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Resum

Un problema principal de la ciència de xarxes és com reconstruir (inferir)
la topologia d’una xarxa real a partir de senyals mesurades de les seves
unitats internes. Entendre la arquitectura d’una xarxa complexa és clau,
no només per comprendre el seu funcionament, sinó també per predir i
controlar el seu comportament. Els mètodes actualment disponibles es
centren principalment en la detecció d’enllaços de xarxes no direccio-
nals i sovint requereixen suposicions fortes sobre el sistema. Tanmateix,
molts d’aquests mètodes no es poden aplicar a xarxes amb connexions
direccionals. Per abordar aquest problema, en aquesta tesis ens centrarem
en la inferència de xarxes direccionals. Concretament, desenvolupem
un mètode de reconstrucció de xarxes basat en models que combina
estadístiques de correlacions de derivades amb recuit simulat. A més,
desenvolupem un mètode de reconstrucció basat en dades cimentat en
una mesura d’interpedendència no lineal. Aquest mètode permet inferir
la topologia de xarxes direccionals d’oscil.ladors caòtics de Lorenz per
un subordre de la força d’acoblament i la densitat de la xarxa. Finalment,
apliquem el mètode basat en dades a gravacions electroencefalogràfiques
d’un pacient amb epilèpsia. Les xarxes cerebrals funcionals obtingu-
des a partir d’aquest mètode són coherents amb la informació mèdica
disponible.

Paraules claus: Xarxes complexes, reconstruccó de xarxes, recuit
simulat, mesura d’interpedendència no lineal, dinàmiques de Lorenz,
gravacions electroencefalogràfiques (EEG), connectivitat funcional.
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Resumen

Un problema principal de la ciencia de redes es cómo reconstruir (inferir)
la topología de una red real usando la señales medidas de sus unidades
internas. Entender la arquitectura de redes complejas es clave, no solo
para entender su funcionamiento pero también para predecir y controlar
su comportamiento. Los métodos existentes se focalizan en la detección
de redes no direccionales y normalmente requieren fuertes suposicio-
nes sobre el sistema. Sin embargo, muchos de estos métodos no pueden
ser aplicados en redes con conexiones direccionales. Para abordar este
problema, en esta tesis estudiamos la reconstrucción de redes direccio-
nales. En concreto, desarrollamos un método de reconstrucción basado
en modelos que combina estadísticas de correlaciones de derivadas con
recocido simulado. Además, desarrollamos un método basado en datos
cimentado en una medida d’interdependencia no lineal. Este método
permite inferir la topología de redes direccionales de osciladores caóticos
de Lorenz para un subrango de la fuerza de acoplamiento y densidad de
la red. Finalmente, aplicamos el método basado en datos a grabaciones
electroencefalográficas de un paciente con epilepsia. Las redes cerebra-
les funcionales obtenidas usando este método son consistentes con la
información médica disponible.

Palabras claves: Redes compejas, reconstruccón de redes, recocido
simulado, medida d’interdependencia no lineal, dinámicas de Lorenz,
grabaciones electroencefalográficas (EEG), connectividad funcional.
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Abstract

A foremost problem in network science is how to reconstruct (infer)
the topology of a real network from signals measured from its internal
units. Grasping the architecture of complex networks is key, not only
to understand their functioning, but also to predict and control their
behaviour. Currently available methods largely focus on the detection
of links of undirected networks and often require strong assumptions
about the system. However, many of these methods cannot be applied to
networks with directional connections. To address this problem, in this
doctoral work we focus at the inference of directed networks. Specifically,
we develop a model-based network reconstruction method that combines
statistics of derivative-variable correlations with simulated annealing.
We furthermore develop a data-driven reconstruction method based on
a nonlinear interdependence measure. This method allows one to infer
the topology of directed networks of chaotic Lorenz oscillators for a
subrange of the coupling strength and link density. Finally, we apply the
data-driven method to multichannel electroencephalographic recordings
from an epilepsy patient. The functional brain networks obtained from
this approach are consistent with the available medical information.

Keywords: Complex networks, network reconstruction, simulated
annealing, nonlinear interdependence measure, Lorenz dynamics, elec-
troencephalographic recordings (EEG), functional connectivity.
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CHAPTER 1

Introduction

A rich variety of natural and man-made systems are composed of separate
units that interact in a complex way. In network science, these systems
are modeled using networks where each component is represented by
a node and their interaction is conveyed by links between the nodes.
This rapidly growing field has helped to advance our understanding of
real-world systems ranging from social to natural sciences (Newman,
2007; Barabási and Pósfai, 2016). To understand the collective dynamics
of these complex systems, it is essential to characterize not only the
behaviour of individual nodes, but also the network structure that makes
them interact via links. This interaction creates a collective effect that
does not exist at the level of individual nodes. However, unravelling the
network structure from the available data is far from easy. This is the
core topic of this doctoral dissertation.

1.1 Networks

The first time a graph was used to represent a real-world problem can be
traced back to the XVIII century. Citizens in the town of Königsberg did
not know if one could cross all the bridges in the city only once. Euler,
the famous Swiss mathematician, solved this problem mathematically
using a very simple graph representation. He showed that it was not
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possible to cross all bridges only once (Alexanderson, 2006). However
only two decades ago, networks started to get attention from other areas
of science.

A network is a simple representation of the interaction of a given
system. The nodes are the entities of the system that interact among
themselves via links. We say that a node p is connected to node q if there
is a direct link between them. Using graph theory, we mathematically
represent a network via an adjacency matrix:

Apq =

{
1 if there is a link from p to q;
0 otherwise;

(1.1)

where the indices of the matrix go from p, q ∈ (1, 2, ....,M), and M is
the number of nodes or entities in the system. We additionally define
E as the number of links of the system. For an undirected network, the
connections are bidirectional so the adjacency matrix A is symmetrical
Apq = Aqp. When the connections have a direction, Apq = Aqp does
not hold in general, and we say that we have a directed network. In
this kind of network, the direction of the links determines the flow of
the information in the network. The maximum number of links in a
network depends only on the number of nodes M . For a undirected
network, the maximum number of links without counting self-loops is
Emax = M(M − 1)/2. Alternatively, for a directed network this quantity
is doubled Emax = M(M − 1). Moreover, networks can be used to
represent the strength of some inter-unit interaction. In this case, we
talk about weighted networks where the adjacency matrix is no longer a
binary matrix and each link is represented with a real value Apq = wpq
with wpq ∈ R. We furthermore define the number of links pointing to the
node and the number of links going from that node to other nodes as the
indegree (dinp ) and outdegree (doutp ), respectively:

dinp =
M∑
q=1

Aqp, doutp =
M∑
q=1

Apq. (1.2)

For undirected networks the indegree is equal to the outdegree: dinp = doutp .
In weighted networks, the degree does not longer correspond to the
number of links pointing to or going from a node, and it is more a
measure of participation of the node in the network.
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This way one can represent networks (real-life systems with em-
pirically determined properties) via graphs (mathematical objects with
formal properties expressible through equations). Of course, networks
and graphs can have multiple structural characteristics, and have a myriad
of other properties. For the purposes of this thesis, we will not define
further structural characteristics since the core topic of the thesis is to
study methods to reconstruct a network.

1.1.1 Networks in nature
Networks are used as models of a wide variety of systems in nature,
society and technology. These includes:

1. Social networks, as the most traditional category, have individu-
als, companies, societies, groups or even countries as nodes, and
examine diverse types of relationships (links) between them (Kill-
worth, Johnsen, Bernard, Ann Shelley, and McCarty, 1990; Russell
Bernard, Johnsen, Killworth, and Robinson, 1991; Wasserman
and Faust, 1994; Amaral, Scala, Barthélémy, and Stanley, 2000).
These include friendship, romance, trade/business or import/export.
These networks serve not only to understand better the relationships
in society, but also to predict and tackle events such as business
cycles and economic downturns.

2. Networks in biology and neuroscience assign biological entities to
nodes, which include genes (Mittler, Vanderauwera, Gollery, and
Breusegem, 2004), proteins (Jeong, Mason, Barabási, and Oltvai,
2001), neurons (or regions of the brain) (White, Southgate, Thom-
son, and Brenner, 1986) or animal species (Bascompte, Jordano,
Melián, and Olesen, 2003). Research then focuses on the relation-
ships between these entities, drawing conclusions that range from
efficiency of gene or protein interaction networks to the stability
of an ecosystem investigated via food networks among animal
species.

3. Networks in infrastructure and technology assign diverse transport
units such as airports and bus stops to nodes, and then look at the di-
versification and efficiency of, say, an infrastructure/transportation
system or network (Kansky, 1963; Banavar, Maritan, and Rinaldo,
1999; Amaral et al., 2000; Gastner and Newman, 2004). Such
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analysis can for instance yield insights into the stability of power
grids, crucial for the functioning of economy.

4. Information networks nowadays are sometimes confused with so-
cial networks, since the bulk of social interactions today occur
online, which blurs the border between true friendship networks
and, say, Facebook network (Huberman, 2001; Lewis, Kaufman,
Gonzalez, Wimmer, and Christakis, 2008). Along the same lines
research studies knowledge networks such as Wikipedia and alike
(Korfiatis, Poulos, and Bokos, 2006).

Networks as a framework are also used to model and analyze many
other complex systems in nature, society and technology (Newman, 2007;
Barabási and Pósfai, 2016), but for the purposes of this work we will
not dive further into them. One of the main characteristics of these
real-world networks is that most of them have considerably fewer links
than the possible maximum number (E � Emax) (Barabási and Pósfai,
2016). This characteristic which we call sparsity is a very common
feature among real networks (Newman, 2007). We say that a network is
sparse if as the network size grows, the number of links per node remains
constant. Similarly, the density of the network (ratio between links and
total possible links of the network) tends to zero as the network size goes
to infinity. For the cases where the network can grow (like most social
networks), we can use this definition to better identify its sparseness.

In Fig. 1.1 we illustrate a social network of workers and patients in
a hospital during one hour in the morning shift (Vanhems et al., 2013).
This network depicts all the contacts made in a hospital during one hour
(9–10 am). We observe that as other real-world cases, the network is
sparse. Moreover, many of the nodes are isolated since they did not make
any contact during this hour.

Other studies in network science over the last two decades revealed
a whole range of other details on networks and their topologies (Watts
and Strogatz, 1998; Barabási and Albert, 1999; Faloutsos, Faloutsos, and
Faloutsos, 1999; Amaral et al., 2000; Adamic, Lukose, Puniyani, and
Huberman, 2001; Liljeros, Edling, Amaral, Stanley, and Aaberg, 2001;
Bassett and Bullmore, 2006; Boccaletti, Latora, Moreno, Chavez, and
Hwang, 2006).
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Figure 1.1: Hospital contact network generated from all the contacts between
workers and patients in a hospital for an hour of recordings at 9–10 am (a)
(M=75, E=82). Matrix representation of the hospital network (b). The figure is
made using the recordings from Ref. (Vanhems et al., 2013).

1.1.2 Network models
Researchers often design mathematical models of networks, designed
to replicate and capture the empirical properties observed in nature and
society. One such example is to assume that all connections between
nodes are generated randomly. A random or an Erdös-Rényi network
(Erdös and Rényi, 1959) is defined by the link probability ρ. In this model,
each possible link of the network has a probability ρ to be generated. The
parameter ρ controls how dense the network is. Accordingly, we will
use ρ as the network density throughout the thesis. For ρ = 0, we obtain
a completely disconnected network whereas for ρ = 1 we generate a
complete graph. For values between these two extremes, the network

Figure 1.2: Random directed graphs with N = 16 at three different link
probabilities ρ = 0.01, 0.1, 0.5 (a, b, c, respectively).

gets progressively dense (Fig. 1.2).
Many similar models of synthetic networks are also in use to grasp and
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predict the properties of real networks. Models such as Watts-Strogatz
(Watts and Strogatz, 1998) and Barabási-Albert (Barabási and Albert,
1999) are very well known for replicating the small-world and the scale-
free propriety, respectively. However, for the purposes of this thesis,
we will limit our attention only to the Erdös-Rényi model. One of the
reasons why we consider this artificial network model is because we can
adjust the sparsity to the levels of observed networks, so that this crucial
property is adequately captured.

1.2 Dynamics on networks

In the previous section we introduced concepts from graph theory related
with the structure and the mathematical form of a network. A lot of
work is being done regarding the topological proprieties of a network.
Understanding the topological features of a network is key to interpret
the behavior when some dynamics run on the nodes of the network. A
very clear example can be found in epidemic models which show how a
disease is spreading on different topologies (Pastor-Satorras, Castellano,
Van Mieghem, and Vespignani, 2015). As opposed to mere social net-
works which includes persons (individuals) as nodes, here we attach a
state to each node, that can be either healthy or sick. These states then
change over time, as a model of disease spread, generating non-trivial
dynamics on this social network. Similarly as the spreading of viruses,
we can assign ideas or opinions to the nodes (Clifford and Sudbury, 1973;
Castellano, Fortunato, and Loreto, 2009, 2; Jackson, 2013) and study how
the topology affects their spreading (Weng, Menczer, and Ahn, 2013;
Lerman, Yan, and Wu, 2016).

In addition, a lot of effort is also put at studying very well-known
dynamical systems coupled in a network. In these cases, similar to
classical statistical physics, the emergent behaviour of the system cannot
be understood completely by the sum of its components and the topology
is key. In this area, the emergence of synchrony (Pikovsky, Rosenblum,
and Kurths, 2001) in complex topologies is very well studied (Arenas,
Díaz-Guilera, Kurths, Moreno, and Zhou, 2008). In general, a complex
dynamical system whose elements are coupled in a network can be
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described as follows:

ẋp = f(xp) +
M∑
q=1

Aqph(xp, xq), (1.3)

where x is a time-dependent variable which describes the state of the
node. The function f accounts for the intrinsic behaviour of the individual
nodes and h for the inter-node interaction. The connectivity is encoded in
the adjacency matrix A and therefore nodes p and q interact only if there
is a link between them. As we said, a complex topology in Eq. 1.3 can
generate non-trivial phenomena. It is worth to mention the case where
the variables in Eq. 1.3 are phases and the function f is a constant phase
velocity (ωp) :

θ̇p = ωp +
M∑
q=1

Aqph(θq − θp), (1.4)

which leads to a Kuramoto-like model when h = sin (Kuramoto, 1975;
Acebrón, Bonilla, Pérez Vicente, Ritort, and Spigler, 2005). Studies on
models similar to Eq. 1.4 have proved to be very prolific and have revealed
a range of interesting collective dynamical phenomena (Kuramoto, 1975;
Strogatz, 2001; Gómez-Gardeñes, Gómez, Arenas, and Moreno, 2011;
Porter and Gleeson, 2016; Rodrigues, Peron, Ji, and Kurths, 2016).

Additionally, plenty of dynamical models were developed that cap-
ture other natural systems of physical interest. These include various
models of neuronal interactions, gene interactions or interaction among
bacteria (Hansel and Sompolinsky, 1993; Widder, Schicho, and Schuster,
2007; Ermentrout and Terman, 2010; Bressloff, 2011; Hoppensteadt and
Izhikevich, 2012). An additional approach is to use standard systems
from chaotic dynamics such as Lorenz dynamics (Duan and Chen, 2009),
Rössler dynamics (Rssler, 1976; C. Li and Chen, 2004; Zhou and Kurths,
2006) or Logistic maps (Grassberger and Procaccia, 1983; Atay, Jost, and
Wende, 2004), couple them in a complex way and study global properties
such as their synchronization.

We here also note that dynamics on networks is not to be confused
with dynamics of networks, where one studies a topology that changes
over time. To clarify, we are here interested only in networks in which
the nodes states are dynamically changing, not the network’s topology.
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1.3 Network inference

As mentioned before, the topology of a network has a key role in the
resulting dynamics of the system. Most of the research in network sci-
ence focuses on studying the dynamics resulting from a given network
topology. However, our knowledge about the structure of real networks
is often unreliable, mainly due to incomplete accessibility and observ-
ability of the system, which can lead to infer networks with missing or
spurious links (Newman, 2007; Guimerà and Sales-Pardo, 2009; Timme
and Casadiego, 2014). Alternatively, data from dynamics can often be
measured with good precision. Nonetheless, inferring the structure of a
network from dynamical data is far from being simple. This calls for the
development of methods for reconstructing the network structure from
the available dynamical data. Knowledge about the network structure is
not just useful for understanding its functioning, but can help designing
methods for its control or long-term prediction of its behaviour. Also,
grasping the architecture principles of networks, especially those that
underwent evolution (e.g. biological systems) gives inspiration for engi-
neering artificial networks with prescribed functions. We refer to network
inference or reconstruction as the area in network science that aims to
infer the connections of a network using the information of the signals
of the nodes. Studies that aim at this inference can be found in multiple
scientific areas including gene regulatory networks (Margolin et al., 2006;
Z. Li, Li, Krishnan, and Liu, 2011; Trejo Banos, Millar, and Sanguinetti,
2015), neurobiology (Chicharro, Andrzejak, and Ledberg, 2011; Oates
et al., 2014), ecology (Sugihara et al., 2012), epidemiology (Tomovski
and Kocarev, 2015) and climate science (Deza, Barreiro, and Masoller,
2015; Tirabassi, Sommerlade, and Masoller, 2017), among others.

In general, we can address the inference problem in two different
ways depending on the type of assumptions we make:

1. Model-based: One approach is to use certain models for the nodes
and possibly also for the type of interaction. In combination with
the temporal evolution of the dynamics of each node, this informa-
tion allows one to reconstruct the network (Timme, 2007; Levnajić
and Pikovsky, 2011; Shandilya and Timme, 2011; Levnajić and
Pikovsky, 2014; Ching, Lai, and Leung, 2015; Han, Shen, Wang,
and Di, 2015; Pikovsky, 2016; Wang, Lai, and Grebogi, 2016;
Cestnik and Rosenblum, 2017). Some reconstruction methods are
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focused on Kuramoto-like systems (Kuramoto, 1975), where the
system can synchronize (Arenas et al., 2008). In that case the
reconstruction is not trivial because the synchronization overshad-
ows most of the information of the system. These methods hence
often employ external driving or phase resets to infer the topology
(Timme, 2007; Levnajić and Pikovsky, 2011; Prignamo and Díaz-
Guilera, 2012). Contrary to the methods developed for the study of
networks of phase oscillators, there is a range of methods applica-
ble to general dynamical systems (Levnajić and Pikovsky, 2014;
Ching et al., 2015; Pikovsky, 2016). The study of reconstructing
networks that vary in time also has been a subject of interest (Mei,
Wu, Chen, and Lu, 2016). Some reconstruction methods are based
on power expansions (Wang, Yang, Lai, Kovanis, and Harrison,
2011) or Laplacian spectra (Ipsen and Mikhailov, 2002). Several
methods are invasive, i.e., rely on perturbing the system (Timme,
2007; Levnajić and Pikovsky, 2011), which in practice is often
difficult or even impossible. Moreover, some methods make use of
large dynamical data sets, which is rarely experimentally feasible.
Indeed, this field calls for more research, particularly by exploring
other known methods from other areas that could be of use for
the reconstruction problems. Along those lines is the non-invasive
method proposed in Ref. (Levnajić and Pikovsky, 2014), which is
applicable to short data sets.

2. Data-driven: The main problem of the model-based methods is
that they can only work when the assumptions about the model
are correct. To avoid this problem, one can use a data-driven ap-
proach using exclusively the knowledge of the temporal evolution
of the nodes without selecting any model. Although data-driven
approaches make implicit assumptions about the measured signals,
for example whether the dynamics are linear or nonlinear, it re-
mains more applicable to real-world systems. Using this approach,
measures like cross correlation, mutual information, or mutual
information rate can perform well (Rubido et al., 2014; Tirabassi,
Sevilla-Escoboza, Buldú, and Masoller, 2015; Bianco-Martinez,
Rubido, Antonopoulos, and Baptista, 2016). However, these mea-
sures are not able to determine the direction of interaction between
nodes. Partial mutual information from mixed embedding is able to
infer networks which have almost the same topological structures
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like the original ones (Kugiumtzis, 2013a; Koutlis and Kugiumtzis,
2016). Furthermore, measures like partial directed coherence and
partial transfer entropy were used for small systems with particular
topologies (Winterhalder, Schelter, and Timmer, 2007; Jachan et
al., 2009; Schelter, Timmer, and Eichler, 2009; Sommerlade et al.,
2009; Kugiumtzis, 2013b).

Despite the progress summarized above, inferring the exact connectivity
matrix for a directed network without a specific choice of the network
configuration remains a difficult task.

In this context we also mention the problem of network observability.
A complex system (network) is called observable if we can reconstruct
its complete internal state from measurable outputs (Liu, Slotine, and
Barabási, 2013; Yan et al., 2015; Whalen, Brennan, Sauer, and Schiff,
2015). However, making measurements on complex networks can present
several practical and technical difficulties. In fact, any description of
real networks is ultimately limited by our ability to estimate (extract) the
system’s internal state (and its changes over time) from experimentally
accessible outputs. Consider electroencephalographic (EEG) measure-
ments, which are aimed at observing the internal dynamics of the brain.
Those measurements are done using a limited number of electrodes, and
are at best indirectly measuring the actual brain’s state and dynamics.
However, even such incomplete information on a complicated system
(brain) is useful for estimating brain networks with certain precision.
While we recognize the problem of network observability as an important
one, in this thesis we will assume that we have complete observability of
the system we study. Accordingly, we do not consider that any hidden
node or agent is affecting the dynamics of our systems.

1.4 Contribution of this thesis

This thesis is part of the COSMOS project which involved working in two
different universities. In particular, I carried out my work in the Faculty
of Information Studies, in Novo mesto, Slovenia and in the Universitat
Pompeu Fabra, in Barcelona, Spain. This collaboration led to study the
inference problem from two different prespectives. First, in Chap. 2
we studied the inference problem from a model-based prespective and
we introduced an extension of a derivative-variable correlation method

10



described in Ref. (Levnajić and Pikovsky, 2014). Our approach tries to
improve the results in Ref. (Levnajić and Pikovsky, 2014) by exploiting
simulated annealing. In the second part of the study, we address the
reconstruction problem using a data-driven approach (Chap. 3). For
this purpose, we use the state space measure L defined in (Chicharro
and Andrzejak, 2009). We furthermore apply the data-driven method in
Chap. 3 to multichannel EEG recordings of an epilepsy patient (Chap. 4).
Finally, in Chap. 5 we summarize and discuss our results. Moreover, we
discuss possible future extensions of our work.

Hence, our contribution is the development of two new network
reconstruction methods, designed on two different setups and applicable
in different contexts. We furthermore apply our later reconstruction
method to a real-world data example.
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CHAPTER 2

Evolutionary optimization of network
reconstruction from derivative-variable

correlations

2.1 Introduction

In Chap. 1 we mentioned that there were two ways to face the reconstruc-
tion problem; One model-based and the other data-driven. In this chapter
we will approach the inference problem with a model-based perspective
making assumptions on the equations controlling the behavior of each
of the nodes in the system. We will follow closely the text of our study
in Ref. (Leguia, Andrzejak, and Levnajić, 2017) published in the peer
-reviewed journal of physics A: mathematical and theoretical. The author
of this thesis is also the first author of this paper.

We present an extension of a derivative-variable correlations method
described in Ref. (Levnajić and Pikovsky, 2014) (Sec. 2.2.1). Our ap-
proach tries to improve the results in Ref. (Levnajić and Pikovsky, 2014)
by exploiting the simulated annealing (evolutionary optimization algo-
rithm described in Sec. 2.2.2). We study the performance of the method
for different dynamical regimes (Sec. 2.3.2). Moreover, we investigate
the effect of the data quality and observational noise in the reconstruction
(Sec. 2.3.3). Finally, we discuss our results in Sec. 2.4.
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2.2 Methods

2.2.1 The derivative-variable correlation method
Here, we summarize the derivative-variable correlation method developed
in Ref. (Levnajić and Pikovsky, 2014). We consider a general complex
dynamical system composed of M nodes, whose dynamical states are
represented by the time-dependent variables xp. We consider a particular
case of Eq. 1.3 where the dynamics can be described by:

ẋp = fp(xp) +
M∑
q=1

Aqphq(xq), (2.1)

where ẋp is the time-derivative of xp, the function fp represents the local
dynamics, and hq is the inter-node interaction, which expresses how
node q acts on the other nodes. The adjacency matrix Apq represents the
structure of the network by capturing the connections between node p
and q. It is this adjacency matrix that we seek to find. This dynamical
set-up is widely used in computational neurosciencie (Ermentrout and
Terman, 2010; Bressloff, 2011; Hoppensteadt and Izhikevich, 2012).

We assume that:

1. The system behaves as Eq. 2.1,

2. The functions fp and hq are known.

After setting these assumptions, we define the following correlation
matrices:

B =< g(xp)ẋq >,

C =< g(xp)fq(xq) >, (2.2)
E =< g(xp)hq(xq) > .

Where < · > represents time-averaging, the indices go from p, q =
(1, 2...M), and g(x) is a function that plays a key role in maximizing the
precision of the reconstruction. Its explicit details will be explained later.
If we multiply Eq. 2.1 by g we get:

g(xk)ẋp = g(xk)fp(xp) +
M∑
q=1

Aqpg(xk)xq. (2.3)
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If we make averages across time, we can identify the matrices defined in
Eq. 2.2 and rewrite Eq. 2.3 as:

R = E−1(B − C), (2.4)

where R represents the reconstructed adjacency matrix. This equation is
always applicable as long as the system behaves as Eq. 2.1. The matrices
we defined in Eq. 2.2 can always be computed since our observable are L
values (xp(t1)....xp(tL)) for each of the M nodes. These measurements
are equally separated in time by τ . For infinitely long time series, the
choice of g become less important. In realistic scenarios, however, where
the time series are short and/or noisy, the selection of g plays the crucial
role by allowing for tuning of the reconstruction equation above. In Ref.
(Levnajić and Pikovsky, 2014) the function g was taken to be a periodic
function on the interval covered by our observable data. For simplicity, g
was defined as the first 10 Fourier components:

g(x) =
10∑
m=1

[am sin(mx) + bm cos(mx)]. (2.5)

Tuning of the reconstruction Eq. 2.4 was implemented by choosing the
coefficients am and bm at random (many times) and then use the g’s
which lead to best precision. To quantify the precision for various realiza-
tions of g, we define the reconstruction error ∆A as the deviation of the
reconstructed adjacency matrix R from the original adjacency matrix A:

∆A =

√∑
pq(Rpq − Apq)2∑

pq A
2
pq

. (2.6)

In real-world applications the matrix A is of course unknown, so accord-
ingly, ∆A cannot be calculated directly. We need another way to quantify
the precision of our measurements. To do so, we use R to check how
well we reproduce our original data. For instance we start the dynamics
from xp(t1) and run Eq. 2.1 using R as an estimate for A until t = t2 to
obtain yp(t2). Then we restart the run with xp(t2) until t = t3 obtaining
yp(t3) and so on (Fig. 2.1). The discrepancy between the reconstructed
time series yp(tl) and the original time series xp(tl) is a measure of the
reconstruction precision based only on the available data. This leads to
the definition of the trajectory error ∆T as:

∆T =
1

M

M∑
p=1

√
< (xp − yp)2 >

< (xp− < xp >)2 >
. (2.7)
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Figure 2.1: Schematic representation on how we compute the reconstructed
time series yp(tl)

Where < · > represents time-averaging. One of the key results from
Ref. (Levnajić and Pikovsky, 2014) is that in general, ∆A and ∆T are
correlated. Thus, low values of ∆T generally imply low values of ∆A.
Each different choice of the coefficients am and bm in Eq. 2.5 leads
to a different reconstruction precision. In other terms, g is a tunable
parameter that we can use to maximize the precision, by considering only
the choices of g that lead to minimal ∆T . In contrast to Ref. (Levnajić and
Pikovsky, 2014), the Fourier coefficients will not be chosen at random,
but we will instead apply a simulated annealing algorithm to mutate the
Fourier coefficients. We explain the simulating annealing in the following
section. As we show in what follows, this indeed in general leads to an
enhanced performance.

2.2.2 Generalization of the derivative-variable correla-
tion method via simulated annealing

It is easy to acknowledge that taking a big sample of random functions g
and using each of them with Eq. 2.4 might not be the optimal approach.
The search space we are dealing with is not known at all and is in general
very rugged. So even a very large number of random guesses for g, does
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not guarantee a sufficient exploration of the search space.

Fortunately, scenarios like this - because of their notoriety - are well
studied, particularly in computer science, with a range of heuristics
applicable depending on the specific case at hand. Among the most
standard ones are evolutionary optimization algorithms, such as simulated
annealing (Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller, 1953).
Simulated annealing is an optimization technique that is used to explore
rugged and large search spaces while avoiding the local shallow minima
(Isakov, Zintchenko, Rønnow, and Troyer, 2015), used in a vast variety
of scientific problems. It is related to the Metropolis-Hastings algorithm
(Metropolis et al., 1953) often used for statistical mechanics problems.
The approach was proven useful also in network reconstruction scenarios,
where its employment leads to reconstruct the essential features of pore
geometry and connectivity of chalk (Talukdar, Torsaeter, Ioannidis, and
Howard, 2002).

Simulated annealing involves a function (energy) that needs to be
minimized and proceeds by systematically modifying (mutating) the
proposed solution. Mutations leading to a decrease of energy are accepted
and those leading to its increase are either rejected or accepted. One
defines a control parameter (temperature) which specifies (typically in a
probabilistic way) which worsening mutations are accepted. Accepting
none of them can quickly make the system get stuck in a local minimum,
while accepting too many of them leads to excessive wandering without
ever settling into any minimum. The level of worsening mutations which
it is best to accept strongly depends on the problem in question, with
several different strategies to choose from. In general, one wants to start
with a high temperature to allow for a big region of the search space to
be initially explored, and then gradually decrease the temperature so that
the solution eventually settles into a minimum. This is in fact the strategy
we will use.

Before starting the annealing, we need a proper definition of the
cost function (energy) that is to be minimized. In our case this is the
trajectory error ∆T , since it is the quantity that can be measured for any
reconstructed matrix Rpq. Hence, the annealing procedure will minimize
∆T , which we expect to be in general correlated with minimization of the
adjacency matrix error ∆A. We start the annealing by setting randomly
each Fourier coefficient for the function g from a log-uniform probability
between [0, 100]. Then we carry out the following steps:
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1. We start by picking randomly one of the Fourier coefficients as
defined in Eq. 2.5 (for example, one of the am-s), and modify it as
follows: a,m = am + αam, where α = U/log(k) with k being the
current step of the annealing and U random numbers taken from a
uniform distribution between [-1:1].

2. Compute the modified trajectory error ∆
′
T using the mutated coef-

ficient a,m and compare it to the old trajectory error ∆T , obtaining
the difference ∆H = ∆

′
T −∆T ,

3. Accept the mutation (keep a,m) according to the probability p de-
fined as (Metropolis et al., 1953):

p =

{
1 if ∆H ≤ 0;

e−∆H/β if ∆H > 0;

where β = β(k) is the temperature, which decreases with annealing
steps as specified below,

4. Continue the process at point (1) by randomly mutating another
Fourier coefficient in the function g.

Next we aim to establish the most suitable annealing scheme for our re-
construction problem. To that end, we study two annealing configurations
as follows.

(a) The logarithmic temperature decrease

βlog =
β0

ln(k)

with the initial temperature β0 = 10−5 (Ingber et al., 1996).

(b) The exponential temperature decrease

βexp = β0λ
k/10

with λ = 0.99 and initial temperature β0 = 10−3.

In general, scheme (a) gives a very slow temperature decrease which
protects against freezing too quickly, but it requires a lot of steps if we
want to cover a wider range of temperature. In contrast, scheme (b) gives
a much faster convergence to the minimum, but it might miss a better
minimum due to fast freezing. In Sec. 2.3.1 we test both schemes, but
start from a lower temperature for logarithmic decreasing so that both
schemes would eventually freeze after a comparable number of steps.
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2.3 Results
To test the performance of our new method and compare it with the one
presented in Ref. (Levnajić and Pikovsky, 2014), we employ a simple
toy-model dynamical system containing M = 6 nodes with the Hansel-
Sompolinsky model, a simple model of neuronal dynamics, running on it
(Hansel and Sompolinsky, 1993):

ẋp = −xp +
M∑
q=1

Aqp tanh(xq). (2.8)

The adjacency matrix Apq that we wish to reconstruct is weighted, with
weights randomly chosen between -10 and 10. Starting from random
initial conditions we integrate the system between t = 0 to t = 4 and
extract 20 values of xp for each node p, equally spaced in time by τ = 0.2.
The obtained time series for all nodes are shown in Fig. 2.4, top left panel.

2.3.1 Comparison of two reconstruction schemes
We start by examining the actual difference between the two reconstruct-
ing schemes and between the two annealing schemes. To that end we
consider the problem formulated above with time series from Fig. 2.4
top left panel and run three reconstruction procedures: (i) the random
guessing one [from Ref. (Levnajić and Pikovsky, 2014)], (ii) simulated
annealing with logarithmic temperature decrease, and (iii) simulated an-
nealing with exponential temperature decrease. We record the decrease
of the trajectory error ∆T for each reconstruction scheme, and plot it in
Fig. 2.2 left panel as function of the number of steps (iterations of the
reconstruction scheme). For the case of the random guessing, we are
always taking the overall minimum found so far. We have applied an
adaptive stopping criteria. This means, that the annealing does not stop
at a given number of steps but when the annealing is "frozen" i.e. when
the annealing stops accepting any mutation. In our case, this is when
during 2000 steps there is no change or the average change is less than an
arbitrary but small threshold. This leads the annealing to stop at different
numbers of steps. In the right panel in Fig. 2.2 we show the histogram of
the final ∆T values for the three reconstruction schemes, obtained from
several runs of each scheme. It is clear from both panels of this figure
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that both annealing schemes on average outperform the random guessing
scheme. In fact, the maximum observed ∆T for βexp is smaller than
the minimum ∆T found for random guessing. As for choosing between
the annealing schemes, we from now on rely on βexp, since we found
systematically better result for that scheme (as illustrated in the left panel
in Fig. 2.2).
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Figure 2.2: Both annealing schemes outperform the random guessing. Left:
Trajectory error as function of the annealing steps for two different annealing
schemes βlog and βexp and random guessing scheme using one realization of
each run. Right: Histogram of the final trajectory errors ∆T for the same three
schemes using 20 independent realizations of each scheme.

To further analyse the benefits of annealing, we compare in Fig.
2.3 the scatter plot for random guessing against several realizations of
the annealing scheme. Scatter plots are obtained by identifying each
reconstruction step via its ∆A and ∆T and representing it with a point in
2D, where the x-coordinate is the trajectory error and the y-coordinate is
the adjacency matrix error. We can see how decreasing the trajectory error
indeed decreases the adjacency matrix error for all schemes. Practically
all realizations of the annealing achieve better results for both ∆T and ∆A

than the random guessing. This is further clarified in the inset in Fig. 2.3.
Despite the fact that some realizations converge to similar final precision,
we found that each reconstruction comes with its own function g. We
also found that there is no clear pattern according to which coefficients
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∆T via simulated annealing. Comparison of the original method using random
choices of g (black dots) with several realizations of the simulated annealing
approach (colored lines). Minimizing ∆T in general leads to minimizing ∆A.
Inset: Zoom of the final result of the simulated annealing and random guessing.

contribute more to the final precision. This nevertheless confirms that, at
least in this example, the annealing reconstruction scheme outperforms
the random guessing scheme.

2.3.2 Network reconstruction from different dynamical
regimes

To better appreciate the extent of applicability of random guessing versus
annealing schemes, we next look at how the two reconstruction schemes
perform for data from different dynamical regimes. This illustrates the
fact that in real experiments the variability of fields (Pikovsky, 2016) of
the available data can vary.

To investigate this further, we generate another set of time series
from the same system Eq. (2.8) and show it in top right panel of the
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Figure 2.4: The dynamical regime of the system plays a key role in the cor-
relation between ∆T and ∆A. Top panels: two sets of time series generated
by the system Eq. 2.8 (see text). Middle panels: two scatter plots respectively
corresponding to two scatter plots obtained via random guessing (old) method.
Bottom panels: evolution plots of reconstruction via simulated annealing (sev-
eral runs in different colors) compared with the scatter plots from middle panels
(black dots).

Fig. 2.4. Clearly, these time series do not display as much variability
as the one on the top left panel. Two scatter plots obtained using the
original random guessing method are shown in the middle two panels of
Fig. 2.4. As expected, the scatter plot in the left gives significantly better
precision as it reaches to far lower values of both errors ∆T and ∆A.
Moreover, this scatter plot exhibits a more visible correlation between
the two errors. This indeed confirms that the left panel time series
contain more usable information than the right one, thus allowing for
more information to be extracted, which consequently leads to better
reconstruction precision. Next we test the performance of the simulated
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annealing approach (exponentially temperature decrease) and show the
respective evolution plots in the bottom two panels of the Fig. 2.4 in
comparison with the random guessing scatter plots from middle panels.
As already observed, in case of time series on the left panel, simulated
annealing indeed improves the reconstruction precision compared to
random guessing method. All evolution plots eventually reach smaller
final error values. They follow similar paths during the annealing, but
ultimately finish at slightly different precisions.

In contrast, in the case of the time series on the right panel, we first
observe that the correlation between two errors is far weaker, if present
at all. This means that minimizing ∆T does not in general guarantee
minimization of ∆A. And indeed, annealing does not improve the random
guessing result. In fact, evolution plots do not follow similar paths and
do not reach final points close to each other. Instead, since the quantity to
minimize (energy) was the trajectory error ∆T , most evolution plots do
improve the trajectory error result, but that does not lead to the improve-
ment of the adjacency matrix error result, due to a missing correlation
between them. We can conclude that neither the original random guessing
method nor the simulated annealing really works with the right panel time
series. This suggests that complexity (information content) of the time
series plays a major role in the reconstruction precision, which merits
further research.

2.3.3 Comparison of reconstruction schemes for vary-
ing data quality

At the outset of the discussion so far we assumed that the empirical data
(time series) come with a given sampling frequency and number of data
points (total length of the time series). Yet for a reconstruction method
to be of practical use, it should be implementable in realistic scenarios
where due to experimental limitations these parameters might not be
adjustable. In the remainder of this section, we investigate the robustness
of both reconstruction schemes to these two limitations. For simplicity,
we limit ourselves only to the case of time series on the left panel in Fig.
2.4.

First we examine the impact of the sampling frequency τ . In partic-
ular, since measurement frequency is becoming less of a problem for
modern experimental equipment, we look at reducing τ below the original
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value of τ = 0.2. We keep the total number of recorded points fixed to
20. Lowering τ means that the total recording time no longer goes up to
t = 4, but it is less than that, which means that time series are shorter (in
the sense of physical time). This leads to data points covering a smaller
portion of the dynamical phase space, which is expected to worsen the
reconstruction. On the other hand, shrinking τ makes the derivative esti-
mates better, which is expected to improve the reconstruction. To test this
we consider 15 values of τ between 0 and 0.2, and run 20 realizations of
each reconstruction scheme for each value of τ .

In Fig. 2.5 we plot the final average values of ∆T in the left panel
and ∆A in the right panel as a function of τ . The errorbars represent the
standard deviation over different realizations.
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Figure 2.5: An interplay between quality of derivatives and phase space cov-
erage is found for the adjacency matrix error. Average obtained value of the
trajectory error (left) and adjacency matrix error (right) as a function of the
sampling frequency for the random guessing scheme (red) and the annealing
scheme (black). We use the time series of the top-left panel in Fig. 2.4. The
errorbars represent the standard deviation of the different realizations obtained
over 20 realizations for each scheme and each value of τ .

The trajectory error displays a well pronounced trend to increase
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with increasing τ for both schemes. At larger τ annealing shows lower
trajectory errors. This is largely expected, since adjusting to trajectory is
easier with smaller τ , so there annealing makes no significant improve-
ment, and both schemes in fact perform very well. As for the adjacency
matrix error in the right panel, there is no clear trend mirroring the pat-
tern found for the trajectory error. It seems that actually the precision
is worse at smallest considered τ = 0.01, then good for τ = 0.02 and
slightly worsening until τ = 0.12, then again good for τ = 0.14 and
slightly worsening until τ = 0.2. This indicates an interplay between
phase space coverage (total length of time series) and quality of derivative
estimates (resolution), which makes the reconstruction precision change
as observed. For instance, it appears that near τ = 0.12 exploring a
wider region of the phase space gradually becomes more important than
the derivative estimates. Interestingly, this interplay is found in both
reconstruction schemes, although for increasing τ annealing seems to
gradually perform better than random guessing.

We also studied the performance of reconstruction schemes by vary-
ing the total recording time while keeping the recording frequency fixed
to τ = 0.2. This is to say that the number of data points varies, and
consequently the phase space coverage also varies, but the derivative
estimates are of unchanged quality. In Fig. 2.6 we plot the trajectory and
the adjacency matrix errors as function of the number of points, again
using the time series in the top left panel of Fig. 2.4. Errorbars again
represent the standard deviation over 20 different realizations for both
schemes. Both ∆A and ∆T for both reconstruction schemes improve with
the number of points and arrive at a plateau, where adding more points
does not improve the precision significantly. This gives an insight into
how the method performance reaches the best precision with a certain
phase space coverage. This also has to do with intrinsic ’reconstructabil-
ity’ of the system. When we do not have enough points (until 12), both
the annealing and the random evolution do not have enough information
to reconstruct the network and both ∆A and ∆T are high. At about 12
data points, the method finally gets enough information to reconstruct
the network and precision sharply improves, but then quickly saturates.
Again, annealing performs slightly better with increasing number of data
points. Note that in this case, the pattern observed for ∆A and ∆T is very
similar.

We conclude by noting that both schemes are in principle applicable
in realistic scenarios with scarce data, but the annealing scheme, at least
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Figure 2.6: We find good reconstruction for as few as 14 data points. Average
obtained value of the trajectory error (left) and adjacency matrix error (right)
as a function of the number of points keeping τ = 0.2 for he random guessing
scheme (red) and the annealing scheme (black). We use the time series of the
top left panel in Fig. 2.4. The errorbars represent the standard deviation of the
different realizations obtained over 20 realizations for each scheme and each
number of points.

with time series considered here, does indeed perform somewhat better.

2.3.4 Influence of noise

Finally we also tested the impact of noise on our method. In Ref. (Lev-
najić and Pikovsky, 2014), the authors applied a smoothing technique to
reduce the impact of noise on the method. Here, to complement the ap-
proach of Ref. (Levnajić and Pikovsky, 2014), we study what happens if
we minimize the noisy trajectory error. To do so, we use the time series of
the left top panel in Fig. 2.3 and add white Gaussian noise with σ2 = 0.1.
These time series are displayed in the inset of Fig. 2.7 In Fig. 2.7 we
also see the scatter plot of the error of the noisy trajectories with the
error of the real trajectories. Using the noisy time series as starting point,
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the real trajectory error is computed by comparing how the time series
generated by the method resembles the noise-free one. When the error is
big, there is high correlation (red dotted line). However, once the error of
the noisy time series gets smaller, the error of the real trajectories gets
smaller at a faster pace. This implies that minimizing directly the error
of the noisy trajectories gets you closer to the real trajectories than to the
noisy ones. We see this behaviour also for the solutions obtained from
simulated annealing (lines in Fig. 2.7). This can be explained by recalling
that the method uses smooth basis functions (Fourier series of order 10)
to approximate the noisy signal. Therefore, it cannot approximate well
the noisy edges in the curves which are caused by the superposition of the
signal with white noise. However, the method still is successful to get the
overall shape. And this overall shape is exactly the original signal without
noise. Therefore, the trajectory error with regard to the original signal
becomes smaller than the one with regard to the noisy time series. We
are aware that by using Fourier series of higher order, the method could
approximate noisy signals better. Therefore, minimizing the trajectory
error of the noisy time series will no longer minimize at a faster pace the
error of the real time series. That is why some prior knowledge about the
scale in which the noise occurs is needed to select the right amount of
harmonics.

2.4 Discussion

In this chapter we showed how the evolutionary algorithm of simulated
annealing can help to improve network reconstruction methods. Sim-
ulated annealing is indeed capable of improving the existing network
reconstruction methods. Additionally, we emphasize that the logic of
evolutionary algorithms - in our case simulated annealing - can be fruit-
ful for enhancing the existing, or designing new network reconstruction
methods, related to the problems in physics and other sciences.

On the other hand, limitations coming from different dynamical
regimes seem to pose a considerable problem that requires additional
research. As expected, for enough variability of fields in the dynamics
the method performs better, as clear from all realizations. This opens
the question of how to establish whether a given good reconstruction is
also the best theoretically obtainable reconstruction under any method.
In other words, how can we know if our method was able to extract all
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the information contained in the time series and use it for reconstruction.
This amounts to computing the information content of time series, and
examining its relation with the final precision. Our investigation of the
method performance in more realistic scenarios seems to confirm such a
relation, which presents an interesting line of further work.

We also found that different time series attributes, such as measure-
ment frequency or number of points, interplay in yielding the final pre-
cision, as they contribute to variation in the phase space coverage and
derivative estimates. Of course, further adjustments of our method, such
as a temperature reduction scheme, can render it more applicable for a
given specific scenario. Additionally, we showed that the method can be
applied when noise is added to the time series. However, a more detail
characterization of the effect of noise is a pending task.

The application of the method to bigger systems is still possible,
however since the computation time grows with the system size, some
optimization of the computing algorithm has to be made to go to bigger
networks. Nevertheless, the application to realistic data sets requires the
knowledge of the interaction functions f and h. This has just been re-
cently generalized in Ref. (Pikovsky, 2016) where the specific knowledge
of the functions details are not needed. Still, some a priori knowledge of
the structure of the system is needed. So a method which uses small data
sets and has as minimal assumptions as possible is an open problem.
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CHAPTER 3

Inferring directed networks using a rank
based connectivity measure

3.1 Introduction

In Chap. 2 we studied a model-based reconstruction method. There, using
the knowledge of the equation of motion along with the signals of each
node, we were able to infer the adjacency matrix of the system. In this
chapter, instead, we address the inference problem using a data-driven
approach. For this purpose, we use the state space measure L defined in
Ref. (Chicharro and Andrzejak, 2009). This measure belongs to a fam-
ily of measures which aim to detect the direction of couplings between
dynamics from pairs of signals by using the asymmetric state similarity
criterion (Schiff, So, Chang, Burke, and Sauer, 1996; Arnhold, Grass-
berger, Lehnertz, and Elger, 1999; Quiroga, Arnhold, and Grassberger,
2000; Quiroga, Kraskov, Kreuz, and Grassberger, 2002; Serra, Serra,
and Andrzejak, 2009; Andrzejak and Kreuz, 2011; Sugihara et al., 2012).
Applications of L to real-world data include electroencephalographic
recordings from epilepsy patients (Andrzejak, Chicharro, Lehnertz, and
Mormann, 2011; Andrzejak, Schindler, and Rummel, 2012) and neu-
rophysiological signals (Pereda, Quiroga, and Bhattacharya, 2005). In
Ref. (Laiou and Andrzejak, 2017) the efficacy of L in the detection of
bidirectional couplings was studied, and in Refs. (Andrzejak and Kreuz,
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2011; Malvestio, Kreuz, and Andrzejak, 2017) L was used to detect
coupling from spike train dynamics. Here, we apply L to multivariate
signals extracted from networks by analyzing all pairwise combinations
of individual signals, resulting in estimates of the connectivity matrix.

We study the performance of our method using random networks
with Lorenz oscillators as the dynamics for each node. We use a diffusive
coupling to convey the interaction between nodes (Sec. 3.2.2). In Sec.
3.3, we study the influence of parameters like the coupling strength,
and the link density on the network inference. In particular, we show
that for a range of these parameters, we are able to infer perfectly the
underlying network of the system. We furthermore show that the addition
of dynamical noise can in some cases improve on the performance of the
method. Finally, we study the effect of the system size in the performance
of the method. A paper containing results of this chapter and Chap. 4 is
published in the peer -review journal Physical Review E (Leguia et al.,
2019). The author of this thesis is also the first author of that paper.

3.2 Methods

3.2.1 Rank based connectivity measure L

In the following we describe the measure L (Chicharro and Andrzejak,
2009) which is based on the asymmetric state similarity criterion. Assume
that we have two dynamical systems X and Y from which we derive
scalar signals xi and yi for i = 1, . . . , N∗. From these signals, we
reconstruct the state space of the dynamics using delay vectors xi =
(xi, xi−τ , ..., xi−(m−1)τ ), yi = (yi, yi−τ , ..., yi−(m−1)τ ), where m is the
embedding dimension and τ is the time delay. The index i now goes
from i = io = 1, ..., N = N∗ − (m− 1)τ , so the delay vector with index
i has the scalar value with that same index i as a leading element. For
j = 1, ..., k, we denote by vi,j and wi,j the time indices of the k spatially
nearest neighbors of xi and yi, respectively.. Here the Euclidean distance
is used as metric, and temporally nearest neighbors are discarded by
applying a Theiler window of length T (Theiler, 1990). Accordingly, the
time indices must satisfy that |vi,j − i| > T and |wi,j − i| > T . We sort
the distances between xi and xio 6=i, and we introduce gi,io , which stands
for the rank of the distance between xi and xio in an ascending list. To
quantify the interdependence from X → Y we use L(X|Y ) defined in
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the following way. We take the X dynamics as reference, and define
the Y -conditioned mean rank as: Gk

i (X|Y ) = 1
k

∑k
j=1 gi,wi,j

. We then
introduce:

L(X|Y ) =
1

N

N∑
i=1

Gi(X)−Gk
i (X|Y )

Gi(X)−Gk
i (X)

, (3.1)

where Gi(X) = N
2

and Gk
i (X) = k+1

2
correspond to the mean and

minimal mean rank of the distances in the X signal, respectively. To
compute L(Y |X), which quantifies the interdependence from Y → X ,
we just exchange the roles of X and Y . For identically synchronized
dynamics (X = Y ), we get L(X|Y ) = 1. In contrast, for independent
dynamics the expected value of L(Y |X) is distributed around zero. The
number of nearest neighbors is set to k = 5, and we use m = 5 and
τ = 5 for the embedding dimension and the time delay, respectively.
Finally, for the Theiler window we use T = 15. These values are taken
from Ref. (Laiou and Andrzejak, 2017) to avoid any in-sample parameter
optimization.

3.2.2 Model
We apply the measure L defined in Sec. 3.2.1 to directed networks with
a dynamical system at each of the M network nodes. We use random
networks, which are defined by the link probability ρ (Sec. 1.1.2). By
construction, we exclude self-loops, i.e. nodes are never connected with
themselves. Links between nodes are expressed by the binary adjacency
matrix A as defined in Sec. 1.1. As we commented above, our aim in this
chapter is to infer the matrix A using only the information of the scalar
signals derived from each of the M nodes.

We consider directed networks of sizeM = 16 with Lorenz dynamics
(Lorenz, 1963) at each node. The nodes are connected via a diffusive
coupling with strength ε through the x components:

ẋp(t) = 10(yp(t)− xp(t)) + ε

M∑
q=1

Aqp[xq(t)− xp(t)] + ξxp (t),

ẏp(t) = xp(t)[bp − zp(t)]− yp(t) + ξyp(t),

żp(t) = xp(t)yp(t)−
8

3
zp(t) + ξzp(t).

(3.2)

We study two different settings. A heterogeneous system by taking bp
from a uniform distribution in the interval [28, 48] or a homogeneous
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system by setting bp to a constant value of 28. In this setting, the model
is chaotic at zero coupling strength. The quantity ξ(t) stands for indepen-
dent Gaussian noise with zero mean and with the following correlation
function < ξlp(t)ξ

l′
q (t′) >= 2Dδll′δpqδ(t− t′) with l and l′ being the three

components of the Lorenz dynamics. For a given link probability ρ and
coupling strength ε, we draw S = 10 independent random realizations
of the adjacency matrix A. For each of these realizations of the network
structure, we generate R = 200 realizations of the dynamics. For each re-
alization of the dynamics, we start the system at random initial conditions
and use a fourth-order Runge-Kutta scheme to integrate the dynamics.
We use an integration step of 0.05 time units and downsample by a factor
of 6. We discard initial transients, and extract the x component of the
Lorenz dynamics for each of the network nodes. We use 4096 data points,
which corresponds to approximately 200 oscillation periods.

For a given adjacency matrix A and each of the R = 200 realizations
of the dynamics, we compute the matrix elements Wpq = L(Xp|Xq).
This matrix contains the L values for all the possible pairs of signals
in the network. In general, the values L(Xp|Xq) and L(Xq|Xp) are not
equal, and we therefore get an asymmetric matrix. We skip the diagonal
elements which correspond to L(Xp|Xp) = 1. We average W across
the R = 200 dynamical realizations to obtain W̄ . Our objective is to
reconstruct the true underlying topology A by separating the continuous
valued entries of the matrix W̄ into two sets. To achieve this separation,
we apply a threshold η to obtain a reconstructed binary adjacency matrix
Rη:

Rη
pq =

{
0 if W̄pq ≤ η

1 if W̄pq > η
(3.3)

with p, q ∈ (1, ..,M) without considering diagonal elements p = q.

3.2.3 Accuracy of the reconstruction
In Sec. 3.2.2, we showed that by thresholding the connectivity matrix
W̄ , we can obtain a reconstructed adjacency matrix Rη. Assuming that
we know the true adjacency matrix A, the possible types of errors that
can occur in the reconstruction are shown in the confusion matrix (Table.
3.1).

The confusion matrix not only shows which are the links and non-
links that are correctly predicted (a and d respectively), but also the
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A
Link No link

Rη Pred. link True positive (a) False positive (b)
Pred. no link False negative (c) True negative (d)

Total a+ c b+ d

Table 3.1: Confusion matrix of the comparison between the true adjacency
matrix A and the reconstructed one Rη.

number of non-links predicted as links (false positives b) and the number
of links predicted as non-links (false negatives c). These two errors are
known as type I and type II errors, respectively. The total number of
positive classes (links) in the true set A is given by the quantity (a+ c).
Similarly, the total number of negative classes (non-links) is given by
the quantity (b+ d). Using the information of the confusion matrix, we
compute:

λη =
a

a+ c
, κη =

b

b+ d
. (3.4)

Where the true positive rate λη is the number of correctly detected links
divided by the total number of links present in the original adjacency
matrix (A). Similarly, the false positive rate κη is defined by the number
of incorrectly detected links divided by the total number of absent links
in A.

We then compute the reconstructed matrices Rη in dependence on
the threshold η and determine the resulting values of λη and κη. By
plotting λη versus κη for all values of η we get the so-called receiver
operating characteristic (ROC) curve (Fig. 3.1). The main diagonal
in the ROC space (dashed black line in Fig. 3.1), depicts a random
classification. Points along this main diagonal represent the expected
value of both λη and κη for a random reconstruction. Curves over (under)
the main diagonal shows a better (worse) than random inference of the
adjacency matrix A. By using the information of the ROC curve, an
optimal threshold can be chosen depending if one prefers to avoid false
positives (threshold for low κη) or to avoid false negative (threshold
for high λη). For a perfect classification exists a threshold [point at
(κη = 0, λη = 1)] that makes Rη = A. These characteristics are always
true for any proportion of links and non-links in the adjacency matrix A.

Moreover, the area under the ROC curve quantifies the accuracy of
the classification. This area, which we denote by Ω, attains its maximal
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Figure 3.1: Illustration of the ROC space including different ROC curves
with three distinct behaviours. We show the area under the ROC curve (Ω) in
the legend. The dashed line depicts the expected performance for a random
classification.

value of one for a perfect classification. In this case, a threshold η exists
for which we get Rη = A. In contrast, the expected value for a random
classification of this area is Ω = 0.5. The measure Ω quantifies how
precise the reconstruction is without the need of choosing a threshold η.
Hence, we will use it as the measure of accuracy of the reconstruction
throughout the chapter.
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Figure 3.2: Different coupling strengths and link densities lead to different
qualities of the network reconstruction. Sorted W̄ values for four different
exemplary cases (a–d) computed for the heterogeneous noise-free case. For the
cases (a–c), we fix ρ = 0.1 with ε = 0, 0.665, and 4.92, respectively. For the
case (d), we use ρ = 0.4 and ε = 4.92. Values corresponding to links (no links)
are marked in green (black).

3.3 Results

We start by analyzing the elements of the matrix W̄ for four exemplary
cases [Figs. 3.2(a)–3.2(d)]. All examples are computed from the hetero-
geneous noise-free system of Lorenz oscillators. In Figs. 3.2(a)–3.2(c),
we use the coupling strengths ε = 0, 0.665, and 4.92, respectively, while
the link density is set to ρ = 0.1. In Fig. 3.2(d), we use ε = 4.92 but
with higher link density ρ = 0.4. To evaluate W̄ , we plot its elements
W̄pq in an ascending order (Rubido et al., 2014), in green if there is a link
(Apq = 1) and black otherwise (Apq = 0). For zero coupling [Fig. 3.2(a)],
all W̄pq values are around zero and there is no difference between the
values whereApq = 1 andApq = 0. In contrast, for intermediate coupling
[Fig. 3.2(b)], there is a clear gap between results obtained from pairs of
signals from connected nodes on the one hand, and results obtained from
unconnected nodes on the other hand. Any threshold η taken from within
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Figure 3.3: ROC curves allow us to quantify the accuracy of the reconstruction
for a variable threshold. ROC curves for a heterogeneous noise-free system
using different values of ρ and ε. The curves A–D correspond to the cases (a–d)
in Fig. 3.2. The dashed black line corresponds to the ROC curve of a random
classification. In the legend we show the area under the ROC curve Ω.

this gap will lead to a perfect reconstruction of the adjacency matrix:
Rη = A. For high coupling [Fig. 3.2(c)], the W̄pq generally increase.
Due to this increase, values obtained from pairs of signals from connected
nodes and values obtained from unconnected nodes mix. Therefore, the
gap we had in Fig. 3.2(b) closes. Nonetheless, results for connected
nodes still tend to be higher than results for unconnected nodes. Finally,
in Fig. 3.2(d), the increased link density paired with the high coupling
leads to an almost synchronous temporal evolution for all nodes. As a
result, the elements of W̄pq are close to the upper bound of the underlying
measure L which is 1. From this display of the results in Fig. 3.2(d), we
still see a tendency of connected nodes to be at higher values, but a clear
distinction between the values from connected and unconnected nodes
is no longer possible. For cases where A is not known, an analysis of
the ordered set of W̄ could also be performed to help with the threshold
decision.

Figure 3.2(b) shows that at intermediate coupling and low link density,
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a gap between the sorted W̄ values from connected and unconnected
nodes appears. Any threshold η placed within this gap, allows us to recon-
struct the underlying network perfectly. In contrast, in Figs. 3.2(a), 3.2(c),
and 3.2(d), no threshold leads to a perfect reconstruction, and there is no
single optimal threshold. To further differentiate these cases, we show
in Fig. 3.3 the ROC statistics to quantify the classification performance
for these different cases [Figs. 3.2(a)–3.2(d)]. The resulting ROC curves
(A–D) and corresponding areas under ROC curves Ω, complement the
information shown in Fig. 3.2. At zero coupling (curve A), the ROC
curve has a similar shape and area (Ω = 0.525) as expected for a random
classification (Ω = 0.5). This correctly reflects that for zero coupling
there is no difference between connected and unconnected nodes. For
the curve B, we have a perfect ROC curve with Ω = 1. This means that
upon increasing the threshold we first find all the links λη = 1. Only
when increasing the threshold further we would find false positives, i.e.,
classify pairs of unconnected nodes as links. At high coupling strength
and link density ρ = 0.1 (curve C), we find some false positives before
finding all the links. This reflects the results displayed in Fig. 3.2(c)
where the values of connected and unconnected nodes mix. Still, the
classification is very high as shown by Ω = 0.941. Finally, for the curve
D, the area drops substantially to Ω = 0.685 but remains higher than the
random case. The fact that the classification performance remains better
than random indicates that for the curve D, although all the points had
very similar values in Fig. 3.2(d), the results for connected nodes have a
tendency to be higher than the ones for unconnected nodes.

Above we showed detailed results for individual realizations of the
heterogeneous noise-free system at exemplary values of the link density
ρ and the coupling strength ε. We now study the performance of our
method for ranges of these parameters, and averaged over independent
realizations of the adjacency matrix A (Fig. 3.4). For zero and small
coupling strengths, the reconstruction is similar to a random classifica-
tion (Ω ≈ 0.5), for all ρ. At intermediate couplings (ε ≈ 0.07), the
performance quickly improves, and for low ρ we even have a region with
perfect reconstructions Ω = 1 for all S realizations (green area in Fig.
3.4). This region is surrounded by an area of high performance Ω ≈ 0.9
(dark blue area in Fig. 3.4). For small ρ this region of high performance
reaches high coupling values. However, as ρ gets bigger, the broadness
of this area reduces. For higher link densities and higher couplings the
dynamics of the nodes becomes almost synchronous. It is known that
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Figure 3.4: Performance of the network reconstruction for the noise-free het-
erogeneous dynamics is highest for sparse networks with intermediate coupling
between nodes. Area under the ROC curve Ω averaged across S = 10 in-
dependent realizations of the adjacency matrix A in dependence on the link
probability ρ and the coupling strength ε. Values of ε are placed equidistantly
on a logarithmic scale. Only when Ω = 1 across all the S realizations we plot
the corresponding field in green. Labels from A to D mark the set of parameters
(ρ, ε) used in both Figs. 3.2 and 3.3.

a reliable extraction of directional couplings from almost synchronous
dynamics is not possible (Pikovsky et al., 2001; Smirnov and Andrzejak,
2005; Chicharro and Andrzejak, 2009). For this reason the performance
is approaching the chance level when both the link density and coupling
strengths are high.

The system that we have analyzed so far is heterogeneous in the sense
that the Lorenz oscillators across network nodes are nonidentical in their
parameter bq. We continue to study a noise-free but now homogeneous
network by setting bq = 28 for all nodes. The area under the ROC
curve Ω averaged across all the S resets of this homogeneous system is
displayed in Fig. 3.5. The green region with perfect reconstruction is
smaller than the corresponding region in Fig. 3.4. Moreover, the dark
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Figure 3.5: Compared to the results for the heterogeneous noise-free system,
the performance of the network reconstruction is degraded for the homogeneous
noise-free system. Same as Fig. 3.4 but here for the homogeneous noise-free
case.
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blue area of high performance (Ω ≈ 0.9) is also narrower than the one in
the heterogeneous system. For high ε and ρ we find an area with exactly
Ω = 0.5. In this region, the nodes are identically synchronized and
therefore we find that L(Xp|Xq) = 1 for all the p, q. While for thresholds
η > 1, we obtain λη, κη = 0, we obtain λη, κη = 1 for η ≤ 1. Hence, the
ROC curve for this configuration coincides with the diagonal, resulting
in Ω = 0.5, which reflects that it is impossible to reconstruct a network
when all nodes behave the same.
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Figure 3.6: For intermediate and high coupling strengths, heterogeneity helps
the reconstruction. Difference in performance between the heterogeneous and
the homogeneous systems ∆Ω shown in Figs. 3.4 and 3.5. Blue and red corre-
spond to higher performance obtained for the heterogeneous and homogeneous
system, respectively.

To further compare the results of our approach obtained for heteroge-
neous and homogeneous systems we inspect the differences between their
reconstruction performances ∆Ω (Fig. 3.6). For low couplings ε ≤ 0.07,
the method performs better for the homogeneous system. This shows
that small couplings have stronger effects between identical dynamics as
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compared to nonidentical dynamics. As a result, our method can detect
them better. In contrast, when the coupling strength is increased, hetero-
geneity facilitates the reconstruction. This results in an area of positive
∆Ω (dark blue) in the center of the parameter space of ε and ρ depicted in
Fig. 3.6. Here, the coupling strength is high enough for the homogeneous
system to substantially increase the overall interdependence between
signals, making it more difficult to distinguish real links from indirect
connections. In contrast, for the heterogeneous case, we need higher
coupling to find this effect. This results in a dark blue area, indicating
that the method performs much better for heterogeneous system than
for the homogeneous one. For parameters located right from the central
dark blue area, some substantial changes of our dynamics have to be
mentioned for the interpretation of our results. For some realizations
of the adjacency matrix and some initial conditions, the dynamics of
a subset of the nodes degenerates from the original complex two-wing
Lorenz attractor to much simpler structures and even fixed point solutions.
The presence of such degenerated solutions has a negative impact on
the average performance. This effect takes place at different regions
of the parameter space for the homogeneous versus the heterogeneous
system. This disparity is the main reason why right from the central
dark blue region we find a red region for which the homogeneous system
results in a better performance. Finally, for high couplings and high link
density, no degeneration takes place. The performance is again better in
the heterogeneous system leading to a triangular shaped blue area in the
lower-right of Fig. 3.6. This again is because homogeneous systems are
easier to synchronize than heterogeneous ones, and in consequence, it is
more difficult to infer connectivity in the former type of systems.

So far we analyzed the system in Eq. 3.2 keeping the noise level at
zero. We now study the homogeneous system with a variable degree
of dynamical noise. The averaged performance Ω as a function of the
noise for three different characteristic ε keeping ρ = 0.5 is plotted in
Fig. 3.7. At low coupling strength (ε = 0.017), the addition of noise
does not change the performance, and we have a random classification
for all values of the noise. For ε = 0.107 the performance is high for the
noise-free case and decreases with increasing noise level. If we further
increase the coupling strength (ε = 0.266), the increased coupling makes
the dynamics of each node more alike and the overall interdependence in
the dynamics is increased. Here, moderate noise reduces this dynamical
interdependence of the signals and therefore, it is easier to infer the
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Figure 3.7: Depending of the choice of ε and ρ, there exists an ideal level of
noise which improves the reconstruction as compared to the homogeneous noise-
free case. Average performance of the reconstruction for S = 10 adjacency
matrix realizations as a function of the noise level for some characteristic values
of ε keeping ρ = 0.5. The error bars represent the standard deviation across the
five different realizations.

connectivity of the system. This effect is strongest for an optimal value
of the noise

√
2D ≈ 0.38 for which the performance Ω achieves its

maximum value. When the noise is increased further, the performance
approaches the one of a random classification.

As shown in Fig. 3.7, the noise level leading to the highest perfor-
mance depends on the parameter ε. In Fig. 3.8, we show the averaged
performance of a fixed noise level of

√
2D = 0.5 in dependence on ε and

ρ. For small coupling strengths, we still perform like a random classifica-
tion. As the coupling strength increases (ε ≈ 0.07), the noise hinders our
approach to detect the connectivity and we continue to perform almost
at random while in the noise-free case we have good performance at
these parameter values. In contrast, once the coupling is high enough
(ε ≈ 0.15), dynamical noise results in increased Ω values and we find
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Figure 3.8: Dynamical noise increases the performance for a wide range of
parameters. Same as Fig. 3.4 but here for the homogeneous case with noise level
of
√

2D = 0.5.

larger regions with perfect reconstruction (green) and high performance
(dark blue) than for the noise-free case. Moreover, at very high coupling
we perform better than chance level in a parameter region where the
classification for the noise-free case is completely random.

Finally, we study the performance of our method for increased values
of the network size M keeping the length of the signal and the number of
dynamical realizations R fixed. We study the noise-free heterogeneous
case keeping ρ = 0.1 and for four different values of the coupling strength
ε. The averaged performance for different network sizes M , is shown in
Fig. 3.9. Due to the computational cost at increased network sizes, we
limit the adjacency matrix realizations to S = 5. For sizes M ≤ 32, the
performance barely changes with the increased size. We notice that at
M = 32 we do not perform perfectly for all the realizations but we still
have a high Ω across the different coupling strengths. At M = 64, we
still have very good performance for almost all the coupling strengths
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considered. However, the performance decreases and approaches chance
level upon further increasement ofM . This is specially true for the higher
coupling strengths. To interpret this deterioration of the performance, one
has to keep in mind that the number of possible links grows quadratically
with the sizeM . This way, although we keep ρ = 0.1, the average number
of links at any given node is much larger at M = 512 than at M = 16,
which in turn makes the system more synchronizable. However, as we
said in Chap. 1, most real-world networks tend to be sparse (Newman,
2007). So as the system size grows, the quantity that is conserved should
be the link per node and not the density. To further illustrate this point,
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Figure 3.9: Performance of the network reconstruction is decreased for increas-
ing network size M when the link density ρ is not adjusted. Area under the ROC
curve Ω averaged across S = 5 independent realizations of the adjacency matrix
A in dependence on the network size M and the coupling strength ε. Values
of ε are placed equidistantly on a logarithmic scale. We use a density ρ = 0.1
for all the cases. Only when Ω = 1 across all the S realizations, we plot the
corresponding field in green.
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we take as a reference quantities (M0 = 16, ρ0 = 0.1) and define:

ρM = ρ0
M0 − 1

M − 1
, (3.5)

where ρM is link density at size M . The measure ρM preserves the
average links per node that we had at the one of the reference point
(M0 = 16, ρ0 = 0.1). Similar to Fig. 3.9, in Fig. 3.10 we show the
average performance for increased system sizes for some characteristic
ε’s but using ρM for the link density. For all the ε, we observe that the
performance does not change substantially with increased system size.
At ε = 0.27, 0.55, the only difference as the system size increases is that
we do not perform perfectly for all the realizations computed. Still, the
average performance in these areas is almost perfect (Ω > 0.99). These
results confirm that the decrease in performance we observe in Fig. 3.9
is due to this increase of links which also make the system easier to
synchronize.

3.4 Discussion
The aim of this study was to infer directed networks using solely the
information of the signals of the nodes. To do so, we have presented a
reconstruction method based on the state space measure L. We showed
that for a subrange of the coupling strength and the link density, we
were able to perfectly infer directed networks. This finding provided us
with evidence that L can be an effective measure to evaluate directed
connections from multivariate signals and could potentially be used in a
wide variety of problems (Sugihara et al., 2012; Oates et al., 2014; Trejo
Banos et al., 2015; Tirabassi et al., 2017). Other studies that addressed
the same problem, typically dealt with small systems and particular
topologies (Winterhalder et al., 2007; Schelter et al., 2009; Jachan et al.,
2009; Sommerlade et al., 2009; Kugiumtzis, 2013b) or analyzed the
resulting structural network properties (Koutlis and Kugiumtzis, 2016).
Here, instead, we were able to infer directed networks without choosing
specific topology configurations. We also showed that dynamical noise
can be beneficial for the reconstruction. This was true in particular for
strongly coupled systems where noise prevents the system to enter into
a synchronous state. We furthermore studied the performance of the
method for increased system sizes. We showed that the performance
remains constant if we properly adjust the link density.
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Figure 3.10: Performance of the network reconstruction for the noise-free
heterogeneous dynamics does not change substantially if the system size grows
as long as the link density is properly adjusted. Same as described in the caption
of Fig. 3.9 but using ρM .

Although pairwise approaches are prone to mistakenly detect indirect
spurious connections, L is performing well for a wide range of parameters.
This good performance is specially noteworthy for high link density and
high couplings at which the overall network dynamics become highly
interdependent. This is because for such highly interdependent dynamics,
the distinction between real links and indirect spurious links is difficult for
any data-driven approach. To further improve the performance for highly
interdependent dynamics, future work should aim at the development
of multivariate extensions of the measure L, which are conditioned on
subsets of the multivariate signals.

Finally, in the first part of our study, we have used the area under
the ROC curve to asses the performance of our reconstruction. This is a
good way for testing the performance of our method in different settings
when we know the ground truth. However, this procedure cannot be
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used when the exact topology is not known, and a decision on how to
threshold has to be made. Setting the threshold at a low (high) value, we
will likely find false positives (negatives). A possible way to determine
an optimal threshold is by plotting the ordered set as in Fig. 3.2. In this
case, without the ground truth knowledge of the matrix A, we can of
course not add color labels. Nonetheless, in case a clear gap exists in this
ordered set [see Fig. 3.2(b)], a threshold can be readily drawn from within
this gap. The setting of the threshold will have impact on the resulting
network topology (Cecchini, Thiel, Schelter, and Sommerlade, 2018),
and the choice of an optimal threshold without previous information of
the system is still an open question.
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CHAPTER 4

Inferring functional connectivity from EEG
data

4.1 Introduction

In Chap. 3 we studied a reconstruction method based on the nonlinear
interdependence measure L (Chicharro and Andrzejak, 2009). There, we
tested its performance using simulated data from a network of Lorenz
oscillators (Leguia et al., 2019). In this chapter, we instead apply the
method we described in Chap. 3 to multichannel EEG recordings of seven
seizures from an epilepsy patient. In Sec. 4.4, we illustrate the spatial
connectivity prior, during, and after the seizure. We furthermore look at
the temporal evolution of the connectivity throughout the duration of the
recordings.

4.2 Functional brain connectivity

In Chap. 2 and 3 we aimed at the reconstruction of the adjacency matrix
of the system we were studying. That is, the structure composed by
links between the nodes of the studied complex system. Here, since
we are applying our method to brain dynamics, we need to distinguish
between functional and physical connectivity. We consider functional

51



connectivity, so we are to not directly aimimg at the inference of the
physical connections (physical connectivity) between neurons but instead
to reconstruct temporal interralations of EEG activity between signals of
different brain areas (Bullmore and Sporns, 2009; Rubinov and Sporns,
2010; Friston, Moran, and Seth, 2013; Hassan, Dufor, Merlet, Berrou, and
Wendling, 2014). Accordingly, the connections between signals taken
from different electrodes represent correlations related to the activity of
the brain and not real physical anatomical connections. In this chapter, we
study the reconstruction of functional brain networks using the method in
Chap. 3. Specifically, our apporach aims at inferring directed functional
brain networks that reflect causal relations between brain regions (Van
Mierlo et al., 2013; Lehnertz and Dickten, 2015).

4.3 Dataset and Preprocessing

The EEG dataset that we analyze is composed of recordings of seven
seizures from an epilepsy patient [patient 1 in Refs. (Vila-Vidal et al.,
2017; Tauste Campo, Principe, Ley, Rocamora, and Deco, 2018)]. These
recordings were performed prior to and independently from our study in
the context of this patient’s presurgical diagnostics in Hospital del Mar,
Barcelona, Spain. Five electrodes with a total of 56 recording channels
were implanted intracranially in the following brain regions: frontal (FR),
amygdala (AM), anterior hippocampus (AH), posterior hippocampus
(PH), and temporobasal cortex (TB). The patient was diagnosed with
a right-sided nonlesional mesial temporal lobe epilepsy and underwent
epilepsy surgery resulting in complete seizure freedom with a follow-up
of more than 5 years.

Our dataset contained EEG recordings from seven seizures. The
EEG recording for each seizure started 60 s before the seizure onset
and stopped 60 s after the seizure ended. The median duration of the
recordings was 295 s (range 238− 465 s). We refer to the period before,
during and after the seizure as preictal, ictal and postictal, respectively.
The recording channels from which the first signs of ictal activity and
early propagation were recorded, the so-called seizure onset zone (SOZ),
as well as the exact time of the beginning and end of the seizure were
determined by a board-certified neurophysiologist (Rodrigo Rocamora).
The data was recorded at 500 Hz, and we applied a high-pass filter
with a cutoff frequency of 0.5 Hz and a low-pass filter at 40 Hz using
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Figure 4.1: Temporal evolution of the EEG recordings from the seizure number
three during 16 seconds. Labels in the ordinate axis illustrate the regions of the
brain from which the signals were recorded. Signals plotted in red depict the
channels that were discarded because they were located in the white matter of
the brain. The vertical red line marks the start of the seizure. The total number
of initial channels is 56.

fourth-order Butterworth filters. We discarded a total of 16 channels
because they were located in the white matter of the brain (red lines in
Fig. 4.1). Using all 40 remaining channels we made a bipolar reference
between contacts that were neighbouring at the same electrodes, resulting
in M = 35 signals (Fig. 4.2). We down-sampled the signals by a factor
of two to a frequency of 250 Hz.

4.4 Functional connectivity analysis using L
The signals were analysed using a moving window technique with a
window length of 16 s and an increment of one second between sub-
sequent windows (93.75 % overlap). The total number of windows Z
depended on the length of the EEG recording, which in turn depended on
the duration of the corresponding seizure.

For each seizure, we computed L for all the pairs of signals and all
windows with index z = 1, . . . , Z leading to a connectivity matrix W z

for each window. As stated above, the windows belong either to the
preictal, ictal or postictal period. We depict some of these connectivity
matrices from seizure three in Fig. 4.3 and 4.4. Both Fig. 4.3 and 4.4
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Figure 4.2: Same as Fig. 4.1 but discarding the red signals of Fig. 4.1 and
making a bipolar montage.The number of channels is now 35.
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Figure 4.3: Connectivity matrices computed from seizure three from windows
corresponding to the beginning of the seizure. Labels in the connectivity matrices
depict the regions of the brain from which the signals were recorded. The
matrices are computed from 20 consecutive windows. Time ordering in the
connectivity matrices goes from left to right and from top to bottom.
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Figure 4.4: Same as Fig. 4.3 but for the end of seizure three.

show the continuous valued connectivity matrices W z during the start
and the end of the seizure, respectively. We observe that the change in
connectivity from subsequent windows is difficult to appreciate since
these matrices are computed from windows with high overlap. As the
seizure starts (ends) the overall connectivity starts to grow (decrease).
The first 15 matrices since the seizure starts (ends), show the results from
two distinct ictal periods.

As the second step of evaluation, we averaged the connectivity matri-
ces separately for each period resulting in 〈W 〉period. In these averages,
we discarded all the windows that included either the beginning or the end
of the seizure and therefore contained activity from two distinct periods.

Recall that in the analysis of the model systems presented in Chap. 3,
we used a threshold η to convert our continuous-valued result matrix W
to a binary adjacency matrix Rη. In this analysis of real-world data, we
aim not only at detecting the existence, but also to estimate the strength
of the directed connection between nodes. Accordingly, in Fig. 4.5
we display continuous-valued matrices 〈W 〉period of the temporal means
obtained separately for each period of each of an exemplary seizure.
Values below the mean plus one standard deviation taken separately
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Figure 4.5: High variability of connectivity structure is found across the differ-
ent periods included in the EEG recording from seizure 3. Temporal averages
〈W 〉period for the third seizure for the periods preictal (a), ictal (b) and postic-
tal (c). Values below the mean plus one standard deviation taken separately
across the elements of the matrix for three periods are displayed in white. Black
lines delimit the different regions of the brain where the electrodes were placed.
Contact names placed in the SOZ are marked with an asterisk.

Figure 4.6: High variability of the topological structure is found across the
different periods included in the EEG recordings from seizure 3. Graph repre-
sentation of the average connectivity per brain region from the matrices depicted
in Fig. 4.5 for the preictal (a), ictal (b) and postictal (c) periods. The thickness
of the links are proportional to their strength. For simplicity we do not depict
connections between the same brain region.
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across the elements of the matrix for the three periods are thresholded
and set to zero. The reconstructed matrix 〈W 〉preictal shows connections
mainly for contacts that are spatially close. We also infer connections
between signals recorded from TB, PH and other regions. Moreover, we
also observe connections within the SOZ sampled by contacts in AH
and PH. In the ictal period, the reconstructed matrix 〈W 〉ictal shows an
overall stronger interconnectivity between brain regions as compared to
〈W 〉preictal. Furthermore, some of the strongest connections are found for
contacts placed in the SOZ. In contrast, the frontal region remains less
connected as assessed by our inference results. This is in agreement with
the clinical information that the seizure did not spread to this brain area.
Finally, for 〈W 〉postictal, as in the preictal period, most of the connections
are found for spatially close contacts. However, in the postictal period, we
infer stronger overall connectivity and more connections between brain
regions. These results are not a special case for the particular seizure
used as an example, and we found similar patterns regarding the structure
of the reconstruction for all the other seizures (See Fig.A.1-A.6 of the
Appendix). This consistency of connectivity patterns across seizures is in
agreement with the consistency of relative activation patterns that was
found for the same patient in Ref. (Vila-Vidal et al., 2017). Additionally,
in Fig. 4.6 we show the graph representation of the connectivity matrix
of Fig. 4.5. For simplicity, we average all connections within the same
brain region and we do not show self-loops. In this graph representation,
we observe that the connectivity between brain regions at the beginning
and at the end of the seizure is quite low [Fig.4.6(a) and Fig.4.6(c),
respectively] whereas during the ictal period [Fig.4.6(b)], the regions
where the seizure actually spreads (AM, AH, PH and TB) form a complete
graph with strong connectivity between them.

In Fig. 4.5 we saw that the contacts placed in the SOZ had higher
connectivity in comparison with the ones placed in the rest of the brain.
We can quantitatively compute this effect by averaging the outdegree and
the indegree for all the contacts placed in the SOZ (〈dout〉SOZ , 〈din〉SOZ)
and for the rest of the brain (〈dout〉R, 〈din〉R) separately.

The results for 〈dout〉SOZ and 〈dout〉R computed for all recordings
and ictal periods are displayed in Tab. 4.1. We notice that the degrees
〈dout〉SOZ and 〈dout〉R are always higher in the ictal period than in the
other two periods. This confirms what we saw in Fig. 4.5 where there was
an increase of the overall connectivity during the ictal period. Moreover,
we observe that both 〈dout〉SOZ and 〈dout〉R tend to be higher in the pos-
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Seizure 〈dout〉SOZ 〈dout〉R
Preictal Ictal Postictal Preictal Ictal Postictal

1 0.68 6.64 0.56 0.51 1.60 0.53
2 0.59 3.49 0.59 0.42 1.35 0.73
3 0.48 4.77 0.47 0.44 1.28 0.84
4 0.40 2.51 0.42 0.45 1.13 1.09
5 0.45 4.69 0.74 0.46 1.30 0.90
6 0.53 4.82 0.77 0.52 1.05 0.73
7 0.65 5.04 0.65 0.45 1.46 0.96

Table 4.1: The average outdegree is always higher during the ictal period.
Average outdegree computed from all the contacts placed in SOZ (〈dout〉SOZ),
and average outdegree computed from all the other contacts (〈dout〉R). We
compute the outdegree for the three periods of each seizure recording separately.

Seizure 〈din〉SOZ 〈din〉R
Preictal Ictal Postictal Preictal Ictal Postictal

1 0.67 6.37 0.55 0.50 1.58 0.52
2 0.59 3.55 0.65 0.43 1.30 0.73
3 0.43 4.17 0.44 0.47 1.33 0.83
4 0.39 2.30 0.42 0.45 1.15 1.08
5 0.47 4.07 0.74 0.45 1.41 0.88
6 0.53 4.21 0.77 0.53 1.19 0.74
7 0.65 4.83 0.62 0.43 1.40 0.96

Table 4.2: The average indegree is always higher during the ictal period. Same
as described in the caption of Tab. 4.1 but for the indegree.

tictal period compared to the preictal period. During the preictal period,
we do not see many differences between the average outdegree computed
from the contacts placed in the SOZ (〈dout〉SOZ) compared to the average
outdegree computed from the contacts placed in the rest of the brain
(〈dout〉R). This is not true during the ictal period, in which we find that
〈dout〉SOZ > 〈dout〉R for all the seizure recordings. This is concordance
with the observation in Fig. 4.5 of strong directed connections during the
ictal period from contacts placed in the SOZ. Alternatively, during the
postical period, 〈dout〉SOZ < 〈dout〉R for most seizure recordings.

We now do the same calculations as in Tab. 4.1 but now for the
average indegree (Tab. 4.2). Results for 〈din〉SOZ and 〈din〉R have the
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same patterns that we found when we computed 〈dout〉SOZ and 〈dout〉R.
However, during the ictal period, 〈dout〉SOZ > 〈din〉SOZ for most of
the seizure recordings. This asymmetry which is not observed for the
contacts placed in the rest of the brain, shows that the SOZ has a tendency
of sending more information than it receives.

In Fig. 4.5-4.6 and Tab. 4.1-4.2 we looked at the spatial structure of
the connections by making a temporal average across the windows of the
same period. At the top row in Fig. 4.7, instead, we look at the temporal
evolution of the connectivity by making an average across all contacts
within the same window:

W̄ z =
1

N(N − 1)

M∑
p,q;p6=q

W z
p,q. (4.1)

For all the seizures, we see that during the preictal period, the overall
interdependence of the system is low. When the seizure starts, the quantity
W̄ z quickly grows. In particular, for seizures two through six, we see
two phases during the ictal period. One with higher interdependence
at the beginning of the seizure, and one with smaller interdependence
afterwards. In the postictal period, the quantity W̄ z goes down but
remains higher than in the preictal period.

We continue by looking at the temporal evolution of the connectivity
but now using the directional information provided by the measure L.
We separately average across the matrix elements corresponding to the
SOZ driving the rest of the contacts (W̄S→R) on the one hand, and the
matrix elements corresponding to the opposite direction on the other hand
(W̄R→S). Contacts placed in the resected area but not in the SOZ are not
included in any of the averages. The temporal profile of W̄S→R − W̄R→S
is shown in the bottom row of Fig. 4.7. For all seizures, during both
the pre- and postictal periods the connectivity is almost symmetric, and
therefore the differences W̄S→R − W̄R→S remain small. For the ictal
period, apart from some variability across seizures, one common pattern
is consistent across all seizures. Shortly after the seizure onset, we find a
prominent asymmetry in connectivity in the sense that the SOZ is driving
the remaining areas.
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Figure 4.7: A high overall connectivity is found during the seizure with a pre-
dominant direction from the SOZ to the remaining brain areas at the beginning of
the seizure. Top row: Spatially averaged connectivity matrix W̄ z in dependence
on time for the seven seizures. Bottom row: Spatially mean connectivity of
SOZ driving the rest of the contacts (W̄S→R) minus SOZ being driven (W̄R→S)
by the rest of the contacts for the same seven seizures. The gray frames depict
windows that lay between two distinct periods. Left from the left frame is the
preictal period, between the frames is the ictal period, and right from the right
frame is the postictal period.

4.5 Discussion

Applying our method to analyze EEG recordings from an epilepsy patient,
we estimated the functional connectivity for the three seizure periods.
This resulted in three distinct structures corresponding to the three periods.
We also observed that the strongest connections were the ones between
contacts placed in the SOZ. We furthermore computed the temporal
mean connectivity and noticed that it reflects the start and the end of the
seizures. Finally, we also observed an asymmetrical pattern where the
contacts situated in the SOZ were driving the rest of the contacts at the
beginning of the seizure. This result is in agreement with other studies
that reported driving of the SOZ (Flamm, Graef, Pirker, Baumgartner, and
Deistler, 2013; Van Mierlo et al., 2013; Epstein, Adhikari, Gross, Willie,
and Dhamala, 2014; Korzeniewska et al., 2014; Lehnertz and Dickten,
2015; Dickten, Porz, Elger, and Lehnertz, 2016). In interpreting these
results, we have to keep in mind that the available amount of data was
limited, and a study of more patients, seizures and different anatomical
locations of the SOZ should be carried out to make any strong claims.
Nevertheless, these results show the potential of the method for this type
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of real-world data applications (Andrzejak et al., 2011; Andrzejak et al.,
2012).

During our application of the reconstruction method of Chap. 3 to
EEG recordings we did not know the exact functional connectivity to
validate our results. Nevertheless, our findings were coherent with the
medical information indicating that our method is extracting meaningful
information about the system, and therefore it is a promising approach
for medical applications.
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CHAPTER 5

Discussion

In this thesis we developed methods that allow us to infer the network
structure from dynamical data. We investigated the problem with two
different perspectives. Using a model-based approach, we tested if evo-
lutionary algorithms such as simulated annealing can be applied to the
inference problem. Moreover, we studied the minimal amount of data
needed to reconstruct a given system. Alternatively, using a data-driven
approach, we did not make any assumptions about the model of the sys-
tem and we did not limit ourselves with the amount of data. For measures
like cross-correlation and mutual information, it has been shown that
it was possible to perfectly infer bidirectional networks (Rubido et al.,
2014). However, we studied if it was possible to reliably infer directed
networks using only the time series from the dynamics of its nodes.

First (Chap. 2), we studied an extension of a model-based recon-
struction method by using simulated annealing (Metropolis et al., 1953).
There, we showed that the new method outperformed the previous results
of Ref.(Levnajić and Pikovsky, 2014). Moreover, we investigated the
robustness of the method for parameters such as data quality or noise
level.

In the second part of the thesis (Chap. 3), we used a data-driven
approach to infer directed networks. There, by using the state-space
measure L (Chicharro and Andrzejak, 2009), we were able to reliable
infer directed networks given the right choice of parameters such as
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coupling strength and link density. We furthermore saw that under certain
conditions, dynamical noise helps the reconstruction.

Finally, after studying network inference using L under controlled
conditions, we applied the method to real-world data (Chap. 4). We used
multichannel EEG recordings from an epilepsy patient. Our results using
EEG data agree with other studies on the same topic and demonstrate the
potential of the method for inferring real-world topologies. Full details
of the discussion of the results in the studies can be found in Sec. 2.4, 3.4
and 4.5.

In both reconstruction methods (Chap. 2, 3), complete recordings of
the signals of all nodes were required. In the first method (Chap. 2), by
making strong assumptions about the underlying dynamics, we were able
to infer networks with very small amount of data (almost of the order of
the system size). However, these strong assumptions made it difficult to
apply the method to real-world examples. Alternatively, in the second part
of the thesis (Chap. 3), by using a data-driven approach, we did not make
any strong assumption regarding the model of the system. In this case,
we needed much more data than the method in Chap. 2 to reconstruct the
network. Accordingly, a trade-off exists between the minimum amount
of data required to infer the network and the assumptions made about
such complex system. Using L, we could relax the assumptions on the
system and develop a method that can be applied to real data such as
EEG recordings from an epilepsy patient (Chap. 4).

The results of this thesis show that evolutionary algorithms can be
used in the reconstruction problem. In our work we demonstrated that
by using simulated annealing we could improve the results of an existing
method (Levnajić and Pikovsky, 2014). Moreover, we showed that we
were able to consistently infer directed networks of Lorenz dynamics by
using the measure L (Chicharro and Andrzejak, 2009). To the best of
our knowledge, it is the first time such networks were inferred without
any assumptions on the network configuration. We furthermore studied
the applicability of the data-driven method to real-world data by using
a multichannel EEG recording from an epilepsy patient. The results
of the analysis of real world data were in accordance with the medical
information provided by the board-certified neurophysiologist (Rodrigo
Rocamora). The validity of our method is supported by the fact that other
studies show our same results about the driving action of the SOZ on the
rest of the brain (Flamm et al., 2013; Van Mierlo et al., 2013; Epstein
et al., 2014; Korzeniewska et al., 2014; Lehnertz and Dickten, 2015;
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Dickten et al., 2016).

1. We developed a model-based reconstruction method which
uses the simulated annealing and studied its performance for
different dynamical regimes and data qualities.

2. We developed a data-driven reconstruction method which is
able to perfectly infer networks of Lorenz chaotic oscillators.

3. We applied the data-driven method to infer directed functional
brain networks from EEG data and show that the results were
in coherence with the medical information about the epilepsy
patient.

Contribution to Science

5.1 Future work

In the first part of the study (Chap. 2), we saw that an interplay between
the phase space exploration and the quality of the derivatives computed
from the data exists. Future work may involve to further study this in-
terplay. Moreover, in the second part of the study, we could consider
using surrogates to see how this affects to the reconstruction (Schreiber
and Schmitz, 2000; Rummel et al., 2011; Andrzejak et al., 2012). Addi-
tionally, we could also evaluate an extension of the measure L. For our
data-driven method in Chap. 3, we used a pair-wise approach. However,
an extension of our method to a multivariate approach could potentially
improve our results. Moreover, in both methods we assumed complete
knowledge of the signals of all nodes. Nonetheless, this assumption is not
always true an one can think of systems where information about some
entities is hidden. Future work may involve studying those systems.

Finally, in this thesis we presented two distinct reconstruction meth-
ods. In the first we made strong assumptions but we needed very few data
points. In contrast, in the second method we relaxed the assumptions but
we demanded long data sets. That is why we started looking whether it
was possible to construct a reconstruction method which did not make
strong assumptions about the underlying dynamics but at the same time
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did not need long data sets. The current work we briefly introduce here
is not in a state of publication, and we just introduce its basic ideas. We
are using machine learning algorithms such as Random Forest (Breiman,
2001) or RreliefF (Kononenko, Šimec, and Robnik-Šikonja, 1997) to
reconstruct networks. Machine learning algorithms had been used in
a huge variety of areas in science including the inference of networks
(Simidjievski et al., 2018). In our setup, we assume a general complex
system:

ẋp = fp(x1, x2...xM), (5.1)

where the fp are unknown functions. The main idea of the method is
to consider that the variables that are more important for describing the
dynamics of node p are the ones that are physically connected to node p.
To further illustrate the idea let us consider the following function:

y = x1 + εx2 + ε2x3, (5.2)

where y is the target variable, x1, x2 and x3 are features and ε� 1 is a
parameter. Based on some learning data examples with combinations of
values for y, x1, x2 and x3, a hypothetical feature ranking method may
assign a ranking score to each feature with the following ascending order:
x1 > x2 > x3. Similarly, by assigning ranking score to a system like
Eq. 5.1 for all nodes we obtain a connectivity matrix W which we can
compare with the true adjacency matrix A. Our preliminary results using
feature ranking methods to infer networks are promising and we are able
to reconstruct networks using a low amount of data. We think that the
results will be able to provide further evidence that machine learning
algorithms can be used in the framework of the network inference and
show good performance.
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APPENDIX A

Spatial structure of all seizures

In Sec. 4.4 of Chap. 4 we displayed the spatial structure for seizure
three at the preictal, ictal, and postictal periods. In Figs.A.1-A.6 of the
appendix, for completeness, we show the mentioned spatial structure for
all the seizures our dataset. As mentioned in Chap. 4, we find an overall
stronger connectivity during the ictal period. Furthermore, we observe
high connectivity for contacts situated in the SOZ.
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Figure A.1: Same as Fig. 4.5 but for seizure 1.
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Figure A.2: Same as Fig. 4.5 but for seizure 2.
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Figure A.3: Same as Fig. 4.5 but for seizure 4.
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Figure A.4: Same as Fig. 4.5 but for seizure 5.
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Figure A.5: Same as Fig. 4.5 but for seizure 6.
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Figure A.6: Same as Fig. 4.5 but for seizure 7.
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