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A LF

The syntactic classes of the type theory LF are the following;:

o Kinds K == type |Tlz: A.K

e Familiesof types A == a|Mlz: AB|Xz: AB|AM
e Objects M u= clz|Ae:AM|MN

e Signatures ¥ = < > |X,a: K |X,c: A4

e Contexts ' := < > |T,z: 4

The sequents which can be derived in the type theory LF are the following:

e - X Sign which means that X is a valid signature.
e Fy I Ctxt which means I is a valid context in X.

e I' s K Kind which means that K is a valid kind in context T' with
signature X.

e I' Fy A : K which asserts that A has kind K in context T with signature
X,

o I' b M : A which asserts that M has type A in context ' with signa-
ture X.

The rules can be divided in signature validity rules, context validity rules,
kind formation rules, family rules and object rules:

e Signature validity rules:

<> Sign  (Emply —Sig)

F X Sign Fy K kind
F X,a: K Sign

a ¢ dom(X) (AddKindSign)

F X Sign ks A : type
F X,c: A Sign

(AddobjSign)



e Context validity rules:
F X Sign
_ B — Empty — C'txt
<> ot mpty — Ctat)

Fy TCtet T Fy A:Type T by z: A
Fy T,z: A Ctxt (B — Type — Ctat)

e Kind formation rules:

Fs T Ctxt .
B — Type — Kind
I' by Type Kind ( ype — Kind)

Iz: A by K Kind B — Pi— Kind
T Fy Tz AK Kind (B~ FPi—Kind)

e Family rules:

Fe T Ctaet ¢c: K€X
Thoc K (B — Const — Fam)

' A:Type T,x:A by B:Type '
I' by Mz: A.B: Type (B— Pi— Fam)

z:AFy B:K
I'ky Mx:AB:Mlz: AK (B — Abs — Fam)

'ty A :MIz:B.K TI' by M: B
> B—App—F
T Fx AM:K{M/z} ( pp — Fam)

F'rs A:K T bFg;K'Kind T by K= F
I Fy A K (B — Conv — Fam)

-~/

e Object rules:

Fe T Cixt c: A€ X .
Thnc:A (B = Const — Obj)

Fe T Ctet z:A€ET .
TFy A (B = Var — Obj)

z:AbFs M:B .
T'bky AMx:AM:Tlz: A.B (B — Abs — Obj)

'ty M : TIz:AB T Fy N:B .
B — App— Ob
[ Fs M N:B{N/z} ( pp = 0bj)




ThrsM:A T Fg;AType T by A=A .
B-C —0b
T Fs M: A ( onv = Obj)

where the definitional equality = at all the three levels (objects, families
and kinds) is defined as the reflexive,symmetric and transitive closure of
the following parallel reduction relation:

e Parallel Reduction:

M - M N o N .
— Beta — Ob
Da: AMIN = (Njap o o Beta=0bi

B —-;B" N — N’ R Beta— F
(A :B.M)N — {N'/z} B) T paam ram

M —- M N — N )
MN = M N R = App = Obj

A—> A N = N
AN - AN R=App = Fam

A A M s M
A AM =X z: A M

R — Abs — Obj

A—- A B - B
A :AB = Xz A'.B

R — Abs — Fam

A—)A’ B—>B/ .
Mz: A.B > Tz : A.B' R— Pi— Fam

A—- A K — K’ . .
— Pi— Kind
Me: AK Sle. Ak - Pi-Kin

B ECC

The terms of the type theory ECC are the following;:

e Prop, Type; i € w which are also referred as universes.

ex |z : MN | A : MN | M N | 2z : MN | < M,N >,
| m (M) | mo(M) where M,N and A are terms
The formal definition of this type theory has just got the following two sequents:

o I T valid which means that the context I' is valid.

e I' M : A which asserts that M inhabits 4 in context T.



and it is formally defined by the following rules:

oS vara Pty Gt

[H A Type; « ¢ FV(D)
F T,z: A valid

(Ctat — Form)

Fz: AT Fz:A

A
F Tz AT valid %Y
I' + Prop : Typeo

F Tvalid (AzC)

T+ Typei : Typeita
F Twvalid

(AzT)

I',x:A+F P : Prop (1)
I'FIlz:A:P : Prop L

T I_ ATypq F,.Z'ZA l_ B : TypeJ -
' Tz:A:B : Type; (MMz)

Ibe:AFs M:B \)
'k Xx:AM:IIz: A.B (\

'ty M :Tlz:AB Ty N:B (app)
I' ks M N: B{N/z} pp,

FI—A.TyPGJ F,eT.Al_B.TypeJ .
'k Yz:A:B : Type; ()

'-M:A T'HN:B{M/z} T,z: A F B : Type; '
I' F<M,N >sp.a.p: X2 : AB (pair)

' M:Xz:A.B

(m1) '+ M:¥Xz: AB
TFm(M):A 1

‘T F my(M):B{m(M)/z} (72)

rEM:A T F A :Type;
r l_AM:AI

A< A (Conv)



where the cumulativity relation < is defined as
<=U <

where <; is inductively defined as follows:
e A <y B if and only if one of the following holds:

- A <; Bor
— A = Propand B = Type; for some j € w or

|
b
Il

= Type; and B = Typey for some j < k.

e A <;yy B if and only if one of the following holds:

— A = Bor

— A = Mz : A1.Ay and B = Tlz : B1.B; for some A1 = B; and
Aq <; Byor

- A = Xz: A Ay and B = Xz : B1.B; for some A1 <; B; and
Ay <; By

and the conversion relation = is defined in a similar way as in LF using a
similar parallel reduction relation with additionally the following specific rules
for X-types:

¢M1 — M{

R— Pil
m(< My, My >4) — M| !

4M2 — Mé
(< My, My >4) — M

R — P12

C Martin Lof Logical Framework

The sequents which are used in the definition of the logical framework are the
following:

e A kind which means that we know the elements of A and an equality on
the elements of A which must be decidable.

e A = B which means that A and B have the same elements with the same
equality on elements.

e M : A. which asserts that M is of kind A.

e M = N : A. which asserts that elements M and N are of kind A and
they are equal by the equality of A.

e - T which means that the context T is valid.



The rules which define this logical framework is divided in context and sub-
stitution rules, rules which define the Kind type, equality rules (general ones
and equality typing rules) and rules which define dependent product kinds. The
rules are the following;:

e Context and substitution rules:

— Context rules:

Tk Akind z ¢ dom(T) FTo,z: A, Ty
F() (Emp) FT,z: A (Weak) To,z: A T1Fz:A (Ass)

— Substitution rules:
}_Fo,ZZC,Fl FO}_ PC
F To,T'1{P/z} (Ctat Subst)

lo,z:C, Iy - Akind To F P:C
o, T1{P/z} v A{P/z} kind (Kind Subst)

F(),Z:C,Fll_M:A F()'_PC
Lo, T1{P/z} v M{P/z}: A{P/z} (Term Subst)

lo,z:C,T1y F Akind To kb P =@Q:C
To,T1{P/z} b A{P/z} = A{Q/z} (Kind Subst — Eq)

Fo,Z:C,Fll_M:A Fol_PZQC
To,T1{P/z} F M{P/z} = M{Q/z}: A{P/z} (Term Subst — Eq)

Fo,Z:C,Fll_A:B Fol_PC
To,T1{P/z} + A{P/z} = B{P/z} (Kind — eq Subst)

F(),Z:C,Fl FM=N:A4 F() FP:C
To,T1{P/z} m M{P/z} = N{P/z}: A{P/z} (Term — eq Subst)

e Kind type rules:

_Fr
' b Type kind  (Type)

LF A:Type ' A= B:Type
I' - El(A) Kind (El) T + El(A) = El(B) (El- Eq)
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e Equality rules:

— General equality rules:

I - Akind r - A=B2B
' A=A (KRefl) T+ B = A (Ksym)
r-A=BTFB=C
r-A=2=C (KTrans)
' M:A rEN=M:A
I'M = M:A (Refl) T+ M = N:A (Sym)
M =N:A TFN=P:A
r-mM="P:A (Trans)
— Equality typing rules
r- Mm:A THA=RB 'FM=N:ATFA=
T - M:B (= T) TFM=N:B
¢ Dependent product kind rules:
L,z: Ay B As kind
T+ (z:A;)A; kind (1)

F"A]:B] F,I!A]"AQ:B2
I' - (z:A41)Ay = (z: B1)Bs (IT — Eq)

Le: A1 F M: A

T'F [z: A)M: (z: A)) Az (A

r-A=8RB F,I:Al—M:N:C

'k [z:AM = [¢:B]N:(x:A):C (A— Eq)
' M:(x:41)4y T F N: Ay

' F M N:Ax{A/z} (appl)

' M =M :(z:4)A TFH N = N:4
' MN = M N:A{A/z} (appl — Eq)

T,x:AF M:B TFHN:A
' [z:AIMN = M {N/z}: B{N/z} (B)

'k [z:A(Mz) = M:[z: AB
' M:[z:A]B (n)




D UTT

In this appendix we present the formal definition of UTT as in [?] First we will
present the formal definition of the universe of propositions, and then we will
give the formal definition of the schema which will be used to automatically
generate safe induction principles and computational rules from a definition of
an inductive type by a set of constructors. Finally, we will instantiate the general
schema with some basic inductive relations and we will explain the notation
that we will use in the rest of the chapters. See [?] for a formal definition of
the hierarchy of types of UTT in the Martin Lof logical framework which has a
similar structure as the predicative hierarchy of universes of ECC.

D.1 Universe of propositions

Definition D.1 The impredicative universe of propositions is defined by the
following constant declarations:

Prop : Type
Prf i (Prop)Type
v (A : Type)((A) Prop) Prop
A (A : Type)(P : (A) Prop)
((z: A)Prf(P(z)))Prf(V(A, P))
By :  (A:Type)(P : (A)Prop)
(R: (Prf(v(A, P)))Prop)

((g 2 (z: A)Prf(P(z)))Prf(R(A(A, P,g))))

(z: Prf(Y(A, P)))Prf(R(z))
with the equality rule

EV(Aa PR, f, A(Aa Pag)) = f(g) : P’)’f(R(A(A, Pag)))

The kind of the constant ¥ can be seen as the encoding of the formation rule
of propositions (TT1) of EC'C,and the kind of the constant A can be seen as the
encoding of the introduction rule (A) of FC'C' when B is the universe Prop.
The encoding of the elimination rule (appl) of ECC when B is the universe



Prop can be encoded using the constant Fy as follows:

appl(A, P, M,N) =

Ey(A, P,[G: Prf(Y(A, P))IP(N),[g: (z: A)Prf(P(z))]g(N), M) :

(A s Type) (P : (A) Prop) (Prf(¥(A, P)))(N : A)Prf(P(N))

D.2 Inductive types and inductive relations
D.2.1 Inductive types

Definition D.2 We say that a kind A is a small kind if it can be inductively
defined by the following rules:

o A= EI(M)

o A= (z:A1)Ay, where Ay and Ay are small kinds.

Definition D.3 Let I' be a valid context and X be a variable. A kind ® is a
strictly positive operator in I' with respect to X (denoted by POST.x (®)) if it
can be inductively defined by the following rules:

e & = X.

o & = (x:A)Qo, where A is a small kind and POST;x (o).

Definition D.4 Let T be a valid context and X be a variable. A kind © is an
inductive schema in T with respect to X (denoted by SC Hr,x(0©)), if it can be
inductively defined by the following rules:

e O =X

e O

(z: A)Oo, where A is a small kind and SCHrx(Qo)

* O

(®)Oo where POSTx (®) and SCHr,x (o)

Definition D.5 A finite sequence of kinds ©1, ..., 0, is a schema family in T
with respect to X (denoted by SCHr,x(©1,...,0,)), if SCHrx(0;) for 1 <
1< n.

Definition D.6 Assume that POSp,x (®) where ® = (21 : A1) ... (2, : Ap)X,
and assume that T - A:Type, T F C:(A)Type and T F z: ®(A). The
kind ®°[A, C, 2] is defined as follows:

<I>0[A, C,z] = (z1:A41) ... (zn: An)C(2(21, ..., 20))

10



Definition D.7 Assume that SCHr,x (©) where © = (x1: My)...(x, : My)X,
and assume that T+ A :Type, T F C:(A)Type and T + z: ®(A) and
let M;,,..., M;, be all the strictly positive operators of M1,..., M, . The kind
O%[A, C, 2] is defined as follows:

0%A4,C, 2] = (z1: M1(A)) ... (xn: Mp(4))
((I)% [A’ C’ I“]) o ((I)z?k [Av C’ ‘Elk])c(z(xla R xn))

Definition D.8 Assume that POSr;x (®) where ® = (z1: A1)...(zn : An)X,
and assume thatT' + A :Type, T F C: (A)Type, T F z:®(A), and let
T+ f:(x:A)C z. The kind ®'[A,C, £, z] is defined as follows:

OUA,C, f 2] = (21 Ar) .o (zn t An) fz(21, .00, 20))

Definition D.9 Given a valid context I, a schema family in T with respect to

X (SCHr x(0) where ® = (O1,...,0,)), the elements M[0],i;[O] for every

i € [1..n] and E[6] have the following kinds:
MI[B] : Type
0] 1 ©;(M[]) (1<i<n)
E[0] :  (C:(M[O])Type)

(f1: ©5[M[B], C, i1[O]])

(fn : erol[M [é]v Cv Zn[é]])

(2 : M[O])C(2)
and the following associated equality rules:

fila, 6}, IM[6), C, E[O)(C, J), ain],... , 6}, [M[B], C, E[O](C, f), aix]) : C(is[0](a)

for every i € [1..n], where f stands for f1,..., fn, @ foray,... a, and ¢}, ... B
is the sequence of all strictly positive operators in ' with respect to X in ©;.

Now we give the concrete instantiations of the kinds of the elements M([O)], i;[6)]
for all i € [1..n] and E[O] and their associated equality rules of different schema
families © = (©1,...,0,). For readability reasons, we will rename appropi-
ately the name of these elements for every different schema family.

11



Definition D.10 Let Boolsch be the schema family Boolsch = [X, X]. The
elements M[Boolsch), i1[Boolsch], iz[Boolsch] and E[Boolsch] renamed respec-
tively to Bool,true,false and E[Bool] are of the following kinds:

Bool : Type
true : Bool
false : Bool
E[Bool] : (C :(Bool)Type)

(bet = C true)
(bef : C false)
(b: Bool)(C' b)

The associated equality rules are instantiated as follows:
E[Bool] C bef bet false = bef
E[Bool] C bef bet true = bet
Definition D.11 Let Natsch be the schema family Natsch = [X,X(X)].

The elements M[Natsch],i1[Natsch], ia[Natsch] and E[Natsch] renamed re-
spectively to Nat,zero,succ and E[Nat] are of the following kinds:

Nat : Type

zero : Nat

succ : (Nat)Nat
E[Nat] : (C:(Nat)Type)

(beN : C zero)
(geN : (n: Nat)(C n)(C (suce n)))

(n: Nat)(C n)

The associated equality rules are instantiated as follows:

E[Nat] C ben gen zero = ben

E[Nat] C ben gen (sucen) = gen n (E[Nat] C ben gen n)

12



Definition D.12 Assume that A : Type. Let Listsch be the schema family
Listsch = [(A: Type)X, (A : Type)(A)(X)X]. The elements M[Listsch],
i1[Listsch], ia[Listsch] and E[Listsch] renamed respectively to (A : Type)List A, nil, cons
and E[(A : Type)List A] are of the following kind:

List A: Type
nil : (A : Type)(List A)
cons : (A :Type)(A)(List A)(List A)

E[List A]: (C: (List A)Type)
(beL : (A : Type)(C (nil A)))

(gcL : (A : Type)(a: A)(l : ListA)(C 1)(C (cons A al))

(I: List A)(C'1)

The associated equality rules for a given type A : Type are instantiated as fol-
lows:

E[List A] C bcl gel (nil A) = (bel A)

E[List A] C bel gel (cons Aal) = gel Aal (E[List A] C bel gel 1)
Definition D.13 Assume that A : Type and B : Type. Let Pairsch be the
schema family Pairsch = [(A)(B)X]. The elements M[Pairsch],i[Pairsch)
and E[Pairsch] renamed respectively to Pair A B, mkpair and E[Pair A B
are of the following kind:

Pair A B : Type
mkpair : (A : Type)(B : Type)(A)(B)(Pair A B)
E[(Pair A B)] :

(C : (Pair A B))Type)

(beP: (a: A)(b: B)(C (mkpair A B a b))

(p: Pair A B)(C p)

The associated equality rules for a given type A : Type, B : Type, are instanti-
ated as follows:

E[Pair A B] C bep (mkpair A Bab) = bepab

13



D.2.2 Inductive relations

Since we haven’t found a formal way to instantiate the schemata for inductive
types to define inductive relations of the form

R =TMzy: Ay.... Iz, : A,.Prop

where Ay : Type, ..., A, : Type, we give a new schemata to define these rela-
tions.

Definition D.14 Let T be a valid context and X be a variable. A kind ®[X]
is a strictly positive relational operator in T with respect to X (denoted by

POSRr;x (®[X])) if it can be inductively defined by the following rules:
o O[X] Prf(X(a1,...,an)).

e O[X] = (x: A)®g, where A is a small kind and POSr;x (®o).
where for any j € [1..n], a; : Aj{ay [ x1}.. . {a;_1 [/ x;-1}

Definition D.15 Let T be a valid context and X be a variable. A kind © is an
inductive schema in T' with respect to X (denoted by SCH Rr;x(0©)), if it can
be inductively defined by the following rules:

e O = PTf(X(lll,--- aan))

e O

(z: A)Oq, where A is a small kind and SCH Rr,x (Og)

¢ O = (®)O¢ where POSRr;x (®) and SCH Rr;x(0g)
where for any j € [l..n], a; : Aj{ar [ x1}... {aj_1 [/ xj-1}

Definition D.16 Assume that SCH Rr,x (©;) where © = (x1; : My)...(2pm; :
My )Prf(X(a1,...,ay)), and assume thatT' F C : (y1 : A1)...(yn : Ap)Prop
and let M;,, ..., M;, be all the strictly positive relational operators of M1y ..., M.
The kind O°[R, C] is defined as follows:

OR,C] = (21: Mi(R))...(2mi: Mmi(R))

(@5, [C]) - - (@, [CT) Prf(Clas; - . ., an))
where for any j € [1.n], a; : Aj{ay [ x4} ... {aj_1 [ 254}

Definition D.17 Assume that POSRr;x (®) where ® = (xq1 : A1)...(zm :
Am)X(ar,...,an) where for any j € [L..n], a; : Aj{ar [ &1}... {aj-1 [ xj-1}.
Assume also that T+ C : (y1 : A1)...(yn : An)Prop and T F F : (y1 :
A1) oo (Yn s A)Prf(C(y1, ... ,yn)). The kind ®'[X, C] is defined as follows:

<I>1[C',F] = (x1:41)...(zm: Am)F(a1,...,an)

14



Definition D.18 Given a valid context ', a schema family in I with respect
to X (SCHRr;x(©) where © = (0O4,...,0,)), the elements R[O], i;[O] for
all i € [1..n] and FE[O] have the following kinds:

R[O] : (x1: A1)...(xn: Ap)Prop
0]+ (R[] (1<i<n)

E[(:)] : (C:(z1:A1)...(xn: Ap): Prop)

(f1: ©Y[R, C])

(fn : OR[R, C])

(1: A1) .. (2n : Ap)C (21, ..., 2n)

As an example, we give an instantiation of the inductive relations schemata
of a schema family which could be used to encode a fragment of the propositional
calculus including the following rules:

['= ¢1A oo I'= ¢1 A oo
= ¢ (AEID) I'= ¢ (AET)

F:>¢1 F:>(]52

['= ¢1A¢2 (AT)
'U¢ = ¢ I'=¢D¢ TI'=o¢
'=¢D>¢" (D i) I'=¢ (D )

We assume predefined the inductive type Propos which for this fragment would
just contain the two connectives described above (conjuction (and : Propos —
Propos — Propos) and implication (implies : Propos — Propos — Propos)

and the type Env defined as List Propos using the inductive type list described
above.

Definition D.19 Let R[PC'sch] : (env : List Propos)(form : Propos)Prop

15



where PC'sch is the following schema family:

PCsch = (env: List Propos)(¢1 : Propos)(¢a : Propos)

(pr: Prf(X (env,and ¢1 ¢2)))

(Prf(X (env, ¢1)))

(env : List Propos)(¢1 : Propos)(¢2 : Propos)
(pr: Prf(X (env,and ¢1 ¢2)))

(Prf(X (env, ¢2)))

(env : List Propos)(¢1 : Propos)(¢2 : Propos)
(pr1: Prf(X (env,¢1)))(pr2 : Prf(X (env, ¢2)))

(Prf(X (env,and ¢1 ¢2)))

(env : List Propos)(¢1 : Propos)(¢s : Propos)
(pr: Prf(X (cons Propos ¢1 env, ¢2)))

Prf(X (env,implies ¢1 ¢2))

(env : List Propos)(¢1 : Propos)(¢2 : Propos)
(pr1: Prf(X (env,implies ¢1 ¢2)))(pra : Prf(X (env, ¢1)))

(Prf(X (env,¢2)))

The elements R[PC'sch], i1[PC'sch], io[ PC'sch], is[ PC'sch], 14| PCsch], i5[ PC'sch]
and E[PCsch] renamed respectively to PC,andl, andr, andi, impli, imple and

16



E[PC] are defined as follows:

PC' : (env : List Propos)(form : Propos)Prop

andl : (env : List Propos)(¢1 : Propos)(¢a : Propos)
(pr: Prf(PC (env,and ¢1 ¢2)))

(Prf(PC (env, $1))))

andr : (env : List Propos)(¢1 : Propos)(¢a : Propos)
(pr: Prf(PC (env,and ¢1 ¢2)))

(Prf(PC (env, ¢2))))

andi : (env : List Propos)(¢1 : Propos)(¢s : Propos)

(pr1: Prf(PC (env, ¢1)))(pra : Prf(PC (env, ¢3)))

(Prf(PC (env,and ¢1 ¢3))))

impli : (env : List Propos)(¢1 : Propos)(¢a : Propos)
(pr: Prf(PC (cons Propos ¢1 env, ¢3)))

Prf(PC (env,implies ¢1 ¢2)))

imple : (env : List Propos)(¢1 : Propos)(¢s : Propos)

(pr1: Prf(PC (env,implies ¢1 ¢2)))(pra : Prf(PC (env, ¢1)))

(Prf(PC (env, ¢2))))

17



E[PC]: (C : (env : List Propos)(form : Propos)Prop)
(andle : (env : List Propos)(¢1 : Propos)(¢s : Propos)
(pr: Prf(PC (env,and ¢1 ¢2)))
(pr1: Prf(C (env,and ¢1 ¢2)))

(Prf(C (env, ¢1))))

(andre : (env : List Propos)(¢1 : Propos)(¢y : Propos)
(pr: Prf(PC (env,and ¢1 ¢2)))

(pr' : Prf(C (env,and ¢1 ¢2)))

(Prf(C (env, $2))))

(andi : (env : List Propos)(¢1 : Propos)(¢s : Propos)
(pr1: Prf(PC (env, ¢1)))(pra : Prf(PC (env, ¢2)))
(pri s Prf(C (env,61)))(pry : Prf(C (env, ¢2)))
(Prf(C (env,and ¢1 ¢2))))
(impli : (env : List Propos)(¢1 : Propos)(¢s : Propos)
(pr: Prf(PC (cons Propos ¢1 env, ¢3)))
(pr' : Prf(C (cons Propos ¢1 env, ¢3)))
Prf(PC (env,implies ¢1 ¢3)))
(imple : (env : List Propos)(¢1 : Propos)(¢s : Propos)
(pr1: Prf(PC (env,implies ¢1 6)))(pra : Prf(PC (env, ¢1)))
(pry = Prf(C (env,implies ¢1 ¢2)))(pry : Prf(C (env, ¢1)))
(Prf(C (env, $2))))

(env : List Propos)(form : Propos)Prf(C (env, form))
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E Basic definitions and predefined functions in
UTT

In this section, first we will encode several logical operators in the universe of
propositions like for example conjunction, disjunction and existential quantifica-
tion and then we will redefine the inductive types and inductive relations which
appear as examples in previous sections using a more readable notation which
we will use in some chapters of the thesis. For these cases we will explicit the
primitive recursive operators and the induction principles associated to these
inductive types which we will normally assume predefined. We will also define
some functions associated to the inductive types in a notation similar to classical
functional programming languages. Finally we will give an example of mutually
recursive inductive data types making explicit also their induction principles
and their computational rules following a similar schemata as the one presented
for inductive types in the previous sections.

Definition E.1 The encoding of the logical operators false, true, =, V, A, 3 is
as follows:

false =4.¢ VP : Prop.P

true =4y VP : Prop.P D P

t=rr=gey VP:[TPtDPr

D¢ =4ep Vp: 0.0

¢ =def ¢ D false

6N =4ey VP : Prop.(¢ D¢’ D P)D P
dV¢' =4y VP :Prop.(¢ DP)D(¢' DP)DP

Jz:7.¢ =gy VP : Prop.((Vz : 7.¢) D P) D P

Notation: The equality =, will be referred to as leibniz equality.

Proposition E.2 The following rules are admissible in ECC and UTT:

{}F tpterm : true (T) Ttk fpterm : false D ¢ (F)
'k p: ¢1Ad2 'k p: ¢1Aoa
I'F andlpterm : ¢1  (AFEl) 'k andrpterm : ¢2 (AET)

Ik p1:¢1 Fl‘p2:¢2
I'F andpterm : ¢1Aga  (A)
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L'kp: ¢ L'Fp ¢
'k orlpterm :¢1V ¢a (V) ' F orrpterm :¢1 Vs (VIr)

'k or:¢1Voa Tk orp : ¢1D¢% T'F org : ¢ D
T F orelpterm : 9 (VE)

Fkt:r TF p: ¢{t/z}
Tt exipterm : dx: 1.6 (3I)

Fkp:z:m¢g TU{p1:o}F p2:v
'k exelpterm : v (3E)

FU{p1: ¢} =x p2:false
I' = x npterm : —¢ (=I)

for some terms tpterm, fpterm , andlpterm, andrpterm, andpterm, orlpterm,
orrpterm, orelpterm, exipterm, exelpterm, npterm

Proof E.3 See [?] for the proofs and the form of the terms.

E.1 Functions on Bool type

Definition E.4 The inductive type Bool : Typeq is defined by the following set
of constructors:

true : Bool

false : Bool

The induction principle Ind(Bool) which we will use to reason about proposi-
tions of type Bool — Prop is the following:

IIP : Bool — Prop.(P true) D (P false) D (Vb: Bool.P b)
and the primitive recursion principle Primrec Bool with arity
Primrec Bool :'T'"— 1" — Bool — T
for any type T : Typeqg has the following computational rules:

Primrec Bool bet bef true —  bet

Primrec Bool bet bef false —  bef
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Definition E.5 For any type T : Typeo, a function Eq with arity Fq : T —
T — Bool is reflexive, symmetric and transitive if the following propositions

hold:
Vit : T.(Eq 4 t) —Bool lrue

Vi, t' : T.((Fqtt') =poo true) D ((Fqt't) =poo true)

Vi, t', " i T.((Eqtt') =poo true) AN ((Eqt' t") =Boot true) D ((Eqtt") =poo true)

Notation: We will denote by Equiv(Eq) the conjunction of the previous three
axioms.

Definition E.6 The function and_Bool : Bool — Bool — Bool is defined

as follows:

and_Bool b/ = Primrec Bool b’ false b

Definition E.7 The function or_Bool : Bool — Bool — Bool is defined as
follows:

or_Bool bl = Primrec Bool true b’ b

Definition E.8 The function not_Bool : Bool — Bool is defined as follows:

not_Bool b = Primrec Bool false true b

E.2 Functions on type Nat

Definition E.9 The inductive type Nat : Typeq is defined by the following set
of constructors:

zero: Nat

suce : Nat — Nat

The induction principle Ind(Nat) which we will use to reason about propositions
of type Nat — Prop is the following:

IP: Nat — Prop.(P zero) D (Vn:Nat.(Pn) D (P (succn))) D (Vn: Nat.P n)
and the primitive recursion principle Primrec Nat with arity

Primrec Nat : T — (Nat - T — T) - Nat - T
for any type T : Typeo has the following computational rules:

Primrec Nat ben gen zero —  ben

Primrec Nat ben gen (sucen) —  gen n (Primrec Nat ben gen n)
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Definition E.10 The function decr : Nat — Nat is defined as follows:

decr n = Primrec Nat zero dgen
where
dgen = n

Definition E.11 The function Fqbool_Nat : Nat — Nat — Bool is defined
as follows:

Eqbool_Nat nn' = Primrec Nat zc scn n'
ze = An' : Nat.Primrec Nat true ssc n'!
sscnb = false
scneqn = An' : Nat.

Primrec Nat false (scsc eqn) n”

scsceqnn’' b = eqn n'

Proposition E.12 Eqgbool_Nat is symmetric, reflexive and transitive.

Definition E.13 The function Ltbool_Nat : Nat — Nat — Bool is defined
as follows:

Ltbool_Nat nn' = Primrec Nat zc scnn'
zc = An" : Nat.Primrec Nat false true n”
scnltn = An'' : Nat.
Primrec Nat false (scsc ltn) n”
sescltnn' b = linn/

Proposition E.14 Lthool_Nat is reflexive and transitive.

Definition E.15 The inductive relation Lt Prop_Nat : Nat — Nat — Prop
is defined by the following constructors:

be_LtP :IIn : Nat.bc_LtP zeron

ge_LtP :MIn,n' : Nat.Ilpr : gc_LtP n n'.gc_Ltp (succ n) (suce n')
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Definition E.16 For any type T : Typeo, a function Rel with arity Rel : T —
T — Prop is reflexive, symmetric and transitive if the following propositions

hold:
Vit :T.(Rel tt)

Vi, o' T.(Reltt') D (Relt't)

Vi, ', t" : T.(Rel t ') A (Relt't") D (Reltt")
Proposition E.17 LtProp_Nat is reflexive and transitive.

Definition E.18 The inductive relation LeqProp_Nat : Nat — Nat —
Prop is defined by the following constructors:

be_LeP :1In : Nat.LeqProp_Nat zero (succ n)

ge_LeP :Mn,n' : Nat.Ilpr : LeqProp_Nat n n'.LeqProp_Nat (succ n) (succ n’)

Proposition E.19 LeqProp_Nat is reflexive and transitive.

E.3 Functions on type Pair

Definition E.20 The inductive type Pair : Typeq — Typeo — Typeq is de-
fined by the following constructor:

mkpair : ITA : Typeo .IIB : Typeg. A — B — (Pair A B)

The induction principle Ind(Pair A B) for any type A, B : Typeq which we will
use to reason about propositions of type (Pair A B) — Prop is the following:

IIP : (Pair AB) — PropNa: ANb: B.(P (mkpair ABab)) D (Vp: Pair A B.P p)
and the primitive recursion principle Primrec (Pair A B) with arity
Primrec (Pair AB) :(A - B— T) - (PairAB) - T
for any type T : Typeqg has the following computational rules:
Primrec (Pair A B) bep (mkpair ABab) — (bepab)

Notation: In some cases we will denote the type Pair A B by the infir operator
A x B for any types A, B : T'ypeg, and normailly we will denote the expression
mkpair A B a b just by (a,b) or we will omit the types A and B of the expression.

Definition E.21 Assume that A, B : Typeg. The function fst : (Pair A B) —
A is defined as follows:

fstp = Primrec (Pair A B) getfst p
where

getfstab = a
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Definition E.22 Assume that A, B : Typeo.The function snd : (Pair A B) —
B is defined as follows:

sndp = Primrec (Pair A B) getsnd p
where

getsndab = b

E.4 Functions on type List

Definition E.23 The inductive type List : Typeq — Typeo is defined by the
following set of constructors:

nil : TIA : Typeq.List A
cons : TTA : Typeg.A — (List A) — (List A)

The induction principle Ind(List A) for any type A : Typeo which we will use
to reason about propositions of type (List A) — Prop is the following:

P : (List A) — Prop.(P (nil A)) D (Va:AVl: List A.(P1) D (P (cons Aal))) D
(Vl: List A.P1)
and the primitive recursion principle Primrec (List A) with arity
Primrec (List A) : T — (A— (List A) > T —>T) = (List A) > T
for any type T : Typeo has the following computational rules:
Primrec (List A) bel gel (nil A) — bel
Primrec (List A) bel gel (cons Aal) — (gel A al (Primrec (List A) bel gel 1))

Definition E.24 The function hd : TIT : Typeo. T — (List T) — T is defined
as follows:

hdT al = PrimrecT hdbc hdgel

where
hdbec = a
hdgeblec = b
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Definition E.25 The function last : TIT : Typeo. T — (List T) — T is
defined as follows:

last Tal = Primrec T lbelgel
where
lbe = a
lgcblc = Primrec Bool bc (Eqbool_List | (nil T))

Definition E.26 The function emptylist : IIT : Typeo. (List T) — Bool is
defined as follows:

emptylist T'l =  PrimrecT elbc elgcl
where
elbe = true
elgcalb = false

Definition E.27 The function tail : TIT : Typeo. (List T) — (List T) is
defined as follows:

tail Tl = Primrec T tlbe tlgel
where
tlbe = nil T
tlgcall =1

Definition E.28 The function addlast : IIT : Typeo. T — (List T) — T is
defined as follows:

addlast Tal = Primrec T albe algel
where
albe = cons T a (nil T)
algcall = consTal

Definition E.29 The function concat : TIT : Typeo.(List T) — (List T) —
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(List T) is defined as follows:

concat T11' = Primrec (List T) ' congel
where
congcall = consT al

Definition E.30 The function remove : IT : Typeo.(Tleght : T — T —
Bool) - T — (ListT) — (List T) is defined as follows:

remove T eqbt el | =  Primrec (List T) (nil T) (addifneq el)
where
addifneq a a’ ll' = Primrec bool l' (cons al') (eqbt a a')

Definition E.31 The function is_in_bool : IIT : Typeo.(lleght : T — T —
Bool) =T — (List T) — bool is defined as follows:

is_in_bool T eqbt el l = Primrec (List T) false (trueifeq el)
where
trueifeq aa’ I b = Primrec bool true b (eqht a a')

Definition E.32 The function reverse : IIT : Typeo.(List T) — (List T) is
defined as follows:

reverse T1 =  Primrec (List T) revbe revge |
where
revhe = nil T

revge all' = addlast al’

Definition E.33 The function map : 1T, T' : Typeo.(T — T') — (List T) (List T")
is defined as follows:

mapTT' fl = Primrec (List T) mapbc mapge |
where
mapbc = nil T"

mapgc all' = consT' (f a)l'
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Definition E.34 The function join : Ty : Typeo.IITy : Typeo.(List Tp) —
(List Ty) — (List (Pair Ty T1)) is defined as follows:

join To Th 1y la = Primrec (List To) jnilc jeonsc ly Iy
Jnile = My : List Th.(nil (Pair T1 Ty))
jeonsc al joinn =
Aly ¢ List Ty.Primrec (List Ty) (nil(Pair Ty Ty)) (jeconsc a joinn) Iy
jeconse a joinn bl pl =
cons (Pair Ty Ty) (mkpair Ty Ty a b) (joinn 1)

Proposition E.35 The following propositions hold:

join (nil Th) (nil To) = (nil (Pair T1 T»)

Vht : Ty.Vhov : To.Vhtl : List T1.Vhol : List Ts.
(join (cons Ty ht htl) (cons Ty hv hvl)) =
(cons (Pair Ty Ty) (mkpair Ty Ty ht hv) (join htrml hol))

Definition E.36 The function Eqbool list : TIT : Type.(List T) — (List T) —
Bool is defined as follows:

Eqbool list T11l' = Primrec (List T') nilc consc Ll
nile = Xel” : (List T).Primrec (List T) true consene vn”
consencellb = false
consc el leqln = N" : List T.
Primrec (List T) (Xel : T.false) (conscce el egln) 1
conscec el equnn el’ ' b = (and (equnn ') (Eqbool_V's el el'))

Definition E.37 The inductive relation Not_inlist : IT : Type. (T - T —
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Bool) - T — (List T) — Prop is defined by the following constructors:
{basec_Nin : TIT : Type.lleght : T — T — Bool.Tlel : T.Not_in_list T eqb (nil T)

consc_Nin : TIT : Type.Tleght : T — T — Bool.Tlel,el’ : T.TIl : (List T).

Tnoteq : ((eqbt el el') = false).Not_in_list T eqb el (cons T el 1)}

Definition E.38 The inductive relation
Noreplist : TIT : Typellegbt : T — T — Bool.(List T) — Prop

is defined by the following constructors:
{norep_bc : TIT : Type.llegbt : T — T — Bool.Norep_list T eqbt (nil T)

norep_gc : 11T : Type.lleght : T — T — Bool.Tlel : T.TII : List T.

Mnotin : Not_in_list T eqbt el . Norep_list T (cons T el )}

Definition E.39 The inductive relation I's_in_list : 1T : Type. T — (List T) —
Prop is defined by the following constructors:

{basec_Inlist : TIT : Type.Mel : T.N : (List T).Is_in_list el (cons T el l)
consc_Inlist : TIT : Typellel,el’ : T.TI : (List T).Ilpr : Is_in_list el .

Is_inlist el (cons T el 1)
}

Definition E.40 The inductive relation
Not_emptyl : IIT : Typeo.Ill : List T.Prop

is defined by the following constructor:
bc_Ne : TIT : Typeo.Ilel : T.INI : List T.Not_emptyl T el (cons el 1)

Definition E.41 The inductive relation
Same _length : TITy, Ty : Typeo TNl : List Ty.Tl' : List Ty.Prop
is defined by the following set of constructors:
nil_sl : 11Ty, Ty : Typeo.Same_length Ty Ty (nil T1) (nil T3)

cons_sl : 11Ty, Ty : Typeg. It : Ty .11t : Ty.11tl : List Ty.11tl : List Ts.

Mslpr : Same_length tl t!'.Same_length Ty Ty (cons Ty t tl) (cons Ty t' t')
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Notation: If it can be inferred from the context, we will usually omit the
type arguments of the functions on lists.
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F Adequate encoding of [y, (', ¥)

F.1 Adequate encondings of the sentences

In this subsection we are going to present the adequate encoding of a type system
for higher-order logic which is equivalent to the one presented in chapter 5. The
main difference is that we split the set of free variables in two: the initial set
of free variables of the derivation and the set of bound variables of a variables
which become free in the derivation process. We will denote this new set of free
variables as a pair of the form (X, X’) where the first is the initial set of free
variables and the second the set of bound variables which have become free, and
if the second component is empty we will normally denote the set (X, []) just
by X.

This split is necessary to determine the difference between the last DeBruijn
index assigned to the bound variables in the scope of every ocurrence of a
variable in a higher-order term and the last index assigned in the original set
of free variables. This index (which is referred as bound level and it is an
information which every variable in a higher-order term has) is necessary to
update the indexes of the variables of the higher-order term which replaces a
variable in the substitution operation.

Definition F.1 The set of typing rules of lgoy, is defined as follows:

— ¢ X,z X,
(X, X'Yp 2, o7 v¢ Xnwe (Assl)
— r e X!
(X, X'Yp» 2, : 7 veAs (Ass2)
(X, XYpti:s1 .. (X, X')Yptn:sy
- ' fisiXx...xs, >s€X
(X, X)) f(t1yeeeytn) s (Appl)

(X, XYU{zy:m1,...,2,:Tp}) » ¢ : Prop
(X, XY Aoy mye 2y i 1)@t [Ty, 1] (AADs)

(X, XYpti:m ... (X, X)ptp:im (X, X)wt:i[r,...,m]
(X, X')» t(t1,...,tn) : Prop (AMPPL)

(X, X'Uz:7)p ¢:Prop
(X, X'Yp Ve :7.¢: Prop (Forall)

(X, X'Y» ¢:Prop (X,X')p» ¢':Prop
(X, X'Y» ¢ D ¢': Prop (I'mplies)

Definition F.2 The substitution operation on terms _{_/_} : Ty ,(X) — Tz, (X) —
X, = Ts(X) for any signature ¥ € |AlgSig| and for any sort s € Sorts(X)
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is inductively defined as follows:

Yo {t [ @} =1 yifry = yp
= Yp , otherwise

[y ota){t /2t = fta{t/a }..oita{t /2 })

where
tETEW(X)a fis1 X ... X s, > s €Y,
t1 € Ty, (X), ...ty € Ty, (X)

1

Definition F.3 The substitution operation on terms _{_/_} : Tx(X) — Ty ,(X)
= X, — Tx(X) for any signature ¥ € |AlgSig| is inductively defined as
follows:

yro {t [ @r} =1 yifer = yp
= Y ,otherwise

F@i,oot){t/ar } = fa{t/ae },...itn{t/z })

where
teTs,(X), fi:5 X ... X s > s €L,
t1 € Te s, (X)) tn € Tx, (X)
Definition F.4 The substitution operation on terms of a free variable of this

term by another term {_/_} : Termgor(X) — Termpor(X) — Xwor —
Termpor (L) for any signature ¥ € |AlgSig| is inductively defined as follows:

yro {t [ 2.} =1 Jife, = yp
= Y , otherwise

Fltyy oot it/ a} = Fta{t/ehn tnlt [ 20})

where
teTls, (X), f:s51 X ... X s &> s €L,

t1 € TE,sl(X)a"' 7tn S TE73n(X)
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MZ1 i Thyeee 20 i Tn) b {t [ 20} =
AEL ST B0 2 T ) e if i€ [len)air =2,
M@y i,z m) (G- (042, /on}) oo Han s, /@ b) {8 20))
JifVie [lun)a; -, # 2,
where
Vie[l.n].z; ., ¢ FV(t) = =z, = x; A
vim € FV(H) = ol ¢ FV(1) A 2!, ¢ FV(6) Al & BV(9)
t € Sengor, (3, Xgor,7), ¢ € Sengor, (X, Xgor,, Prop)

m € Typesgor(X),...,™ € Typesmor (L)

F by ) {6 n} = Lt/ s} (t1 ) @b st {E ) 22 ))
where
t € Sengor (X, Xgor,[T1y--+,Tl)st1 € Sengor (X, Xgor,T1),

tn, € Sengor (X, XHoL,Th)

Ver:mg {t /z,} = Voi i m((¢{2y,,/21,0}) {t ) 2-}) Jif w1, # s

= Vzi: T1.¢ ,lf Ti,ry = T7
where

1 @ FV(t) = o), = z1, A
v, € FV(t) = oy, ¢ FV(t) Aay, ¢ FV(6) Awi . & BV(9),
t € Sengor (X, Xror,7), ¢ € Sengor (X, Xgor, Prop)
pD¢' {t/u} = ¢{t/a:} D &' {t/xs}
where
t € Senpor (X, Xwor,7),

qS, (]5' € Sengor, (E, Xror, Prop)
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F.1.1 Encoding of sorted variables and first-order terms

First, we define the encoding of sorts of signatures,sorted variables and sorted
variables with indexes. We make the presentation self-contained and therefore
we repeat some definitions of chapter 3.

Definition F.5 For any ¥ € |AlgSig|, the inductive relation Sorts is induc-
tively defined by the following set of constructors:

{s_.Srts : Sorts | s € Sorts(X)}

Definition F.6 For any ¥ € |AlgSig|, the function Eqbool_Srts : Sorts —
Sorts — Bool is defined as follows:

Eqbool_Srts s s' = Primrec Sorts (s1¢s') ... (spcs') s
sic s’ = Primrec Sorts true ... false s’
snc s’ = Primrec Sorts true ... false s'

Definition F.7 The type Var_symbol is inductively defined by the following set
of constructors:

a,...,z: Var_symbol
A, ..., Z : Var_symbol
., $: Var_symbol

Definition F.8 The function Fqbool Vs : Var_symbol — Var_symbol —
Bool is defined as follows:

Eqbool Vs vs vs' = Primrec (acvs') ... (Zcvs') ... (Scvs') vs
acvs’ = Primrectrue ... false ... false vs'
Ze vs' = Primrec false ... true ... false vs'
$c vs’ = Primrec false ... false ... true vs'

Definition F.9 For any type T : Typeo, the inductive type Nelist T is defined
by the following constructors:

first_Nel : T — Nelist T

cons_Nel : T — (Nelist T) — (Nelist T)
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Definition F.10 The type Var_name is defined as follows:

Var_name = Nelist Var_symbol

Definition F.11 The function Fqbool Vn : Var_name — Var_name —
Bool is defined as follows:

Egbool_Vn vn vn’ = Primrec Var_name firstc consc vn vn’
firste vs = Avn” : Var_name.Primrec Var_name (Avs : Var_symbol.true) conscfe vn'
conscfecvsvnb = false
consc vs vn equnn = Avn'' : Var_name.
Primrec Var_name (Avs : Var_symbol. false) (consccec vs equnn) vn”
conscce vs equnn vs' vn' b = (and (equnn vn') (Eqbool Vs vs vs'))

Definition F.12 The type Var_index is inductively defined by the following set
of constructors:

first_Vi:Var_index
next_Vi: Var_index — Var_index

Definition F.13 The function Fqbool Vi : Var_index — Var_index —
Bool is defined as follows:

Eqgbool_Vivivi’ = Primrec Var_index firstc nexte vi vi’
firste = Avn'' : Var_index.Primrec Var_index true nextcfec vn”
nextefevib = false
nexte vi equi = Avi' : Var_index.

Primrec Var_index false (nextenc vi equi) vi”

nextcne vi equi vi' b = equi vi

Definition F.14 The function Ltbool Vi : VarZindex — VarZnder —
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Bool is defined as follows:

Ltbool Vi vi vi' = Primrec Var_index firstc nextc vi vi’
firste = Avn’” : Var_index.Primrec Var_index false nextcfc vn’
nextcfe vi b = true
nextc vi ltvi = Avi" : Var_index.

Primrec Var_index false (nextence viltvi) vi'

nextence vi ltvi vi' b = ltvi vi

Definition F.15 The function add Vi : Var_index — Var_index — Var_index
is defined as follows:

add_Vivi v’ = Primrec Var_indezx vi nextc vt
where
nextc vi vif = next Vivif

Definition F.16 The function decr_Vi: Var_index — Var_index — Var_index
is defined as follows:

decr Vivi = Primrec Var_index first_Vi nextc vi'
where
nexte vi vif = wvi

Definition F.17 The function substract Vi : Var_index — Var_index —
Var_index is defined as follows:

substract_Vivi vi' = Primrec Var_index vi nextc vi’
where
nexte vi vif = decr_Vivif

Definition F.18 For any X € |AlgSig|, the type Var is defined as:
Var = Pair Var_name Sorts
Definition F.19 The function Eqbool_Var with arity

Eqbool_Var : Var — Var — Bool
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is defined as follows:

Eqbool_Var vv' = Primrec Var (mkpaircv') v
where
mkpairc v vn s = Primrec Var (mkpaircec vn s) v’

mkpaircc vn s vn' s’ = (and (Eqbool_Vn vn vn') (Eqbool_Srts s s'))
Definition F.20 For any X € |AlgSig|, the type Invar is defined as:
Invar = Pair Var Pair Var_ndex Var_index
Definition F.21 The function Eqbool_Ivar with arity
Eqbool_I'var : Invar — Invar — Bool

is defined as follows:

Eqbool_Ivar iv iv' = Primrec Var (mkpairc iv') iv
where
mkpairc iv' v vip = Primrec Var (mkpaircc v vip) iv’

mkpairce v vip v’ vip' = (and (Egbool_Var v v') (Eqbool Vi (fst vi) (fst vi')))

Definition F.22 The function getindex_Iv : Invar — Var_index is defined
as follows:

getindex_Iv iv = (fst (snd iv))

Definition F.23 The function getblevel_1v : Invar — Var_index is defined
as follows:

getblevel _Iv iv = (snd (snd iv))

Definition F.24 The function assindex_Iv : Invar — Var_index — Invar
is defined as follows:

assindex_Iv iv vi = (fst iv, (vi, (snd (snd iv)))

Definition F.25 The function assblevel_Iv : Invar — Var_index — Invar
is defined as follows:

assblevel _Tv iv vi = (fst iv, ((fst (snd iv)), vi))
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Definition F.26 The function addindex_Iv : Invar — Var_ndex — Invar
is defined as follows:

addindex _Iv v vi = (fst iv,add_Vivi (fst (snd iv)), (snd (snd iv)))

Definition F.27 The function addblevel_Iv : Invar — Var_index — Invar
is defined as follows:
addblevel _Iv v vi = (fst iv, ((fst (snd iv)),add_Vi (snd (snd iv)) vi))

Next, we define terms of sort s for any sort s of a given signature ¥ and the
set of all terms.

Definition F.28 For any X € |AlgSig| the mutually recursive inductive types
{Term_s | s € Sorts(X)} is defined by the following set of constructors for any
sort s € Sorts(X):

{var_s_Trms : Invar — Term_s}U

{fTrms:Term_s1 — ... Term_s, — Term_s |
fis1x...X s, = s€X and fis not overloaded in X}U

{fs1-...-8n_sTrms:Term_s;y — ... = Term_s, — Term_s |
fis1X...X s, > s€X and f is overloaded in X}

Definition F.29 For any ¥ € |AlgSig|, the inductive type Term is defined by
the following set of constructors:

trm_s1I'rm :Term_s;y — Term

trm_s, Trm :Term_s, — Term

F.1.2 Encoding of higher-order syntax

In the following we define higher-order types, higher-order variables, higher
order variables with indexes, set of higher-order variables, higher-order terms
and well-formed higher-order terms. Since in higher-order types can appear list
of higher-order types we define both as mutually recursive types. The same
happens with higher-order terms and list of higher-order terms and well-formed
higher-order terms and list of well-formed higher-order terms.

Definition F.30 The mutually recursive inductive types Holtype and
Holtype_list for a given signature . are defined by the following set of construc-
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tors:

{s_Holt : Sorts — Holtype | s € Sorts(X) } U
{ prop_Holt : Holtype,

holrel_Holt : Holtype_list — Holtype ,

nil_Holt : Holtype list

cons_Holt : Holtype — Holtype list — Holtype_list}

Definition F.31 The mutually recursive functions Fqbool_Hty : Holtype —
Holtype — Bool and Eqbool_Htyl : Holtype_list — Holtype list — Bool for a
given signature 3 is defined as follows:

Eqbool_Hty hiy hty =  Primrec Holtype sic_Holt ... syc_Holt
prope holrelc nilc consc hty hity'
Eqbool_Htyl hty hty =  Primrec Holtype_list sic_Holt ... spc_Holt

prope holrele nilc consc hiyl hiyl'

where
syec_Holt = Ahty' : Holtype.Primrec Holtype (As : Sorts.true) ...
(As : Sorts.false) false relesl false consesl hty'

reles1 htl beqhtlsl = false

conses1 ht htl beqhts1 beqhtlsl = false

spc_Holt = Ahty' : Holtype.Primrec Holtype (As : Sorts. false) ...
(As : Sorts.true) false relcsn false conscsn hty'
relesn htl beghtlsn = false

conscsn ht htl beqhtlsn beqhtsm = false
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propc = Ahty' : Holtype. Primrec Holtype (As : Sorts. false)
. (As : Sorts. false) true relep false conscp hty'
relep htyl beqhtl = false
conscp ht beqhtp htl beqhtlp = false
holrelc htl htleqf = Ahty' : Holtype. Primrec Holtype (As : Sorts.false) ...
(As : Sorts.false) false relcr false conscr hty'
reler hiyl beqhtl = beqhil
conscr ht beqhtr hil beqhtlr = false
nile = Mhtyl" : List Holtype. Primrec (List Holtype) (As : Sorts. false)
. (As : Sorts.false) false relenc true conscnce htyl”
relenc hiyl beqhtl = false
conscene ht b hil b = false
consc ht hteqf htl htleqf = Ahtyl" : List Holtype.
Primrec (List Holtype) (As : Sorts. false) ...
(As : Sorts. false) false relcee false (conscee hteqf htleqf) htyl"”
relcce htyl beqhtl = false
conscce hteqf htleqf ht' htyl’ bht' bhtyl’ = (and (htleqf hiyl') (hteqf ht'))
Definition F.32 The functions Eqbsort_Hty with arity
Eqgbsort_Hty : Holtype — Bool

and the function Eqbsort_Htyl with arity

Eqbsort _Htyl : (Holtype _list) — Bool
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are defined by mutual recursion as follows:

Eqgbsort_Hty hty = Primrec Holtype sycldots s,c prope holrele nile conse hty

Egbsort_Htyl hiyl = Primrec Holtype_list syc ldots s,c prope holrele nile conse hiyl

where
sic s1 = true
s,c s, = true

propc = false
holrelc htyl b = false
nile = false
consc hty htyl bb' = false
Definition F.33 The type Holvar for a given signature Y3 is defined as:
Holvar = pair Var_name Holtype
Definition F.34 The type Holinvar for a given signature Y3 is defined as:
Holinvar = pair Holvar (pair Var_index Var_index)

Definition F.35 The function Eqbool_Hvar with arity
FEqbool_Hwvar : Holvar — Holvar — Bool
is defined as follows:

Eqbool_Hvar hv hv' = Primrec Holvar (mkpaire hv') hv
where
mkpairc hv' vn ht = Primrec Holvar (mkpairce vn ht) ho'
mkpairce vn ht vn' ht' = (and (Eqbool_Vn vn vn') (Eqbool_Hty ht ht'))
Definition F.36 The function Eqbool_Hivar with arity

Eqbool_Hivar : Holinvar — Holinvar — Bool
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is defined as follows:

Eqbool_Hivar hiv hiv' = Primrec Holinvar (mkpairc hiv') hv
where
mkpaire hiv' hv vip = Primrec Holinvar (mkpairce hv vip) hiv'
mkpairce hv vip hv' vip' = (and (Eqbool_Hvar hv hv') (Egbool _V'i (fst vip) (fst vip')))

Definition F.37 The function getindex_Hiv : Holinvar — Var_ndex is
defined as follows:

getindex _Hiv hiv = (fst (snd hiv))

Definition F.38 The function getblevel_Hiv : Holinvar — Var_ndez is
defined as follows:

getblevel _Hiv hiv = (snd (snd hiv))

Definition F.39 The function assindex_Hiv : Holinvar — Var_index —
Holinvar is defined as follows:

assindex_Hiv hiv vi = (fst hiv, (vi, (snd (snd hiv))))

Definition F.40 The function assblevel_Iv : Holinvar — Var_index —
Holinvar is defined as follows:

assblevel _Hiv hiv vi = (fst hiv, ((fst (snd hiv)), vi))

Definition F.41 The function addindex_Hiv : Holinvar — Var_inder —
Holinvar is defined as follows:

addindex _Hiv hiv vi = (fst hiv, (add_Vi vi (fst (snd hiv)), (snd (snd hiv))))

Definition F.42 The function addblevel_Hiv : Holinvar — Var_index —
Holinvar is defined as follows:

addblevel_Hiv hiv vi = (fst hiv, ((fst (snd hiv)),add_Vi (snd (snd hiv)) vi))

Definition F.43 The function addindex_Hivl : (List Holinvar) — Var_index —
(List Holinvar) is defined as follows:

addindex _Hivl hivl vi = map (addf vi) hivl
where

addf vi hiv = addindex_Hiv hiv vi
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Definition F.44 The function addblevel_Hivl : Holinvar — Var_ndex —
Holinvar is defined as follows:

addblevel _Hivl hivl vi = map (addbf vi) hivl
where

addbf vi hiv = addblevel _Hiv hiv vi

Definition F.45 The type Holvar_set for a given signature X is defined as:
Holvar_set = pair (pair Var_index (List Holinvar))(pair Var_index (List Holinvar))
Definition F.46 The function

empty_Hust : Holvar_set
is defined as follows:

empty_Hvst = ((first_Vi,nil Holinvar), (first_Vi, nil Holinvar))
Definition F.47 The function
addfvar_Huvst : Holvar — Holvar_set — Holvar_set

is defined as follows:
addfvar_Hvst hv vs =

(((next Vi (fst (fst vs))), (cons Holinvar (mkhivar hv hvs) (snd (fst vs)))),

((next Vi (fst (snd vs))), (snd (snd vs))))

where

mkhivar hv hvs = (hv, ((fst (fst hvs)), first_Vi))

Definition F.48 The function
addbvar_Huvst : Holvar — Holvar_set — Holvar _set
is defined as follows:
addbvar _Hvst hv vs =

(((fst (fst vs)), (snd (fst vs))),
((next_Vi (fst (snd vs))), (cons Holinvar (mkhivar hv hvs) (snd (snd vs)))))

where

mkhivar hv hvs = (hv, ((fst (fst hvs)), first_Vi))
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Definition F.49 The function
getbindex _Hwst : Holvar_set — Var_index
is defined as follows:
getbindex _Huvst hvs = fst (snd hvs)
Definition F.50 The function
get findex_Hwst : Holvar_set — Var_index
is defined as follows:
getbindex _Hust hvs = fst (fst hvs)
Definition F.51 The function
getblevel _Hwst : Holvar_set — Var_index
is defined as follows:
getblevel Hvst hvs = substract Vi (fst (snd hvs)) (fst (fst hvs))

Definition F.52 The function

getvar _Huvst : Holvar — Holvar_set — Holinvar
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is defined as follows:
getvar_Hvst hv hvs =
Prim_rec bool (assblevel_Hiv (getblevel _Huvst hvs) (get fvar_Huvst hv hvs))
(assblevel _Hiv (getblevel _Huvst hvs) (getbvar_Huvst hv hvs))
(Eqbool Vi (fst (snd (getbvar_Hust hv hvs))) (getbindex _Huvst hvs))
where
getbvar_Huvst hv hvs = Prim_rec (List Holinvar) (bvar_not found hv hvs)
(get_if _eq hv) (snd (snd hwvs))

bvar not found hv hvs = (hv, (getbindexz_Hvst hvs, first_Vi))

get fvar_Hwvst hv hvs = Prim_rec (List Holinvar) (fvar_not found hv hvs)
(get_if eq hv) (snd (fst hvs))
fvar_not found hv hvs = (hv, (getbindex_Huvst hvs, first_Vi))

get_if eq hv hv' hvl hvf = Prim_rec Bool hv' hvf (Eqbool_Hvar hv (fst hv'))

Definition F.53 The function
getvarl_Huvst : (List Holvar) — Holvar_set — (List Holinvar)
is defined as follows:

getvarl_Hvst hvl hvs = map (get_varp hvs) hvl
where
get _varp hvs hv = getvar_Hwvst hv hvs

Definition F.54 The inductive relation

Is_ain_Hivl : Tlv : Holvar.lvs : List Holinvar.Prop
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is defined by the following set of constructors:
base_Inhivl : TThv : Holvar.IThiv : Holinvar.Ilhivl : List Holinvar.

Tegpr : (Eqbool_Hvar hv (fst hiv)) =pou true.

Is_in_Hivl hv (cons hiv hivl)

genc_Inhivl : TThv : HolvarIThiv : Holinvar IThivl : list Holinvar.
Mpr : I's_in_Hivl hv hivl.

Is_in_Hivl hv (cons Holinvar hiv hivl)

Definition F.55 The inductive relation
Notisin_Hivl : Tlv : Holvar.Ilvs : List Holinvar.Prop
is defined by the following set of constructors:
base_Ninhivl : TThv : Holvar.Notisin_Hivl hv (nil Holinvar)

genc_Ninhivl : TThv : Holvar.IThiv : Holinvar.1Thivl : list Holinvar.
Tegpr : (Eqbool_Hvar hv (fst hiv)) =poor false.
Mpr : Notisin_Hivl hv hivl.

Notisin_Hivl hv (cons Holinvar hiv hivl)

Definition F.56 The inductive relation
Isin_boundv_Hwvs : TThv : Holvar.Ilvs : Holvar_set. Prop

is defined by the following set of constructors:
ctr_Inbhvs : TThv : Holvar.IThvs : Holvar _set.Ilisinpr : I's_in_hivl hv (snd (snd hvs)).

Isin_boundv_Hwvs hv hvs

Definition F.57 The inductive relation
Notisin_boundv_Hwvs : TThv : Holvar.Ilvs : Holvar_set. Prop

is defined by the following set of constructors:
ctr _Ninbhvs : IThv : HolvarIThvs : Holvar _set.Ilisinpr : Notisin_hivl hv (snd (snd hvs)).

Notissin_boundv_Hwvs hv hvs
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Definition F.58 The inductive relation

Isin_freev_Hwvs : IThv : Holvar.Ilvs : Holvar_set. Prop

is defined by the following set of constructors:

ctr _Inbhvs : TThv : Holvar.IIhvs : Holvar _set.Ilisinpr : Is_in_hivl hv (snd (fst hvs)).
Isin_freev_Hvs hv hvs
Definition F.59 The function
addfvarl_Huvst : (List Holvar) — (Holvar_set) — (Holvar_set)

is defined as follows:

addfvarl_Huvst hvl hvs =
Prim_rec (List Holvar) hvs addfvar_auz hvl
where
addfvar_aux hv hvl hvst = addfvar_Hwvst hv hvst
Definition F.60 The function
addbvarl_Hvst : (List Holvar) — (Holvar _set) — (Holvar _set)

is defined as follows:

addbvarl_Hvst hvl hvs =
Prim_rec (List Holvar) hvs addvar_auz hvl
where
addbvar_aux hv hvl hvst = addbvar_Hwvst hv hvst

Definition F.61 The function

getholtypel_Hvl : (List Holvar) — Holtype list

is defined as follows:

getholtypel_Hvl hvs = map (List Holvar) snd hvl
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Definition F.62 For any signature ¥ € |AlgSig|, the mutually recursive types
Holterm and Holterm_list is defined by the following set of constructors:

holvar_Htrm : Holinvar — Holterm

term_Hitrm : Term — Holterm

appl_Htrm : Holterm — (List Holterm) — Holterm
abstr _Htrm : (List Holinvar) — Holterm — Holterm
forall_Htrm : Holinvar — Holterm — Holterm

implies_Htrm : Holterm — Holterm — Holterm

nil_Htrm : Holterm_list
cons_Hitrm : Holterm — Holterm_ist — Holterm list

F.1.3 The substitution operation

In the following, we present the substitution operation on higher-order terms
which given a variable index, a higher-order term ht, a higher-order term ht’
and a free higher-order variable with indexes hiv, returns the higher-order term
which is obtained by replacing all the appearences of the variable hiv in ht by
ht'. Once a higher-order term is replaced by a variable, the variable indexes of
the bound variables of the higher-order term must be updated and the bound
level of every variable of the higher-order term must also be updated. The first
parameter of the substitution operation (the first variable index which is not
assigned to the set of free variables of ht and ht’) is used to determine whether
a variable is free or bound.
Definition F.63 The functions

subst_Htrm : Var_index — Holterm — Holterm — Holinvar — Holterm
and

subst_Htrml : Var_index — (List Holterm) — Holterm — Holvar — (List Holterm)

are defined by mutual recursion as follows:

subst_Htrm vi htrm htrm’ hiv =
Prim_rec Holterm (holvarc vi htrm' hiv) (terme vi htrm' hv) (applc htrm' hiv)
(abstre htrm' hiv) (forallec htrm' hiv) (impliesc htrm' hiv)

(nile htrm' hiv) (consc htrm' hiv) htrm
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subst_Htrml vi htrml htrm' hiv =
Prim_rec Holterm_list (holvarc vi htrm' hiv) (termc vi htrm' hv) (apple htrm' hiv)
(abstre htrm' hiv) (foralle htrm' hiv) (impliesc htrm' hiv)

(nile htrm' hiv) (consc htrm' hiv) htrml

where
holvarc vi htrm' hiv hiv' =
Primrec Bool (update_index_Htrm vi (getblevel _Hiv hiv') htrm')
(holvar_Htrm hiv') (Egbool_Hivar hiv hiv')
termc vi htrm hiv trm =

term_Htrm (subst_Trm vi trm (coerce_htrm_Trm htrm) (coerce_hiv_Ivr hiv)

applec htrm' hiv htrm htrmf hirml =
appl_Htrm htrmf (subst_Htrml htrml htrm' hiv)
abstre hirm’ hiv hvl htrm htrmf = (abstr_Htrm hvl htrmf)
foralle htrm’ hiv hiv' htrm htrmf = (forall_Htrm hiv htrmf)
impliesc htrm' hv htrm htrmf htrm' htrmf' = implies_Htrm htrmf hirmf’
nile ht hiv = nil_Htrml
consc htrm' hiv htrm hitrml htrmf htrmlf = cons_Htrml htrmf htrmlf

Definition F.64 For any signature ¥ € |AlgSig|, the function

coerce_hiv_Ivar : Holinvar — Invar
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is defined as follows:

coerce_hiv_Ivar hiv = mkpair Invar (mkpair Var (fst (fst hiv))

(Primrec Holtype sic ... spc prope holrele nile consc (snd (fst hiv))) (snd hiv)

anysort = s1_Srts
S1€C S1 = S§1

$,C S, = S,
propc = anysort

holrele htyl s = anysort
nile = anysort
consc hty s htyl s = anysort

Definition F.65 For any signature ¥ € |AlgSig|, the function
coerce_htrm_Trm : Holterm — Term

is defined as follows:

coerce_htrm_Trm htrm = Primrec Holterm holvarc terme
applc abstre foralle impliesc nilc consc hirm

where

anysort = s1_Srts

anyterm = wvar_s1 Trmsy (((first_Nel a_V's), s1_Srts), first_Vi) ()

holvarc hv = Primrec bool (((fst (fst hv)), (snd (fst (coerce_hiv_Tvar hv))),
(snd hv))

(((fst (fst hv)),anysort), (snd hv))

(Eqbsort_Hty (snd (fst hv))
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terme trm = trm

apple ht htl trm = anyterm

abstrc hivl hirm trm = anyterm

foralle hiv htrm trm = anyterm

impliesc hirmq htrmg trmq trmy = anyterm
nile = nilTerm

conse ht hil tr tlr = cons itr tlr

Definition F.66 The function update_index_Htrm : Var_index — Var_index
— Holterm — Holterm is defined as follows:

update_index _Htrm vi bl htrm = Primrec Holterm
(holvarc vi bl) (terme vi bl) apple (abstre bl) (foralle bl) impliesc nilc conse hirm
where
holvare vi bl hiv = Primrec bool (addblevel_Hiv bl hiv)
(addblevel _Hiv bl (addindex _Hiv bl hiv)) (Ltbool Vi (getindexz _Hiv hiv) vi)
termc vi bl trm = update_index_T'rm vi bl trm
applc ht htl htf htlf = appl_Htrm htf htlf
abstre bl hivl ht htf =
abstr_Htrm (addblevel_Hivl bl (addindex_Hivl bl hivl)) ht f
foralle bl hiv ht htf =
forall_Htrm (addblevel _Hiv bl (addindex_Hiv bl hiv)) ht f
impliese ht ht' htf htf' = implies_Htrm htf htf'
nile = nil_Htrml
consc ht htl htf htlf = cons_Htrml htf htlf

Definition F.67 The function update_index_T'rm : Var_index — Var_index
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— Term — Term is defined as follows:

update_index _Trm vi bl trm

Primrec Term (trmsle vi bl) ... (trmsnc vi bl)

trmslec vi bl trmsl =

trm_s;_Trm (update index_Trm_s; vi bl trms1)

trmsnc vi bl trmsn =

trm_s, Trm (update_index _Trm_s, vi bl trmsn)

Definition F.68 For any signature ¥ € |AlgSig| and for any sort s € Sorts(X)
the function update_index_Trm_s :

: Variandex — VarZinder — Term_s
— Term_s is defined as follows:
update_index Trm_s vi bl trms = Primrec Term_s (varc vi bl) func_l ... funcn
funove_l ... funove_m
where

varc vi bl iv = Primrec bool (addblevel_Tv bl iv)
(addblevel _I'v bl (addindex _I'v bl iv))
(Ltbool Vi vi (getindex _I'v iv))

func 1 trm 11 ... trm_Iny trmf 11 ... trmf_1ny =

fiTrms trmfi1, ... trmf_1ny
funcntrmonl ... trmoaon, trmfnl ... trmf_nn, =

foTrmstrmfnl ... trmf_nn,

funove_l trm_11 ... trm_1lmqy trmf_11 ... trmf_1m,

g1-T11— -+ Stmy Sm, A rms trmf_11 ... trmf_1my
funove_m trm_ml ... trm_mm,, trmf_ml ... trmf_mm,, =

Im-Tmi--- Tmm, Tm,,-drmstrmf_ml ... trmf_mm,,

where f1:811 X c.. X S1in; = Snyyevv s fn 1801 X oo X Spn, = Sn,,

g1 :T11 X oo« X Py 2 Tmys9n 2 Tm1 X -« X Prmy, = P
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Definition F.69 The function
subst_Trm : Var_index — Term — Term — Invar — Term
is defined as follows:

subst_Trm vi trm trm’ hv =

Primrec Term (ts_lcvitrm' v) ... (tsonc vi trm' v) trm

ts_levitrm’ vtrms = (trm_si Trm (subst_Trms_si vi trms trm' v'))

ts_ncvitrm’ virms = (trm_s, Trm (subst_ Trms_s, vi trms trm' v'))

Definition F.70 For any signature ¥ € |AlgSig| and for any sort s € Sorts(X),
subst_Trm_s : Var_index — Term_s — Term — Invar — Term_s

is defined by mutual recursion as follows:

subst_Trm_s vi trms trm v = Primrec Term_s (varc vi trm v) (func_l trm v)

(func_n trm v) (funove_l trmv) ... (funove_m trm v) trms
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where

varc vi trm v v’ = Primrec Bool
(update_index _Trm_s vi (getblevel _Tv v') (coerce_trm_Trms trm))
(var_s_Trms v') (Eqbool _Ivar v v')

func_ltrmuvtrm_11 ... trm_Iny trmf_11 ... trmf_1n; =

fiTrms trmfiy ... trmf_1nq

funentrmovtrmonl ... trm_nn, trmf_nl ... trmf_nn, =

fo Trmstrmf_nl ... trmf_nn,
funove_l trm v trm_11 ... trm_1lmqy trmf_11 ... trmf_1lm; =
G1-T11=+ e S1m, -Sm, A rmstrmf_11 ... trmf_1my
funove_m trm v trm_ml ... trm_mm,, trmf_ml ... trmf_mm,, =
Im-Tml-v - Tmmm Tma-drmstrmf ml ... trmf_mm,,
where f1 1811 X oo X S1ny = Snys--- s Jn 2 Snl X oo o X Spn, = Sn.,
g1 :7T11 X oo X Tim; 2 Tms9n Tml1 X oo e X PTrimy,, 7 Tmns

Definition F.71 For any signature ¥ € |AlgSig| and for any sort s € Sorts(X),
the functions

coerce_trm_Trm_s : Term — Term_s
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(one for each sort s) is defined as follows:

coercetrm_ T'rm_st = Primrec Term trm_sic...trm_sc...trm_s,ct
where
anysvar = var_s_Trms (mkpair Var Var_index

(mkpair Var_name Sorts (first_Nel a_Vs) s_Srts) first_Vi)

trm_sictsy = anysvar
trm_scts = trm_s_Trmts
trm_s,cts, = anysvar

Definition F.72 The function

substhvl_Htrm : Holterm — (Holterm_list) — (List Holvar) — Holterm
is defined as follows:

substhvl_Htrm htrm htl hvol =

Primrec (List (Pair Holterm Holvar)) bel gel (join Holterm Holvar htl hvl)

where

bel = htrm

gcl hthv hthvl htrm = subst_Htrm htrm (fst hthv) (snd hthv)
Definition F.73 The mutually recursive inductive relation

W fhterm : Holvar_set — Holterm — Holtype — Prop

and

W fhtermlist : Holvar _set — (Holterm_list) — (Holtype_list) — Prop

54



are defined by the following set of constructors:

{assltr : Tvs : Holvar_set.Ilhv : Holvar.Ilpr : Notisin_boundv_Hwvs hv vs.
Mprin : Isin_freev_Hvs hv vs.

W fhterm vs (holvar_Htrm (getvar_Huvst hv vs)) (snd hv)} U

{ass2tr : Mvs : Holvar_setIlhv : HolvarIlpr : Isin_boundv_Huvs hv vs.

W fhterm vs (holvar_Htrm (getvar_Huvst hv vs)) (snd hv)} U

{appl_f_s_tr : Tlvs : Holvar_set.Tlty : Term_sy..... It,, : Term_s,,.
Mwfty : W fhterm vs (term_Htrmt1) sy _Holt. ... .
Mw ft, : W fhterm vs (term_Htrm t,) s, _Holt.
W fhterm vs (term_Htrm f Trmsty ... t,) s_Holt |

fi81 XX 5, = s and f is not overloaded in ¥} U

{appl_f_si_... s, s_tr : Tlvs : Holvar_set.Ilty : Term_sy..... IIt,, : Term_s,,.
Mwfty : W fhterm vs (term_Htrmt1) sy _Holt. ... .
Mwft, : W fhterm vs (term_Htrm t,,) s, _Holt.
W fhterm vs (term_Htrm f_si_....sp_s Trmsty...1,) s_Holt |

fris1 X+ X s, — s and f is overloaded inX} U
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{Aabs_tr : Tlvs : Holvar_set.IThvl : List Holvar.
Ilnorep : Norep_list Holvar Eqbool_Hvar hvl.
IInem : Not_emptyl Holvar hvl.Il¢ : Holterm.
Iw fprop : W fhterm (addbvarl_Huvst hvl vs) ¢ prop_Holt.
W fhterm vs (abstr_Htrm (getvarl_Huvst hvl

(addbvarl_Hvst hvl vs)) ¢) (getholtypel_Hwvarl hvl),

Aappl_tr : Ilvs : Holvar_set.I1t : Holterm.lIItl : Holterm_list.I1holtl : Holtype_list
Inem : Not_emptyl Holterm tl.Iprt : W fhterm vs t (holrel_Holt holtl).

Mprtl : W fhtermlist vs tl holtl. W fhterm vs (appl_Htrm t tl) prop_Holt,

forall_tr : Mlvs : Holvar _set.1lhv : Holvar.I1¢ : Holterm.
Mprp : W fhterm (addbvar_Huvst hv vs) ¢ prop_Holt.W fhterm vs

(forall_Htrm (getvar_Huvst hv (addbvar_Huvst hv vs)) ¢) prop_Holt,

implies_tr : llvs : Holvar_set.ll¢, ¢' : Holterm.
Ipr : W fhterm vs ¢ prop_Holt.1lpr' : W fhterm vs ¢’ prop_Holt.

W fhterm vs (implies_Htrm ¢ ¢') prop_Holt}
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{nil_Whtl : lvs : Holvar _set.

W fhtermlist vs (nil_Htrm) (nil_Holt),

cons_Whil : Tlvs : Holvar_set.Ilhtr : Holterm.Ilhirl : Holterm _list.
Mhty : Holtype.Ilhtyl : Holtype list.
MMprt : W fhterm vs hir htyTlprtl : W fhtermlist vs hirl hiyl.

W fhtermlist vs (consHtrm htr htrl) (cons_Holt hty htyl) }

F.1.4 Adequacy of syntax and the proof system

In the following, we present the encoding and decoding functions of types, list of
types, variables, names, list of variables, variable set, list of indexed variables,
set of higher-order variables, higher-order terms, the proof of adequacy of syntax
and finally the encoding of the proof system and its proof of adequacy.

Definition F.74 For any signature ¥ = (S, Op) € |AlgSig|, the encoding func-
tion of types e, with arity

€ Typesgor (X) — Holtype
is inductively defined as follows:

€, s = s_Holt
where s ranges over Sorts(X)
€- tl = holrel_Holt (e;; tl)

Definition F.75 For any signature ¥ = (S, Op) € |AlgSig|, the decoding func-
tion of types e=1 with arity

T

e; ' Holtype — Typesgor (X)

el (s_Holt s) = s

ez (holrel_Holt [1y,..., 7)) = (€5 [T1y--- 7))

Definition F.76 For any signature ¥ = (S, Op) € |AlgSig|, the encoding func-
tion of list of types e;; with arity

€1 ¢ (List Typesgor (X)) — Holtype list
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is inductively defined as follows:

€[] = nil_Holt
€1 (cons Typesgor () hty hiyl) = cons_Holt (e, hty) (e, htyl)

Definition F.77 For any signature © = (S, Op) € |AlgSig|, the decoding func-
tion of list of types 6;11 with arity

er_ll : Holtype_list — Typespgor (X)
e:ll (nil_Holt) = Prop

e_ll (cons_Holt hty htyl) = cons Typesgor (L) (e hty) (er_ll htyl)

T

Definition F.78 For any signature X = (S, Op) € |AlgSig| and for any type
T € Typesgor (L), the encoding function of variable names ¢, with arity

€vn * Xy = Var_name

is inductively defined as follows:

€vn “c"! = first_Nel c_Vs

€yn C.str = cons_Nel Var_symbols ¢ (€,, str)

Notation: We assume that the denumerable set of variables X, is denoted by
alphanumeric non-empty strings plus the symbols $, _,'.

Definition F.79 For any signature X = (S, Op) € |AlgSig| and for any type
T € Typesgor (X), the decoding function of variable names €, with arity

617711 : Var_name — X,
is inductively defined as follows:
el (first_Nel c.Vs) = “c

€.} cons_Nel Var_symbols ¢ (e, str) = c.str

Definition F.80 For any signature © = (S, Op) € |AlgSig| and for any type
T, the encoding function of list of variables €y, with arity

€nut : [(X, Typesmor (X)) = (List Holvar)
is inductively defined as follows

€nut [| = nil Holvar

€pyt (cons (z,,7) hvl) = cons Holvar (€,, ,€; T) (€pyr hvl)
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Definition F.81 For any signature X = (S, Op) € |AlgSig| and for any type
T, the decoding function of list of variables €y, with arity

erl (X, Typeswor (X))] — (List Holvar)
is inductively defined as follows:

e, (nil Holvar) = []

egvll (cons Holvar (x,7) hvl) = cons (e, x,€;

o 2,61 T) (e hol)

Definition F.82 For any signature ¥ = (S, Op) € |AlgSig|, the encoding func-
tion of variable set €,, with arity

€5t ([X], [X]) = (Holvar_set)
is inductively defined as follows:
€ys (hvl, hol') = €,5 hol’ (€, hol empty_Hust)

where

€ysh || hvs = hvs

€ysh (cons (z,7) hol) hvs =

€ysb hvl (addbvar (eyn x,€,7) hvs)
€5t [| hvs = hvs
€ysf (cons (x,7) hol) hvs =

€vsp hol (addfvar (eyn z,€,7) hvs)

Definition F.83 For any signature X = (S, Op) € |AlgSig| and for any type
7, the decoding function of variable set €;} with arity
€y ¢ (Holvar_set) — [X]

is defined as follows:

ers ((vi, hivl), (vi’, hivl')) = (‘51:1']1}1 hivl,e;ﬁ/l hivl")

Definition F.84 For any signature © = (S, Op) € |AlgSig| and for any type
T, the decoding function of list of indexed variables E;iil with arity

epmy ¢ (List Holinvar) — [X]
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is inductively defined as follows:
egﬁ)l (nil Holinvar) = ]
-1

E;ﬁ)l (cons Holinvar ((z,7),vi) hivl) = cons (e, z,e;' T) (E;ﬁ)l hivl)

Definition F.85 For any signature ¥ = (S, 0p) € |AlgSig| and for any sort
s, the encoding function of terms €, with arity

€ : Holvar_set — Termsy ;(X) — Term_s
is inductively defined as follows:

€ vs xs; = var_s Trms ((eyn x,s.Srts), snd (getvar _Hvst (eyn x,s_Holt) vs))
€ vs f(t1,...,tn) =

fTrms (e, vsty) ... (e vsty), if fis not overloaded in ¥

fosio... sy s Trms (€ vsty) ... (€ vsty), if fis overloaded in ¥

Definition F.86 For any signature ¥ = (S, Op) € |AlgSig| and for any sort
s, the decoding function of terms ;' with arity

6;1 : Holvar_set — Term_s — Terms ;(X)
is inductively defined as follows:
e ws (var_sTrms iv) = (e, (fst (fst iv))),

s (fdrmsty ... ty) = f(et_1 vs b1y ... 6 Losty)

e vs (f-S1-...Sp_strmsty ... t,) = f(et_1 vsty,...,€6 " vs tn)

Definition F.87 For any signature ¥ = (S, Op) € |AlgSig|, the encoding func-
tion of higher-order terms €y, with arity

€nt : Holvar_set — Termpor (L) — Holterm
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is inductively defined as follows:

€ht VS £, = holvar_Htrm (getvar_Hust (eypn , €, T) v5)
€nt S f(t1,...,tn) = term_Htrm (e vs f(t1,...,15))
€t VS A(T1 1 T1,e e, &n i Th).d =

abstr _Htrm (getvarl_Hvst (epui [(21,71)5 .-+, (Zn, T)])

(addbvarl_Hvst (€pur [(21,T1), .-, (n, Ta)]) vs)

(€nt (addbvarl_Hust (epy [(21,T1),y -y (Zn, T0)]) vS) @)
€ V5t (t1,...,t,) = appl_Htrm (epe vst) (€py vs [t1,... 1))
€ v8 VY : 7.9 = forall_Htrm (getvar_Huvst (€yn Tn,€r )

(addbvar _Huvst (€yn Tn,€r T) vS))

(€nt (addbvar_Huvst (€yn Tn,€r Tn) vs) @)
€t vS8 ¢ D @' = implies_Htrm (ep vs @) (€pt vs &)

Definition F.88 For any signature ¥ = (S, Op) € |AlgSig|, the decoding func-
tion of higher-order terms e;tl with arity

et « Holvar_set — Holterm — Termpyor, (3)
is inductively defined as follows:
€, vs (holvar _Htrm hiv) = (e} (fst (fst hiv))), -1 (snd (£t hiv))
;) vs (term_Htrmt) = ¢ ' vst
ent vs (appl_Htrm ht htl) = (e;} vs ht) (e} vs htl)
¢y, vs (abstr_Htrm hinvl htrm) =
ez, hinvl).(¢;,' (addbvarl_Hust hvl vs) htrm)
e vs (forall_Htrm hiv htrm) = Ve,! (fst (fst hiv)) : €5 (snd (fst hv)).
(enit (addbvar_Hust hv vs) htrm)
-1

e, vs (implies_Htrm htrm htrm') = (¢! vs htrm) D (e, vs htrm/)
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Definition F.89 For any signature ¥ = (S, Op) € |AlgSig|, the encoding func-
tion of list of higher-order terms epy; with arity

€pt ¢ [Termyor (X)) — (Holterm list)
is inductively defined as follows:
enet || = nil_Hirm

€ntt (cons ht htl) = cons_Htrm (eps ht) (epy htl)

Definition F.90 For any signature ¥ = (S, Op) € |AlgSig|, the decoding func-
tion of list of higher-order terms e;t% with arity

E;ﬁ : (Holterm_list) — [Termpor(X)]
is inductively defined as follows:
ey (nil_Htrm) = ||
6;5 (cons_Htrm ht htl) = cons (E;tl ht) (egﬁ hitl)

Definition F.91 The encoding function of derivations of well typed terms €iq
which given a signature ¥ € |AlgSig| and a closed derivation in Amg,, (X »
¢ : 7) returns a proof of the proposition

W fhterm (eys X) (€nt (€vs X) @) (€7 T)

is inductively defined by closed derivations as follows:
€rd Ass1((X, X')pz:7)=
ass_tr(e,s (X, X')) ence

(etr_Ninbhvs ence (6,5 (X, X))

(genc_Ninhivl encx (getvar_Hvst enchvl,

(€vs [hvs .o hop)))
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(fSt (Evs [hvlla et hv;z—l]))
AP : bool — Prop.Apr: P false.pr
(... (genc_Ninhivl encx (getvar _Huvst enchvl, €y, [])

(fSt (Evs []))

(base_Ninhivl encz))...)))

(ctr_Infhvs encz (€5 (X, X'))
(genc_Inhivl encz (getvar_Huvst enchv,

(€ps [hv1, ... v hoi_1, (2, 7), hviy ..., hog]))
(fst (€ys [hv1, ... hoi_q, (2, 7T), hvs, ..., hoy_1]))
(...(genc_Inhivl encz (getvar_Huvst enchuv;

(€ys [hV1,. .. hoi_1, (2, T), hvy]))

(fst (eys [hv1,. .., hvi_q, (2,7)]))

(base_Hivs encx (getvar _Huvst ence
(fvs [hUl, ey hvi—lv (.CL', T)]))
(fst (€vs [hV1, ... hviq, (2, 7)]))

(AP : bool — Prop.Apr: P true.pr)))...)))

where X = [hvy,..., hv;_1, (2, 7), hv;, ..., ho,]
encx = mkpair Holvar (e, ) (¢, T)
enchv, = mkpair Holvar (fst hv,) (snd hv,)

enchv; = mkpair Holvar (fst hv;) (snd hv;)
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X' = [hvy,..., hvl]
= mkpair Holvar (fst hvl) (snd hv))

!
enchy), =

enchvy = mkpair Holvar (fst hvy) (snd hv})

€rg Ass2(X, X'Yp z:7) =
ass2_tr(eys (X, X)) ence

(ctr Inbhvs encx (eys (X, X))
(genc_Inhivl ence (getvar_Hvst enchv),
(€ys [AVY, ... s hV[_q, (2, 7), ho), ..., hol]))

(fst (€ys [hvy, ..o hoj_y, (2, 7), hv, oo by 4])
(...(genc_Inhivl encx (getvar _Huvst enchv;
(cve [ty ety i, 7), Bo])
(fst (€vs [hvh, .. hvi_y, (2, 7)]))
(base_Hivs encx (getvar _Huvst encx
(€os [Pv1, .o hoi_y, (2, 7)]))
(fst (evs [hvy, ... hvj_y, (2,7)]))
(AP : bool — Prop.Apr: P true.pr)))...)))
where X' = [hv},... hvi_q, (2, 7), hvl, ..., hv)]

= mkpair Holvar (eyn ) (€r T)

encr =
enchvl, = mkpair Holvar (fst hvl) (snd hvl)
enchv; = mkpair Holvar (fst hv}) (snd hv})
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€ra Appl(X, X')» f(t1,... tn) 18, [01,...,00]) =
appl_f st (evs X) (€r (€vs X) t1) ... (e (€vs X) tn)
(€td 61) - .. (€rd 0n)
where f 151 X ...X s, — s is not overloaded in¥%,

01 € Attyoy (X, X') Bt :51)s0 .0 100 € Aty (X, X') B £ 2 59)

erd Appl(X, X")» f(t1,-.-,tn) 1 8,[01,-..,0n]) =
appl_f s1-..._sn_str (€vs X) (€ (€vs X) 1) ... (€ (€vs X) tn)
(€tq 01) « - - (€td On)
where f:s1 X ...X s, — s is overloaded inX, 61 € Am,., (X, X') » t1

coy0n €E Ao (X, X)) ety 2 8p)

€rd AAbs((X, X') » dabs(x1 : 71, ... &0t 1)@ [T, ..., 0], [0]) =

Aabs_tr (eys X) (€not [(£1,71)y ooy (20, T0)])

(be_Ne Holvar enczx (epyi [(21, 1), -5 (Tn_1, Tm-1)]))
(norep_gc Holvar FEqbool_Hvar encxlnotinz]

(...(norep_ge Holvar FEqbool_Hvar encxn notinzn

(norep_bc Holvar FEqbool_Hwvar))...))

:s1),

(€nt (addbvarl_Hvst Holvar (epuvi [(21,T1), ..+ 5 (n, T)])) (€vs X) P)

(cea 9)

where
0 €A (X, XY U{z1:71,... &0 : T} P @)

encel = mkpair Holvar (eyn 1) (€r 71)
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encx2 = mkpair Holvar (eyn z2) (€r T2)

encen = mkpair Holvar (eyn ©n) (€r Tn)
notinzl = consc_Nin Holvar Eqbool_Hvar encxl encx2 (epyr [23,..., 2n])

(AP : bool — Prop.Ap: P false.p) (... (basec_Nin

Holvar Eqbool_Huvar encxn (nil Holvar)

notinzn = basec_Nin Holvar Fqbool_Hvar encen (nil Holvar)

cra AMppl((X, X')  t(t1, ... ,1n) : Prop, [6,81, ... ,0,]) =
Xappltr (€ys X) (ent (cvs X) 1)
(€ntt (€vs X) [t1y-n- stn]) (€nt [T1yern s 7))
(be_Ne Holterm (ent (cvs X) 1) (ehor X) [t2s- -+ +1n])

(€ta 0) (€rar [61y...,6,])

where 01 € Ao, (X, X)) Bty :71)y 00, 0n € Ao (X, X)) B t,7,),
8§ € Aty (X, X)) pt [y, T0])
€rqg Forall( X » Vo : 7.¢ : Prop, [d]) =
forall_tr (e,s X) encz (et (addbvar_Huvst encz (€,5 X)) @) (€4 0)
where § € Anyo, (X, XUz :7) » ¢ : Prop).
encx = mkpair Holvar (¢, z) (¢; T)
€:g Implies((X, X") » ¢ D ¢' : Prop, [01,d2]) =
implies_tr (eys X) (ent (€vs X) 8) (€ne (evs X) ¢') (€ra 61) (€1a d2)

where §1 € Apiyo, (X, X') » ¢ : Prop),dz € Apj,o,. (X, X') » ¢' : Prop).

Definition F.92 The encoding function of list of derivations of well typed terms
€:qt which given a signature ¥ € |AlgSig| and a list of closed derivations of well
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typed terms ([Anye,)) returns a proof of the proposition
W fhtermlist (eys X) (enu (€vs X) htl) (ex1 htyl)

where htl = [hiq, ..., ht,] is the list of higher-order terms, htyl = [htyq,... , hty,]
is the list of their associated types and X the set of free variables is inductively
defined as follows:

e [| = nil . Whil (e, X)
crar (cons Ay, 8 81) =
cons Whil (evs X) (ene (€vs X) ht1) (¢r htyr)
(€ntt (€vs X) [Mta, ..., htn]) (€x1 [Atya, ..., hty,])
(€ca 0) (€rar O1)
where § € Ao, (X » hty 1 71),68l € [Ange.]

Theorem F.93 There exists a bijection between the closed derivations of a
judgement ((X,[]) » ¢ : 7) and the normal forms of the proofs of the proposition

W fhterm (eys (X, [])) (ent (€vs X) ¢) (€7 7)

Proof:
To prove the bijection we define a decoding function with type

¢ = Wfhterm (evs (X, [1)) (ene (cos (X, 1)) ) (e 7) = Ao, (X, 1) B 6:7)
inductively defined as follows:

e (assl_tr vs hv pr prin) =
ASS1((e5 vs) » (e5, (fst hv) : (7! (snd hv)))

e} (ass2.tr vs hv pr) =
ASS2((e vs) » (e, (fst hv) : (71 (snd hv)))

e (appl_fstrvsty ...ty wfty ... wft,) =
APPL((e;) vs) » f((e5t vst1),..., (€5} vs ta)) t 5,

(7 wftr),.., (65 wfta)])

where f 151 X ... X 8, > sE€E XN
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et—dl (appl_f_si—.sspstrvsty ... t, wfty ... wft,) =
APPL((e;) vs) » f((e;tl vsty),..., (E;tl vst,) s,
[(ft_dl wfti),..., (et_dl wftn)])

where f 1851 X ... X 8, > sE XN

Et_dl (Aabs_tr vs hvl nelpr ht proppr) =
MABS((e;} vs) » Mey} hol).(e;)! (addbvarl_Huvst hvl vs) ht) :

(type_list_from_hvlhvl)), [(et_d1 proppr)]))

et_dl(/\appl_tr vs t tl htl nepr wftpr w ftlpr) =
MAPPL () vs) » (e;tl vs ht) (e,;t} vs htl) : Prop,

CORS(Et_dl(wftpT')) (ct_d} w ftlpr)
et—dl (forall_tr vs hv ht prp) =
forall(e;} vs » (¢}, (addbvar_Huvst hv vs)

Vel (fst hv) i e; ' (snd hv).(¢;, (addbvar_Hust hv vs) ht) : Prop, [¢;; prp])

Et_dl (implies_tr vs ht ht' pr pr') =
implics_tr(c;! vs » (¢3! vs ht) D (e, vs ht) : Prop,

(e pr)s (eq' pr)])

where the function type_list_from_hvl which for any ¥ € |AlgSig| has arity
type_list_from_hvl : List Holvar — List Typesgor (X)

is inductively defined as follows:

type_list_from_hvl (nil Holvar) = (nil Typesuor (X))

type_list_from_hvl (cons Holvar hv hvl) =

(cons Typesgor (L) (e (snd hv)) (typelist_from_hvl hvl))
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and the decoding function e;t} which for any signature ¥ € |AlgSig|, for any
vs : Holvar_set, htl : Holterm_list, htyl : Holtype_list has type

e;t} : W fhtermlist (eys X) (ene (€vs X) @) (€r1 Atyl) = [Anye,]

is inductively defined as follows:

¢z (nil Whtl vs) =nil Anye,

egt} Ao (cons . Whil vs htr hirl hty htyl prt prtl) =

cons Aty o, (c;tl prt) (c;t} pril)

The rest of the proof is as explained in Chapter 3.

F.2 Adequate encoding of 3-equality

In a similar way as the previous proof system, we present the encoding and
decoding functions and the proof of adequacy of the following proof system
which defines B-equality

Definition F.94 The set of rules of llgror, which defines (B-equality is the fol-
lowing:

m QZGX-,— (Vareq)
Xptiist ... XPpity:s,
i1 =5,X tll...‘tn =8,x t;‘
Flty e otn) =p.x F(ths-e 1))

fisiX...Xs, 55, €8 (Termeq)

Xw»t(tyy...,tn): Prop t =g x t'
t1 =pg,x th .. .1, =p,x t
tt1, ... tn) =p,x t'(th,... 1,

] (Appleq)

Xpti:m ... Xpi,:m,

X A2y, @ 1 Ty) @t [T1,y o vy Ty
o {t1/z1} - Atn/zn} =px ¢

Az 7,00, 0 1 T0)0 (1,00, t0) =p,x &

(Llambdaeq)
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XpMer:im, oo 20t )@t [T1, .00, T
¢ =B, XU{T1:T1,eee T piTh } (/)/ {13]/:13[1}{13”/1‘:1}

A1 Ty ee,2n 1 Th)e@ =5X Aay im, .l i)

(Lambdaeq)

XU{z:7}» ¢:Prop
¢ =8, Xu{z:7} ¢/{$/II}
Ve:r¢ =g x V&':1.¢

(Foralleq)

X » ¢ : Prop
X » ¢:Prop

¢’ =8,X ¢
—— (Sym
P 5 ¢ ( Y )

Definition F.95 The inductive relation
Same_length_and type : .11l : List Holvar.Tl' : List Holvar.Prop

is defined by the following set of constructors:
nil_slt : Same_length (nil Holvar) (nil Holvar)

cons_slt : 11t : Holtype Ilvn,vn' : Var_name.1ltl, tl' : List Holvar.
[slpr : Same_length_and type tl tl'.

Same _length (cons Holvar (vn,t) tl) (cons Holvar (vn,t) ¢l')

Definition F.96 The inductive relation
Beta_eq : T1ht : Holterm.Ilhvs : Holvar _set.Ilht : Holterm.Prop
is defined by the following set of constructors:
{vareq : TThv : Holvar.Tlvs : Holvar_set.Tlprin : I'sin_freev_Huvs hv (snd vs).

Beta_eq hv vs hv} } U
{termeq_f : Tlvs : Holvar_set.ty,... ,t,, Y, ...t + Holterm.
Mwfhtrmq : W fhterm vs t1 7y.... Tlwfhtrm, : W fhterm vs t, 7,.
Tlbeqpry : Beta_eq t1 vs t}.... .Tlbegpr, : Beta_eq t, vs .
Beta_eq f(t1,...,tn) vs f(th,...,th) |

fis1X...X 8, = s€X and [ is not overloaded in X}U
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{termeq_f_s1_..._s,_s : [lvs : Holvar_set.Iltq, ... ,t,,t4,... ,t! : Holterm.
Hw fhtrmq : W fhterm vs t1 7y.... Tlwfhtrm, : W fhterm vs t,, 7,.
Tbeqpry : Beta_eq ty vs t}.... Ilbegpr, : Beta_eq t, vs t),.

Beta_eq f(t1,...,tn) vs f(th,...,t0) |
fis1X...Xs, —>s€X and f is overloaded in X}U

{appleq : lvs : Holvar _set.Ilt,t' : Holterm.IItl,tl' : Holterm_list.

Islpr : Same_length tl ;tl'.
Tw fhtrm : W fhterm vs (appl_Htrm t tl) prop_Holt.
Theqpr : Beta_eq t vs t'.Tlbeqpry : Beta_eql tl vs tl'.

Beta_eq (appl_Htrm t tl) vs (appl_Htrm t' tl')

llambdaeq : Tvs : Holvar_set.11ht, ht' : Holterm.

IThtl : Holterm_list.TThwl : List Holvar.

Mslpr : Same_length hvl htl

Tw fhtrmipr : W fhtermlist vs htl (get_holtypel hvl).

MMwft : W fhterm vs (getvarl_Huvst hvl (addfvarl_Hvst hvl vs)) ht)
(getholtypel _Huvl hvl).

Tlbegpr : Beta_eq ht vs (substhvl_Hirm
(getfindex_Hvst (addfvarl_Huvst hvl vs))ht htl hol).

Beta_eq (appl_Htrm (abstr _Htrm hvl ht) htl) vs ht'
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lambdaeq : Tlvs : Holvar_set.TThvl, hvl’ : List Holvar.
Mslpr : Same_length_and_type hvl hvl' .11ht, ht' : Holterm.
Twft : W fhterm vs (getvarl_Huvst hvl (addfvarl_Huvst hvl vs)) ht) (getholtypel _Hvl hol).
Tbegpr : Beta_eq ht (addfvarl_Huvst hvl vs) (substhvl_Hitrm
(get findex_Huvst (addfvarl_Hvst hvl' vs)) ht' hol hol').
Beta_eq (abstr _Htrm (getvarl_Hust hvl (addfvarl_Huvst hvl vs)) ht) vs
(abstr_Htrm (getvarl_Hvst hvl' (addfvarl_Hvst hol’ vs)) ht')
foralleq : llvs : Holvar_set.Ilhv, hv' : Holvar.I1ht, ht' : Holterm.
Mwft : W fhterm (addfvar_Huvst hv vs) ht prop_Holt.
Ilbegpr : Beta_eq ht (addfvar_Huvst hv vs) (subst_Htrm
(getfindex_Hvst (addfvar_Hvst hv' vs)) ht' hv hv').

Beta_eq (forall_Htrm hv ht) vs (forall_Htrm hv' ht')

sym : TMlvs : Holvar_set.TTht, ht' : Holterm.
TMwft : W fhterm vs ht prop_Holt. lw ft : W fhterm vs ht' prop_Holt.
Ibegpr : Beta_eq ht vs ht'.Beta_eq ht' vs ht}
Definition F.97 The inductive relation
Beta_eql : TIhtl : Holterm_list.Tlhvs : Holvar_set.I1htl : Holterm_list. Prop

is defined by the following set of constructors:

nil_Beql : Tlvs : Holvar_set.Beta_eql (nil_Htrm) vs (nil_LHtrm)
cons_Beql : TIt, ' : Holterm.Ttl, tl' : Holterm _list.Tlvs : Holvar_set.
[Theqpr : Beta_eq t vs t'.1lbeqprl : Beta_eql tl vs tl'.

Beta_eql (cons_Htrm t tl) vs (cons_Htrm t' tl')
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Definition F.98 The encoding function

€g: AHHOL(¢ =8,X ¢I) - Benl—eq (Eht (Evs X) ¢) (Evs X) (Eht (Evs X) ¢I)

for any sequence of variables X and for any ¢,¢' € Senmor (X, X, Prop) is
inductively defined as follows:

eg(Vareq(z, =g x ;) = vareq ence (€,5 X)
(ctr_Infhvs encx (eys (X, X'))
(genc_Inhivl encx (getvar_Huvst enchvy,
(€ys [hV1,. .. s hoi_q, (2, 7), hv,y ... ho,)))
(fst (eys [hvy, ..., hvi_q, (2, 7), hvgy ..., b, _q]))
(... (genc_Inhivl encze (getvar_Hvst enchv;

(€vs [hV1, ... hviq, (2, 7), hv;]))

(fst (eus [Av1y ..., hoi_q, (93,7')]))

(base_Hivs encx (getvar _Huvst encz
(€vs [RV1, ... hvi—q, (2, 7)]))
(fst (€vs [RV1, ..., hviq, (2, 7)]))
(AP : bool — Prop.Apr: P true.pr)))...)))
where X = [hvy, ..., hv;_q, (2, 7), hvy ... hoy]

encx = mkpair Holvar (ey, ) (¢; T)

enchv, = mkpair Holvar (fst hv,) (snd hv,)

enchv; = mkpair Holvar (fst hv;) (snd hv;)
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eg (Termeq(f(t1,...,tn) =g, x F(th, - 1h),[01,...,6,,80,...,8]]) =

termeq_f (€ys X) (€nt (€vs X) t1) ... (€nt (€us X) tp)
(ene (cos X) 17) - o- (ene (cus X) 13,)
(€ca 1) - (€rd 0n) (€5 61) ... (€5 07),

if fis1X...X8,—=>s € X and f is not overloaded in T
termeq_f 51 sn 5 (cvs X) (ent (vs X) 11) o+ (ent (cus X) 1)
(€nt (€os X) 1) oo (€ne (€us X) 1)
(€tqa 01) «.. (€ta 8n) (€g 81) ... (ep 8)),

if fis1X...Xsp—s € X and [ is not overloaded in X
where
01 EAMo (X P t1:81), .. ,0n € Ao, (X 1yt Sn),

611 € AHHOL(tl =8,X tll)v s 76:1 € AHHOL(tn =B,X t:'b)

cs(Appleq(t(ty, ... 1) =px t'(th... 10),[09,8" 61, .., 0a])) =
appleq (cos X) (ent (cvs X) 1) (€ne (€os X) 1) (ehtt (€vs X) [ty -+ s tn])
(enet (cos X) [t5- -5 15])
(cons_sl (ept (€45 X) t1) (ent (€us X) t)) (€ntt (€us X) [t2y---,tn])
(€ntt (€us X) [thy - th]) (- .- (cons_sl (ent (€ys X) tn) (€nt (€us X) 1,,)
(nil_Htrm) (nil_Htrm) (nil_sl))...))
(€ar 8') (ep 6") (€1 [d1, .-, dn])
where §' € Ay, (X Bt (t1,...,1,) : Prop),

§" e AHHOL(t =8,X tl)v

41 € AHHOL(tl =8,X tll)v ceey0n € Aoy (tn =B, X t:t)
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e (Llambdacq(A(zy : T, o y 2n t T)ed (F1y o v hn) =px 6166”61, ,6,]) =
llambdaceq (cys X)
(ent (addfvarl_Huvst (chor [(21,71)s- -, (Tn, Ta)]) (€05 X)) @)
(ent (cus X) &) (ntt (cus X) [t1s-+- 1 En])
(envt [(z1,71), o5 (20, 70)])
(cons_sl (ens (€ys X) t1) (mkpair Holvar (e,, 1)
(€7 7)) (€nu (€vs X) [t2, .- tn])
(ehot [(2,72)s - -+ s (2ny Ta)]) (- - - (cons_sl (e (€us X)
(mkpair Holvar (eyn tn, )(€7 T))(nil_Htrm)

(nil Holvar) (nil_sl))...))

(cons (eg 8') (cons (erq 0") (€rar [015 .-+ ,3n])))
where §' € AHHOL(¢I =B, X ¢ {tl/xl} i {tn/xn})a
0 E Ao (X P A@1 1Tyt T 1 T) @ 2 [T1, .00, Tr)),

0 EAMgo (X P ti:T)yee,0n EAMa (X P tn i)

eg(Lambdaeq(MN(zq : Ty, 20 0 7,).0 =g, x A@] 11,0, 2, 1 7,).0"),[d1,82])

lambdaeq (€5 X)

(Ehvl [(1‘1, Tl)a ey (xm Tn)]) (Ehvl [(xlla 7-1,)? teey (m;ﬂ Tn)])
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(cons_slt (er 1) (€vn 1) (€un %))

(Ehvl [('7323 T2)a ey (mna Tn)]) (Ehvl [(:LJ% Té)a e (33;” Trlz)])

(... (cons_slt (e; 1) (€un Tn) (€un T})

(nil Holvar) (nil Holvar) (nil_sl Holvar Holvar))...)))

(€nt (addfvarl _Hvst (€pyr [(21,71), -+, (Tns Tn)]) (€vs X)) &)

(€nt (addfvarl_Hvst (€pr [(2, T1), ... s (2, Tn)]) (€vs X)) &)
(€p 01) (€ta J2)
where (51 c AHHOL(¢ =B, XU{z1:T1,e. \Tp:Ty } ¢I {xl/xll} LR {l‘n/l‘;}),

J2 EAtigo, (X P A@1 271,000, Tn i 1)@ [T1, ..., Tn))

eg(Foralleq(Ve : 7.¢ =p,x Va':1.¢),[01,d2]) =
foralleq (eys X) encx enca’
(€nt (addfvar_Hust encz (eys X)) ¢)

(€nt (addfvar_Hust encz’ (e,5 X)) ¢') (€p 01) (€rd 62)

where encx = mkpair Holvar (e, z) (e, T)
enct’ = mkpair Holvar (e,, ') (€; T)
(51 S AHHOL(¢ =6, XU{z:7} ¢I{x/r,})7

dy € Aty (X Uz : 7 ¢: Prop)

€3 (Sym(¢ =B8,X ¢,a [63 6/36”])) =
sym (Evs X) (Eht (E’US X) ¢) (Eht (Evs X) ¢/)

(€ar 9) (€ar 0")(ep 0)
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Definition F.99 The encoding function
€1t [Anipe,] = Beta_eql (epy (€ys X) htl) (€ys X) (€pu (€vs X) htl')

where htl = [ht1,..., hty], htl' = [hty, ..., ht}] are of type (Holterm_list) is
inductively defined as follows:

egr [] = (nil_Begl (¢,5 X))
€1 (cons beqd beqdl) = (cons_Begl (ep; (€ys X) ht1) (eps (€vs X) hth) (€45 X)

(€ntt (€vs X) [Ata, ..., hty]) (entr (€vs X) [hth, ... htl]) (ep beqd) (g beqdl))
where beqd € Ay, (ht1 =g x ht}),and beqdl is a list of derivations

of Ay, of the judgements hty =g x ht},...,ht, =g x ht.

Proposition F.100 For any signature X, for any type 7 : Holtype, for any
variable set vs : Holvar_set, for any higher-order terms ht,ht' : Holterm,
if Wfhterm vs ht T is inhabited and if Beta_eq ht vs ht' is inhabited then
W fhterm vs ht' ' is inhabited.

Proof:
By induction on the derivations of Beta_eq ht vs ht'.

Proposition F.101 For any signature ¥ € |AlgSig|, for any type T € Typesmgor (X),
for any terms ht,ht' € Sengor (X, X), if X » ht : 7 and ht =g x ht' then
Xpht':r

Proof:
By induction on the derivations of ht =g x ht.

Theorem F.102 For any signature X, for any sequence of variables X, for any
sentences ¢, ¢’ such that X » ¢ : Prop and X » ¢' : Prop , there exists a bijec-
tion between closed derivations of the judgement ¢ =5 x ¢ and the inhabitants
of the inductive relation Beta_eq (ent (€vs X) @) (€vs X) (ent (€vs X) @)

Proof:

The decoding function is inductively defined as follows:
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651 (vareq hv vs prin) = Vareq(e,?ul(hv) =565 (vs) e,;}(hv))

651 (termeq_f vsty ...ty t] ...t wfhtrmy ... wfhtrmy,

beqpry ... beqpry,) =
Termeq_f(f(e;tl vS 1, ... ,e;tl vs ty,) =g.ecl us

f(e;tl vsth,... ,e;tl vs th), [(et_dl wfhtrmi),. .., (et_dl wfhtrm,),

651 beqpry, . .. ,651 beqpry,]

eEl (termeq_f s1_....spsvsty ...t 8] ... 8, T . .1 wfhtrmy ... wfhtrm,

beqpry ... beqpry,) =

Termeq_fs1_... sn s(fet vs tiyeee, €y v tn) =g, (u5)
flegtvsth, ... e vsth)
ht IEERRRA Y n)s
[et_dl wfhtrmy,... ,et_dl wfhtrm,, eEl begpry, . .. ,eEl beqprn|

651 (appleq vs t t' t1 tl" slpr w fhtrm beqpr beqprl) =
Appleq( (E;tl vs t) (E;t} vs tl) =pec) us
(e, vs t') (e vs t') , (cons (¢, w fhtrm) (cons (651 begpr) (6511 begprl))))

eEl (llambdaeq vs ht ht' htl hol slpr w ftrml wft beqpr) =

Llambdaeq( )\(egvll hwl).
(E;tl (addfvarl_Hust hvl vs) ht) (E;t} vs hitl) =51 (E;tl vs ht'),

vs

(cons (et_dl wft) (cons (6;1 begpr) (et_d} wftrml))))
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GE] (lambdaeq vs hvl hol’ slpr ht ht' w ft begpr) =

Lambdaeq (/\(e,;}l hvl).(e,:tl (addfvarl_Hvst hvl vs) ht)

:ﬁ,e;} vs
ey hol').(e)! (addfvarl_Hust hol' vs) ht') |, [e;, wft, 651 beqpr))
651 (foralleq vs hv hv' ht ht' wft begpr) =

Foralleq(¥(e;,! (fst hv)) : (e5! (snd hv)).(e;,' (addfvar_Hust hv vs) ht)

7 7 :ﬁ,e;; vs

V(e (fst hv')): (5! (snd hv')).(¢;, (addfvar_Huvst hv' vs) ht'),

[et_dl wft, 651 beqpr])
651 (sym vs ht ht' wfht wfht' betaeq) =
(Sym(e;,! vs ht =p.ec) et vs ht'), e wiht e wfht' e5" betaeq])

And the decoding function 6511 with arity
eEll : Beta_eql (enu (€vs X) htl) (evs X) (et (€vs X) Atl') = [AnigoL]

where htl = [htq,...,ht,], htl' = [ht},... ht]] is of type (Holterm_list) is
inductively defined as follows:

6511 (nil_Begl vs) = []

egll (cons_Begl ht ht' hitl htl' vs beqpr beqlpr) = cons (651 beqpr) (egll beqlpr)

The rest of the proof is as explained in Chapter 3.

F.3 Adequate encondings of the natural deduction system

And finally, in this subsection we present the encoding and decoding functions
and the proof of adequacy of the proof system for the deduction of terms of
higher-order logic.

Definition F.103 The natural deduction system Hgor (T, X) is defined by the
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following set of rules for any T € P(Senmor (X, X, Prop)):

I'px ¢:Prop TU{¢}=>x ¢

I'=>x¢D¢ (¢mpl_i)
T'=>x¢D¢ T=xo
=x ¢ (impl_e)
r = Xu{z:7} ¢

IF'=xVz:r¢ (forall i)

FT=>xVe:r¢g XU{z:7}p» ¢:Prop Xpt:r
I'=x ¢f{t/z} (forall_e)

F=x¢ ¢v=p¢
'=x (CONV)

Definition F.104 The inductive relation

HOL : Holterm_list — Holvar_set — Holterm — Prop

is defined by the following set of constructors:

impl_i : Tlenv : List Holterm.Tvs : Holvar_set.TTht, ht' : Holterm.
Mwfenv : W fhtermlist vs env (cons prop_Holt (...nil)...).
Mprt : W fhterm vs ht prop_Holt.
Iprd : HOL (cons_Htrm ht env) vs ht'.

HOL env vs (implies_Htrm ht ht')

impl_e : Tlenv : Holterm _list.Tlvs : Holvar_set.TTht, ht' : Holterm.

Mwfenv : W fhtermlist vs env (cons prop_Holt (...nil)...).

Iprd : HOL env vs (implies_Htrm ht ht') Ilprd : HOL env vs ht.

HOL env vs ht’
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forall_i : Tlenv : Holterm_list.Ilvs : Holvar_set.Ilhv : Holvar.ITht : Holterm.
Mwfenv : W fhtermlist vs env (cons prop_Holt (...nil)...).
Ildpr : HOL env (addfvar_Hust hv vs) ht.
HOL env vs (forall_Htrm (getvar_Huvst hv (addfvar _Hvst hv vs)) ht)
forall_e : Tlenv : Holterm_list.Tlvs : Holvar_set.TThv : Holvar.TTht, ht' : Holterm.
Mwfp : W fhtermlist vs env (cons prop_Holt (...nil)...).
Mw ft : W fhterm (addfvar_Huvst hv vs) ht prop_Holt.
Mwft' : W fhterm vs ht' (snd hv).
Tdpr : HOL env vs (forall (getvar_Hwvst hv (addfvar_Huvst hv vs)) ht).
HOL env vs (subst_Htrm (get findex_Hvst (addfvar_Hvst hv vs))

ht ht' (getvar_Hust hv (addfvar_Hust hv vs)))

conv : llenv : Holterm_list.Tlvs : Holvar _set.TTht, ht' : Holterm.
Mwfp : W fhtermlist vs env(cons prop_Holt (...nil)...).
Mprd : HOL env vs ht.
Ibegpr : Beta_eq_Htrm ht vs ht' .HOL env vs ht'}
Definition F.105 The encoding function of derivations of HOL ¢pq which
given a closed derivation in An,,, (I =x ¢) returns a proof of the proposi-
tion
HOL (Ehtl (Ews X) F) (Ews X) (Eht (61/5 X) ¢)

is inductively defined by closed derivations as follows:
For all the cases we will assume that T = [¢1,...,¢n], 61 € Anye, (X B
¢1 : Prop),...,0, € Ay, (X » ¢n @ Prop) and wfenvpr = €q [01,...,8,]
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€nd (tmpl_i (T =x ¢ D ¢',[4,4"])) =
implLi (enat (€vs X)T) (e0s X) (ehe (cvs X) 8) (e (evs X) &) wfenvpr (cua ) (ena 9

where § € Anye, (TU¢ =x ¢'),6' € Ao, (X » ¢ : Prop).

€nd (tmpl_e (T =x ¢',[61,d2])) =

(€ntt (€vs X)T) (€vs X) (€nt (€vs X) @) (€nt (€vs X) ¢') wfenvpr (enq 1) (€na d2)

where §1 € AHHOL(F =>x ¢ o ¢I)v d2 € AHHOL (F =>x ¢)

€na (forall i(T =x Yz : 1.9,[8])) =
forall i (epy (eys X) T) (€5 X) ence
(ene (addfvar_Hust encz (€,5 X)) ¢) wfenvpr (epq J)
where § € Anyo, (I' = x0{a:r) @)

encx = mkpair Holvar (eyn ) (€7 T)

€na forall_e(T =x ¢{t/x;},[61,62,d3]) =
forall_e (epti (€ys X) T) (€45 X) ence
(€nt (addfvar_Hust ence (€5 X)) ¢) (€t (€5 X)) wfenvpr (€pq 61)

(€ta 62) (€ra d3)

where §1 € Anyo, (I =x Ve : 7.¢),02 € Ao, (X U{z: 7} » ¢ : Prop)
d3 €E Ao (X »t:T)

encx = mkpair Holvar (eyn ) (€7 T)
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€na (conv(T = x ¥, [d1,02])) =

conv (€pt (€vs X) T) (€nt (€vs X) @) (€nt (€vs X) ¥) wfenvpr
(ctd 61) (ep d2)

where §1 € AHHOL(F =>x ¢)7 o2 € AHHOL("b =p QS)

Proposition F.106 For any signature X € |AlgSig|, for any T € P(Sennor (X, X, Prop))
and for any ¢ € Termpor (3, X), if T =>x ¢ then X » ¢ : 7

Proof:
By induction on the derivations of ' = x ¢.

Proposition F.107 For any signature X, for any type 7 € Holtype, for any
variable set vs : Holvar_set, for any higher-order term ht : Holterm and for
any list of higher-order terms htl : Holterm_list, if HOL htl vs ht is inhabited
then W fhterm vs ht Prop is inhabited.

Proof:
By induction on the derivations of HOL htl vs hi.

Theorem F.108 ForanyT € P(Sengor (X, X,Prop)) and for any ¢ € Sengor (T, X),

there exists a bijection between the closed derivations of a judgement (T =x ¢)
and the normal forms of the proofs of the proposition

HOL (et (€vs X) T) (€us X) (et (€vs X) @)

Proof:
To prove the bijection we define a decoding function with type

E;dl : (HOL (fh,tl (61,3 X) F) (61/5 X) (Eht (Eus X) ¢)) — AnHOL(F =x ¢)
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inductively defined as follows:
ent (impl_i htl vs ht ht' wfenpr prt prd) =
impl_i((e;t} vs htl) = 1 (E;tl vs ht) D (c;tl vs ht'), [et_dl prt, E;dl prd))

€ps US

egdl (impl_e env vs ht ht' wfenpr prd prd') =

impl_e((¢;} vs env) =1y () vs ht'), [y} prd, e; ] prd']

egdl (forall_i env vs hv ht wfenpr dpr) =

forall_i (¢} ) vs env) = (es) vs) Vel (fst hv) :e;' (snd hv).

(¢, (addfvar_Hust hv vs) ht), [e;; dpr])

€54 (forall_e env vs hv ht ht' w fenpr wft wft' dpr) =
forall_e (e;t% vs env) = -1, (e;tl (addfvar_Huvst hv vs) ht)

{(Ei:tl vs ht') / (517711 (fst hv)} [G}Zdl dpr, E;tl wft, E;tl w ft'])

e;dl (conv env vs ht ht wfenpr prd beqpr) =
conv((c,;j (€ys vS) €nv) = (esl (c;tl (€ys X) ht'), [egtl prd, cEl beqpr])

€55 US)

The rest of the proof is as explained in Chapter 3.

G Predefined functions of chapter 6

G.1 Functions on signature morphisms

Definition G.1 The function get_dom_sm : Signature_morphism — Signature
is defined as follows:

get_dom_sm signm = (sort_sl (get_dom_spl (fst (snd signm))),
sort_opl (get_dom_oppl (snd (snd signm))))
get _dom_spl spl = map [st spl

get _dom_oppl oppl = map fst oppl
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Definition G.2 The function get_ran_sm : Signature_morphism — Signature

is defined as follows:

get_ran_sm signm = (sort_sl (get_ran_spl (fst (snd signm))),

sort_opl (get_ran_oppl (snd (snd signm))))

get _ran_spl spl = map snd spl

get _ran_oppl oppl = map snd oppl

Definition G.3 The function inverse_sm : Signature_morphism — Signature_morphism

is defined as follows:

inverse_sm sm = mkpair (get_ran_sm sm) (invert_pairs sm)
where

invert_pairs sm = mkpair(invp_sl(fst (snd sm)))(invp_opl(snd (snd sm)))

invp_sl sl = map invp sl
invp_opl sl = map invp opl
invpp = (snd p, fst p)

G.2 Operations on signatures and specification expres-
sions

Definition G.4 The function new_index : Signature — Sym_index — Signature
is defined as follows:

new_index sign ind = mkpair (map (updinds ind) (fst sign) )
(map (updindop ind) (snd sign))

where
updinds s ind = (fst s,ind)
updindop op ind = (fst op, ind)

Definition G.5 The function union_Sign : Signature — Signature — Signature
is defined as follows:

union_Sign sign sign’ = mkpair (union_Srt (first sign) (first sign’))

(union_Ops (snd sign) (snd sign’))
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Definition G.6 The function union_Srt : (List Ind_sorts) — (List Ind_sorts) —
(List Ind_sorts) is defined as follows:

union_Srts [ l! = Primrec (List Ind_sorts) l' genc_uSrts
where
genc_uSrts s sl slf = add_if not_in_sl s slf
add_if not_in_sl s sl = Primrec Bool (cons s sl) sl (not_in_sl s sl)
not_in_sl s sl = Primrec(List Ind_sorts) true (genc_ninsl s) sl
genc_ninsl s s' sl b =
Primrec bool(not_bool Eqbool_Isrts s s') bb

Definition G.7 The function union_Ops : (List Ind_ops) — (List Ind_ops) —
(List Ind_ops) is defined as follows:

union Ops I l' = Primrec (List Ind_ops) ' genc_uOps |
where
genc_uOps op opl opl f = add_if_not_in_opl op opl f
add_if _not_in_opl op opl = Primrec Bool (cons op opl) opl (not_in_opl op opl)
not_in_opl op opl = Primrec (list Ind_ops) true (genc_ninopl op) opl
genc_ninopl op op’ opl b= Primrec bool (not_bool (Eqbool_Iops op op')) bb

Definition G.8 The function intersect_Sign : Signature — Signature —
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Signature is defined as follows:

inrtersect_Sign sign sign’ = mkpair (fst (inter_Srt (first sign) (first sign’)))

(fst (inter_Ops (snd sign) (snd sign')))
where
inter_Srt sl sl' = Primrec (List Ind_sorts) (nil, sl) addifinsecsl sl’
addifinsecsl s sl psl = Primrec bool (cons s (fst psl), snd psl)

psl (is_in_bool Eqbool_Isrts (snd psl))

inter_Ops opl opl’ = Primrec (List Ind_ops) (nil, opl) addifinsecopl sl'
addifinsecopl op opl popl = Primrec bool (cons s (fst popl), snd popl)
popl (is_in_bool Eqbool_Iops (snd psl))

Definition G.9 The function dif f_Sign : Signature — Signature — Signature
is defined as follows:

dif f_Sign sign sign’ = mkpair (dif f _Srt (first sign) (first sign’))

(diff_-Ops (snd sign) (snd sign’))

where

diff_Srt sl sl' = Primrec (List Ind_sorts) sl gencsl_dif f sl’
genesl_dif f s sl sl' = remove Fqbool_Isrts s sl'

dif f _Ops opl opl' = Primrec (List Ind_ops) opl gencopl_diff opl’
gencopl_dif f op opl opl’ = remove Eqbool_Iops op opl’

Definition G.10 The function nameclash_sign : Signature — Signature —
Signature — Signature is defined as follows:

nameclash_sign signsp sign signsp’ =
dif f _sign (intersect_sign signsp signsp') sign

Definition G.11 The function Signature_ind_sp : Specification — Sym_index —
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Signature is defined as follows:

Signature_ind_sp sp ind = Primrec Specification (basec_sign ind) (sumc_sign ind) (expc_sign ind)
(renc_sign ind) (reachc_sign ind) (behc_sign ind) (quotc_sign ind) (abstrc_sign ind) sp
where

basec_sign ind sign htl = (new_index sign ind, ind)

sumec_sign ind sp sign sp’ signsp signsp’ =
mkpair (union_sign (new_index (nameclash_sign (fst signsp)
sign (fst signsp'))
(next_Si (mazind_Si (snd signsp) (snd signsp'))))
(union_sign (dif f_sign (dif f_sign (fst signsp) sign)
(nameclash_sign (fst signsp) sign (fst signsp'))) (fst signsp'))

(next_Si (mazind_Si (snd signsp) (snd signsp')))

renc_sign ind sp signm signsp = (get_ran_sm signm,ind)
expe_sign ind sp sign signsp = (sign,ind)
reachc_sign ind sp reachsgn signsp = signsp

behc_sign ind sp obssl inssl signsp = signsp
absc_sign ind sp obssl inssl signsp = signsp

quoc_sign ind sp obssl inssl signsp = signsp

Definition G.12 The function Signature_sp : Specification — — Signature
is defined as follows:

Signature_sp sp = fst (Signature_ind_sp sp first_Vi)
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(.3 Some inductive relations

Definition G.13 The inductive relation Same_signature : lsign, sign’ : Signature.Prop
is defined by the following set of constructors:

basec_Sams : Ilsign : Same_signature (mkpair (nil Ind_sorts) (nil Ind_ops))
(mkpair (nil Ind_sorts) (nil Ind_ops))
gencs_Sams : Ils : Ind_sorts.Ilsign, sign’ : Signature.Ilsams : Same_signature sign sign’.
Same _signature (sort_sl (cons s (fst sign), (snd sign)))

(sort_sl (cons s (fst sign'), (snd sign’)))
gencop_Sams : llop : Ops.Ilsign, sign’ : Signature.Ilsams : Same_signature sign sign’.
Same_signature (fst sign, (sort_opl (consop (snd sign)))
(fst sign, (sort_opl (cons op (snd sign)))

Definition G.14 The inductive relation Subsignature : Tlsign, sign’ : Signature. Prop
is defined by the following set of constructors:

basec_Subsign : Tlsign : Signature.Subsignature (mkpair (nil Ind_sorts) (nil Ind_ops)) sign
gencs_Subsign : Ils : Ind_sorts.Ilsign, sign’ : Signature.

Misins : I's_in_List s (fst sign').

Subsignature (sort_sl (cons s (fst sign), (snd sign))) sign’
gencop_Subs : Tlop : Ops.Isign, sign’ : Signature Ilisins : I's_in_List op (snd sign').

Subsignature (fst sign, (sort_opl (cons op (snd sign))) sign’

Definition G.15 The inductive relation Subsorts : Tsl : List Ind_sorts.sign’ :
Signature.Prop is defined by the following set of constructors:

basec_Subs : IIsign : Signature.Subsorts (nil Ind_sorts) sign
gencs_Subs : Ils : Ind_sorts.Ilsl : List Ind_sorts.Ilsign : Signature.
[isins : Is_in_List s (fst sign’).

Subsorts (sort_sl (cons s sl)) sign’
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Definition G.16 The inductive relation
Bijective : Ilsign : SignatureIlsignm : Signature_morphism.Prop

is defined by the following constructors:

bij_ctr : Msign : Signature Ilsignm : Signature_morphism.
Mnorepssd : Norep list Ind_sorts Fqbool_Isrts (fst (get_dom_sm signm)).
Mnorepsst : Noreplist Ind_sorts Eqbool_Isrts (fst (get_ran_sm signm)).
Mnorepsopd : Norep list Ind_ops Eqbool_Tops (snd (get_dom_sm signm)).
Tnorepsopt : Norep_list Ind_ops Eqbool_Iops (snd (get_ran_sm signm)).
Tlsamesignd : Same_signature sign (get_dom_sm signm).
Tlsamesignt : Same_signature (first signm) (get_ran_sm signm).

Bijective sign signm

G.4 Operations associated to the pushouts morphisms of
structured specifications

Definition G.17 The function inl_sums : Specification — Signature —
Specification — Signature is defined as follows:

inl_sums sp sign sp’ = Signature_sp sp

Definition G.18 The function inr_sums : Specification — Signature —
Specification — Signature is defined as follows:

inr_sums sp sign sp’ =
union_sign (new_index (nameclash_sign (Signature_sp sp) sign (Signature_sp sp'))
(next_Vi (maxind_Si (snd (Signature_ind_sp sp first_Vi))
(snd (Stgnature_ind_sp sp’ first_Vi)))))

(dif f-sign (Signature_sp sp') (nameclash_sign (Signature_sp sp) sign(Signature_sp sp')))

Definition G.19 The function inlsm_sums : Specification — Signature —
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Specification — Signature_morphism is defined as follows:

inlsm_sums sp sign sp’ =
(join Ind_sorts Ind_sorts (fst (Signature_sp sp)) (fst (Signature_sp sp)),
join Ind_ops Ind_ops (snd (Signature_sp sp))(snd (Signature_sp sp)))

Definition G.20 The function inrsm_sums : Speci fication — Signature —
Specification — Signature_morphism is defined as follows:

inrsm_sums sp sign sp’ =
(concat (prod Ind_sorts Ind_sorts) (join Ind_sorts Ind_sorts
(F'st (nameclash_sign (Signature_sp sp) sign (Signature_sp sp')))
(F'st (new_index (nameclash_sign (Signature_sp sp) sign (Signature_sp sp'))

(next_Vi (maxind_Si (snd (Signature_ind_sp sp first_Vi))

(snd (Signature_ind_sp sp’ first_Vi)))))))

(join Ind_sorts Ind_sorts (Fst (dif f _sign (Signature_sp sp’ first_Si)
(nameclash_sign (Signature_sp sp first_Si) sign (Signature_sp sp’ first_Si))))

(F'st (dif f_sign (Signature_sp sp’ first_Si) (nameclash_sign

(F'st (Signature_sp sp first_Si)) sign (Signature_sp sp’ first_Si)))))),
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(concat (prod Ind_ops Ind_ops) (join Ind_ops Ind_ops
(snd (nameclash_sign (Signature_sp sp first_Si) sign (Signature_sp sp’ first_Si)))
(snd (new_index (nameclash_sign (Signature_sp sp first_Si)
sign (Signature_sp sp’ first_Si))
(next_ Vi (maxind_Si (snd (Signature_ind_sp sp first_Vi))
(snd (Signature_ind_sp sp’ first_Vi)))))))
(join Ind_ops Ind_ops (snd (dif f_sign (Signature_sp sp’ first_Si)
(nameclash_sign (Signature_sp sp first_Si) sign (Signature_sp sp’ first_Si))))

(snd (dif f_sign (Signature_sp sp’ first_Si) (nameclash_sign

(Signature_sp sp first_Si) sign (Signature_sp sp’ first_Si))))))
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