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Summary

An important specificity of wireless communication channels are the rapid fluctuations of propa-
gation coefficients. This effect is called fading and is caused by the motion of obstacles, scatterers
and reflectors standing along the different paths of electromagnetic wave propagation between
the transmitting and the receiving terminal. These changes in the geometry of the wireless
channel prompt the attenuation coefficients and the relative phase shifts between the multiple
propagation paths to vary. This suggests to model the channel coefficients (the transfer matrix)

as random variables.

The present thesis studies information rates for reliable transmission of information over fad-
ing channels under the realistic assumption that the receiver has only imperfect knowledge of the
random fading state. While the over-idealized assumption of perfect channel-state information
at the receiver (CSIR) gives rise to many simple expressions and is fairly well understood, the
settings with imperfect CSIR or downright absence of CSIR are significantly more complex to

treat, and less is known about theoretical limits of communication in these circumstances.

Of particular interest are analytical expressions of achievable transmission rates under imper-
fect and no CSI, that is, lower bounds on the mutual information and on the Shannon capacity.
A well-known mutual information lower bound for Gaussian codebooks is based on the notion
that the Gaussian distribution is the “worst-case” additive noise distribution in that it mini-
mizes the input-output mutual information. By conflating the additive noise (induced by thermal
noise in amplifiers at the receiver) with the multiplicative noise term due to the imperfections
of the CSIR into a single effective noise term, one can exploit the extremal property of the
Gaussian noise distribution to construct a “worse” channel by assuming that the effective noise
is Gaussian. This worst-case-noise approach allows to derive a strikingly simple lower bound

on the mutual information of the channel. This lower bound is well-known in literature and is
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frequently used to provide simple expressions of achievable rates.

A first part of this thesis proposes a simple way to improve this worst-case-noise bound by
means of a rate-splitting approach: by expressing the Gaussian channel input as a sum of several
independent Gaussian inputs, and by assuming that the receiver performs successive decoding
of the corresponding information streams (as if multiple virtual users were transmitting over the
same physical link in a multiple-access fashion), we show how to derive a larger lower bound
on the channel’s mutual information. On channels with a single transmit antenna, the optimal
allocation of transmit power across the different inputs is found to be approached as the number
of inputs (so-called layers) tends to infinity, and the power assigned to each layer tends to zero
(i.e., becomes infinitesimally small). This infinite-layering limit gives rise to a mutual information
bound expressible as an integral. On channels with multiple transmit antennas, an analogous
result is derived. However, since multiple transmit antennas open up more possibilities for spatial
multiplexing, this leads to a higher-dimensional allocation problem, thus giving rise to a whole

family of infinite-layering mutual information bounds.

This family of bounds is closely studied for independent and identically zero-mean Gaussian
distributed fading coefficients (so-called i.i.d. Rayleigh fading). Several properties of the family
of bounds are derived. Most notably, it is shown that for asymptotically perfect CSIR, any
member of the family of bounds is asymptotically tight at high signal-to-noise ratios (SNR).
Specifically, this means that the difference between the mutual information and its lower bound
tends to zero as the SNR tends to infinity, provided that the CSIR tends to be exact as the SNR
tends to infinity.

A second part of this thesis proposes a framework for the optimization of a class of utility
functions in block-Rayleigh fading multiple-antenna channels with transmit-side antenna corre-
lation, and no CSI at the receiver. A fraction of each fading block is reserved for transmitting
a sequence of training symbols, while the remaining time instants are used for transmission of
data. The receiver estimates the channel matrix based on the noisy training observation and
then decodes the data signal using this channel estimate. The class of utility functions under
study consists of symmetric functions of the eigenvalues of the matrix-valued effective SNR.
Most notably, a simple achievable rate expression based on the worst-case-noise bound belongs

to this class.

The problems consisting in optimizing the pilot sequence and the linear precoder are cast
into convex (or quasi-convex) problems for concave (or quasi-concave) utility functions. We also
study an important subproblem of the joint optimization, which consists in computing jointly
Pareto-optimal pilot sequences and precoders. By wrapping these optimization procedures into a

cyclic iteration, we obtain an algorithm which converges to a local joint optimum for any utility.



Resum

Una de les caracteristiques especifiques importants dels canals de comunicacié sense fils és la
rapida fluctuaci6 dels coeficients de propagacié. Aquest efecte, anomenat esvaiment, esta causat
pel moviment d’obstacles, dispersors i reflectors situats en els diferents camins de propagaci
de les ones electromagnetiques entre el terminal transmissor i receptor. Aquests canvis en la
geometria del canal sense fil produeixen una variacié dels coeficients d’atenuaci6 i dels retards
relatius de fase entre els diferents camins. Aquest efecte suggereix modelar els coeficients del

canal (matriu de transferéncia) com a variables aleatories.

Aquesta tesi estudia les taxes d’informacié per la transmissié fiable d’informacié en canals
amb esvalments sota la hipotesi realista de que el receptor té un coneixement tan sols imper-
fecte de I'esvaiment aleatori. Mentre la suposicié ideal de coneixement perfecte de 'estat del
canal en el receptor proporciona expressions simples i és bastant ben conegut, les configuracions
amb coneixement imperfecte o sense cap coneixement del mateix sén significativament més com-
plexes de tractar i es coneix molt menys sobre els limits teorics de la comunicacié en aquestes

circumstancies.

De particular interes son les expressions analitiques de les taxes de transmissié assolibles amb
coneixement imperfecte i sense coneixement de 'estat del canal, és a dir, cotes inferiors de la
informacié mutua i de la capacitat de Shannon. Una cota inferior de la informacié mitua per
a codis gaussians ben coneguda es basa en la nocié de que la distribucié gaussiana és la pitjor
distribucié possible de soroll additiu en el sentit que minimitza la informacié mitua entre entrada
i sortida. Combinant el soroll additiu (induit pel soroll termic dels amplificadors del receptor)
amb el terme de soroll multiplicatiu causat per les imperfeccions del coneixement de ’estat del
canal en un unic soroll efectiu, es pot explotar la propietat de la distribucié gaussiana de definir el

pitjor canal suposant que el soroll efectiu és efectivament gaussia. Aquesta aproximacio6 del pitjor
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soroll permet obtenir una expressié de la informacié mutua del canal sorprenentment simple.
Aquesta expressié és ben coneguda en la literatura i s’utilitza sovint per obtenir expressions

simples de les taxes d’informacié assolibles.

Una primera part d’aquesta tesi proposa un procediment senzill per a millorar aquesta cota
associada al pitjor cas mitjancant una estrategia de repartiment de taxa: expressant ’entrada
gaussiana del canal com a la suma de diverses entrades gaussianes independents i suposant
que el receptor realitza una descodificaci6 seqiiencial dels fluxos d’informacié (com si diversos
usuaris virtuals transmetessin sobre el mateix enlla¢ fisic en un canal de miltiple accés), es
mostra com obtenir una major cota inferior de la informacié muitua del canal. En canals amb
una Unica antena en transmissio, la distribucié optima de potencia als diferents fluxos s’obté
quan el seu nombre (capes) tendeix a infinit, i la poténcia associada a cada capa tendeix a zero
(és infinitesimalment petita). El 1imit associat a un nombre infinit de capes déna lloc a una
expressié integral de la cota de la informacié mitua. En canals amb multiples antenes s’obté un
resultat similar. No obstant aixo, ates que la utilitzacié de multiples antenes proporciona més
possibilitats de multiplexat espacial, el problema augmenta la seva dimensionalitat i déna lloc a
tota una familia de cotes inferiors de la informacié mutua associades a una combinacié de capes

infinita.

S’estudia en detall aquesta familia de cotes per al cas de coeficients d’esvaiments gaussians de
mitjana zero, independents i idénticament distribuits (conegut com esvaiment i.i.d. Rayleigh).
S’obtenen diverses propietats de la familia de cotes. Es important destacar que per a coneix-
ement asimptotic perfecte del canal en recepcid, qualsevol membre de la familia de cotes és
asimptoticament ajustat per alta relacié senyal a soroll (SNR). En concret, la diferéncia entre
la informacié mitua i la seva cota inferior tendeix a zero quan la SNR tendeix a infinit sempre

que el coneixement del canal tendeixi a ser exacte a mesura que la SNR tendeix a infinit.

Una segona part d’aquesta tesi proposa un marc per a 'optimitzacié d’una classe de funcions
d’utilitat en canals amb multiples antenes i esvaiments Rayleigh per blocs amb correlacié en
transmissié i sense informaci6é sobre el canal a recepcié. Una fraccié temporal de cada bloc
d’esvaiment es reserva per transmetre una seqiiéncia de simbols d’entrenament mentre que la
resta de mostres temporals s’utilitzen per transmetre informacié. El receptor estima la matriu
del canal partint de la seva observacié sorollosa i descodifica la informacié mitjancant la seva
estimacié del canal. La classe de funcions d’utilitat considerades son funcions simetriques dels
autovalors de la SNR matricial efectiva. De fet, una simple expressié de la taxa d’informacié

assolible basada en el pitjor soroll possible pertany a aquesta classe.

Els problemes consistent en optimitzar la seqiiéncia pilot i el precodificador lineal es trans-
forman en problemes convexos (o quasi-convexos) per a funcions d’utilitat concaves (o quasi-

concaves). També s’estudia un subproblema important de ’optimitzacié conjunta, que consisteix
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en el calcul de les seqiiéncies d’entrenament i dels precodificadors conjuntament Pareto-optims.
Integrant aquests procediments d’optimitzacié en una iteracié ciclica, s’obté un algoritme que

convergeix a un optim local conjunt per a qualsevol utilitat quasi-concava.






Resumen

Una de las caracteristicas especificas importantes de los canales de comunicacién inaldmbricos
es la fluctuacién rapida de los coeficientes de propagacion. Este efecto, denominado desvanec-
imiento, estd causado por el movimiento de obstaculos, dispersores y reflectores situados en los
diferentes caminos de propagacion de las ondas electromagnéticas entre el terminal transmisor y
receptor. Estos cambios en la geometria del canal inalambrico producen una variacién de los coe-
ficientes de atenuacién y en los retardos relativos de fase entre los diferentes caminos. Este efecto

sugiere modelar los coeficientes del canal (matriz de transferencia) como variables aleatorias.

Esta tesis estudia las tasas de informacién para transmisién fiable de informacién en canales
con desvanecimientos bajo la hipdtesis realista que el receptor tiene un conocimiento tan sélo
imperfecto del desvanecimiento aleatorio. Mientras la suposicion ideal de conocimiento perfecto
del estado del canal en el receptor proporciona expresiones simples y es bastante bien conocido,
las configuraciones con conocimiento imperfecto o sin ningtin conocimiento del mismo son sig-
nificativamente mas complejas de tratar y se conoce mucho menos sobre los limites teéricos de

la comunicacién en estas circunstancias.

De particular interés son las expresiones analiticas de las tasas de transmisién alcanzables
bajo conocimiento imperfecto y sin conocimiento del estado del canal, es decir, cotas inferiores
de la informacion mutua y de la capacidad de Shannon. Una cota inferior de la informacién
mutua para cdédigos gaussianos bien conocida se basa en la nocién de la distribucién gaussiana
es la peor distribuciéon posible de ruido aditivo en el sentido de que minimiza la informacién
mutua entre entrada y salida. Combinando el ruido aditivo (inducido por el ruido térmico de
los amplificadores del receptor) con el término de ruido multiplicativo causado por las imper-
fecciones del conocimiento del estado del canal en un tnico ruido efectivo, se puede explotar la

propiedad de la distribucién gaussiana de definir el peor canal suponiendo que el ruido efectivo
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es efectivamente gaussiano. Esta aproximacion del peor ruido permite obtener una sorprenden-
temente simple expresion de la informacién mutua del canal. Esta expresién es bien conocida en
la literatura y se utiliza a menudo para obtener expresiones simples de las tasas de informacién

alcanzables.

Una primera parte de esta tesis propone un procedimiento sencillo de mejorar esta cota asoci-
ada al peor caso mediante una estrategia de reparticién de tasa: expresando la entrada gaussiana
del canal como la suma de varias entradas gaussianas independientes y suponiendo que el re-
ceptor realiza una decodificacién secuencial de los flujos de informacién (como si varios usuarios
virtuales transmitieran sobre el mismo enlace fisico en un canal de miltiple acceso), se muestra
como obtener una mayor cota inferior de la informacién mutua del canal. En canales con una
Unica antena en transmision, la distribucién de potencia éptima a los diferentes flujos se obtiene
cuando su numero (capas) tiende a infinito, y la potencia asociada a cada capa tiende a cero (es
infinitesimamente pequeiia). El limite asociado a un niimero infinito de capas da lugar a una ex-
presion integral de la cota de la informacién mutua. En canales con multiples antenas se obtiene
un resultado similar. Sin embargo, dado que la utilizaciéon de miltiples antenas proporciona mas
posibilidades de multiplexado espacial, el problema aumenta su dimensionalidad y da lugar a
toda una familia de cotas inferiores de la informacién mutua asociadas a una combinaciéon de

capas infinita.

Se estudia en detalle esta familia de cotas para el caso de coeficientes de desvanecimientos
gaussianos de media cero, independientes e idénticamente distribuidos, (conocido como desvanec-
imiento i.i.d. Rayleigh). Se obtienen diversas propiedades de la familia de cotas. Es importante
destacar que para conocimiento asintético perfecto del canal en recepcion, cualquier miembro
de la familia de cotas es asintéticamente ajustado para alta relacion sefial a ruido (SNR). En
concreto, la diferencia entre la informacion mutua y su cota inferior tiende a cero cuando la SNR
tiende a infinito siempre que el conocimiento del canal tienda a ser exacto a medida que la SNR

tienda a infinito.

Una segunda parte de esta tesis propone un marco para la optimizacion de una clase de fun-
ciones de utilidad en canales con miiltiples antenas y con desvanecimientos Rayleigh por bloques
con correlacién en transmision y sin informacién sobre el canal en recepcién. Una fraccién tem-
poral de cada bloque de desvanecimiento se reserva para transmitir una secuencia de simbolos
de entrenamiento mientras que el resto de muestras temporales se utilizan para transmitir in-
formacion. El receptor estima la matriz del canal a partir de su observacién ruidosa y decodifica
la informacién mediante su estimacion del canal. La clase funciones de utilidad bajo estudio
son funciones simétricas de los autovalores de la SNR matricial efectiva. De hecho, una simple
expresion de la tasas de informacion alcanzable basada en el peor ruido posible pertenece a esta

clase.
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Los problemas consistentes en optimizar la secuencia piloto y el precodificador lineal se
transforman en problemas convexos (o casi-convexos) para funciones de utilidad céncavas (o
casi-concavas). También se estudia un subproblema importante de la optimizacién conjunta,
que consiste en calcular las secuencias de entrenamiento y los precodificadores conjuntamente
Pareto-6ptimos. Integrando estos procedimientos de optimizacién en una iteracién ciclica, se
obtiene un algoritmo que converge a un 6ptimo local conjunto para cualquier utilidad cuasi-

céncava.
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Notation

Vectors and Matrices

vec(A)

rank(A)
range(A)

tr(A)

a vector (bold lowercase)

a matrix (bold uppercase)

transpose of the matrix A

complex conjugate of the matrix A

conjugate transpose (Hermitian adjoint) of the matrix A

Hermitian square root of the Hermitian matrix A, uniquely defined via
AZAZ = A

n X n identity matrix. The subscript ‘n’ may be omitted at times, espe-
cially if the dimension is clear from context.

vector of dimension n x 1 whose entries are all equal to 1 (so-called
all-ones vector)

zero matrix or zero vector (the dimension is always clear from context)
a=la ... an]T € R"} is not larger than b = [by ... bn}T € R”, in the
sense that a; < b; forallt=1,...,n

B — A is positive semidefinite, the matrices A and B being Hermitian
and of equal size (alternative notation: B = A)

vector resulting from stacking the columns of the matrix A = [a; ay ... ]
on top of each other, i.e., vec(A) = [af af ...]T

rank of the square matrix A

range of the matrix A, defined as the linear space spanned by the
columns of A

trace of the square matrix A, defined as the sum of its diagonal entries

xXxXvii
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det(A)

Ua

nxn
CJr

nxn
Ciy

{A1,..., An}
(Ay,...,Ay)
An

int(A)
0A
ot A

determinant of the square matrix A, defined as the product its eigen-
values

the reduced left singular basis of a matrix A. For positive semidefinite
A e C*", this coincides with the reduced eigenbasis, of size nxrank(A).

the reduced right singular basis of a matrix A

the set of positive integers (excluding 0)

the set of integers

the set of real numbers

the set of complex numbers

the set of (sub-)unitary matrices of the C™*™ defined such that for
U c U™ we have UUT =1, if m <nand UTU =1, if m >n

the symmetric group of permutation matrices, defined as P" = U™*" N
{O, 1}n><n

the cone of positive semidefinite matrices from C"*", defined as

CP"={A € C""|vx € C": x'Ax > 0}

the cone of positive definite matrices from C"*™, defined as

CP"={A € C™"|vx € C": x'Ax > 0}

the (unordered) set containing elements Ay, ..., A,

the ordered collection (also called tuple) containing elements Ay, ..., A,
shorthand for the ordered collection (A, ..., A,). By convention, A°
denotes the empty collection.

the set of inner points of A C R"™ (with respect to the Euclidian distance)
the boundary of A, defined as A \ int(.A)

the so-called Pareto border of A. For A C C", it is defined as

OTA={AcA|PA € A: A/ = Aand A’ £A}.
For B C R”, it is defined as

O"B={beB|#' €B:b >bandb#b}



col(A)

Contents XXix

a concise notation for a feasible set: if A(B) denotes a function of B € B,
then A(B) = UpepA(B).
Subset of the non-negative orthant, whose elements sum up to a value

not larger than a, defined as
D(a) = {x e R" | 1Tx < a}

The dimension of D(a) (n in the above case) will be clear from the
context.

the set of columns of the matrix A

Functions and Operations

Probability

Pr{A}
Pr{A|B}
Pr{A, B}

E[A]
E[A|B]

cov(a|B)

A

exponential integral function, defined as Ei(z) = — [ % dz
gamma function, defined as I'(z) = [;° t* e~ dt

incomplete gamma function, defined as I'(z,y) = [;* tr=le=t dt
imaginary unit, defined via 7* = —1

real part of a complex-valued matrix, vector or scalar
imaginary part of a complex-valued matrix, vector or scalar
limit superior

limit inferior

factorial of n, defined as n! =[[;_; k=T(n+1)

indicator function (it is 1 if the statement in the curly brackets is true
and is 0 otherwise)

Dirac delta-function, defined such that f(0) = [, f(z)d(x)dx
non-negative part of A, i.e., (4)* = max(0, A)

probability of the event A

probability of the event A conditioned on event B

probability of the event “A and B”, defined as Pr{A,B} =
Pr{A} Pr{B|A}

expectation of the random variable A

expectation of the random variable A conditioned on B = B
covariance of the random vector a conditioned on B = B, defined as
cov(a|B) = E[aa'|B] — E[a|B] E[a'|B]

realization of the random scalar A (sans-serif typesetting convention)
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E[A[B]

X~ N(C(H? C)

realization of the random vector a (sans-serif typesetting convention)

realization of the random matrix A (sans-serif typesetting convention)

random variable defined as the expectation of the random variable A

conditioned on the random variable B

x is a complex circularly-symmetric Gaussian random vector with mean

p and covariance C

Mathematical constants

Euler’s number, defined as e = 0% 1, ~ 2.718 ...

the number pi, approximately equal to 7w ~ 3.14159. ..

the Euler-Mascheroni constant, defined

lim {—lo n) + 3 1}%0.577...
i {-toatr) + 5 1

Acronyms and Abbreviations

AWGN
CSI
CSIR
CSIT
MIMO
MISO
MMSE
MSE
SIMO
SISO
SNR
e.g.

i.e.
ii.d.

VS.

Additive White Gaussian Noise
Channel-State Information

Channel-State Information at the Receiver
Channel-State Information at the Transmitter
Multiple-Input Multiple-Output
Multiple-Input Single-Output

Minimum Mean-Square Error
Mean-Square Error

Single-Input Multiple-Output

Single-Input Single-Output
Signal-to-Noise Ratio

for example (from Latin exempli gratia)
that is (from Latin id est)

independent and identically distributed

versus

as y =



Introduction

Seminal work from the end of the nineties [Fos9§| [Tel99] sparked a strong interest in multiple-
input multiple-output (MIMO) systems for modern communication systems, by showing that
the use of multiple antennas at both link ends can strongly potentiate spectral efficiency. These
results, much like many earlier results on achievable rates and capacity expressions, rely on
the assumption that the channel is static (constant in time). When extending these results to
the wireless setting (in which the channel coefficients are random variables), and under the
critical assumption that the decoder is cognizant of the exact values of the channel coefficients,
capacity results can be derived in some relevant cases of interest by simple averaging (over the
fading distribution) of the capacity expression from the static-channel setup. In fact, a code
with long codewords allows the receiver to exploit the diversity created by the alternation of
strong channel states (constructive interference) and deep fades (destructive interference) in
order to partly compensate for the occasionally poor channel quality in deep fades, so long as

he is informed of the sequence of channel states.

Such situation is commonly referred to as coherent transmission. The coherent assumption
is legitimate in circumstances where the channel parameters change slowly over time (compared
to the duration of a symbol), since one can then assume that the receiver has enough resources
to accurately and timely sense the current channel state. In practical situations such as cellular
radio, however, this assumption does not hold. Therefore, modifications of the channel model

and of capacity results are required.

With the inception of research on MIMO systems, it soon became important to extend
their study to the noncoherent setting, in which the receiver has no a priori knowledge of the
random channel state: structural properties of the noncoherent capacity-achieving distribution

in block-fading channels were established in [Mar99|, the diversity techniques of space-time codes

1
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[Ala98| [Tar9g| [Tar99] [Hoc00] were adapted to the case of imperfect channel knowledge [VisO1]
with blind differential space-time detection [Dig02] [Swi02]. The capacity pre-log of block-fading
noncoherent channels was found in |[Zhe02], while the noncoherent capacity of memoryless fading

channels was shown to have a double-logarithmic growth in the signal-to-noise ratio [Lap03].

The realistic assumption that the receiver has no a priori knowledge of the channel state
entails significant changes to the capacity behavior, the optimal transmit schemes, the coupling
of estimation and detection problems, and resource allocation strategies. Roughly speaking,
detection and decoding schemes can be divided into two categories: those that prescind from
computing an estimate of the channel state (or do so implicitly) as an intermediate step, and
those that explicitly compute an estimate of the channel state prior to detection. In the former
case, the symbol or codeword detection is said to be done blindly, while in the latter case, it is
done coherently. A simple and popular method for acquiring channel-state information at the
receiver (CSIR) is by inserting so-called pilot or training symbols, which are not information-
bearing and are known to the receiver. Depending on the channel properties, the insertion can
be done in reserved time slots (time-duplexed training) or in reserved frequency slots (frequency-
duplexed training). A good survey of general principles is found in [Ton04]. In practical systems

such as cellular systems, the training pattern is generally a mixed time-frequency pattern.

channel state (amplitude)

pilot symbol data symbol

Figure 1 Time-duplexed training

The present thesis is grounded on the idea of explicit training schemes, and more specifically,
on time-duplexed training (esp. Chapter [4)). Nonetheless, many findings that hold for time-
duplexed training can be easily transferred to frequency-duplexed training by swapping the

roles of time and frequency.

A communication system that employs an explicit training scheme (e.g., time-duplexed train-
ing) must be designed in such way that the overhead due to the training time slots is well cali-
brated. In fact, if training symbols are too far apart, then the channel knowledge gets outdated
before the next training symbol is sent, so that the average quality of channel knowledge gained

from interpolation is poor. On the other hand, if the training symbols are too frequent, then
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an excessive fraction of time is being spent on training instead of transmitting data. It is thus
clear that, under a maximum distortion constraint (e.g., maximum bit error rate), an optimal
balance must be stricken in order to maximize the net data throughput. The authors of [Has03]
proposed an elegant analysis of this trade-off for a capacity lower bound on block-fading MIMO
channels (i.e., in the asymptotic regime of infinite blocklength). The present thesis continues

along a similar line of research.

It should be noted that this trade-off problem only emerges because the channel estimation
error is non-negligible. In the training-based system under consideration, the receiver first ex-
ploits the training observation to generate an estimate of the fading gains, and then uses this
channel estimate to decode the transmitted message coherently (i.e., using the channel estimate
as if it were the true channel). In terms of achievable rates, this two-stage approach is subopti-
mal compared to full-blown maximum-likelihood decoding, but it drastically reduces decoding
complexity while maintaining near-optimal performance results. Hence, the receiver needs to
decode the data signal under genuinely imperfect CSIR conditions. This is the essential link
between the noncoherent and imperfect CSIR settings: though the transmission of data under
imperfect CSIR will be treated as a problem in its own right in Chapters 2] and [3] we actually

regard this as a subproblem related to the noncoherent setting, which is treated in Chapter [4]

In Chapter [2| we consider capacity lower bounds for imperfect CSIR. The starting point
is a well-known capacity lower bound for imperfect CSIR, due to [M00] and [Bal01]. Hassibi
and Hochwald point out in |[Has03] that this bound corresponds to a worst-case-noise scenario,

¢

in the sense that said bound is equal to the capacity of a “worst-case” channel in which the
effective noise distribution is made to be Gaussian and independent of the channel input. In
numerous variations and different settings, the bounding technique proposed in [M()O, Has03|
has been extensively used in subsequent work on transmission with imperfect channel-state
information (e.g. in [Yoo04,Mus05, Yoo06, Loz08,[Soy10, Din10, Aub13], to cite only a few) as
a performance metric for system design. We show that this bound can be improved by simple
means via a rate-splitting approach. The improved bound is first derived for the SISO setup,
and then extended to the MIMO setup. As a consequence of the large number of possible rate-
splitting allocations in MIMO systems (due to the spatial degrees of freedom for beamforming),
the MIMO generalization requires to consider an entire family of improved bounds, parametrized

by so-called layering functions.

In Chapter [3] the MIMO rate-splitting bounds from Chapter [2]are studied in closer detail for
the special case of i.i.d. Rayleigh fading. In this highly symmetric correlation model, the general
results from Chapter [2] take a simpler form and several additional properties of the family of

bounds can be formulated which offer additional insight.

In Chapter {4 we will consider a frequency-flat block-fading MIMO channel with time-
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duplexed training in which we seek to optimize the linear precoder and the training sequence
under an overall average power constraint. The assumption is, of course, that neither termi-
nal has a priori knowledge of the channel-state. A frequent yet generally suboptimal choice
for the pilot sequence is that of orthonormal pilot symbols. Furthermore, some publications
such as [Soy10,/Aub10,/Aub13] focus on minimizing distortion measures like the mean-square
error when designing the pilot sequence (as in [Ton04], |Big06|), while focusing on other mea-
sures such as bit-error rate or mutual information when designing the precoder. For instance
in |[Aubl10,Aubl3|, the authors propose two alternative figures of merit for optimizing the train-
ing sequence: the variance of the channel estimation error norm, and the average volume in which
said error vector is concentrated. In contrast to these works, we propose to examine how the
pilot sequence and the precoder can be jointly designed with respect to the same performance

metric.

A first successful attempt in this direction was made in [Has03|, where the problem was
considered of finding the optimal time share between training and transmission, as well as of
optimally balancing the power levels of pilot and data symbols. Assuming i.i.d. coefficients for
the channel estimate and for the channel estimation error, the authors of [Yoo04] proved that
the optimal transmit covariance is diagonal, and that its eigenvalues are solutions to a convex
optimization problem. However, in both [Has03] and [Yoo04], all results were derived exclusively
for i.i.d. fading. Instead, when facing spatially correlated fading, the question of joint optimality

of pilot sequence and precoder is significantly more involved.

Below, we shall give a brief overview of all novel results presented in this thesis, with forward

references to the relevant lemmata, theorems and corollaries.

Summary of Main Contributions

Chapter 2

(1) We demonstrate how the worst-case-noise bound can be improved by a rate-splitting
approach: a Gaussian input signal is split into two independent Gaussian input signals,
and using the chain rule, we derive a modified capacity lower bound for imperfect
CSIR, which we observe by a simple convexity argument improves over the worst-
case-noise bound.

(2) We argue that the rate-splitting approach is extensible to any arbitrary number of
layers, and prove that the bound increases monotonically (i.e., becomes sharper) as
we introduce additional splits [Lemma Theorem

(3) The supremum over all rate-splitting bounds with respect to the per-layer power
allocation is shown to be approached in the limit as the number of layers tends to

infinity while the power of each layer tends to zero. An integral expression for this
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infinite-layering bound is computed [Theorem .

(4) Assuming that the variance of the channel estimation error tends to zero as the SNR
tends to infinity (so-called asymptotically perfect CSI), we prove that under mild
conditions, the difference between the infinite-layering bound and the exact mutual
information is asymptotically upper-bounded by a constant gap which only depends on
the limit of the ratio between the entropy power of the channel estimation error, and
the channel estimation error variance [Theorem . In particular, if the conditional
channel estimation error (conditioned on the channel estimate) is Gaussian, then the
infinite-layering bound is asymptotically tight [Corollary . For the proof of these
two results, we make use of a mutual information upper bound for Gaussian i.i.d.
codebooks, which is a generalization of a conventional upper bound well known in the
literature, and whose derivation is given in Appendix

(5) The rate-splitting approach is extended to MIMO channels. Results analogous to
the above-mentioned are derived for the MIMO setting: from the observation that
splitting yields an improved bound, it follows that the best of all rate-splitting bounds
is approached for an infinite number of layers [Theorem . The layering structure is
specified by a combination of so-called layering functions and indexings [Definitions
and . Layering functions allow to parametrize a family of MIMO infinite-layering
bounds expressible in terms of a Riemann-Stieltjes integral [Theorem [2.6].

Chapter 3]

This Chapter particularizes the MIMO infinite-layering bounds to the case where there is an i.i.d.
Rayleigh-distributed channel estimate and an i.i.d. Rayleigh-fading channel estimation error,
these two being mutually independent. Additional properties of this family of rate-splitting

bounds are derived especially for this setup.

(1) The asymptotic tightness of MIMO infinite-layering bounds under asymptotically per-
fect CSI is established [Theorem . It appears that this tightness holds irrespective
of the layering function and of the speed at which the CSI tends to perfect CSI.

(2) For SNR-independent CSI, the difference between any infinite-layering bound and the
worst-case-noise bound is shown to vanish as the number of transmit antennas tends to
infinity [Theorem . In contrast, this bound difference tends to a positive constant
is the number of receive antennas is taken to infinity [Theorem .

(3) Again for SNR-independent CSI, a large random-matrix limit of an infinite-layering
bound is derived, for which both the number of transmit and receive antennas are
taken to infinity (at a constant ratio) [Theorem [3.6]. This asymptotic limit is shown

in simulations to be a highly accurate approximation for systems with a finite number
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of antennas.

Chapter [4]

(1)

Regarding the two separate problems that consist in optimizing the precoder for a
prescribed pilot sequence, and the pilot sequence for a prescribed precoder, it is shown
that for the former problem, the precoded streams should not outnumber the pilot
symbols [Theorem and Equation ], while for the latter problem, the pilot
symbols should not outnumber the precoded streams [Theorem . Furthermore, it
is shown that both problems can be cast into quasi-convex problems, provided that the
utility is quasi-concave [Theorem and Section [{.4]. The main utilities of interest
exhibit this quasi-concavity [Table in Appendix .

Regarding the joint optimization problem, we prove that for optimality, a necessary
condition is that the number of streams should equal the number of pilot symbols
[Section and that the eigenbasis of the transmit covariance and the eigenbasis
of the Gram formlﬂ of the pilot sequence should both be equal to the eigenbasis of
the channel’s transmit correlation matrix [Theorem . Loosely speaking, the pilot
symbols and the transmit beamforming vectors should all be aligned in direction of
the channel eigenmodes. This alignment significantly reduces the dimensionality of
the residual problem of eigenvalue optimization.

To further reduce the remaining optimization of the eigenvalues of the transmit covari-
ance and pilot Gram, a method is proposed in Section for computing eigenvalue
vectors that are jointly Pareto optimal (in a sense to be explained in detail in Subsec-
tion . This amounts to a further reduction of dimensionality of the optimization
problem.

All the above procedures for solving subproblems of the full-fledged optimization prob-
lem are combined constructively to yield an iterative procedure which converges to-

wards a local optimum of the joint optimization problem.

1 The Gram form of a matrix A shall be defined as AAT.
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Communication Model

1.1 The Discrete-Time Channel

In wireless communications, it is generally assumed that the channel is linear, in the sense that
the channel’s output is a linear function of the channel’s input. In addition, the propagation en-
vironment fulfills the superposition principle, in that the waveform resulting from superimposing
waveforms generated by different sources is the sum of the individual waveforms generated by
each source. These properties are consistently verified in practice, and are a consequence of the
fact that air as a propagation medium fufills the superposition principle, and that sinusoidal
waves reflected or scattered by static obstacles maintain their sinusoidal shape. A more exhaus-
tive discussion based on first principles (far-field approximation, radiation patterns, ray tracing)

can be found, e.g., in [Tse05].

All signals shall be represented in the baseband. The input signal is assumed to occupy a
frequency band of half-bandwidth B/2, centered around the zero frequency. This means that the
support of the input signal’s Fourier transform (for an energy-limited signal) or power spectral

. . . . B. B
density (for a power-limited signal) belongs to the interval {—5, 7]
Consider a power-limited, continuous-time, complex-valued narrowband input signal of the

form

x(t) = Zaieﬂ”m (1.1)

where the i-th sinusoid component has complex amplitude a; € C and frequency f; € { B. B}.

T 202
To be power-limited, the sum of squared amplitudes Y, |a;|?> must be finite. An actual physical
quantity such as the voltage or current feeding the transmit antenna, or the electric field or

magnetic field measured in the vicinity of the transmit antenna, is represented by the real part
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(the in-phase component) or the imaginary part (the quadrature component) of the complex

baseband representation of the transmit signal up-converted to the carrier frequency f., i.e.,
o) = R {z()e? ) zq(t) = S {a(t)er !} (1.2)

Since the signal processing at the terminals is performed at baseband frequencies, and since the
up-converted signals x|(t) or xq(t) carry the same information as the baseband signal x(t), we

will limit our analysis to the baseband model.

Assuming that the channel’s response (passband-filtered and down-converted to the base-

band) is linear and independent of the frequency f;, the output signal will be of the form
y(t) =D hja(t — 7))
J

_ Z hjaieﬂﬁfi'(t—ﬁ) (1.3)
.3
where 7; € R and h; € R respectively denote the propagation delay and the attenuation factor

on the j-th propagation path.

The above assumption that the channel response to sinusoids is independent of the frequency
fi is justified as long as we assume that the bandwidth B is small compared to the channel’s
coherence bandwidth, or equivalently, that the reciprocal 1/B is large compared to the standard
deviation of the delays 7; (or any similar measure of the delay spread). This allows to approximate
the channel’s frequency response as being constant over the communication bandwidth, so that
we circumvent the complications of a frequency-selective channel behavior. We say, in our case,

that the channel is frequency-flat.

The above relationship (1.3]) linking the input with the ouput of the channel can be repre-
sented as a convolution operation. In fact, if we denote the Dirac delta-function as d(x) and

define the so-called channel impulse response as
J

then the ouput y(t) is simply the convolution of the input with the impulse response:

y(t) = / T )t — 1) dr. (1.5)

—00

This is, in fact, the general system equation governing any linear time-invariant system.

In wireless communications, the system equation (|1.5)) needs to be extended so as to capture
the temporal variations of the channel geometry (moving terminals, reflectors, scatterers and
shadowers). These motions should occur at speeds slow enough to not cause too important

Doppler shifts, so that the convolution operation will not broaden the communication band
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too significantly. As a countermeasure, the sampling frequency can be stepped up. However, in
practice this effect can be neglected since the typical velocities of moving objects are too low to

cause shifts of more than a few hundred Hertz.

As a consequence of the channel variations—and this, in turn, cannot be neglected—the
impulse response becomes itself a function of time. That is, the positive path delays 7;(¢) and
the complex-valued attenuation factors h;(t) become functions of time. Accordingly, the channel
response at time instant ¢ to an impulse sent at time instant ¢ — 7 is denoted as h(7;t) and is

expressed as

h(rst) = 3 by (03(r = 75()) (16)

The system equation (|1.5) now becomes

y(t) = / h(r; D)z (t — 7) dr. (1.7)

Let us define the sampled input signal X[k], obtained from sampling z(¢) at multiples of the
sampling period 1/B, as

X[H = 2 (g) . kez (1.8)

By virtue of the Whittaker-Shannon interpolation formula, the continuous-time input signal x ()

can be reconstructed from the sequence of samples X [k] via
400
2(t)= Y. XI[Kow(t) (1.9)
k=—00
where the functions {¢y(t)}rez are shifted cardinal sine functions, defined as

sin(mw(Bt — k))

t) = 1.1
These functions constitute an orthogonal basis, since
o0 Loifi=j
/ Si()d;(t)dt = { B (1.11)
- 0 ifi#j.

Equation (1.9 thus represents an expansion of the input signal z(t) on the orthogonal basis
{ék(t) }xez- Upon inserting this expansion (1.9)) into the system equation (1.7)), we get

+oo 00
v = 3 X[ bt -mdr

= X:Xw—ﬂ/ h(T3t)pp—e(t — 7)dT (1.12)
{=—00 —©

where in the last line we have made a substitution of indices. By sampling the output signal at
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the same rate as the input signal, we obtain a time-discrete output Y'[k] which reads as

Y[k] = Z:zi:;X[k — /) /_o:o h (T; Z) Or—t <Z - T) dr

+00
2 > X[k—H[t:E]. (1.13)

{=—0c0
where we have introduced the time-varying discrete-time channel impulse response H [/;k].
By plugging (1.6)) into its definition, this new discretized impulse response is related to its

continuous-time counterpart via

e~ () o (55 (5)) aa

To summarize, we have thus converted a time-varying channel model ((1.7) from a continuous-
time setting to an entirely discrete-time setting (1.13)). The values of HI[0; k], H[1;k],... are

commonly called taps or tap gains at time k.

1.2 Rayleigh and Rician Fading

Consider the radio signal up-converted to the carrier frequency f. as in . In typical macro-
scopic wireless communication systems (e.g., cellular radio), the distance travelled by a wave
along a propagation path between transmitter and receiver is of the order of several meters or
tens of meters at least, which is larger than the typical carrier wavelength (for cellular radio,
in the sub-meter domain). Consequently, at any given point in time ¢, the phases of the taps
hj(t),7 =1,2,..., i.e., the phase delays

@;(t) = (2w ferj(t) mod 2m) , j=12,... (1.15)

can be modeled as a collection of mutually independent and uniformly distributed random
variables on the interval [0; 27). In contrast, the tap gains |h;(t)|,j = 1,2,... can too be modeled
as random samples, albeit from some distribution which is more difficult to determine, as it may
depend to a larger extent on the channel geometry. However, in a richly scattering environment,
it is reasonable to assume a large number of tap gains h;(t) which, to a large degree, are
statistically independent of each other, and also independent of the uniformly distributed phase

delays ¢;(t). In the discrete-time impulse response (|1.14)), let us write out the tap gains h;(k/B)
in polar representation:
k
he [ 2
(%)

Hltk] ="

J

e?ik/B) g, (Z —T; (2)) : (1.16)
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We see that, due to the circular symmetry of the complex exponential factor, the real and
imaginary parts of H[(; k| are sums of a large number of independent random contributions,
and are therefore approximately Gaussian as a consequence of the central-limit theorem. The
decay of the cardinal sine functions has been neglected in this reasoning, since we expect a large
number of taps within the first dominant lobes of ¢;_,. As a result, the channel gain H[/; k] can

be modeled as a Gaussian random variable.

This fading distribution is generally called Rayleigh fading in reference to the fact that the

amplitude of the channel gains follow a Rayleigh distribution.

In environments where, in addition to a large number of scatterers and reflectors, there is a
single dominant path due to a line-of-sight connection between the transmitter and the receiver,
the same reasoning as above leads to a Gaussian fading distribution with a non-zero mean. We

refer to this situation as Rician fading.

1.3 Additive Noise

Thus far, we have only applied sampling and convolution operations to the input signal, both
of which are invertible. Indeed, by observing that a convolution translates to a multiplication
in the frequency domain, the inverse of a convolution translates to a division in the frequency
domain. As to the sampling operation, it can be inverted by the interpolation formula as

mentioned earlier.

Since the continuous-time transmit signal z(¢) can be losslessly recovered from the sampled
output sequence Y[k], the transition from a continuous-time to a discrete-time model incurs
no loss of information, so long as the sampling rate is at least B, and the function h(7;t) is
precisely known for the task of reconstruction. This precise knowledge of the channel is one
of the assumptions that are not always legitimate, and the present thesis is concerned with a

back-off from this over-idealization.

But most important still, the amplifier at the receiving terminal is affected by thermal and
shot noise, which are a main source of impairment when it comes to reconstructing the trans-
mitted messages or symbols intended for the receiver. These physical effects are best modeled

by a continuous-time additive white Gaussian noise (AWGN) denoted as z(t):

e The white color refers to frequency-flatness over the communication band (in analogy
to the white light spectrum), meaning that the power spectral density of the noise
process is equal to a constant value INg. Hence the noise power is BNy.

® The Gaussian distribution is a consequence of the fact that it is generated by a large

number of statistically independent noise sources, which by the central-limit theorem
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add up to an approximately Gaussian variable.

To incorporate the AWGN into our model, we redefine the channel output signal y(t) as
the signal after down-conversion and amplification and prior to sampling and processing. This
is done by simply adding z(¢) to the right-hand side of the continuous-time baseband system
equation . Upon including the sampling operation, we obtain a full discrete-time system

equation [cf. (1.13))]

Y%hzng%—ﬂHMH+ZM. (1.17)

{=—00
where Z[k] = z(k/B). Obviously, the noise has exogenous causes and therefore, the AWGN
sequence is known by neither of the communication parties. We do assume, though, that the
transmitter and receiver know the noise statistics. In the case of AWGN, this amounts to knowing

the value of Ny.

1.4 Frequency-Flat Fading

Finally, let us recall that we initially assumed that the communication band was narrow enough
to justify a frequency-flat channel response. A further consequence is that the energy of the
impulse response is concentrated at a single tap H[lo; k]. In other words, the taps H[(; k] are
approximately zero for £ > £y, and the system equation further simplifies to

YIk] = X[k — o] H|o: K] + Z[K]. (1.18)

This situation is sometimes referred to as frequency-flat fading. Upon redefining the output signal

by an appropriate shift, and removing £y from the notation of the fading sequence, we obtain
Y[k] = H[E| X k] + Z[k]. (1.19)

This discrete-time system equation describing a narrowband fading channel will be the starting

point for this thesis.

1.5 Channel Dynamics

As a consequence of the above derivation of the fading channel model, the fading sequence
{H[k]}rez from (1.19) is a stationary random sequence. When this sequence exhibits a temporal

correlation, we say that the channel is time-selective.

To add some accuracy to this notion, we consider the autocorrelation function of the sta-
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tionary process { H[k]}rez, which is defined as

M
rlk] = Z H[m + k]|H[m]*

lim
M—o0 2M+1

= E[H[m + k|H } (1.20)
at any time instant m. The last equality reflects the stationarity of the process.

A channel is memoryless if the autocorrelation function ry reduces to a centered Dirac
delta-function. Otherwise, we say that the channel has memory, in reference to the fact that the
present channel gain is correlated with some channel gains from the past. The slower the values

of ri[k] decay with increasing k, the lower the time-selectivity.

A quantitative measure for the amount of time-selectivity is the Doppler spread. It is a

measure of how fast the channel impulse response varies over time, and may be defined as the

standard deviation of the Doppler shifts 27 f. dTéft) (or any similar measure). The coherence time
(in discrete time units) is the smallest duration over which the fading H[k] makes a significant

change, and can be defined as the reciprocal of the Doppler spread.

The concept of time-selectivity should not be confused with the concept of slow fading vs. fast
fading often invoked in the literature of wireless communications. A channel is generally said to
be slow fading if the coherence time spans multiple codeword lengths, that is, if every codeword
sees only a single fading realization. In this acception, all channels considered in this thesis are
fast fading, because we will only be concerned with the asymptotic regime of information theory,

where codeword lengths are infinite.

To summarize, a channel is time-selective if its autocorrelation is wider than one symbol
duration (discrete time unit). In contrast, a channel is said to be slow-fading if its autocorrelation

is wider than one codeword.

1.6 Imperfect Channel-State Information

We consider a fading channel governed by the system equation (|1.19)). For simplicity, we will
assume that the fading is memoryless [cf. (1.5)]. This means that the channel gains H k| are
independent and identically distributed (i.i.d.).

To reflect the fact that the receiver relies only on imperfect channel-state information (CSI),
we use an additive noise model:

H(k] = H[k] + H[K]. (1.21)

The term H|[k] can be thought of as a channel estimate, and H[k] can be thought of as the

channel estimation error. We assume that the receiver is cognizant of the sequence of estimates
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{H[k]}rez, but not of the exact values {H[k]}rez. The transmitter knows none.

However, we do assume that both the transmitter and receiver are fully aware of the statistics.
That is, they are informed of the joint distribution of H[k], H|[k], X [k] and Z[k].

By combining the discrete-time system equation (|1.19) with the representation (1.21)), the

system equation thus reads as

Y[k] = (H[k] + H[E)) X[k] + Z[k], keZ (1.22)
Note that H[k] and H[k] need not be mutually independent, though we do assume that the
pair (H[k], H[k]), the noise Z[k] and the input X[k], are mutually independent. The fading pair
(H[k], H[K]) is an arbitrary sequence of i.i.d. complex-valued random variables whose means and

variances shall satisfy the following conditions:

e the random variable H[k] has mean x and variance V;
e the random variable H[k] has, conditioned on any realization H[k] = H, mean zero

and variance V (H), ie.,

||
I

=0 (1.23a)
|2 V(A). (1.23b)

||
I

E[H]
[ﬁ|

The condition (1.23a)) is, for example, satisfied when H[k] is the minimum mean-square error
(MMSE) estimate of H[k] from some receiver side information that is independent of the input
X|[k].

1.7 Reliable Transmission of Information

For the receiver, the communication task consists in an attempt to recover the information that
the transmitter seeks to convey across the channel. Figure [[.7] depicts the basic communication
problem: The channel input is the transmit signal X[k], and the channel output is the pair

(H[k], Y [k]). The receiver then seeks to reconstruct the sequence { X [k]}rez from the observation

of the sequence {(H[k], Y[k]) }rez.

Figure 1.1 Sketch of a communication systems with imperfect CSI

To forearm against transmission errors, we use random coding, which is known to achieve
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the classical Shannon capacity. A block code of rate R (measured in nats per channel use) and
blocklength ny is a collection of Le”bRJ codewords, where a codeword is an input sequence of
length np. In random coding, rather than being constructed by a deterministic algorithm, the
code is drawn from a random ensemble. We will restrict the analysis to i.i.d. ensembles for
simplicity, that is, each codeword is sampled as an i.i.d. sequence from some distribution Py,

and the codewords are i.i.d. among them.

We say that a communication rate R is achievable when there exists a sequence of block
codes of rate R and of increasing blocklength ny, such that the sequence of decoding block-error
probabilities (associated to each code in the sequence) tends to zero as the blocklength ny, tends

to infinity.

In this context, the mutual information plays a central role. For a pair (U, V') of random
variables with a continuous probability distribution, the mutual information between U and V'
is

I(U;V)=h(U) - h({U|V)=h(V)—=h(V|U) (1.24)

where h(-) denotes differential entropy.

By the channel coding theorem, if the codewords are drawn i.i.d. from a distribution Px,
then the mutual information between input and output 1(X;Y, H ) is an achievable rate. Using
the chain rule for mutual information and the fact that X and H are independent (hence

I(X; H) = 0), this mutual information is equal to

I(X;Y,H)=I(X;Y|H)+I(X;H)
= I(X;Y|H) (1.25)

which is the conditional mutual information between X and Y conditioned on H. This mutual

information is the key figure of interest in this thesis.
Subject to the average-power constraint
1 M

> |X[m]|* =E[|X[K]*| < P (1.26)
=M

lim ——
Moso 2M + 1
m

the Shannon capacity of the channel (1.22)) is given by [Big98|

C(P) =sup I(X;Y|H) (1.27)
Px
where the supremum is over all distributions of X satisfying E[|X ]2] < P. The discrete time
indices have been omitted because they are immaterial due to the i.i.d. assumption for all random
sequences involved in the system equation ((1.22)).
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1.8 Bounds on the Mutual Information and Capacity

Since (1.25) and (1.27) are difficult to evaluate, even if H and H are Gaussian, it is common
to assess C'(P) using upper and lower bounds. A widely-used lower bound on C(P) is due to
Médard [MO0]:

C(P)>E

|H|*P a
log (1 n V(H)]”N()ﬂ 2 R(P). (1.28)

The lower bound ([1.28)) follows from ([1.27]) by choosing the input X¢ to be zero-mean, variance-
P, circularly-symmetric, complex Gaussianlﬂ and by upper-bounding the differential entropy of
X¢ conditioned on Y and H as

WXalY, H) = h(Xc — aY|Y, H)
< h(Xg —aY|H)
< E[log (re E[|Xg — aY[? | H])] (1.29)

for any o € C. Here the first inequality follows because conditioning cannot increase entropy, and
the subsequent inequality follows because the Gaussian distribution maximizes differential en-
tropy for a given second moment [Cov91, Theorem 9.6.5]. By expressing the mutual information
I(Xq;Y|H) as

I(Xq; Y|H) = h(Xa) — M(Xc|Y, H) (1.30)

and by choosing « in (1.29)) so that oY is the linear MMSE estimate of X¢, the lower bound
(11.28) follows. We shall refer to this bound as the worst-case-noise bound, following the nomen-

clature from |[Has03].

When the receiver has perfect CSI so that E[V (H)] = 0, the worst-case-noise bound R(P) is

equal to the channel capacity

H|?P
Con(P) = E llog (1 + ”)
No

Consequently, for perfect CSI the worst-case-noise bound ((1.28)) is tight. In contrast, when the
receiver has imperfect CSI and the distributions of V/(H) and H do not depend on P, the worst-
case-noise bound ([1.28]) is loose. In fact, in this case R(P) is bounded in P, whereas the capacity

C(P) is known to be unbounded. For instance, if the conditional entropy of H given His finite,

> [(Xq; Y/|H). (1.31)

then the capacity has a double-logarithmic growth in P [LapO3]E|

L The subscript ‘G’ in X¢ indicates a Gaussian distribution.

2This result can be generalized to show that if E[log|H + H|?] > —oo holds, then the capacity grows at least double-
logarithmically with P.
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This boundedness of R(P) is not due to the inequalities in ([1.29) being loose, but is a
consequence of choosing a Gaussian channel input. Indeed, if 2(H|H) is finite, then a Gaussian

input X achieves [Lap02, Proposition 6.3.1 and Lemma 6.2.1] (see also [Lap03, Lemma 4.5])

lim I(Xq;Y|H) <+ log(reE[|H + H[*]) — h(H|H) (1.32)

P—oo

where v =~ 0.577 denotes Euler’s constant and where lim denotes the limit superior. Nevertheless,

even if we restrict ourselves to Gaussian inputs, the worst-case-noise bound
I(Xq;Y|H) > R(P) (1.33)

is not tight.

As we shall see in the next chapter, by using a rate-splitting and successive-decoding ap-
proach, the worst-case-noise bound ({1.33)) can be sharpened.

Besides the worst-case-noise lower bound (1.28), an upper bound on the Gaussian-input

mutual information is given by Lemma [T.1] below.

Lemma 1.1. We have the mutual information upper bound
V(H)P + Ny
b(H)PW + N
upper (P7) (1.34)

Kxcgqﬁ)gRun+Elmg<

[I>
~

where W is independent of H and is exponentially distributed with mean 1, and where i(ﬂ)
denotes the conditional entropy power of H, conditioned on H= |:|
1 T FT— [ A
oo | e HHER g (A H =) > o0
O(H)= (¢ me (1.35)
0, otherwise.

Proof: See Appendix [ ]

The upper bound (|1.34) was previously used, e.g., in [Bal0l, Equation 42] and [Yoo06,
Lemma 2] for the special case of a Gaussian H and mutually independent H and H, in which

case the entropy power equals the variance, i.e., V = ®.

3We define h(I:I\I:I = I:I) = —oo if the conditional distribution of H, conditioned on A = H, is not absolutely continuous
with respect to the Lebesgue measure.
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The Rate-Splitting Approach

2.1 Single-Input Single-Output (SISO) Channels

We adopt the discrete-time memoryless channel model derived in the previous chapter.
Following the argument in Section we restrain the analysis to i.i.d. codebooks, so we will
drop the time indices throughout, since they are immaterial. The channel equation (without
time indices) is thus given by

Y=(H+HX+Z (2.1)

In the following, the channel’s mutual information (1.25) is the quantity of interest.

2.1.1 Worst-Case-Noise Lower Bound

For future reference, we state Médard’s worst-case-noise lower bound ((1.28)) in a slightly more

general form in the following Lemma.

Lemma 2.1. Let S be a zero-mean, circularly-symmetric, complex Gaussian random variable of
variance P. Let A and B be complez-valued random variables of finite second moments, and let C
be an arbitrary random variable. Assume that S is independent of (A,C), and that, conditioned

on (A,C), the variables S and B are uncorrelated. Then

2
log (1 + %)1 (2.2)

where Vp(a,c) denotes the conditional variance of B conditioned on (A,C) = (a,c).

I(S; AS + B|A,C) > E

Proof: See Appendix [

19
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2.1.2 How Rate Splitting Improves the Worst-Case-Noise Lower Bound

Using Lemma we show that, for imperfect CSI and E[|H|?] > 0, rate splitting with two
layers strictly improves the lower bound . Indeed, let X; and X5 be independent, zero-
mean, circularly-symmetric, complex Gaussian random variables with respective variances P;
and P, (satisfying P, + P» = P) such that Xg = X; + X5. By the chain rule for mutual

information, we obtain

I(Xq; Y[H) = I(Xy, Xo; Y| H)
= I(X;; Y[H) + I(Xo; Y |[H, X1). (2:3)

By replacing the random variables A, B, C, and S in Lemma [2.1] with
A« H, B+« HXo+HX+Z, C+0, S+ X;

and by noting that these random variables satisfy the lemma’s conditions, it follows that the
first term on the right-hand side of (2.3)) is lower-bounded as

I(X;Y|H) > E

|H>Py
log (14 =—= = ——
V(H)Py + (|H|2 4+ V(H))P, + Ny

)] £ Ri(P1, Py). (2.4)
Similarly, by replacing A, B, C, and S in Lemma [2.1] with
A« H, B+« HX\+HX+Z, C+ X1, S+ X,

and by noting that these random variables satisfy the lemma’s condition, we obtain for the
second term on the right-hand side of ([2.3)

LIRS
V(H)(IX1? + P2) + No

I(Xy;Y|H,X,) > E [log (1 + )] 2 Ro(Py, P). (2.5)

Since for every a > 0, the function x +— log(1 + a/x) is strictly convex in z > 0, it follows from
Jensen’s inequality that the right-hand side of (2.5|) is lower-bounded as

|H Py |H %Py
E[1°g<1+V<ﬁ><|X1|2+Pz>+No> 10g(1+‘~/(m(P1+P2)+N0>] 20

>E

with the inequality being strict except in the trivial cases where P; = 0, P, = 0, or if, with
probability one, at least one of \ﬁ | and V(I:I ) is zero Thus, combining ([2.3)—(2.6]), we obtain

log (1 + W)] (2.7)

Ri(Py,P5) + Ro(P1, Py) > E
1( 1 2) 2( 1 2) V(H)P+N0

1 We shall write this as Pr{f{ . V(ﬁ) = 0} = 1. For example, this occurs when the receiver has perfect CSI, in which case
V(H) = 0 almost surely.
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demonstrating that, when the receiver has imperfect CSI, rate splitting with two layers strictly
improves the lower bound ([1.28)) (except in trivial cases).

‘ ‘ ‘ ‘ ‘ T
0.82 | —— R1(P1, P — P1) + R2(P1, P — Py) |

--- R(P)

0.80

0.78

mutual information [bits/channel use]

<)
N
=

Py/P

Figure 2.1 Comparison of the two-layer lower bound R1(Pi,P — P1) + R2(P1, P — P1) (continuous line) with Médard’s
lower bound R(P) (dashed line) as a function of the power fraction P;/P assigned to the first layer.

Figure [2.1{ compares the two-layer bound R;(P1, P») 4+ Ra( P, P2) with R(P) (dashed line) as
a function of Py /P, for Hand H being mutually independent and circularly-symmetric Gaussian
with parameters u = 0, V= %, V(ﬂ) = % for A € C, P =10, and Ny = 1. The figure confirms
that, when the receiver has imperfect CSI and P; > 0 and P, > 0, rate splitting with two layers
outperforms R(P) . In this example, the optimal power allocation is approximately at
P =~ 0.78P and P, ~ 0.22P. In general, the optimal power allocation is difficult to compute
analytically.

2.1.3 Rate Splitting with an Arbitrary Finite Number of Layers

One might wonder whether extending our approach to more than two layers can further improve
the lower bound. As we shall see in the following section, it does. In fact, for every positive power
P > 0 we show that, once that the power is optimally allocated across layers, the rate-splitting

lower bound is strictly increasing in the number of layers.

Let X1,..., X be independent, zero-mean, circularly-symmetric, complex Gaussian random
variables with respective variances Py, ..., P, satisfying
L
P=> P (2.8)
(=1
and
L
Xe=) X, (2.9)
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Let the cumulative power Qi be given by

k
Qred P (2.10)
/=1
We denote the collection of cumulative powers as

Q={Q,...,QL} (2.11)

and refer to it as an L-layering.

It follows from the chain rule for mutual information that

L
I(XEBYH) =Y I(XpY | X7 H) (2.12)
=1
where we use the shorthand A" to denote the sequence Ay, ..., Ay, and A® denotes the empty

sequence. Applying Lemma by replacing the respective A, B, C, and S with

A« H, B+ HY Xp+HX+2Z, C+ X" S+ X
i,

and by noting that these random variables satisfy the lemma’s conditions, we can lower-bound
the /-th summand on the right-hand side of (2.12)) as
[(XpY[X'™1 H) > E [log(1+ Teq(X*! H))]

= R(Q] (2.13)

where
AP,

V(H)|Y. Xi|* + V(H) P+ (|HP? + V(H) Y P+ N
1<t >0

Piq(X'1, /) 2 (2.14)

and where the last line in (2.13) should be viewed as the definition of R/[Q]. Defining
RIQ] £ Ri[Q] + ... + R.[Q] (2.15)

we obtain from ([2.12)) and ([2.13)) the lower bound

I(Xq; Y[H) = (X" Y|H) > R[Q]. (2.16)

Note that Q-1 = Qy implies P, = 0, which in turn implies R;[Q] = 0. Without loss of

optimality, we can therefore restrict ourselves to L-layerings satisfying

0<@Qi1 <...<Qp =P (2.17)
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We shall denote the set of all L-layerings satisfying (2.17) by Q(P, L). Note that this definition

of layerings precludes P = 0, and we shall from now on assume that P > 0.

2.1.4 Rate Splitting with an Infinite Number of Layers

Let R*(P, L) denote the lower bound R[Q)] optimized over all Q € Q(P, L), i.e.,

R*(P,L) 2 sup R[Q]. (2.18)
QeQ(P,L)

In the following, we show that R*(P, L) is monotonically increasing in L. To this end, we need

the following lemma.

Lemma 2.2. Let L' > L, and let the L-layering Q € Q(P, L) and the L'-layering Q' € Q(P, L")
satisfy
{Q1,...,Qr} C{Q),....QL}. (2.19)
Then
R[Q] < R[Q] (2.20)

with equality if, and only if, Pr{I:I SV(H) = 0} =1.

Proof: See Appendix [

Theorem 2.1. The rate R*(P, L) is monotonically non-decreasing in L. Moreover, if Pr{f[ :
V(H) =0} =1, then R*(P,L) = R(P) for every L € N

Proof: See Appendix [

It follows from Theorem that the best lower bound, optimized over all layerings of fixed

sum-power P, namely

R*(P)2sup sup R[Q]=supR*(P,L) (2.21)
LEN QeQ(P.IL) LeN

is approached by letting the number of layers L tend to infinity. An explicit expression for R*(P)
is provided by the following theorem.

Theorem 2.2. For a given input power P, the supremum of all rate-splitting lower bounds R[Q]
over Q € Q(P,L) and L € N is given by the limit

R(P) = lim R*(P,L) (2.22)
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and has an analytical expression which reads as

1 2
R*(P):/E __ Ll (2.23)
0 (VH)(W —1) = |H]?)v+ |H? + V(H) + 3
where W is independent of H and exponentially distributed with mean 1.
Proof: See Appendix [B.4] ]

Remark 2.1. The expression (2.23) features multiple integrations: an integration over v € [0;1],
an expectation over W, and an expectation over H. By Fubini’s Theorem, these three operations

can be performed in any order.

Remark 2.2. By solving the integral corresponding to the expectation over W, the expres-
sion (2.23)) reduces from a triple to a double integral

(P — /01E P@z } <(|ﬁ1‘2+x7(ﬁl;)b(1 —L)+11V30>1 " (2.24)

where the function <(-) is defined as

s(z) & —e"Ei(—x) (2.25)

and where Ei(z) = — [ % dt denotes the exponential integral function. In contrast, if we solve

the integral over v € [0;1], we obtain the alternative representation
HP? V(H)W —1) — |H|?
R*(P) — E _ |~ |A @ (A )( _ A) |N | (226)
|HI>? +V(H) + 5

where the function ©(-) is defined as

log(1
A M, if—-l1<z<Oorz>0
O(z) = z (2.27)
, if x =0.

Remark 2.3. It is easy to see in (2.23)) that the expression inside the expectation operator is
convez in W for any fized H and .. Therefore, by Jensen’s inequality, one can lower-bound R*(P)

by moving the expectation over W into the denominator. By doing so, we recover Médard’s bound
R(P). The same applies to (2.26]), since the function © can be shown to be convex on (—1,00).

Remark 2.4. The proof of Theorem hinges on the observation that the supremum R*(P) is

approached by an equi-power layering

U(P,L)é{]LD,Z]LD,...,(L—l)]LD,P} (2.28)
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when the number of layers L is taken to infinity. While this layering was chosen for mathematical
convenience, any other layering would also do, provided that some regularity conditions are met.
For example, one can show that for any Lipschitz-continuous monotonic bijection F': [0, P] —
[0, P], we have
lim R[F(U(P,L))] = Llim R[U(P,L)] = R*(P) (2.29)
—00

L—oo

where F(U(P,L)) = {F(P/L),F(2P/L),...,F(P)}.

2.1.5 High-SNR Limit

The high-SNR limit of R*(P) can be computed in closed form. Let

L@ = [ T fnetat (2.30)

denote the Laplace transform of the function f(x). We have the high-SNR limit

lim R*(P) = E [c {1°g(x)} (U)]

P—oo r—1

2 0 jﬁz "
—E [e—U (”6 +3 mrmid 3y (Ul Ooolo)ﬂ . (2.31)

n=1

where 7, = Y"1_; k=1 denotes the harmonic sequence, where

U=1+ = (2.32)
V(H

and where GS?} (x‘ 0?6}0) is a Meijer G-function (cf. |Gra07, Definition 9.301]).

This statement is given without proof. Nonetheless, it is worth mentioning because as a
by-product, by specializing it to the case where H is equal to some A with probability 1 (i.e.,
H is a deterministic constant that can be assimilated to the channel mean), we obtain a novel
closed-form lower bound on the mutual information of channels with a Gaussian input Xg and

pure multiplicative noise H + H with a non-zero mean H. Namely,

I(Xg; (A+ H)Xg) > eV 12 + i i Um 4 Gy (U‘ 0.1 ) (2.33)
’ = 6 — (n 4 1)| 2,3 0,0,0
where -
H
U=1—|—| | (2.34)
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(a) Bounds vs. SNR. (b) Bounds vs. energy per information bit.

Figure 2.2 Comparison of capacity and Gaussian-input mutual information bounds for fixed CSI.
2.1.6 Numerical Example

In Figure several bounds on the Gaussian-input mutual information I(Xq; Y|H) are plot-
ted against the SNR on a range from —10dB to 30 dB. From top to bottom, we have the coher-
ent capacity ; the upper bound ; the supremum R*(P) over all rate-splitting bounds
(Theorem [2.2)); the two-layer rate-splitting bound with optimized power allocation R*(P,2); and
Médard’s lower bound R(P). The grey-shaded area indicates the region in which the curve of the
exact Gaussian-input mutual information I(Xg; Y]f] ) is located. For this simulation, we have
chosen H and H to be independent and complex circularly-symmetric Gaussian with parameters
w=0, V= %, and V(ﬂ) = %, H € C. Observe that the proposed rate-splitting approach sharpens
the bound mostly at high SNR. In this simulation, the increase R*(P) — R(P) is approximately
0.28 bits per channel use as P tends to infinity.

Figure shows the same bounds as Figure but this time with the rate plotted
against the energy per information bit E}/Ny. Observe that the minimum energy per bit of all
bounds (except that of the coherent capacity Ceon) is equal to 1.41dB, thus demonstrating that
the rate-splitting approach sharpens the bound only marginally at low SNR.

2.1.7 Asymptotically Perfect CSI

The numerical example considered in the previous section (see Figure ) assumes that V(f[ )

and H do not depend on the SNR P/Ny. However, in practical communication systems, the

~ A

channel estimation error—as measured by the mean error variance E[V (H)]—typically decreases

as the SNR increases. In this section, we investigate the high-SNR behavior of the derived bounds

when E[V (H)] vanishes as the SNR tends to infinity. When this condition is satisfied, we shall
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say that we have asymptotically perfect CSI.

2.1.7.1 Asymptotic Tightness

We will consider a family of joint distributions of (H, H) parametrized by p = P/Ny. To make
this dependence on p explicit, we shall write in this section the two channel components as H P
and H p, and the respective variances as Vp and Vp(ﬁ p)- Similarly, we shall write the entropy
power, defined in , as &)p(ﬁ ). We further adapt the notation to express Médard’s lower
bound, the rate-splitting lower bounds and , and the upper bounds and

as functions of p, namely, R(p), R*(p, L), R*(p), Ccon(p), and Iypper(p)-

We assume that H = H o+ H » does not depend on p and is normalized:
E[‘ﬁplz] + E[Vp(ﬁp)] = 1. (2.35)

We further assume that the variance of the estimation error H, p is not larger than the variance

of H, ie., Vp(lilp) <1 for every |:|p e C.

A

Theorem 2.3. Let pr, V,(H,), and ®,(H,) satisfy

Jim, E[V,(H,)] =0 (2.36a)
o P /(3
plggo {?elg ‘i)p(f)} <M (2.36Db)

for some finite constant M, where we define 0/0 2 1 and a/0 £ oo for every a > 0. Then, we

have
T {1(X: Y1) — R* ()} < log(M) Pr{|H]| > 0}. (237)
Proof: See Appendix [B.6] [ ]

Remark 2.5. The proof of Theorem|[2.3 reveals that if Pr{|H| > 0} = 1, then one can strengthen
(2.37) by replacing I(Xg; Y|flp) by its upper bound Iypper(p).

If conditioned on (almost) every H o= H p» the estimation error H p is Gaussian, then we have
Vp(lqp) = ép(lqp) for every plp € C and ([2.36b)) is satisfied for M = 1. Thus, for a conditionally
Gaussian H,, the lower bound R*(p) is asymptotically tight.

Corollary 2.1. Conditioned on every ﬁp = I:Ip, let H, be Gaussian, and let ([2.36a) and (2-36b)

hold. pli_)nélo E[V,(H,)| =0 Then, we have

lim {Iypper(p) — R*(p)} = 0. (2.38)

p—00
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Proof: The Gaussian distribution of H, , implies that the cumulative distribution function
of |H| = |H » + H,| is continuous, so Pr{H = 0} = 0. The result follows then from (B:77) and
(B.81]) in the proof of Theorem (Appendix upon noting that, for a Gaussian distribution,

(2.36b)) is satisfied for M = 1. [ |

Corollary demonstrates that, for conditionally Gaussian H » and asymptotically perfect
CSI, both bounds Iypper(p) and R*(p) are asymptotically tight in the sense that their difference
to the Gaussian-input mutual information vanishes as p tends to infinity. In [Lap02], it was
argued that the difference between R(p) and Cpon(p) vanishes as p tends to infinity if V,(H,)
decays faster than the reciprocal of p, in which case Médard’s lower bound is asymptotically
tight, too. Note however that, if ﬁp is conditionally Gaussian, then the upper bound

becomes L
log (HPVP(p)ﬂ (2.39)

Lipper(p) = R(p) + E =
over(p) = B(p) p

from which follows that

lim {Lupper(p) — R(p)} =0 <= lim pE[V,(H,)] = 0. (2.40)

pP—00 pP—00

Thus, for conditionally Gaussian H » and asymptotically perfect CSI, Médard’s lower bound is
asymptotically tight if, and only if, E[Vp(ﬁ )| decays faster than the reciprocal of p, whereas
R*(p) is asymptotically tight irrespective of the rate of decay.

It follows directly from (B.77)—(B.80) and Lemma used within the proof of Theorem
(Appendix that for any fading distribution satisfying ([2.36h)),

lim {Lupper(p) — R(p)} < 7+ log(M) (2.41)

p—00

where v &~ 0.577 denotes Euler’s constant. Consequently, at high SNR, the bounds Iypper(p),
R*(p), and R(p) all have the same logarithmic slope.

2.1.7.2 Prediction- and Interpolation-Based Channel Estimation

We evaluate the lower bounds R(p), R*(p,2), and R*(p) together with the upper bound ILypper(p)
for two specific channel estimation errors satisfying . We assume that H » and H p are Zero-
mean, circularly-symmetric, complex Gaussian random variables that are independent of each
othe and satisfy the normalization . The former has variance Vp and the latter has
variance Vp. We consider variances f/p of the forms

N 1 1\28 1
vo— (2 2B—-1 _ * 2.42
o= (s5+5) F#-2 (2.423)

2 Consequently, Vp does not depend on A p either.
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and

~ 2BT

= 2.42b
Vo p+2BT ( )

for some 0 < B < 3, where T' = |1/(2B)] is the largest integer not greater than 1/(2B).

As we shall argue next, (2.42a)) corresponds to prediction-based channel estimation, whereas
(2.42b)) corresponds to interpolation-based channel estimation. Indeed, suppose for a moment
that the fading process {H[k]}rez is not i.i.d. but is a zero-mean, unit-variance, stationary,
circularly-symmetric, complex Gaussian process with power spectral density

1
I\l < B

fu(\) =4 2B’ (2.43)

0, B<[N<5

for some 0 < B < % The fading’s autocovariance function is determined by fg(-) through the

expression
1/2
E[H[k + m] H[K]"| = / 2T £ ) dA (2.44)
“1/2
We obtain (2.42a)) if we let H[k] be the minimum mean-square error (MMSE) predictor in

predicting H[k] from a noisy observation of its past
Hk—1VP+ Z[k—1),H[k —2VP+ Z[k - 2],... (2.45)

Indeed, in this case H[k] and H[k] = H[k] — H[k] are zero-mean, circularly-symmetric, complex
Gaussian random variables that are independent of each other, the latter with mean zero and
variance [Gre84, Section 10.8, p. 181-184], [Lap05, Equation (11)]

V, = exp {/11/22 log (fH(/\) + ;) d/\} — /1). (2.46)

For the power spectral density this gives . Note that, even though the lower bounds
R(p), R*(p, L), and R*(p) were derived for i.i.d. fading {H,[k], H,[k]}rez, by evaluating them
for H olk] having variance , they can be used to derive lower bounds on the capacity of
noncoherent fading channels with stationary fading having power spectral density fr(-); see,
e.g., [Lap05].

The variance ([2.42b]) corresponds to a channel-estimation scheme where the transmitter emits
every T time instants (say at k = nT', n € Z) a pilot symbol v/ P and where the receiver estimates
the fading coefficients at the remaining time instants k (i.e., where k is not an integer multiple

of T') from the noisy observations

H[nT|VP + Z[nT], neZ (2.47)
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using an MMSE interpolator; see, e.g., [Don04, Loz08,|Asy11,|Asy13]. When the power spectral
density fg(-) is bandlimited to B and when 7" < 1/(2B), it can be shown that the variance of

the estimation error is given by |[Ohn02]

Y 10
V,=1 /—BPfH()\)‘FTd/\. (2.48)

For the power spectral density this gives . Again, even though the lower bounds
R(p), R*(p, L), and R*(p) were derived for i.i.d. fading {ﬁp[k],ﬁp[k]}kez, by evaluating them
for ﬁp[k] having variance , they can be directly used to derive lower bounds on the
capacity of noncoherent fading channels with stationary fading having power spectral density
fu(+), provided that we account for the rate loss due to the transmission of pilots. In fact, it was
shown that, when 1/(2B) is an integer, the above interpolation-based channel estimation scheme

together with Médard’s lower bound R(p) achieves the capacity pre-log [LonS,Asyll,AsylS]ﬂ

2.1.7.3 Numerical Examples

For Figures below, we assume that H , and H, are independent, zero-mean, circularly-

symmetric, complex Gaussian random variables.

Figure [2.3(a)| shows the lower bounds R(p), R*(p,2), and R*(p) together with the upper
bounds Iypper(p) and Ceon(p) as a function of p for H, having variance (2.42a]), with B = 1/4.
Figure [2.3(b)[shows the same bounds, but as a function of the energy per information bit. The
curve of the exact Gaussian-input mutual information I(Xq; Y]lEI ) is located within the shaded
area. Observe that, in contrast to the curves in Figure all curves are unbounded in the
SNR, which is a consequence of the fact that f/p vanishes as p tends to infinity. Further observe
that the shaded area narrows down as p grows. This is consistent with Corollary 2.1 which states
that for (conditionally) Gaussian H, and asymptotically perfect CSI, the bounds Iypper(p) and
R*(p) are asymptotically tight. Note that, as demonstrated by (2.41)), the upper bound Iypper(p)
and all lower bounds have the same logarithmic slope at high SNR.

Figure shows the lower bounds R(p), R*(p,2), and R*(p) together with the upper
bounds Iypper(p) and Ceon(p) as a function of p for H » having variance , with BT = 1/2.
Again, observe that all curves are unbounded in the SNR and that the lower bound R*(p) is
asymptotically tight as p tends to infinity. What is more, R*(p) is close to Iypper(p) for a large
range of SNR. Further observe that, at high SNR, the upper bound Iupper(p) and all lower
bounds have the same logarithmic slope as Ceon(p). This fact was used in |[Loz08||Asy11l|Asy13]

to derive tight lower bounds on the capacity pre-log of noncoherent fading channels.

3The capacity pre-log is defined as the limiting ratio of the capacity to log(p) as p tends to infinity. In multiple-input
multiple-output (MIMO) systems, it is sometimes also referred to as the number of degrees of freedom or the multiplezing
gain.
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Figure shows the same plots as Figure [2.4(a)|, except that all values have been divided

by R(p) so as to visualize the relative improvement of the rate-splitting bounds over Médard’s

bound. We observe that, at low SNR, these improvements are negligible. This indicates that the

rate-splitting bounds may be more interesting at moderate and high SNR than at low SNR.

2.2 Multiple-Input Multiple-Output (MIMO) Channels

We now extend the SISO model from the previous section to a MIMO model. For this purpose,

we consider a multiple-antenna memoryless fading channel having nt transmit antennas and ng
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Figure 2.5 Bounds from Figure [2.4(a)| divided by R(P).

receive antennas. At time instant k € Z, the channel output y[k] € C™® which corresponds to

the channel input x[k] = x € C"T, is given by

A ~

ylk] = p(H[k] + H[k])x + n[k]. (2.49)

For simplicity, we assume that each of the three sequences {x[k]}rez, {n[k]}rez and
{(H[k], H[k]) }rez is ergodic and has independent and identically distributed (i.i.d.) elements.
The noise n[k] and the input signal x[k] are assumed to have mean zero, and covariances
I, = E[n[kn[k]'] and Q = E[x[k]x[k]'], respectively, where Q fulfills the normalization
tr(Q) = 1. Consequently, the scalar p stands for the SNR. The fading channel H[k] + H[k]
is the sum of two components: the channel estimate H[k] € C""*"T and the channel estima-
tion error H[k] € C"™*"T with respective means E[H[k]] = M and E[H[k]] = 0. The receiver
is cognizant of the joint distribution of (H[k], H[k]) and of the sequence of channel estimates

{H[k]}rez, but ignores the estimation errors {H[k]}pez.

We assume that, conditioned on (almost) every ﬂ[k] — A, the channel estimate is unbiased,

i.e.E|

E[H[¥] | A] = 0. (2.50)

Also, we assume that x[k], n[k], and (H[k], H[k]) are mutually independent for every k € Z
(though ﬂ[k‘] and H[k] may be mutually dependent). Without loss of generality, we shall assume

that on average (over the ngnt antennas) the channel coefficients have an expected second

41n systems where H is a function of some channel side information § independent of the input x (e.g., a training observation
in training-based channel estimation), (2.50) is tantamount to assuming H = E[H|Q?], i.e., H is the minimum mean-square
error estimator of H from .
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moment of one, that is,
E[IHI?) = E[IHK]?] + E[|H[K?] = nrnt (2.51)
where ||Al|r = /tr(AtA) denotes the Frobenius norm of A.

The capacity of the MIMO system (12.49) is |Big9§]
C = sup I(x;y|H) = h(x) - h(x|y, H)
— hlylED) — hlylx, B) (2.52)

where the supremum is over the distribution of x subject to certain constraints. Due to the
assumption that all sequences {x[k]}rez, {n[k]}rez and {(H[k], H[k])}rez are i.i.d. ergodic, we
can again omit the time indices in (2.52)) and throughout, since they are immaterial.

In the following, we will consider the covariance-constrained capacity, meaning that x is
constrained to having a fixed covariance Q = E[xx]. As for the SISO case, the capacity is only

known in the coherent setting (i.e., when H = 0 almost surely) [Tel99)

Ceon ZsupI(x;y|H) =E {log det (InT + pHTHQ)} . (2.53)

In contrast, in the case of imperfect CSI treated here, in which the receiver knows H but not
H, the capacity is notoriously difficult to compute. Médard bound for the single-antenna
case [M0OO] was extended to the MIMO case by Baltersee, Fock and Meyr [Bal0l], as well as
by Hassibi and Hochwald [Has03], who coined the term worst-case noise bound which we have
adopted throughout this thesis.

By restraining the input to a Gaussian distribution (xg shall refer to a Gaussian input), and
then deriving the worst-case noise lower bound on the Gaussian-input mutual information as
in [MO0O], [Has03, Theorem 1], we get

C > I(xg; y[H)
> E [log det (I, + H'TT'HQ)| 2 R (2.54)

where pI' denotes the covariance of the effective noise \/ﬁI:IX + n conditioned on H, i.e.,

I =EHQH |H] +p 'T,,. (2.55)

To complement this lower bound, we also state a corresponding mutual information upper
bound for Gaussian inputs, which holds under the assumption that H is Gaussian conditioned

on (almost) every H = H. It can be derived in a straightforward way along the same lines as
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([T-34)
I(xg;y|H) <R+ A (2.56)
where
det(E[HQH' | H -11,
A =E |log ct(E[HQH | H] + o '1,) (2.57)
det(E[HQ2¢¢1QzH! | &, H] + p11,)

where & ~ Ng(0,1,,).

Thanks to its simplicity, the lower bound R has become widely popular as a means to derive
achievable rate expressions for the noncoherent MIMO setting (by inclusion of a training scheme
as in [Has03]), or for the partially coherent setting, in which an erroneous channel estimate is
assumed to be available to the receiver (e.g., [Yoo06]). This bound has been used subsequently
in a large body of work on multiple-antenna systems (e.g. in [Yoo04,Mus05,Soy10}, Din10], to
cite only a few). In the following, we show how the lower bound can be sharpened using

rate splitting, in full analogy to the SISO case treated in the previous section.

2.2.1 The Rate-Splitting Approach

Upon decomposing the Gaussian transmit signal into a sum xg = ZeL:1 x¢ of mutually indepen-

dent Gaussian subsignals x;, the mutual information chain rule yields
L A
I(xc:y[H) =>_I(xgylx"" H) (2.58)
(=1

where x~! denotes the collection (x1,...,%x,_1) and x° is the empty collection. By lower-
bounding each summand on the right-hand side of (2.58) using the worst-case-noise lower-
bounding technique, one ends up with a lower bound that is sharper than the conventional

single-layer bound (L = 1).

In analogy to the SISO case, we show that the optimal rate-splitting approach (in terms
of improving the mutual information bound) consists in letting the number of layers tend to
infinity, in such a way that the powers and rates associated to each layer become infinitesimally
small. An analytic expression for this infinite-layering limit is proposed which constitutes an

improved capacity lower bound of MIMO channels with imperfect receiver CSI.

However, in contrast to the SISO case, in the case of multiple transmit antennas there is
an infinitely large family of such infinite-layering approaches, in that there are infinitely many
possibilities of spatially decomposing a Gaussian transmit signal of given covariance into a sum
of independent Gaussian subsignals (each associated to a layer). Therefore, the rate-splitting
approach gives rise to a whole family of improved capacity bounds, out of which the best bound is

not easy to determine. Nonetheless, any arbitrary layering yields an improved capacity bound and
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we will derive analytical bound expressions for two simple exemplary layerings in the following

chapter.

Consider the transmit covariance Q to be fixed throughout. In a system which performs rate
splitting and successive decoding with L layers, we write the Gaussian transmit signal xg as a

sum of mutually independent x; ~ N¢(0, Q) with £ =1,..., L, satisfying
L L
N o Q=Y a (2.50)
=1 =1

We further assume that all x, are independent of (fI, ﬁ) The sequence of transmit covariances

(Q)e=1,....1, is thus denoted as QF. Since y depends on x” only via the sum x¢ of its elements,

y has the same distribution whether it is conditioned on xg or on x%, so

L
I(X(;;y’I:I) = I(XL;y‘I:I) = ZI(X@;y’XZ_l, ﬂ) (2.60)
/=1

The second equality follows from the chain rule for mutual information.

To lower-bound the mutual information terms appearing in the sum on the right-hand side

of (2.60]), we state a well-known result by Hassibi and Hochwald [Has03, Theorem 1] in a version
that is tailored for our needs. Its proof, provided in Appendix is largely similar to that
found in the original paper [Has03], and its proof goes along the same lines as that of Lemma

Theorem 2.4. We have the following lower bound on the £-th term in the sum :
I(xgy]x, H) > E {log det (InT + I:ITI‘ZII:IQO] (2.61)
Here, the random matriz T'y is given by
T, 2 E[ICIQZ%&T g%ﬁ* | &,H] + E[HQMH' |H] + HQH' + E[AQH' | H] + p 'L, (2.62)
where & ~ N¢(0,1,,) is independent of fI, and we have used abbreviations gg = Zf;ll Q; and

Q=1 Qi

Proof: See Appendix [ ]

The covariance (2.62)) contains four terms, each of which has a physical interpretation. When

decoding the ¢-th layer, the decoder treats the following terms as noise:

(1) E [I:IQZ% get g% Hf ‘ £, ﬂ] is due to residual interference from previously decoded layers
1,...,£ —1, which could not be cancelled due to the imperfect CSI;

(2) E[HQ,H' | H] accounts for the imperfection of CSI impairing the decoding of the
£-th layer;



36  The Rate-Splitting Approach

(3) HQ,H' + E[HQ,H' | H] can be assimilated to the interference caused by yet unde-
coded layers £+ 1,...,L;
(4) p~,, reflects the independent additive white noise.

2.2.2 Layering Functions and Indexings

A rate-splitting allocation is specified by a decomposition of the transmit covariance Q into a
sum of Qy € CTWT, each associated to (2.59). In order to facilitate the systematic treatment

of such rate-splitting schemes, let us introduce so-called layering functions and indexings.

Definition 2.1 (Layering function). A function L: [0;1] — CT"T v+ L(1) which fulfills

(1) L(0) =0 and L(1) = Q (border values);
(2) L(¢) for all v € [0;1] (positive semidefiniteness);
(3) 11 <t2 — L(t1) X L(t2) (monotonicity);

(4) tr(L(t)) = ¢ (normalization)
is called a layering function. The set of all layering functions is denoted as L.

A further property of layering functions which follows directly from the properties listed in
Definition [2.1|is Lipschitz-continuity: the entries L; j(¢) of a layering function L(¢) are Lipschitz-

continuous with modulus 1. This means that for any (i1, 2) € [0; 1], we have
|Li,j(Ll) — Li,j(L2)| S ‘Ll - L2|. (263)
A proof is provided in Appendix This Lipschitz-continuity will be useful later.

Definition 2.2. A collection of L + 1 distinct real numbers .% = {i9,t1,...,tr} € [0;1]F+!
containing at least the two elements 0 and 1, is referred to as an L-indexing. The elements of
an L-indexing are labelled in ascending order, i.e., 0 = 19 < t1 < ... <t = 1. If an indexing
& is contained in another indexing &' such that . # %', we shall say that ¥’ is a refinement
of . The set of all L-indexings is denoted as I(L), while the set of all indexings Uren I(L) is
denoted as 1.

For any such layering, we further define the following notations:

L 2 L(), (=0,...,L (2.64)
AL 2 L(y) —L(e_1), £=1,...,L. (2.65)
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Note that as a consequence of the properties of layering functions [cf. Definition , the terms

ALf are non-zero and positive semidefinite, and they sum up to Q.

Therefore, to characterize a rate-splitting scheme, instead of specifying a collection
(Q1,...,Qr), we will find it more convenient to specify a layering function and an indexing,

and relate both descriptions via
Q, = AL/. (2.66)

Hence, from now on, a layering shall be a pair (L, .#) € L x L.

Upon making appropriate replacements, we can express the rate-splitting bound (2.61)) as a
function of the layering (L, .¥), namely

L
I(xg;y|H) > Y Elogdet(T,, + H(T) "HALY)
/=1
£ R(L, ) (2.67)

where

[N

I/ 2 E[H(L/,) ¢ (L) PR | € 1) + E[HAL/ BT | H] +
+HL/H' + E[AL/ B! | H] + 7L, (2.68)
where L7 2 Q — L and where ¢ ~ N¢(0,1,,) is independent of H.

Note that for a single layer, i.e., for .# = {0, 1}, the rate-splitting bound R(L, {0, 1}) coincides

with the conventional worst-case-noise bound R.

2.2.3 Rate Splitting with an Arbitrary Finite Number of Layers

It can be readily verified that any rate-splitting bound R(L,.#) is not smaller than the conven-

tional bound ([2.54)), i.e.,
R < R(L, %) < I(xq;y[H). (2.69)

In fact, by averaging T'/ over &, we observe that [cf. ([2.55)), (2.68)]

E[T/ |H] =T + HL,H' (2.70)
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and upon noting that the function X ~ logdet(I + AX~!) for A = 0 is convex over the set of
positive definite X > 0, we can apply Jensen’s inequality to get

M=

R(L,.#) > " Elogdet(T,, + H'E[T/|H] "HAL)

~
Il
-

I
M=

E {log det (F + ﬂf’fﬂT + fIALgfIT) — log det (I‘ + ﬂf{fﬂ)]

~
Il
—

I
M=

E {log det (I‘ + ﬂff_ﬂﬁ) — log det (I‘ + ﬂfeﬁﬂT”

~
Il

1
log det (I‘ + IA{fofIA{T) —log det(I‘)}

|
5 m

(2.71)

with equality in the single-layer case, in which .# = {0,1}. The last equality follows because
f’oﬂ = Q and from comparison with (2.54) and (2.55)).

The following Theorem generalizes the above finding to arbitrary indexing refinements.

Theorem 2.5. For any fized layering function L, if the indexing .#' is a refinement of .7, then
S yields a rate not smaller than .. Stated formally,

4 C 9" — R(L,.#) < R(L,.s). (2.72)

Proof: See Appendix ]
The left-hand side of (2.69) then follows by noting that R = R(L, {0,1}) and that {0,1} C .&

for any indexing .# € I. This Theorem is proved in a similar way as in the derivation above,

using Jensen’s inequality.

2.2.4 Rate Splitting with an Infinite Number of Layers

We are interested in finding the best among all rate-splitting bounds. That is, we seek to optimize

the indexings and layering functions so as to approach the following supremum:

R*2 sup R(L,7). (2.73)
(L,.#)€eLxI

Let us also define the supremum over the indexings alone:

R*(L) 2 sup R(L,.7). (2.74)

Clearly, for any layering (L, .#) € L x I we have

R < R(L,.#) < R*(L) < R* < I(xg;y|H) (2.75)
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where R** represents the best rate-splitting bound. Unfortunately, the computation of R** seems
elusive. However, given any layering function L € I, we can derive an analytic expression for

R*(L), which is given by Theorem below.

For this purpose, observe that from Theorem [2.5we can infer that for a fixed layering function
L

)

L+~ sup R(L,.¥) (2.76)
sel(L)

is a non-decreasing function. Therefore, R*(L) equals the limit of (2.76)) as the number of layers
tends to infinity:

R*(L) = lim { sup R(L,.¥);. (2.77)
L—=oo | ren(L)

Theorem [2.6] below provides an analytic expression for this limit.
Definition 2.3 (Riemann-Stieltjes integral). Consider a function f: [a;b] C [—oo0;+o0] — R

and a function g: R — R. For any set X = {xo,...,zn} € [a;b]N T of distinct elements with

a=1x9<...<zxzy =Db, let the lower and upper sum be respectively defined as

N

S(f,9,%) =) pef @) (g(anin) = g(an) (2.78)
n=1 n¥n—1
N

S(f,9.X)=> " sup  f(x)(g9(xns1) — g(zn)). (2.79)

n=1 xe[xn;zn—l]

If, over all partitions X, the infimum of the upper sum and the supremum of the lower sum

coincide, then the common value is denoted as

[ 5@ agte) = sup (7.9, %) = ing (7,9, (2:0)
a X

and is called the Riemann-Stieltjes integral of the integrand function f over |a;b] with integrator
function g. The notation fol tr[F () dG(v)] with a matriz-valued integrand F (1) = [F; j(¢)];;j and a
matriz-valued integrator G(v) = [G; j(¢)]i,; shall be a compact notation for the Riemann-Stieltjes
integral fol >ij F;j(t) dGji(e).

Theorem 2.6. For any prescribed layering function L, the best rate-splitting bound is given by

RYL) = /01 Etr[HT(L(1) "HAL(,)| (2.81)

where the function T': CT*"T — C"R*"R s gijven by
I'(X) = E[AXz¢¢1X2AT | £, 8] + H(Q - X)H + E[H(Q - X)H' | H] + p 'L,  (2.82)

with & ~ N¢(0,1,,.) independent of H.
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Proof: See Appendix [ |

Numerical simulations of this new class of mutual information bounds are postponed to
Section [3.2]in the next chapter. Meanwhile, a couple of remarks are due concerning Theorem [2.6]

Remark 2.6. The integral notation involving the infinitesimal dL inside the trace opera-
tor should be understood as a compact matrixz notation for a linear combination of scalar
Riemann-Stieltjes integrals. Specifically, the notation fol tr[A(c) dB(¢)] with matriz-valued func-
tions A(t) = [A;;(¢)]i; and B(t) = [B; j(t)]i; stands for the sum of Riemann-Stieltjes integrals
i Jo Aii(1) dBji(0).

Remark 2.7. If the layering function L is (entrywise) continuously differentiable and its deriva-
tive with respect to v is denoted as L(L), then (2.81) can be written as a Riemann integral

RYL) = /01 Etr[H'T(L(1) " HL()| de (2.83)

Remark 2.8. Assuming an entrywise continuously differentiable layering function L, when one
writes R*(L) as a Riemann integral as in , then the single-layer bound R can be promptly
recovered by means of Jensen’s inequality. Indeed, since L is positive semidefinite, the mapping
X — tr(I:ITX_llzlL) is convex on the cone of positive definite matrices, so we infer that by
moving the expectation over € from outside the trace operator onto the inverted matriz T'(L(¢)),

one obtains a lower bound on R*(L), which after solving the integral over v turns out to be R.
Remark 2.9. Notice that, using the identity

d A N A - AN =LA

il T = f T

- log det (A+HB(@H') = tr(H' (A + HB(a)H')  HB(a)) (2.84)

one can easily verify that, z’fI:I and H are mutually independent, then (2.83) can be rewritten as

R(L)= —E [/01 K, (E[A(L() L)} - LAt |¢]) db} (2.85)

where

K,(A) = % E|logdet (A + E[HQH'] + p~'L,, + H(Q — L(1))H')] (2.86)

This alternative representation will be useful to prove Theorem [3.1] in Chapter |3,

2.2.5 Further Properties of Layering Functions

We provide three lemmata which shed more light on the function R*(L) and on the set of layering

functions.

Lemma 2.3 (Continuity in the layering function). If E[|H|f < oo, then the function R*(L)
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is uniformly continuous in L. This means that, for any € > 0 there exists § > 0 such that

”L1 — LQHOO < o= |R*(L1) — R*(LQ)‘ <e. (287)

Proof: See Appendix [B:15] |

The condition that the fourth moment of H must be finite may not be necessary for the
continuity to hold, but the proposed proof given in Appendix relies on this assumption.

The next two lemmata below also require this finiteness because they rely on Lemma [2.3

Let Lp denote the set of (entrywise) continuously differentiable layering functions.

Lemma 2.4 (Differentiable layering functions). If E[|H|f < oo, the set Lp is dense in L in
the sense that for every L € IL and € > 0, there exists a L € Lp such that IIL — i”oo < €.

Proof: See Appendix [ ]
Corollary 2.2. The best rate-splitting bound R** is the supremum of R*(L) over Lp, i.e.,

R* = sup R*(L) = sup R*(L). (2.88)

Lel LeLp
Corollary [2.2] allows to restrict the analysis to continuously differentiable layering functions,
and therefore to expressions of R*(L) involving a simple Riemann integral (2.83|) instead of a

Riemann-Stieltjes integral.
Lemma 2.5 (Optimal layering). If E[|[H||t] < oo, there exists an optimal layering function

L* = ar%giax R*(L). (2.89)

Proof: See Appendix [C.1] |

In other words, the supremum can as well be written as a maximum, which is achieved
by L* such that R** = R*(L*). For more than a single transmit antenna, there are many possible
choices for the layering function. Determining the best layering function L* constitutes a difficult
variational problem, and seems beyond reach. As a remedy, one can simply choose L(1) = 1Q,
although this choice is not generally optimal. To acquire some understanding on how the layering
function affects the rate-splitting bound, in the next Section we particularize the fading model
and define two special layering functions, to be compared in simulations. Note, however, that

the optimal layering function L* need not belong to L € Lp.
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Rate-Splitting Bounds for the MIMO IID Rayleigh Fading Channel

To gain additional insights, we dedicate this section to the study of the special case of spatially
uncorrelated and mutually independent vec(H) ~ Ng (0, VI,p,) and vec(H) ~ N (0, VI ),
with V 4+ V = 1. Accordingly, we will write the random matrices H and H as

- \IW H=VIW (3.1)

where W ~ Ng (0, Lgn,) and W ~ N¢(0, I, ) are mutually independen In the remainder

of this chapter, we shall refer to this situation as the i.i.d. Rayleigh fading assumption.

Under these assumptions, the worst-case-noise bound reads as [cf. (2.54)]

A

V A
R=E|logdet [I,,, + —WIW 3.2
R [og e ( R Q)] (3:2)

whereas the infinite-layering bound reads as [cf. (2.81])]

1
RYL) =T /0 Etr[WIT(L() "' W dL()] (3.3)
where [cf. (2.82))]
T(L()) = VELQ)E -1, + VWLO)WT 4+ (1 — )V, + p 1, (3.4)

where L(1) 2 Q — L(1), and where & ~ N¢(0,1,,,) is independent of W.

For simplicity, we will only consider continuously differentiable layering functions L € Lp.

The loss of optimality as a consequence of this restriction can be made arbitrarily small, accord-

LI The letter “W’ is chosen in reference to the fact that such matrices are sometimes called white.

43



44  Rate-Splitting Bounds for the MIMO IID Rayleigh Fading Channel

ing to Lemma [2.4

Furthermore, we will usually set the transmit covariance to Q = ﬁInT, except for Theo-

rem which holds for any transmit covariance matrix.

3.1 Diagonal Layering Functions

Theorem 3.1. Under i.i.d. Rayleigh fading assumptions (3.1)), for a transmit covariance Q =
1
e}

on the eigenbasis of L. Specifically, one can construct (entrywise) continuously differentiable

and for continuously differentiable L € Lp, the rate-splitting bound R*(L) does not depend

nt

functions
UyL: [0;1] —» Urmxnr (3.5a)
Ayp: [0;1] — R (3.5b)
where Ay, is diagonal, such that
L(:) = UL (1) AL(1)UL()" (3.6)

is the eigendecomposition of L(v), and such that Ay, € L is a layering functiorﬂ satisfying

R*(L) = R*(Ay). (3.7)

Proof: See Appendix |

As a consequence of Theorem we can restrict L(¢) to be diagonal for all ¢ € [0; 1] without
loss of generality or optimality. Of course, this is also true for the optimal layering function L*.
Note, however, that the proof of this property depends critically on the assumptions of i.i.d.

Rayleigh fading and of a scaled-identity transmit covariance.

3.2 Two Exemplary Layering Functions

For the transmit covariance Q = ﬁInT, we define two exemplary layering functions, the so-called

staggered layering and levelled layering, denoted respectively as Lgtag and Liey.

3.2.1 Levelled Layering

LY, 0 ds called
nt

Definition 3.1 (Levelled layering function). The layering function Liey(t) =

the levelled layering function.

21n fact, if we do note require its diagonal entries to be ordered, Ay, can even be made a continuously differentiable layering
function.
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For levelled layering, the infinite-layering bound ({3.3) specializes to

A

Vo X .
R*(Liey) = — / E tr[WIT (Liey (1)) "W e (3.8)
nt Jo
where [cf. (3.4))]
En-r o V X AT ” —1
T(Liew(t) = VIt + | —WWH+ VI | (1—0) + p T, (3.9)
nT nT

with =,; being a gamma-distributed random variable with shape nt and scale 1 whose proba-

bility density function is given as

0 for £ <0

S IR (3.10)
m@ or =~ U.

3.2.2 Staggered Layering

Definition 3.2 (Staggered layering function). The layering function

K(tnT) 0
1 k(tnt — 1)
Lstag(b) = — . (311)
nrt ..
0 k(tnt —nt+1)
where k(x) is defined as
0 forx<O
r@)={z for0<a<l1 (3.12)
1 forz>1

1s called the staggered layering function.

L e = - - - < —-—-— ] L
. n L ’ n - -
[LStag(L)] 1,1 ! : . . ‘ e /~ ! [Lstag(b)] nt—2,nt—2
s . . B ’ s
. K o 4 d -—— -
[Lstag(b)] 2,2 - : , ‘ e /// [Lstag(L)] nr—1lnr—1
. . 8 ’
.......... L‘t v ] K - ..." ‘ ’ /’ -T=° [Lt L ]
[ s ag( ) 3.3 ol . ____{_/ _______ 7 1o s ag( ) ny,nT
I I 1 | |
0 1 2 nt—2 nt—1 1
nT nT nT nTt

Figure 3.1 Diagonal entries I:Lstag([/):li s of the staggered layering function

For staggered layering, we derive in Section that the infinite-layering bound (3.3|) spe-
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2.5

1.5

mutual information [bits/channel use]

— Lcoh
- Iupper
0.5 —6— R*(Lstag)
—»— R*(Ljey)
, ----R
0 | | I
—10 0 10 20 30

p [dB]

Figure 3.2 Capacity and mutual information bounds for ng = nt = 2 and V=V=

D=

cializes to

R*(Lgtag) = VE [Z/O i(l/)lx'iri -dyl (3.13)

Ai(v)= (f/ (Ei71 + Vél +1—-—v+nt— 7,) + nTp_1> I+ VW(iH):nTW&H)mT (3.14)

where Z,_1 and = are mutually independent, gamma-distributed with scale 1 and respective
shapes i — 1 and 1 [cf. (3.10)], and where Wi;j stands for the matrix composed of the columns
1 through j of the matrix W.

Alongside the capacity and mutual information lower bounds, Figure also shows the
mutual information upper bound ([2.56[), which specializes to

V+p‘1

Lupper(p) = R(p) + nrE |log — (3.15)

and is stated in general form in (2.56]).

The levelled and staggered layering are chosen for illustrative purposes, since they appear as
the two most natural choices of diagonal layering functions. However, we stress that nothing
is known as to whether they are optimal in any sense, not even in the highly symmetric i.i.d.
Rayleigh fading scenario. In general, they produce different bounds R*(Liey) and R*(Lgtag), as
can be seen by the slight difference between their corresponding curves in Figure It should
not be inferred from Figure 3.2 that levelled layering generally outperforms staggered layering. In

fact, further numerical comparisons suggest that neither of these two contenders is a candidate
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for optimality, since the superiority of one over the other depends on the specific values of
system parameters. Clearly, the computation of the best layering L* is a difficult problem even

in a comparatively simple and symmetric scenario such as i.i.d. Rayleigh fading.

3.3 Asymptotically Perfect CSI

In the numerical example considered in the previous section (cf. Figure , it is assumed that
the joint distribution of (ﬂ, ﬂ) does not depend on the SNR p, in that V and V are constant.
However, in practical communication systems, the channel estimation error—as measured by
V—typically decreases as the SNR increases. This is because, with increasing SNR, transmit
power becomes increasingly affordable not only for data transmission, but as well for channel
estimation. In this section, we investigate the high-SNR behavior of rate-splitting bounds in
circumstances where the channel estimation error vanishes as the SNR tends to infinity. When
this condition is satisfied, we shall say that we have asymptotically perfect CSI. Note that, unlike
Subsection in which the SISO case was treated, here V is not a function of the channel
estimate, since we assumed (for reasons of tractability of the MIMO case) that H and H are

mutually independent.

We will consider that f/p and Vp =1- f/p are functions of p such that

lim V, = 0. (3.16)

p—00

We also adapt the notation of the capacity and mutual information bounds to reflect the fact

that they are functions of p. Therefore, we will write R,, R}(L), and Lupper p-

Theorem 3.2. The bound R;(L) is asymptotically tight for any layering function L, in the

sense that
lim { Lupper (%G y|H) = R5(L)} =0 (3.17)
and consequently,
lim {I(xc:y[H) - Ry(L)} = 0. (3.18)
Proof: See Appendix [C.4] [ ]

Figure shows the capacity and mutual information bounds corresponding to Figure (3.2
but for asymptotically perfect CSI. The estimation error variance is chosen to be V, = as

for interpolation-based channel estimation [cf. (2.42b))].

_1
p+1°
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coh

15 H - Iupper 7]
—— R* (Lstag)
—— R* (Llev)

----R

mutual information [bits/channel use]

30
p [dB]

Figure 3.3 Capacity and mutual information bounds for asymptotially perfect CSI

3.4 Large MIMO Systems

3.4.1 Large Transmit Antenna Arrays

Consider a sequence of channels with increasing number of transmit antennas. To make the

parameter ny explicit in notation, we write (3.1]) as
f,, — \/IW,, H,, = VIW,, (3.19)

where vec(W,,;) ~ Ng(0,In,) and vec(W,,.) ~ Ng(0,I0n, ). On the ny-th channel, let the
transmit covariance be ﬁInT and the layering function be L,,. The sequence {Ly; }nen of
layering functions L, € LD(ﬁInT) may be arbitrary. For the ny-th channel, the worst-case-

noise bound R, and the rate-splitting bound Rj_(Ly;) are given respectively by [cf. (3.2)),

(3-3)]

VW W
R, 2 Elogdet I, + = AR 3.20
R, ogde < R+V+p*1 n ) ( )

and
R (L) v/ E tr [ W, Do (L (1) ™ Wiy L ()] e (3.21)

respectively, where [cf. (3.4))]

Loy (L (1) 2 (VE Ly (D€ + V(1= 1) + 7 Eag + VWi (AL — Ly (0)Wh. (3.22)

Theorem 3.3. The difference between the rate-splitting bound and the worst-case-noise lower
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bound vanishes in the limit as the number of transmit antennas grows to infinity. Formally,

Jin LR (L) = Ry f =0 (3.23)
Proof: See Appendix [
% 04 = RZT (Llev) - En'r |
5
- 03 i
g
g 02| .
<
Z o1} |
2
| | A4 A% © 2 % s s & & %S
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

nT

T

Figure 3.4 Bound difference R:LT (Liev) — R,
nT. The chosen parameters are p = 10dB, V=V= %

, for a MISO channel (ng = 1) as a function of the number of transmit antennas

3.4.2 Large Receive Antenna Arrays

Similarly to the previous subsection, we now consider a sequence of channels with increasing
number of receive antennas ng. To make the parameter ng explicit in notation, we write (3.1)

as

i, =W, H,, = VVW,, (3.24)

A ~

where vec(W,,,) ~ Nc(0, Ingn, ) and vec(Wp,) ~ N (0, L4, ). The transmit covariance Q and
the layering function L € LLp shall be arbitrary and do not depend on the number of receive

antennas. For the ng-th channel, the worst-case-noise bound R, and the rate-splitting bound

Ry (L) are given respectively by [cf. (3.2)), (3.3)]

Voo .
and .
Ri(L)2T /0 Etr[ W, Lo (L) W L) | o (3.26)

respectively, where [cf. (3.4]

]
T (L(1) 2 (VELWE+ V(1= 0) + p! )Ly + VW, L)W, (3.27)

and where L() £ Q — L(1).
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Theorem 3.4. The difference between the rate-splitting bound and the worst-case-noise lower

bound tends to a positive limit as the number of receive antennas grows to infinity. Formally,

. vV + p_1
* — -
nlgnoo{RnR(L) - EﬂR} =ntE llOg (V&TQE i plﬂ (3.28)

Proof: See Appendix ]

9 0.4

2

= 03F -

=

2 02] .

<

£ 01p 8

© +R*(Llev) -R

0 | | | |

| | | | | | T T T T
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
nR

Figure 3.5 Bound difference Ry, (Liev) — R, for a SIMO channel (nt = 1) as a function of the number of receive antennas

nr. The chosen parameters are p = 10dB, V=V= %

To make sense of the value of the large-system limit from Theorem [3.4] observe that, since
the distribution of & ~ N¢(0,1,,;) is rotationally invariant, the quantity E {log (VETQﬁ + ,0_1”
is a concave and symmetric function of the eigenvalues of Q. Over the set of unit-trace positive
semidefinite matrices Q, it is minimized by a rank-one matrix (i.e., Q has a single non-zero
eigenvalue, which is equal to one) and maximized by the scaled identity matrix %Im. We thus

obtain the following upper and lower bounds:

~ _1 ~ -1 X 7 -1
log XL < ntE llog (M)] <ntE [log <~V—|2—p1>1 _
VT +pt VEQE + p~ VI& |+ p~
(3.29)

Here =,,; stands for a gamma-distributed variable with shape nt and scale 1. The upper and

nTE

lower bound on either side of this inequality can both be evaluated in closed form using |Gra07,
(4.337), p. 568], resulting in expressions that involve the exponential integral function (or the

incomplete gamma function).

Note that the upper bound in the above inequality is monotonically increasing in p (much
like the other two quantities for that matter). Taking the limit as p — oo on the right-hand side
expression, we notice that a looser and simpler upper bound is given by

V4 -1
pli_{lolo {TLT E [log (W)] } =nT E[log(|§1\2)] =nTy (3.30)
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where v ~ 0.577 is the Euler-Mascheroni constant. That is,

lim { Ry (L) - R, } <nry. (3.31)

NR— 00

Another noteworthy observation is that, if the number of receive antennas tends to infinity
while the number of precoded streams (i.e., the rank of Q) remains bounded, then the asymptotic

bound difference diverges to infinity in n:

lim lim {R} (L)~ R, } =+00  (for rank-limited Q) (3.32)

nT—00 NR— 00

For example, in case of a rank-one transmit covariance matrix (single-beam precoding), we would

. V4 p!
* — S
nilm {RNR(L) — RnR} =ntE [log ( 6] + p1>] (3.33)

which is directly proportional to nt. Instead, for a full-multiplexing transmit covariance Q =

have

1
77 lny, we have

lim lim {R} (L)~ R, | = % (for Q = L1, (3.34)

NT—00 NR— 00 =R

This follows from [Yoo06, Lemma 3, Appendix III].

All this being said, the significance of these asymptotic results should not be overstated. In
fact, the speed of convergence to these limits has not been studied. Besides, their explanatory
power might be very limited due to the fact that we are analyzing nested limits. Additionally,
one should bear in mind that both large-system limits given respectively by Theorem (large
transmit array) and Theorem (large receive array) assume that the values of V and V do
not vary with the number of antennas. However, this might not reflect the realistic scaling
behavior of the CSI quality in practical large systems. For example, if forward training is used
in a system whose number of transmit antennas nt is increased, the channel estimation error
per channel coeflicient is expected to decrease with nt. Therefore, one should be very cautious

when interpreting the above results.

Nonetheless, the comparison between the rather pessimistic result from Theorem and
the rather optimistic result from Theorem might at least indicate, as a rule of thumb, that
the superiority of the infinite-layering bound over the worst-case-noise bound is particularly
pronounced when the number of receive antennas (rather than that of the transmit antennas)
is large. For example, the analysis of achievable rates in a cellular uplink with a large number

of base station antennas might benefit from choosing infinite-layering bounds.
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3.4.3 Large Transmit and Receive Arrays

In contrast to the previous subsection, we now consider the number of transmit and receive

antennas to grow large. That is, we consider the large-system limit nt,ngr — oo such that

0 < lim (”R) < Tim ("R) < +00 (3.35)
nrT nT

which will be denoted as nt — oo throughout this subsection (where it is assumed that ng
grows as a function of ny). This will allow us to derive tight and easily computable approxima-
tions of the levelled layering bound (3.8]). We first recall the following result which provides an

asymptotically exact approximation of the coherent capacity.

Theorem 3.5. Let Q = %Im and w = vec(W) ~ Nc(0,1,40,) where W € C'R*"T_ The
coherent capacity Ceon as defined in (2.53)) satisfies [Hac08, Theorem 8]

Coon = E [log det (InT + 2wt W)]
nT
=C+0O(nt™ ) (3.36)
as nt — oo, where

C= /;O (ZR - nTg(t)> dt

_ - 1 nt¢(p”")
=ntlog(l+¢(p)) + nrlog <1 + o0+ C(P_l))> ) (3.37)

and the function C is given by

\/(1—,’1$+t)2+4;‘$t

L
2t 2 2t

(3.38)

Note that Theorem [3.5] is a stronger result than the well-known convergence of the per-
antenna mutual information to its asymptotic limit (see, e.g., [Ver99]) which holds for channel
matrices composed of arbitrary i.i.d. entries with finite second-order moment. As a direct con-
sequence of Theorem we obtain the following approximation of the lower bound in :

R=R+0O(nt™") (3.39)

.
(0) o

Since one can show (cf. [Hac08|) that the O(nt!)-term in Theorem is integrable over any
closed interval [0, p], we can approximate the L-layer rate-splitting bound in (3.8)) in a similar

where

I
Qi
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fashion via

R(Liey,T) = R(Liey, I) + O(n7 1) (3.41)

R(Liey, T Z/ [ <1 = 1) e (%)] =, (¥) do (3.42)
with fz, (z) as given in and

Vier 2+ V(1 —q)+pt
o3 (r) = — LT S S l=1,... L (3.43)
¢ v

where

We can also derive an approximation of the levelled layering bound with an infinite number of

layers R*(Ljey). This approximation is given in the next Theorem.

Theorem 3.6. Let
R (Luey) = E U:(: | nR — nTg(EnTt, C(Enr 1)
_/ /OO nr — ntg(x, t)C(g(x,t))fEnT (2) dt da 1)

2(z) t

where ((z) was defined earlier in (3.38)), where =y, is a gamma-distributed variable with shape nt

and scale 1, whose probability density function fEnT is given in (3.10)), and where the functions

o? and g are given by

LYV 4+ p
2 nrt
c(x) = ——— 3.45a
=g (3450
z\V
o) = (1= 2) 2 14 3.45b
sat)=(1-2) 5 (3.450)
Then, as nT — 00,

R*(Liey) = R*(Liey) + O(n771). (3.46)
Proof: The proof is provided in Appendix [C.9] [

Notice that, by comparison with (3.37)), the inner integral in (3.44) evaluated for z = nt =
E[Z,,] corresponds exactly to C' evaluated at o= 2(nt) = V/(V + p~'), which is the lower
bound R. In fact, this is consistent with the observation that the worst-case-noise bound R

can be recovered by lower-bounding R*(Lje,) via Jensen’s inequality [cf. Remark under
Theorem .

Although the computation of R*(Liey) requires the numerical evaluation of a double integral,

it can be computed very efficiently and, most importantly, much faster than R*(Ljey).
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Figure 3.6 Coherent capacity, bounds, and asymptotic approximations vs. SNR for (ng,nt) = (6,4), V =V = % The
1

finite-layering bounds are evaluated for an indexing .# = {0, 3 1}, i.e., for equi-power layering with two layers.

3.5 Semi-Closed-Form Expressions

Computing the exact values of levelled and staggered layering bounds with infinite number of
layers involves several nested integrations: an expectation with respect to the distribution of
the random matrix H of size nr X nT, an expectation over the random vector £ of size nt x 1
(which simplifies to a double integration for staggered layering, and a single scalar integration

for levelled layering), and an integration over the layering index ¢ € [0; 1].

The large random-matrix approximation from the previous section already offered a way
to decrease this complexity via an approximation. Though simulations suggest that this ap-
proximation is highly accurate even for a relatively low number of antennas, no bound on the
approximation error is known. Besides this, the approximation method is not extensible to stag-
gered layering.

To reduce computation time for the exact value of the levelled and staggered layering bounds,
we will derive closed-form expressions of the expectation over ﬂ, since in multiple-antenna
channels the latter accounts for the highest computational burden, given that the number of

integration steps scales with the number of antennas.
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3.5.1 Levelled layering

A semi-closed-form expression of the levelled layering bound (3.8 is given by

00 1 = ¥ (/ _ -1
R (Liey) = / / L Elo, (SVetVnrd =g #pmnmd | g e (3.47)
o Jo 1—u¢ V(1—1)

where Z,,; is gamma-distributed with shape nt and scale 1, and where the function ., is given

in closed form in Appendix (C.10) by Equation (C.136)), and whose evaluation also requires
(C.132). The full derivation of (3.47)) is detailed in Appendix

3.5.2 Staggered layering

A semi-closed-form expression of the staggered layering bound (3.13]) for tall channel matrices

(ng > n7) is given by

. o el o [(w) ) y
R*(Lgtag) = V;/O E [ai(y)gstag,z< o ’V(l—y))} d (3.48)

where the a;(v) are random functions given by

=
—i—1

~ UV o~
ai(u):V( +El+1—1/—|—n-|-—i> +p L. (3.49)

nT nTt

where Z; denotes a gamma-distributed variable of shape i and scale 1, and where Z; is indepen-
dent and exponentially distributed. A derivation of this formula is provided in Appendix [C.11]
and the functions (g,g; are given therein under Equation for tall or square channel
matrices (i.e., for nt < ng) and under Equation for broad channel matrices (i.e., for
nT > nR).






4

Pilot-Assisted Communication

We consider a MIMO link and assume a highly scattering environment at the receiver—as is
the case in many downlink scenarios—so that the fading is correlated only at the transmitter
side. This encompasses the important special case of an arbitrarily correlated MISO link. In
this setting with antenna correlations, we propose to revisit the problem treated in [Has03| and
extend it to spatially correlated fading. In [Has03|, the concept of effective SNR was introduced
to designate an SNR that accounts for the imperfection of CSI at the receiver and serves as the
utility to be maximized. Due to the presence of antenna correlation, the effective SNR needs
to be extended from a scalar to a matrix-valued quantity, and the entire spatial structures of
the pilot sequence and the linear precoder need to be jointly optimized. Thus, we are facing
a high-dimensional optimization problem which entails a non-trivial extension of the approach
from [Has03].

Most performance measures of pilot-assisted MIMO systems are functions that depend on
both the linear precoder and the pilot sequence. A framework for the optimization of these two
parameters is proposed, based on a matrix-valued generalization of the concept of effective SNR
from [Has03|. Our framework aims to extend their results by allowing for transmit-side fading
correlations, and by considering a class of utility functions of said effective SNR, matrix, most
notably including the well-known worst-case-noise capacity lower bound also used in [Has03]. We
tackle the joint optimization problem by recasting the optimization of the precoder (resp. pilot
sequence) subject to a fixed pilot sequence (resp. precoder) into a convex problem. Furthermore,
we prove that joint optimality requires that the eigenbases of the precoder and pilot sequence
be both aligned along the eigenbasis of the channel correlation matrix. We finally describe how
to wrap all studied subproblems into an iteration that converges to a local optimum of the joint

optimization.

57
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4.1 System Model

Our discrete-time system consists of a standard single-user MIMO link with an ng X nt random
channel matrix H expressible as
H=WR2, (4.1)

where the entries of W € C""*"T are independent and identically distributed (i.i.d.) zero-mean
circularly-symmetric unit-variance complex Gaussian, i.e., vec(W) ~ N¢(0,I). The determin-
istic matrix R = niR E[H'H] characterizes the transmit-side correlation, and is assumed to be
full-rank, since we shall ignore keyhole effects. Equivalently, we can write the distribution of H
as

h = vec(H) ~ Nc(0,RT @ 1). (4.2)

This correlation model is valid in setups where numerous scatterers are located in the vicinity of
the receiver, and notably subsumes the case of arbitrarily correlated multiple-input single-output

(MISO) channels, which are especially relevant in wireless downlinks.

The channel H remains constant for a duration 1" called the channel coherence time, after
which it changes to a new realization that is independent of all previous ones (block-fading).
Within every such fading block, we reserve T}, time slots to transmit a sequence of pilot symbols
known at the receiver, while the data is transmitted during the remaining Ty = T' — T}, time
slots. For example (and without loss of generality), we can accommodate the pilot symbols into

the first T}, time slots of each fading block. The resulting training observation is
Y, = HX, + Z,, (4.3)

where X, € C**Te is a matrix whose columns are the pilot symbols, and the noise matrix
Z, € Cw*To ig distributed as vec(Z,) ~ Ng(0,1I) and independent of H. During the data

transmission phase of one fading block, the received signal is
Yy =HFXy + Z4 (44)

where Xy4 € C"™*7Td¢ (with » < n1) and Zg € C"™*Tr are respectively the data symbol matrix
and the additive noise matrix, with respective distributions vec(Xq) ~ Ng(0,1) and vec(Zg) ~
Nc(0,1I), whereas F € C"T*" is the linear precoder, and is assumed to have full column rank.
The number 7 of rows of X4 (and of columns of F) represents the number of streams into which

the channel input is multiplexed.

It can be shown that the minimum mean-square error (MMSE) channel estimate H =
E[H|Y,] is obtained from the training observation Y by right-multiplying it with the estimator
matrix G = (X[RX, + I)"'X}R as

H=Y,G. (4.5)
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As a consequence of the distributions and correlation models for H and Z,, the respective

marginal distributions of the estimate H and of the estimation error H = H — H turn out to be

A

h = vec(H) ~ Nc(0,RT ® 1) h = vec(H) ~ Nc(0,RT @ 1) (4.6)

with transmit-side covariances

R=LEHH=R-R (4.7a)
nR
R=_LEMAH =R"+XX])™" (4.7b)

We further define the two nt x nT Gram matrices
Q = FF' P = XX} (4.8)

which are called the transmit covam’anceﬂ and the pilot Gram, respectively. These two matrices

will be subject to optimization.

4.2 Problem Statement

A capacity lower bound (in bits per channel use) of the communication system is given by
+1(X4; Yq|Y,), where I(Xg; Yq4[Y,) stands for the mutual information between the block of
input symbols X4 and their corresponding outputs Y4, conditioned on the side information Y
(training observation). Using a well-known lower bound on this mutual information, we get the

achievable rate expression

<

foft
. ) [(Xg: Yol Y,), (4.9)

1 +tr(RQ)

T

?d E llog det (I + T
where H is given in (4.5). This bound is based on a worst-case noise approach [Has03| and has
been widely used and studied in the literature, e.g., [M00], [Has03], [Yoo06], |[Aub13] and many
more. In [Soy10], the bound (4.9)) is used in the exact same system setup as here. Using (4.6]),
we can write H = WR? with vec(W) ~ Ng(0,1) so that the expectation in (@.9) reads simply

1(S) £ E [logdet (T+ WSWT)]|. (4.10)

The latter is a function of the matrix argument

S =S(P,Q) (4.11)

1

Lin reference to the fact that FFT is the covariance of the transmitted data signal
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which constitutes a matrix-valued effective SNR generalization of the scalar effective SNR intro-
duced by Hassibi and Hochwald in [Has03]. We write S(P, Q) instead of S whenever we wish to
emphasize the dependency on (P, Q). Let s denote the (eigenvalue) profile of S, i.e., the vector
of non-increasingly ordered eigenvalues of S. Since W and WU have the same marginal distri-
bution for any unitary U, the function I(S) is in fact a function of the unordered eigenvalues of

S, i.e., a symmetric function of s. We denote the latter as I(s). We thus have
I(s) £ Elogdet(I + W diag(s)W') (4.12)

with I(S) = I(s). We will prefer one notation over the other depending on the situation.

To keep derivations as general as possible, we consider a general class F of utility functions
sharing similar properties with I (resp. I ). The class F (resp. F) shall be the set of functions
which, like I (resp. I ), are unitarily invariant and matrix-monotonic (resp. symmetric and vector-

monotonic). That is, for f € F (resp. f € F) we have

e f(S) = f(USUT) for any unitary matrix U
*0=<S=S= f(S)< f(S)

and

e f(IIs) = f(s) for any permutation IT
*0<s<s' = f(s) < f(s)

We define the trace-constrained sets

Plup) = {P € CI7 " tx(P) < pp | (4.13a)
Que) = {QeCI™™: tr(Q) < po} (4.13D)

where pp and pg stand for the maximum overall pilot symbol energy, and the average data

symbol power (energy per time unit), respectively.

The pilot-assisted system shall be constrained by a maximum average energy consumption
per time unit, denoted as . Consequently, the set of admissible values of the pilot-precoder pair
(P,Q) is

PO(T,) = U P(up) x Q(na)- (4.14)

up o >0
pp+(T=Tp)po=Tu

For future reference, we define five different pilot/precoder optimization problems (of increasing
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number of variables to be optimized) for some given utility F' € F: E|

(P.1.a) QEH&Z(Q) F(S(P,Q)) (4.15a)
(P.1.b) Pél:’l)a(/.}fp) F(S(P,Q)) (4.15b)
(P.2) (P,Q)EP%E%XQ(MQ) F(S(P,Q)) (4.15¢)
(P.3) (P,QI)%%DXQ(TP) F(S(P,Q)) (4.15d)
(P4 a max  F(S(P,Q)) (4.15¢€)

max
Tye{l,... T—1} (P,Q)ePO(Tp)

Problems (P.1.a) and (P.1.b) are the partial problems that consist in optimizing one among
the two variables P € P(up) and Q € Q(ug), while the other variable has a fixed value.
The parameters pup and pg can be considered as arbitrary constants. Problem (P.2) is the
simplest joint optimization problem, having two independent trace constraints on P and Q.
Adding on (P.2) an outer optimization over pairs (up, o) fulfilling the weighted-sum constraint
pp + (I — Ty)po = T, we obtain Problem (P.3). This balancing of pilot symbol and data
symbol energies is what we call energy boosﬂ Adding yet another optimization over the training
duration T, and incorporating an overhead factor (1" — T,)/T" which accounts for the loss of
spectral efficiency due to the pilot symbols, we obtain the full-fledged Problem (P.4). Step by
step, the present Section builds up a procedure for tackling (P.4).

The optimization of T, in (P.4) is over a finite set and is solved by an exhaustive search,
thus we will leave it aside until Section Notice that in [Has03| the authors posit for the
same (though uncorrelated) channel model (and utility f = I) that the receiver should have
a representative estimate of the complete channel state, described by ntngr fading coefficients.
Therefore, they assume that the training duration 7}, should be at least the number of transmit
antennas nT, so as to generate at least as many observables as there are coefficients to estimate.
However, in the case where only a limited number of data streams are to be precoded, it might be
more economic to only estimate a properly chosen subspace of the channel covariance spanned
by the stronger eigenmodes. In fact, since T is defined as the number of columns of the pilot
matrix X,, and given that the utility function and power constraint [cf. f] depend
on X, only via its Gram matrix P = XpX;g, we can assume that X, has full column rank and set
the training duration equal to the rank of P, i.e., T, = rank(P) < nT, and accordingly reduce
the search interval in from {1,...,7 — 1} down to {1,...,min(7T — 1,nT)}.

We will start by studying Problems (P.1.a) and (P.1.b) in the next two sections. These

2 Obviously, these problems could be equivalently stated in terms of f € F.

31n the literature, the balancing between pilot/data symbol powers under an overall average power constraint and for fixed
time fractions assigned to training and data transmission, is sometimes referred to as power boost (e.g., [Loz08|). Since in
our setup, pp represents a pilot energy budget, and given that the training duration T}, is not fixed (but subject to an
outer optimization), we prefer the term energy boost.
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individual optimizations will form two building blocks of an algorithmic approach that aims
to solve (P.3), and eventually (P.4). However, they may also be considered as two stand-alone

problems in their own right.

4.3 Precoder Design for Prescribed Pilots

In this section, we consider the optimization of the transmit covariance Q alone, while the pilot

Gram P has a fixed value [Problem (P.1.a)]. The optimal transmit covariance is

Q*(P) = argmax F(S(P,Q)). (4.16)
QeQ(ro)

4.3.1 Number of Streams and Pilot Symbols

Recall that the ranks of P and Q represent the number of pilot symbols and precoded streams,
respectively. To establish a relation between them, we first need to uncover an important property

of the range space of Q*(P).

Theorem 4.1. For any utility F' € F and a prescribed pilot Gram P, the range space of the
optimal transmit covariance Q*(P) must be contained in the range space of the channel estimate
covariance R:

range(Q*(P)) C range(R). (4.17)

Proof: See Appendix [
Complementing Theorem notice that the rank equality
rank(R) = rank(P) (4.18)
always holds. This is easily seen by application of the matrix inversion lemma:

R =R-(R'+X,X))™!
= RX,(I+XIRX,) 'X/R. (4.19)

Since X, has full column rank by assumption [cf. Section , it becomes manifest that the rank
of R equals the number of columns of X, which is equal to T, = rank(P), hence (&.18).

Combining (4.18) with Theorem directly implies the rank inequality
rank(Q*(P)) < rank(R) = rank(P), (4.20)

or in words,

number of streams < number of pilot symbols (4.21)
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The idea behind the proof of Theorem is that, if Q*(P) had eigenvectors (transmit direc-
tions) lying outside the range space of the estimate covariance R, then the transmitter would
be radiating some of its transmit power into channel directions of which the receiver has no
estimate (and thus cannot detect coherently), thus incurring a waste of power. As a particu-
lar consequence, tells us that the number of precoded streams should never exceed the

number of training symbols.

4.3.2 Feasible Effective SNR Matrices

It is convenient to reformulate Problem (P.1.a) as

S*(P) = argmax F\(S) (4.22)
SeS(P,Q(ke))

in terms of effective SNR matrices, which belong to a feasible set

S(P, Q(ko)) = {S(P,Q) | Q € Q(no)}- (4.23)

We will show that S(P, Q(ug)) is a convex set. For this purpose, observe that in the expression

of the function

NI

R:QR
1+tr(QR)’

the argument Q appears in the matrix-valued numerator, and inside a trace operator in the

)| o=

Q— S(P,Q) = (4.24)

denominator. This function Q — S(P, Q) is thus reminiscent of fractions of monomials such as
q %%q, except that it is defined for matrices. In fact, the function Q — S(P, Q) pertains
to what can be defined in the following Definition as a generalization of linear fractional

functions. The latter are commonly defined for the scalar case (e.g., [Boy04, Sec. 2.3.3]).

Definition 4.1. Let X C C"*™ denote a set of Hermitian matrices of size n X n whose elements
X € X satisfy tr(BX) # —1 with some given Hermitian matric B € C"*". A function X
d(X; A,B) that is defined as

AXAT
X mxm X X;A,B) = ———— 4.2

shall be called a linear fractional function with parameters A € C™*™ and B € C"*™.

Note that the Hermitianity of B and of the argument X ensures the Hermitianity of the
image ¢(X; A, B). Linear fractional functions may or may not be injective functions, depending
on the properties of the parameter A. Let Af = (ATA)*lAT denote the left pseudoinverse of A,
and A* = AT(AAT)~! denote the right pseudoinverse of A.

Lemma 4.1. The linear fractional function X — ¢(X;A,B) from Definition is injective
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(one-to-one) if one at least of the following two conditions apply:

(1) The parameter A has full column rank
(2) The parameter A has full row rank and the domain X is such that VX € X: range(X) =
range(AT)H

In these two respective cases, its inverse function ¢~1: ¢(X; A, B) = X, Y — ¢~ 1(Y;A,B) is

(1) linear fractional with parameters A% and —AfTBAY, ie., o~ (o; A, B) = ¢(o; Af, —AHBAF).

(2) linear fractional with parameters A’ and —A"TBA’, i.e., p~1(o; A, B) = p(o; A’, —A’TBA”).

Proof: See Appendix [D.3] |

In the following we will optimize S(P, Q) rather than Q, and consider that Lemma can
be used to recover the optimal transmit covariance Q*(P) from the optimal S, by means of the

appropriate inverse linear fractional function.

Prescribing the pilot Gram P means that the matrices R = (R~! + P)~! and R=R-R
are prescribed. Therefore, the function Q — S(P, Q) as given in (4.24)) is linear fractional with
parameters A = R and B = R, ie.,

The key property of linear fractional functions that we need for understanding Problem (P.1.a)

is that they preserve the linearity of segments.

Lemma 4.2. An injective linear fractional function p(e) = ¢(e; A, B) with some given param-
eters A and B uniquely maps linear segments onto linear segments in a one-to-one manner,

i.e.,

V(Xl, Xg,a) e x?% x [0; 1], a6 € [0; 1]: go(aXl + (1 — a)Xg) = ﬂgD(Xl) + (1 — ﬂ)(p(Xz) (4.27)

Proof: This is readily verified by inserting the explicit value

B a(l +tr(BXy))
1+ atr(BXy) + (1 - a)tr(BX,)

into the equality (4.27)). [

Figure [4.1] symbolically depicts the behavior of linear fractional functions: a convex com-

p (4.28)

bination of two points is mapped onto a convex combination of the respective images of said

4In case A has neither full column nor full row rank, one can bring the problem back to one of the two considered cases by
an appropriate rank reduction.
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points, thus preserving segments. They are not linear functions though, because a and 3 can be
different.

@ P(X1)

Beo(X1) + (1-B)p(Xo)
X, p(X2)

Figure 4.1 Linear fractional functions preserve segments

Corollary 4.1. Linear fractional mappings preserve set convezity.

Proof: Take a pair (X1, X2) € X? with a convex X. According to Lemma any convex
combination of X; and X3 is mapped onto a convex combination of ¢(X;) and ¢(Xs). Therefore,

the codomain ¢(X) is convex. ]

As a consequence, S(P, Q(po)) is a convex set because Q(pg) is convex [cf. (£.13b)]. So if a
utility F' is concave in S, then Problem (P.1.a) in its formulation is convex. The optimal
transmit covariance Q*(P) is then computed from S*(P) by means of the appropriate inverse
linear fractional function (cf. Lemma . More generally speaking, if F' is quasi-concave in S,
then the problem can be recast into a convex problem by an appropriate transformation.
Even if F' is only unimodal on S(P, Q(ug))—that is, it has a single local maximum on the convex
compact S(P, Q(ug))—one can still optimize it efficiently via bisection. The mutual information
I is one example of a concave utility. Other examples of concave or log-concave (quasi-concave)
utilities are given in Table [D.1]in Appendix [D.1}

4.3.3 Feasible Effective SNR Eigenvalues

It is convenient to rewrite Problem (P.1.a) as

s*(P) = argmax f(s), (4.29)
ses(P,Q(no))

in terms of effective SNR eigenvalue profiles, which are to be searched in a feasible set

s(P,Q(no)) = {s(P,Q) | Q € Q(uo)}- (4.30)

In the previous subsection, we have shown that the set S(P, Q(ug)) is convex. Note that this con-
vexity, however, does not generally imply (nor is implied by) the convexity of the set s(P, Q(ro)),

hence establishing the convexity of s(P, Q(ug)) requires a separate proof. Indeed, we show in
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the following that s(P, Q(ug)) is also convex and has a simplex shape, whose vertices are char-
acterized by Theorem [4.2] below.

Let w; denote the non-increasingly ordered eigenvalues of the generalized eigenvalue problem
Rv; = w; (,u,élI +R)vi. (4.31)

Due to rank(R) = rank(P) [cf. (£.18)], only the first rp = rank(P) eigenvalues w; are different
from zero. Let A(A) denote the vector of non-increasingly ordered eigenvalues of a Hermitian

matrix A.

Theorem 4.2. The set [cf. (4.13D)), (4.24])/

.00 = {A [ REOR ) g ¢ gpug) (4.32)
s(P, = = € .
Ho 1+ tr(QR) He
is a simplex given by the convex hull of the origin o© £ 0 and of the rp linearly independent
points
o™ =H(w,...,w,) D e;, nefl,...,rp} (4.33)
j=1

where [y, ..., ey, ] = I is the canonical basis, and H(z1,...,x,) = (X0, ;1) with n argu-
ments x1,...,x, denotes the harmonic mean thereof, divided by n.

Proof: See Appendix [ ]

52

P -

Figure 4.2 Sketch of a simplex set s(P, Q(1g)) (shaded region). The so-called Pareto border 91 s(P, Q(ug)) contains those
points from s(P, Q(ug)) that are not dominated by any other point from s(P, Q(ug)), and is the convex hull of &(") for
n €{1,...,rp} (excluding the origin).

As a byproduct, the proof of Theorem reveals that if the set of eigenvectors of R is
contained in the set of eigenvectors of R, i.e., col(Ug) € col(Ug), then it is optimal with
respect to any utility I € F that the eigenbasis Ugq+(p) of the optimal matrix Q*(P) be chosen
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such that as
col(Uq) C col(Ug). (4.34)

Note that this requirement is stronger than the range space inclusion property of Theorem
[cf. (4.17)]. This particular situation of eigenbasis alignment col(Ug) € col(Ug) occurs, for
example, when

tr(P)
nt

® using nt unitary pilots (i.e., P = I,.; is a scaled identity matrix)

the channel gains are independently and identically distributed (R = I)

the channel estimation error vanishes (R = 0, R = R)

the pilots are aligned with the channel covariance, i.e., col(Up) C col(Ug).

As we shall see later in Section the latter condition col(Up) C col(Ur) is in fact necessary
for joint optimality of P and Q.

4.4 Pilot Design for a Prescribed Precoder

To complement the previous Section we will now swap the roles of P and Q so as to consider
the optimization of the pilot Gram P under a trace constraint, while the transmit covariance Q

has a fixed value [Problem (P.1.b)]. The optimal pilot sequence reads as

P*(Q) = argmax F(S(P,Q)). (4.35)
PeP(up)

4.4.1 Number of Streams and Pilot Symbols

In analogy to the inequality (4.20) relating the ranks of P and Q*(P), we have a similar rank
inequality for Problem (P.1.b) too.

Theorem 4.3. For any utility f € F and a prescribed transmit covariance Q, the rank of the

optimal pilot Gram P*(Q) under a trace constraint is not larger than the rank of Q:

rank(P*(Q)) < rank(Q). (4.36)

Proof: See Appendix [ ]

In words, we can state this as [compare with (4.21])]
number of pilot symbols < number of streams (4.37)

The interpretation behind this rank inequality is that, if there were more orthogonal training
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directions than there are data streams precoded, we would necessarily be wasting some pilot

energy into directions that are not used for transmission anyway.

4.4.2 Feasible Set of Effective SNR Matrices

Let us rewrite Problem (P.1.b) as

S*(Q) = argmax F(S) (4.38)
SeS(P(ur).Q)

in terms of effective SNR matrices, which belong to a feasible set

We will show that this set is convex. To this end, we write out R as R — f{, then S(P, Q) reads

as [cf. (4.11))]

B R>QR3

S(P.Q) = 1+tr(QR) — tr(QR)’ (4.40)

which is unitarily equivalent to
3 Q:RQ:
S(P,Q) = =
®.Q 1+tr(QR) — tr(QR)
_ QRQ> (4.41)
7 —tr(QR)

where 7 = 1 4+ tr(QR). The unitary equivalence is due the Hermitian matrices f{%Qf{% and
Q:RQ: having the same eigenvalues because of the identity A(AB) = A(BA). As a conse-
quence, F(S(P,Q)) = F(S(P,Q)) for any F € F, so S(P,Q) and S(P, Q) can be used inter-
changeably. By comparing Expression with the definition of linear fractional functions
(cf. Definition , we identify R — S(P, Q) as a linear fractional function with parameters
A= %Q% and B = —1Q, i,

& A 1
S(P,Q) = ¢(R; Q7. -1Q). (4.42)
In Appendix we show that the set of feasible R, namely
[R— R +P)" [P ePup), (4.43)

is convex, from which follows immediately with Corollary that S(P(up),Q) is a convex
set. For solving Problem (P.1.b), it now suffices to replace S(P(up), Q) with S(P(up), Q) in
formulation of Problem (P.1.b). Granted that the utility F' is concave, quasi-concave or
unimodal, Problem (P.1.b) can be solved efficiently.
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4.5 Jointly Pareto Optimal Pilot-Precoder Pairs

4.5.1 Problem Statement

We move on to study a subproblem of (P.3). For this purpose, we restate Problem (P.3) in the

vector domain of feasible profiles s so that it reads

ses{gg}((Tp)) f(s), (4.44)
where the search set is
sS(PO(T,)) = {s(P,Q) | (P,Q) € PO(T})} (4.45)

and PQ(T,) was defined in (£.14)). Exploiting the monotonicity of utilities f € F, we can restrict
the search set s(PQ(T})) to its Pareto border 97s(PQ(T})). To be precise, the Pareto border of
a set A C RY is the subset

8+A:{a€¢4‘ Ba’ € A: a’ > a with a’;«éa}. (4.46)

A otA

0A

\/

Figure 4.3 Pareto border 97 A of a compact set A C R?

Regardless of which utility function f € F we are considering, there exists an important
subproblem of (P.3) that is common to all utility functions: the characterization of the search

set 0Ts(PQ(T}p)). The following subsections will build up this characterization in several steps.

4.5.2 Number of Streams and Pilot Symbols

Recall that (P.3) can be expressed in terms of (P.2) by adding an outer optimization of the

energy boost [cf. (4.15)]:

max max F(S(P, . 4.47
By >0 {(P»Q)EP(NP)XQ(NQ) (5( Q))} ( )
pp+H(T=Tp)po=Tu
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Inside the curly braces is Problem (P.2), which can be equivalently written as

ngﬁp)F(S(P, Q'(P)) =  max F(S(P*(Q),Q)) (4.48)

with Q*(P) and P*(Q) defined in and (4.37)), respectively. We infer that the jointly
optimal pilot-precoder pair for Problem (P.2) must simultaneously fulfill the rank inequalities
and . This means that the pilot Gram and transmit covariance have equal ranks.
Since this rank equality holds regardless of the value of (up, pg), it also holds for Problem (P.3).
Since it also holds regardless of the value of T, it also holds for Problem (P.4). Hence, we can
state generally that, for Problems (P.2), (P.3), (P.4),

7* £ number of streams = number of pilot symbols (4.49)

is a necessary condition for a pilot-precoder pair (P, Q) to be jointly optimal. Note that, in
addition, Theorem requires the optimal transmit covariance to lie in the range space of R
and as a consequence, the rank of S(P,Q), which is the number of non-zero entries in s(P, Q),

is equal to r* as well.

4.5.3 Jointly Optimal Transmit and Training Directions

A fortunate circumstance when treating the joint problems (P.2), (P.3), (P.4), is that the jointly
optimal transmit and training directions have a very simple and intuitive characterization, enun-
ciated in Theorem below. As in the previous Section, we set our focus on Problem (P.2),
since the property will extend immediately to Problems (P.3) and (P.4).

Let the channel covariance R, the pilot Gram P and the transmit covariance Q have the

following (reduced) eigendecompositions:
R = UrARUL, P = UpApUL, Q = UgAqQUl,.

Without loss of generality, we assume that the eigenvalues of R are arranged in non-increasing
order on the diagonal positions of Ar, whereas the eigenvalues of Ap and Aq are not sorted in

any specific order. Let the set of columns of a matrix A be denoted as col(A).

Theorem 4.4. For any utility f € F, in the joint optimization problem (P.2), there is no loss
of optimality in restricting the eigenvectors of the pilot Gram P (i.e., the left singular vectors of
the pilot sequence Xp) and the eigenvectors of the transmit covariance Q (i.e., the left singular
vectors of the precoder F) to be a common subset of the eigenvectors of the channel covariance

R corresponding to the largest eigenvalues of R. Formally, this is to say that the (reduced)
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eigenbases Up and Uq should satisfy
col(Up) = col(Uqg) = {ur.1,...,ur~} C col(Ur), (4.50)

where UR 2 [UR 1, ..., UR ), and r* = rank(P*) = rank(Q*) denotes the pilot/precoder rank
at the joint optimum (P*, Q*) of Problem (P?)H

Proof: See Appendix [D.7] [ ]

Since Theorem holds irrespective of the values of (up, j1g) and of T}, we infer that it also
holds for Problems (P.3) and (P.4).

This Theorem echoes similar results from previous publications. For example, in [Soy10],
the authors find that the optimal pilot symbols are, as in the present case, scaled eigenvectors
of the channel’s transmit correlation matrix. However, they optimize the pilot sequence with
respect to the Frobenius norm of the channel estimation’s mean-square error matrix instead of
the achievable rate. Similarly, in [Aubl3] it is proven for a multiple-access setup that, under
the assumption that the channel estimate follows an UIU model (in the terminology of |[Tul06])
slightly more general than ours, the transmit covariances are aligned with the channel correla-
tion as well. As to the pilot sequence, it is optimized with respect to different objectives: the
trace and the determinant of the mean-square error matrix of the channel estimation. The corre-
sponding optimal eigenbases for the pilot sequences are similarly aligned. The main contribution
of Theorem [£.4]is that of establishing the jointly optimal eigenbases of pilot Gram and transmit

covariance with respect to a common utility function.

4.5.4 Pareto Optimal Allocation

Consequently, and without loss of optimality, we will align the eigenbases of P and Q in con-
formity with (4.50). The scalars [r]; = r;, [p]; = p;, and [q]; = ¢; shall denote the eigenvalues of
R, P, and Q, respectively. Under such assumptions, all matrices involved in the expression of
the effective SNR (4.11)), namely R and R [cf. ([4.7)], as well as Q, acquire the same eigenbasis
Ugr. We can readily see from Expression that S then inherits the (common) eigenvectors
of P and Q, i.e., col(Ug) = col(Up) = col(Uq) C col(Ur), so that the profile s is given by
ct. (1)

roq

= - = 4.51
> 1+qTF (451)

5 Obviously, the rank 7* is not known a priori before solving the problem. The notation in (£.50) is merely to indicate that
col(Up) and col(Uq) should contain eigenvectors of R corresponding to the largest eigenvalues of R.
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and ‘©’ denotes the componentwise product. Here, the eigenvalue vectors ¥ = T(p) and t =

t(p) =r — 1(p) are functions of p and respectively have entries

2
A r; !
Plpi) = (4.52)
17

T

fz’(Pz’) = ma
M

Hereinforth, we will write s(p,q) instead of s(P,Q) whenever we implicitly assume that
the eigenbases are optimally aligned according to (4.50). We do not impose any ordering of the
eigenvalues p;, ¢;, and r;. Instead we assume, without loss of generality, that they are arranged

in such way that the s; are non-increasingly ordered.

Upon optimally aligning the eigenbases as according to Theorem [4.4] we now consider the
remaining problem that consists in jointly optimizing the allocation vector pair (p,q), which

belongs to a set that constrains the average power radiated by the transmitter array:

r={(p,q) R

1"p + (T = Tp)1"q < Tuf . (4.53)

Figure 4.4 Sketch of the typical shape of a set s(I') and its Pareto border 9%s(I") for nt = 2.

By virtue of Theorem we have s(PQ(T,)) = s(I'). In the following, we will devise a
procedure for computing the set of all allocations (p,q) that yield points located on the Pareto
border 07s(PQ(T,)) = 0*s(I'). Given the monotonicity of the entries of s(p,q) in p; and g,
we are certain that any Pareto optimal allocation (p, q) will expend the full power budget, and

thus belong to
o*T = {(p,a) € P[1Tp + (T~ T,)1"q = Ty} . (4.54)

Hence, 07s(T') = d%s(07T). Now note that the search set 07s(01T") is not equal to the set
s(07T), meaning that it is not sufficient to simply choose some full-power allocation (p,q) € 91T

in order to obtain a Pareto optimal allocation. Instead, we have the proper inclusion
0Ts(I') = 0s(07T) C s(07T). (4.55)

In fact, any Pareto optimal allocation is a full-power allocation, but the converse is not true. This

becomes clear when counting dimensions: the vector s has nt real entries, so any parametriza-
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tion of the feasible set s(I') with minimal number of parameters will require at most nt real
parameters. A parametrization of the Pareto border 91s(T") will require nt — 1 parameters. How-
ever, the entries of the vector pair (p,q) represent 2nt parameters. Thus, to obtain a minimal
parametrization of 9s(T") there are at least nT — 1 excess parameters to be eliminated. A direct
elimination by working off the explicit expression of s(p,q) in does not seem possible.

Even replacing I' with 07T only saves one parameter.

The idea for reducing the parameter set so as to efficiently compute Pareto optimal allocations
(p, q) will be as follows: we choose some vector norm ||-||, then fix a non-negative direction vector
e > 0 that is normalized as ||e|| = 1. This normalized vector points into the positive orthant
of the s domain and defines a half-line departing from the origin. We then maximize the norm
|ls(p,q)|| with respect to the allocation (p,q) under the constraint that s(p, q) points into the
direction of e. In other terms, we determine the point from the set s(I') which lies farthest away

from the origin, and is located on the line running along e.

52

ots(I)

S1

>
>

Figure 4.5 Symbolic sketch of the procedure for computing Pareto border points from 9+s(I"). Said points are parametrized
by a unit-norm direction vector e

Formally, the problem at hand can be stated as:

max_ v s.t. s(p,q) =ve (4.56)
(p,q)el’

where v = [|s(p, q)|| stands for the norm of s, while the function s(p, q) is given by (4.51)) as

FoOq roq
_ _ 457
s(p,q) 1+1tTq 1+4+rTq-1#Tq (4.57)

and e is some normalized direction vector pointing into the positive orthant, i.e., e > 0 and

|le|| = 1. As usual, the search set I can be reduced to 97T

When we vary e, the set of all points vmace that are determined by this maximization

procedure constitute what we shall call a front border.

The front border of a compact set A C R"} shall be denoted as ' A and be formally defined
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Figure 4.6 Front border 8f A of a closed set A C R2

as
O'A = |J argmaxwv. (4.58)
e>0 acA
lefl=1 7

Note that certain directions e may yield empty sets {a € Ala = ve} = 0, so only non-trivial
contributions (non-empty sets) should be retained when taking the union (4.58). As we easily
intuit from comparing Figures [£.3] and [4.6] the Pareto border and front border of a compact set

are not generally identical. However, according to the next Lemma, identity holds for the set
s(I).

Lemma 4.3. The Pareto border and the front border of the set s(I') coincide.

Proof: See Appendix [D.8] [ ]

As a consequence, we can compute the Pareto border by the above-mentioned technique. Let
us choose the norm ||-|| to be the 1-norm ||s||; = 3=, s;, as this will turn out to be a convenient
choice. The quantity v that is maximized in (4.56) is the 1-norm of the vector s(p, q), constrained

to being colinear with e, i.e.,

n
s(p,q) = ve s(p, == 4.59
(b.a) = v Istp. @)l = g = =7 (459)

where 7 stands for [cf. (4.57))]
n=|todql, =i"q. (4.60)

Note that the colinearity constraint s(p,q) = ve implies the colinearity # ® q = ne. Componen-
twise, the latter reads as [cf. (4.52))]

2
TiPiqi
— =ne; 4.61
14 r;p; e ( )

Consider e to be fixed. Then we see from (4.61]) that, once 7 is given, p; and ¢; are entirely

determined from one another: given any value of ¢; > 0, the corresponding value of p; > 0 is
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uniquely determined (as long as % < r;), and conversely, given any value of p; > 0, the value of
¢; > 0 is uniquely determined. This allows us to effectuate a (one-to-one) change of parameters:
we drop the ¢; and replace them by e;, thus effectively replacing the parameter pair (p,q) € T’
by the new pair (p,e) € D(Tu) x D(1), where D(-) is defined as

D(a) ={d e R} |1Td < a}. (4.62)

From (4.61)), the ¢; can now be expressed in terms of p; and e; as

L+ ripi
ripi

qi(pi, ;) = mei (4.63)

By summing (4.63) up over i, and taking into account the energy conservation Y, p; + (T —

Tp) >"; gi = T'u, we obtain expressions of 1 and of ¢; which are functions of (p,e):

-1
Tp—1"p (nT 1+ m%)
n(p,e) = e (4.64)
T—-1T, ; ! ri?pi
p.e) = AL (4.65)
gi(p,e) = e :
T=Tp ¥
Consequently, v can itself be expressed as a function of (p,e) too [cf. (4.56)]:
V(p.e) = g \P©) (4.66)

~ 1+rTq(p,e) —n(p,e)’

We can now dismiss the initial problem formulation (4.56]) in favor of the equivalent formulation

p*(e) = argmax v(p, e) (4.67)
pED(T')

with v(p, e) as given in (4.66)). Once the maximizer p*(e) is determined, we compute the corre-

sponding q*(e) via (4.65) as

d@=| : | (468)
dnr(P*(e), €)

The Pareto border 07s(PQ(Tp)) = 0Ts(I') is described in its entirety by the union (see Fig-

ure 4.5)

ots(t)= |J s(p*(e),q*(e)). (4.69)
e>0
llell;=1

Definition 4.2. A function f: X — R is quasi-concave (resp. quasi-convex) on a convexr and
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compact set X C R™ if it can be represented as a concatenation

fx)=(goh)(x) (4.70)
of a concave (resp. convex) function h: X — R and a non-decreasing function g: R — R.
Lemma 4.4. The function v(p,e) is quasi-concave in p.

Proof: See Appendix [D.9] [ ]

This lemma renders (4.67) a quasi-convex problem, which can be solved efficiently.
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(a) v(p,e) as a function of p; and pa (b) Contour plot of the function v(p, e) from Fig-
ure [4.7(a))

Figure 4.7 Three-dimensional representation and corresponding contour plot of a function v(p,e)

Figures [4.7(a)| and |4.7(b)| illustrate an example of a function v(p,e) for nt = 2 transmit
antennas, channel coherence T'=10 and SNR pp =1, r = [2/3 1/3]T and e = [1/2 1/2]T. The

quasi-concavity (but non-concavity) can be well appreciated in said plot, since v(p,e) appears

to be convex in p near the borders of its triangular domain D(T'), while it is concave in an
inner region. Notwithstanding this change of curvature, the function is globally quasi-concave

in p, since all upper contour sets, as illustrated in Figure |4.7(b)| are convex.

4.6 Assembling It All: Iterative Joint Design
Having studied Problems (P.1.a) and (P.1.b) as well as a subproblem (Pareto optimal allocations)
of Problem (P.3), we now propose an iterative approach to solving Problems (P.3) and (P.4).

Using Theorem [4.4] we align the eigenbases as col(Up) = col(Uq) C col(Ur). Since we
know from Sections 4.3 and |4.4| how to efficiently solve Problems (P.1.a) and (P.1.b) for (quasi-
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)concave utilities F', a natural way of tackling the joint problem (P.2) is by alternating between
the two problems in the fashion of a block gradient ascent:

_ * — *
Pnt1 = P*(an) or dn+1 = 9*(Pn) (471)

Unt1 = 9" (Pn+1) Pnt1 = P*(dn+1)
This procedure converges monotonically towards a fixed-point of the iteration (pp41,qn+1) =
(p*(dn),q*(pn)), which is a local optimum for Problem (P.2). However, it yields no local opti-
mum of Problem (P.3), the reason being that no step in the above iteration ever changes the
balance between pilot energy 1Tp and transmit power 17q (energy boost). To accomodate the
energy boost, an additional step needs to be inserted in the above iteration in order to readjust
the allocation (p, q) so as to remain Pareto optimal. This step can be performed with the meth-
ods for computing the Pareto border, developed in Subsection [£.5.4 Therefore, the proposed
algorithm for solving (P.3) should cycle through the following three steps:

(1) Optimize p for a prescribed q
(2) Optimize q for a prescribed p
(3) Adjust (p,q) to be Pareto optimal

Algorithm 1 Iteration for solving (P.3)

Top
1: po < T—,—]‘TLT

qo (T;?P)Hln_r
n<+ 0

repeat
p argmaxpep(1Tp,) f((P, a))
q' + argmaxqep(17q,) f(s(P,q))

o
Ts(”.aNly

8 Pn+1 < argMaXpep(Ty) v(P,en+1)
9 Qnt1 < d(Pnt1s€nt1)

10: Spt1 < €1/ (Pnt1s €nt1)

1: n+<n+1

12: until f(sn) - f(snfl) <e

1

en+t1

In pseudocode, the algorithm is written out in Algorithm |1} For (quasi-)concave utilities
f € F, Steps [5| and |§| were shown to be (quasi-)convex optimizations in Sections and
respectively. The computation of Steps [7] through has been explained in detail in Subsec-
tion wherein Step [8] was shown to be a quasi-convex optimization.

We already mentioned in Section that the problem of optimally tuning the training
duration length T}, could be tackled by an exhaustive search over the set {1,..., min(7—1,nT)}.
We thus simply need to wrap Algorithm [I| into an outer loop. Note that the function v(,-)
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is dependent on the parameter T, (though this is not reflected in notation), and should be
updated accordingly with the loop count. The algorithm for (P.4) in pseudocode is written out
in Algorithm [2] below:

Algorithm 2 Iteration for solving (P.4)

1: Tp +—1

2: repeat

32 ...Algorithm[]]...

4 (P*(Tp),a*(Tp)) < (Pn,an)

5 Tp<Tp+1

6: until 7, = min(T" — 1, nT)

7. (p*,q") = max; f(s(p*(i),a*(i)))

The proposed algorithm may still suffer from efficiency issues due, for instance, to the pre-
cision parameter € [Step 12 in Algorithm 1] being left as an arbitrary choice. A fast single-loop
iteration in the spirit of Algorithm 1 in |[Tul06] would be preferable, but such a reformulation
of our algorithm following the ideas of [Tul06] does not seem straightforward. For one thing,
because the constraints on the feasible values of the effective SNR eigenvalues s are far more

intricate as is the simple trace constraint on the transmit covariance in |[Tul06].

4.7 Numerical Simulations
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(a) convergence of the profile s towards the optimizer, lo- (b) convergence of the utility function I(s) towards the
cated on the Pareto border (thick black line) of the feasible optimum
set s(T)

Figure 4.8 Convergence of Algorithm |1} at an SNR of 10dB (¢ = 10) for an exemplary 2 x 2 MIMO channel, both in the

s-domain [Fig. [4.8(a)] and in terms of the utility value I(s) [Fig. [4.8(b)]

Figure shows how Algorithm 1| (for fixed T, = 2) converges to the jointly optimal solution
for the utility function f(s) = I(s). The parameters chosen in this simulation are 7" = 10, p = 10

(i'e'7 10dB)7 (TLT,TLR) = (272)7 and (7’1,7‘2) = (%7 %)
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Figure 4.9 Two different utility functions against the SNR parameter p for an examplary 2 x 2 MIMO system. For both util-
ities, the performance of full-fledged optimization is compared to a partial optimization (precoder only) and no optimization
at all.

Figures [4.9(a)| and 4.9(b)| respectively show the quantities

. T-T,

f(s) = 1(s) —f(s) = trE[(T+ WSWT)1] (4.72)

optimized using Algorithmand plotted against the SNR p (in decibels) for the same 2x 2 system
as for Figure ie., (r,ry) = (%, %) and T = 10. The former utility represents an achievable
rate [including an overhead factor as in ] The latter utility is the negative of the per-symbol
mean-square error achieved by a linear minimum mean-square error symbol estimator [see also
Utility 9 in Table . In each of the two figures, three curves are plotted for comparison: the
utility achieved with full-fledged joint optimization (P.4) using Algorithm |2 the utility achieved
for precoder optimization (P.1.a) alone; the utility achieved when no optimization is performed,
ie., Py = :%“Im and Qy = WIW. The relative gains in mutual information are well
noticeable especially for low and moderate SNR values. For higher SNR instead, these gains are

far less significant.






Conclusion

The present thesis has developed new results on achievable communication rates over fading

channels under imperfect CSI. The results run along two lines of research.

In the first part (Chapter 2| and , we have demonstrated that a rate-splitting approach
improves the well-known worst-case-noise capacity lower bound, and we have developed the

rate-splitting bounds to cover the general MIMO case.

By computing the supremum of these bounds over all possible rate-splitting strategies, we
have established a novel capacity lower bound for the SISO case which is larger than the worst-
case noise bound, and a family of novel capacity lower bounds for the MIMO case, which are

parametrized by so-called layering functions.

We have further studied the high-SNR behavior of the novel bound under the assumption
that the variance of the channel estimation error tends to zero with the SNR. We have shown
that, for a Gaussian estimation error, all rate-splitting bounds (both SISO and MIMO) are
asymptotically tight in the sense that their difference to the Gaussian-input mutual information
vanishes as the SNR tends to infinity. This is in contrast to the worst-case-noise lower bound,
which is asymptotically tight only if the variance of the estimation error decays faster than the
reciprocal of the SNR. The rate-splitting bounds are asymptotically tight irrespective of the rate

at which this variance decays.

While rate-splitting bounds outperform the worst-case-noise bound, one may argue that they
are less practical due to the successive-decoding strategy, which is more susceptible to error prop-
agation. Nevertheless, rate-splitting bounds are of theoretical importance, since their discovery
and better understanding may be a useful step in the quest for a more accurate characterization

of the capacity of noncoherent fading channels. For example, the rate-splitting bound converges

81
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to the Gaussian-input mutual information as the SNR tends to infinity. Consequently, at high
SNR, any gap to capacity is merely due to the (potentially suboptimal) Gaussian input distri-
bution and not due to the bounding techniques used to evaluate mutual information. In order to
find the high-SNR capacity of this channel, it thus remains to assess the optimality of Gaussian
inputs. While such inputs are highly suboptimal for imperfect CSI, they may in fact be optimal
when the CSI is asymptotically perfect.

In a second part (Chapter , we have studied a joint pilot-precoder optimization problem
which involves achievable rate expressions under imperfect CSI. We have presented an in-depth
study of a joint pilot-precoder optimization for a general class of utility functions of the effective
SNR matrix.

Upon analyzing the two separate problems of pilot and precoder optimization, both of which
can be cast into (quasi-)convex problems in the effective SNR domain provided that the utility
is itself (quasi-)concave, we have shown that joint optimization requires the eigenbases of both
the pilot Gram and the transmit covariance to be aligned with the channel’s transmit corre-
lation matrix. This allows to simplify the joint problem significantly. Furthermore, by deriving
a method for computing energy allocations which are Pareto optimal in terms of the effective
SNR eigenvalues, we managed to further reduce the dimensionality of the problem. By combin-
ing these approaches into a single iteration, we have proposed an algorithm for computing local

optima of the joint optimization problem:.

It should be noted that the main contributions of this chapter consist in offering insights
and theorems that allow us to reduce a high-dimensional optimization problem so as to render
it tractable using common optimization tools. As pointed out in Section [£.6] the focus has
not been on an efficient and practical implementation, though there may be room for further
improvement. Future work may thus look at possible refinements of the iterative algorithm, or

extensions of the system model, for instance to include more general fading models.
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Appendix to Chapter [I]

A.1 Proof of Lemma [I.1]

We first upper-bound the mutual information as
[(Xe;Y|H) = h(Y|H) = h(Y|Xc, H)

< Ellog(me(|H2P + VP + No))| - h(Y|Xc, H). (A1)

The inequality follows because the Gaussian distribution is entropy-maximizing under a fixed-
variance constraint. Next, we lower-bound the remaining entropy term. Denote as Px, and Py
the probability measures of Xg and H, respectively. By means of the entropy-power inequality,

we have
WY |Xa,H) = h(HXg + Z | Xa, H)
= //h(ﬁlx +Z | H=H)dPx,(X)dP;(H)

> // WX + 7 | 7 = A) dPyx,, (X) dP(F), (A.2)

where H', conditioned on H = H, is a zero-mean Gaussian variable independent of Z, having

variance <i>(|:|) and an entropy equal to the entropy of H conditioned on A= I:|, ie.,

. 1 i1
(A) = — e UHIH=R), (A.3)
We have by the entropy-power inequality

~ A

dH)<V(R), AecC. (A.4)
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Hence
WYX, i) > Elog(me(®(H)W P + No) )| (A.5)

with W an independent unit-mean exponential variable. By inserting (|A.5]) into (A.1]), we finally

obtain

I(Xq;Y|H) <E +E

log ( V(H)P + Ny >] . (A.6)

|H|>P
log |14+ =——= ——
V([H|*)P + Ny (H)PW + Ny



B

Appendices to Chapter [2

B.1 Proof of Lemma 2.1]

We expand the mutual information as
I(S; AS + B|A,C) = h(S|A,C) — h(S|AS + B, A, C). (B.1)

Since, by assumption, S is zero-mean, variance-P, circularly-symmetric, complex Gaussian and

independent of (A, C), the first entropy on the RHS of (B.1]) is readily evaluated as
h(S|A,C) = h(S) = log(meP). (B.2)
Conditioned on (A, C) = (a, ¢), the second entropy can be upper-bounded as follows:

h(S|AS + B,A=a,C =c)=h(S —aac(AS+ B — upjac) | AS+B,A=a,C =)
< h(S_aA,C(AS+B_MB|A,C) | A=a,C = C)
<log (776E[|S— aasc(AS+ B —,LLB‘Avc)|2 ‘ A=aqa,C= C}QB.?))

for any arbitrary a, . € C, where upy, . £ E[B|A = a,C = c. Here the first inequality follows
because conditioning cannot increase entropy, and the second inequality follows from the entropy-
maximizing property of the Gaussian distribution. Combining with and thus
yields for every (A,C) = (a,c) and oy,

P

I(S;AS+B|A=a,C =c) >log .
E[IS —aac(AS+ B - upac)?|A=a,C =

(B.4)

We choose ¢ s0 that agc(aS + B — pipja.) is the linear MMSE estimate of S from the
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observation AS + B given (A, C) = (a, ¢), namely,

E[S(AS—FB—,U,BlA,C)*|A:a,C:C] CL*P
Qq.c = =
’ E[|[AS+ B — upjacl? | A=a,C = la|?P + Vi(a,c)

(B.5)

where Vg(a, ¢) denotes the conditional variance of B conditioned on (A, C') = (a, ¢). Here we have
used that, conditioned on (A,C) = (a,c¢), the random variables S and B are uncorrelated and

that S has zero mean and variance P and is independent of (A, C). Combining these conditions

with (B.5]), we obtain

2 o o . VB(a7C)
E[|S — aac(AS + B — ppjac)l ] A=a,C=c|= PP s Valad) (B.6)
Consequently, and (B.4) give for every (4,C) = (a,c)
I(S;AS+ B|A=a,C=c)>log |1+ oD (B.7)
’ - Ta=T08 Va(a,c) |’ '

Lemma follows then by averaging over (A, C).

B.2 Proof of Lemma

To prove Lemma we shall demonstrate for every L € N that, if the layerings Q € Q(P, L)
and Q' € Q(P, L + 1) satisfy

{Q17"'7QL}C{Qlla"'anL—i-l} (B8)

then R[Q] < R[Q'] with equality if, and only if, Pr{# - V(H) = 0} = 1. The general case where
Q' € Q(P, L) for some arbitrary L' > L follows directly from the case L' = L + 1 by applying
the above result (L' — L) times.

Let the element in Q' that is not contained in Q be at position 7 € {1,..., L}, i.e.E|
Q=Q, (=1,..,7-1 (B.9a)

and
Q=Qp,, t=r,...,L (B.9b)
We next express I'y o (X -1 g ) in (2.14]) for some general layering A as

|H|?(Ag — Ag_y)
V(H) |[Yiee Xal” + (H2 + V(H))P — |H|2A, — V(H) A1 + No

Toa(XH H) = (B.10)

LBy the definition of a layering, we have Q/L+1 = @Q, = P, so the element in Q' not contained in Q cannot be at position
T=L+1.



B.2. Proof of Lemma 89

Noting that for the layering Q the term |}, Xi]2 has an exponential distribution with mean
Q¢—1, whereas for the layering Q' it has an exponential distribution with mean @_,, and using

(B.9a)) and (B.9b)), it can be easily verified that

E [log(1+ T (X, /)| =E [log(1 + Ty (X1 A))|, £=1,...,7-1 (B.11)
and

E [log(l + FZ,Q(Xf—l,ﬁ))} ~E [1og(1 + FM,Q,(X{I?))} . (=1+1,...,L. (B.12)
Subtracting R[Q] from R[Q] yields

RIQ] - RIQ] = E [log(1 + T, q/(X™ 1, H))|
+E [log(1+ Try1 (X7, H))| — E[log(1 + Trq(X™"1, H))| . (B.13)

Since the random variables X1, ..., X, H are independent, we can express the second expecta-

tion as

E [Ex, [log(1+ Try1q (X7, /)| X1, ] (B.14)

where the subscript indicates that the inner expected value is computed with respect to X, .
Using that, for every a > 0, the function z — log(1 + a/x) is strictly convex in z > 0, it
follows from Jensen’s inequality that, for every X7~! = 27! and H = h, the inner expectation
is lower-bounded by

A~

Ex, [IOg(l + g (xT_lv Xz, ﬁ))} > IOg(l + f‘7'Jr1,Q/ (:ET_la h)) (B.15)
where we define

> (@1 — @7)

— A~

Trpqa™ hh) 2 — s e - . (B.16)
VI(h) [Xi<r il + (A + V(h) P — [h[*Q7 1 — V(R)Q7_ + No
The denominator of T +1,Q (771, fL) is obtained by noting that X, has zero mean, so
2 2
EXT |:in+XT = Z.ﬁ, —I—Q;—Q;_l. (B.l?)
i<T i<T

Since Q' € Q(P, L +1) implies that E [| X,|?] > 0, the inequality in (B.15)) is strict except in the
) =0 or h = 0. Combining (B.14) and (B.15) yields

E [log(l + g (X7, I:[))} > E [IOg(l + Ii’r-i-l,Q' (XT?lv ﬂ))} (B.18)

trivial cases V (h

2With a slight abuse of notation, we write Try1,q (7, h) as | VT C e h).
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which together with (B.13)) gives

RIQ') - R[Q] > E [log(1+ I /(X7 )] +E

with the inequality being strict except if Pr{ﬁ V(H) = 0} =1.

We next use (B.9a)) and (B.9b]) and the fact that |}, X;|? has an exponential distribution

with mean @’ _; under both layerings Q and Q' to evaluate the second expected value on the

RHS of (B-19):
E 1o 14T (X7 H) _E |log — |HP? Q' V(H)Q-_, + No
1+ T (X1 H) —IHI ~V(H)Q._, + No
( T 1)

e )
- Ellg<I+T|H\2Q;~<H> T_1+No>] (5:20)

where we introduce

T2V(H +(|H?+V(H)P (B.21)

ZX

<7

for ease of exposition. By noting that

HX(@Q) — Q)
—[HPPQ, = V(H)Q, 1 + No

=T, (X" H) (B.22)
it follows that the RHS of (B.19)) is zero, thus demonstrating that

R[Q] < R[Q] (B.23)

with equality if, and only if, Pr{H V =0} = 1. This proves Lemma

B.3 Proof of Theorem 2.1]

For every L-layering Q € Q(P, L), we can construct an (L + 1)-layering Q' € Q(P,L + 1)
satisfying Q C Q' by adding (Q1 + Q2)/2 to Q. Together with Lemma this implies that for
every Q € Q(P, L) there exists a Q' € Q(P, L+1) such that R[Q] < R[Q/], from which we obtain
that R*(P, L) is monotonically nondecreasing upon maximizing both sides of the inequality over
all layerings Q € Q(P, L) and Q' € Q(P, L + 1), respectively.

To show that if Pr{H - V(H) = 0} = 1 then R*(P,L) = R(P), L € N (where N denotes the
set of positive integers), we first note that Médard’s lower bound corresponds to R[Q]
with Q € Q(P,1). Since the only 1-layering is {P}, it follows that R[Q] = R*(P,1) = R(P).
Furthermore, every L-layering Q' € Q(P,L), L > 1 satisfies Q C Q/, so applying Lemma
with the condition Pr{H - V(H) = 0} = 1 yields R[Q'] = R[Q] = R(P) for every Q' € Q(P,L)
and L € N. The claim follows then by maximizing R[Q'] over all L-layerings Q(P, L).
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B.4 Proof of Theorem

To prove theorem we first note that for 2 =0

h|>P
log [ 1+ ML =0 (B.24)
V(h)P + Ny
whereas for V(h) = 0
|h|2P |h|2P
5 < V()P + N g No (B.25)
which in both cases is equal to
h V() (W —1) — |h)?
e (M) -
[h|+V(h)+ 3 |h|? +V (k) + F

where W is as in Theorem This implies that, if Pr{H - V(H) = 0} = 1, then

Ed V(YW - 1) — |
yﬁy+17(ﬁ)+1jg®< A2+ V(E) + N )] (B.27)

R(P)=E

from which Theorem [2.2| follows because, by Theorem R*(P,L) = R(P), L € N.
In the following, we consider the case where Pr{H - V(H) = 0} < 1. To this end, we first

show that it suffices to consider equi-power layerings

U(P, K) = {;,2;...,(1(—1);,13}. (B.28)

More precisely, we shall show that for every L-layering Q € Q(P, L) there exists some sufficiently
large K such that U(P, K) outperforms Q, i.e.,

R[U(P,K)] > R[Q)]. (B.29)
This then implies that
R*(P) = sup { sup R[Q]} = sup R[U(P, K)] (B.30)
LeN (QeQ(P,L) KeN

from which we obtain, by Lemma, that

R*(P) = Tim R[U(P,K)] (B.31)

K—o0
upon noting that U(P, K) C U(P,2K) for every K € N.
To show that for every L-layering Q € Q(P, L) there exists some U(P, K) (with K sufficiently

large) outperforming Q, we first note that for every e > 0 one can find a sufficiently large K and
two (L + 1)-layerings S € Q(P,L+1) and T € Q(P, L + 1) satisfying Q C S and T C U(P, K)
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such that

Ty — < e. B.32
1§T;1§a£<+1\ v — S| <€ (B.32)

Indeed, S may be obtained by including (Q1 + Q2)/2 into Q, ie., S = QU {(Q1 + Q2)/2}.
Furthermore, for K larger than P/(mino</<r, [Se+1—S¢|) (where Sy = 0 by convention), choosing

S K

P
T, = — =1,...,L+1
l lrp—‘ 14 ) L+

K?
yields T C U(P, K) and
P

Ty — < = B.
1§%a§+1| b= Sl = K (B-33)

from which (B.32)) follows. To prove (B.29)), we then need the following lemma.

Lemma B.1. The function R|Q)] satisfies

Jim RIQ) = RIQ) (B.34)

where Q — Q' is to be understood as maxy |Q; — Q)| — 0 with Q and Q' having an equal number

of layers.

Proof: See Appendix |

From Lemma and from the observation (B.32)), it follows that for every § > 0 there exists
a sufficiently large K such that
|R[T] — R[S]| < . (B.35)

Since by Lemma and the assumption Pr{ﬁ V(H) = 0} <1 we have
R[Q] < R[S] and R|T]| < R[U(P,K)] (B.36)
this yields
RIQ] < R[S] < R[T]+9¢ (B.37)
which for a sufficiently small ¢ is strictly smaller than R[U(P, K)| due to T C U(P, K). This
proves (B:23).

Recalling that (B.29)) implies (B.31)), we continue by evaluating R[U(P, K)] in the limit as
K tends to infinity. To this end, we write R[U(P, K)] as

RUP,K) =YE [1og(1 + ou(We, ﬁ[))} (B.38)
/=1

with [cf. (2.14)]
|H|?
V(H)( - 1)We+ V(H)+ (H2+V(H)(K - ) + N &

Tyu(We, H) = (B.39)
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and
07 g — 1
W, & 1 ) (B.40)
— =D X7, £=2,... K.
(E _ 1)% |Zz<£ |
The random variables (W7, ..., Wg) are dependent but have equal marginals. (Each marginal

has a unit-mean exponential distribution.) Since the RHS of (B.38) depends on (W1i,..., Wk)

only via their marginal distributions, we can thus express R[U(P, K)] as

K
RIU(P,K)] = E [Z log (1 + Lyu(W, m)] (B.41)
/=1

where W is independent of H and has a unit-mean exponential distribution.

Combining (B.41)) with ( - yields

K
R (P)= lim E LZ; log (1 + Tpu(W, H))] : (B.42)
‘We next show that
K A
* . .
R(P) = E ngaoo OURILE H)] (B.43)

and evaluate .5 | Ty (W, H) for every (W, H) = (w, h) in the limit as K tends to infinity. To
this end, we first lower-bound R*(P) using Fatou’s Lemma [Ash00, (1.6.8), p. 50] and the lower
bound log(1 + z) > x — 2%/2, = > 0:

K
R*(P)= lim E lz log(1+ T u(W, ﬁ))]
=1

K
>E l lim Zlog(l +Tou(W, H))

Elhm ZI‘ZUWH)]—E[hm ZFKUWH)] (B.44)
K—)ooé 1

where lim denotes the limit inferior. We next argue that the second term on the RHS of (B.44)
is zero. Indeed, we have for every (W, H) = (w, h) [cf. (B.39)]
Al
N . - 2
[V (R) (6= Dyw+ V() + (B2 + V() (K =€) + No |
|A]*
= - PN -
[min {V (h)w, (b2 + V(b)) } (K = 1) + V(h) + No & |

F%,U (w7 }AZ) =

5 (B.45)

where the inequality follows from observing that the denominator of I’ZU(w, h) is the square of
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a positive affine linear function of £ € {1,..., K} and is therefore minimized for either £ =1 or

¢ = K. This yields

K 714
. K|h
Y Tiy(w,h) < - 1] (B.46)

pt [mm {V(h)w, (1h)2 + f/(ﬁ))} (K —1)+V(h) + No%r'

Since YK | 1"2U(w,f1) is nonnegative, and since the RHS of (B.46]) vanishes as K tends to
infinity, it follows that, for every (W, H ) = (w, }Al),

K
Klgnoozz:lréU w, h) = 0. (B.47)
Combining (B.47) with (B.44]) yields
- K B
R*(P)>E| lim 3 Teu(W, )| . (BAS)
LK—00 01 |
We next show that i K« i
*
< . .
R*(P)<E KlgnOOZFwWH) (B.49)

To this end, we first use the upper bound log(1 4+ z) < x, > 0 to obtain

K—o0

K
R*(P) = lim E [Zlog(l + Teu(W, H))]

=1
— K A
< Il . .
< lim E Lg; Lou(W, H)] (B.50)

Noting that, for every (W, H) = (w, iL), the sum inside the expectation is upper-bounded by

h2 Plh? .
er wh) < Z ]'VO' 1 2 ey (B.51)
P

A

and noting that, since H has a finite second moment, we have that 0 < E[((H)] < oo, we
obtain (B.49) upon applying Fatou’s Lemma to the nonnegative function (w,ﬁ) = C (B) -

S Tou(w, ).

It remains to show that, for every (W, H) = (w, h),

2 V() (w — 1) — [
b 3ty = B (e |N| )
K—oop TP+ V() + 7 W2+ V(h) + P

where O(-) is defined in . This then implies that the bounds and ( coincide

and

R(P) = E |H 2 o <V|< A3<W— 1) - \i?ﬂ (B.53)
P
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which proves Theorem

To show (B.52)), we express the denominator in I'y vy (w, ﬁ) as al + bK + c with

a=V(h)(w—1)—|h> (B.54a)
b=|h2+V(h)+ % (B.54b)
c=V(h)(1-w) (B.54c)
allowing us to write
= |
ZI‘EU Z m (B.55)

Observe that, for every (w, iL), a + b and a are strictly positive.
If a = 0, then we get the limit

P L
lim ZFZU =5 (B.56)

K—)oo

We next consider the case a # 0. Note that

T L — fj L (B.57)
Koo\~ al +bK +c al +bK ' ’

Indeed, by the triangle inequality, we have
K 5 K 7
|h? |?

K 712
Z _Z |c|[h]
= al +bK + ¢ = al +bK

_EZ::l (al +bK + ¢)(al + bK)

(B.58)

Since the two factors (af+bK +c¢) and (af+bK) appearing in the denominator are both positive
affine functions of ¢ with equal coefficient a, their product takes its extremal values at £ = 1 or

¢ = K, depending on the sign of a. If @ > 0, then

i i i Kel i 50

—al +bK +c al + bK (a+bK—|—c)(a+bK)' '
If a <0, then

& i f’: i el B

—al +bK +c al + bK ((a+b)K+c)(a+b)K '

Since the RHS of (B.59) and of (B.60]) vanish as K tends to infinity, this yields (B.57]). Conse-
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quently,
S |)? S

li S L
Kgnm;af—l—b[(—l—c Kféo;aubf(

SR

hl2
= A2 log (1 + Z) (B.61)

1
az+b

where the third step follows by noting that the function z — is Riemann integrable, so the

Riemann sum converges to the integral.

Using the definition of O(:) [cf. (2.27))], it follows from (B.56|) and (B.61]) that

K 72 72 7 (h h|2
. A h a h V(h)(w—1)—|h
i S reutunhy = B (1) B (Vi D)y
Koo B2+ V(h)+ 58\ A2+ V(h) + 3

thus proving (B.52)), which in turn proves Theorem

B.5 Proof of Lemma B.1l

We show that

lim R[Q] = R[Q' B.63
Jim FIQ) = RIQ) (863
where Q — Q' should be read as
m?x]Qg — Q| — 0. (B.64)
To this end, we write R[Q] as
L A
RIQ] = Y E [log(1 + T (W, )] (B.65)
=1
with
. H12(Qr — Qo

V(H)WiQo—1 + V(H) Qe — Qu—1) + (|H2+ V(H))(P — Q) + No

(assuming that Qo = 0) and

(1>

W (B.67)
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Using that, with probability one,

|H|*P
No

0 < log(1 + Tpq(We, H)) < (B.68)

and that H has finite variance, it follows from the Dominated Convergence Theorem |Ash00,
(1.6.9), p. 50] that

Jim E [log(1+ Tuq(Wy, )| = E [C}%, log(1 + Te.q(We, H))]
= E [log(1 + Ty q (W, )] (B.69)

where the last step follows by noting that, for every (wg, fz) the function Q — log(1 +FE’Q(IU[, }Al))

is continuous. Combining (B.69)) with ( - proves and, hence, Lemma

B.6 Proof of Theorem 2.3

To prove theorem we show that, in the limit as the SNR tends to infinity, the difference
I(Xa:YIH,) — B (p) (B.70)

is upper-bounded by log(M) Pr{|H| > 0} provided that (2.36a])—(2.36b|) are satisfied. To this

end, we introduce the random variable

L |0 ifH=0
D2 (B.71)
1 if|H| >0

and upper-bound the mutual information in as
I(Xg;Y|H,) < I(Xq;Y|H,, D) (B.72)
which follows because X is independent of H p and D. We next note that
I(Xqg;Y|H,,D=0)=1(Xq;Z)=0 (B.73)

since Xqa, Z, and (ﬁp,H) are independent. If Pr{H = 0} = 1, then Theorem follows
directly from (B.72), (B.73]), and the nonnegativity of R*(p). In the following, we assume that
Pr{H =0} < 1.

We express R*(p) in as E[R*(p, W, pr)] Wit

2 2
R*(p,w, &) £ T ‘~/|f(|§) - @ <(‘§|2 1) /)((5))4_ p|§|1 ) ., (p>0,w>0,6e€C). (B.74)

3Recall W is independent of pr and has a unit-mean exponential distribution.
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Note that, by the definition of O(-) in (2.27)), R*(p,w,&) > 0 for every (p > 0,w > 0,¢ € C).
Using this result together with (B.72) and (B.73), we obtain

I(Xa;Y|H,)~R*(p) < I(Xa; Y|H,, D = 1) Pr{|H| > 0} —E[R*(p, W, H,)) | D = 1] Pr{|H]| > 0}

(B.75)
To prove Theorem [2.3] it remains to show that if (2.36al)—(2.36b]) hold, then
T {I(Xa;Y|H,, D =1) —E[R*(p,W, H,) | D =1]} < log(M). (B.76)

For ease of exposition, we will omit in the remainder of the proof the conditioning on the event

|H| > 0 and replace tacitly the joint distribution of (H p» H) by its conditional distribution,

conditioned on |H| > 0. This change will not affect the bounds (1.28)), (2.26)), and (1.34),
since they hold irrespective of the distribution of (IEIP,H ) (provided that H and ﬁp satisfy

the conditions indicated in the Introduction). Note that, under this new distribution, we have
Pr{H =0} =0.

To prove (B.76), we upper-bound I (X(;;Y|I:Ip) by ILupper(p) using (1.34) and express
Lupper(p) — R*(p) as

[2(p, Hy)] (B.77)

2 £)?
R(p, &) = log (1:’—‘7;;(@4%)’ (p>0,w>0,§e€C) (B.78)
Alp,w,€) 2 log (épp(gé))wT;l) . (p>0,w>0,£€C) (B.79)
and
2(p,€) £ R(p, &) + E[A(p, W, €)] — E[R*(p, W,€)], (p>0,€€C). (B.80)

Note that X(p,£) > 0, & € C since Lypper(p) — R*(p) is nonnegative for any distribution of H, Py

hence it is also nonnegative if H,= & with probability one.

We next show that
lim E[%(p, H,)] < log(M). (B.81)

p—r00

To this end, we write the RHS of (B.77) as

E[S(p. )] = E[S (0 1,) 11| < &0)] +E[S( A HIA] > 6] (B2
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for some arbitrary 0 < &y < 1, where I{-} denotes the indicator function. We then show that

limy T €[S, H,) || < &} =0 (B.83a)
and
I T E[S(p, 1,) {|11,| > &}] < log(M). (B.83b)

To prove (B.83al), we need the following two lemmas.

Lemma B.2. We have

Jim sup %(p,€) < +log(M). (B.84)

where v = 0.577 denotes Fuler’s constant.
Proof: See Appendix [B.7} [ ]

Lemma B.3. Let V,(H,) and H, satisfy (2-36a) and (2-36b), and assume that Pr{H = 0} = 0.
Then

%é%p% Pr{|H,| > &} = 1. (B.85)
Proof: See Appendix [
Lemma [B.2] implies that for every e > 0 there exists a pp > 0 such that
zggz(pf) <7v+log(M)+e,  p=po. (B.86)
Consequently, for p > pg we have
E[S(p, ,) {[H,] < &0}] < (v +log(M) + ¢) Pr{|H,| < &}. (B.87)
Together with Lemma this yields upon taking limits on both sides of :

lim T {E[(p, ,) {18,| < €0}] )

§od0 p—00
< log(M lim Tim Pr{|H,| <
< (v +1log(M) +¢) {ggg)pggo ] p\_é‘o}}
—0. (B.88)

To prove (B.83bl), we first upper-bound 3(p, £) by lower-bounding E[R*(p, W, £)] for p > 0 and
|€] > &o using that R*(p,w, &) is nonnegative and recalling that W is unit-mean exponentially
distributed:

k(p,€)
ER (W8] = [ R (pow e du, (0> 0, 1€ > &) (B.89)
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where

62
R(p,€) & =" (B.90)
Vp(§) +pt
This choice for #(p, £) together with the assumption V,(£) < 1 ensures that (1 — w)V,(£) + [¢]?
is strictly positive for all values of the integration variable w and for all |£] > &. Using (B.74)

and the definition (2.27)) of the function O(:), the lower bound (B.89) reads as

. ) % (0= 170 = I
O e e AGE |§|210g<”|5\2 AGET, ) dw

(p>0, ¢l > &) (B.9Y)

Combining (B.91) with (B.78)~(B.80) yields
€2 > AR P
E -
(78 = lox (va(@w-l) +/o 1°g< £>w+p e

5
() \§|2 (6) \€|2 Y
e PIAGE ( ESAGE: > .

(p>0, ¢ >&). (B.92)

This upper bound has the form X(p, &) < 31(p,&) + Xa(p, &) + X3(p, ) where the terms can be

expanded as

Xi(p,§) = log (\5!2 +V,(6) + p_l) /qup,g) e dw — /OK(M) log (Vp(f) + p_l) e dw

€7 —w
+/ 0o V,(€) +p‘1> c o (B.93)
o o)
Za(p. ) = [ dog (Va(©) + ) e dw— [ tog (8w +p7!) e dw
O+p' Y\ _u
+/ pg) <(I> w1 )e dw (B.93Db)
B K(p,€) ‘§|2 - N w
23(/),5)—/0 (1w p( )+|£|2 (V({)w+p )e dw
_ 2 |1 -1 w(pg) |§\2 —w
log (€2 +Vo(&) +57") | ot T (B.93c)

Upon reordering terms in (B.93a))—(B.93c)), the upper bound (B.92)) can be further rewritten as

5
S(p,&) <> Jilp,€) (B.94)
=1
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with the five terms

Ti(p, &) 2 /0 O e (W) e duw (B.95a)
R 2 [ — )(Zp(f)w log(Vy(©w+p e ¥dw  (B.95D)
(0. €) 2 om(€ + Ty() +o7) [ i flw_)é‘fp )@ (f), g e (B9
Ta(p, &) 2 /ﬁ :,5) log (M) e duw (B.95d)
Js(p, &) £ log <1 + vp(g|)£|jp—1> e~rP), (B.95¢)

Here, the term Ji(p,€) is the second term of to which we add foﬁ(p’g) log (V,(&)w +
pfl)e*w dw; the term Ja(p,&) is the first term in from which we subtract
foﬁ(p’g) log(f/p(f)w + p~1)e ¥ dw; the term J3(p, &) follows from adding the first term in
to the second term in (B.93d)); the term Jy(p, £) is the third term in (B.93D)); the term J5(p, &) is
the third term in . The second term of and the first term of cancel out.

We proceed by showing that, for every & > 0,

Tim E[J1(p, Hy) I{|H,| > &}] < log(M) (B.96a)
Jim E[Ji(p, Hy)) I{|H,| > &}] <0, i=2,3,4,5. (B.96b)

The claim (B.83b|) then follows by combining (B.96a)) and (B.96b)) with (B.94]) and by letting

&o tend to zero from above. The following lemma will be useful.

Lemma B.4. Consider the family of random variables T, parametrized by p > 0 taking values
on (0,7n) and satisfying lim,_, E[T,] = 0, where n belongs to the extended positive reals, i.e., n €
(0,00]. Let f(-) be a continuous bounded function on the interval (0,n) with limit lims o f(t) = fo.
Then

lim E[£(Y,)] = fo. (B.97)

p—00

Proof: See Appendix [B.9] [ ]

B.6.1 Limit related to Ji(p, &)

Noting that ®,(¢) < V,(€), we have that
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is monotonically increasing in w. Consequently, Ji(p,£) is upper-bounded by

k(p,€) ¥
Ji(p, &) < / log Lp(f) e Ydw
0

D, ()
% 7
< [1—e V%O | ]og (sup NP(@) . (p>0, & > &) (B.98)
¢eC (I’p(g)

where in the last step we have used (B.90)). Setting & to H p» averaging (B.98) over H p, and
upper-bounding
I, > ) <1 (B.99)

we obtain

8 .
E[Ji(p, Hy) {|Hp| > &o}] < | 1—E e VVetHote! 1°g<sup va<€>>, p>0. (B.100)

Noting that the function ¢ — exp (—53 / \/f) is continuous and bounded on (0, c0) and vanishes
as nT tends to zero, it follows from (2.36a)) and Lemma that

lim E {exp (— = Fg )] =0. (B.101)
e V,(H,) + p~t

We further have by (2.36b)) as well as the continuity and monotonicity of = +— log(z) that

T Vo(&)
plﬁoo log (2161(1(:) ép(§)> < log(M). (B.102)

Combining (B.101)) and (B.102)) with (B.100]) proves (B.96a)).

B.6.2 Limit related to J2(p,§)

To prove (B.96b|) for ¢ = 2, first note that 0 < & < 1 implies that, for sufficiently large p, we
have
Vo OQw+p <1, 0<w<k(p,€) (B.103)

and
(1—w)V,(&) = —|¢%, 0<w < k(p,9). (B.104)
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Further note that ¢ — t/(t + |£|?) is monotonically increasing on (—|¢[2, 00). Consequently, for
sufficiently large p, (B.95b|) is upper-bounded by

,(6) k(p) e
Ja(p,§) < —W/O log(V,(&)w+ p~)e ™ dw
V& [ pnien) ! et w
< AGEAGE l(l e )Iog 7. —i—/o llog(w)| e™ dw (B.105)

where the second inequality follows by lower-bounding log(V,(€)w 4 p~1) > log(V,(€)) + log(w)

and from the triangle inequality.

By using that the exponential function is nonnegative, by upper-bounding the integral by
integrating to infinity, and by using that [{| > &), we can further upper-bound (B.105)), for
sufficiently large p, by

v, 1
Ja(p, &) < Vp(g)(i_) = llog 7. + K (B.106)
where we define
K2 /OOO llog(w)| e dw = v — 2Ei(—1) (B.107)
and where Ei(-) denotes the exponential integral function, i.e.,
Ei(z) & — /_ - %du. (B.108)

Noting that the RHS of (B.106)) is a continuous and bounded function of 0 < ‘7,0(5) < 1 that
vanishes as ‘7,)(5) tends to zero, it follows from (B.106)), (B.99)), (2.36a)), and Lemma that

— N N _— V,(H,) 1

lim E[Jo(p, H)I{|H,| > &} < Iim E|—2" _[log———+ K || <0 B.109

i, ELo B M1 > ) < i € [0 (o (B.109)
thus proving (B.96b)) for i = 2.
B.6.3 Limit related to J3(p, &)
To prove (B.96b|) for ¢ = 3, we shall prove the stronger statement

lim E [ J5(p, Hy)| {|H,| > &}] = 0. (B.110)
To this end, note that by the triangle inequality
1—w)V 1 L))V,
(1 =w)V, () + 17| — (1= K(p, )Vo(&) + &

In (B.111)) we have used that, for 0 < w < k(p,§) and [¢| > &, the denominator is lower-
bounded by (1 — k(p,&))V,(€) + &% > 0. Tt follows from (B:I11)) and the triangle inequality that
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the absolute value of the integral in (B.95¢) is upper-bounded by

/w,s) (L= 0)Vp(®)  w gl <
0 (1 —w)V, (&) + €2 -

) (L H Rl )V,()
(=) e +a B2

Consequently,

(1+ r( ))

(1- H(p,é))vp(é) + &
)
p-

[T3(p,6)] < (1= e700) 5 [log (€ + 7€) + )|

(L +K(p. ) (Vo) ’
T @G- (s -1)" (V(£)+ Y

where we define ()™ £ max(a, 0) Here the last step follows by upper-bounding V,(¢) <

Vp(f) + p~! and by lower-bounding (1 — #(p, f))ffp(f) > —(k(p,&) — 1)+(Vp(§) + p~1) and
e~ (P8 > 0,

g(€ + V(&) +p )

, (p>0, ¢l = &) (B.113)

Using the definition (B.90) of x(p, ¢), and defining Y,(¢) £ V,(€) + p~', the RHS of (B-113)

reads as
T,
g(@ﬁ” ij log(Ig? + 1,(6))|. (B.114)
- 0_ ol

Since V,(¢) < 1 and z ~ log(z) is a monotonically increasing function, we have

log(T,(8)) < log(|¢[* + T, (€)) < log (1+p" + ). (B.115)

The absolute value of the logarithm on the RHS of (B.114)) is thus upper-bounded by

‘10g(!§\2 + Tp(é))‘ < [log(Y,(¢))| + log (1 +pt + !gP) : (B.116)

By noting that
Tp(€) +E51/Tn(8)

— (& =/ To(9) "/ Th(&)

is a continuous and bounded function of 0 < YT,(£) < 1+ p~! that vanishes as T,(€) tends to

zero, we obtain from ([2.36a)), (B.99)), and Lemma that

Tp(§) = 2 [log(L,(8))] (B.117)
0

Y, (H 2. /T (H R R
pILIEoE AT oy ) - |10g(Tp(Hp))U{IHp\ >§0}]
— (@ =T ) T
: Y,(H )+§o (ﬁp) A
< lim E lo (H
— p—oo fo \/T +\/T IA{ ‘ g( ))‘]

= 0. (B.118)

4The condition & < 1 ensures that the denominator remains positive.
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Furthermore, (B.99) together with the Cauchy-Schwarz inequality yields

A 2 7
T, (Hp) + 52@ — log (1 +p |ﬁp|2) I{’ﬂﬂ| > 50}]
€2 — (&2 - \/Tp(Hp)) \/TP(HP)

E

<E To(Hy) + 5(2)} To(Hy) — log (1 +p 4 \pr|2)
€ — (& — /Y, (H,) "/ T,(H,)
A = 2
< e ( Y,(H,) + 6(2))/ T,(Hp) i ) \/E [log2 (1 yoly |f{p’2>] (B.119)
€ — (& — /Y ,(H,) T u(H,)

Note that the term inside the first expected value is a continuous and bounded function of
0 < Tp(ﬁp) < 1+ p~! that vanishes as Tp(ﬁp) tends to zero, so it follows from (2.36al) and
Lemma that the first expected value on the RHS of (B.119)) vanishes as p tends to infinity.
We further show in Appendix that

e 2 -1 o2

Tim E llog? (1+ p~! + [H,[*)| < oo. (B.120)

The above arguments combine to demonstrate that

Y,(H,) + &4/, (A, R R
lim E o(H) SOA i( ) —log (1+p~" + [H,[*) I{| | > &}| =0. (B.121)
& — (&8 — /T, () " T,(1,)
Combining (B.121)), (B.118]), (B.116]), and (B.113|) proves (B.110).

B.6.4 Limit related to J4(p,§)

To upper-bound J4(p, &), we use that, for w > k(p,§),

@ +et V() !
pwtpt Sp(Quwtpt Bp(Quwtp
£)
< P 1
=8, n(p8) |
V(O V1+pT
< igg{&)p(g)} e +1 (B.122)

where the first inequality follows by lower-bounding p~! > 0 and w > x(p, £) in the denominator
of the first fraction and by lower-bounding ® p(&)w > 0 in the denominator of the second fraction;
and where the second inequality follows by lower-bounding r(p, &) > €2/+/1 + p~1 using V,(¢) <
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1 and by maximizing over £. Combining (B.122)) with (B.95d]) yields

¥ 1 —1 00

vp<5>}¢ +p )/ % du
r(p:€)

Ji(p,€) < log (1 4 sup{

sec L 9y(§) &
cop | ) og (14 supd © W)
p( W(£)+p—1)lg<1+geg{&>p(g)} & ' (B.123)

Setting £ to ﬁp, averaging ([B.123)) over pr, and using (B.99)), we obtain

E[Ja(p, Hy) {|H,| > &o}l]

exp |~ 10< o { Tl®) W)
SE[ p( Vp(ﬁp>+p1)] ’ 1+£€<IC){<I>(§)} @ ) (B.124)

Since, by (2.36b)]), the term inside the logarithm is bounded for sufficiently large p, (B.96b]) for
i = 4 follows by combining (B.124) with (B.101]).

B.6.5 Limit related to J5(p, &)

Using (B.90) and defining Y,(&) 2 V,(€) + p~ 1, the term J5(p,€) reads as

% 2
J5(p, &) = e VI log (1 + T|f|(§)> . (B.125)

Since f/p(g) < 1 and z ~ log(z) is a monotonically increasing function, this can be upper-

bounded as

£ __&
To(p.) < ¢ VD log (1457 +67) € VHBllog(M,()].  (B.126)

We next note that the function ¢ — e~%/V?|log(t)| is continuous and bounded on (0,1 + p~1)
and tends to zero as nt tends to zero. Consequently, (B.99) and Lemma yield

lim E |e \/TP<HP llog (T ,(H,))| - 1{|H,| > &} | = 0. (B.127)

p—r00
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Furthermore, by (B.99) and the Cauchy-Schwarz inequality we have
52

&
Ele Voo log (1 +p 4 ‘ﬁp|2) H{|H,| > &}

&

<E|e V¥ Jog (1 +p 4 |lEIp\2)

25(2)

Ele VTt \/E {log2 (1 +p 1+ \ﬁ’p|2>}. (B.128)

IN

Since the function ¢ — exp (—2@“3 / \/i) is continuous and bounded on (0,00) and vanishes as
nT tends to zero, it follows from and Lemma that the first expected value on the
RHS of vanishes as p tends to infinity. Furthermore, by , the second expected
value on the RHS of is bounded for sufficiently small p. The above arguments combine
to demonstrate that

&

lim E [e V) log (14 p~" + [H,2) I{|H,| > &} | =0 (B.129)

p—00

which together with (B.126)) and (B.127)) proves (B.96b) for i = 5.

B.7 Proof of Lemma

We first note that, by specializing Theorem to the case where H = & with probability one,
it follows that
R(p, &) <E[R*(p,W,8)], (p>0,£€C). (B.130)

Combining (B.130|) with (B.79)) and (B.80]), we obtain

%(p, &) < E[A(p, W, €)]

_ Vp(g) +pt 1
= log (M) —E [log (W + pi)p(ﬁ))] . (B.131)

The expected value on the RHS of (B.131]) can be evaluated as [Gra07, (4.337), p. 568]

1 L) _ i (-] |
E llog (W + p‘fp(ﬁ))] = log <M> —ertr© F ( pq)p(f)) (B.132)
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where Ei(-) denotes the exponential integral as defined in (B.108]). This yields

ﬂA@JKO]Zbd1+pW@D+6ﬁ@”ﬁ< §>

) + epq)p(f) El ( )
p

)
- ~@U ( )
log |1 d =
< g( + p®,(§) (©)

= (pci)p(g); g’;ig) (B.133)
where we define
g(t;a) £ log(1 + at) + Ei (—1) . (B.134)

The inequality in (B.133]) follows because Ei(—z) is negative for z > 0 and e* > 1, > 0.

For a fixed a, the function t — g(t; a) satisfies [Lap03, Section VI-A]H

lim g(t;a) =~ +log(a). (B.135)

nt—oo

We next show that, for every a > 1, the function ¢ — ¢(¢; a) is monotonically increasing. Indeed,

using % Ei(—z) = e */z, we have

0 e~i 1
&g(t,a)—ﬁ[etat—l—at}
_1
et
> _
Z G an @1
>0, a>1 (B.136)

1
t

where the second step follows from the lower bound et > 1 + %, t>0.

By (A), we have that V,(£)/®,(¢) > 1. Tt thus follows from B.131)—(B.136) that

(p>0,¢€C). (B.137)

5The function g(+;-) corresponds to go(-) in |[Lap03, Equation (210)] via g(t; a) = log(a) + log (1 + %) — 9o (%) The result
(B.135) follows by noting that go(0) = —v; cf. [Lap03, Equations (212) and (213)].
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Maximizing the RHS of (B.137)) over £ € C, and computing the limit as p tends to infinity, gives

— — V,(€)
lim sup X(p, &) < v+ lim log | sup =2
P00 ceC ( ) p—00 ceC (I)p(é‘)

<+ log(M)

(B.138)

where the last step follows from the continuity and monotonicity of z — log(x) and from ([2.36b)).

This proves Lemma [B.2]

B.8 Proof of Lemma B.3

By the law of total probability, we have

Pr{|H| > 2¢} = Pr{|H| > 2&, |H,| < &} + Pr{|H| > 2&,|H,| > &)}

< Pr{|H — Hy| > &} + Pr{|H,| > &}

(B.139)

using the fact that |H| > 2§, and ]ﬁp| < & together imply that \H—ﬁpl > & due to the triangle
inequality, and that |H| > 2&; and |I:Ip\ > & together imply \ﬁp| > &. Using Chebyshev’s
inequality |Ash00, (4.10.7), p. 192], the first term on the RHS of (B.139)) can be further upper-

bounded by

A

£ [V, ()]

Pr{|H — H,| > &)} < o
0

Combining (B.140]) with (B.139) gives

A

Pr{|H| > 2§} < E[VZ(QHP)] + Pr{]I:Ip\ > &}
0

By ([2.36al), taking the limit inferior for p — oo on either side of (B.141)) yields
Pr{[H| > 260} < lim Pr{|iL,| > &}.
pP—00
Furthermore, the assumption that Pr{H = 0} = 0, we have
lim Pr{|H| > 2§} = Pr{|H| > 0} = 1.
£0l0

Lemma follows therefore by taking limits as & | 0 on both sides of (B.142)).

(B.140)

(B.141)

(B.142)

(B.143)
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B.9 Proof of Lemma B.4

For every family of random variables T, parametrized by p > 0 and taking values on (0,7) with

€ (0, 0], we have by Markov’s inequality
E[T,)
Pr{Y,>v} < —F, foreveryve(0,n). (B.144)
v
Using that lim,_,o E[T,] = 0, we thus have
plggo Pr{Y,>v} =0, foreveryve (0,n) (B.145)
or equivalently, lim, .o Pr{Y, < v} = 1. We upper-bound E[f(Y,)] for any v € (0,7) as

E[f(Tp)] =E[f(Y,) Y, < v} +E[f(Tp) {T, > v}]

< sup f(t)Pr{Y, <v}+ sup f(t)Pr{Y,>r}. (B.146a)
0<t<v v<t<n

Similarly, we lower-bound E[f(Y,)] for any v € (0,7) as

E[f(Y,)] > inf f(¢t)Pr{YT,<v}+ Vgtlinf(t) Pr{Y, > v}. (B.146b)

0<t<v

Since f(-) is bounded, and by (B.145)), taking limits for p — oo in (B.146al) and (B.146b)) gives

inf f(t) < lim E[f(T,)] < lim E[f(Y,)] < sup f(¢). (B.147)

o<t<v p—r00 p—r00 0<t<v

Taking the limit as v tends to zero from above and using the continuity of f, we finally obtain

lim E[f(Y,)] =lim f(t) = fo (B.148)

pP—00 t}0

which proves Lemma [B.4]

B.10 Proof of (B.120)

To prove (B.120)), we first note that the function x — log?(1 + z) is concave for z > e — 1. We
thus have for an arbitrary 6 > e — 1 and for p > 1

E {log2 (1 +p 4 |ﬁp|2)}
= E|log? (14 p~" + [H,[2) T{|A,]* < H +E [log (14 o7t + [A2) 1{| A2 > }]

<log?(2+0) +E [log? (2 + |, *) 1{| 4,

|Hp\2 {187 > 5}]
<log? (2+0) + Pr{|H,[* > 0} log® (B.149)
Pr{ |, 2> 5}
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where we define 0log?(1 + a/0) £ 0 for every a > 0. Here the first inequality follows by upper-
bounding p~! < 1 in both expected values and by upper-bounding \ﬁ p|2 < ¢ in the first expected
value, and the second inequality follows by upper-bounding the second expected value using

Jensen’s inequality.

We next use (B.99)) and (2.35)) to upper-bound

E |, P1{|A,? > 0}| <E[IA,]] <1. (B.150)
This yields
A A 1
Ellog? (14 p 1+ |H,?)| <log?(2+0) +Pri|H)*>6tlog? |24+ ———~
Jlog” ( )] {1pI* > 3} Pr{|H,[? > o}
1
<log®(2+48)+ sup {xlog2 (2 + )} , o p>1 (B.151)
0<z<1 X

where the second step follows by maximising the second term over Pr{|fAI »|? > d}. Note that the
supremum on the RHS of (B.151) is finite since the function x + xlog?(2 + 1/x) is continuous

on 0 <z <1 and tends to zero as x tends to zero. Consequently, we have

_ A 1
lim E {10g2 (1 +p 1+ |Hp|2)} <log? (24 6) + sup {:Ulog2 <2 + )} < o0 (B.152)
p—00 0<z<1 €z

which proves (B.120)).

B.11 Proof of Theorem 2.4

Let us assume without loss of generality that the covariance matrix of x, is full—rankﬂ We expand

the mutual information as

A

I(xpy ] xé_l,I:I) = h(x, ‘ xf_l,I:I) — h(x¢ ] Xé_l,H,y). (B.153)

Since, by assumption, x; ~ N (0, Qy) is independent of (x‘~1, fI) and has a full-rank covariance
matrix, the first entropy on the right-hand side of (B.153|) is readily evaluated as

h(xe | x1 H) = h(xy) = log det(meQy). (B.154)
Let
e
Pyt p = ElyXL AT =AY X (B.155)
i=1

denote the expectation of y conditioned on (x~1, H) = (x~1, A) and let fre-1 g(-) denote some

arbitrary complex-valued function. Conditioned on (xg_l,ﬂ) = (x*1, I:I), the second entropy

6the general case of a possibly rank-deficient covariance may be treated by an appropriate rank reduction
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can be upper-bounded as follows:

hixe [ x71=x"1 H=HRy) = h(xé Y = Hyge-1 xl=x"1H= I:I,y)

< h(xf xe 1A y — y|xf ’ Xg_l = Xz_laH = H)

I>

1l a)
( h)
< log det (ﬂ'e cov (x@ ‘ X'~ ))
< log det (7Te E [sagx ’ x(1 D

where

5&6 é Xy — fo717|’_‘| (y - /,Ly‘x(,17|’_‘|). (B157)
In (B.156)) the first inequality follows because conditioning cannot increase entropy; the second
inequality follows from the entropy-maximizing property of the Gaussian distribution; the third

inequality follows because the covariance is not larger than the second moment (in a matrix-

monotone sense).

Combining (B.156) with (B.154) and (B.153) thus yields for every (x‘~', H) = (x~', H) and
[re—1 g1 (+) the inequality

I(xpy | x71 = x'~L H = HA) > logdet(Qy) — logdet(E[igfiz ’ x 1 I:l}) (B.158)

We choose the function f .1 () so that f, 1 g(y — Fhy|xt—1 q) is the linear MMSE estimate of
x¢ from (x*1, H,y) = (x'"', A,y), namely,

fXZ—17|2|(y - My|x£*1,i:|) = FG_I(y - lu’y|x2*1,l:l) (B159)
with matrices F and G given by
T, .
F= E[Xg(}’ - My‘xeﬂ’ﬁ) ’ xt 1, H}

= /pHQ, (B.160a)
G = cov(y | x*"1, H)

=[5 ) () [ <A

= pAQA" + cov(z | x1,A) (B.160b)
respectively, and where z =y — \/ﬁl'-\lxz.
Inserting (B.159)—(B.160) into the expression of E[iﬁcz | x/~1, A] yields
E[%x] [ x“1 A = Qr — pAQ(MAQAT + cov(z | X', A) ) QA
- (p|:|T cov(z | 1L A) A + Q;l)f1 (B.161)

where in the last step we have used the Matrix Inversion Lemma. Finally, combining (B.161))
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with (B.158)) yields

I(xp;y | x'71 = x"1 H = H) > log det (InT + ,oI:IT cov(Z | x=1 I:I)_ll:ng) . (B.162)

Theorem follows by averaging (B.162) over (x‘~, ﬂ)

B.12 Proof of Theorem

It suffices to prove that if the (L + 1)-indexing .#’ is a refinement of the L-indexing .#, then
R(L,.#) < R(L, .#"). The general case where the refinement .#’ contains any number of elements
L' > L then follows by applying the result (L' — L) times.

Let us write the indexings .# and .’ as

I ={0=10,... 0, =1} (B.163a)
I ={0=1y,... 00, =1} (B.163Db)
with labels in ascending order, i.e., 1o < ... < iy and ¢j < ... < < ... <}, respectively,

such that the single element of .#'\ .# = {/.} is located at position 7 € {1,...,L}. Let us
further define

L/ 2 L), ¢=0,...,L (B.164a)
L/ 2L(J), ¢=0,....L+1 (B.164b)
as well as the differences
ALY 2L(w) —L(w—1), ¢=1,...,L (B.165a)
AL/ 2L())—-L(_ ), ¢=1,...,L+1. (B.165b)

Since .#’ matches . except for the single element ¢,, we have that

L/ =L/, ¢=0,...,7—1 (B.166a)
L/ =Lf,, (=7,...,L (B.166b)
as well as
AL/ =AL/", ¢=1,....7—1 (B.167a)
AL/ = ALY, (=71+1,...,L (B.167h)

In particular, it follows from [cf. (2.59))]

L L+1
SALY =Y ALY =Q
=1 =1
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together with (B.165|) that
ALY = ALY 4+ ALY, . (B.168)

The rate-splitting bounds R(L,.#) and R(L,.#’) are respectively given by [cf. (2.67))]

L

R(L,.#) = > Elogdet (L, + H' (1Y) 'HALY) (B.169a)
/=1
L+1 R o

R(L,.#") = 3 Elogdet (T, + H'(T7") "HALY) (B.169b)
/=1

with random matrices I'y and I", defined respectively as [cf. (2.68)]

T/ £ E[H(LY,) e¢ (L7, *HT | € 1] +
+H(Q-L)H' +EH(Q-L/ A" |H] +p 'I,, ¢=1,...,L (B.170a)

/£ E[A(LY) e (L) TR | €, 1) +
+HQ-LA' +EHQ-L/)H |H] +p7'L,,, ¢=1,...,L+1 (B.170b)
with & ~ N¢(0,1,,,) being independent of H.

We see from (B.169)—(B.170) that the (-th term of the sum depends on the layering
L, .7 via L{il and AL{, and similarly, that the /-th term of the sum depends on the
layering (L, .#7) via Lk{/ 1 and ALf ". As a consequence, by comparing the terms of the respective
sums (B.169a)) and (B.169b)), we infer that the following terms coincide:

Elogdet (I, + H () "HAL/) = Elogdet (L., + H(1/") "HAL/"),
¢=1,...,r—1  (B.171)

Elog det (L, + H(I/) "HALY) = Elogdet (., + HI(I/},) "HALY) ),
(=r+1,...,L. (B.172)

Subtracting R(L, .#) from R(L,.#"), these identical terms cancel out, leaving us with
R(L,.#") = R(L,.7) = Elog det (L, + H'(1Y") "H ALY")
+ Elogdet (T, + H' (D)) "HALY, ) - Elogdet (L, + HI(TY) "HALY) . (B.173)

To show that this quantity is non-negative, we will lower-bound the second term on the right-
hand side of (B.173), which involves the random matrix I‘T '+1 [cf. (B-170)], which itself involves
a Gaussian random vector & ~ N¢(0,1,,;). Upon observing that, due to Lf/ = Lf_ll + AL;.]/,
the random matrix (L") %ﬁ ~ Nc(0,L") has the same marginal distribution as

! l ! l ’
(L) 7€+ (ALY)2n ~ Nc(0,LY)
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we can replace I‘;ﬂl on the right-hand side of Expression (B.173)) with a matrix of same distri-

bution

_ ~ ;o1 ! ;1 1o\t~ A

07 2 E[H((L7) €+ (AL ) In) (L) 26 + (ALY ) 2n) BT | & H] +

+H(Q- LY, - ALY — ALY A+ E[H(Q - LY, — AL/ )H' | H| + p7'L,,. (B.174)
wherein 7 ~ Ng(0,1,,) is independent of (&, H). Using the fact that, for every A > 0, the
function X + logdet(I + AX™!) is strictly convex on the set of positive definite matrices

X > 0, it follows from Jensen’s inequality that the second term on the right-hand side of
(B.173]) is lower-bounded as

Elogdet (T, + H(1/),) "HALY,)
= Elogdet (L,, + H'(T/},) "HALY,)
> Elogdet (I, + H'E[T/], | ¢ H]'"HALY,). (B.175)

Using the identities Lf_l = Lf_ll [cf. (B.166al)] and (B.168)), we find by comparison of (B.170a)

and (B.174]) that
ET/, |&H] =T/ (B.176)

and by comparison of (B.170a)) and (B.170b)) that

r/ =1/ + HALZ H. (B.177)

Hence, combining (B.173)), (B.175)), (B.176)) and (B.177), we have

R(L,#") — R(L,.#) > Elog det (Im +HI (TS + AALZ B 'H ALf’)
+ Elogdet (T, + H'(T/) "HALY,)
— Elogdet (L, + H(IY) 'HALY)
~0 (B.178)

where the last equality follows again from the identity (B.168)). This concludes the proof of the
inequality ([2.72)).

B.13 Proof of the Lipschitz Property of Layering Functions ([2.63))

Due to tr(L(1)) = 31" Li;(1) = ¢ [cf. Definition [2.1], it follows that

(L)) — (L) = 3 (Liale2) — Liser))
=1
=19 — L. (B.179)
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The positive semidefiniteness of L(¢) [cf. Definition warrants that its diagonal entries L; ;(¢)
are real-valued and non-negative, and the matrix-monotonicity of layering functions [cf. ]

implies that L;;(¢) is non-decreasing. Therefore, for any 0 < ;1 < 19 <1 we have
0 § Lm’(Lz) — Li,i(bl) § Lo — U1 (B.180)

from which the claim follows for the diagonal entries L;;(¢).

As regards the off-diagonal entries L;;(¢) (with i # j), we proceed as follows: given that

L(t2) — L(e1) is positive semidefinite, all its principal minors are non-negative [Hor90, Corol-

lary 7.1.5], i.e
Lii(e2) — Lii(n)  Lj;(e2) — L}k}i(”)]) >0 (B.181)

This translates to

|Lji(e2) — Lji(t1) \/ ii(2) = Lii(1)) (Lj 5 (e2) — Lyj(e))

(L i(t2) = Lii(1)) + (Ljj(e2) — Lj(t1))
2
<t2—u (B.182)

where the second bounding step is due to the inequality between the geometric and the arithmetic

mean, whereas the last bounding step follows from (B.180f). In particular, it follows that
max{{%Lj’i(bg) RL;j (11 | |\$LJZ(L2) - \sL”(Ll)}} < 19— 1. (B.183)

Hence, both the real and the imaginary part of any entry L;;(¢) of the layering function L(¢) is

Lipschitz-continuous with Lipschitz constant 1. This concludes the proof.

B.14 Proof of Theorem

Let the transmit covariance Q and the layering function L be fixed throughout. Given some
L-indexing .# = (0,¢1,...,t1-1,1), consider the uniquely defined, piecewise linear function

71 [0;1] — [0;1] with support points (%,Lg),f = 0,..., L. This is to say that the function
® is defined as

Sy(x)=(p—tp—1) (Le —C+1)+14—1, for , £=0,...,L. (B.184)

We define the equi-power N-indexing as

afop Ll N—1>
5N_(0,N,..., L (B.185)
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Figure B.1 Example of a piecewise linear function ® 4

with the help of which we can express the indexing .# as
I =d,(8L) (B.186)

where the notation should be understood as an elementwise application of the function &4, i.e.,

By (&) = (@j(O),cpy <i> Dy, (LL_l) ,<1>y(1)> . (B.187)

This way, we can express the rate-splitting bound R(L,.#) in terms of an equi-power indexing,
namely,

R(L,.#) = R(L,®4(&1)) . (B.188)

Clearly, the function @4, like any increasing bijection of the unit interval onto itself, preserves
indexings. Specifically, for any indexings (.#1, %) € I2, we have that ®,, (.#5) € L. Noting that
&N C &y for any N € N, by virtue of Theorem ﬁ, the sequence R(L, &np,) is non-decreasing
in n. Therefore, R(L, .#) can be upper-bounded as

R(L,.#) = R (L, ®,(&1))
< lim R (L, s (1))
— (B.189)

Since R*°(L,.#) is the limit of a sequence of rate-splitting bounds with fixed layering function

and varying indexing, it must therefore be upper-bounded by the supremum

R>®(L,.#) < sup R(L,.¥") = R*(L). (B.190)
Jlel

In the following, we evaluate the limit R>°(L,.#) and then show that it is not a function of the
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indexing .#. Therefore, it eventually follows that
R*(L) = R™(L, .¥). (B.191)
To prove this claim, it will thus suffice to compute an analytical expression of the limit R>°(L, .%)
as per (B.189)), and then verify that it is not a function of the indexing .7.
For notational brevity, let us denote
Tt & B (6 (B.192)
so we have
f:jLCjQLCeﬂ:lLC%LC... (B.193)

Note as well that the piecewise linear functions are constructed in such way that the following
holds:
b, = q)jgnL n € N. (B.194)

By writing the channel input as a sum

2"L

Xag = Z Xy
(=1

of 2" L. mutually independent complex circularly-symmetric zero-mean Gaussian variables x; of

covariance [cf. (2.65))]
E[xex)] = ALY?"2, £=1,...,2"L (B.195)

and using Expression (2.67)), we can write out R*(L,.¥) as
= Y S S
R¥(L,.7) = lim ZZ E {log det (InT +HF (/) HAL m)] (B.196)
=1

with the random matrix Tf{ being defined for an indexing </ as in (2.68)), i.e.,

- 1 1
T/ 2E {H(Lﬁl)QEST(LZ{DQHT

g,ﬂ} +HLH + E[HLY B | 0] + oL, (B.197)

with & ~ N¢(0,1,,) independent of H.

Given that Theorem holds irrespective of the distribution of H, we have that for any

{=1,...,2"L, the conditional expectation
L~ 7 -1 4 7 A
E [log det <InT +A (xR AL{?“L) M

is non-decreasing in n (for any H = I:I), and therefore, by the Monotone Convergence Theo-
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rem [Rud87|, we can exchange the limit and expectation over H in Expression (B.196) to get

2" L - -1 -
00 . & Fon & Fon
RP(L,.7) =E [JL%OE [} :1c>golet(InT+HT (/) HALS L)‘

(=1

HH (B.198)

if this pointwise limit exists. Using the fact that T’fQ”L = p~ L, and that log det(I+A) < tr(A)
for a positive semidefinite matrix A, we can upper-bound the sum of log-determinants in (B.198)|)

by means of|
2" L n .1 N L .
logdet( I, +H (Y, " HAL;?"" ) <p» tr(HHAL, >
- . 7 ¢
=1 £=1

= ptr(ATAQ). (B.199)

Thus, the pointwise limit in (B.198|) exists. Furthermore, we can exploit this boundedness to

apply the Dominated Convergence Theorem [Rud87|, whereby we can interchange the limit and
inner expectation (over &) in (B.198]) so as to obtain

o . B
00 . 3 Fon 3 Fon
R®(L,.7)=E pg&; 1: logdet(InT +HF (/) HAL? L)] (B.200)

provided that this limit exists. As we shall see in the following, it does exist and can be rep-
resented as a Riemann integral. To prove its existence, we will lower-bound the corresponding
limit inferior and upper-bound the corresponding limit superior, and eventually show that both

limits coincide.

Let us define
() & fims ALY & AL Ly 2L/ (B201)

to alleviate notation. With this notation, the problem at hand is to compute the two limits

2" L . 1.
lim 3" log det (InT +A (") A ALE]”) (B.202a)
— = AT () AL
Tim ;logdet(InT+H (i) AALf ) (B.202b)
=1

and show that they coincide.

An upper bound on the limit superior (B.202b)) is obtained by using the inequality log det(I+

7Note that for same-sized positive semidefinite matrices A and B, we have logdet(I + AB) = logdet (I + A%BA%) <
tr(AZBA?) = tr(AB)
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A) <tr(A), valid for A > 0, leading to

2" L

T ~ n)\ !y n
Tim ;logdet (InT +A' (") AALY ))
_ — (/T () AL
Snlgngog:tr<H (i) AL ) (B.203)
=1

Similarly, a lower bound on the limit inferior (B.202a)) is obtained by using the inequality tr(A)—
3 tr(A?) <logdet(I+ A), valid for A = 0, and the superadditivity of the limit inferior. It reads

aff

2™"L

n)\ 1y n
JLHSOZlogdet( w + AT (X)) T AAL ))
S (B (™) [ AL®)
ani_lgozz::ltr<H (i) AL )
-3 nlggo Z tr( () )_1 AAL™MA (T@”))_l A AL@”)). (B.204)

Here, the limit superior [second term on the right-hand side of (B.204))] vanishes. This is best
seen if, using Tgn) >~ p~'I,, and the inequality tr(AB) < tr(A)tr(B) for same-sized positive

R
semidefinite A and B, we bound it via

0< tr(ﬁ* (T@”))_ AALA (T(”)) A ALg’”)

A
. 2
AALy) (B.205)
By the Heine-Cantor Theorem [Rud76|, Theorem 4.19], the continuous mapping
A~ -I- A~
0;1] > R, ¢ +— tr(H HL(L))

must be uniformly continuous due to [0; 1] being a compact set. It follows that for every e > 0,
there exists a large enough n such that for any ¢ € {1,...,2"L}, we have tr(l:lTl:l ALgn)) < €,

hence

= pPetr(ATAQ). (B.206)

Since € > 0 can be arbitrarily small, we conclude from (B.205)—(B.206]) that the limit superior

8 Note that for same-sized positive semidefinite A and B, we have log det(I+AB) = log det (I—i—A% BA%) > tr (A% BA%) —
r(ASBAZ - AZBA?Z) = tr(AB) - tr(ABAB).
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in (B.204]) vanishes indeed. Hence ({B.204]) reduces to

L ) 1. L . 1
lim > logdet <1nT +A (") HAL§">> > lim Ztr(HT (i) HAL,{,")). (B.207)

Next, we focus on computing the right-hand sides of (B.203) and (B.207)), which will turn out

to coincide. For this purpose, let us define, for any indexing </ € I(L./), the random matrix

f. (B197)]

Y7 &Y/ + HALH'

—E|ALY,) et Ly )

g,ﬂ} +HL7 A+ E[ALY H | H] + p 'L, (B.208)
Notice that Y4’ was constructed so as to fulfill [cf. (2.82)]
Y7 =T (L) =T (L (% (—— (B.209)
Ly
and we will need this identity later on. In analogy to the concise notations (B.201)), we define
Y &yl (B.210)

We now show that, in the limit as n — oo, the right-hand sides of (B.203]) and (B.207) do not
change if we replace Tén) by Tgn), that is,

2" L 2™ L
lim ztr<m () 1ﬁALgn>> ~ lim zu(m (£1) 1ﬁALgH>) (B.211a)
72"L "T 1. 72”L e 1.
Tim. Ztr(H (i) HALg’”) = Tm Ztr(H (i) HAL§”)). (B.211b)
=1 =1

To prove this, consider the sequence of inequalities
. -1 Ry -1 .
o=@ (x”) AAL) - u(A (1) ALy
-1 ~ -1 TN
<o (1) - (T) ) u(ARALY)

N T

< tr( (o7 T+ ALEURT) = (o T AL AT (RTAALY)  (B212)

In (B.212)), the first inequality is due to Tén) > Tén); the second inequality is due to tr(AB) <
tr(A) tr(B) for same-sized positive semidefinite matrices A and B; the third and last inequality

is obtained by subtracting a common quantity

E ALY ) Peet (L ) PA!

. ﬁ} +E[ALY AT | A]

from Tén) and Tén) alike. The inequality holds because for ng x ng matrices 0 < A < A/, the
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function

FZ CiRXTLR — R+
X tr((X+A) 7 = (X + A7) (B.213)

is non-increasing in the sense that 0 < X; < Xy implies F(X;) = F(Xg2). By virtue of the
Heine-Cantor Theorem [Rud76, Theorem 4.19], the continuous mapping

PPN |
0;1] = R, ¢ +— tr((p_llnR + HL(L)HT) )

is uniformly continuous because [0;1] is compact. As a consequence, for every e, there is a

sufficiently large n such that for all ¢ € {1,...,2"L} we have

tr((plan +ALAY) T (L, + AL AT ) <e (B.214)
whence
0= [ir(A (x7) " Aang) - (A (300) ALY
=1
<> u(AAALY)
/=1
<ctr(A'AQ). (B.215)

Since € > 0 may be arbitrarily small, (B.211)) follows. Writing the trace expression from the
right-hand side of (B.211)) as a double sum

u(A (1) ALy

:ZZ[ (xf) A [aL]

55 o (50 (o () (o ()] o

where the function Gj ; is defined as

Gij(t) 2 [A" (T (L)) " A] (B.217)

With this definition of G; ; we can easily convince ourselves of the validity of the last equality
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in (B.216), because using that ® , = ®; and (B.209)), we have
(-1 [ (-1 -1
Gii|® =|H (T|(L(® H
(o () = [ (0 (e (o (52))) 8]
-1 -1
(e (e (e () 9]
2L\ 2"
T Ion X
= L,z H}
W (0 (i) 8]

Al(r
f(xy ) } (B.218)

7:7j

|
=

Here, the second equality is due to (B.194)); the third equality holds by construction of ® Gy

the last equality follows from (B.209)—(B.210)).

Though G ; and L;; may be complex-valued for i # j, we know that the trace of a product
of two Hermitian matrices [as is the left-hand side of (B.216))] is real, hence the double sum
on the right-hand side of (B.216)) must be real. We thus only need to retain the real-valued

contributions to the double sum. We split these contributions as
o () Ty AT ) (tm) _ pltn)
tr(H (i) HAL") ZZ (T} - T87)) (B.219)
=1 j=1

with the real-valued functions

Ty = RGi (cb,/ (6» [%LM <c1>j (f;)) — RL;; (qy (E_nl)ﬂ (B.220a)
G =36, (cbf (ﬁ)) [%Lj,i ((Iy (i)) — SLj, (@y (6—711)” (B.220D)

where Rf and S f denote the real and imaginary part of f, respectively. The superadditivity

(resp. subadditivity) of the limit inferior (resp. limit superior) imply

2"L nt n 2" L
i " (A (T07) " AALE) > >3 lim Z( T -T¢) (B2t
=00 p_y i=1j= 170y
2" L nt n ony,
n@o Z tr(l'-\IJr (Y‘En))_l A AL(n ) zT: ZT: nh_{lgo Z ( (Zznj) Tg:’:])) (B.221b)
/=1 i=1j=1 /=1

On the right-hand side of , the sums of Tglnj) and ngfj) over { are Riemann-Stieltjes
sums. A sufficient condition for the existence of the Riemann-Stieltjes integral as the limit of
its corresponding Riemann-Stieltjes sum is that the integrand is continuous and the integrator
function is of bounded variation. In our specific case, the integrand functions are RG; ; and SG; 5,
whereas the integrator functions are RtL;; and SL;;. The continuity of G; ; is a consequence of
the (entrywise) continuity of the layering function L(:), whereas the variation-boundedness of

L;; is a consequence of the (entrywise) Lipschitz-continuity of the layering function L, which
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was established in Lemma As a consequence, the following Riemann-Stieltjes integrals

exist:
; "L e _
J 3T - / RGi; (€ () ARL ;i (0 (1)) (B.222a)
2”L
Tim. Z T8 = / SGyj (P (1) ASL; (D0 (1)) (B.222b)

From the existence of these two Riemann-Stieltjes integrals, we can infer that the right-hand
sides of (B.221a)) and (B.221b)) coincide, and both are equal to the double sum of (complex-

valued) Riemann-Stieltjes integrals:

T T 1 T nT
S5 [ 6@ 0) dLya(@s ) = [ 303 Gu(8r0) dLa(@s0)
i=1j=1 i=1j=1

é/o tr[ﬁT(F(L(q)y(L)))>_l|:|dL((I)y(L))}. (B.223)

Here, the right-hand side, which involves the infinitesimal quantity dL sitting inside the trace
operator, is nothing but a compact notation for the double sum of Riemann-Stieltjes integrals on
the left-hand side of the last equation. After a change of variable i/ = ® (1) using the increasing
bijective map ®,: [0;1] — [0, 1], the Riemann-Stieltjes integrals simplify to

/G” (@) dL;s (B (0) /G,J ) dL;4(0) (B.224)

and we thus end up with [Rud76, Theorem 6.19]

ii/ Gij (s (1) dLji (Pr(e)) =/ tr[ﬂT(F(L(L,)))ilﬁdL(L/)] (B.225)
i=1j=1

We deduce that the right-hand sides of (B.202b)) and (B.202a)) coincide with the Riemann-
Stieltjes integral (B.225]), and thus, that the limit involved in (B.200]) exists. Therefore, by

inserting (B.225]) into (B.200]), we obtain
1 A A
(L, #) = E U tr(HTI‘(L(L))_lHdL(L)ﬂ. (B.226)
0
Note that in this expression, the expectation and integration operators can be interchanged,
owing to the Fubini Theorem [Rud87, Theorem 8.8]. Finally, since the right-hand side of (B.226)
does not depend on the indexing .#, we infer that (B.191)) holds. This concludes the proof of

Theorem ([2.6]).
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B.15 Proof of Lemma 2.3

Let L = [L;];; and L= [Li jli; denote two layering functions. We prove that for any € > 0,
there exists a 6 > 0 such that

sup ||L() — = |R"(L) - R*(L)| <e (B.227)

L)HF <4
L€]0;1]

where ||-||r stands for the Frobenius normﬂ Besides the Frobenius norm ||Al|r, let us also in-
troduce the one-norm ||All; of an n x m matrix A = [a;;];;, these two matrix norms being

respectively defined as

[A[[F = \/tr(ATA) = Z |ai ;I Al =" Jaiyl. (B.228)

For future reference, let us state the bounds

[AllF < [[Aflr < vam|[Allr (B.229)

which are a consequence of the fact that the ratio

JAllL 20 5% ladl
IAle \/Z 12; 1 lai g

(B.230)

is maximal when all |a; ;| are equal, and minimal when all terms |a; ;| vanish except one.

To begin with, let us write out the trace involved in the expression (2.81)) of the rate-splitting

bound, so as to represent R*(L) and R*(L) as sums of scalar Riemann-Stieltjes integrals

Z/ eij(t)dL;i(c) (B.231a)
Z/ €ii(0) dK;4(0), (B.231b)

where ¢;j(1) = [E(L())], ; and &;(:) = [E(L(:)
E(L(:)) and E(L(¢)), respectively, where E(X) is defined for arguments 0 < X < Q as

)]Z.j are the (i,7)-th entries of the matrices

E(X) = E[HT(X) 'H]. (B.232)

9We choose the Frobenius norm for convenience, but due to the norm equivalence property, any other matrix norm would
also do.
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Using integration by parts, the Riemann-Stieltjes integrals in (B.231)) can be written as
1 1
/0 €ij(t) dLji(e) = eij(1)L;i(1) — /O Lj,i(e) deij(¢) (B.233a)
1 _ — 1 __
| 0 dR5u0) = @y (DR = [ K0 deiy0) (B.233b)

because L;;(0) = IA(/M(O) = 0. Note that both integrals on the right-hand side of are
well-defined, since the existence of either integral [on the left-hand or right-hand side of ]
implies the existence of the other. Also note that, due to L and L being layering functions for
the same transmit covariance Q, we have that e; j(1) = €; ;(1) and L;;(1) = f(}l(l) Denoting
kij(t) = Li;(t) — K](L) and 7;;(¢) = e;;(t) — € ;(¢), the absolute value of the difference
R*(L) — R*(L) can therefore be bounded as follows:

R - R =| 3 [ [L0)desi) - <>deﬂ<>]‘

,j=1

= i/ “%J dew()‘f‘KJZ()dnz,J()]‘

5,j=1
1
/”m v)de; () ‘/ 5i(¢) dnmij(e)
0

nT |:
The bounding step follows from the triangle inequality.

IN

b } (B.234)

Upon writing out the Riemann-Stieltjes integral as the limit of its corresponding Riemann-
Stieltjes sum, the first term in (B.234)) can be upper-bounded via

/Olm,g<>deu lim ng %) lesi () — e ("&1)]‘

N—>oo
N
< lim sup Z |kij (7)) - ‘ej,i (%) —€ji (%)’
N—oo 1
< ap [ Gul)] o LSy
0<i1<e2<1 l1— 12 N-—oo N n=1 R
. eji(t1) —eji(t2) | sup |ri;(2)] - (B.235)
0<e1 <2<l 1= 12 Le(051]

Here, the first inequality is the triangle inequality; the second inequality results from upper-

bounding
N- ‘ej,z‘ (%) — € (%)’
by the Lipschitz constant of e;;; the third and last inequality results from upper-bounding

|ki;(¢)| by its supremum over the integration interval ¢ € [0;1]. This supremum is itself upper-
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bounded as

nT

sup |rij ()| < sup [ > [ri;(0)f
L€[0;1] Lel0s1] \ ;=1
= sup L) — £
L€[0;1]
<46 (B.236)

and therefore, by plugging (B.236)) into (B.235|),
1
‘ /O ki g () deq (1)

¢jiu) = €jilta)| s
L1 — L2 ’

< sup
0<11<2<1

(B.237)

We now focus on the second term in (B.234]). Using integration by parts and the fact that
17:,;(0) = n;,;(1) = 0, we have

1 __ 1 N
/ Kji(e) dmi () = = / 1,5 (1) AKGi(e). (B.238)
0 0

Upon taking absolute values on either side of the last expression, and writing out the Riemann-
Stieltjes integral as the limit of its corresponding Riemann-Stieltjes sum, the second term in

(IB.234) can be upper-bounded in a similar way as was done previously for the first term:

[ 0] = | Yo 0 [ 30 - Ko ()]
<z&znm2 e (G [ K () = Ko ()
Kii(n) - Kj(w)| . &1
< J:t J, L n
N 0§L?1<11L)2§1 L1 — Lo J&EHOO; N |771J (N)|
< sup [71;;(1)] (B.239)
1€[0;1]

The first inequality is the triangle inequality; the second inequality results from upper-bounding
N[ (%) = Ky (%54

by the Lipschitz constant of f(/j,i; the third and last inequality results from the Lipschitz-
continuity of the layering function L [cf. (2.63)] and from upper-bounding |n;;(¢)| by its supre-

mum on the integration interval.

Combining (B.234)), (B.237) and (B.239)), we get

nT . . —_ . .
IR*(L) - R@)| < 3 [ sup ej,z(Ll)_ej,z(LQ) 5+ sup |m,j(b)|]. (B.240)
ij=1 0<11<e2<1 t L2 1€[051]

To prove Lemma we wish to prove that the right-hand side of (B.240) can be made
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arbitrarily small by an appropriate choice of § > 0. We will now argue that to complete this
proof, it suffices to show that X — E(X) as previously defined in (B.232]) is Lipschitz-continuous
in the sense that for any two distinct X; and Xo from (CTX"T fulfilling 0 < X; < Q and

0 < X5 < Q, the quotient
IE(X1) — E(Xy)[lF

1X1 = Xol|F
has a finite upper bound C which is independent of (X, Xs).

< C < 400 (B.241)

In fact, if this Lipschitz property holds, this has two consequences for the terms on the right-
hand side in (B.240): on the one hand, the last supremum term can then be upper-bounded

as
nrt 9
sup ]77” t)] < sup Z 17i,5(0)]|

1€[0;1 LE[01] 4 =1

— sup [E(L()) - B(E()
L€]0;1]

< sup C||L(:) —
L€]0;1]

< ¢, (B.242)

le

L)HF

On the other hand, the other supremum term in (B.240) would be finite for all 7, j, because
for any 0 < 41 < 19 < 1, one can upper-bound the ratio |e;i(t1) — €;4(t2)| / [¢e1 — t2| by upper-

bounding the numerator as

lej.i(t1) — ej,i(e2)] \J Z leji(er) — eji( L2)|2

5,j=1

= [E(L(n)) — E(L(x2)) | (B.243)
and lower-bounding the denominator as
|t1 — vo] = tr(L(e2) — L(e1))

1

Z EHL(LQ) — L(Ll)Hl
1

> —|[L(e2) = L(ta)[- (B.244)
nt

Here, the equality follows from ¢; < ¢2 and from tr(L(c)) = ¢ by the definition of layering
functions [cf. Definition [2.1]; the first inequality follows from the fact that L(w) — L(sq) is
positive semidefinite as a consequence of the definition of layering functions [cf. Definition
and by applying Lemma [B:5]stated below, whose proof is relegated to the next Appendix Section;
the second and last inequality follows from .

Lemma B.5. For any nt X nt positive semidefinite matrix A, the following inequality holds:

A1 < nT - tr(A). (B.245)
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Proof: The proof is relegated to Appendix [ |

Combining (B.243)), (B.244)), together with (B.241]) we get

eji(t1) —eji(t2)

sup <ntC (B.246)
0<11<2<1 l1 — 2
and finally, combining (B.240f), (B.242) and (B.246|), we arrive at
|R*(L) — R*(L)| < nt’(nt +1)C6 (B.247)

which establishes Lemma [2.3]

To complete the proof, the Lipschitz property (B.241)) remains to be proven. For the sake
of notational concision, we will write I'; and I’y instead of I'(X;) and I'(X32), respectively. We
start by upper-bounding the numerator of (B.241)) as

|B(X1) - B(Xo)|e < E[ | (7" - Ty H] ||
<E[[H|Z- 1" -1t (B.248)

Here, the first inequality follows because the absolute value |- | is a convex function on the
complex numbers, which allows us by Jensen’s inequality to upper-bound the one-norm of an
expectation by the expectation of the one-norm; the second inequality results from the sub-
multiplicativity of the Frobenius norm, i.e., the property ||AB|r < ||Al|r - ||B|lr. Next, the
factor in involving I'; and I's can be upper-bounded as

It =T = Ty (T =TT ¢
< T e I e - T2 — T

< nrp?||T2 — Ty (B.249)

I

Here, the first inequality is again due to the sub-multiplicativity of the Frobenius norm, whereas
the second inequality is due to I'y > ,0*1171R and 'y > p*IInR, and the fact that the Frobenius
norm is matrix-monotone in the sense that 0 < A < B implies ||[A||[r < ||B||g. The difference

I's — T’y reads as

.1 1 1 1. . . A . .

| R E[H(ngéxg — Xzggtx2)mf ‘ £, H} — E[H(X, — X)H' | A] - H(X, - X,)HAT
(B.250)

so by applying the triangle inequality onto the last expression, we can upper-bound ||Ty — Ty ||

by the sum of three positive terms, each of which we shall upper-bound once more. The first
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term in is upper-bounded as
e[exieeix; - xreexhmt | e.n]| < |E[fxiesx; - xeexint | ]|

< E[|F(x;eeixs - xpeei x| | & 1]

IN

- ~ 1 1 1 1
E[|H|? | H] -|[Xje¢TX5 — X7¢6'X7 ],
< nrE[[H|? | H] - |X2 — XallF - €3 (B.251)

Here, the first bounding step results from (B.229)); the second bounding step is due to Jensen’s
inequality; the third step uses that the one-norm is sub-multiplicative; the fourth step is detailed

as follows:

1 1 1 1 1 1 1 1
X363 — XPee'X |, < nr||X366TX35 — X7ee™XE |,

< nr||XGe€X3 ), — |XTe€X{| |

= n7[€M(Xs - X1)¢]

< nrlXo — Xalls - 1€]13

< | Xe — X [r - [1€]15. (B.252)

where ||-||s denotes the spectral radius norm, defined for an n x n matrix A as
|Alls = max |Xi(A)]
i=1,...,n

where \;(A) denote the eigenvalues of A. In the above chain of inequalities, the first step follows
from (B.229); the second is the triangle inequality in the form ||A — B¢ < |||A]|r — | B]|¢|; the
third inequality follows from |ufAu| < ||ul|3||A||s; the fourth and last step follows because for

a Hermitian n x n matrix A, we have the norm inequality

1Alls < > XA < | D0 IN(A)2 = [|Alle (B.253)
i=1 i=1

As to the remaining two terms in (B.250)), their Frobenius norm is upper-bounded via the triangle

inequality and sub-multiplicativity of the Frobenius norm as
IE[H(X — X0)H" | H] + H(Xz - X)H | < ([ + E[H[? | H]) - [|X2 - Xl (B.254)
All in all, combining (B.250)), and (B.254), we get
P2 = Tf < (nT E[J[ELIR | H] - €13 + 1L + E[JIHZ | ﬂ]) X2 =Xl (B.255)

so that plugging the latter expression into (B.249) combined with (B.248)), and recalling that
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E[”EH%] = nT, we obtain

(X)) — B(Xo)|l < nrp? [ ((nr + 1) B[ EZ | B + [FJR) ] - [ Xo — Xl

< ngp(nr® + 1) E[(E[IER | ] + [EIR) ] - X2 — X
< ngp*(nr® + D E[(E[IHIR | 80))7] - X2 - X,
< nrp?(n7? + 1) E[J[H|E] - [| X2 — X4|. (B.256)

Hence, if E[||H||#] is finite, the Lipschitz property (B.241) follows. This concludes the proof of
Lemma (2.3).

B.16 Proof of Lemma

Since the matrix A, whose (i, j)-th entry we shall denote as a; j, is assumed to be positive
semidefinite, we have that the diagonal entries a;; are non-negative, and that a; ; = aj ;. A further
consequence is that all the principal submatrices of A are positive semidefinite. In particular,

any 2 x 2 principal submatrix is positive semidefinite, and therefore
aizaj; — laig)* > 0. (B.257)
Written differently,

|ai ;| < /aiiaj;
< Qi 1 a5

B.258
<ttt (1.258)

where the last step follows from the inequality between the geometric mean and the arithmetic
mean. An upper bound on the one-norm ||A||; is therefore given by the one-norm of a matrix

whose (4, j)-th entry is (ai; + a;;)/2, ie.,
Al =" lai;)
2

Qi+ ajj
< K 9.
<3t
=nt - tr(A). (B.259)

This upper bound is achieved when all entries of A are equal to a common non-negative number.

B.17 Proof of Lemma 2.4

For an arbitrary layering L € I and ¢ > 0, we provide an explicit construction of a continuously

differentiable layering L € Lp such that ||L — f;||oo < €. The proposed construction is in two
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steps: we first construct a function F: [0;1] — C}7*"T (not necessarily a layering function) which
is continuously differentiable and arbitrarily close to L, and then another function L € L which

is a layering function arbitrarily close to F.

Let us continuously extend the layering function L to negative arguments by setting L(¢) = 0
fort < 0. Let ®: R — R be an arbitrary non-negative, continuously differentiable function with
finite derivative, support se (0;1) and which fulfills fol ®(t)dt = 1. Additionally, we require
that there exist ¢y > 0 and a > 0 such that ®(¢) > at? for all 0 < t < toﬂ For example, one
can choose a raised-cosine

1 —cos(2m), 0<:<1

D(L) = (B.260)
0, t<0Qorc¢>1

for which o =1 and ¢y = % can be chosen. We define F(¢) as a convolution-type integral

1
F() é/o L((1 + te)e — te)d(t) dt. (B.261)

This integral is always defined, because ® is differentiable with finite derivative, and the entries
of L are Lipschitz-continuous (and thus integrable). In order to show that F is differentiable, we

perform the change of variable u = (1 4 te). — te (valid only for ¢ # 1) so as to get

e L(u) L—u
F) = /Le(lL) e(l— L)(I) (e(l — L)) du
2 G(t,t) =Gt —e(1—1),1), (0<e<1). (B.262)

where we have defined G(u,t) as an antiderivative (with respect to u) of the integrand from the

previous expression, i.e.,

BEUL a L(u) L—u
au (WY 6(1—L)q’<e<1—L)

This antiderivative exists because L(-) and ®(-) are both integrable functions. Also note that the

partial derivative of G(u,t) with respect to ¢ also exists because % is partially differentiable

) L (0<i<). (B.263)

with respect to ¢. Therefore, we infer that F is continuously differentiable on [0;1). Since it
appears from (B.261) that F is left-continuous around ¢ 1 1 with finite limit lim,4; F(¢) = Q, it

further follows that F is continuously differentiable on the entire interval ¢ € [0; 1].

We next prove that F is arbitrarily close to L. Let us define RF and RL as the real parts,

10The term support set shall refer to the set on which ® is non-zero.

I Any less restrictive condition will also do, but since ® can be chosen freely, there is no loss of generality in making this
assumption.
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and SF and QL as the imaginary parts, respectively, of F and L.

|L —F||, =max sup |L;;(t) — Fi;(t)|
b3 Lel0;1]
< max sup {|RL;;(e) = RE;;(1)|} +max sup {[SLi;(1) - SF;()[}.  (B.264)
b el051] b el051]

Let us focus on the first term, corresponding to the real parts (the other term, corresponding
to the imaginary parts, can be treated in the exact same way). According to (2.63), L;; is
Lipschitz-continuous with Lipschitz constant 1, so it follows that [cf. (B.261))]

/ RLi (1 — e(1— )t)®(t)dt (B.265)
can be upper- and lower-bounded by observing that for 0 <t <1,

[RLi (e —e(1 = 0)t) = RLi j(0)] < [Lij(e — e(1 = )nT) — Lij(1)]
<e(l—0)
<e (B.266)

Hence, considering that the same inequality holds for the imaginary part, we get by combining
(B.265) and (B.266))

|§RLM(L) — %EJ(L)‘ <, !%Lm‘(b) - %FM(LH <e€ (B.267)

and thus
IL—F||_ <2 (B.268)

Now that we have shown an example of a continuously differentiable function F which is

arbitrarily close to L, we will construct a layering function L which is arbitrarily close to F.

For this purpose, let us first study the trace of F(¢). Recalling that tr(L(¢)) = ¢ for « € [0;1]
and that tr(L(:)) = 0 for « <0 (due to the convention L(:) = 0 for ¢+ < 0), we observe that the
trace of F(¢), which we shall denote as 7(¢), is given by

7(1) = tr(F(1))
—/ L—etl—L] O(t)dt

- /Omm @) [0 — et(1— )] ®(t) dt. (B.269)

Here, [-]* stands for max(-,0). For any 0 < 1 < 12 < 1, we denote m(1) = min(ﬁ,

1) and
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notice that m(t1) < m(t2), and compute the difference
m(i2) m(t1)
[t — €t(1 — 1) ] D(t) dt — / (11— et(1—¢1)]@(t) dt
0
m(e1) m(e2)
— (g — Ll)/ (1+ te)d(t) dt +/ 1y — et(1 — )] (6. (B.270)
0 m(e1)

From inspecting the last line of (B.270)), we draw a few conclusions on the properties of the

function 7:

T(L2)—T(é1):/

0

1) Continuity: Both integrands in (B.270) are finite, and since ¢ — m(¢) is continuous, it is

easily seen that 7 is continuous.

2) Monotonicity: Both integrals in (B.270]) are non-negative. If 1y = 0, then m(:;) = 0 and
m(t2) > 0 so the second integral is positive because its integrand is positive on [m(c1); m(t2)).

Else, if ¢t > 0, then the first integral is positive. Therefore, 7 is strictly increasing.
3) Border values: The function 7 has endpoints 7(0) = 0 and 7(1) = 1.

4) Lower bound on the secant slope: The secant slope is lower-bounded as
T(t2) — 7(11) m(e1) m(e1)
) =7l / (14 te)d(t)dt > / (1) dt. (B.271)
L2 — U1 0 0

If 11 > 7%, then m(11) = 1 and due to fol ®(t)dt = 1 the above lower bound becomes 1.

Otherwise, let us assume that e is sufficiently small (without loss of generality) to satisfy T < to-

Now if 11 < ﬁre < tp, we can lower-bound the secant slope as

‘1

T(LQ) — T(Ll) > a/e(lfbl) t2 dt
—Jo

Lo — U1
3
« L1
> — . B.272
— 3e3 <1 — L1> ( )

Summing up, we have for sufficiently small € > 0 the lower bound

3
. « L1
> 1, — . B.2
_mln{ 5.3 <1_L1> } (B.273)

5) Differentiability: Since F has been shown above to be continuously differentiable, its trace
7(t) = tr(F(¢)) is too.

7(t2) — 7(u1)
Lo — U1

Due to its strict monotonicity, we infer that the function 7 has an inverse 7=1: [0; 1] — [0; 1].

Said inverse
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® is continuous due to the continuity of 7,

® is strictly monotone due to the continuity and strict monotonicity of 7,

e has border values 771(0) = 0 and 77 1(1) = 1,

e is continuously differentiable on (0; 1] due to 7 being continuous, continuously differ-
entiable and monotone, and due to the secant slope of 7 being lower-bounded by a

positive constant on any interval comprised in (0;1].

Let us define the function

L(:) =F(t71(1) (B.274)

and verify in the following, using the above findings on 7 and 7~!, that it is a continuously

differentiable layering function, and that it is arbitrarily close to L.

Since 77! and F are continuously differentiable on (0; 1] and [0; 1], respectively, we infer that
L(:), which results from the concatenation ¢ — 771(2) — F(771(1)), is continuously differentiable
on (0;1]. Additionally, we know that lim, o L(:) = L(0) = 0 due to the continuity of F and 771,

so it follows that L(¢) is continuously differentiable on the closed interval [0; 1].

The function j:(l,) further satisfies all defining properties of layering functions:
1) Continuity: The function L inherits the continuity of 77! and F.

2) Positive semidefiniteness: Since L(-) is positive semidefinite and ®(-) is non-negative, it
follows from its definition (B.261)) that F(¢) is positive semidefinite, and so is F(r~ (1)) = L(¢).

3) Matrix-monotonicity: For any 0 <3 <12 <1,

L(t2) = L(11) = F(r~(22)) = F(r7 (1))

1 [L((14te)7 " (s2) — te) — L((1 +te)7 1 (11) — te)] ®(t) dt

(B.275)

0

Y
o

The last step follows from the monotoniticity of 7=! and from the matrix-monotonicity of L.

4) Border values: We have L(0) = 0 and L(1) = Q.

5) Trace normalization: Using the definition of 7, we have tr(L(:)) = tr(F(771(1))) =

(7710) = .

Now that we have shown that L is a continuously differentiable layering function, it only
remains to show that L is arbitrarily close to F (and thus to L). From (B.268)) it follows that
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for any ¢« € [0;1],
[tr(F(0)) — tr(L(e))| = |7(t) — ¢| < 2nre. (B.276)

Here, exploiting the bijectivity of 7, we perform the substitution // = 7(¢) to obtain, for any
/€ [0;1],
| — 77| < 2nre. (B.277)

It follows that

IL — Flloo = max sup |F;(77 (1)) — Fi;(0))|
b1 el0s1]

< sup |7 (1) — ]
< Inre. (B.278)

The first bounding step is due to Lemma stated within Appendix [cf. Equation [B.245|
and proven in Appendix [B:16] This concludes the proof of Lemma [2.4]
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C.1 Proof of Lemma

Let us endow the set of layering functions L with the metric

d(L1,Ly) = L1 — Lof|oe = max sup |[L1(1)],; — [La()],
5 0<i<1 ’ ’

. (C.1)

to form the metric space (L, d). This metric space is totally bounded, since for any L € L. and
any ¢ € [0;1] we have 0 < L(¢) < Q and therefore

d(L1, Ly) < [|Qloc = max[Q];; < [|Qler = 1. (C.2)

Since all layering functions are Lipschitz-continuous [cf. (2.63))] with a modulus of continuity not
larger than 1, we have that any sequence of layering functions {L,,},cn is uniformly equicon-
tinuous in (L, d). By the Arzela-Ascoli Theorem, it follows that every sequence {L, },en has a

convergent subsequence, so (L, d) is relatively compact.

Next, we argue that (L,d) is complete. Consider a Cauchy sequence {Ly,}nen. Since this
sequence converges uniformly, it also converges pointwise, in the sense that for any given ¢ € [0, 1],
{Ly,(¢)}nen is a Cauchy sequence for the infinite matrix norm [|Als = max; ;|[A]; ;|. Let us
define the pointwise limit

Loo(1) £ lim Ly(c). (C.3)

n—oo
Since the terms of the sequences {L,(¢)}neny and {Lj,(t2) — Ly (¢1) bnen (for any 0 < g <19 < 1)
all belong to the complete metric space (C7*"T,d), it follows that their pointwise limits Log(t)
and Loo(t2) — Loo(11) also belong to C7*"T. Furthermore, we have Lo (0) = 0 and Loo(1) = Q

137
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(C.4)

and
(L) =t fim 1)) = iy 5(L00) = -

Therefore, any pointwise limit Lo, belongs to L and it thus follows that the metric space (L, d)
is complete.

Since (L, d) is relatively compact and complete, it is compact. Due to L +— R*(L) being a

continuous mapping from L to R with respect to the metric d provided that E[|H|] is finite

(cf. Theorem [2.3), it follows that the image set R*(L) is a closed subset of the real numbers

Hence, R* possesses a maximizer in L.

C.2 Derivation of (3.13)

Setting the layering function to Lgtag in the generic expression (3.3|) and splitting the integration

domain into nt equal intervals, we get
(C.5)

nTt i
R (Ltag) = V'S / T tr[WIT (Latag (1) ™' W dLaiag (1)

i=1" 7p

i—1

On each closed integration interval { o LT}, the function Lgag(¢) is continuously differentiable

and reads as

Li1yx@-1 0 i .

N . _

Lstag(l,) = E mT — 1+ 1 5 T S L S E (06)
0 0 (ny—i)x (n7—i)
or in more concise notation
i—1 . . .
1— —1

l) eie/, ! <1< L (C.7)

nrt nrt

1
Lstag(L) = E Z eje;'r + <L + ?
j=1

.,en;] = I,; denotes the canonical basis of the C"7*"T. Its derivative is

where [eq, .. =
roooi2l o ot (C.8)
nt

Lstag(b) = €€, , nr
Thus, the Riemann-Stieltjes integrals in the sum in (C.5) can be written as Riemann integrals

[cf. Remark under Theorem [2.6], which gives us
nr i

R*(Lytag) = V'Y / " E[ef WIT (Lytag (1) We; | du. (C.9)
i=1" a7
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By the Fubini Theorem [Rud87, Theorem 8.8], the expectation operator and the integral over ¢

can be exchanged. After a change of variable v = wnT — i+ 1, we get
V [ 1 s R
R*(Lgtag) = —E [Z / eI WIT; (1) 'We; du] (C.10)
nt = /0
where

nt

i —1 1
T;(v) =T (Lstag (V“)) =T (m > ejel + :Tez‘ezT> . (C.11)
j=1

Let w; denote the i-th column of W and let VAVn;m denote the matrix formed by the columns n

through m of W. Writing out T;(v) by means of (3.4)), one can show after some algebra that

nrTi(v) = () Log + VW (i), Wi g+ V(= )] (C.12)
with _
ai(y)éf/(“i‘l +Vé1+1—u+nT—z‘> +p L. (C.13)
nT nTt

and where =;_; and Z; are gamma-distributed with shape ¢ — 1 and scale 1, and unit-mean
exponentially distributed, respectively. Expression (C.10) becomes

N LS| . . . —1
R*(Lgag) = VE |3 /0 Wi (ai(u)InR + VW i1y W1y, + V(1L — )R wT) Wi du]
Le=1

o oA A7t 1
R nT 1 w, (o (V In + VW,L ‘n Wz " w;
—VE / (04T 1 Wiy dv| (C.14)

A

- A -1
_i:l 0 1+ V(l _ y)w;r (O{Z(V)InR + VW(iJ,-l):nTWE[i_A,_l);nT) W;

where the last equality follows from applying the Matrix Inversion Lemma.

C.3 Proof of Theorem 3.1

Since L is continuously differentiable and H and H are assumed to be independent, we can use
the representation (2.85) for the infinite-layering bound R*(L). Under the i.i.d. Rayleigh fading
assumption (3.1)), this specializes to

RA(L) = —/01 £ 5, (V(ELWE - )L,)] (C.15)
where
K,(A) = % E [logdet (A + (V + p~ )l + VW (LT — L) )W) (C.16)

Since the distribution of W is rotationally invariant, we see that the function K, does not depend
on the eigenbasis of L(¢). Similarly, since the distribution of £ is rotationally invariant, it follows
that the integrand ((C.15])) does not depend on the eigenbasis of L(¢).
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If L(t) = UL(¢)AL(¢)UL(¢)" denotes the eigendecomposition of L(¢), then A, € L is also a
layering function, and we have
R*(L) = R*(AL) (C.17)

which concludes the proof.

C.4 Proof of Theorem

The difference I(xq;y|H) — R*(L) is clearly non-negative, and it is upper-bounded by
Y=R+A—-RL) (C.18)

due to R + A being an upper bound on I(xq;y|H) [cf. (2.56)]. In the following, we will write
H=VVWand H = VVW, with W and W having i.i.d. entries distributed as N¢(0,1). Here,
the three quantities involved are respectively written out as [cf. (2.54)),(2.57),(2.81))]

R = Elogdet (ﬁf/VAVVAV +(V + pfl)InR> —nrlog(V +p71) (C.19a)
(7 —1
A = ngElog - TP (C.19b)
VEn + pt
A 1 — A . A
R*L) = VE/ tr [D(L() " WL() W] do (C.19¢)
0
where [cf. (2.55))]

T(X) = (VEXE+ V(1= 0) 4+ p! Iy + VWL L, - X)W, (C.20)

To prove Theorem we will prove that 3 tends to zero as p tends to infinity. First note that

due to
dr'(L(:))

L= V(L)€ — 1)1, — VWL()WT (C.21)

we have

R*=— E/01 tr [F(L(L))_ldr((i(b))] de+V E/O1 tr [D(L() T (€MLwe-1)] v (C22)

wherein the first term is

- E/O1 tr lF(L(L))ldI‘((i(L))] = —E [logdet (T(L(1)) ) — log det(T(L(0)) )]

= —nrElog det(f/EnT + p_l) +
+ Elogdet (LVWW + (V + p )L, ). (C.23)

In the expression of 3, six terms cancel out to yield

D=V 5/01(1 — €ML(¢) tr [T(L() '] du. (C.24)
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Since T'(L(:)) is positive semidefinite, the trace of its inverse is positive, so that ¥ can be

upper-bounded using

1-¢L)E <1+ €L(0)E
<1+ tr(L())| €3
=1+¢l3 (C.25)

where the last equality is due to the property tr(L(¢)) = ¢ [cf. ] This yields an upper bound

N<VE {(1 +1€113) /01 tr [D(L() | db} . (C.26)

Let 0 < v < 1 be some arbitrary number. We now decompose ¥ = 31 + Y5 into a sum of two
terms by partitioning the integration interval ¢ € [0; 1] into [0; ) U [v; 1]. The first term ¥ shall
correspond to the interval [0; ), while the second term X9 shall correspond to the interval [v; 1].
Both terms ¥; and Y5 will be upper-bounded in the following. To begin with, consider that for

0 <1 < v, we have the matrix lower bound

T(L(t) = V(1 = )y + VW (L, — L)) W! (C.27)
which, when plugged into X1, yields an upper bound
- v —1
VE|(+1g3) [ o [P ]

<V +nT) E/OV tr [(f/(l — ), + VVAV(ﬁlnT - L(y))VAVT>_1} de

D]

=nr(l1+n7)VE l = (C.28)

V(l—v)+ f/xy}
where ), is a random variable following the empirical eigenvalue distribution of the matrix
VAV(%IRT —L(V))WT. Since ), is strictly positive almost surely, we can condition the expectation
appearing in the last line of (C.28) on A, > 0. Recalling that V = 1 — V, and noting that said
expectation is upper-bounded by 1/(1 — v), we can interchange the expectation operator and

the limit as p — oo by means of the Dominated Convergence Theorem, to get

N\, >0

"7.
limsup X1 < nr(l+n1)r-E |[limsu — = =
mSup & rR(1+nT) [ pﬁoop{V(l—y—)\V)Jr)\y}

=0 (C.29)

due to lim, ;o V = 0. Similarly, for v < < 1, we can use the lower bound

T'(L(1) = (VEL@)E+ p~ )Ly (C.30)
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by means of which we construct an upper bound on X9 as

% =VE[a+ ) [ ree ] af

V(L+€l3)
VEL(v)E + pt

<ngr(l-v)E l . (C.31)

nt—1
nt

to the interval (v9;1). This choice ensures that L(v) is full rank, because each eigenvalue of

Since v € (0;1) is arbitrary, let us choose a constant vy € ( ;1) and constrain v to belong

L(v) is upper-bounded by 1/nt (the multiple eigenvalue of the transmit covariance), while as

a consequence of ([{4), the eigenvalues of L(r) sum up to tr(L(v)) = v > vy > ”;;1 Hence, the

smallest eigenvalue of L(v) is

-1
Amin(L(1)) > g — == > 0 (C.32)
nr
so that X9 can be further upper-bounded as
V(1+ €3
Sy <nr(l—v)E l . ,(ZT_l H£H22) — (C.33)
V(v — ") €l +

Since the fraction inside the expectation operator is finite for ||£[|2 = 0, and since the random
variable ||€]|3 is strictly positive almost surely, we can condition said expectation on ||€[]2 > 0
without affecting its value. Then, by removing p~! from the denominator, we obtain the upper
bound

¥y < 1€]l2 >0

nR(l—v) o [1 + €113 ‘ (C.34)

et €113

nT
Without loss of generality, we can assume that nt > 2, since for a single transmit antenna, the

vy —

rate-splitting bound R*(L) does not depend on the layering function. For nt > 2, the expected
value of ||€]|52 is finite. Therefore, the upper bound (C.34) is finite and reads as

2 < U (14 el”]) (©.35)

nt—1
M)—‘ﬁﬁf

Since v can be chosen freely in the interval (1p;1), the upper bound can be made arbi-
trarily close to zero by choosing v arbitrarily close to one. We conclude that upper bounds on
> = Y1 + 35 can be found whose limit as p — oo is arbitrarily close to zero. Consequently, X
tends to zero as p — oo, which finalizes the proof of Theorem

C.5 Proof of Theorem 3.3

The matrix ﬁVAV}LLTVAVnT converges to I, almost surely as nt — oo. Since the function

v
X1 IL,.+=——72X C.36
Og ( R V + p_l ) ( )
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is continuous in the vicinity of X — I, it follows from the Continuous Mapping Theorem that

R, converges to

, 14
It now suffices to prove that
lim R _(L,.)=ngrl 1 v C.38
nTlgloo*”T( nr) = nR1og +m : (C.38)

For this purpose, let us fix ¢ to an arbitrary value from [0; 1], and consider the functions

Fara: X > Etr[Wh Dy (X) 7 Wiy L (0)] (C.39)

_ W, L, ()W

frgu: X = Etr | =2 nr(OWay | IR (C.39Db)
VX+1—t4p | VX41—i4p!

in which [cf. (3.22))]
L (X) = (VX + V(1= 0) 4 p7 ) Ing + VW Ly ()W, (C.40)

where we have used the abbreviation L, (1) = n—lTInT — L, (¢). By comparing (C.39)) with
(3.21)—(3.22), we notice that the rate-splitting bound Rj_(Ly,) can be written as

o
By (L) =V [ E [fura (€L (08)] (C.41)
where the expectation is over the distribution of & € N¢(0,1I).

Notice that the expectation in (C.39a)) is taken only over the distribution of W, and that
fnT,L results from replacing the term WnTinT(b)WT

nr

inside the expression of I', (X) by its
expected value
E (W Lo (W], | = (1= 1)L, (C.42)

and by recalling that V+V =1

Next, we show that the difference f,,, — fnT,L tends pointwise to zero as nt — oo. For this

purpose, we upper-bound the magnitude of this difference by means of

- I ~ . ~
-1 n|
o0~ 00~ (07 o9

Lo (X) 7 (Wor Loy W, — (1= 0L\ o W
VX +1—1+p! e "

< pE [tr g (X) ™ (Wi Ly (W = (1= ) ) Wi Ly ()W, |

E tr

A — A

< pE [T (X)) (Wi L (W] — (1= 1)Ly )

A

‘VAV,LT L. (L)W

nt

N

(C.43)

’tr ’
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where || Al £ tr((ATA)%) stands for the trace norm. Here, the second equality is obtained using
the identity A~ —B~! = A=1(B—A)B~!; the first inequality is obtained by Jensen’s inequality
applied on the convex function |-|, and by lower-bounding the denominator VX +1—:+p~! by
p~ L the second inequality is a consequence of von Neumann’s trace inequalityﬂ Note that for a
fixed trace norm [|A|y = Y1 05(A), the Frobenius norm ||A|r = (X7, UZ‘(A)Q)% is minimal
when all singular values 0;(A) are equal to ||A||t;/n. Therefore the trace norm and Frobenius

norm are related via an inequality
Al < vVl Allp. (C.44)

We apply the latter onto (C.43)), and exploit the submultiplicative property ||AB||r < ||A|||B|e
to get

‘fn'n fnT, (X)‘
< pnr E [ T( H HWHTLnT( )WT - (1
< pQHRME [HWNTLNT (L)WT (1 - L

el [WorLng (VW 1]
||WnTLnT OWH ]

SPQNR\/@\/E MWanT<L>WLT—<1—L>InR J E ([ WL (W [F]. (C.45)

Here, the second inequality is obtained by noting that I'y; (X)™! = pL,, hence ||Ty, (X) 71| <
p+/NR; the third bounding step is due to the Cauchy-Schwarz inequality.

Next, we determine an upper bound on the expectation E[HWnTLnT(b)WLTH%] Note that
for any W, the expression |[WL,, (t)WT|2 = tr(WL,, (¢)WIWL,,. (:) W) is convex in L, (1)

on the cone of positive semidefinite matrices, and thus convex in the diagonal entries of Ln.r(b).

Therefore, if we represent LnT( ) 2 diag(Lny1(t), .-+, Lurnp (1)) as a convex combination of
matrices ele , where e;,7 = 1,...,nT denote the canonical unit vectors, i.e.,
nTt .
L) = Z LnW-(L)eieZ-T (C46)
=1

then we can use said convexity to upper-bound the expectation E[HVVnTLnT(L)WILTH%] as
2
A . A 2 A
E[|Wor Lo (OWH [IF] = E [HWW (ZLW Leje )W* ]
F
< \"% ’
e {H nr i F}

= E [[ Wyl (C47)

1Von Neumann’s trace inequality states that for n x n matrices A and B, we have |tr(AB)| < Z:’L:1 ci(A)o;(B) where
0i(X),i = 1,...,n denote the non-increasingly ordered singular values of X. Clearly, this implies the weaker result

[tr(AB)| < (X1, 04(A)) (X h_y ok(B)) = [Aller||Bllsx-
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where Wi, ; £ WnTei,i = 1,...,nT denote the columns of WnT. The last equality follows
because said columns are identically distributed. The vector Wy 1 ~ Nc(0,1,,,) has a squared

Fuclidian norm which is gamma-distributed with shape ng and scale 1. Hence, we can compute

the right-hand side of (C.47) as

1 o0
(nl)'/ 2" T le= % Ay = ng(ng + 1). (C.48)
rR— 1) Jo

Combining (C.45)), (C.47) and (C.48)), we obtain

E [I¥nrall3] =

}fnT,L(X) - fnT,L(X)| < p2nR2 VIR + 1\/E |:HWTLTI_JnT(L)WiZT - (1 - L)InR

ﬂ . (Ca9)

Next, we concentrate on the remaining factor on the right-hand side of (C.49). Note that
L, (1) = iInT — L, (¢) is a diagonal, positive semidefinite matrix whose diagonal entries

belong to the interval [0; %] and sum up to 1 — ¢ € [0;1]. Let us define the function

g:RIT 5 R

Ao E [HWnT diag( AW — (1 = )T,

i} . (C.50)

The expectation on the right-hand side of (C.49) can be upper-bounded by means of the maxi-
mum value
nt
max g(A) subject to Z Ai=1—u (C.51)
(Al"“’A"T)E[O;E] i=1
Due to the symmetry of the constraint and of the objective function g in the entries of A, we can
restrict the search set to one of non-increasingly ordered entries, that is, we can assume without

loss of generality that A\ > ... > A,;. The resulting search set thus reduces to

nrt
{)\ c [o; 1}
nT

Definition C.1 (Schur convexity). A symmetm'(ﬂ function g: R} — R is said to be Schur

nrt
Alz...Z)\nT,Z)\izl—L}. (C.52)
=1

convez if for any two vectors p = [p1 ... pn]T andq = [q1 ... qn]T with non-negative entries
Sfulfilling

(3) i pi =321 G

(4) Sl ipi>Y0qiforallj=1,...,n—1

2 A symmetric function is a function whose image is invariant against permutations of its arguments
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we have that g(p) > g(q).

A necessary and sufficient condition for a differentiable function g to be Schur convex is that

it is symmetric and fulfills

dg 0g
i — T ——1>0. .
(xz wj) <8$Z‘ axj> / (C 53)

We now verify that the objective function of (C.51f), which is symmetric and differentiable,
fulfills the condition (C.53) for Schur convexity. Its partial derivatives read as

89 _ ~ X . &7t N
o = 2E (Whet (W diag W)W — (1= )T ) W] (C.54)
Hence,
L(99 _ 99 _ et W, diae W (0 w1 — s !
5 (a)\l - a)\j> =Etr {WnT dla‘g<A)WnT (wnT,ngT7i - WnT’]WTLT,j)}

nrt
—Etr KZ Akwkw*k> (W W, s — vAvnT,ijvLm)]
k=1
= E [Nl Waur al13 = A ¥ 3]
= (N = A) E|[Wnr 1 1] (C.55)

We infer that the objective function g is Schur convex. Consider the vector

T
a1 1 1 Ll—bJ 1
£ - = . = 1—0)— — :
A lnT - e U OR b PrealC 0 (C.56)

{ J
elements
l/n

We can readily verify that A* belongs to the search set (C.52)) and that for any vector A from
said search set, we have [cf. Definition Condition 4]

J J
SN j=1,...,n—1. (C.57)
=1 =1

We conclude from Definition that g(A) < g(A*), so A* is the maximizer of (C.51). Denoting

72 |n7(1 — )], the corresponding maximum g(A*) can be bounded as follows:

9(N%) = E ||| W, diag W)W, — (1 - o)L, i]
=E [ERSS wi "% wt i
=B~ ;wm,iwm + (1 —— nT) Wy aWho g — (1= )T, J
i 1 T+1 R N 2
<E e ; Wi, iWpo i — (1 =)L, J
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T7+1 741 1— T+1
- T e D LSRR,
=1 j=1
1 T+1 1 T+1
_ . o~ f 4
= Z trE [wnT Wy Wi jW nT7J:| + ] Z E [|wnT, }
t,j=1 =1
i#]
1 T+1
- (¥ 3] + nR(1 = )2
k=1
T(r+1 T+1 1—1
T T g 1) — 22 g 4 mr(1— )2, (C.58)
nT nT nT

Here, the inequality follows from upper-bounding the factor (1 - — —) by = For the last
equality, we have used E |:||WTLT7€||;1:| = nr(nr + 1), which was already evaluated in . Using

nt(l—0) —1<7<nt(l—1) (C.59)

we can further upper-bound (C.58) as

g(X")
1-— 1-— 1 1-— 1 1-—
< n( L)(nTg Y+ )nR—i— n §)+ nr(nr +1) —2 LnT(l—L)nR—i—nR(l—L)Q
nTt nrT nrT
1— 1-— 1
— ng (nT( - L) + nT( ;) —+ (nR + 1))
nT nT
1-— 1
< nr(ngr + 2)% (C.60)

nT

Finally, plugging (C.60)) into (C.49)), we end up with the bound

nT(l—L)+1

e (X) = Fara(X)] < pPnr? /iR (ng + 1) (ng +2)
nT

(C.61)

Next, by a similar reasoning we will determine an upper bound on the difference [cf. (C.39b))]

R

’E {fnT:L(gTL”T(L)E)} - fnT:L(b)‘ =|E i B ‘N/X +1—1¢+ pfl

‘ [VETLHT(L)S +1—0+ pfl

£ €L, ()€ — ¢
(VEL,, ()€+1—1+p )(VX+1—14p1)

€L (€ ¢
(VEL, ()E+1— 14+ p (VX +1—0+p7))
< nrp’V E HéTLnT(L)ﬁ — LH

< ansz\/E (€L (1€ — 0)?]. (C.62)

STLRVE

Here, the first inequality is Jensen’s inequality applied onto the convex function [-|; the second

inequality is obtained by lower-bounding the denominator by p~2; the last inequality is again
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Jensen’s inequality applied on the convex square function. We will now continue upper-bounding
the expectation on the right-hand side of ((C.62]). This expectation reads as

E[(€'Lur (€ = )] =B |(€"Lnr (08)°] - 7 (C.63)

because E[¢TL,,(1)€] = tr(Ln, (1)) = ¢. Note that L, (:) is a diagonal, positive semidefinite
matrix whose diagonal entries belong to the interval [0; ﬁ} and sum up to ¢ € [0;1]. Let us

define the function

g:RIT - R
X E (¢ diag(Mg)?] - (C.64)

The expectation on the right-hand side of (C.63) can be upper-bounded by the maximum

nt
max . G(X) subject to Z i =t (C.65)
(Aadnp)e0s ] T i=1

Due to the symmetry of the constraint and of the objective function § in the entries of X, we

can restrict the search set to one of non-increasingly ordered entries, i.e.,

. 1 1nT
{)\ € {0; }
nt

The function § is symmetric, differentiable, and Schur convex since

nt
Xlz...zﬁm,ZZ\i:L}. (C.66)

dg 03 b X 2 2
on, o, — 2E[€ dinge- (61 - 1) (C.67)
=2(N — X)) E{\ﬁlﬂ (C.68)
where the last equality is due to the components &;,i = 1,. .., nT of the vector € being identically

distributed. The vector
1 1 1 1 B
PR — — t— int] — 0 O] (C.69)
nr nT nr nT

|enT] elements

belongs to the search set (C.66) and is such that for any vector A = [5\1 e S\nT]T belonging to
this search set, we have [cf. Definition Condition 4]

J

j
DAz
=1 %

We conclude from Definition that §(A) < §(A*), hence A* is the maximizer of (C.51). The

i, j=1,...,n—1. (C.70)
1
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resulting maximum §(A*) can be bounded as follows:
~rN Kk T . N * 2
§(\") = E [(€" diag(X")¢)”]
r 2
1 lenT ] 2 1
=E ( Z |§z| <L_ L’I’LTJ ) |£|_LTZTJ+1| )

Len | +1 2
<E ( > \&F)

=1

1
ni ( E [l&2/¢,12] + f : [mﬂ)
L (i

1<i<j<|enT|+1

T/ (lent] + 1) + 2(lent] + 1))

< (L + ) . (C.71)

nT

Here, the first inequality is obtained by upper-bounding the factor (¢ — LmTJ ) by —— the last
inequality results from upper-bounding the factors (|unt|+1) by ([tnt] +2). In between these

inequalities, we have also used

E[jenf?] = /Oooxe—w dr =1 E [jenl] = /OOO 22e " dz = 2. (C.72)

By plugging (C.71)) into (C.63) to upper-bound the right-hand side of (C.62)), we finally obtain

E [Fura (€L (08)] — Farae)] < anQV\/ (o 2) -2

nT
1

- |1
= 2rp*V . (1 + nT). (C.73)

Combining the bounds (C.61)) and (C.73) by means of the triangle inequality, we obtain a bound
on the difference between the expectation E [ f’nT,L(éTLTLT(b)é)} and fnT’L(L) which reads as

E [fur s (6" ns (08)] = Frr (0]

nT(l — L) +1
nrt '

- |1 1
< 2rp*V - <1 + ) + anRz\/nR(nR +1)(nr +2) (C.74)
T

nT

Since this upper bound tends to zero as nt tends to infinity, we conclude that the limit of
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R} _(Ly;) as ny tends to infinity is equal to [cf. (C.41))]

0
1
=V lim ~ IR dL}
=0 (Jo Vi4+1—1+4p~1t
=nglo 1+L (C.75)
R 10g V—{—p*1 . .

In the last step, we have integrated over ¢ € [0; 1] and made use of the fact that V +V = 1. This
establishes (C.38) and concludes the proof.

C.6 Proof of Theorem 3.4

Since we are interested in the large-system limit as nr — oo, we will assume throughout that

nr > nT, without loss of generality.
We start by observing that the worst-case-noise bound under i.i.d. Rayleigh fading (3.2) [or
(3-25)] is expressible as the expected value of a function of the Gram form VWIW [cf. (3.3)]

VWIW
R—=E|logdet |I,,, + =
R [og e ( . V+p—1Q>]

—=NRXNT

B[Ry (VWIWLT,p)] (C.76)

where R, . (-,-,-) is a function of three arguments defined as

. nTtXnTt
ETLRXTLT : C+ X R+ X R++ — R+

- X
X, V, —  logdet (I, + =—— ) C.77
X.V.p) gdet (Lo + 525Q) (€77)
Here, V and the transmit covariance Q are assumed to have fixed values and are not included

as arguments of the function R since their influence on the worst-case-noise bound is not

MR XNT?

relevant in this proof.

A first observation is that we have the identity

=—NRXNT =nT XNt T =nT XnT

Ry (VWIW, V) = R (VWIWL V) = R (€7€,7,0) (C.78)

where VWTW = (A:(A:T is the Cholesky decomposition of the matrix VWTW, that is, Cisa
nt X nt square matrix. We infer that the worst-case-noise lower bound R(L) is not only a
mutual information lower bound for a channel with a ng x nt tall channel matrix ﬁ W, but

also a mutual information lower bound for a channel with a nt X nt square channel matrix C.
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We call this channel the associated square channel.

To make this statement precise, we have that R is simultaneously a lower bound on two

mutual informations, namely,

RSmin{I(XG;(\/;W—F\/EW)XG—FZ

W) I (XG; (C + C) xc + 7' c)} (C.79)

where vec(C) ~ Ng (0, VInT2) is independent of C and where 2’ ~ N¢(0,1,,,).

A second observation is that for any £ > 0, we have
- v
EnRXnT (kxa v, ,0) = EnRXnT X, Ea kp] . (CSO)

It means that scaling the channel component H=VIW by a factor vk amounts to both
multiplying the SNR p and dividing the channel error variance V by a factor k. Obviously, this
property also holds for the associated square channel. It is important to note that here, we do
not assume that V and V are related via V + V = 1. Instead, V has some arbitrary, constant
value throughout. Hence, changing the second argument of the function R
the value of V.

nrxny does not change

The same two observations apply to the infinite-layering bounds as well. In fact, the infinite-

layering bound (3.3)) [or (3.26)] reads as
A 1 A A A — A — A .
R*L) = V/ Etr|Wi(aL,, + VWL()WT) T'WLQ)| do (C.81)
0
where « is the random variable

a=VELWE+V(—1)+p L (C.82)

Using the reduced factorization L(:) = AAT such that A € C*mx1ark(L() and applying the
Matrix Inversion Lemma to the matrix VWTF(L(L))_lw we obtain

A

PPN 1oa A A A —1
VWIT(L())"'W = VW' (ol + VWAATWT) W

Ve oo V2 Voo N e
:EWTW—ngWA Irank(A)+EATWTWA ATWIW. (C.83)

This expression reveals that the expression inside the trace operator of (C.81]) actually depends
on the random matrix W via its Gram form WW. Therefore, similarly to the worst-case-noise

bound expressed as the expected value of a function R, we can express the infinite-layering

NRXNT?
bound as an expected value
R*(L) = E [R;

MR XNT

(VWTW, v, p. L)} (C.84)
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where Ry, (-, ) denotes a function of four arguments defined as
R:LRan (CiTX”T X R+ X R++ xLp — R+
(X, V,p,L) — R (X, V,p,L) (C.85)
where

~ 1 X 1 :
RZRXnT(Xa Vap)L) = /0 EtI‘ l(a - $XA < rank(A) + OLATXA) ATX> L(L)] dL. (086)

Here, the expectation is over the distribution of .
Using the same Cholesky decomposition VWTW CC as before, we observe firstly that

Ry (VW'WL V. L) = RY

(VW'W, V., L) = By, (E'€,7,0.L)  (C87)

so it can be inferred that the infinite-layering bound R*(L) is not only a mutual information
lower bound for a channel with a ng X nt tall random channel matrix VT W, but also a mutual

information lower bound for its associated nt x nt square channel with random channel matrix

A

C.

More precisely, we have that R*(L) is a common lower bound for two mutual informations,

namely

R*(L) < min{ (xG, (\/7W+ )XG +z

where vec(C) ~ N¢(0,V1, ) is independent of C and where 2’ ~ N¢(0,1,,).

W> (xG,(C—i—C)xG—i—z"C)} (C.88)

We observe secondly that for any k£ > 0, we have the identity

* X / * V
Riscnr (FX V0, L) = By (x, okp. L) . (C.89)
Let us now proceed to bounding the difference R*(L)— R from above and from below in order
to derive tight bounds that will allow to compute its limit as ng — oco. We start by switching

to the associated square channel representation:

R*L)—-R=E [R;Rm (VWTW, V., p, L)} —E [ﬁnRXnT (VWTW, V,p)}
~E [R* (CTC,V,p, L)} —E [ﬁwm (CTC, f/,p)} . (C.90)

nTXnt

Since the minuend on the right-hand side of the last expression is a lower bound on the mutual
information of the associated square channel, this minuend is upper-bounded by the mutual

information upper bound (2.56)) corresponding to said square channel. For the associated square
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channel at hand, the general expression of the upper bound (2.56)—(2.57)) specializes to
I(xq; (C+C)xc+ z"@) <E Ry (CTC,V,0)] + A (V) (C.91)
where we have implicitly defined the bound gap Ay, xny (f/, p) to stand for

B ¥ -1
AnT><nT (V7p) =nT E |}Og (f/;(c;;[;p_l)] : (092)

Since the latter expression does not depend on ng, it follows from combining (C.90) and (C.91)

that the large system limit is upper-bounded as

{R*(L) = B} < Anrnr (V). (C.93)

lim
NR— 00

Next, we will derive a matching lower bound. We start again with the expression of the bound

gap in terms of the associated square channel (C.90)). The subtrahend can be upper-bounded by
Jensen’s inequality as

(CTC, V,p }

CfC

=E llog det (InT + —W)]

> 1 1+ nrR=——"—— C.94
ZNT 083( nRV+p1> ( )

because E[CT(AJ} =V E[WTW] = nrl,;.
As to the minuend of (C.90), we fix an arbitrary e € (0;1) and lower-bound the minuend as

follows:

R*L)=E [R;TW (CJTC, P,
> E {RZTXnT (CTC> V,p,

We next lower-bound the first factor on the right-hand side of the last expression using the

following lemma.

Lemma C.1. The function
X = Ripnr (X, V., L) (C.96)
is matrix-monotone, i.e.,
X=Xy = R:L-rxn-r (X17 V’ P L) < R:LTXnT <X27 ‘N/v P, L) (097)

Proof: See Section [C.7]
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Hence,

nTXnTt

R*(L) > R}, (nRV(l — L, V, p, L) Pr {CTC = ngV (1 — e)InT}

= Riny (V1= g, £ ngp, L) Pr{CTC = gV (1 - )L, | (C.98)
where for the last inequality we have used the identity (C.89)).

Denoting the eigenvalues of WIW as \; (WTW), i=1,...,n7, we can lower-bound the last

factor in (C.98)) as follows:

>1-— f: Pr{)\i(VAVTVAV) < nR(l — 6)}
i=1
=1-—nTt Pr{)\l (WIW) < ng(1 — e)} (C.99)

Here, the first inequality is due to Pr{A U B} > Pr{A N B}, for the second inequality we have
used the union bound; the last equality holds because the eigenvalues of WIW have a symmetric
distribution, so the marginal distribution of each eigenvalue \; (WTW) is equal to the empirical
eigenvalue distribution of WIW. To further pursue this lower-bounding, we need the following

lemma.

Lemma C.2. For a real-valued random variable X with mean E[X] = u and variance E[X?] —
u? = o2, we have for any n < p the inequality

2

P{X<n<—-—-——. C.100
s T (©.100)
Proof: See Section |
Noting that
A 1 & A
E[\ (WIW)] = e > E[ A (WIW)]

= nR (C.101)
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is larger than ng(1 — €), we can apply Lemma on (C.99) to obtain the lower bound
Pr{CTC = ngrV (1 — e)InT} >1—nt Pr{)\l (WIW) < ng(1 — e)}
>1—nt Pr{)\1 (WTW) <nr(1-— e)}

1 var(/\1 (WTW))

A (C.102)
(nre)? + var()\l (WTW))
Here, the second inequality is because )\ (WTW) < nr(1 — €) implies Al(WTW) < nr(1 —e).
Denoting as w; the i-th column of W, and VAVM the (7, j)-th entry of W, the variance in the last
expression can be computed as

var( (W) = L E [ Ai(WIW)? | — E[0 (WTW)]?
nrt ;

— —E [ (WIWWIW)] - g
nTt
= E[wWW'w| - ng?

= E[Iwi]l3] + (v — 1 E ] sal] — g

nR
=nr(nr+ 1)+ (nr = 1) E [ D W5 W,a| | - ng’
j=1
IR a2 a2 5
= nR(nR + 1) + (nT — 1) Z E |:’W71‘ :| E |: ng‘ :| — nNR
j=1
=nr(ng + 1) + (nT — 1)ng — nr>
= NTNR. (0103)
Combining this with (C.102)), we end up with the lower bound
2
A T A A, _ _ ’)’LT
Pr{CIC = npV(1 - o)L, } > 1 B (C.104)
which we insert into (C.98) to obtain
2
nT A~ ¥,
R*(L) > <1 - nR€2+nT> "Ry ny (V(l — eI, nLR,an, L) . (C.105)

Applying Theorem [3.2] to the associated square channel, we have

hm {RTLTXTLT (V(l - 6)ITLT7 nLRa an) + A’rl'r><’rl-|- (V’ p)

NR—00

— R n (V(l — )Ly, - Rp, L)} = 0. (C.106)
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Therefore, we can write

Ry (VA = Ly, - p, L)
— EnTXnT (‘7(1 - G)In'rv %7 an) + ATLTXTLT (Va P) - 6(”R)

V(l—e -
= nTlog (1 + nRV(—l—/)_l)) + Aprxng (V,p) — d(nR) (C.107)

with a non-negative term §(ng) fulfilling

lim §(ng) = 0. (C.108)
NR— 00
Plugging (C.107)) into (C.105)), we get
9 ~
nTt V(l — 6) ~

We can now combine this lower bound on R*(L) with the upper bound (C.94) on R to compute
a lower bound on the limit of the bound difference R*(L) — R as ng — oo. Note that

nt log (1 + nR Wl_e))

Vit
lim S =0 (C.110)
NR—00 nRe* +nrt
and that
V(- 4

néigloo {nT log (1 + an/(—i—,z)_el)) — ntlog (1 + nRW) } = ntlog(l —¢). (C.111)

Combining (C.110)—(C.111]) with (C.94) and (C.109), we finally obtain
lim {R*(L) = B} > Aprsnr (V, p) + n7 log(1 = ). (C.112)

NR— 00

Since € can be chosen arbitrarily small, we conlude by comparison of (C.93) and (C.112)) that

lim {R*(L) - B} = Aprsns (V). (C.113)

NR— 00

This concludes the proof of Theorem

C.7 Proof of Lemma [C.1]
By comparison with (C.86]), it suffices to prove that the function

—1
FrOUTT LR, X s tr Kz - %xj; (Lank(A) + ;ATXA) ATx> L(L)] (C.114)
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is matrix-monotone for any given « > 0. For this purpose, we will prove that its derivative

d
—f(X+vX A1
AKX (C.115)
is non-negative. Using the abbreviation
1 -1
B=A (Irank(A) + ATXA> Af (C.116)
a
this derivative reads as
Qrxgoxy)| =L [(a?Xo — aXgBX — aXBX, + XBXoBX)L(1)|
dv o Q3
1 .
= [(aLu; = XB)Xo (ol — BX)L(1)]
> 0. (C.117)

The last inequality follows because X and L(L) are positive semidefinite, and the trace of a

product of positive semidefinite matrices is non-negative.

C.8 Proof of Lemma

By the law of total probability, we have

p=E[X|X <n|Pr{X <n}+E[X|X >n]Pr{X >n} (C.118a)
p*+ 0> =E[X?X <] Pr{X <n} +E[X?|X >n] Pr{X > n}. (C.118b)

Since the square function is convex, by Jensen’s inequality we have
p? + 0% > E[X?|X <] Pr{X <n}+E[X|X >n]"Pr{X >n}. (C.119)
Using ((C.118a)), we can eliminate the expectation E[X|X > 7] from (C.119) and obtain

p—E[X|X <n]Pr{X <n}
Pr{X >n}

2
p?+ 02 > E[X?X <] Pr{X <n}+ ( ) Pr{X >n}. (C.120)

Using that Pr{X > n} =1— Pr{X <7} and upon rearranging terms, we get

o? > ((n— E[X|X <n))*+0%) Pr{X <n} +E[X|X < 5] Pr{X <y} Pr{X > 1}
> ((n—E[X|X <))* +0?) Pr{X <}
> ((p=m)* +0) Pr{X <n} (C.121)

where the last inequality follows because p > n by assumption. This proves Lemma [C.2]
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C.9 Proof of Theorem

Denote Z,,, = [|£||3 which is a gamma-distributed random variable with shape nt and scale 1
whose probability density function is given by fz, (x) for & > 0 [cf. (3.10)]. Upon performing
the variable change u = off’i), applying the identity A(A + 2I)~! =T — z(A + 2I)~! for some

matrix A and scalar z, and using the Fubini theorem, one can express the rate-splitting bound

as

-1
R*(Lyey) = /OO /OO mR _ g u) E|tr wwi + g(u, )L, Iz, () dudz. (C.122)
0 o2(z) u U nrt T

Lemma C.3. Let vec(W) ~ Ng (0,15, ) where W € C™”*"T . Then, for any x > 0,

-1
E ltr <WWT —I—xInR> } —nt((x)| <

(C.123)

nT — xint?

where ( is given in (3.38)).

Sketch: The result can be easily proved along the lines of the proofs of [Hac08, Theorem 3,
Proposition 3 and 5]. ]

Applying Lemma to the trace term on the right-hand side of the last equation yields
o [e.°] —
R*(Llev) _ / / (nR nRg(x,u)C(g(:r,u)) + €> fEn (IL‘) dudz (C124)
0 o2(x) U T

for some ¢, satisfying |e| <

2nR

TN One can verify that nrg(x, u){(g(x,u)) < ng and continue

by bounding the error term:

= dud
/0 /02(1) fz, (¥) dudz

0o oo 2nR
< / / ) — 55 f=,, (¥)dudx

ug(x U)?’TLT
2n
/ / )y o2(x :ERu)3n-|—2 EnT($) dudz
2’1’LR
_/0 o2(2)(g(z, o2(z )))gnTqunT(a:) dz
(73
271va _ O(nT_l)- (0125)

N (‘7 + p_l)QnTQ
Since this integral is finite, the integral over the first two integrands in (C.124]) must also exist.

This concludes the proof.
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C.10 Derivation of ([3.47))

Let us define
Nmin = Min(ng, ny) Nmax = max(ng, nT) nA = Nmax — Nmin- (C.126)
In [Tel99)], Telatar proved that for vec(W) ~ N¢ (0, Lpny ), We have the closed-form expression
E [log det (InR + a_lwaﬂ

Nmin—1
00 v\ & k! 2 _
= g (1+2) Y AP 12
/0 og( a) (A )]Tvree dv (C.127)

pr (k+na)!
in which Aé- denote Laguerre polynomials of order j defined as

1 Y A
) Lyt —x,.i+k
A(x) = j' T (e7 """, (C.128)
Using the function ¢(x) = —e” Ei(—xz) defined earlier in (2.25)), we can evaluate the definite

integral from ((C.127)) as [Alo99, Equation (78)]

/ log (1 + $> e " dx
0 a

=

[ (k=D (=a)" " F — (n—i—1)la""¢(a) (C.129)
k=1
or alternatively, in terms of the incomplete gamma function [Gra07, Formula 4.337.5]

[eS) n+1
log (1 + ~*dz = nle” e ¥ i —1 C.130
/3 og( a)m e “dx =nle Za (—n—i—1,a) ( )

=1

where said incomplete gamma function is defined as |[Gra07, Formula 8.350.2]
[e.9]
T(u, v) = / et dt, (C.131)
v

The resulting closed-form expression of (C.127)) is given in [Kan06, Equation (34)]. It reads as

nmln 1

Y [ g 7’LA +Z
E [log det (L, + a'WWT)| = ¢ Z TN
7!
Zi: Zj: —i)r(=0)j-k(na +Jj)! y
=0 \imo nA—i-l kk'(nA-}-l)j k(G —k)!
na+j7+1 -
Z D(—na —j+£0—1,a)a™H=H1 (C.132)
(=1

where (a)g=a-(a+1)-...-(a+qg—1)=T(a+q)/T'(a) is the Pochhammer symbol.
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A similar closed-form expression for the function

N B
Qev(a) 2 = Etr [W (InR + cleWT) W]
o
can be derived by observing that

(C.133)

Qe (@) —a% E [logdet (L., + a~"WWT)]

(C.134)
Using that for non-negative exponents N > 0 we have
iF(fN ) = 1 (NF(fN o)y fe_o‘)
da ’ a ’

(C.135)
we compute the derivative on the right-hand side of (C.134]) by differentiation of with
respect to «, which gives us

Qe (@) = —aE [logdet (L, + 0~ 'WWH)]
Nmin— 1

(n NEL [ N (—
7QZO A+le(z )ké

i)j—k(na +7)! "
= (na 4+ Dkl (na +1);-1(j — k)

x 3 [(na+j— £+ )D(=na —j+L—1,a)a"a L cmo]
/=1

na+j7+1

(C.136)
wherein the log-determinant term can be evaluated with the help of (C.132). The semi-closed
form of R*(Ljey) is now obtained by observing that can be written as

. 1 1 EnV +
R (Llev):/0 Ell—ﬁ“( VA (

1— )V !
OV +p7nT ) | g, (C.137)
(1—-)V
in which the random variable Z,,; has a probability density function given by -

C.11 Derivation of (3.48)

We start with the first line of Equation (C.14]) from Appendix which is an expression for
R*(Lgtag) reading as

R*(Lstag) = VZ/O E |:VAV1L (Oéz v InR + V(l — V)WZWI + VW(/L'+1) nTW(z—H) TLT)
=1

Recall that a;(v) is given by [cf. (C.13)

-1
WZ] dv.

(C.138)
a;(v) éf/<:il +V§1+1—V—i—n-|-—i) +pt (C.139)
nr nr
where =;,_1 and =; are mutually independent, gamma-distributed with scale 1 and respective
shapes i — 1 and 1 [cf. (3.10))].
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C.11.1 Tall or Square Channel Matrices (nt < nQR)

Assume that nt < ng. We will first derive a closed-form expression for an expectation of the

form

E [log det (Im + B_lwl:(n—l)wi:(n—l) + 5_1W”VAVL)}

=E |logdet | I, + W
0 0~

B 01] WT)] (C.140)

in which 0 < ,6’_1 < 61, and where W € C™ " is tall or square (i.e., m > n) and follows a
distribution vec(W) ~ Ng(0, Lngn,)-

To this end, we start with a known closed-form expression for
E[log det (L, + WA~'WT)] (C.141)

where A™! is a n x n diagonal matrix having positive, distinct and increasingly ordered entries
Aj_l, j=1,...,n,ie, 0 < Al_1 < ... < Al Said closed-form expression reads as [Kan03|
Theorem 2, Case 1]

E [log det (T, + WAT'WT)| = det(]f(ix)z’f 1‘(12(‘1’]’“)(A)) (C.142)
where
V(A) = J](Ag — Ap) (C.143)

denotes the determinant of the Vandermonde matrixt]

1 Ay A2 0 A7
1 Ay A2 ... Ay Coa
i A, A2 .. AT

and where Wi (A), k= 1,...,n are n X n matrices whose (p, ¢)-th entry is given by

/ log(1 4 z)z™ Pe M dx ifp=k
[wi(A)],, =470 (C.145)
(m — p)!A{]’_m_1 if p#£k.

Notice that the p-th column of ¥ (A) is a function of A, only, so Wj(A) can be represented as

Ti(A) = [a(A) ... Pra(dn)] (C.146)

3 Note that for n = 1, the Vandermonde determinant equals 1
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where 1y, ,(Ap) denotes the p-th column of ¥y (A).

The closed-form expression on the right-hand side of is only valid when the val-
ues Ap, p = 1,...,n are distinct. In fact, whenever two values are equal, the determinants
det(¥x(A)) and V(A) become zero, leading to an indeterminate form of the kind ‘0/0’ Nev-
ertheless, it can be easily shown that the left-hand side of is continuous in the vector
(A1,...,A,) and well-defined even when the entries of the latter are not all distinct. Therefore,
we can extend the above closed-form expression to cases of eigenvalue multiplicities by taking
appropriate limits so as to derive an expression for . Specifically, we are interested in
the limiting expression for all A, tending to some value 8 > 0 except one value that is equal to

0 > 0, where it holds that 6 < . That is, we want to compute the limit

| 0| . .
E |[logdet | I, + W p ! wi|| = lim E[logdet (Im+WA—1WT)}
0 51 (Al,...,AX_l)E)(,B,...,,B)
n—r

_ lim det(A)" > p_; det(¥r(A))
(AlazAnfl)_)(Bzvﬁ) V(A) :;L:l(m - .7)‘
Apn—d
(C.147)
where 0 < 371 < §~1. Using [Sim06, Lemma 6], we have for n > 3 tha‘ﬂ
. det(T(A)) et (| @x(8) wia(0))) 1
Atdn-)=Bef)  VA) (6 B)" IS ! '
Ap—9d
Here, ®1 (/) stands for the n x (n — 1) matrix
®u(8) = [pra(8) wh(B) B .. BB (C.149)

where 1)y, ,(A,) denotes the p-th column of ¥ (A), and where 1&,(;2(:5) denotes its v-th derivative
function C&—V,,'L,bk,p(:z). By differentiation of ((C.145]), we can express the entries of ® (/) as

(=Bt OOlog(l + x)z™ P Prdy ifp=kandg<n
[®x(B)],, = /0 v (C.150)

7q (-1 Ym —p+q—1)|gpma if p#£kand g <n.

A

Upon setting m = ng and n = nt — i + 1, and noticing that (le(n,l), W, ) and (VAV(iH):nT, Wwi)

4The case n = 2 entails no eigenvalue multiplicities and should be handled directly using (C.142) without taking limits.
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have the same distribution, by combining (C.140)), (C.147)) and ((C.148)), we obtain

Elog det (L + 87 W)y Wiy, + 07 Ww] )]
5(nT—z‘)(nT—z’+1) nT—i+1 ( 5

I e ) T kz::l 6—5) det ([#9) duur-ina(@]) ©151

Let us denote

Qstag,i(57 6) 2E [Wl (IHR + ﬁilw(i+l):nTWL+1) +4” "W T) Wz} : (C'152)
Observe that
d 1<k 4 W
Qutag(8,8) = =8 = E[log det (InR + BT W (1) Wy 07! *)} (C.153)

Therefore, upon differentiating (C.151)) with respect to §, we get a closed-form expression for
Qstag,i(B,6) which reads as

B(WT—i)(nT—i-i-l) ”THl( 5 )nT—i
Qstag,i(8,0) = ; < 5 X

<[(1- 252 ))dt([m(m G- 01(0)]) + 53et ([@(9) vl 0)])]- (€150

By comparison with (C.138)) and ((C.139)), we infer that

o el 1 (ai(v) (V)
(Lstag)_vg/o E[ai(y)gsmg,« > ’V(1—u)>1 dv. (C.155)

C.11.2 Broad Channel Matrices (ngr < nT)

Assume that ng < nt. We will follow the same proof steps as in Subsection We first

derive a closed-form expression for
—1R Vel 1
E[log det (Im +4 W1;(n71)W1:( y+ 5~ anT)}

=E llog det (Im + W

-1
b (I)”l 5(31] WT)] (C.156)

in Which 0< B! <61 and where W € C"™*™ is broad (i.e., m < n) and follows a distribution
vec(W) ~ Ng(0, Lngny )-

We start with a known closed-form expression for an expectation

Elog det (T, + WA™'WT)] (C.157)
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where A1 is a n x n diagonal matrix having positive, distinct and increasingly ordered entries
Aj_l, j=1,...,n,ie, 0 < Al_1 < ... < A;l Said closed-form expression reads as [Kan03|
Theorem 2, Case 2]

ydet(A)™ Sop det (P (A))

E [logdet (I, + WATIWT)| = (—1)m(n—m C.158
[log det (T + )] =1 VAT, G — 1) (C.158)
where the n x n matrix ¥, (A) can be partitioned in an upper and a lower part as
5 ‘i’upper(A)
Tp(A) = | - L k=1,...,m (C.159)
\I’lower,k(A)
whose (p, ¢)-th entries are given respectively by
[lilupper(A)jIp’q = (—Ay)" P (p=1,....,n—m, ¢g=1,...,n) (C.160a)
~ / log(1 + x)xm_pe_Aqx dr ifp=k%
[‘Illower,k’(A)]p’q = 0 (Cl60b)

(m —p)lAp=mt ifp#£k
(p:]_’...’m’ q:17'..7n)

The p-th column of \i'upper(A) and of \illowenk(A) are functions of A, only, so these matrices can

be represented as

‘I’UPper(A) = {’l/;upper,l(Al) e ’l/;upper,n(An)] (C161a)
‘i’lower,k(A) = {Qﬁlower,k,l(Al) s ’l;lower,k,n(An)} (ClGlb)

where &upper,p(/\p) and ’ﬁzlower,k,p(Ap) denote the p-th column of \ilupper(A) and lillower,k(A)a

respectively.

As in Subsection we are interested in the limiting expression for all A, tending to a
common value 8 > 0 except for one value, which tends to § > 0, where it holds that § < 5. That

ﬁ_lInfl 0 VAVT
0 51!

is, we want to compute the limit

E [mg det (Im +W

- lim E [1og det (Im + WA‘le)]
(Al,...,Anfl)%(ﬂ,.“,ﬂ)
Ap—o
. oy det(A)™ ST det(W(A))
= lim —1)min=m) b=l — C.162
T SO V) T, G — 1)! (€162)

Ap—06
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Using [Sim06, Lemma 6], we have for n > 3 that

- det(Fy(A)) _ det ([@(ﬁ)l Pin()]) )
Atyohn—1)=(B,8)  V(A) (6 —B)" —2 1
Ap—o
Here, ®;(3) stands for the n x (n — 1) matrix
®(8) = [ra(8) PLHB) BAB) .. BB (C.164)

where 4y, ,(A,,) denotes the p-th column of ¥ (A), and where 1,5,82(:5) denotes its v-th derivative
function %'&k,p(x). Much like the matrix ¥ (A), we can partition the matrix ®;(3) into an

upper and a lower part as

X @u er
®.(8)=1|."" (5) : (C.165)
(ﬁlower,k(ﬂ)
By differentiation of (C.160)), we can express the entries of ®1(3) as
- (n—m—p)g1(=p) P4t ifptg<n-m+1
[q)upper(ﬁ)]pyq = ! (C.166a)
0 fp+g>n—m-+1
(p=1,....,.n—m, ¢g=1,...,n)
. (—p)t / log(1+ z)z™ Pe P dx ifp=k
[®rowerk(B)],, = 0 (C.166b)

(1) (m —p+q—1)pprma if p#k

Upon setting m = ng and n = nt — i + 1, and noticing that (VAVL(n_l), W, ) and (VAV(Z-H):”T, w;)
have the same distribution, by combining (C.156)), (C.162)) and (C.163|), we obtain

(C.167)

E[log det (InR + 5_1W(i+1):nTWzi+1):nT +07 Wi T)}

(_1)nR(nT*nR*i+1)ﬂnR(nT*i) §PR "R

%G - DL e (0=B) ZZdet([Wﬁ) Prnr-is1(9)]) - (C.168)

Let us denote

Uutagi(8,6) 2 E|Wi (Lo + B~ W1, Wiy, +07 1 Waw]) W’]

_ d 1 T 1A AT
— -5 E [1ogdet(InR+5 W (i 1yimr W)y 07 )} (C.169)
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Upon differentiating (C.168)) with respect to §, we get

0 (5.5) 52 (_1)”R(nT*nR*i+1)ﬂnR(nT*i) PR y
stag,i\/?» 0) = = n . ny—i— ’ nt—i
: [5G - DI e (6-8)"

X ki; [(7? _ 7;"’_7;) det ({‘i)k(/@) &k,nTﬂ#l((s)]) + det ([ik(ﬁ) JJS,L_ZAH((S)D} )
(C.170)

By comparison with (C.138]) and ((C.139)), we infer that

. e el 1 (ailv) i) ,
R*(Litag) = V;/O E [ai(y)gstag,« - ’V(l—u))] dv. (C.171)
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Appendices to Chapter [4

D.1 Examples of utilities

Table D.1 Examples of utilities from the class F

| | Utility Curvature in S
1 I(S) concave
2 tr(S) linear
3 det(S) log-concave
4 tr(S~1)~! log-concave
5 det(I+ vS) with v >0 log-concave
6 Edet(I + WSWT) log-concave
7 Elog det(WSWT) for nt > ng concave
8 E det(WSWT) for nt > ng log-concave
9 —trE{(I+WSWT)~1} concave
10 | trE{(S™! + WTW)~1} for det(S) # 0 concave
11 Pr(det(I + WSWT) > 1) ~/-
12 | Pr(logdet(WSWT) > n) for nt > ng —/-
13 Pr(det(WSWT) > 1) for nt > ng —/-
14 Pr(—tr {(I+ WSWT)~11 >p) —/-
15 Pr(tr {(S~1+ WIW)~1} > ) —/-
16 BE convex
17 Amax(S) convex

In the following, we provide a few examples illustrating from which bounds or approximations

of the mutual information I(S) the above utilities may arise.

167
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Utility 2 A simple upper bound on I(S) is obtained using the fact that EfWSWT] = tr(S)n1I
and by applying Jensen’s inequality to the concave log-determinant:

nR

I(8) < log(1 + tr(S)nT). (D.1)

i=1

Utility 5 with v = ntng  Using the determinant identity det(I+AB) = det(I+BA) to write
I(S) = Elog det(I + SWTW), and applying Jensen’s inequality, we get another upper bound:

I(S) <logdet (I + ntngS). (D.2)

Here, we have used E[WIW] = nyng.

Utilities 6 and 11 By applying Jensen’s inequality to the concave log function, we get the
upper bound

I(S) < log E[det(I + WSWT)]. (D.3)

Utilities 3, 7 and 12 We can lower bound I(S) by removing the identity matrix inside the
log-determinant. Depending on the sizes of antenna arrays, this gives us a bound I(S) > I(S)

with

A A

Elogdet(WSWT)  for nt >n
sy={ ° ( : A) TeoR (D.4)
Elogdet(SWIW) for nt < ng,

The former case (i.e., nT > nr) justifies utilities 7 and 12. In the latter case (i.e., nT < ngr), note
that

I(S) = log det(S) + Elog det(W'W) (D.5)

leads to utility 3. Clearly, I(S) is good as an approximation of I(S) at high SNR, and was used
as such in [Gau00|, |Gra02]. Let us also mention the tighter lower bound |[Oym02]

1(S) > nrlog (1 + exp <log(e) I(S))) , (D.6)

nR

the derivation of which makes use of the Minkowski inequality for determinants.

D.2 Proof of Theorem [4.1]

Let P and Q have rank(P) = rp and rank(Q) = rq respectively, with rp,rq € {1,...,nT}.

The absolute difference of ranks be d = |rp — rq|. The pilot matrix and precoder have reduced
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spectral decompositions P = UPAPUL and Q = UQAQUIQ, respectively, where the eigenbases
Up € U""™ and Uq € U"T*"Q are tall or square, whereas Ap and Aq are diagonal and
positive definite. Let Up. € U"T*(1=7P) and Uq: € U (1) denote orthonormal bases of

the nullspaces of P and Q, respectively, so that UI;UPL =0 and UEUQL =0.

The reduced eigendecomposition of R is consistently denoted as Uf{ARU%, where Ay €
R’;PXTP is diagonal positive definite and of size rp X rp, due to the rank equality
which states that rank(R) = rank(P). The orthonormal nullspace of R is denoted as Ugi. €
U< (nT=rP)  'We introduce the notation L ANB to designate an orthonormal basis of the inter-
section of range spaces range(A) and range(B). If it exists, Lang is a matrix with the maximum

number of columns defined as

LarB = {L

Assume that range(Q) ¢ range(R), so the matrix Lqnr. is defined and has at least one

L'L =1,
. (D.7)
Vx #0: ALx # 0 and BLx # 0

column. We define a new precoder Q' € Q(uo) as

Ql = Q - )\T’Q(Q)LQQRJ—LTQQRJ_7 (DS)

where )\, (Q) is the smallest non-zero eigenvalue of Q. First, we verify that Q' € Q(ug). Clearly,
since A\rq(Q) > 0, we have Q' < Q, and therefore tr(Q’) < tr(Q). What remains to prove is
that Q" = 0. The smallest eigenvalue of Q' is

Amin((Q/) = nmin WTQIW

= mi
[[wll=1

But since by definition of LQOR’ the range space of QQ contains the range space of LQﬂﬁLTQmR’

we have that w!Q'w is equal to WTHTQQ,HQW, where Il = UQ(UJ{QUQ)_IUIQ is the projector
from C"™*"T onto the basis Ug. We thus have
Amin(Q) = Amin (TIg (Q = Mg (Q) L L 5. ) )
> )\min (HEQHQ) - >\rQ (Q)/\max (HTQLQQRL LTQﬂlftl HQ)
> Aq(Q) (1 - >\max(HTQHQ))‘maX(LJ(erRLLQle»
=0. (D.9)
The second inequality holds because the spectral radius norm Amax () is sub-multiplicative, while

the last equality holds because the projector Ilg and the (sub)unitary LQmR . have a largest
singular value of at most 1. We infer that Q' € Q(uo).

Notice that Q' is purposely constructed so that Q' R = Qﬁ. As compared to the matrix
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S = S(P, Q) obtained with the precoder Q, the new matrix S’ = S(P, Q’) thus reads as

S = &/A%
1+tr(Q'R)
B R:2QR:
1+ tr(QR) — Mg (Q) tr(LgmﬁLf{LQle)
= kS (D.10)

and thus turns out to be a scaled version of S, where the positive scalar k is

1 +tr(QR) .

R +tr(QR) — A (Q) tr(LngLRLQmRi)

k

Therefore, we have S’ = S, so the precoder Q is necessarily suboptimal, which means that
range(Q) ¢ range(R) cannot hold for optimal Q. Instead, we must have range(Q) C range(R)

for optimality, which concludes the proof.

D.3 Proof of Lemma 4.1

Supposing we are in the first situation, i.e., A has full column rank, then A has a left pseudoin-
verse A = (ATA)"'AT which can be used to define the inverse function o~ !. Let Z = o(X)
be the image of X. Given Z, one obtains X by insulating it via left-multiplication with Af and
right-multiplication with A*f, and appropriate scaling:

AFZAY(1 +tr(BX)) = X (D.11)

Left-multiplying (D.11)) with B and taking the trace yields

tr(BAYZAM) = m, (D.12)

or equivalently,

1
1 — tr(BAIZA®)

1+ tr(BX) = (D.13)

By combining (D.11)) with (D.13]), we recover the pre-image X = o~ 1(Z), and see that the inverse

1

function o~! is linear fractional with parameters Af and —AfBA!.

We now suppose that we are in the second situation, i.e., A has full row rank and X is such
that range(X) = range(AT) for every element of X. Due to the latter constraint on the span of
X, we can write any X € A as X = ATXA, with X given by the inverse relation X = A"TXA®,
where A" = AT(AAT)*1 denotes the right pseudoinverse of A. The function g can be represented
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as
AXAT  AXAf
1+tr(BX) 1+ tr(BX)

(D.14)

with abbreviations AAT £ A and B £ ABAT. Since A = AAT has full rank (because A has full
row rank), the function g appears as an injective linear fractional function of X with parameters
A and B, whose inverse, according to findings above, is linear fractional with parameters Al
and —ATBAY. Denoting as Z = o(X) the image of X under the function p, we can thus recover

the pre-image X from Z as

. AfZ ALt
X = ATXA = Af =
1 —tr(AfTBA!Z)
APZA
= . D.15
1 —tr(A""BA’Z) ( )
Consequently, the inverse p~! is linear fractional with parameters A’ and —A’TBA’.
D.4 Proof of Lemma
We first establish that S(P, Q) is monotonic in the transmit power, in the sense that
0<k<k =SP,kQ) <SP, KQ). (D.16)
This monotonicity holds because
S(P,kQ) = k RzQR> (D.17)
’ 1+ ktr(QR) '
K’ N N
R:QR: = S(P,¥Q) (D.18)

< —=
1+ ktr(QR)

k

owing to the fact that k — TTht(QR)

is monotonically increasing in k.

Now, as a consequence of Theorem and of the power monotonicity (D.16]), optimal pre-
coders Q will be elements of 9T Q (o) Nrange(R). By definition, this set can be parametrized by
rp non-negative coefficients 1 = [11,...,¢p]T € R’F stored in a diagonal matrix ¥ = diag(v),

and a tall or square (sub)unitary basis ¥ € U"T*"P as follows:
Quy = (R2) YeYi(R)", (D.19)

where (e)* denotes the Moore-Penrose pseudoinverse, and where the parameter pair (¥, Y)
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shall be subject to the four constraints

P > 0, D.20a

tr(Qw,x) = 1o, D.20b
Yir =1, (D.20c

A

range(Y) = range(R). (D.20d

(D-20a)
( )
)
)

The first two constraints ensure that Qg v belongs to 97 Q(ug), while the structure of Expres-
sion ensures that Qg y belongs to range(ﬂ). The third and fourth constraints f
(D.20d)) are clearly not necessary to fulfill Qu v € range(R)Nd+Q(ug), but they induce no loss
of generality either and will turn out helpful later. The set 97 Q (o) is thus entirely parametrized
by the parameter pair (¥, Y') subject to the constraints . Consider now the feasible vectors

B f{%Q\pr{%
s(P,Qux) = A (1 n tr(le,Tf{)>

U, UL rYortu, Ul
—A|BR 2R ) R (D.21)
1+tI‘(Q\p7TR)

This vector has at most rp non-zero entries because W is rp X rp. Therefore, we define a vector
s € R’? of reduced dimension, which contains the rp topmost (i.e., largest) entries of s. Since
range(Y) = range(f{) [cf. (D.20d))], the matrix U%T is unitary, so we have

P

s(P,Qu,x) = 1+ tr(Quwy

R)
_ Y
14 e(TT(R2)T (D-22)

R(R2)"rw)

Note that we have not assumed so far that the entries of 1 or s are sorted in any specific order.

For notational brevity, call a the vector of entries a; = [ YT (R%)+R(ﬁ%)+'ﬂ”, then
s(P,Qu,x) = S - (D.23)

’ 1+aTy

On the other hand, the second constraint (D.20b) translates to 8Ty = ug, where 8 denotes

the vector of diagonal entries of TTﬁ+T, ie., B; = [TTIA%J“I']@-,@-. Together, this constraint and

equation (D.23) describe an affine plane of dimension rp — 1, because left-multiplying (D.23)

with i BT 4+ a™ leads to the affine equation

1 T
(,B + a) §(P, Qq;,'r) =1. (D.24)
276)

This affine equation, together with the non-negativity constraint ¢ > 0 [cf. (D.20al)], thus delimit
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a (rp — 1)-dimensional simplex, whose elements fulfill

Yot

;Wi (D.25)
s>0
where
1
Wi =5 (D.26)
ngBi+

The rp vertices of the simplex described by (D.25) are the axis points w;e;.

Due to the symmetry property of utilities from the class F, the ordering of the 5; does not
influence the utility value. Assume that, for a given § > 0 fulfilling , there exists an index
permutation 7 such that >, 5:% < 1, then s is suboptimal, since there exists an s’ = kIIs with
k > 1 which also fulfills and yields a larger utility value f(s') = f(kIIs) = f(ks) > f(8).
Therefore, we can discard all s for which some permutation 7 yields >, g’;(i” < 1. This is

equivalent to the requirement that the s; and w; be ordered in the same way, i.e.,

w; < wj = s < gj- (D27)

Hence, without loss of optimality, we will restrain the set of admissible s to the following convex
set, called S:

rp -
_ S; P _
S = {S e R’ Z (;' =1,Vj: 5> 8j+1}, (D.28)
i=1*1
where @ = [@1,...,Wrp| " contains the entries of w arranged in non-increasing order, i.e., @; >

... > Wyp. Let us define rp special points pertaining to &, which we shall denote as o™ and

define as
n
Vn=1,...,rp: a(n):H(&)l,...,@n)Zej, (D.29)
j=1
where H(-,...,-) and e; are defined in the statement of Lemma In fact, it is easy to see

o 2
that the o™ have non-increasing entries and fulfill SR =1 and thus belong to §. Now,

we will show that the set S of all convex combinations of the o™ i.e,

S = {TZP vy,
n=1

is the same as the set S. We know that &’ is a subset of the convex set S, for being a convex

Zl/nzl,Vn: Un ZO}, (D.30)

combination of a collection of points from S, hence &’ C S. Next, we argue that, if we assume
that some particular point & belongs to S\ &', this implies that & does not lie in S because it
would fail to comply with some constraint from the definition (D.28) of S. Therefrom, it will
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follow that S = &'.

Since the o(™) pertain to S and are rp linearly independent vectors, they define the (rp — 1)-
dimensional affine plane described by >°'F, % = 1. Therefore, to prove the equality S = &', it
will be sufficient to take some point & = [41,. .., &TP]T to lie on said plane, and show that an
infringement of an inequality &; > ;41 implies that & = > /7, opo™ with coefficients 7, such
that either ), #, # 1 or 7, < 0 for some index n. So, assume that 6; < &;41 for a given i. There

exist unique coefficients 7, such that & = > /%, Dpo ™. The inequality &; < &;41 can thus be

written as
TP TP
Z mefa™ < Z ﬁneiTHo'(”). (D.31)
n=1 n=1

By inserting (D.29) into the latter inequality, we get

TP TP
S H (@1, wn) < Y InH(@1, - Wn), (D.32)
n=t n=t+1

which boils down to 7; < 0. This concludes the proof that S = S&’. Also, this simplex S contains
only Pareto border points, in the sense that S = 9*S. In fact, any point §” dominating some
point 8’ € § would fulfill Y77, 57 /w; > 1 and thus lie outside S.

i
Now that we have fully characterized the set of Pareto border points s = s(P, Qw ) for a
fixed Y as a simplex set S, we ask what the best choice for Y is under the constraints (D.20c)—
(ID.20d)). Clearly, if there exists one single Y* that simultaneously maximizes all vertices o™ in

the sense that for any Y, we have
o™M(X*)>e™(Y), n=1,...,rp (D.33)

then this Y* is optimal. Here, o™ () denotes the value of o™, as defined in (D.29), with the
w; interpreted as functions of Y. Next, we show that such Y* is well-defined and characterize
it.
We state the multiobjective optimization problem
Vn=1,...,rp: max H(wiy ... wn). (D.34)

TGUnT Xrp
range(Y)=range(R)

Omitting the range space constraint on Y, we have that, with the definition (D.26]) of the
coefficients w; together with the definitions of a; and f;, this multiobjective problem reads as

Vn:  min i[rf(ﬁ%r(iﬁ{)(ﬁ%)*ﬂ

nT Xnr
Teu e —

, D.35
w(4),m (i) ( )

where m denotes the permutation which orders the diagonal entries of the matrix between square
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brackets so as to be non-decreasingly ordered. If WDWT denotes the spectral decomposition
of (f{%ﬁ(é +R) (R%)Jr where W € U"™*"P and D has non-increasingly ordered, positive
diagonal entries, then it is well known from majorization theory that the solution of is
YT* = W, up to a column permutation (e.g., [Hor90, Theorem 4.3.26]). It turns out as well that

range(Y*) = range(W) = range(R), so the range space constraint is systematically fulfilled.

The columns of Y* contain the eigenvectors v; of the generalized eigenvalue problem
R’Ui = wz(tI + R)UZ', (D36)

corresponding to the rp largest generalized eigenvalues w;.

D.5 Proof of Theorem 4.3

Assume that rp > rq. Similarly as for the proof of Theorem in Appendix we will
proceed by constructing another pilot matrix in P(up) which strictly outperforms P. Recall
that the covariance of the channel estimate is R = R — R, as usual, and R = R tP+P)lis
the estimation error covariance. We construct P’ as

P = R+ )\TP(R)quﬂRLng} TR (D.37)
The subunitary matrix LQ 1~R 18 defined as in the proof of Theorem It exists and has at

least d = rp — rq columns. First, we verify that P’ € P(up). In fact, P’ can be written out as

-1

P = [R — R+ \p(R)Lg. g L ~R, (D.38)

me{}

LI . > 0. On the other hand,

where it becomes clear that P’ = 0, because R — A, (R)LQLOR QLR

the trace of P’ is upper-bounded as

tr(P) = tr ([R + ATP(R)LQ”RLELQQ} —1> —tr(R71)
<tr(R7Y) —tr(R7)
= tr(P). (D.39)

If we write R = R(P) to stress that it is essentially a function of P, then we notice that P’ is

designed so as to leave the product

QR(P') = QR + Arp (f{)LQLmRLngﬁ)

= QR(P) (D.40)

unchanged, irrespective of whether the pilots are P or P’. The same is true for s = A(S), which

is left unchanged when replacing P by P’, because s depends on P only via the product QR(P),
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as seen from the relationship

_ A(ﬁ%QR%) _ A(QR - QR)

1+tr(QR)  1+tr(QR)

(D.41)

We have thus constructed alternative pilots P’ which yield the same utility value f(s), yet saving
on the training energy, since tr(P’) < tr(P). We generate another pilot matrix P” = kP’ with
k = tr(P)/tr(P’). The new pilots P” spend the same amount of training energy as P, but yield
a strictly larger S” = S(P”, Q) > S(P, Q). Hence, P is suboptimal.

D.6 Convexity of the set of feasible R

Showing the convexity of the set of feasible R is equivalent to showing the convexity of the set
of feasible R, because R = R — R is merely R scaled with —1 and summed with a constant

matrix R. Therefore, we show that the set
{R=R"+P)'PecP(up)} (D.42)
is convex. For any pair (P1, Py) € P(up)?, there exists a P3 € P(up) and a a € [0;1] such that
aR; 4 (1 — a)Ry = Ra, (D.43)

where R; = (R™' + P;)~! for i = 1,2, 3. By isolating P3 in (D.43)), the pilot Gram P3 is given
by

Ps=[aR; +(1-a)Ry] ' =R L (D.44)

Obviously, since R; < Rfori = 1,2, we have P3 = 0. What remains to prove is that tr(P3) < pp.

Knowing that the function X + tr(X~!) is convex on the positive cone X = 0, we have
tr(P3) < atr(R7Y) + (1 — o) tr(RyY) — tr(R7Y)
= atr(Pl) + (1 — Oé) tI‘(PQ)

< pip. (D.45)

Hence, the set of feasible R is convex, and so is Problem (P.1.b).

D.7 Proof of Theorem 4.4

We will proceed by showing that, in Problem (P.2), for any given value of the pair (up, o), the
search set s(P(up), Q(pg))—and thus its Pareto border 8%s(P(up), Q(1g))—is left unchanged
whether we allow (P, Q) to take any value within P(up) X Q(ug), or whether we restrict the

choice of the basis Up such that col(Up) = {ur 1,...,ur +}, where r* denotes the number of
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non-zero entries of the s* . With a consequence of Theorem we will eventually conclude on
the desired result col(Up) = col(Ug) = {ur,1,...,ur+}-

To begin with, note that the set s(P(up), Q(1g)) can be represented as the union

s(P(up), Que)) = U  s(P,Qno)). (D.46)

PeP(up)

As a consequence of the rank equality (4.18), the elements of s(P,Q(ug)) have at most rp
non-zero entries, because rank(S) = rank(R%Qf{%) < rank(R) = rank(P) = 7p. They can thus
be written as s(P,Q) = [s(P,Q)T OT]T with (P, Q) € RF of reduced size. According to
Theorem this set of reduced-size vectors s(P, Q(ug)) is the simplex given by the convex
hull of the points

o =0 o = H(wr, ..

LW Ze], necil,...,rp}. (D.47)

Every such simplex is entirely described by w = [wy,... ,wTP]T, the vector non-increasingly

-1

ordered eigenvalues of the matrix f{(uéll + f{) , which is a function of P alone (not of Q).

Consistently with the notation used so far, w(P(up)) shall denote the set of feasible w given
that P belongs to P(up). To prove Theorem we will first show that the set of Pareto
border points T w(P(up)) is still achievable under the restriction col(Up) C {ur 1, ..., UR -}
Recalling that R =R + R and R = (R~ + P)~!, we write out w as

w=A(R(LI+R)™)
<( (R +P)” )(l}QI+(R‘1+P)—1)_1).

Let us denote P’ = R%PR%, then using the property A(AB) = A(BA), the last expression can

be rewritten as
-1
w=2A ((I —(1+P) ) ((oR) ! + 1+ P)7) ) .
Let us now denote P” = UTRP' UR, so that the last expression becomes

w=2A <(I — 1+ P") ) (noAr) ™ + (T + P”)‘l)l) . (D.48)

Let us write out the mutual relations linking P and P” in full:

1 1
P” = A3 U}, Up diag(p)ULURAZ (D.49a)

_1 _1
P = UrAg? Upr diag(p”)UbL, Ag? Uk. (D.49b)

Regarding the (non-reduced) eigendecomposition P” = UP//AP,,UL,, with Upr € U"T*"T and
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Apr = diag(p”) = diag(p7,...,pp,), one can say that, if P is drawn from P(up), then the
corresponding eigenvalue profile p” = A(P”) = )\(AP%{URPURAI%{) = A(PR) [cf. (D.494))] is
drawn from a feasible set which we shall call p”(P(up)), a notation which emphasizes its direct
dependence on the domain P(up). As to the eigenbasis Upr, it obviously belongs to U"T*"T by
definition, yet in general, we must presume that not all pairs (p”, Up») € p”(P(up)) xU"T*"T are
jointly feasible, since the eigenbasis Up~ and the eigenvalues p” cannot be chosen independently
of each other, due to the special structure of Expression . Instead, U} belongs to a feasible
set Upr(p”) C U"T*"T (which depends on p”), so the overall set of feasible pairs (p”, Up~) forms
a subset of the Cartesian product p”(P(up)) x UnT*"T,

However, suppose for a while that p” and Upr can be drawn independently of each other
from their respective domains p”(P(up)) and U"T*"T. This assumption then corresponds to
a relazation of the original problem, as it possibly extends the overall set of feasible P”, and
consequently, of feasible w. The resulting set of achievable vectors w under this relaxation shall
be denoted w(P(up)) 2 w(P(up)) and is formally defined as

@(P(up)) = {w(P", Upr)|(p", Upr) € p"(P(up)) x U"T*"T}, (D-50)
wherein the two-argument notation w(e,e) is defined as [cf. ]
w(p", Upr) 2 w(UrAg’ Ups diag(p")Ub, AR Ul). (D.51)
The set W(P(up)) can be represented as a double union

wPup) = U U w®" Ue)

p’ep”(P(up)) UpnelnTXnT

= U w(p”, U"TT). (D.52)
p"ep” (P(up))

As seen from expression (D.48]), w(p”, Up~) is monotonic in the eigenvalues p;, meaning that

vd Z 0: W(p// + d,UPN) Z (.U(plljUP//),

Hence, since we are essentially interested in the Pareto border 9% w(P(up)) of the set w(P(up)),

we can restrict our further analysis to the se[]

o (P(up)) = U w(p”, U, (D.53)
p’€dtp”(P(up))

The remainder of the proof of Theorem [.4] is completed in four successive steps, each of

which is detailed in a separate paragraph, for the sake of a clearer structure: first, we specify

I Note that @T (P(up)) is generally not the Pareto border of &(P(up)), but rather a superset thereof.
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a method for constructing a particular Pareto border point of the set w(p”, U"T*"T) given a
particular value of the vector p”, where we show that this construction requires the alignment
col(Up) C col(Ur); second, we show that the point constructed this way, besides yielding a
Pareto border point of the relaxed set w(P(up)), is also contained in the smaller (non-relaxed)
set w(P(up)), so it must be a Pareto border point of w(P(up)) as well; third, we show that, by
varying the eigenvalues p” over the feasible set p”(P(up)), with the aforementioned method of
constructing particular Pareto border points, we reach the whole Pareto border of w(P(up));
fourth, we show that the alignment col(Up) C col(Ur) implies that Ugq must as well be aligned
such that col(Uq) = col(Up) to reach the whole feasible set s(P(up), Q(rg)), and conclude.

1) Let the orthonormal eigenbasis Upr = [uy, ..., u,,| be spanned by unit vectors u;, where
the i-th vector u; is associated to the i-th largest eigenvalue p!. Given a fixed value of p” €
p"(P(up)), we construct a particular point of the Pareto border dtw(p”, U"T*"T) by solving

the sequence of optimization problems:

Vie{l,...,nt}: U@ = argmax w;(p”, U)
UeurTxnT
st Ve {l,... i—1}: we = wy(p”, UED). (D.54)

Clearly, U™ will yield a Pareto optimal point, that is,
w(p”, UMY e gtw(p”, UnT<m), (D.55)

Next, we will show by induction that U™T) = I. For this purpose, let us explicitly solve the first

problem (i = 1) of (D.54)), i.e.,

UW = argmax w,(p”,U) (D.56)

With Expression (D.48)), this reads as

max  max VJ{ (I- I+ UAp,U) vy
verr T vill=1 | v ((oAr)~! + (I+ UAp, Ut 1)y
< max 1 — Amin ((I + UAP”UT)_I)
T e T | Amin (1@ AR) ™) 4 Amin (I + UAp/UT) 1)

1
W Gy )
(MQ)\max(AR))il + m
1
1 -

) R (D.57)

(hor) ™ +
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This upper bound is tight and achieved if and only if vi = e1, and when U is of the form

Lo ] (D.58)

1 _—
U =1 wo

with some arbitrary W) e UT—Dx(1=1) T4 prove the induction step, we will show that if

for a certain 7 > 1, all maximizers U® are of the form

L o
Ul — [0 W<i>] (D.59)

with some arbitrary W) ¢ Urt=0x(m=1) and W¢ =1,...,4: v, = ey, then Ut also has the
above block structure , with an identity matrix I;;; top left and an arbitrary rotation
matrix W0 bottom right. After solving the i-th problem, we know that all solutions thereof
are of the form , which implies that the equality constraints for the (i + 1)-th problem
[cf. (D.54)] can only be fulfilled if UCHD has the same structure as U® | i.e.,

, I 0
(i4+1) _ 1
U {o Vv@] (D.60)

with some unitary matrix W@ e UPT=9x("1=%) 5 be determined. According to a straightfor-
ward adaptation of the Courant-Fisher Theorem [Hor90, Theorem 4.2.11], the non-increasingly
ordered eigenvalues \;(AB~!) with corresponding eigenvectors v; of a product of two Hermitian

matrices A and B! can be expressed as

A
vIiAv
M(AB™) = —_ D.61
Z( ) VLBVI}E?,}E.,BV1 viBv ( 6 )
The (i + 1)-th optimization problem reads as
T
) v, . Av; I 0
U0HY = argmax max ;Him st. U=|" _ (D.62)
UelunT*nt Vit1LBv;,... . Bvi Vi+1BV7:+1 0 W(Z)

with A = I — (I 4+ UApsU")"! and B = (ugAr)™ ' + (I + UAp, UL [cf. (D.48)], and
Yl=1,...,i: vp = ep. When writing out B, the vectors involved in the orthogonality constraints
v; L Be;_1,...,Be; read as

Be, = {(MQAR)*1 + I+ UAP”UT)A}GL’

e ARy 0 .
pare 0 WOI@+AL) T wy| ™
1 1
= — =1,...,1 D.
[MQW + 7 +p’z’}eé A2 ) (D.63)
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where Agi],, = diag(pf,...,p]) and ]\%],, = diag(p,1,---,Pn,). Thus, the orthogonality con-
straints simply translate into v;41 L €;,...,e;. In other terms, the first ¢ entries of v;11 must

be zero. Thus, we can define matrices (nt — i) x (nT — i) matrices A and B as
A=T— (1+WOAL W)™

) A (D)= 37(1) X 12 %7(i -1

B = (uoA) 1+ 1+ WOAL, (W)~ (D.64)

so that the optimization problem (D.62)) boils down to solving

N

- Vi 1 AVt

w0 = argmax max —AL T4 (D.65)
WwelUnt—d)Xx(nr—i) | Vitl Vi+1BVi+1

This problem is fully equivalent in structure to the first optimization problem (i = 1) as written

out in Equation (D.57) and has the same solution, i.e., [cf. (D.58))]

{1 o
W) —
- [0 (¢+1)] : (D.66)

Consequently, UGHY hags indeed the structure (D.59)), which concludes the induction proof. We
infer that UT) = I, and thus

w(p”, 1) € 0 w(p”, U""T) C & (P(up)). (D.67)

Thus, we have specified a method to construct specific Pareto optimal points of the inner union
in (D:52).
2) Recalling how P” is obtained from P € P(up), namely [cf. (D.49a))]

1 1
P’ = A3 UL Up diag(p)ULURAZ,

we can leverage Theorem [4.2| (although with other variables) to characterize the set p”(P(up))
of vectors of feasible, non-increasingly sorted eigenvalues of the above matrix. First note that P”

has the same eigenvalues as Ugr P” U}{, so that the set p”(P(up)) may be defined as [compare

with (4.32)]
p"(P(up)) = {A (RIPRZ) | P € CI7", tx(P) < pip } (D.68)

Now, Theorem 4.2/ can be applied upon replacing R, R, Q, Qo) and po (as they appear in the
formulation of said theorem) with R, 0, P, P(up) and pp respectively. This leads to p”(P(up))

being characterized as the convex hull of the points o” (”), n=20,...,nT defined as

n
o' _ ¢ "™ :MP~H(T1,...,7‘n)Zeg, n=1,...,nT. (D.69)
=1
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It can be readily verified that all points of this convex hull can be reached when setting col(Up) C
col(Ur). When doing so, the eigenbasis of P” is precisely Up»s = I. But remember that the
choice Upr = 1 was required in the previous paragraph for constructing a Pareto optimal
point of dTw(p”,U"T*"T). Consequently, this Pareto optimal point is also contained in the
subset w(p”, Upr(p”)) C w(p”,U"™*"T) and is thus necessarily a Pareto optimal point of
w(p”, Upr(p”)), too.

3) We now ask whether all points of the overall Pareto border 7w (P(up)) are attained by

the construction method specified above, i.e., whether
Ot w(P(up)) C U w(p”,1). (D.70)
p’€otp”(P(up))

Let us write out w(p”,I) by means of (D.48]) as
_ -1
Hw(p”,1) = p" © ((uor)'p" +€) (D.71)

where IT € P™7 is a sorting permutation, ‘©’ denotes componentwise multiplication, r~! denotes
the vector of entries r; ! (i.e., componentwise reciprocal), and diag(§) = E = I + (uoAr)™".
The mapping p” + p” © ((uor) "'p” +€) ™"
the property that for any real unit-norm vector e > 0, there exists a scalar ¢ > 0 and a single

feasible vector p” € 91p”(P(up)) such that

is clearly injective, since £ > 0. Additionally, it has

. -1
p" © ((ugr) " +£) "} = ce. (D.72)
To see this, we first rewrite Expression (D.72) as
p/=ece0 €O (1—ee®(ugr)_l)7l. (D.73)

Since p” > 0, the scalar € must lie in the semi-open interval € € [0; min; puor;/e;[. From taking
the Euclidian norm of Expression (D.73)), we obtain a function € — ||p”||, which bijectively maps
[0; min; por;/e;[ onto Ry. Since any p” € Tp”(P(up)) has finite norm, there must necessarily

exist one single value of ¢ fulfilling
1y -1
0O (1—ced (uor)™) €dtp"(P(up)). (D.74)

Consequently, all Pareto optimal points 9 w(P(up)) can be reached by the construction method

from paragraphs 2) and 3), so that we may write

0t w(P(up)) = w(9"p"(P(up)). 1), (D.75)

4) Now that we have established that the Pareto border 0Tw(P(up)) can be reached by
setting col(Up) C col(Ur), we have that R = (R~ +P)~! and R = R — R acquire the same
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eigenbasis, up to a column permutation. Specifically, we have that the alignment col(Up) C
col(Ur) implies col(Up) = col(Uy) C col(Ug). But as a consequence of Theorem the

alignment col(Ug) C col(Ug) leads to [cf. (4.34)]
col(Uq) C col(Ug). (D.76)

Hence, we obtain col(Ug) C col(Up) C col(Ur). Since we know from Section that
rank(P*) = rank(Q*) at any joint optimum (P*, Q*), we get the desired alignment property

col(Up) = col(Uq) C col(Ur). (D.77)

Obviously, in case (D.77)) is a strict inclusion, the eigenbases of P and Q should contain the

eigenvectors of R associated to the largest eigenvalues of R, hence
col(Up) =col(Uq) = {ur.1,...,ur,+} C col(Ur), (D.78)

which concludes the proof of Theorem

D.8 Proof of Lemma 4.3

For any set A C R”:, the Pareto border 9%t A is a subset of the front border I A. In fact, if it
were not so, then there would exist a Pareto optimal point, say a’ € 07 .A, which would not be
the solution to
max v (D.79)
acA

a=va’

in that another a” € A colinear with a’ would exist that would have larger norm, i.e., ||a"|| >
|a’||. Yet this is impossible by the definition of 7.4, because a” would dominate a’ in the sense

a” > a’, hence the contradiction.

It thus suffices to prove that 9's(T") € 9s(T") in order to conclude on set equality 9's(T") =
07s("). For this purpose, take s’ to be some point of the front border 9's(I"). Assume that there
would exist another point s” € s(I") different from s’ that dominates s', that is, s” > s'. For

belonging to the set s(I"), which is the union

sm= U U s(P. Qo). (D80)

(P ,1Q) PeP(up)
pp+H(T=Tr)po<Tu

the point s” would be contained in at least one of the sets s(P,Q(ug)). Call P” € P(up) a
pilot Gram of rank rp» such that s” lies in s(P”, Q(ug)). According to Theorem the set

s(P”, Q(ug)) is a simplex consisting of all convex combinations of rps 4 1 points o™, n =



184  Appendices to Chapter|[d]

0,...,rpr, with 0 = 0 and [cf. (4.33)]
o™ =H(wi,...,wn) > ej, ne{l,...,rpr}, (D.81)
j=1

where w; are the non-increasingly ordered eigenvalues of the generalized eigenvalue problem

cf. (30
R'v; = wi(uéll +R)v; (D.82)

with R” = (R™' + P”)~! and R” = R — R”. Notice that the linearly independent vectors
o™ n = 1,...,rprs, when linearly combined with non-negative coefficients, span the linear
subspace of R}T of vectors having non-increasingly sorted entries on positions 1 through rpn,
and zero entries on positions rpr + 1 through nt. Consequently, both s’ and s”, which by

definition have non-increasing non-negative entries, can be written as linear combinations

TP// TP//

=) v o™ "= A (D.83)
n=1 n=1

with unique non-negative coefficients v}, and v/!. Since s” € s(P”, Q(ug)), the coefficients v/
sum up to Y., v/ < 1. Now, since s’ and s” are distinct, and s’ < s” by assumption, we must
have

TPII TP//

Do <> v <1 (D.84)
n=1 n=1

Therefore s’ lies in the interior of s(P”, Q(ug)). Consequently, for a small enough € > 0, the point
(1 + ¢)s’ is element of s(P”, Q(1g)), and thus of s(T"), which contradicts the initial assumption
that s’ € d's(I"). Hence 0's(I") = 9s(I).

D.9 Proof of Lemma 4.4

Clearly, maximizing v(p, e) as defined in (4.66) is equivalent to minimizing the function

1 1+ rTq(p,e)
v(ip,e)  n(pe)

, (D.85)
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where contrary to v(p, e), the direction vector e is omitted in the notation of the function (p).

Writing the latter function out in full with help of definitions and ( - 4.65) yields

1
1 + T—Zl:—'»r ( 61 T b ) ( ) €; —'rf’—:]‘)? )

7(p) = i
B —1
Tu=3", p; -
1‘1177%::? <Zi 6*;5’)
- Tu—,pi (; T, ) " zi:e’ ripi
2 (T - T;) (71(p) + 2(p)) + 73(p), (D.86)
the three functions 1(p), 72(p), 73(p) in the last line being
Zeg r; ; (D.87a)
TM >iDi)
1
T — D.87b
Z LI s (D-570)
1+ rip;
s Z e, P (D.87c)

TiPi

We will now show that the three functions 71 (p), 2(p) and v3(p) are all convex functions of p
on the interior of D(T'u) C (0; 00)"T, which we shall denote as int(D(T'w)). It is easy to see that
3 is essentially a linear combination (plus a constant) of functions 1/p; that are convex on the
entire open orthant (0,00)"T, and thus on int(D(T'w)) C (0;00)"T. Similarly, o, is convex on the
open half-space >, p; < T, and thus on the subset int(D(T'w)) thereof. Finally, ; is a linear

combination of functions P%’ﬁ’ each of which is convex in p on int(D(7'w)). This can be

shown as follows: take a pair of points (p(l),p(g)) € int(D(Tw))?, then for any 6 € [0;1],

1 1 ol 1 g gl 1
op) + (1= 0P T — 3,00 + (1 - o)) T pY T — 3 plY

Y T = p?
(D.88)

because the left-hand side of the latter inequality is convex in € € [0; 1], since it is of the form

1 1

D.89

+BO1+CH ( )
(1 _,(2) (2) (1)

with constants A = >0, B= b (21)0 , M and 14+ BO > 0 and

<2) TN/ Z p(2)) — TN/ Z (2) ’
1+C6 >0 by constructlon The convexity of 1| is best seen by dlfferentiating twice:

d? 1 17 2 B? C? BC
162 {1 +B@1+C’9} T O+BOI+CO)\(1+B0? T+ Co?  (1+BO1+CH))
(D.90)
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The above expression is obviously positive if BC' > 0. Otherwise, if BC' < 0, then the expression
between square brackets on the right-hand side of the last equality is lower bounded by
B? c? 2BC B c 1?

A+ Bo? (11 Cor  GrBoO+Ce  |lavBo arcp) = D9

Hence (D.88)), and all the three functions 1, 7, and i3 are convex in p on the open set int(D(T')).
Thus, 7(p) is convex on int(D(T'w)). Therefore v(p,e) = 1/(v(p) — 1), which is a decreasing
function of »(p) > 1, is quasi-concave in p on int(D(T'w)), according to Definition Since
v(p,e) vanishes on the boundary of D(T'u) and is continuous in the vicinity of this boundary,

we conclude that p — v(p,e) is quasi-concave on the closure D(T).
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