solutes, the uncertainty in the hydration free energies determined from 

QM SCRF methods is larger (around 4-5 kcal/mol). The lower predictive accuracy for 

ions arises not only for the intrinsic problems in representing the strong solute-solvent 

interactions existing between water and ions, but also to the poor quality of most 

experimental data. For neutral solutes the solvation free energy can be directly obtained 

by measuring partition coefficients of solutes between gas phase and dilute aqueous 

solutions in equilibrium. In this way the uncertainty of the measured partition 

coefficient increases with increasing solvation free energy, and eventually the 

concentration of solute molecules in the gas phase falls below the experimental 

detection limits when the solvation free energy (in absolute terms) exceeds ~12 

kcal/mol.11 This makes it necessary to determine the solvation free energy of ionic 

species by indirect approaches based on the use of suitable thermodynamic cycles. For 

example, Pearson12 determined the experimental solvation free energies for a number of 

univalent ions using the relationships given by Eqs.1 and 2 for cations and anions, 

respectively.  

 

)AH(RTpK.)A(G)H(G)A(B)AH(G asolsolgsol
+++ −++= 3032∆∆∆  (1) 

)BH(RTpK.)BH(G)H(G)B(B)B(G asolsolgsol 3032++−−= +−− ∆∆∆  (2) 

where Bg  is the gas phase basicity and solG∆ denotes the free energy of solvation. 

 

Note that according to Eqs. 1 and 2 the quality of the “experimental” solvation 

free energies of cations, )AH(Gsol
+∆ , and anions, )B(Gsol

−∆ , depend on the accuracy 
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of different thermodynamic quantities, such as the gas phase basicity, the solvation free 

energy of the conjugate neutral base, )A(G sol∆ , or acid, )BH(G sol∆ , the pKa constant, 

and the solvation free energy of the proton, )H(G sol
+∆ . It is also worth noting that 

correction terms (not explicitly indicated in Eqs. 1 and 2) arising from the standard state 

definition of the chemical species in the gas phase and in solution might be necessary. 

Thus, solvation free energies can be defined for the hypothetical process of transferring 

a species from a fixed position in the gas phase to a fixed position in the solution phase, 

which is equivalent to using the same standard states (typically 1 M concentration) for 

gas and solution phases.13 However, experimental data in the gas phase is generally 

referred to an ideal gas at 1 atm. of pressure, so that a correction term of RTln(RT) must 

be considered.  

In his original work Pearson used an estimated )H(G sol
+∆  value of -259.5 

kcal/mol, which was also adopted by Florian and Warshel in the parametrization of their 

Langevin dipole solvation model.14 However, the values of )H(Gsol
+∆  used by other 

authors vary considerably (from -252 to -263 kcal/mol)15. This range of error is similar 

to that determined from theoretical calculations16 and introduces a noticeable range of 

uncertainty in the “experimental” hydration free energy of ions. More recently, 

Tissandier et al.,17 using a cluster-pair approximation and thermodynamic properties of 

ion-water clusters, derived a value of )H(G sol
+∆ =-264 kcal/mol. A very similar value 

has recently been derived by Tuttle et al and by Coe and coworkers.18 Because this new 

)H(G sol
+∆  value is considerably more negative than the previous ones, it has a 

significant effect on the absolute solvation free energies of ions and the corresponding 

acidity/basicity constants.  
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Pliego and Riveros have recently derived new experimental values for the 

hydration free energies of 47 univalent ions using as reference the solvation free energy 

of the proton derived by Tissandier et al.19 In light of the new reported values, the aim 

of this work is to revisit the original parametrization of the MST model20 to predict the 

corrected experimental hydration free energies for ions. In turn, this makes it necessary 

to solve additional fundamental problems for a continuum description of solvation. 

First, how should solute cavities be defined for ionic compounds, which are generally 

characterized by a large anisotropy in the charge distribution? Second, how can errors in 

the solvation free energy arising from the solute charge density lying outside the cavity 

be corrected?  

In our previous MST parametrization for ions,20 the van der Waals radii used to 

built up the solute/solvent interface were scaled by a factor of 1.10-1.15, which is 

around 10% smaller than that recommended for the hydration of neutral solutes.8 

Moreover, the inaccuracies in the apparent surface charges due to the solute electron 

density lying outside the cavity was treated by means of a simple uniform correction 

procedure. However, owing to the small size of the ions examined in that study, the 

strategy of reducing the whole cavity might not be appropriate for ionic compounds 

having larger, more complex chemical structures, specially when there is high 

anisotropy in the charge distribution along the molecule. Then, we explore here the 

suitability of our original strategy, but limiting the reduction of the cavity to the atom(s) 

that bear the formal charge in the ion. Furthermore, to reduce artefacts arising from the 

solute charge density penetration, different charge renormalization procedures are tested 

to determine their consistency in predicting the hydration free energies, particularly for 

anions having diffuse charge distributions 
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Methods 

 

The MST continuum method. In the MST model the free energy of solvation is 

determined as the sum of three contributions: electrostatic, cavitation, and van der 

Waals. Following the formalism of the Polarizable Continuum model (PCM) originally 

developed by Miertus, Scrocco and Tomasi,7 the electrostatic term (∆Gele) is determined 

by using a set of apparent charges spread over the cavity surface (Eq. 3), which account 

for the reaction field created in the solvent by the presence of the solute’s charge 

distribution. The apparent charges are obtained by solving the Laplace equation with 

suitable boundary conditions (Eq. 4).  

 

∑
=

=
M

1j j

j
R

r - r

q
  V  (3) 

where VR is the perturbation operator used to couple the solute’s charge distribution and 

the solvent reaction field, M is the total number of surface elements, j, into which the 

solute/solvent boundary is divided, and qj is the apparent charge at the j surface element, 

which is centered at rj.  

  

j
T

jj )
n

V
(  S

ε π 4

1-ε
  -  q

∂
∂

=  (4) 

where VT is the total electrostatic potential, which includes both solute and solvent 

contributions, n is the unit vector normal to the surface element j, Sj is the area of the 

surface element j, and ε is the solvent dielectric constant.  
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The cavitation free energy is determined following Pierotti’s scaled particle 

theory21 adapted to molecular shaped cavities by using the procedure proposed by 

Claverie (Eq. 5).22 Thus, the cavitation free energy of atom i, ∆GC-P,i, is determined 

weighting the contribution of the isolated atom, ∆GP,i, by the ratio between the solvent-

exposed surface of such an atom, Si, and the total surface of the molecule, ST (Eq. 5). 

Finally, the van der Waals term (∆GvW) is computed using a linear relationship to the 

solvent-exposed surface of each atom (Eq. 6). 

 

iP

N

i T

i
cav G

S

S
∆G ,

1

∆∑
=

=  (5) 

where N is the number of atoms 

 

i

N

i
ivdw S∆G ∑

=
=

1

ξ  (6)    

where ξi  is the atomic surface tension, which is determined by fitting to the 

experimental free energy of solvation.  

 

Molecular-shaped GEPOL cavities23 are used to define the solute/solvent 

interface for the calculation of electrostatic and non-electrostatic (cavitation, van der 

Waals) terms. In the last parametrization of the MST model, a dual-cavity strategy was 

used,24 so that nonelectrostatic contributions are determined by using a van der Waals 

surface mainly built up from Pauling’s radii (in Å; polar hydrogen: 0.9, apolar 

hydrogen: 1.2, C and N: 1.5, O: 1.4, F: 1.35, S: 1.75, and Cl: 1.80), whereas the 

electrostatic term is determined by using a solvent-exposed surface created by scaling 

the atomic radii by a solvent-dependent factor, λ, which adopts values of 1.25, 1.50, 

1.60 and 1.80 for the solvation of neutral compounds in water, octanol, chloroform and 
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carbon tetrachloride. Based on the comparison of the ∆Gele values determined from 

MST and from Monte Carlo-Free Energy Perturbation (MC-FEP) calculations for seven 

small ionic compounds,20 it was found necessary to further reduce the solute cavity by 

around 10% to compute the hydration free energy of univalent ions. This reduction was 

justified by the fact that due to strong electrostatic interactions solvent molecules are in 

general closest to the atoms of charged molecules than in those of the neutral ones. 

 

Charge normalization. Owing to the solute charge density that lies outside the cavity, 

and to the numerical errors due to tessellation of the cavity surface (Eq. 4), the sum of 

the apparent surface charges, ∑=
j

jqQσ , in the MST (PCM) model do not satisfy the 

relationship given by Eq. 7,7a,25 where QM denotes the total charge of the solute, and the 

error in the charges is given by σσ∆ QQtheor −= , where Mtheor QQ
ε

ε 1−−= .   

 

M
QQ

ε
ε

σ
1−−=  (7) 

 

The MST model8 takes into account the charge normalization by using the 

expressions given in the original formalism7a (denoted in the following as the standard 

correction (SC) approach), as noted in Eqs. 8a-b, where +
σQ  and −

σQ  denote the sum of 

positive and negative apparent charges, respectively. 

 

[ ])2/(1' ++= σσ∆ Qqq jj                     for 0>jq  (8a) 

[ ])2/(1' −+= σσ∆ Qqq jj                     for 0<jq  (8b) 
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More elaborate treatments of the charge compensation have been developed by 

the Pisa group.26 The most accurate procedure (denoted density-corrected (DC) 

approach hereafter) relies on two main features. First, the introduction of separate 

factors to correct the apparent charges induced by nuclei ( Zf ) and electrons ( ef ), 

which makes possible to correct the numerical errors on the nuclear charges, which are 

only affected by the discretization of the cavity (Eq. 9). Second, the explicit calculation 

of the charge density outside the cavity (Qout), which is determined from the flux of the 

solute electric field through the cavity surface (Eq. 10). Using this new approach the 

solvent response induced by the electron charge density inside the cavity (Qin) is then 

only affected by the numerical errors due to tessellation of the cavity (Eq. 11).  

 

Z
M

j

Z
j

Z Qqf
ε

ε 1−−=∑        (9) 

))(
4

1
()( dsnsEQQQQ sS M

e
Min

e
Mout ⋅⋅+−=−−= ∫π

  (10) 

where )(sEM  is the electric field created at each tessera of the cavity. 

 

e
Min

j

e
j

e Qqf ,
1

ε
ε −−=∑  (11) 

 

For the sake of completeness, let us note that an alternative procedure used by 

other groups to alleviate the effects due to the charge density that lies outside the cavity, 

where the continuous charge distribution obtained from quantum mechanical or density 

functional calculations is replaced by a set of atomic point charges, often supplemented 

by point dipoles, which are then used to evaluate the solvent reaction field by means of 

finite-difference Poisson-Boltzmann or boundary element techniques.27 This approach, 
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nevertheless, demands that the set of point charges accurately reproduces the charge 

distribution of the solute, which then raises the question about the best procedure to 

derive the atomic charges.28 

 

Computational details. The set of compounds compiled by Pliego and Riveros19 has 

been used to examine the suitability of our previous parametrization of the MST model 

to predict the hydration free energy of univalent ions. In order to be consistent with our 

previous work,20 all calculations have been performed at the HF/6-31+G(d) level. 

Following the standard MST protocol,8,20 the gas phase geometry of the charged 

molecules was fully optimized and subsequently used for calculations in solution. The 

MST hydration free energies were determined by using a locally modified version of 

Monstergauss.29 For the sake of comparison, computations were also performed by 

using the Integral Equation Formalism30 of the Polarizable Continuum Model (IEF-

PCM), which has been claimed to be less sensitive to the inaccuracies arising in the 

calculation of the electrostatic term. IEF-PCM calculations were performed by using the 

code implemented in Gaussian03.31   

 

Results and discussion 

 

About the cavity definition for ionic species. Though the choice of the solute/solvent 

boundary is a crucial parameter in the development of any QM SCRF method, the 

definition of the solute cavity is even more delicate for ionic compounds, whose 

electrostatic field strongly perturbs the solvent, thus making the solvent molecules in the 

first hydration shells to exhibit properties clearly different from those of the bulk 

solvent. In turn, hydration also changes the electron density distribution of ions,32 

leading to differential trends in the electron rearrangement that takes place for cations 
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and anions. Therefore, it can be questioned whether the hydration of ions can be 

described in an effective way by means of a suitable refinement of the solute cavity in 

continuum models, and whether or not such a refinement is well suited to reproduce the 

solvent-induced change in different molecular properties of the solute.33  

An attempt often considered to describe the solvation of ions consists of the 

addition of an arbitrary number of solvent molecules to the solute, while the rest of the 

solvent is treated as a continuum dielectric.34 This approach, however, raises some 

problems, such as the increase in the computational task, the need to obtain appropriate 

averages of the thermally accessible configurations or the treatment of the librational 

motions originated from the weak interactions between solute and solvent molecules. 

Moreover, by adding few solvent molecules, the conceptual problem of the solvation of 

the solute alone is transformed into the solvation of the solute-solvent cluster. Finally, 

the analysis of solute-solvent clusters for medium and large size molecules becomes 

even more problematic and computationally more expensive. Because of these 

considerations, we prefer here to limit the QM discrete description exclusively to the 

solute. This choice, nevertheless, raises the delicate question about the suitability of 

transferring the cavity definition optimized for the solvation of neutral solutes to ionic 

compounds.  

In the original MST parametrization,20 the optimum cavity for the hydration of 

ions was defined by scaling the atomic radii by a factor of 1.10-1.15, which implies a 

reduction with regard to the scaling factor of 1.25, i. e. the value optimized for the 

hydration of neutral solutes.8 A similar correction was also adopted in the UAHF 

parametrization of the PCM model,7c where the atomic radii are reduced depending on 

the formal charge carried by atoms, though different correction factors are used for 

cations and anions. Others authors have also proposed to exploit alternative 
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relationships between the atomic charge and the effective atomic radius,35 or to use 

modified set of atomic radii.36 An alternative approach for cavity size comes from the 

use of isodensity contours of the electron density, which can be adjusted during the 

SCRF calculation as the charge distribution of the solute is polarized by the solvent 

reaction field.37 Here the electron density contour that leads to better agreement with the 

experimental solvation free energy for ions is larger than that required for neutral 

compounds.38  

For our purposes here, we have decided to retain the original idea of reducing 

the scaling factor (λ) that multiplies the atomic radii in order to build up the solute 

cavity used to calculate the ∆Gele component. However, instead of reducing the whole 

cavity of the solute, which might be appropriate for small size ions, the scaling down is 

here limited to the heavy atom (and the hydrogen atoms attached to it) that bears the 

formal charge. Thus, for alcohol cations and anions the reduction in the cavity only 

affected the -OH2
+ and -O- groups. In the case of ionized carboxylic acids, such a 

reduction only affected the oxygen atoms in the –COO- group. Besides retaining the 

simplicity of the original approach, this strategy allows us to exploit the same set of 

scaling factors that modulate the cavity definition for the calculation of the electrostatic 

component of the solvation free energy (see Methods), while introducing a minimum 

number of parameters to describe the hydration of ionic species. 

  

Refinement of the MST model for ions. The adjustment of the scaling factor λ used to 

determine ∆Gele was performed with the aim to minimize the deviation of the calculated 

hydration free energy, ∆Ghyd, from the experimental value for the series of monovalent 

ions. Following our previous study,20 MST-HF/6-31+G(d) calculations were performed 

by reducing progressively the scaling factor from λ=1.25 to λ=1.00. The ∆Gele values 
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were calculated by using both SC (Eqs. 8a,b) and DC (Eqs. 10 and 11) charge 

renormalization schemes. The cavity used to compute the ∆Gele term was built up by 

using the set of atomic radii typically used in MST calculations (see Methods). Finally, 

the non-electrostatic (cavitation and van der Waals) component, which was estimated by 

using the standard atomic surface tensions determined for neutral molecules, was added 

to the ∆Gele term to calculate ∆Ghyd. This computational strategy benefits from the fact 

that the ∆Gele term is the dominant contribution to the hydration of ionic solutes, and 

from the partial cancellation between cavitation and van der Waals components. 

Figure 1 shows the profiles of the root mean square deviation (rmsd) and relative 

error (in percentage) between experimental and calculated ∆Ghyd values determined for 

different scaling factors. The smallest deviation is found for a scaling factor λ ranging 

between 1.10 and 1.15, which implies a reduction in the size of the cavity around 90% 

relative to that used for neutral molecules. It is also worth noting that such a range of 

values is in agreement with the results found previously by comparing the ∆Gele values 

determined from MST and MC-FEP calculations for a subset of small ions.20 The 

results in Figure 1 also point out that both the rmsd and the relative error are further 

reduced by near 1 kcal/mol when the DC charge renormalization scheme is considered. 

This finding can be attributed to the larger efficiency of this method to account for the 

anisotropies in the charge distribution of the ions.  

Table 1 reports the electrostatic component of the hydration free energy 

determined from MST calculations by using a scaling factor of 1.15 and the two charge 

compensation schemes. For the sake of comparison, it also reports the values 

determined by using the IEF-PCM formalism and the same cavity definition for the 

univalent ions. Comparison of the MST and IEF results is shown in Figure 2. The 

regression equations indicate that there is close agreement between MST and IEF 



  Curutchet et al., October 2004, revised version 

 

14 

results. Thus, the MST-SC ∆Gele values (Eq. 12) are around 3% larger than the IEF 

ones, and such a difference is reduced to only 2% when the MST-DC results are 

considered (Eq. 13). The most notable difference between the two charge normalization 

schemes, nevertheless, is reflected in the correlation coefficient of the regression 

equations, which is significantly larger when the MST-DC results are considered. This 

finding points out not only the superiority of the DC charge normalization scheme, but 

also the lower sensitivity of the IEF formalism to the errors arising from the penetration 

of the charge density outside the solute cavity. Moreover, these results suggest that the 

MST-DC optimized cavities can be considered to be transferable to the IEF-PCM 

framework. 

 

SC)(MSTG).(.(IEF)∆G eleele −±= ∆00909700  90.0=r  2191.F =  (12) 

)()005.0(979.0)( DCMSTGIEFG eleele −±= ∆∆  97.0=r  8748.F =  (13) 

where r is the Pearson’s correlation coefficient and F stands for the Snedeckor’s 

distribution parameter. 

 

Considering the MST-DC results shown in Table 1, the rmsd between calculated 

and experimental hydration free energies amounts to 5.8 kcal/mol (relative error of 

5.9%). For the subset of 25 anions the rmsd is 4.7 kcal/mol, but it amounts to 6.9 

kcal/mol for the 22 cations. Based on this finding, one might be tempted to use different 

scaling factors to build up the solute cavity for anions and cations. However, the larger 

rmsd found for cations mainly arises from deviations in protonated R-O-R’ (methanol, 

ethanol, dimethyl ether, diethylether) and R-CO-R’ (acetone, methyl phenyl ketone, 

methyl ethyl ester) groups, which have relative errors ≥ 10%. When these compounds 

are excluded, the rmsd for the subset of cations (3.6 kcal/mol) is similar to that found 
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for anions. It is not clear whether the notable deviation found for these compounds 

might stem from short-range interactions with hydrating water molecules not properly 

accounted for in the continuum model. Keeping in mind the limited availability of 

accurate ∆Ghyd values for ionic compounds and the assumptions intrinsic to the 

continuum method, it seems to us not justified, at least on the basis of present results, to 

use different scaling factors for anions and cations, a procedure already used in the 

context of solvation calculations of ion hydration carried out by using the Born 

equation.39 Likewise, attempts to reduce these errors by distinct reshaping of solute 

cavities seems not justified and might even yield to non-physical over-trained models. 

An alternative strategy to reduce the difference between computed and 

experimental data involves the adjustment of the atomic surface tensions, ξi  (see Eq. 6), 

which in the MST model are typically determined by fitting the experimental free 

energies of solvation. Since steric terms are used in continuum models to account 

implicitly for effects other than pure bulk electrostatic effects, the fitted parameters for 

neutral and charged molecules might not be equal. Accordingly, one can expect that 

restricting the refinement of the surface tensions only to the atom(s) bearing the formal 

charge would suffice to improve the agreement between calculated and experimental 

∆Ghyd values. From a practical point of view, caution is required owing to the limited 

availability of data for certain atom types, which can lead to overtraining of the method. 

Thus, the only statistically significant improvement was obtained when the surface 

tension of the OH+ group was adjusted to -0.51 kcal mol-1 Å-2, which is near 4-fold 

more negative than the corresponding value for neutral molecules (-0.14 kcal mol-1 Å-

2).8d With the only correction of this surface tension, the rmsd between calculated and 

experimental ∆Ghyd values is 4.6 kcal/mol.  
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The calculated ∆Ghyd and its electrostatic and non-electrostatic components 

determined for the univalent anions are given in Table 2. With the exception of the 

protonated R-O-R’ and R-CO-R’ groups (see above), the non-electrostatic term is 

generally positive and only amounts, on average, to 3.9% of the hydration free energy. 

Overall, there is satisfactory agreement between experimental and calculated ∆Ghyd 

values, as noted in a relative error of 4.7%, and in the comparison of the regression 

equation given in Eq. 14 (see Figure 3), specially keeping in mind the variety of 

functional groups and sizes of the ionic compounds. 

 

)DCMST(G).(.(exp)G hydhyd −∆±=∆ 00800191  940.r =  0351.F =  (14) 

 

Prediction of pKa values. Since the acidity/basicity of molecules is crucial to 

understand chemical reactivity and intermolecular interactions, an intense research 

effort has been devoted to check the reliability of theoretical methods, particularly QM 

SCRF continuum methods, to predict accurately the pKa. Thus, Chen et al. were able to 

predict the pKa values for several molecules by using a model where the reaction 

potential was solved via finite-difference solutions to the Poisson-Boltzmann 

equation.25c For a small series of imidazole derivatives, Topol et al. predicted  pKa 

values with an average absolute deviation of 0.8 units from experimental data by 

combining results obtained from G2 or density functional calculations with SCRF 

estimates of the hydration free energies.25d Schüürmann et al. estimated the acidities of 

carboxylic acids by using the PCM-UAHF model at the SCF and MP2 levels, obtaining 

good correlations for relative pKa values but not for the absolute ones, arguing that the 

major sources of error stem from gas-phase calculations.40 Recently Shields and co-

workers predicted accurate absolute pKa’s for carboxylic acids41 and phenols42 using the 
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C-PCM model along with state-of-the-art gas phase ab initio calculations. Chen and 

MacKerell compared pKa differences in substituted pyridines by using semiempirical 

and ab initio gas-phase free energies along with IPCM, SCIPCM and SM2 solvation 

calculations, and relevant differences between the pKa values obtained at different 

levels of theory were found.43 By using the SSC(V)PE model, Chipman checked 

different isodensity thresholds to build up cavities in order to predict the pKa’s for 

alcohols, acids and amines.38b This study showed that no single isodensity contour can 

be applied to neutral compounds, anions and cations, and that good correlations can be 

obtained only for compounds sharing the same acidic functional group. Other studies 

also have pointed out the difficulty to predict absolute pKa values, which demand highly 

accurate estimates of both the gas phase free energy difference between acid and base 

partners and of the corresponding solvation free energies.44  

To assess the performance of the MST parametrization for ionic compounds, we 

have determined the pKa values for a series of carboxylic acids and substituted pyridines 

by using the thermodynamic cycle shown in Figure 4 and Eq. 15. These compounds 

were chosen because of the availability of experimental data for the gas phase 

basicities.45,46 For consistency with the MST parametrization, the experimental 

)H(G sol
+∆  value determined by Tissandier17 was used.  The hydration free energies of 

the neutral species were calculated by using the HF/6-31G(d) version of the MST 

model.8d Finally, to further compare the effect of the charge normalization scheme both 

MST-SC and MST-DC calculations were performed for ionic compounds.  

 

RTGKpK aqaa 303.2/log ∆=−=  (15) 
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Table 3 shows the results obtained for the two series of compounds, which 

encompasses a range of pKa values larger than 5 units. Comparison of the results 

obtained by using the two charge renormalization schemes supports the better 

performance of the DC procedure. Thus, whereas both MST-SC and MST-DC methods 

gives rise to similar relative pKa variations within the series of compounds (the rmsd 

between calculated and experimental pKa differences varies between 0.4 and 1.2 pKa 

units), the absolute pKa values determined from MST-DC computations agree better (in 

absolute terms) with the experimental values, as noted in a rmsd (in pKa units) of 1.0 

(MST-DC) and 2.4 (MST-SC) for carboxylic acids and of 1.9 (MST-DC) and 3.2 

(MST-SC) for substituted pyridines. 

Taking together the two series of compounds, the rmsd of the pKa values 

predicted from MST-DC calculations amount to 1.6 pKa units. This uncertainty can be 

mainly ascribed to the error in the hydration free energy of the ionic species, since the 

difference between calculated and experimental hydration free energy for neutral 

compounds (experimental ∆Ghyd available for acetic acid: -6.8 kcal/mol, pyridine: -4.7 

kcal/mol, and 4-methylpyridine: -4.9 kcal/mol) is less than 0.5 kcal/mol. Chen and 

McKerell reported rmsd values ranging from 1.22 to 4.14 pKa units depending on the 

method used to compute the solvation free energy (see above). For carboxylic acids 

alone, standard deviations of 0.4 pKa units have been reported by using Complete Basis 

Set models in conjunction with C-PCM calculations.41 However, accurate estimates of 

pKa values (i. e., with an error of half pKa unit) are typically obtained by means of an 

empirical fitting of the experimental pKa values.44b-d In the absence of those empirical 

adjustaments, the pKa values determined from MST-DC calculations compare 

satisfactorily with the experimental ones, thus giving support to the computational 

strategy used here to refine the MST method for the hydration of ionic compounds. 
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Zwitterion-neutral equilibria. Because of the high anisotropy in the charge 

distribution of zwitterions, the equilibrium between neutral and charge-separated forms 

is particularly well suited to examine the effect of the charge renormalization scheme 

within the framework of the MST model. To this end, we have examined the 

equilibrium between neutral and zwitterionic forms of nicotinic and isonicotinic acids 

(see Figure 5), a system that was previously studied by Nagy et al.47  In their study the 

free energy of tautomerization in water was determined by adding the relative free 

energies of hydration to the gas phase free energy difference between neutral and 

zwitterionic species. This latter quantity was estimated from calculations carried out at 

the MP2/6-311++G(d,p) level and subsequently corrected from zero-point energy, 

thermal and entropy corrections determined at the MP2/6-31G(d). At this level, the 

neutral forms are predicted to be favoured by 33-35 kcal/mol in the gas phase. To  

determine the relative stability of tautomers in water, we adopted the relative gas phase 

stabilities determined by Nagy et al., the hydration free energies of the neutral species 

were determined from MST/HF6-31G(d) calculations,8d and those of the zwitterionic 

compounds were obtained from both MST-SC and MST-DC calculations. 

Table 4 reports the hydration free energies of the neutral and zwitterionic species 

as well as the predicted tautomerization free energy (∆Gt) in water. As was found for 

the calculated pKa values, the results obtained from MST-DC computations agree better 

with the experimental data than those determined from MST-SC calculations. Thus, 

whereas both neutral and zwitterionic forms of nicotinic acid are predicted to have 

similar stability in water from MST-SC calculations, the neutral form is predicted to be 

destabilized by around 2.8 kcal/mol according to MST-DC results, which agrees with 

the observed preference of the zwitterion in aqueous solution by around 2.0 kcal/mol. 
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With regard to the isonicotinic acid, the MST-SC method predicts again the neutral 

form to be preferred in water, whereas the opposite trend is found from MST-DC 

calculations, which predict the zwitterion to be more stable by 1.7 kcal/mol, in 

agreement also with the experimental data. 

 

Solvent reaction field in SC and DC schemes. The whole of the preceding results 

support the better performance of the DC charge renormalization scheme for predicting 

the hydration free energy of ionic compounds. This finding agrees with the results 

obtained from the analysis of the fractional contributions of specific groups to the 

hydration free energy within series of congeneric alkane derivatives,48 since the DC 

scheme was found to yield consistently more transferable group contributions than the 

SC scheme.  

To gain further insight into the origin of the differences noticed between both SC 

and DC charge renormalization schemes, we have compared a series of electrostatic 

properties determined by using the wavefunction of the fully hydrated solute for a small 

subset of charged monosubstituted alkane derivatives (CH3X and CH3(CH2)6X, with X 

being NH3
+, OH2

+, NH- and O-). This series of compounds is well suited to our purposes 

because i) the enlargement of the side chain is expected to play a relatively small 

perturbing effect on the hydration of the X unit, and ii) this allows us to concentrate 

onto the differences in the solvent reaction field around the X group. To this end, we 

have computed the rmsd between the electrostatic potential at selected points in four 

layers around the molecule. For our purposes here, such a comparison was performed 

by including exclusively those points generated by scaling the atomic radii of atoms in 

the group X. Moreover, we have determined the well depth (Emin) of the molecular 

interaction potential49 in the vicinity of the group X for the solutes interacting with 
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classical probe particles O- (cations) and H+ (anions). Finally, the results are examined 

in light of the solvent’s net apparent charge (Qσ) induced on the surface elements spread 

on the portion of the cavity created from the group X. The results are shown in Table 5. 

 Not unexpectedly, there is close similarity in the results obtained from the two 

charge renormalization schemes for CH3NH3
+ and CH3OH2

+. However, there are 

notable differences when the largest members of the congeneric series, CH3(CH2)6NH3
+ 

and CH3(CH2)6OH2
+, are considered. Thus, the electrostatic potential around the group 

X is more positive when the DC scheme is used, which reflects the more negative 

apparent charge induced on the cavity surface around the NH3
+ and OH2

+ groups. In 

fact, by enlarging the size of the side chain there is a reduction of 25-32% in Qσ(X) 

when the SC scheme is used, which is notably larger than the 8-10% variation found for 

the DC results. 

 For anions the differences between the two charge renormalization schemes are 

clear even for the parent anions, CH3NH- and CH3O
-, and tend to decrease as the size of 

the ionic compound is enlarged. This is particularly true for the former anion, CH3NH-, 

where the solvent apparent charge determined in the SC scheme (Qσ(NH-)=+0.91) is 

sensibly larger than that obtained in the DC formalism (Qσ(NH-)=+0.78). A detailed 

inspection of the results reveals that such a difference stems from the solvent reaction 

field created in the portion of the cavity associated to the hydrogen atom. Thus, when 

the DC scheme is used, the solvent reaction field is mainly concentrated in the surface 

elements pertaining to the nitrogen atom, giving rise to an apparent charge of +0.80, 

whereas the apparent charge on the portion of the cavity created by the hydrogen atom 

is only -0.02. In contrast, when the SC scheme is considered, both nitrogen and 

hydrogen atoms contribute markedly to the solvent reaction field, as noted in apparent 

charges of +0.69 and +0.22, respectively.  This different distribution of the reaction 
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field in the surroundings of the NH group gives rise to differences in the electrostatic 

properties of the solute (see Table 5), leading in turn to different solute-solvent 

interaction energy.  

 In summary, the preceding results clearly point out that the explicit treatment of 

anisotropy in the charge distribution leads to subtle, but nonnegligible differences in the 

solvent reaction field, which in turn might modulate the calculation of the solvent-

induced change in solute’s properties, as noted in the case of the group contributions to 

the solvation free energy.48  

 

Concluding remarks 

 

A satisfactory agreement between predicted and experimental hydration free 

energies of univalent ions can be obtained by means of simple, conservative adjustment 

in the definition of the cavity used to obtain the electrostatic contribution within the 

framework of the MST model. Such a refinement implies a reduction in the cavity of 

8% relative to the standard scaling used for neutral species, and is limited to the atom(s) 

that bear the formal charge. This allows us to retain the original simplicity of the 

approach and to exploit the same set of scaling factors that modulate the cavity 

definition for the calculation of the electrostatic term in the MST model.  

The results point out the need to account explicitly for the anisotropies in the 

charge distribution of ionic species in order to correct the effects due to the solute’s 

charge density that lies outside the cavity. The explicit consideration of the anisotropy 

in the charge distribution of the ionic compounds leads to a subtle, but nonnegligible 

improvement in the calculated electrostatic component of the hydration free energy. 

Moreover, it also modulates the magnitude of the solvent reaction field, which in turn 

influences the solvent-induced change in the solute’s properties. On the other hand, the 
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IEF values are very close to and exhibit high correlation with the MST-DC results, 

which are on average around 2% larger (in absolute value) than the hydration free 

energies determined by using the IEF formalism. Therefore, these findings point out that 

the optimized cavities should be largely transferible between the two computational 

schemes.  

The optimized MST-DC method leads to an average relative error of 4.7% in the 

hydration free energy for the series of univalent ions containing a variety of functional 

groups and molecular sizes. The basic strategy proposed here is still open to further 

refinement, at least for the prediction of the hydration free energy, through the 

adjustment of the atomic surface tensions used for the charged atoms. However, this 

refinement would require the existence of a larger database of experimental values to 

avoid overtrained models than can fail when applied to compounds very different to 

those used in the parametrization of the model. In any case the robustness of the strategy 

is supported by the results obtained for the absolute and relative pKas of carboxylic 

acids and substituted pyridines, as well as for the tautomeric equilibrium between 

neutral and zwitterionic forms of nicotinic and isonicotinic acids. These examples 

suffice to point out that the MST model can be used confidently to measure the 

magnitude of the solvent influence of chemically relevant properties and to use this 

continuum method as an interpretative tool able to gain insight into the influence of 

solvation on chemical processes of ionic species. 
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Table 1. Electrostatic component of the free energy of hydration (kcal/mol) 

determined at the HF/6-31+G(d) level from MST calculations using both SC and DC 

charge normalization procedures and from IEF calculations.  

 

Ion MST-SC MST-DC IEF 

F- -101.7 -101.7  -98.4 
Cl- -75.4 -75.4 -72.5 
OCl- -74.6 -76.1 -73.5 
OH- -106.4 -104.1 -98.7 
HO2

- -92.6 -92.5 -89.4 
NH2

- -102.5 -96.8 -90.3 
CN- -74.8 -75.0 -71.6 
HCC- -81.7 -81.9 -75.8 
CH3O

- -90.3 -88.8 -84.7 
CH3CH2O

- -89.8 -86.1 -81.4 
C6H5O

- -77.0 -70.9 -66.1 
HCOCH2

- -76.5 -73.5 -69.4 
CH3COCH2

- -77.3 -73.0 -68.9 
HCOO- -80.3 -79.8 -76.6 
CH3COO- -82.8 -80.7 -76.9 
CH2COOEt- -74.0 -70.0 -66.7 
CH3CONH- -79.3 -76.4 -72.7 
N3

- -72.6 -71.9 -68.9 
CH2CN- -70.3 -69.6 -65.8 
CH3CHCN- -69.2 -67.1 -64.1 
CH2NO2

- -76.5 -73.5 -70.7 
HS- -80.3 -76.5 -71.8 
CH3S

- -78.4 -76.2 -71.4 
C6H5S

- -74.9 -67.4 -63.2 
CH3SO3

- -77.8 -76.4 -72.9 
H3O

+ -105.2 -106.3 -107.6 
CH3OH2

+ -83.8 -84.7 -86.3 
CH3CH2OH2

+ -77.3 -79.1 -80.3 
(CH3)2OH+ -68.5 -68.9 -69.6 
(Et)2OH+ -59.2 -60.1 -61.4 
NH4

+ -93.5 -93.7 -94.9 
CH3NH3

+ -81.2 -81.3 -82.9 
(CH3)2NH2

+ -70.7 -70.6 -72.4 
(CH3)3NH+ -60.9 -60.7 -62.3 
CH3CH2NH3

+ -76.1 -77.2 -78.9 
(Et)3NH+ -52.4 -53.1 -54.1 
n-PrNH3

+ -73.1 -75.6 -77.5 
n-BuNH3

+ -71.2 -75.2 -76.7 
C6H5NH3

+ -69.1 -76.1 -77.8 
(CH3COCH3)H

+ -66.5 -67.6 -68.4 
(PhCOCH3)H

+ -53.6 -56.8 -58.6 
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(CH3COOEt)H+ -61.2 -63.1 -63.4 
HCONH3

+ -78.4 -79.4 -80.4 
CH3CONH3

+ -74.2 -74.7 -75.7 
C5H5NH+ -59.5 -60.5 -61.8 
(CH3)2SH+ -63.7 -63.5 -64.7 
(CH3SOCH3)H

+ -63.3 -64.9 -65.7 
 

 



  Curutchet et al., October 2004, revised version 

 

27 

Table 2. Electrostatic and non-electrostatic contributions (kcal/mol) to the free energy 

of hydration determined from MST-HF/6-31+G* calculations for the series of univalent 

ions used in the parametrization. The electrostatic term was determined by using a 

scaling factor of 1.15 and the DC charge renormalization scheme. The experimental 

hydration free energies are also given. 

 

Ion ∆Gele ∆Gn-ele ∆Ghyd(MST-DC) Expt. a 

F- -101.7 1.7 -99.9 -105.0 
Cl- -75.4 0.5 -74.8 -74.6 
OCl- -76.1 2.4 -73.7 -80.7 
OH- -104.1 0.1 -104.0 -105.0 
HO2

- -92.5 2.3 -90.2 -97.3 
NH2

- -96.8 0.3 -96.5 -92.2 
CN- -75.0 2.9 -72.1 -67.6 
HCC- -81.9 -0.8 -82.7 -76.1 
CH3O

- -88.8 2.7 -86.0 -95.2 
CH3CH2O

- -86.1 3.0 -83.1 -91.1 
C6H5O

- -70.9 2.8 -68.1 -71.3 
HCOCH2

- -73.5 2.5 -71.0 -75.7 
CH3COCH2

- -73.0 2.6 -70.4 -75.6 
HCOO- -79.8 4.1 -75.7 -76.2 
CH3COO- -80.7 4.2 -76.5 -77.3 
CH2COOEt- -70.0 4.0 -66.0 -66.4 
CH3CONH- -76.4 2.5 -73.9 -80.1 
N3

- -71.9 0.3 -71.6 -70.7 
CH2CN- -69.6 3.6 -66.0 -65.7 
CH3CHCN- -67.1 4.3 -62.8 -65.6 
CH2NO2

- -73.5 4.2 -69.3 -75.9 
HS- -76.5 1.8 -74.8 -71.6 
CH3S

- -76.2 0.9 -75.3 -73.7 
C6H5S

- -67.4 1.1 -66.3 -63.3 
CH3SO3

- -76.4 6.1 -70.3 -71.7 
H3O

+ -106.3 0.4 -105.9 -110.2 
CH3OH2

+ -84.7 -6.9 -91.5 -93.1 
CH3CH2OH2

+ -79.1 -6.6 -85.7 -88.4 
(CH3)2OH+ -68.9 -3.2 -72.0 -79.8 
(Et)2OH+ -60.1 -2.6 -62.6 -71.5 
NH4

+ -93.7 0.6 -93.1 -85.2 
CH3NH3

+ -81.3 1.2 -80.2 -76.5 
(CH3)2NH2

+ -70.6 1.7 -68.9 -68.6 
(CH3)3NH+ -60.7 2.3 -58.4 -61.2 
CH3CH2NH3

+ -77.2 1.5 -75.8 -73.0 
(Et)3NH+ -53.1 3.1 -50.0 -54.7 
n-PrNH3

+ -75.2 2.0 -73.2 -70.9 
n-BuNH3

+ -75.6 1.7 -73.9 -71.5 
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C6H5NH3
+ -76.1 1.4 -74.7 -72.8 

(CH3COCH3)H
+ -67.6 -5.6 -73.2 -76.8 

(PhCOCH3)H
+ -56.8 -5.2 -61.9 -65.1 

(CH3COOEt)H+ -63.1 -4.0 -67.1 -68.5 
HCONH3

+ -79.4 0.6 -78.7 -82.5 
CH3CONH3

+ -74.7 0.8 -73.9 -73.8 
C5H5NH+ -60.5 1.3 -59.2 -61.1 
(CH3)2SH+ -63.5 2.6 -60.9 -64.5 
(CH3SOCH3)H

+ -64.9 1.6 -63.3 -68.2 
 
a Data taken from ref.19. 
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Table 3. Calculated and experimental pKa values for series of substituted pyridines and 

carboxylic acids. MST calculations have been performed by using both SC and DC 

charge renormalization methods. Absolute and relative pKa values are given in plain and 

in italics, respectively. 

   

Compound ∆Ggas
a ∆Gsol(A) ∆Gsol(AH+) 

(SC) 
pKa

 b
 

(SC) 
∆Gsol(AH+) 

(DC) 
pKa

 b
 

(DC) 
pKa 

(exp) c 

Pyridine derivatives 
H 213.7 -4.9 -58.2 2.2 

0.0 
-59.2 2.9 

0.0 
5.2 
0.0 

p-CH3 218.0 -5.3 -54.9 2.6 
0.4 

-56.2 3.6 
0.7 

6.0 
0.8 

m-CH3 216.6 -5.2 -55.1 1.8 
-0.4 

-56.7 3.0 
0.1 

5.7 
0.5 

m-F 206.7 -3.5 -61.2 0.3 
-1.9 

-62.3 1.1 
-1.8 

3.0 
-2.2 

p-Cl 210.4 -3.9 -59.4 1.4 
-0.9 

-60.8 2.4 
-0.5 

3.8 
-1.4 

m-Cl 207.5 -4.0 -60.0 -0.3 
-2.5 

-61.4 0.7 
-2.3 

2.8 
-2.4 

o-OCH3 220.9 -4.9 -52.9 3.6 
1.4 

-54.5 4.8 
-1.9 

6.6 
1.4 

m-OCH3 216.7 -4.6 -54.2 1.7 
-0.5 

-55.9 2.9 
0.0 

4.8 
-0.4 

p-CN 202.5 -5.5 -64.4 -1.9 
-4.1 

-67.8 0.6 
-2.3 

1.9 
-3.4 

m-CN 201.7 -6.1 -65.5 -2.2 
-4.4 

-69.0 0.4 
-2.5 

1.4 
-3.9 

m-NO2 200.2 -5.4 -66.4 -2.1 
-4.3 

-69.8 0.4 
-2.5 

1.2 
-4.0 

mse d 
 
rmsd 

   -3.2 
-0.2 
3.2 
0.4 

 -1.8 
0.5 
1.9 
0.8 

 

Carboxylic acids 
Formic 336.5 -7.1 -76.2 2.5 

0.0 
-75.7 2.9 

0.0 
3.8 
0.0 

Acetic 339.5 -6.8 -78.6 2.7 
0.2 

-76.5 4.3 
1.4 

4.8 
1.0 

Cyanoacetic 321.8 -9.4 -67.1 0.1 
-2.4 

-66.1 0.9 
-2.0 

2.5 
-1.3 

Chloroacetic 327.0 -8.3 -68.7 1.9 
-0.6 

-69.0 1.7 
-1.2 

2.9 
-0.9 

Pivalic 335.9 -4.7 -75.5 0.8 
-1.7 

-69.8 5.0 
2.1 

5.0 
1.2 
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mse 
rmsd 

   -2.2 
-0.2 
2.4 
1.2 

 -0.8 
-0.3 
1.0 
0.6 

 

All compounds 
mse 
 
rmsd 

   -2.9 
-0.2 
3.0 
0.7 

 -1.5 
0.3 
1.6 
0.7 

 

         

a Data taken from refs. 45 and 46.  
b A correction term of 1.9 kcal/mol was added to the gas phase free energy 

difference to account for the change in standard states at 298.15 K. 
c Values taken from ref. 50. 
d rms: root-mean square deviation; mse: mean signed deviation. 
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Table 4. Calculated and experimental free energies of tautomerization between neutral 

and zwitterionic forms of nicotinic (NA) and isonicotinic (INA) acids. MST calculations 

were performed by using both SC and DC charge renormalization methods. 

   

Compound ∆Ggas
a ∆Gsol(A) ∆Gsol(AH+) 

(SC) 
∆Gaq 
(SC) 

∆Gsol(AH+) 
(DC) 

∆Gaq 
(DC) 

∆Gaq 
(exp.) a 

NA (A) 
 

          (B) 

33.3 
 

33.5 

-9.3 
 

-9.0 

-42.6 
 

-42.6 

0.0 
 

0.0 

-45.3 
 

-45.3 

-2.7 
 

-2.7 

-2.0 

INA 35.1 -8.6 -42.1 1.6 -45.4 -1.7 -2.5 

 

a Data taken taken from ref. 47 
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Legends to Figures 

 

Figure 1. Representation of the change in the root-mean-square deviation (rmsd; solid 

line) and the relative error (in percentage; dashed line) between the experimental 

hydration free energies and the MST values obtained by varying the scaling factor used 

to correct the atomic radii of charged atoms in the calculation of the electrostatic 

component of the hydration free energy (see text for details). The electrostatic free 

energy of solvation was determined by using both SC (black) and DC (white) charge 

renormalization schemes (see text for details).  The rmsd values are in kcal/mol. 
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Figure 2. Comparison of the electrostatic component of the free energy of hydration 

(kcal/mol) determined from MST calculations by using a scaling factor of 1.15 and both 

SC (black) and DC (white) charge renormalization schemes and IEF calculations at the 

HF/6-31+G(d) level. The plots displays the ideal regression line y=cx with slope c equal 

to unity. 

 

40.0

60.0

80.0

100.0

120.0

40.0 60.0 80.0 100.0 120.0

-∆Gele(MST)

- ∆
G

el
e(

IE
F

)

 

 

 

 



  Curutchet et al., October 2004, revised version 

 

36 

Figure 3. Comparison of the experimental and calculated hydration free energies 

(kcal/mol) for the series of univalent ions. Theoretical estimates were obtained from 

MST-HF/6-31+G(d) calculations carried out by using a scaling factor of 1.15 and the 

DC charge renormalization schemes. The plots displays the ideal regression line y=cx 

with slope c equal to unity. 
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Figure 4. Thermodynamic cycle used for the calculation of the pKa values for the series 

of substituted pyridines and carboxylic acids. 
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Figure 5. Representation of the neutral and zwitterionic species of nicotinic (top) and 

isonicotinic (bottom) acids. 

 

N

O

OH

N

OH

O

N

O

O

H

N

OHO

N

OO

H

-

+(A) (B)

+

-

 

 



  Curutchet et al., October 2004, revised version 

 

39 

References 

  

                                                 
1. (a) Warshel, A. Computer Modeling of Chemical Reactions in Enzymes and 

Solutions. Wiley: New York, 1991. (b) Kollman, P. A. Chem. Rev. 1993, 93, 2395. (b) 

Jorgensen, W. L. Acc. Chem. Res. 1989, 22, 184. (c) Cramer, C. J.; Truhlar, D. G. 

Structure and Reactivity in Aqueous Solution. American Chemical Society: Washington, 

1994, Vol. 568. (c) Computer Simulation in Biomolecular Systems. Theoretical and 

Experimental Applications. van Gunsteren, W.F.; Weiner, P.K.; Wilkinson, A.J. (eds.) 

Kluwer: Dordrecht, 1997, Vol. 3. (d) Tomasi, J.; Mennucci, B.; Cammi, R.; Cossi, M. 

In Computational Approaches to Biochemical Reactivity. Náray-Szabó, G., Warshel, A, 

Eds.; Kluwer: Dordrecth, 1997, p. 1. (e) Orozco, M.; Luque, F. J. Chem. Rev. 2000, 100, 

4187. 

2. (a) Tomasi, J.; Persico, M. Chem. Rev. 1994, 94, 2027. (b) Rivail, J. L.; Rinaldi, D. In 

Computational Chemistry, Reviews if Current Trends, Leszczynski, J, ed. World 

Scientific: Singapore, 1995, p. 139. (c) Cramer, C. J.; Truhlar, D.G. Chem. Rev. 1999, 

99, 2161.  

3. Luque, F. J.; Curutchet, C.; Muñoz-Muriedas, J.; Bidon-Chanal, A.; Soteras, I.; 

Morreale, A.; Gelpí, J. L. and Orozco, M.  Phys. Chem. Chem. Phys. 2003, 5, 3827. 

4. (a) Tomasi, J.; Cammi, R.; Mennucci, B. Int. J. Quantum Chem. 1999, 75, 783, (b) 

Tomasi, J. ; Cammi, R. ; Mennucci, B. ; Capelli, C. ; Corni, S. Phys. Chem. Chem. 

Phys. 2002, 4, 5967. 

5. (a) Rinaldi, D. ; Ruiz-López, M. F. ; Rivail, J. L. J. Chem. Phys. 1983, 78, 834. (b) 

Dillet, V.; Rinaldi, D.; Rivail, J. L. J. Phys. Chem. 1994, 98, 5034. Tuñón, I.; Ruiz-

López, M. F.; Rinaldi, D. ; Bertrán, J. J. Comput. Chem. 1996, 17, 148. 

 



  Curutchet et al., October 2004, revised version 

 

40 

                                                                                                                                            
6. (a) Giesen, D. J. ; Gu, M. Z.; Cramer, C. J.; Truhlar, D. G. J. Phys. Chem. B 1997, 

101, 2061. (b) Zhu, T.; Li, J.; Hawkins, G. D.; Cramer, C. J. ; Truhlar, D. G. J. Chem. 

Phys. 1998, 109, 9117. (c) Li, J.; Zhu, T.; Hawkins, G. D.; Winget, P.; Liotard, D. A.; 

Cramer, C. J.; Truhlar, D. G. Theor. Chem. Acc. 199, 103, 9. 

7. (a) Miertus, S.; Scrocco, E.; Tomasi, J. Chem. Phys. 1981, 55, 117. (b) Miertus, S.; 

Tomasi, J. Chem. Phys. 1982, 65, 239. (c) Barone, V.; Cossi, M. and Tomasi, J.  J. 

Chem. Phys. 1997, 107, 3210. 

8. (a) Orozco, M.; Bachs, M.; Luque, F. J. J. Comput. Chem. 1995, 16, 563. (b) Luque, 

F. J.; Zhang, Y.; Aleman, C.; Bachs, M.; Gao, J.; Orozco, M. J. Phys. Chem. 1996, 100, 

4269. (c) Luque, F. J.; Aleman, C.; Bachs, M.; Orozco, M. J. Comput. Chem. 1996, 17, 

806. (d) Curutchet, C.; Orozco, M.; Luque, F. J.  J. Comput. Chem. 2001, 22, 1180. 

9. (a) Klamt, A.; Schüürmann, G. J. J. Chem. Soc., Perkin Trans. 2 1993  ̧ 799. (b) 

Klamt, A.  J. Phys. Chem. 1995, 99, 2224. (b) Klamt, A.; Jonas, V.; Bürger, T. and 

Lohrenz, J. C. W.  J. Phys. Chem. A 1998, 102, 5074.  

10. Curutchet, C.; Cramer, C. J.; Truhlar, D. G.; Ruiz-López, M. F.; Rinaldi, D.; 

Orozco,  M.; Luque, F. J. J. Comput. Chem. 2003, 24, 284. 

11. Wolfenden, R. Science 1983, 222, 1087. 

12. Pearson, R. G. J. Am. Chem. Soc. 1986, 108, 6109. 

13. Ben-Naim, A. J. Phys. Chem. 1978, 82, 782. 

14. Florian, J.; Warshel, A. J. Phys. Chem. B 1997, 101, 5583. 

15. (a) Marcus, Y. Ion Solvation. Wiley: New York, 1985. (b) Gomer, R.; Tryson, G. J. 

Chem. Phys. 1977, 66, 4413. (c) Conway, R. E. J. Sol. Chem. 1978, 7, 721. (d) Klots, C. 

E. J. Phys. Chem. 1981, 85, 3585.   

16. (a) Tawa, G. J.; Topol, I. A.; Burt, S. K.; Caldwell, R. A.; Rashin, A. A.  J. Chem. 

Phys. 1998, 109, 4852. (b) Mejias, J. A.; Lago, S.  J. Chem. Phys. 2000, 113, 7306. (c) 



  Curutchet et al., October 2004, revised version 

 

41 

                                                                                                                                            
Zhan, C.; Dixon, D. A. J. Phys. Chem. A 2001, 105, 11534 (d) Grabowski, P.; Riccardi, 

D.; Gomez, M.A.; Asthagiri, D.; Pratt, L. R.  J. Phys. Chem. A 2002, 106, 9147. 

17. Tissandier, M. D.; Cowen, K. A.; Feng, W. Y.; Gundlach, E.; Cohen, M. H.; 

Earhart, A. D.; Coe, J. V. and Tuttle Jr, T. R.  J. Phys. Chem. A 1998, 102, 7787. 

18. (a) Tuttle, T. R., Jr.; Malaxos, S.; Coe, J. V. J. Phys. Chem. A 2002, 106, 925. (b) 

Coe, J. V. Int. Rev. Phys. Chem. 2001, 20, 33. 

19.  Pliego Jr., J. R.; Riveros, J. M.  Phys. Chem. Chem. Phys. 2002, 4, 1622. 

20. Orozco, M.; Luque, F. J.  Chem. Phys. 1994, 182, 237. 

21. Pierotti, R. A. Chem. Rev. 1976, 76, 717.  

22. Claverie, P. In Intermolecular Interactions: From Diatomics to Biomolecules, B. 

Pullman (Ed.), Wiley, Chichester, 1978. 

23. (a) Pascual-Ahuir, J. L.; Silla, E. ; Tomasi, J. ; Bonaccorsi, R. J. Comput. Chem. 

1987, 8, 778. (b) Pascual-Ahuir, J. L.; Silla, E.  J. Comput. Chem. 1990, 11, 1047. (c) 

Silla, E. ; Tuñón, I. ; Pascual-Ahuir, J. L. J. Comput. Chem. 1991, 9, 1077. 

24. Colominas, C.; Luque, F. J. ; Teixidó, J. ; Orozco, M. Chem. Phys. 1999, 240, 253. 

25. Rashin, A. A.; Namboodiri, K. J. Phys. Chem. 1987, 91, 6003. 

26. (a) Mennucci, B.; Tomasi, J. J. Chem. Phys. 1997, 106, 5151. (b) Cossi, M.; 

Mennucci, B.; Pitarch, J.; Tomasi, J. J. Comput. Chem. 1998, 8, 833.  

27. (a) Tannor, D. J.; Marten, B.; Murphy, R.; Friesner, R. A.; Sitkoff, D.; Nicholls, A.; 

Rignalda, M.; Goddard, W. A., III; Honig, B. J. Am. Chem. Soc. 1994, 116, 11875. (b) 

Marten, B.; Marten, B.; Kim, K.; Cortis, C.; Friesner, R. A.; Murphy, R. B.; Rignalda, 

M. N.; Sitkoff, D.; Honig, B. J. Phys. Chem. 1996, 100, 11775. (c) Chen, J. L.; 

Noodleman, L.; Case, D. A.; Bashford, D. J. Phys. Chem. 1994, 98, 11059. (d) Topol, I. 

A.; Tawa, G. J.; Burt, S. K.; Rashin, A. A. J. Phys. Chem. A 1997, 101, 10075. 



  Curutchet et al., October 2004, revised version 

 

42 

                                                                                                                                            
28. (a) Luque, F. J.; Orozco, M. J. Phys. Chem. 1997, 101, 5573. (b) Gogonea, V.; 

Merz, K. M., Jr. J. Phys. Chem. A 1999, 103, 5171. 

29. Peterson, M.; Poirier, R. MonsterGauss; Department of Biochemistry, Univ. of 

Toronto, Canada. Version modified by Cammi, R.; Tomasi, J. (1987); and by Curutchet, 

C.; Orozco, M.; Luque, F.J. (2003). 

30. (a) Cancés, E.; Mennucci, B.; Tomasi, J. J. Chem. Phys. 1997, 107, 3032. (b) 

Mennucci, B.; Cancés, E.; Tomasi, J. J. Phys. Chem. B 1997, 101, 10506. (c) Cancés, 

E. ; Mennucci, B.; Tomasi, J. J. Chem. Phys. 1998, 109, 260. 

31. Gaussian 98 (Revision A.11),  M. J. Frisch, G. W. Trucks, H. B. Schlegel, G. E. 

Scuseria,  M. A. Robb, J. R. Cheeseman, V. G. Zakrzewski, J. A. Montgomery, Jr., R. 

E. Stratmann, J. C. Burant, S. Dapprich, J. M. Millam,  A. D. Daniels, K. N. Kudin, M. 

C. Strain, O. Farkas, J. Tomasi,  V. Barone, M. Cossi, R. Cammi, B. Mennucci, C. 

Pomelli, C. Adamo,  S. Clifford, J. Ochterski, G. A. Petersson, P. Y. Ayala, Q. Cui,  K. 

Morokuma, P. Salvador, J. J. Dannenberg, D. K. Malick,  A. D. Rabuck, K. 

Raghavachari, J. B. Foresman, J. Cioslowski,  J. V. Ortiz, A. G. Baboul, B. B. Stefanov, 

G. Liu, A. Liashenko,  P. Piskorz, I. Komaromi, R. Gomperts, R. L. Martin, D. J. Fox,  

T. Keith, M. A. Al-Laham, C. Y. Peng, A. Nanayakkara, M. Challacombe,  P. M. W. 

Gill, B. Johnson, W. Chen, M. W. Wong, J. L. Andres,  C. Gonzalez, M. Head-Gordon, 

E. S. Replogle; J. A. Pople, Gaussian, Inc., Pittsburgh PA, 2001. 

32. (a) Luque, F. J.; Orozco, M.; Bhadane, P.K.; Gadre, S.K. J. Chem. Phys. 1994, 100, 

6718. (b) Luque, F. J.; Gadre, S.R.; Bhadane, P.K.; Orozco, M. Chem. Phys. Letters  

1995, 232, 509. (c) Mestres, J.; Solà, M.; Carbó, R.; Luque, F. J.; Orozco, M.  J. Phys. 

Chem. 1996, 100, 606. 

33. Cappelli, B.; Mennucci, B.; Silva, C. O. D. ; Tomasi, J. J. Chem. Phys. 2000, 112, 

5382. 



  Curutchet et al., October 2004, revised version 

 

43 

                                                                                                                                            
34. (a) Topol, I. A.; Tawa, G. J.; Burt, S. K.; Rashin, A. A. J. Chem. Phys. 1999, 111, 

10998. (b) Pliego, J. R.; Riveros, J. M. J. Phys. Chem. A 2001, 105, 7241. (c) Pliego, J. 

R.; Riveros, J. M. J. Phys. Chem. A 2002, 116, 7434. (d) Zhan, C.-G. ; Dixon, D. A. J. 

Phys. Chem. A 2002, 106, 9737. (e) Leontyev, I. V. ; Vener, M. V. ; Rostov, I. V. ; 

Basilevsky, M. V. ; Newton, M. D.  J. Chem. Phys. 2003, 119, 8024. (f) Vener, M. V.; 

Leontyev, I. V. ; Basilevsky, M. V. J. Chem. Phys. 2003, 119, 8038. (g) Asthagiri, D.; 

Pratt, L. R. ; Paulaitis, M. E. ; Rempe, S. B. J. Am. Chem. Soc. 2004, 126, 1285. 

35. (a) Aguilar, M. A.; Olivares del Valle, F. J. Chem. Phys. 1989, 120, 439. (b) 

Olivares del Valle, F. J.; Aguilar, M. A. J. Comput. Chem. 1992, 13, 115. (c) Takahashi, 

O.; Sawahata, H.; Ogawa, Y.; Kikuchi, O. J. Mol. Struct. (THEOCHEM) 1997, 393, 

141. (d) Camaioni, D. M.; Dupuis, M.; Bentley, J. J. Phys. Chem. A 2003, 107, 5778. 

36. Stefanovich, V.; Truong, T. N. Chem. Phys. Lett. 1995, 240, 65. 

37. (a) Foresman, J. B.; Keith, T. A.; Wiberg, K. B.; Snoonian, J.; Frisch, M. J. J. Phys. 

Chem. 1996, 100, 16098.  

38. (a) Chipman, D. M. J. Chem. Phys. 2002, 116, 10129. (b) Chipman, D. M. J. Phys. 

Chem. A 2002, 106, 7413. 

39. (a) Latimer, W. M.; Pitzer, K. S.; Slansky, C. M. J. Chem. Phys. 1939, 7, 108. (b) 

Rashin, A. A.; Honig, B. J. Phys. Chem. 1985, 89, 5588.  

40. Schüürmann, G.; Cossi, M.; Barone, V.; Tomasi, J.  J.  Phys. Chem. A 1998, 102, 

6706. 

41. Liptak, M.D.; Shields, G.C.  J. Am. Chem. Soc. 2001, 123, 7314. 

42. Liptak, M.D.; Gross, K.C.; Seybold, P.G.; Feldgus, S.; Shields, G.C.  J. Am. Chem. 

Soc. 2002, 124, 6421. 

43. Chen, I.; MacKerell Jr, A.D.  Theor. Chem. Acc. 2000, 103, 483. 



  Curutchet et al., October 2004, revised version 

 

44 

                                                                                                                                            
44. (a) Colominas, C.; Orozco, M.; Luque, F. J.; Borrell, J. I.; Teixidó, J. J. Org. Chem. 

1998, 63, 4947. (b) Klicić, J.J.; Friesner, R.A.; Liu, S.; Guida, W.C.  J. Phys. Chem. A 

2002, 106, 1327. (c) Adam, K. R. J. Phys. Chem. A 2002, 106, 11963. (d) Pliego, J. R., 

Jr. Chem. Phys. Letters 2003, 367, 145. (d) Klamt, A.; Eckert, F.; Diedenhofen, M.; 

Beck, M. E. J. Phys. Chem. A 2003, 107, 9380. 

45. (a) Cumming, J. P.; Kebarle, P. Can. J. Chem. 1978, 56, 1. (b) Fujio, M.; McIver, R. 

T., Jr.; Taft, R. W. J. Am. Chem. Soc. 1981, 103, 4017. (c) Caldwell, G.; Renneboog, R.; 

Kebarle, P. Can. J. Chem. 1989, 67, 611. (d) Cai, J.; Topsom, R. D.; Headley, A. D.; 

Koppel, I.; Mishima, M.; Taft, R. W.; Veji, S. J. Mol. Struct. (THEOCHEM) 1988, 168, 

141. (e) Taft, R. W.; Topsom, R. D. Prog. Phys. Org. Chem. 1987, 16, 1. 

46. (a) Taagepera, M.; Summerhays, K. D.; Hehre, W. J.; Topsom, R. D.; Pross, A.; 

Radom, L.; Taft, R. W. J. Org. Chem. 1981, 46, 891. (b) Taft, R. W. Prog. Phys. Org. 

Chem. 1983, 14, 247.  

47. Nagy, P. I.; Takács-Novák, K. J. Am. Chem. Soc. 1997, 119, 4999. 

48.  Curutchet, C.; Bidon-Chanal, A.; Orozco, M.; Luque, F. J. Chem. Phys. Letters. 

2004, 384, 299. 

49. Orozco, M.; Luque, F. J. J. Comput. Chem.  1993, 14, 587. 

50. (a) Fischer, A.; Galloway, W. J.; Vaughan, J. J. Chem. Soc. 1964, 3591. (b) 

Sargeant, E.P. and Dempsey, B. Ionisation Constants of Organic Acids in Aqueous 

Solution; IUPAC no. 23; Pergamon Press: New York, 1979. 



:<;Û:<;
Ü CO\<PQI^X_ADÁ^IRGHIKJOPÝPfAD[ Ê�ANM"\<MgIÞASb�Á^ADCFEHGHIKJLANMßT
àáAN[ Ê3GHXZJOÁ^ANM ASb�@3à�â.ã PfADMÇIKJOMnijij[ [ ABmj\aCOÁ

oqpsrutwv^x oqyzruy<{}|u~�v�{��QÑg�h�Û�h����äZÒR�����_�¥Ñg����Ø/���
�?å����Z�&Î��çæè�Ìé��h�ZÒZÎÛ���
�
�����^�_��Îz�D�¥êB�_���´Ðh�Q��äs�����Ìåj���Z�Õ��Î<êB���Ì��ÎÛ�_�°�?���K�_���h���c�3�O�����
�
�&�_���D�s�����R�Õ���"�f�_�^�_�
�R�¡ K¢�£¥¤&¦��O§©¨D�uª3«? _¬­¤�¬¯®°�u£Q¤&¦±¨�²_³´ªµ®·¶´¬¯¢¹¸qºs»?» : �?¼ìëÌ�?¼¡¾¡ë

� � �



 
 
 
 
 
 
 
 
Texto del artículo disponible en / Text de l’article disponible a / Avalaible online at: 
 
http://www3.interscience.wiley.com/cgi-bin/abstract/102524599/ABS
TRACT 
 
 
 
 
 



� �������	��

� í

� � �"!$#&% �('*) � � )(+$, � � ) #&4 � % �(� 265 0 î?,ï����� 2 )(0$� #

�Fð 8





ñ ;>=?;
lqXZGDMjÁ^b¹\]XZGYò3JLCLJLI�Â ASb bÄXÌGYÅD[ \<MÇIRGYCÙPfANMgI^X_JOò3iÃIKJOADMjÁÆIKA IRd"\
ABPQIRGSMjASCÄózô1GYIK\]XõÊ3GYXRIKJLIKJLADM PQAB\]ö PfJO\<MgI]Tï÷õM øúù*ùeû1üuò3GSÁ^\<m
k @"l Á^IRijmÃÂ

oqpsrutwv^x oqyzruy<{}|u~�v�{��ÌËjÎÛ×s���O�jÖR��ÎÛ����Ò_�U�Rýþ���R�Õ���ÃÏ±���9�9��Î°�?���K�_���h���c�3�O�����
�
�&�_���D�s�����R�Õ���"�f�_�^�_�
�R�¡ K¢�£¥¤&¦��O§©¨D�uª3«? _¬­¤�¬¯®°�u£Q¤&¦±¨�²_³´ªµ®·¶´¬¯¢¹¸qºs»?» : �?¼ìëÌ�Ìÿ�¼

���´�



 
 
 
 
 
 
 
 
 
 
Texto del artículo disponible en / Text de l’article disponible a / Avalaible online at: 
http://www3.interscience.wiley.com/cgi-bin/abstract/10152141
4/ABSTRACT 
 
 
 



ñ ; º ;
k @"l Á^IRijmÃÂ ASb�ÅYXZADi"Ê PfADMÇI^X_JOò3iÃIKJLANMjÁÆb ASX GYC���GDM"\
m"\]XZJFEHGHIKJFE±\<ÁfT Ü�� \<PQIÞADb©IRdj\ÉPsdjGYX_ÅS\ÝM"ASXZ[ GYCOJL`aGHIKJOADM

oqpsrutwv^x oqyzruy<{}|u~�v�{��ÌË�ÍR��ÎzÏ±���_���KÐOÑgÒZ�&�Z�&Î>�¥���K�R���h���c�3�h�&���U�
�&�_���D�s�����R�Õ���"�f�_�^�_�
¨�²_³´ªµ®�� ¤&¦	�N²6¸¡¶¹®��´¶�
z³
¬°¬­³´¢¹¶�ºÌ»?» ñ �Zÿ�¾¡ëÌ�s¼
���

� 7�7



 
 
 
 
 
 
 
 
 
 
Texto del artículo disponible en / Text de l’article disponible a / Avalaible online at: 
 
http://www.sciencedirect.com/science?_ob=ArticleURL&_aset=V-WA-A-W-A-
MsSAYWW-UUW-U-AAAVDYCCAZ-AAAWBZZBAZ-ACDADAZZ-A-
U&_rdoc=1&_fmt=summary&_udi=B6TFN-4BBHDG1-
N&_coverDate=01%2F26%2F2004&_cdi=5231&_orig=search&_st=13&_sort=d&vie
w=c&_acct=C000043460&_version=1&_urlVersion=0&_userid=793840&md5=a45aaa
9c8596e13aac95d08c2e0af4bf 
 



� �������	��

� �

� � �"!$#&% �('*) � � )(+$, � î !*� ,��©� �

' � � ) # �á, 2 �Ù�(� 265 0

�FÀ 7





�];>=?;
Ü Mj\]X_ÅYÂ m"\<PfAN[ Ê�ADÁ^JLIKJLADM JhM [ ASCL\<P]i"ChGHX PfAD[ Ê3CL\���\<Á]T
� [ Ê3CLJOP]GYIKJLADM3ÁÆb AYX.IRdj\úI^X_\<GYIR[ \<MgIÈASb Ê�ASChGHX_JO`aGHIKJLANM JhM
[ ASCO\<P]i"COGYXõÁ^JO[ i"COGYIKJLADM3Á

oqpsrutwv^x oqyzruy<{}|u~�v�{��?�&���9��ä ���&���Û�ÙÏD���ÌÎÛÎ>�sÏD�UÔ&���Z���B���9�Ì���Z�R�����
���K�_���h���c�j�h�����
�����Z���D�s�����R�����Ã�f�Z�^�_�
�R�¡ K¢�£¥¤&¦��O§©¨D�uª3«? _¬­¤�¬¯®°�u£Q¤&¦±¨�²_³´ªµ®·¶´¬¯¢¹¸qºs»?» : �?¼ìëÌ�]½ì¼���ÿ

�FÀ 8



 
 
 
 
 
 
 
 
 
 
Texto del artículo disponible en / Text de l’article disponible a / Avalaible online at: 
http://www3.interscience.wiley.com/cgi-bin/abstract/10453794
2/ABSTRACT 
 
 
 
 
 
 
 



�]; º ;
ù \]EN\aCOASÊ3[ \<MÇI ASb�mjJOÁ6I^XZJLò3iÃIK\<m [ Anm"\aCOÁÈASb�GYIKAD[ JOP
Ê�ASChGHXZJL`aGYòjJOCLJOI�Â b ASX [ ASCL\<P]i"ChGHX Á^Jh[ i"ChGHIKJLANMjÁ

oqpsrutwv^x oqyzruy<{}|u~�v�{��QÓ>Ô��Z�&�U�Õ�©Ö^�����������U�ZË�ÍR�}Î<Ï±���_���KÐOÑgÒZ�&�Z�&Î>�
Ñg�h�Û�h����äZÒR�èÑ±ÒZ��ä?�����Q���K�R���h���c�3�h�&���U�/�&�_� �S�s�����R�Õ���"�f�Z�^�R�

� ��ð





Curutchet et al, November 2004 

1 

Development of distributed models of atomic polarizability 
for molecular simulations 

 
Carles Curutchet,1 Ignacio Soteras,1 Axel Bidon-Chanal,1 Cristophe Chipot, 2* Modesto 

Orozco,3* and F. Javier Luque1* 

 

 
1 Departament de Fisicoquímica. Facultat de Farmàcia. Universitat de Barcelona. 
Avgda. Diagonal 643. Barcelona 08028. Spain. 
 
2 Equipe de Dynamique des Assemblages Membranaires. Unité Mixte de Recherche 
CNRS/UHP 7565. Institut Nancéien de Chimie Moléculaire. Université Henri Poincaré 
– Nancy I. BP 239, 54506 Vanœuvre-lès-Nancy Cedex, France. 
 
3 Departament de Bioquímica i Biología Molecular, Facultat de Química, Universitat de 
Barcelona, c/. Martí i Franqués 1, 08028, Barcelona, and Unitat de Modelització 
Molecular i Bioinformàtica, Institut de Recerca Biomèdica. Parc Científic de Barcelona, 
c/. Josep Samitier 1, 08028 Barcelona, Spain. 
 
Send correspondence to FJL (e-mail: javier@far1.far.ub.es) or MO (e-mail: 
modesto@mmb.pcb.ub.es) 
 
 

Abstract 
 

This study is focused on the development of atomic distributed polarizability 
models for the treatment of induction effects in molecular simulations. Different models 
of dipolar polarizabilities are derived for a series of aromatic compounds from the 
OPEP (Optimal Partitioning of Electrical Properties) suite of programs. These models 
are obtained by fitting the induction energies computed in a grid surrounding the 
molecule by using a fast perturbational approach which permits to reproduce the 
induction energies determined at the MP2/Sadlej level of theory. Isotropic atomic dipole 
polarizability models are considered by imposing suitable restrains in the fitting 
procedure, and by exploring all-atom and united-atom models. The goodness of the 
distributed models is assessed by comparing the molecular polarizabilities recovered 
from the models and those obtained from MP2/Sadlej calculations. The behaviour of the 
models is further examined in the context of cation-π interactions by computing the 
polarization interaction energy of the aromatic systems with a sodium cation 
represented by a non-polarizable point charge, and by comparing them to MP2/Sadlej 
QM/MM calculations. In general, excellent results are obtained for isotropic all-atom 
models, with deviations around 1 kcal/mol. Energy profiles that characterize the 
approach of the sodium cation towards the center of the aromatic ring of benzene are 
also compared to QM/MM calculations and demonstrate the goodness of the models for 
different orientations. Finally, the transferability of the atomic polarizabilities within the 
series of benzene derivatives is also examined. 
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Introduction 

 
The assumption that induction effects can be accounted for in an average sense 

by means of a simple, appropriate parameterization is at the origin of the durable 
success of pairwise, additive potential energy functions for cost-effective statistical 
simulations of liquids. An important ingredient in the development of such 
nonpolarizable, effective force fields consists of increasing artificially the polarity of the 
participating molecules to compensate for missing, through-space intermolecular 
induction phenomena.1 A popular approach for implicit polarization is based upon the 
observation that, compared to the experimental gas-phase quantities, molecular dipole 
moments computed at the Hartree-Fock (HF) level of theory, using a split-valence 6-
31G(d) basis set, are systematically exaggerated.2 In a number of instances where 
explicit nonadditivity effects can be neglected, intermolecular potentials parametrized 
with net atomic charges derived from the HF/6-31G(d) electrostatic potential provide a 
reasonable description of the properties of the liquid,3 although explicit, mutual 
polarization of the constituent molecules and their environment is clearly absent. The 
advantage of representing the system using pairwise, additive potential energy functions 
lies in the cost-effectiveness of the statistical simulation, avoiding the computationally 
demanding estimation of induced moments at the expense of sampling of the phase 
space. Such an implicit polarization approach is, however, not equivalent to a rigorous, 
atomic-level description of the molecular response to a nonuniform, external electric 
field, thus constituting the inherent limitation of the approach. This is particularly 
relevant in statistical simulations of ionic species or highly polarizing systems 
interacting with polarizable ones. Furthermore, explicit polarization has proven to be 
pivotal in those cases where intramolecular induction effects are sizable.4,5 
 
 The massive increase of computational resources witnessed in recent years, 
pushing back the limitations of statistical simulations, has allowed molecular assemblies 
of appreciable complexity to be tackled over realistic time-scales, using sophisticated 
potential energy functions. The generalized availability of such resources has inevitably 
contributed to the recent interest of nonadditive force fields, opening the way to the 
development of alternative approaches for modelling induction effects in chemical 
systems. To a large extent, the success of molecular simulations relying on polarizable 
potential energy functions is closely coupled to the ability of the modeller to design 
such functions. Arguably, the most popular scheme for constructing models of atomic 
polarizabilities is the one proposed by Applequist.6 In essence, his method is based on a 
self-consistent determination of parameters characterizing the atomic polarizability that 
see each other through screened dipole-dipole interactions. Just like its refined version 
devised by Thole,7 this heuristic approach implies a substantial component of 
arbitrariness in the parameterization of the model. In contrast, the partitioning scheme 
put forward by Stone,8-9 combining an earlier formulation of the susceptibility function 
of the charge density10 with the distributed multipole analysis (DMA) method,11 is 
clearly more rigorous. Rational models of distributed polarizabilities are derived from 
high-quality quantum mechanical (QM) calculations of the response of an isolated 
molecule to an external perturbation, thereby providing one and two-center charge-
charge, charge-dipole, dipole-dipole, etc. parameters. A pivotal aspect of this approach 
concerns the partitioning of the response charge density into atomic and nonlocal 
contributions. Closely related, an alternative procedure supplying reasonably 
transferable, distributed polarizabilities12 relies on a topological partitioning of the 
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molecular space into atomic regions, according to the theory of “atoms in molecules” 
(AIM) devised by Bader.13 The derived polarizability parameters have been shown to 
reproduce accurately, in a given region, the induced moments due to a local electrostatic 
potential and its successive derivatives experienced at another site. Inherently 
nonlocal,8,9,13 the resulting models include a plethora of terms that rapidly become 
cumbersome to handle, especially in the context of statistical simulations. For the latter, 
the number of polarizability components should be reduced significantly to yield 
compact and tractable sets of parameters, limited to low-order terms, e.g., charge flow 
and one-center dipole polarizabilities, capable of describing induction phenomena at a 
minimal cost. As a result, the above methods are not necessarily compatible with such 
requirements, and the quality of the generated models strongly depends on their level of 
sophistication. For instance, limiting the description to atomic dipole polarizabilities, 
accurate reproduction of molecular quantities beyond the order of the dipole is hopeless. 
 
 Atomic point charges derived from the quantum mechanical electrostatic 
potential computed on a grid of points around the molecule14-16 are largely utilized for 
parameterizing the Coulomb part of all-purpose force fields. In the spirit of this 
approach, a number of schemes targeted at the construction of models of distributed 
polarizabilities have been devised, based on a least-squares fitting procedure to the 
induction energy.17-20 Their strength resides in the possibility to generate easily compact 
and flexible sets of polarizability parameters at any given order. Contrasting with the 
electrostatic potential, directly available from the wave function, the induction energy is 
somewhat more difficult to attain. In its most straightforward formulation, referred to as 
finite perturbation (FP),19 it can be estimated by considering the interaction of the 
molecule with a nonpolarizable point charge. Whereas potential derived charges imply a 
single QM calculation to map the entire space around the molecule, discretized in the 
form of a grid of Np points, evaluating induction energies for the same grid via FP 
would require Np distinct QM calculations, hence constituting the computational 
bottleneck of the approach. Clearly, the significant computational effort involved in the 
determination of induction energies, including usually intramolecular electron 
correlation and employing large basis sets to warrant an appropriate reproduction of the 
molecular polarizabilities, limits the applicability of FP to sufficiently small, 
prototypical systems. In light of these conclusions, two alternatives have been 
developed concurrently, aimed at a faster estimation of induction energies and relying 
essentially upon a single QM calculation – a sine qua non condition for the 
development of nonheuristic models of distributed polarizabilities. The first scheme, 
based on second-order perturbation theory (PT), allows the generation of large grids of 
induction energies derived from one QM calculation at the HF level.21,22 In essence, it 
relies upon an uncoupled form of the HF equations and provides only an approximation 
of the exact induction energy. Using adequately chosen scaling factors, this perturbative 
approach has been shown to yield induction energies in good agreement with the FP 
quantities.22 The second, more elaborate scheme consists of computing induction 
energies from fully distributed models of polarizabilities obtained within the framework 
of the AIM theory.12 The key feature of this approach lies in its ability to map grids of 
induction energies from a single QM calculation at a sophisticated level of 
approximation, followed by the topological partitioning of the electron density response 
into atomic regions.23  

 
These two approaches have been compared in the evaluation of induction energy 

grids and the derivation of distributed polarizability models at the MP2 level of theory 
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and considering different choices of basis set24. The results pointed out that both 
strategies supply induction energies of comparable quality in terms of error with respect 
to the reference FP values for neutral molecules, provided that the PT HF/Saldej 
induction energy estimates are scaled appropriately to reproduce the MP2 quantities, 
this approach being more difficult to apply in the case of anions. Nevertheless, the 
strategy based on second-order perturbation theory constitutes a very appealing 
alternative due to its limited computational cost an ease of implementation. Moreover, 
this study showed the importance of sampling the space surrounding the molecule 
sufficiently far from the nuclei in the computed induction energy grids in order to obtain 
appropriate distributed models, and the suitability of the Sadlej26 basis set at the MP2 
level of theory as an optimal compromise in terms of computational cost and agreement 
with experimental molecular polarizabilities.  

 
The purpose of this study is to explore the strategy relying on the PT calculation 

of induction energies for the derivation of distributed polarizability models able to 
introduce polarization effects in classical force fields in a systematic and well-defined 
way. As a test case, distributed models are derived for a series of aromatic compounds 
in order to explore the behaviour of this strategy in the context of cation-π interactions, 
where polarization effects play an important role25. The models are obtained by 
considering isotropic dipole atomic polarizabilities, and by exploring both united-atom 
and all-atom models, and the quality of the fitted parameters is assessed by comparing 
the molecular polarizabilities recovered from the models and those obtained from 
MP2/Sadlej calculations. The behaviour of the models are then examined in the context 
of cation-π interactions by computing the polarization interaction energy of the aromatic 
systems with a sodium cation represented by a non-polarizable point charge, and by 
comparing them to MP2/Sadlej QM/MM calculations. In addition, energy profiles that 
characterize the approach of the sodium cation towards the centre of the aromatic ring 
of benzene are also compared to QM/MM calculations to explore the goodness of the 
models for different orientations. Finally, the transferability of the atomic 
polarizabilities within the series of benzene derivatives is also examined. 
 
 

Methods 
 

A series of aromatic systems shown in Figure 1 were chosen in order to test the 
performance of the atomic distributed polarizability models in the prediction of 
polarization energies in cation-π complexes. The benzene derivatives were optimized at 
the MP2/6-31G(d,p) level of theory. Then, induction energy grids were generated by 
using the approach based on second-order perturbation theory. This approach permits 
the evaluation of the whole grid of induction energies from a single quantum chemical 
calculation, which was performed at the HF/Sadlej level of theory. Then, the induction 
energy estimates were scaled by a distance-dependent function in order to reproduce 
MP2/Sadlej estimates24. This choice is justified as the Sadlej26 basis set used at the MP2 
level of theory offers a good compromise between computational cost and agreement 
with experimental molecular polarizabilities. The grids were constructed by taking 
about 1000 points going from 2 to 5 times the van der Waals atomic radii of the nearest 
atom, in order to sample the space surrounding the molecule sufficiently far from the 
nuclei. Molecular polarizabilities were also computed at the MP2/Sadlej level in order 
to assess the goodness of the distributed models.  
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Figure 1. Aromatic structures considered in this study. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Isotropic dipole atomic components were fitted following different criteria in 
order to derive the distributed models, either by adopting an all-atom (AA) or united-
atom (UA) approach. At the UA models, atomic polarizabilities were fitted for all atoms 
except for hydrogens. In order to test the transferability of the models, three different 
schemes were used for either AA or UA schemes. First, fitting to the induction energy 
grids was carried out without any restrain (no restrains - NR). Second, symmetric atoms 
were forced to share the same polarizability components (symmetry - S). Finally, all 
carbons and hydrogens pertaining to aromatic CH groups were forced to have the same 
components at each different system (atom type – AT). The atomic polaribilities 
obtained by using these three procedures were subsequently compared and used to 
discuss the transferability of these values between different aromatic systems.  

 
The final behaviour of the models was analyzed by comparing the fitted 

molecular polarizabilities with the pure QM estimates. In addition, polarization 
interaction energies between a sodium cation and the aromatic systems were computed 
both from the distributed models and from QM/MM calculations, where the sodium 
cation was simulated as a nonpolarizable point charge. The sodium cation was added at 
2.47 Å above the aromatic ring for all systems (see ref. 25).The polarization energies 
derived from the isotropic distributed models were computed following the procedure 
proposed first by Applequist27, and subsequently refined by Thole7. On the other hand, 
QM/MM estimates were determined by two different approaches. First, by computing 
the full variational polarization interaction energy of the point charge with the aromatic 
system, and second, by using the second-order perturbational approach used to build up 
the induction energy grids, i.e., by computing perturbationally the HF/Sadlej 
polarization energy and then scaling it to reproduce MP2/Sadlej values. This final 
calculation also permits to analyze the performance of the fast second-order 
perturbational approach in comparison with the more costly variational calculation. 

  11     12     13              14               15 

6   7            8  9            10 

1  2  3  4             5 

N
H

F

OH NH2 Cl CN
F

F

F

FF N
H

O

N

N
H

N



Curutchet et al, November 2004 

6 

Finally, polarization energy profiles determined for the approach of the sodium cation to 
the aromatic ring of benzene were calculated using the isotropic all-atom symmetry 
(AA-S) model and from QM/MM MP2/Sadlej calculations, with the aim to investigate 
the behaviour of the model at different orientations of the cation. 

 
 

Results and discussion 
 

Table 1 shows the polarization energies obtained variationally for the cation-π 
complexes at the MP2/Sadlej level and the values obtained using the perturbational 
approach mentioned before. The polarization energies determined perturbatively are 
able to reproduce the variational results with a deviation of only 9% (r2=0.97) and a 
much lower computational cost, thus giving support to its use as a general strategy for 
the derivation of atomic polarizabilities adjusted to a given molecule. 

 
 

 
Table 1. Variational and perturbational QM/MM MP2/Sadlej polarization interaction energies (kcal/mol) between the 
aromatic systems and the Na+ cation. 
 
 Compound Variational       Perturbational 

1   -21.4   -23.8 
2   -25.2   -28.3   
3   -25.1   -27.6 
4   -28.7   -30.4 
5   -21.2   -23.7 
6   -22.4   -24.9 
7   -24.3   -26.5 
8   -22.3   -25.2 
9   -22.2   -25.3 
10   -21.0   -23.5 
11   -21.0   -23.7 
12   -22.4   -23.4 
13   -20.5   -21.3 
14   -18.9   -20.9 
15   -19.8   -22.3 

 
msea           2.3 
mue           2.3 
rms            2.5 

 
a mse: mean signed deviation (kcal/mol); mue: mean unsigned deviation (kcal/mol); rms: root-mean square 
deviation (kcal/mol) 
 
 
 

The comparison of molecular polarizabilities obtained from the different models 
with the values determined variationally at the MP2/Sadlej level are shown in Table 2. 
A very close agreement is found when an all-atom description is used, as noted in mean 
deviations less than 1% when atom-type restraints are imposed in the fitting of atomic 
polarizabilities. When a united-atom description is used, the agreement between 
molecular polarizabilities recovered from the distributed models and computed 
variationally is slightly worse, even though the mean deviation is only 4%. At this point, 
it must be pointed out that the molecular polarizability was not used as an adjustable 
parameter in the fitting procedure to derive the distributed models, and so the agreement 
obtained gives strong support to the method.  
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Table 2. Trace of the molecular polarizability (a.u.) obtained from the quantum mechanical calculation (MP2/Sadlej) 
and from different isotropic distributed models (All-atom/United-atom) obtained by imposing different kind of 
restrains: no restrains (NR), symmetry (S), atom type (AT).   
 
 Compound             All-atom                   United-atom 
  QM    NR   S  AT    NR   S  AT  

1 208.3  214.2 214.2 214.2   230.1 230.6 230.6  
2 360.5  345.4 346.3 345.7   355.7 356.3 362.4  
3 308.4  301.8 301.8 301.3   309.6 309.6 314.8  
4 399.2  366.2 366.5 364.1   375.4 375.5 383.8  
5 208.1  212.8 212.9 212.9   219.6 219.9 222.9  
6 225.2  230.1 230.1 230.1   237.6 238.1 241.3  
7 247.7  253.7 253.7 253.5   261.5 261.8 265.0  
8 251.9  256.5 256.6 256.7   263.0 263.1 266.2  
9 259.2  257.5 257.6 257.6   265.3 265.6 268.3  
10 207.8  211.2 211.3 211.3   213.8 213.9 213.9  
11 209.9  214.1 214.6 214.6   214.6 214.9 214.9  
12 165.1  175.4 175.6 175.3   191.3 191.3 191.2  
13 145.9  154.5 154.7 155.9   170.4 170.4 170.2  
14 147.7  156.8 156.8 158.2   171.1 171.1 171.2  
15 192.2  196.0 196.0 196.6   213.4 213.4 213.8  

 
msea     -0.6   -0.8   -0.7   -10.3 -10.6 -12.9  
mue      8.1    8.1    8.5    14.2  14.3  14.9  
rms    11.4  11.3  12.0    17.0  17.1  17.3  

 
a mse: mean signed deviation (kcal/mol); mue: mean unsigned deviation (kcal/mol); rms: root-mean square 
deviation (kcal/mol) 
 

 
 
Another parameter considered to asses the goodness of the fittings is the 

deviation found between the induction energies computed quantum-mechanically and 
the values recovered from the distributed models along the grid points (see Table 3). In 
general, a good agreement is found for all the models, with small deviations ranging 
from 0.12·10-3 to 0.27·10-3 (in a.u.). 

 
 

Table 3. Root-mean square deviation (10-3 a.u.) between the quantum mechanically and the recovered induction 
energies computed at the grids from different isotropic distributed models (All-atom/United-atom) obtained by 
imposing different kind of restrains: no restrains (NR), symmetry (S), atom type (AT).   
 
 Compound            All-atom             United-atom 
    NR   S  AT    NR   S  AT  

1  0.11 0.11 0.11   0.36 0.36 0.36  
2  0.13 0.14 0.14   0.21 0.22 0.30  
3  0.12 0.12 0.13   0.20 0.20 0.27  
4  0.17 0.17 0.26   0.24 0.25 0.40  
5  0.11 0.11 0.11   0.24 0.24 0.28  
6  0.12 0.12 0.12   0.26 0.27 0.31  
7  0.13 0.13 0.13   0.26 0.26 0.30  
8  0.11 0.11 0.12   0.21 0.21 0.24  
9  0.13 0.13 0.13   0.22 0.22 0.25  
10  0.10 0.10 0.10   0.17 0.17 0.17  
11  0.11 0.11 0.11   0.12 0.12 0.12  
12  0.11 0.11 0.11   0.25 0.25 0.25  
13  0.10 0.10 0.11   0.23 0.23 0.23  
14  0.11 0.11 0.13   0.25 0.25 0.25  
15  0.11 0.11 0.12   0.36 0.36 0.36  

  
Mean  0.12 0.12 0.13   0.24 0.24 0.27  
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In order to further investigate the behaviour of the models, the polarization 
energy of the aromatic systems interacting with the Na+ cation (placed at its optimum 
position to establish a cation-π interaction) was computed from the distributed models 
and compared to the variational MP2/Sadlej QM/MM calculations. Table 4 shows the 
results computed by neglecting the coupling between atomic induced dipoles, i. e., by 
considering only the electric field generated by the point charge of the sodium cation. 
On the other hand, Table 5 shows the results determined by computing the electric field 
generated by both the sodium cation and by the atomic induced dipoles following an 
iterative procedure, which usually converges in one or two cycles. The polarization 
energies of the different models with the Na+ cation show a good agreement,  especially 
when an all-atom description is used. In this case, the differences between the 
polarization energies obtained at the QM and classical levels are lower than 2%, while 
this difference increases to 15% when united-atom models are considered. The results 
also indicate that the mutual coupling between the induced dipoles for the different 
cation-π complexes have a relalitively small effect in the computed induction energies. 
These results suggest, then, that the mutual coupling could be neglected, thus avoiding 
the self-consistent procedure that must be carried out to reach convergence between the 
induced dipoles, with the corresponding saving in computational cost specially for 
simulations of complex systems. 
 
 
 
Table 4. Polarization interaction energy (kcal/mol) between the Na+ cation and the aromatic systems determined 
from the variational quantum mechanical calculation and from different isotropic distributed models (All-
atom/United-atom) obtained by imposing different kind of restrains (no restrains, symmetry, atom type). Energies 
computed without coupling between atomic induced dipoles.  
 
Compound    All-atom               United-atom 
  QM    NR    S   AT     NR    S   AT  

1 -21.4  -22.2 -22.3 -22.3   -29.1 -29.2 -29.2  
2 -25.2  -23.2 -22.9 -23.6   -20.9 -20.7 -24.3  
3 -25.1  -21.7 -21.7 -23.7   -21.8 -21.8 -24.0  
4 -28.7  -24.1 -24.0 -23.0   -19.1 -19.1 -22.0  
5 -21.2  -21.4 -21.5 -21.5   -24.2 -24.2 -25.6  
6 -22.4  -22.5 -22.6 -22.6   -25.6 -25.7 -27.0  
7 -24.3  -23.8 -23.9 -24.0   -26.5 -26.5 -27.6  
8 -22.3  -22.4 -22.4 -22.4   -25.0 -25.0 -25.9  
9 -22.2  -23.4 -23.4 -23.4   -23.5 -23.5 -24.1  
10 -21.0  -20.6 -20.7 -20.7   -21.7 -21.7 -21.7  
11 -21.0  -20.4 -20.5 -20.5   -20.4 -20.5 -20.5  
12 -22.4  -21.6 -21.7 -21.5   -27.9 -27.9 -27.9  
13 -20.5  -19.0 -19.1 -19.5   -25.0 -25.0 -25.0  
14 -18.9  -19.3 -19.3 -19.8   -25.3 -25.3 -25.4  
15 -19.8  -20.5 -20.5 -20.8   -27.4 -27.4 -27.4  

 
msea      0.7    0.7    0.5     -1.8   -1.8   -2.7   
mue      1.2    1.2    1.1      4.2    4.2    4.0   
rms      1.8    1.8    1.8      5.1    5.1    4.8   
 

 
a mse: mean signed deviation (kcal/mol); mue: mean unsigned deviation (kcal/mol); rms: root-mean square 
deviation (kcal/mol) 
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Table 5. Polarization interaction energy (kcal/mol) between the Na+ cation and the aromatic systems determined 
from the variational quantum mechanical calculation and from different isotropic distributed models (All-
atom/United-atom) obtanied by imposing different kind of restrains (no restrains, symmetry, atom type). Energies 
computed coupling atomic induced dipoles.  
 
 Compound               All-atom                            United-atom 
  QM    NR    S   AT     NR    S   AT  

1 -21.4  -22.5 -22.6 -22.6   -29.1 -29.2 -29.2  
2 -25.2  -23.2 -22.7 -23.4   -20.9 -20.7 -24.3  
3 -25.1  -21.8 -21.8 -23.8   -21.8 -21.8 -24.0  
4 -28.7  -24.2 -24.1 -23.4   -19.1 -19.1 -22.0  
5 -21.2  -22.0 -22.1 -21.9   -26.9 -26.9 -26.7  
6 -22.4  -22.7 -22.8 -22.7   -25.6 -25.7 -27.0  
7 -24.3  -23.9 -24.0 -24.1   -26.5 -26.5 -27.6  
8 -22.3  -23.5 -23.5 -23.2   -28.3 -28.3 -27.7  
9 -22.2  -23.7 -23.7 -23.8   -22.2 -22.1 -22.7  
10 -21.0  -21.1 -21.2 -21.2   -23.0 -23.2 -23.2  
11 -21.0  -21.0 -21.1 -21.1   -21.6 -21.7 -21.7  
12 -22.4  -22.2 -22.2 -22.0   -27.9 -27.9 -27.9  
13 -20.5  -19.6 -19.7 -19.9   -25.0 -25.0 -25.0  
14 -18.9  -23.7 -23.7 -26.0   -33.0 -33.0 -33.0  
15 -19.8  -21.2 -21.3 -21.2   -27.4 -27.4 -27.4  

 
msea      0.0    0.0   -0.3    -2.8  -2.8   -3.5  
mue      1.5    1.6    1.5     5.1   5.2    4.7  
rms      2.2    2.3    2.6     6.4   6.5    6.1  

 
 
a mse: mean signed deviation (kcal/mol); mue: mean unsigned deviation (kcal/mol); rms: root-mean square 
deviation (kcal/mol) 
 
 
 Finally, the energy profiles that characterize the approach of the sodium cation 
to benzene were calculated from the isotropic all-atom symmetry (AA-S) model and 
from QM/MM calculations. As shown in Figure 2, approximation profiles were 
computed along three orientations: (i) along the middle of a C-C bond (x orientation), 
(ii) along the C-H bond (y orientation), and (iii) perpendicular to the center of the 
aromatic ring (z orientation). In all cases, polarization energies at the “hard particle 
radius” (defined as the point where dispersion and repulsion cancel each other, see ref. 
25) and in points closer to and further away from the molecule were computed. The 
results given in Figure 3 show the good behaviour encountered for the model along 
these three orientations. 
 
 
Figure 2. Orientations of cation-aromatic interactions in this study. The z axis corresponds to the cation-π interaction.
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Figure 3. Polarization energy profiles that characterize the approach of Na+ to benzene determined from QM/MM 
MP2/Sadlej calculations and from the isotropic all-atom symmetry model of distributed polarizabilities. Distances (in 
Å) are referred in all cases to the hard sphere radius, the point where dispersion and repulsion cancel each other. Hard 
sphere radii are: 4.58 Å (x axis), 4.97 Å (y axis), and 3.24 Å (z axis). Profiles computed without coupling between 
atomic induced dipoles. 
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 In order to further investigate the transferability of atomic polarizability 
components between the different systems considered, the atomic polarizabilities 
obtained for the C and H atoms (all-atom) and the C-H group (united-atom) in the 
different distributed models are shown in Table 6.  
 
Table 6. Isotropic polarizability components (a.u.) for C and H pertaining to aromatic CH groups derived from 
different isotropic models. Mean values and standard deviations are given for the whole series of benzene derivatives 
considered in the study. 
 

All-atom    αC  NR  10.2  6.8 
        S  10.4  5.9 
      AT    9.6  2.3 
    αH   NR    3.5  1.1  
        S    3.4  0.9 
      AT    3.6  0.4 
 

United-atom   αC   NR  19.1  8.8 
        S  19.1  8.4 
      AT  16.7  8.1 
 
 
 Inspection of the mean values obtained for the series of complexes shows that no 
relevant differences are found in the atomic polarizabilities obtained either without 
restraints or by imposing symmetry or atom-type equivalences. The atomic 
polarizability of C and H oscillates (in a.u.) between 9.6 and 10.4, and between 3.4 and 
3.6, and for the C-H group adopts values between 16.7 and 19.1. However, it must be 
noted that notably large standard deviations are found, which suggests the existence of 
marked differences in the atomic polarizabilities obtained for these atoms in different 
molecules. This is clearly reflected in the results shown in Tables 7 (all-atom) and 8 
(united-atom), where the mean atomic polarizabilities obtained for each compound are 
given. For instance, the C polarizability obtained without restraints oscillates between 
4.0 and 18.2 (a.u.), while the C-H polarizability oscillates between 12.7 and 31.5. These 
results seriously question the assumption that distributed models of atomic 
polarizabilities can be transferable between structurally related molecules. 
 
 
 
Table 7. Isotropic polarizability components (a.u.) for C and H pertaining to aromatic CH groups derived from 
different all-atom isotropic models. For the atom-type model (AT) components derived for each aromatic system are 
given. In cases where diferent values can be found at each aromatic system, i.e. no restrains (NR) and symmetry (S) 
models, mean, maximum and minimum values, along with standard deviations are given for each compound.  
 
          Atom-type                 No restrains                     Symmetry  
 αC                        αC                         αC 
   Mean Max Min Dev  Mean Max Min Dev 
1   8.2   8.1  8.9  5.8  1.1   8.2  8.2  8.2  0.0 
2 10.8  11.5 23.8 -0.6  9.1  12.5 13.6 11.5  1.1 
3 11.0  11.6 21.3  4.2  6.5  11.6 21.3  4.2  6.5 
4 11.5  16.1 29.9  2.3  9.3  16.5 30.2  7.8  8.8 
5  8.6   9.8 13.7  4.4  3.9   9.7 12.1  7.5  2.3 
6  8.6   9.9 13.8  3.8  4.7   9.9 12.4  6.7  3.0 
7  9.5   9.9 14.0  5.5  3.4   9.9 12.4  8.2  1.7 
8  8.6  10.0 15.9  1.2  6.2  10.0 13.5  4.8  4.7 
9  8.6   9.2 12.7  4.0  4.2   9.2 11.0  6.8  2.2 
10 10.9  10.6 12.3  8.5  1.7  10.9 10.9 10.9  0.0 
11 18.5  18.2 19.7 16.4  1.6  18.5 18.5 18.5  0.0 
12  8.4   8.4 12.7  4.4  3.6   8.4  9.9  6.8  1.8 
13  7.6   6.5 13.2 -0.7  6.8   6.6 12.3  0.9  6.6 
14  7.2   4.0  6.9 -1.8  5.0   4.0  6.9 -1.8  5.0 
15  6.8   5.3 19.2 -4.9 12.2   5.3 18.5 -4.0 12.0 
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 αH                        αH                         αH 
   Mean Max Min Dev  Mean Max Min Dev 
1 3.7  3.8 4.7 3.5 0.5  3.7 3.7 3.7 0.0 
2 3.5  3.5 6.1 1.4 1.6  3.1 3.2 2.9 0.2 
3 3.4  3.3 5.3 0.9 1.5  3.3 5.3 0.9 1.5 
4 3.9  2.6 5.0 0.4 1.4  2.5 3.6 0.4 1.3 
5 3.6  3.4 4.5 3.0 0.6  3.4 3.6 3.2 0.2 
6 3.8  3.6 4.6 2.9 0.6  3.6 3.7 3.2 0.2 
7 3.7  3.7 4.5 3.0 0.6  3.7 4.0 3.2 0.3 
8 3.7  3.5 4.9 2.7 0.9  3.5 4.0 2.9 0.5 
9 3.6  3.6 4.7 3.0 0.7  3.5 3.7 3.3 0.2 
10 3.2  3.3 3.8 2.9 0.4  3.2 3.2 3.2 0.0 
11 2.1  2.2 2.8 1.6 0.6  2.1 2.1 2.1 0.0 
12 3.7  3.6 4.7 2.8 0.8  3.6 4.2 3.1 0.6 
13 3.5  3.7 5.6 2.1 1.7  3.7 5.0 2.3 1.6 
14 3.8  4.4 5.6 3.4 1.2  4.4 5.6 3.4 1.2 
15 4.0  4.1 5.6 2.2 1.6  4.1 5.4 2.3 1.6  
 
 
Table 8. Isotropic polarizability components (a.u.) for C pertaining to aromatic CH groups derived from different 
united-atom isotropic models. For the atom-type model (AT) components derived for each aromatic system are given. 
In cases where diferent values can be found at each aromatic system, i.e. no restrains (NR) and symmetry (S) models, 
mean, maximum and minimum values, along with standard deviations are given for each compound.  
 
          Atom-type                   No restrains                     Symmetry  
 αC                        αC                          αC 
   Mean Max Min Dev  Mean Max Min Dev 
1 12.8  12.8 15.9 10.5  2.1  12.8 12.8 12.8  0.0 
2 18.9  22.0 33.6 10.1  8.4  22.2 29.0 15.3  7.3 
3 18.4  21.4 32.6 10.5  8.9  21.4 32.6 10.5  8.9 
4 19.9  24.2 36.5 16.1  8.0  24.1 34.8 16.3  7.7 
5 14.9  19.0 31.3  6.0 11.2  19.0 29.7  8.8 10.5 
6 15.1  19.7 36.1  3.2 13.4  19.6 31.8  7.6 12.1 
7 16.2  20.7 34.5  5.3 13.3  20.7 33.1  8.1 12.5 
8 15.0  18.8 29.6  7.6 10.5  18.8 29.3  8.5 10.4 
9 15.9  19.1 28.8  9.7  8.4  19.1 27.4 12.0  7.8 
10 21.9  21.8 25.7 17.7  3.9  21.9 21.9 21.9  0.0 
11 31.5  31.5 31.9 31.1  0.4  31.5 31.5 31.5  0.0 
12 13.5  14.0 15.5 12.2  1.5  14.0 15.1 12.8  1.4 
13 12.8  13.0 13.8 12.4  0.7  13.0 13.6 12.4  0.7 
14 12.9  12.6 13.3 12.1  0.6  12.6 13.3 12.1  0.6 
15 12.7  12.4 17.3  6.8  4.5  12.4 17.1  6.8  4.6 
 
 
 

Concluding remarks 
 
 The procedure described in this study constitutes a promising alternative for the 
derivation of distributed models of atomic polarizabilities. The models obtained are able 
to reproduce either the polarization energies computed variationally or the global 
polarizability of the molecule. No relevant differences are found in the magnitude of the 
atomic polarizabilities due to the use of symmetry or atom type-based restraints 
compared to the values derived without imposing any restraint. On the other hand, 
marked differences are found in the values obtained for different molecules, thus 
difficulting the definition of a single set of atomic values transferable between 
molecules. These findings suggest that the procedure adopted can be an efficient 
alternative for the definition of distributed models of atomic polarizabilities. 
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