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tot i els caràcters diferents, costa d’imaginar-se una vida sense ella, el seu
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Introduction

Delay differential equations (DDEs) are, in somehow, between partial differ-
ential equations (PDEs) and ordinary differential equations (ODEs). They
can be used to describe the dynamics of the model expressed through those
kind of equations. However, the way that the dynamical system evolves in
time is different for a DDE.

There are different types of DDE from constant delay, time-depedent
delay, state-dependent delay, neutral delay, retarded delays, stochastic delay,
etc. The list is large and some of these types can have intersections.

While the theory of existence and uniqueness of initial value problems
(IVP) for ODEs and PDEs is mostly clear and proved, there is still no a
full theory for DDEs. In consequence, some of the tools or methods require
a special care when one tries to translate them into DDEs because it may
happen that the theoretical explanation is still not well-understood. Special
attention needs the theory by J.K. Hale [HVL93] for retarded delays that, in
somehow, covers plenty of the delay situations for a theoretical point of view.
In parallel, numerical methods to integrate IVP-DDE has being investigated
as [BZ13] summarises, at the same time that it proposes new strategies.

Many times the DDE problems are addressed by translation of sim-
ilar results or techniques in ODE or PDE which are commonly more well-
understood. The strong background in ODE theory and numerics for ODEs
in the research group of dynamical systems of Barcelona did to point the
thesis in the use of the ODEs knowledge to understand better the DDEs.

In this thesis three projects are presented. The first one which was par-
tially started before this thesis with Àngel Jorba and it has had a working
time at the National Institute of Informatics of Japan with Ken Hayami.
A second one integrally developed at the School of mathematics of Georgia
Institute of Technology with Rafael de la Llave and Jiaqi Yang. And a third
one with Narćıs Miguel, Àngel Jorba, and Marc Jorba started physically at
the department of mathematics and computer science of Universitat de Bar-
celona and continued remotely at GeorgiaTech, Barcelona, and Milan due to
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the different destinations of the members.

The structure of the thesis is then in four independent, and mostly self-
contained, chapters. Chapter 1 concerns the third project. The origin of it
started in the gap in how the interpretation of jet transport and automatic
differentiation (AD) is. Originally we tried to understand the interpretation
for DDE but we felt the need to get a better understanding in ODE first.
According to our study and the state of the art, it is a novelty in this topic.

Roughly speaking, automatic differentiation gives the derivative of a com-
puter algorithm. In particular, AD applied in a numerical integrator is some-
times called jet transport since it is like the jet at the initial condition is being
transporting via automatic differentiation in the numerical integrator. Hence,
there is no apparently any reason that the high order transported jet through
the integrator should provide an accurate enough jet which will contain the
information of the high order variational flow. What Chapter 1 does is to
proof not only that the jet is accurate, also how accurate is, and gives an
idea of how one can design a suitable stepsize control for jet transport.

We prove that jet transport of order say n is exactly the same like if one
added to the original differential equations all the extra equations, which rep-
resents the (normalised) variational equations up to order n, and we integrate
all the system of equation, in particular, it is the same step by step using
the same stepsize control. Moreover, in a first glance, one could think that
if, for instance, one uses the classical Runge-Kutta 4 it is kind of impossible
to use jet transport of order say n ě 5. Our proof says that it is completely
independent of the numerical integrator than one uses. That is, one can use
jet transport of any order with any of the classical method of integration to
get the variational flow of that order, in particular, for all the Runge-Kutta
methods (both implicit and explicit), multistep methods, and Taylor method
which are the most commonly used numerical integrators for ODEs.

As a first application, we have focused on Poincaré mappings and high
order of their derivative, which are in fact the high order variatonal flow.
While the temporal Poincaré maps, sometimes referred as stroboscopic Poin-
caré maps, does not present any limitation, the spatial Poincaré maps, i.e.
those obtained by the use of a spatial section, does. In fact, in this case one
needs to perform a projection to section, even without the use of jet trans-
port. The reason of this projection is simple. Assume, for instance, that the
spatial section condition is requested to the 0th order, then while the 0th or-
der stops when the orbit reach the section, the other orders, which represents
infinitesimal variations of the initial condition may not be reached because
they could have needed to reach the section in a different time. Thus, for
the 1st order on, one needs to ensure that the values are the ones that in
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the suitable time lie in the section too. Note that in this projection what
we are doing is to correct in an infinitesimal way the time of each of the
orders to reach the section, which implies to use a temporal jet transport
to correct the non-temporal jet. It is exactly this temporal jet which could
affect the accuracy of the spatial jet and this strongly depends on the order
of the numerical integrator. While methods like Runge-Kutta methods have
a fixed order, others methods like the Taylor method has not, i.e. one can fix
the order as it was requested. Because of that, Taylor method seems to be
the most suitable numerical integrator to perform the high order derivative
of a Poincaré mapping obtained by a spatial section.

Once the high order derivative of the Poincaré mapping are well-understood
we dealt with the high order manifold computation via the parametrisation
method. Part of the examples have already been covered in [JC19] and we
strongly recommend to take a look on it to get a best understanding in the
models behind the examples.

Chapter 2 summarises the results of the first part of the first project
and, in somehow, is a continuation of the master thesis [Gim15] under the
supervision of Àngel Jorba. It explains how the jet transport, introduced in
Chapter 1, can be used and theoretical justify the integration of constant
DDE. A numerical integration of constant DDE requires discretise the initial
condition and keep track of enough history in order to get the new values
of the IVP. Because of that discretisation, it may happen that interpolation
can be required. Indeed, when te stepsize of the integration is not fixed,
the interpolation is always needed but even for fixed steps size it may be
required as well, like in the Runge-Kutta methods case. Taylor method
with fixed step for only one constant DDE does not interpolate and the jet
transport applies directly. In general the applicability of the jet transport
will depend on how the interpolation step is performed. For instance, assume
that the Taylor method is used and one uses automatic differentiation to get
the jet that temporal get at an unknown previous time value. Using AD in
polynomial interpolation or Hermite interpolation will not ensure a correct
applicability of jet transport. However, if one uses the polynomial or the
rational barycentric interpolation order-by-order, jet transport in space will
work.

As an application, we discuss the results in [GJS18] which shows, for a
specific model, how the stability of the equilibria of a DDE are the same of
the ODE obtained setting the delay equals to zero, and it is independently
of the delay. However, how much stable or unstable depends on the delay.
By numerical simulations, which use jet transport, to get an approximation
of the stability quantification of equilibria depends on the delay. While the
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stability of an equilibrium point requires to study the eigenvalues of a tran-
scendental equation, the use of jet transport allows us to approximate the
most significant eigenvalues of that transcendental equation which quantify
the stability.

Chapter 3 is a more exhaustive application of the tools discussed in
Chapter 2 up to first order, and it is the second part of the first project.
It introduces the delay version of the Poincaré mapping to compute periodic
and quasi-periodic motions. Due to the discretisation of the initial conditions,
the size of the linear system to solve in a Newton approach can become big
specially in the quasi-periodic motions. However, the Poincaré map of a DDE
is a compact operator and, in particular, its spectrum is clustered. The use of
iterative linear solvers allows to consider a matrix-free Newton approach, i.e.
the Jacobian matrix does not need to be computed fully. Moreover, we can
require that each linear system is solve with an accuracy similar to the one
of the right hand side of the linear system because in the Newton approach is
an indicator of how far we are to the zero we want to compute. Specially in
the quasi-periodic case, we can also use preconditioners to speed the conver-
gence of the linear solvers. We illustrates all these ingredient with numerical
simulations which computes the stability and continuation of those objects.

Finally, Chapter 4 contains the second project. It states a posteriori
Theorems which prove the existence and uniqueness of a parametrisation
of a part of the infinite dimensional stable manifold of a state-dependent
delay differential equation (SDDE). The stable manifold of a DDE is infinite-
dimensional and the unstable one is finite-dimensional. There are numerical
results of the unstable one, such as [GMJ17], but the ones for the stable
do not seem to be clear enough. Here we give novel results in perturbation
theory with state-dependency. More concretely, starting with a planar ODE
with stable limit cycle, we add a perturbative term which introduces the
state-dependency. Then we prove the existence and uniqueness of a limit
cycle in the perturbative model and also the slowest stable manifold, which
is contained in the infinite-dimensional manifold. We believe that is the most
relevant part of the manifold because the stable manifold will be governed by
the slowest one. In parallel, we discuss how that manifold can numerically
be computed and we illustrate it with some examples.



Chapter 1

Jet transport for ordinary differential

equations

ack: This work is a collaboration with Prof. Àngel Jorba, Dr. Marc Jorba,
and Dr. Narćıs Miguel.

1.1 Introduction

Since the time of Poincaré, it has been known that invariant objects organise
the long time behaviour of dynamical systems. They are the skeleton of the
dynamics, and hence, for a correct understanding of a concrete dynamical
system it is required first to study its invariant objects. The research in
dynamical systems concerns mostly with the existence, and the properties of
invariant manifolds. In order to have a complete picture, both theoretical
and numerical approaches must be undertaken.

A standard tool to study continuous dynamical systems is the use of
suitable Poincaré sections. They allow to decrease the dimension of the
invariant objects (and of the phase space) by one which usually simplifies
the use of analytical and numerical tools. One of the main difficulties when
working with Poincaré maps is the lack of a closed expression for such a map,
so that all the explicit computations have to be done by means of numerical
integration of Ordinary Differential Equations.

The parametrisation method is based on finding a suitable parametric
form for the desired invariant object. For instance, for stable, and unstable
manifolds of a fixed point the manifold is usually represented as a (high
order) Taylor expansion w.r.t. some parameter. The coefficients of this
Taylor expansion are found by solving, order by order, a sequence of linear
equations coming from the invariance equation satisfied by the manifold.

As the parametrisation method deals with high order derivatives of the

5



6 § Jet transport for ordinary differential equations

dynamical system at hand, there is an extra difficulty in applying it to Poin-
caré maps. In this chapter we focus on the effective computation of high order
derivatives of stroboscopic maps (a special kind of Poincaré maps) with the
final goal of computing high order approximation of stable/unstable mani-
folds of fixed points of the map (which corresponds to periodic orbits of the
flow). We also require the process to be efficient enough so that extended
precision arithmetic can be used if necessary.

The derivative of the Poincaré mapping can be obtained by automatic
differentiation (AD) which applies to the usual operations and elementary
functions such as square root, trigonometry, etc. Hence, AD can be expressed
as manipulation of formal power series which goes back to L. Euler, a modern
reference is, for instance, the book by D. Knuth [Knu98]. This means that,
given an algorithm (defined by a sequence of mathematical formulas), we can
replace its arithmetic of real numbers by a power series arithmetic, and then,
the same algorithm will produce not only the result but also its derivatives
up to the desired order. In other words, given a computer program that
outputs some results from some initial data, we can replace the floating point
operations by operations with power series (truncated to a given degree, and
with floating point coefficients) to produce the power series of the result w.r.t.
initial data, and/or parameters.

Here we apply these ideas to the computation of the Poincaré map of a
flow. As the numerical integration can be seen as the iteration of a (finite) se-
quence of mathematical expressions, we can replace the computer arithmetic
by a truncated power series arithmetic. This can be done regardless of the
numerical integrator used (Runge-Kutta, Taylor, etc). The use of automatic
differentiation w.r.t. initial data (and/or parameters) of a ODE is what we
called jet transport. Note that this can be viewed as an extension of the
phase space to propagate, in addition to points, the derivatives of the flow.
As the set of derivatives of a function on a point is sometimes called the jet
of derivatives of the function at this point, we refer to this technique as “jet
transport” [AFJ`08, JPN10].

1.2 Automatic differentiation and jet trans-

port

Automatic differentiation is a computational tool to obtain (high order) de-
rivatives of the output of an algorithm [GC91, GW08, Nau12]. This section
summarises the main ideas behind automatic differentiation in its forward
mode. A classical form to introduce automatic differentiation is through the
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manipulation of formal power series.

1.2.1 Formal power series in one variable

A formal power series in one variable s is an expression of the form

ÿ

kě0

aks
k, (1.1)

where the coefficients ak belong to a field. If f is a C8 function defined on
a neighbourhood of 0, we can choose as ak its k-th normalised derivative,

ak “ 1

k!
f pkqp0q,

and then eq. (1.1) can be seen as a formal series that encodes the jet of
derivatives of f at 0. The manipulation of formal power series goes back to
L. Euler. A modern reference for the topic is, for instance, the book by D.
Knuth [Knu98].

To discuss the arithmetic of formal power series, let us define

A “
ÿ

kě0

aks
k, B “

ÿ

kě0

bks
k, C “

ÿ

kě0

cks
k.

The basic operations of power series, A˘B and AB are defined in a natural
way. If b0 ‰ 0, the quotient C “ A{B is obtained by writting BC “ A, and
taking the coefficients of degree k at both sides,

b0ck ` b1ck´1 ` ¨ ¨ ¨ ` bkc0 “ ak.

This implies

ck “ 1

b0
pak ´ b1ck´1 ´ ¨ ¨ ¨ ´ bkc0q,

which allows to compute the coefficients ck recursively, starting from c0 “
a0{b0.

Let us see how to perform other operations. For instance, let us focus on
C “ Aα for α P R. We assume α ‰ 0, 1 (these two cases are trivial) and
a0 ‰ 0. Taking formal derivatives w.r.t. s we obtain C 1 “ αAα´1A1 which
implies C 1A “ αCA1. Now we equate the coefficients of degree k´ 1 at both
sides to obtain

kÿ

j“0

jcjak´j “ α

kÿ

j“0

pk ´ jqak´jcj,
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and, therefore

ck “ 1

ka0

k´1ÿ

j“0

rαk ´ pα ` 1qjsak´jcj,

which allows to compute the coefficients ck (k ě 1) recurrently starting from
c0 “ aα0 . We note that this formula includes the inversion (α “ ´1) and the
square root (α “ 1

2
).

The same idea can be used to compute C “ hpAq when h is any function
that satisfies a simple differential equation. This includes log, exp, and the
trigonometric functions. Indeed, for instance, take αpAq “ A, βpAq “ 0, and
γpAq “ 1 in Lemma 1.1 to get the expression for log.

lemma 1.1. Let h : I Ă R Ñ R be a derivable function verifying

αpAq ¨ h1pAq ´ βpAq ¨ hpAq “ γpAq

for A a formal series and for some mappings α, β, and γ. Then the evalu-
ation C “ hpAq, in formal series, is obtained recurrently by

c0 – hpa0q

ck –
1

kα0

˜
kÿ

j“1

ˆ
γk´j `

k´jÿ

i“0

βick´i´j

˙
jaj ´

k´1ÿ

j“1

jαk´jcj

¸
, k ě 1,

whenever α0 ‰ 0.

Proof. By the chain’s rule, C 1 “ h1pAq ¨ A1, i.e., αpAq ¨ C 1 “
`
γpAq ` βpAq ¨

C
˘

¨ A1. The product is just the discrete convolution. Thus,

α0kck `
k´1ÿ

j“1

jαk´jcj “
kÿ

j“0

αk´jjcj “
kÿ

j“0

ˆ
γk´j `

k´jÿ

i“0

βk´j´ici

˙
jaj.

Remark 1.2. As a formal series A codifies the derivatives of a C8 function f
at, say, 0, the formal series hpAq codifies the derivatives of the composition
h ˝ f at 0. In other words, the operations with formal series can be seen as
the “transport” of the derivatives through these operations.

1.2.2 Formal power series in several variables

In a similar way, we can consider power series of n variables,

A “
ÿ

mě0

ÿ

|k|“m

aks
k, (1.2)
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where k P Nn, |k| “ k1 ` ¨ ¨ ¨ ` kn, and sk “ sk11 ¨ ¨ ¨ sknn . As before, if f is
a C8 multivariate function defined on a neighbourhood of 0, then eq. (1.2)
encodes the jet of partial derivatives at 0.

The arithmetic of multivariate power series is very similar to the case
of one variable. As an example, let us show how to compute C “ Aα for
α P R. As before, we assume α ‰ 0, 1. We replace sj by sjz (z is an extra
one-dimensional variable that, at the end, it will be selected equal to 1 to
recover the initial form) and we obtain,

A “
ÿ

mě0

Amz
m, where Am “

ÿ

|k|“m

aks
k.

Using the same notation for C, we can use the procedure derived in Sec-
tion 1.2.1 to obtain,

Cm “ 1

mA0

m´1ÿ

j“0

rαm ´ pα ` 1qjsAm´jCj,

where now Aj and Cj denote homogeneous polynomials of degree j. As the
only required operations are sums and products of homogeneous polynomials
(note that A0 appears in a denominator but it is always a number), the
formula can be carried out easily. In the same way, similar formulas can be
obtained for other operations. As in the one dimensional case, operations
with multivariate formal series can be seen as the “transport” of partial
derivatives through these operations. See, for instance, [HCF`16] for explicit
recurrences in elementary functions.

1.2.3 Truncated power series

The computer implementation of these techniques is done using truncated
power series. For instance, assume we are working with truncated series up to
order, say,M . Then, the equality C “ Aα means that C is a truncated power
series whose coefficients coincide with the ones of Aα. Note that this does
not mean that they coincide as functions of their variables (in fact they do
not, since Aα contains terms of order higher than M that we are neglecting).

Remark 1.3. From now on, we are going to consider truncated power series
and the equality between to truncated power series will be up to their order.

Note that the efficiency of the operations depends on the efficiency of the
product of homogeneous polynomials. Moreover, note that the complexity
of these operations is very low: for instance, the cost of Aα is similar to the
cost of a product of two truncated power series of order M . It is not difficult
to see that this is the complexity of all the standard operations.
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1.3 Numerical integration of the variational

flow

Consider a generic Initial Value Problem (IVP),

9x “ fpt, xq, xpt0q “ x0, (1.3)

where f is smooth and x belongs to a suitable domain of Rn. In this section
we first show that the use of jet transport of order 1 on a given numerical
integrator for eq. (1.3) produces exactly the same results as the ones obtained
by using this numerical integrator on the first order variational equations,

9x “ fpt, xq, xpt0q “ x0,

9v “ Dxfpt, xqv, vpt0q “ v0,
(1.4)

where v P Rn and v0 ‰ 0 is an arbitrary direction. In other words, the two
algorithms coincide.

Remark 1.4. Note that it is enough to consider eq. (1.4) in one arbitrary
direction v0. Indeed, once is proved in particular, it will be proved in the
canonical basis of Rn.

Remark 1.5. This result implies that the use of jet transport of order, say,
m ě 1, produces exactly the same results as integrating variational equations
of order m. This is seen recurrently on m, using the fact that the variational
flow of eq. (1.4) contains the second variational flow of eq. (1.3) and so on.

To describe the numerical methods in this section we use the notation

9y “ F pt, yq, ypt0q “ y0, (1.5)

to refer either to IVP eq. (1.3) or eq. (1.4). To simplify the presentation,
we assume that F is smooth enough on a suitable domain. We will focus on
the first step of the methods, using a given time step h. Once it is shown
the equivalence between the jet transport results and the integration of the
variational flow, it is clear that if we apply the same step size control strategy
to both methods we also obtain the same step sizes for the integration.

1.3.1 Runge-Kutta methods

A generic σ-stage Runge-Kutta method for the IVP eq. (1.5) is defined by
(see, for instance, [But87, HNrW93])

κi “ F
`
t0 ` cih, y0 ` hpai,1κ1 ` ¨ ¨ ¨ ` ai,σκσq

˘
, i “ 1, . . . , σ,

y1 “ y0 ` hpb1κ1 ` ¨ ¨ ¨ ` bσκσq, (1.6)
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where aij, bj, and cj are suitable real coefficients, and h is the time step. It is
well known that, if h is small enough, these equations have a unique solution
for the vector κi, [HNrW93]. When aij “ 0 for i ď j the method is explicit,
which means that the vectors κj can be obtained explicitly. Otherwise the
method is called implicit.

The goal of this section is to show that to use jet transport of order 1 on
the σ-stage Runge-Kutta method eq. (1.6) to approximate the solution and
the variational flow of eq. (1.3) is exactly the same as to apply the Runge-
Kutta method eq. (1.6) to the IVP eq. (1.4). To this end, let us introduce the
following notation. If κ̄j denote the values κj of eq. (1.6) corresponding to the
IVP eq. (1.4), then we write κj “ pκ̄j, κ̂jq where κ̄j refer to the coordinates
x and κ̂j refer to the coordinates v.

proposition 1.6. Assume that we are using jet transport of order 1 on the
scheme eq. (1.6) when applied to the IVP eq. (1.3). Then, the κj values
obtained are exactly κ̄j ` κ̂js.

Proof. If we use jet transport of order 1, and then equalities up to first
order, on a Runge-Kutta method applied to the IVP eq. (1.3) we obtain the
equations

κ̄1
i ` κ̂1

is “ f

ˆ
t0 ` cih, x0 ` v0s ` h

σÿ

j“1

ai,jpκ̄1
j ` κ̂1

jsq
˙
.

This equation is equivalent to

κ̄1
i ` κ̂1

is “ f

ˆ
t0 ` cih, x0 ` h

σÿ

j“1

ai,jκ̄
1
j

˙
`

Dxf

ˆ
t0 ` cih, x0 ` h

σÿ

j“1

ai,jκ̄
1
j

˙ˆ
v0 ` h

σÿ

j“1

ai,jκ̂
1
j

˙
s,

which implies

κ̄1
i “ f

ˆ
t0 ` cih, x0 ` h

σÿ

j“1

ai,jκ̄
1
j

˙
,

κ̂1
i “ Dxf

ˆ
t0 ` cih, x0 ` h

σÿ

j“1

ai,jκ̄
1
j

˙ˆ
v0 ` h

σÿ

j“1

ai,jκ̂
1
j

˙
.

These are the equations eq. (1.6) for κj “ pκ̄j, κ̂jq corresponding to the
IVP eq. (1.4). As the solution is unique [HNrW93], we have that κ̄j “ κ̄1

j,
κ̂j “ κ̂1

j.
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Note that this result implies that a single step of a RK method (either
explicit or implicit) with jet transport of order 1 on eq. (1.3) produces the
same result as a single step of the RK on eq. (1.4). As we want this result to
be close to the exact solution of eq. (1.4), we have to choose a suitable step
size h according to some prescribed threshold value. This will be discussed
later on.

1.3.2 Taylor method

One of the oldest methods for the numerical integration of an IVP like
eq. (1.5) is based on the computation of the Taylor series of the solution.

y1 “ y0 ` y
r1s
0 h ` y

r2s
0 h2 ` ¨ ¨ ¨ ` y

rps
0 hp,

where y
ris
0 denotes the normalised derivative of the solution of eq. (1.5) at t0,

y
ris
0 “ 1

i!

diy

dti
pt0q.

The computation of the values y
ris
0 by taking derivatives to both sides of

the ODE can be a difficult process and, moreover, it produces very complex
expressions for these derivatives so that the resulting method is not very
efficient, specially if high orders are required. However, automatic differenti-
ation can be used to compute these normalised derivatives very efficiently, up
to high orders, giving rise to very efficient implementations of Taylor method
[JZ05].

As before, we can use jet transport on the Taylor method to approximate
the variational flow.

proposition 1.7. A step of Taylor method with first order jet transport on
the IVP eq. (1.3) produces exactly the same results as a step of Taylor method
on the IVP eq. (1.4).

Proof. The i-th normalised derivative of the orbit of eq. (1.3) is

x
ris
0 “ 1

i!

di´1

dti´1
rfpt, xptqqspt0, x0q.

To apply jet transport of order 1, we replace x0 by x0 `v0s and we propagate
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first derivatives with respect to s,

x
ris
0 “ 1

i!

di´1

dti´1
rfpt, xptqqspt0, x0 ` v0sq

“ 1

i!

di´1

dti´1
rfpt, xptqqspt0, x0q ` Dx

1

i!

di´1

dti´1
rfpt, xptqqspt0, x0qv0s

“ 1

i!

di´1

dti´1
rfpt, xptqqspt0, x0q ` 1

i!

di´1

dti´1
rDxfpt, xptqqspt0, x0qv0s.

To finish the proof, we note that the term of degree 0 w.r.t. s is the i-th
derivative of the orbit, while the coefficient of s is the i-th derivative of the
variational flow. Hence, given an order and a nonzero time step h, the output
of a step of Taylor integration using jet transport of order 1 on eq. (1.3) gives
exactly the same results as using Taylor method on eq. (1.4).

1.3.3 Other methods

The same result is true for methods based on linear combination of eval-
uations of the vector field at given points, like multistep methods (either
explicit or implicit). We do not include the details since the proofs are very
similar to the previous ones.

1.4 Applications

One of the first applications of jet transport was the transport of regions of
uncertainty. Due to the change of shape of the first variational propagating
a set of initial conditions, it may cause a loss of accuracy for long term
integrations. In [WDLA`15], the authors have been presented an automatic
method to split the propagated domains to increase accuracy. The method
relies on detecting when the flow expansion w.r.t. initial conditions is no
longer accurate enough and to split the region into two subregions. Each
subregion is further propagated using the same polynomial representation
before the splitting, but centred on different point (on each subregion). See,
for instance, other related work [AFJ`08, AFJ`09, ADLBZB10, PPGM18].

Another application of jet transport has been the computation of colli-
sion probability of satellite [JPN10, MADLZ15]. First the authors look for
close approaches (integration without jets) and then once detected closest
approaches the collision probabilities are computed via propagation of un-
certainties using jet transport.

In other works like [VADLL14] jet transport has been used to get higher
orders and analytic extended Kalman Filters reducing the computational
effort and allows to improve the accuracy.
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Also jet transport allows to find expansions of the solutions of the op-
timal control problem around a reference trajectory. The kind of control
problem should be set as the equations of motion which are affine in the
controls. Examples of such systems are, for instance, in low thrust transfers
[DLABZB14].

In the context of two-point boundary value problems, see [DLAL08], jet
transport techniques has successfully been used. In this case, a reference
solution is found via classical iterative methods, an expansion around this
reference solution is computed transporting the jet to high orders to find
closed new solutions, obtained via evaluation of the obtained Taylor expan-
sions.

More recently, it is also remarkable that this technique has been used in
the computer assisted proof on the applicability of KAM theory to the figure
8 solution in celestial mechanics, [KS17].

Finally, the numerical integration of high order variational flow can be
used to obtain power expansions of Poincaré maps and high order approxim-
ation of invariant manifolds.

1.4.1 Power expansion of Poincaré maps

Assume that we have a flow defined by a smooth ordinary differential equa-
tion on an open subset of Rn and that we are using a suitable Poincaré
section to study its flow. To simplify the discussion, we will consider two
separate cases. In what follows, Φpt; t0, xp0qq denotes the solution at time t
corresponding to the initial data pt0, xp0qq.

Temporal Poincaré sections

This is a common situation when we have a periodically time-dependent ODE
with a period, say, T ą 0. Then, it is usual to define a Poincaré map P as
the time T flow of the ODE, that is, P pxq “ ΦpT ; 0, xq. Periodic orbits of
period T appear as fixed points of P , P px˚q “ x˚. The linear stability of the
periodic orbit follows from the monodromy matrix DxP px˚q, but to study
nonlinear aspects of the dynamics higher order terms are needed. A typical
example is the analysis of bifurcations [Kuz04].

The power expansion (up to order m) of P at a given point xp0q P Rn can
be obtained by evaluating P on xp0q ` s, using a jet arithmetic of order m
for the n-dimensional vector of symbols s.



15

Spatial Poincaré sections

To simplify the discussion, we focus on an autonomous ODE. This is in fact
the usual situation in which spatial sections are used. Let us assume that the
Poincaré section Σ is defined by a hyperplane in general position. Let xp0q be
a point on the hyperplane Σ and let us denote by ~n the normal vector to this
hyperplane. We assume that, after some integration time, say, T pxp0qq, the
trajectory comes back to the section, i.e. ΦpT pxp0qq; 0, xp0qq P Σ. To produce
the expansion, we have to define coordinates on the hyperplane. Without
loss of generality, let us choose xp0q as the origin of coordinates and let us
choose suitable linearly independent unitary vectors v1, . . . , vn´1 such that
xp0q ` v1s1 ` ¨ ¨ ¨ ` vn´1sn´1 is a parametric representation of Σ.

Now we start the integration of the ODE at the point xp0q ` v1s1 `
¨ ¨ ¨ ` vn´1sn´1 using a jet arithmetic of order, say, m, with the symbols
s “ ps1, . . . , sn´1q. Note that if we stop the integration at time T pxp0qq what
we obtain is the power expansion of the flow at time T pxp0qq w.r.t. the n´ 1
variables that are the coordinates on Σ, but this is not the power expansion
of the Poincaré map P : Σ Ñ Σ because this expansion does not lay inside
Σ. To produce the power expansion of the Poincaré map up to a given order
m, we stress that the time needed for an orbit to return to the section Σ
depends on the initial point. This means that the return time also depends
on s, that is, we have to write the return time as a formal series on s,

T pxp0q ` sq “ T pxp0qq `
mÿ

|k|“1

τks
k, (1.7)

whose coefficients τk are real numbers that have to be determined from the
condition

ΦpT pxp0q ` v1s1 ` ¨ ¨ ¨ ` vn´1sn´1q; 0, xp0q ` v1s1 ` ¨ ¨ ¨ ` vn´1sn´1q P Σ. (1.8)

As usual, this condition must hold up to order m in s. In other words, we
expect that the distance between the evaluation of the power expansion of the
Poincaré map and Σ behaves like Om`1p}s}q. As we will see, the coefficients
τk in eq. (1.7) can be computed recurrently, degree by degree. To shorten
the following formulas, we denote T0 “ T pxp0qq and

s̄ “ v1s1 ` ¨ ¨ ¨ ` vn´1sn´1.

Let us denote xp1q “ ΦpT0; 0, xp0qq P Σ and we recall that the ODE is 9x “
fpxq. Let us start by degree m “ 1. The flow ΦpT0 ` ř

|k|“1 τks
k; 0, xp0q ` s̄q
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at time t “ T0 ` ř
|k|“1 τks

k can be written as

ΦpT0; 0, xp0q ` s̄q ` DtΦpT0; 0, xp0q ` s̄q
ÿ

|k|“1

τks
k

“ΦpT0; 0, xp0qq `
ÿ

|k|“1

aks
k ` DtΦpT0; 0, xp0qq

ÿ

|k|“1

τks
k

“ xp1q `
ÿ

|k|“1

aks
k ` fpxp1qq

ÿ

|k|“1

τks
k,

where the values ak come from the first order expansion of ΦpT0; 0, xp0q ` s̄q
w.r.t. s,

ΦpT0; 0, xp0q ` s̄q “ xp1q `
ÿ

|k|“1

aks
k.

Hence, to impose condition eq. (1.8) at first order (at order 0 is already
satisfied) we have to ask that

ÿ

|k|“1

@
ak ` τkfpxp1qq, ~n

D
“ 0,

where x¨, ¨y denotes the standard scalar product. This condition implies that

τk “ ´ xak, ~ny
xfpxp1qq, ~ny .

From a geometric point of view, this is equivalent to project the directional
derivatives w.r.t. each component of s on the Poincaré section, following the
flow (see Figure 1.1).

ΦpT pxp0qq; 0, xp0q ` s̄q

Σ

~n
fpxp1qq

xp1q ΦpT pxp0qq `
ř

|k|“1
τks

k; 0, xp0q ` s̄q

Figure 1.1. Projection of a directional derivative of the flow
on the Poincaré section.

The computation of the higher order terms is more involved. In particular,
it requires to perform integration steps with step sizes that also depend on s̄.
This introduces a limitation: if, for instance, we have to perform the step size
h “ ř

|k|“1 τks
k, and the numerical integration has a local truncation error of
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Ophpq, then the resulting power expansion in s will have an error of the order
of Op|s|pq and this means that we cannot trust the resulting expansion in s
for orders equal and higher than p. Therefore, we have to limit the degree
of these expansions by the order of the local truncation error. We note that
this is not a limitation for Taylor methods, since the order of integration can
be easily increased to the desired value.

Now let us focus in the computation of high order derivatives, assuming
that the order of the local integration error is large enough for the derivatives
we want to obtain. We proceed in a recurrent way. Assume now that we
have computed the values τk for |k| ď m and we want to compute them for
|k| “ m ` 1:

Φ

ˆ
T pxp0qq `

mÿ

|k|“1

τks
k `

ÿ

|k|“m`1

τks
k; 0, xp0q ` s̄

˙

“ Φ

ˆ
T pxp0qq `

mÿ

|k|“1

τks
k; 0, xp0q ` s̄

˙
`

DtΦ

ˆ
T pxp0qq `

mÿ

|k|“1

τks
k; 0, xp0q ` s̄

˙ ÿ

|k|“m`1

τks
k

“ xp1q `
m`1ÿ

|k|“1

aks
k ` fpxp1qq

ÿ

|k|“m`1

τks
k.

To obtain the last equality note that, as DtΦ is multiplying
ř

|k|“m`1 τks
k

which is already of order m ` 1, we have to use the terms of degree 0 of
DtΦ, that is, DtΦpT pxp0q; 0, xp0qq which is fpxp1qq. Therefore, for |k| “ m`1,
imposing condition eq. (1.8) leads to the same expression as before,

τk “ ´ xak, ~ny
xfpxp1qq, ~ny .

Let us summarise how to apply these formulas. We first integrate for a
time T pxp0qq such that the orbit starting at the initial condition xp0q lands
on the Poincaré section Σ. This integration can be done with jet transport
so that we obtain ΦpT pxp0qq; 0, xp0q ` s̄q. Then, to compute the return time
eq. (1.7) such that the power expansion of the flow lays inside Σ up to degree
m, we proceed degree by degree in eq. (1.7): for degree 1, we use first the
formulas above to compute the numbers τk and then we perform a step of
numerical integration with step

h “
ÿ

|k|“1

τks
k,



18 § Jet transport for ordinary differential equations

starting at ΦpT pxp0qq; 0, xp0q ` s̄q to obtain ΦpT pxp0qq ` ř
|k|“1 τks

k; 0, xp0q ` s̄q
which is a power expansion with its first order terms inside Σ. Next, using
the second order terms w.r.t s in ΦpT pxp0qq ` ř

|k|“1 τks
k; 0, xp0q ` s̄q (the

coefficients of these terms are the values ak above) we compute the values τk
for |k| “ 2 and we perform another numerical integration step,

h “
ÿ

|k|“2

τks
k,

starting at ΦpT pxp0qq`ř
|k|“1 τks

k; 0, xp0q`s̄q to obtain the expression ΦpT pxp0qq`ř2

|k|“1 τks
k; 0, xp0q ` s̄q with its second order terms inside Σ. This process is

continued up to the desired order.

1.4.2 The parametrisation method

This method was already used for numerical computations in the 80’s by C.
Simó (see also [FR81]), but it is remarkable that is also an excellent tool to
prove the existence of invariant manifolds, as shown by X. Cabré, E. Fontich,
and R. de la Llave [CFdlL05]. Here we simply summarise the method from
an algorithmic point of view. A very good exposition of the method can be
found in the book [HCF`16].

Let us start with the case of a 1D invariant manifold. Let us denote
by P the Poincaré map and assume that the fixed point is at z0. Let λ be
a real eigenvalue of DP pz0q and let s ÞÑ zpsq be a parametrisation of the
manifold associated to λ. We assume that P is analytic and that a suitable
nonresonance condition between λ and SpecDP pz0q is satisfied, so that the
manifold can be written (locally) as a convergent power series,

zpsq “
ÿ

kě0

aks
k.

The invariance condition is

P pzpsqq “ zpλsq.

We will solve the invariance equation recursively, order by order. It is im-
mediate to check that order 0 is given by the coordinates of the fixed point,
a0 “ z0 and order 1 is given by the eigenvector related to the eigenvalue
λ, DP pz0qa1 “ λa1. To proceed recursively, assume we have computed the
manifold up to order m. We denote by zďmpsq the power expansion zpsq
truncated to order m, zďmpsq “ ř

kďm aks
k. Then, the coefficient am`1 sat-

isfies
pDP pz0q ´ λm`1Iqam`1 “ ´bm`1,
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where bm`1 denotes the coefficient of order m ` 1 in the evaluation of the
manifold up to order m, zďmpsq, by the Poincaré map P :

Pďm`1pzďmpsqq “
mÿ

k“0

bks
k ` bm`1s

m`1.

To compute Pďm`1pzďmpsqq we need to evaluate the Poincaré map P on the
(truncated) formal series zďmpsq. This is done by means of jet transport.
From a computational point of view, this is by far the most expensive oper-
ation.

This method can easily extended to compute power expansions of higher
dimensional manifolds. For instance, for a 2D manifold related to two real
eigenvalues λ1 and λ2, we look for a parametrisation ps1, s2q ÞÑ zps1, s2q
and we assume that the needed conditions for the existence of an analytic
manifold are satisfied. Then, the manifold can be written (locally) as a
convergent power series,

zps1, s2q “
ÿ

mě0

ÿ

|k|“m

aks
k1
1 s

k2
2 , where k “ pk1, k2q and |k| “ k1 ` k2.

The invariance equation is

P pzps1, s2qq “ zpλ1s1, λ2s2q,

that is solved recursively. As before, orders 0 and 1 are given by the coordin-
ates of the fixed point and the two eigenvectors. Assuming that we have
computed the manifold up to order m, the coefficients for order m ` 1 are
given by

pDP pz0q ´ λk11 λ
k2
2 Idqak “ ´bk,

for each k such that k1 `k2 “ m`1 and bk are the coefficients of the terms of
order m` 1 of the evaluation of the manifold up to order m by the Poincaré
map:

Pďm`1pzďmps1, s2qq “
mÿ

|k|“0

bks
k1
1 s

k2
2 `

ÿ

|k|“m`1

bks
k1
1 s

k2
2 .

1.5 Examples

In order to illustrate the theory, let us consider two examples whose models
can find in [JC19]. The first one illustrates the computation of the unstable
manifold of a model in celestial mechanics. And the second one the manifold
computation of a chemistry model which involves eigenvalues of with large
opposite values.
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1.5.1 The unstable manifold of L4 in the Bicircular

Problem

The (Earth-Moon) Bicircular Problem (BCP) is a restricted version of the
Four Body Problem [Hua60, CRR64]. This model assumes that (while Earth
and Moon move as in the RTBP) Sun and the Earth-Moon barycentre move
along a circular orbit around the centre of mass of the Sun-Earth-Moon sys-
tem, everything in the same plane. The BCP can be regarded as a (periodic)
time dependent perturbation of the RTBP. The associated Hamiltonian func-
tion can be written as

HBCP “ 1

2
pp2x ` p2y ` p2zq ` ypx ´ xpy

´ 1 ´ µ

rPE

´ µ

rPM

´ mS

rPS

´ mS

a2S

`
y sin θ ´ x cos θ

˘
. (1.9)

where the units are taken as in the Earth-Moon RTBP, mS is the mass
of Sun, aS the semimajor axis of Sun, r2PE “ px ´ µq2 ` y2 ` z2, r2PM “
px ´ µ ` 1q2 ` y2 ` z2, r2PS “ px ´ xSq2 ` py ´ ySq2 ` z2, xS “ aS cos θ,
yS “ ´aS sin θ, θ “ ωSt and ωS is the mean angular velocity of Sun in these
synodic coordinates.

In the BCP the Lagrangian points are no longer equilibria, they are re-
placed by periodic orbits with the same period as the perturbation. In par-
ticular, the triangular point L4 is replaced by three periodic orbits with the
same period as Sun, see [SGJM95, CJ00]. One of these orbits is slightly un-
stable, of linear type saddleˆcentreˆcentre. The unstable eigenvalue of the
orbit, regarded as a fixed point of the stroboscopic map, is close to 1.098.
Notice that the instability is remarkably mild, that is, an initial condition
on the manifold near to the fixed point needs a large number of iterates to
get far from it. Therefore, to grow numerically the manifold from the linear
approximation is numerically expensive. We can, however, produce a high or-
der approximation of the manifolds and produce large pieces of the manifolds
that can be mapped a few times to get even larger pieces of the manifold,
see Figure 1.2. Let us explain how to produce Figure 1.2: The first thing is
to build a Runge-Kutta-Fehlberg 7-8 with arithmetic of polynomials of one
dimension. Then we apply the parametrisation method to obtain, order by
order, a Taylor expansion of the manifolds. At each step, after we compute
the coefficient of order k, we use the root criterion to estimate the radius
of convergence. We denote by U` and U´ the two pieces of the unstable
manifold, which have been expanded up to order 54. On the other hand, the
stable pieces, denoted by S` and U´, are expanded up to order 46. Then,
all those Taylor expansions are evaluated to obtain the curves in Figure 1.2.
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Figure 1.2. High order approximations of the stable (S`, S´)
and unstable (U`, U´) manifolds attached to the
dynamical equivalent of L4 in the Earth-Moon
BCP.

1.5.2 A chemistry problem

Consider an atom that, by some mechanism, ionises i.e. an electron abandons
the atomic core. Depending on some conditions, the electron may be recap-
tured by the atom following the Coulomb’s laws. When this happens, we say
that the electron recollides with its parent ion, see [Cor93, Cor14]. See also
[MCU10, MKCU12, KCUM14, KMCU14, NCUW15] for works approaching
this problem from the point of view of the dynamical systems.

Usually the electron is expelled out the core by the action of a laser field.
The effect of the laser is modelled by means of a periodic function. Near the
core, the laser acts as a perturbation of the central problem induced by the
(soft) Coulomb potential

H “ 1

2
pp2x ` p2yq ´ 1a

x2 ` y2 ` a2
` Ecx cosωt ` Esy sinωt, (1.10)
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with a “ 1, ω “ 0.0584, Ec “ 0.1, and Es “ 0. The dynamical mechanism
that leads to most of the recolliding trajectories is well understood when
the electrons are allowed to move in a one dimensional space (the dynamics
restricted to the invariant subspace ty “ 0, py “ 0u of system eq. (1.10). The
stable and unstable manifolds of some key hyperbolic periodic orbit drive
these trajectories to recollide many times, see [KCUM14].

The hyperbolic periodic orbit studied in [KCUM14] has period 2π
ω

and
in system eq. (1.10) is located near x “ 30.5, y “ px “ py “ 0. This orbit
is easily found by means of a Newton method on the map defined by the
time-period (2π

ω
) map. The eigenvalues of the monodromy matrix are

1.0598923797401292e+03

2.1924563502992269e+00

4.5610942259513210e-01

9.4349201788190840e-04

so it has a 2D unstable manifold and a 2D stable manifold. There is a
strong unstable direction and a weak unstable direction. The weak one is
the direction contained in the invariant subspace, the one whose related in-
variant manifold drive most of the recolliding orbits in the 1D case. The
strongly unstable direction appears as cause of adding the transversal (to
the polarisation laser) direction. Therefore, the dynamics near the periodic
orbit is dominated by the strongly unstable direction which is transversal to
ty “ 0, py “ 0u. Because of the magnitude of the strong eigenvalue, most of
the trajectories nearby the fixed point get expelled away from the atom and
do not return back, at least, in a few laser cycles. It is possible, however to
find thin strips close to the invariant subspace ty “ 0, py “ 0u with a lot of
recolliding trajectories. However, numerically, it is challenging to compute
the 2D unstable (stable) manifold due to a remarkable propagation of error.

To illustrate this fact, let us first focus the 1D manifold related to the
“weakly” unstable eigenvalue λ “ 2.1924563502992269. Here we have to
pay attention to the fact that this manifold is not attracting (recall that
there is another eigenvalue at the point close to 1059.89). To deal with this
error amplification, at each iteration of the Poincaré map we compute (and
accumulate) the norm of the differential so that we have an estimate of the
growth of the error at each step.

As example, we select an initial point on this manifold at 1 unit of distance
from the fixed point. We estimate the error on the manifold (we can use,
for instance, the last terms of its power expansion). Then, using multiple
accuracy, we can monitor the growth of the (estimated) error during the
iterations:
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iter: 0 err: 0.000000e+00

iter: 1 err: 8.466197e-43 dist: 2.199796e+00

iter: 2 err: 8.928646e-40 dist: 4.848533e+00

iter: 3 err: 9.240140e-37 dist: 1.081419e+01

iter: 4 err: 8.411957e-34 dist: 2.553592e+01

iter: 5 err: 2.083436e-32 dist: 1.745048e+01

iter: 6 err: 1.966030e-29 dist: 1.976583e+01

iter: 7 err: 1.310301e-27 dist: 7.533221e+01

iter: 8 err: 1.615796e-27 dist: 1.267686e+02

iter: 9 err: 1.771004e-27 dist: 1.773365e+02

iter: 10 err: 1.873796e-27 dist: 2.275002e+02

The first column is the iterate of a point obtained from the parametrisa-
tion of the manifold, the second column is the accumulated product of the
norms of the differential of the Poincaré map at each point and the third
is the distance to the fixed point. As it happens in many situations, the
instability of this weakly unstable manifold decreases as the move away from
the fixed point. This simplifies the approximation of the manifold up to long
distances.

A conclusion of this experiment is that the propagation of error tends to
soften at some distance of the periodic orbit. This vindicates the computa-
tion of a high order approximation of a parametrisation of the 2D unstable
manifold. This allows us to grow the manifold numerically far away from the
fixed point, avoiding this pathological propagation of error. Let

W : Λ1 ˆ Λ2 Ñ R4,

(with Λ1 and Λ2 intervals containing the origin) a parametrisation of the
unstable invariant manifold related to O1. This parametrisation verifies the
following invariance equation:

fpW ps1, s2qq “ W pλ1s1, λ2s2q.

Recall that the unstable eigenvalues are λ1 « 2.1924563502992269 and
λ2 « 1059.8923797401292. Computing this 2D manifold (double precision)
up to order 8 takes 0.5s. Using MPFR with mantissa of 128 bits (39 decimal
digits) it takes 1m 19s. Computing up to order 16 requires 15m 26s. Finally,
to compute it up to order 30 using extended precision arithmetic (MPFR
with 192 bits mantissa « 57 decimal digits) takes 8h 50m. As in the 1D case,
we use these different approximations to estimate the error on the coefficients
of the expansion. Figure 1.3 shows a representation of this manifold.
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Figure 1.3. The 2D manifold drawn from the expansion ob-
tained in the parametrisation method.



Chapter 2

Jet transport in delay numerical integrators

ack: This work is a collaboration with Prof. Àngel Jorba and partially with
Dr. Josep Sardanyés.

2.1 Introduction – Splicing condition

To pose the problems, and fix notations let us start considering a constant
delay differential equation (DDE) expressed by

d

dt
xptq “ fpxptq, xpαptqqq, αptq “ t ´ τ (2.1)

with f smooth, and τ a fixed and positive real number. Clearly the case of
τ “ 0 leads to an ordinary differential equation (ODE). After a time scaling,
t “ τs, we can always assume that τ “ 1.

In the case of a finite number of constant delays we can re-scale the time
in such a way that all the delays involved in the DDE are in p0, 1s.

The delay term implies that the initial condition needs to live in the space
of mappings defined in the interval r´1, 0s. These functions are going to be
assumed to be at least continuous but in practice the assumption will involve
as many regularity as was needed.

If x is a map defined in an interval rta, tbs, xtpsq “ xpt` sq is a map with
s in r´1, 0s and t in rta ´ 1, tbs. Therefore an initial value problem for a
delay differential equation (IVP-DDE) consists in finding a solution through
an initial condition u at time 0, denoted by xp0, uq, and verifying

#
d
dt
xptq “ fpxptq, ϕptqq

x0psq “ upsq
with ϕptq “ xpαptqq. (2.2)

25
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Due to the fact that an arbitrary mapping is represented by a table of value
in a computer, the strategy for a numerical computation is clear; a standard
ordinary differential integrator will used in intervals multiple of r´1, 0s.

Whenever an evaluation of the function ϕ is required for an unknown
value in its discresation, an interpolation is going to be perform. On the
other hand, an IVP-DDE may also involve discontinuities in the orbit. These
are the two main drawbacks in the numerical integration of a DDE which
are, in general, harder to figure out in the state delay differential equations
(SDDE).

Indeed, since the initial condition lives now in the space of mappings,
but the orbit is shown as a trajectory in the real line, it may happen the
derivative at t “ 0 does not coincide with the value of the initial condition.
That is, the solution has a jump in the first derivative, d

ds
up0q ‰ d

dt
xp0, uqp0q.

If x˘ptq denotes the value at time t of the solution from the left x´ptq and
from the right x`ptq, then

:x˘ “ Dxfpx, ϕq 9x ` Dϕfpx, ϕq 9ϕ˘

with 9ϕ˘ “ p 9x ˝ αq˘ 9α. For all time value ξ such that it is a simple root of
αptq, then the orbit xp0, uq has a jump discontinuity in its second derivative
at ξ because 9ϕ´pξq ‰ 9ϕ`pξq.

The repetition of the process leads to the fact that if a jth splicing con-
dition happens, i.e. di

dsi
up0q “ di

dti
xp0, uqp0q for 0 ď i ă j, we can ensure that

no jump discontinuities in the jth first derivatives are going to be, and a
standard ODE integration of order j can be used without any trouble.

On the other hand, if no splicing condition is assumed or with not enough
j-range, we are going to have different levels of discontinuities. To be more
precise, fixed j ą 1 and the initial condition u defined in r´1, 0s so that
dj´1

dsj´1up0q ‰ dj´1

dtj´1xp0, uqp0q but there is equality for the previous derivatives.
Then the set

Z0 “ tξ ą 0: ξ is a simple root for αptq “ 0u

consists in all the jump discontinuities in the jth derivative of the solution
through u propagated by the one at time t “ 0. In general, the kth level of
jump discontinuities is defined recurrently by

Zk “ tξ ą 0: ξ is simple root for αptq “ ζ for some ζ P Z l with 0 ď l ă ku

which are the jump discontinuities in the pj ` kqth solution derivative.
These regularity obstructions can be accumulated in an infinite number

of points and assumptions on α are commonly imposed. For instance,
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• αptq ď t for all t. Otherwise we required values in the future.

• αptq ‰ t. That is, it is always required to need to take values in the
past.

• t ´ αptq ď M for some M ą 0. It means to have a fading memory
which allows us to have a finite segment of past history to store.

In the case of constant delays, αptq “ t´ 1, the jump discontinuities are per-
fectly located before any integration step. Indeed, if the splicing condition is
not verified, the kth level of jump discontinuities will happen in tku therefore
at each time value t “ k the orbit becomes smoother.

There are invariant objects where the splicing condition is always true.
Examples of these kind of objects are equilibria, periodic orbits, and tori
whose proofs are done by contradiction.

theorem 2.1. The splicing condition is satisfied to all orders for equilibria,
periodic orbits and tori if the flying time is bigger than 1.

Proof. Let us argue for each of the three objects involve in the statement:

Equilibria: If u is an equilibrium, it is a constant function on r´1, 0s.

Periodic orbits: Given an initial condition u defined in r´1, 0s, and a
period T ą 1 such that xp0, uqT “ u. If u did not verify the splicing
condition, xp0, uqT would not do, and neither xp0, uqTN which contra-
dicts the fact that the orbit becomes smoother as the time goes far.

Tori: Let K be a mapping defined in Td, and ω be a frequency vector in
Td. After a scaling, we can consider P to be the time 1-map. The
invariance equation for a torus is Kpθ ` ωq “ P ˝ Kpθq. If there is θ0
so that Kpθ0q does not satisfy the splicing condition, it contradicts the
fact that Kpθ0q “ P ˝ Kpθ0 ´ ωq, and that each composition with P

the regularity goes up.

Theorem 2.1 tells us that in a neighbourhood of those invariant objects
the splicing condition will be satisfied as well. This fact allows us to consider
standard ODE methods to compute them under the suitable adaptations in
the context of DDE.

2.2 Interpolation

As it has been pointed out, the initial conditions of a DDE live in the space
of mappings defined in r´1, 0s. In order to deal with initial conditions in a
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computer, they are going to be discretised in a finite number of points, see
Figure 2.1.
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Figure 2.1. Table of values psi, uiq5´1
i“0 of an initial condition

u : r´1, 0s Ñ Rd.

On the other hand, the standard ODE integrators compute an approxim-
ation of the orbit with increments in the time by fixed or controlled stepsize.

If we consider an IVP-DDE like in eq. (2.2), and to exemplify an explicit
Euler method is used, then its iterative scheme with fixed stepsize h “ 1

N
is

given by

xn`1 “ xn ` hfpxn, ϕptnqq,
tn`1 “ tn ` h.

(2.3)

The value xn denotes an approximation of the solution at time tn, that is,
xn « xp0, uqptnq.

In the case of only one constant delay, the stepsize h “ 1
N

stops ex-
actly at all the jump discontinuity points in case that the initial condition
does not satisfy the splicing condition, and then whenever ϕptnq lies in these
discontinuities we can take the left or right value.

The values ϕptnq are always known if the stepsize is fixed in the scheme
given in eq. (2.3). However, for other strategies when the stepsize is not
fixed or even when to compute each step requires the use of unknown values.
The latter one is common for Runge-Kutta methods. To illustrate it, let us
consider a popular explicit Runge-Kutta method with 4 stages and order 4
whose Butcher’s Tableau is in table 2.1.
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1
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κ1 “ fpx0, ϕpt0qq
κ2 “ fpx0 ` h

2
κ1, ϕpt0 ` h

2
qq

κ3 “ fpx0 ` h
2
κ2, ϕpt0 ` h

2
qq

κ4 “ fpx0 ` hκ3, ϕpt0 ` hqq
x1 “ x0 ` h

6
pκ1 ` 2κ2 ` 2κ3 ` κ4q

t1 “ t0 ` h.

Table 2.1. RK4 equations..

Therefore even if the stepsize is fixed, to compute the κ’s may require to
know some values in the history of its trajectory that are in fact not known
in the table of values, like Figure 2.2 illustrates.

−1 −0.75 −0.5 −0.25 0

0.25 0.5 0.75 · · ·0

interpolated

known

Figure 2.2. Points needed to known for 4 steps of a Runge-
Kutta 4 with fixed stepsize..

The general interpolation problem states as follows: Given a table of val-
ues pti, ϕiqn´1

i“0 of a real continuous mapping ϕ defined in a close real interval.
The goal is to give the value ϕptq. Without loss of generality we can always
assume t0 ă ¨ ¨ ¨ ă tn´1.

In a numerical implementation is required to keep the history of the orbit
in order to evaluate ϕptq of eq. (2.2) in potentially unknown values but at the
same time the new steps must be saved to provide values of ϕptq for further
times. Figure 2.3 illustrates the fact that a previous history given by a table
of values ppti, pxiq and the current history with an incomplete table of values,
pcti, cxiq.

In the following sections we describe several, though standard, interpol-
ation techniques, and we show that in all of them the spatial jet transport
applies. That will imply that the automatic differentiation provides a jet
transport such that at each step the spatial jet will coincide with the exten-
ded system involving all the derivatives.
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Figure 2.3. Previous ppt, pxq and current pct, cxq history with
distinction in jump discontinuities..

2.2.1 Polynomial interpolation

Let pti, ϕiqn´1
i“0 be a table of values of a smooth mapping ϕ. The polynomial

interpolation consists in finding a polynomial, let us say p, of degree at most
n that interpolates ϕ at the nodes ti, i.e.,

pptiq “ ϕi, 0 ď i ă n.

The problem is well-posed in the sense that it has a unique solution that
depends continuously on the data. The solution can be written in the well-
known Lagrange form

pptq “
n´1ÿ

j“0

ϕjℓjptq, ℓjptq –

ś
k‰j

pt ´ tkq
ś
k‰j

ptj ´ tkq . (2.4)

The polynomial ℓj is called Lagrange polynomial corresponding to the node
tj, and it satisfies that ℓjptkq “ δjk where δjk denotes the Kronecker delta.

The Lagrange interpolant acts as a linear mapping w.r.t. the ϕi’s. There-
fore the spatial jet transport will apply, i.e. the operations performs by the
automatic differentiation in the Lagrange interpolant will be exactly the same
as perform the Lagrange interpolant in each order of the jet independently.

proposition 2.2. The spatial jet transport applies to the polynomial inter-
polation.
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Proof. If ϕj ` ϕjs, then

n´1ÿ

j“0

pϕj ` ϕjsqℓjptq “
n´1ÿ

j“0

ϕjℓjptq `
n´1ÿ

j“0

ϕjℓjptqs “ pptq ` pptqs.

Polynomial interpolation is sensitive to the Runge phenomenon which
means that adding more nodes may give a worst approximation of the real
mapping ϕ. It has other shortcomings that must be pointed out such as its
computation is numerically unstable or each evaluation of pptq has a computa-
tional cost Θpn2q additions, and multiplications. Although other approaches
to get the same polynomial pptq, expressed in a different manner, can provide
a linear cost. For instance, the Newton’s approach, and its Newton tableau
of divided differences [DB08]. But if we have several mappings in the same
nodes, it might get a slightly better performance because ℓj’s in eq. (2.4) are
the same.

In the case of the IVP-DDE, the jump discontinuity points constraints
the number of nodes that are allowed to use in a neighbourhood of those
points. Thus, the polynomial interpolation may give bad approximations
close to the jump discontinuities at the beginning of the orbit.

2.2.2 Rational barycentric interpolation

Let pti, ϕiqn´1
i“0 be a table of values, and ℓptq –

śn´1

j“0 pt´ tjq. If we define the
barycentric weights

wj –
1

ℓ1ptjq
“ 1ś

k‰j

ptj ´ tkq , 0 ď j ă n, (2.5)

then the Lagrange polynomials in eq. (2.4) can be rewritten as

pptq “ ℓptq
n´1ÿ

j“0

wj

t ´ tj
ϕj, with ℓjptq “ ℓptq wj

t´ tj
.

Due to the fact that 1 “ řn´1

j“0 ℓjptq, the rational barycentric interpolation is
expressed by

pptq “

n´1ř
j“0

wj

t ´ tj
ϕj

n´1ř
j“0

wj

t ´ tj

. (2.6)

Similarly to Proposition 2.2, we also prove Proposition 2.3.
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proposition 2.3. The spatial jet transport applies to the rational barycentric
interpolation.

To implement the rational barycentric interpolation, the barycentric weights
must be chosen. The first attempt is to consider the ones corresponding to
equidistant nodes that according to [BT04] they are

wj “ 2n´1pb ´ aq1´np´1qj
ˆ
n ´ 1

j

˙

when ϕ is defined in the general interval ra, bs. These choice is ill-conditioned
in the sense that changes in the input may generate big changes [TW91].

One of the easiest nodes that gives easy weights are the Chebyshev points
of the second kind

IIk “ IInk “ cospkπ{pn ´ 1qq, 0 ď k ă n (2.7)

Notice that II0 ą ¨ ¨ ¨ ą IIn´1, and IIk “ ´IIn´1´k for any 0 ď k ă rn´1
2

s.
And then it is enough to store rn`1

2
s Chebyshev nodes and the n values by

ϕ.
Since IIk are in r´1, 1s, the affinity defined by

φ : r´1, 1s Ñ ra, bs, s ÞÑ 1

2
ppa´ bqs ` a ` bq (2.8)

allows to get the values in the t-range solving tk “ φpskq. In other words,
the interpolation is done for the mapping ϕ ˝ φ´1. Then eq. (2.6) becomes

pptq “

ϕ0

2ps ´ II0q
`

ÿ

1ďjďn´1
2

p´1qjϕj

s ´ IIj
`

ÿ

n´1
2

ăjăn

p´1qjϕj

s ´ IIn´1´j

` p´1qn´1ϕn´1

2ps ´ II0q

1

2ps ´ II0q `
ÿ

1ďjďn´1
2

p´1qj
s ´ IIj

`
ÿ

n´1
2

ăjăn

p´1qj
s ´ IIn´1´j

` p´1qn´1

2ps ´ II0q

,

(2.9)
with t “ φpsq. It has linear computational complexity, Θpnq, and linear space
complexity, Ωpnq, due to the Chebyshev nodes. Other well-known nodes are
the Chebyshev of first type defined by

Ik “ Ink “ cospπpk ` 1{2q{nq, 0 ď k ă n.

In this case, I0 ą ¨ ¨ ¨ ą In´1, and Ik “ ´In´1´k for all 0 ď k ă rn{2s. In
this case it is enough to store rn{2s Chebyshev points, and its n values by ϕ.
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If N is even, eq. (2.6) becomes

pptq “

ÿ

0ďjăn{2
p´1qj In{2´1´j

s ´ Ij
ϕj `

ÿ

n{2ďjăn

p´1qj Ij´n{2
s ` In´1´j

ϕj

ÿ

0ďjăn{2
p´1qj In{2´1´j

s ´ Ij
`

ÿ

n{2ďjăn

p´1qj Ij´n{2
s ` In´1´j

,

with t “ φpsq.
In both cases, it was proved in [BBN99] that eq. (2.9) they do not have

any pole in the interval r´1, 1s as well as it has exponential convergence on
an ellipse with foci ˘1 and sum of its major and minor axes equal to 2ρ with
ρ ą 1.

2.2.3 Chebyshev interpolation

It consists in express a function ϕ defined on an arbitrary interval ra, bs
as a linear combination of Chebyshev polynomials. Those polynomials are
defined, in the real case, recurrently by

T0psq “ 1,

T1psq “ s,

Tn`1psq “ 2sTnpsq ´ Tn´1psq, n ě 1.

Then ϕ is approximated by

ϕptq « c0

2
`

n´1ÿ

j“1

cjTjpsq, with t “ φpsq, (2.10)

where φ is defined in eq. (2.8). The coefficients cj’s are obtained for the
evaluation of ϕk “ ϕ˝φ´1pskq with sk “ cospπpk` 1

2
q{nq nodes for 0 ď k ă n.

More precisely,

cj “ 2

n

n´1ÿ

k“0

ϕk cos

ˆ
πjpk ` 1

2
q

n

˙
. (2.11)

The coefficients cj’s in eq. (2.11) can be compute quickly using the discrete
cosinus transform of type III, known as DCT-III, and its corresponding in-
verse DCT-II whose computational complexities can be in Θpn log nq.

To evaluate eq. (2.10) in an arbitrary t inside the interval of definition
of ϕ, one can use Clenshaw’s recurrence formula [Cle62] whose complexity is
linear, Θpnq.
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Proposition 2.4 tells us that the spatial jet transport (the one w.r.t. ϕk’s)
can be used in the Chebyshev interpolation. Its proof is immediate because,
in terms of points ϕk, the Chebyshev interpolation is just a (linear) change
of variables.

proposition 2.4. The spatial jet transport applies to the Chebyshev inter-
polation.

2.2.4 Choosing the interpolation strategy

The previous interpolation methods are well-known in the community of nu-
merical analysts. Lagrange interpolant requires Θpn2q for each evaluation of
the polynomial pptq, its computation is numerically unstable which implies
the use of small number of nodes, and well-balance nodes around the un-
known time value to approximate. However, in the case of a non-splicing
condition for an IVP-DDE, it may happen that its interpolation for values
close to the jump discontinuities are either non-accurate or does not have
well-balanced nodes.

The other two methods; rational barycentric, and Chebyshev, are defined
in a closed real interval which allows us to have under control the jump
discontinuities whenever they become known. In terms of computational and
space complexities, rational barycentric interpolation is better. In fact the
proof of the rational barycentric interpolation in [BBN99] uses convergence
result of the Chebyshev interpolation. Another issue to point out is the
choice of the nodes. The Chebyshev of second kind, eq. (2.7), contains the
extreme of the interval which allows to do a special treatment in case that
some of the those were a jump discontinuity.

2.3 Runge-Kutta methods with delay

Among all the Runge-Kutta methods, those admitting an automatic stepsize
control have become popular. Several versions with slight changes can be
found in the literature. Here, we are going to show a simple example which
computes two different RK with different order and uses the one with higher
order to give a prediction of the stepsize for the next step. We want to
identify in which steps the jet transport plays an important role or not.

Algorithm 2.5 (RK p ă q with controlled stepsize).

‹ Inputs: tolerance tol, hmin ď |h| ď hmax, matrix pbijq P Rpσ, σq,
vectors pa1, . . . , aσq, pc1, . . . , cσ1

q and pd1, . . . , dσ2
q, and an initial value

pt0, x0q.
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1. Compute

κi “ f
`
x0 ` h

i´1ř
j“1

bijκj, ϕpt0 ` aihq
˘
, 1 ď i ď σ,

where the values ϕpt0 ` aihq are interpolated by the history.

2. Compute approximations with respective order p and q by

x
p1q
1 “

σ1ÿ

i“1

ciκi, and x
p2q
1 “

σ2ÿ

i“1

diκi.

3. Assign δ Ð ‖x
p1q
1 ´ x

p2q
1 ‖.

4. If tol ă δ, then h Ð 0.9hptol{δq1{q.

4.1. If |h| ď hmin, error message and exit.

4.2. Iterate the process with the new value h.

5. If δ ă tol, then

x0 Ð x0 ` x
p2q
1 ,

t0 Ð t0 ` h,

h Ð 0.9hmint1.2, ptol{δq1{qu.

5.1. If hmax ď |h|, then h Ð hmaxh{|h|.

Algorithm 2.5 needs some remarks:

• Some of the coefficients of the Butcher’s tableau can be found extens-
ively in the literature like [Ver78, HNrW93].

• The values ϕpt0 ` aihq in item 1 are approximated by, for instance,
some of the interpolation methods in section 2.2.

• The norm in item 3 must be adapted in case of jet transport.

• The value 0.9 in items 4 and 5 are safety factor.

• Formally, in item 5 the approximation x
p1q
1 should be used instead of

x
p2q
1 since we are using an approximation of order q to check the ap-

proximation of order p ă q.
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Algorithm 2.5 is just a sketch of the steps for an explicit RK with controlled
stepsize and slightly modifications are possible depending on the specific
IVP-DDE to solve. There are other strategies to solve an IVP-DDE such as
the retard in [HNrW93, II.17]. In that case, the integrator is based on a
modification dopri5 with dense output [DP86]. A dense output consists in a
σ-stage RK with σ1 ´σ extra stages to get the expression of the polynomials
bipθq so that the polynomial

ppθq “ x0 ` h

σ1ÿ

i“0

bipθqκi (2.12)

verifies |ppθq´xpx0`θhq|“ Ophσ1`1q. In other words, points nearby x0 can be
approximated by polynomials and an error depending on the stepsize. The
polynomials bipθq are independent of the points of the orbit. That implies
that the linear combination in eq. (2.12) applies for the jet transport as well.

More sophisticated integrators explained in [BZ13] seems to be candidates
for jet transport, although we did not check them in detail all of them. A
special attention needs radar explained in [GH01, GH08]. It is an implicit
RK method based in Radau IIA, [HW10], with control in jump discontinuities
by extending the Newton needed in each of the iterations.

2.4 Taylor method

The splicing condition in an IVP-DDE like eq. (2.2) depends on the initial
condition. The interpolation may be required, and in such a case, it must be
done in the space of temporal jets. That is, the output of the interpolation
must a Taylor expansion at the time that is requested.

A first observation is that there are some situations where the interpol-
ation may not be needed. For instance, when there is only a constant delay
and the step size is fixed.

However, in general, interpolation will be required. Similar to Figure 2.3,
now we need to be able to keep the history ppt, pxq at the same time that
the current history pct, cxq must be prepared for further time steps.

Now, before the jet transport, the values in px and cx are vectors of
temporal jets of order p in an arbitrary d-dimensional space. Depending on
the interpolation nodes, some values in px and cx may coincide. Following
the notation in Figure 2.4 let us give a pseudo-code to deal with the potential
jump discontinuities.

Algorithm 2.6.
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‹ Given a past history ppt, pxq with length plen ă njets, and a current
history pct, cxq with length clen ă njets.

1. Interpolate order-by-order, pxrjs for 0 ď j ď p.

2. Once the boundary time is reached,

2.1. pt Ø ct and px Ø cx (swapping the pointers).

2.2. Force ct1 Ð ptclen.

2.3. plen Ð clen and clen Ð 0.

3. If at some moment the clen is equal to njets, reallocate the memory.

The item 1 in Algorithm 2.6 deserves a special attention. The first at-
tempts were to differentiate as many times as were needed the Lagrange or
Newton polynomial or even the Hermite polynomial, [DB08], but we real-
ised, using interval arithmetic, that the numerical error is, in general, really
bad for the higher order terms of the temporal jet. That is related with
the fact that differentiation is a notoriously ill-posed problem due to of the
lack of information in the discretesed problem. The solution was to use the
interpolation order-by-order as independent functions.
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Figure 2.4. Previous history ppt, pxq and current history
pct, cxq with their normalised p-order Taylor coef-
ficients pxrjs and cxrjs for 0 ď j ď p.

If the splicing condition of the initial condition was not satisfied up to
the order used by the Taylor integrator, the jump discontinuity points must
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be detected and use their left or right values of the temporal jet since the
radius of convergence is defined respective for negative or right values as it
illustrates Figure 2.5.

t

x(0, u)(t)

xm

u0

−1 0 1

Initial data Intermediate data Final dataBoundary data

u
n−1 x0

Figure 2.5. Illustrations of a Taylor integration with half of
the convergence disk at the jump discontinuity
points.

2.5 An application – time lags in saddle-node

remnant

An equilibrium point of a DDE like eq. (2.1) is a map x‹ defined in r´1, 0s
such that there is solution for the IVP-DDE like eq. (2.2) through x‹ and
d
dt
xp0, x‹qptq “ 0 for all t. In other words, x‹ must be a constant function so

that

fpx‹, x‹q “ 0.

In the constant delay case, the fixed points of the ODE obtained with no
lags (those assigned to zero) will still be in the DDE one.

The stability is given, in the case of constant delay, by the study of the
characteristic equation

detpλId ´ Dxfpx‹, x‹q ´ e´λDϕfpx‹, x‹qq “ 0, λ P C. (2.13)

Different phenomena can happen. For instance, the stability may change
depending on the delay values. It was showed in [GJS18] that a system
describing the density-dependent reproduction of a single specie with time
lags preserves exactly the same equilibria with the same stability but with a
different quantity values.
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proposition 2.7. The model with parameters k ą 0 and ε ą 0 given by

dx

dt
ptq “ kxpt ´ τq2p1 ´ xptqq ´ εxptq (2.14)

has constant functions x˘ “ p1 ˘
a
1 ´ 4ε{kq{2, and x0 “ 0 defined in

r´τ, 0s. They are the only equilibrium points of eq. (2.14) whose stabilities
are independent of the delay τ . For 0 ă ε{k ă 1{4, x0 is exponentially stable,
x` is stable, and x´ is unstable, due to a real eigenvalue. At ε{k “ 1{4, the
equilibria x´ and x` merge to x “ 1{2 in a saddle-node bifurcation, and
become complex for ε{k ą 1{4.

Proof. The equilibrium points are the constants functions that are roots of
the right hand side of eq. (2.14). That is, the same points x˚ discussed in
the previous Section, but its stability must be analyzed studying the tran-
scendental eigenvalue problem for λ [HVL93],

´kx2˚ ´ ε ` 2kp1 ´ x˚qx˚e
´λτ ´ λ “ 0,

which is equivalent to

p´kx2˚ ´ εqτeλτ ` 2kp1 ´ x˚qx˚τ ´ λτeλτ “ 0. (2.15)

Defining the values p “ p´kx2˚ ´ εqτ , q “ 2kp1 ´ x˚qx˚τ , and z “ λτ ,
then the Theorem 1 in [Hay50] says that if 0 ă ε{k ă 1{4 the stability of
x0 is subjected to the conditions ´ε ă mint1{τ, 0u, and 0 ă pptan a1q2 `
1q1{2 while the stability of x˘ is subjected to ´kx˘ ă mint1{τ,´2εu, and
´2ε ă ppa1{τq2 ` pkx˘q2q1{2 where in these conditions a1 denotes the root of
a “ p tan a such that 0 ă a ă π.

In particular, the stability of the real point x˚ does not depend on the
delay τ ą 0 and the conditions of being stable or unstable are the same as for
the model without time lags. That is, x0 “ 0 is exponentially stable if, and
only if, ´ε ă 0, and x˘ is exponentially stable if, and only if, 2ε ´ kx˘ ă 0.

We have only shown whether the equilibrium points x0, x˘ are stable or
not but we did not quantify their stability. However, we can apply Lemma 1
in [Hay50] to transform eq. (2.15) into s “ ces, where s “ ´pλ` kx˘qτ , and
c “ ´2ετekx˘τ , whenever 0 ă ε{k ă 1{4. Since c ă 0 we conclude that the
stability of x˘ is governed by a real eigenvalue such that x` is stable and x´
is unstable. In other words, the bifurcation at ε{k “ 1{4 is also a saddle–
node (s-n) bifurcation for the delayed model. The difference arises in how
strong is the (un)stability at (x´)x` depending on τ . When 0 ă ε{k ă 1{4,
it is quantified by the real number λ “ ´kx˘ ´ s{τ being s the real solution
of c2e2s “ s2, s ă 0. After the bifurcation, i.e. ε{k ą 1{4, the stability of
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x˘ is determined by the eigenvalue with maximum real part of eq. (2.15).
According to Theorem 1.2 in [Nis16] x˘ are unstable regardless of the value
of τ ą 0.

While Proposition 2.7 shows that the equilibria, and their stability co-
incide with those when τ “ 0, it does not say anything about how much
stable or unstable are those equilibria. Preliminary simulations shows that
there is a difference in the time needed before the extinction depending on
the delay τ . Indeed, for larger τ more time is needed to extinct the specie as
Figure 2.6 shows. The dynamics near x “ 1{2 after the saddle-node is slow
and it can be seen as a passage near a saddle equilibrium point with complex
coordinates. It depends on the size of the real part of the eigenvalue in the
saddle.
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Figure 2.6. Extinction times near the saddle-node remnant for
different delay time in eq. (2.14). As large delay
is longer, more transient time is needed.

To study the dominant eigenvalue when x˘ become complex, we must
study the characteristic equation in a neighbourhood of px, τq “ p1{2, 0q. Let
us fix a small value δ ą 0 so that ε{k “ p1 ` δq{4. Then x˘ “ p1 ˘ i

?
δq{2

are complex numbers and eq. (2.13) in eq. (2.14) at the points x˘ becomes

1 ˘
?
δ ´ p1 ` δqe´λτ ` 2λ{k “ 0. (2.16)

The values pτ, λq “ p0, 2ε ´ kx˘q verifies eq. (2.16). The derivative w.r.t.
λ at that point is 2{k, which is always a non-zero value. Then there exists
a unique analytic mapping τ ÞÑ λpτ ; δq satisfying eq. (2.16) and an explicit
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computation leads to

Reλpτ ; δq “k δ
2

´ k2
ˆ
δ2

4
` δ

4

˙
τ ` k3

ˆ
3δ3

2
` δ2

2
` δ

8

˙
τ 2

2!

´ k4
ˆ
δ4 ` 25δ3

16
` 3δ2

8
´ 3δ

16

˙
τ 3

3!

` k5
ˆ
125δ5

32
` 207δ4

32
´ δ3

32
´ 131δ2

32
´ 3δ

2

˙
τ 4

4!
`Opτ 5q.

These approximations leads to the following result proved in [GJS18].

proposition 2.8. In fact, Reλpτ ; δq “ kδgpτ ; δq for some analytic mapping
g with gp0; 0q ‰ 0.

Proof. It is enough to prove it in a neighbourhood of δ “ 0. As the mapping
λpτ ; δq is analytic, let us proceed by induction on the order of the derivative.

Indeed, Reλp0; δq “ kδ{2 and if now we assume that Re Biλ
Bτ i pτ ; δq can be

factorised by kδ for all i ă j, then Re Bjλ
Bτ j pτ ; δq is the sum of a combination

of Re Biλ
Bτ i pτ ; δq with i ă j, and the jth partial derivative of eq. (2.16) with

respect τ that always has kδ as a factor.

τ εc ` 10´4 εc ` 10´6 εc ` 10´8

0 2.000000e´04 2.000000e´06 2.000000e´08
0.05 1.950620e´04 1.950639e´06 1.950642e´08
0.1 1.902566e´04 1.902602e´06 1.902602e´08
1 1.259111e´04 1.259258e´06 1.259259e´08

1.5 1.037753e´04 1.037899e´06 1.037901e´08
2 8.748623e´05 8.749986e´07 8.750000e´09
5 4.255738e´05 4.256552e´07 4.256559e´09
10 2.175476e´05 2.175921e´07 2.175926e´09

Table 2.2. The greatest real part of eigenvalues of x˘ when
εc “ 1{4 and k “ 1.

Table 2.2 shows the values of Reλpδ, τq for different values of δ and τ ,
computed by solving numerically eq. (2.16), that is, integrate τ units of time
the constant DDE, propagate the first variational equation and look for the
eigenvalue with larger real part.

Note the similarity between columns of this table, which is due to the
form of Reλpδ, τq, Proposition 2.8. Moreover, as the derivative of Reλpδ, τq
at τ “ 0 is negative, we have that the real part of the eigenvalue becomes
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smaller as τ increases. Hence, we expect a longer transition time when a
small delay is added.
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lo
g
1
0
T

log10 Reλmax

δ{4 “ 10´4

δ{4 “ 10´6

δ{4 “ 10´8

Figure 2.7. The values Reλpδ, τq vs. the time spent near x “
1{2 for three values of δ: δ{4 “ 10´4 (cyan), δ{4 “
10´6 (green), and δ{4 “ 10´8 (violet).

By means of a numerical integration, we quantify the time that a traject-
ory is close to x “ 1{2 for several values of τ . More concretely, we compute
the time needed to go through x “ 1{2 as the difference between the first
time t that verifies |dx

dt
ptq| ă 10´4 and |xptq ´ 1{2| ă 0.005, and the first one

that does not verify it. Figure 2.7 displays, in log scale, the relation between
the values Reλpδ, τq and the time taken to go through x “ 1{2. Note that
the plot shows the expected result for a linear system, in which the passage
time near a saddle is proportional to the inverse of the largest real part of
the eigenvalues of the saddle. As we are close to an equilibrium point, it is
clear that the linear part dominates the dynamics, and this implies a longer
transition through x “ 1{2.

Hence, this justifies the results displayed in Figure 2.6 in the sense that
τ involves a longer delayed transition near to the saddle-node remnant. In
this figure three different values of ε are studied beyond, but close to the
bifurcation. Specifically, we plot, for each case, a time series for the model
given by the associated ODE in eq. (2.14) (violet trajectory τ “ 0), and
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six other trajectories applying increased time lags. For example, using ε “
εc ` 10´8 the time delay with τ “ 0 is t « 6ˆ 103, while for τ “ 10 this time
becomes t « 3.75 ˆ 105. The dependence between the time delays and the
distance to the bifurcation value for different time lags (including τ “ 0) is
displayed in Figure 2.8. Panel (a) displays the results in a linear-linear scale
while (b) shows the same results in a log-log plot. Note that the time lag
does not modify the inverse square-root law. Indeed, the increase of τ ą 0
in delaying times with respect to the model without time lags is linear. This
relation is represented in Figure 2.9, where the time differences for the model
with τ “ 0 is plotted as a function of τ .
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Figure 2.8. Dependence of extinction times (Te) on the dis-
tance to bifurcation threshold, ψ “ ε ´ εc. (a)
Time to extinction, Te at increasing parameter ε
above the bifurcation value εc. Notice that this
extinction time diverges near the bifurcation value
(results shown in a linear-linear plot). (b) Inverse
square-root law also found in the system with no
time lags (violet curve). Notice that the same
power-law is found by including time lags. Here
for all of the values of τ analysed the time to ex-
tinction scales accordingly to Te „ ψ´1{2 .
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Figure 2.9. Linear dependence between the time that traject-
ories spend in the slow passage near the saddle-
node remnant and the time lag τ . The points
indicate the difference between the delayed trans-
ition for the system with no time lag and with dif-
ferent time lags, computed as Tepτq ´ Tepτ “ 0q,
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Chapter 3

Numerical methods for periodic and

quasi-periodic motions

ack: This work is a collaboration with Prof. Àngel Jorba and partially with
Prof. Ken Hayami at National Institute of Informatics (NII) of Japan.

3.1 Introduction

Once we have the numerical integrators which provide the first order flow, we
can use it to compute invariant objects by the use of the Poincaré mapping in
its delay version. In the constant case the phase space of a delay differential
equation (DDE) is an infinite space. Hence, from a numerical point of view,
the Poincaré needs to be discrete. As consequence, the size of the linear
system to solve in a Newton approach may be quite large. However, the
Poincaré mapping will be, in general, a compact operator, which implies
that its spectrum will be clustered and we can use iterative methods to solve
the linear system.

3.2 Iterative solver for linear systems

Iterative methods for the solution of linear systems of equations have become
famous in the last decades. In particular, the methods based on Krylov
projection. They include popular methods such as Conjugate Gradients,
MINRES, QMR, CGS, LSQR, Bi-CGSTAB, GMRES, . . . [Saa03] We are go-
ing to focus on GMRES which has demonstrated to be quite robust for a
variety of problems. However, we tested some of the other ones, such as
Bi-CGSTAB, with worst performance and accuracy.

The classical iterative methods, such as Jacobi or Gauss-Seidel, require
to have access to specific parts of the matrix. If for instance, the matrix is

45
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generated by some recurrence expression, or it has a specific structure, the
classical iterative solvers are good in terms of performance and resources.
However, there are plenty of situations where to know a specific part of
the matrix is not feasible. This is the case for the kind of problems we
are interested; the computation of periodic orbits and tori for an arbitrary
constant DDE.

3.2.1 Krylov subspace

Let Ax “ b be a linear of equations. Assume that we are able to solve a
simpler system of the form Kx0 “ b and we take x0 as an approximation
for x. The goal is to perform an iteration procedure. Hence, let z be the
correction of the original system so that

Apx0 ` zq “ b.

This leads to a new linear system Az “ b ´ Ax0 where we can apply again
the same simpler solver to figure out the linear system

Kz0 “ b ´ Ax0.

Now the new approximation becomes x1 “ x0`z0. The correction procedure
can be applied for x1 again, leading to an iterative method of the form

xi`1 “ xi ` zi “ xi ` K´1pb ´ Axiq. (3.1)

The basic idea behind this process is that we are considering the simpler
matrix K as a preconditioner of the original one. That is, the linear system
we are trying to solve is

pK´1Aqx “ K´1b.

By eq. (3.1), we can consider the iteration as

xi`1 “ b ` pI ´ αiAqxi “ xi ` ri (3.2)

with ri “ b ´ αiAxi is the weighted residual. The latter expression contains
xi as well as ri, and it hinders its study. Let us focus on the residuals, which
should be small in case of that the iteration tends to the solution.

b ´ αi`1Axi`1 “ b ´ αi`1Axi ´ αi`1Ari

whose expression leads to

ri`1 “ pI ´ αi`1Aqri “
i`1ź

j“1

pI ´ αjAqr0 “ Pi`1pA;αqr0.
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Pi`1 is a polynomial of degree i ` 1 that verifies Pi`1p0q “ 1. If we want to
have guaranteed the convergence for all initial residual r0, we should require
‖I ´ αjA‖ ă 1 for all j.

Going back to eq. (3.2), we have

xi`1 “ r0 ` ¨ ¨ ¨ ` ri “ r0 `
iÿ

j“1

jź

k“1

pI ´ αkAqr0 P Ki`1pA; r0q (3.3)

where, by definition, Ki`1pA; r0q “ spantr0, Ar0, . . . , A
ir0u is a pi ` 1q-

dimensional vectorial space called Krylov subspace. In general, we are going
to consider αj “ 1 for all j. But the weighted residual with some extra con-
siderations provides the first machinery to consider rational Krylov subspace
[BG15]. However, it seems to require a more computational effort and to
make some decisions in the implementation such as the choice of the poles
which may strongly depend on the equation to study.

Due to eq. (3.3), all the vectors xi lives in a Krylov subspace with the same
base vector r0. We want to generate a projection to these Krylov subspaces
and solve the projected linear system, which is going to be an approximation
of the real solution. There are different kind of projections that leads to
different iterative solvers such as FOM, GMRES, MINRES, CG, . . . [Saa03].

Ritz-Galerkin: Find xk so that rk K x0 ` KkpA; r0q.

Petrov-Galerkin: Find xk so that rk K x0 ` L with L a k-dimensional
space.

Minimum norm residual: Find xk so that ‖rk‖2 is minimal over the space
x0 ` KkpA; r0q.

Minimum norm error: Find xk in A
T px0 `KkpAT ; r0qq so that ‖xk ´x‖2

is minimal.

The Generalised Minimum RESidual, GMRES, consists in the minimisa-
tion of the residual (in Euclidian norm) over the space x0 ` KkpA; r0q. It
generates, at each iteration, a new unit vector orthogonal to the previous
ones and join with the previous generated vector give a base for the new
Krylov subspace.

3.2.2 The GMRES and the Arnoldi process

The Arnoldi process provides a systematic orthonormal basis of the Krylov
subspace in such a way that the basis increases the dimension at each new
iteration. Algorithm 3.1 summarises all this process.
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Algorithm 3.1 (Arnoldi process).

‹ Notation: To solve an n-by-n linear system Ax “ b. Let Vk be an
n-by-k matrix and Hk`1,k be a pk ` 1q-by-k matrix such that

(a) AVk “ Vk`1Hk`1,k.

(b) Vk`1 “
“
Vk vk`1

‰
and Vk “

“
v1 ¨ ¨ ¨ vk

‰
is an n-by-k matrix.

(c) V T
k Vk “ Ik but, in general, VkV

T
k ‰ In.

(d) Hk “
“
Ik 0

‰
Hk`1,k and Hk is a k-by-k upper Hessenberg.

(e) Hk “ V T
k AVk but, in general, VkHkV

T
k ‰ A.

‹ Input: 1 ď j ă k, Vj and Hj`1,j.

‹ Output: Vj`1 and Hj`2,j`1.

1. If j “ 1, then v1 Ð v1{‖v1‖.

2. vj`1 Ð Avj.

3. τ1 Ð ‖vj`1‖.

4. hj Ð V T
j vj`1.

5. vj`1 Ð vj`1 ´ Vjhj.

6. τ2 Ð ‖vj`1‖.

7. If τ2 ď 0.717τ1, then

7.1. hj`1 Ð V T
j vj`1.

7.2. vj`1 Ð vj`1 ´ Vjhj`1.

7.3. hj Ð hj ` hj`1.

8. hj`1,j Ð ‖vj`1‖.

9. If hj`1,j “ 0, return.

10. vj`1 Ð vj`1{hj`1,j.

Algorithm 3.1 needs some remarks to be pointed out:

• The initial vector v1 should be the residual r0 “ b´Ax0 except when
we consider a restarting iterative method.
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• The item 7 tries to prevent the loss of orthogonality due to round-off
as it has been suggested in, for instance, [DGKS76].

• All the operations that requires the use of the matrix A are just matrix
times a vector and it can be obtained by the use of jet transport.

• The columns of the matrix Vk contains an orthonormal basis of the
Krylov Kk´1pA;v1q.

• In case of exit by item 9, the solution is exactly in KjpA;v1q.

The Arnoldi process provides an orthonormal basis of the Krylov subspace
and a factorisation of the matrix A. In order to minimise the residual vector,
we can use such a factorisation as follows:

‖b ´ Ax‖2 “ ‖b ´ Apx0 ` Vkyq‖2
“ ‖r0 ´ AVky‖2

“ ‖r0 ´ Vk`1Hk`1,ky‖2

“ ‖V T
k`1p‖r0‖v1 ´ Vk`1Hk`1,kyq‖2 (3.4)

“ ‖‖r0‖e1 ´ Hk`1,ky‖2.

where in eq. (3.4) we use that a left orthonormal matrices are invariant under
the Euclidian norm. Hence,

inf
xPx0`KpA;r0q

‖b ´ Ax‖2 “ inf
yPRk

‖‖r0‖e1 ´ Hk`1,ky‖2. (3.5)

The matrix Hk “
“
Ik 0

‰
Hk`1,k is upper Hessenberg and a new column and

row are added in each new iteration independently of the previous values of
the matrix. Therefore, just a Givens rotation of the new information and a
forward substitution are needed to compute the infimum in eq. (3.5).

3.2.3 Restarting GMRES

GMRES always convergence and, in fact, the sequence of residual priq is
always decreasing. But while the maximum number of iterations are upper
bounded by the dimension of A, let us say n. Typically n is really large and
we do not want to reach a lot of iterations. Because of that, the restarted
GMRES, denoted by GMRES(m), consists in perform m iterations and re-
start the process by an initial vector v1 which is a linear combination of the
previous ones. When the restarted GMRES is applied, the convergence is
not guaranteed and the residual may stagnate.
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3.2.4 Preconditioners

It has been shown that empirically the GMRES and many other iterative
solvers, convergence faster if the spectrum of A is clustered and A is well-
conditioned. The preconditioning process consists in providing a matrix M
such that it approximates the matrix A and it is easy to solve linear systems.
There are two kind of preconditioning:

Left: Solve M´1Ax “ M´1b whose solution is also of Ax “ b.

Right: Solve AM´1y “ b whose solution provides the solution of Ax “ b

by x “ M´1y.

3.2.5 Iterative solvers in recurrence solutions

A direct solver, such as those based in LU or QR, has no the features to have
control of the residual or error values to solve the linear system accordingly
to a prescribed tolerance. But iterative solvers have, in general, that feature
because at each step they try to provide a better approximation of the linear
system of equations.

In a recurrence method, such as Newton method or fixed point method,
a finite sequence of linear systems must be solved. Not all of these linear
system require the same accuracy for the recurrence method. That needs a
specific stopping criterion. For instance, in a Newton method, we can try to
force the quadratic convergence by the stopping criterion

‖b ´ Axk‖2 ď maxptol{2, ‖b‖2210´2q,

being tol the Newton tolerance.

3.3 Periodic motions in constant delay differ-

ential equations

The theory of existence and uniqueness is well established for IVP-DDE, like
eq. (2.2), with constant delays. A periodic orbit in the DDE setting is an
initial condition u defined in r´1, 0s so that the solution of the IVP-DDE
through u verifies that after a finite time bigger than 1, it returns exactly to
u. That is, there is t‹ ě 1 such that xp0, uqt‹ “ u.

The mapping, denoted by P , that takes an initial condition in r´1, 0s
and provides its integration up to a time bigger than 1 has been proved to be
compact [HVL93]. Such those mappings are commonly called time-maps or
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Poincaré maps. The Theorem 2.1 tells us that locally to the periodic orbits
the splicing condition is going to be satisfied.

As in the ODE case, we can distinguish two situations. When a temporal
section is involved in the definition of P , or when it involves a spatial section.
We have already proved that the jet transport applies to the delay integrators,
and in particular to the interpolation steps. Hence there are only few things
that make a difference w.r.t. the ODE case.

Firstly, the condition to ensure the fixed point in the Poincaré map must
be done in the space of mappings defined in r´1, 0s. That implies that a
numerical simulation will need a discretisation of those mappings and the
equality will be imposed in terms of their table of values. In other words, if
psi, uiqn´1

i“0 is a table of values of the initial condition, and v “ P puq so that
psi, viqn´1

i“0 is its table of values (in the same nodes si), then we require ui “ vi
for all 0 ď i ă n. As consequence the number of unknowns will be increased
by a factor n.

Secondly, the fact that the fixed point in the time-map must done between
table of values will generate an extra effort (specially for the spatial section)
to adjust the tables in the same nodes.

Finally, the linear a approximation of the time-map will also be compact
so its spectrum is going to be clustered and iterative solvers to generate a
matrix-free Newton scheme will improve the performance and it is going to
be the problem numerically feasible.

3.3.1 Poincaré sections

As in the ODE there are essentially two kind of Poincaré sections. The
temporal ones and the spatial ones. Each of those need a special attention.

Temporal section

This is the standard section for systems having a dependency on time that
is periodic with a known period, let us say ρ. Then, periodic orbits must
have a period t‹ multiple of ρ. In such a case, the Poincaré section is given
by t ” 0 pmod ρq and the Poincaré mapping consists in the time-ρ map.

Depending on the interpolation strategy of the DDE integrator, it may
happen that one needs to integrate further more to ensure to get enough
information to interpolate at the nodes required for the time-ρ map.

In terms of the jet transport, there is no any extra step to make into
account. Indeed, because the interpolation applies to jet transport and the
DDE integrators are based on the ODE ones which has been proved that
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they works correctly with the jet transport. If the section is temporal, the
time-ρ map allows us to get the spatial jet during the integration.

Spatial section

This is the situation when the period is not known. A smooth manifold
will be considered as a section, for instance continuous affine mappings or
even just fixing a coordinate. These manifolds will be defined in the set of
mappings defined in r´1, 0s and assuming extra hypothesis, one proves that
the Poincaré mapping defining in such manifolds is compact [SZ18].

As in the ODE the process is as follows:

1. Integrate the IVP until the number of crossing to the spatial section
have been reached.

2. Look for the time (after the crossings) in such a way the orbit lie in
the section.

3. Fit function defined in r´1, 0s in the same nodes as the initial condition.

4. In case of jet transport, project the values in the section as well.

3.3.2 Stability, continuation and bifurcation detection

The eigenvalues of the Poincaré map says information about the stability
of the periodic orbit and allows to perform a continuation and bifurcation
detection in a similar manner as it has been done in ODE context like those
explained in [IJ90].

Since a matrix-free Newton method is available, the study of the stability
can be matrix-free as well. Among all the packages to compute eigenvalues of
a matrix one of the most commonly used is the ARnoldi PACKage [LSY98].
It allows to solve large-scale Hermitian, non-Hermitian, standard or gener-
alised eigenvalues problems computing a few, eigenvalues with user-specified
features. Due to the compactness of the operator, only the ones with higher
modulus are needed to study the stability.

At the same time it works also for bifurcation detection since, in general,
a finite number of eigenvalues are needed to detect them.

3.3.3 Numerical experiments

Spatial section

The next example illustrates that the method is independent of the model if
an integrator compatible with jet transport is available. In particular, it can
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be applied for several delays as well. Let us consider the equation studied
by [Nus78] and more recently in [KL12] where the existence of the periodic
orbit has been proved for some values of the parameters.

dx

dt
ptq “ ´

`
λ1xpt ´ τ1q ` λ2xpt ´ τ2q ` λ3xpt ´ τ3q

˘
p1 ` xptqq (3.6)

Let us take the values λ1 “ λ2 “ 2.5, λ3 “ 0.25, τ1 “ 1.65, τ2 “ 0.35, and
τ3 “ 1 where the existence of a periodic orbit is guaranteed.

The initial condition u at time t0 “ 0 is the integration of the orbit
through cosptq at t0 up to a final time 4. The initial condition is discretesed
in a table of values psi, uiq65´1

i“0 . The spatial section consists in fixing the last
coordinate after four crosses. The Hairer integrator retard has been used
with a relative and absolute tolerance 10´14. A speed-up factor of 5.5 of the
matrix-free version w.r.t. the full matrix.

´1
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0

0.5

1

1.5

2
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´2 ´1 0 1 2 3 4

x
ptq

t

u
v

Figure 3.1. Stable periodic orbit of eq. (3.6) with λ1 “ λ2 “
2.5, λ3 “ 0.25, τ1 “ 1.65, τ2 “ 0.35 and τ3 “ 1.
The final period is around 3.5894.
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Spatial section and continuation

Let us consider the DDE

dx

dt
ptq “ ´αxpt ´ 1q1 ` xpt ´ 1q2

1 ` xpt ´ 1q4 . (3.7)

It has an equilibrium point x0 “ 0. It has a Hopf bifurcation for α “ π{2,
[LELR97]. That means that a family of periodic orbits rise nearby to that
bifurcations. Since these periodic orbits have an unknown period, a temporal
section is unfeasible.

Let Σ be the spacial section defined by

Σ “ tu P Cpr´1, 0s,Rq : up´1q “ 0u

Taking an initial guess u P Σ near to the equilibrium point and with α close
to π{2, let us say, α “ 1.57. The matrix-free Newton approach allows to
compute a period 4 periodic orbit, Figure 3.2, via an integrator based on a
RK78F method.

Now, the standard pseudo-arc-length continuation method w.r.t. α leads
to a continuation method of the initial periodic orbit previously computed.
Notice that in this scheme the derivatives obtained by jet transport must be
project to the section but not the part corresponding to the new equation that
refers to the condition for α. Figure 3.3 shows the result of the continuation
and the branch detection of several bifurcations.

Temporal section and continuation

Let us consider a periodic perturbation of period 2π{τ of a DDE.

τ
dx

dt
ptq “ ´αxpt ´ 1q1 ` xpt ´ 1q2

1 ` xpt ´ 1q4 ` εpsinpτtq ` cospτtqq. (3.8)

It has a periodic orbit of period 2π{τ close to ε “ 0 and x “ 0 which can be
continuated as Figures 3.4 and 3.5 illustrate.

3.4 Quasi-periodic motions in constant delay

differential equations

Let P be a smooth discrete system defined in the Tm ˆC with C denotes the
space of continuous mappings in r´1, 0s. A quasi-periodic motion associated
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Figure 3.2. Periodic orbit close to the Hopf bifurcation (α “
1.57) of the equilibrium x0 “ 0 of eq. (3.7).

to this system with a Q-linearly independent vector ω in Tm is a periodic
mapping K : Tm Ñ C verifying the invariance equation

P ˝ K “ Tω ˝ K, (3.9)

where Tω is a linear operator defined in C by TωpKpθqq “ Kpθ` ωq. In fact,
it is a linear homeomorphism with inverse T´ω.

The stability of the invariant object associated to K, that is an m-
dimensional torus, is given by the study of the spectrum T´ω ˝ DP ˝ K.
It always has 1 as eigenvalue and if λ is an eigenvalue, then λ expp2πikωq is
also an eigenvalue for all k P Z, see [Jor01].

In the case of constant delay differential equation we are going to focus on
the case m “ 1. The discrete system P is obtained by the use of the Poincaré
mapping (via temporal or spatial section). Since the Poincaré mapping for
DDE is a compact mapping, its differential is clustered and the operator
T´ω ˝DP ˝K will also have a clustered spectrum in circles around the origin.
There are three situations where the quasi-motions appears:

1. Quasi-perturbation of an equilibrium point.
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Figure 3.3. Continuation w.r.t. α of eq. (3.7).

2. Non-resonant periodic perturbation of a periodic orbit.

3. Neimark-Sacker bifurcation.

In each of the different case, slightly modifications in the methods are re-
quired. To explain each of these changes, let us start from the easiest one to
the hardest.

3.4.1 Quasi-perturbation of an equilibrium point

Let us consider a smooth constant DDE like

dx

dt
ptq “ fpxptq, xpt ´ 1q, θ1ptq, θ2ptq, εq,

θiptq “ θ
p0q
i ` ωit, i “ 1, 2,

(3.10)

where f depends periodically on θ1ptq and θ2ptq for 0 ă ε ! 1, θ
p0q
1 , θ

p0q
2 P

r0, 2πq, ω1{ω2 is an irrational number and it has a zero for ε “ 0. Then by

fixing the section θ
p0q
2 “ 0, the return map P is defined as follows: Given
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Figure 3.4. Continuation w.r.t. α in eq. (3.8).

an initial condition u defined in r´1, 0s and θ in r0, 2πq we apply the time

2π{ω2 map over the data px0, θp0q
1 , θ

p0q
2 q “ pu, θ, 0q. Thus, pv, θ ` ω, 1q with

ω “ 2πω1{ω2 is obtained and we can write all the process simply by

x̄ “ P pθ, xq,
θ̄ “ θ ` ω.

Matrix-free Newton approach

The function to find a zero K is

F pKpθqq “ P pθ,Kpθqq ´ TωpKpθqq, for all θ. (3.11)

To apply the Newton method to the equation eq. (3.11) we need to decide
the computer representation of the unknown to be able to operate with the
differential matrix and to solve the linear system.

We are going to use the discrete Fourier transform to represent the un-
known K. That is an extra layer of discretisation; the first one is for the
table of values in the segment r´1, 0s and the second one, for each of those
values, we associate a discrete Fourier series.
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Figure 3.5. Continuation w.r.t. ε in eq. (3.8).

The use of discrete Fourier series admits two representations; one as a
mesh points and the other one as Fourier coefficients. Depending on the
operation to perform is better to have the object in one or the other repres-
entation. For instance, in eq. (3.11) is easier to perform the evaluation by P
with K as a mesh points because, in general, the DDE is expressed in points.
On the other hand, the shift by ω, that is the evaluation of Tω, is easy to
have it in Fourier coefficients.

The two different representations are just a change of basis, i.e. a linear
isomorphism. The Fast Fourier Transform is a well-known algorithm to apply
that linear mapping (or its inverse), with a computational complexity in
Θpn log nq. Therefore the unknowns will be either in values or in coefficients.
That gives 4 versions of eq. (3.11), each of them with an equivalent solution
(just changing the basis). Indeed, let us assume that P is evaluated in
points, Tω in coefficients and FFT means to take coefficients and to give its
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representation in points. Then,

Fp2p “ P ´ FFT ˝Tω ˝ FFT´1 (from points to points),

Fp2c “ FFT´1 ˝P ´ Tω ˝ FFT´1 (from points to coeffs.),

Fc2p “ P ˝ FFT´FFT ˝Tω (from coeffs. to points),

Fc2c “ FFT´1 ˝P ˝ FFT´Tω (from coeffs. to coeffs.).

(3.12)

Notice that their differentials are just affected by matrix multiplications, and
the different versions differs in the condition number. Intuitively, the version
c2c may give a differential matrix with worst condition number because it
involves values possibly smaller due to the decaying Fourier coefficients in
smooth mappings. In any of the cases, we are able to arrive to a matrix-free
Newton approach using the jet transport in P since all the other mappings
involved in F are linear mappings w.r.t. the representation of the unknown
K.

It is important to remark that the study of the stability must be done in
the same basis, that is, the one for Fp2p or Fc2c.

Preconditioning

A discrete system like eq. (3.11) coming from a DDE has the operator T´ω ˝
DF ˝ Kpθq spectrum in circles centred at the origin and accumulated to
it. Therefore we are going to consider the following left preconditioners to
eq. (3.12) for a restarted GMRES linear iterative solver

Mp2p “ FFT ˝Tω ˝ FFT´1, Mc2p “ FFT ˝Tω,
Mp2c “ Tω ˝ FFT´1, Mc2c “ Tω.

They lead respectively to

M´1
p2pFp2p “ FFT ˝T´ω ˝ FFT´1 ˝P ´ I,

M´1
p2cFp2c “ FFT ˝T´ω ˝ FFT´1 ˝P ´ I,

M´1
c2pFc2p “ T´ω ˝ FFT´1 ˝P ˝ FFT´I,

M´1
c2cFc2c “ T´ω ˝ FFT´1 ˝P ˝ FFT´I,

(3.13)

whose differentials are the same just changing P by D2P .

3.4.2 Periodic perturbation of a periodic orbit

Let us consider the constant DDE

dx

dt
ptq “ fpxptq, xpt ´ 1q, θ2ptq, εq,

θ2ptq “ θ
p0q
2 ` ω2t,

(3.14)
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where f depends periodically on θ2ptq for 0 ă ε ! 1, θ
p0q
2 P r0, 2πq, it has a

(known) periodic orbit with period ω1 for ε “ 0 and ω1{ω2 is an irrational
number.

Assume that the known periodic orbit for ε “ 0 has frequency ω1 and
it has been obtained by a Poincaré mapping P0 via a temporal or a spatial
section Σ0. To give a discrete system for the invariance equation like eq. (3.9)
be distinguish two cases for 0 ă ε ! 1.

Temporal section

In this case the discrete system is exactly like in eq. (3.10), P is given by the
2π{ω1 integration of eq. (3.14). But the initial guess for the Newton will be
the known periodic orbit for ε “ 0 instead of the equilibrium point.

Spatial section

Now the frequency ω is also an unknown. So there is the freedom to impose an
extra equation to ensure the convergence of the invariance equation eq. (3.9).
That extra equation must be a constraint that it has to be able to be satisfied.
We know that for ε “ 0, P0 : Σ0 Ñ Σ0 has a fixed point in the space of
function defined in r´1, 0s. Then the unknownsK and ω are obtained finding
a zero of the mapping

F pKpθq, ωq “
„
P pθ,Kpθqq ´ TωpKpθqq

gpKpθq, ωq


(3.15)

where, P is defined by similarly the 2π{ω2 integration of eq. (3.14) with
0 ă ε ! 1. The condition for ω is given by g which can be, for instance, a
condition the Kp0q P Σ0.

The differential matrix of eq. (3.15) has the form

−∂Tω

∂ω

∂P
∂K(θ)

− Tω

m = nc · nd 1

m

1

DF =

∂g
∂K(θ)

∂g
∂ω

with nc being the mesh size for θ and nd being the mesh size for the interval
r´1, 0s. Notice that by the use of jet transport in the block m-by-m is still
feasible to consider a matrix-free Newton method and the preconditioning of
section 3.4.1 in that sub-block will work as well.
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3.4.3 Experiments

In order to quantify how good are the preconditioning of the matrix-free New-
ton method, let us a consider a quasi-periodic time-dependent perturbation
of a constant DDE like in eq. (3.10)

dx

dt
ptq “ ´3.6xpt ´ 1qxpt ´ 1q2 ` 1

xpt ´ 1q4 ` 1
` ε

sinpθ1q ` sinpθ2q ` 3
, ε “ 10´2,

dθ1

dt
ptq “ ω1 “ 1,

dθ2

dt
ptq “ ω2 “

?
5 ´ 1

2
,

We use the discrete system eq. (3.11) and the 4 different expressions to find
the zeros of eq. (3.12). Moreover, we want to show if the preconditioning
versions eq. (3.13) give a better performance. To this end, tables 3.1 to 3.3

reports speed-factor between the preconditioning matrix-free iterative solver,
and a direct solver for different number of Fourier coefficients. This means
the quotient of the CPU time between the an LU solver of the linear systems
and the preconditioned GMRES. Also the speed-factor between the precondi-
tioned and the non-preconditioned solvers. In table 3.2 shows the CPU-time
of the direct and preconditioned linear solvers.

direct/precond noprecond/precond

nc M p2p p2c c2p c2c p2p p2c c2p c2c

64 1088 1.22 1.08 0.94 0.92 ´ ´ 13.19 ´
128 2176 1.92 1.27 1.37 1.01 1.14 3.74 1.87 4.49
256 4352 2.12 1.45 1.47 1.08 0.96 3.20 2.00 5.15
512 4352 3.99 2.71 1.11 1.14 0.96 2.53 2.55 6.16
1024 17408 4.54 3.32 1.72 1.26 1.40 2.50 1.77 16.80

Table 3.1. Speed factor with number of Fourier coefficients nc
and matrix size M .

3D visualisation

Inspired in the hyper-cycle model [GJS18] and references therein let us con-
sider the eq. (3.16).

9xptq “ 10´4zptqypt ´ 1q{1 ´ xptq{1 ` 10´3 sinpθ2q,
9yptq “ 10´4xptqzpt ´ 1q{2 ´ yptq{2 ` 10´3 cospθ2q,
9zptq “ 10´4yptqxpt´ 1q{3 ´ yptq{3 ` 10´3psinpθ1q ` sinp2θ2qq,

9θ1ptq “ ω1 “ 1, 9θ2ptq “ ω2 “
?
5 ´ 1

2
.

(3.16)



62 § Numerical methods for periodic and quasi-periodic motions

direct precond

nc M p2p p2c c2p c2c p2p p2c c2p c2c

64 1088 0.31 0.32 0.36 0.36 0.31 0.20 0.39 0.25
128 2176 1.84 1.37 2.06 1.52 1.10 0.66 1.50 1.00
256 4352 7.80 5.82 8.73 6.52 4.22 2.29 5.99 3.98
512 4352 32.28 24.09 36.48 27.09 16.41 8.71 23.93 16.12
1024 17408 150.25 112.31 163.67 124.54 66.15 33.72 95.98 72.41

Table 3.2. CPU-time in minutes number of Fourier coeffi-
cients nc and matrix size M .

direct noprecond/precond

nc M p2p p2c c2p c2c p2p p2c c2p c2c

64 1088 2 2 2 2 3{3 3{2 3{3 3{2
128 2176 3 2 3 2 3{3 3{2 3{3 3{2
256 4352 3 2 3 2 3{3 3{2 3{3 3{2
512 4352 3 2 3 2 3{3 3{2 4{3 3{2
1024 17408 3 2 3 2 4{3 3{2 4{3 3{2

Table 3.3. Number of Newton iterations number of Fourier
coefficients nc and matrix size M .

It has a torus nearby the equilibrium point. Once K : T Ñ Cpr´1, 0s,R3q
has been computed imposing the invariance equation of the discrete system
like eq. (3.9), we can go back to the continuous DDE and represent the
invariant object T defined in T2. We want to represent T in a mesh, that is,
T pθi1, θj2q P R3 with θi1 “ 2πi{n1, 0 ď i ă n1, and θ

j
2 “ 2πj{n2, 0 ď j ă n2.

We have obtained T pθi1, 0q “ Kpθi1qp0q. If we follow the flow t units of time,
the angles θ1, and θ2, then we obtain T pθi1 `ω1t, ω2tq. Therefore, solving the
linear system for pϕ, tq #

θi1 ` ω1t “ ϕ,

θ
j
2 “ ω2t.

We can get the initial condition Kpϕq and solve the IVP-DDE of eq. (3.16)
integrating t units of time, and obtaining T pθi1, θj2q.
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Figure 3.6. px, y, zq torus visualisation of eq. (3.16).
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Chapter 4

State-dependent perturbation of an ODE

ack: This work is a collaboration with Ms. Jiaqi Yang and Prof. Rafael de
la Llave during my stays at School of Mathematics in Georgia Institute of
Technology, Atlanta GA, USA.

4.1 Introduction

We are going to consider simple models, that is planar Ordinary Differential
Equations (ODEs) and we will assume the existence of a limit cycle. We are
going to show that all the solutions present in the undelayed model persists
when we add a state-dependent delayed perturbation.

We notice that adding that kind of perturbation, which is a very singular
one, the nature of the differential equations changes; the unperturbed ODE
is always finite dimensional while the perturbed one is always an infinite
dimensional problem since it becomes a State-dependent Delay Differential
Equation (SDDE).

Such kind of models appear in several concrete problems in natural science
such as circuits, neuroscience, and population dynamics. However, we still
have to look into it more carefully.

The main idea of this chapter is that we bypass the general theory of
existence for solutions of the SDDE by establishing the existence of some
finite dimensional families of solutions, which resemble the solutions of the
original system.

Although we are not going to give details here, preliminary results show
that the method explained here can be extended to higher dimensional prob-
lems with a more careful study.

65
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4.1.1 Overview and comments on the results

In order to summarise the main results of this chapter, let us give an informal
overview of the method and let us provide some useful comments.

It is known that in a neighbourhood of a limit cycle of a planar ODE, let
us say 9x “ Xpxq, we can find a mapping K : T ˆ r´1, 1s Ñ R2, a frequency
ω0 ‰ 0, and a speed rate λ0 in such a way that for all θ and s, the function

xptq “ Kpθ ` ω0t, se
λ0tq (4.1)

solves the ODE. The fact that All the solution of the form eq. (4.1) are
solutions of the original ODE is equivalent to the solve a functional equation
(also called invariance equation) for K, ω0, and λ0. Efficient methods to
study the resulting functional equation were presented in detail in [HdlL13].

After a state-dependent perturbation of the initial planar ODE, we impose
solution of the SDDE are of the form

xptq “ K ˝ W pθ ` ωt, seλtq. (4.2)

It leads to a functional equation for W , ω, and λ, which is also called invari-
ance equation.

The goal will so be to solve such an invariance equation using techniques
of functional analysis to get the unknown embedding W , the unknown new
frequency ω and the unknown new speed rate λ. Initially the unknowns are
expected to be close to the identity, to ω0 and to λ0 respectively.

The equation is rather degenerate and its treatment needs several steps.
Firstly, we will express W pθ, sq as an asymptotic expansion in power of s
to a finite order, and then, we will formulate a fixed point problem for the
remainder. Some technical problems are going to arise, such as, the match-
ing between the domains of definitions. Nevertheless, similar problems have
appeared in the theory of centre manifolds [Car81].

The main results of the chapter is Theorem 4.12 which establish that if
the perturbation is small enough and given an approximate solution of the in-
variance equations with some non-degeneracy conditions, then there is a true
solution nearby. Sometimes this kind of Theorem formulation is referred as
a posteriori format and it allows to provide an approximate enough solution
to validate the real solution even if it has been obtained by a non-rigorous
method. To this end, we are going to specify a numerical algorithm in order
to compute the perturbed limit cycles and its 2D manifold.

It is important to point out that by solving the invariance equation, one
actually obtains a parametrisation of the limit cycle and its isochrons (the
2D manifold of the limit cycle for the unperturbed case). In other words,
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K ˝W pθ, 0q parametrises the limit cycle and for a fixed θ, K ˝W pθ, sq para-
metrises the manifold of the point K ˝ W pθ, 0q on the limit cycle.

We remark the existence of previous related work [HVL93, chapter 10] to
the persistence of limit cycles but they were studied with a different methods.
They have also studied stable manifolds of periodic orbits of SDDEs, however,
what they obtained is an infinite dimensional manifold, while we study the
submanifold of such a infinite dimensional manifolds which corresponds to
the slowest contraction rate. We did not find any reference describing the
computation of that stable submanifold, whereas the unstable (and finite
dimensional) manifold has been occasionally studied [GMJ17].

The notions of approximate solutions and that of solutions close to the
approximate ones, requires to specify a norm in the space of functions. In
works like [HdlL13], it was natural to specify analytic norms. However, we are
going to use finitely differentiable functions due to the fact that we conjecture
that the solutions we are producing are not more than finitely differentiable
when we have a non-constant SDDE.

A rather subtle point is that we do not obtain local uniqueness of the
solution. The reason is that the proof for the remainder of the invariance
equation involves cutting off the perturbation and the solution may depend
on the cut-off function. Both the finite regularity and the lack of uniqueness
due to the introduction of cut-off functions are reminiscent to the effects
found in the study of centre manifolds [Car81, Lan73].

4.2 Unperturbed case

Following the results in [HdlL13] we establish and fix the notation for the
unperturbed case which is going to use later on for the SDDE case. Let so
be an analytic planar ODE 9x “ Xpxq having a hyperbolic limit cycle. In
other words, if Φpt; x0q denotes its flow of the through the initial condition
x0 in R2, then we are assuming that there is K0 : T Ñ R2, and a frequency
ω0 ‰ 0 such that Φpt;K0p0qq “ K0pω0tq. Furthermore K “ K0pTq is an
exponentially attracting set with speed rate λ0, that is,

dpΦpt; yq,Kq ď Ce´λ0t

for some C ą 0 and y close enough to K.
Under the previous assumptions it was proved in [HdlL13, Theorem 3.2]

the existence of an analytic local diffeomorphism K : T ˆ r´1, 1s Ñ R2 such
that

pω0Bθ ` λ0sBsqKpθ, sq “ X ˝ Kpθ, sq. (4.3)
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They provided an effective method to compute such frequency ω0, speed rate
λ0, and K.

4.2.1 Numerical computation

The next Algorithm 4.1 from [HdlL13] reproduces the steps to get, by a
quasi-Newton method with still a quadratic convergence, the frequency ω0,
the contraction rate λ0 and the analytic parametrisationK : Tˆr´1, 1s Ñ R2

of an arbitrary analytic planar ODE with a hyperbolic limit cycle. Since the
resulting parametrisation K will be locally analytic, we can express K as
a power series of the form Kpθ, sq “ ř

j Kjpθqsj and then look for all the
coefficients in s so that the invariance equation, eq. (4.3), is satisfied.

Algorithm 4.1. Quasi-Newton method

‹ Input: 9x “ Xpxq in R2, Kpθ, sq “ K0pθq ` K1pθqb0s, ω0 ą 0, λ0 P R

and scaling factor b0 ą 0.

‹ Output: Kpθ, sq “ řm´1

j“0 Kjpθqpb0sqj, ω0 and λ0 such that ‖E‖ ! 1.

1. E Ð X ˝ K ´ pω0Bθ ` λ0sBsqK.

2. Solve DKẼ “ E and denote Ẽ ” pẼ1, Ẽ2q.

3. σ Ð
ş1
0
Ẽ1pθ, 0q dθ and η Ð

ş1
0

BsẼ2pθ, 0q dθ.

4. E1 Ð Ẽ1 ´ σ and E2 Ð Ẽ2 ´ ηs.

5. Solve pω0Bθ ` λ0sBsqW1 “ E1 imposing
ş1
0
W1pθ, 0q dθ “ 0.

6. Solve pω0Bθ ` λ0sBsqW2 ´ λ0W2 “ E2 imposing
ş1
0

BsW2pθ, 0q dθ “ 0.

7. W ” pW1,W2q.

8. Update: K Ð K ` DKW , ω0 Ð ω0 ` σ and λ0 Ð λ0 ` η.

9. Iterate (1) until convergence in K, ω and λ. Then undo the scaling b0.

Algorithm 4.1 requires some practical remarks to be pointed out:

i. Initial guess. K0 : T̃ Ñ R2 will be the periodic orbit of the ODE with
frequency ω0. It can be obtained by a Poincaré section method or any
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other standard technique. An approximation for K1 : T̃ Ñ R2 and λ

can be obtained when one solves the variational equation

DX ˝ K0pθqUpθq “ ω0

d

dθ
Upθq,

Up0q “ Id2.

Hence if peλ0{ω0 , K1p0qq is the eigenpair of Up1q such that λ0 ă 0, then
K1pθq “ UpθqK1p0qe´λ0θ{ω0 .

ii. Stopping criterion. As any Newton method a possible stopping could
be when either ‖E‖ or maxt‖DKW‖, |σ|, |η|u is smaller than a given
tolerance.

iii. Uniqueness. IfKpθ, sq is a solution, thenKpθ`θ0, b0sq is also a solution
for fixed θ0, b0 P R. The value of θ0 can be chosen in such a way that
supθ‖K0pθ`θ0q‖ is reached and then giveK0pθ`θ0q as part of the input.
The value b0 is used as a scaling factor to be sure that the mappings
Kj are comparable. Heuristically a good chosen of b0 can be done as

follows: 1stq Run the simulation with b0 “ b
p0q
0 the inverse of a power of

the radix of the arithmetic and a not too small tolerance to get a first
approximation of Kpθ, sq. 2ndq Take b0 « 0.9b

p0q
0 ‖Km´1‖

´1{pm´1q
8 and

run it again with a smaller tolerance. Here, ‖¨‖8 is computed through
a mesh for θ and 0.9 is a security factor.

iv. Convergence. It has been proved in [HdlL13] that even to be a quasi-
Newton method, it still has quadratic convergence.

To solve the namely cohomological equations (5) and (6) in Algorithm 4.1
strongly depends on the numerical representation of periodic functions. In
[HdlL13, §4.3.1] there are two results to solve them, whose integral version is
not efficient from a numerical point of view but useful for theoretical purpose.
For completeness, let us quote the result without proof.

proposition 4.2 (Fourier version, [HdlL13]). Let Epθ, sq “ ř
j,k Ejke

2πikθsj.

• If E00 “ 0, then pωBθ ` λsBsqupθ, sq “ Epθ, sq has solution upθ, sq “ř
j,k ujke

2πikθsj and

ujk “
#

Ejk

λj`2πiωk
if pj, kq ‰ p0, 0q

α otherwise.

for all real α. Imposing
ş1
0
upθ, 0q dθ “ 0, then α “ 0.
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• If E10 “ 0, then pωBθ `λsBs ´λqupθ, sq “ Epθ, sq has solution upθ, sq “ř
j,k ujke

2πikθsj and

ujk “
#

Ejk

λpj´1q`2πiωk
if pj, kq ‰ p1, 0q

α otherwise.

for all real α. Imposing
ş1
0

Bsupθ, 0q dθ “ 0, then α “ 0.

proposition 4.3 (Integral version, [HdlL13]). Let Epθ, sq “ ř
j Ejpθqsj and

λω ă 0.

• If
ş1
0
E0pθq dθ “ 0, then pωBθ ` λsBsqupθ, sq “ Epθ, sq has solution

upθ, sq “ α ` 1

ω

ż θ

0

E0pσq dσ ´
ż 8

0

`
Ejpθ ` ωt, seλtq ´ E0pθ ` ωtq

˘
dt

or, equivalently,

upθ, sq “ α ` 1

ω

ż θ

0

E0pσq dσ ´ 1

ω

ÿ

jě1

sj

1 ´ ejλ{ω

ż 1

0

Ejpθ ` zqezjλ{ω dz

for all real α. Imposing
ş1
0
upθ, 0q dθ “ 0, then α “ 1

ω

ş1
0
θE0pθq dθ. And

it is the only solution in C0pT ˆ r´1, 1sq.

• If
ş1
0
E1pθq dθ “ 0, then pωBθ ` λsBs ´ λqupθ, sq “ Epθ, sq has solution

upθ, sq “
ż 8

0

eλtE0pθ ´ ωtq dt `
„
α ` 1

ω

ż θ

0

E1pσq dσ

s

´
ż 8

0

e´λt
`
Epθ ` ωt, seλtq ´ E0pθ ` ωtq ´ seλtE1pθ ` ωtq

˘
dt

or, equivalently,

upθ, sq “ 1

ωp1 ´ eλ{ωq

ż 1

0

E0pθ ´ zqezλ{ω dz `
„
α ` 1

ω

ż θ

0

E1pσq dσ

s

´ 1

ω

ÿ

jě2

sj

1 ´ epj´1qλ{ω

ż 1

0

Ejpθ ` zqezpj´1qλ{ω dz

for all real α. Imposing
ş1
0

Bsupθ, 0q dθ “ 0, then α “ 1
ω

ş1
0
θE1pθq dθ.

And it is the only solution in C2pT ˆ r´1, 1sq.

The solution of the linear system in item 2 of Algorithm 4.1 can be done
by power matching.



71

lemma 4.4. Let Apθ, sqxpθ, sq “ bpθ, sq be a linear system. Assume that it is
equivalent to ˆÿ

kě0

Akpθqsk
˙ ÿ

kě0

xkpθqsk “
ÿ

kě0

bkpθqsk.

Then xkpθq is obtained recurrently by solving the linear system

A0pθqxkpθq “ bkpθq ´
kÿ

j“1

Ajpθqxk´jpθq.

4.3 Formulation of the perturbed problem

Let us consider a planar SDDE like

9xptq “ Xpxptq, εrxptqq, rxptq – xpt ´ rpxptqqq, (4.4)

where X is analytic, xptq is in R, 0 ď ε ! 1, and r is real-valued, positive,
and analytic mapping called delay map.

Formally, eq. (4.4) is a state-dependent perturbation of the ODE for ε “
0. Thus, it can be rewritten like

9xptq “ Xpxptq, 0q ` εP pxptq, rxptq, εq. (4.5)

where, by definition, εP px, rx, εq “ Xpx, εrxq ´ Xpx, 0q.
Let us assume that the ODE, the one for ε “ 0, has a hyperbolic limit

cycle in the finite dimensional phase space. We want to find the 2D family of
solutions of eq. (4.4) which resembles the 2D dimensional family of the ODE.
More concretely, we are going to provide the slowest invariant manifold.

Note that this is a much simpler problem than developing a general the-
ory of existence and solutions of SDDE, which is a rather difficult problem.
Although we are facing a very singular perturbation.

4.3.1 Limit cycle and its isochrons

Under the assumption that for ε “ 0, the ODE eq. (4.5) has a stable limit
cycle. There will so be a stable manifold for such a limit cycle. Moreover,
in a neighbourhood of the limit cycle, points have asymptotic phases. Thus,
points sharing the same asymptotic phase as p on the limit cycle gives the
stable manifold for the point p. Therefore, the stable manifold of the limit
cycle is foliated by the stable manifolds for points on the limit cycle, which
is sometimes referred as stable foliations.
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In other fields [Guc75], such a stable manifold for points on the limit cycle
are called isochrons. In order to distinguish from the infinite dimensional
stable manifolds in [HVL93], we are going to use the term isochrons.

As we have already discussed, there is a local parametrisation pK,ω0, λ0q,
for ε “ 0 in eq. (4.5), which can be computed by Algorithm 4.1. It verifies
the invariance equation eq. (4.3). In particular, K is periodic in θ, i.e. Kpθ`
1, sq “ Kpθ, sq. Thus if rT denotes the universal cover of T – r0, 1q, we can

extend K and rename it again as K : rT ˆ r´1, 1s Ñ R2. It also verifies that

fixed pθ, sq P rT ˆ r´1, 1s, eq. (4.2) is a solution of the ODE.
For a geometric point of view, K can be interpreted as a change of co-

ordinates, under which the original vector fields is equivalent to the vector
field given by pω0, λ0sq in the space rTˆr´1, 1s. Hence, we could have started
with this vector field and then added some perturbation to it. Hence eq. (4.5)
can be seen as ˆ

ξ

η

˙1
“

ˆ
ω0

λ0η

˙
` εQppξ, ηq, Ćpξ, ηq, εq.

However, for a numerical implementation we need to keep the change of
coordinates given by the local diffeomorphism K so we will keep the model
eq. (4.5).

In order to show if the limit cycle and its isochrons persist when 0 ă ε ! 1,
we look for a parametrisation of eq. (4.5) using the knowledge when ε “ 0.
More precisely, we look for a new frequency ω ‰ 0, close to ω0, a new speed
rate λ ă 0, close to λ0, and an embedding W which is a mapping from a
subset of rT ˆ R to a subset of rT ˆ R such that eq. (4.2) is now a solution
of eq. (4.5). Hence K ˝ W pθ, sq gives us a parametrisation of the limit cycle
as well as of the stable foliations in a neighbourhood of the limit cycle. The
embedding W must verify a periodicity condition

W pθ ` 1, sq “ W pθ, sq ` p 1
0 q , (4.6)

and it must be define in a subset of rT ˆ R so that its composition with K is
always well-defined.

4.4 The well-defined invariance equation

Let us substitute the potential solution eq. (4.2) into eq. (4.5), let us take
t “ 0, and let us use the fact that DK is invertible. Then eq. (4.2) is a
solution if, and only if, W , ω, and λ satisfy

pωBθ ` λsBsqW pθ, sq “
ˆ

ω0

λ0W2pθ, sq

˙
` εY pW pθ, sq,ĂW pθ, sq, εq. (4.7)
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Where W2pθ, sq denotes the second component of W pθ, sq, ĂW is the term
affected by the delay whose expression is

ĂW pθ, sq “ W pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq, (4.8)

and

Y pW pθ, sq,ĂW pθ, sq, εq “ pDK ˝ W pθ, sqq´1P pK ˝ W pθ, sq, K ˝ ĂW pθ, sq, εq.

Notice that eq. (4.7) assumes pK,ω0, λ0q to be known and only pW,ω, λq are
unknowns.

In order to match the domain ofW with the composition by K, it cannot
be defined on rT ˆ r´1, 1s (or an arbitrary interval like r´a, as due to the

scaling factor b0). Indeed, the second component of ĂW leads to

|se´λr˝K˝W pθ,sq| ą |s|

because λ is supposed to be close to λ0 ă 0 and rpxq only gives positive values

for all x. Therefore, W , and consequently ĂW , cannot have s belonging to
a finite interval. To figure it out s must be defined on the whole real line.
That is, we look for the function W : rT ˆ R Ñ rT ˆ R.

The collateral downside of s being in the whole real line is that now
eq. (4.7) may not always be well-defined. Similar drawbacks arises in the
study of centre manifolds [Car81]. It needs a special care, and thanks to
the discussions with R. de la Llave and J. Yang, we decided to use cut-off
functions which allows to consider extensions of functions.

Let us consider, momentously, a well-defined invariance equation (by ex-
tensions) similar to eq. (4.7).

pωBθ ` λsBsqW pθ, sq “
ˆ

ω0

λ0W2pθ, sq

˙
` εY pW pθ, sq,ĂW pθ, sq, εq. (4.9)

where now Y is defined on prTˆRq2 ˆR` into R2 and ĂW defined in eq. (4.8)
is now renamed by

ĂW pθ, sq “ W pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq, (4.10)

where r ˝ K is defined on rT ˆ R into R`.
The use of the cut-off functions leads to a dependency of the unknowns

pW,ω, λq to such a cut-off. However, we are going to see thatW has the same
asymptotic expansion in s. On the other hand, these cut-off functions will
not be needed to use for a numerical simulations, as we are going to point
out later.
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4.4.1 Extensions of functions

Following the standard practise in theory of centre manifolds for ODEs
[Car81]. Let us detail the extensions in eqs. (4.9) and (4.10).

• For r ˝K defined on rT ˆ r´1, 1s into R`, we define the mapping r ˝ K
on rT ˆ R which agrees with r ˝ K on rT ˆ r´1

2
, 1
2
s, and is zero outside

of rT ˆ r´1, 1s.

• Similarly, for Y defined on prT ˆ r´1, 1sq2 ˆ R`, we define Y on prT ˆ
Rq2 ˆ R` which match with Y on prT ˆ r´1

2
, 1
2
sq2 ˆ R`, and is zero

outside prT ˆ r´1, 1sq2 ˆ R`.

More precisely, let φ : R Ñ r0, 1s be a C8 cut-off function defined by

φpxq “
#
1 if |x| ď 1

2
,

0 if |x| ą 1.
(4.11)

Then

r ˝ Kpθ, sq “ r ˝ Kpθ, sqφpsq,
and

Y pW pθ, sq,ĂW pθ, sq, εq “ Y pW pθ, sq,ĂW pθ, sq, εqφpW2pθ, sqqφpĂW2pθ, sqq.

4.4.2 Finite system of invariance equations

To study the solution of the invariance equation eq. (4.9), let us consider the
unknown W admits a formal form like

W pθ, sq “ W 0pθq ` W 1pθqs `
n´1ÿ

j“2

W jpθqsj ` Wąpθ, sq. (4.12)

Where W j : rT Ñ rT ˆ R for 0 ď j ă n, and Wą : rT ˆ R Ñ rT ˆ R. Then by
power matching in eq. (4.9) we obtain a finite sequence of invariance equa-
tions. Due to the fact that ω and λ are also unknowns we have the freedom
to impose some extra conditions. These conditions will be a periodicity con-
dition to fix ω and a normalisation to fix λ. The former will be imposed at
the same time W 0 is being computed and the latter with W 1. Inductively,
W j can be obtained and finally Wą will require a special attention since it
has pθ, sq instead of only θ and the cut-off will play an important role.
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At this point, we can point out that eq. (4.6) leads to

W 0pθ ` 1q “ W 0pθq ` p 1
0 q ,

W jpθ ` 1q “ W jpθq, 1 ď j ă n,

Wąpθ, sq “ Wąpθ, sq.
(4.13)

which justify the use fact that W 0 needs to be treated separately. However,
it is not a problem for Y in eq. (4.9). Indeed, for all θ and s,

Y pW pθ, sq ` p 1
0 q ,ĂW pθ, sq, εq “ Y pW pθ, sq,ĂW pθ, sq ` p 1

0 q , εq
“ Y pW pθ, sq,ĂW pθ, sq, εq.

0th invariance equation and the periodicity condition

Solving the next nonlinear invariance equation eq. (4.14) gives a condition
for W 0,

„
ωBθ ´

ˆ
0 0
0 λ0

˙
W 0pθq “

ˆ
ω0

0

˙
` εY pW 0pθq,ĂW 0pθ;ωq, εq, (4.14)

where
ĂW 0pθ;ωq “ W 0pθ ´ ωr ˝ K ˝ W 0pθqq.

On the other hand, the periodicity condition of W pθ, sq in eq. (4.13) leads to
a condition for other unknown ω. Concretely, because of Proposition 4.3,

ω “ ω0 ` ε

ż 1

0

Y 1pW 0pθq,ĂW 0pθ;ωq, εq dθ. (4.15)

1st invariance equation and the normalisation

At this step W 1 and λ want to be obtained. The invariance equation is now
a relative eigenvector problem.

„
ωBθ `

ˆ
λ 0
0 λ ´ λ0

˙
W 1pθq “ εY

1pθ, λ,W 1, εq, (4.16)

where Y
1pθ, λ,W 1, εq is the coefficient of s in Y and it is linear in the unknown

W 1. That is,

Y
1pθ, λ,W 1, εq “ ApθqW 1pθq ` Bpθ;λqĂW 1pθq, (4.17)
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where

Apθq “ ´ωD2Y pW 0pθq,ĂW 0pθq, εqDĂW 0pθqDpr ˝ Kq ˝ W 0pθq
` D1Y pW 0pθq,ĂW 0pθq, εq,

Bpθ;λq “ e´λr˝K˝W 0pθqD2Y pW 0pθq,ĂW 0pθq, εq,
ĂW 1pθq “ W 1pθ ´ ωr ˝ K ˝ W 0pθqq.

(4.18)

Among all the possible conditions for λ, we want that one that is close
enough to λ0 but λ ‰ λ0.

ż 1

0

W 1
2 pθq dθ “ ρ, ρ ‰ 0. (4.19)

Due to the scaling factor for W , we can always choose ρ “ 1.

jth invariance equation, the inductive step

If now 2 ď j ă n, the only unknown is W j and its invariance equation is
„
ωBθ `

ˆ
λj 0
0 λj ´ λ0

˙
W jpθq “ εY

jpθ,W 0,W j, εq ` Rjpθ;λq, (4.20)

where Rj is a function of θ which depends only on W 0, W 1, . . . ,W j´1, and

Y
jpθ,W 0,W j, εq is the coefficient of sj in Y which is linear in W j. That is,

Y
jpθ,W 0,W j, εq “ ApθqW jpθq, (4.21)

where Apθq is given in eq. (4.18).

Remainder invariance equation and the extensions

To get the invariance equation for the unknown Wąpθ, sq in eq. (4.12), we
are going to use a cut-off function. That is, the invariance equation is

„
ωBθ `

ˆ
λs 0
0 λs ´ λ0

˙
Wąpθ, sq “ εY

ąpWą, θ, s, εq, (4.22)

where Y
ą
extends a function Y ą which is defined like

Y
ąpWą, θ, s, εq “ Y ąpWą, θ, s, εqφpsq,

Y ąpWą, θ, s, εq “ Y pW pθ, sq,ĂW pθ, sq, εq ´
n´1ÿ

i“0

Y
ipθqsi,

Y
ipθq “ 1

i!

Bi

Bsi pY pW pθ, sq,ĂW pθ, sq, εqq|s“0,

(4.23)

with φ being a cut-off like in eq. (4.11).
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4.4.3 The need of the extensions for finite orders

Let us emphasise that to find the low order terms,W 0, . . . ,W j, the extensions
were not needed if ε is chosen to be small enough. Indeed we take the initial
guess for zero order term as W 0,0pθq “ p θ

0 q, the error for this initial guess is
of order ε. Then by Theorem 4.11, the true solution W 0 is within a distance
of order ε from W 0,0pθq. Therefore, we can assume that supθPrT |W 0

2 pθq| ă 1
2
,

by taking ε small enough.
Recall the invariance equation forW 0, eq. (4.14), with above assumption,

we are reduced to the case without extension, since

r ˝ KpW 0pθqq “ r ˝ KpW 0pθqq,
Y pW 0pθq,ĂW 0pθ;ωq, εq “ Y pW 0pθq,ĂW 0pθ;ωq, εq.

where,
ĂW 0pθ;ωq “ W 0pθ ´ ωr ˝ KpW 0pθqqq.

Then we can rewrite eq. (4.14) as:

„
ωBθ ´

ˆ
0 0
0 λ0

˙
W 0pθq “

ˆ
ω0

0

˙
` εY pW 0pθq,ĂW 0pθ;ωq, εq. (4.24)

Similar argument will work for the equations for W 1 and W j’s if we look at

expressions of Y
1
in eq. (4.17), Y

j
in eq. (4.21), and form of Rj.

4.5 The strategy

The formulation of a system of invariance equations in section 4.4.2 allows
to obtain recurrently the expression of W pθ, sq in eq. (4.12) and also the
frequency ω fixed by the periodicity condition in eq. (4.15) and the speed
rate λ which is fixed by a normalisation like eq. (4.19) among all the other
possible λ choices.

We have then all the ingredients to provide a proof of the existence and
uniqueness of W pθ, sq of the form eq. (4.12) so that eq. (4.2) will give a
parametrisation of the slowest manifold of the limit cycle for the SDDE in
eq. (4.5). Moreover, we can also specify the steps for a numerical computa-
tion.

Firstly, we are going to address the specifications for the numerical com-
putation via Algorithms 4.5 and 4.6 as well as the difficulties therein. We
advance that the main problem will be the computation of ĂW , its compos-
ition with K and the getting, via jet transport, of the right hand side of
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eq. (4.16) and (4.20). In particular, for the numerical simulation we can
avoid to consider the remainder invariance equation, eq. (4.22), as well as
the extensions.

Finally, the formal proofs are going to be detailed in section 4.7. Ba-
sically, we will see that we can always choose ε in eq. (4.5) small enough
such that all the invariance equations in section 4.4.2 can be expressed as
a contractive mapping. Thus, it justifies the fixed-point approach in Al-
gorithms 4.5 and 4.6.

4.6 Numerical computation – perturbed case

We compute all the coefficients in s of the truncated expression W pθ, sq
order by order. The zero and first orders require a special attention due to
the fact that the values ω and λ are obtained in respectively in s0 and s1.
The condition that allows to obtain ω comes from the periodicity condition
eq. (4.15). However, the periodicity condition tells us that W 0 will not be a
periodic function. It can be figured out if one define the periodic mapping
Ŵ 0pθq – W 0pθq ´ p θ

0 q. The condition for λ is given by the normalisation
condition eq. (4.19). As in the unperturbed case, we are allowed to use a
scaling factor. Because of that the value of ρ can be taken equal to 1.

Algorithm 4.5 sketches the fixed-point procedure to get W 0 and ω. In
this case the initial condition will be ω0 (the value for ε “ 0) for ω and p θ

0 q
for W 0pθq since W pθ, sq is closed to the identity.

Algorithm 4.5 (s0 case). Let ĄW 0pθq – W 0
`
θ ´ ωr ˝ KpW 0pθqq

˘
.

‹ Input: 9x “ Xpxq`εP px, x̃, εq, 0 ă ε ! 1, Kpθ, sq “ řm´1

j“0 Kjpθqpb0sqj,
b0 ą 0, ω0 ą 0, and λ0 ă 0.

‹ Output: Ŵ 0 : T Ñ R2 and ω ą 0.

1. Ŵ 0pθq Ð 0 and ω Ð ω0.

2. W 0pθq Ð
ˆ
θ

0

˙
` Ŵ 0pθq.

3. Solve DK ˝W 0pθqηpθq “ εP pK ˝W 0pθq, K ˝ĄW 0pθq, εq. Let η ” pη1, η2q.

4. α Ð
ş1
0
η1pθq dθ and ω Ð ω0 ` α.

5. Solve ωBθŴ 0
1 pθq “ η1pθq ´ α imposing

ş1
0
Ŵ 0

1 pθq dθ “ 0.
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6. Solve pωBθ ´ λ0qŴ 0
2 pθq “ η2pθq.

7. Iterate item 2 until convergence in W 0 and ω.

Assuming that we have obtained the W 0 and the ω, we are able to com-
pute the higher orders whenever ε was small enough to ensure the contraction.
Algorithm 4.6 sketches the steps to compute pW 1, λq andW n for n ě 2. The
initial guesses are λ0 for λ, p 0

1 q for W 1 and p 0
0 q for W n. In both cases it is

required to solve a linear system of the form of the Lemma 4.4 as well as
similar cohomological equation like in the unperturbed case.

Algorithm 4.6 (s1 case and sn case with n ě 2).

Let ĂW pθ, sq – W
`
θ ´ ωr ˝ KpW pθ, sqq, se´λr˝KpW pθ,sqq˘.

‹ Input: 9x “ Xpxq`εP px, rx, εq, 0 ă ε ! 1, Kpθ, sq “ řm´1

j“0 Kjpθqpb0sqj,
b0 ą 0, ω0 ą 0, λ0 ă 0, W pθ, sq “ řn´1

j“0 W
jpθqpbsqj, b ą 0, and ω ą 0.

‹ Output: either W 1 : T Ñ R2 and λ ă 0 or W n : T Ñ R2.

1. W npθq Ð 0.

s1 If n “ 1, W 1pθq Ð p0, 1q and λ Ð λ0.

2. W pθ, sq Ð
ˆ
θ

0

˙
` Ŵ 0pθq `

nř
j“1

W jpθqpbsqj.

3. Y pW pθ, sqq Ð DK ˝ W pθ, sq´1P pK ˝ W pθ, sq, K ˝ ĂW pθ, sq, εq.

4. ηpθq Ð εBnY
Bsn pW pθ, sqq|s“0. Let η ” pη1, η2q.

s1 If n “ 1, then λ Ð λ0 `
ş1
0
η2pθq dθ.

5. Solve pωBθ ` nλqW n
1 pθq “ η1pθq.

6. Solve pωBθ ` nλ ´ λ0qW n
2 pθq “ η2pθq.

7. Iterate item 2 until convergence. Then undo the scaling b.

Both Algorithms 4.5 and 4.6 need explanations about different non-
trivial parts, such as, the effective computation of ĂW , the numerical com-
position of K with W , and also with ĂW , the effective computation of the
step in item 4 in Algorithm 4.6, the stopping criterion and the choice of the
scaling factor. On the other hand, there are steps that we can use the same
methods in the unperturbed case, such as, the solution of linear systems like
item 3 in Algorithm 4.6 or the solution of the cohomological equations.
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4.6.1 Stopping criterion

Algorithms 4.5 and 4.6 require to stop the iterations until their convergences
have been reached. Since we are in a fixed-point scheme, namely xl`1 “ φpxlq
with φ having a contraction rate 0 ă q ă 1. Let us define

ql –
‖xl`1 ´ xl‖

‖xl ´ xl´1‖
, l ě 2.

Clearly ql Ñ q as l Ñ 8. Thus, if ql ą 0.5, we stop when ‖xl ´ xl´1‖ ă ǫ.
Otherwise, ql

1´ql
‖xl ´ xl´1‖ ă ǫ.

4.6.2 Scaling factor

As in the unperturbed case if W pθ, sq is a solution, then W pθ`θ0, bsq will be
a solution too. A difference from ε “ 0 case is that now K ˝ W and K ˝ ĂW
are required to be well-defined. That means the second component ofW and
ĂW must lie in r´1, 1s in norm. Stronger conditions are

ÿ

jě0

‖W j
2 pθq‖|s|j ď 1, and

ÿ

jě0

‖ Ă
W

j
2 pθq‖|s|j ď 1.

In the iterative scheme of Algorithm 4.6, these series become finite sums
and a condition for the value b ą 0 is led by the upper-bound mints˚, rs˚u
where s˚ is the value so that ppsq “ 1 with ppsq the polynomial in s with

positive coefficients given by ‖W j
2 pθq‖. And similarly for rs˚ with ‖ Ă

W
j
2 pθq‖.

Notice that if s0 has been computed, the solution of s˚ and rs˚ exist because

‖W 0
2 pθq‖ ă 1, ‖ĄW 0

2 pθq‖ ă 1 and the polynomials are strictly positive for
s ě 0.

4.6.3 Numerical composition of periodic maps

One of the hardest part of Algorithms 4.5 and 4.6 are the compositions
between K withW and with ĂW . Due to the step item 4 of the Algorithm 4.6

the composition should be done so that the output is still a polynomial
in s. To this end, we suggest to use an Automatic Differentiation (AD)
approach [HCF`16, GW08]. If W ” pW1,W2q are the components in R2,
then

K ˝ W pθ, sq “
m´1ÿ

j“0

KjpW1pθ, sqq
`
b0W2pθ, sq

˘j
. (4.25)

It can be evaluated with m ´ 1 polynomial products and m ´ 1 polynomial
sums. The hard part is to compute Kj ˝ W1pθ, sq, in fact Kjpθ ` Ŵ1pθ, sqq.
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That is, fixed θ the problem is reduced to compute the composition of a
periodic mapping Kj with a polynomial in s of order 0 ď k ď n. We are
going to see that such a composition can be done with a complexity Θpk4q.
Hence, for a fixed θ, the computational complexity to compute eq. (4.25) will
be Θpmk4q.

Let Kpθq be an arbitrary function and let qpsq “ řk

j“0 qjs
j be polynomial

of a fixed order k ě 0. We want to compute the polynomial p – K ˝ q up
to order k. Assume that we are able to compute gpq0q with a bounded
computational cost for a finite collection function g of the same type of
K. The chain rule gives us a procedure to compute the coefficients of ppsq.
Indeed, one can build a table like Table 4.1 following the generation rule in
Figure 4.1. That is, given (as input) the first row, the first column and the
entry a22 – d

ds
qpsq. The entries aij with 2 ď j ď i ď k ` 1 are given by

aij “ 1

j

` d
ds

pai´1,jq|s“0 ` d

ds
qp0qai´1,j´1

˘
. (4.26)

Then the coefficients of ppsq are pj “ řk

l“0 ajl
dl

dθl
Kpq0q for 0 ď j ď k.

Kpq0q d
dθ
Kpq0q d2

dθ2
Kpq0q ¨ ¨ ¨ dk´1

dθk´1Kpq0q dk

dθk
Kpq0q

p0 1 0

p1 0 d
ds
qpsq 0

p2 0 1
2
˝ 1

2
˝

...
...

...
...

. . . 0

pk´1 0 1
k´1

˝ 1
k´1

˝ ¨ ¨ ¨ 1
k´1

˝ 0

pk 0 1
k
˝ 1

k
˝ ¨ ¨ ¨ 1

k
˝ 1

k
˝

Table 4.1. Composition of a function with a polynomial.

Notice that one does not need to save all the entries of the Table 4.1 to
compute only the coefficients pj. Moreover for each entries in the ith row
with i “ 2, . . . , k, one only needs to consider polynomials of degree k´ i´ 1.
Overall the extra memory is at least 3

2
kpk ´ 1q.

On the other hand, the number of arithmetic operations following the
rule eq. (4.26) are given by the Proposition 4.7.
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1

j
�

d
ds

∣

∣

s=0
·

d
ds
q(0)

Figure 4.1. Generation rule for entries in Table 4.1 with j “
2, . . . , k.

proposition 4.7. Let Kpθq be a real-periodic function and let qpsq be a real

polynomial of degree k. Given dj

dθj
Kpqp0qq for j “ 0, . . . , k. The polyno-

mial K ˝ q can be performed with at least 3
2
kpk ´ 1q extra memory, Θpk4q

multiplications and additions.

Proof. Notice that kpk`1q multiplications and pk`1q2 additions are needed
to perform the product of two polynomials of degree k. Also k multiplications
are needed to perform the derivative of a polynomial of degree k multiplied
by a scalar. In order to bound the number of operations we must distinct
three different situations of the Table 4.1.

1. The column a3..k,2.
k´2ř
i“1

pk ´ i ` 1q “ 1
2
pk2 ` k ´ 6q multiplications.

2. The diagonal a3..k,3..k.

•
k´2ř
j“1

pk´ j´1qpk´ j`1q `1 “ 1
6
p2k3 ´3k2 `k´6q multiplications.

•
k´2ř
j“1

pk ´ j ´ 1q2 ` 1 “ 1
6
p2k3 ´ 9k2 ` 19k ´ 18q additions.

3. The rest.

•
k´2ř
j“1

k´2ř
i“j`1

pk ´ i´ 1qpk ´ i` 1q ` pk ´ i´ 2q ` 1 “ 1
12

p7k4 ´ 56k3 `

71k2 ` 38k ´ 24q multiplications.

•
k´2ř
j“1

k´2ř
i“j`1

pk´i´1q2`pk´iq`1 “ 1
12

p5k4´36k3`85k2´102k`72q
additions.

Overall 7
12
k4 ` Θpk3q multiplications and 5

12
k4 ` Θpk3q additions.

The case of K compose with ĂW requires the jet propagation of an expo-
nential which is obtained by a recurrence. Concretely, epsq “ s exp qpsq has
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coefficients e0 “ 0, e1 “ exp q0 and

ej`1 “ 1

j

j´1ÿ

k“0

pj ´ kqqj´kek`1, j ě 1,

which has a linear contribution w.r.t. the degree of the polynomial q.
The next Theorem 4.8 summarises the previous explanations. It assumes

that di

dθi
Kpq0q of Table 4.1 are given as input. Once we fix the computational

representation of a periodic function we will be able to express these map-
pings.

theorem 4.8. For a fixed θ, the computational complexity to compute the
compositionsKpθ, sq “ řm´1

j“0 Kjpθqpb0sqj betweenW pθ, sq “ řk´1

j“0 W
jpθqpbsqj

and ĂW pθ, sq is Θpmk4q, and space Ωpk2q assuming di

dθi
KjpW 0

1 pθqq as input for
i “ 0, . . . , k ´ 1.

Fourier representation

A mapping K : T Ñ R is called periodic when Kpθ ` 1q “ Kpθq for all θ
in T. In order to get a computer representation of that kind of maps we
can either take a mesh in θ “ pθkqnθ´1

k“0 and their evaluations by K, qK “
p qKkqnθ´1

k“0 P Rnθ or we can take advantage of the periodicity and represent it
in a trigonometric basis. The Discrete Fourier Transform (DFT) is defined

when θk “ pk{nθqnθ´1
k“0 by pK “ p pKkqnθ´1

k“0 P Cnθ so that

qKk “
nθ´1ÿ

j“0

pKje
´2πijk{nθ (4.27)

or equivalently by

pKk “ 1

nθ

nθ´1ÿ

j“0

qKje
2πijk{nθ . (4.28)

In the real case the complex numbers pK satisfies a symmetry namely Her-
mitian symmetry, i.e. pKk “ pK˚

nθ´k which implies pK0 is real and when nθ is

even pKnθ{2 is also real. Then we can define real numbers pa0; ak, bkqtnθ{2u´1

k“1 if

nθ is odd or pa0, anθ{2; ak, bkqnθ{2´1

k“1 defined by

a0 “ Re pK0, anθ{2 “ Re pKnθ{2, ak “ 2Re pKk and bk “ ´2 pKk

with 1 ď k ă tnθ{2u. Thus, K can be approximated by

Kpθq “ a0

2
` anθ{2

2
cospπnθθq `

tnθ{2u´1ÿ

k“1

ak cosp2πkθq ` bk sinp2πkθq (4.29)
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where the coefficient anθ{2 only appears when nθ is even. Therefore eq. (4.29)
is equivalent to eq. (4.27) but rather than 2nθ real numbers, only half of
them are needed. Henceforth, any real periodic mapping K is computational
storage by an array of length nθ whose values are represented either in mesh
points or in Fourier coefficients. Fast Fourier Transform (FFT), which is
just a faster algorithm to implement the DFT in the sense that rather Θpn2

θq
computational complexity it can be performed with Θpnθ log nθq, is applied
to change from one representation to the other. There are different ways to
order these Fourier coefficients in the array depending on the main important
thing to be optimised in terms of performance of the FFT, and if it is intended
to offer the option of FFT for several angles. For instance, [FJ05] uses in its
function fftw plan r2r 1d the following order of the Fourier coefficients in
a real array pv0, . . . , vnθ´1q.

v0 “ a0,

vk “ 2ak and vnθ´k “ ´2bk for 1 ď k ă tnθ{2u,

vnθ{2 “ anθ{2

where the index nθ{2 is only taken into consideration if, and only if, nθ is
even. Another standard order is just pa0, anθ{2; ak, bkq in sequential order or
pa0; ak, bkq if nθ is odd.

Norms and smoothness

The functions W j in Algorithm 4.6 are not expected to be analytic due to
the composition with the delay function (even if it is analytic). Fourier series
are good for the analytic and finite differentiability case. Among the most
effective norms in Fourier series are the weighted ℓ1 norms. For instance,

‖K‖wℓ1,n “
tnθ{2u´1ÿ

k“0

ppnθ ´ kqn ` knq| pKk|

“ 2pnθ{2qn|anθ{2| ` 2pnθqn|a0|`

1

2

tnθ{2u´1ÿ

k“1

ppnθ ´ kqn ` knqpa2k ` b2kq1{2.

where the coefficient nθ{2 only appears if, and only if, nθ is even. The
smoothness ofK can be approximated in terms of how the Fourier coefficients
decay. Riemann-Lebesgue’s Lemma tells us that if K is real, continuous, and
periodic, pKk Ñ 0 as k Ñ 8, and in general if K is m times differentiable,
then | pKk| ď C{|k|m for k ‰ 0 and some constant C ą 0. To determine
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approximately m when it is small, we can use the continuous Littlewood-
Paley Theorem [dlLP02] which states that K is in α-Hölder space with α P
R` if, and only if, for each η ě 0 there is constant C ą 0 such that for all
t ą 0.

∥

∥

∥

∥

ˆ B
Bt

˙η

e´t
?

´∆θ

∥

∥

∥

∥

L8pTq
ď Ctα´η.

Composition in Fourier

Composition of real Fourier series may require to know the values not in
the standard equispaced mesh. A direct composition of real Fourier series
requires a computational complexity Θpn2

θq. However it can be performed
with Θpnθ log nθq by the nfft3, see [KKP09]. It allows to express K : T Ñ R

with the same coefficients in eq. (4.27), and perform its evaluation in an even
number of nonequispaced nodes pθkqnθ´1

k“0 Ă T by

Kpθkq “
nθ´1ÿ

j“0

pKje
´2πipj´nθ{2qpθk´1{2q. (4.30)

The corrections of θk in eq. (4.30) is because nfft3 considers T – r´1{2, 1{2q
rather than r0, 1q. It uses some window functions for a first approximation
as a cut-off in the frequency domain and also for a second approximation as
a cut-off in time domain. It takes under control (by bounds) these approx-
imations to ensure the solution is a good approximation. Joining these result
with Proposition 4.7 we can rewrite Theorem 4.8 as

theorem 4.9. The computational complexity to compute the composition
Kpθ, sq “ řm´1

j“0 Kjpθqpb0sqj betweenW pθ, sq “ řk´1

j“0 W
jpθqpbsqj, and ĂW pθ, sq “

řk´1

j“0
ĂW jpθqpbsqj in Algorithm 4.6 with Kj, W

j and ĂW j expressed with nθ

Fourier coefficients is Θpmk4nθ ` mknθ log nθq.

Automatic Differentiation in Fourier

For the s0 case, i.e. Algorithm 4.5, the composition of Fourier series is
needed. However, for the other orders we need to perform the composition
with a polynomial in s with coefficient Fourier series and the output must
be an object of the same kind, i.e. a Taylor-Fourier expansion.

Theorem 4.8 tells us that the composition K ˝ W pθ, sq can numerically
be done independently of the periodic mapping representation. Nevertheless,
differentiation is a notoriously ill-posed problem due to of the lack of inform-
ation in the discretesed problem. Thus, Table 4.1 is a good option when no
advantage of the computer periodic representation exists or k ! m.
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Using the representation eq. (4.29), we can use the jet propagation of sine
and cosine by recurrence. That is, if qpsq is a polynomial, then sin qpsq and
cos qpsq are given by s0 “ sin q0, c0 “ cos q0 and for j ě 1,

sj “ 1

j

j´1ÿ

k“0

pj ´ kqqj´kck, cj “ ´1

j

j´1ÿ

k“0

pj ´ kqqj´ksk. (4.31)

Therefore the computational cost to obtain the sine and cosine of a polyno-
mial is linear w.r.t. its degree.

Theorem 4.10 says that the composition of K with W or ĂW are rather
than Θpmk4nθ`mknθ log nθq like in Theorem 4.9 just Θpmkn2

θq. Therefore if
k ! m, the approach given by Theorem 4.9 has a better complexity although
Theorem 4.10 will be more stable for larger k.

theorem 4.10. The computational complexity to compute the composition
Kpθ, sq “ řm´1

j“0 Kjpθqpb0sqj betweenW pθ, sq “ řk´1

j“0 W
jpθqpbsqj and ĂW pθ, sq “

řk´1

j“0
ĂW jpθqpbsqj in Algorithm 4.6 with Kj, W

j and ĂW j expressed with nθ

Fourier coefficients is Θpmkn2
θq.

4.7 The main Theorems

The next two Theorems establish first the existence of the limit cycle and then
the existence (and also uniqueness) of the rest of the expression of W pθ, sq
with the form like eq. (4.12). Both results are given in a posteriori format.
In particular, it gives by free the continuation method. Theorem 4.12 shows
that at each order we loose differentiability in the solution. We conjecture
that the solution will be C8 as ε Ñ 0. Although we did not prove that, we
have numerically seen that for further order we need more Fourier coefficients
as well as ε must be smaller at each new order.

theorem 4.11 (Limit Cycle). For any given integer L ą 0, there is ε0 ą 0
such that when 0 ď ε ď ε0, there exist an ω ‰ 0 and an L-times differentiable
map W 0 : rT Ñ rT ˆ R, with Lth derivative Lipschitz, which solve eq. (4.14).

Moreover, for an initial guess pω0,W 0,0q satisfying the periodic condition
i eq. (4.15) and the invariance equation eq. (4.14) with an error function E0,
there exist a unique pω,W 0q nearby solving the same equations exactly with
bounds

‖W 0,0 ´ W 0‖Cl ď C‖E0‖
1´l{L
C0 , 0 ď l ă L (4.32)

|ω0 ´ ω| ď C‖E0‖C0 , (4.33)
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for some constant C possibly depending on ε, ω0, λ0, l, L, and bounds of
‖W 0,0‖CL`Lip. In fact, W 0 has derivatives up to any order.

theorem 4.12 (Isochoron). For any given integers N ě 2 and L ě 2 ` N ,
there is ε0 ą 0 such that when 0 ď ε ď ε0, there exist ω ‰ 0, λ ă 0, and
W : rT ˆ R Ñ rT ˆ R of the form

W pθ, sq “ W 0pθq ` W 1pθqs `
N´1ÿ

j“2

W jpθqsj ` Wąpθ, sq.

which solve the equation eq. (4.9).

Where W 0 : rT Ñ rT ˆ R is L times differentiable with Lth derivative
Lipschitz. For 1 ď j ă N , W j : rT Ñ rT ˆ R is pL ´ 1q times differentiable
with pL´ 1qth derivative Lipschitz and Wą is of at least N th order in s and
is pL´ 2 ´Nq times differentiable in θ and s, with pL´ 2 ´Nqth derivative
Lipschitz.

Moreover, if pω0,W 0,0, λ0,W 1,0,Wą,0q satisfy the invariance equations
eq. (4.14), eq. (4.16), and eq. (4.22), with error functions E0pθq, E1pθq, and
Eąpθ, sq, respectively, then there are ω, W 0pθq, λ, W 1pθq, Wąpθ, sq which
solve eqs. (4.14), (4.16), and (4.22). Therefore, eq. (4.9) is solved by ω, λ,
and W pθ, sq as in eq. (4.12) of above form. For 0 ď l ď L ´ 3, we have

‖W pθ, sq ´
N´1ÿ

j“0

W j,0pθqsj ´ Wą,0pθ, sq‖Cl

ď C

ˆN´1ÿ

j“0

‖Ej‖C0|s|j`‖Eą‖0,N |s|
N

˙1´ l
pL´2´Nq

,

(4.34)

|ω ´ ω0| ď C}E0}C0 ,

|λ ´ λ0| ď C}E1}C0 , (4.35)

for some constant C depending on ε, ω0, λ0, N , l, L, and bounds for
‖W 0,0‖L`Lip and ‖W 1,0‖L´1`Lip.

Section 4.4.3 tells that for small ε (we did not quantify it), we do not
need the extension in the invariance equations for the finite order. Therefore,
once the two previous theorem were proved, we would also have the next two
results.

corollary 4.13. When ε is small enough, eq. (4.4) admits a limit cycle
close to the limit cycle of the unperturbed equation. If ω, W 0 solve the in-
variance eq. (4.24), then K ˝W 0pθq gives a parametrisation of the limit cycle
of eq. (4.4), i.e. for any θ, K ˝ W 0pθ ` ωtq solves eq. (4.4) for all t.
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We can also find a 2-parameter family of solutions close to the limit cycle:

corollary 4.14. For small ε, there are isochrons for the limit cycle of equa-
tion eq. (4.4). If ω, λ, and W : rTˆR Ñ rTˆR solves the extended invariance
eq. (4.9), then there exists 0 ă s0 ă 1

2
, such that K ˝ W pθ, sq, |s| ď s0 gives

a parametrisation of the isochrons in a neighbourhood of the limit cycle, i.e.
for any θ and s, with |s| ď s0, K ˝ W pθ ` ωt, seλtq solves eq. (4.4) for all
t ě 0.

4.7.1 Overview of the proof

We are going to consider an operator for each of the orders so that they
are going to satisfy the invariance equations in eq. (4.9). In particular, the
operator for the 0th order must involves the periodicity eq. (4.15), the 1st
order will fix the speed rate via a normalisation condition eq. (4.19).

To define such contractions, we must fix suitable spaces and norms. We
conjecture the solution can only be finite differentiable. Hence, we will con-
sider the space of functions from a Banach space Y to another one X with
uniformly bounded continuous Lth derivative, denoted by CLpY,Xq, and
whose norm is

‖f‖CL “ max
0ďjďL

sup
ξPY

‖Djfpξq‖Y bjÑX .

It becomes a Banach space as well as the closed subset, denoted by CL
B, of

CL with elements bounded by the constant B ą 0. We will also denote
CL`LippY,Xq the subspace of CL with Lth derivative Lipschitz. In that case,
its norm is defined as the maximum between the one in CL and

LipDLf “ sup
ξ1‰ξ2

‖DLfpξ1q ´ DLfpξ2q‖Y bLÑX

‖ξ1 ´ ξ2‖Y
.

Similarly, CL`Lip
B is the closed subset of the space CL`Lip whose elements are

bounded by B ą 0.
To prove the convergence of the fixed-point method for the invariance

equations in section 4.4.2, we will use a well-known result in [Lan73, Pro-
position A2] quoted in Lemma 4.15. It can be interpreted as CL`Lip

1 pY,Xq
is closed under pointwise weak topology on X.

lemma 4.15 (Lanford, [Lan73]). Let punqnPN be a sequence of functions on a
Banach space Y with values on another one X admitting derivatives up to
kth order. If for all n and y

i. ‖Djunpyq‖ ď 1 for all j “ 0, 1, 2, . . . , k.
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ii. Dkun is Lipschitz with Lipschitz constant 1.

iii. punpyqq converges weakly to a unit upyq.

Then,

1. u has a Lipschitz kth derivative with Lipschitz constant 1.

2. Djunpyq converges weakly to Djupyq for all y and j “ 1, 2, . . . , k.

N.B.: For all py1, . . . , yjq P Y bj, the sequence pDjunpyqpy1, . . . , yjqq
converges in the weak topology to Djupyqpy1, . . . , yjq.

The interpolation inequalities will allow us to prove C0-contractions for
each of the operator involves in the system of invariance equations. For
completeness, let us quote the statement as a Lemma.

lemma 4.16 ([dlLO99]). Let U be a convex and bounded open subset of a
Banach space E, F is a Banach space. Let r, s, t be positive numbers, 0 ď
r ă s ă t and µ “ t´s

t´r
. There is a constant Mr,t, such that if f P CtpU, F q,

then
}f}Cs ď Mr,t}f}µCr}f}1´µ

Ct .

4.7.2 Proof for the limit cycle, Theorem 4.11

Proposition 4.3 gives an explicit solution for the invariance equation eq. (4.14)
of W 0 which is solvable because eq. (4.15). Therefore let us define the oper-
ator Γ0 (which depends on ε)

Γ0pa, Zqpθq –

¨
˝

Γ0
1pa, Zq

Γ0
2pa, Zqpθq

Γ0
3pa, Zqpθq

˛
‚

–

¨
˚̋

ω0 ` ε
ş1
0
Y 1pZpθq, rZpθ; aq, εq dθ

1
Γ0
1pa, Zq

`
ω0θ ` ε

şθ
0
Y 1pZpσq, rZpσ; aq, εq dσ

˘

ε
ş8
0
eλ0tY 2pZpθ ´ atq, rZpθ ´ at; aq, εq dt

˛
‹‚.

(4.36)

Then if Γ0 has a fixed point pa˚, Z˚q, then eq. (4.14) is solved, at the same
time that periodic condition eq. (4.15) is satisfied.

Let D0 “ I0 ˆ CL`Lip
0 be the domain of Γ0 where for a constant B0 ą 2,

I0 – ta P R : |a´ ω0| ď |ω0|{2u,
CL`Lip
0 – tf P CL`Lip

B0 prT, rT ˆ Rq : fpθ ` 1q “ fpθq ` p 1
0 q , for all θu.
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Let us first remark that it makes sense to consider a C l space. Assume, for
a moment, that pω,W 0q satisfies the invariance equation, eq. (4.14). Then
K ˝W 0 gives a parametrisation of the limit cycle, and, in particular, it solves
the SDDE

#
d
dt
K ˝ W 0pθptqq “ XpK ˝ W 0pθptqq, ČK ˝ W 0pθptqq, εq,

d
dt
θptq “ ω.

Hence, if W 0 is L-times differentiable, the RHS is L-times differentiable,
then also the LHS. Since K is a local diffeomorphism, W 0 is pL ` 1q-times
differentiable. In fact, it is differentiable up to any order.

Now, let us split the conditions of Lemma 4.15 in different steps.

lemma 4.17. There is ε01 ą 0 such that for all 0 ă ε ď ε01, Γ
0pD0q Ă D0.

Proof. Notice that Y 1pZpθq, rZpθ; aq, εq is uniformly bounded in D0. Let ε be
small enough so that Γ0

1pa, Zq is in I0. On the other hand, for all pa, Zq P D0,

Γ0
2pa, Zqpθ ` 1q “ Γ0

2pa, Zqpθq ` 1,

Γ0
3pa, Zqpθ ` 1q “ Γ0

3pa, Zqpθq.

It remains to bound the derivatives of Γ0
2 and Γ0

3.

d

dθ
Γ0
2pa, Zqpθq “ 1

Γ0
1pa, Zq

`
ω0 ` εY 1pZpθq, rZpθ; aq, εq

˘
.

Faà di Bruno’s formula (see [AR67]), for 2 ď n ď L, dn

dθn
Γ0
2pa, Zqpθq will be

a polynomial of a common factor ε
Γ0
1pa, Zq , each term will contain products of

derivatives of Y 1, Z, and r ˝ K up to order pn ´ 1q. By the smoothness of
Y 1, and r ˝ K, for pa, Zq P D0, if we choose B0 to be larger than 2, then for
small enough ε, Γ0

2pa, Zqpθq on T has derivatives up to order L bounded by
B0 and Lth derivative Lipschitz with Lipschitz constant less than B0.

To establish bounds for the derivatives of Γ0
3pa, Zqpθq, we apply a similar

argument. For 1 ď n ď L, Bn

BθnY 2pZpθ´ atq, rZpθ´ at; aq, εq will be a polyno-

mial with each term a product of derivatives of Y 2, Z, and r ˝ K up to order
n. With regularity of Y 2, and r ˝ K, for pa, Zq P D0, | Bn

BθnY 2pZpθ´atq, rZpθ´
atq, εq| will be bounded. Therefore, for small enough ε, Γ0

3pa, Zq has deriv-
atives up to order L bounded by B0 and its Lth derivative is Lipschitz with
Lipschitz constant less than B0.

If we take ε01 such that above conditions are satisfied at the same time,
then for ε ď ε01, we have Γ0pD0q Ă D0.
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lemma 4.18. There is ε02 ą 0, such that for all 0 ă ε ď ε02 the operator Γ0 in
eq. (4.36) is a contraction with the norm in D0 defined by

dppa, Zq, pa1, Z 1qq – |a ´ a1| ` ‖Z ´ Z 1‖8. (4.37)

Proof. We must show that there is 0 ă µ0 ă 1 such that

dpΓ0pa, Zq,Γ0pa1, Z 1qq ă µ0dppa, Zq, pa1, Z 1qq. (4.38)

By definition, dpΓ0pa, Zq,Γ0pa1, Z 1qq is equal to

|Γ0
1pa, Zq ´ Γ0

1pa1, Z 1q| ` ‖pΓ0
2pa, Zq ´ Γ0

2pa1, Z 1q,Γ0
3pa, Zqq ´ Γ0

3pa1, Z 1qq‖8
(4.39)

More explicitly,

ε

ˇ̌
ˇ̌
ż 1

0

“
Y 1pZpθq, rZpθ; aq, εq ´ Y 1pZ 1pθq, rZ 1pθ; a1q, εq

‰
dθ

ˇ̌
ˇ̌ (4.40)

plus the maximum between

sup
θPT

ˇ̌
ˇ̌ω0θ

„
1

Γ0
1pa, Zq ´ 1

Γ0
1pa1, Z 1q


`

ε

ż θ

0

“
Y 1pZpσq, rZpσ; aq, εq ´ Y 1pZ 1pσq, rZ 1pσ; a1q, εq

‰
dσ

ˇ̌
ˇ̌,

(4.41)

and

ε sup
θPT

ˇ̌
ˇ̌
ż 8

0

eλ0t
“
Y 2pZpθ ´ atq, rZpθ ´ at; aq, εq´

Y 2pZ 1pθ ´ a1tq, rZ 1pθ ´ a1t; a1q, εq
‰
dt

ˇ̌
ˇ̌.

(4.42)

Let us start giving a (non-sharp) bound for the difference |Y 1pZpθq, rZpθ; aq, εq´
Y 1pZ 1pθq, rZ 1pθ; a1q, εq| which is equal to

|Y 1pZpθq, Zpθ ´ ar ˝ K ˝ Zpθqq, εq ´ Y 1pZ 1pθq, Z 1pθ ´ a1r ˝ K ˝ Z 1pθqq, εq|.
(4.43)

Adding and subtracting terms, eq. (4.43) is bounded by

|Y 1pZpθq, rZpθq, εq ´ Y 1pZ 1pθq, rZpθq, εq|` (ℓ1)

|Y 1pZ 1pθq, Zpθ ´ ar ˝ K ˝ Zpθqq, εq ´ Y 1pZ 1pθq, Z 1pθ ´ ar ˝ K ˝ Zpθqq, εq|`
(ℓ2)

|Y 1pZ 1pθq, Z 1pθ ´ ar ˝ K ˝ Zpθqq, εq ´ Y 1pZ 1pθq, Z 1pθ ´ a1r ˝ K ˝ Zpθqq, εq|`
(ℓ3)

|Y 1pZ 1pθq, Z 1pθ ´ a1r ˝ K ˝ Zpθqq, εq ´ Y 1pZ 1pθq, Z 1pθ ´ a1r ˝ K ˝ Z 1pθqq, εq|.
(ℓ4)
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By the mean value Theorem, then

pℓ1q ď ‖D1Y 1‖8‖Z ´ Z 1‖8,

pℓ2q ď ‖D2Y 1‖8‖Z ´ Z 1‖8,

pℓ3q ď ‖DY 1‖8‖DZ
1‖8‖r ˝ K‖8|a ´ a1|,

and

pℓ4q ď ‖DY 1‖8‖DZ
1‖8|a

1|‖Dpr ˝ Kq‖8‖Z ´ Z 1‖8.

Because of the assumption that pa, Zq and pa1, Z 1q are in the set D0, then

|Y 1pZpθq, rZpθ; aq, εq ´ Y 1pZ 1pθq, rZ 1pθ; a1q, εq| is finally bounded by

‖DY 1‖8
“
p2`B0|a1|‖Dpr ˝ Kq‖8q‖Z ´Z 1‖8 `B0‖r ˝ K‖8|a´ a1|

‰
. (4.44)

In particular, |Γ0
1pa, Zq ´ Γ0

1pa1, Z 1q| in eq. (4.39) is bounded ε times by
eq. (4.44) due to its explicit expression in eq. (4.40).

To bound ‖Γ0
2pa, Zq ´ Γ0

2pa1, Z 1q‖8 in eq. (4.39), let us bound the expres-
sion eq. (4.41) adding and subtracting the term

ε

Γ0
1pa, Zq

ż θ

0

Y 1pZ 1pσq, rZ 1pσ; a1q, εq dσ,

eq. (4.41) turns out to be bounded by

ε

|Γ0
1pa, Zq|

ż 1

0

|Y 1pZpθq, rZpθq, εq dθ ´ Y 1pZ 1pθq, rZ 1pθq, εq| dθ

` |Γ0
1pa, Zq ´ Γ0

1pa1, Z 1q|
|Γ0

1pa, ZqΓ0
1pa1, Z 1q|

„
ε

ż 1

0

|Y 1pZ 1pθq, rZ 1pθ; a1q, εq| dθ ` |ω0|

 (4.45)

which, because eq. (4.44) and the definition of |Γ0
1pa, Zq ´ Γ0

1pa1, Z 1q| in
eq. (4.40), is bounded by (and so also ‖Γ0

2pa, Zq ´ Γ0
2pa1, Z 1q‖8)

ε|ω0| ` ε2‖Y 1‖8 ` ε|Γ0
1pa1, Z 1q|

|Γ0
1pa, ZqΓ0

1pa1, Z 1q| eq. (4.44). (4.46)

For eq. (4.42) we are going to proceed as before. In this case, adding and

subtracting, the term |Y 2pZpθ ´ atq, rZpθ ´ at; aq, εq ´ Y 2pZ 1pθ ´ a1tq, rZ 1pθ ´
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a1t; a1q, εq| is bounded by

|Y 2pZpθ ´ atq, rZpθ ´ at; aq, εq ´ Y 2pZ 1pθ ´ atq, rZpθ ´ at; aq, εq|` (ℓ1)

|Y 2pZ 1pθ ´ atq, rZpθ ´ at; aq, εq ´ Y 2pZ 1pθ ´ a1tq, rZpθ ´ at; aq, εq|` (ℓ2)

|Y 2pZ 1pθ ´ a1tq, Zpθ ´ at ´ ar ˝ K ˝ Zpθ ´ atqq, εq´
Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ at ´ ar ˝ K ˝ Zpθ ´ atqq, εq|`

(ℓ3)

|Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ at ´ ar ˝ K ˝ Zpθ ´ atqq, εq´
Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ ar ˝ K ˝ Zpθ ´ atqq, εq|`

(ℓ4)

|Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ ar ˝ K ˝ Zpθ ´ atqq, εq´
Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ a1r ˝ K ˝ Zpθ ´ atqq, εq|`

(ℓ5)

|Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ a1r ˝ K ˝ Zpθ ´ atqq, εq´
Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ a1r ˝ K ˝ Z 1pθ ´ atqq, εq|`

(ℓ6)

|Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ a1r ˝ K ˝ Z 1pθ ´ atqq, εq´
Y 2pZ 1pθ ´ a1tq, Z 1pθ ´ a1t ´ a1r ˝ K ˝ Z 1pθ ´ a1tqq, εq|.

(ℓ7)

By the mean value Theorem, then

pℓ1q ď ‖D1Y 2‖8‖Z ´ Z 1‖8,

pℓ2q ď t‖D2Y 2‖8‖DZ
1‖8|a ´ a1|,

pℓ3q ď ‖D2Y 2‖8‖Z ´ Z 1‖8,

pℓ4q ď t‖D2Y 2‖8‖DZ
1‖8|a ´ a1|,

pℓ5q ď ‖D2Y 2‖8‖DZ
1‖8‖r ˝ K‖8|a ´ a1|,

pℓ6q ď ‖D2Y 2‖8‖DZ
1‖8|a

1|‖Dpr ˝ Kq‖8‖Z ´ Z 1‖8,

and

pℓ7q ď t‖D2Y 2‖8‖DZ
1‖28|a

1|‖Dpr ˝ Kq‖8|a ´ a1|.

Under the assumption that pa, Zq and pa1, Z 1q are in D0, we obtain the bound

‖DY 2‖8
“
p2 ` B0|a1|‖Dpr ˝ Kq‖8q‖Z ´ Z 1‖8`
`
B0‖r ˝ K‖8 ` tB0p2 ` B0|a1|‖Dpr ˝ Kq‖8q

˘
|a ´ a1|

‰
.

(4.47)
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We can have a bound for eq. (4.42) because of the observation that for λ0 ă 0,
ż 8

0

eλ0t dt “ 1

|λ0| , and
ż 8

0

teλ0t dt “ 1

λ20
.

Thus, ‖Γ0
3pa, Zq ´ Γ0

3pa1, Z 1q‖8 is finally bounded by

ε

|λ0|‖DY 2‖8
“
p2 ` B0|a1|‖Dpr ˝ Kq‖8q‖Z ´ Z 1‖8`

`
B0‖r ˝ K‖8 ` B0

|λ0| p2 ` B0|a1|‖Dpr ˝ Kq‖8q
˘
|a ´ a1|

‰
.

(4.48)

Due to eqs. (4.44), (4.46), and (4.48), we have arrived to an expression like

dpΓ0pω, Zq,Γ0pω1, Z 1qq ď c1|a ´ a1| ` c2}Z ´ Z 1}8

where

c1 “ εB0}r ˝ K}8

„
}DY 1}8

ˆ
1 ` |ω0| ` ε}Y 1}8 ` |Γ0

1pa1, Z 1q|
|Γ0

1pa, ZqΓ0
1pa1, Z 1q|

˙
´ }DY 2}8

|λ0|



`εB
0

λ20
}DY 2}8

`
2 ` B0|a1|}Dpr ˝ Kq}8

˘
,

and

c2 “ εp2 ` B0|a1|}Dpr ˝ Kq}8q
„

}DY 1}8

ˆ
1 ` |ω0| ` ε}Y 1}8 ` |Γ0

1pa1, Z 1q|
|Γ0

1pa, ZqΓ0
1pa1, Z 1q|

˙

´ }DY 2}8
|λ0|


.

Since a, a1, Γ0
1pa, Zq, and Γ0

1pa1, Z 1q are all in I0, their absolute value can be
bounded by 3

2
|ω0|. Thus,

c1 “ εB0}r ˝ K}8

„
}DY 1}8

19|ω0| ` 4ε}Y 1}8
9|ω0| ´ }DY 2}8

|λ0|



`ε B
0

2λ20
}DY 2}8

`
4 ` 3B0|ω0|}Dpr ˝ Kq}8

˘
,

and

c2 “ ε

2
p4 ` 3B0|ω0|}Dpr ˝ Kq}8q

„
}DY 1}8

19|ω0| ` 4ε}Y 1}8
9|ω0| ´ }DY 2}8

|λ0|


.

Because c1 and c2 are bounded by ε multiplied by some constants, they can
be made small with ε small. Therefore, if ε is sufficiently small, we can
find a µ0 ă 1, such that eq. (4.38) is true and then Γ0 in eq. (4.36) is a
contraction.
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Remark 4.19 (for Lemma 4.18).

• ‖DY i‖8 are interpreted as the maximum of ‖DjY i‖8 for i, j P t1, 2u.

• If rpxq “ τ ą 0 is constant, then the bounds for c1 and c2 become

c1 “ εB0

„
τ}DY 1}8

19|ω0| ` 4ε}Y 1}8
9|ω0| ` }DY 2}8

2 ´ τ |λ0|
λ20


,

and

c2 “ 2ε

„
}DY 1}8

19|ω0| ` 4ε}Y 1}8
9|ω0| ´ }DY 2}8

|λ0|


.

We have shown that taking an 0 ă ε ď mintε01, ε02u with ε01 coming from
Lemma 4.17 and ε12 from Lemma 4.18, then for all pω0,W 0,0pθqq P D0, such
as ω “ ω0 and W 0,0pθq “ p θ

0 q. There is a (unique) limit by Γ0. This limit is
actually in D0 as well. Note that this does not contradict the non-uniqueness
due to the phase shift because we have fixed a phase.

For the second part of Theorem 4.11, we know that

d
`
pω0,W 0,0q, pω,W 0q

˘
“ lim

kÑ8
d

`
pω0,W 0,0q, pΓ0qkpω0,W 0,0q

˘

ď
8ÿ

k“0

pµ0qkd
`
pω0,W 0,0q,Γ0pω0,W 0,0q

˘

ď 1

1 ´ µ0

d
`
pω0,W 0,0q,Γ0pω0,W 0,0q

˘
.

(4.49)

It remains to estimate d
`
pω0,W 0,0q,Γ0pω0,W 0,0q

˘
by }E0}8. The error func-

tion for an initial condition pω0,W 0,0q is defined as the error of the invariance
equation, eq. (4.14). That is, E0 ” pE0

1 , E
0
2q with

E0pθq –

„
ω0Bθ ´

ˆ
0 0
0 λ0

˙
W 0,0pθq ´

ˆ
ω0

0

˙
´ εY pW 0,0pθq,ĂW 0,0pθ;ω0q, εq,

Then d
`
pω0,W 0,0q,Γ0pω0,W 0,0q

˘
is bounded by

ˇ̌
ˇ̌ω0 ` ε

ż 1

0

Y 1pW 0,0pθq,ĂW 0,0pθ;ω0q, εq dθ ´ ω0

ˇ̌
ˇ̌` (ℓ1)

sup
θPT

ˇ̌
ˇ̌ 1

Γ0
1pω0,W 0q

ˆ
ω0θ ` ε

ż θ

0

Y 1pW 0,0pσq,ĂW 0,0pσ;ω0q, εq dσ
˙

´ W
0,0
1 pθq

ˇ̌
ˇ̌`
(ℓ2)

sup
θPT

ˇ̌
ˇ̌ε

ż 8

0

eλ0tY 2pW 0,0pθ ´ ω0tq,ĂW 0,0pθ ´ ω0t;ω0q, εq dt ´ W
0,0
2 pθq

ˇ̌
ˇ̌. (ℓ3)
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Then

pℓ1q ď
ˇ̌
ˇ̌
ż 1

0

E0
1pθq dθ

ˇ̌
ˇ̌,

pℓ2q ď sup
θ

1

|Γ0
1pω0, W 0q|

ˆˇ̌
ˇ̌
ż θ

0

E0
1pσq dσ

ˇ̌
ˇ̌ ` }W 0,0

1 }8

ˇ̌
ˇ̌
ż 1

0

E0
1pθq dθ

ˇ̌
ˇ̌
˙
, (ℓ1

2)

pℓ3q ď sup
θ

ˇ̌
ˇ̌
ż 8

0

eλ0tE0
2pθ ´ ω0tq dt

ˇ̌
ˇ̌.

Since Γ0
1pω0, W 0q is in I0 and W 0,0 is bounded by B0, then

pℓ1
2q ď 2

|ω0| supθ

ˆˇ̌
ˇ̌
ż θ

0

E0
1pσq dσ

ˇ̌
ˇ̌ ` B0

ˇ̌
ˇ̌
ż 1

0

E0
1pθq dθ

ˇ̌
ˇ̌
˙
.

Combining it with eq. (4.49), we arrive to a bound which only depends on ε,
B0, ω0, λ0, and the ones for µ0 coming from Lemma 4.18,

d
`
pω0,W 0,0q, pω,W 0q

˘
ď 1

1 ´ µ0

„ |ω0| ` 2 ` 2B0

|ω0| ‖E0
1‖8 ` 1

|λ0|
‖E0

2‖8


.

(4.50)
Finally to get eq. (4.32) we use the interpolation inequality as follows

}W 0,0 ´ W 0}Cl ď cpl, Lq}W 0,0 ´ W 0}1´ l
L

C0 }W 0,0 ´ W 0}
l
L

CL

ď cpl, Lq}W 0,0 ´ W 0}1´ l
L

C0 p2B0q l
L ,

for some constant cpl, Lq ą 0.

4.7.3 Proof for the isochrons, Theorem 4.12

1st order proof; W 1 and λ

Using Proposition 4.3 in eq. (4.16) we can consider the operator Γ1 defined
by

Γ1pb, F1, F2qpθq “

¨
˝

Γ1
1pb, F q

Γ1
2pb, F qpθq

Γ1
3pb, F qpθq

˛
‚

“

¨
˚̋

λ0 ` ε
ş1
0
Y

1

2pθ, b, F, εqdθ
´ε

ş8
0
ebtY

1

1pθ ` ωt, b, F, εq dt
Cpb, F q ` ε

ω

şθ
0
Y

1

2pσ, b, F, εq ´
“ş1

0
Y

1

2pθ, b, F, εq dθ
‰
F2pσq dσ

˛
‹‚,

(4.51)
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where

Cpb, F q – 1 ´ ε

ω

ż 1

0

ż θ

0

Y
1

2pσ, b, F, εq dσ dθ

` ε

ω

„ż 1

0

Y
1

2pθ, b, F, εq dθ
 ż 1

0

ż θ

0

F2pσq dσ dθ
(4.52)

is a constant to ensure that Γ1
3pb, F q satisfies the normalisation condition

considered in eq. (4.19), i.e.
ş1
0
Γ1
3pb, F qpθq dθ “ 1.

Therefore a fixed-point for the operator Γ1 verifies the invariance equa-
tion, eq. (4.16) and the normalisation condition in eq. (4.19).

Let D1 “ I1 ˆ CL`Lip
1 be the domain of Γ1 where for a constant B1 ą 0,

I1 – tb P R : |b ´ λ0| ď |λ0|{3u,

CL`Lip
1 –

"
f P CL´1`Lip

B1 prT, rT ˆ Rq : fpθ ` 1q “ fpθq, and
ż 1

0

f2pθq dθ “ 1

*
.

Formally I1 should be a subset of C since we have an eigenvalue problem.
However, λ0 is real and since we are interested in the slowest manifold, it
will be enough to consider I1 as subset of R.

Similarly to section 4.7.2, we split the conditions in Lemma 4.15.

lemma 4.20. There is ε11 ą 0 such that for all 0 ă ε ď ε11, Γ
1pD1q Ă D1.

Proof. First of all, since Y
1

2pθ, b, F, εq is bounded, for small ε let us say ǫ1,
we can have Γ1

1pb, F q in I1.

Because of the periodicity in the already known W 0 and the periodicity

w.r.t. the first component of r ˝ K, then Y
1

1pθ ` 1, b, F, εq “ Y
1

1pθ, b, F, εq.
And also

Γ1
2pb, F qpθ ` 1q “ Γ1

2pb, F qpθq.

To see the boundness of the nth derivative of Γ1
2pb, F qpθq, with 0 ď n ă L,

i.e., of
dn

dθn
Γ1
2pb, F qpθq “ ´ε

ż 8

0

ebt
Bn

BθnY
1

1pθ ` ωt, b, F, εq dt.

By the dominated convergence Theorem, it suffices to see Bn

BθnY
1

1pθ`ωt, b, F, εq
is bounded. By Faà di Bruno’s formula (see [AR67]), Bn

BθnY
1

1pθ ` ωt, b, F, εq
is bounded because the smoothness of Y , r ˝ K, and W 0pθq, whenever F
is in CL´1`Lip

B1 . Furthermore, due to the same argument, dL´1

dθL´1Γ
1
2pb, F qpθq is

Lipschitz.
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To see the periodicity of Γ1
3pb, F qpθq, we first compute its derivative, i.e.,

d

dθ
Γ1
3pb, F qpθq “ ε

ω
Y

1

2pθ, b, F, εq ´ ε

ω

ˆż 1

0

Y
1

2pθ, b, F, εq dθ
˙
F2pθq

which is periodic. Hence, to show periodicity of Γ1
3pb, F qpθq, it suffices to see

that Γ1
3pb, F qp0q “ Γ1

3pb, F qp1q, which is true because
ş1
0
F2pθqdθ “ 1. The

choice of the constant Cpb, F q ensures the normalisation condition, that is,ş1
0
Γ1
3pb, F qpθqdθ “ 1.
Now for 2 ď n ă L

dn

dθn
Γ1
3pb, F qpθq “ ε

ω

„
dpn´1q

dθpn´1qY
1

2pθ, b, F, εq´
ˆż 1

0

Y
1

2pθ, b, F, εq dθ
˙
dpn´1q

dθpn´1qF2pθq

,

which will be bounded due to the smoothness of Y , r ˝ K, and W 0pθq, as
well as because F is in CL´1`Lip

B1 . Similarly, we conclude dL´1

dθL´1Γ
1
3pb, F qpθq to

be Lipschitz.
Since ε appeared in front of all the expressions of the derivatives, there is

ǫ2 ą 0 depending on derivative bounds of Y , r ˝ K, B0, and B1. Such a ǫ2 can
be chosen uniformly of the choice of pb, F q P D1. Therefore pΓ1

2pb, F q,Γ1
3pb, F qq

can be CL´1`Lip

B1 for all ε ď mintǫ1, ǫ2u — ε11.

lemma 4.21. There is ε12 ą 0, such that for all 0 ă ε ď ε12 the operator Γ1 in
eq. (4.51) is a contraction with the norm in D1 defined by

dppb, F q, pb1, F 1qq – |b ´ b1| ` ‖F ´ F 1‖8. (4.53)

Proof. We must show that there is 0 ă µ1 ă 1 such that

dpΓ1pb, F q,Γ1pb1, F 1qq ă µ1dppb, F q, pb1, F 1qq. (4.54)

By definition, dpΓ1pb, F q,Γ1pb1, F 1qq can be bounded by

ε

ˇ̌
ˇ̌
ż 1

0

Y
1

2pθ, b, F, εq ´ Y
1

2pθ, b1, F 1, εq dθ
ˇ̌
ˇ̌ (4.55)

plus the maximum between

ε sup
θPT

ˇ̌
ˇ̌
ż 8

0

ebtY
1

1pθ ` ωt, b, F, εq ´ eb
1tY

1

1pθ ` ωt, b1, F 1, εq dt
ˇ̌
ˇ̌, (4.56)
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and

sup
θPT

ε

|ω|

ˇ̌
ˇ̌
ż θ

0

Y
1

2pσ, b, F, εq ´
„ż 1

0

Y
1

2pθ, b, F, εq dθ

F2pσq dσ´

ż θ

0

Y
1

2pσ, b1, F 1, εq `
„ż 1

0

Y
1

2pθ, b1, F 1, εq dθ

F 1
2pσq dσ

ˇ̌
ˇ̌`

|CpF, bq ´ CpF 1, b1q|.

(4.57)

Because of eq. (4.17), Y
1
has the form

Y
1pθ, λ,W 1, εq “ ApθqW 1pθq ` Bpθ;λqW 1pθ ´ ωr ˝ K ˝ W 0pθqq.

Introducing the notation

Apθq “
ˆ
A11pθq A12pθq
A21pθq A22pθq

˙
, and Bpθ;λq “

ˆ
B11pθ;λq B12pθ;λq
B21pθ;λq B22pθ;λq

˙
.

Then Y
1pθ, λ,W 1, εq can explicitly be expressed as

Y
1

1pθ, λ,W 1, εq “A11pθqW 1
1 pθq ` A12pθqW 1

2 pθq
` B11pθ;λqW 1

1 pθ ´ ωr ˝ K ˝ W 0pθqq
` B12pθ;λqW 1

2 pθ ´ ωr ˝ K ˝ W 0pθqq,
and

Y
1

2pθ, λ,W 1, εq “A21pθqW 1
1 pθq ` A22pθqW 1

2 pθq
` B21pθ;λqW 1

1 pθ ´ ωr ˝ KpW 0pθqqq
` B22pθ;λqW 1

2 pθ ´ ωr ˝ KpW 0pθqqq.

Since b and b1 are in I1, we estimate

}Bpθ; bq}8 ď e´ 4
3
λ0}r˝K}8}D2Y }8,

and

}Bpθ; bq ´ Bpθ; b1q}8 ď }D2Y }8e
´ 4

3
λ0}r˝K}}r ˝ K}8|b ´ b1|.

Hence a bound for }Y 1pθ, b, F, εq ´ Y
1pθ, b1, F 1, εq}8 and for its components

will be

}A}8}F ´ F 1}8 ` }Bpθ; bq}8}F ´ F 1}8 ` }Bpθ; bq ´ Bpθ; b1q}8}F 1}8

ď p}A}8 ` e´ 4
3
λ0}r˝K}8}D2Y }8q}F ´ F 1}8`
B1}D2Y }8e

´ 4
3
λ0}r˝K}8}r ˝ K}8|b ´ b1| (4.58)
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Similarly }Y 1

1pθ, b, F, εq}8 and its components, is bounded by

B1p}A}8 ` e´ 4
3
λ0}r˝K}8}D2Y }8q,

Now we can bound eq. (4.55) as

|Γ1
1pb, F q ´ Γ1

1pb1, F 1q| ď εeq. (4.58). (4.59)

To bound |Γ1
2pb, F q ´Γ1

2pb1, F 1q| let us just adding, and subtracting terms
to get

ebtY
1

1pθ ` ωt, b, F, εq ´ eb
1tY

1

1pθ ` ωt, b1, F 1, εq “
ebtpY 1

1pθ ` ωt, b, F, εq ´ Y
1

1pθ ` ωt, b1, F 1, εqq`
pebt ´ eb

1tqY 1

1pθ ` ωt, b1, F 1, εq.

Since b and b1 are in I1, then |
ş8
0
ebt ´ eb

1t dt| ď 9
4λ2

0

|b´ b1|. Hence, |Γ1
2pb, F q ´

Γ1
2pb1, F 1q| is finally bounded by

3ε

2|λ0| p}A}8 ` e´ 4
3
λ0}r˝K}8}D2Y }8q}F ´ F 1}8`

3B1ε

2|λ0|

„
e´ 4

3
λ0}r˝K}8}D2Y }8

ˆ
}r ˝ K}8 ` 3

2|λ0|

˙
` 3}A}8

2|λ0|


|b ´ b1|

Finally, |Γ1
3pb, F q´Γ1

3pb1, F 1q| can be bounded similarly, in this case, by adding
and subtracting by the term

ż 1

0

Y
1

1pθ, b, F, εq dθF 1pσq

which leads to a bound for the integrals in eq. (4.57)

p1 ` 2B1qp}A}8 ` e´ 4
3
λ0}r˝K}8}D2Y }8q}F ´ F 1}8

B1p1 ` B1q}D2Y }8e
´ 4

3
λ0}r˝K8}r ˝ K}8|b ´ b1|. (4.60)

The same previous bound allows to estimate |CpF, bq ´ CpF 1, b1q| and then
is,

eq. (4.57) ď 2ε

|ω|eq. (4.60).

Combine all the estimations above, we can find constants c1 and c2 such that,

dpΓ1pb, F q,Γ1pb1, F 1qq ď εpc1|b ´ b1| ` c2}F ´ F 1}8q.

Therefore, for small enough ε, we will have a contraction.
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With the two previous lemmas we have proved that taking an 0 ă ε ď
mintε11, ε12u where ε11 comes from lemma 4.20 and ε12 from lemma 4.21, then
for all pλ0,W 1,0pθqq P D1, for instance λ0 “ λ0 and W 1,0pθq “ p 0

1 q there is a
unique limit in C0 by the operator Γ1 which solves eq. (4.16).

Similar to eq. (4.49)

d
`
pλ0,W 1,0q, pλ,W 1q

˘
ď 1

1 ´ µ1

d
`
pλ0,W 1,0q,Γ1pλ0,W 1,0q

˘
. (4.61)

And we must provide an estimation of d
`
pλ0,W 1,0q,Γ1pλ0,W 1,0q

˘
in terms

of the norm of the error function of the invariance equation eq. (4.16), i.e.
}E1} where E1 ” pE1

1 , E
1
2q is

E1pθq –

„
ωBθ ´

ˆ
λ 0
0 λ ´ λ0

˙
W 1,0pθq ´ εY

1pθ, λ,W 1, εq

with Y
1pθ, λ,W 1, εq given in eq. (4.17). Thus d

`
pλ0,W 1,0q,Γ1pλ0,W 1,0q

˘
ad-

mits a first estimation
ˇ̌
ˇ̌λ0 ` ε

ż 1

0

Y
1

2pθ, λ0,W 1,0, εq dθ ´ λ0
ˇ̌
ˇ̌` (ℓ1)

sup
θPT

ˇ̌
ˇ̌W 1,0

1 pθq ` ε

ż 8

0

eλ
0tY

1

1pθ ` ωt, λ0,W 1,0, εq dt
ˇ̌
ˇ̌` (ℓ2)

sup
θPT

ˇ̌
ˇ̌Cpλ0,W 1,0q ` ε

ω

ż θ

0

Y
1

2pσ, λ0,W 1,0, εq´
„ż 1

0

Y
1

2pθ, λ0,W 1,0, εq dθ

W

1,0
2 pσq dσ ´ W

1,0
2 pθq

ˇ̌
ˇ̌.

(ℓ3)

Then

pℓ1q ď
ˇ̌
ˇ̌
ż 1

0

E1
2pθq dθ

ˇ̌
ˇ̌, (since

ş1
0
W

1,0
2 pθq dθ “ 1)

and

pℓ2q ď
ˇ̌
ˇ̌
ż 8

0

eλ
0tE1

1pθ ` ωtq dt
ˇ̌
ˇ̌.

To bound pℓ3q, let us start making the following observation

1

ω

ż θ

0

E1
2pσq dσ “ W

1,0
2 pθq ´ W

1,0
2 p0q`

λ0 ´ λ0

ω

ż θ

0

W
1,0
2 pσq dσ ´ ε

ω

ż θ

0

Y
1

2pσ, λ0,W 1,0, εq dσ.
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In particular, since W 1,0
2 p1q “ W

1,0
2 p0q and

ş1
0
W

1,0
2 pθq dθ “ 1, then

ż 1

0

E1
2pθq dθ “ λ0 ´ λ0 ´ ε

ż 1

0

Y
1

2pθ, λ0,W 1,0, εq dθ.

Thus, it turns out that we can consider equivalent expressions in pℓ3q. More
precisely,

ε

ω

ż θ

0

Y
1

2pσ, λ0,W 1,0, εq ´
„ż 1

0

Y
1

2pθ, λ0,W 1,0, εq dθ

W

1,0
2 pσq dσ “

ε

ω

ż θ

0

Y
1

2pσ, λ0,W 1,0, εq ` 1

ω

„ż 1

0

E1
2pθq dθ ´ pλ0 ´ λ0q


W

1,0
2 pσq dσ “

W
1,0
2 pθq ´ W

1,0
2 p0q ´ 1

ω

ż θ

0

E1
2pσq dσ ` 1

ω

ż 1

0

E1
2pθq dθ

ż θ

0

W
1,0
2 pσq dσ.

With the previous identities applied now in Cpλ0,W 1,0q, which is defined in
eq. (4.52), it is equal to

1´
ż 1

0

„
W

1,0
2 pθq´W 1,0

2 p0q´ 1

ω

ż θ

0

E1
2pσq dσ` 1

ω

ż 1

0

E1
2pθq dθ

ż θ

0

W
1,0
2 pσq dσ


dθ

“ W
1,0
2 p0q ` 1

ω

ż 1

0

ż θ

0

E1
2pσq dσ ´ 1

ω

ż 1

0

E1
2pθq dθ

ż 1

0

ż θ

0

W
1,0
2 pσq dσ.

We have then arrived to

pℓ3q “ 1

|ω| supθPT

ˇ̌
ˇ̌
ż 1

0

ż θ

0

E1
2pσq ´

ż 1

0

E1
2pαq dαW 1,0

2 pσq dσ dθ´
ż θ

0

E1
2pσq ´

ż 1

0

E1
2pθq dθW 1,0

2 pσq dσ
ˇ̌
ˇ̌

which gives us the bound pℓ3q ď 2`2B1

|ω| }E1
2}8 since W 1,0 P CL`Lip

1 .

Combining the previous bounds for pℓ1q, pℓ2q and pℓ3q we get a bound for
eq. (4.61), that is,

d
`
pλ0,W 1,0q,Γ1pλ0,W 1,0q

˘
ď 1

|λ0|}E
1
1}8 `

ˆ
1 ` 2 ` 2B1

|ω|

˙
}E1

2}8

ď 3

2|λ0|}E
1
1}8 `

ˆ
1 ` 2 ` 2B1

|ω|

˙
}E1

2}8.

(4.62)

Therefore, we can find a constant C, depending on ε, B1, ω, and λ0 such
that eq. (4.61) holds and so also eq. (4.35).
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Finite order proof; W j

For a theoretical propose, we do not need to formally proof the existence and
uniqueness of W j with j ě 2 to proe the higher order terms. However, we
are going to specify the operator, its domain and the fact that for small ε,
it will become a C0-contraction. At this moment, we know pω,W 0q, pλ,W 1q
and W i with 0 ď i ă j (induction hypothesis). We are going to find W j. To
obtain the invariance equation to be satisfied for W j, which we put earlier in
equation eq. (4.20). We consider the jth order terms in eq. (4.9). Note that

the coefficient for sj in ĂW pθ, sq, is

´ωDW 0pθ ´ ωr ˝ K ˝ W 0pθqqDpr ˝ Kq ˝ W 0pθqW jpθq

Therefore, Y
jpθ, λ,W 0,W j , εq is of the form:

D1Y pW 0pθq,ĂW pθq, εqW jpθq´
ωD2Y pW 0pθq,ĂW pθq, εqDW 0pθ ´ ωr ˝ K ˝ W 0pθqDpr ˝ Kq ˝ W 0pθqW jpθq.

We also note that Rjpθ;λq will be some expression in the derivatives of

Y evaluated at pW 0pθq,ĂW pθq, εq, multiplied with W 0, . . . ,W j´1. Therefore,
Rjpθ;λq will have the same regularity as W j´1. We will see inductively by
the following argument that W j is pL´1q times differentiable with pL´1qth
derivative Lipschitz.

We define the following operator Γj,

ΓjpGqpθq “
˜

´ε
ş8
0
eλjt

`
Y

j

1pθ ` ωt,G, εq ` R
j
1pθ ` ωt;λq

˘
dt

´ε
ş8
0
epλj´λ0qt`Y j

2pθ ` ωt,G, εq ` R
j
2pθ ` ωt;λq

˘
dt

¸

whose domain of definition is for Bj ą 0

CL´1`Lip
j – tf P CL´1`Lip

Bj prT, rT ˆ Rq : fpθ ` 1q “ fpθqu,

Assume that we have already obtained W k in Ck for 0 ď k ă j, we have
the following:

lemma 4.22. There is εj1 ą 0 such that for all 0 ă ε ď ε
j
1, Γ

jpCL´1`Lip
j q Ă

CL´1`Lip
j .

This follows from that λ ă 0 and pλj´λ0q ă 0 for j ě 2 and the regularity

of W 0, . . . ,W j , Y
j
, and Rj, and all the derivative could be bounded thanks

to the ε in front of them. Since it is very similar to the analysis of W 0 and
W 1, we will omit the detailed proof here.

We also know that Γj is a C0 contraction for small ε.
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lemma 4.23. There is εj2 ą 0 such that for all 0 ă ε ď ε
j
2, Γ

j is a contraction
in C0 distance.

This follows easily from that λ ă 0 and pλj ´ λ0q ă 0 for j ě 2, and

Y
j
is linear in W j. Thus, similarly to Lemma 4.18 or Lemma 4.21 there is

0 ă µj ă 1, such that

}ΓpGq ´ ΓpG1q}8 ď µj}G ´ G1}8.

Taking any initial guess W j,0 P Cj , we would take W j,0pθq “ p 0
0 q, the

sequence pΓjqnpW j,0q has a limit in Cj , we denote it by W j. W j is a fixed
point of operator Γj and it solves eq. (4.20). W j is unique in the sense
of C0, close to the initial guess, by the contraction argument. We will see
quantitative estimates below.

We know that

}W j ´ W j,0}8 ď 1

1 ´ µj

}W j,0 ´ ΓjpW j,0q}8.

With similar argument as in the error estimation of W 0 and W 1, we have

|W j,0
1 pθq ´ Γj

1pW j,0qpθq| ď ´ 1

jλ
}Ej

1}8,

|W j,0
2 pθq ´ Γj

2pW j,0qpθq| ď ´ 1

jλ ´ λ0
}Ej

2}8.

Therefore, we have

}W j ´ W j,0}8 ď 1

1 ´ µj

ˆ
´ 1

jλ
}Ej

1}8 ´ 1

jλ ´ λ0
}Ej

2}8

˙
ď C}Ej}8. (4.63)

We stress that in above, C depend on j, ε, and the SDDE, however, C does
not depend on W j,0.

Remainder proof; Wą

From now on, we will write:

W pθ, sq “ Wďpθ, sq ` Wąpθ, sq, (4.64)

where Wďpθ, sq “ řN´1

j“0 W
jpθqsj. Theoretically it is enough to take N “ 2

although one may want to get for larger N ’s in practical computations. To
make the analysis feasible, we do a cut-off to the equation satisfied by Wą in
eq. (4.22). It is needed in our method. This is not too restrictive. Indeed, we
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have seen when we apply our results to the original locally defined problem in
section 4.4.3, what happens for s with large absolute value is not important.

Now let cptq “ pθ` ωt, seλtq be the characteristics, we define an operator
as follows:

ΓąpHqpθ, sq “ ´ε
ż 8

0

ˆ
1 0
0 e´λ0t

˙
Y ąpH, cptq, εqφpseλtq dt. (4.65)

A fixed point of Γą solves the extended invariance equation, eq. (4.22).
The domain of Γą, denoted by Dą, consists in the space of continuous func-
tions H : rT ˆ R Ñ rT ˆ R, where Bl

θBm
s Hipθ, sq, i “ 1, 2, exists for all pθ, sq

in rT ˆ R if l ` m ď Lą and moreover it has a bounded norm } ¨ }Lą,N with
bound B ą 0. The norm is defined by

}H}Lą,N “ max
l`mďLą,i“1,2

$
’&
’%

sup
pθ,sqPrTˆR

|Bl
θBm

s Hipθ, sq||s|´pN´mq if m ď N,

sup
pθ,sqPrTˆR

|Bl
θBm

s Hipθ, sq| if m ą N.

(4.66)
Under above notations in eq. (4.64), we have

ĂW pθ, sq “ W pθ ´ ωr ˝ K ˝ W pθ, sq, e´λr˝K˝W pθ,sqq
“ Wďpθ ´ ωr ˝ K ˝ W pθ, sq, e´λr˝K˝W pθ,sqq

` Wąpθ ´ ωr ˝ K ˝ W pθ, sq, e´λr˝K˝W pθ,sqq,

and we define

ĂWąpθ, sq – Wą`
θ´ωr ˝ K ˝pWď `Wąqpθ, sq, e´λr˝K˝pWď`Wąqpθ,sq˘. (4.67)

lemma 4.24. There is εą
1 ą 0 such that for all 0 ă ε ď εą

1 , Γ
ąpDąq Ă Dą.

Proof. We must prove that for i “ 1, 2, and l ` m ď Lą, the derivatives
Bl
θBm

s Γ
ą
i pHqpθ, sq exist and also that }ΓąpHq}Lą,N is bounded by the constant

B. Let us define, similarly to eq. (4.67),

rHpθ, sq – Hpθ ´ ωr ˝ K ˝ pWď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sqq.

We first claim that if }H}Lą,N ď B, then we can find a constant C, which
does not depend on the choice of H, such that for l `m ď Lą, i “ 1, 2, and
for all pθ, sq P rT ˆ r´1, 1s,

#
|Bl

θBm
s

rHipθ, sq| ď C|s|pN´mq if m ď N,

|Bl
θBm

s
rHipθ, sq| ď C if m ą N,

(4.68)
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where C may vary from line to line. But we will take C to be the maximum
of all C’s at each steps. To prove the previous claim, let us notice that
}H}Lą,N ď B implies that for l ` m ď Lą and pθ, sq P rT ˆ R,

#
|Bl

θBm
s Hipθ, sq| ď B|s|pN´mq if m ď N,

|Bl
θBm

s Hipθ, sq| ď B if m ą N.

Then
| rHipθ, sq| ď B|s|Ne´λNr˝K˝pWď`Hqpθ,sq.

By boundedness of r ˝ K, we have | rHipθ, sq| ď C|s|N .

B
Bθ

rHipθ, sq “ BθHi

`
θ ´ ωr ˝ K ˝ pWď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sq˘¨

`
1 ´ ωDpr ˝ Kq ˝ pWď ` Hqpθ, sqBθpWď ` Hqpθ, sq

˘

` BsHi

`
θ ´ ωr ˝ K ˝ pWď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sq˘¨

sp´λqDpr ˝ Kq ˝ pWď ` Hqpθ, sqBθpWď ` Hqpθ, sqe´λr˝K˝pWď`Hqpθ,sq.

Then, we have
ˇ̌
ˇ̌ B
Bθ

rHipθ, sq
ˇ̌
ˇ̌ ď B|s|Ne´λN}r˝K}8p1 ` |ω|}Dpr ˝ Kq}8}BθpWď ` Hq}8q`

B|s|N´1e´λpN´1q}r˝K}8 |s||λ|}Dpr ˝ Kq}8e
´λ}r˝K}8}BθpWď ` Hq}8.

The regularity of Wď, H, r ˝ K lead to
ˇ̌
ˇ̌ B
Bθ

rHipθ, sq
ˇ̌
ˇ̌ ď C|s|N .

Above C may depend on B, but it will not depend on the choice of H P Dą.
Similarly,

B
Bs

rHipθ, sq “ BθHipθ ´ ωr ˝ K ˝ pWď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sqq¨

p´ωqDpr ˝ Kq ˝ pWď ` Hqpθ, sqBspWď ` Hqpθ, sq
` BsHipθ ´ ωr ˝ K ˝ Wď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sqq¨

`
1` sp´λqDpr ˝ Kq ˝ pWď `Hqpθ, sqBspWď `Hqpθ, sq

˘
e´λr˝K˝pWď`Hqpθ,sq.

Then,
ˇ̌
ˇ̌ B
Bs

rHipθ, sq
ˇ̌
ˇ̌ ď B|s|N´1e´λpN´1q}r˝K}8

` B|s|Ne´λN}r˝K}8
`
|λ| ` |ω|

˘
}Dpr ˝ Kq}8}BspWď ` Hq}8.
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Since we have |s| ď 1, regularity of Wď and H lead to
ˇ̌
ˇ̌ B
Bs

rHipθ, sq
ˇ̌
ˇ̌ ď C|s|N´1

where C does not depend on the choice of H as long as }H}Lą,N ď B. The
proof of the claim is then finished by induction.

Now we observe that we can bound the integrand in the operator Γą,
eq. (4.65). Indeed, we claim that there exists a constant C, such that if
}H}Lą,N ď B, then }Y pH, θ, s, εqφpsq}Lą,N ď C .

Note that by definition of the cut-off function φ, it suffices to consider
s P r´1, 1s. Also

Y ąpH, θ, s, εq “ Y
`
pWď ` Hqpθ, sq, ČpWď ` Hqpθ, sq, ε

˘
´

N´1ÿ

i“0

Y
ipθqsi,

where

Y
ipθq “ 1

i!

Bi

Bsi
`
Y ppWď ` Hqpθ, sq, ČpWď ` Hqpθ, sq, εq

˘
|s“0.

Adding and subtracting terms in above expression turns out Y ąpH, θ, s, εq
to be equal to

Y ppWď ` Hqpθ, sq, ČpWď ` Hqpθ, sq, εq´
Y pWďpθ, sq, ĄWďpθ, sq, εq`

(ℓ1)

Y pWďpθ, sq, ĄWďpθ, sq, εq´
Y pWďpθ, sq,Wďpθ ´ ωr ˝ K ˝ Wďpθ, sq, se´λr˝K˝Wďpθ,sqq, εq`

(ℓ2)

Y pWďpθ, sq,Wďpθ ´ ωr ˝ K ˝ Wďpθ, sq, se´λr˝K˝Wďpθ,sqq, εq

´
N´1ÿ

i“0

Y
ipθqsi,

(ℓ3)

with

ĄWďpθ, sq – Wď`
θ ´ ωr ˝ K ˝ pWď ` Hqpθ, sq, se´λr˝K˝pWď`Hqpθ,sq˘.

Let us establish bounds for pℓ1q, pℓ2q, and pℓ3q.

pℓ1q “
ż 1

0

D1Y
`
p1´tqWďpθ, sq`tpWď`Hqpθ, sq, ČpWď ` Hqpθ, sq, ε

˘
Hpθ, sq

` D2Y
`
Wďpθ, sq, p1 ´ tqĄWďpθ, sq ` t ČpWď ` Hqpθ, sq, ε

˘ rHpθ, sq dt.
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By the regularity of Y and Wď, and }H}Lą,N ď B, using that rH satisfy
eq. (4.68), we conclude that }pℓ1qφpsq}Lą,N ď C.

Similarly pℓ2q is equal to

ż 1

0

D2Y
`
Wďpθ, sq,Wďpθ´ωr ˝ K˝pWď`tHqpθ, sq, se´λr˝K˝pWď`tHqpθ,sqq, εq¨

“
BθWďpθ ´ ωr ˝ K ˝ pWď ` tHqpθ, sq, se´λr˝K˝pWď`tHqpθ,sqq, εq

p´ωqDpr ˝ Kq ˝ pWď ` tHqpθ, sq`
BsWďpθ ´ ωr ˝ K ˝ pWď ` tHqpθ, sq, se´λr˝K˝pWď`tHqpθ,sqq, εq

se´λr˝K˝pWď`tHqpθ,sqDpr ˝ Kq ˝ pWď ` tHqpθ, sqp´λq
‰
Hpθ, sq dt,

Similar to pℓ1q case, we have that }pℓ2qφpsq}Lą,N ď C.

For pℓ3q, let us notice that
řN´1

i“0 Y
ipθqsi is the truncated Taylor expansion

at s “ 0 for

Y pWďpθ, sq,Wďpθ ´ ωr ˝ KpWďpθ, sqq, se´λr˝KpWďpθ,sqqq, εq, (4.69)

According to Taylor’s Formula with remainder, see [LdlL10], we just need
to show that for m ď N

BN´m

BsN´m

Bl

Bθl
Bm

Bsm eq. (4.69),

and for m ą N ,
Bm

Bsm
Bl

Bθl pℓ3q,

are bounded for all θ, |s| ď 1, and l`m ď Lą. This is true if we assume that
the lower order term has more regularity, more precisely, L ´ 1 ě Lą ` N .
We will take Lą “ L ´ 1 ´ N to optimise regularity. Therefore, we have
}pℓ3qφpsq}Lą,N ď C and the claim is proved.

Hence, according to eq. (4.65), if m ď N , for small ε, we have that

|Bl
θBm

s Γ
ą
i pHqpθ, sq| ď ε

ˇ̌
ˇ̌
ż 8

0

e´λ0tC|s|N´meλpN´mqteλmt dt

ˇ̌
ˇ̌ ď B|s|N´m,

if m ą N , for small ε, we have that

|Bl
θBm

s Γ
ą
i pHqpθ, sq| ď ε

ˇ̌
ˇ̌
ż 8

0

e´λ0tCeλmt dt

ˇ̌
ˇ̌ ď B,

Therefore, for small ε, }Γą
i pHq}Lą,N ď B, when }H}Lą,N ď B.
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lemma 4.25. There is εą
2 ą 0 such that for all 0 ă ε ď εą

2 , Γ
ą in eq. (4.65)

is a contraction in } ¨ }0,N defined in eq. (4.66).

Proof. Recall that }H}0,N “ supθ,s |Hpθ, sq||s|´N . We consider

ΓąpHqpθ, sq ´ ΓąpH 1qpθ, sq

“ ´ε
ż 8

0

ˆ
1 0
0 e´λ0t

˙
pY ąpH, cptq, εq ´ Y ąpH 1, cptq, εqqφpseλtq dt

Known the low order terms let us denote W “ Wď `H and W 1 “ Wď `H 1.
Then

Y ąpH, cptq, εq ´ Y ąpH 1, cptq, εq
“ Y pW pcptqq,ĂW pcptqq, εq ´ Y pW 1pcptqq, ĂW 1pcptqq, εq.

with cptq “ pθ ` ωt, seλtq.
Note that for all θ, s,

|W pθ, sq ´ W 1pθ, sq| “ |Hpθ, sq ´ H 1pθ, sq| ď }H ´ H 1}Lą,N |s|N .

And adding and subtracting terms we have that ĂW pθ, sq´ ĂW 1pθ, sq, which
is equal to

W pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq´
W 1pθ ´ ωr ˝ K ˝ W 1pθ, sq, se´λr˝K˝W 1pθ,sqq

is bounded uniformly in θ and s by
ˇ̌
ˇ̌W pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq´

W 1pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq
ˇ̌
ˇ̌`

ˇ̌
ˇ̌W 1pθ ´ ωr ˝ K ˝ W pθ, sq, se´λr˝K˝W pθ,sqq´

W 1pθ ´ ωr ˝ K ˝ W 1pθ, sq, se´λr˝K˝W pθ,sqq
ˇ̌
ˇ̌`

ˇ̌
ˇ̌W 1pθ ´ ωr ˝ K ˝ W 1pθ, sq, se´λr˝K˝W pθ,sqq´

W 1pθ ´ ωr ˝ K ˝ W 1pθ, sq, se´λr˝K˝W 1pθ,sqq
ˇ̌
ˇ̌ ď M1}H ´ H 1}0,N |s|N ,
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where

M1 “ e´λN}r˝K}8 ` p}DWď}8 ` }DH 1}8q}Dpr ˝ Kq}8p|ω| ` |λ||s|e´λ}r˝K}8q.

Then,

|ΓąpHqpθ, sq ´ ΓąpH 1qpθ, sq| ď ε}H ´ H 1}0,N |s|N
ż 8

0

epλN´λ0qtMφpseλtqdt,

where
M “ }D1Y }8 ` }D2Y }8M1.

Now, notice that by definition of D1, we have that λ P r4λ0

3
, 2λ0

3
s, then λN ´

λ0 ă 0 if N ě 2. Under this assumption, we have for all θ, s,

|ΓąpHqpθ, sq ´ ΓąpH 1qpθ, sq| ď ´ εM

λN ´ λ0
}H ´ H 1}0,N |s|N .

If ε is small enough, we have for all θ, s,

|ΓąpHqpθ, sq ´ ΓąpH 1qpθ, sq| ď µ}H ´ H 1}0,N |s|N .

Hence for small enough ε,

}ΓąpHq ´ ΓąpH 1q}0,N ď µ}H ´ H 1}0,N ,

and Γą becomes is a contraction. Note that smallness condition for ε only
depends on N , Bj, j “ 0, . . . , N ´ 1, ω, λ, Y , and r ˝ K.

Now for any initial guessWă,0, the sequence pΓąqnpWą,0q in the function
space Dą, will converge pointwise to a function Wą, which is indeed a fixed
point of Γą, by [Lan73], we know that Wą is pLą ´ 1q times differentiable,
with pLą ´ 1q-th derivative Lipschitz.

It remains to do the error analysis. Now the error function is defined as

Eąpθ, sq –

„
ωBθ `

ˆ
λs 0
0 λs ´ λ0

˙
Wą,0pθ, sq ´ εY ąpWą,0, θ, s, εqφpsq,

along the characteristics cptq “ pθ ` ωt, seλtq, we have

Eąpcptqq “
„
ωBθ `

ˆ
λs 0
0 λs ´ λ0

˙
Wą,0pcptqq ´ εY ąpWą,0, cptq, εqφpseλtq.

Hence,

ΓąpWą,0qpθ, sq ´ Wą,0pθ, sq “
ż 8

0

ˆ
1 0
0 e´λ0t

˙
Eąpcptqq dt.
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Based on proof of Lemma 4.24, we know that }Eą}0,N is bounded, therefore,
for the maximum norm,

}ΓąpWą,0q ´ Wą,0}0,N ď 1

λ0 ´ λN
}Eą}0,N |s|N ,

and then

}Wą ´ Wą,0}0,N ď 1

p1 ´ µqpλ0 ´ λNq}Eą}0,N |s|N . (4.70)

If we take account of error estimations in eqs. (4.50), (4.62), (4.63), and
(4.70), we see that l “ 0 case of eq. (4.34) is proved. Inequality in eq. (4.34)
for l ‰ 0 is obtained using interpolation inequalities. Indeed, the norm

}W pθ, sq ´ W 0,0pθq ´ W 1,0pθqs ´ Wą,0pθ, sq}Cl

is bounded by

N´1ÿ

j“0

|s|j}W j ´ W j,0}Cl ` }Wą ´ Wą,0}Cl ď

N´1ÿ

j“0

cj|s|j}Ej}1´ l
L´2´N

C0 ` cąp|s|N}Eą}0,Nq1´ l
L´2´N .

for some constants cj and cą independent of W j,0 for 0 ď j ă N , Wą,0, ω0

and λ0. Taking their maximum we get the upper bound eq. (4.34).

4.8 Numerical experiment

The van der Pol oscillator [vdP20] is an oscillator with non-linear damping
governed by the second-order differential equation [HG15].

The state-dependent perturbation of the van Der Pol oscillator has the
form

9xptq “ yptq,
9yptq “ µp1 ´ xptq2qyptq ´ xptq ` εxpt ´ rpxptqqq, (4.71)

with, for instance, µ “ 1 and ε “ 10´4. For the delay function rpxq we
are going to consider two case. A pure state-dependent delay case or just a
constant delay case. That is, rpxq “ βe2x or just rpxq “ β with β “ 0.006.

The first step consists in computing the change of coordinate K, the
frequency ω0 of the limit cycle and its speed rate λ0 ă 0 for ε “ 0. A limit
cycle close to px, yq “ p2, 0q with frequency ω0 “ 0.1500760842377394 and
λ0 “ ´1.0593769948418550 allows to run Algorithm 4.1 and so generate its
isochrons in Figure 4.2.
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Figure 4.2. Limit cycle and its isochrons for the unperturbed,
eq. (4.71).

4.8.1 State-dependent delay perturbation

Using Algorithm 4.5 for the state-dependent rpxq “ βe2x, with a tolerance of
10´11 in double-precision we obtain W 0 and ω “ 0.1500677573762797. We
notice a speed factor of 2.25 using the nfft3 w.r.t. to the simulation with
a direct implementation of the Fourier composition, that is, the one that we
use in section 4.6.3 for the orders sj with j ě 1 but with polynomials of
degree 0.

After that we can go forward and use Algorithm 4.6 compute the W 1,
and λ that with the same tolerance we get λ “ ´1.059382672350053. Then
using the criterion in section 4.6.2 for the scaling factor we can reach the
first 4 next orders whose isochrons are plotted in Figure 4.3. In that case the
mean speed factor using the two different numerical composition of Fourier
series, that is Theorems 4.9 and 4.10 is around 1.3 of the former approach.
Both two approaches differ essentially in round-off or value smaller than the
tolerance requested.

4.8.2 Constant delay perturbation

Our method also applies to the constant delay case rpxq “ β. In particular,
in some aspects the constant delay case is simpler. Indeed the expression of
ĂW is just ĂW pθ, sq “ W pθ´ωβ, se´λβq. However the composition w.r.t. K is
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still needed to do it with jet transport for the step item 4 of Algorithm 4.6.
In this simulation and with the same tolerance of 10´11 in double-precision,

we get ω “ 0.1500677573212776, λ “ ´1.059382495053311 and 10 order in
less than 4 minutes. Figure 4.3 shows the isochrons for the constant delay
case.
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constant delay

pK ˝ W q0

Figure 4.3. Limit cycle and its isochrons for the perturbed
case K˝W of eq. (4.71) with state-dependent map
rpxq “ βe2x, and constant map rpxq “ β.
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Conclusions and future work

In reference to the introduction of Chapter 2, this thesis is a splicing point
in the author’s life.

Thanks to that point, we have had the chance to write down a formal
interpretation of the notion of jet transport in high order variational flows.
In particular, we have proved in Chapter 1 that independently of the nu-
merical method that integrates an ordinary differential equation (ODE) with
their variational equations, that is, the ODE itself and the (normalised) vari-
ation w.r.t. the initial conditions or parameters are exactly the same like
integrating the same initial ODE with jet transport, not only at the end of
the integration also in the intermediate steps. That justifies, for instance,
stepsize control of the integrator with jets.

We have provided formal proofs for the classical methods of integration
such as Runge-Kutta methods and Taylor method. Despite of the simplicity
in the proofs, we did not find any so clear proofs for this result which seems
to be basic to understand the jet transport in higher orders. The good un-
derstanding of the jet transport in numerical integrators allowed to consider
the Poincaré map of an arbitrary ODE and its high order derivatives which
are exactly obtained via jet transport on the numerical integrator.

There are two kind of Poincaré maps; the ones that are obtained by a
temporal section and the ones coming from a spatial section. The former
do not present any trouble in the use of jet transport but the latter have a
limitation in use of jet transport. In essence the problem is due to the fact
that the spatial derivatives and the temporal ones are mixed in this case.
That implies that the integrator must be able to capture the same order of
differentiability that is being requested in the jet transport. While Runge-
Kutta methods and other similar methods have a limitation in the order,
Taylor method can be performed in any temporal order and then it allows
to agreed with the one for jet transport.

Because of the exactness in the use of jet transport, we can claim that
the computation of the parametrisation method via jet trasnport in multi-
precision arithmetic is exactly the same than if we added the full system of

115
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variational equations in the integration.

The result in this project opens many new ones that can be understanding
by the use of jet transport. For instance, normal forms in higher orders,
control theory in higher orders, accurate integrator with suitable stepsize
control, and parametrisation method of tori in higher dimension as well as
its continuation.

In Chapter 2, we have seen that the use of an interpolation method, based
on a linear combination of the spatial points applies for jet transport which
means that the results in Chapter 1 can be extended for delay differential
equations (DDEs). In that chapter, we have focused on the constant delay
case and we explained in detail the results in [GJS18] which proofs theoretic-
ally the equilibrium points and their stability are the same as the DDE which
takes the delay equals to zero for a specific kind of constant DDE. However,
these kind of results do not quantify the stability and after some preliminary
simulations we thought to be interested in providing a further study in the
quantification of the stability in terms of the delay. Using the jet transport
we avoided to solve the transcendental characteristic equation, which allows
to quantify the stability in its solution with major real part.

Chapter 3 continues the results in Chapter 2 and they are applied in the
numerical computation of periodic and quasi-periodic solutions as well as in
their stability and continuation. In that context the linear system to solve
in a Newton approach can become large but due to the compactness of the
Poincaré map in the DDE the iterative linear solver and the corresponding
preconditioners have become a good alternative to use a matrix-free Newton
method.

Because of the timings in the results (which are different in the writ-
ing of the thesis), we establish as coming projects the use of the results of
Chapters 1 and 2 for the parametrisation of constant DDEs of (un)stable of
(quasi)periodic orbits for higher orders, Lyapunov exponents, etc. In the case
of manifold computation for DDEs, we know in advance that the unstable
manifold will be finite dimensional and the stable one will be infinite dimen-
sional but some of the directions will be more important than others, and
they can be quantify by the associated element in the spectrum. Therefore,
as we have done in Chapter 4 it makes sense to firstly focus on the slowest
stable direction.

Chapter 4 has been allowed us to get the parametrisation of the slowest
stable manifold of state-dependent delay differential equations (SDDEs) that
are obtained as a perturbation of an ordinary differential equations. Although
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it is a perturbation result, it turns on again the field of SDDE that in the last
years have been a kind of stuck. We strongly believe that the novel techniques
developed in Chapter 4 opens a lot of potential new results, specially due to
its a posteriori formulation. In particular, new research directions will be in
the existence and computation of the full infinite stable manifold, the use of
Lindstedt series for SDDEs, and bifurcation theory.

Besides all the potential new projects coming from the previous chapters,
we would like to mention other projects that we are working on now and
we expect to have results soon. For instance, the project with À. Jorba and
J.P. Lessard for the existence of choreographies for state-dependent motion
of bodies whose speed of gravitational interaction is finite. The one with
R. Calleja, A. Celletti, R. de la Llave for the rigorous proof of torus in the
spin-orbit problem with tidal torque. And also the one with J. Jaquette and
À. Jorba about rigorous integrators.
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[CJ00] E. Castellà and À. Jorba. On the vertical families of two-
dimensional tori near the triangular points of the bicircular
problem. Celestial Mech. Dynam. Astronom., 76(1):35–54,
2000.

[Cle62] C. W. Clenshaw. Chebyshev series for mathematical func-
tions. National Physical Laboratory Mathematical Tables,
Vol. 5. Department of Scientific and Industrial Research. Her
Majesty’s Stationery Office, London, 1962.

[Cor93] P. B. Corkum. Plasma perspective on strong field multiphoton
ionization. Phys. Rev. Lett., 71:1994–1997, Sep 1993.

[Cor14] P. Corkum. Recollision physics. Phyricsl Today, 64:36–41, 03
2014.

[CRR64] J. Cronin, P. B. Richards, and L. H. Russell. Some periodic
solutions of a four-body problem. I. Icarus, 3:423–428, 1964.
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