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Introduccion

Esta tesis se enmarca dentro del estudio que analiza la influencia de las clases de
conjugacion en la estructura de grupos finitos. En los ultimos treinta y cinco afios
ésta ha sido una linea de investigaciéon proéspera y activa. Los contenidos estan di-
vididos en dos partes que recogen un compendio de articulos cada uno de los cuales
es un capitulo que tiene exactamente la misma estructura y bibliografia que la ver-
sién original publicada. La primera parte consta de cuatro capitulos sobre el tema
de grafos de clases de conjugacién contenidas en un subgrupo normal y su impacto
estructural en este subgrupo. Ademés, como aplicacion de las propiedades de estos
grafos, presentamos una version generalizada del conocido Teorema de Landau para
este tipo de clases. Estos capitulos corresponden a los manuscritos [6], [8], [9] v
[7] que aparecen en la bibliografia, respectivamente. La segunda parte contiene dos
capitulos que tratan sobre la informacion que el producto de clases de conjugacién
proporciona acerca de la no simplicidad y la estructura normal de un grupo. Estos
capitulos son [11] y [10], respectivamente.

Parte 1

En la primera parte, centraremos nuestra atencién en la clases de conjugaciéon
contenidas en subgrupos normales. Sea N un subgrupo normal de un grupo G. Para
cada elemento z € N, la G-clase de conjugacion de x es el conjunto de elementos
de N que son conjugados a x en G. Cada G-clase de elementos de N es unién de
clases de conjugacién de N, y se sigue facilmente que su tamano es multiplo de un
tamano de una N-clase. Resultados recientes ponen de manifiesto que el conjunto de
tamafios de G-clase mantienen una fuerte influencia en la estructura de IV, a pesar
de que pueden existir primos que dividen a los tamafios de G-clase que, sin embargo,
no dividen al orden de N. Las contribuciones de esta parte de la tesis representan un
avance en esta nueva linea de investigacion sobre la estructura normal de un grupo
finito considerando sus clases de conjugacion.

El estudio de grafos de clases de conjugacion y de caracteres ha sido muy amplio
y contintia siendo una linea de investigacién activa. Los resultados més clésicos se
encuentran recogidos en los surveis de M.L. Lewis en [32] y A.R. Camina y R.D
Camina en [I5]. Los articulos [14] y [3] son ejemplos que muestran la actualidad
del tema. El origen del estudio de grafos asociados a clases de conjugacion se debe
a E. A. Bertram, M. Herzog y A. Mann. En 1990, definieron en [13] el grafo I'(GQ)
asociado a los tamanos de las clases de conjugacién ordinarias de G como sigue: los
vértices de I'(G) estan representados por las clases de conjugacion no centrales de G
y dos vértices estdn conectados por una arista si sus tamanos tienen un primo divisor
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comin. Probaron que el nimero de componentes conexas de I'(G) es a lo sumo 2
y que cuando el grafo es conexo, entonces su didmetro es a lo sumo 4. Ademas,
caracterizaron el caso disconexo, en el que cada componente es un grafo completo,
probando que los grupos cuasi-Frobenius con niicleo y complemento abelianos son los
tinicos cuyos grafos tienen dos componentes conexas. Mas tarde, en [22], C. Chillag,
Herzog y Mann obtuvieron la mejor cota del didmetro de este grafo cuando es conexo,
la cual es 3.

En el Capitulo 1, nos fijamos en la clases de conjugacién contenidas en un sub-
grupo normal N de G y definimos, de manera anéloga a I'(G), el grafo I'g(N),
cuyos veértices son las G-clases de N, y es un subgrafo de I'(G). El hecho de que el
nimero de componentes conexas y el didmetro de I'(G) estén acotados no implica
directamente que los correspondientes parametros para I'¢(/V) también tengan que
estar acotados. También veremos que no hay relacion entre I'(N) y I'q(N) ni en-
tre sus didmetros. Probaremos que el ntimero de componentes conexas de I'g(V)
es a lo sumo 2 y que, en el caso conexo, la mejor cota de su didmetro es 3 y en
el caso disconexo cada componente conexa es un grafo completo. Ademés, para el
caso disconexo de I'g(N) obtenemos que, o bien N es quasi-Frobenius con niicleo
y complemento abelianos, o es el producto directo de un p-grupo y un subgrupo
central. Contrariamente al caso ordinario, esto no es una caracterizacion. En [23],
S. Dolfi define el grafo dual de I'(G), denotado I'*(G), cuyos vértices son los primos
divisores de los tamarnos de clase de GG, y dos vértices p y ¢ estdn unidos por una
arista si existe una clase de conjugaciéon de G cuyo tamano es miiltiplo de pg. En
este capitulo también abordamos cuestiones similares para el correspondiente grafo
dual de I'g(NN), esto es, el grafo asociado a los primos que dividen a los cardinales
de las G-clases de N que denotamos como I';, (V).

Uno de los problemas que se plantean en el estudio de grafos asociados a grupos
finitos es analizar la estructura del grupo cuando el didmetro es maximo. En [19],
por ejemplo, C. Casolo, S. Dolfi, E. Pacifici y L. Sanus caracterizan el grafo asociado
a los grados de los caracteres de los grupos resolubles cuando tiene didmetro 3. En
cuanto a clases ordinarias, L.S. Kazarin caracteriza en [30] la estructura de un grupo
G con dos “clases aisladas". En particular, Kazarin determind, como resultado de
dicha caracterizacion, la estructura de los grupos G con didmetro de I'(G) igual a
3. En cuanto a I'¢(N), en el Capitulo 2 se determina la estructura del subgrupo
normal N cuando su didmetro es tan grande como es posible, esto es, cuando es
igual a 3. Respecto a los grafos duales, en [I8], Casolo y Dolfi describen todos los
grupos finitos G para los cuales el grafo dual de I'(G) es conexo y tiene didmetro 3.
Sin embargo, el problema de determinar la estructura normal cuando el didmetro de
I'Z(N) es exactamente 3 todavia esta abierto.

En el Capitulo 3, presentamos varios resultados en relacién a la estructura de
los grupos y subgrupos normales en los casos mas simples del grafo I'¢(N): cuando
consta de exactamente uno, dos o tres vértices. Estas propiedades se utilizan para
obtener la estructura del subgrupo normal cuando el grafo de G-clases no tiene tridn-
gulos. En todos estos casos, hacemos una comparacion entre I'(G) y I'¢(N). Los
correspondientes resultados caracterizando el grafo I'(G) cuando no tiene triangulos
se encuentran publicados en [24].
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En el Gltimo capitulo de la primera parte nos centraremos en el estudio del niimero
de clases de conjugaciéon de un grupo en lugar de en sus tamanos. El conocido Teo-
rema de Landau sobre clases de conjugacion afirma que hay solo un niimero finito
de grupos finitos, salvo isomorfismo, con exactamente k clases de conjugacién para
cualquier entero positivo k. En el teorema original, no se proporciona una cota su-
perior en términos de k para el orden de estos grupos, pero pocos anos después, M.
Newman proporciona en [35] dicha cota. Cuando consideramos clases contenidas en
un subgrupo normal IV, una cuestién natural es si existe un ntamero finito de grupos
con un subgrupo normal tal que es unién de un ntmero fijo de G-clases. La respuesta
es negativa si no se fija el indice |G : N|. Por el contrario, si se fija el indice, entonces
la respuesta es afirmativa y en el Capitulo 4 se proporcionan cotas superiores para
|G| y |N| dependiendo del namero de G-clases de conjugacion no centrales en N (en
lugar de todas las G-clases). Ademas, como aplicacion de las propiedades obtenidas
para el grafo I'¢(N), clasificamos explicitamente los grupos G con un subgrupo nor-
mal N y una o dos G-clases de conjugaciéon no centrales de tamanos coprimos para
algunos indices concretos.

En la literatura encontramos muchos resultados sobre cotas logaritmicas para
ciertas clases de grupos, por ejemplo, grupos nilpotentes o “cercanos a nilpotentes"
[17], o grupos resolubles [16], asi como extensiones del resultado de Landau como [29]
y [34], en las que solamente se tienen en cuenta clases de conjugacion de elementos
de orden potencia de primo y de elementos p-regulares, respectivamente. En 2005,
L. Héthelyi y B. Kiilshammer [29] probaron una extension del Teorema de Landau
para elementos de orden potencia de primo. No dieron, sin embargo, una expresion
numérica de la cota superior del orden del grupo. En el Capitulo 4, proporcionamos
una funcién explicita de dicha cota para grupos resolubles y elementos de orden po-
tencia de primo. Ademés, volviendo al estudio de GG-clases, también proporcionamos
una extensiéon del Teorema de Landau para elementos de orden potencia de primo
contenidos en un subgrupo normal. No obstante, veremos que dicha extensién no se
puede restringir solamente a G-clases de conjugacién no centrales de elementos de
orden potencia de primo contenidas en un subgrupo normal N de G. Esto ocurre
porque se puede ver facilmente que |N| y |G| no pueden acotarse en términos del
ntmero de éstas clases aunque el indice esté fijado.

Parte II

La segunda parte de esta tesis se dedica al estudio de la estructura normal de un
grupo finito considerando la informacién proporcionada por el ntimero de clases de
conjugaciéon que aparecen en el producto de clases. Un subconjunto X de G se dice
que es G-invariante si X9 = {29 | z € X} = X para todo g € G, y en este caso, X
es siempre union de clases de conjugacion. Escribimos n(X) para denotar el ntimero
de clases de conjugacion diferentes que aparecen en X. En particular, el producto de
dos clases de conjugacion A y B de G es un conjunto G-invariante. Existen algunos
resultados sobre la estructura de un grupo finito respecto a n(AB), algunos de los
cuales estan relacionados con la resolubidad o no simplicidad del grupo. Por ejem-
plo, cuando n(AB) = 2, Arad y Fisman obtuvieron en [4], trabajando en el algebra
compleja de grupo C[G], la no simplicidad de un grupo bajo la hipotesis de que el
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producto de dos clases de conjugacion A y B es exactamente la uniéon de estas dos
clases o sus inversas.

En [5], Z. Arad y M. Herzog conjeturan uno de los problemas mas significativos
sobre productos de clases de conjugacion, esto es, si existen dos clases de conju-
gacion A y B en un grupo G tales que n(AB) = 1, entonces G no es un grupo simple
no abeliano. Esta conjetura todavia sigue abierta aunque ha sido verificada para
muchas familias de grupos simples. Fue comprobada en [5] para los grupos alter-
nados, los grupos Suzuki, PSLa(q), los grupos simples no abelianos de orden menor
que un millén, y 15 de los 26 grupos simples esporadicos. Mas tarde, usando una
caracterizacién del hecho de que el producto de dos clases es una clase en términos
de caracteres, J. Moori y H.P. Tong-Viet probaron en [33] la conjetura para mas
familias de grupos simples. En realidad, esta caracterizacién puede utilizarse para
comprobarla para todos los grupos simples esporadicos y todos los grupos simples
cuya tabla de caracteres sea conocida. Mas recientemente, R. Guralnick, G. Malle
y P.H. Tiep validaron en [27] la conjetura de Arad y Herzog en varios casos mas de
grupos simples algebraicos. Ademés, un caso particular de la conjetura de Arad y
Herzog ha sido probado recientemente por G. Navarro and Guralnick en [28] con-
siderando el cuadrado de una clase de conjugacién, aunque el resultado aporté6 mas
informacion. Obtuvieron, utilizando la Clasificacién de los Grupos Finitos Simples
(CGFS), la resolubilidad de (K), siendo K una clase que satisface que K? es clase.

Recordemos que una clase de conjugacion K se dice que es real si K = K1
Inspirados por el anterior resultado de Guralnick y Navarro, observamos que si K
es una clase de conjugacion real no trivial de G, se sigue trivialmente que K2 nunca
puede ser una clase de conjugaciéon a menos que K conste de una tnica involuciéon
central de G. En el Capitulo 5, estudiamos el caso mas simple cuando consideramos
una clase real K, esto es, K2 es la unién de la clase trivial y otra clase. Obtenemos
que entonces el subgrupo (K) es resoluble. Las técnicas para probar este resultado
son bastante elementales aunque utilizamos el teorema Z* de Glauberman [26] y un
resultado de Y. Berkovich y L. Kazarin [12]. Ambos requieren herramientas de la
teoria modular de representaciones, luego nuestro resultado principal también esté
basado en ellas. Remarcamos, sin embargo, que no utilizamos la CGFS a diferencia
del resultado de Guralnick y Navarro.

En el Capitulo 6 consideramos otro caso relevante a estudiar sobre el producto de
una clase de conjugacién por su inversa. Los primeros resultados en esta situacion
fueron obtenidos para grupos superesolubles, grupos nilpotentes y p-grupos por
Adan-Bante en [I] y [2]. Nos preguntamos qué ocurre en general cuando n(K K ') =
2 0 n(KK~1) = 3 para cualquier grupo G. En este capitulo, estudiamos el caso
n(KK~') = 2 y obtenemos la no simplicidad del grupo y conjeturamos que (K) y
(KK~ son resolubles. Sin embargo, solo hemos podido probarlo en algunos casos
particulares. Si continuamos con el estudio de KK ~! observamos que el hecho de
que n(K K1) = 3 no implica que (K) o (KK ') sea resoluble. En realidad, veremos
que (KK~') puede ser incluso simple. Sin embargo, estudiamos el caso particular
en que KK~' =1UDUD™! con D una clase de conjugaciéon de G, y demostramos
que G no puede ser simple utilizando la teoria de caracteres y la CGFS. También en
este caso, la resolubilidad de (K') ha quedado como cuestion abierta.



Introduction

This thesis is framed within the study that analyzes the influence of the conjugacy
classes on the structure of finite groups. Over the last thirty five years this has been
a flourishing and active line of research. The contents are divided into two parts
each of which compiles a compendium of papers being each of them a chapter having
exactly the same structure and biography as the original published version. The first
part consists of four chapters about the topic of graphs of conjugacy classes contained
in a normal subgroup and their structural impact in such subgroup. Furthermore, as
an application of the properties of these graphs, we present a generalized version of
the well-know Landau Theorem for such classes. These chapters correspond to the
manuscripts [6], [8], [9] and [7] appearing in the bibliography, respectively. The sec-
ond part contains two chapters about the information that the product of conjugacy
classes provides about the non-simplicity and normal structure of a group. These
chapters are [I1] and [10], respectively.

Part 1

In the first part, we will focus our attention on the conjugacy classes contained
in normal subgroups. Let IV be a normal subgroup of a group G. For each element
x € N, the G-conjugacy class of x is the set of elements of N which are conjugate
to x in G. Each G-class of elements of N is the join of conjugacy classes of NV, and
it easily follows that its size is a multiple of a single N-class size. Recent results put
forward that the set of G-class sizes continues to maintain a strong influence on the
structure of IV, in spite of the fact that there may exist primes dividing the G-class
sizes that, however, do not divide de order of N. The contributions of this part of the
thesis represent an advance in this new line of research about the normal structure
of a finite group considering its conjugacy classes.

The study of graphs of conjugacy classes and characters has been very wide and
it continues being an active line of research. The most classical results are included
in the surveis of M.L. Lewis in [32] and A.R. Camina and R.D Camina in [I5]. The
papers [I4] and [3] are examples showing that this is a current topic. The origin
of the study of graphs associated to conjugacy classes is due to E. A. Bertram, M.
Herzog and A. Mann. In 1990, they defined in [13] the graph I'(G) associated to the
ordinary conjugacy class sizes of G as follows: the vertices of I'(G) are represented
by the non-central conjugacy classes of G and two vertices are connected by an edge
if their sizes have a common prime divisor. They proved that the number of con-
nected components of I'(G) is at most 2 and that when the graph is connected, then
its diameter is at most 4. Furthermore, they characterize the disconnected case, in

X1
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which each component is a complete graph, by proving that quasi-Frobenius groups
with abelian kernel and complements are the only groups whose graphs have two
connected components. Later, in [22], C. Chillag, Herzog and Mann obtained the
best bound of the diameter of this graph when it is connected, which is 3.

In Chapter 1, we look at the conjugacy classes contained in a normal subgroup
N of G and we define, analogue to I'(G), the graph I'¢(/NV), whose vertices are the
G-classes of N, and it is a subgraph of I'(G). The fact that the number of connected
components and the diameter of I'(G) are bounded does not directly imply that the
corresponding parameters for I'¢(/N) must be bounded too. We will also see that
there is no relation between I'(IV) and I'¢(N) nor between their diameters. We will
prove that the number of connected components of I'¢(V) is at most 2 and that,
in the connected case, the best bound of its diameter is 3 and in the disconnected
case each component is a complete graph. Furthermore, for the disconnected case
we have that, either N is quasi-Frobenius with abelian kernel and complement, or it
is the direct product of a p-group and a central subgroup. On the contrary to the
ordinary case, this is not a characterization. In [23], S. Dolfi defines the dual graph
of I'(G), denoted by I'*(G), whose vertices are the primes which occur as divisors of
the class sizes of G, and two vertices p and ¢ are joined by an edge if there exists a
conjugacy class in G whose size is a multiple of pg. In this chapter we also tackle
similar questions for the corresponding dual graph of I'¢(N), that is, the graph as-
sociated to the primes that divide the G-class sizes of N that we denote by 't (V).

One of the raised problems in the study of graphs associated to finite groups is
to analize the structure of the group when the diameter is maximum. In [19], for in-
stance, C. Casolo, S. Dolfi, E. Pacifici and L. Sanus characterize the graph associated
to the character degrees of the solvable groups when it has diameter 3. Concerning
ordinary classes, L.S. Kazarin characterizes in [30] the structure of a group G having
two “isolated classes". Particularly, Kazarin determined, as a result of such character-
ization, the structure of those groups G with diameter of I'(G) equal to 3. Regarding
I'¢(N), in Chapter 2, the structure of the normal subgroup N is determined when
its diameter is as large as possible, that is, when it is equal to 3. Concerning the
dual graphs, in [I8], Casolo and Dolfi describe all finite groups G for which the
dual graph of I'(G) is connected and has diameter 3. However, the problem of de-
termining the normal structure when the diameter of I'f, (V) is exactly 3 is still open.

In Chapter 3, we present several results in regards to the structure of groups
and normal subgroups to the simplest cases of the graph I'¢(/N): when it consists of
exactly one, two ore three vertices. These properties are used to obtain the structure
of the normal subgroup when the graph of G-classes has no triangles. In all these
cases we make a comparison between I'(G) and I'¢(/V). The corresponding results
characterizing the graph I'(G) when it has no triangles are publishes in [24].

In the last chapter of the first part we focus on the study of the number of conju-
gacy classes of a group instead of in their sizes. The well-known Landau’s Theorem
on conjugacy classes asserts that there are only finitely many finite groups, up to
isomorphism, with exactly k conjugacy classes for any positive integer k. In the
original theorem, no upper bound in terms of k for the order of such groups was pro-
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vided, but a few years later, M. Newman provides in [35] such bound. When dealing
with classes contained in a normal subgroup N, a natural question is whether there
exist finitely many groups having a normal subgroup which is the union of a fixed
number of G-classes. The answer is negative if the index |G : N| is not fixed. On
the contrary, if the index is fixed, then the answer is affirmative and in Chapter 4
we provide upper bounds for |G| and |N| depending on the number of non-central
G-classes lying in N (instead of all G-classes). In addition, as an application of the
properties obtained for the graph I'g(NN), we explicitly classify the groups G with
a normal subgroup N and one or two non-central conjugacy G-classes with coprime
sizes for some concrete indices.

In the literature we find many results about logarithmic bounds for certain classes
of groups, for instance, nilpotent or “almost nilpotent" groups [17], or solvable groups
[16], as well as extensions of Landau’s result, such as [29] and [34], where only con-
jugacy classes of prime power order elements and of p-regular elements are taken
into account, respectively. In 2005, L. Héthelyi and B. Kiilshammer [29] proved
an extension of Landau’s theorem for prime power order elements. They did not
give, however, any numerical expression for the upper bound of the group order. In
Chapter 4, we provide an explicit function of such bound for solvable groups and
elements of prime power order. Furthermore, coming back to the study of G-classes,
we also give an extension of Landau’s Theorem for prime power order elements lying
in a normal subgroup. However, we will see that we cannot restrict this extension
to just non-central G-classes of prime power order elements contained in a normal
subgroup N of G. This happens because one can easily see that |[N| and |G| cannot
be bounded in terms of the number of such classes although the index is fixed.

Part 11

The second part of this thesis is devoted to the study of the structure of a finite
group by considering the information provided by the number of conjugacy classes
appearing in the product of classes. A subset X of GG is said to be G-invariant if
X9 ={29|x € X} = X for all ¢ € G, and in this case, X is always union of
conjugacy classes. We set 1(X) to denote the number of distinct conjugacy classes
appearing in X. In particular, the product of two conjugacy classes A and B of G,
that is, AB = {ab | a € A,b € B}, is a G-invariant set. There exist some results
about the structure of a finite group regarding n(AB), some of which are related
to the solvability and non-simplicity of the group. For instance, when n(AB) = 2,
Arad and Fisman obtained in [4], by working on the complex group algebra C[G], the
non-simplicity of a group under the assumption that the product of two conjugacy
classes A and B is exactly the union of these two classes or their inverses.

In [5], Z. Arad and M. Herzog conjecture one of the most significant problems
about products of conjugacy classes, that is, if there exist two conjugacy classes A
and B in a group G such that n(AB) = 1, then G is not a non-abelian simple group.
This conjecture remains open although it has been verified for plenty of families of
simple groups. It was checked in [5] for alternating groups, Suzuki groups, PSLa(q),
non-abelian simple groups of order less than one million, and 15 of the 26 sporadic
simple groups. Later, by using a characterization of the fact that the product of two
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conjugacy classes is a conjugacy class in terms of characters, J. Moori and H.P. Tong-
Viet proved in [33] the conjecture for more families of simple groups. Actually, this
characterization can also be used to check it for all the sporadic simple groups and
all the simple groups whose character table is known. More recently, R. Guralnick,
G. Malle and P.H. Tiep validated in [27] Arad and Herzog’s conjecture in several
more cases of algebraic simple groups. Furthermore, a particular case of Arad and
Herzog’s conjecture has been recently proved by G. Navarro and Guralnick in [28] by
considering the square of a conjugacy class, although the result goes much further.
They obtained, by means of the Clasification of the Finite Simple Groups (CFSG),
the solvability of (K), being K a class satisfying that K? is class.

Recall that a conjugacy class K of a group G is said to be real if K = K~
Inspired by the above Guralnick and Navarro’s result, we observe that if K is a non-
trivial real conjugacy class of G, it trivially follows that K2 can never be a conjugacy
class unless K consists of a single central involution of G. In Chapter 5, we study the
simplest case when considering a real class K, that is, K2 is union of the trivial class
and another class. We obtain that then the subgroup (K) is solvable. The techniques
for proving this result are quite elementary although we make use of Glauberman’s
Z* theorem [26] and a result of Y. Berkovich and L. Kazarin [I2]. Both require tools
from modular representation theory, so our main result is based on it as well. We
remark, however, that we do not appeal to the CFSG unlike Guralnick and Navarro’s
result.

In Chapter 6 we consider another relevant case to study about the product of a
conjugacy class by its inverse. The early results in this situation were obtained for
supersolvable groups, nilpotent groups and p-groups by Adan-Bante in [I] and [2]. We
wonder what happens in general when n(K K ~!) =2 or n(K K1) = 3 for any group
G. In this chapter, we study the case n(K K ~!) = 2 and we obtain the non-simplicity
of the group and we conjecture that (K) and (KK ~!) are solvable. Nevertheless,
we have only been able to prove it in some particular cases. If we continue with
the suty of KK !, we observe that the fact that n(K K ~!) = 3 does not imply that
(K) or (KK~ is solvable. Actually, we will see that (K K~') may be even simple.
Nonetheless, we study the particular case in which KK~ =1UD U D~! with D a
conjugacy class of G, and we demonstrate that G cannot be simple by means of the
character theory and the CFSG. Also in this case, the solvability of (K) remains an
open question.
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Chapter 1

Graphs associated to conjugacy
classes of normal subgroups

Abstract

Let G be a finite group and let N be a normal subgroup of G. We attach to N two graphs I'q(NV)
and 't (N) related to the conjugacy classes of G contained in N and to the set of primes dividing
the sizes of these classes, respectively. These graphs are subgraphs of the ordinary ones associated
to the conjugacy classes of G, I'(G) and I'*(G), which have been widely studied by several authors.
We prove that the number of connected components of both graphs is at most 2, we determine the
best upper bounds for the diameters and characterize the structure of N when these graphs are
disconnected.

Keywords. Finite groups, conjugacy classes, normal subgroups, graphs.
Mathematics Subject Classification (2010): 20E45, 20D15.

1.1 Introduction

Let G be a finite group and let N be a normal subgroup of G. For each element
x € N, the G-conjugacy class is & = {29 | g € G}. We will denote by Cong(N) the
set of conjugacy classes in G of elements of N. The elements in Cong(/N) are unions
of conjugacy classes of N, and it turns out that every G-class size is a multiple of
a N-class size. Recent results have showed that the G-class sizes still have a strong
influence on the structure of IV in spite of the fact that there may exist primes di-
viding the G-class sizes which, however, do not divide the order of N.

In 1990, E. A. Bertram, M. Herzog and A. Mann introduced in [3] the graph
I'(G) associated to the sizes of the ordinary conjugacy classes of G, and later, in
[4] the best bound of the diameter of this graph was attained. Our aim is to study
the properties of the following subgraph of I'(G) regarding the G-conjugacy classes
contained in NV and to obtain structural properties of IV in the disconnected case.

Definition 1.1.1. Let G be a finite group and let N be a normal subgroup in G.
We define the graph T'g(N) in the following way: the set of vertices is the set of
non-central elements of Cong(N), and two vertices z% and y© are joined by an edge
if and only if |2%| and |y©| have a common prime divisor.



4 GRAPHS OF CONJUGACY CLASSES OF NORMAL SUBGROUPS

Notice that I'(N) is not a subgraph of I'(N) because the set of vertices of I'(IV)
needs not to be included within the set of vertices of I'¢(N). Moreover, we remark
that although I'¢(N) is subgraph of I'(G), the fact that the number of connected
components and the diameter of I'(G) are bounded does not directly imply that the
corresponding for I'¢(N) have to be bounded too. However, we show that both
numbers, denoted by n(I'¢(N)) and d(I'¢(N)), are actually bounded. It is easy to
check that the bounds in Theorems A and B are the best possible bounds.

Theorem A. Let G a finite group and let N be a normal subgroup of G. Then
n(Tg(N)) < 2.

We want to remark that there is no relation between the connectivity of I'¢(N)
and I'(N). For instance, I'(INV) can be disconnected while I'¢(N) is not. We can
use the semilinear affine group I'(p™) for appropriate p and n in order to see this.
Recall that if GF(p") is the finite field of p™ elements, then the multiplicative group
H = GF(p™)* is cyclic of order p” — 1 and acts on the elementary abelian (additive)
p-group of GF(p"), say K. This action is Frobenius, so the corresponding semidirect
product K H is a Frobenius group with abelian kernel and complement. Moreover, «,
defined by 2% = zP for all x € K, is an automorphism of K of order n in such a way
that H(a) < Aut(K). Then I'(p™) is defined as the semidirect product K(H {(«)).
Now, take n = 2 and let S be a cyclic subgroup of H of order s = 3 (so we are
assuming that 3 divides p? — 1). We have that N := K S is normal in G and is also a
Frobenius group with abelian kernel and complement. Hence T'(N) is disconnected
by Theorem 2 of [3]. However, there are exactly two non-trivial G-classes in N
consisting in the p? — 1 elements of K \ {1}, and the (|S| — 1)|K| = 2p? elements of
NS\ K, respectively. Therefore, I'¢(IV) is connected.

Theorem B. Let G a finite group and let N be a normal subgroup of G.
1. If n(Tg(N)) =1, then d(Tq(N)) < 3.
2. If n(Cg(N)) = 2, then each connected component is a complete graph.

We notice that the diameters of I'¢(N) and I'(N) are not either related. For
instance, let P be an extraspecial group of order p® with p # 2. If we take G = P x S3
and N = P x As, we have that I'(IV) is a complete graph (all N-classes have size p)
while I'¢(NV) has diameter 2, since the nontrivial G-classes of N have size 2, p and
2p.

In 1995, S. Dolfi introduced in [5] the dual graph I'*(G) (it was also independently
studied in [I]) associated to the primes that divide the sizes of the conjugacy classes
of G. In a similar way, we define the following subgraph of I'*(G).

Definition 1.1.2. Let G be a finite group and let N be a normal subgroup in G.
We define the “dual” graph of T'q(N), denoted by I't.(N), as follows: the vertices are
those primes which divide the size of some class in Cong(N), and two vertices p and
q are joined by an edge if there exists C' € Cong(N) such that pq divides |C|.

We also provide the best bounds for the number of components of I';,(IV) and
for its diameter. We note again that these bounds cannot be obtained from the only
fact that I's(IN) is a subgraph of I'*(G).
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Theorem C. If G is a finite group and N 4G, then n(I';,(N)) <2 and n(I'5(N)) =
n(lg(N)).

Theorem D. Let G a finite group and N < G.
1. If n(TE(N)) =1, then d(T'E(N)) < 3.
2. If n(TL(N)) = 2, then each connected component is a complete graph.

We give a characterization of a normal subgroup N whose graph I'q(NNV), or
equivalently I';,(V), is disconnected. We recall that a group G is said to be quasi-
Frobenius if G/Z(G) is a Frobenius group. In this case, the inverse image in G of
the kernel and complement of G/Z(G) are called the kernel and complement of G,
respectively.

Theorem E. Let G a finite group and N < G. If T'¢(N) has two connected com-
ponents then, either N 1is quasi-Frobenius with abelian kernel and complement, or
N = P x A where P is a p-group and A < Z(G).

We point out that our proofs of Theorems B, D and E are different and inde-
pendent of the proofs of the respective theorems concerning I'(G) and I'"(G). In
addition, Theorem E extends Corollary B of |2], which analyzes (with a completely
different approach) the particular case in which N has exactly two coprime G-class
sizes bigger than 1.

1.2 Number of connected components of I'¢(/V) and I';,(N)

In this section we prove Theorems A and C in an easy way by using the following
lemma, that is basic for our development. The distance in both graphs will be

denoted by d.

Lemma 1.2.1. Let G be a finite group and N<G. Let B =b% y C = ¢ non-central
elements in Cong(N). If (|B|,|C|) = 1. Then

1. Cg(b)Cql(c) =G.
2. BC = CB is a non-central element of Cong(N) and |BC| divides |B||C].

3. Suppose that d(B,C) > 3 and |B| < |C|. Then |BC|=|C| and CBB~! = C.
Furthermore, C(BB~') = C, (BB™1) C(CC™Y) and |(BB™Y)| divides |C|.

Proof. For 1, 2 and the first part of 3, it is enough to mimic the proofs of Lemmas
1 and 2 of [3], by taking into account that the product of two classes of Cong(N)
is contained in N again. The properties C(BB~!) = C and (BB~!) C (CC™!)
are elementary. The fact that [(BB~!)| divides |C| follows from the fact that C is
a normal subset that can be written as the union of right coclasses of the normal
subgroup (BB~1). O

Proof of Theorem A. Suppose that I'¢(IN) has at least three connected components
and take three non-central classes B = b9, C = ¢ and D = d“ in Cong(N),
each of which belongs to a different connected component. Certainly, any two of
them have coprime size. Moreover, we can assume without loss of generality that
|B| < |C| < |D|. By applying Lemma we get that |(BB~1)| divides both |D|
and |C|. Then, (|C|,|D|) > 1, which is a contradiction. O
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Proof of Theorem C. Suppose that n(I';(N)) > 3. We take three primes 7, s and
l each of which belongs to a different connected component, and let B,C and D
be elements of Cong (V) such that r divides |B|, s divides |C| and [ divides |D|.
Without loss of generality we suppose that |D| < |C| < |B|. We have d(B,D) > 3
and d(B,C) > 3 and by applying Lemma we obtain that [(DD~1)| divides |B]
and |C|, but this leads to a contradiction, because |B| and |C| would have a common
prime divisor. This proves that n(I';,(IV)) < 2.

Suppose now that n(I'g(N)) =1 and n(I'(N)) = 2. Let r and s be primes such
that each of them belongs to a distinct connected component of I';,(/N). Then there
exist By, Bs € I'¢(IV) such that r divides | B,| and s divides |B;s|. Let us consider the
following path in I'g(NN) that joins B, and Bg, which exists because n(I'g(N)) = 1:

where p; is a prime dividing | B;|. This provides a contradiction, because r and s are
connected in I';,(IV) by the following path:

Br Bl B2 Bs—l Bs
r b1 b2 s Ps S

So, we have proved that n(I'g(N)) = 1 implies that n(I'5t(N)) = 1. Now, if
n(l'q(N)) =2 and n(I'5(IV)) = 1 we can get a contradiction by arguing in a similar
way. This shows that n(I'g(N)) = n(I'G(V)). O

1.3 Diameter of ['¢(N)

The following two lemmas, one for the disconnected case and the other for the con-
nected case, summarize important structural properties of a normal subgroup N
concerning the graph I'¢(N), which will be used for determining the diameters of
Fg(N) and 'y (N). We start with the disconnected case.

Lemma 1.3.1. Let G a finite group and let N be a normal subgroup of G. Suppose
that n(T'g(N)) = 2 and let X1 and Xo be the connected components of 'q(N). Let
By be a non-central element of Cong(N) of mazimal size and assume that By € X.
We define

S=(C|CeXy)andT = (CC™!|C e Xy).
Then

1. S is a normal subgroup of G and every element in S, either is central, or its
G-conjugacy class is in X.

2. If C is a G-conjugacy class of N out of S, then |T| divides |C|.
3. T =1[S,G] is normal in G and T < Z(S).
4. Z(G)NN C S and n(S/(Z(G)NN)) Cw(T) C w(By). Moreover, S is abelian.

5. Let b“ = B € X1. Then Cg(b)/S is a q-group for some prime q € w(By).
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Proof. 1. The fact that S is normal in G is elementary. Let C' € X5 and B € X;. We
know that BC' is a G-conjugacy class of Cong (V) of maximal size between |B| and
|C| by Lemmal[1.2.1] Assume that |[BC| = |B|. By Lemmal[l.2.1|again, it follows that
|[(CC~1)| divides |B| and that (CC~1) C (BB~1). On the other hand, |ByB| = |Bo|
again by Lemma and also [(BB~Y)| divides |Bg|. From these facts, we deduce
that (|B|,|Bo|) > 1, which is a contradiction. Thus, |BC| = |C| for all C' € X5 and
B € X;. Furthermore, we have proved that the size of every class in X; is less than
the size of any class in Xo.

Now, take C' € X5 and let A be the union of all G-conjugacy classes of size |C|
in S and assume that A # (). By the above paragraph, we have that if B € X1, then
BA C A. Hence, SA = A, and consequently, since A is a normal subset, |S| divides
|A|. This is not possible because A C S — {1}. This contradiction shows that A = (),
that is, S does not contain any class of size |C|. Therefore, since S is normal in G,
then S does not contain elements whose classes are in X5.

2. Let B € X;. As we have proved in (1), |B| < |C| and then, by Lemma[1.2.1]
we have C(BB~!) = C, and as a consequence, CT = C. Therefore, |T| divides |C|,
as wanted.

3. By definition, it is clear that 7" = [S,G] and so, it is a normal subgroup of
G. Let us prove that T < Z(S). In fact, if B = b¢ € X1, then (|T|,|G : Cg(b)|) =
(IT],|B]|) = 1, because |T'| divides every class size in X2 by (2). Now, since |T": Cr(b)]
divides (|7'|,|B|) = 1, we deduce that 7' = Cr(b). As the classes in X; generate 5,
we conclude that 7" is central in S.

4. Let z € Z(G) NN and let B = b € X;. Note that b%z = (bz)“. Moreover
bz € N, because both elements lie in N. As |(b2)%| = |Bz| = |B|, then bz € S and
so z € S. This proves that Z(G) NN C S. Since T = [S, G|, then [S/T,G/T] =1
and S/T C Z(G/T). In particular, S/T is abelian and as T' < Z(.S) by (3), then S is
nilpotent. We can write S = R x Z where Z is the largest Hall subgroup of S which
is contained in Z(G). Let p be a prime divisor of |R| and let P be a Sylow p-subgroup
of R. It is clear that P < G and T = [S,G] = [R,G] > [P,G] > 1. Hence p divides
|T'| and by applying (1) and (2), |T'| divides |By|. Therefore, m(R) C w(T) C w(By).
On the other hand, it is elementary that 7(S/(Z(G)NN)) C 7(R), and the first part
of the step is proved. We show now that R < Z(S). In fact, let b = B € X;. Since
(IB|,|Bo|) = 1, we obtain in particular, (|B|,|R|) = 1. Thus, |R :Cr(b)| = 1 since
this index trivially divides |R| and |B| because R < G. This means that R = Cg(b)
for every generating element b of S. So, R is contained in Z(.S) as wanted, and S is
abelian.

5. By considering the primary decomposition of b, it is clear that we can write
b = byby where by and by are the g-part and the ¢/-part of b, where ¢ is a prime such
that b, ¢ Z(G) N N. Hence, ¢ € 7(By) by (4). Furthermore, it is elementary that
Cq(b) C Cg(by), and as a result, |(b,)¢| divides |B|. We claim that any element
xS € Cg(b)/S is a g-element. For any x € Cg(b), write x = zqxy (it is possible
xqg = 1). It is obvious that x4, and x, belong to Cg(b). We consider a = byzy and
observe that Cg(a) = Cg(by) N Ca(zy) € Ca(by), so |(bg)Y| divides [a“|. Since
(bq)G € X1, this forces that a® € X1, and we conclude that zy €5, that is, 25 is a
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g-element, as wanted. This shows that Cg(b)/S is a g-group. O

Lemma 1.3.2. Let G be a finite group and N I G with T(N) connected. Let By
be a G-conjugacy class of Cong(N) of mazimal size. Let

M = (D | D € Cong(N) and d(Boy, D) > 2)

K =(D™'D| D € Cong(N) and d(By, D) > 2)

Then

1. M and K are normal subgroups of G. Furthermore, K = [M,G] and K <
Z(M).

2. Z(G)NN C M and n(M/(Z(G)NN)) C n(K) C n(By). Furthermore, M is
abelian.

Proof. 1. By definition, we easily see that M and K are normal subgroups of G
and K = [M,G]. Let us prove that K < Z(M). If C = ¢ € Cong(N) satisfies
that d(Bp,C) > 2, in particular we have (|Byl,|C|) = 1 and then, |By| = |BoC.
Moreover, by Lemma ByCC~! = By and as a result | K| divides |By|. There-
fore, (| K|, |C|) = 1. However, we have that |K : Cg(c)| divides (|K|,|C|) and thus,
K = Ck(c), which implies that K < Z(M).

2. We prove that Z(G)N'N C M. Let z € Z(G) NN and let C = ¢ ¢
Cong(N) such that d(Bg,C) = 2. Notice that c“z = (c2)%. As |(c2)%] = |¢“]|,
then d(By, (cz)¥) = 2. Thus, cz € M and Z(G) NN C M. Since K = [M, G], then
M/K <Z(G/K) and since K < Z(M) by (1), we obtain that M is nilpotent. We can
write M = Rx Z where Z is the largest Hall subgroup of M that is contained in Z(G).
Let g be a prime divisor of |R| and let @ be the Sylow g-subgroup of R. Then Q <G
and K = [M,G] > [R,G] > [Q,G] > 1. So, ¢ divides |K| and 7(R) C m(K). In the
proof of (1), we have seen that 7(K) C m(By). Then, n(R) C n(By). Furthermore,
it is elementary that w(M/(Z(G) N N)) C 7(K) and so, the first part of the step is
proved. On the other hand, given a generating class B = b of M, we know that
d(B, Bp) > 2. In particular, we have (|B|, |Bp|) = 1 and hence (|Q|, |B|) = 1, where
@ is the above Sylow g-subgroup. Since |Q : Cg(b)| divides (|Q|,|B|) = 1, we have
Cq(b) =Q and Q < Z(M). Thus, R < Z(M) and M is abelian. O

The following consequence, which has interest on its own, is the key to bound
the diameter of I'¢(N) in the connected case.

Theorem 1.3.3. Let G a finite group and N a normal subgroup of G and suppose
that T'(N) is connected. Let By a non-central conjugacy class of Cong(N) with
maximal size. Then d(B, By) < 2 for every non-central B € Cong(N).

Proof. Suppose that the theorem is false. Let B = b € Cong(N) such that
d(By, B) = 3 and let

By By By B
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be a shortest chain linking B and By of length 3. By considering the primary
decomposition of b, we write b = byby where b, and by are the g-part and the ¢’-part
of b, and ¢ is a prime such that b, ¢ Z(G) N N. Hence, q € m(By) by Lemma [1.3.2]
(2). Also, the fact that Cg(b) € Cg(b,) implies that |(b,)“| divides |B| and then
any class which is connected to (b;)“ must be connected to B. This means that
A((bg)%, By)) = 3.

Let M be subgroup defined in Lemma 3.2. We claim that any element z &
Cc(bg) \ M satisfies that M is a g-element. Write = z4x, and suppose that
zy ¢ M. Set a = xyby and notice that a ¢ M. By definition of M, we have
d(a“, By) < 1 and since Cg(a) = Cg(z,) N Ca(by), it follows that |(by)¢| divides
|a¥|. These facts show that d((by)“, By)) < 2, a contradiction. Therefore, z, € M
and xM is a g-element. In conclusion, Cg(by)/M is a g-group. Now, observe that
| Bo| divides

|G :Z(G)NN| = |G : Cq(by)||Calby) : M||M : Z(G) N NJ.

Also, we know by Lemmal[l.3.2](2) that m(M/Z(G)NN) C 7(Bo) and we have seen in
the above paragraph that Cg(b,)/M is a g-group for some g € w(Byp). Consequently,
|Ba| must divide |(by)| (which divides |B|), because (|Ba|,|By|) = 1. This is a
contradiction, since B; and B would be joined by an edge. O

Proof of Theorem B. 1. Suppose that D; and Dy are classes of Cong (V) such that
d(D1,D;y) = 4. Let By be a class of maximal size in Cong(N). By Theorem [1.3.3]
we know that d(By, D;) < 2 for i = 1,2. We can suppose then that d(By, D;) = 2
for i = 1,2. Furthermore, without loss of generality, |D;| > |Dz|. Then, by Lemma
it is true that [(DaDy )| divides |Dq|. In addition, ByDy is a conjugacy class
of Cong(N) and |ByD2| = |By| by Lemma (2) and by the maximality of By.
It follows that BoDoD5 ' = By and |(D2Dy, ")| divides |Bg|. Therefore, By and Dy
are joined by an edge, which is a contradiction. This proves that d(I'¢(N)) < 3.

2. Let B; = blG and By = bg; in X;. Notice that by,bs € S where S is the
subgroup defined in Lemma 3.1. By applying the properties of that result, we know
that [b| divides

|G :Z(G)N N[ = |G : Cg(b)|[Ca(br) : S[|S - Z(G) N N|

where the primes dividing |Cg(b1) : S| and |S : Z(G) N N| are in w(By). So, we have
that |bS| divides |b{|. By arguing symmetrically we also get that |[b’| divides bS],
so we conclude that all classes in X| have the same size. Hence, X is a complete
graph. Now, we prove that X5 is also a complete graph. It is enough to consider
again S and T defined in Lemma [1.3.1| and observe that every C' € X5 is out of S
and that |T'| divides |C| by Lemma[1.3.1] (1) and (2). O

Remark 1.3.4. In the proof of Theorem B.2, we have seen that all G-classes of N
lying in the connected component Xy (the component which does not contains the
classes of mazximal size), must have the same size. Moreover, in the proof of Lemma
3.1(1) we have seen that this size is less than the size of every class in Xs.
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1.4 Diameter of I';(N)

Proof of Theorem D. 1. Suppose that there exist two primes r and s in I';,(N) such
that d(r,s) = 4 and we will get a contradiction. This means that the primes r and
s are connected by a path of length 4, say

By By B3 By
T D1 D2 p3 S

where B; € Cong(N) for ¢ = 1,...,4 and p; € I';(N) for i = 1,2,3. By Theo-
rem we know that d(B;, By) < 2 for i = 1,...,4 where By is a non-central
G-conjugacy class of maximal size. Notice that d(By, B4) = 3 and we distinguish
only two possibilities:

Case 1. d(By, B1) = 2 = d(By, B4). By symmetry, we can assume for instance
that |B1| > |Ba4|. Since d(Bi, Bs) = 3, by Lemma we have that [(ByB; )|
divides |Bi|. Moreover, ByBjy is an element of Cong(N) such that |ByBa4| = |By|
and by Lemma |(B4By")| divides |Bo|. Therefore, d(By, B1) = 1, because

their cardinalities have a prime common divisor. This is a contradiction.

Case 2. Either d(By,B1) = 2 and d(By,Bs) = 1, or d(By,B1) = 1 and
d(Bo, B4) = 2. Without loss we assume for instance the latter case. Let us con-
sider the subgroup M defined in Lemma 3.2 and let By = b“. Since d(By, By) = 2,
then b € M by definition. Moreover, |B;| divides

G Z(G)NN| = |G : Cab)||Ca(b) : M||M : Z(G) N N|.

Now, notice that r ¢ m(Bjy), otherwise it yields d(r,s) < 3, a contradiction, and
trivially r ¢ 7(By). Also, 7(M/Z(G)NN) C w(By), so we have that r (which divides
|B1|) must divide |Cg(b) : M|. Therefore, there exists an r-element y € Cg(b) \ M.
On the other hand, b € M, and by Lemma m (2), the r-part of b is central in G,
that is, we can assume that b is an r’-element, by replacing b by its r’-part. As y
and b have coprime orders, we have

Ca(yb) = Caly) N Ce(b) € Ce(b).

Consequently, |By| divides |(yb)©|. Furthermore, since yb ¢ M, by definition of
M we have d((yb)®, By) < 1. As d(By,B1) = 1 by hypothesis, we deduce that
d(By, (yb)®) < 2. Now, s divides |B;| and r divides |(yb)¢|, and this forces that
d(r,s) < 3, which is a contradiction.

2. Let X; and X2 be the connected components of I'¢(/N) where X3 is the compo-
nent that contains the G-conjugacy class with the largest size. Let us prove first that
X7, X3 are the connected components of I'f,(N), where X} = {p € n(B) | B € X,},
and secondly, that X| y X3 are complete graphs.

Let X be a connected component of I'¢(N) and let 7, s € X*. Then there exist
By, By such that r divides |B,| and s divides | Bs|. Let us consider de path in I'¢(V)
that joins B, and Bs:

1 2 3
BrpBlpng ‘_.psBs
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where B; € Cong(N) fori=1,...,s —1and p; € ['5(N) fori=1,...,s. So, r and
s are connected in I'}, (V) in the following way:

B, By By Bs 4 B,
r b1 b2 s Ps S

Therefore, X* is contained in a connected component Y of I'5,(N). Now, we take
q € Y, which is connected by an edge to some r € X*. Then there exists B €
Cong(N) such that gr divides |B|. It follows that B € X and ¢ € X*. Thus,
X* =Y and X* is a connected component of I'5,(N) as wanted.

By Remark[I.3.4] all classes in X; have the same size, which trivially implies that
X7 is a complete graph. Let us show that XJ is a complete graph too. Suppose that
By is a conjugacy class with maximal size, which lies in X5, and let B} = blG € Xi.
Then, the subgroup S defined in Lemma 3.1 is abelian, and S CCg(b). Now, if
p € X;, there exists D € Xy such that p divides |D|. Notice that |D| divides

G Z(G) N N| = |By||Cq(b) : S||S : Z(G) N N,

and by Lemma [1.3.1] (4) and (5), we know that |Cg(b1) : S| is a g-power with
q € m(By) and 7(S/(Z(G)NN)) C 7w(By). It follows that w(D) C w(By). Therefore,
all primes in X3 are in m(Bp) and so, X trivially is a complete graph. O

1.5 Structure of N in the disconnected case

Proof of Theorem E. Suppose that X; and X5 are the two connected components
of I'¢(NN), where Xy is the one containing the classes of maximal size. Let S the
subgroup defined in Lemma 3.1.

Step 1: If S < Z(N), then N = P x A with A < Z(G) N N and P a p-group.

We can choose a p-element x and a g-element y of N, for some primes p and g,
such that ¢ € X7 and y© € X,. If p = ¢ for every election of z and ¥, it is clear
that N = P x A with A <Z(G)NN. Assume then that p # ¢. Since z € S < Z(N),
we obtain N/S = Cx(z)/S and this group has prime power order by Lemma m
(5). As a consequence, N is nilpotent and [z,y] = 1. As z and y have coprime order,
Cq(zy) = Cg(r) N Cq(y) and so, |(xy)C| divides |z¢| and |y|, a contradiction.
This proves the step.

Notice that we can assume that SZ(N) < N, because if SZ(N) = N then N is
abelian and S < Z(N). For the rest of the proof, we assume Z(N) < SZ(N) < N
and we will prove that N is quasi-Frobenius with abelian kernel and complement.

We divide the proof into several steps. Let us denote by @ = {p prime | p divides
|B| with B € X;}.

Step 2: N has a normal m-complement and abelian Hall w-subgroups.

Let us prove that IV is p-nilpotent and has abelian Sylow p-subgroups for every
p € m Let a € N\ S, then obviously a® € X, and [a®| is a n/-number. If we
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take P € Syl,(N), then there exists g € N such that P9 C Cy(a), that is, a €
Cn(PY9) =Cp(P)9. Thus, we can write

N=5ul]JcnPp)y
geN

and, by counting elements, it follows that
IN[ < (IS] = 1)+ [N : Ny (Cn(P)[(ICN(P)| = 1) + 1.

Hence
15 o) 1
PN NN GNP INN(Ch ()]

However, if Cn(P) < Ny(Cn(P)), as we are assuming that S < N, we have

L
2 INy(Cn(P))I

which is a contradiction. This implies that Cx(P) = Ny(Cxn(P)), and in particular,

1< -+

1
2

P <Nn(P) < Nn(Cn(P)) < Cn(P),

so Cny(P) = Ny(P) and P is abelian. By Burnside’s p-nilpotency criterion (see for
instance 17.9 of [7]), we get that NV is p-nilpotent for every p € 7 and so, N has normal
m-complement. In particular, N is w-separable and there exists a Hall m-subgroup H
of N. By reasoning with H similarly as with P, we obtain Cn(H) = Ny(H) and
so, H is abelian too. The step is finished.

Let K/Z(N) be the normal 7-complement of N/Z(N). By applying Lemmal|1.3.1]
(4), we get that SZ(N)/Z(N) is a normal 7’-subgroup of N/Z(N), so S < K.

Step 3: K = Cn(z) for every z € S\ Z(G) N N and S < Z(K).

Let z € S\ Z(G) N N. Then 2% € X; by Lemma (1) and Cg(x)/S is a
7’-group by Lemma (5). Since |2V is a T-number, we obtain that Cy(x)/Z(N)
is a Hall n’-subgroup of N/Z(N). Thus, K = Cy(z) for every z € S\ Z(G) N N
and, in particular, S < Z(K).

Step 4: K =5.

Let H be an abelian Hall w-subgroup of N. We have seen in the proof of Step 2

that
N=sSulJcnE)Y,
geEN
which trivially implies that
N = | SCn(H).
geN

This forces that N = Cn(H)S and consequently, HS < N. Suppose that S < K
and we will get a contradiction. Let a € K \ S, then a® € X5 by Lemma m (1),
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so |a%| is a m’-number and as a result, a € Cg(H9) = Cg(H)I for some g € N.
Moreover, S < Z(K) by Step 3, so we have the following equalities

Cx(HY) = Cx(H?S) = C(HS) = Cx(H).

Thus, a € Cg(H) for every a € K\ S and we conclude that K = (K'\ S) C Cy(H).
As H is abelian and N = HK, we have H < Z(N) < K. This implies that N = K
and then, S < Z(N) by Step 3, which contradicts the assumption made after Step
1.

Step 5: N is quasi-Frobenius with abelian kernel and complement.

Let N = N/Z(N) and let K = K/Z(N). If K = C() for all T € K \ {1}, this
is equivalent to the fact that IV is quasi-Frobenius with abelian kernel K and abelian
complement H. Suppose then that K < C(T) for some T € K \ {1}. Also, we can
suppose that o(Z) is an r-number for some prime r € 7’. Now, let § €Cx(Z)\ K such
that o(y) is a g-number for some g € m. We can suppose without loss of generality
that o(y) is a g-number. Notice that [y,z] € Z(N) because 7 € Cx(T) and, since
(o(x),0(y)) = 1, it easily follows that [z,y] = 1. Then y € Cn(z) = K and § € K,
which is a contradiction. O

Example 1.5.1. We show that the converse of the above theorem is false. It is known
that the special linear group H = SL(2,5) acts Frobeniusly on K = 711 X Z11. As a
consequence, the action of any subgroup of H on K is also Frobenius. We consider,
in particular, a Sylow 5-subgroup P of H and Ng(P) acting Frobeniusly on K. We
define the semidirect product N := KP, which is trivially a normal subgroup of
G := KNy (P). Thus, N is a Frobenius group with abelian kernel and complement.
In fact, N decomposes into the following disjoint union

N={1}uE\{1Hu(lJ P\ {1},

keK

and K \ {1} is partitioned into N-classes of cardinality 5, whereas the elements of
UkeK(Pk \ {1}) are decomposed into N-classes of cardinality 121. Therefore, the set
of class sizes of N is {1,5,121}. Now, let us compute the G- class sizes of N. As
G is a Frobenius group with kernel K and complement Ny (P), it follows that K is
decomposed exactly into the trivial class and G-classes of size [Ny (P)| = 20. That
is, the N-classes contained in K \ {1} are grouped 4 by 4 to form G-classes. And
on the other hand, the four N-conjugacy classes contained in |J,cx P*\ {1} of size
121, are grouped in pairs and become two G-conjugacy classes of size 121 x 2. Then
the set of G-class sizes of N is {1,20,242} and I'¢(N) is a connected graph.

Example 1.5.2. The following example shows that the case in which N is a p-group
in Theorem E actually occurs. Let G be the group of the library of the small groups
of GAP ([6]) with number 1d(324,8) and with the presentation

1

(,y, 222 =yt =22 = 1, [, y] = 1,2¢Y = 271, 2% = wzwze = oL oa L anh).

By using GAP, one can check that G has an abelian normal subgroup N = Zs X Zs
and the set of G-class sizes of N is {1,2,3}, so I'q(N) is disconnected.
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Question 1.5.3. The referee proposed us the following question: whether it is possi-
ble to obtain any information on the structure of G from the graph T (N) or not. We
believe that in general T'q(N) may provide few information of G, although possibly
one could get further information on the action of G on N. In fact, G/Cg(N) is
always immerged in Aut(N). For giving an easy example, we consider the case in
which Tq(N) is just one vertex, as it happens with G = Ss and N = As. Now, take
N any p-elementary abelian group of order p® and let us consider the action of G=
Hol(N) on N. As a result of the fact that Aut(N) acts transitively on N \ {1}, it
follows that I'(N) consists only in one vertex, whilst Aut(N) = GL(s,p) and so G
might have a extremely more complex structure.
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Chapter 2

Normal subgroups whose
conjugacy class graph has
diameter three

Abstract

Let G be a finite group and let N be a normal subgroup of G. We determine the structure of N
when the diameter of the graph associated to the G-conjugacy classes contained in N is as large as
possible, that is, is equal to three.

Keywords. Finite groups, conjugacy classes, normal subgroups, graphs.
Mathematics Subject Classification (2010): 20E45, 20D15.

2.1 Introduction

Let G be a finite group and let N be a normal subgroup of G. If x € N, we denote by
2% = {29 | g € G} the G-conjugacy class of z. Let I'¢(IN) be the graph associated
to these G-conjugacy classes, which was defined in [2] as follows: its vertices are the
G-conjugacy classes of N of cardinality bigger than 1, that is, G-classes of elements
lying in N \ (Z(G) N N), and two of them are joined by an edge if their sizes are
not coprime. It was proved in [2] that d(Tg(NV)) < 3, where d(I'¢(IV)) denotes the
diameter of the graph. In this note we analyze the structure properties of N when
d(T'g(N)) = 3.

The above graph extends the ordinary graph, I'(G), which was formerly defined
in [3], and whose vertices are the non-central conjugacy classes of G and two vertices
are joined by an edge if their sizes are not coprime. The graph I'¢(N) can be viewed
as the subgraph of I'(G) induced by those vertices of I'(G)) which are vertices in
I'(N). This fact does not allow us, however, to obtain directly properties of the
graph of G-classes.

Concerning ordinary classes, L.S. Kazarin characterizes in [8] the structure of a
group G having two “isolated classes". We recall that a group G is said to have
isolated classes if there exist elements x,y € G such that every element of G has a
conjugacy class size coprime to either || or |y“|. Particularly, Kazarin determined

15
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the structure of those groups G with d(I'(G)) = 3. On the other hand, the discon-
nected graph was studied by Bertram, Herzog and Mann in [3]. It should be noted
that similar results have also been studied for other graphs. In [5], Dolfi defines the
graph I"(G) whose vertices are the elements of the set of all primes which occur as
divisors of the lengths of the conjugacy classes of G, and two vertices p, g are joined
by an edge if there exists a conjugacy class in G whose length is a multiple of pq.
In [6] Dolfi and Casolo describe all finite groups G for which I'(G) is connected and
has diameter three.

We remark that the primes dividing the G-conjugacy class sizes do not need to
divide |N|. This especially occurs when N is Abelian and non-central in G and con-
sequently, we may have no control on this set of primes. For this reason, we observe
that new cases appear when dealing with G-classes which are not contemplated in
the ordinary case. The main result of this note is Theorem and it is inspired in
[8]. From now on, if G is a finite group we denote by 7m(G) the set of primes dividing
|G|, and analogously, if X is a set, then 7(X) denotes the set of primes dividing | X]|.

Theorem 2.1.1. Let G be a finite group and N < G. Suppose that € and y© are
two non-central G-conjugacy classes of N such that any G-conjugacy class of N has
size coprime with |x%| or |yY|. Let 7, = n(2%), my = n(y®) and 7 = 7, Umy. Then
N = O (N)xOx(N) with x,y € Or(N), which is either a quasi-Frobenius group
with Abelian kernel and complement or O(N) = P x A with A < Z(N) and P is a
p-group for a prime p.

Notice that in the conditions of Theorem[2.1.1], we have two possibilities: d(I'¢(N)) <
2 or d(I'¢(N)) = 3. In the former case, we certainly have that the graph is discon-
nected, and then the structure of N is already determined by Theorem E of [2].
However, we slightly improve this result in Corollary 1.2. In the second case, the
graph is connected since when the graph I'c(N) is disconnected, it was proved that
each connected component is a complete graph (Theorem B of [2]). Therefore, we
deduce the following consequences for each of these cases.

Corollary 2.1.2. Let G be a finite group and N I G. Suppose that Tg(N) is dis-
connected and let x,y € N such that (|z€|, |y®|) = 1. Set 7 = n(2®) Un(y). Then
z, Yy € Ox(N), N= O (N)xOr(N) with Or(N) < Z(G), and either Or(N) is a
quasi-Frobenius group with Abelian kernel and complement or Or(N) = P x A with
A < Z(G) and P is a p-group for a prime p.

Corollary 2.1.3. Let G be a finite group and N < G. Suppose that T'c(N) is
connected with d(Cq(N)) = 3. Let 2,y € N such that d(z%,y%) = 3. Set 7 =
7(x®) Un(y¥). Then x, y € Or(N), N = On(N)x O (N) where either O(N)
is a quasi-Frobenius group with Abelian kernel and complement or Or(N) =P x A
with A < Z(N) and P is a p-group for a prime p.

2.2 Proofs

First, we state three elementary results which are needed to prove the main result.

Lemma 2.2.1. Let G be a w-separable group. Then the conjugacy class size of every
w-element of G is a w-number if and only if G = H x K, where H and K are a Hall
w-subgroup and a w-complement of G, respectively.
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Proof. This is Lemma 8 of [I]. O

In the particular case in which © = p’, the complement of some prime p, Lemma
m is true without assuming p-separability (or equivalently p-solvability). We recall
that the class size of an element is also sometimes called the index of the element.

Lemma 2.2.2. If every p'-element of a group G has index prime to p, for some
prime p, then the Sylow p-subgroup of G is a direct factor of G.

Proof. This is Lemma 1 of [4]. O

Lemma 2.2.3. Let G be a finite group and N < G. Let B =b% and C = ¢ be two
non-central G-conjugacy classes of N. If (|B|,|C|) = 1. Then

1. Cg(b)Cql(c) =G.
2. BC = CB is a non-central G-class of N and |BC| divides |B||C].

3. Suppose that d(B,C) > 3 and |B| < |C|. Then |BC|=|C| and CBB~! = C.
Furthermore, C(BB~') = C, (BB™1) C (CC™Y) and {BB™Y)| divides |C|.

Proof. This is Lemma 2.1 of [2]. O

Proof of Theorem[2.1.1. We proceed by induction on |N|. Notice that the hypothe-
ses are inherited by every normal subgroup in G which is contained in N and contains
z and y. By using the primary decomposition we can assume that both x and y have
order a power of a prime, say p and ¢, respectively.

Step 1. q = p if and only if xy = yx.

Suppose that zy = yz and that p # ¢q. Observe that Cg(zy) = Cg(x) N Ca(y)
and consequently, both [2| and |y| divide |(xy)“|. Thus, we obtain a G-conjugacy
class connected with ¢ and y®, which contradicts the hypotheses. Conversely,
suppose that p = ¢. We know that p cannot divide either |2| or |y®|. Further-
more, the hypotheses imply that (|2, |y“|) = 1, so we have G = Cg(x)Cgq(y) and
|2¢| = |G : Cg(z)| = |Cq(y) : Ca(xz) N Cq(y)|. Now, since y is a p-element in
Z(Cq(y)), we deduce that y € Cg(x) N Cg(y) and hence zy = yx.

Step 2. We have p € my and q € m,. Hence p,q € .

We define K = Cg(z) N Cg(y). First, we assume that p # ¢ and xy # yz.
We have |G : K| = |G : Cg(2)||Cq(x) : Ca(z) N Cal(y)| = |2y, which is a
m-number. Since z € Z(Cg(x)) and z is a p-element but z ¢ K, we know that p
divides |[Cg(z) : K| = |y“|. This means that p € m,. Similarly we obtain that ¢
divides |2|, that is, ¢ € 7,. As a result, p,q € .

Suppose now that p = ¢ and zy = yx. Let us see that p € . We denote
X = 2% and Y = y% and we assume for instance that |X| > |Y|. By hypothesis,
the distance between X and Y in I'¢(NN) is bigger than or equal to 3. We can apply
Lemma [2.2.3) (i) and we get X(YY™!) = X, (YY™!) C (XX ™) and (YY)
divides | X|. On the other hand, since G = Cg(z)Cq(y) we have X C Cg(y). As a
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result, (YY 1) C (XX~1) C Cg(y). In particular, if we take z = y9 # y, for some
g € G, we have w = zy~ ! € (YY 1) C Cq(y), so [z,y] = 1. We obtain that w is a
non-trivial p-element and, since p divides |(Y'Y~1)|, which divides | X|, we conclude
that p € m,. If |Y| > | X| we can argue similarly to get p € m,.

Step 3. We can assume that N/Z(N) is neither a p-group nor a q-group. Partic-
ularly, we can assume that N is not Abelian.

Suppose that N/Z(N) is a p-group. The argument is analogous if we suppose
that it is a g-group. Hence we can write N = P X A where A < Z(N) and A is a
p'-group. If p # q, it follows that x € P and y € A, which leads to a contradiction
with Step 1. Thus, p = q and z,y € P, so the theorem is proved.

Step 4. We can suppose that N is not a w-group.

Let us see that if IV is a w-group, then N is a quasi-Frobenius group with Abelian
kernel and complement or N = P x A with A < Z(N) and A a p’-group. Assume
that N is a m-group. As N is non-Abelian by Step 3, there exists a conjugacy
class zVsuch that |2V| # 1. Since |2V]| divides |2¥|, then either (|2™V],|2%]) = 1 or
(|2N], |y%]) = 1. As N is a m-group, then |z%| either is a m,-number or a m,-number.
If (V) is disconnected, we know by Theorem 2 of [3] that N is quasi-Frobenius
group with Abelian kernel and complement. Moreover, I'(N) cannot be empty be-
cause by Step 3, N can be assumed to be non-Abelian. Consequently, we can assume
that T'(N) is connected and this forces to either |zV| = 1 or |y"¥| = 1. Suppose for
instance that |zV| = 1, that is, # € Z(N). Again by Step 3, we can take w an
s-element of N\ Z(N) with s # p. Observe that |w¥| must be a m,-number, so w® is
connected to y& in Tg(N). As x and w have coprime orders and = € Z(N) we have
that |w%| and |2¥| both divide |(wz)%|. As a consequence, we have a contradiction
because |(wz)®| has primes in 7, and 7,. Then we can suppose that N is not a
T-group.

Step 5. Conclusion in case p # q.

Let z be a 7’-element of KN N and let us prove that \zG] is a 7-number. Suppose
that s € 7 is a prime divisor of [¢%|. We can assume for instance that s € Ty, oth-
erwise we proceed analogously. Since |2¢| divides |(z2)%| we deduce that s divides
|(22)¢|. Also, we know by Step 2 that q € m,. This forces |(22)%| to be divisible by
primes in 7, and 7y, a contradiction. Consequently, s € m and \zG] is a 7’-number,
as wanted.

Let M be the subgroup generated by all n’-elements of K N N. We prove that
M is a non-trivial normal subgroup of G. If M # 1, then K N N would be a w-group
and, since [N : KNN| = |KN : K| divides |G : K|, which is a 7-number too, then N
would be a m-group, against Step 4. Let o be a generator of M, so |a| is 7/-number.
As (|G : K|,|a%|) = 1 we have G = KCg(a) and hence, % = o € KN N. There-
fore a¢ C M, as wanted.

Let D = (% y“). Notice that D<G and D C N. Let a be a generator of M. As
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we have proved in the above paragraph |a¥| is 7’-number, and then (|a%|,|2%]) = 1,
so G = Cg(z)Cqg(a). Thus, 2¢ = 2Cc(®) C Cg(a) because a € K. The same
happens for y, that is, y“ € Cg(a), so we conclude that [M, D] = 1.

We define L = M D and we distinguish two cases. Assume first that L < N.
Note that z,y € L < G and L trivially satisfies the hypotheses of the theorem. By
applying induction to L we have L = O»(L) x O,/ (L). Observe that the fact that
M # 1 implies that O,/ (L) > 1. Now, by definition of M, we have that |[K NN : M]|
is a m-number. As |N : K N N| is also a m-number, it follows that [N : O./(L)|
is a m-number too. Then O,/(L) = O.(N) is a Hall n’-subgroup of N. We can
apply Lemma [2.2.1]so as to conclude that N = O (N) x O (N) with 2,y € O(N).
Since O,/(N) > 1, we apply the inductive hypotheses to O(N) < N and we de-
duce that O, (N) is a quasi-Frobenius group with Abelian kernel and complement or
O,(N) =P x A with A <Z(N) and P is a p-group, so the proof is finished.

From now on, we assume that L = N and let us see that Z(/N) = 1 and
N =M x D with z,y € D. If Z(N) # 1, we take N = N/Z(N) and G = G/Z(N).
If |z = 1, then [Z,7] = 1, and thus [z,y] € Z(N). Since (o(z),0(y)) = 1, it
is easy to prove that [z,y] = 1, a contradiction. Analogously, we have |[y*| # 1.
Consequently, N satisfies the assumptions of the theorem. By induction, we have
N = O(N) x Ox(N) with 2,7 € O,(N) and O,(N) is either a quasi-Frobenius
group with Abelian kernel and complement or N = P x A with A < Z(N) and P
a p-group. In the latter case, [, 7] = 1 which leads to a contradiction as we have
seen before. So we are in the former case. It follows that N = On/(N) x Or(N)
with z,y € O,(N) and by applying induction to O,(N) < N, we have the result.
Therefore, Z(N) = 1. On the other hand, we have proved that [M, D] = 1. Hence,
MNDCZ(N)=1and N = M x D with 2,y € D.

Since M # 1, we can apply induction to D and get D = O,/(D) x Or(D) with
z,y € Ox(D) and O (D) is a Frobenius group with Abelian kernel and complement
(notice that Z(O,(D)) = 1 because Z(N) = 1). The p-group case cannot occur
because x and y do not commute. Notice that if M is 7’-group then the theorem is
proved. Assume that M is not a 7’-group and we seek a contradiction. Let s € 7
such that s divides |M|. We can assume that s € m,; (we proceed analogously if
s € m,). Suppose that there exists an s'-element z € M such that [2M] is divisible
by s. Since N is the direct product of M and D, we have that (zy)N = 2NyV is
a non-trivial class of N whose size is divisible by s and by some prime of |yV| # 1.
This is not possible because |(zy)“| would have primes in 7, and 7,. Thus, the class
size of every s’-element of M is a s’-number. By Lemma , we have M = My x S
with S € Syls(M). In this case, Z(S) C Z(N) = 1, which is a contradiction.

Step 6. Conclusion in case p = q.

Let K = Cg(x) N Cg(y) as in Step 2. Let z be a p/-element of K N N and let us
prove that |2¥| is a 7/-number. Suppose that s € 7 is a prime divisor of [2%|. We can
assume without loss that s € m,. Since |2¢| divides |(22)| we obtain that s divides
|(22)%|. On the other hand, we know by the proof of Step 2 that ¢ € m,. Therefore,
|(22)¢| is divisible by primes in 7, and Ty, a contradiction. As a consequence, s € T
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and |2 is a 7’-number, as wanted.

Let T be the subgroup generated by all p’-elements of K N N. We prove that T is
a non-trivial normal subgroup of G. In fact, T' # 1 because otherwise K N N would
be a m-group and this implies that N is a m-group by arguing as in Step 5, and this
contradicts Step 4. If « is a generator of T', we know that ]aG| is m’-number. Then
(|G : K|,]a%]) = 1, so we have G = KCg(a) and o = o C K N N. This proves
that o€ C T, as we wanted to prove.

As the class size of every p’-element of T is a p/-number then, by using Lemma
2.2.2, we have T = O,(T) x Oy (T'). However, by definition of T', we have O,(T') = 1,
or equivalently M = Oy (T). Notice that if s € m and s # p, then the class size
of every element of T is an s-number so, it is elementary that T has a central
Sylow s-subgroup and we can write T = O,(T) x O (T). On the other hand,
IN:T|=|N:KNN|KNN :T| where |N: KNN|=|KN : K| is a m-number and
|[K NN :T|is a power of p € m. Therefore O/ (T) = On(N) and O,/ (N) is a Hall
7’-subgroup of N. We have proved that the class size of every p’-element of N is a
7/-number, so by Lemma we have N = O,/(N) x O(N). We apply induction
to Oz (N) < N and the proof is finished. O

Proof of Corollary[2.1.3. 1t follows immediately by Theorem [2.1.1] We only have to
notice that if z,y € Or(N) and z € O/ (N)\Z(G) it is easy to get that there is a path
connecting & and y& because (22)% is connected to ¢ and (yz)® which is connected
to y“. This contradicts the hypotheses of the theorem. Thus, O,/ (N) < Z(G). By

the same argument, we obtain A < Z(G) when O, (N) = P x A. O
Proof of Corollary[2.1.3, It trivially follows by Theorem [2.1.1] O

We give an example showing that the converse of Theorem [2.1.1]is not true.

Example 2.2.4. We take the Special Linear group H = SL(2,5) which is a group
of order 120 that acts Frobeniusly on K = Zi1 X Z11. Let P € Syls(H) and we
consider Ny (P). Then we define N := KP, which trivially is a normal subgroup
of G := KNpg(P). We have that the set of the G-conjugacy class sizes of N is
{1,20,242}. The graph T'g(N) consists of exactly two vertices joint by an edge.
Obuviously, N is a Frobenius group with Abelian kernel and complement and there do
not exist two non-central G-classes in N such that any non-central G-class of N has
size coprime with one of both.

Let us see two examples illustrating each of the cases that appear in Theorem
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Example 2.2.5. We take the following groups from the library SmallGroups of GAP
(7). Let G1 = 1d(324,8) and Go = 1d(168,44) (in fact, Gy is the Semi Linear
Affine group of order 168) that have the normal subgroups: the Abelian 3-subgroup
P =73 xZs and A = Zo X 7oy X Zs, respectively. It is easy to check that P has four
G1-classes which sizes are 1,2,3 and 3, and A has two Go-classes of size 1 and 7.
We construct N = P x A and G = G1 x G3. We have that N is a normal subgroup
of G and the set of G-conjugacy class sizes of N is {1,2,3,7,14,21}. Therefore,
d(T'¢(N)) =3 and N is the direct product of a 3-group and A < Z(N). Notice that
in this ezample we have O (N) =1 and 7 ={2,3,7}.
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Example 2.2.6. The quasi-Frobenius case in Theorem|2.1.1|is the natural extension
of the ordinary case. It is enough to consider any group G and N = G such that
I'(G) =Tq(N) has two connected components. By the main theorem of [3], we know
that G is a quasi-Frobenius group with Abelian kernel and complement.
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Chapter 3

Triangles in the graph of
conjugacy classes of normal
subgroups

Abstract

Let G be a finite group and N a normal subgroup of G. We determine the structure of N when the
graph I'¢(N), which is the graph associated to the conjugacy classes of G contained in N, has no
triangles and when the graph consists in exactly one triangle.

Keywords. Finite groups, conjugacy classes, normal subgroups, graphs.
Mathematics Subject Classification (2010): 20E45, 20D15.

3.1 Introduction

Let G be a finite group and let N be a normal subgroup of G and let z € N. We
denote by ¢ = {x9 | g € G} the G-conjugacy class of 2. Let I'¢(N) be the graph
associated to these G-conjugacy classes, which was defined in [2] as follows: its ver-
tices are the G-conjugacy classes of N of cardinality bigger than 1, that is, G-classes
of elements in N \ (Z(G) N N), and two of them are joined by an edge if their sizes
are not coprime.

The above graph extends the ordinary graph, I'(G), which was formerly defined
in [I], whose vertices are the non-central conjugacy classes of G and two vertices are
joined by an edge if their sizes are not coprime. The graph I'¢(V) can be viewed as
the subgraph of I'(G) induced by those vertices of I'(G) which are contained in N.
This fact does not allow us to obtain directly properties of the graph of G-classes.

On the other hand, the graph I'c(N) is not related to I'(V). In fact, the action
of a finite group G on a normal subgroup N determines that the conjugacy classes of
N are grouped into G-classes and it is possible to find primes dividing some G-class
sizes of N which do not divide the order of N. However, the study of these classes
and their sizes has emerged as a new useful tool to obtain information regarding
normal subgroups from a new point of view.

In this paper we analyze the structure properties of N in two particular cases:
when I'¢(N) has no triangles and when it consists in exactly one triangle. In the
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following theorem, we extend known results appeared for the graph I'(G)) when it has
no triangles. In fact, in [6] Fang and Zhang gave a complete list of those groups G
whose graph I'(G) has no triangles. These groups are exactly: the symmetric group
S3, the dihedral group Djg, the three pairwise non-isomorphic non-abelian groups
of order 12, and the non-abelian group of order 21. In order to obtain our result we
firstly need to study the structure of N when I'(IN) has few vertices: exactly one,
two or three. The structure of normal subgroups which are union of three or four
G-conjugacy classes already appeared in [10] and [9], respectively. However, in these
papers central G-classes are also contemplated, and we need to exclude them. We
remark that some of the results that we obtain for I'¢(/N) are not possible for I'(G).

Theorem A. Let N be a non-central normal subgroup of a finite group G such
that T(N) has no triangles. Then N is a {p,q}-group and satisfies one of these
properties

1. N is a p-group.
2. N =P x Q with P a p-group and Q CZ(G) NN, Q = Zs.

3. N =P xQ with P a p-group and Q a q-group both elementary abelian with p
and q odd primes. In this case Z(G) NN = 1.

4. N is a quasi-Frobenius group with abelian kernel and complement and Z(G) N
N = 7Z,.

5. N is a Frobenius group with complement isomorphic to Zg, Zg or Qg. In the
first case, the kernel of N is a p-group with exponent less or equal than p*> and
in the two latter cases, the kernel of N is p-elementary abelian.

We recall that a group G is said to be quasi-Frobenius if G/Z(G) is Frobenius
and then the preimage in G of its kernel and complement are called the kernel and
complement of G.

Returning to the ordinary case, the structure of a group G having exactly three
non-central classes forming a triangle in I'(G) is very limited. We give a proof here.

Theorem B. Let G be a finite group such that T'(G) consists exactly of one triangle.
Then G =2 Qg or G = Dsg.

We study the structure of a normal subgroup N when I'¢(V) consists in exactly
one triangle.

Theorem C. Let N be a normal subgroup of a finite group G. If 'c(N) has exactly
one triangle, then one of the following possibilities holds:

1. N is a p-group for some prime p.

2. N =P xQ, with P p-elementary abelian and Q g-elementary abelian for some
primes p and q, and Z(G) NN = 1.

3. N =P xQ, with P a p-group for a prime p # 3, and Q CZ(G)NN, Q = Zs
and P/(Z(G) N P) has exponent p.
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4. N = PQ, where P is a Sylow p-subgroup, p # 2 and Q is a Sylow 2-subgroup
of N. In addition, P has exponent p, |Z(G) N N| =2 and Q/(Z(G) N N) is
2-elementary abelian.

5. Bither N is a Frobenius group with complement Zq, Zz or Qg for a prime q,
or there are two primes p and q such that N/Op(N) is a Frobenius group of
order pg and Op(N) has exponent p. In this case, Z(G) NN = 1.

6. N = A5 and G = (N x K)(z) for some K < G and xz € G, with 2> € N x K
and G/K = N(z) = Ss.

We will provide examples for all the cases with the help of [II]. In particular,
we see that the still open S3-conjecture, which asserts that any finite group in which
distinct conjugacy classes have distinct sizes is isomorphic to the symmetric group
S3, does not hold for G-conjugacy classes lying in a normal subgroup. All groups are
supposed to be finite.

3.2 Preliminary results

We state some preliminary results which are necessary for the proofs. In [2], the
authors obtained the following three theorems, which concern the case where the
graph I'¢(N) is disconnected. We denote byn(I'¢(N)) the number of connected
components of I'g(N).

Theorem 3.2.1. Let G be group and let N be a normal subgroup of G, thenn(I'q(N)) <
2.

Theorem 3.2.2. Let G be a group and let N be a normal subgroup of G. If Tg(N)
has two connected components then, either N is quasi-Frobenius with abelian kernel
and complement, or N = P x A where P is a p-group and A < Z(QG).

Theorem 3.2.3. Let G be a group and let N be a normal subgroup of G. If
n(T'q(N)) =2, each of its connected components is a complete graph.

It will be hugely important to use the following two results concerning CP-groups,
that is, those groups having all elements of prime-power order, due to Higman ([7])
and Deaconescu ([4]), respectively.

Theorem 3.2.4. Let G be a solvable group all of whose elements have prime power
order. Let p be the prime such that G has a normal p-subgroup greater than 1, and
let P be the greatest normal p-subgroup of G. Then G = P or G/P is either

1. a cyclic group whose order is a power of a prime other than p; or
2. a generalized quaternion group, p being odd; or

3. a group of order p*q® with cyclic Sylow subgroups, q being a prime of the form
kp* + 1.

Thus, G has order divisible by at most two primes, and G /P is metabelian.

We note that in cases 1 and 2 of the above theorem, G is a Frobenius group since
it is immediate that a p-complement of G acts fixed-point-freely on P. In 3, however,
G/P is a Frobenius group.
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Theorem 3.2.5. Let G be a group having all nontrivial elements of prime order.
Then one of the following cases occurs:

1. G is a p-group of exponent p.

2. (a) |G| =p%, 3<p<q,a>3, |F(Q)=p1 |G:G|=p.
(b) |G| =p%q, 3<q<p,a>1, |F(G)|=I|G|=p"
(c) |G| =2%,p>3,a>2 |F(G)|=|G]=2"

(d) |G| =2p*, p>3,a>1, |F(G) = |G| =p* and F(G) is elementary
abelian.

3. G=As.

3.3 T'¢(N) with one vertex

We start with some properties of those normal subgroups having exactly one non-
central G-conjugacy class. We stress, however, that for any group G, it is elementary
that the case in which I'(G) has exactly one vertex cannot happen.

Theorem 3.3.1. If G is a group and N is a normal subgroup of G such that T'g(N)
has only one vertex, then N is a p-group for some prime p and N/(N NZ(Q)) is an
elementary abelian p-group.

Proof. Since I'¢(N) has one vertex, the set N \ (N N Z(G)) consists of exactly
one G-conjugacy class and so, N/(N N Z(G)) is characteristically simple. Thus,
N/(NNZ(Q)) is p-elementary abelian for some prime p. Moreover, N NZ(G) is also
a p-group, and as a consequence, N is a p-group too. In fact, if a prime ¢ # p divides
IN NZ(G)|, then N/(N NZ(G)) would have elements of order divisible by p and g,
a contradiction. O

Example 3.3.2. Let G = SL(2,3) and let N be the normal subgroup of G isomorphic
to Qs. Then T'q(N) has exactly one vertex of size 6 and N/(Z(G)NN) has exponent
2.

3.4 T'g(N) with two vertices

We divide this section into two cases: when there are exactly two vertices joined by
an edge, and when they are not joined.

3.4.1 T'¢(N) with two vertices without edge

It was proved in [I] that if I'(G) has vertices but no edges, then G is isomorphic to
Ss, and this is clearly not true for I'¢(N), just take for instance G = Sg and N = A3
or Example 1. The following property helps us to further refine the structure of these
normal subgroups.

Lemma 3.4.1. Let N be a normal subgroup of a group G. If T'¢(N) has two vertices
but no edges, then Z(G)N N = 1.
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Proof. Let A and B be the two vertices of I'¢(N) and let z € Z(G) N N. Then zA is
a G-class of N of cardinality |A|. Hence, zA = A and (z)A = A. Thus, |(z)| divides
|A|. Similarly, we deduce that |(z)| divides |B| and since (|A|,|B|) = 1, we conclude
that z = 1. Thus, Z(G) NN = 1. O

Recall that a conjugacy class A of a group G is said to be real if A=! = A, and
an element g € G is real if there exists € G such that ¢g* = g~!. Of course, all
elements of order 2 in G are real. We note that if A is the unique class of size |A]
inside a certain set of classes containing A~!, then the fact that |A| = |A~!| proves
that A is necessarily real. Another elementary property, which is used in the sequel,

is that if 2 is real and |2C| is odd, then z2 = 1.

Theorem 3.4.2. Let N be a normal subgroup of a group G such that U'g(N) has two
vertices and no edge. Then N is a 2-group or a Frobenius group with p-elementary
abelian kernel K, and complement H, which is cyclic of order q, for two different
primes p and q. In particular, |N| = p"q with n > 1.

Proof. By Theorem we know that either N = P x A with A < Z(G) or N is
quasi-Frobenius with abelian kernel and complement. In the first case, by Lemma
we obtain that A is trivial. On the other hand, notice that one of the G-classes
of the graph has odd size, so it is real, and this implies that NV has elements of order
2. Consequently, N is a 2-group.

Suppose now that N is quasi-Frobenius with kernel K and complement H, both
abelian. It is trivial that there must exist elements of order p and order ¢ in N for
two different primes p and ¢. If Z(N) # 1, then N would have elements of at least
three different orders. Thus, Z(N) = 1, which means that N is a Frobenius group.
Now, since p and q are the only possible orders for the elements of N, we have that
all nontrivial elements in K must have the same order, say p, and since K is abelian,
we conclude that K is p-elementary abelian. Furthermore, it is well-known that the
Sylow subgroups of H are cyclic or generalized quaternion. Nevertheless, since all
elements of H have the same order, we conclude that H is cyclic of order q. ]

Example 3.4.3. Let G = Sy and let N = Ay. The G-classes of N have sizes {1, 3,8}
and accordingly, T'c(N) has two vertices and no edge.

3.4.2 TI'¢(N) with two vertices and one edge

We remark that this case does not occur when dealing with the ordinary graph I'(G).
In fact, as we pointed out in the Introduction, the complete list of those groups G
whose graph I'(G) has no triangles proves that the graph I'(G) can never have ex-
actly two vertices joined by an edge.

Hereafter 7(G) will denote the set of primes dividing the order of G. We prove
first the following property, which will also be used to prove Theorem A.

Lemma 3.4.4. Let N be a normal subgroup of a group G. Suppose that T'c(N)
is non-empty, has no triangles and that |N| is not a prime power. Then either
Z(G)NN=1or|Z(G)NN|y =2.
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Proof. Suppose that Z(G) N N > 1. Since N is not abelian and has not prime
power order, we can trivially take a g-element z € Z(G) N N and a p-element = €
N\ Z(G) N N for two distinct primes p and ¢. If ¢ > 2, then 2©, (22)% and (2%2)%
would be three distinct G-classes of N forming a triangle in I'¢(N), a contradiction.
This implies that ¢ = 2. Now, if |Z(G) N N|2 > 2, we can take two distinct nontrivial
2-clements 21,22 € Z(G) N N, whence the G-classes ¥, (121)¢ and (222)¢ are
distinct too and again we have a triangle in I'¢(V). Therefore, |Z(G)NN|y =2. O

Theorem 3.4.5. Let N be a normal subgroup of a group G such that T'¢(N) has
exactly two vertices and one edge. Then one of the following possibilities holds:

1. N is a p-group for a prime p.

2. N = P x Q with P/(Z(G) N P) an elementary abelian p-group with p an odd
prime, and Q C Z(G) NN and Q = Zs.

3. N is a Frobenius group with p-elementary abelian kernel K and complement
H = Z for some distinct primes p and q. In particular, |N| = p®q for some
a > 1 and the G-classes of N have cardinality 1, (p* — 1) and p*(q —1).

Proof. We divide the proof into two cases, depending on whether N = N/(Z(G)NN)
is a p-group or not.

a) Suppose first that N is a p-group for some prime p. If Z(G) N N is also a
p-group, we trivially have the first assertion. Thus, we can assume that Z(G) N N is
nontrivial and apply Lemma so |Z(G) N Ny = 2.

Now, observe that N is nilpotent because N is a p-group. We prove that Z(G)NN
is a {2, p}-group and consequently, N will be a {2, p}-group too. In fact, if there
exists r € m(Z(G) N N) with r # 2, p, then we can find in N \ (Z(G) N N) elements
of order divisible by 2r and pr, which is a contradiction. Therefore, N is a nilpo-
tent {2, p}-group and we can write N = P x @ with P a p-group (p odd) and @ a
2-group. Also, we have proved that @ = Zy and Q C Z(G). Now, the G-classes of N
are exactly the products of the G-classes of P by the two (central) classes of @ and,
by the structure of the graph, it follows that P has exactly one nontrivial G-class.
This forces P/(Z(G) N P) to be p-elementary abelian by Theorem and this
completes the structure of IV described in 2.

b) Assume that N has not prime power order and take two distinct primes
p,q € m(N). Hence there exist p-elements and g-elements in N \ (Z(G) N N). More-
over, all p-elements of N \ (Z(G) N N) form a single non-central G-class and the
g-elements form the other one. No more primes can be involved in 7(N). We note
that Z(G) N N = 1 because otherwise, the product of one element of prime order of
N NZ(G) by the elements of N \ (Z(G) N N) produce elements in N \ (Z(G) N N)
whose order is divisible by more than one prime. This means that N is a {p, ¢}-
group, and in particular, by p®¢’-Burnside’s Theorem, N is solvable. Let M < N
be a minimal normal subgroup of GG, which is elementary abelian, say for instance, a
p-group. As M is proper in N and is the union of G-classes, M is equal to the union

of the trivial class and one of the non-central G-classes of N. Then every element of
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N\ M is a g-element, so M € Syl,(N).

Now, if @ € Syly(N), then @ acts Frobeniusly on M, because N cannot have ele-
ments of order divisible by pq. Moreover, () must be cyclic or generalized quaternion.
As we have seen that all nontrivial g-elements have the same order, we conclude that
Q is cyclic of order q. O

The following examples illustrate the results obtained in the above theorem.

Example 3.4.6. Let G = SL(2,3) x (z) with (z) = Zy. The group SL(2,3) has a
normal subgroup K = Qg and we set N = K x (z). Then Z(G) NN = Z(K) x (z),
so |Z(G) N N| =4, and the non-central G-classes of N are:

(z,1)% = {(z,1)|z € K \ Z(K)}
(z,2)¢ = {(x,2)|z € K\ Z(K)}.

Moreover, |(x,1)¢| = |(z,2)%] = 6, so Tg(N) has two vertices joined by an edge.
This example corresponds to case 1.

We show two examples of case 2. In the first one, N is abelian whereas in the
second, it is not. We also give an example of case 3 of Theorem

Example 3.4.7. Let p be an odd prime and let N = (x1) X ... X (x,) X (z) with
(i) =2 Zy fori =1,...,n and (2) = Zy, so |N| = 2p". Let us consider H =
GL(n,p) the group of automorphisms of K = (x1) X ... X (x,,) and suppose that H
acts trivially on (z). We construct the corresponding semidirect product G = NH.
Then Z(G) NN = (z), so |Z(G) N N| =2, and the non-central G-classes of N are

{af' iy | (insein) #(0,...,0),0 <5 < p -1},
{af . airz | (i1, in) #(0,...,0),0 < iy <p—1}.

Thus, T'¢(N) has ezxactly two vertices, corresponding to the above two classes,
both of size p"™ — 1 and trivially joined by an edge.

Example 3.4.8. Let P be the extraspecial p-group of order p3 and exponent p (p
odd):
P={ab,cla’ =10 =1,c" =1, [a,b] = [b7c] =1, [avc] =b).

We have P = {a'b/c* | 0 < i,j,k < p— 1} and observe that Z(P) = (b). The group
Aut(P) is known (see for instance, Theorem 20.8 of [5]), has order p3(p —1)%(p+1)
and it turns out that every p € Aut(P) is determined by: p(a) = a'b/c¥; o(b) = b™,
with 0 < m < p—1; and ¢(c) = a9b"c®, satisfying further that m = is — gk # 0
(mod p) with 0 <14, j, k, q, 7, s <p—1.

Notice that there always exists an automorphism of P leading a to any non-central
element of P. Furthermore, we can set m = 1, that is, the image of a can be chosen
in such a way that all elements of Z(P) are fixed element by element. Set H = {p €
Aut(P)/p(b) = b} and let us consider the semidirect product G = (P x (z)) x H,
where (z) = Zo, and H acts naturally on P and trivially on (z). Let N = P x (z). It
follows that Z(G)NN = (b) x (z), so |Z(G)NN| = 2p, and the non-central G-classes
of N are (2,1)¢ = {(x,1)/x € P\Z(P)} and (z,2)¢ = {(2,2)/z € P\Z(P)}. Then
|(2,1)¢] = |(x, 2)¢| = p> — p and Tg(N) has two vertices joined by an edge.
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Example 3.4.9. We use the semilinear affine group I'(p™) for appropriate p and n.
We remind the construction of this group, although for a more detailed description
we refer the reader to Section 2 of [8]. Let GF(p™) be the finite field of p™ elements.
The multiplicative group H = GF(p™)* is cyclic of order p" — 1 and acts on the
additive group of GF(p"), say K = (x1) ®...® (xn) = Zp X ... X Ly, in the following
way: if a € H and v € K, then z® = ax. This action is Frobenius, so KH 1is a
Frobenius group with abelian kernel and complement. On the other hand, we know
that «, defined by x* = zP for all x € K, is another automorphism of K of order n
in such a way that H{a) < Aut(K). Then I'(p™) is defined by the semidirect product
T(p") = K x (Hia)).

Now, suppose that p is odd, n = 2 and S < H is a cyclic subgroup of order
s = 3 (note that we need to assume that 3 divides p> —1). One can easily check that
N = KS is normal in G, and that N is a Frobenius group with abelian kernel and
complement. The two nontrivial G-classes of N consist of the p> — 1 elements of
K\ {1}, and all the elements of U e (S7\{1}) = User (SE\{1}), which are ezactly
(|S| — 1)| K| = 2p? elements. As (2p?,p? — 1) = 2, we obtain case 3.

3.5 ['¢(NN) with three vertices

We distinguish the following three possibilities: I'q(/N) is disconnected with three
vertices, I'¢(IV) is connected having exactly one triangle or I' (V) has three vertices
in a line. The former two possibilities may happen for the ordinary graph I'(G). In
fact, I'(G) is disconnected with three vertices if and only if G = Djg or G = Ay (see
[6]). In subsection 5.2, we will study the case in which I'(G) is exactly a triangle, by
showing that G =2 Qg or G = Dg. However, the latter case, three vertices in a line,
do not occur for the ordinary graph ([6]).

3.5.1 T'¢(N) disconnected with three vertices

Theorem 3.5.1. Let N be a normal subgroup of a group G. If T'g(N) has three
vertices and one edge, then N is a {p, q}-group for two primes p and q. Furthermore,
either

1) N is a p-group, or

2) N is a quasi-Frobenius group with abelian kernel and complement. In this case,
INNZ(G)| =1 or 2.

Proof. The graph I'¢(N) has the form:

and by Theorem [3.2:2] we know that either N is quasi-Frobenius with abelian kernel
and complement, or N = P x A where P is a p-group and A < Z(G). Suppose the
second case. We can certainly assume that A is a p’-group. If A > 1, then every
non-central G-class of N is the product of a non-central G-class of P by a (central)
class of A. By hypothesis, the number of non-central G-classes of N is 3 and this
occurs if and only if either |A| = 3 and P has exactly one non-central G-class, or



TRIANGLES IN THE GRAPH OF CLASSES OF NORMAL SUBGROUPS 31

|A] = 1 and P has 3 non-central G-classes. However, in the former case, the three
G-classes would form a triangle, so we conclude that IV is a p-group.

Assume now that NN is quasi-Frobenius with abelian kernel and complement.
We claim that N is a {p,q}-group for two primes p and g. First, suppose that
Z(G)N N = 1. If |N| is divisible by three distinct primes, then the existence of
exactly three G-classes implies that all elements of N necessarily have prime order
and, by Theorem Nisa{p,q}-group or N = Ajs. Since N is clearly solvable, we
are finished. Now, if Z(G)NN > 1, by Lemma[3.4.4] we can assume |Z(G)NN|y = 2.
If [IN/(Z(G)NN)| is divisible by two primes p and ¢, both different from 2, then we can
multiply a central 2-element by a p-element and a g-element of NV in order to get non-
central elements of order divisible by 2p and 2¢q, respectively, and this contradicts the
hypothesis. Hence, for instance p = 2, and N is a {2, ¢}-group. In order to conclude
this case it is enough to see that [N NZ(G)|, = 1. In fact, if there exists a nontrivial
g-element in 2 € Z(G) NN, we choose a 2-element y € N \ (Z(G)NN), and then y©,
(xy)¥ and (2%y)¢ are three non-central G-classes of N with the same cardinality, a
contradiction. O

Example 3.5.2. If we consider G = N = A4, then I'q(N) has three vertices and
one edge. This example illustrates case 1. On the other hand, the group of the Small
groups library of GAP with number Id (324, 8) has an abelian normal subgroup
N = Z3 x Z3 whose G-class sizes are 1, 2, 8 and 8. This example shows case 2.

3.5.2 T'¢(V) with exactly one triangle
In this section we prove Theorems B and C. We analyze first the ordinary case.
Proof of Theorem B. By the class equation, we have

(G| = Z(G)| + |a%] + [b%] + [,

where o, b“ and ¢ are the three non-central classes of G. Since Z(G) C Cg(z) C G,
for x = a, b, ¢, then

R L) S W SN SN () BN
Gl [Cala)]  [Ca®)  [Calc) = |GI  2(Z(G)]
Therefore,
3_, lz@)l 3
4= Gl 2/Z(G)|
and thus, |Z(G)| < 2. If |Z(G)| = 2, then
2N, 3 2 3

oGl 2lZ(G) TGl 4

This implies that |G| < 8 and necessarily G = Qg or G = Dg.

Suppose now that Z(G) = 1 and we seek a contradiction. If |G| is divisible by
three different primes, then by applying the hypotheses, G should have all nontrivial
elements of prime order, so by applying Theorem [3.:2.5] we get G = Aj, which has
exactly four non-central classes, a contradiction. Thus, we can assume that G is a
p-group or a {p, g}-group for two distinct primes p and ¢. Since I'(G) consists exactly
of one triangle, one prime, say for instance p, must divide the size of every non-central
class of G, and then by the class equation, p must divide |Z(G)|, a contradiction too,
as wanted. O
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Proof of Theorem C. If N is a p-group, we have case 1, so we can assume that |N|
is divisible by at least two distinct primes. Let N = N/(Z(G) N N) and distinguish
two possibilities, whether N is a CP-group or not.

a) N is not a CP-group. Let T € N of order pg with p # ¢q. We write z = TpTq
and may assume that z, and x, are non-central of order p and ¢, respectively, so
the three non-central G-conjugacy classes of N are :cg , azg and 2¢. Notice that
Z(G) N N =1, otherwise we could obtain more than three non-central G-classes in
N. As aresult, N is a {p, q}-group. We prove now that Z(N) > 1. Suppose on
the contrary that Z(N) = 1 and let P and @ be a Sylow p and g-subgroup of N,
respectively. Let z € Z(P). Since all p-elements of N are G-conjugate, they lie in :cg
and we have |2¢| = ]acg\ = |G : Cg(xp)N||2)Y|. Moreover, Cg(2)N = (Ca(zp)N),
so [2V] = |2]'| is a power of g. Consequently, [2"] = [2]/| = [n] for every p-element
n € N. Similarly, we get that |z)| is power of p and [z)| = [m| for every ¢-
element m € N. Furthermore, as the N-class sizes of x, and x, are coprime, we
have N = Cn(xp)Cn(zq), and since Cy(z) = Cn(zp) N Cn(zq), it follows that
|2N] = |2)Y[|z)]. Thus, the set of class sizes of N is cs(N) = {1,]z]], |az:f]V|7 |z}
and we can apply the main result of [3] to deduce that N is nilpotent. In partic-
ular, it would have nontrivial center, a contradiction. This contradictions proves
that Z(N) # 1, as wanted. Now, if Z(N) has p-elements (analogously for ¢), then
P CZ(N)and N = P x Q. Since the three non-central classes of N are obtained as
the products of classes of the factors, we deduce that both P and @ can only have a
non-central G-conjugacy class. By Theorem [3.3.1] P and @ are elementary abelian.

Therefore, we get case 2.

b) N is a CP-group. By assumption, we have that |N| may be divisible at most
by three different primes. We distinguish three subcases:

b.1) N is a p-group. Let us see that N has exponent p. Let # € N with x € N
a p-element and suppose that o(x) = p"™ with n > 1. We know that there exists a
g-element z € Z(G) N N with ¢ # p because N is not a p-group. In fact, N has a
central Sylow g-subgroup and we can write N = P x Q. Thus, 2%, (2P)¢, (22)¢ and
(z2P) would be four different conjugacy classes, a contradiction. As a consequence,
o(z) = p and o(T) = p. Now, let us see that |Z(G) N N| is divisible at most by p
and g with ¢ # p. If another prime r divides |Z(G) N N|, then N has non-central
p-elements, {p, ¢}-elements, {p, r}-elements and {p,q,r}-elements, again a contra-
diction. We prove now that ) = Zs. Since N = P x @, we have that the G-classes
of N are the product of the G-classes of P and Q. Particularly, since @ < Z(G), the
non-central G-classes of N are the product of the G-classes of P (distinct from 1)
multiplied by all G-classes of @@ > 1. As there are three non-central G-classes in IV,
then ) necessarily has exactly three central G-classes, so Q) = Zs and we get case 3.

b.2) N is {p, q}-group. Note that N is also a {p,q}-group. On the contrary, if
there is a prime r # ¢,p dividing |Z(G) N N|, then there are non-central elements
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whose order is divisible by pr and ¢r in N, giving a contradiction. We distinguish
two cases. If Z(G) N N = 1, then N is a CP-group. By applying Theorem
and taking into account that there are only three non-central G-classes in N, one
easily obtains the possibilities described in case 5. Suppose now that Z(G) N N # 1
and we see that |Z(G) N N| = 2. Suppose that for one prime, say ¢ for instance,
|Z(G) N N|y > 2 and take two distinct nontrivial g-elements z1, 20 € Z(G) N N. We
choose a p-element x € N \ Z(G) N N and we have that 2%, (212)¢ and (z2)¢
are three distinct G-classes. However, we also have non-central g-elements in N,
so there are at least four non-central G-classes inside N, a contradiction. Hence
|Z(G) N N| =2, and we obtain case 4.

b.3) N is {p, q,r}-group. It clearly follows that Z(G) N N = 1 by counting order
of elements. This means that N is {p, g, r}-group and that all elements have prime
order. By Theorem we have N = As. Now, it is known that G/Cg(N) is
immersed in Aut(/N) = S5. Then

N =2 NCg(N)/Cq(N) CG/Cq(N)= A5 or Ss.

We have two possibilities: either G = NCg(N) or G/Cg(N) = S5. In the first case,
G = N x Cg(N) and the N-classes of N are G-classes, so N has four non-central

G-classes, a contradiction. Consequently, G/Cg(N) = S5. It is enough to take
K =Cg(N) and z € G\ (N x K), so as to obtain case 6. O

Example 3.5.3. We show examples for each of the cases of Theorem C. The groups
G = Dg and G = Qg with N = G are examples of case 1.

Let us take A = Zg acting Frobeniusly on a group H = Zy. Let us consider the
action of A on another group K = Zs in such a way that the kernel of the action is
Ao =2 Zs and AJAy = Zg acts Frobeniusly on K. Then we construct the correspond-
ing semidirect product G = (H X K) x A and take N = K x H. We have that the
sizes of the G-classes of N are 1, 2, 6 and 12. This example shows case 2.

Let G = SL(2,3) x Z3 and let N = K X Z3, where K is the normal subgroup of
SL(2,3) isomorphic to Qg. Then the three non-central G-classes of N have size 6,
so we have an example of case 3.

If we consider G = GL(2,3) with N = SL(2,3), then the G-classes of N have
size 1, 1, 6, 8, 8, and this illustrates case 4.

The same construction of Evample 6, that is, G = T'(p?) may work for case 5.
We have to take s = 5 instead of 3, (so we need that 5 divides p*> — 1), and set
N = KS with S < H a cyclic group of order 5. Then the sizes of the G-classes of
N are {1,p* — 1,2p%,2p?}, so Tq(N) is just a triangle when p is odd.

Finally, of course G = S5 with N = As is an ezample of case 6.

Remark 3.5.4. As we have pointed out in the introduction, the Ss-conjecture does
not hold for conjugacy classes lying in a normal subgroup. The examples given in
Sections 3, 4 and 5 show that even there are infinitely many normal subgroups having
all G-classes (central and non-central) with distinct size.
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3.5.3 T'¢(V) with three vertices connected in a line

Theorem 3.5.5. Let N be a normal subgroup of a group G. If I'q(N) has three
vertices in a line then Z(G) NN =1 and one of the following cases is satisfied:

1. N is a 2-group of exponent at most 4.
2. N =P x@Q, where P and Q are elementary abelian p and q-groups.

3. N is a Frobenius group with complement isomorphic to Zq, Z, or Qg. In the
former case, the kernel of N is a p-group with exponent < p> and in the two
latter cases, the kernel of N is p-elementary abelian.

In all cases, |N| is divisible by at most two prime numbers.

Proof. The graph I'(N) has the form:

Since the vertices of the ends, say & and y©, are not joined, then & and y© are
the only G-classes with cardinality |#¥| and |y, respectively. If z € Z(G)N N, then
(22)% = 2% and (2y)% = y©, so |(z)] divides |#¥| and |y“|. Therefore, Z(G)NN = 1.
We will distinguish three cases:

a) Suppose that N is a p-group. By the graph form 2C and y© are real classes
and obviously one of them needs to have odd size, say y©. Thus, the order of y is 2
and p = 2. Notice that necessarily the order of z is also 2, otherwise |(x2)¢| would
divide |2, and this would force T'¢(N) to have a triangle. If 2% is the third G-class
of N, then the order of z is at most 4 and we obtain case 1.

b) Suppose now that N is not a p-group and not a CP-group. Hence it has
elements whose order is divisible by two different primes p and ¢q. Let x = x,z4 be
one of them, where z, and z, are the (non-central) p-part and g-part, respectively.
Hence, the three G-classes of IV are xg , xf and 2%, so N is a {p, q}-group. Let us
prove that Z(NN) # 1. Suppose that Z(N) = 1. Since all p-elements of N lie in :cg,
any p-element w € N satisfies w = zj, for some g € G and

25| = |G : Ca(ap)Nlzy | = |G : Co(w)N||w"| = Jwf|.

It follows that |zV| = |w®|. We can argue similarly for the N-classes of g-elements
and {p, ¢}-elements, which have sizes |:17£1V | and |z?|, respectively. In addition, since
|l‘é\7’ and |l‘(]1\7’ divide |2%| and |x§| respectively, we have (\x{ﬂ, \$év|) = 1 by the struc-
ture of the graph. Furthermore, |a:1],\7 | and |3351V | must be a power of p and a power
of g greater than 1 because Z(/N) = 1. On the other hand, N = Cy(z,)Cn(zq),
Cn(z) = Cn(zp) N Cn(zy) and this leads to [+ = |z)[|z]’|. Therefore, the set
of class sizes of N is cs(N) = {1, ]:EI])V|, |:E(]JV|, |z™|} and by the main result of [3], N
is nilpotent and has nontrivial center, a contradiction. Now, let us prove that N
is abelian. If p divides |Z(N)|, since all p-elements of N are G-conjugate, N has a
central Sylow p-subgroup, so N is nilpotent and factorize N = P x (). As there are
only 3 nontrivial G-classes, this implies that P and @) are minimal normal subgroups
of G, so P and Q are elementary abelian. We get case 2.
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c¢) Assume that N is a CP-group but not a p-group. By Theorem we know
that |N| is divisible by at most two primes. We will prove that case 3 of Theorem
4 cannot happen and, consequently, we obtain the properties described in case 3
of the statement. Suppose that N/O,(N) is a {p,g}-group having cyclic Sylow
subgroups and let K/O,(N) and H/O,(N) be the kernel and complement of the
Frobenius group N/O,(N), respectively. Observe that K/O,(NN) is a cyclic g-group
and H/O,(N) is a cyclic p-group. By the hypotheses, we can write

O,(N) =1UzC,
K=1Uz%U yG,
N = 1UxGUyGUzG,
where z has order p and y has order ¢. Notice that y© is the only class of elements
of order exactly ¢ because K/O,(N) = Z,. Also, we can write K = O,(N)Q where

Q = Zg is a Sylow g-subgroup of G, and |K| = p®q. On the other hand, the elements
of N\ K form a G-class, say 2&. Moreover,

N o N/Oy(N)

K~ K/O,(N) = H/0y(N)

and |N| = p®*tlq. Therefore,
2] = |0,(N)| -1 =p* — 1,
ly“| = |K| = |Oy(N)| = p*(q — 1),
2] = |N| =1 —[2%] — |y“] = p*q(p — 1).

If both p and ¢ are odd, we have that |z¥|, |y“| and |2C| are even, a contradiction.
If ¢ =2, then |K/O,(N)| =2, and K/O,(N) would be central in N/O,(N), again
a contradiction. Thus, p = 2 and |N| = 2%Tlq. In particular, |H/O(N)| = 2.
By the Frattini argument, N = KNy (Q) = O2(N)Nxy(Q). On the other hand,
INN(Q) NO2(N),Q] € Q NOz(N) = 1 and, in particular, Ny (Q) N O2(N) C
Cn(Q) N Oz(N) = 1. Then, INy(Q)| = |N|/|O2(N)| = 2¢ and there must exist
a 2-element w € Ny (Q). If H were abelian, then H C Cy(02(N)). However, we
know that Og/(N) = 1, so Cn(02(N)) € Oz(N), which provides a contradiction.
As a result, H is not abelian and z¢ consists of elements of order 4. In particular,
w has order 4 and satisfies (wO2(N))? = O2(N), which means that w? € Og(N).
Then w? € Ny (Q) N Oy(N) = 1, the final contradiction. O

Example 3.5.6. We take G = ((ZaXZox 7o)X Z7)x Ay which has been obtained from
[11] by using the code SmallGroup(672,1258). Then N = Zg X Za X Lo X La X L is
a normal subgroup of G and the sizes of the G-classes are {1,3,7,21}. Thus, T'g(N)
has three vertices in a line and N is a 2-group.

Example 3.5.7. We consider N = Zo X Zg X Zo X Z3 and construct an action of
H =77 xZy on K. We know that Z7 can act Frobeniusly on Zg X Zo X Zeo, because
this group has a fized-point-free automorphism of order 7. Also, we consider the
trivial action of Zz on Zs. On the other hand, we consider Zso acting trivially on
Zo X Lo X Zgo and Frobeniusly on Zs. We set the corresponding semidirect product
G = N x H and we have that N has three nontrivial G-classes whose sizes are 2,7
and 14. Accordingly, T'c:(N) has three vertices in a line.
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Example 3.5.8. We take G = ((Zs x Z5) % Qg) X Zs, which has been obtained with
[11] by using the code SmallGroup(600,150). Then N = (Zs X Zs) X Qs is a normal
subgroup of G and the sizes of the G-classes of N are {1,24,25,150}. Notice that
T'¢(N) has three vertices in a line and N is a Frobenius group with complement Qs.

3.6 ['¢(N) without triangles

Theorem 3.6.1. Let N be a normal subgroup of a group G such that T'(N) has no
triangles. Then N is solvable.

Proof. The case in which I'¢(N) is empty is trivial, since N is clearly abelian. We
use induction on |N|. Take N/K a chief factor of N with K < N and suppose that
K # 1. If I'¢(K) has triangles, then I'(N) trivially has triangles too. By induction,
we conclude that K is solvable. On the other hand, if I'q g (N/K) has a triangle,
formed by (zK)%/K, (yK)/% and (zK)%/K | then we have that &, y© and 2¢ form
a triangle of I'¢(N). In fact, if for instance, & = y©, then (zK)%/K = (yK)G/K,
Again by induction, N/K is solvable too. Therefore, we can assume that N is a
minimal normal subgroup of G. We assume that it is the direct product of isomorphic
copies of a non-abelian simple group N1, otherwise N is solvable and we are finished.
Bertram, Herzog y Mann proved in [I] that the graph of a simple group is always
complete. Thus, we can choose a triangle of I'(N7), formed by a™, b™ and M,
such that the orders of a, b and ¢ are different prime numbers. Since Ny < N <G,
we deduce that [n™N1| divides |n|, for every element n € Ny, so wee obtain three
elements of different orders in N, whose corresponding G-classes are distinct and
form a triangle in I'¢(V), a contradiction. Therefore, N is solvable. O

Theorem 3.6.2. If T'¢(N) has no triangles and N is a CP-group, then N is a
p-group for some prime p or a Frobenius group.

Proof. The case in which I'¢(N) is empty and N is a CP-group, trivially leads to
that N is a p-group. Suppose that N has not prime power order. By hypothesis,
it is clear that Z(N) = 1 (and Z(G) N N = 1). By Theorem we know that
N is solvable, and one of the three options of Theorem [3.2.4] holds. We prove that
case 3 cannot occur. Suppose that IV satisfies case 3 of Theorem so N has the
following normal series:

1 <O,(N) < K:=0,(N)Q <N,

where @ is a Sylow ¢-subgroup of N.

Since K = O,(NN)Q is a Frobenius group, the K-classes of Op,(N) \ 1 have
cardinality divisible by ¢, then the cardinalities of the respective N-classes and G-
classes also are. On the other hand, the elements of K \ O,(/N) have a K-conjugacy
class of cardinality divisible by p, and again the respective N-class sizes and G-
class sizes are divisible by p too. Furthermore, if z is a p-element of N \ K, we
see that |z"V| is divisible by p and ¢. It is obvious that ¢ divides |z"V|, otherwise
there are elements of order pg in N. In addition, |2V| is divisible by p, otherwise
Cn(2) contains a Sylow p-subgroup of N, so in particular, contains O,(NN). Then,
z € CN(Op(N)) € Oy(N). As aresult, there exist at least three nontrivial G-classes
in NV, one of them in O,(N), whose cardinality is divisible by ¢, another one in
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K\ O,(N) of cardinality divisible by p, and a third class in N \ K whose cardinality
is divisible by pq. Since the G-classes are union of N-classes, there are not no more
nontrivial G-classes in N, otherwise, there would be a triangle in I'¢(V). Therefore,
I'(N) has exactly three vertices connected in a line. However, this is not possible for
the ordinary graph by the main result in [6]. In conclusion, case 3 of Theorem
does not happen and so, N is a p-group or a Frobenius group. ]

We are ready to prove Theorem A of the Introduction.

Proof of Theorem A. By Theorem we know that N is solvable. We will distin-
guish two cases depending on whether N/(Z(G) N N) is a CP-group or not.

a) Suppose first that N/(Z(G) N N) is not a CP-group. Let x(Z(G)NN) of order
divisible by exactly two different prime numbers p and ¢. We can write x = x,x,,
where x, and z, are the p-part and ¢-part of x, respectively, which are trivially
non-central in G. Since Cg(z) = Cg(xp) N Cg(xy), we have that both ]a;’g| and
\:UqG\ divide |2, so 2 is connected to :1:5 and :qu. Moreover, by the orders of the
elements, these classes are different. Thus, we have a subgraph of I'¢(/N) with the
following form:

As T¢(N) has no triangles, then |5 and |5 are coprime and as a consequence,
G = Cg(x,)Ca(xq) and 29| = |25]|z$]. Hence, any prime dividing |z| or [2$] is
a divisor of |2¥| and consequently, if there exists a vertex in I'g(N) different from
z@, 1'1(); and :EqG, it must lie in another connected component of I'¢(N). This means
that I'¢(IV) is disconnected and we get a contradiction by applying Theorem
Therefore, I'¢(N) coincides exactly with the subgraph above. By Theorem we

obtain Z(G) N N =1 and one of the assertions 1, 3 and 5 follow.

b) Suppose that N/(Z(G) N N) is a CP-group. By Theorem its order is di-
visible by at most two primes. For the rest of the proof, we exclude the case in which
N has prime power order, otherwise, we have case 1. Notice that if Z(G) NN =1,
then by applying Theorems 6.2 and [3.2.4] we obtain case 5. Therefore, by applying
Lemma [3.4.4] we can also assume for the rest of the proof that |Z(G) N N|; = 2. We
distinguish two subcases depending on the connectivity of I'¢(N).

b.1) Suppose that I'¢ (V) is connected. If it consists only of one vertex, N would
be a p-group by Theorem but we are excluding this case. If T'¢(/V) has two
vertices joined by an edge, by applying Theorem [3.4.5, we obtain case 2. In any
other case, I'¢(IV) always contains a subgraph of the following way:

A B C

and this turns to a contradiction. Observe that A and C' are the unique G-classes
with cardinalities |A| and |C|, respectively, because otherwise there would exist tri-
angles in T'g(NV). If we take a nontrivial 2-element 2z € Z(G) N N, then zA = A and
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2C = C, so |(z)] divides |A| and |C|, which is a contradiction.

b.2) Assume that I'¢(NN) is disconnected. We distinguish all the possibilities by
taking into account Theorem First, if I'¢(N) has the form:

we have Z(G)N N = 1 by Lemma Also, by Theorem N is a {p, q}-group
and N satisfies a particular case of 5. Secondly, if I'¢(N) has three G-classes, the

graph is:

By Theorem [3.5.1, N is a {p,¢}-group and since N is not a p-group, then N is
quasi-Frobenius with abelian kernel and complement, so we get case 4.

The only remaining case is when the structure of I'q(NV) is:

Then by Theorem [3.2.2] we know that either N = P x A with A # 1 a central
p’-subgroup of G, or N is quasi-Frobenius with kernel K and complement H, both of
them abelian. In the former case, since the G-classes of N are equal to the product
of the G-classes of P by the classes of A, necessarily we have A = Zs.

We assume then the second possibility, that is, IV is quasi-Frobenius with kernel
K and complement H, both abelian. As N/(Z(G) N N) is a CP-group, it certainly
follows that Z := Z(G) N N = Z(N). We have proved above that N/Z is a {p, q}-
group and now we prove that Z = Zy. If z € Z is an r-element with r an odd prime,
then r needs to be distinct from p or ¢, say for instance p # r. We take a p-element
r € N\ Z and then the G-classes 2, (22)¢ and (222)% form a triangle in I'¢(N), a
contradiction. We conclude that Z = Zy, as wanted. Finally, we prove that either p
or g has to be 2, that is, N is a {2, p}-group (or a {2, ¢}-group), and we obtain case 4
and the theorem is finished. Suppose that p and ¢ are odd primes. It easy to see that
the graph I'/7(N/Z) has exactly two vertices without edge, and by using Theorem
3.4.1} we have |K/Z| = p", |H/Z| = q, with n > 1. We take a p-element a € K, a
g-element b € H and 1 # z € Z(G) N N. It follows that the four vertices of I'¢(V)
are exactly a®, (az)%, b and (bz). Moreover, observe that a® U (az)® = K \ Z
and b U (b2)¢ = N \ K. By taking cardinalities, we have

20| =2p" —2 and 2[b°| = 2p"q — 2p",

so [a%| = p™ — 1 and |b®| = p"(¢ — 1). However, both numbers are even because p
and ¢ are odd, and this leads to a contradiction. ]
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Chapter 4

Landau’s theorem on conjugacy
classes for normal subgroups

Abstract

Landau’s theorem on conjugacy classes asserts that there are only finitely many finite groups, up
to isomorphism, with exactly k£ conjugacy classes for any positive integer k. We show that, for any
positive integers n and s, there exist finitely many finite groups G, up to isomorphism, having a
normal subgroup N of index n which contains exactly s non-central G-conjugacy classes. Upper
bounds for the orders of G and N are obtained; we use these bounds to classify all finite groups
with normal subgroups having a small index and few G-classes. We also study the related problems
when we consider only the set of G-classes of prime-power order elements contained in a normal
subgroup.

Keywords. Conjugacy classes; Normal subgroups; Number of conjugacy classes.
Mathematics Subject Classification (2010): 20E45, 20D15.

4.1 Introduction

The renowned theorem of Landau [9] states that there are only finitely many finite
groups, up to isomorphism, with exactly k conjugacy classes, for any positive integer
k. No upper bound in terms of k£ for the order of such groups was provided. M.
Newman [12] demonstrated that |G| < k2", or equivalently, that k goes to infinity
with the order of G according to the inequality

> 10g2(10g2!G\)'

g 2

Since then many results have appeared in the literature regarding logarithmic
bounds for some specific classes of groups, for instance, nilpotent or “almost nilpo-
tent" groups [5], or solvable groups [6], as well as extensions of Landau’s theorem,
such as [§], [11], where only conjugacy classes of prime-power order elements and of
p-regular elements are taken into account. A generalization of Landau’s theorem for
irreducible characters is proved in [I0] by considering the above result on classes of
elements of prime-power order and the number of irreducible characters of G with
values in fields where Q is extended by prime-power roots of unity.

Let G be a finite group and let N be a normal subgroup of G. For each x € N,
the G-conjugacy class of z is & = {29]|g € G}. Bearing in mind that N is the

41
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union of G-classes, the aim of this paper is to extend Laudau’s theorem for conju-
gacy classes of N. A natural question is whether there exist finitely many groups
having a normal subgroup which is the union of a fixed number of G-classes. The
answer is negative. In fact, if we take N to be a p-elementary abelian group of order
p® and G the holomorph group of N, then since Aut(/N) acts transitively on N\ {1},
it follows that N consists only of two G-classes, {1} and N \ {1}. Nevertheless,
Aut(N) = GL(s,p) and so |G : N| = |GL(s, p)| may increase as much as we wish. In
Section 2, our result establishes that if we fix the index |G : N|, then the answer to
our question is affirmative. We provide upper bounds for |G| and |N| depending on
the number of non-central G-classes lying in N (instead of all G-classes).

Theorem A. Let s,n € N such that s,n > 1. There exists at most a finite number
of isomorphism classes of finite groups G which contain a normal subgroup N such
that |G : N| =n and N has exactly s non-central G-classes. Moreover,

s—1
|G| < n? (s +1) H(s +1-— i)257172
i=0
and
s—1
s s—1—1
IN|<n®(s+ 1) [J(s+1-0)* .
i=0

In the above theorem we take s > 1, because considering s = 0 is equivalent to NV
being central in G and a classification of such groups makes no sense because these
are infinitely many. When n = 1, we obtain an improvement of Newman’s bound in
terms of the number of non-central classes in a group.

In Sec. 4.3, we present two applications of the above bounds: the classification
of groups G with normal subgroups having either one or two non-central G-classes
of coprime size and for certain small indices. We use GAP [7] and particularly the
SMALGROUPS library [4]. We recall that the classification of finite groups according
to their number of conjugacy classes has been a widely studied problem (see for in-
stance [13], [14]).

In Sec. 4.4, we tackle the problem of extending Landau’s theorem for prime-power
order elements lying in a normal subgroup N of a group G. We prove that there also
exist finitely many finite groups, up to isomorphism, having a normal subgroup with
fixed index and with a fixed number of G-classes of prime-power order elements. We
show by example that every G-class instead of only non-central G-classes must be
considered. Furthermore, we obtain a bound for the orders of G and N when G is
solvable.

Theorem B. For any two positive integers k and n, there are only finitely many finite
groups G, up to isomorphism, with a normal subgroup N of index n and containing
k G-classes of prime-power order elements. Moreover, when G is solvable,

nk—1 nk—1
Gl <n ] (nk=9* and |N|< ] (nk—1d)*.
=0 =0
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4.2 Proof of Theorem A

We need the following elementary result, which is a slight improvement of a lemma
in [12].

Lemma 4.2.1. Let s,n € N with s,n > 1 and let n1,--- ,ng41 be integers such that
np<ng <---<ngpp andl/n=1/ny+ -+ 1/ngr1. Then

ny < n(s+1)
and
k—1 k2 k—2—1i
g <n® (s+2-k) [[(s+1-4) (4.1)
=0

forall2 <k <s+1.

Proof. We obtain the first inequality trivially. We argue by induction on k for 2 <
k < s+ 1. First, since

1/n—1/n1=1/ng+ -+ +1/ngr1 < s/na

we deduce that ny < snnji/(n; —n) and this denominator is at least one because
n1 > n. By using the hypothesis we obtain

ng < snny

and since n; < n(s+1)
ng < n?(s+1)s.

Suppose that Eq. (4.1) holds for k with 2 < k£ < s and let us prove it for k + 1. We
know that

0<1l/mn—Q/ni+--+1/ng) =1/ngy1+ -+ 1/nsp1 < (s+1—k)/ngy1,
so we conclude that
ngt1 < (s+1—Fk)nny---ng/(ny---nk— (nng---ng + - +nny---ng_1))
and this denominator is bigger than 0 because 1/n — (1/ny +---+1/ng) > 0. Thus,
ngr1 < (s+1—Fk)nng---ng <
k—2

(s + 1= knln(s + D)[n*(s + Ds] - [0 (s +2 = k) [Js #1077
=0

Rearranging the terms on the right of the inequality it is easily computed that
(k+1)—2

g1 <n? (s +2—(k+1) [ (s+1-
i=0

and so Eq.(4.1]) is proved. O

N o((k+1)—2)—i
2)2
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Proof of Theorem A. Let C; = l’ZG for ¢ = 1,--- ;s be the non-central G-conjugacy
classes contained in N. Then |C;| = |G : Cg(z;)|. By the class equation

IN| =|Z(G) " N| + |Cy| + - +|C4]
and by dividing by |G|,
1/n=1/|G:Z(G)NN|+1/|Cq(z1)| + ---1/|Cq(zs)].
We rewrite the previous expression in the following way
I/n=1/n1+ - +1/nsp

where each n; is either |Cg(x;)| or |G : Z(G) N N|. Without loss of generality, we
can suppose that n; <--- < ngq1, so

I/n=1/n1+ -+ 1/ng1 < (s+1)/n1.

Thus,
ny < n(s+1). (4.2)

We know that there exists some ¢ with 1 < ¢ < s+1 such that n; = |G : Z(G)NN|.
Furthermore, for every j # ¢ we know that n; > |Z(G) N N|. Then n; > |G|/n;.
Hence, |G| < nin; for every j # i, with 1 < j < s+ 1. In particular, if ¢ = 1, then
|G| < ninsy1 and if ¢ > 1, then |G| < nin; < ningyq. In all cases, by using Eq.
and by replacing k£ by s + 1 in Eq. , we get

s—1 s—1
|G| < ningp1 < n(s+1)n* H(s +1-9) T =2 (s + 1) H(s +1-9)2
i=0 1=0

The bound for |N| trivially follows just dividing by n. Once the bound for |G| is
obtained, the first assertion in the theorem is clear. ]

4.3 Applications of Theorem A

As an application of Theorem A we classify groups and normal subgroups with cer-
tain number of non-central classes of G by using GAP. In order to expedite this
classification, we employ properties of the graph I'¢(N) defined in [I], associated to
a normal subgroup N of G, as well as some results of [2] concerning this graph when
it has few vertices. These properties give us relevant information about the structure
of the normal subgroup. We recall that the graph I'¢(N) is defined in the following
way: the vertices are the non-central G-classes contained in N and two vertices =&
and y@ are joined by an edge if and only if || and |y“| have a common prime divisor.

We classify explicitly those groups G having a normal subgroup N with one or
two non-central G-conjugacy classes of coprime sizes for some concrete indices. The
reason we do not deal with the case of two non-central G-classes with non-coprime
size is because we cannot ensure that Z(G) N N = 1, whereas when the sizes are
coprime we will see that this equality always holds, allowing us to improve the algo-
rithm efficiency.
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The specific indices that we have chosen give rise to groups available in the
library SMALLGROUPS [4] of GAP. We provide information about the classified groups
through tables in which the index of the normal subgroup and the SMALLGROUP
identifier of the corresponding group satisfying the properties appear. The mth group
of order n in the SMALLGROUPS library is identified by n#m.

4.3.1 Normal subgroups with only one non-central G-class

We consider groups having a normal subgroup N with only one non-central G-
conjugacy class, which means that I'¢(/V) has exactly one vertex. It is trivial that
this case cannot occur for ordinary classes of G.

To improve the algorithm efficiency, we specialize the bound of Theorem A and
use Theorem 3.2 of [2].

Theorem 4.3.1. Let N be a normal subgroup of a group G with |G : N| =n. If N
has exactly one non-central G-conjugacy class, then |G| < n(n + 1)2.

Proof. Let & be the only non-central G conjugacy class of N. By the class equation,
IN| = |[NNZ(G)| + |2]. (4.3)

Dividing by |G|,

1 1 1 2

—=— 4+ —<— (4.4)

n ni no nq
where n; is either |G : NNZ(G)| or |Cg(x)|, and we suppose without loss of generality
that n; < ng. It follows that n < ny < 2n. We observe that ng = nnj/(n; —n) is
uniquely determined by n;. By arguing similarly as in the proof of Theorem A we
get |G| < ning = nn?/(n; — n), which is a function that takes its maximum value
for n;1 = n + 1. We conclude that |G| < n(n + 1)2. O

To obtain our classification, we discard those normal subgroups that do not satisfy
the following conditions.

Theorem 4.3.2 (see [|2], Theorem 3.1). If G is a group and N is a normal
subgroup of G such that T'¢(N) has only one vertex, then N is a p-group for some
prime p and N/(N NZ(Q)) is an elementary abelian p-group.

In Table 1.1} we indicate for each index the bound for |G| of Theorem [1.3.1]
and the number of groups with a normal subgroup containing a single non-central
conjugacy class of G. In Table[d.2] we show the complete classification for the indices
that appear in Table
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Figure 4.1: Number of groups with normal subgroups having one non-central G-class.

Index of N |G| <n(n+1)> Number of groups

(Theorem |4.3.1

2 18 3
3 48 2
4 100 21
) 180 0
6 294 16
7 448 1

The idea of the algorithm implemented in GAP is to list only integers at most
the bound obtained in Theorem [£:3.1] say ¢, which are divisible by n, n; and na,
appearing in that theorem, with ¢/ny > 1 and ¢/ng > 1. For n = 4, among the
possible orders that satisfy the above conditions is 64. This is the most difficult pos-
sibility because there exist 267 groups. However, we can discard this case by proving
the following property for p-groups. For n = 8, in some cases, specifically 2-groups,
although the groups of the relevant orders are in the library, we could not complete
the classification because the number of possibilities is too large.

Theorem 4.3.3. Let G be a group such that |G| = p* with p prime, and let N be a
normal subgroup of G of order p® such that N has only one non-central G-conjugacy
class. Then p =2, N is abelian and a < (k+1)/2.

Proof. Suppose that G has a normal subgroup with one non-central G-conjugacy
class, say |z¥|. It follows that |[N| = |Z(G) N N| + |2%| which means that p® =
p° + p? = p°(1 + p?°) with ¢ < d. This equation only holds if p = 2. Accordingly,
20 = 2¢(1+297¢) with ¢ < d. This forcesc=d = a—1, so |Z(G)NN| = |2&| = 201,
Since Z(G) NN C Z(N) and |N : Z(G) N N| = 2 we conclude that N is abelian.
Thus, N C Cg(x) and, since 2°~' = 29| = |G : Cg(x)| divides |G : N| = 257¢, we
obtain a — 1 < k — a, that is, a < (k 4+ 1)/2. O

Figure 4.2: Groups having normal subgroups with one non-central G-class for certain
indices.

n G

2 641 8+#3 8+#4

3 1243 2443

4 1241 124#4  16#3  16#4  16#6  16#7

16#8 1649  16#11 16412 16413 2043
32427 32428 32429 32430 32431 32432
32433 32434 32435

6 1841 1843 1844 24412 24#13 24#4
UH6  2UH8  2UH10 24H11 4241 A8#28
AS#29  AS#32  AS#33 5A#8

7 56411
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Remark 4.3.4. Every group in Table[{.9 has only one normal subgroup satisfying the
conditions except for indices n = 2,4,6. In these cases there are 1, 8 and 1 groups,
respectively, having two normal subgroups. In Table[{.3, the only case in which N is
not abelian is when N = Qg. This happens for n = 3 and G = 24#3 = SL(2,3),
and for n =6 and four groups of order 48.

4.3.2 Normal subgroups with two non-central GG-classes of coprime
sizes

It was proved in [3] that this case for ordinary classes only happens when G = Ss.
However, for G-classes lying in a normal subgroup this is not the unique possibility
(see [2]). We use the following lemma to improve the efficiency of the algorithm.

Lemma 4.3.5 (2], Lemma 4.1.1). Let N be a normal subgroup of a group G. If
L¢(N) has two vertices but no edges, then Z(G) N N = 1.

The following improves the bounds of Theorem A.

Theorem 4.3.6. Let N be a normal subgroup of a group G with |G : N| = n.
Suppose that G has exactly two non-central conjugacy classes a:? and acg; m N and
these two classes have coprime sizes. Let n1 = |Cg(x1)| and ne = |Cg(x2)| such
that n1 < no. Then

(i) n+1<mn; <3n-—1.

(i) E[-*™-]4+1<ng < E[Q?—i"], where E[z] denotes the integer part of x.

ni—n ni—n
(iii) |G| < n(n+1)(n%+n+1).
Proof. By the class equation and Lemma 3.4.

IN| =1+ [af] + |25]. (4.5)

Dividing by |G|,
111 13

- - r <2 46
n |Gl n1 n2  m (4.6)

Therefore, ny < 3n and n < nq, so (i) holds. Furthermore, since n < ny < ng < |G|,

1 1 1 1 2

noom ong |G g

and this means that 5
nin
ny < B[],
ny—n

On the other hand,
1 1 1 1 1

)

noni ny o |Gl m

SO
nni

TL2>E[ ]

ny—n
Then (ii) is proved. Also, Eq. (4.6) reduces to

|G| = nnina/(ning — nng — nny). (4.7)
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Eq. is equivalent to the equation |G| = (1/n — (1/ny + 1/n2)) ", from which it
immediately follows that this function (of n; and ng) takes its maximum value when
ny and ngy are at their minimum values, which are n 4+ 1 and n(n 4 1) + 1 according
to (i) and (ii), respectively. We deduce that |G| < n(n +1)(n? +n + 1). O

We use the following theorem to limit the search.

Theorem 4.3.7 (see |2], Theorem 4.1.2). Let N be a normal subgroup of a group
G such that T(N) has two vertices and no edge. Then N is a 2-group or a Frobenius
group with p-elementary abelian kernel K, and complement H which is cyclic of order
q, for two different primes p and q. In particular, |N| = p"q with n > 1.

In Table we indicate, for each index, the improved bound for |G| of Theorem
[4:3:6) and the number of groups with a normal subgroup containing two non-central
classes of G of coprime sizes. In Table [£.4] we show the complete classification for
the indices that appear in Table

Figure 4.3: Groups with normal subgroups having two non-central G-classes with
coprime sizes.

Index of N |G| <n(n+1)(n®+n+1) Number of groups
(Theorem [4.3.6))

2 42 3
3 156 2
4 420 7
5 930 2
6 1806 8
7 3192 1
8 5256 22
9 8190 )
10 12210 7
11 17556 2
13 33306 2
17 93942 1

The idea of the algorithm implemented in GAP is to list only those integers at
most the bound obtained in Theorem [£.3.6] say c, satisfying that n, ny and ny divide
¢, with (¢/n1,¢/n2) =1, ¢/ny > 1 and ¢/ny > 1. For n = 12, we have not been
able to give a complete classification because 2184 is a possible value for | N| but this
order is not included in the SMALLGROUPS library of GAP. The same problem arises
for the indices 14, 15, 16 and 18.
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Figure 4.4: Groups having normal subgroups with two non-central G-classes with
coprime sizes for certain indices.

n G

2 24412 2043 1244

3 4241 1843

4 48430  ASHAS  TRH39  T2HAL 40412 2445
24414

5 11041 3041

6 TOHAD  TOHA3  1B6AT AT 6046 6047
36410 36412

7 4243

8 06#65 964185 964186 964187 964194 964195
064226 272450 1444120 1444182 1444185 1444187
80#28  80#30 80#31  80#34  80#50 4844
AS#35  AS#38 48440 48451

9 34247 126#1 12647 5444 544412

10 120437 120438 22047 10049 100410 6048
60411

11 50641 6641

13 702447 7843

17 10241

Remark 4.3.8. Every group in Table [{.4] has only one normal subgroup with the
desired conditions. Also, for every index, the symmetric group Ss always appears as
a normal subgroup. This happens because we can construct groups in the following
way: G =N x A where N I G and A is abelian. Consequently, the G-classes of N
are exactly the classes of N. Thus, by taking N = S3, the G-classes sizes of N are
{1,2,3}. In fact, for n =7 and n = 17 this is the unique possibility.

4.4 An extension of Landau’s theorem for prime-power
order elements

Let G be a finite group and let N <G. We denote by k(G) the number of conjugacy
classes of G and by kg(IN) the number of G-conjugacy classes of elements of N.
Analogously, we denote by kpp(G) the number of conjugacy classes of prime-power
order elements of G and by kppg(N) the number of G-classes of prime-power order
elements of N.

The aim of this section is to extend Landau’s result to elements of prime-power
order lying in a normal subgroup of a finite group. However, if we restrict our at-
tention to just non-central GG-classes of prime-power order elements contained in a
normal subgroup N of G, one can easily see that | V| and |G| cannot be bounded in
terms of the number of such classes although the index |G : N| is fixed. For instance,
suppose that N < G with |G : N| = n and that N has just one non-central G-class
(necessarily of prime-power order elements), as in any example of Section 4.3.1. Then
N is a p-group for some prime p and we can take an arbitrary abelian finite p’-group
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H and construct Ng = N x H and Gy = G x H. It follows that Ny < Gg, with
index n too, and Ny contains exactly one non-central Gy-class of prime-power order
elements. However, | Ny| and |G| need not be bounded.

Therefore, in this section, we consider all GG-classes, central and non-central, con-
tained in a normal subgroup, and prove that there are finitely many groups G having
a normal subgroup N of index n and with kppg (V) = k. We also provide an upper
bound for |G| and |N| as a function of k when G is solvable.

As we pointed out in the introduction, Héthelyi and Kiilshammer [§] prove an
extension of Landau’s theorem for prime-power order elements. They did not give
any numerical expression for the upper bound of the group order.

Theorem 4.4.1 ([8], Theorem 1.1). For a positive integer k, there are only finitely
many finite groups, up to isomorphism, satisfying k = kpp(G).

This theorem is a direct consequence of the next result, which uses the classifi-
cation of the Finite Simple Groups.

Lemma 4.4.2 ([8], Lemma 1.5). There ezists a function o : N — N satisfying
that whenever k is a positive integer and G is a finite group with kpp(G) = k then
G| < a(k).

Analogous results can be obtained when we work with conjugacy classes lying in
a normal subgroup. For this purpose, we state and prove the following well-known
elementary facts; see [0], Lemma 2.1.

Lemma 4.4.3. If G is a finite group and N I G, then

(i) For every x € N, the class & decomposes into the union of evactly |G :
NCg(z)| conjugacy classes of N,

(i) ka(N) > k(N)/|G: N|,
(iit) kppa(N) > kpp(N)/|G : NJ.

Proof. (i) By taking a set of representatives of the right (or left) classes of N in G,
we can write & = Ué“:l:nf-v for certain x; € N, which are G-conjugate. Furthermore,
the fact that the x; are G-conjugate implies that the classes a:fv all have the same
cardinality, and hence |#%| = k|2™V|. On the other hand,

|29 = |G : Ca(x)N||Cq(2)N : Cg(z)| = |G : Cg(2)N]||z™],

s0 |G : Cg(x)N| = k, as required.

(ii) By (i), each G-conjugacy class of x € N decomposes into exactly |G :
NCg(z)| classes of N. Since this number divides |G : N|, we deduce that the
G-class of every element in N decomposes into at most |G : N| classes of N. More-
over, the IN-classes in such a decomposition are trivially distinct, so the inequality
follows.

(iii) The same argument of (ii) works, by restricting to prime-power order ele-
ments of V. O
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Lemma 4.4.4. There exists a function v : NxN — N with the following property. If
n,l € Nt and G is a finite group with N <G such that |G : N| =n and kppg(N) =1,
then |G| < y(n,l).

Proof. By Lemma nl = kppa(N)|G : N| > kpp(N). Now, by Lemma [1.4.2]
there exists @ : N — N such that for every i, with 1 < ¢ < nl, if we assume that

kpp(N) =i, then |N| < a(7). Therefore, if we define
v(n,1) = |G : Njmax{a(1),- -, a(nl)},
we conclude that |G| < y(n,). O

We have now proved the first part of Theorem B.

Theorem 4.4.5. For any two positive integers k,n, there are only finitely many
finite groups G, up to isomorphism, with a normal subgroup N of index n satisfying
k = kppa(N).

Proof. This is a direct consequence of Lemma [1.4.4] O

From now on we assume that G is a solvable group and we get first an specific
upper bound for |G| when kpp(G) = k. The idea of our proof is inspired by [§],
Lemma 1.5. If we take a normal subgroup N of G with a fixed index and with
kppc(N) = k, we obtain in Corollary a formula for bounding |N| and |G|, so
Theorem B will be proved.

To get the upper bound for |G|, we need one more result of [8] concerning G-
classes and factor groups. This holds for every finite group, not only for solvable
groups.

Lemma 4.4.6 ([8], Lemma 1.2(ii)). If N is a normal subgroup of a finite group
G, then kpp(G/N) < kpp(G) unless N = 1.

Theorem 4.4.7. If G is a finite solvable group such that kpp(G) = k, then
G| < (k)

where v is defined as follows: v(1) = 1 and (k) = ky(k — 1)? for every k > 2.

Consequently,
k—1

[ | (UER)

=0

Proof. We argue by induction on k to prove both that |G| < v(k) and that + is an
increasing function in [1,k]. When k£ = 1 it is trivial that |G| = 1, so we define
~v(1) = 1. If £ = 2, we take N a minimal normal subgroup G, and by applying
Lemma [1.4.6] since N # 1, kpp(G/N) < kpp(G) = 2. Then kpp(G/N) = 1, that
is, N = G. On the other hand, since N is abelian, certainly |N| = 2. Therefore,
|G| < 2 = 2y(1)? =: 4(2). Also, in particular y(1) < v(2). Now, assume by
induction that when kpp(G) = k then |G| < kvy(k — 1) and that ~ is an increasing
function in [1,k]. Suppose that kpp(G) = k + 1 and let N be a minimal normal
subgroup of G. Again by Lemmal[1.4.6| kpp(G/N) < kpp(G) = k+1. Then |G/N| <
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max{7y(1),...,7(k)} = v(k) by the inductive hypothesis. Furthermore, N trivially
contains at most k& + 1 G-classes of elements of prime-power order. Each of these
splits into at most |G/N| N-classes of elements of prime-power order. As a result,
N has at most (k + 1)y(k) conjugacy classes of elements of prime-power order by
Lemma m (iii). As N is an abelian prime-power order group, we conclude that
IN| < (k+1)y(k). Therefore, |G| = |N||G/N| < (k+1)y(k)? =: v(k+1) and also, in
particular, (k) < v(k + 1). The last inequality of the statement follows easily. [

Corollary 4.4.8. Let G be a finite solvable group and let N I G such that |G : N| =
n and kppg(N) = k. Then
nk—1
N[ < [T (nk —0)*
=0
and
nk—1

Gl <n ] (nk —0)*.
=0

Proof. By Lemma we know that kppe(N) > kpp(N)/|G : N|, so kpp(N)
|G : N|kppa(N) = nk. Thus, by applying Theorem to N we get [N| < y(nk)
175 (nk — )%, This implies that |G| = n|N| < ny(nk) < n [ (nk — )2

O A

Figure 4.5: Classification of solvable groups with small kpp(G).

k G

2 2#1

3 3#1  6#1

4 441 4A#2 642 1041
1243

5 541 8#3  8#4  12#1
12#4  14#1 2043 2141
24#3 24412 3043 4241

We finish this section by showing in Table [£.5] a classification, obtained with
GAP, of those solvable groups G with kpp(G) = k for small values of k. We note
that for k = 5 the bound of Corollary is too large to be used with GAP, but we
improve it by using the same argument as in Theorem [£.4.7] Let N be a minimal
normal subgroup of G. By Lemma we know that kpp(G/N) < kpp(G) = 5, so
kpp(G/N) < 4. We observe in Table 5 that the largest size of |G| for k = 4 is 12.
Consequently, |G/N| < 12. Furthermore, N trivially contains at most 5 G-classes of
elements of prime-power order and each of these splits into at most |G/N| N-classes.
Thus, N has at most 5 x 12 = 60 conjugacy classes of elements of prime-power order
by Lemma [4.4.3] (iii). As a consequence, |G| = |[N||G/N| < 60 x 12 = 720. This

bound is computationally useful.
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Chapter 5

Squares of real conjugacy classes
in finite groups

Abstract

We prove that if a finite group G contains a conjugacy class K whose square is of the form 1U D,
where D is a conjugacy class of G, then (K) is a solvable proper normal subgroup of G and we
completely determine its structure. We also obtain the structure of those groups in which the
assumption above is true for all non-central conjugacy classes and when every conjugacy class
satisfies that its square is the union of all central conjugacy classes except at most one.

Keywords. Finite groups, conjugacy classes, product of classes, characters, real conjugacy
classes.
Mathematics Subject Classification (2010): 20E45, 20C15, 20D15.

5.1 Introduction

There exist many results about the structure of a finite group focused on the prod-
uct of its conjugacy classes. Some of them are related to the solvability and non-
simplicity of the group. Perhaps, one of the most relevant problems was stated in
1985 by Z. Arad and M. Herzog who conjectured that in a non-abelian simple group,
the product of two non-trivial conjugacy classes can never be a single conjugacy
class. This conjecture is still open although it has been obtained for several families
of simple groups (see [11]). A particular case of the conjecture was recently given
by G. Navarro and R. Guralnick in [7]. They proved that when a conjugacy class
K in a finite group G satisfies that K2 is again a conjugacy class, then (K) is a
solvable (normal) subgroup of G. Another result concerning products of classes was
given by Z. Arad and E. Fisman [I] who demonstrated that if the product of two
conjugacy classes of a group G is exactly the union of these two classes, then G is
not a non-abelian simple group.

In this paper we present a contribution to the study of the solvability and non-
simplicity of a group from the square of a conjugacy class. Suppose that K is a
non-trivial real conjugacy class of G, that is, a class satisfying that K—1 = K. It
trivially follows that K2 can never be a conjugacy class unless K consists of only a
single central involution of G. However, as K? is always a G-invariant set, we can
write K2 = 1 U A, where A is the join of conjugacy classes of G. In this note, we

o7
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study the extreme case in which A is a single class, and we wonder whether one
may obtain somewhat information concerning solvability inside the group G. The
answer is affirmative: K generates a solvable (normal) subgroup and we determine
its structure. Notice that every class satisfying the property of the following result
needs to be a real class. In fact, this is not a very unsual situation in finite groups.

Theorem A. Let K = 2€ be a conjugacy class of a finite group G and suppose that
K? = 1U D, where D is a conjugacy class of G. Then (D) = [z, G] is either cyclic
or p-group for some prime p. Since |(K)/(D)| < 2, then (K) = (x)[z, G] is solvable.
More precisely,

1. Suppose that |K| = 2.

(a) If o(x) =2, then (K) = Zo X Zg and Zy = (D) C Z(G).
(b) If o(x) =n > 2, then (K) = Z,, and (D) is cyclic.

2. Suppose that |K| > 3.

(a) If o(x) = 2, then either (K) and (D) are 2-elementary abelian groups
or (D) is a p-group and |K| = p" with p an odd prime and r a positive
integer.

(b) If o(x) > 2, then (D) is a p-elementary abelian group for some odd prime
p. Furthermore, either o(x) = p or o(z) = 2p.

Observe that in case 2 we determine the order of the elements of K, which may
be either 2, p or 2p with p an odd prime.

All cases of Theorem A are feasible and we provide examples of each one. Our
techniques for proving Theorem A are quite elementary although we make use of
Glauberman’s Z* theorem [6] and a result of Y. Berkovich and L. Kazarin in [3].
Both require tools from modular representation theory, so our results are based on
it as well. Other two main ingredients of the proof of Theorem A are Burnside’s
classification of finite 2-groups having exactly one involution and the classification of
groups of order 16. We remark that we do not appeal to the Classification of Finite
Simple Groups.

On the other hand, we prove that the property K? = 1U D in a group G, stated
in Theorem A, can be characterized by means of an arithmetical property of the set
of irreducible characters of G. As usual, Irr(G) will denote this set.

Theorem B. Let G be a group and x,d € G\ {1}. Let K = 2% and D = d%. The
following are equivalent:

a) K?=1UD
b) For every x € Irr(G) we have
K |x(2)* = x(1)% + (|K| = Dx(1)x(d).

As an application of our main result we obtain the following corollaries. The
first one is related to groups in which every non-central conjugacy class satisfies the
hypothesis of Theorem A and its proof is a trivial consequence. The second concerns
conjugacy classes whose square is the join of classes all central except at most one.



SQUARES OF REAL CLASSES. 59

Corollary C. Let G be a finite group such that every non-central conjugacy class K
satisfies that K% = 1 U D, where D is a conjugacy class of G. Then G/F(G) is an
elementary abelian 2-group.

Corollary D. Let K be a conjugacy class of a finite group G such that K? is union
of conjugacy classes all of them central except at most one. Then (K) is solvable.

Suppose now that every conjugacy class K of a group G satisfies that K? is a
conjugacy class. It is trivial that every real element must lie in Z(G) and must have
order 2. In [4], D. Chillag and A. Mann described the groups in which every real
element is a central element. Particularly, in Remark 5.5 of [4], the authors also
announce, with omitted proof, that any group satisfying this property is nilpotent.
We include here an extension of this result which will be needed in order to study
the structure of those groups in which all conjugacy classes satisfy the hypothesis of
Corollary C. Note that these groups are solvable by Theorem A and we show that
they are close to nilpotent groups.

Corollary E. Let G be a finite group and let 7 be a set of primes. Suppose that K>
is a conjugacy class for all conjugacy class K of m-elements of G. Then G/O.(Q)
is nilpotent. In particular, if m = 7(QG), then G is nilpotent.

Corollary F. Let G be a finite group such that every conjugacy class K satisfies
that K? is union of conjugacy classes all of them central except at most one. Let
M/F(G) = O2(G/F(G)). Then G/M is nilpotent and, consequently, G is solvable
with Fitting length at most 3.

5.2 Preliminary results

We begin by stating the Z* theorem version appearing in [§].

Theorem 5.2.1. Let G be a finite group. Suppose that P € Syla(G) and j € P such
that j2 =1# j and PN {j9g € G} = {j}. Then Ox(G){j) < G.

The following elementary properties will be often used in the proofs. The reader
interested in further properties related to products and powers of conjugacy classes
can refer to [2].

Lemma 5.2.2. Let K be a real conjugacy class of a finite group G. Then
a) (K)/(K?) is trivial or cyclic of order 2.

b) If K? = 1U K, then (K) is a minimal normal subgroup of G and it is p-
elementary abelian for some prime p.

Proof. We write N = (K?) and consider the factor group (K)/N which is generated
by the set of elements N with z € K. But, if z,y € K we know that 2y~! € K? C
N, so zN = yN, and consequently (K)/N is generated by just one element, say =N,
with z € K, and (xN)? = N. Thus, a) is proved. Statement b) trivially follows
because K? is a subgroup of G and all non-trivial elements of K? are conjugate, so
all of them have the same order. O



60 SQUARES OF REAL CLASSES.

As we have already indicated in the Introduction, we use the following result of
Berkovich and Kazarin of 3], which is based on the well-known Kazarin’s Theorem
(see for instance [8]), which asserts that any conjugacy class of prime-power size
generates a solvable normal subgroup.

Lemma 5.2.3 (Lemma 3 of [3]). Let G be a finite group and let x € G. If |2€] is a
power of ¢ € ©(G), then ({(x)%) is a g-subgroup. In particular, (x)%/O,((z)%) is an
abelian 7(o(x))-group.

The following result, to which we have referred at the beginning of the Introduc-
tion, will be used in the proof of Corollaries C and D. We remark that we do need it
to prove Theorem A.

Theorem 5.2.4 (Theorem A of [7]). Let G be a finite group, let x € G, and let
K = 25 be the conjugacy class of x in G. Then the following are equivalent:

a) K? is a conjugacy class of G.
b) K = z[z,G] and Cg(z) = Cg(x?).

In this case, [x,G] is solvable. Furthermore, if x has order a power of a prime p,
then [z, G] has a normal p-complement.

The original result of [7] includes one more assertion related to Character The-
ory but we do not use it in this paper. Furthermore, the proof of the equivalence
between a) and b) in the above theorem, although is omitted here, can be easily
obtained without using characters. The solvability in Theorem however, needs
the Classification of Finite Simple Groups.

Finally, we will also use a Burnside’s classic result whose proof can be found in
[10] for instance.

Lemma 5.2.5 (Theorem 1.2.6 of [10]). A non-cyclic 2-group P has only one invo-
lution if and only if P is a generalized quaternion group.

5.3 Proofs

We start by proving the equalities concerning commutators that appear in Theorem
A. Recall that the conjugacy classes K and D of the statement are real classes.

Lemma 5.3.1. Let K = 2C be a conjugacy class of a finite group G and suppose
that K* = 1U D, where D is a conjugacy class of G. Then (D) = [z,G] and
(K) = (x)[z, G].

Proof. If K = {x1,...,2,}, it is clear that K? = 2; K U --- Uz, K. Let y € ;K.
Since K is real, then y = 2,97 '2; 'g € [2; 1, G] = [2:, G] for some g € G. Also, if
i # j, then x; = 2! for some h € G. Thus, [z;,G] = [z}, G] = [2;,G]" = [2;,G].
Consequently, K2 C [x,G] and (D) C [z,G]. On the other hand, since any element
[z,] lies in K2 for all t € G, then [z,G] C (K?) = (D) and hence, (D) = [z,G]. The
equality (K) = (z)[z,G] is standard, since the normal closure ()% of a subgroup
(x) is equal to (z)[z, G]. O
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We are ready to prove our main result.

Proof. The proof is divided into two cases: when |K| =2 and when | K| > 3.
Case 1: Suppose that |K| = 2.

Case l.a. Let K = {z,29} with g € G. If o(z) = 2, then K? = 1 U {z29, 29z}.
But observe that since Cg(z) < G, we have Cg(z) = Cg(x9), so zzd = z9x.
Thus, K? = 1 U {z29}, so z29 € Z(G) and (D) = (xz9) C Z(G). Furthermore,
(K) = (z,29) = (z) x (29) = Zs X Zy and [(K)/(D)| = 2. So, l.a is proved.

Case 1.b. If o(x) = n > 2, then K = {7,271} and as a consequence, (K) = (),
which is cyclic of order n and (D) = (x?). If n is odd, then (D) = (z) = (K). If n
is even, then |(K)/(D)| = 2. Therefore, 1.b is proved.

Case 2: Suppose that |K| > 3.

Case 2.a. Suppose that o(z) = 2 and let t € D. We distinguish two cases de-
pending on the order of ¢. Suppose that o(t) = 2. We set K = {x1,...,25} and we
have K? = 1 U {z;z;|i # j}. Since o(w;x;) = 2 for every 1 < 4,5 < s with i # j,
then 1 = l‘%:ﬂ? = X;xT;T; = T;x;x;T;, so x; and x; commute. Consequently, (K) is
generated by pairwise commuting involutions, so (K) is 2-elementary abelian (and
(D) too) and we obtain the first assertion of 2.a.

Suppose now that o(t) > 2. Observe that any two distinct elements of K do not
commute. Otherwise, the order of ¢ would be necessarily 2. As a consequence, each
x; € K acts via conjugation on K in such a way that it fixes only the element x;
and permutes in pairs the elements of K \ {z;}. As a result, |K| is odd. This implies
that x € Z(P) for some P € Syly(G). Therefore, PN K = {z} and we deduce that

O2(G)(z) 9 G by Theorem

The Frattini argument gives G = Ng((x))O2(G). But observe that Ng((z)) =
Cc(zx) because o(x) = 2. Thus, G = Cg(x)O0(G). As a result,

K? = (z™49)s € K, g € G} = {[w g}z € K,g € Ox(G)} C Ox(C).
Then D C Oy (G) and in particular, [(D)] is odd.

Now, we prove that |K| is a power of an odd prime. Since = ¢ Z(G), we can
take an odd prime p dividing |02 (G) : Co,,(¢)(z)|.- As Ox(G) has odd order, then
the number of Sylow p-subgroups of Oy/(G) is also odd, and hence =, which acts
on this set of subgroups, must fix one of them. Let P € Syl,(O2(G)) such that
P* = P. Thus, [z,P] C P. Now, if [x,P] = 1 this contradicts that p divides
|02/(G) : Co,,(@)(z)|, so [z, g] is a non-trivial p-element for some g € P. Therefore,
[z,9] = 29 € K? is a p-element lying in D, so all elements of D are p-elements and
in particular, the prime p is unique. Moreover,

p™ =102(G) : Co,, (c)(z)| = [C(z)02(G) : Ca(z)| = |G : Ca(x)] = |K]

for some m > 1, as we wanted to prove. By applying Lemma [5.2.3] we deduce that
(K)/Op((K)) is an abelian 2-group. As a consequence, Oy ((K)) = O,((K)). By
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Lemma (a), we have that (K)/(D) is necessarily cyclic of order 2 and then
(D) = Op((K)). The second assertion of case 2.a is complete.

Case 2.b. Suppose that o(z) > 2. We prove first that |[D| = |K|. We know
that |K| < |K?| = 1+ |D| and D = (2%)%. Note that |D| divides |K| because
Cg(x) C Cg(z?). Thus, either |D| = |K| or |D| < |K|/2. However, if |D| < |K|/2,
the first inequality implies that |K| < 1+ |K|/2, so |K| < 2, a contradiction. Con-
sequently, |K| = |D| as wanted. Now, notice that 2K U2~"'K C K? and we claim
that 2K # 2 'K. Indeed, if tK = 27 'K, then 2> K = K. Hence for all g € G, it
follows that (z9)2K = (22K )9 = K9 = K, which means that DK = K. As a result,
(D)K = K. This implies that K is union of right classes of (D) and then [(D)]
divides |K|. But this is a contradiction because |K| = |D| < |{D)].

We have proved that K # r 'K with xK Ux 1K C K?. Since |K?| = |K|+1
and |K| = |zK| = |2 1K]|, there exists only just one element z € zK \ 27 'K.
Moreover, it is easy to prove that z~! is the only element contained in 271K \ K
(notice that z, z=! € D). Therefore, K2 can be decomposed as

K*=zKUz 'K =(@Kn2'K)u{z}u{z1}.

From the fact that (zK)(z 1K) = K? and K* = (1UD)(1UD) = K?>U D?, we
deduce that
K'=K*u{z2}u{z?}=1UuDuU{Z2}u{z?}.

Let us see that K* = D?. We know that D? is a G-invariant set, so we can write
D? = 1UA U- - -UA, with A; a conjugacy class for 1 < i < r. On the other hand, since
K C K? =1UD then 2K = 1UD’ with D’ C D and similarly 2~ 'K = 1U D" with
D" C D. Thus, D'D" C K?2ND? and |D'D"| > |D'| = |K|—1 > 2. We conclude that
there exists 1 # g € K> N D?. As aresult, g € D. Also, g € A; for some 1 < i < r.
Consequently, D = A; and hence D C D?. Accordingly, K* = 1U DU D? = D?, as
wanted. Therefore,

D?=1UDuU{z?}u{z2}.

We distinguish two subcases depending on whether 22 € K? or 22 ¢ K2.

a) If 22 € K2, we have either 22 = 1 or 22 € D (and 2=2 € D). In both cases, it fol-
lows that D? = K2 = 1U D, and then (D) is p-elementary abelian for some prime
p by applying Lemma (b). Furthermore, (D) = (K?), so |(K)/(D)| < 2 by
Lemma (a). Observe that (22)¢ = D, so o(x) divides 2p and hence, either
o(z) = p or o(x) = 2p. If o(z) = p > 2, then (z) = (z?) and (K) = (D) is
p-elementary abelian. Let us prove that if o(x) = 2p, then p is odd. If p = 2,
then o(z) = 4 and we know that 2 = |(D)| = 1 + |D| for some a > 1. Thus,
|D| = 2% — 1= |K| is odd. As K is real, then o(x) = 2, a contradiction. Thus,
we obtain the assertion of 2.b.

b) Suppose that 22 ¢ K2, what is equivalent to say that either {22} and {72} are
central classes or {22,272} is a single conjugacy class of cardinality 2. The rest
of the proof consists in getting a contradiction by a series of steps.
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Step 1: (D)/(2?) is a 2-elementary abelian group. Moreover, (D) is nilpotent of
class at most 2. Therefore, we write (D) = P x H with P € Syla((D)) and H a
2-complement of (D) with H C (2?) C Z((D)).

By the hypotheses of b) it follows that (22) < G. We denote G = G/(z?) and

consider D. We have D° = D2 = TUD. By Lemma 2| (b), (D) is p-elementary
abelian for some prime p. Observe that if d € D, then d = 29, for some g € G,
and d? = (29)? = (22)9 € {2?,272}. Thus, &= =1and p = 2. Furthermore,
z € Cg(2%) 9 G and hence, D C Cg(2?). This means that (z?) C Z({D)), so
(D)/Z({D)) is abelian and (D) is nilpotent of class at most 2. The decomposition
for (D) of the statement certainly holds.

Step 2: We can assume that o(2?%) is even.

If 22 € Z(G), since z € D and D is real, we have that 22 and 22 are conju-
gate and hence 22 = 272, Thus, o(2?) = 2. Consequently, we can assume that
{22,272} is a conjugacy class of cardinality 2 for the rest of this step. Suppose
that o(2%) = k is odd and notice that o(z) = 2k, so we can write z = z¥2% where
2% and 22 are the 2-part and the 2/-part of z, respectively. Moreover, there exists
g € G such that (22)9 = 272. We know that 229 € D? = 1U D U {22, 272}. Also,
229 = 2F22(2%)9272 = 2F(2¥)9 € P by taking into account that P <G, so 229 is a
2-element. As a consequence, zz9 can only be equal to 1, 22 or =2 because the ele-
ments of D have order 2k. Now, if 229 = 1, then 27! = 29 = (2F)9(2%)9 = (2¥)9272
what means that z = (2¥)9, a contradiction. If 229 is equal to either 22 or 272 we
can easily compute that o(z) = 4, again a contradiction. Thus, o(2?) must be even.

Step 3: (D) = (2%) U D(2%) and (D) has just one element of order 2 that is the
involution of (2%).

Since D C D?, it is easy to prove by induction on k that for every k >
DF1 C DF C 1UD U (2%) U D(2?). We can deduce that there exists I
depending on the order of z, such that (D) = D! C 1U D U (%) U D(22) C
This yields to

2,
E N,
(D).
(D) =1UDU (%) UD(2%) = (z%) UD(z?.

Accordingly, it is enough to show that there exists no element dz%* € Dz? with
d € D such that o(dz?) = 2. Otherwise, we assume (dz%)? = d?2% = 1 and
notice that d? = (29)% = (22)9 € {22, 272} for some g € G. Consequently, either
2412 = R20Q41) = 1 or 2472 = z2(2i-1) — 1. In both cases, o(z%) would be odd,
which contradicts Step 2. As a result, the unique element of order 2 in (D) is the
involution of (22).

Step 4: Final contradiction.

By Step 3 and Lemma P must be cyclic or generalized quaternion. We
will get a contradiction in both cases. Assume first that P is cyclic. Since
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(D) = (D)/(z%) = P/P N (2?) is 2-elementary abelian by Step 1 and P is cyclic,
then either (D) = Zy or (D) is trivial. Furthermore, (z) # (z%). Otherwise,
Cq(2) = Cg(2?) and then |K| = |D| = |(2%)¢| would be either 1 or 2, contradict-
ing the fact that |K| > 3. Thus, (2?) C (2) C (D) and this forces that (D) = (z).
As the elements of D have the same order that z, which is even, this equality
implies that they are odd powers of z and, as a consequence, the elements of D?
are even powers of z. This contradicts that D C D?.

From now on, P can be assumed to be generalized quaternion. We denote
G = G/H and then (D) = (D) = P. Notice that Z(P) = Z((D)) = Z((D)/H) =
Z((D))/H, because (D) = P x H, and that (D)/Z((D)) is dihedral. Also,
(D)/Z((D)) = (D)/Z((D)) is 2-elementary abelian by Step 1. By joining both
facts, we conclude that (D)/(Z(D)) & Zy x Zy. Therefore, (D) = Qs and
(D) = Qg x H. Note that (32) C Z((D)) which has order 2. Then the order
of (Z2) is either 1 or 2. If (2?) is trivial, from Step 3, we get

(D) = (YUD{EF)=1UD

and by Lemma (b), (D) is elementary abelian, a contradiction. Thus, we
can assume that o(z?) = 2. Again, by Step 3,

(D) =1uDuU Dz U {z?},

and we distinguish two cases. When D and D32 are equal or distinct. If D =+ ﬁ?z,
then 8 = 2 + 2|D| = 2(1 4 |D|), what means that |D| = 3. The fact that
D is real forces that o(3) = 2, a contradiciton. Therefore, D = D32 and
8 = (D)| = 24 |D|, so |D| = 6. Now we prove that |[K| = |D|. We have
K2 = 1UD. Since 0(22) = 2 and 72 and % are G-conjugate, we know that

o(F) > 2. So, D = (%)% and, since Cy(7) € Cx(7%) C G, we conclude that |D|
divides |K|. As 6 = |D| < |K| < |K2| =1+ |D|, we get |D| = | K|, as wanted.

On the other hand, by taking into account that K is a real class and Lemma

m (a), we know that (K)/(K2) :~(I~(>/(l~)> is trivial or cyclic of order 2. In

the former case, that is, if (K) = (D) = 1U {2} U D, we see that this leads
to a contradiction. We know that 1 # Z € (K). If T = 22, then o(Z) = 2.
Then x? € H, which implies that z € H and o(z?) is odd, a contradiction. So
T € D and we can write = dh with d € D and h € H C (%) C Z((D)).
Then 22 = d?h? € (2?) and we conclude that z = (22)9 € (22) and, as a result,
(z) = (2%). So, Cg(z) = Cg(2?) and |D| = |(22)%| = 2, which contradicts that
|K| > 3. We can assume then that (K)/(D) = Z,. Therefore, (K) is a 2-group
of order 16, which has a normal subgroup isomorphic to (s, and moreover, (K)
possesses at least 6 elements of order 8 (the elements of K). However, the only
groups of order 16 having a normal subgroup isomorphic to Qg are: SDjig, the
semidihedral group; (J16, the generalized quaternion group; the central product
of Dg and Z,; and the direct product Qg X Zs. The former two groups posses
exactly 4 elements of order 8 and the latter two groups have no elements of order
8. All cases give a contradiction.
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Example 5.3.2. Let us show several examples of each case of Theorem A. In some
of them, we use the SMALLGROUPS library of GAP [5]. The m-th group of order n
wn this library is identified by n#m.

Case 1.a. We take G the group
Myni1 = (a, b| a® =b* =1, a® = a2n_1+1>

with n > 3. We consider the conjugacy class K = b“ that satisfies K? = 1UD where
D = (a®"")C.

Case 1.b. We consider G = Dy, = {a, b |a" =b* =1, a® = ') with n > 3
and K = a®. Then K? = 1U D where D = (a?)®. Remark that if n is odd, then
(D) = (K) whereas if n is even, [(K)/(D)| = 2.

Case 2.a. Let N = (x1) X -+ X (x,) = Zg X -+ X Zg and consider the nat-
ural action of S, on N, that is, G = NS, is the wreath product of N and S,.
In this case, K = {x1,---,7,} is a conjugacy class of G such that K? = 1U D
where D = {x;z;|i # j} is a conjugacy class, because S, acts transitively on D, and
o(x;xj) = 2 for every i # j and |K| = r. This is an example of case 2.a of Theorem
A in which (D) is 2-elementary abelian and |(K)/(D)| = 2.

The alternating group A4 is another example where K is the conjugacy class of
involutions. In this case, (K) = (D).

Let G =216#88=(a, b, c | =1, a* =1, a> =b%, a® =a",
c a7 tea™tbeb = 1, cla e b lea™b = 1, b tea e tabe = 1) & ((Z3 x Z3)
Z3) x Qg. The conjugacy class K = (a?)% satisfies that K? = 1U D where D = ¢©.
Moreover, o(a?) = 2, o(c) = 3, |K| = 9 and |D| = 24. This is an example of case 2.a
in which (D) is a non-abelian extraspecial 3-group of order 27 and exponent 3.

Case 2.b. Let (a) = Zs and let (b) = Zg acting on (a) by a® = a?. Let G be the
associated semidirect product (a) x (b) and take K = (b*a)®. We have K2 =1U D
where D = a%, o(b*a) = 10, o(a) = 5, |K| = 4 and |D| = 4. This shows case 2.b of
Theorem A with (D) = Zs5 and (K) = Zj.

We get another example for the case in which the order of the elements of K
is a prime. Take G = (Z3 x Z3) x Qg = PSU(3,2) = {(a, b, ¢, d|a* = 3 = d® =
1, a2 =02, ab =a1, ¢® =cd?, d*=c2d?, b =d, d’ = c?) and K = ¢“, with ¢ an
element of order 3. This class satisfies that K? = 1U K with |K| = 8. Furthermore,
<K> = Zg X Zg.

Observe that both examples satisfy |K| = |D|, as it is explicitely showed in the
proof of Theorem A.

Now we prove the characterization of the property stated in Theorem A in terms
of irreducible characters. For our purposes, we use the following result which char-
acterizes when the product of two conjugacy classes is again a conjugacy class.

Lemma 5.3.3. Let G be a group and let a,b,c € G be nontrivial elements of G. The
following conditions are equivalent:
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a) a®b¢ = ¢

b) x(a)x(b) = x(e)x(1) for all x € Irr(G).
Proof. See for instance Lemma of [11]. O

Proof of Theorem B. Suppose that K2 = 1U D and let y € Irr(G). Notice that K
is real. By applying problem 3.12 of [9],

_ x(1 _
K@ = () = Xg) S xtate ),
geG
We can divide the sum into two parts, so the above formula is equal to

WS e Y @) =

] 9€Cq(x) geG\Cq(z)

el + (61 - ol hx(@).

We obtain b) by simply multiplying by |K]|.

Suppose now that b) holds. Again by problem 3.12 of [9] we have that for every
heaq,

a 2
|g> Cala)x(1) + (161 ~ [Calz)Dx(@).
Thus,
S X)) = [Cal) (1) + (161 ~ Ca())x(d). 5.0

geG

Let h € G and suppose that zz" ¢ D. We will prove that zz" = 1. By Eq.(5.1)) and
taking into account the second ortogonality relation,

> D xa@))x() =
g€G xlrr(G)

ICa(@)] Y x(x(d)+ (G- [Ca(@)) > x(d)x(d) =
xEIrr(G) xEIrr(GQ)
(IGl = ICa(z))[Ca(d)]-
On the other hand, since zz" & D, then
Yoo > xEEHIX@+ Y > ox x(d) =
9€Cq(zh) x€lrr(G) geG\Cq (z") x€lrr(G)

2. 2 @M@

g€G\Cgq(z") x€Irr(G)

~
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Therefore,

(1G] = Ca(@)))|Ce(d)].

Y Y xaE)x@

ge€G\Cg (zh) x€Irr(G)

Again by using the second ortogonality relation, we deduce that there are exactly
(|G| — |Cg(z)|) elements g € G\ Cg(x") such that
Y x(@(@"))x(d) = [Ca(d)].

X€EIrr(G)

So, for every g € G\ Cg(2"), we have z(2")9 € D. Now, if we come back to Eq. (5.1,

we have
o x@EM)+ D> xe@E@h)?) =

geCq(zh) geG\Cq(zh)
|Cq(z)|x(1) + (|G] — |Cq(z))x(d) Vx € Irr(G).

As a result,

Ca(2")[x(z2") + (1G] = |Ca(x)])x(d) =
[Ca(z)Ix(1) + (1G] = [Calz))x(d) Vx € Irr(G).

This implies that x(zx) = x (1) for every x € Irr(G), that is, 2" = 1. Therefore, we
have proved that for every h € G, either zz" = 1 or za" € D, that is, K2 C 1U D.
Since K? is a G-invariant set, the only possibilities are K? = D or K?> = 1 U D.
However, if K? = D, by Lemma 5, we have x(z)? = x(1)x(d) and by replacing in
the equation of b), we get |K|x(1)x(d) = x(1)? + (K| — 1)x(1)x(d) for every x €
Irr(G). This forces that x(d) = x(1) for every x € Irr(G), so d = 1, a contradiction.
Then K? = 1U D, as wanted. O

Proof of Corollary C. For every non central element 2 € G, we know that (2%)? =
1U D for some conjugacy class D. Then 22 € (D) and (D) is nilpotent by Theorem
A. Thus, 22 € F(G) for every x € G. Consequently, G/F(G) is 2-elementary abelian.

O

Proof of Corollary D. It may occur that K? is a conjugacy class and then, by ap-
plying Theorem m (K) is solvable. Otherwise, it happens that either K? =
AjUAsU---UA, or K2 = A UAU---UA,UD with A; a central classs for every i
and D a non-central class. If we consider G = G/Z(G), it follows that either K =1
or K- =T1UD. In the former case, (K) is cyclic of order 2 and as a consequence,
(K) is solvable. In the second case, by applying Theorem A, (K) = (K)Z(G)/Z(G)
is solvable, so (K) is solvable too. O

Proof of Corollary E. We can easily prove that the hypotheses are inherited by factor
groups and we work by induction on the order of G. If O,/ (G) # 1 it easily follows by
induction that G = G/O./(G) is nilpotent. So we can assume that O,/(G) = 1. For
every p € m, we choose 1 # z,, € Z(P) for some P € Syl,(G). The hypotheses imply
that (:cch)2 is a conjugacy class and, by applying Theorem , |$§| = |[zp, G]| and
hence, [z,, G| has p’-order.
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Let Ky /[zp, G] := On(G/[zp, G])) which is a p’-group. Since [xp, G] is p’-group,
then K,y C O,(G). By induction,

G/[2p, G]/Ow (G/lap, G]) = G/ Ky
is nilpotent. Now, we consider the natural homomorphism
¢2G—>G/Kp/l X e XG/Kpls

where m = {p1, -+ ,ps}. Since ;_; Ky € Ni_; Oy (G) = Ox(G) = 1, we conclude
that ¢ is injective and thus, G is nilpotent. O

Proof of Corollary F. The hypotheses are inherited by quotients. Let us see that we
can assume Z(G) = 1. Indeed, if we consider G = G/Z(G) we have

02(G/F(G)) = 02(G/F(G)) = 02(G/F(G)) = M/F(G) = M/F(G).

If Z(G) > 1, arguing by induction on the order of G, we obtain that G/M = G /M is
nilpotent and then the theorem is proved. Thus, we can assume Z(G) = 1, as wanted.

We assume first that there exists a 2-element x € G\ F(G) such that (z%)? is
not a class. However, (2%)? is union of conjugacy classes, all of them central except
at most one. As Z(G) = 1, we have (%)% = 1 U D, where D is a non-central class
of G. By Theorem A, we conclude that 2% € (D) C F(G) and, since (z) = (z2), we
get a contradiction.

Therefore, if we consider G = G/F(G), we can assume that every non-trivial
2-element T € G satisfies that (z9)? is a conjugacy class of G. Observe that we
can certainly assume that x is a 2'-element of G such that x ¢ F(G) and that
(x9)? is a conjugacy class. We apply Corollary E with 7 = {2}/ in order to deduce
that G/O(G) is nilpotent, which implies that G/M is nilpotent, and the proof is
finished. O
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Chapter 6

Multiplying a conjugacy class by
its inverse in a finite group

Abstract

Suppose that G is a finite group and K is a non-trivial conjugacy class of G such that KK ™' =
1UDUD™! with D a conjugacy class of G. We prove that G is not a non-abelian simple group
and we give arithmetical conditions on the class sizes determining the solvability and the structure
of (K) and (D).

Keywords. Finite groups, conjugacy classes, product of conjugacy classes, irreducible charac-
ters.
Mathematics Subject Classification (2010): 20E45, 20D15, 20C20.

6.1 Introduction

There are many studies about the structure of a finite group focused on the prod-
uct of its conjugacy classes. Perhaps, the most relevant problem was posed by Z.
Arad and M. Herzog (J4]) who conjectured that if S is a non-abelian simple group
and A and B are non-trivial conjugacy classes of S, then AB (defined as the set
{ab|a € A, b € B}) cannot be a single conjugacy class of S. This conjecture still
remains open although some specific cases have been solved. For instance, in [15],
the conjecture is verified for several families of finite simple groups of Lie type. On
the other hand, Arad and E. Fisman proved in [3] that if C' and D are non-trivial
conjugacy classes of a finite group G such that either CD = CUD or CD = C~'UD,
then G is not a simple group. However, no solvability information of the subgroups
(C) or (D) was given. Recently, G. Navarro and R.M. Guralnick ([9]) have proved
that when a conjugacy class K of a finite group G satisfies that K? is a conjugacy
class, then (K) is a solvable (normal) subgroup of G by appealing to the Classifica-
tion of the Finite Simple Groups (CFSG). This is, of course, consistent with Arad
and Hergoz’s conjecture.

In general, for any G-invariant subset X of G, we denote by n(X) the number
of distinct conjugacy classes appearing in X. Let K be a conjugacy class of a finite
group G. When we multiply K by its inverse class, K~!, then KK~ is a G-
invariant set. We will prove that if n(K K ') = 2, then G is not simple. The fact
that n(K K~!) = 3 does not imply that (K) or (KK ') is solvable. In fact, (K K~1)

71
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may be even simple. For instance, if G = S, for any n > 5 and K is the conjugacy
class of transpositions, then n(KK~!) = 3 and (KK~!) = A,. In this paper we
study the particular case in which KK~! = 1U D U D~! with D a conjugacy class
of G, and we demonstrate that G cannot be simple by means of the CFSG and a
character theoretical property characterizing such condition for conjugacy classes.

Theorem A. Let K be a non-trivial conjugacy class of a finite group G and suppose
that KK=' = 1U DU D™, where D is a conjugacy class of G. Then G is not a
non-abelian simple group. In particular, this theorem holds if KK—! =1U D.

We remark that KK~ = 1U D forces that D is real, but it does not necessarily
imply that K is a real class too (see section 5). Moreover, under the assumption
of Theorem A, if K is real, then we see (Lemma 3.1) that D is real too, and thus,
K? = 1U D. In this case, the structure and solvability of (K) is obtained in [f],
without employing the CFSG.

In order to prove Theorem A, we use the following characterization in terms of
characters of the property appearing in such theorem. We denote by Irr(G) the set
of all irreducible complex characters of G.

Theorem B. Let G be a group and x,d € G. Let K = 2% and D = d%. The
following are equivalent:

a) KK-'=1uDuD™!
b) For every x € Irr(G)

(K] -1)

5 x(D(x(d) + x(d™1)).

K [[x(2)* = x(1)* +
In particular, if D = D™, then KK=' = 1 U D if and only if for every x €
Irr(G)
[KIx(@)]* = x(1)* + (| K] = D)x(1)x(d).

Under the hypotheses of the particular case of Theorem A the group G need not
be solvable. The typical non-solvable situation in this case is a group of type Z.5.2,
where |Z| = 3, Z is in the center of Z.S, and in addition, S is a non-solvable group
acted by an automorphism of order 2, such that the non-trivial elements of Z are
conjugate by this automorphism.

If K is the conjugacy class in Theorem A such that KK~! =1UDU D™, then
we conjecture that the subgroup (K) is solvable. Unfortunately, we have only been
able to prove this solvability in some specific cases.

Theorem C. Let K be a conjugacy class of a finite group G and suppose that
KK='=1UD, where D is a conjugacy class of G. Then |D| divides |K|(|K| — 1)
and (K) /(D) is cyclic. In addition,

1. If |D| = |K| — 1, then (K) is metabelian. More precisely, (D) is p-elementary
abelian for some prime p.

2. If |D| = |K|, then (K) is solvable with derived length at most 3.
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3. If |D| = |K|(|K| — 1), then (K) is abelian.

We will provide examples showing that each case is feasible as well as an example
in which |D| is a divisor of |K|(|K|— 1) distinct from those appearing in Theorem C
and satisfying di((K)) = 3. Although in these examples (K) is solvable, the general
proof remains open as we have said before.

In [13], G. Malle classified the groups G with G/Z(G) almost-simple satisfying
that there exist x, 1 € Irr(G) such that xx = 1+ . A possible problem could be to
classify the groups of this type satisfying the conjugacy class condition, but we are
not attempting that.

6.2 Preliminary results and proof of Theorem B

We begin this section by presenting several results appeared in the literature that we
need in order to prove Theorem A. The next theorem will be useful in the interest
of discarding the alternating groups A,, with n > 5 in Theorem A.

Theorem 6.2.1 (Theorem A of [2]). Let S, be the symmetric group of n-letters,
n>5, and a, B € Sy \ 1. Then n(a®B5) > 2, and if n(a®"35+) = 2 then either a
or B is a fized point free permutation. Assume that o is fized point free. Then one
of the following holds

1. n is even, « is the product of n/2 disjoint transpositions and 3 is either a
transposition or a 3-cycle.

2. n is a multiple of 3, « is the product of n/3 disjoint 3-cycles and (3 is a trans-
position.

The following result due to R.M. Guralnick and G.R. Robinson is an extension
for odd primes of Glauberman’s Z*-Theorem [§].

Theorem 6.2.2 (Theorem D of [10]). Let G be a finite group. If x € G has order p
and [z, g] is a p'-element for every g € G, then x is central modulo Oy (G).

We give a variation of such theorem for p-elements (not necessarily of order p)
by adding an hypothesis to the class size of the p-element. We use the following
property (based on the CFSG) so as to obtain our variation, which is also a key
result to prove Theorem [6.2.2

Theorem 6.2.3 (Theorem 4.1 of [10]). Let G be a finite group. If x € G has order
p and is not central modulo Oy (G), then x commutes with some conjugate x9 # x,
for some g € G.

Our extension of Theorem is the following.

Theorem 6.2.4. Let G be a finite group. Let x € G be a p-element such that |xC| is

a p'-number and that [x, g] is a p'-element for every g € G. Then x is central modulo
O, (G).
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Proof. Let o(x) = p". By Theorem [6.2.2) we can assume that » > 1. We write
y=aP ", so o(y) = p. We will argue by induction on |G]|.

We claim that there is no ¢ € G such that y # y9 € Cg(z). Suppose that
there exists g € G such that 39 centralizes x and y # y9. Since |2C] is a p'-
number, we can choose P € Syl,(G) such that P C Cg(z) € Cg(y), so there
exists n € Cg(y) such that y9" € P C Cg(z). In addition, y=1 € Cg(x), so
ly,gn] € Cg(x), that is, [gn,y,z] = 1. Moreover, [y,x,gn] = 1, so by the Three
Subgroups Lemma, we get [x,gn,y] = 1. Then 2~ '29" = [z,gn] € Cg(y). As a
result, 29" € Cg(y). Analogously, there is n’ € Cg(y) such that 29" € Cg(x)
and hence, 19 s a p-element. By applying the hypothesis, ©z = xg""/, which
implies that gnn’ € Cg(z) C Cg(y). In particular, g € Cg(y), a contradiction. As
a consequence, there is no g € G such that y # 39 € Cg(z) as claimed. As |2
is a p/-number, it follows that there is no g € G such that y # y9 € Cg(y). So

y0,(G) € Z(G/Op(G)) by Lemma [6.2.3|

We distinguish two cases depending on whether O,/ (G) # 1 or Oy (G) = 1. As-
sume first that O,/ (G) = 1, and hence y € Z(G), # 1. Let G = G/Z(G),. We have
that 1 # T is a p-element, [T¢| is a p/-number and [Z,g] = [z, g] is p’-element for
every g € G. By the inductive hypothesis, 7O, (G) € Z(G/O, (G)). But observe
that O, (G) =1, so T € Z(G). This means that [z, g] € Z(G),, for every g € G. By
hypothesis, [z, g] is also a p/-element, so [x,g] = 1 for every g € G. This shows that
x € Z(G) and the theorem is proved.

Suppose now that O, (G) # 1 and let G = G/Oy(G). Again 1 # T is a p-

element, \fal is a p/-number and [Z,g] = [z,g] is a p/-element for every g € G.
Notice that O,/ (G) = 1. By induction, T € Z(G), or equivalently [z, g] € O (G) for
every g € G, so the proof is finished. O

We state a very well-known Burnside’s result.

Lemma 6.2.5 (Lemma 15.1 of [I1]). Let x € Irr(G) and K a conjugacy class of
an element g € G. Suppose that (|K|,x(1)) = 1. Then either g € Z(x), that is

Ix(9)| = x(1), or x(g) = 0.

For our purposes we need some properties related to the product of class sums in
the complex group algebra C[G| of a finite group G. Let K7, ..., K, be the conjugacy

—

classes of G and let denote by K; the class sum of the elements of K; in C[G]. If S
is a G-invariant subset of G, then

n
§=3 9= nk,
ges =1

denotes the sum of all elements in S and we denote by n; = (85, f(\z) = (f(\z, S) the
multiplicity of K; in S, which is of course a non-negative integer. For more details,
we refer the reader to Chapter 3 of [11].

Proof of Theorem B. Suppose that KK~!' = 1 U D U D™'. Observe that if Dy,
Dy and D3 are conjugacy classes of a finite group G, then it is easy to prove that
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(D1Ds, D3) = (Dy*Dy Y, D3t (see for instance the proof of Theorem A of [3]), so
(KK-1,D)= (K- 'K,D-1) = (KK-,D1).
Thus, KK-1= |K|T+ mD + mD—1 where m is a positive integer. Therefore,
|K|? = |K| + 2m|D|. (6.1)

By applying Theorem 3.9 of [11],

KPX@? . miDx(d) | m|Dx(d)
KT T

for each x € Irr(G). Taking into account Eq.(6.1) and rearranging the equality we
get the stated formula in b).

Conversely, suppose that b) is true. Let C; be the conjugacy classes of G with

1 <i < n. By exercise 3.9 of [12], for any pair of conjugacy class sums C,, and C,,
with representatives ¢,, and ¢, we have

@n@n = Z akék
k

where

O G x(em)x(en)x(cr)
e 2 :

and ¢, is a representative of C. In particular,

893
x€lrr(G)

o . 2 2. (.—1
RE1=Y a0 with af= K1 3 @)Fxle ) (6.2)
4 cl (D)
x€lrr(G)
If we pour out |x(z)|? from b) we obtain
_ -1 2
()2 = (K] = Dx(D0c(d) + x(d77)) + 2x(1)" (6.3)

2|K|

and by replacing Eq.(6.3) in Eq.(6.2]) and making easy calculations, it follows that

K (IK| = 1) (x(d) + x(d))x(c; ") x(Dx(c; ")
"t 2 K] 2 T

N x(
) K]
xE€Irr(G) x€Irr(G)

Consequently, by using the second orthogonality relation, if D # D~!, we deduce
|K| if Cp, =1

o = \K\g‘# if C, =D or D!

0 in other case
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This means that

= 2 ~  K|(K[-1) 5 [K|(K]-1) ==
KK-1=|K|l | D1
D) 20D
and in particular, KK~! =1U DU D™}, so a) is proved. O

The following elementary property concerning commutators is basic for proving
Theorem C.

Lemma 6.2.6. Let G be a finite group and let K = 2%, D = d% where = and d are
elements of G and KK~' =1UD. Then, (D) = [z,G] and (K) = (z)[x,G].

Proof. If K = {z1,...,2,}, then K~'K = xflK U---Ux,'K. Ify € x;lK, then
y = x; 2 € [2;,G] for some g € G. If i # j, then x; = z for some h € G.
Thus, [zj,G] = [#!,G] = [2;,G]" = [2;,G]. Consequently, KK~! C [z,G] and
(D) C [z,G]. On the other hand, since any element [z,] lies in KK ! for all t € G,
then [z, G] C (KK~1) = (D) and hence, (D) = [z, G]. The equality (K) = (z)[z,G]
is standard, so the lemma is proved. O

6.3 Proof of Theorem A

Before proving Theorem A, we analyze a particular case under the assumption
KK~! = 1UDUD™! appearing in Theorem A. If, in addition, we assume that
K = K~!, we prove in Lemma 3.1 that D = D™, that is, K? = 1 U D, and there is
no need to use the CFSG to show the non-simplicity of G. In fact, (K) is solvable
and its structure is completely determined by the authors in Theorem A of [5].

Lemma 6.3.1. Let K and D be conjugacy classes of a finite group G such that
KK-'=1UDuD™!. If K is real, then D is real.

Proof. Assume that K = K~ ! and let * € K. If o(z) = 2 we can assume that
any two different elements of K do not commute, because otherwise the elements
of D (and of D™!) would have order 2 and D would trivially be a real class. If
|K| = 2, say for instance K = {z,29}, then KK~! = 1 U {z29,292}. Notice that
{zz9, 292} cannot be decomposed into two central classes. In fact, if zz9 and z9z
are central elements, then z and x9 would commute. Therefore, |K| > 3 and we
write K = {z1,...,z,} with n > 3. If ;,2; € K are distinct, we have xfj =x€ K
for some positive integer [. Furthermore, x; # x;, otherwise x; and z; would com-
mute. Thus, 2,7 = (2;7)% = z; and (2;2)% = xyz; = (v;3) "', Since ;7 € D or
xix; € D1, we conclude that D is real too.

Suppose now that o(z) > 2. We can clearly assume that 22 € D (analogous
if 22 € D~!). Moreover, since there exists ¢ € G such that 29 = z~!, we have
(22)9 = (29)? = (27 1)? = 272, Now, if 22 = 272, then o(z?) = 2 and D is real and
if 22 # 272, then 22, 72 € D and D is real. O

Proof of Theorem A. Let z,d € G such that K = 2¢ D = d% and KK~! =
1U DU D™ We suppose that G is simple and we will look for a contradiction.
We distinguish three parts appealing to the CFSG. We show that for any alternating
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group, simple group of Lie type or sporadic group there is no conjugacy class satis-
fying the hypotheses of the theorem.

Case 1. Suppose that G = A, with n > 5.

It is easy to check that As does not satisfy the property of the statement for
any non-trivial conjugacy class K. Suppose that n > 5. Note that x and z~! are
permutations of the same type. We distinguish two cases: 9 = z4» or z5 # z4n,
If 2% = z47 it follows that £ (271)5» = 1U D% U (D~!)% = 1U D% and hence
n(z% (z71)%) = 2. By applying Theorem we get a contradiction because x
and 2! should be permutations of different type and this case is finish. We remark
that if %% # x4n the result can be obtained by applying an unpublished result for
alternating groups by Adan-Bante which is similar to Theorem 2.1. Nevertheless, we
provide an alternative proof by employing Theorem B.

Suppose then that 2% # z4» = K. It is well-known that in this case z is a
permutation that is product of disjoint cycles whose lengths are odd and different to
each other (including cycles of length 1). Let us see that |K| > (n — 1)? for every
n > 6. We know that if C' = 25, then

n!
H?:l(j)ajaj!’

where a; is the multiplicity of the cycle of length j for each j. In particular, for K
we obtain

ICl =

K| =|Cl/2

where a; = 0 if j is even, a; is either 0 or 1 if j is odd, and Z?:l jaj = n. The fact
that |K| > (n—1)? for every n > 6 can be easily proved by arguing by induction on n.

Now, let x be the natural permutation character of 4,, and ¥ := x — 1 € Irr(G)
with ¢(1) = n — 1 (see for instance Corollary 5.17 of [12]). In particular, for the
permutation x we have either x(z) = 0 or x(z) = 1 and ¢(z) = —1 or ¢(z) = 0.
Assume first that x(z) = 0. By replacing 1 in the equation of Theorem B we deduce

K] (n 1)
YD =R w1

which certainly is an integer less than 1. Consequently, ¥(d) may only take the values
-1 or 0. In the first case we deduce | K| = n—1 and in the second case |K| = (n—1)2,
contradicting the above property in both cases. Assume finally that x(z) = 1. Again
by using Theorem B we obtain

(n = 1% + (|K| = 1)(n — 1)(x(d) — 1) = 0.

If x(d) > 0, then the left side of the equality is bigger than 0, a contradiction, and if
x(d) =0, it follows that |K| = n, a contradiction too.

Case 2. Suppose that G is a finite simple group of Lie type.
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If G is a finite simple group of Lie type in characteristic p, we can always take
the Steinberg character ¢ € Irr(G) which satisfies ¢(t) = £|Cq(t)|, for every p-
regular element ¢t € G and ¢ (t) = 0 for every p-singular element ¢t € G. Furthermore,
(1) = |G, (see for instance Chapter 6 of [6]). Assume that there exists a non-trivial
pair of elements x,d € G such that the assertion b) of Theorem B holds and we will
work to get a contradiction.

Case 2.1. Suppose that x is p-regular. We know that ¢(z) = £|Cg(z)|, # 0.
By the equivalence of Theorem B we have
K] -1
2

[K||Ca(2)l; — |GI5 = |Glp(2(d) +%(d7)). (6.4)
If ¥(d) = ¢(d~1) = 0, then |K| = |K|]2, and this contradicts p®-Burnside’s Lemma
(see for instance Theorem 15.2 of [11]). Thus, ¢(d) = ¢(d~') = £|C¢(d)|, and by
replacing in Eq.(6.4) we obtain

(1K = |K1p)[Ca(2)]p = (K] = 1)(£|Ca(d)]p)-

If p divides | K], it follows that |K|, —|K|, = |K|— 1, which implies |K| = |K|, and
|K|p, = 1, a contradiction. Consequently, p does not divide |K| and since (1) = |G|,
we conclude by Lemmal[6.2.5|that either ¢(z) = 0 or 1 # x € Z(1). Both possibilities
yield to a contradiction.

Case 2.2. Suppose that z is p-singular. We know that ¢(x) = 0 and (1) = |G|,.
By the assertion b) of Theorem B,

—2|Glp

e

D(d) +p(dt) =
This means that d is a p-regular element and we necessarily have

¥(d) = (d") = ~|Cg(d)l-

As a consequence, by the two equalities above, |K| = |D|, + 1. Thus, p does not
divide |K]|.

Now we prove that x is a p-element. We consider the decomposition z = x,x,,.
Notice that Cg(z) = Cg(xp) N Cq(xy) € Ca(z,), which shows that \xgﬂ divides
|K|, and then p does not divide |x§] either. By applying Lemma again, we
obtain either ¢ (x,) = 0, which leads to a contradiction because x,y is p-regular,
or zy € Z(¢) = 1. Consequently, x is a p-element. Since d is p-regular, we apply

Theorem [6.2.4] and this straightforwardly contradicts the simplicity of G.
Case 8. Suppose that G is a sporadic finite simple group.

By using the character tables of the sporadic groups (for instance in GAP [7]) we
can check that the equivalence of Theorem B does not hold for any of these groups
and any two non-trivial conjugacy classes of it. In fact, for any sporadic simple
group, the only character satisfying such assertion for fixed elements x,d € G with
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x # 1 is the principal character.

The non-simplicity of G when KK~! = 1U D is a direct consequence of our
previous arguments when D = D! taking into account the corresponding case of
Theorem B. O

We provide an example illustrating the non-simplicity of a group satisfying the
hypothesis of Theorem A. Let G = (a) x (b) where (a) = Z7, (b) = Z3 and a® = a?.
Let K be one of the two classes of elements of order 3, which satisfies |[K| = 7. It
holds KK~' =1UDUD™! where D is a conjugacy class of elements of order 7 and
size 3. We have (K) = G and (D) = Z7. In fact, this is the example of the smallest
order group satisfying the property of Theorem A with D # D™

6.4 Proof of Theorem C

Proof of Theorem C. Let K = % with z € G. We write RK-1 = |K|T+mD, so
|K|?> = |K| + m|D| and |D| divides |K|(]K| — 1). The fact that (K)/(D) is cyclic
follows immediately from Lemma 2.8.

1) Suppose that |D| = |K| — 1. Then |[KK~!| = |K|. Note that xK ! C KK~!
and, since |[zK~!| = |K|, we obtain zK~!' = KK~'. Then K~! = 27 'KK™!,
which implies that K~! = (z7'K)K~!. This means that K ! is union of right
classes of (z7'K). Also, (x7'K) = (KK~') = (D), so we get that [(D)| di-
vides |K|. As |K| = |[KK™!| < (KK™Y)| = [(D)|, then [(D)| = |K|. Since
'K C(KK™') and |¢7'K| = |K| = |(KK~!)|, we obtain (D) = x7'K. Thus,
(D) =2xK~'C1UD C (D), so (D) =1U D is p-elementary abelian for some prime
p. As (K) /(D) is cyclic, this case is finished.

2) Assume that |K| = |D|. It is clear that zK Uz 'K C K~'K. We divide
the proof of this case into two subcases: whether zK ' = 2~ 'K or not. Suppose
first that K~ = 27!K. We have K = 2K ~! and, analogously, K ! = (29) 2K
for every g € G. By replacing K~! in the former equality, we deduce that K =
22(29) 72K for every g € G. We define

N=(0a*@)"?|zeK, geq).

Then K = NK and, as a consequence, |N| divides |K|. In addition, KK~! =
NKK™!, so |N| also divides |KK~!| = 14 |D| = 1 + |K]|, which allows to N = 1.
As a result, 22 € Z(G). If y € K, then y = 29 € K for some g € G and note that
y? = (29)? = (22)9 = 22. On the other hand, we can write KK ! = 2K~ U {z}
for some z € D. Since K ! = 27'K = (xK~1)~! and KK~! coincides with its
inverse, both facts show that z = z~!, that is, z has order 2. Now, if we take two
distinct elements y,y9 € K with g € G, then y~'y9 € D, so we write y9 = yd for
some d € D. Then y? = (y9)? = (yd)? = yy? and consequently, y = y%. This means
that [y,d] = 1 and hence [y,y9] = 1. Therefore, (K) is abelian, so the assertion 2)
holds.

Assume now that K ! # 7' K. We know that zK Uz 'K C KK~!. Since
|IKK~' = |K|+1and |K| = |tK~!| = |z K|, there exists only just one element
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z € K"\ 271 K. Moreover, it is easy to prove that z~! is the only element contained
in 27K \ K1 (notice that z # 271). Therefore, K K1 can be decomposed as

KK '=2K'Us 'K = (K 'na'K)u{z} u{z7'}.
From this equality and the fact that (z7'K)(zK~!) = KK !, we deduce that
(KK = (KK hYu{Z2}u{z2}=1uDuU {2} u{z?}.

On the other hand, (KK~!)2 = (1UD)(1UD) = 1U DU D% It follows that
D? C1UDU{z?}U{z72}. We distinguish two cases. If 22 € D, then D> =1U D
and hence, (D) is p-elementary abelian for some prime p. We get the assertion 2)
by taking into account that (K)/(D) is cyclic. Assume now that 22 ¢ D. Then
(22) 9 G because either {22} and {272} are central conjugacy classes or {22,272} is
a conjugacy class. We write G = G//(2%) and we obtain D2 C TUD. So we have two
possibilities: D2 =T or D2 = TUD. If D? =T, then (D) = Zy, and as a result (D) is
metacyclic. Consequently, (K) is solvable with dI((K)) < 3. Finally, if D2 =1TU D,

it certainly follows that (D) is elementary abelian. Then (D) is metabelian and,
again (K) is solvable with dI((K)) < 3.

3) Assume that |D| = |K|(|K| —1). Since KK = |K|T 4+ mD, we necessarily
have m = 1. We write K = {z,...,2,} and K~'K = 2" K U... Uz, K. Notice
that 1 € xi_lK for all i = 1,--- ,n. We rewrite the previous equality as the union

KK =1U@'K\1)U...U(z,'K\1).
By counting elements we conclude that mi_lK N xj_lK =1foralli=1,...,n with

1#j. Let g € Cg(xixj_l) with ¢ # j. Thus, (:Uimj_l)g = mf(mj_l)g = mzm]_l From
the last equality we have x; '2f = a:;lmg =1,s0 g € Cg(zi) N C(;(xjfl). Hence,
Cg(xi:cj_l) = Cqg(zi) N Cg(azj_l). As xi:cj_l € Cg(xixj_l), then xiacj_l € Cq(xz;),
so [z, z;] = 1. Therefore, (K) is generated by pairwise commuting elements, which

means that (K) is abelian. O

We emphasize the feasibility of Theorem C by giving examples. Some of them
have been found by using the SMALLGROUPS library of GAP [7]. The m-th group
of order n in this library is identified by n#m. If G = 110#1, there is a class K
of elements of order 5 satisfying KK~' = 1 U D where D is a class of elements
of order 11. We have (K) = Zi1 x Zs and (D) = Z;p;. This is an example of
Case 1. Let G = (a) x Ay where {a) = Z1y and we take K = 2% where z = at
and t is an involution of Ay. It follows that KK ! = 1U D where D = t¢ and
(K) = Z1o X Zg X Zy and (D) = Zg X Zg. This is an example of Case 2. The group
G = 15045 has a class K of elements of order 5 which satisfies K K ! = 1UD, where
D is a class of elements of order 5. We have (K) = Zs x Zs. This is an example of
Case 3. Finally, in the next example, |D| is a divisor of |K|(|K| — 1) different from
those appearing in Theorem C. Take G = SL(2,3) and K = 2 where o(z) = 3.
Then KK~! = 1U D, where D is a class of elements of order 4. We have (K) = G
and (D) = Qs. Note that di((K)) = 3, so this is the best bound.

6.5 Analogous problems for irreducible characters

Following the parallelism between conjugacy classes and irreducible characters, we
reflect on the problem of translating our results into Character Theory. As we have
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asserted in the Introduction by means of an example, the fact that n(K K1) = 3 does
not imply the non-simplicity of the group. Something similar occurs when working
with irreducible characters. For example, if we consider the simple group PSL(2,11),
there exist three irreducible characters x, 1 and ¢ such that xx = 1+ + ¢ (see for
instance page 290 of [12]).

Trying to transfer Theorem A into the framework of irreducible characters, we
find that in [I] the author gives the structure of a finite solvable group G with
X € Irr(G) such that xx = 1lg + mia; + maay where g, ay € Irr(G) are non-
principal characters and m; and mo are strictly positive integers. We are not aware,
however, whether the above equality may hold in a simple group when as = a7 # ;.
Nevertheless, regarding the particular case of Theorem A, if we take G = PSp,,,(3),
n > 2, or G =PSU,(2), (n,3) =1, n >4, it is known that there exists a non-trivial
character ¢ € Irr(G) such that ¢ = y + 1, with x € Irr(G) (see [L3] for instance).
So we conclude that simplicity may occur when the particular case of Theorem A is
translated into irreducible characters.
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Conclusiones y futuros problemas
de investigacion

Todos los resultados presentados en esta tesis se encuentran publicados en revistas
indexadas en el Journal Citation Report (JCR). Todos ellos han supuesto un avance
en el campo de investigacion sobre clases de conjugacion de grupos finitos ya que, o
bien son generalizaciones de resultados anteriores, o son contribuciones totalmente
novedosas.

Sintetizamos a continuaciéon los resultados més significativos en cuanto a grafos
de clases de conjugacién contenidas en un subgrupo normal. Sea G un grupo finito
y N un subgrupo normal de G. En los Teoremas A, B, C y D de [6] se estudian el
ntmero de componentes conexas de los grafos I'q(N) y I'&(IN), que en ambos grafos
coindice y es a lo sumo 2, y la cota de sus didmetros, que en el caso conexo es a
los sumo 3 y en el caso disconexo es 1, pues cada componente conexa es un grafo
completo. En el Teorema E de [6], se obtiene la estructura de N cuando I'g(N) es
disconexo. Ademaés, en el Teorema 1.1 de [8] se determina la estructura de N cuando
el diametro de I'g(NN) es tan grande como es posible, esto es, 3. En el Teorema A
de [9] se obtiene la estructura de N en el caso en que I'¢(N) no tiene tridngulos
y en los Teoremas B y C de [9] se proporciona la estructura de G cuando I'(G) es
exactamente un tridngulo y la estructura de N cuando I'¢(N) es exactamente un
tridngulo, respectivamente. Los resultados que cabe destacar sobre la generalizacion
del Teorema de Landau para clases de conjugacién contenidas en un subgrupo nor-
mal son los Teoremas A y B de [7]. En el primero se obtienen cotas del orden de
G y de N, siendo N un subgrupo normal de GG de indice fijo, con un determinado
ntmero de G-clases de conjugacion no centrales. El segundo es un resultado analogo
cuando se fija el nimero de GG-clases de elementos de orden potencia de primo de .

Resumimos ahora los resultados sobre el producto de clases de conjugaciéon mas
relevantes. En el Teorema A de [II] se obtiene la resolubilidad del subgrupo gen-
erado por una clase de conjugaciéon K cuyo cuadrado es unién de la clase trivial y
otra clase D. Cabe destacar que éste es el caso mas sencillo que aparece cuando
consideramos el cuadrado de una clase real. Ademas, se proporciona exactamente la
estructura de los subgrupos generados por la clases K y D. En el Teorema B de [11]
se aporta una caracterizacion de la anterior propiedad en términos de los caracteres
irreducibles del grupo. En el Teorema A de [10] se prueba la no simplicidad de un
grupo que posee una clase K tal que al multiplicarla por su inversa, o bien es de la
forma KK ~' = 1UD donde D es una clase, o bien KK~ =1UDUD™!. Estas dos
propiedades se caracterizan en el Teorema B de [10] en términos de los caracteres
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irreducibles del grupo. Ademaés se conjetura que bajo estas hipdtesis (K) es resolu-
ble. En el Teorema C de [10] se prueba que si KK ! = 1U D, entonces |D| divide a
|K|(|K|—1) y se obtiene la resolubilidad de (K) cuando |D| = |K|, |D|=|K|—-1o0
|D| = |K|(|K|—1). Para el resto de divisores, la resolubilidad queda como problema
abierto.

En las tematicas estudiadas en las dos partes que forman esta tesis todavia pueden
ser planteados problemas abordables de los que se pueden obtener resultados intere-
santes. Por una parte, respecto a los grafos I'g(IV) y I't;(/V) se pueden investi-
gar cuestiones sobre regularidad, didmetro, completitud o incompletitud de vértices
anélogas a las planteadas en [14], [18|, [21] y [20], respectivamente. En particular,
nos planteamos qué ocurre cuando el didmetro de I'f,(N) alcanza su valor méaximo,
es decir, 3.

Respecto al Teorema de Landau, se podrian estudiar mas generalizaciones tra-
bajando con G-clases contenidas en un subgrupo normal. Podriamos considerar, por
ejemplo, tnicamente los elementos p-regulares tal y como se ha hecho para clases
ordinarias.

En cuanto al producto de clases de conjugacién, cabe destacar que la literatura
es escasa y nos proponemos seguir estudiando los casos abiertos que han sido men-
cionados anteriormente y nos planteamos diversas cuestiones nuevas sobre las que
podemos trabajar en este campo. En primer lugar, tal y como se ha visto en la
segunda parte de la tesis, la conjetura de Arad y Herzog sigue abierta pues todavia
no se ha podido probar para todos los grupos simples de tipo Lie. Ademaés, nos
proponemos estudiar el siguiente problema el cual es una variacién mas débil de la
conjetura de Arad y Herzog:

En un grupo simple no abeliano el producto de n clases de conjugacion con n un
numero natural fijo yn > 2 no es una clase de conjugacion.

De la misma manera que la conjetura de Arad y Herzog se prueba para el cuadrado
de una clase, estamos estudiando si el anterior problema es cierto para la potencia
n-ésima de una clase con un n fijo y si el subgrupo generado por ésta clase es resoluble.

En los Capitulos 5 y 6 hemos probado que si K y D son clases de conjuacién de
un grupo G tales que K? = 1UD o KK~! = 1U D, respectivamente, entonces G
es no simple. Ademés en el primer caso se obtiene la resolubilidad de (K) y en el
segundo, se conjetura dicha resolubilidad y se obtiene en algunos casos particulares.
Una cuestion natural es qué ocurre si la potencia de una clase es unién de, o bien
la clase trivial y otra clase, o de una clase y su inversa. Estudiaremos los siguientes
problemas:

Sea G un grupo finito y sea K una clase de conjugacion. Si K™ = 1UD o
K" = DUD™! para alginn € N yn > 2, y alguna clase de conjugacion D, entonces

(K) es resoluble. En particular, G no es un grupo simple no abeliano

En los problema anteriores, se pueden obtener caracterizaciones en términos de
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caracteres que pueden ser utilizadas a la hora de obtener la no simplicidad del grupo.

Por otra parte nos preguntamos de qué manera se pueden aunar los dos temas
abarcados en esta tesis. Esto se traduciria, por ejemplo, en estudiar la informacion
sobre la estructura normal de un grupo obtenida a partir del producto de G-clases
contenidas en un normal. Sisuponemos, por ejemplo, que una G-clase de conjugaciéon
contenida en un subgrupo normal N satisface que alguna de sus potencias vuelve a ser
clase, sabemos que el subgrupo generado por dicha clase es resoluble. Este subgrupo
esta contenido en IV, por lo que concluimos que N no es simple. Sin embargo, podria
ocurrir que ninguna potencia de N-clase volviera a ser clase. Con esto concluimos que
tendria sentido estudiar los problemas de productos de clases tratados en la segunda
parte de la tesis para el caso de G-clases contenidas en un subgrupo normal con el
objetivo de analizar su estructura como hicimos en la primera parte de la tesis.






Conclusions and future research
problems

All the results presented in this thesis are published in indexed journals in the Jour-
nal Citation Report (JCR). All of them have led an advance in the research line
about conjugacy classes of finite groups because, either they are generalizations of
previous results, or they are totally new contributions.

Now we synthesize the most significant results about graphs of conjugacy classes
contained in a normal subgroup. Let GG be a finite group and N a normal subgroup of
G. In Theorems A, B, C and D of [6] we study the number of connected components
of the graphs I'¢(N) and I';,(NV), that in both graphs is the same and it is at most
2, and the bound of their diameters, that in the connected case it is at most 3 and
in the disconnected case it is 1, because each connected component is a complete
graph. In Theorem E of [6], we obtain the structure of N when I'¢(N) es discon-
nected. Furthermore, in Teorema 1.1 of [8] we determine the structure of N when de
diameter of I'¢(NN) is as large as possible, that is, 3. In Theorem A of [9] we obtain
the structure of N in the case in which I'¢(N) has no triangles and in Theorems B
and C of [9] we provide the structure of G when I'(G) is exactly a triangle and the
structure of N when I'¢(N) is exactly a triangle, respectively. The results that are
worth stressing about the generalization of Landau’s theorem for conjugacy classes
contained in a normal subgroup are Theorem A and B of [7]. In the first, we obtain
the bounds of the order of G and N, being N a normal subgroup of G of fixed in-
dex, with a determined number of non-central conjugacy G-classes. The second is an
analogue when we fix the number of G-classes of elements of primer power order of V.

Now we summarise the most relevant results about the product of conjugacy
classes. In Theorem A of [II] we obtain the solvability of the subgroups generated
by a conjugacy class K such that its square is a union of the trivial class and another
class D. It is worth stressing that this is the simplest case that appears when we
consider the square of a real class. Furthermore, we provide exactly the structure of
the subgroups generated by the classes K and D. In Theorem B of [11] we address a
characterization of the previous property in terms of the irreducible characters of the
group. In Theorem A of [I0] we prove the non-simplicity of a group having a class K
such that when we multiply it by its inverse, either it is of the form KK~' =1U D,
where D is a class, or KK ' =1UDUD™!. These two properties are characterized
in Theorem B of [I0] in terms of the irreducible characters of the group. Further-
more, we conjecture that, under theses hypotheses, (K) is solvable. In Theorem C
of [10] we prove that if KK~ = 1U D, then |D| divides |K|(]K|— 1) and we obtain
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the solvability of (K) when |D| = |K|, |D| = |K|—1or |D|=|K|(|K|—1). To the
rest of divisors, the solvability remains an open problem.

In the topics studied in both parts of the thesis it still can be raised tackled prob-
lems from which interesting results can be obtained. On the one hand, regarding the
graphs I'q(N) and I'; (V) we can investigate questions about regularity, diameter,
completeness and incompleteness of vertices analogue to those that have been raised
in [I4], [18], [21] and [20], respectively. In particular, we raise what happens when
the diameter of I';,(IV) get the maximum value, that is, 3.

With regard to the product of conjugacy classes, we have to say that literature
is scarce and we propose ourselves to continue studding the open cases mentioned
before and we raise several new questions about we can work on in this topic. In the
first place, as it have been seen in the second part of the thesis, Arad and Herzog’s
conjecture remains open because it has not yet been tested for all the simple groups
of Lie type. Furthermore, we propose ourselves to study the following problem, which
is a weaker variation of Arad and Herzog’s conjecture:

In a non-abelian simple group the product of n conjugacy classes with n a fixed
natural number and n > 2 1s not a conjugacy class.

In the same way that Arad and Herzog’s conjecture is proved for the square of
a class, we are studding if the above problem is true for the nth power with n fixed
and if the subgroup generated by this class is solvable.

In Chapters 5 and 6 we have proved that if K and D are conjugacy classes of a
group G sucht that K? = 1UD or KK~! = 1UD, respectively, then G is not simple.
Furthermore, in the first case we obtain the solvability of (K) and in the second,
we conjecture this solvability and we obtain it in some particular cases. A natural
question is what happens if the power of a class is a union of, either the trivial class
and another class, or of a class and its inverse. We will study the following problems:

Let G be a finite group and let K be a conjugacy class. If K" = 1UD or
K" =DUD™! for somen € N and n > 2, and some conjugacy class D, then (K)
is solvable. In particular, G is not a non-abelian simple group.

In the above problems, we can obtain characterizations in terms of characters
that can be used to study the non-simplicity of the group.

On the other hand we wonder how we can join the two topics tackled in this
thesis. This would be, for instance, to study the information about the normal
structure of a group obtained when considering the product of G-classes contained
in a normal. If we suppose, for example, that a G-conjugacy class contained in a
normal subgroup N satisfies that some of its powers is again a class, we know that
the subgroup generated by such class is solvable. This subgroup is contained in IV, so
we conclude that N is not simple. However, it could happen that there is no power
of N-class being again a class. According to this, we conclude that it made sense
to study the problems about product of classes tackled in the second part of the
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thesis for the case of G-classes contained in a normal subgroup in order to analyse
its structure as we made in the first part of the thesis.
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