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Chapter 1

Introduction

This dissertation provides a contribution to social choice theory. Broadly speaking,
the main subject of this branch of economic theory is the process of collective decision
making.

This dissertation is composed of four chapters. Each one of them can be read
independently of the others. This introduction is the first one and describes briefly

the motivation and the contents of the following chapters.

The theoretical analysis of Chapter 2 is motivated by the debate on the principles
that guided the voting reform in the European Union Council of Ministers following
the arrival of new members. A principle that is written in many official documents
states that the voting reform should preserve the dual nature of the Union which
is both a Union of States and a Union of People. Another declared propose of the
reform is to extend the use of majority voting to areas currently subject to unanimity

(see Baldwin, Berglof and Giavazzi, 2001).

In this debate, inter-governmentalism and federalism are two different point of
views about the future of the European Union. Romanno Prodi, a declared federalist
and former President of the European Commission, compared the European Union to
a train in motion and the unanimity rule as an impediment to its speed. In contrast,

the supporters of inter-governmentalism, such as the UK’s Conservative Party, say
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that because governments can veto decisions in any area where they are specially
sensitive, no EU country is forced to accept a change from the status quo that it

simply finds terrible.!

I analyze the case of a society or a committee facing the choice of a voting rule,
which will then be used in a sequence of decisions involving the rejection or the

adoption of proposed changes to the status quo.

In the analysis, I use a standard probabilistic voting model which was proposed
by Douglas Rae in 1969. This model can be described as follows: (1) A voting rule
is characterized by the minimum number of votes needed to approve a proposal of
change from the status quo; (2) a voter is characterized by a probability that he
will support a proposal, and this probability is common knowledge; (3) each voter’s
probability distribution of supporting a proposal is independent of any other voter’s
probability distribution; (4) each voter casts only one vote, and he gets utility of
value equal to 1 if his preferred alternative is chosen in the vote, and utility of value

0 otherwise.

Given these assumptions, the voters are able to assign an expected utility to each
different voting rule. Earlier studies on this model are, among others, Rae (1969),
Curtis (1972), Badger (1972) and Barbera and Jackson (2004). Rae (1969) and Curtis
(1972) point out the supremacy of simple majority over alternative voting rules by
showing that simple majority always maximizes the sum of the voters’ expected
utilities. Badger (1972) proves the existence of a Condorcet winner voting rule, i.e. a
voting rule that is never defeated by any other alternative rule on the basis of simple
majority rule. Barbera and Jackson (2004) investigate self stable voting rules; i.e.
rules that cannot be defeated by any other alternative rule when the choice between

the rules is based on these same rules.

In contrast to Barbera and Jackson (2004) and Badger (1972), who concentrate

on the voting rules that might be chosen if voters themselves vote on rules, I take a

'See "Don’t call me greedy" in The Economist, 12/08/2001 Issue 8251, page 50.



normative point of view, and characterize the voting rules that satisfy Rawls’ maximin
criterion. That is, those rules that maximizes the expected utility of the voter who
is worst off in the committee. This characterization provides a benchmark against
which the utilitarian choice of voting rules, which Rae (1969) and Curtis (1972)

showed leads to the choice of simple majority rule, can be compared.

In Chapter 2, I restrict my attention to voting rules that are specialized in selecting
one alternative from a set of two alternatives (adopting or not adopting a proposal of
change from the status quo). This is not the case of the voting rules under analysis in
Chapters 3 and 4. The system that I study in Chapter 3 selects one alternative from
a set of several alternatives, while those studied in Chapter 4 select a fixed number

of alternatives from a set of several alternatives.

Chapters 3 and 4 are motivated by the ongoing debate in Brazil about whether
or not the system used to elect rectors of public universities should be changed. The
system under scrutiny is the rule of three names, known in Brazil as “sistema por
lista triplice”. In Brazil as well as in many Latin American countries, this nomina-
tion/decision system is also used to designate the members of several decision bodies
of the Judiciary system. In Spain, it is called “La terna” and was largely used during

Franco’s regime. In fact, this system is still used in Spain in the Judiciary system.

Eventually, despite of its widespread use by many institutions around world, we
realized that the theoretical literature about this system was scarce. Moreover, most

of the examples that we have found come from countries with a Christian tradition.

Later, we found, in the Catholic encyclopedia, a explanation for this concentration
in these countries: This system has been used for more than fifteen centuries by the
Church to elect bishops. Nowadays, the Pope chooses one of the candidates in the list
with three names proposed by the members of the ecclesiastical province. In Ireland,
each canon of the cathedral and parish priest can cast a vote for three candidates to
bishop. In England, the canons vote three times, and select each time the most voted

candidate. In both cases, the list is made with the three most voted candidates (see
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Catholic Encyclopedia). We have found a diversity of voting procedures been used
to choose the three names to make up the list. These types of voting procedures are

interesting per se, Chapter 4 is devoted specifically to study them.

We have found examples where the procedure requires a list with more than three
names. Hence, we shall from now on refer to the “rule of £ names”. The rule of k&
names can be formally described as follows: given a set of candidates for office, a
committee chooses k members from this set by voting, and makes a list with their
names. Then a single individual from outside the committee selects one of the listed

names for the office.

In Chapter 3, after providing examples of the widespread use of the rule of k
names, a game theoretical analysis of this rule is provided. We concentrate on the
plausible outcomes induced by the rule of k names when the agents involved act

strategically and cooperatively.

In this game theoretical analysis, we adopt the cooperative approach introduced
by Aumann (1959). In this approach, the cooperative strategic behaviour problem is
modelled using the strategic form framework of non-cooperative game theory. The
strategic form of a game is the specification of the set of players, players’ strategy sets
and payoffs. The game solution concept that we adopt is the Strong Nash Equilibrium
also proposed by Aumann (1959). As can be inferred by its name, it is an adaptation

of a non-cooperative equilibrium proposed by Nash (1951).

Two strategic form games that can be induced by the rule of k names under
somewhat different scenarios are proposed. These scenarios differ in the ability of
the chooser, who appoints the winning candidate, to make credible threats in order
to influence the choice of the k names by the committee members. In the most
favorable scenario for the chooser, he can credibly declare in advance who is the

winning candidate for every list that can be proposed by the committee.

We characterize the sets of all strong equilibrium outcomes of each of the games.

This task was facilitated by Sertel and Sanver’s (2004) characterization of the set



of strong Nash equilibrium outcomes of voting games. They consider a standard
voting game where a committee elects a candidate for office without any external

interference.

We use extensively the concept of effectivity functions associated with a game
form. This type of functions expresses the strategic possibilities for every admissible
coalition of players. In other words, it expresses which outcomes can be achieved by

a coalition given the rules of the game?.

These characterizations enable us to examine the consequences of changing the
parameter k, of adding undesirable candidates and of replacing a majoritarian screen-
ing rule by non-majoritarian screening rule. By knowing these consequences, we are
able to infer what might be the preferences of the chooser over different variants of

the rule of k names.

An important part of a rule of k names is given by the screening rule used by
the committee in order to select, or screen out, those k candidates to be presented
to the chooser. In Chapter 4, we investigate whether or not the six screening rules
documented in the third chapter satisfy stability. The definition of stability is based
on a specific definition of weak Condorcet sets proposed by Gehrlein (1985). A set
with k candidates is a weak Condorcet set if no candidate in the set can be defeated by
any other candidate outside the set on the basis of simple majority rule. A screening
rule for k names is said to be stable if it always selects a weak Condorcet set, whenever

such a set exists.

After discussing the scenarios where stability can be considered to be a desirable
property, we show that all these six screening rules violate it. We show, however,
that it is not difficult to create stable screening rules. Here we propose two stable
screening rules. We also proves two results which hint at possible reasons why there is
a widespread use of unstable screening rules. The first result states that the stability

property is incompatible with other equally desirable properties. The second one

*Two excellent books on effectivity functions are Abdou and Keiding (1991) and Peleg (1984).
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states that many unstable screening rules tend to become stable if the voters act

strategically and cooperatively.
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Chapter 2

Maximin Choice of Voting Rules

for Committees

2.1 Introduction

Members of a committee, with conflicting interests, need to choose a threshold voting
rule to be used in a series of dichotomous choices involving rejection or adoption of
proposed changes from the status quo. A threshold voting rule is the minimum
number of votes needed to approve a proposal of change from the status quo. There
is uncertainty about the future proposals that will be voted on. However, voters
are able to form expectations about the proposals and about the behavior of other
members. Based on these expectations, they form preferences over (threshold) voting
rules that best satisfy their own interests. The debate about which voting system
should be adopted by the European Union Council of Ministers, following the arrival

of new members, is an example of where this theoretical framework could be applied.

In this context voters might have different preferences over voting rules. We
explore the idea that voters tend to agree on rules that generate patterns of outcomes
that are considered reasonable by all of them. In other words, voting rules are chosen

according to principles such as fairness or Pareto efficiency.
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We analyze the endogenous choice of voting rules in a probabilistic voting model
first proposed by Rae (1969). We consider the choice of voting rules according to
the Rawls’ maximin criterion, with the suggestion that fairness considerations may
recommend the choice of a rule that maximizes the expected utility of the worst off

voter.

In this model, each voter is characterized by a probability of being in favor of
the status quo and the action each voter takes on any given proposal is completely
independent of the action taken by others. Each voter casts only one vote and he gets
utility 1 if his preferred alternative is chosen in the vote, and utility 0 otherwise. Given
this setup, the voter’s expected utility over voting rules is the frequency, generated by
the rule, with which his opinion about proposed changes of the status quo coincides

with the decisions taken by the committee.

As a part of our analysis of voting rules that satisfies the maximin criterion, we
investigate the characteristics of the worst-off voters in a committee. We show that
there is an endogenous threshold such that for any voting rule lower than it (i.e. any
voting rule that requires less votes to adopt a proposal than it), the worst-off voter is
the most conservative among the members of the committee. For voting rules higher

than this threshold the reverse holds, i.e. the worst off voter is the most radical voter.

After investigating the relationship between the distribution of well being across
voters and voting rules, we are able to prove that there are at most two maximin
voting rules, at least one is Pareto efficient and is often different to the simple majority
rule. If a committee is formed only by “conservative voters” (i.e. voters who are more
likely to prefer the status quo to a change) then the maximin criterion recommends
voting rules that require not more votes than the simple majority rule. If there are
only “radical voters”, then this criterion recommends voting rules that are not lower

than half of the total number of voters.

Early proponents of this model concentrated on the utilitarian perspective, which

always recommends the choice of the simple majority rule (Rae, 1969 and Curtis,
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1972). In a similar model, Guttman (1998) uses Harsanyi’s construction of veil of
ignorance to justify the use of this criterion in the choice of voting rules. He assumes
that each voter would participate in the choice of the voting rule with no knowledge
whatsoever of whether his expected utility over voting rules will be that of voter 1,
voter 2, etc. There is equal probability of being any particular voter. Under this
assumption, Guttman proves that the optimal voting rule for any voter is the one
that maximizes the sum of voters’ expected utilities and this is the simple majority
rule in our context. See Buchanan, 1998; Tullock, 1998 and Arrow, 1998 for further
discussion on this issue.

By contrast, Badger (1972) and Barbera and Jackson (2004) have discussed the
choice of voting rules by means of a vote. Badger (1972) shows that the Condorcet
winner always exists proving that voters’ preferences over voting rules are single
peaked. Barbera and Jackson (2004) claim that a voting rule is likely to persist in a
group if it cannot be defeated by any other alternative rule when the choice between
the rules is based on this same rule. They call this property self stability. They argue
that the possible lack of self-stable rules among voting rules could be an explanation
why most states’ constitutions require super majorities in order to change the voting

system used for day-to-day decisions.!

Other authors use different lines of argument to defend the choice of some voting
rule over another.? The rules used by society to make constitutional choices are called
meta rules by Brennan and Buchanan (1985). They argue that any rule is “ just ”
if it is chosen by a society using an agreed meta rule. Moreover, they claim that
the use of unanimity criterion to choose between rules is feasible because consensus
about the choice of rules can be easily reached: “... the uncertainty introduced in any
choice among rules or institutions serves the salutary function of making potential

agreement more rather than less likely...." (Brennan and Buchanan, 1985, page 29).

'"Wakayama (2003) extended Barbera and Jackson’s (2004) analysis adding the possibility of

voters’ abstention.
*See Grofman (1979) and Esteban and Ray (2001).
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The outline of this chapter is as follows: In Section 2.2, we describe the model. In
Section 2.3, we present some known properties of individual preferences over voting
rules, proved in Badger (1972), Barbera and Jackson (2004) and Rae (1969), this
serves as an introduction to our results. Our characterization of voting rules that
satisfy the maximin criteria are presented in Section 2.4. Finally, in Section 2.5, we

close with some final remarks.

2.2 The model

Let us represent the set of voters by N = {1,...,n}. We shall assume that N is finite
and n > 3. The voters, with conflicting interests, need to choose the voting rule to
be used in a series of dichotomous choices involving the rejection or the adoption of
proposed changes from the status quo. Each voter casts a vote in {yes, no}. Voting
for “yes” is interpreted as being in favor of the proposed change. Voting for “no”
is interpreted as being against the change. A voting rule is a number s € {1,...,n}.
Given a voting rule s, the proposed change is adopted if there are at least s voters

in favor of it.

The voters have expectations over future issues that will be voted on, but do not
know their exact realization. The voters are simply characterized by a parameter
p; € (0,1). This represents the probability that they will support change at the time
of the vote. The realizations of voters’ support for the alternatives are independent.

Badger (1972) offers a convincing justification for this assumption:

“We shall also make the admittedly highly unrealistic assumption that
the action each legislator takes on any given proposal is completely inde-
pendent of the action taken by others. This eliminates the consideration
of factional disputes, logrolling, and the entire gamut of political and his-

torical dynamics which are basic to the evolution of any real legislative
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structure. But then we shall not attempt to analyze such structures. By
eliminating “interactive” political dynamics entirely, we hope to get a
much narrower yet somewhat clearer view of the relationship between an
individual legislative will and optimal collective policy."( Badger, 1972,
page 35 ).

A voter gets utility 1 if his preferred alternative is chosen in the vote, and utility
0 otherwise. Henceforth, a committee is a set of voters N = {1, ...,n} associated with
a vector p = (p1, ..., Pn)-

For any m € {1,....m — 1}, let Pj(m) denote the probability that exactly m
individuals in N\ {¢} support change:

R(m) = Z XjeBpj XZ¢B (1—pl). (2.1)
BCN \ {¢}:|B|=m

Let Uj(s) be the expected utility of voter ¢ when voting rule s is used. This is

expressed as follows:

n—1

s—1
Ui(s)=pi Y Pi(m)+(1—p)>_ Pi(m). (2.2)
m=0

m=s—1
In the right hand side of expression (2.2) above, the first term is the probability,
under voting rule s, of a proposal of change being accepted when ¢ supports it. The
second term is the probability, under voting rule s, of a proposal being rejected when
i opposes it. Thus U;(s) can be interpreted as the frequency, generated by the rule s,
with which voter ¢ expects to support a proposal and have it adopted and to oppose

a proposal and have it defeated.

Notice that if we move from s to s’ (s > s) then the first term of the right hand
side decreases while the second term increases. Whether or not i’s expected utility
will increases with the movement from s to s’, will depend on the intensity of these

two effects.
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2.3 Choosing how to choose: Utilitarianism, Condorcet

winner and self-stability

Rae (1969), the proposer of this model, considers only homogeneous committees,
i.e. p; = p; for every i,j € N. It is easy to see from expression (2.2) that for any
i,j € N, if p; = p; then U;(s) = Uj(s) for every s € {1,..n}. So, in any homogeneous
committees, all the voters have the same expected utilities over voting rules. Let the
simple majority rule be referred as s™% and defined as s™% = w if n is odd and
5 + 1if n is even. Rae (1969) shows, for any homogeneous committee, that for any
value of the parameters p, the voters’ preferred voting rule is s™% if n is odd and s™%
and s = 5, if n is even. This result is due two facts: The first one is that only under
voting rules s™% and s = 5, any collective decision is never taken in disagreement
with the majority of voters. The second one is that, in a homogeneous committee,
for any voter ¢ € N the probability that voter ¢’s opinion about a proposal coincides

with the majoritarian one is higher than fifty percent.

Notice that this last fact would not hold if voter ¢ € N had a very small parameter
p compared with the other voters. For example, consider a committee represented
N = {1,2,3} with p; = 0.1 and ps = p3 = 0.90. It follows that the probability of
voter 1’s opinion about a proposal coincides with the majoritarian one is equal to

0.27.

Curtis (1972) considers heterogeneous committees. He generalizes Rae’s (1969)
result by showing that even in heterogeneous committee, the only rules that maxi-
mizes the sum of voters’ expected utilities (i.e., that satisfies the utilitarian criterion)
is s if n is odd and s™% and s = 5 if n is even (see for example Muller, 1989, page
100). The intuition of this result is that only simple majority rule (and s = 4 if n is
even) maximizes the probability that a decision taken by the committee is supported

by the majority of the voters®.

#Schofield (1972) points out that the marginal advantage of simple majority over any other voting
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If the committee is heterogeneous, i.e. not homogeneous, the distribution of well
being across voters in terms of expected utilities may depend drastically on the voting
rule. So, consensus over the choice of a voting rule to be adopted by the committee
may be difficult if the voters are not utilitarians or if utilities are not transferable.

Example 1 below illustrates this point.

Example 1. Let N = {1,2,3,4,5,6,7}, p1 = 0.9, p2 = 0.8,p3 = 0.7, py = 0.6,
ps = 0.5, pg = 0.4 and p7 = 0.1 be a representation of a committee. Knowing the
parameters p’s for each voter, expression (2.2) can be applied to compute the voters
expected utility generated by each voting rule. The voters’ expected utilities over voting

rules are illustrated in Figure 1 below.*

Expected Utility Over Voting Rules
P=(0.9, 0.8, 0.7, 0.6,0.5,0.4,0.1)

09

08

07

— 4+ p1=09
..m-- P2=0.8
—e—p3=0.7
_.@--p4=06
—%—p5=0.5
_.G..p6=04
reehee- PT=0.1

04

03

02

01

T T T T T T
s=1 §=2 s=3 s=4 s=5 =6 s=7

Figure 1

Badger (1972) shows that there exist at most two voting rules that maximize voter

i’s expected utility. In the case where s’ and s” both maximize U;(-) and s’ < s”, he

rule does become vanishingly small as the size of the committee increases.
4The author has written a program in Matlab that computes the voters’ expected utilities over

voting rules. This program is available upon request.
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proves that s’ and s” are adjacent, i.e. s =s” — 1.

Let s; denote the peak for voter 7, i.e. the voting rule that maximizes the voter
1’s expected utility. If s* and s* — 1 are both peaks of voter i then 5; = s* and
we say that s* is a twin-peak. Examining Figure 1, we can see that s™% = 4,
S1=2,5=3,53=3,54=14,5=05,5 =5 and sy = 7. For any m € {1,...,n},
let us denote by g;(m) the conditional probability that voter ¢ supports a proposal
given that the number of voters that support it is exactly equal to m. And let Z(m)
be the probability that exactly m voters in N support a proposal. Notice that
gi(m) = % and 1 —g;(m) = %. After some algebraic manipulations

of expression (2.2), it can be shown that the difference between U;(s + 1) and U;(s)

can be expressed as follows:

Ui(s+1) = U;i(s) = (1 —2¢;(s))Z(s) for every s € {1,....,n — 1} (2.3)

The assumption of independence of voters support implies that Z(m) > 0 for
any m € {1,..,n} and 0 < ¢;(1) < ¢;(m — 1) < gi(m) < ¢i(n) = 1 for any m €
{3,...,n—1}. Hence with the help of expression (2.3) it can be easily proved that the
peak for voter 4, §;, can be characterized as follows: §; is the largest s’ € {1,...,n}
such that ¢;(s') > 1/2 and ¢;(s) < 1/2 for any s < s'.> Moreover if ¢;(5;) = 1/2 then
S; is a twin-peak.

As can be verified in Figure 1, the expected utility of any voter ¢ € IV is strictly
increasing in {1, ..., 5; — 1} and strictly decreasing in {5;, ..., 7}. Badger (1972) proves
that this is a regularity of this model. Thus, following the literature, Badger (1972)
proves that, for any committee, the voters’ preferences over voting rules belong to
the domain of single-plateaued preferences. However, Badger (1972) and Barbera
and Jackson (2004) adopted the term single-peaked preferences since, in this model,
indifferences can occur only between two adjacent rules on top and happens non-

generically (in p).

This characterization was first proposed by Barbera and Jackson (2004).
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Again in Figure 1, notice that p; > ... > p7 and 51 < §5 < ... < §7. That is, if
voter 7 expects to support proposals more often than voter j, then voter i’s peak s;
cannot be larger than ;. This is a very intuitive property of this model pointed out
by Barbera and Jackson (2004). Writing it formally, for any committee (N, p) and
any 7,7 € N we have that 5; > 5; whenever p; > p;. They also show that for any
committee there is a pair of voters where one of them has a peak smaller than or
equal to the simple majority rule and the other has a peak higher than or equal to
it. That is, for any committee (N,p), there exist 4,7 € N such that §; > s™% > ;.
In Example 1, s™% =4 and 2 =3, > s™% > 5, =7.

Take the voters characterized by the highest p (smallest p) in the committee and
select only one of them to be referred as wvoter R (voter C). Thus R (C) is the
voter that has the highest probability of supporting (reject) a proposal of change at
the time of the vote. Let Sg (S¢) denote the peak for voter R (voter C'). Thus, in
Example 1, voter 1 with p; = 0.9 is voter R since he has the highest p, while voter 7
with p7 = 0.1 is voter C. A direct corollary of the properties proved by Barbera and

Jackson (2004), is that for any committee 5o > s™% > 5j.

Badger (1972) studies the set of weak Condorcet winner voting rules. A voting rule
s € {1,...,n} is a weak Condorcet winner if |{i € N|U;(s") > U;(s)}| < s™% for every
s € {1,...,n}\{s}. Such voting rules are particular interesting in situations where
voting rules are chosen on the basis of simple majority rule. The single peakedness
property guarantees that the set of weak Condorcet winner rules is never empty. In
Example 1, there is only one weak Condorcet winner rule and it is the simple majority
rule.b

Barbera and Jackson (2004) also analyse the case where voting rules are chosen
by voting. They say that a voting rule s is self-stable if |{i € N|U;(s') > U;(s)}| < s
for every s’ € {1,...,n}\{s}. That is, a rule s € {1,...,n} is self stable if it cannot

be defeated by any other rule when s is used to choose between rules. They argue

This is only a coincidence.
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that a self stable rule tends to prevail in a committee. They provide examples of
committees where self-stable rules do not exist.” In Example 1, s = 4 is a self stable
voting rule since there is no rule s’ € {1,2,3,5,6,7} such that the number of voters
that prefer s’ to s = 4 is lower than four. Notice also that s = 6 is not self stable
since there are six voters that prefer s = 5 to s = 6. For that committee the set of

self stable rules is {4,5, 7}.

2.4 Choosing voting rules according to the maximin cri-

terion

We follow the approach adopted by Rae (1969) and Curtis (1972), where voting rules

are chosen according to a criterion.

2.4.1 The maximin criterion

We consider the possibility of choosing among voting rules according to the maximin
criterion which requires the choice of a rule that maximizes the expected utility of

the worst off voter on the basis of fairness.

Definition 1. A woting rule s € {1,...n} satisfies the mazimin criterion if
Min{U1(8),...,Un(s)} = Min{Ui(8),...,Un(s")} for every s’ € {1,....,n}. We denote

by Srawis the set of voting rules that satisfy the mazximin criterion in a committee.

It follows that, in Example 1, Spquis = {5} so for that committee, the recom-
mendation of the maximin and the utilitarian principles do not coincide.
Our aim is to provide a characterization of the voting rules that satisfy the max-

imin criterion as a function of the distribution of voters’ probabilities to favor change

"They also show that in any dichotomous committee there exists at least one self-stable rule. A
committee (N, p) is dichotomous if for every ¢ € Ny # {0} and 5 € N2 # {0} we have that p; = p:
and p; = p2 such that N = Ny U N3, N1 NNy = {(Z)} and P1 ;é Pp2.
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from the status quo. It is easy to see that if a committee is homogeneous then
maximin and utilitarian criteria give the same recommendation. The reason is that

expression (2.2) implies that: if p; = p; then U;(s) = U;(s) for any s € {1,...,n}.

Proposition 1. For any homogeneous committee, if n is odd then Sgrawis = {sm“j}

otherwise Spawis = {%, smaj} .

The proof is trivial since it is a direct consequence of the utilitarian characteriza-

tion of voting rules proved by Rae (1969).

Before presenting our characterization result for a heterogeneous committee, we
first need to study how the distribution of expected utilities across voters change with

voting rules.

2.4.2 Distribution of voters’ expected utility over voting rules

It is straightforward to see in Example 1, that Min{Ui(s),Ua(s),...,Ur(s)} = Uz(s)
for any s < 5 and Min{Ui(s), Ua(s),...,Uz(s)} = Ui(s) for any s > 5. In this subsec-
tion we will show that it is a regularity of this model. More specifically, we will prove
that in our model voters’ preferences over voting rules satisfy the strict single-crossing
and p-monotonic strict single-crossing properties. These two properties together im-
ply the existence of a voting rule, denoted by sg ¢, that will play a important role in
our analysis. As will be shown, for any rule lower than sg ¢, the worst off agent is the
voter C', and for any voting rule larger or equal than it, voter R is the worst off agent.
Thus in Example 1, we have that s ¢ = 5 since Min{Ui(s), Ua(s), ..., Uz(s)} = Uc(s)
for any s < 5 and Min{Ui(s),Ua(s),...,Uz(s)} = Ugr(s) for any s > 5.

Definition 2. We say that a committee has preferences over voting rules that satisfy
the strict single-crossing property, if for any pair of voters i,j € N, with p; > pj,
there is a threshold s; ; € {2,...,n} such that: (1) U;(s) > Uj(s) for any s < s;j,
(2) Ui(s) < Uj(s) for s=s;; and (3) Ui(s) < Uj(s) for any s > s; ;.
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Putting it differently, a committee has preferences over voting rules that satisfy
the strict single-crossing property, if for any pair of voters 4,5 € N, with p; > p;,
there is a threshold s; ; € {2,...,n} such that, for any voting rule larger or equal to
it, the one that rejects proposals more often has higher utility than the other, and

for any voting rule lower than it, the reverse holds.

Proposition 2. Every committee has preferences over voting rules that satisfy the

strict single-crossing property.

The proof of Proposition 2 is in the Appendix. In Example 1, s;7 = 5. Notice
that Uy (s) > Ur(s) for any s € {1,2,3,4} and U;(s) < Uz(s) for any s € {5,6,7}.

In order to give an intuition about why Proposition 2 holds we need the following
definition: For any m € {2,...,n} and 7,5 € N, let denote by G; j(m) be the prob-
ability that there are no more than m — 2 voters, other than ¢ and j, that support
change. Let G; (1) = 0.

After some algebraic manipulations of expression (2.2), it can be shown that the

difference between U;(s) and Uj(s) can be expressed as follows:®

Ui(s) = Uj(s) = (pi — pj)(1 —2G; (s)) for any s € {2,...,n} (2.4)

Recall that s;; is only defined for heterogeneous committees. Its existence is
guaranteed because G; j(n) = 1,G; (1) = 0 and Gj ;(-) is a strictly increasing.

The intuition behind Proposition 2 is that Gj ;(s) > % means that under the
voting rule s if voter ¢ or voter j do not support a proposal the probability of the
proposal being rejected is higher than fifty percent. Thus voters i and j are decisive
under voting rule s. Moreover, since p; > p;, the probability that voter ¢ supports
change and voter j does not is higher than the reverse since p;(1 — p;) > (1 — p;)p;.
This means that voter j is more decisive that voter i under voting rule s. Therefore,

under this rule, voter 7 will have higher expected utility than voter i. Not only for s,

*Lemma 1 in the Appendix shows how to reach expression (2.4) from (2.2).
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but for any s’ > s since G; j(s) is strictly increasing. When G j(s) < 3, the situation
is reversed and then voter ¢ has higher expected utility than voter j. Therefore
si; can be characterized as the largest s’ € {1,...,n} such that G, ;(s’) > 1/2 and
G ;(s) <1/2 for any s < s’. Note that for any p; > pj, {s;;} # {1} since G; ;(1)=0.

Now, let us introduce the p-monotonic strict single-crossing property.

Definition 3. We say that a committee has preferences over voting rules that satisfy
p-monotonic strict single-crossing property if for any i,j,k € N we have that s;; <

sik < sk whenever p; > pj > py.

Proposition 3. Every committee has preferences over voting rules that satisfy the

p-monotonic strict single crossing property.

In Example 1, we have that s13 < s17 < s37 since s13 =4 and s17 = s3.7 = .

The proof of Proposition 3 is in the Appendix. We prove Proposition 3 by showing
that for any p; > p; > pi, we have that: (1) G ;(s) > G;(s), (2) Gij(s) > Gjr(s)
and (3) Gjx(s) > Gj(s). Notice that it implies that s; ; < s;1 < 5.

Notice that Propositions 2 and 3 imply that sg; < spc < sjc for any j € N
with p; # pc and p; # pr. Thus, we have the following corollary.

Corollary 1. For any heterogeneous committee there is a spc € {2,..,n}, such
that for all j € N, we have that: (1) Uj(s) > Uc(s) whenever s < spc and (2)

U;(s) > Ug(s) whenever s > sgc.

Corollary 1 tells us that for any heterogeneous committee there is a rule sgc €
{2,..,n} such that for any rule lower than it, the most conservative member of the
committee (every ¢ € N such that p; = pc) is the worst-off voter. And for rules
higher than sg ¢ the reverse holds ( i.e., the worst-off voter is the most radical voter

(every i € N such that p; = pr)).

Notice that in a heterogeneous committee only sgc and sgc — 1 can minimize

the difference between Ur(s) and Uc(s). At first glance one could imagine that only
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sg,c and sg ¢ —1 can satisfy the maximin criterion. However, this is not always true.

To clarify this point let us examine Figure 2 below.

Ui(s) N={1,...,5} and p1>p2>...>p5

s=1 s=2 s=3 s=4 s=5

Figure 2

Notice that in Figure 2 above, sg ¢ is equal to five. If we move from sg ¢ or
sr,c — 1 to s = 3 then all the voters will be better off. Thus, sgc and sgc — 1 do

not satisfy the maximin criterion. As it can be verified in Figure 2, Sgquis = {3}-

Definition 4. A wvoting rule s € {1,...,n} is Pareto efficient if there is no other
voting rule s' € {1,...,n} such that U;j(s") > Ui(s) for alli € N and U;(s’) > Uj(s)
for some j € N.

In Figure 2, only sg ¢ and sgp c — 1 are not Pareto efficient. The following propo-

sition identifies the voting rules that are Pareto efficient.

Proposition 4. If s € {1,...,n} is Pareto efficient, then s —1 < s < §¢;

If s € {1,...,n} is not Pareto efficient, then s > ¢ or s < §p.

Proof. 1t follows by single peakedness and by the fact that for any committee, if
Di > Dby then éi < éj- O



2.4. Choosing voting rules according to the maximin criterion 25

Remark 1. Notice that 3¢ is not Pareto efficient if and only if 5S¢ is a twin-peak
and Sg # Sc. Moreover Sg — 1 is Pareto efficient if and only if Sg is a twin-peak and

the committee is homogeneous.

2.4.3 Maximin characterization

The next result characterizes the voting rules that satisfy the maximin criterion in a

heterogeneous committees.

Theorem 1. For any heterogeneous committee,
Srawts € {sr.c — 1,sr,c} whenever sg ¢ is Pareto efficient;
Srawis C {8c — 1,3¢} whenever sg ¢ is Pareto inefficient and larger than s™%;

Srawts € {Sr — 1,5} whenever sp ¢ is Pareto inefficient and smaller than s™.

maj

Remark 2. Let sp c be Pareto inefficient and larger than s, if 5S¢ is a twin-peak

then Srawis = {Sc — 1,5¢} otherwise Srauwis = {Sc}. Let sg,c be Pareto inefficient

and smaller than s™%, if Sp is a twin-peak then Spawis = {Sr — 1,Sgr} otherwise

SRawls = {gR} .

Notice also that the theorem above implies that the set of voting rules that satisfy
the maximin criterion, Sgrewis, has at most two voting rules and at least one is Pareto
efficient. The intuition behind it is that there are only two configurations in which
a Pareto inefficient voting rule satisfies the maximin criterion. The first one is when
sp,c = sc and 5¢ is a twin peak and the second is when spc = sg — 1 and 5p is
a twin peak. If the first configuration occurs then Sgquis = {Sc — 1,5¢} and s¢ is
Pareto inefficient. If the second one occurs then Spuuis = {Sr — 1,5r} and s — 1 is

Pareto inefficient.
Theorem 1 follows basically from the single-peakedness property, Proposition 4
and by the fact that 5o > s™% > 5p. Its proof is in the Appendix. Next we present

a direct corollary of Theorem 1.
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Corollary 2. For any committee, there are at most two voting rules that satisfy the

mazximin criterion and at least one is Pareto efficient.

In what follows, we study the maximin criterion recommendations in two special
cases. The first case is when the committee is formed only by “conservative voters”,
i.e. p; < 0.5 for any 7« € N and the second one is when a committee is formed only

by “radical voters”, , i.e. p; > 0.5 for any ¢ € N.

Theorem 2. For any committee and any s € Sgawis we have that

s — 1 < s < 3¢ whenever p; > % for everyi € N;

1
2
Sp—1 <5< ™9 whenever p; < % for every i € N.

The theorem states that if a committee is formed by “conservative voters” then
the maximin criterion recommends voting rules that are not higher than the simple
majority rule and not lower than the optimal voting rule of the least conservative
among these voters. If a committee is formed only by “radical voters” then the
maximin criterion recommends voting rules that are not lower than simple majority
rule minus one vote® and not higher than the peak of the least radical among these
voters. The intuition behind this result is that in a committee formed only by radical
voters, i.e. p; > 1/2 for every i € N, is most unlikely that a proposal of change be
rejected under any rule lower than s™% — 1. It means that voter C, the one with
lowest p, would be at a severe disadvantage compared with other voters if the voting
rule is lower than s™% — 1. This is the intuition why maximin criterion recommends
voting rules that are higher than s™% — 1 in committees formed by only radical

voters. A similar argument explains the maximin recommendation for conservative

committees.

The proof of Theorem 2 is in the appendix.

9Notice that s™* — 1 is equal to fifty percent majority if n is even.
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2.5 Concluding remarks

In contrast to Barbera and Jackson (2004) and Badger (1972), who concentrate on
the voting rules that might be chosen if voters vote on rules, we take a normative
point of view and investigate the choice of voting rules according to Rawls’s maximin
criterion. Specifically, we complement the utilitarian view (which leads to the choice
of simple majority as proved in Rae, 1969 and Curtis, 1972) with the suggestion
that fairness considerations may recommend the choice of a rule that maximizes the
expected utility of the individual that is worst off. By doing this we hope to expand

awareness of choice subject to criteria.

As part of our comparison of different rules, we are led to study their implications
on the distribution of well being across voters. We have pointed out new properties of
the model in terms of voters’ preferences over voting rules. The main property which
we have proved is that, for any pair of voters, with different probabilities of being in
favor of the status quo, there is a threshold such that, for any rule higher than it,
the one with the highest probability to reject changes of the status quo has a higher
utility. And for any rule lower than this threshold, the reverse holds. Moreover, this
threshold changes depending on the pair of voters under analysis, but in a particular
way such that there is a threshold rule such that, for any rule lower than it, the
most conservative voter among the members of the committee (every ¢ € N such
that p; = Min{p1,...,pn}) is the worst off. For rules higher than this threshold the
reverse holds, i.e. the worst off voter is the most radical voter (every i € N such that
pi = Maz{p1,...,pn})-

This last result is important because it restricts the set of rules which are candi-
dates to satisfy the maximin criterion. We proved that there are at most two voting
rules that maximizes this function, at least one is Pareto efficient and it is often differ-
ent from the simple majority. Indeed, if a committee is formed only by “conservative

voters” (i.e. p; < 0.5 for every ¢ € N) then the maximin criterion recommends voting
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rules that are between the optimal voting rule of the least conservative among the
voters and that of the simple majority rule (i.e. g — 1 < s < s™%). If a committee
is formed only by “radical voters” (p; > 0.5 for every ¢ € N) then the maximin
criterion recommends voting rules that are between fifty percent majority and the

optimal voting rule of the less radical among these voters (i.e. s™% —1 < s < 3¢).

2.6 Appendix

The following lemma will be needed to prove Proposition 2.

Lemma 1. For any i,j € N we have that: U;(s) — U;(s) = (pi — pj)(1 — 2G; ;(s))
for any s € {1,...,n}.

Proof. Take any i,j € N. For any m € {0,....,n — 2}, denote by P; ;(m) the proba-
bility that exactly m of the voters other than ¢ and j support a proposal. First note
that for any m € {1,...,n — 2} we have that P;(m) = p; P; j(m — 1) + (1 — p;)P; ;(m)
and Pj(m) = p;P; j(m — 1) + (1 — p;) P; j(m) for any m € {1,...,n —2}. After some

algebraic manipulation with these expressions we have that:
piP;(m) — pj Pj(m) = (p; — p;) P j(m) for any m € {0,...,n — 2} (2.5)

(1—pi)Pi(m)—(1—p;)Pj(m) = (pj —pi)Pi,j(m—1) for any m € {1,...,n—1} (2.6)

Notice also that expression (2.2) implies that:

n—1 s—1
Ui(s)=Uj(s) = > (p:Pi(m)—p; Pj(m))+>_((1—ps) Pi(m)—(1—p;) Pj(m)). (2.7)
m=s—1 k=0

After some algebraic manipulation in (2.7) using expressions (2.5) and (2.6) and
knowing that p; P;(n —1) —p; Pj(n —1) = 0 and (1 —p;)P;(0) = (1 —p;)P;(0),we have
that:

s—2
Ui(s) = Uj(s) = (pi —pj)(1 — QZPz-yj(m)) for any s € {2,...,n}, (2.8)

m=o
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Ui(1) = U;(1) = pi = p; (2.9)

Recall that for any m € {2,...,n} and i,j € N, G; j(m) is the probability that there
are no more than m—2 voters, other than ¢ and j that support change and G ;(1) = 0.
Hence expressions (2.8) and (2.9) imply that: U;(s) — U;(s) = (p; —p;)(1 —2G; ;(s))
for any s € {1,...,n}. Therefore Lemma 1 is established. O

Proof of Proposition 2. Notice that G; ;(-) is a strictly increasing function and 0 =
Gi;i(1) < G;ji(s) < Gij(n) =1 for any s € {2,...,n — 1}. These two properties
hold because for any m € {1,...,n}, P; j(m) > 0 (This later argument follows by the
assumption of independence of the realization of voters’ support). Given these two
properties and Lemma 1 we have that: (1) U;(s) > Uj(s) whenever G;(s) < 3, (2)
Ui(s) = Uj(s) whenever G;j(s) = 3 and (3) Uj(s) < Uj(s) whenever G, ;(s) >

O -

Therefore Proposition 2 is established.

The following lemma will be needed to prove Proposition 3.

\Y

Lemma 2. For any p; > pj > pk, we have that: (1) G, j(s) > Gix(s), (2) Gi;(s)
Gjx(s) and (3) Gix(s) > Gjr(s).

Proof. For any m € {0,....,n — 3} and 4,5,k € N, P; j;(m) is the probability that
exactly m of the voters other than ¢, 7 and k support the change. Notice also that
for any m € {2,....,n — 3} we have that P; j(m) = [prP; jrx(m —1) 4+ (1 —pg) P jr(m)]
and P;(m) = [pj P jkx(m —1) 4+ (1 — p;)P; j 1 (m)]. It follows that:

P; j(m) — P;p(m) = (pj — pr)(Pijk(m) — Pijr(m — 1)) for any m € {2,....,n — 3}
(2.10)

Taking (2.10) and summing up over s we have that:

s—

2
(P,j(m) = Pir(m)) = (pj — k) (Pij k(s —2) = P j1(0)) for any s € {3,...,n—1}

m=

—_

(2.11)
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Notice that RJ‘(O) = (1 - pk)Pi,j,k<0)7 Pz,k<0) = (1 - pj)Pi,j,k<0)7Pi,j(n - 2) =
piebPijr(n —3) and P;x(n —2) = p;P; jx(n — 3). Hence,

P; ;(0) = P;(0) = (p; — pr)Pijk(0). (2.12)
Pij(n—2) = Px(n—2) = (px — pj) Pijr(n —3) (2.13)
s—2

By definition we have that: G;;(s) — Gix(s) = > (Pj(m) — P;x(m)) for any
s € {2,...,n} and G;;(0) — G;;(0) = 0. After sorgbe:algebraic manipulation using
(2.11),(2.12) and (2.13) imply that: G; ;(s) — Gir(s) = (pj — )P jk(s—2) for any
se{2,..,n—1},Gi;(1) = G; (1) = 0 and G; j(n) — G; x(n) = 0. Therefore we have

established Lemma 2. O

Proof of Proposition 3. Take any 7,j,k € N such that p; > p; > p; . It follows by
Lemma 2 that p; > p; > p; implies that: (a) G;;(s) > G;(s), (b) Gi;(s) > Gjx(s)
and (c) Gix(s) > Gji(s). Notice also that by Lemma 1 we have that for any 4,j € N:

{sij} = {5 € {2,...,n}|G;;(s') > 1/2 and G, j(s) < 1/2 for any s < s'}. (2.14)

It follows that: G;;(s) > G;r(s) and (2.14) imply that s;; < s;r; Gij(s) >
Gjx(s) and (2.14) imply that s;; < sjx ; Gik(s) > Gjr(s) and (2.14) imply that
sik < 8j k. Therefore we have that s; ; < s;; < s and the proof of Proposition 3 is

established. O

The following lemmas will be needed to prove Theorem 1:

Lemma 3. For any committee, sc > s™% > 5p.

Proof. This statement is a direct consequence of Barbera and Jackson’s (2004) propo-
sitions that tell us that for any 4,j € N we have that 5; > 5; whenever p; > p; and

for any committee (IV, p), there exist 4,7 € N such that §; > s™% > 3. O
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Lemma 4. o) If spc is Pareto inefficient and higher than s™ then SR,C = SC-

b) If sr,c is Pareto inefficient and smaller than s then sr,c < SR-

Proof. 1t follows by Proposition 4 and Lemma 3. Recall that s¢ is Pareto inefficient

if and only if 5¢ is a twin-peak and Sp # 5¢. O
Lemma 5. If sp < spc < 5c then Sgpawis € {src —1,src}

Proof. Let Sg < spc < Sc. Take any s’ € Spauis. Suppose by contradiction that

s’ > sp c. Note that by Corollary 1 and single peakedness, we have that

Min{U1(s'), ...,Un(s")} = Ur(s") < Ur(sr,c) = Min{Ui(sr,c); s Un(sr,c)}

The inequality above contradicts the maximin criterion so s’ < sp . Take any s’ €
SRawls- Suppose by contradiction that s’ < s r,c — 1. Note that by Corollary 1 and

single peakedness, we have that
Min{Ui(s"), ..., U (s} = Uc(s') < Uc(spc—1) = Min{Ui(spc—1),...,Un(src—1)}

The inequality above contradicts the maximin criterion so s’ > s r,c — 1. Therefore

we can conclude that s’ € {spc — 1, sgc} but then Sgpewis € {src — 1, src}. O

Lemma 6. a) If s¢ < sg,c then Spawis C {5¢ — 1,5¢}
b) If SR < Sk then Skawis C {:9\3 — 1,§R}

Proof. Let s¢ < spc. Take any s' € SRawis- First suppose by contradiction that
s’ <S¢ — 1. But then it implies that s’ < sgc. Note that by Corollary 1 and single

peakedness, s’ < sg ¢ implies that:
Min{Ui(s"), ..., U (")} = Uc(s') < Uc(3c — 1) = Min{U1 (3¢ — 1), ..., Un(5c — 1)}

The inequality above contradicts the maximin criterion so s’ > 5o — 1. Now suppose
that s’ > S¢. First note that it implies that s’ > S¢ > Sg. Thus by single peaked-

ness: Ug(s') < Ur(Sc) and Uc(s') < Uc(S¢). This leads to a contradiction since by
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Corollary 1 and single peakedness, we have that
Min{Us(s"), ..., Un(s")} = Min{Ug(s"), Uc(s")} < Min{Ur(5c),Uc(5c)}

The inequality above contradicts the maximin criterion. Thus s’ < 5o . Therefore
SRrawts € {Sc—1,5¢}. Notice that S —1 € Sgauis only if S¢ is a twin peak. The proof

of the part (b) of the lemma is very similar from the part (a) so it is omitted. O

Proof of Theorem 1. Proposition 4 and Lemma 5 imply that Smaxmin € {Src —
1,src} whenever sp ¢ is Pareto efficient. Lemma 4a and Lemma 6a imply that
Skrawis € {8c —1,5¢} whenever sp ¢ is Pareto inefficient and larger than s™%.
Lemma 4b and Lemma 6b imply that Sgewis € {Sg — 1, Sg} whenever sp ¢ is Pareto

inefficient and smaller than s™% . Therefore Theorem 1 is proved. ]

The following lemma will be needed to prove Theorem 2.

Lemma 7. a) spc > s whenever p; > 0.5 for everyi € N

b) spc < s whenever p; < 0.5 for every i € N.

Proof. First notice that:
1) For any m € {0,.....,n — 2}, Prc(m) < Prc(n — 2 — m) whenever p; > 0.5 for
every ¢ € .
2) For any m € {0,.....,n — 2}, Ppc(m) > Ppc(n — 2 — m) whenever p; < 0.5 for
every ¢ € N.
But then since ni? Pr c(m) =1, the informations in (1) and (2) above imply that:
m??mifz
3) Gro(s™) = Y. Prce(m) > 3 whenever p; < 0.5 for every i € N
m:()smaL3
4) Gre(s™ —1) = 3 Prc(m) < § whenever p; > 0.5 for every i € N and 3
J € N such that p; > 0%.20
Recall that Lemma 1 implies that {spc} = {s' € {1,...,n}|Grc(s) > 1/2 and

Grc(s) < 1/2 for any s < s'}. Thus Lemma 1 with the informations in (3) and



2.7. References 33

maj

(4) imply that: spc < s™% whenever p; < 0.5 for every i € N and spc > s

whenever p; > 0.5 for every ¢ € N. Therefore the proof of Lemma 7 is established. O

Proof of Theorem 2. Theorem 1, Lemma 5, Lemma 6a and Lemma 7a imply that
Srawts C {s™¥ —1,...,5¢} whenever p; > 0.5 for every i € N. Theorem 1, Lemma 5,
Lemma 6b and Lemma 7b imply that Srauwis € {5r — 1, ..., 8%} whenever p; < 0.5

for every i € N. Therefore the proof of Theorem 2 is established. 1
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Chapter 3

On the Rule of k Names

3.1 Introduction

In the beginning of the sixth century, the clergy and the chief of the citizens of some
Eastern European countries chose three names from whom the archbishop selected
the bishop. Nowadays, several institutions around the world use variants of this
system to fill public offices. For example, this system is known as the “rule of three
names” in the United States, “regla de la terna” in Spain and “lista triplice” in Brazil.
Sometimes the list consists of more than three names. Since this does not complicate

our analysis, we shall from now on refer to the “rule of £ names”.

The rule of k names can be formally described as follows: given a set of candidates
for office, a committee chooses k members from this set by voting, and makes a list
with their names. Then a single individual from outside the committee selects one of

the listed names for the office.

We emphasize that an important part of a rule of £ names is the procedure used
by the committee in order to screen out those k£ candidates that will be presented
to the final chooser. A diversity of screening rules are actually used to select the k
names. Because of this diversity, the “rule of £ names” is in fact a family of different

rules. Let us review some variants of the rule that have been used in the past and
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are used in the present.

In the Catholic Church, the bishops are appointed under the rule of three names.
According the Code Canon Law #377, the Pope may accept one of the candidates
in the list proposed by the Apostolic Nuncio (papal ambassador), or consult further.
The list is made after consultation with the members of the ecclesiastical province.
In many countries the list is decided by means of voting. In Ireland, each canon of
the cathedral and parish priest can cast a vote for three candidates to bishop!. In
England, the canons vote three times, and select each time the most voted candidate.
In both cases, the list is made with the three most voted candidates (see Catholic

Encyclopedia and Code Canon Law #375, #376 and #377).

In the nomination of the rectors in Brazilian federal public universities, the uni-
versity councils are permitted, since 1996, to consult their university communities.
The law requires that during this consultation, each voter shall cast a vote for only
one candidate, and that the three most voted candidates will form the list.> The
President of the Republic shall select one of the listed names (see Decreto n°1916,
May 23th, 1996, Brazil).

The committee that takes the final decision is in most of the cases a single indi-
vidual and this is what we shall study here. But we could easily embed our definition
of the rule of k£ names, with one committee and one chooser, into a larger class of
procedures where both the screening and the choice are made by more than one

agent. Here are two examples in which the first committee is smaller than the second

'Most of Brazilian states adopts this procedure to make the list in the choice of Prosecutor-
General. The article 128 paragraph 3 of the Brazilian Constitution states that the governors of the
states shall choose one name of those three names proposed by the members of the State Public

Prosecute.
2In additional, the sum of the weighted votes of teaching staff need to be a minimum of 70%

of the total. In Brazil, before 1996, the list was made with six names proposed by the university
council without consulting the university community (see Decreto-Lei n°5540, November 28th, 1968,

Brazil).
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committee. One is in the Article 76, par.5° of the Mexican Constitution that states
that the President of the Republic shall propose three names to the Senate, which
shall appoint one of them to become member of the Supreme Court of Justice. An-
other, is the Brazilian law of corporate finance, approved in 2001, that states that
the preferred stockholders who hold at least 10% of the company capital stock shall
choose one name among the three names listed by the controller of the company to
become their representative on the company’s board of administration (see Lei n°

10303, October 31th, 2001, Brasil).?

There are many variations of the rule of k names, involving more than two com-
mittees. In Chile, according to Article 75 of the Chilean Constitution, the members
of the Superior Court of Justice are designated by the President of the Republic
among those in the list with five names proposed by the Superior Court of Justice?,
and must get the approval of two thirds of the Senate. If the Senate does not approve
the proposal of the President, then the Superior Court must substitute the rejected
name in the list, and the procedure is repeated until a presidential nominee is finally
approved by the Senate. Another example also comes from Brazil. According to the
Brazilian Constitution, one-third of the members of the Superior Court of Justice
shall be chosen in equal parts among lawyers and members of the Public Prosecution
nominated in a list of six names by the entities representing their respective classes.
Upon receiving the nominations, the court shall organize a list of three names and
send it to the President of the Republic, who selects one of the listed names for

appointment.

Since two or more candidates may have the same number of votes during the
preparation of the list, a tie-breaking criterion is often used. In some institutions ties
are broken randomly and in others by some deterministic rule. For example, in the

nomination of the minister of the Superior Court of Justice in Chile, ties are broken

3 After 2006, the law states that there will be not such restriction.
4Each member of the Court cast a vote for three candidates, the list is made with the five most

voted candidates.
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randomly, while in Brazil, the age and tenure in the public service of the candidates

are used to break ties.

Let us mention that there are versions of the rule of k names in which one of the
parties is supposed to be impartial regarding the alternatives. We have two examples
and both come from the US. In the first example, the neutral party is the one who

makes the list; in the second example, it is the one that makes the final choice.

For the first example, consider the following variant of the rule of three names,
which the US Federal Government uses to recruit and select new employees. The
US civil service law requires federal examining officers to assign each job applicant
a numerical score, based on assessment tools, performance tests or by evaluations
of her training and experience. Then a manager hiring people into the civil service
must select one from among the top three candidates available (US Merit Systems
Protection Board, 1995). Notice that this may be viewed as a variant of the rule of
three names, but one where the list is not obtained by voting. Rather, the list must

appear as being obtained by applying a neutral scoring test.

Let us turn to the second example. Under the 1993 Labor Reform, California’s
Labor Code 4065 states that the workers’ compensation judge (WCJ) is constrained,
in determining a permanent disability rating, to choose among the offers of one of
the two parties. This procedure to settle disputes is referred to in the literature as
the final-offer arbitration (FOA) (Neuhauser and Swezey, 1999). It is also known as
"baseball arbitration" since US major baseball leagues used it to determine wages
in disputed contracts. This system is often presented as an improvement over the
conventional arbitration procedure, where the arbitrator is not constrained to choose
only among the parties’ offers. The final-offer arbitrage model was first proposed
by Stevens (1966), who argued that it would induce convergence among the offers
of the two parties,and presented this conjectured property as an advantage over the
conventional arbitration scheme. However, the theoretical literature does not support

this conjecture. Faber (1980), Chatterjee (1981), Crawford (1982), Whitman (1986)
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and Brams and Merrill (1983) show that the offers still diverge under FOA (Brams
and Merrill, 1986). Whatever its formal properties, FOA can be interpreted as a
rule of 2 names, with the added qualification that the chooser is not guided by self

interest, and is assumed to choose in the name of fairness.

Surprisingly, despite of the extensive economics and political science literature on
voting, we do not know any article that is specifically devoted to study the rule of k
names when both parties are not neutral regarding the alternatives. This chapter is

an attempt to fill this gap.

Many questions come to mind. Why are these rules used? What type of decisions
are they well suited for? What could be the intentions and expectations of those
who decided to set them up? Is there reason to believe that such expectations could
be fulfilled? What is the type of strategic behavior that these rules induce on the
different agents involved? Do these rules satisfy good properties that make them
defensible in a public debate? Why choose three names in some cases, six in other
occasions? We cannot give an answer to all of these questions, but we advance some
hypothesis and then provide an analysis of different aspects relating to the rule.
Hopefully, this analysis provides a first step toward a good understanding of the rule

of k names and of its implications.

One of the most reasonable assumptions about the circumstances that recommend
the use of the rule point to the existence of some balance between the ability to make
decisions on the part of the committee and on the part of the final chooser. Indeed,
if k£ was equal to one, this would amount to give all decisive power to the committee.
At the other extreme, when k equals the number of alternatives, then no alternative
is eliminated from the list, in which case the chooser decides everything. However,
in order to be precise about the type of balances involved, we need a full game
theoretic analysis of the rule. This is the main objective of this chapter. We study
what outcomes one may expect from applying the rule of k£ names, when agents

act strategically and cooperatively. Our analysis shows how the parameter k, the
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screening rule and nature of candidacies act as a means to balance the power of the

committee with that of the chooser.

3.2 An introductory example: The case of one proposer

and one chooser

The rule of k£ names is definitely a procedure to balance the power of the committee
and that of the chooser, though making this statement more precise will take some
effort. Before engaging in any complicated analysis, let us consider a simple and
suggestive case involving only two agents: one of them, the proposer, selects a subset
of k alternatives, from which the other agent has to choose one. This situation is
reminiscent of the classical problem of how to cut a cake, though here we are dealing
with a finite set of possibilities and we are not introducing any prior normative notion

regarding the outcome.

So, let us consider two agents, 1 and 2, facing four alternatives a,b,c and d.
Assume that their preferences over alternatives are as follows: a >=1 b =1 ¢ =1 d and
¢ =9 b>9a >y dwhere z =; y means that agent i prefers x to y. Assume that agent
1 can propose k alternatives, from which agent 2 makes a final choice. Clearly, k =1
is the case where 1’s choice is final, and 2 has no influence, whereas, k = 4 gives
all decision power to 2. What about the intermediate cases where k = 2 or k = 37
Let us informally discuss what outcomes we might expect under different strategic
assumptions.

First, assume that the choice of strategies is sequential. So, using the language of
game theory, 1’s strategy is a list with & alternatives selected from the set {a,b,c,d}
and 2’s strategy is a plan in advance regarding the alternative he will choose from

every list which can be proposed by 1.

In this case, the only reasonable behavior for 2 is to choose the best alternative

out of those proposed by 1. In practice, then, the only strategic player is 1. This
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is exactly the notion of backward induction equilibrium of this game. Since in any
backward equilibrium strategy profile, 2’s strategy prescribes the choice of 2’s best
alternative from every list which can be proposed by 1. Thus, when k& = 2, the best
strategy for 1 is to propose the set {a,d}, to let a be chosen by 2. When k = 3, a
cannot be elected since either b or ¢ will be in the list, so proposing a, b, d is 1’s best

strategy to let b be chosen by 2.

The set of backward induction equilibrium outcomes for different values of k is

displayed in the table below:

Set of backward induction equilibrium outcomes

k=1 {a}
k=2 {a}
k=3 {b}
k=4 {c}

Let us now consider the case where both players choose strategies simultaneously.
Now, 2’s strategy is a choice rule that dictates the winning alternative from every list
which can be proposed by 1. The reader could think that, given our description of
the rule of k£ names as the result of a well defined sequence, where the proposer goes
first and the chooser goes last, there is no point in considering this case. However, we
think that it is worth studying, for the following reason. Our model of the interaction
between the committee and the chooser is a very simple one. We do not model some
important facts that will arise in real contexts, like the fact that the relationship
among these main actors is a repeated one, and that the choice of alternatives is
only a part of it. Since introducing these unmodelled aspects would complicate our
analysis very much, we simply admit that threats from the chooser may sometimes
be credible. Turning attention to the simultaneous game is the simplest device to

study the consequences of such threats.
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In this simultaneous game, a strictly Pareto dominated alternative can be the
outcome of a Nash equilibrium. An alternative is strictly Pareto dominated if some
other alternatives is considered better for both agents 1 and 2. To understand this
point, let k = 3 and suppose that agents 1 and 2 have the same preferences over
alternatives, a >=; b =; ¢ »=; d for ¢ = 1,2. Given this preference profile a is the only
alternative that is not Pareto dominated. It turns out that there exists a strategy
profile that can sustain b as a Nash equilibrium outcome. Agent 1 proposes a list with
b, c and d and agent 2 declares a choice rule C(-) such that C(a,b,c) = C(a,b,d) =
C(b,d,c) = b and C(a,c,d) = c. Notice that under this strategy profile, b is the
winning alternative and it is a Nash equilibrium since no agent can profitably deviate,
given that the other keeps its strategy unchanged. However both 1 and 2 would be
better off if agent 1 substituted d by a in the proposed list, and 2 changed the choice
rule from C to C’, so that C'(B) = C(B) unless B = {a,b,d}, and C'(B) = a. In
other words, the previous Nash equilibrium strategy is not a strong Nash equilibrium.
A strategy profile is said to be a pure strategy strong Nash equilibrium of a game, if
no coalition of players (maybe singletons) can profitably deviate from this strategy
profile, given that the strategies of other players remain unchanged. Notice that,
under this equilibrium concept, any Pareto dominated alternative is ruled out as an
equilibrium outcome. This is basically the reason why we will study the strong Nash

equilibria of the simultaneous game.

Let us go back to the previous preference profile where a =1 b =1 ¢ =1 d and
¢ =9 b9 a9 d Now, if k =2, since the game is simultaneous, agent 2 can threaten
1 by pledging to choose d if {a,d} is proposed. Under this threat, 1’s best response
would be to propose the set {a, b} to let b be chosen by 2. The outcome b is now the
result of a strong Nash equilibrium play. However, a is still the outcome of another
strong equilibrium where 2 does not threaten and 1 proposes a and d. The table
below presents the set of pure strong Nash equilibrium outcomes of the simultaneous

game for different values of k.
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Set of pure strong Nash equilibrium outcomes

E=1 {a}
k=2 {a,b}
k=3 {cb}
E=4 {c}

Notice that the passage from k = 2 to k = 3 or kK = 4 makes a difference. We can
see that the case k = 3 still leaves room for 2 to get the preferred outcome ¢, while

this is out of the question with £ =1 and k = 2.

This simple example suggests that one important concern of a careful study of
rules of k names is precisely to asses the impact of the choice of k, from the point
of view of the different parties involved. A second hint is that, in order to evaluate
the likely consequences of establishing a rule of &k names, we’ll have to analyze the
game that naturally arises, and that this analysis will be quite different depending
on whether or not we think that the chooser can make credible threats. Because of
that, in the sequel we analyze several games, and let the reader decide which one will
suit each practical situation better. Notice that, in any case, the backward induction
equilibrium outcome of the sequential game will be unique, and that it will coincide

with agent 2’s worst equilibrium outcome for the simultaneous game.

The consequences of the choice of £ cannot be analyzed independently of the
cardinality of the set of alternatives. Even the alternatives that no one likes play
a role in the functioning of the rule: since numbers count, having an undesirable
alternative is not the same as not having that alternative at all. To illustrate this
simple point, let us go back to the previous example. Clearly, alternative d could
never be a strong Nash equilibrium outcome since it is the last option for both agents.
However its presence as an alternative makes a difference. Had it not been there, the
set of equilibrium outcomes of the simultaneous game for different values of k£ would

have been as shown in the table below.



44 3. On the Rule of k Names

Set of pure strong Nash equilibrium outcomes

k=1 {a}
k=2 {b}
k=3 {c}

The reader can verify that the presence of d helps 1 and harms 2 for some k’s, but
never the reverse. For k = 2, the presence of d is crucial for agent 1 because, without
d, agent 1 will not able to propose a list with two alternatives in which agent 2’s best
listed name is a. For k = 3, agent 2’s favorite alternative c is elected in equilibrium

if d is out. Yet, in the presence of d, b is chosen.

Since, for a given k, the number of alternatives affects the outcome, there is a lot
of room to study how and why alternatives emerge. Adding undesirable alternatives
to the contest, or introducing very similar alternatives (clones) to run are obvious
forms to manipulate a rule of k names. We shall not pursue formally the related issue

of strategic candidacies in the present chapter.

Here is a last point regarding equilibria under the rule of £ names, for the two
games we have considered. We can express the equilibria as the result of a procedure
where agent 2 takes the initiative of vetoing £ — 1 alternatives and agent 1 chooses
one out of those not vetoed for appointment. It turns out that, in terms of strong
equilibrium outcomes, the rule of k£ names is equivalent to the rule of k — 1 vetoes

where agent 2 is the one who has the right to veto.

The aim of the next section will be to extend our preceding remarks to the case

where the proposer is not a single person, but a committee.

3.3 (General results: Several proposers and one chooser

The case of one proposer and one chooser is interesting per se. Moreover it allows us

to understand some interesting features of the rule of £ names. However, our rules
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will involve, in general, not one but many proposers, whose interests may be at least
partially divergent. The choice of the best set to propose will then no longer be a

matter of one agent, but the result of a collective decision.

Let us describe formally the rule of k£ names: given a finite set of candidates for
office denoted by A, a committee of proposers N = {1, ..., n} chooses k members from
A by voting, and makes a list with their names. Then a single individual from outside

the committee, called the chooser, selects one of the listed names for appointment.

3.3.1 Screening rules for £ names

A screening rule for k£ names is a voting procedure that selects k alternatives from
a given set, based on the actions of the proposers. These actions may consist of
single votes, sequential votes, the submission of preference of rankings, the filling of
ballots, etc...> We have found six different screening rules that are actually used by
institutions around the world. We divide them into two different groups depending
on their properties. The first group we call majoritarian screening rules. The second

consists of rules that are not majoritarian, but they still satisfy a weaker condition.

We say that a screening rule is majoritarian if and only if for any set with k
candidates there exists an action such that every strict majority coalition of proposers
can impose the choice of this set provided that all of its members choose this action.
We say that a screening rule is weakly majoritarian if and only if for any candidate
there exists an action such that every strict majority coalition of proposers can impose
the inclusion of this candidate among the k& chosen candidates provided that all of its
members choose this action.’ Notice that by definition any majoritarian screening

rule is weakly majoritarian.

°In other studies, procedures that select sets have been analized, but then they focus on the
problem of selecting a committee of representatives of a fixed size. Fishburn (1981), Gehrlein (1985),
Kaymak and Sanver (2003) discuss the Condorcet winner criterion for this type of rules. In Barbera,

Sonnenschein and Zhou (1991), the sets that can be selected by the rule may be of variable size.
In Appendix 1, we give exact definitions for these two properties.
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Below we present two majoritarian screening rules.

e Each proposer votes for three candidates and the list has the names of the three
most voted candidates, with a tie break when needed. It is used in the election

of Irish Bishops and that of Prosecutor-General in Brazilian states.

e The list is made with the names of the winning candidates in three successive
rounds of plurality voting, with a tie break when needed. It is used in the

election of English Bishops.

Notice that these two rules above guarantee the election of any set of £ names,

provided that a strict majority votes for them (in the same order).

The following rules are only weakly majoritarian but not majoritarian.

e Each proposer votes for 3 candidates and the list has the names of the five most
voted candidates, with a tie break when needed. It is used in the election of

the members of the Superior Court of Justice in Chile.

e Each proposer votes for 2 candidates and the list has the names of the three
most voted candidates, with a tie break when needed. It is used in the election

of the members of the Court of Justice in Chile.

e Compute the plurality score of the candidates and include in the list the names
of the three most voted candidates, with a tie break when needed. It is used in

the election of rectors of public universities in Brazil.

e This is a sequential rule adopted by the Brazilian Superior Court of Justice to
choose three names from a set with six names. At each stage there are twice as
many candidate as there are positions to be filled in the list. Hence, if the list
needs to have three names, we start by six candidates. Each proposer votes for
one, and if there is an absolute majority winner, it has his name included in

the list. Then, since there are two positions left, the candidate with less votes
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is eliminated, so as to leave four candidates to the next round. If the procedure
keeps producing absolute majority winners, then the process is continued until
three names are chosen. It may be that, at some stage (including the first one),
no absolute majority winner arises. Then the voters are asked to reconsider
their vote and vote again. Notice that, if they persist in their initial vote,
the rule leads to stalemate. Equivalently, we could say that the rule is not
completely defined. However, in practice, agents tend to reassess their votes on

the basis of strategic cooperative actions.

Of course, many others screening rules are conceivable, with or without the prop-
erties described above. In what follows, our analysis is general, since we are not
specific about the exact form of the screening rule. The results, however, will de-

pends on some of the properties of the screening rule that is used.

We now propose and analyze two games with complete information induced by

the rule of k names.

3.3.2 A game theoretical analysis

In the first game, called the Sincere Chooser Game, it is assumed that the chooser
is not a player. The strategy space of the players, i.e. the proposers, is the space of
admissible messages associated with the screening rule used to select the £ names.
Based on these messages a list with k£ names is made and the winning candidate is
the chooser’s preferred listed name. It is assumed that the players only care about
the identity of the winning candidate. This game is intended to reflect a two-stage
process, where the chooser acts after the proposers have already decided whom to
propose. It is a way to refine the strong Nash equilibria in the spirit of backward
induction equilibria, by not allowing the chooser to send threats, which would be

non-credible given the sequential nature of the play.

In the second game, called the Strategic Chooser Game, we assume that the
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chooser and the proposers play simultaneously. 2’s strategy is a choice rule that dic-
tates the winning alternative from every list which can be proposed by the committee.
As a consequence, this game has more equilibria than the Sincere Chooser Game. In
fact, the additional equilibria would not pass the test of backward induction if the
chooser was playing last in the two-stage game. Such additional equilibria are based
on the strategies by the chooser that reflect non-credible threats, within the context
of the game. Why, then, do we study this second game? We do it because our model
is bit narrow, and we feel that knowing about these additional equilibria is interest-
ing, because in real life, choosers are in a position to threaten. True, their possibility
to threaten depends on aspects of the problem that are not modelled here: For ex-
ample, the fact that these elections are embedded within a lasting set of relationships
that allow the chooser to retaliate. Since modelling these further opportunities will
complicate our model very much, we allow for simultaneous moves as the simplest

way to include threats into our analysis.”

3.3.3 Strong Nash equilibrium outcomes

We investigate what are the equilibrium outcomes for these two games, when agents
act strategically and cooperatively. More specifically, we study their pure strong
Nash equilibrium outcomes when the screening rule used to select the k& names is
majoritarian.® For simplicity, we assume that the number of proposers is odd and that
all agents have strict preference over the set of candidates. Individual indifferences
are ruled out. These two assumptions are convenient because they eliminate the

necessity of specifying a tie-breaking criterion, if the screening rule is majoritarian.”

"See Appendix 1 for more formal descriptions of each game.
8See Appendix 1 for a formal definition of a pure strong Nash equilibrium for each one of the

games.
9Tn Appendix 3, we present sufficient conditions for a candidate to be a strong Nash equilibrium

outcome for each game provided that the screening rule is "unanimous". We also present the nec-

essary conditions for a candidate to be a strong Nash equilibrium outcome for each game provided
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We provide a full characterization of the set of strong Nash equilibrium outcomes
of the games when the screening rule is majoritarian. Our main result holds for each
one of the games: All majoritarian screening rules generate the same set of strong

Nash equilibrium outcomes.

Before introducing the characterization results, we need to provide three defini-
tions. The first one is the standard definition of a Condorcet winner. A candidate
x € B C A is the Condorcet winner over B if #{i € N|x =; y} > #{i € N|y =; =}
for any y € B\{z}'°. In words, a candidate is the Condorcet Winner over a subset
of A if and only if it belongs to this subset and it defeats any other candidate in this
subset in pairwise majority contests among proposers. It is important to note that
the chooser’s preferences over candidates are not taken into account in this definition.
Notice also that there is at most one Condorcet winner over any set, and that such
an alternative may not exist. In particular, if there is only one proposer, then the
Condorcet winner over a set coincides with the proposer’s preferred candidate in this

set.

In the two following definitions, the preferences of the chooser will matter. A
candidate is dominated if and only if there exists another candidate that is considered
better than him by the chooser and by a strict majority of the proposers. A candidate
is a chooser’s ¢-top candidate if and only if he is among the ¢ best ranked candidates
according to the chooser’s preference. These two definitions are important because
only those candidates that are undominated and (#A — k+ 1)-top candidates for the

chooser can be strong equilibrium outcomes.
As we shall see later, even when the chooser is a player, the equilibrium conditions
still require him to choose his truly preferred candidate among the k listed names.

This remark is important because if a candidate is not a chooser’s (#A — k + 1)-

that the screening rule is "anonymous". In both cases we do not make any restriction whether the

number of proposers is odd or even.
"Where #{i € N|z >=; y} stands for the cardinality of {i € N|z =; y} and B C A means that B

is contained in A.
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top candidate then it cannot be the best listed name for the chooser in any list
with & names. This is why only those candidates that are (#A — k + 1)-top for the
chooser can be strong equilibrium outcomes. Such outcomes need to be undominated,
because any coalition formed by the chooser and by the strict majority of proposers

is a winning coalition, i.e. are able to induce the election of any candidate.

Propositions 1 and 2 below characterize the pure strong Nash equilibrium out-

comes of the Sincere Chooser Game and the Strategic Chooser Game, respectively.!!

Proposition 1. A candidate is a strong Nash equilibrium outcome of the Sincere
Chooser Game if and only if it is the Condorcet winner over the chooser’s (#A —

k+1)-top candidates.

Notice that the Condorcet winner over the chooser’s (#A — k + 1)-top candidates

is an undominated candidate.

The proofs of all propositions appear in Appendix 2.

Proposition 2. A candidate is a strong Nash equilibrium outcome of the Strategic

Chooser Game if and only if

1. it is an undominated and chooser’s (#A — k + 1)-top candidate, and

2. it is the Condorcet winner over some set of candidates with cardinality larger

or equal than #A — k + 1.

Hence, given a set of candidates, a preference profile over this set and a value for
the parameter k, we can easily identify the set of strong Nash equilibrium outcomes
of the games with the help of Propositions 1 and 2. The following example illustrate
it.

"'We follow closely the approach of Sertel and Sanver (2004). They consider a standard voting
game where a committee elects a candidate for office, without any external interference. They show
that the set of strong equilibrium outcomes of their voting game is the set of generalized Condorcet

winners.
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Example 1. Let A = {a,b,c,d}, N = {1,2,3} and a majoritarian screening rule.

The preferences of the chooser and the committee members are as follows:

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Chooser

a a b d
b b c b
c c a
d d d c

Following Propositions 1 and 2, the first step in describing the equilibrium outcomes
for each k € {1,2,3,4}, is to identify the set of undominated candidates. The second
step is to find, for each undominated candidate, the largest set in which it is the
Condorcet winner. The third and final step is to know the set of the chooser’s (#A —
k + 1)-top candidates.

Inspecting the preference profile above and recalling that #A = 4, we have that:

1. The set of undominated candidates is {a,b,d}.

2. Candidate a is the Condorcet winner over {a,b,c,d}, candidate b is the Condorcet
winner over {b,c,d} and candidate d is the Condorcet winner over {d}.

3. The chooser’s (#A — k — 1)-top candidates are: for k =1, {a,b,c,d}, for k =2,
{a,b,d}, for k=3, {b,d} and for k=4, {d}.

Combining the informations in steps 1-8 above and Propositions 1 and 2 we have the
following:

For the Sincere Chooser Game, when k = 1 or k = 2, candidate a is the strong
equilibrium outcome. The outcome is b when k = 3, and it is d when k = 4.

For the Strategic Chooser Game, the only change is that when k = 2, {a, b} is the set

of strong equilibrium outcomes.

Propositions 1 and 2 imply three corollaries. The first two refer to the existence

and the number of strong equilibrium outcomes.
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Corollary 1. The set of strong Nash equilibrium outcomes of the Sincere Chooser

Game is either a singleton or empty.

Corollary 1 follows from Proposition 1 and from the fact that a Condorcet winner,
if it exists, is unique. Since Condorcet winner may not exist, a strong equilibrium of

the Sincere Chooser Game may not exist either.

Corollary 2. The set of strong Nash equilibrium outcomes of the Strategic Chooser
Game may be empty, and its cardinality cannot be higher than the minimum between

k and #A — k + 1.

Corollary 2 follows from Proposition 2, the uniqueness of a Condorcet winner and
because there are at most k candidates that can be a Condorcet winner over some
set with cardinality #A — k + 1 and, by definition, there are exactly #A — k + 1
candidates that are chooser’s (#A — k + 1)-top candidates.

The third corollary states the connection between the equilibrium outcomes of

the two games we have studied.

Corollary 3. If the strong Nash equilibrium outcome of the Sincere Chooser Game
exists then it is the chooser’s worst strong Nash equilibrium outcome of the Strategic

Chooser Game.

The example below shows that our characterization results are not valid when

the screening rule is only weakly majoritarian.

Example 2. Let A = {a,b,c,d,e, f} and let N = {1,2,3}. Assume that each pro-
poser casts a vote for one candidate and the list is formed with the names of the
three most voted candidates ( a tie-breaking criterion is used when needed). So, this
screening rule is only weakly majoritarian. The preferences of the chooser and the

committee members are as follows:
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Preference Profile

Proposer 1 Proposer 2 Proposer 8 Chooser

a a f f
b b e e
c c d a
d d c b

b c
f f a d

Notice that, in both games, if the screening rule was majoritarian then candidate
a would be the unique strong equilibrium outcome. Howewver, the screening rule con-
sidered here is weakly majoritarian but not majoritarian. As can be verified, proposer
3 is able to force the inclusion of candidate f, his preferred candidate, in the chosen
list independently of what the other proposers do. Notice that f is also the chooser’s
favorite candidate. Therefore candidate f is the unique strong Nash equilibrium out-

come of both games.

We finish the presentation of the characterization results by admitting that, like
in many others cases, our analysis of the strategic behavior of agents under the rule
of k names is marred by the fact that strong equilibria may fail to exist. Since this
is pervasive, we do not need to be apologetic about it. But we offer a simple example

about how easy it is for existence to fail.

Example 3. Let A = {a,b,c,d,e}, N ={1,2,3} and a majoritarian screening rule.

The preferences of the chooser and the committee members are as follows:
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Preference Profile

Proposer 1 Proposer 2 Proposer 8 Chooser

e e e a
b d c c
d a b
c b b d
a c d e

After a quick inspection of the preference profile above we have that: The set of
undominated candidates is {a,c,e}, candidates a, ¢ and e are the Condorcet winners
over {a,b}, {a,c} and {a,b,c,d, e} respectively.

Applying Propositions 1 and 2, we have that the two games, for each k, share the

same set of strong Nash equilibrium outcomes.

Set of strong Nash equilibrium outcomes

k=1 {e}
k=2 {0}
k=3 {0}
k=4 {c}
k=5 {a}

The table above is interesting because we can eramine the effects of changing the
parameter k on the set of strong equilibrium outcomes. For a moment, consider only
those rules for which an equilibrium exists. Those are the rules with k =1, k = 4
and k = 5. According to the agents’ preferences over candidates, the chooser prefers
k=5tok=4and k =4 to k = 1. All the proposers agree that the best scenario
is when k = 1. However, proposers 1 and 2 prefer k = 4 to k = 5 while 38 prefers
k=05 tok =4. So proposer 8 does not have monotonic preferences over k’s. It is
easy to find a preference profile where one of the proposers always prefers a higher k.
For instance, this may happen when one of the proposers shares with the chooser the

same preferences over the candidates.
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3.3.4 Comparative statics

Our purpose now is to examine the consequences of changing the parameter k, of
adding undesirable candidates and of replacing a majoritarian screening rule by non-
majoritarian screening rule. By knowing these consequences, we can infer the agent’s
preferences over different variants of the rule of £ names. This can provide some
insights into the questions raised in the introduction. Let us recall some of these
questions: Why are these rules used? What could be the intentions and the expec-
tations of those who decided to set them up? What is the type of strategic behavior
that these rules induce on the different agents involved? Why choose three names in

some cases, six in other occasions?

We have already discussed partially some of these issues for the one proposer case.
Allowing several proposers complicates our analysis because the strong equilibrium
may fail to exist. In the latter example, does the chooser prefer k =1 to k = 3 or
the reverse? This is a difficult question since for k = 3 there is no equilibrium. We
could partially avoid this problem by assuming that the preference profile satisfies

2 since under this assumption there is always a Condorcet win-

single-peakedness’
ner and thus an equilibrium. Unfortunately, this assumption would not avoid the
non existence of equilibrium when screening rules are not majoritarian. Thus it can-
not help us to compare the performance of majoritarian screening rules with others
that are only weakly majoritarian. Another drawback is the possibility of multiple

equilibrium outcomes in the Strategic Chooser Game.

In what follows, and with this warning, we’ll try to make our best in tackling
with those added difficulties. We assume that the agents have preferences over sets of
strong Nash equilibrium outcomes that satisfy two mild requirements: Let P denote

a generic individual strict preference relation on 24 = {B C A|B # {@}}. Consider

12We say that a preference profile satisfies single peakedness if and only if the elements of A can
be linearly ordered as z1 > x2 > ... > xx4 such that for every i € N and a,b € A we have that if
b>a>a(A, ;) or a(A,>;) > a>bthen a =; b, where a(A4, ;) is i’s preferred candidate in A.
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any X,Y € 24 and X #Y. (1) If X C Y then XP;Y if z >; y for all z € X and
forall y € Y\X. (2) If X € Y then XP;Y if z ; y for all € X\Y and for all
y € Y. Notice that if an agent i prefers x to y then condition (1) implies that {z}
is preferred to {x,y} and condition (2) implies that {x} and {z,y} are preferred to
{y}. These are very natural conditions since the elements of a set of strong Nash

equilibrium outcomes are mutually exclusive alternatives (see Barbera, Bossert and

Pattanaik, 2004).

Consider any of the two games. Let denote by SET(S'; A’;k’) the set of strong
Nash equilibrium outcomes of this game when k = &/, the set of candidates is A’
and the screening rule is S’. We say that the agent i prefers the triple (S”; A”; k")
to (S’; A’; k') if and only if SET(S”; A”; k")P,SET(S"; A’":k').

In the context of the Sincere Chooser Game, we know by Corollary 1 that the
set of equilibrium outcomes is singleton or empty. So, the condition above says that
the agent i prefers the triple (S”; A”;k"”) to (S’; A’; k') if and only if the strong
equilibrium outcome under (S”; A”; k") is preferred to the respective outcome under
(S'; A’; k') according to agent i preferences over candidates.

The next proposition states that, in the context of the Sincere Chooser Game,
if the chooser is asked to choose between a rule of k' names and of £’ names, and

both rules use majoritarian screening rules then the chooser prefers the rule with the

highest k.

Proposition 3. For the Sincere Chooser Game the following statement holds:
If {0} # SET(S"; A k") # SET(S; A k') #{0}, k" > k' and both S' and S" are
magoritarian then the chooser prefers the triple (S"; A k") to (S'; A k).

Surprisingly, this proposition is not valid in the context of the Strategic Chooser

Game. It can be seen in the following example.

Example 4. Let A = {a,b,c,d}, and let N = {1,2,3}. The preferences of the

chooser and the committee members are as follows:



3.3. General results: Several proposers and one chooser 57

Preference Profile

Proposer 1 Proposer 2 Proposer 8 Chooser

d c b b

a a c a
d

c d a d

Given the preference profile above, the set of undominated candidates is {a,b}, can-
didates a and b are the Condorcet winners over {a,b},{b, c,d} respectively.

Applying Proposition 2, we have the following equilibrium outcomes:

Set of strong Nash equilibrium outcomes

Strategic Chooser Game

k=1 {0}
k=2 {b}
k=3 {a,b}
k=4 {b}

Ezxamining the table above, we can see that the chooser prefers k =2 to k = 3, while

the majority of the proposers, 1 and 3, prefer k =3 to k = 2.

Now, let us analyze the role of a candidacy that, at first glance, one could imagine
that has no influence in the game. We say that a candidate is an undesirable candidate
in A if the chooser and all proposers dislike him more than any other candidate in

A.

The next results show that the withdrawal of an undesirable candidate has an

effect similar to that of passing from k to k + 1.

Proposition 4. For both games the following statement holds:
If candidate u is an undesirable candidate of A and both S’ and S” are majoritarian

then SET(S"; A\{u}; k) C SET(S"; A;k +1).
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Corollary 4. For the Sincere Chooser Game:
If candidate u is an undesirable candidate of A, S' is majoritarian and the proposers

have single peaked preferences then SET(S'; A\{u}; k) = SET(S"; A;k + 1) # {0}.

The next proposition states that the chooser cannot be worst off if an undesirable

candidate decides to withdraw from the contest.

Proposition 5. For both games the following statement holds:
If {0} # SET(S"; A; k) # SET(S'; A\{u}; k) # {0}, candidate u is an undesirable

candidate of A and both S' and S" are majoritarian, then the chooser prefers the

triple (S'; A\{u}; k) to (S"; A; k).

How about the chooser’s preferences over screening rules? This is a natural ques-
tion since half of the screening rules that are actually used are not majoritarian. The
next proposition tells us that, in the Sincere Chooser Game, the chooser cannot be
worst off if a majoritarian screening rule is substituted by another that is only weakly

majoritarian.

Proposition 6. For the Sincere Chooser Game the following statement holds:
If {0} # SET(S"; A; k) # SET(S'; A; k) # {0}, both S’ and S" are weakly majori-
tarian but only S" is majoritarian then the chooser prefers the triple (S/;A; k) to

(S"; A k).

The proposition above is not valid for the Strategic Chooser Game as proven by

the following example.

Example 5. Let A = {a,b,c,d,e}, and let N = {1,2,3}. Consider the following
screening rule: Each proposer casts a vote for list A or list B. List A is formed by
candidates a,b and e and list B is formed by candidates b,c and d. The screened list
is the most voted list. Notice that this screening rule is weakly majoritarian but not

magjoritarian.
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Preference Profile

Proposer 1 Proposer 2 Proposer 8 Chooser

b b e e
c c a a
a a b
d d c
e e d d

For k = 3, under this screening rule, candidate b is the unique strong Nash equilibrium
outcome of the Strategic Chooser Game. However under any majoritarian screening,
{a, b} is the set of strong Nash equilibrium outcomes of the Strategic Choose Game.
Therefore, the chooser is better off under a majoritarian screening rules. Notice that

the reverse can be said to the majority of the proposers.

3.3.5 Some voting paradoxes

In this subsection we formulate two axioms that express consistency properties of the
election of outcomes from different bodies of proposers. These axioms are: (1) If there
are two committee members who rank the candidates exactly as the chooser does then
the chooser cannot be better off if these two members decide not to participate in the
decision about the list. (2) If a committee member is substituted by an agent who
ranks the candidates exactly as the chooser does, then the chooser cannot be worst

off.

Notice that axioms 1 and 2 are closely related with two standard axioms of voting

literature: Participation and reinforcement axioms (see Moulin, 1988, page 237).

The Sincere Chooser Game satisfies axioms 1 and 2. It turns out that the Strategic

Chooser Game violates them as proven by the following example.

Example 6. Let k=3, A ={a,b,c,d,e}, N ={1,2,3,4,5}, a majoritarian screen-

ing rule and the following preference profile:



60 3. On the Rule of k Names

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Proposer 4

c c d d
b b e e

b b
d d a a
e e c c

Proposer 5 Proposer 6 Proposer 7 Chooser

d a a a
e b b b
b c c c
a d d d
c e e e

Notice that proposers 6 and 7 and the chooser have the same preferences over the
candidates. For k=3, the set of strong Nash equilibrium outcomes of the Strategic
Chooser Game is {a,b}.

Now let us examine what would happen if proposers 6 and 7 decided not to participate.

The preference profile without proposers 6 and 7’ s preferences is displayed below.

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Proposer 4 Proposer 5 Chooser

c c d d a
b b e e d b

b b e c
d d a a c d
e e c c b e

Now, candidate a is the unique strong Nash equilibrium outcome of the Strategic

Chooser Game. Thus both proposers 6 and 7 and the chooser are better off with this
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new situation.
Suppose that proposer 5 is substituted by proposer 5°, who ranks the candidates as the

chooser does. The preference profile of this new committee is displayed below.

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Proposer 4 Proposer 5° Chooser

c c d d a a
b b e e b b

b b c c
d d a a d d
e e c c e e

In this new situation, {a,b} is the set of strong Nash equilibrium outcomes of the
Strategic Chooser Game. Hence the chooser is worse off with the substitution of

proposer & by someone who ranks the candidate as the chooser do.

3.3.6 The rule of q vetoes

As we said in the introduction, in Mexico, the President of the Republic shall propose
three names to the Senate, which shall appoint one of them to become member of the
Supreme Court of Justice. Since vetoing g names is equivalent to selecting #A — g
names, we can say that the Mexican president vetoes #A — 3 candidates, and then
the Senate chooses one of the remaining candidates for appointment. This system
is thus a member of the family of the “rules of ¢ vetoes” that can be described as
follows: given a set of candidates for office, a single individual vetoes ¢ members from
this set. Then a committee selects one candidate by plurality voting, among those

not vetoed, for appointment.

Proposition 7. In terms of strong Nash equilibrium outcomes of the Sincere Chooser
Game, the rule of k names is equivalent to the rule of k—1 vetoes whenever the sincere

chooser is the one who vetoes.
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Proposition 8. In terms of strong Nash equilibrium outcomes of the Strategic
Chooser Game, the rule of k names is equivalent to the rule of k — 1 vetoes whenever

the strategic chooser is the one who vetoes.

A interesting implication of the propositions above is that the balance of power
between the Mexican President and the Senate would not changed, if this nomination
system was substituted by the rule of # A —2 names where the Senate is the committee

of proposers and the screening rule is majoritarian.

3.3.7 Remarks about the case where the number of proposers is

even

If the number of proposers is even the set of strong Nash equilibrium outcomes may

depend on how ties are broken. It can be seen in the following example.

Example 7. Let A = {a,b,c,d}, and let N = {1,2,3,4}. Assume that each pro-
poser casts votes for two candidates, and that the list is formed with the names of
the two most voted candidates with a tie breaking rule in case of need. Notice that
this screening rule is majoritarian. The preferences of the chooser and the committee

members are as follows:

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Proposer 4 Chooser

a a b b b
d d d d

c c c c d
b b a a c

The set of strong equilibrium outcomes of this game will depend on how ties are
broken under this screening rule:

1) Suppose that the tie breaking criterion is as follows: {a,b} > {a,c} > {a,d} >
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{b,c} = {b,d} = {c,d}.

Notice that proposers 8 and proposer 4 are able to include in the chosen list their
favorite candidate, which is b. Since candidate b is also the chooser’s favorite candi-
date, there is no doubt that candidate b is the unique strong equilibrium outcome of
the Sincere Chooser Game.

2) Suppose that the tie breaking criterion is as follows: {a,c} = {a,d} = {a,b} =
{c,d} = {c,b} = {d,b}.

Now proposers 1 and 2 are able to guarantee the choice of the list formed by candi-
dates a and c. If this list is chosen candidate a, which is proposers 1 and 2’s preferred
candidate will be elected, since he is the best listed name according to the chooser’s
preferences. Thus it is clear that candidate a is the unique strong equilibrium outcome

of the Sincere Chooser Game.

If the number of proposers is even, the set of strong Nash equilibrium outcomes
of the Strategic Chooser Game may not contain the set of strong Nash equilibrium

outcomes of the Sincere Chooser Game. See the example below.

Example 8. Let A = {a,b,c,d}, and let N = {1,2,3,4}. Consider the following
magjoritarian screening rule for two names: The chosen list of two names is {b,d}
unless the strict magority of the proposers agrees with another list. Notice that this
screening rule is majoritarian. The preferences of the chooser and the committee

members are as follows:

Preference Profile
Proposer 1 Proposer 2 Proposer 8 Proposer 4 Chooser

a a b b d

a a b
c c c c a
d d d d c

The set of strong Nash equilibrium outcomes of the Sincere Chooser Game is {a,b}.
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Notice that all the proposers announcing that they support {a,c} is a strong Nash
equilibrium outcome of the Sincere Chooser Game and it leads the victory of candi-
date a. All the proposers supporting {b,c} is a strong equilibrium as well. In this
equilibrium, candidate b is the winner.

However in the context of the Strategic Chooser Game, candidate b is the unique
strong Nash equilibrium outcome. There exists no strategy profile that can sustain
candidate a as a strong equilibrium outcome under this game because the coalition
formed by the chooser and by proposers 8 and 4 can always find a profitable devia-

tion.

3.4 Concluding remarks

As shown by our analysis the rule of k¥ names is a method to balance the power of
the two parties involved in decisions: the committee and the final chooser. We have
provided examples of several institutions around the world that use the rule of &
names to take decisions. We described six different screening rules that are actually

used. Two of them are majoritarian and the others are only weakly majoritarian.

As part of our attempt to understand the widespread use of these rules, we have
engaged in a game theoretical analysis of two games induced by them. We have
shown that the choice of the screening procedure to select the k names is not too
crucial when agents act strategically and cooperatively. This is because rules of &
names based on different majoritarian screening rules lead to the same sets of strong
equilibrium outcomes. We characterized the set of strong equilibrium outcomes of

these games under any majoritarian screening rules.

For both games, we determined the effects on the equilibria of increasing k, adding
undesirable candidates and substituting a majoritarian screening rule for another not
majoritarian. Knowing these effects, we were able to derive endogenously the agents’

preferences over different variants of the rule of £ names.
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For both games, adding to the contest an undesirable candidate, i.e. a candidate
that nobody likes, goes against the chooser’s interests. For the Sincere Chooser
Game, the chooser weakly prefers high k’s as well as any weakly majoritarian rule to
any majoritarian screening rule. We showed with examples that the same cannot be
said in the context of the Strategic Chooser Game. We provided an example where
the chooser strictly prefers kK = 2 to k = 3 while a majority of proposers strictly
prefers k = 3 to k = 2. In another example, the chooser strictly prefers a weakly

majoritarian screening to any majoritarian rule.

We have also shown the equivalence of rule of £ — 1 vetoes with the rule of &
names in terms of strong Nash equilibrium outcomes. In other words, we proved that
the set of strong equilibrium outcomes would not change if instead of taking the final
decision, the chooser vetoes k£ — 1 candidates and then let the committee select by

plurality one of the remaining candidates for appointment.

We interpret our present work as a first step for understanding the implications

of using such methods, and hope to generate interest in its further study.

3.5 Appendix

3.5.1 Appendix 1

Denote by W the set of all strict orders (transitive!3, asymmetric!* and irreflexive!®)
on A. Each member i € N U {chooser} has a strict preference »;€ W. For any
nonempty subset B of A, B C A\{2&}, we denote by a(B,>;) = {z € Blx »=; y
for all y € B\{z}} the preferred candidate in B according to preference profile >; .
Denote by A, = {B C A|#B = k} the set of all possible subsets of A with cardinality

k where #B stands for the cardinality of B and B C A means that B is contained

13 Transitive: For all z,y,2 € A: (z = y and y = 2) implies that = > z.
' Asymmetric: For all 2,y € A : 2 = y implies that —(z > ).
Y rreflexive: For all x € A, —(z = ).



66 3. On the Rule of k Names

in A.

Definition 1. Let MY = M; x ... x M, with M; = i = M for alli,j € N
where M is the space of actions of a proposer in N. For example, if the actions in
MN are casting single votes then M = A. If the actions in MY are submissions
of strict preference relation then M = W. Given k € {1,2,...,#A}, a screening
rule for k names is a function Sy : MN — Ay, associating to each action profile

my = {m;Yien € MY the k-element set Sp(my).

Definition 2. We say that a screening rule Sy, : MN — Ay, is magoritarian if and
only if for every set B € Ay there exists m € M such that for every strict majority
coalition C C N and every profile of the complementary coalition m\c € MN\C we

have that Si.(m\c, mc) = B provided that m; = m for every i € C.

Definition 3. We say that a screening rule Sy : MN — Ay, is weakly magjori-
tarian if and only if for every candidate x € A there exists m € M such that for
every strict majority coalition C C N and every profile of the complementary coali-
tion ma\¢ € MN\C we have that x € Sk(mN\C, me¢) provided that m; = m for every
1eC.

Definition 4. Given k € {1,2,...,#A}, a screening rule for k names Sy, : MY —
Ay and a preference profile == {=i}ic NU{chooser} € WAL the Sincere Chooser
Game can be described as follows: It is a simultaneous game with complete in-
formation where each player i € N chooses a strateqgy m; € M;. Given my =

{mitien € MY, Sp(my) is the chosen list with k names and the winning candidate

18 Oé(Sk (m), >‘chooser) .

Definition 5. Given k € {1,2,....#A}, a screening rule for k names Sy, : MY —
Ay and a preference profile == {~i}icNU{chooser} € WAL joint strategy my =
{m;}ien € MY is a pure strong Nash equilibrium of the Sincere Chooser

Game if and only if, given any coalition C C N, there is no mIN = {m;}ien € MV
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with m; =m; for every j € N\C such that a(mlN, = chooser) =i Q(MN, > chooser) fOr

each 1 € C.

Definition 6. Given k € {1,2,...,#A}, a screening rule for k names Sy, : MV —
Ay and a preference profile == {=i}ie NU{chooser} € WN+HL the Strategic Chooser
Game can be described as follows: It is a simultaneous game with complete infor-
mation where each player i's € N strategy space is M, while the chooser’s strat-
egy space is Mepooser = {f + Ax — A|f(B) € B for every B € Ax}. Given
MNU{Chooser} = (MN = {mi}ieN, Mehooser) € MY X Mehooser, Sk(my) is the chosen

list with k names and the winning candidate is Mehooser (Sk(My)).

Definition 7. Given k € {1,2,...,#A}, a screening rule for k names Sy, : MY —

Ay and a preference profile == {=;}ic NU{chooser} € WNFL q joint strategy MNU{Chooser} =
(my = {m;}ie N, Mehooser) € MN X Mehooser is a pure strong Nash equilibrium of

the Strategic Chooser Game if and only if, given any coalition C' C NU{chooser},
there is 10 M Cpoosery = (N Migoser) € MY X Mehooser with ml; = mj for every

j € N U {chooser}\C such that miNU{C’hooser}(Sk(mlN)) =i MNU{Chooser} (Sk(MN))

for each i € C.

3.5.2 Appendix 2

Proof of Proposition 1. Suppose that candidate z is the outcome of a strong equilib-
rium of the Sincere Chooser Game. In any strong Nash equilibrium where x is the
outcome, the screened set is such that x is the best candidate in this set according
to the chooser’s preferences. So x is a chooser’s (#A — k + 1)-top candidate. Since
the screening rule is majoritarian there exists no other chooser’s (#A — k + 1)-top
candidate that is considered better that x by a strict majority of proposers. Other-
wise this coalition could impose the choice of a set where this candidate would be
the preferred candidate according to the chooser’s preference. Therefore candidate x

is the Condorcet winner over the set of chooser’s (#A — k + 1)-top candidates, and
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the first part of the proposition is proved.

To complete the proof we need to show that if a candidate is the Condorcet winner
over the set of chooser’s (#A — k + 1)-top candidates then there exists a strategy
profile that sustains him as a strong Nash equilibrium outcome. Let x be such a can-
didate. Take any set with k& candidates contained in A such that x is the chooser’s
best candidate in this set. Notice that this set exists, since candidate x is a chooser’s
(#A — k + 1)-top candidate. Let B be such a set. Since the screening rule is ma-
joritarian there exists an action such that every majority coalition of proposers can
impose the choice of B provided that all of its members choose this action. Let m be
such an action. Consider the strategy profile, where all proposers choose action m.
Then, candidate x will be elected since the screening rule is majoritarian. By this
same reason, any coalition with less than half of the proposers cannot change the
outcome. Notice also that any majoritarian coalition does not have any incentive to
deviate, since there is no candidate among the chooser’s (#A — k + 1)-top candidate
that is considered better than x by all proposers in the coalition (recall that only the
chooser’s (#A — k + 1)—top candidates can be the chooser’ best name among the
candidates of a set with cardinality k). Otherwise  would not be a Condorcet winner
over the set of the chooser’s (#A — k + 1)-top candidates. Therefore this strategy

profile is a strong Nash equilibrium of the Sincere Chooser Game. O

Proof of Proposition 2. Suppose that candidate z is the outcome of a strong equilib-
rium of the Strategic Chooser Game. In any strong Nash equilibrium where z is the
outcome, the screened set is such that x is the best candidate in this set according
to the chooser’s preferences. Otherwise the chooser would have incentives to choose
another name in this set. So x is a chooser’s (#A — k + 1)-top candidate. Since the
screening rule is majoritarian there exists no other set with & names where all the
candidates in this set are considered better than x by a strict majority of proposers.
Otherwise this coalition would have incentives to impose the choice of this set. This

is only true when candidate x is the Condorcet winner over some set of candidates



3.5. Appendix 69

with cardinality higher or equal than #A — k + 1. For this same reason there exists
no candidate that is considered better than x by a strict majority of proposers and
the chooser. This implies that candidate x is a undominated candidate. Therefore
the first part of the proposition is proved.

To complete the proof we need to show that if a candidate is (1) undominated and
chooser’s (#A — k + 1)-top candidate, and (2) Condorcet winner over some set of
candidates with cardinality higher or equal than #A — k + 1 then there exists a
strategy profile that sustains him as a strong Nash equilibrium outcome. Let us call
this candidate z. Take any set with k candidates contained in A such that z is the
chooser’s best candidate in this set. Notice that this set exists, since candidate z is a
chooser’s (#A — k + 1)-top candidate. Let B be such a set. Since the screening rule
is majoritarian there exists an action such that every majority coalition of proposers
can impose the choice of B provided that all of its members choose this action. Let
m be such an action. Suppose the strategy profile where all proposers choose the
action m. Let the chooser declare a choice rule such that if candidate x is in the
screened set, x is the winning candidate. Otherwise, the winner is a candidate in
the screened set that is considered worse than x by a strict majority of proposers
(notice that this choice rule exists since = is the Condorcet winner over a set with
cardinality #A — k+1). Under this strategy profile, candidate = will be elected since
the screening rule is majoritarian. Notice that the chooser’s strategy eliminates any
incentive of any majority coalition of proposers to deviate. Notice also that candidate
x is the chooser’s best candidate in the screened set, so that the chooser has no in-
centive to unilaterally deviate either. No coalition formed by a majority of proposers
and the chooser has incentives to deviate either, since = is a undominated candidate.
Therefore this strategy profile is a strong Nash equilibrium of the Strategic Chooser
Game. Therefore the proof of the proposition is established. O

Proof of Corollary 3. Let x be the strong equilibrium outcome of the Sincere Chooser

Game and z be a strong equilibrium outcome of the Strategic Chooser Game. By
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Proposition 1, = is the Condorcet winner over the set of chooser’s (#A — k + 1)-
top candidates. This information and Proposition 2 imply that x is also a strong
equilibrium outcome of the Strategic Chooser Game. Again by Proposition 2, z is
(1) undominated and chooser’s (#A — k + 1)-top candidate, and (2) the Condorcet
winner over some set of candidates with cardinality higher or equal than #A —k+ 1.
Let us prove that the chooser does not prefer z to z. Suppose by contradiction that
the chooser prefers x to z. This implies that the strict majority of proposers prefers z
to . Otherwise z would not be undominated. Since z is chooser’s (#A — k + 1)-top
candidate, it implies that x is not the Condorcet winner over the set of chooser’s

(#A-k+1)-top candidates. This is a contradiction. O

Proof of Proposition 3. Suppose k” > k', both S’ and S” are majoritarian screening
rules and {0} # SET(S"; A;k") # SET(S'; A;k') # {0}.

Let z € SET(S”; A;k") and y € SET(S; A;&). It will suffice to show that = > chooser
1. Suppose by contradiction that the chooser prefers y to x. By Proposition 1, we
have that x is the Condorcet winner over the set of the chooser’s (#A — k" + 1)-top
candidates. And y is the Condorcet winner over the of chooser (#A — k' + 1)-top
candidates.

Since z is one of the chooser’s (#A — k" + 1)-top candidate, the chooser prefers y
to x and k" > k', we also have that y is a chooser’s (#A — k” + 1)-top candidate.
But then this contradicts the fact that = is the Condorcet winner over the set of a

chooser’s (#A — k" + 1)-top candidates. O

Proof of Proposition 4. Consider first the Strategic Chooser Game. Let u be an unde-
sirable candidate of A. It is easy to see that the set of the chooser’s (#A\{u}—k+1)-
top candidates is equal to the set of the chooser’s (#A — (k + 1) + 1)-top candidates.
Moreover, the set of undominated candidates does not change when the set of the
candidates is A\{u} or A. We also have that the set of candidates that are Condorcet

winners over some set with cardinality #A\{u} — k + 1 is contained in the set of
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candidates that are Condorcet winners over some set with cardinality #A —(k+1)+1.
By Proposition 2, these informations imply that SET(S"; A\{u}; k) C SET(S"; A; k+
1). For the Sincere Chooser Game, the proof requires a similar argument. For this

reason it is omitted. O

Proof of Proposition 5. Let u be the undesirable candidate of the set A and {0} #
SET(S"; A; k)  SET(S's A\{u}; k) # {0},

First let us prove that the statement holds for the Strategic Chooser Game. Notice
that the set of undominated candidates does not change whenever the set of candi-
dates is A\{u} or A. We also have that the set of candidates that are Condorcet
winners over some set with cardinality #A\{u}—k-+1 is equal to the set of candidates
that are Condorcet winners over some set with cardinality #A — k+1. Moreover, any
chooser’s (#A\{u} — k + 1)-top candidate is also chooser’s (#A — k + 1)-top candi-
date. Therefore by Proposition 2, we have that SET(S’; A\{u}; k) C SET(S"; A; k).
Thus it suffices to show that we have x =; y for all z € SET(S’; A\{u}; k) and
y € SET(S"; A; k)\SET(S’; A\{u}; k).

Suppose by contradiction that there is y € SET(S"; A; k)\SET(S’; A\{u}; k) and
x € SET(S’; A\{u}; k) such that the chooser prefers y to z. Notice that this infor-
mation implies that y is a chooser’s (#A\{u} — k + 1)-top candidate. But then,
we have y is undominated, chooser’s (#A\{u} — k + 1)-top candidate and the Con-
dorcet winner of a set with cardinality #A\{u} — k + 1. So, by Proposition 2, we
have that y € SET(S’; A\{u}; k). This is a contradiction, since we had assumed that
y € SET(S"; A; k)\SET(S’; A\{u}; k).

Now let us prove that the statement for the Sincere Chooser Game. By proposition
4, we have that SET(S; A\{u}; k) = SET(S"; A;k + 1) since SET(S'; A\{u}; k) #
{(}. Hence, by Proposition 3, we have that the chooser prefers the triple (S'; A\{u}; k)
to (S"; A k). O

Proof of Proposition 6. First let us prove that if a screening rule is weakly majoritar-



72 3. On the Rule of k Names

ian and x is an outcome of a strong equilibrium of the Sincere Chooser Game then z
is undominated and chooser’s (#A — k + 1)-top candidate. Notice that in any strong
Nash equilibrium in which x is the outcome, the screened set is such that x is the
best candidate in this set according to the chooser’s preferences. So x is a chooser’s
(#A — k + 1)-top candidate. Since the screening rule is weakly majoritarian there
exists no other candidate that is considered better that x by a strict majority of
proposers and the chooser. Otherwise these proposers could impose the inclusion of
this candidate in the screened set and this candidate would win. Therefore candidate
x is undominated and chooser’s (#A — k + 1)-top candidate.

Let S’ and S” be weakly majoritarian screening rules but only S” is majoritarian
such that {§} # SET(S";A;k) # SET(S";A;k) # {0}. Suppose by contradiction
that SET(S”; A; k) = {y} and SET(S’; A; k) = {x} such that chooser prefers y to .
By the previous paragraph y and z are undominated and chooser’s (#A — k + 1)-top
candidates. We also know, by Proposition 1, that y is also the Condorcet winner over
the set of chooser’s (#A — k + 1)-top candidates.

Since the chooser prefers y to x, a strict majority of proposers prefers x to y. Other-
wise x would not be undominated. Thus y is not the Condorcet winner over the set of

chooser’s (#A —k+1)-top candidates. Therefore we have reached a contradiction. [

Proof of Proposition 7. Since the chooser is always sincere (i.e. he is not a player),
the vetoed candidates under rule of k—1 are those that are not chooser’s (#A —k+1)-
top candidates. We know that under plurality voting the unique strong equilibrium
outcome is the Condorcet winner (see Sertel and Sanver, 2004). Therefore, by Propo-
sition 1, the strong equilibrium outcomes under rule of £ names and rule k — 1 vetoes
coincides and it is the Condorcet winner over the set of chooser’s (#A — k + 1)-top

candidates. O

Proof of Proposition 8. Here we assumed that the chooser is a player. So, by Propo-

sition 2, it suffices to show that a candidate is a strong equilibrium outcome under



3.5. Appendix 73

the rule of k—1 vetoes if and only if it is (1) undominated and chooser’s (#A —k+1)-
top candidate, and (2) Condorcet winner over some set of candidates with cardinality
higher or equal than #A — k + 1.

Suppose that candidate x is the outcome of a strong equilibrium outcome under rule
of K — 1 vetoes. In any strong Nash equilibrium where z is the outcome, z is the
Condorcet winner over the set of not vetoed candidates. Otherwise there would be
a coalition formed by a majority of proposers that would have incentives in voting
for another not vetoed candidate and this candidate would be elected. So x is the
Condorcet winner over a set with cardinality #A — k + 1, since this is the cardinality
of the set of available candidates after the veto made by the chooser. Notice that
there exists no subset with cardinality #A —k+1 where all candidates are considered
better than x by the chooser. Otherwise the chooser would have an incentive to veto
all but those in this subset. This is only true when x is a chooser’s (#A — k + 1)-top
candidate. Since the proposers use plurality, there exists no other candidate that is
considered better than z by a majority of proposers and by the chooser. Otherwise
this coalition would be able to elect this candidate. This is only true when x is an
undominated candidate. Thus we have proved that if a candidate is a strong equi-
librium outcome under rule of k — 1 vetoes then it is (1) undominated and chooser’s
(#A — k + 1)-top candidate, and (2) Condorcet winner over some set of candidates
with cardinality higher or equal than #A — k 4+ 1. So we have completed the first
part of the proof.

To finish the proof we need to show that if a candidate is (1) undominated and
chooser’s (#A — k + 1)-top candidate, and (2) Condorcet winner over some set of
candidates with cardinality higher or equal than #A — k+ 1 then there exists a strat-
egy profile that sustains him as a strong Nash equilibrium outcome. Let x be such a
candidate. Consider the following strategy profile: The chooser vetoes all candidates
but the set with cardinality #A —k+ 1 in which candidate x is the Condorcet winner

( if there are more than one set with this characteristic choose one of them). All
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proposers unanimously cast a vote for candidate z if candidate x is a not vetoed;
otherwise they vote for candidate considered worse than x according to the chooser’s
preference ( this strategy is feasible since z is a chooser’s (#A —k+1)-top candidate).
Notice that under this strategy profile, candidate x will be elected. Notice that the
proposers’ threat eliminates any chooser’s incentive in unilaterally deviating. No-
tice that candidate x is the Condorcet winner over the set of not vetoed candidates.
So the majority of proposers do not have incentive to deviate. Notice also that a
coalition formed by a majority of the proposers and the chooser does not have any
incentive to deviate either, since x is an undominated candidate. Thus this strategy
profile is a strong equilibrium under rule of £ — 1 vetoes. Therefore the proof of the

proposition is established. O

3.5.3 Appendix 3

In this appendix, we present sufficient conditions for a candidate to be a strong
Nash equilibrium outcome for each of our games provided that the screening rule is
"unanimous". We also present the necessary conditions for a candidate to be a strong
Nash equilibrium outcome for each of our games provided that the screening rule is

"anonymous".

Here, the number of proposers can be even and individual indifferences over the
alternatives are not ruled out. We follow closely the approach of Sertel and Sanver
(2004). They consider a standard voting game where a committee elects a candidate
for office, without any external interference. In their voting game, the strategies
of the voters are expressions of the agents’ preferences regarding candidates. They
provide a quasi-characterization of the set of strong equilibrium outcomes of their

voting game under any anonymous and top-unanimous voting rule.
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Denote by © the set of all reflexive!®, transitive!” and complete'® orders on A.
Each member ¢ € NU{chooser} has a preference 7—;€ ©. Given any ¢ € NU{chooser}
and any ;€ ©, »>; stands the strict counterpart of 7Z;. Denote by Ay = {B C
A|#B = k} the set of all possible subsets of A with cardinality k.

Definition 8. Let MY = M; x ... x M,, with M; = M; = M for all t,5 € N
where M is the space of actions of a proposer in N. For example, if the actions
in MN are casting single votes then M =A. If the actions in MY are submissions
of strict preference relation then M = ©. Given k € {1,2,...,#A}, a screening
rule for k names is a function Sy : M — Ay, associating to each action profile

my = {m;Yien € MV the k-element set Sp(my).

Definition 9. We say that a screening rule Sy, : MN — A}, is anonymous if and
only if given any permutation p : N — N of voters and any (m;)ieny € MY, we

have Sp({mi}ien) = Sk((mpg))ien)-
All the six screening rules described in Subsection 3.3.1 are anonymous.

Definition 10. We say that a screening rule Sy, : MY — A}, is unanimous if and
only if for every set B € Ay there exists m € M such that Sx(my) = B if m; =m
for every i € N.

Among all six screening rules described in Subsection 3.3.1 only the two majori-

tarian screening rules are unanimous.

Remark 1. A scoring screening rule for k names is characterized by a nondecreasing
sequence of real numbers so < s1 < ... < sua_1. Volers are required to rank the
candidates, thus giving sua—1 points to the one ranked first, sua_o to one ranked

second, and so on. The selected list is formed by the candidates with the k highest total

'Reflexive: For allz € A: 2 - .
" Transitive: For all z,y,2 € A: (z 2 y and y 7 2) implies that - 2.
'8 Complete: For all z,y € A: (x # y) implies x 2Z y or y - .
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point score. Any scoring screening rule for k names characterized by a nondecreasing
sequence of real numbers so < ... < SuA_p—1 < SpA—k < ... < SHA_1 1S UNANIMOUS

and anonymous.

Before presenting the results, we need first to introduce several concepts of effec-
tivity of a coalition. They are direct extensions of the concepts of effectivity functions
studied by, among others, Peleg (1984), Abdou and Keiding (1991) and Sertel and
Sanver (2004). These concepts of effectivity refer to the ability of agents to ensure

an outcome, under the given rule.

Definition 11. Given a screening rule for k names Sy : MN — Ay we say that
a coalition C C N of voters is T —effective for B € Ay, if and only if there exists
m € M such that for every profile of the complementary coalition my\¢ € MN\C we

have that Sp.(mn\c,mc) = B provided that m; = m for every i € C.

Notice that if C'is 5T —ef fective for B then all supersets of C' are S —ef fective
for B. Denote the set of 31 — ef fective coalitions for the set B € Ay by S7s(B).
Let bs™(B) stand for the cardinality of minimal coalition in 3" s(B). By convention,

we bsT(B) =n + 1 whenever 31s(B) is empty.
Definition 12. Given Sy : MY — Ay, bs; = maxpea, {bs™(B)}.

Definition 13. Given a screening rule for k names Sy : MN — Ay, we say that
a coalition C C N of voters is B°—effective for z € A if and only if there exists
m € M such that for every profile of the complementary coalition my\c € MN\C we

have that x € Sg(mn\c,mc) provided that m; =m for every i € C.

Notice that if C'is 8° — ef fective for B then all supersets of C' are 50 —ef fective
for B. Denote the set of 3° — ef fective coalitions for x € A by 3%s(z). Let bs%(x)
stand for the cardinality of minimal coalition in 3%s(x). By convention, we bs)(z) =

n + 1 whenever 3%s(x) is empty.

Definition 14. Given Sy : MY — Ay, bs) = max,eca {bs°(2)}.
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Definition 15. Given a screening rule for k names Sy : MY — Ay, a coalition
C C N of voters is 3~ —effective for x € A if and only if for some set D € {H €
Aile ¢ H} and am' € {m € M | Sx({mi}ien) = D provided that m; = m for
every i € N}, there exists a profile mg € M© such that x € Sk(me,mn\¢) given that
m; =m' for every i € N\C.

Notice that if C'is 8~ —ef fective for B then all supersets of C are 8~ —ef fective
for B. Denote the set of 5~ — ef fective coalitions for z € A by 5~ s(z). Let bs™ (x)
stand for the cardinality of the minimal coalition belonging to 8~ s(z). By convention,

set bs™(z) = n+ 1 whenever 8~ s(x) is empty.
Definition 16. Given Sy, : MY — Ay, bs; = mingea{bs™(2)}.
Notice that for any screening rule for £ names we have that bsz > bsg > bs;,.

Remark 2. Let S, : MY — A, be an anonymous screening rule, if n is odd then

bs; > ”T‘H otherwise bsl:f > g5+ 1

Remark 3. Let Sy be a weakly majoritarian screening rule, if n is odd then bs; >

bsg > ”T‘H otherwise bs;c" > bsg > 5+ 1

Remark 4. Let S;, : MY — Ay, be a majoritarian screening rule, if n is odd then

bsz = bs% =bs;, = "T“ otherwise bséF = bsg = % +1 and bs;, = %

Definition 17. Given q € {1,...,n + 1}, we say that x € B C A is a q-generalized
Condorcet winner over B if and only if #{i € N|y =; x} < q for all y € B\{x}.

Definition 18. Given g € {1,...,n + 1}, we say that x € A is a q-undominated
candidate if and only if there exists no y € A\{x} such that #{i € N|y =; } > ¢q

and Y = chooser T-

Definition 19. Givenl € {1,...,#A}, we say that x € A is a chooser’s {-top candi-
date if and only if #{y € A\{z}|x =iy} > A —q.
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Proposition 9. Let S, : MN — Ay, be an anonymous screening rule for k names:

1. If a candidate x is a strong Nash equilibrium outcome of the Sincere Chooser
Game then x is bg—undommated and bﬁ -generalized Condorcet winner over the

chooser’s (#A—k + 1)-top candidates.

2. If a candidate x is a strong Nash equilibrium outcome of the Strategic Chooser
Game then z is (1) bsQ—undominated and chooser’s (#A—k+1)-top candidate,
and (2) bz-genemlized Condorcet winner over some set of candidates with car-

dinality larger or equal than #A—k + 1.

Proof. Suppose that candidate x is the outcome of a strong equilibrium of the Sin-
cere Chooser Game. In any strong Nash equilibrium where x is the outcome, the
screened set is such that x is the best candidate in this set according to the chooser’s
preferences. So x is a chooser’s (#A — k + 1)-top candidate. Since the screening rule
is anonymous, there exists no other chooser’s (#A — k + 1)-top candidate that is
considered better that = by b; proposers or more. Otherwise these proposers could
form a coalition to impose the choice of another set where this candidate would be
the preferred candidate according to the chooser’s preference. Hence candidate x is
a bz-generalized Condorcet winner over the set of chooser’s (#A — k + 1)-top candi-
dates. For this same reason there exists no candidate that is considered better than
z by at least bg proposers and the chooser. Hence z is bg—undominated,.and the first
part of the proposition is proved.

Suppose that candidate = is the outcome of a strong equilibrium of the Strategic
Chooser Game. In any strong Nash equilibrium where x is the outcome, the screened
set is such that z is the best candidate in this set according to the chooser’s pref-
erences. Otherwise the chooser would have incentives to choose another candidate
in this set. So z is a chooser’s (#A — k + 1)-top candidate. Since the screening
rule is anonymous, there exists no set with k candidates where all the candidates in

this set are considered better than x by any coalition of proposers with cardinality
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higher or equal than b,‘f. Otherwise this coalition would have incentives to impose
this list. This is only true when candidate z is a bz—generalized Condorcet winner
over some set of candidates with cardinality higher or equal than #A — k + 1. For
this same reason there exists no candidate that is considered better than x by at least
bsg proposers and the chooser. This implies that candidate x is a bsg—undomina‘ued

candidate. Therefore the proof of the proposition is established. O

Proposition 10. Let Sy, : MY — A}, be an unanimous screening rule for k names:

1. If a candidate x is a b -generalized Condorcet winner over the chooser’s (#A —
k+1)-top candidates then x is a strong Nash equilibrium outcome of the Sincere

Chooser Game.

2. If a candidate x is (1) b, -undominated and chooser’s (#A —k +1)-top candi-
date, and (2) b, -generalized Condorcet winner over some set of candidates with
cardinality larger or equal than #A —k+1 then x is a strong Nash equilibrium

outcome of the Strategic Chooser Game.

Proof. First let us show that if a candidate is bs, —undominated and b, -generalized
Condorcet winner over the chooser’s (#A — k + 1)-top candidates then x is a strong
Nash equilibrium outcome of the Sincere Chooser Game. Let x be such a candidate.
Take any set with k candidates contained in A such that z is the chooser’s best
candidate in this set. Notice that this set exists, since candidate x is a chooser’s
(#A — k + 1)-top candidate. Let B be such a set. Since the screening rule is
unanimous there exists an action such that all proposers can impose the choice of B
provided that all them choose this action. Let m be such an action. Consider the
strategy profile where all proposers choose action m.

Then, candidate x will be elected since the screening rule is unanimous. Notice that
there exists no coalition of players that can make a profitable deviation. Because any

coalition of proposers with size higher or equal than b, does not have incentive in
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deviating since there is no candidate among the chooser’s (#A — k4 1)-top candidate
that is considered better than z by all proposers in the coalition (recall that only the
chooser’s (#A — k + 1)—top candidates can be the chooser’ best name among the
candidates of a set with cardinality k). Otherwise  would not be a b, -generalized
Condorcet winner over the set of the chooser’s (#A —k+1)-top candidates. Therefore
this strategy profile is a strong Nash equilibrium of the Sincere Chooser Game.

To finish the proof we need to show that if a candidate is (1) a bs, -undominated and
chooser’s (#A — k4 1)-top candidate, and (2) b, -generalized Condorcet winner over
some set of candidates with cardinality higher or equal than #A — k + 1 then there
exists a strategy profile that sustains him as a strong Nash equilibrium outcome of the
Strategic Chooser Game. Let us call this candidate . Take any set with k candidates
contained in A such that x is the chooser’s best candidate in this set. Notice that
this set exists, since candidate x is a chooser’s (#A — k + 1)-top candidate. Let B be
such a set. Since the screening rule is unanimous there exists an action such that all
proposers can impose the choice of B provided that all them choose this action. Let
m be such an action. Consider the strategy profile where all proposers choose action
m. Let the chooser declare a choice rule such that if candidate x is in the screened
set, x is the winning candidate. Otherwise, the winner is a candidate in the screened
set that is considered not better than x by more than n — b,  proposers ( notice that
this choice rule exists since x is a b, -generalized Condorcet winner over a set with
cardinality #A —k+1). Under this strategy profile, candidate x will be elected since
the screening rule is unanimous. Notice that the chooser’s strategy eliminates any
incentive of any coalition of proposers with size higher or equal to bs; to deviate.
Notice also that candidate x is the chooser’s best candidate in the screened set, so
the chooser has no incentive to unilaterally deviate either. No coalition formed by
at least bs; proposers and the chooser has no incentive to deviate either since x
is a bs; —undominated candidate. Therefore this strategy profile is a strong Nash

equilibrium of the Strategic Chooser Game. Therefore the proof of the proposition
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is established. O
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Chapter 4

How to Choose a
Non-controversial List with k

Names

4.1 Introduction

The study of set-valued functions has a long tradition in economics, in general, and in
social choice theory, in particular. The Walrasian correspondence is a salient example.
More specific to social choice theory is the study of social choice correspondence and

of set valued social choice functions.

The specific meaning attached to these rules can be very diverse. But there are
two types of competing interpretations, depending on the nature of the objects to be

chosen.

In a first interpretation, the chosen sets are sets of alternatives - that is, of mu-
tually exclusive objects. They may be sets of candidates for office, sets of alternative
policies to solve the same social problem, etc... In this case, the set cannot be seen as

a full solution of the social choice problem, a further resolution is necessary, and the
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underlying procedure to solve the remainder of the problem is a necessary reference

to complete the interpretation. To give some examples:

e It is sometimes assumed that the final choice will be made through some random

procedure. (See Barbera, Dutta and Sen, 2001 and references therein).

e It is sometimes assumed that a new decision process will take place to choose
from the pre-selected alternatives. This covers a wide range of possibilities, and
it includes one of the leading interpretations to be referred to later, namely the

use of a screening rule as part of what we will call a "rule of k names".

Turning now to a second interpretation, the elements chosen by a social choice

rule need not be mutually exclusive. Here are some examples:

e The choice of new members for a club, or of several compatible projects, as in
Barbera, Sonnenschein and Zhou (1991). In that case, the sets in the range can

be of different cardinalities.

e The choice of locations for a fixed number of public facilities, as in Barbera and

Bevid (2002).

e The choice of candidates to form a delegation, or to represent a district in a

legislative body, as in Dodgson (1884, 1885a, 1885b).

In the last two cases, the cardinality of the sets to be chosen is exogenously given.

Under each of these interpretations, and many others, set valued social choices
become objects of theoretical and practical interest. What questions to ask, and to
eventually solve about them do depend very much on our specific interpretations and

of the kind of phenomena we want to focus on.

In what follows, we shall present an analysis of set-valued functions in terms of

their ability to satisfy a property that we call stability.
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Our main source of motivation comes from the fact that set valued (screening)
rules are part of the description of the rule of k names, an interesting and widely
used set of procedures for choosing one candidate to an office. However, our analysis
does only contemplate some cases where the rule of k names might be used, and it is

not useful in other cases.

On the other hand, the reader may find that some of our results can be used under
other circumstances, to discuss issues relating to other types of choice procedures.
For example, stability may be attractive in some cases for rules that choose sets
of representatives, and not in other cases. Our discussion of Dodgson’s classical

pamphlet is a proof of this.

4.1.1 Stability and related literature

An important part of the rule of £ names is given by the procedure used by the
committee in order to select, or screen out, those k£ candidates to be presented to the
chooser. One property that we could ask from these rules is that, once the set with
k candidates is chosen under some of these rules, any proposal to change this set is

never supported by a strict majority of the voters.

The following definition of weak Condorcet consistency formalizes this idea: A
set with k£ candidates is a weak Condorcet set a la” Fishburn (1981) if it cannot be
defeated by any other set with the same cardinality on the basis of simple majority
rule. A screening rule for selecting a set with k& candidates is Condorcet consistency

if it always selects a weak Condorcet set whenever such a set exists.

A well known weak Condorcet consistent rule is the Simpson rule: Voters are
required to rank all possible sets of candidates with cardinality k. Then each set is
compared with every other set. Let N(X,Y) be the number of voters ranking subset
X above the subset Y. The Simpson score of X is the minimum of N(X,Y) over all Y
that belongs to the set of all sets of candidates with cardinality k. The winner of the

election, called a Simpson winner, is the set with the highest total point score.
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In practice, however, the screening rules that are used to select sets of candidates
with fixed size do not require that the voters declare their preferences over sets of
candidates. In Chapter 3 we documented six different screening rules that are used
by different decision bodies to make a list with & names in the first stage of the rule
of k£ names. None of these rules require information on voters’s preferences over sets

of candidates. Kaymak and Sanver (2003) make an observation in the same line:

"Even when we have to choose more than one alternative from an existing set of
alternatives, we use social choice rules defined on the domain of preference profiles
where individual preferences are over alternatives. Hence, the final outcome, which
is a set of alternatives, is determined without referring to individual preferences over

sets of alternatives." (Kaymak and Sanver, 2003, page 478).

Knowing the voters’s preferences over candidates is not enough to know the vot-
ers’ preferences over sets of candidates. Therefore, there is no hope to find a weak
Condorcet consistent rule for selecting more than one alternative and that only re-

quires voters’ information about their preferences over candidates.

Kaymak and Sanver (2003) say that a set with cardinality k strongly respects the
Condorcet principle if and only if this set is a weak Condorcet set a la’ Fishburn
(1981) for any preference profile over sets of alternatives. They provide a charac-
terization of the sets that satisfy this property in terms of individual preferences
over alternatives when the preference profiles over sets of alternatives satisfy a mono-
tonicity axiom. Among other things, they show that there is at most one set with
cardinality k that satisfies this property, and that it may not exist. Moreover, a
necessary but not sufficient condition for a set to satisfy this property is to be a weak
Condorcet set a la’ Gehrlein. A set with k candidates is a weak Condorcet set a la’

Gehrlein (1985) if no candidate in this set can be defeated by any other candidate

outside the set on the basis of simple majority rule.

The monotonicity axiom used by Kaymak and Sanver (2003) can be described as

follows: If a voter prefers candidate a to b and b is substituted by a in the elected
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set then this voter cannot be worst off. Under the rule of k£ names, monotonicity
would be a natural assumption in a scenario where no proposer has any knowledge
whatsoever of the chooser’s preferences over the candidates. Thus, for them, each
listed name would have the same probability of being the chooser’s selected candidate
for the office. On the other hand, we can also easily imagine other scenarios where
monotonicity axiom would not be natural. For instance, suppose an election for an
office under the rule of two names, let a proposer rank candidate a first, b second and
c third, and let the chooser rank b first, a second and ¢ third. So, under the complete
information assumption, the proposer’s preferred list would be {a, ¢} instead of {a, b},

thus violating monotonicity.

7

Ratliff (2003) proposes two procedures that always select Condorcet sets a la
Gehrlein (1985), when such a set exists: These are the Dodgson Method and the
Kemeny Method. The Dodgson Method selects the set with k candidates that requires
the fewest adjacent switches in the voters’ preferences to become the Condorcet set.
The Kemeny Method selects the set with k£ candidates with the smallest total margin
loss against the remaining m — k candidates (where m stands for the number of

candidates).

By contrast, we investigate procedures that always select weak Condorcet sets.
We say that screening rule for selecting k names is stable if it always selects a weak

Condorcet set a la’ Gehrlein, whenever one exists.

We show that all of the six screening rules documented in Chapter 3 which are
used in reality do violate stability if the voters do not act strategically. In fact, these
rules perform quite badly. They even violate other properties that are less demanding
than stability. For instance, we provide an example where the lists formed under five
of these rules would have the Condorcet and Borda loser candidate but not the

Condorcet and Borda winner candidate!

In our search of stable procedures, we prove that most of screening rule based on

standard voting rules violate stability. However, we show that it is not difficult to
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create stable rules. Here we make two proposals. So, why are unstable rules so popu-
lar? One possible justification, and we are aware, is that stability is not a guarantee
that the elected set is a weak Condorcet set a la” Fishburn (1981) even under the as-
sumption of monotonicity'. Our goal is to provide two other justifications. The first
result states that the stability is incompatible with a another desirable property. The
second one states that several unstable screening rules tend to be stable whenever

the voters act strategically and cooperatively.

This chapter proceeds as follows: In the next section, weak Condorcet set a la’
Gehrlein (1985) is defined and discussed. In Section 4.3, we give a formal definition of
stability and show that most of the standard voting rules violate it. Three screening
rules that satisfy stability are presented in Section 4.4. Finally, in Section 4.5, we

provide two results that can explain the widespread use of unstable screening rules.

4.2 Weak Condorcet sets

For n > 2, consider a polity N= {1,...,n}, whose members confront a nonempty
finite set of candidates A. Writing W for the set of all strict orders (transitive?,
asymmetric? and irreflexive!) on A. Each member i € N has a strict preference
=€ W, and we let =N= {>=;}ien € WN. Given k € {1,2, ..., #A}, let 22 be the set
of all non empty subsets of A and Ay, = {B € 24|#B = k} be the set of all possible
subsets of A with cardinality equal to k.

Definition 1 (Gehrlein, 1985). Given k € {1,2,...,#A} and a preference profile
=NE WN, a set B € Ay is a weak Condorcet set if for any a € B and b € A\B we
have that #{i € Nla =; b} > #{i € N|b =; a}. Let denote by E(A, >n,k) the set of
all weak Condorcet sets that belong to Ay.”

'We can learn it from Kaymak and Sanver (2003).

*Transitive: For all z,y,2 € A: (z > y and y > z) implies that x > z.

3 Asymmetric: For all z,y € A : z > y implies that =(z > x).

*Trreflexive: For all z € A, —~(z > ).

®In fact, Gehrlein (1985) only defines Condorcet sets. A set is a Condocert set if each candidate
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In other words, a set B € Ay, is a weak Condorcet set if no candidate that belongs
to B can be defeated by any other candidate that belongs to A\B on the basis of

simple majority rule.

Example 1. Consider the following preference profile:

a
No. of voters: 1 1 1 | \
a c a
b «— b
C 1
c a c
Figure 1

Figure 1 above displays the binary relations induced by the preference profile where
#{i € N|z =; y} > #{i € N|y =; x} if and only if there is a line from x to y induced
by the preference profile below. For any x,y € A, the number above the line from x
to y indicates the difference between the number of voters that rank x higher than y
and the number of voters that rank y higher than x.

Ezamining Figure 1, we can see that E(A,>n,1) = {{a}}, E(A,>N,2) = {{a,b}}
and E(A,>n,3) = {{a,b,c}}.

The following proposition shows that a weak Condorcet set may not exist as

pointed out first by Dodgson (1885). In the appendix, we discuss Dodgson’s classical
pamphlet related with this issue.

Proposition 1 (Dodgson, 1885). For any k € {1,2,...,#A — 1}, there exists

some profile of preferences =N€ WN where E(A, =N, k) is empty.

Proof. For k = 1, we need only to show a preference profile where there is no weak

Condorcet winner candidate®. A typical example is the following profile:

in this set defeats any other candidate from outside the set on the basis of simple majority rule.
6 A candidate is a weak Condorcet candidate if it cannot be defeated by any other candidate on

the basis of simple majority rule.
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No. of voters: 1 1 1

J—

a b c
c a 3
c a b ¢ 1
Figure 2

Given the preference profile above we have that E(A,>N,1) = 0. For k > 2, we
will prove the statement by construction. First, choose a preference profile with 3
candidates without a Condorcet winner. The preference profile above can be used.
Then add an extra k— 1 candidates and put them on the top of all voters preferences.
The set E(A, >N, k) will be empty. For example, for & = 2 consider the following

preference profile:

No. of voters: 1 1 a ! > b

d d d |
3

a b c 3 !

b ¢ a
d f’ c

¢ ab Figure 3

It can be verified in Figure 3 that E(A, >nN,2) = 0. O

Remark 1. Given k € {1,2,...,#A — 1} and a preference profile =€ WX, if n is
odd then E(A, -N,k) is either empty or singleton.

In view of these negative results, it is interesting to identify some circumstances
under which the existence of a weak Condorcet set is guaranteed. One case is provided

below.

Definition 2 (Black, 1958). We say that a preference profile satisfies single peaked-
ness if and only if the elements of A can be linearly ordered as x1 > x2 > ... > Tya
such that for every i € N and for every a,b € A we have that if b > a > (A, ;) or
a(A, ;) > a > b then a =; b, where a(A, ;) is i’s preferred candidate in A.
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The next result shows a sufficient condition that guarantees the existence of weak

Condorcet sets.

Proposition 2. E(A, >N, k) is never empty whenever the preference profile satisfies

single peakedness.

Proof. Take any k and any profile of single peaked preferences. Let X (1) be the set
of all weak Condorcet winner candidates over A. A well known result in social choice
theory, proved by Black (1958), states that whenever the preference profile is single
peaked there is at least one weak Condorcet winner candidate. Thus X (1) is not
empty.

Remove the elements of X (1) from A, and find all the weak Condorcet winner
candidates over this restricted set. Denote this new set by X (2). Keep defining X (3),

etc...until you exhaust the alternatives.

These sets cannot not be empty by the following reason: Take any strict preference
profile =n€ WY that is single peaked over A and any subset B C A. Restrict the
preference profile >=n over B in the usual manner. It turns out that the restrict
preference profile = over B will be single peaked. Therefore there will be a candidate

z € B such that it is a weak Condorcet winner candidate over B.

For k < #X(1), any set formed by any k elements of X (1) is a weak Condorcet
set. Since the elements of this set are weak Condorcet winner candidates, they cannot
be defeated by any candidate outside this set.

For k > #X (1), let ¢ be an integer number such that #jélX(j) <k< #;_L:'_JiX(j)

Let r =k — # 'LleX(j).
j:

Construct a set B with all elements of jélX (7) and 7 elements of X (i+1). Notice
that B will have size k (see the definition of ) and will be a weak Condorcet set.
Stability comes from the fact that there will be no candidate outside this set that
can defeat by strictly majority any candidate that belongs to this set. Therefore the



94 4. How to Choose a Non-controversial List with k Names

proof is completed. O

4.3 Almost all screening rules are unstable

A screening rule for £ names is a voting procedure that selects k alternatives from a
given set, on the basis of actions of the voters. These actions may consist of single
votes, sequential votes, the submission of preference of rankings, the filling of ballots,

etc...

Definition 3. Let MYN = M x ... x M where M is the space of actions of a voter
in N. For example, if the actions in MY are casting single votes then M = A. If
the actions in MY are submissions of strict preference relation then M = W. Given
k € {1,2,....#A}, a screening rule for k names is a function Sy : MY — Ay

associating to each action profile my = {m;}ieny € MY the k-element set Sp(my).

Definition 4. Given k € {1,2,...,#A — 1} and a preference profile =€ WN, we
say that a screening rule Sy : MN — Ay is stable if Sp(mn) € E(A, =N, k) whenever
E(A, N, k) is not empty and my is a profile of sincere actions. For example, if Sy is
plurality rule then a voter’s sincere action is casting a vote for its preferred candidate.
If Sy, is Borda rule’ then a voter’s sincere action is declaring its true preferences over

candidates.

We will show in this section that almost all standard voting rules do not satisfy

stability.

Example 2. In this example, we provide a preference profile in which all screening

rules documented in Chapter 8 fail simultaneously to select a weak Condorcet set.

"The Borda rule is defined as follows: Voters are required to rank the candidates, thus giving
#A — 1 points to the one ranked first,#/A — 2 to one ranked second, and so on. The Borda winner
is the candidate with the highest total point score. The Borda loser is the candidate with the lowest

total point score.
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These screening rules which are used in reality by different decision bodies around the
world can be described as follows:

1) Screening 3 names by 3-votes plurality (P3Ss): Each proposer votes for three can-
didates and the list has the names of the three most voted candidates, with a tie-break
when needed. It is used in the election of Irish Bishops and that of Prosecutor-General
in most of Brazilian states.

2) Screening 8 names by 1-vote sequential plurality (SP1Ss): The list is made with
the names of the winning candidates in three successive rounds of plurality voting. It
is used in the election of English Bishops.

3) Screening 5 names by 3-votes plurality (PsSs): Each proposer votes for three can-
didates and the list has the names of the five most voted candidates, with a tie break
when needed. It is used in the election of the members of Superior Court of Justice in
Chile.

4) Screening 3 names by 2-votes plurality (P3Ss): Each proposer votes for two candi-
dates and the list has the names of the three most voted candidates, with a tie break
when needed. It is used in the election of the members of Court of Justice in Chile.
5) Screening 3 names by 1-vote plurality (P1Ss): Compute the plurality score of the
candidates and include in the list the names of the three most voted candidates, with
a tie break when needed. It is used in the election of rectors of public universities in
Brazil.

6) Screening 8 names by 1-vote sequential strict plurality (SSPySs): This is a se-
quential rule adopted by the Brazilian Superior Court of Justice to choose three names
from a set with siz names. At each stage there are twice as many candidate as there
are positions to be filled in the list. Hence, if the list needs to have three mames,
we start by six candidates. Each proposer votes for one, and if there is an absolute
magority winner, it has his name included in the list. Then, since there are two po-
sitions left, the candidate with less votes is eliminated, so as to leave four candidates

to the next round. If the procedure keeps producing absolute majority winners, then
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the process is continued until three names are chosen. It may be that, at some stage
(including the first one), no absolute majority winner arises. Then the voters are
asked to reconsider their vote and vote again. Notice that, if they persist in their
wnitial vote, the rule leads to stalemate. Equivalently, we could say that the rule is
not completely defined. However, in practice, agents tend to reassess their votes on
the basis of strategic cooperative actions.

Having defined these six rules, let us now propose a case where they all fail to work
properly.

Consider the preference profile below with 11 voters and 9 candidates:

Name of the voter: 1 2 3 5 6 7 8 9 10 11
it d g f a b g g h b i
e b f h d ¢c b f ¢ h
c e 1 1t g g it d e e b
d h h d e a a a a a a
a ¢ a cd f f h g f f
f c g f e e f ¢ h e
g f d c h h e d g d
h 1 h i ¢ d c ¢ d c
b g b b i b 1 b 1 g
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As it can be verified with the help of Figure 4 that E(A,>nN,1) = {{a}}, E(A, N
2) = {{a, f}}, E(A,-~.3) = {{a, f.9}}, E(A,-n,4) = {{a, f,g,¢}}, E(A N
,5) ={{a, f,g,e h}}.

Now let us check whether or not the screening rules listed above select weak Condorcet
sets. Assume that the ties are broken according to the following order: a = b > ¢ +

d>-e> f>g>h>i. It follows that:

PS; = {b. 9,3}
P3S3 = {b. 9,3}
SPS3 = {b,d, g}
P;Ss = {b,c,e,g,i}
P3Sy = {6, £, g}

SSPS3 = Not defined

Therefore all these six rules fail to satisfy the stability.

The table below shows the Borda score of each candidate.

Candidates | Borda score
a 56
f 49
g 47
h 45
e 44
d 43
c 39
i 37
b 36

Notice that Candidate a is the Condorcet and the Borda winner candidate, and yet
does not belong to the outcomes of those screening rules. Moreover, five of the rules

do select candidate b, who is the Condorcet and the Borda loser candidate.
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Our next proposition states that any screening method based on scoring voting

rules fails to satisfy stability.®

Definition 5. A scoring voting rule is characterized by a nondecreasing sequence of
real numbers so < s1 < ... < sua_1 with sg < sya_1. Voters are required to rank the
candidates, thus giving sua—1 points to the one ranked first, sua_o to one ranked
second, and so on. The winner of the election is the candidate with the highest total

point score (see Moulin, 1988).

Proposition 3. When a scoring rule or any sequential application of a scoring
rule are used to make a list of k names, the resulting screening rule does not satisfy

stability provided that ties are broken according to a fized ordering over A.

Proof. For k = 1. Consider the following profile with 17 voters and 3 candidates.’

a
No. of voters: 3 6 4 4
c a b b 3 !
a a ¢
b ¢ ¢ a c € 1 b
Figure 5

Here candidate a is the Condorcet winner. However for any scoring method can-
didate b will be elected. So the elected outcome will not be a weak Condorcet. Let
us show why a cannot be elected.

score of a = 6s9 + 7s1 + 4sg

8Gehrlein (1985) provides estimations of the conditional probability of one-stage constant scoring
rules selecting the Condorcet set given that such a set exists, in a context with m candidates and an
infinitely large number of voters. One-stage constant scoring rules can be described as follows: Each

voter is instructed to vote for q candidates and the k most voted candidates are selected.

This preference profile was used in Fishburn (1984) to prove that the scoring voting rules do not

satisfy Condorcet consistency (see Moulin, 1988, page 232).
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score of b = 8so + 651 + 3sg

(score of b) — (score of a) = (s2 — s1) + (s2 — s9) >0

The inequality above is strict because (so — s1) is nonnegative and (sg — s¢) is strict
positive.

For k > 2, we only need to add k — 1 candidates at the top of this preference profile.
See the example for £ = 2. We add a candidate d, putting him at the top of >n.

No. of voters: 3 6 4 a ! b
d d d ; .
c a b 17 3
a b a c d — > C
c ca Figure 6

Notice that the only weak Condorcet set is {d, a}. However for any sequential appli-
cation of a scoring method the elected set is {d,b}. This set is not weak Condorcet
set, since the majority of the voters prefers a to b. For the case of a simultaneous
application of a scoring method the proof need to be a little bit more elaborated.
Notice that

score of a = 689 + 7s1 + 4sg.

score of b = 8s9 + 651 + 3s¢.

score of ¢ = 3s9 + 4s1 + 10sp.

score of d = 17s3.

(score d+score b) > (score x+score y) for every =,y € {a,b,c,d}.

Take any scoring rule such that the inequalities above are strict so we have that {d, b}
is elected and then this screening rule violates stability.

Now take any scoring rule such that there is {z,y} C {a,b,c,d} with {z,y} # {d,b}
such that (score d+score b) = (score z+score y). Since the ties are broken according
to a fixed ordering over A, there exists a permutation of the names of the candi-
dates that breaks the ties in favor of the set {d,b}. Therefore we have completed the
proof. 1
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We now explore the consequence of trying to use a different rationale, that of

Copeland’s rule, in order to select our sets of candidates.

Definition 6. Compare candidate a with every other candidate x. Give a score +1
if a majority prefers a to x, -1 if a magjority prefers x to a, and 0 if it is a tie. Adding
up those scores over all x € A\{a} yields the Copeland score of a. The winner of the
election, called a Copeland winner, is the candidate with the highest total point score

(see Moulin 1988).

The Copeland method always selects a Condorcet winner candidate whenever one

exists.

Proposition 4. For any k € {1,...,#A—1}, screening a list of k names by applying

the Copeland rule, either sequentially or one shot, does not guarantee stability.

Proof. In the preference profile below we have that E(A,>n,1) = {{a},{c}} and
E(A,>nN,2) = {{a,c}}. However, applying sequentially Copeland rule or taking
those with highest scores leads to {d} when k& =1 and {d, ¢} when k = 2.

No. of voters: 1 1 1 1
a e d b
c f h d
b g g a
d ¢ f e
h h ¢ c
g a e f
f b oayg
e d b h

Figure 7
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Candidates | 1% stage Copeland score 2% stage Copeland score
a 1 1
b 0 -1
c 2 2
d 3 -
e -1 0
f -1 0
g -1 0
h -2 -1

Therefore the proof is established for k € {1,2}. To prove the result for &k > 2, we
need just to add k£ — 2 candidates at the top of this preference profile. 1

We now turn to a similar analysis of screening rules based on the Simpson score.

Definition 7. Compare candidate a with every other candidate x. Let N(a,z) be
the number of voters preferring a to x. The Simpson score of a is the minimum of
N(a,z) over all x € A\{a}. The winner of the election, called a Simpson winner, is

the candidate with the highest total point score (see Moulin, 1988).

The Simpson method always selects a weak Condorcet candidate whenever one

exists.

Proposition 5. For k = 2, making a list of two names by selecting the two can-
didates with highest Simpson score (one shot method ) does not guarantee stability.

However, applying the Simpson rule sequentially does.

Proof. First let us prove that making a list of two names by selecting the two candi-
dates with highest Simpson score (one shot method ) does not satisfy stability. We

will prove it through an example with 3 voters and 3 candidates.
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No. of voters: 2 1

a c
a
<«—— b
c b C 1

Figure 8

Candidates | Simpson score

a 2
0
c 1

Thus the elected outcome is {a, c}. However E(A, ~n,2) = {{a,b}}.

Now let us prove that for k = 2, applying Simpson rule sequentially satisfies stability.
The proof is trivial since it can be easily proved that E(A, >n,2) = {{z,y} C Az is
a weak Condorcet winner over A and y is a weak Condorcet winner over A\{z}}. In
addition, the set of winning candidates under the Simpson rule is the set of all weak

Condorcet winners. O

Proposition 6. For k > 3, screening k names applying Simpson rule, either se-

quentially or in one shot, does not satisfy stability.

Proof. This proposition will be proved with an example with 6 voters and 5 candidates.

No. of voters: 1 1 1 1 1 1 a 2 4 b
d a d ¢ d b 2
a b c a b c 2
b ¢ a c d c
c d d a

Figure 9
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Candidates | Simpson score
a 2
b 2
c 2
d 3

Notice that F(A, >n,3) = {{a,b,c}}. However it is easy to see that if we apply the
Simpson rule, either sequentially or one shot, the elected set must contains d. To
prove this for £ > 3, we need just to substitute, in the preference profile above, the
cycle of size 3 for another cycle with size k such that candidate d still is the unique

weak Condorcet winner. Therefore this completes the proof. 1

Now let us turn our attention to a method that was proposed specifically to select

a Condorcet set provided that one exists.

Definition 8. The Dodgson method for selecting a set with cardinality k: Compute
for each set B € Ay the minimum number of adjacency switches on the voters’
preferences required for B to become the Condorcet set. The winner is the set with k

candidates that requires the fewest adjacency switches (see Ratliff, 2003).

The proposition below shows for some preference profiles the Dodgson method

fails to select a weak Condorcet set.

Proposition 7. For k > 2, the Dodgson method for selecting a set with cardinality
k does not satisfy stability.

Proof. In the preference profile below we have that E(A, >N, 2) = {{a, c}}. However,
applying Dodgson method leads to {d, c}.
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Therefore the proof is established. To prove for k£ > 2, we need just to add k — 2
candidates at the top of this preference profile. O

The proposition above shows that stability is stronger than the requirement of

choosing the Condorcet set when such a set exists.

4.4 Some stable screening rules

In this section, we present three stable screening rules for selecting a set with cardi-

nality k.

Definition 9. The total margin of loss of a set S € 2 to the candidates in A\S
induced by a profile of preferences =€ WN is denoted by KE(A, =N, S) and defined

over A as follows:

KE(A, >, S) = > Max{0,#{i € Nly =; 2} — #{i € N|z >, y}}
yeA\S and z€S

The following method was proposed by Ratliff (2003). It is a generalization of

the procedure proposed by John Kemeny in 1959.

Definition 10. The Kemeny Method (KEy): Compute the KE score for all subsets
of candidates with cardinality k. The elected set is the set with the lowest KE score.
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We also propose the following two stable procedures to select sets with k& candi-

dates.

We first introduce the Minimal Number of External Defeats Rule.

Definition 11. The number of external defeats of a set S € 2% induced by a profile
of preferences =€ WN is denoted by NED(A, =N, S) and defined over A as follows:

NED(A,-n,8) = Y _#{y € A\S|#{i € Nly =; 2} > #{i € N|z =; y}}
€S

If the monotonicity axiom holds, then the NED score of a set can be interpreted
as the number of proposals of substitution of a candidate in the set for another from

outside this set that would receive a majority support.'?

The Minimal Number of External Defeats Rule for selecting a set with cardinality

k chooses the set that minimizes the NED score.

Definition 12. The Minimal Number of External Defeats Rule (NEDy): Compute
the NED score for all subsets of candidates with cardinality k. The elected set is the
set with the lowest NED score.

Now let us present the Minimal Size of External Opposition Rule.

Definition 13. The size of external opposition of a set S € 2% induced by a profile
of preferences =n€ WN is denoted by SEO(A, =N, S) and defined over A as follows:

SEO(A, N, S) = yGA\]ygnag mes#{z € Nly =; «}

If the monotonicity axiom holds, then the SEO score of a set can be interpreted
as the maximum number of voters that would support a proposal of substitution of

a candidate in the set for another from outside this set.

10Monotonicity axiom: If a voter prefers candidate a to b and b is substituted by a in the elected

set then this voter cannot be worst off.
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The Minimal Size of External Opposition Rule for selecting a set with cardinality

k chooses the set that minimizes the NED score.

Definition 14. The Minimal Size of External Opposition Rule (SEOy): Compute
the SEQ score for all subsets of candidates with cardinality k. The elected set is the
set with the lowest SEQO score.

Note that SEO, rule can be viewed as an adaptation of the Simpson rule for

selecting sets with fixed size.

Example 3. Let us give an example in order to clarify the definitions above.

No. of voters: 3 1 1 1 a b
d d d d 4
a b c b ° /
b ¢ b c d T’ c
caaa Figure 11
Sets with cardinality three | SEO NED KFE
{a,b,c} 6 3 18
{a,b,d} 3 0 0
{a,c,d} 5 1
{b,c,d} 3 0

The sets {a,b,d} and {b,c,d} are the weak Condorcet sets with cardinality three.
Notice that both sets are the winning sets under the KE3, NEDs and SEO3 methods.

Remark 2. Given ak € {1,...,#A} and a preference profile =n€ WX, the following

statements are equivalent:

1. Be E(A, N, k).

2. NED(A, =N, B) = 0.
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3. SEO(A, =n, B) < n/2.

4. KE(A, >N, B) = 0.

Remark 3. Given a k € {1,..,#A} and a preference profile =n€ WN | the

following statements are equivalent:

1. B,C € E(A,~N, k).

2. NED(A, =N, B) = NED(A, =, C) = 0.

3. SEO(A, =N, B) = SEO(A, =, C) = n/2.

4. KE(A,»n,C) = KE(A,>n,C) = 0.

Remark 4. These three stable methods KEy, NEDy and SEO, may select different

sets if there exists no weak Condorcet sets.

No. of voters: 2 1 1 2
a d c b
b a d c
c b a
d ¢ b a
Candidates | SEO NED KE
{a,b,c} 4 1y
{a,b,d} 5 4
{a,c,d} 5 2 6
{b,c,d} 4 1 2

a%b

4
, /

d . >

Figure 12

Notice that there is no weak Condorcet set with cardinality three. The SEOs; method
selects {a,b,c} and {b,c,d}, NEDs method selects {a,b,c},{a,b,d} and {b,c,d} and

the K E3 methods selects {b,c,d}.
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4.5 Why are unstable screening rules so popular?

We have shown in the previous sections that unstable screening rules are often used.
In fact, we do not have any example of stable screening rules that are actually used by
some decision body. We also have shown that is not difficult to create stable screening
rules. In this section we provide two results that can be viewed as a solution for this

puzzle.

4.5.1 Impossibility result

The following proposition shows that stability is incompatible with another desirable

property that one might expect from a screening rule.

Proposition 8. There exists no screening rule that for every k satisfies the following
natural axioms:

Azxiom I: Any listed name should not be excluded if the list is enlarged. In other
words, if a candidate is included in the chosen list with k names then he should be
also in the chosen list with k + 1 names.

Aziom II (stability): A chosen list with k names should be formed from a weak

Condorcet set with cardinality k, whenever such one exists.

Proof. The proof of this proposition is very simple. Let us prove by contradiction.
Suppose that there exist screening rules for k names that satisfy both axioms I and

II. Consider the following preference profile:

No. ofvoters: 1 1 1 1 1 1

a a a e d
b b d c e

e d e d c
d e a a a
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a 6 b -
2
2
«—d
€ 2
Figure 13

Notice by Axiom II we have that for k = 2, the selected set have to be {a,b} and for
k = 3, the selected set have to be {c,e,d}. Thus Axiom I is violated since {a,b} is

not contained in {c, e, d}. Therefore the proof of the proposition is completed. O

Remark 5. [t turns out that all the screening rules documented in Chapter 3 and any

screening rule based on the sequential application of any voting rules satisfy Axiom

L

4.5.2 A strategic analysis: The Random Chooser Game

We now study the case where the voters act strategically and cooperatively. More
specifically, we propose a voting game where the players choose by voting a subset of
candidates with a fixed size from a given set of candidates. We study the properties

of the strong Nash equilibrium outcomes of this game.

Definition 15. Given k € {1,2,...,#A}, a screening rule for k names Sy, : MN — A},
and a preference profile =N WN, the Random Chooser Game can be described
as follows: It is a simultaneous game with complete information where each voter
i € N chooses a message m; € M. Given my = {m;}ien € MY, Sp(m) € Ay,
is the screened set. Each voter i € N has a payoff function u; : MN — R that
satisfies the following axioms: (Axiom 1) For any mn,my € MN we have that
ui(mN) > ui(mly) only if Sp(mN) # Sk(ml), and (Aziom 2) for any mn, miyy € MN

and any y,x € A we have that u;(mnN) > wi(my) if ¢ =i y, y € Sp(mly) and
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Sk(mn) = {2} U (Sp(mp)\{y})."

Axiom 2 is a modified version of the monotonicity axiom of Kannai and Peleg
(1984), used among others by Roth and Sotomayor(1990) and Kaymak and Sanver
(2003). Under the rule of k names, this assumption would be a very natural one
only if the committee members, who are supposed to choose by voting a list with
k names, do not have any knowledge whatsoever of the chooser’s preferences over
the candidates. Thus for them, each listed name would have the same probability of

being the chooser’s selected candidate for the office.

Let us introduce the solution concept that we will use to analyze this game.

Definition 16. Given k € {1,2,...,#A}, a screening rule for k names Sy, : MN — A,
and a preference profile =€ WN, a joint strategy mnx = {m; }ien € MY is a pure
strong Nash equilibrium of the Random Chooser Game if and only if, given any coali-
tion C' CN, there exists no my = {m, }ien € MN with m; =m; for every j eN\C
such that u;(myy) > ui(mn) for each i € C.

Two out of the six screening rules documented in the third chapter are majori-

tarian.

Definition 17. We say that a screening rule Sy, : MN — Ay, is majoritarian if and
only if for every set B € Ay there exists m € M such that for every strict majority
coalition C C N and every profile of the complementary coalition mn\c € MN\C e

have that Sp.(mn\c,mc) = B provided that m; = m for every i € C.

Proposition 9. Let S, : MN — A, be a majoritarian screening rule. If a set is
a pure strong Nash equilibrium outcome of the Random Chooser Game then it is a

weak Condorcet set.

"'This is a modified version of the monotonicity axiom of Kannai and Peleg (1984), used by

Kaymak and Sanver (2003) (see Kaymak and Sanver, 2003).



4.5. Why are unstable screening rules so popular? 111

Proof. Suppose that a subset B C A with cardinality k£ is an outcome of a strong
equilibrium of the Random Chooser Game. Thus there exists a strong Nash equi-
librium strategy profile miy = {m/}ien € MY such that Sk(mj) = B. Suppose
by contradiction that B is not a weak Condorcet set. Then there exists € B and

y €A\ B such that a strict majority of the voters prefers y to z. Let D = {y}UB\{z}

n
2

and C' = {i € N|y »; z}. Since the screening rule is majoritarian and #C >
there exists my = {m; }ien € MN with m;/ = m/; for every j €N\C such that
Sk(my) = D. By Axiom 2, we have that u;(ml) > u;(ml) for every i € C. This is
a contradiction since my is a strong Nash equilibrium. Therefore any Strong Nash

equilibrium outcome need to be a weak Condorcet set. [l

This result implies that any majoritarian screening rule tends to be stable if
the voters act strategically and cooperatively provided that the monotonicity axiom

holds.

In the example below, we provide a preference profile over candidates in which
there is an unique Condorcet set with cardinality two. However, for a given players’
payoff functions that satisfy both axioms 1 and 2, the set of Strong Nash equilibrium
outcome of the Random Chooser Game is empty provided that the screening rule is

majoritarian.

Example 4. Consider the following preference profile:

No. of the voter: 1 1 1 a b
a c d
b b a
c b jE——¢
d d c Figure 14

Notice that the any candidate of the set {a,b} defeats any other candidate of A\{a,b}
on the basis of simple majority rule. Hence {a,b} is a Condorcet set a la’ Gerhlein

(1985).
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Consider the following preference profile over sets of candidates:

b

a
No. of the voter: 1 1 1 / \A
cd ac
{a,b} {b,c} {a,d}
{a,c} {a,c} {b,d}
{a,d} {c,d} {c,d} d
{b,c} {a,b} {a,b} bd :
V\v /
bc

{b,d} {b,d} {a,c}
{c,d} {a,d} {b,c}

Figure 15

First notice that preference profile above is a lexicographic extension of the preference
profile over candidates.

Let Sy : MN — Ay be a majoritarian screening rule. Let the voters’ payoff function
be represented by any function u; : MN — R that satifies the following condition :
For any mn, mly € MY we have that u;(mN) > wi(mly) if and only if voter i prefers
So(mn) to Sa(miy). Notice that the players’ payoff functions satisfy axioms 1 and 2.
As we can see in Figure 15, there exists a strict majority of voters that prefers {c,d}
to {a,b}. Hence {a,b} cannot be a strong Nash equilibrium outcome of the Ramdon
Chooser Game since the screening rule is magoritarian. Therefore, by Proposition 9,

the set of strong Nash equilibrium outcome of the Random Chooser Game is empty.

4.6 Concluding remarks

We have shown that all of the six screening rules documented in Chapter 3 violate
stability if the voters do not act strategically. In our search for stable procedures,
we have proved that any procedure based on scoring rules or resulting from a se-

quential use of standard Condorcet consistent methods such as those of Simpson and
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Copeland, will also violate this property.

We have shown that it is not difficult to create stable rules. Here we made
two proposals. They are the Minimal Number of External Defeats (NED) and the
Minimal Size of External Opposition (SEO) procedures. The selected sets under
NED and SEO procedures are those that have the lowest, respectively, NED and
SEO scores. The NED score of a set is the number of proposals of substitution of a
candidate in the set for another from outside this set that would receive a majority
support. The SEO score of a set is the maximum number of voters that would support

a proposal of substitution of a candidate in the set for another from outside this set.

We provide two results that can explain the widespread use of unstable screening
rules. The first one states that there exists no stable screening rule that satisfies
the following natural axiom: Any listed name should not be excluded if the list is
enlarged. In other words, if a candidate is included in the chosen list with k names
then he should be also in a larger list. It turns out that all the screening rules
documented in Chapter 3 satisfy the axiom above. Therefore, leaving aside stability
can be seen as a price to pay for a rule to keep an even more important or desirable
property.

The second justification comes from the remark that any majoritarian procedure
tends to select weak Condorcet sets if the agents act strategically and cooperatively.
More specifically, we propose a voting game where under any majoritarian procedure,
a set is a strong Nash equilibrium outcome only if it is a weak Condorcet winner set
a la’ Gehrlein (1985). Two out of the six screening rules documented in Chapter 3

satisfy majoritarian property.

4.7 Appendix

Considered one of the founders of the Social Choice theory, Rev Charles Lutwidge
Dodgson (Lewis Carroll) wrote in 1884 a pamphlet entitled "The principle of par-



114 4. How to Choose a Non-controversial List with k Names

"2 In this pamphlet, Dodgson argued in favor of the

liamentary representation
contention of the Society for Proportional Representation that each district should
return several representatives instead of only one. He also proposed a modification
of the Society’s method for transferring the spare votes of a candidate that has more
votes than they need to be returned. The Society’s method specified that each voter
should mark on his paper his second-best man, his third-best, and so on: and, if
his first man already returned, his vote would be used for his second, and so on.
Dodgson argued that this method would not secure a just result. His proposal was
that each elector cast a vote for one candidate only, and the candidates, after the

announcement of how many votes each of them received, can freely distributed their

votes to others, so as to bring in others beside those already announced as returned.

In the supplement of this pamphlet dated February 1885, Dodgson provided the

following example to show the superiority of his method:

Let a district with 11999 electors have to return 3 representatives. Let 5 candi-
dates stand, 3 liberals (Chamberlain, Gladstone and Goschen), 1 Independent Liberal
(Hartington), and 1 Conservative (Northcote). Suppose the method used to return
the representatives is the one proposed by the Society of Proportional Representation.

Let 11999 voting-papers be filled up as follows:

CHAMBERLAIN 4 4 2 1 4 -
GLADSTONE 1 2 1 2 2 -
GOSCHEN 3 3 4 4 1 -
HARTINGTON 2 1 3 3 3 -
NORTHCOTE - - - - - 1
Nos. of papers 3030 | 2980 | 2020 | 1100 | 790 | 2079

12William Gehrlein informed us about the existense of this pamphlet and gave us a copy of it. He
got it from a Duncan Black’s former student after he has published a paper about Condorcet winner
sets. Very few people know about this pamphlet since it is not one of the famous three pamphlets
reproduced by Duncan Black in his classical book entitled "The theory of committees and elections"

(Black, 1958).
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It can easily verified that under the Society’s method Gladstone, Hartington, and
Goschen would be returned. Under Dodgson’s method Gladstone, Hartington, and
Chamberlain would club their votes, making 9130 votes, which would suffice to return

all three.

Dodgson wrote:

" Also it is clear that, as a matter of justice, Gladstone, Hartington,
and Chamberlain ought to be returned, since there are 6010 electors who
put Gladstone and Hartington as their first two favorites, and, over and
above these, 3120 who put Gladstone and Chamberlain as their first two...

May I, in conclusion, point out that the method advocated in my pam-
phlet (where each elector names one candidate only, and the candidates
themselves can after the number are announced club their votes, so as
to bring in others beside those already announced as returned) would be
at once perfectly simple and perfectly equitable in its result?" (Dodgson,

1985a, pages 5 and 7).

Dodgson’s remark stated above did not convince the members of the Society
for Proportional Representation. They did not agree that Chamberlain was the
right man to be returned. Since the majority of the voters would prefer Goschen
to Chamberlain. So, Dodgson was forced to write a postcript to supplement of his

pamphlet dated February 1885. In this postcript to supplement, Dodgson wrote:

"Objection has been taken to my statement on page 5 ("it is clear that,
as a matter of justice, Gladstone, Hartington, and Chamberlain ought to
be returned") on the ground that, of the 9920 Liberal electors there are
6800 who prefer Goschen to Chamberlain, while there are only 3120 who

prefer Chamberlain to Goschen. And it has been pressed upon me that,



116 4. How to Choose a Non-controversial List with k Names

after all, Goschen is the right man to return, so that the Society’s method

does not break down in this instance." (Dodgson, 1985b, page 1).

Dodgson rejected the Society’s criticism using two different arguments:

"Now, first, we might almost on a priory considerations reject such a
test as manifestly unfair. For does it not involve the using an elector’s
voting-power more than once? We first let an elector exhaust his full
voting-power in helping to return Gladstone; and after that, we allow his
opinion to have weight in deciding between two other candidates. Is not
this to abandon the principle, adopted by the society, that each elector
shall have one vote only? But, secondly, this test may be easily proved
to be valueless, by a simple reduction ad absurdum." (Dodgson, 1985b,

pages 1 and 2).

He showed that in some circumstances there exists no set with three candidates
such that any candidate in the set cannot be defeated by any one outside it on the
basis of simple majority. Dodgson changed the voting configuration of the table above

to show this point, as follows:

CHAMBERLAIN 4 4 2 1 3 -
GLADSTONE 1 2 1 2 2 -
GOSCHEN 3 3 4 4 1 -
HARTINGTON 2 1 3 3 4 -
NORTHCOTE - - - - - 1

Nos. of papers 1826 | 1712 | 1826 | 1712 | 1910 | 3013

Note that the majority of voters prefers Chamberlain to Hartington, Hartington

to Goschen, Goschen to Chamberlain. So for any set of candidates with cardinality
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three, there will be always one candidate in the set that is considered worst than
some candidate outside the set by the majority of the voters. After showing this

example Dodgson concluded:

"This lands us in a hopeless circle: and the logical conclusion I believe

to be that the proposed test is absolutely valueless." (Dodgson,1985b,
page 3).

We have three comments about this debate between Dodgson and the Society of
Proportional Representation. First, the Society’s method does not pass the "test",

either. We propose the following example:

Let 17000 voting papers be filled up as follows:
CHAMBERLAIN 1 1 1 1

GLADSTONE 2 2 2 2
GOSCHEN 4 3 4 5
HARTINGTON 3 5 5 4
NORTHCOTE ) 4 3 3

Nos. of papers 3000 | 6000 | 4000 | 4000

Here the necessary quota is 4251.

Following the Society’s method, in the first count would give:

Chamberlain ... .. 17000

Hartington ... ... 0
Gladstone ... ... 0
Northcote ... ... 0
Goschen ... ... 0

Thus Chamberlain is returned, with 12749 votes to spare, the whole of wish must

go to Hartington.
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In the second count would give:

Chamberlain ... .. 4251

Gladstone ... ... 12749
Hartington ... ... 0
Northcote ... ... 0
Goschen ... ... 0

Thus Gladstone is returned, with 8498 votes to spare, which must divided between

Hartington, Goschen and Northcote in the proposition of 3:6:8.

In the third count would give:

Chamberlain ... .. 4251

Gladstone ... ... 4251
Hartington ... ... 1500
Goschen ... ... 2999
Northcote ... ... 3999

Thus Northcote is returned.

Therefore Chamberlain, Gladstone and Northcote would be returned. However,
the majority of the voters prefers Goschen to Northcote. The set {Chamberlain,
Gladstone and Goschen} is Condorcet set since all candidates in this set defeats any
other candidate from outside it. Note that Dodgson’s method does not break down
in this instance.

Our second comment is that the fact that sometimes there exists no weak Con-
dorcet set cannot be the basis for a criticism to any particular rule, since this non-
existence is prior to it. The most we can ask for a rule is to select such an alternative

when it exists.

Finally, our last comment is that probably Dodgson rejected this "test" because



4.8. References 119

he believed that it would give full power to the majority. In some circumstances, 49%
of the electors would not return any candidates, and using his own words, 49% of
the votes would be wasted. This is true. However, this criticism would not apply for
the case of screening rules, since only one candidate from its elected outcome will be
chosen for office. This proves that although formally we move in the same framework,
the interpretation given to set-valued rules is crucial in order to appreciate the validity

of certain axioms or the criticisms to any given rule.
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Errata

. In Acknowledgements, line 8: "Shmuel Nitzan" instead of "Shamuel Nitzan".

. In Acknowledgements, line 8: "Ugur Akgiin" instead of "Akgiin Ugur".

Page 18, line 17: "¢;(8; — 1) = 1/2” instead of "q;(8;) = 1/2".
Page 20, line 4 : "higher or equal than four" instead of "lower than four".

Page 48, line 1. "chooser’s strategy" instead of "2’strategy".

. Page 65, line 18 and page 90, line 15: "(transitive!3, asymmetrict, irreflexive’® and

complete)" instead of "(transitive'?, asymmetrict, irreflexive!®)".

Page 65, footnote 13 and page 90, footnote 3: "Asymmetric: Forall z,y € A:x =y
implies that —(y > z)” instead of "Asymmetric: For all x,y € A : x > y implies
that —(x > x)”.

Page 91, in Proposition 1: "For any k£ > 1, there exists A and some...” instead of
"For any k € {1,2,...,#A — 1}, there exists some..”.

Page 95, line 10: "3) Screening 5 names by 3-votes plurality (P3S5)" instead of "
3) Screening 5 names by 3-votes plurality (Ps5S3)".

Page 95, line 14: "4) Screening 3 names by 2-votes plurality (P,S3)" instead of "

4) Screening 3 names by 2-votes plurality (P3S52)".
Page 97 line 10: ” P3S5” instead of ” P5S3”.
Page 97 line 11: ” P,S3” instead of 7 P3S5”.

Page 98, in Proposition 3. "For any k£ > 1, when a scoring..." instead of "When a

scoring..."

Page 100, in Proposition 4: "For any k > 1” instead of "For any k € {1,2,...,#A —
1}7.

Page 120 in line 10: "Ratliff, T. (2003)" instead of "Ratiff, T. (2003)".





