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k = 40
σ2 = 10× 10−5

k = 40
E[σ2i ] = 10× 10−5 1/ω = 5
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X
(Ω,F , P ) x

F F (x) := P (X ≤ x) P (·)

f f(x) := dF/dx
X E[X] = µ :=

´∞
−∞ xf(x)dx

g X E[g(X)] =
´∞
−∞ g(x)f(x)dx

n X E[Xn] n µn := E[(X−µ)n]
X

(X) := E[(X −µ)2] = E[X2]−E[X]2 σ2

(X) := µ3/µ
3/2
2 (X) := µ4/µ2

2 − 3.

(X,Y )
F (x, y) := P (X ≤ x Y ≤ y) f(x, y) := ∂2F/∂x∂y

X = x Y
X = x Y X = x



f(y|x) := f(x, y)/fX(x)
fX X

Y x E[Y |x] :=
´∞
−∞ yf(y|x)dy f(x, y)
fX(x)fY (y) x y X Y

X Y
(X,Y ) := E[(X−µX)(Y −µY )]

(X,Y ) := (X,Y )/σXσY

{Xt} t

t {Xt}
Xt τ γτ := (Xt, Xt+τ )

ρτ := (Xt, Xt+τ )/γ0 {Xt}
t Ft t

{Xs = xs, s ≤ t} t

X Ft

Et[X] = E[X|Ft]
{Xt}

t τ
E[Xt] = µ (Xt) = σ2 (Xt, Xt+τ ) = γτ

{x1, x2, ..., xn}

Pt t

r∗t t− 1 t

r∗t := (Pt − Pt−1) /Pt−1

1 + r∗t = Pt/Pt−1

k k r∗t,k

1 + r∗t,k = Pt/Pt−k = (Pt/Pt−1)(Pt−1/Pt−2)...(Pt−k+1/Pt−k) =
k−1∏

j=0

(1 + r∗t−j)



r∗t

t

rt = (1 + r∗t ) = (Pt/Pt−1) = pt − pt−1

pt = (Pt) t

rt,k = (1 + r∗t,k) =
k−1∑

j=1

(1 + r∗t−j) =
k−1∑

j=0

rt−j

(1 + r∗t )

rt = (1 + r∗t ) = r∗t −
1

2
r∗2t +

1

3
r∗3t − ...

−10 10

{pt} {pt}

pt = pt−1 + µ+ σϵt, ϵt ∼ N(0, 1)

rt = µ+ σϵt pt = p0 +
t∑

i=1

ri

µ ϵt
rt = pt − pt−1

rt



{rt}

rt rt ∼ N(µ,σ2)

µ = 0 µ ̸= 0

{rt} (rt, rt+τ ) = 0 t τ > 0



(f(rt), g(rt+τ )) = 0

t τ ̸= 0 f(·) g(·) f(·) g(·)

f(·) g(·)

f(·) g(·)

r̄ s2 w
{r1, r2, ..., rn}

r̄ =
1

n

n∑

t=1

rt, s2 =
1

n− 1

n∑

t=1

(rt − r̄)2,

w =
1

n− 1

n∑

t=1

(rt − r̄)3

s3
, k =

1

n− 1

n∑

t=1

(rt − r̄)4

s4
− 3.

X ∼ N(0, 1)
E[X] = 0 (X) = 1 (X) = 0 (X) = 0



r̄−0.5s
r̄ + 0.5s

r̄−3s r̄+3s

zt = (rt−r̄)/s



f̂(z)

f̂(z) =
1

nB

n∑

t=1

φ

(
z − zt
B

)

φ(·) B

B = n−1/5

t t + τ τ
τ n

ρ̂τ,r =
n−τ∑

t=1

(rt − r̄)(rt+τ − r̄)
/ n∑

t=1

(rt − r̄)2, τ > 0.

ρ̂ ρ

1/
√
n

(−2/
√
n, 2/

√
n)

B =
(

4S5

3n

) 1
5 ≈ 1.06Sn− 1

5



|rt| |rt+1|

{rt}



F
X X

F̄ (x) := 1− F (x) = P (X > x)

F

x→∞
e−λxF̄ (x) = ∞, λ > 0.

F̄



F̄ F̄ (x) = (−(x/κ)α)
κ > 0 α > 0
α < 1

α = 1

X F
u > 0 Xu = (X−u|X > u)
Fu

1− Fu(x) =
1− F (x+ u)

1− F (u)
F̄u(x) =

F̄ (x+ u)

F̄ (u)
.

Xu = (Xu − u|X > u)
(0,∞) F (x)

Fu(x) → GPD(x; ξ,ψ) → ∞

GPD(·; ξ,ψ) ξ ψ

GPD(x; ξ,ψ) =

⎧
⎨

⎩
1−

(
1 + ξx

ψ

)− 1
ξ

ξ ̸= 0

1−
(
− x
ψ

)
ξ = 0

.

ξ > 0
ξ = 0 ξ < 0

u

(u) = (X u|X > u)1/2
/
E[X u|X > u].

CV (u)
{xj} n

n(u) = su/x̄u

x̄u su
u {xj − u | xj > u, j = 1, .., n} n(u)

(u) X
{x(j)} {xj} x(1) ≤ x(2) ≤ ... ≤ x(n)



j → (x(j))
{xj} {λxj}

{xj}

n(u)
{xj − u | xj > u, j = 1, ..., n}

µ
√

n(u)( (u) − 1) {Xt}

(Xs, Xt) = (−|t− s|/(2 )) .

u

n(u)( (u)− 1) −→ N(0, 1).

cv = 1

cv

cv

cv
cv

cv
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rt = µ+ σtϵt

µ ϵt ∼ N(0, 1) σt
rt µ

σ2t yt = rt − µ

yt = σtϵt.

σ2t = ω + αy2t−1

ω > 0 α > 0
σ2t α = 0

rt|Ft−1 ∼ N(µ,σ2t )
σt

t

σ2t = ω +
q∑

j=1

αjy
2
t−j

ω > 0 αj ≥ 0
∑q

j=1 αj < 1
p

σ2t = ω + αy2t−1 + βσ2t−1



ω > 0 α ≥ 0 β ≥ 0 σ2 =
ω

1−α−β .

α + β < 1

rt rt+τ τ > 0
y2t y2t+τ

τ > 0 C(α + β)τ C α β

σ2t = ω +
p∑

i=1

αiy
2
t−i +

q∑

j=1

βjσ
2
t−j .

Ft−1 t − 1

rt|Ft−1 ∼ N(µ,σ2t ) yt|Ft−1 ∼ N(0,σ2t ).

Θ
Θ = (µ,ω,α,β)′

n
{r1, r2, ..., rn} µ

r̄
{y1, y2, .., yn} yi = ri − r̄

Θ
f(yt|Ft−1)

L(Θ) = f(y1|F0) · f(y2|F1) · · · f(yn|Fn−1).

L(Θ) Θ
L(Θ)

l(Θ) = L(Θ) =
n∑

t=1

f(yt|Ft−1,Θ),

yt|Ft−1

l(Θ)

l(Θ) =
n∑

t=1

(
−1

2
(2π)− 1

2
(σ2t )−

y2t
2σ2t

)
.



Θ̂

µ
yt = σtϵt, ϵt ∼ N(0, 1).

{σt}
{σt} {ϵt}

(σt) = α+ β (σt−1) + ηt.

β −1 < β < 1
ηt ηt ∼ N(0,σ2η)

(rt, rt+τ )
(y2t , y

2
t+τ ) τ > 0 |yt|p

y2t p

{σt}
σ2t

σ2t
σ2t

(σ1,σ2, ...,σn) (ϵ1, ϵ2, ..., ϵn) n



σ2t

σt
t σ2t t

σt t
m {rt}

σ̂2t =
1

m− 1

m∑

i=1

(rt−i − r̄)2

r̄ = 1
m

∑m
i=1 rt−i m σ̂t

σt
√
252σt

µ r̄
{rt} yt = rt − µ yt ≈ rt − r̄ 1

m−1
1
m

σ̂2t =
1

m

m∑

i=1

y2t−i

σt

σ̂2t =
m∑

i=1

αiy
2
t−i

αi > 0 i

∑m
i=1 αi = 1

αi



0 < λ < 1
αi+1 = λαi α1 = 1− λ

σ̂2t = (1− λ)y2t−1 + λσ2t−1 − (1− λ)λmy2t−1−m

(1 − λ)λmy2t−1−m m

σ̂2t = (1− λ)y2t−1 + λσ̂2t−1.

λ = 0.94

λ = 0.94



B = {Bt}t≥0

B0 = 0 P (B0 = 0) = 1

{Bt} 0 ≤ t1 < t2 ≤ t3 < t4 Bt4 − Bt3

Bt2 −Bt1

{Bt} Bt−Bs

t− s

Bt Bt = Bt −B0 ∼ N(0,σ2t)

{ξj}∞j=1

σ2 < ∞ {Sn} Sn =
∑n

j=1 ξj
N(0,σ2n)

S = {Sk}∞k=0 S0 = 0 Sk =
∑k

j=1 ξj k ≥ 1 S

X(n) = {X(n)
t }t≥0

X(n)
t =

1

σ
√
n

(
S⌊nt⌋ + (nt− ⌊nt⌋)ξ⌊nt⌋+1

)
, t ≥ 0



⌊t⌋ t

{ξj}j∈N
(Ω,Σ, P ) σ2 > 0 X(n)

X(n) −→ B n → ∞

B = {Bt}t≥0 Bt ∼
N(0,σ2t)

{Yt}t≥0 Y1 t = 1
D n

{ξ(n)j }nj=1 D(n)

Y1 =
∑n

j=1 ξ
(n)
j ∼ D n

F (n) D
D

DX ϕX :
u -→ E[ (iuX)] n ∈ N

ϕ(n)
X ϕX = (ϕ(n)

X )n

X

n ∈ N {X(n)
i }ni=1

X = X(n)
1 +X(n)

2 + · · ·+X(n)
n .

DX

n → ∞
{Xt}t≥0

X0 = 0

{Xt}

{Xt}



Xt ϵ > 0 t ≥ 0

s→t P (|Xs −Xt| > ϵ) = 0

Xt

{Xt}t≥0 Xt

X1

{Xt}t≥0 t Xt

D
{Xt}t≥0 X1 D

X1 X1/n





f(x;α,β, µ, δ) = a(α,β, µ, δ)q

(
x− µ

δ

)−1

K1

(
δαq

(
x− µ

δ

))
(βx)

a(α,β, µ, δ) = π−1α
(
δ
√

(α2 − β2)− βµ
)

q(x) =
√

1 + x2.

Kλ λ

Kλ(x) =
1

2

ˆ ∞

0
yλ−1

(
−x(y + y−1)/2

)
dy.

α,β, µ δ 0 ≤ |β| ≤ α µ ∈ R δ > 0
µ β = 0

NIG(α,β, µ, δ) M(t;α,β, µ, δ) NIG(α,β, µ, δ)

M(t;β, µ, δ) =
(
δ
(√

α2 − β2 −
√
α2 − (β + t)2

)
+ µt

)
.



X ∼ NIG(α,β, µ, δ)

E[X] = µ+ δβ/(α2 − β2)1/2 [X] = δα2/(α2 − β2)3/2.

α β X1, X2, .., Xm

α
β Xi ∼ NIG(α,β, µi, δi) 1 ≤ i ≤ m X(m) = X1 +X2 + · · · +Xm

X(m) ∼ NIG(α,β,
∑m

i=1 µi,
∑m

i=1 δi)
N(µ,σ2) β = 0 α → ∞

δ/α = σ2

yt = rt − r̄
NIG(α,β, µ, δ) µ = 0

β = 0 φ = δ/α > 0 ω = αδ > 0
Y ∼ NIG(φ,ω)

f(y;φ,ω) =
ω (ω)

π
√

y2 + φω
K1

(√
ω2 +

ω

φ
y2
)
.

M(t;φ,ω) NIG(φ,ω)

M(t;φ,ω) =

(
ω −

√
ω

φ
− t2

)
.

[Y ] = φ [Y ] = 3/ω.

NIG(φ,ω) φ ω
{y1, y2, .., yn}

NIG(φ,ω)
s2 k φ̂ = s2 ω̂ = 3/k

l(φ,ω) =
n∑

t=1

[
ω + (ω)− (π)− 1

2
(y2t + φω) +

(
K1(

√
ω2 +

ω

φ
y2t )

)]
.

NIG(φ,ω) ω/φ
X1, X2, ..., Xm Xi ∼ NIG(φi,ωi)

α2 = ωi/φi X(m) = X1 +X2 + ...+Xm X(m) ∼
NIG (

∑m
i=1 φi,

∑m
i=1 ωi)



yt = 100(rt − r̄).

n = 1305

r̄

yt yt rt

k
√

24/n

n

ȳ − 0.5s ȳ + 0.5s

NIG(φ,ω)
β



n (r̄) (s2) (w) (k)

(r̄) s2, w, k)

β
β

yt yt ∼ N(φ,ω)

fsk(y;φ,ω,β) =
ω

(√
ω2 − φωβ2

)

π
√

y2 + φω
K1

(√
ω2 +

ω

φ
y2
)

(βy).

lsk(φ,ω,β) =
n∑

t=1

[√
ω2 − φωβ2 + (ω)− (π)− 1

2
(y2t + φω) +

(
K1(

√
ω2 +

ω

φ
yt)

)
+ βyt

]
.



D

D = 2 (lsk(φ,ω,β)− l(φ,ω))

D
95th

β

Y ∼ NIG(φ,ω)
(Y ) = φ (Y ) = 3/ω {y1, y2, ..., yn}

yt ∼ NIG(φ,ω)
φ̂ = s2 ω̂ = 3/k s2 k

φ̂ ω



D

D

β

ω̂
k > 0 ω

ω̂0 = 0.1

ω
φ



φ̂ ω̂

φ̂

ω

ω̂ k > 0 ω
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χ2

X2

X2 =
k∑

i=1

(Oi − Ei)
2/Ei

k Oi Ei

X2 k = 20
X2

k − 1 k − p− 1
p



X2

O E

−∞

∞
X2 =

χ2

X2

X2

X2







m
m yt = σtϵt

y2t σ2t

y2t R2

Rt = { Pτ}− { Pτ}, t−
1 ≤ τ ≤ t RV (k)

t =
∑k

j=1 y
2
t,j yt,j

yt = σtdWt

στ = σt t − 1 ≤ τ ≤ t
σ̂2t = R2

t / (4 (2))

k σ2t+k,t =
∑k

i=1 σ
2
t+i

σ̂2t+k,t =
∑k

i=1 y
2
t+i.



(σ̂2t+k, vt+k|t) =
σ̂2t+k

ft+k|t
−

σ̂2t+k

ft+k|t
− 1

(σ̂2t+k, vt+k|t) = (σ̂2t+k − ft+k|t)
2

σ̂2t+t

ft+k|t t
k > 0

f (1)
t f (2)

t σ2t
et = g(σ̂2t , f

(1)
t ) − g(σ̂2t , f

(2)
t ) g

t {e1, e2, , , eT }

DM =
ē√

2πf̂e(0)
/
T

ē =
(∑T

τ=1 eτ
)
/T f̂e(0)

0 f̂e(0)

f̂e(0) =
1

2π

T−1∑

τ=−(T−1)

I

(
τ

k − 1

)
γ̂e(τ) γ̂e(τ) =

1

T

T∑

t=|τ |+1

(et − ē)(et−|τ | − ē)

I

(
τ

k − 1

)
=

{
1

∣∣∣ τ
k−1

∣∣∣ ≤ 1

0
.

DM N(0, 1)



t Ft σ2t+k
E[σ2t+k|Ft] Et[σ2t+k] σ2t+k|t

ft+k|t σ2t+k t

σ̂2t σ2t+k t

σ̂2t = 1
m

∑m
i=0 y

2
t−i

t+ k t

ft+k|t = σ̂2t .

k t

ft+k|t = σ2 + (α+ β)k(σ̂2t − σ2)

σ2 = ω
1−α−β

k → ∞

{σt}
{ (σt)}

{ (σt)}

{σt}

vt+k|t (σt+k)
(vt+k|t) σt+k

σt+k { (σt)}

ft+k|t =

{
vt+k|t +

1

2
(vt+k|t)

}

vt+k|t (σt+k)



σ2t+k,t =
∑k

i=1 σ
2
t+i

σ̂2t+k,t =
k∑

i=1

y2t+i.



σ̂2t+k,t σ2t+k,t

Ft+k|t =
k∑

i=1

ft+i|t

t

X ∼ GH(λ,α,β, δ, µ)

f(x;λ,α,β, µ, δ) =
(γ/δ)λ√
2πKλ(δγ)

.
Kλ− 1

2

(
α
√
δ2 + (x− µ)2

)

(√
δ2 + (x− µ)2

/
α
) 1

2−λ
.eβ(x−µ)



γ2 = α2 − β2 Kλ

λ β = 0 δ
µ

λ = 1 λ = −1/2
δ = 0
α = |β|

µ β φ = δ/γ = δ/α ω = δγ = δα
φ,ω λ

GH(λ,φ,ω)

f(x;λ,φ,ω) =
(φ2 + φ

ωx
2)(2λ−1)/4

φλ
√
2πKλ(ω)

Kλ−1/2

(√
ω2 +

ω

φ
x2
)

X ∼ GIG(λ,φ,ω)

f(x;λ,φ,ω) =
xλ−1

2φλKλ(ω)
.

(
−1

2
ω(φx−1 + φ−1x)

)
, x > 0.

λ = −1/2
IG(φ,ω) = GIG(−1/2,φ,ω) K−1/2(ω) =

√
π/2ω (−ω)

IG(x;φ,ω) =
x−3/2

√
φω√

2π
· (ω) ·

(
−1

2
ω(φx−1 + φ−1x)

)
, x > 0.

X|W ∼ N(0, w) W ∼ GIG(λ,φ,ω)

X X ∼ GH(λ,φ,ω)



β = 0

X µ σ
X

fX(x;µ,σ) =

ˆ ∞

0
N
(
x;µ,κ(λ)σ2

)
π(λ)dλ

N(x; ·, ·) κ(λ) λ π(·)
R+

λ π(·)

µ σ ν
X ∼ tν(µ,σ)

tν(x;µ,σ) =

ˆ ∞

0
N(x;µ,

σ2

λ
)Ga(λ;

ν

2
,
ν

2
)dλ

Ga(·; a, b) Ga(x; a, b) = ba

Γ(a)λ
a−1e−bλ

X|(µ,σ2, ν,λ) ∼ N(µ,
σ2

λ
) λ|ν ∼ Ga(

ν

2
,
ν

2
).

Y ∼ NIG(φ,ω)

fY (y;φ,ω) =

ˆ ∞

0
N(y; 0,φu)IG(u; 1,ω)du

IG(1,ω)

Y |(φ, u) ∼ N(0,φu) u|ω ∼ IG(1,ω).

{Yt}t≥0 Y1
(λ,α, δ, µ)



Yt t ̸= 1

Yt
{Yt}t≥0

{yt}nt=1

{
yt = σtϵt

σ2t ∼ IG(φ,ω)

ϵt ∼ N(0, 1) yt ∼ NIG(φ,ω) {yt}

yt

(yt) = φ (yt) = 3/ω.



σ2t = φut

ut
ut ∼ IG(1,ω) φ

E[ut] = 1 σ2t ∼ IG(φ,ω)

(σ2t ) = α+ bt

α = (φ) bt = (ut)

(yt, bt) ∼ f(yt|bt)fΘ(bt)

h =
n∑

t=1

{ f(yt|bt) + fΘ(bt)}

f(yt|bt) fΘ(bt) yt bt bt
Θ

bt Θ bt

l =
´

(h)db

l

pb(φ,ω) = h 2

(
− 1

2π

∂2h

∂b2
|b=b̂

)

b̂ ∂h/∂b = 0 pb (φ,ω)
bt

Sb(h) = pb(h)− F/24

α



F =

[{
3

(
−∂

4h

∂b4

)
− 5

(
−∂

3h

∂b3

)
D−1

(
−∂

3h

∂b3

)}
D−2

]

|b=b̂

D =
[(
∂2h/∂b2

)]

Θ (φ,ω)′

yt|bt f(yt|bt) = N(0,φu(bt)) bt
fΘ(bt) = f (u(bt)) u̇(bt) = (bt)IG(1,ω) f(yt|bt)

fΘ(bt)

f(yt|bt) = −1

2

{
(2π) + (φ) + bt +

y2t e
−bt

φ

}

fΘ(bt) = −1

2

{
(2π)− (ω) + 3 (bt)− 2ω + ω(b−1

t + bt)− 2bt
}

∂h/∂bt = 0

b̂t =

(
2(ωt − 1)

ω

)

ωt =
√

1 + ω2 + ωy2t /φ

pb(φ,ω) =n

{
−1

2
(2π)− 1

2
(φ) + ω +

3

2
(ω)

}
− 1

2

n∑

t=1

[
ωt (ωt − 1)2

]
−

n∑

t=1

ωt

Sb(φ,ω) = pb(φ,ω)−
1

24

n∑

t=1

3ω2
t − 5

ω3
t

.

φ
ω



φ̂ ω̂ φ̂ ω̂ φ̂ ω̂

ω



t = (y1,t, y2,t, ..., yd,t)′

⎧
⎪⎨

⎪⎩

yi,t = σi,tϵi,t

σ2i,t ∼ IG(φi,ω)

(σ2i,t) = αi + bt

i = 1, .., d t = 1, .., n ϵt = (ϵ1,t, ..., ϵd,t)′ ∼ N(0,Ω)
σ2i,t = utφi αi = (φi) bt = (ut) φi = σ2i

ut = σ2i,t/φi
IG(1,ω) σ2i,t = utφi ∼ IG(φi,ω)

ut
(ϵt) = Ω = (ρij)

E( t|ut) = 0 ( t|ut) = utΣ

Σ = (σij) σij = σiσjρij Σ = Λ′ΩΛ Ω
Λ

√
φi = σi

Σ t yt
ut

x0
f f ′(x0) = 0 f ′′(x0) < 0
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Θ

G(Θ) =
∂ L(Θ)

∂Θ
,

Θ = (θ1, θ2, . . . , θk)′

G(Θ) = (∂ L(Θ)/∂θ1, ∂ L(Θ)/∂θ2, . . . , ∂ L(Θ)/∂θk)
′ .

Θ̂

G(Θ̂) = G(Θ)
∣∣
Θ=Θ̂

= 0

L(Θ)

H(Θ) =

⎡

⎢⎢⎢⎢⎢⎣

∂2 L(Θ)
∂θ1∂θ1

∂2 L(Θ)
∂θ1∂θ2

· · · ∂2 L(Θ)
∂θ1∂θk

∂2 L(Θ)
∂θ2∂θ1

∂2 L(Θ)
∂θ2∂θ2

· · · ∂2 L(Θ)
∂θ2∂θk

∂2 L(Θ)
∂θk∂θ1

∂2 L(Θ)
∂θk∂θ2

· · · ∂2 L(Θ)
∂θk∂θk

⎤

⎥⎥⎥⎥⎥⎦

H(Θ0) = H(Θ)|Θ=Θ0
′H(Θ̂) < 0

Θ0

G(Θ) ≃ G(Θ0) +G′(Θ0)(Θ−Θ0)

G′(Θ) = H(Θ)

G(Θ) ≃ G(Θ0) +H(Θ0)(Θ−Θ0).

Θ̂

G(Θ̂) = 0 ≃ G(Θ0) +H(Θ0)(Θ̂−Θ0).

Θ̂ = Θ0 −H−1(Θ0)G(Θ0).

Θ0 Θ̂

Θ1



kth

Θ(k)

Θ(k) = Θ(k−1) −H−1(Θ(k−1))G(Θ(k−1))

H(k−1) = H(Θ)|Θ=Θ(k−1)
G(k−1) = G(Θ)|Θ=Θ(k−1)

Θ(k−1)

(k − 1)th Θ(k) ≃ Θ(k−1)

Θ(k) −Θ(k−1) = −H−1(Θ(k−1))G(Θ(k−1)) ≃ 0,

G(Θ(k−1) ≃ 0 H−1(Θ(k−1))
Θ(k)

Θ̂ = Θ(k)

I(Θ) = E

[
−∂

2 L(Θ)

∂Θ∂Θ′

]

−H−1(Θ0)

Θ(k) = Θ(k−1) + I−1(Θ(k−1))G(Θ(k−1))

I(Θ(k−1)) = I(Θ)|Θ=Θ(k−1)

I(Θ) = E

[
∂ L(Θ)

∂Θ

∂ L(Θ)

∂Θ′

]
= E

[
−∂

2 L(Θ)

∂Θ∂Θ′

]

E

[
∂ L(Θ)

∂Θ

∂ L(Θ)

∂Θ′

]
+ E

[
∂2 L(Θ)

∂Θ∂Θ′

]
= 0.

tth Lt(Θ)

E

[
∂ Lt(Θ)

∂Θ

∂ Lt(Θ)

∂Θ′

]
= E

[
−∂

2 Lt(Θ)

∂Θ∂Θ′

]
.

E
[
∂ Lt(Θ)

∂Θ
∂ Lt(Θ)

∂Θ′

]

E

[
∂ Lt(Θ)

∂Θ

∂ Lt(Θ)

∂Θ′

]
=

n→∞

1

n

n∑

t=1

GtG
′
t



Gt tth Gt =
∂ Lt(Θ)

∂Θ .

E

[
∂ L(Θ)

∂Θ

∂ L(Θ)

∂Θ′

]
=

n→∞

n∑

t=1

GtG
′
t.

B(Θ) =
n∑

t=1

GtG
′
t =

n∑

t=1

∂ Lt(Θ)

∂Θ

∂ Lt(Θ)

∂Θ′ .

Θ(k) = Θ(k−1) +B−1(Θ(k−1))G(Θ(k−1))

b̂t

(σ̂2t ) = (φ̂) + b̂t

σ̂2t =
[

(φ̂) + b̂t
]
.

{ (σ̂2t )}nt=1



{ (σ2t )}
{ (σt)}

{ (σ̂2t )}
{ (σ̂2t )}

(σ̂2t ) = c+ φ1 (σ̂2t−1) + ϵt + θ1ϵt−1

ϵt ∼ WN(0,σ2ϵ )
|φ1| < 1

(σ̂2t ) = c+
∞∑

j=0

ψjϵt−j

ψ0 = 1, ψ1 = φ1 + θ1 ψj = φj−1
1 (φ1 + θ1) j ≥ 2

E[ (σ̂2t )] = c
(

(σ̂2t )
)

= σ2ϵ
∑∞

j=0 ψ
2
j

S(Θ) =
∑

e2t
et = ϵt(Θ) Θ = (φ1, θ1)′ (σ̂21) et

et = (σ̂2t )− φ1 (σ̂2t−1)− θ1et−1, t = 2, . . . , n

e1 = 0

(σ̂2t+k)

(σ̂2t+k|t) = c+
∞∑

j=0

ψk+jϵt−j

(
(σ̂2t+k|t)

)
=

(
(σ̂2t+k|t)

)
= (1 + ψ2

1 + · · ·+ ψ2
k−1)σ

2
ϵ .

ϵt et = ϵt(Θ) n
ϵt et

σ2t+k|t
(σ̂2t+k|t) σ2t+k

ft+k|t =
{

(σ̂2t+k|t) + ( (σ̂2t+k|t)
}
.



σ2t+k,t =
∑k

i=1 σ
2
t+i y2t+k,t =

∑k
i=1 y

2
t+i

Ft+k|t =
k−1∑

i=0

y2t−i

Ft+k|t =
k∑

i=i

ft+i|t

ft+i|t i t

Ft+k|t =
k∑

i=i

ft+i|t

ft+i|t

{σ̂21, .., σ̂2n}

y2t = aσ̂2t , t = 1, ..., n,

ft+k|t = aft+i|t .

(σ̂2t ) = φ′1 (σ̂2t−1) + ϵt + θ′1ϵt−1.

(σ̂2t ) =
∑∞

j=0 ψ
′
j

′

f
′

t+k|t =
{

(σ̂2t+k|t) + ( (σ̂2t+k|t)
}
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′ ′

′

(σ̂2t+k|t) =
∑∞

j=0 ψ
′
k+jϵt−j

(
(σ̂2t+k|t)

)
= (1 + ψ′2

1 + · · ·+ ψ′2
k−1)σ

2
ϵ .

′

′

′







τ ∈ [t − 1, t]
{Pτ}t−1≤τ≤t

dPτ = µdPτdτ + σPτdBτ

µd σ Bτ

Pτ = P0

{(
µd −

σ2

2

)
τ + σ (Bτ −B0)

}

pt = (Pt) [t− 1, t]

pt − pt−1 = µ+ σϵt

µ = µd − σ2

2 ϵt = σBt ∼ N(0,σ2) µ = 0

pt − pt−1 = σϵt.



[t−1, t] Ht = {Sτ : t− 1 ≤ τ ≤ t}
Lt = {Sτ : t− 1 ≤ τ ≤ t} Ot

Ct Ht

Lt

c∗t = (Ct)− (Ot), h∗t = (Ht)− (Ot), l∗t = (Lt)− (Ot).

Ot = Ct−1

rt = ct = (Ct)− (Ct−1), ht = (Ht)− (Ct−1), lt = (Lt)− (Ct−1).

Rt = ht−lt

τ ∈ [0, 1] t

σ̂2P =
1

4 (2)
(h− l)2.

σ̂2 σ2

r2 σ2(
σ̂2P ,σ

2
) / (

r2,σ2
)

σ2

σ2

σ̂2BL =
4 (2)

9ξ(3)
(h− l)2 = 0.25628 (h− l)2

σ2



c h
l c, h l

σ̂2GK∗ = 0.511(h− l)2 − 0.019(c(h+ l)− 2hl)− 0.383c2.

σ̂2GK = 0.5(h− l)2 − (2 (2)− 1)c2.

σ̂2RS = h (h− c) + l (l − c)

E [h (h− c) + l (l − c)] = σ2 σ̂2RS
σ2 σ̂2RS µ ̸= 0



[0, 1]
{p0, p1,, p2, . . . , pk} k 1/k
pτ τ ∈ [0, 1]
hk = {sj : 0 ≤ j ≤ k} lk = {lj : 0 ≤ j ≤ k} pk = ck

h = hk +∆ l = lk − ∆̃

∆ ∆̃

σ̂2RS = (hk +∆) ((hk +∆)− pk) +
(
lk − ∆̃

)((
lk − ∆̃

)
− pk

)

=
(
∆2 + ∆̃2

)
+∆ (2hk − pk)− ∆̃ (2lk − pk) + hk (hk − pk) + lk (lk − pk) .



E[∆] = a√
k
σ E[∆2] = b

kσ
2 a =

√
2π
(
0.25−

(√
2− 1

)
/6
)

b = (1 + (3π/4)) /12 ∆, ∆̃,∆2

∆̃2 σ̂RSk

Q(σ̂RSk) = (1− 2b

k
)σ̂2RSk −

2a√
k
(hk − lk) σ̂RSk − hk (hk − pk)− lk (lk − pk) = 0.

k > 2b Q(σ) → ∞ |σ| → ∞ Q(0) < 0
σ̃RSk

σ̂RSk =
−B +

√
B2 − 4AC

2A

A = 1 − 2b
k B = − 2a√

k
(hk − lk) C = −hk (hk − pk) − lk (lk − pk)

pk c
E[∆] E[∆2]

σ̂Pk σ̂P
(
4 (2)− 4b

k

)
σ̂2Pk −

4a√
k
(hk − lk)σ̂Pk − (hk − lk)

2 = 0

(
1

0.25628
− 4b

k

)
σ̂2BLk −

4a√
k
(hk − lk)σ̂BLk − (hk − lk)

2 = 0

(
2− 4b

k

)
σ̂2GKk −

4a√
k
(hk − lk)σ̂GKk − (hk − lk)

2 + (4 (2)− 2)p2k = 0.

k
k

nth

n× k
σ

pi,j+1− pi,j =
1

k
µ+ σϵi,j

i = {1, . . . , n} j = {1, . . . , k} ϵi,j ∼ N(0, 1) pi,1 = pi−1,k

pi = pi,k h∗i = {si,j : 1 ≤ j ≤ k}
l∗i = {si,j : 1 ≤ j ≤ k} ith

ith

ci = pi − pi−1, hi = h∗i − pi−1 li = l∗i − pi−1.



4.7×10−5 µ =
σ2 = 2.5×10−5, 10×10−5, 40×10−5

90 × 10−5

σ
n σ̂2

(σ̂2,σ2) =
1

n

n∑

i=1

(σ̂2i − σ2)2 (σ̂2,σ2) =
1

n

n∑

i=1

(
σ2

σ̂2i
− σ2

σ̂2i
− 1

)
.

|σ̂2 − σ2|

(σ̂2) = (σ̂2P )
/

(σ̂2).

pi,j+1 − pi,j =
1

k
µ+ σi,jϵi,j

σ2i,j ∼ IG(
φ

k
,
ω

k
)

i = {1, . . . , n} j = {1, . . . , k} ϵi,j ∼ N(0, 1)

y ∼ IG(φ,ω) λy ∼ IG(λφ,ω)

yi ∼ IG(φ,ω) i = 1, 2, . . . , n
∑n

i=1 yi ∼ IG(nφ, nω)

y ∼ NIG(φ,ω) λy ∼ NIG(λ2φ,ω)

yi ∼ NIG(φ,ω) i = 1, 2, · · · , n
∑n

i=1 yi ∼ NIG(nφ, nω)

ϵ ∼ N(0, 1) σ2 ∼ IG(φ,ω) y = σϵ ∼ NIG(φ,ω)



σ2i,j ith

σ2i,j ∼ IG(φk ,
ω
k ) k

σ2i ∼ IG(φ,ω)

yi,j ∼ NIG(φk ,
ω
k )

yi ∼ NIG(φ,ω)
σ2i,j

u IG(1,ω′) v =
ω′(u − 1)2/u χ2

1

v χ2
1

u1 = 1 +
v

2ω′ −
√
4ω′v + v2

2ω′ , u2 =
1

u1
.

u u1 u2 1/(1+u1) u1/(1+u1)
u = u1 u = u2 u IG(1,ω′) ω′ = ω/k

1/k σ2i,j = u/k ∼ IG(φ/k,ω/k)

σ2i ∼ IG(φ,ω)
φ = E[σ2i ] = 10 × 10−5

ω = 1, 1/3, 1/5, 1/7



σ2 = 10 ×105

µ = 0

k r2i k k k k

µ = 0.01

k r2i k k k k



k = 40 σ2 =
10× 10−5

µ = 0

r2i k k k k

µ = 0.01

r2i k k k k

( k)
(r2i ) ( k)

( )
( ) ( k)

( ) ( )
( k k)

k
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k = 40 E[σ2i ] =
10× 10−5 1/ω = 5

µ = 0 9.8× 10−5

r2t k k k k

µ = 0.01 9.72× 10−5

r2t k k k k



E[σ2i ] =
10 × 105 ×105

µ = 0

k r2i k k k k

µ = 0.01

k r2i k k k k



r2t k k k k

µ = 0
{

{

µ = 0.01
{

{







(σ2t−1)

dpτ = στdBτ

στ = σt ∀τ ∈ (t− 1, t].

Rt := τ∈(t−1,t]{ Sτ}− τ∈(t−1,t]{ Sτ} = (Ht)−
(Lt)

⎧
⎪⎨

⎪⎩

yt = σtϵt, ϵt ∼ N(0, 1)

(σ2t ) = α+ β (R2
t−1) + bt

ut = (bt) ∼ IG(1,ω).

α,β ω
α+β (R2

t−1)
bt

ω φt

σ2t |Ft−1 =
(
α+ β (R2

t−1)
)
ut ∼ IG(φt,ω),

φt =
(
α+ β (R2

t−1)
)

Ft t

yt|Ft−1 ∼ NIG(φt,ω).

(yt|Ft−1) = φt =
(
α+ β (R2

t−1)
)

(yt|Ft−1) = ω.

β



k
⎧
⎪⎨

⎪⎩

yt = σtϵt, ϵt ∼ N(0, 1)

(σ2t ) = α+
∑p

i=1 βi (R2
t−i) + bt

ut = (bt) ∼ IG(1,ω).

{yt}nt=1

Θ = (α,β,ω)′

Fn {y1, y2,, ..., yn} {R1, . . . , Rn}
yt

φ,ω)
α,β

ω

l(α,β,ω) =
n∑

t=1

(f(yt|Ft−1;α,β,ω))

= n [ (ω) + ω − (π)] +
n∑

t=1

{
−1

2

(
y2t + ω (α+ β (R2

t−1)
)}

+
n∑

t=1

[
K1

(√
ωy2t(

α+ β (R2
t−1)

) + ω2

)]
.



Θ

h(b;Θ) =
n∑

t=1

{ f(yt|bt;α,β) + f(bt;ω)}

b = {bt}nt=1 yt|bt
σ2t

f(yt|bt;α,β) = −1

2
(σ2t )−

1

2
(2π)− 1

2

y2t
σ2t

= −1

2

{(
α+ β (R2

t−1) + bt
)
+ (2π)

}

−1

2
y2t

[
−
(
α+ β (R2

t−1) + bt
)]

bt f(bt;ω) = |∂u(bt)/∂bt| · fu (u(bt);ω) u(bt) = (bt) ∼ IG(1,ω)
u ∼ IG(1,ω)

f(bt;ω) = ( (bt) · f( (bt);ω))

=
1

2
(ω)− 1

2
(2π) + ω − bt

2
− ω

2
( (−bt) + (bt))

t
ht(bt;Θ) = f(yt|bt;α,β) + f(bt;ω)

ht(bt;Θ) = ω +
1

2
(ω)− 1

2
α− (2π)− 1

2
β (R2

t−1)

−ω
2
( (−bt) + (bt))−

1

2
y2t

[
−
(
α+ β (R2

t−1) + bt
)]

− bt

h(b;Θ) = n

[
ω +

1

2
(ω)− 1

2
α− (2π)

]
− 1

2
β

n∑

t=1

(R2
t−1)

−1

2
ω

n∑

t=1

( (−bt) + (bt))−
1

2

n∑

t=1

{
y2t

[
−
(
α+ β (R2

t−1) + bt
)]

+ 2bt
}

l =
´

(h)db

pb(h) = h− 1

2
{D(h, b)/(2π)} |b=b̂



D(h, b) = −∂2h/∂b2 b̂ ∂h/∂b = 0

∂h

∂bt
= −1 +

1

2
y2t

[
−
(
α+ β (R2

t−1) + bt
)]

− 1

2
ω (− (−bt) + (bt))

∂2h

∂bs∂bt
=

{
−1

2y
2
t

[
−
(
α+ β (R2

t−1) + bt
)]

− 1
2ω ( (−bt) + (bt)) , s = t

0 s ̸= t

b̂t ∂h/∂bt = 0

b̂t =

⎛

⎝
−1 +

√
ω2 + ωy2t

[
−
(
α+ β (R2

t−1)
)]

+ 1

ω

⎞

⎠

Θ = (α,β,ω)′

b̂ = (b̂1, ..., b̂n)

std.err Ĥ = [∂2pb/∂θ2]|θ=θ̂ std.erri =
√

Îi,i
Î = −Ĥ−1

σ̂2t =
(
α+ β (R2

t−1) + b̂t
)
.

α β
ω

ω

ω

β
β
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cv = 1

f(Rt|σt) = 8
∞∑

k=1

(−1)k−1k
2

σt
φ

(
kRt

σt

)

φ

F (Rt|σt) =
∞∑

k=1

(−1)k−1k

{ (
(k + 1)Rt

σt
√
2

)
− 2

(
kRt

σt
√
2

)
+

(
(k − 1)Rt

σt
√
2

)}

E[Rp
t |σt] =

4√
π
Γ

(
p+ 1

2

)(
2p/2 − 22−p/2

)
ζ(p− 1)σpt , p ≥ 1

(x) := 1 − (x) (x) (x) := 2/
√
π
´∞
0 e−t2dt

ζ(x) E[Rt|σt] =
√

8/πσt
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cv

cv = 1



E[R2
t |σt] = 4 (2)σ2t

E[ (Rt)|σt] = 0.43 + (σt)

( (Rt)|σt) = 0.292

( (Rt)|σt) = 0.17

( (Rt)|σt) = 2.80.

E[ (Rt)|σt] = 0.4257 + (σt).

E[ (R2
t )|σt] = 2E[ (Rt)|σt] = 0.8514 + (σ2t ).

t

(σ2t+1|t) = E[ (σ2t+1)|Ft] = α+ β (R2
t ) + E[bt+1|Ft]

(σ2t+2|t) = α+ βE[ (R2
t+1)|Ft] + E[bt+2|Ft].

E[ (R2
t+1)|σt+1] = c+ (σ2t+1) (σ2t+1)

E[bt+k|Ft] Et[bt+k]

(σ2t+2|t) = α+ β(c+ (σ2t+1|t) + Et[bt+2]

(σ2t+k|t) = α+ β(c+ (σ2t+k−1|t) + Et[bt+k].

bt
Et[bt+1] β < 1 k

(σ2t+k|t) =
1− βk

1− β
α+

1− βk−1

1− β
βc+ βk (R2

t ) +
1− βk

1− β
Et[bt+1].



Et[bt+1]
k

k→∞
(σ2t+k|t) =

α+ βc+ Et[bt+1]

1− β
.

(σ2t+1|t) = α+ β1 (R2
t ) + β2 (R2

t−1) + Et[bt+1]

(σ2t+2|t) = α+ β1E[ (R2
t+1)|Ft] + β2 (R2

t ) + Et[bt+2]

= α+ β1
(
c+ (σ2t+1|t)

)
+ β2 (R2

t ) + Et[bt+2].

(σ2t+k|t) = α+ β1
(
c+ (σ2t+k−1|t)

)
+ β2

(
c+ (σ2t+k−2|t)

)
+ Et[bt+k].

k

Êt[bt+k] =
1

k

k−1∑

i=0

b̂t−i.

Θ̂ {b̂t}
Êt[bt+k]

(σ2t+1|t), ..., (σ2t+k|t) k
t

ft+k|t =
[

(σ̂2t+k|t)
]
.



′

k = 22

{σ̂21, .., σ̂2n}

y2t = aσ̂2t , t = 1, ..., n,

ft+k|t = aft+k|t .

′



xy



β





β



F̄ (·)

Ft t

γτ τ

µn nth

ρτ τ

σ2

(X,Y ) X Y

(X,Y ) X Y

(·)

(·)

(·)
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D

E[·]

F

f
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fX X

ft+k|t



G(Θ) L(Θ)

GH(λ,φ,ω)

H(Θ) L(Θ)

I(Θ) L(Θ)

k

k

P (·)

Pt t

r∗t

r∗t,k k

R2

s2

w

WN(0,σ2)























{ t}nt=1 t =
(y1,t, y2,t, ..., yd,t)′ d n Θ = (φ,ω)
φ = (φ1,φ2, ..,φd)

l(φ,ω) = n

{
(2)− d+ 1

2
(2π)− 1

2

d∑

i=1

(φi) + ω +
d+ 3

4
(ω)− 1

2
(|Ω|)

}

−d+ 1

4

n∑

t=1

( ′
tΣ

−1
t + ω

)
+

n∑

t=1

[
K d+1

2

(√
ω ′

tΣ
−1

t + ω2

)]

h =
n∑

t=1

{ f( t|bt) + fΘ(bt)}

f( t|bt) fΘ(bt)

f( t|bt) = −1

2

{
d (2π) + |Σ|+ dbt +

′
tΣ

−1 e−bt
}

fΘ(bt) = −1

2

{
(2π)− (ω) + 3 (bt)− 2ω + ω(b−1

t + bt)− 2bt
}
.

∂h/∂bt = 0

b̂t =

(
2ωt − (d+ 1)

2ω

)



ωt = 1
2

√
(d+ 1)2 + 4(ω ′

tΣ
−1

t + ω2)

pb(φ,ω) =n

{
−d

2
(2π)− 1

2

d∑

i=1

(φi)−
1

2
(|Ω|) + ω +

d+ 2

2
(ω)

}

− 1

2

n∑

t=1

[
ωt

(
ωt −

d+ 1

2

)d+1
]
−

n∑

t=1

ωt

Sb(φ,ω) = pb(φ,ω)−
1

24

n∑

t=1

3ω2
t − 5(d+ 1)2/4

ω3
t

.

Σ = Λ′ΩΛ Λ
√
φi =

σi Ω



105 109



10
5
×

σ
2
=

k
=

20
10

5
×

σ
2
=

k
=

20

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



10
5
×

σ
2
=

40
k
=

20
10

5
×

σ
2
=

90
k
=

20

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



10
5
×

σ
2
=

2.5
k
=

40
10

5
×

σ
2
=

10
k
=

40

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



10
5
×

σ
2
=

40
k
=

40
10

5
×

σ
2
=

90
k
=

40

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



10
5
×

σ
2
=

2.5
k
=

100
10

5
×

σ
2
=

10
k
=

100

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



10
5
×

σ
2
=

40
k
=

10
0

10
5
×

σ
2
=

90
k
=

10
0

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



10
5
×

σ
2
=

2.5
10

5
×

σ
2
=

10

k
r
2i

k
k

k
k

k
r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



10
5
×

σ
2
=

40
10

5
×

σ
2
=

90

k
r2 i

k
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



k
k

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



k
k

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



k
k

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



k
k

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



k
k

r
2i

k
k

k
k

r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



k
k

r2 i
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01



10
10

k
r
2i

k
k

k
k

k
r
2i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.0005
µ
=

0.0005

µ
=

0.001
µ
=

0.001

µ
=

0.005
µ
=

0.005

µ
=

0.01
µ
=

0.01



10
10

k
r2 i

k
k

k
k

k
r2 i

k
k

k
k

µ
=

0
µ
=

0

µ
=

0.
00

05
µ
=

0.
00

05

µ
=

0.
00

1
µ
=

0.
00

1

µ
=

0.
00

5
µ
=

0.
00

5

µ
=

0.
01

µ
=

0.
01





tth

lt(α,β,ω) = (f(yt|Ft−1;α,β,ω))

=

⎡

⎣ ω (ω)

π
√

y2t + φtω

⎛

⎝K1

⎛

⎝
√
ωy2t
φt

+ ω2

⎞

⎠

⎞

⎠

⎤

⎦

= (ω) + ω − (π)− 1

2

(
y2t + ω (α+ β (d2t−1)

)

+

(
K1

(√
ωy2t(

α+ β (d2t−1)
) + ω2

))

tth Gt = (∂lt/∂α, ∂lt/∂β, ∂lt/∂ω)′

zt =

√
ωy2t

(α+β (R2
t−1))

+ ω2 ω ≥ 0

∂lt
∂α

= −1

2

ω
(
α+ β (R2

t−1)
)

y2t + ω
(
α+ β (R2

t−1)
) +

(
1

z
− K2(zt)

K1(zt)

)
∂zt
∂α

∂lt
∂β

= −1

2

ω (R2
t−1)

(
α+ β (R2

t−1)
)

y2t + ω
(
α+ β (R2

t−1)
) +

(
1

z
− K2(zt)

K1(zt)

)
∂zt
∂β

∂lt
∂ω

=
1

ω
+ 1− 1

2

(
α+ β (R2

t−1)
)

y2t + ω
(
α+ β (R2

t−1)
) +

(
1

z
− K2(zt)

K1(zt)

)
∂zt
∂ω



∂zt
∂α

= − 1

2zt

(
ωy2t(

α+ β (R2
t−1)

)
)

∂zt
∂β

= − 1

2zt

(
ωy2t (R2

t−1)(
α+ β (R2

t−1)
)
)

∂zt
∂ω

=
1

2zt

(
y2t(

α+ β (R2
t−1)

) + 2ω

)

G Gt G =
∑n

t=1Gt

I = [Ii,j ] B = [Bi,j ]
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