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Introduction

It is usual that in works related to stochastic processes, the Poisson process or the Brownian motion are
mentioned. This work is not an exception, we will not deal with them directly but they will do appear.
It is something normal due to the fact that these processes are the most important in the stochastic
processes theory, they both are Lévy processes and they both enjoy a rich theory.

The Poisson process generates point patterns in a purely random way, it is the simplest counting points
processes but it is quite accurate. The Poisson process owes its name to the fact that the number of
points in a region of finite size is a Poisson random variable. The term was coined in 1940 by William
Feller (see [27]). It has a lot of applications as the number of car accidents, the number of calls arriving
when the user is on the phone, the number of customers arriving to a bank attention line or queuing
theory problems. It is a discontinuous jumping process.

The Brownian motion is the random motion of pollen suspended in a water resulting from their collision
with the fast-moving molecules in the water. It was first observed by Robert Brown in 1828. It was
studied by Albert Einstein with a physicist model in 1905 (see [26]). Norbert Wiener started a rigorous
mathematical study in 1923 (see [44] and [45]), he also proved its existence and the non-differentiability
of the paths. But it was Paul Lévy the one who proved the most useful results in this initial stage
(see [35] and [36]). One of those results is the characterization of the Brownian motion as a martingale.
This process has applications in the stock exchange, in the noise of an electric circuit study, in the limit
behavior of queuing systems and in random perturbations studied in many other physics, biology and
econonly systems.

The Brownian motion is a canonical example of two of the most fundamental concepts in the stochastic
processes theory: the Markov property and the martingale property. The Poisson process only holds the
Markov property. The martingale concept was introduced by J. Vile in 1939 (see [40]). But Paul Lévy
had already created it in 1934, when he tried to extend the Kolmogorov inequality and the strong law of
large numbers further than the independence case.

In this work we will prove a result in weak convergence and it’s application to SPDE, in particular to
the stochastic heat equation. We proceed to explain the results that have motivated our work.

In 1982, Stroock proved in [38] that the following family of processes,

Ye(t) := 5/E (—1)NEds, e >0, (1)
0

where N denotes a standard Poisson process, converges in law, in the space of continuous functions, to
a standard Brownian motion. Note that this kind of processes had already been used by Kac in 1956
in order to express the solution of the telegrapher’s equation in terms of a Poisson process (see [33]).
Specially, if we consider the equation

10%F 0’F  2a0F

vorr ‘oz v ot

(2)

with a,v > 0, F'(z,0) = ¢(x), where ¢ is a smooth enough function and (%—f) _o = 0. Let us also consider

t
t
ot)=v [ (~D)¥ar
0
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where N, = {N,(t),t > 0} is a Poisson process of intensity a. Then we can write the solution of the
equation as:

F(a,t) = 5Blp(z + (1)) + plz — 2(t))]

Kac did not prove nor mention that the processes z(¢) converge in certain sense to the Brownian motion.
Nonetheless this convergence appears in his work in an implicit way. He notices that (2) converges to the
heat equation:

1 9F O%F

- 2 3

Dot 022’ 3)
if @ and v tend to infinity with 2¢ := & constant.

We can rewrite the process (1) and we have

T :L m_ N du = /n t_ N(ns) 14
W (1) ﬁ/()(l) d f/0<1> d
:ﬁ/ (—1)N+()ds,
0

We observe that these are the same processes considered by Kac with a = n and v = y/n, and it is clear
that 12]—‘; = 2 holds, so D = 2. It is well known that, the solution of the heat equation given in (3) with
D = 2 can be written as

F(z,t) = E[p(W:)[Wo = ],

where W is a Brownian motion.

We can find in the literature a lot of generalizations of Stroock’s result in three directions:
The first of them consists in modifying the process y.(t) in order to obtain approximations of other
Gaussian processes.

One first example of an extension of the above result is also due to Stroock, who modified the processes
T, in order to obtain approximations of stochastic differential equations:

nt t
Yo(t) = 2+ i/ (—1) V@ g (Y, (5))ds +/ b(Ya(5))ds,
v Jo 0
where ¢ € [0,7]. Assume that o and b belong to the space C? of the continuous function with bounded
first an second orde derivatives. Let {P"},>1 be the laws of the processes Y, in the space of continuous
functions C([0, 7). Then, {P"},,>1 converges weakly, when n tends to infinity, to P, where P is the law,

in the space C([0,T]), of the unique solution of the stochastic equation

t t
Y=z —|—/ o(Ys) o dWy +/ b(Y;)ds,
0 0
where W = {W,,t € [0,T]} is a standard Brownian motion and the integral in the sum’s second term is
in the Stratonovich sense.
Another extension in this direction is the following one given by Delgado and Jolis for a class of

Gaussian processes that include the fractional Brownian motion (see [22]). Let Y be a stochastic process
that supports this representation:

Y = {Yt —/OlK(t,r)dWT,tG [0,1]},

where W is a standard Brownian motion, the kernel K : [0,1] x [0, 1] — R satisfies that K is mesurable
and K (0,7) =0 for all r € [0,1], and that for all 0 < s <t <1,

/0 (K(t,r) - K(s,1)%dr < (G(t) — G(s))",

viii



where a > 0 and G : [0,1] — R is a continuous and increasing function. Let us consider

=vn 1 ) (=1)N) gy,
_\r/o K(t,r)(~1)N g

Then
Y5y, in C([0,1]).

i.e., the family of laws of {Y™},,>1 converges to the law of Y, as n tends to infinity.

The following result is another extension in the same direction. Let us consider {N(z,y); z,y > 0} to
be a Poisson process in the plane and S,T > 0. For any £ > 0, define the following random field:

(s,0) ;:6/05/0%\/@(—1)N<w»y>dxdy, (s,) € [0, 5] x [0,T]. )

Then, in [4] (see Theorem 1.1 therein), Bardina and Jolis proved that, as ¢ tends to zero, z. converges in
law, in the Banach space C([0, S] x [0, T]) of continuous functions, to the Brownian sheet on [0, S] x [0, T7].
That is, if we consider {P°}.~( the image law of the process z. in the Banach space C([0,S] x [0,T7]) of
continuos functions on [0,5] x [0,T], then {P°}.5¢ converges weakly, when ¢ tends to zero, towards to
the image law of a Brownian sheet. It is worth to mention that this result motivates our main result.

And, more generally, Bardina, Jolis and Rovira proved in [10] that if we consider

1 nt/ds, nl/dg, d = ( :
Tn (81,00, 84) i= —/ / T; (—1)N Troo®d)dye, L dag,
" Vv Jo 0 11_[1 '

then the laws of these processes converge weakly, in the space C (Hl 110, .5;]) to the law of a d-parametric
Wiener process.

Li and Dai in [20] obtained an alternative approach to the fractional Brownian motion using the
processes constructed in [4] for the Brownian sheet. They proved that, for H € (4,1), the laws of the
processes

() = n\/2Cx / / 9o t, 2, )2 =22yl (— )N gy,

where Cy = H(2H — 1)(1 — H)(3 —2H) and

0
gt z,y) = / Loy — y — 5)d,

—t

converge weakly to the law of a fractional Brownian motion.
We can also find results of weak converge towards a:

Complex Brownian motion. In [13|, Bardina and Rovira show an approximation in law of the complex
Brownian motion by processes constructed from a Lévy process. Bardina also showed an approximation
in law of the complex Brownian motion by processes constructed from an standard Poisson process (see

[1])-
Stratonovich multiple integrals. In [5], Bardina and Jolis considered the problem of the weak converge of
the multiple integral processes

{/ /ftl,..., Yne(t1) . . .1 (tn), te[o,T]}

as € goes to zero in the space Cy([0,7]), where f € L?([0,T]") is a given function, and {n.(t)}cs¢ is a
family of stochastic processes with absolutely continuous paths that converges weakly to the Brownian
motion. They have obtained the existence of the limit for any {7, }.>0, when f is given by a multimeasure,
and under some conditions on {7. }.~¢ if f is continuous and when f(t1,...,t,) = fi(t1) - fo(tn) ey, 01
with f; € L%([0,7)) for any i = 1,...,n. In all the cases the limit process is the multiple Stratonovich
integral of the function f.
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Fractional multiple integrals. Bardina, Jolis and Tudor in [6] studied the problem of the weak converge
of the multiple integral processes

{/Ot.../Otf(tl,...7tn)d775(t1)...ns(tn)’ te o, 1]}

as € goes to zero in the space Cy([0,1]), where f € L2([0,1]") is a given function, and {n.(t)}.0 is a
family of stochastic processes with absolutely continuous paths that converges weakly to the fractional
Brownian motion with Hurst parameter H > % They have obtained the existence of the limit for any
{ne(t)}e>0, when f is given by a multimeasure for any {n.}.~¢ with trajectories absolutely continuous
whose derivatives are in L?([0,1]), they proved that limit is the multiple fractional integral of f. Bar-
dina, Es-Sebaiy and Tudor in [2] gave us another example. They constructed a family of continuous
stochastic processes that converges in the sense of finite dimentional distributions to a multiple Wiener-
It6 integral with respect to the fractional Brownian motion. They assumed H > % and they proved their
approximation result for the integrands f in a rather general class.

Fractional Brownian sheet. Bardina, Jolis and Tudor showed an approximation in law, in the space of
continuous function in [0, 1]?, of Gaussian two-parameter processes that can be represented in law as a
certain Wiener-type integral. The approximations are constructed from a Poisson process in the plane
(see [8]).

Multiple Wiener-Ito integral. Bardina, Jolis and Tudor [7] studied the convergence to the multiple
Wiener-1t6 integral from processes with absolutely continuous paths. They considered a family of pro-
cesses, with paths in the Cameron-Martin space, that converges weakly to a standard Brownian motion
in Cy([0,T]). Using these processes, they constructed a family that converges weakly, in the sense of finite
dimentional distributions, to the multiple Wiener-Ité integral process of a function f € L?([0, T]").

Fractional SDE. Bardina, Nourdin, Rovira and Tindel in [11] showed a diffusion approximation result
for stochastic differential equations driven by a (Liouville) fractional Brownian motion B with Hurst
parameter H € (1/3,1/2). They resorted to the Kac-Strook type approximation using a Poisson process
studied in [6] and in [22], and their method proof relies on the algebraic integration theory introduced by
Gubinelli in [31].

The second direction for extending Kac-Stroock’s result is by proving convergence in a stronger sense
than convergence in law in the space of continuous functions. We also find papers where realizations of
the processes that converge almost surely to the Brownian motion, uniformly on the unit time interval,
are constructed (see [32], [30] and [19]). In order to obtain this convergence, the authors modify the
processes to avoid that they always start in an increasing way. The modified process is the following:

Xalt) = —=(~1)" / RERC
0

where A ~ Bern(2) is independent of the Poisson process N. These processes are usually called in the

literature as uniform transport processes. The weak convergence of these processes to the Wiener integral
can be deduced from results of Pinksy in [37] and Watanabe in [43] previous to the Stroock’s result.

Griego, Heath and Ruiz-Moncayo in [32] showed the strong and uniform convergences to the Brownian
motion on bounded time intervals of these processes. Later, Gorostiza and Griego in [30] and also Csorgd
and Horvath in [19] obtained a rate of convergence.

Garzon, Gorostiza and Leon in [29] constructed a sequence of processes that converges strongly to
fractional Brownian motion uniformly on bounded intervals, for any Hurst parameter H. They also
obtained a rate of convergence.

More recently Bardina, Ferrante and Rovira proved strong approximation to the Brownian sheet using
uniform transport processes (see [3]). They extended the results given by Griego, Heath and Ruiz-
Mocayo in [32] to the multiparameter case. They constructed a family of processes, starting from a
set of independent standard Poisson processes, that has realizations that converge almost surely to the
Brownian sheet, uniformly on the unit square. At the end they presented an extension to the d-parameter
Wiener processes.



The third direction to extend Kac-Stroock’s result consist in weakening the conditions of the approx-
imating processes in order to find generalizations of the processes (—1) (w) that also converge to the
Brownian motion. We observe that

(=1)NW = cos(nN(u)).

A first question was if the convergence results hold with other angles. Bardina in [1] showed that if we

consider
L™ cos(on,)d
z”(t)z—/ cos(0Ny)ds
TV

2nt
yg (t \F/ sin(0N;)ds,

where 6 # 0, 7, the laws of the processes converge weakly towards the law of two independent Brownian
motions. This result is interesting because in the limit two independent processes are obtained in spite
of the fact that the approximating processes are functionally dependent.

In [12] Bardina and Rovira showed that if they consider different angles 6; the corresponding processes
converge towards the law of independent Brownian motions despite they only use one Poisson process
and in [13] they also showed that if instead of using a Poisson process they consider a Lévy process, they
obtain also the convergence towards the law of two independent Brownian motions.

and

In the present work, we aim to extend the above result of [4] to the case where the Poisson process
is replaced by a Lévy sheet {L(x,y); z,y > 0} (see Chapter 2 for the precise definition). Indeed, note
that expression (—1)V(®¥) can be written in terms of the complex exponential as e™N(=¥)  Hence, when
replacing N by L, we will use the form e!™“(#¥) = cos(wL(x,y)) + isin(rL(x,y)) since the expression
(fl)L(I’y) may not be well-defined in R. On the other hand, we will replace m by an arbitrary angle
6 € (0,2m). The main result of this work is the following:

Theorem 0.1. Let {L(z,y); x,y > 0} be a Lévy sheet and ¥(§) := a(§)+1ib(§), £ € R, its Lévy exponent.
Let § € (0,27) and S,T > 0, and define, for any e > 0 and (s,t) € [0,5] x [0,T],

X (s,t) := EK/OE /0E Vzy {cos(0L(x,y)) + isin(0L(zx,y)) }dzdy, (5)

where the constant K is given by
a(0)? + b(0)?
= — . (6)
V2a(6)
Assume that a(0)a(20) # 0. Then, as e tends to zero, X, converges in law, in the space of complez-valued
continuous functions C([0,S] x [0,T];C), to a complex Brownian sheet.

We recall that, by definition, a complex Brownian sheet is a complex random field whose real and
imaginary parts are independent Brownian sheets. Hence, in view of the above theorem, we observe
that the real and imaginary parts of X, are clearly not independent, for any € > 0, while in the limit
they are. As we already mentioned, this phenomenon is not new, for it already appeared in the study of
analogous problems in the one-parameter setting (see, e.g., [1, 13]). Indeed, we recall that in [1| a family
of processes that converges in law to a complex Brownian motion was constructed from a unique Poisson
process. This result was generalized in [13], where the Poisson process was replaced by processes with
independent increments whose characteristic functions satisfy some properties. Lévy processes are one of
the examples where the latter results may be applied.

The main strategy in order to prove the kind of weak convergence stated in Theorem 0.1 consists in
proving that the underlying family of laws is relatively compact in the space of continuous functions (with
the usual topology). By Prokhorov’s theorem, this is equivalent to proving the tightness property of this
family of laws. Next, we will check that every weakly convergent partial sequence converges to the limit
law that we want to obtain.

In the last chapter of this work, we consider the following semilinear stochastic heat equation driven
by the space-time white noise:

ou 0*U

5 H@) = 55 (t2) = (U ) + Wi(t,z), (t,z)€[0,T]x[0,1], (7)
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where T' > 0 and b is a globally Lipschitz function. We impose some initial datum and Dirichlet bound-
ary conditions. In Theorem 4.1 below, we will prove that the random field solution U of (7) can be
approximated in law, in the space of continuous functions, by a sequence of random fields {U. }., where
U, is the mild solution to a stochastic heat equation like (7) but driven by either the real or imaginary
part of the noise X.. This result provides an example of a kind of weak continuity phenomenon in the
path space, where convergence in law of the noisy inputs implies convergence in law of the corresponding
solutions. Another example of this fact was provided by Walsh in [41], where a parabolic stochastic
partial differential equation was used to model a discontinuous neurophysiological phenomenon. Other
two examples that involve weak convergence with the stochastic heat equation are:

The stochastic heat equation driven by Gaussian white noise. In [9], Bardina, Jolis and Quer-Sardanyons
consider a quasi-linear stochastic heat equation on [0, 1], with Dirichlet boundary conditions and con-
trolled by space-time white noise. They replace the random perturbation by a family of noisy imputs
depending in a parameter n € N that approximate the white noise in some sense. Then, they provide
sufficient conditions ensuring that the real-valued mild solution of the SPDE perturbed by this family
of noises converges in law in the space of continuous functions, to the solution of the white noise driven
SPDE.

The Stratonovich heat equation. Deya, Jolis and Quer-Sardanyons in [23] they considered a Stratonovich
heat equation in (0, 1) with a nonlinear multiplicative noise driven by a trace-class Wiener process. First,
the equation is shown to have a unique mild solution. Secondly, convolutional rough paths techniques are
used to provide an almost sure continuity result for the solution with respect to the solution of the smooth
equation obtained by replacing the noise with an absolutely continuous process. This continuity result is
then exploited to prove weak convergence results based on Donsker and Kac-Stroock type approximations
of the noise.

The stochastic heat equation driven by a fractional noise. El Mellali and Ouknine in [25] considered a
quasi-linear stochastic heat equation in one dimension on [0, 1], with Dirichlet boundary conditions driven
by an additive fractional white noise. They replace the random perturbation by a family of noisy inputs
depending on a parameter n € N which can approximate the fractional noise in some sense. Then, they
provide sufficient conditions ensuring that the real-valued mild solution of the SPDE perturbed by this
family of noises converges in law, in the space C([0,T] x [0, 1]) of continuous functions, to the solution of
the fractional noise driven SPDE.

The proof of Theorem 4.1 will follow from [9, Thm. 1.4], where there are established sufficient conditions
on a family of random fields that approximate the Brownian sheet (in some sense) under which the
solutions of (7) driven by this family converges in law, in the space of continuous functions, to the
random field U. We refer to Chapter 4 for the precise statement of the above-mentioned conditions. In
[9], the authors apply their main result to two important families of random fields that approximate the
Brownian sheet. Fisrt, the Donsker kernels, which are defined, for n > 1 and (¢, z) € [0,T] x [0, 1], by

O.(t,z) :=n Z Zk[[kl_l,kl)x[k2_17k2)(tn, xn),
k=(kL,k2)EN?

where Z,, k € N2, is an independent family of identically distributed and centered random variables,
with E[Z?] = 1 for all k € N2, such that E[|Z;|™] < 400 for all k € N* and some even number m > 10.

The other one are the Kac-Stroock processes defined by
Ou(t, ) i= nv/ia (—1) NV (VIEVAD),

where N denotes a standard Poisson process in the plane (indeed, this case corresponds to (4)). As
it will be exhibited in Chapter 4, the proof of Theorem 4.1 is strongly based on the treatment of the
Kac-Stroock processes in [9] (see Chapter 4 therein), and also on some technical estimates contained in
the proof of the tightness result given in Proposition 2.1 of the present work.

Eventually, we note that the kind of convergence results that are obtained in the present work assure
that the limit processes, which in our case correspond to the complex Brownian sheet and the solution
to the stochastic heat equation, are robust when used as models in practical situations. Moreover, the
obtained results provide expressions that can be useful to study simulations of these limit processes.
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This work is organized as follows. Chapter 1 contains some preliminaries on two-parameter random
fields, the definition of Lévy sheet and some weak convergence concepts and related results. Chapter 2
is devoted to prove that the family of laws of (X.).s¢ is tight in the space of complex-valued continuous
functions. The limit identification is addressed in Chapter 3. Finally, the result on weak convergence for
the stochastic heat equation is obtained in Chapter 4.
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Chapter 1

Preliminaries

In this chapter, we recall the results and concepts that we will use throughout our work. The contents
in this chapter will be used in order to achieve our results. It is divided in three sections: in the first
one we give the definition of the Brownian sheet and the Lévy sheet, the second one is a brief account on
weak convergence of probability laws and the third one is devoted to the Wiener integral with respect to
Brownian sheet.

1.1 The Lévy sheet

In this section we will introduce the Lévy sheet, the process that we use for constructing X, in (5).

Let (Q, F,P) be a complete probability space. We will use some notation introduced by Cairoli and Walsh
in [18]. Namely, let {F,; (s,t) € [0,.5] x [0,T]} be a family of sub-o-algebras of F satisfying:

(i) Fst C Fop, forall s <s andt <t.
(if) All zero sets of F are contained in Fo g .

(iii) For any z € [0,5] x [0,T], F, = NycrFy, where z = (s,t) < 2/ = (s',1') denotes the partial order
in [0, 5] x [0, T], which means that s < s’ and ¢t < ¢'.

If (s,t) < (¢',t') and Y denotes any random field defined in [0, S] x [0, T], the increment of ¥ on the
rectangle [s, s'] x [t,t'] is defined by

A Y (1) =Y (s t) =Y (s,t') =Y (s',t) + Y(s,t).

An adapted process {Y (s,t); (s,t) € [0,S5] x [0,T]} with respect to the filtration {Fs; (s,t) € [0,5] x
[0,T]} is called a martingale if E[|Y (s,t)|] < oo for all (s,t) € [0,5] x [0,7] and

E[As Y (s, 1) Fsi] =0, forall (s t) < (s,t).

It will be called a strong martingale if E[|Y (s,t)|] < oo for all (s,¢) € [0, 5] x [0,T], Y (s,0) =Y (0,t) =0
for all s,t and
E[A;, Y (s, t)|Fs V Fsr] =0, forall (s,t)<(s,t).

We recall that a Brownian sheet is an adapted process {W(s,t); (s,t) € [0,5] x [0,T]} such that
W(s,0) = W(0,t) = 0 P-a.s., the increment A, ;W (s, t) is independent of Fg, V F, 1, for all (s,t) <
(¢',t'), and it is normally distributed with mean zero and variance (s’ —s)(¢'—t). If no filtration is specified,
we will consider the one generated by the process itself, namely 7% := o{W(r, 2); (r,2) € [0,5] x [0,#]}
(conveniently completed).

A Lévy sheet is defined as follows. In general, if Q) is any rectangle in Ri and Y any random field in
R%r, we will also denote by AgY” the increment of Y on @. It is well-known that, for any negative definite
function ¥ in R, there exists a real-valued random field L = {L(s,t); s,t > 0} such that:

1



(i) For any family of disjoint rectangles Q1,...,Q, in Rﬁ_, the increments Ag, L, ..., Aq, L are inde-
pendent random variables.

(ii) For any rectangle @ in Ri, the characteristic function of the increment AgL is given by
E [eiéAQL] = MV R, (1.1)
where A denotes the Lebesgue measure on Ri.

A random field L = {L(s,t); s,t > 0} taking values in R that is continuous in probability and satisfies
the above conditions (i) and (ii) is called a Lévy sheet with exponent V.
By the Lévy-Khintchine formula, we have

1x€
1+ |z?

V(&) = dag + %0252 +/

{1 R
R

U(dﬂ?)a § eR,

where a € R, o > 0 and 7 is the corresponding Lévy measure, that is a Borel measure on R\ {0} that
satisfies

R1+|x|27} X Q.

We write ¥(€) = a(§) + ib(§), where
a©) 1= 30 + [ [1 = cos(ealne).

and

e i=ag+ [ | — sin(eo)| n(aa).

Observe that a(¢) > 0 and, if £ # 0, a(£§) > 0 whenever o > 0 and/or n is nontrivial.

1.2 Weak convergence and tightness

In this section we will recall some definitions and properties related to weak convergence and tightness.

Let us consider G a separable and complete metric space, and let us consider £ its Borel o-field. Also,
let us denote by P(G) the space of probability measures on (G, E), and we consider in this space the
weak topology, i.e., the smallest topology for which the application

= p(f) :=/Gfdu7 r € P(G)

is continuous, for all bounded continuous function f on G. There exists different compatible metrics with
this topology that make P(G) a separable and complete space too, an example of it is the Prokhorov
metric (see [16]).

Definition 1.1. We say that a sequence of probability measures in (G, &), {un,n > 0}, converges weakly
to a probability measure p and we denote it as

w

Hn = [
if
pin (f) — pu(f)

for all bounded and continuous f : G — R. In other words, if there is a convergence of pu, towards p in
the topology mentioned above.

Definition 1.2. A set A C P(G) is relatively compact if any sequence in A has a weakly convergent
subsequence.



Definition 1.3. A set A C P(G) is tight if, for all e > 0, there exists a compact set K in G such that,
forallpe A, u(G\K) <e.

In a metric space, a usual way of proving the convergence of a sequence is by proving that the sequence
is relatively compact and then, it is enough to prove that every convergent subsequence converges to the
same limit. Prokhorov Theorem describes which are the relatively compact sets of P(G) (see [16, Thm.
5.1]).

Theorem 1.1. (Prokhorov Theorem) A set A C P(G) is relatively compact (with respect to its weak
topology), if and only if it is tight.

Suppose that we have, in a probability space (Q, F,P), a random variable X with values in G which
is a complete, separable and bounded space. We will call the law or distribution of X to the image law
Po X~ 1in (G,B(G)), where B(G) is the Borel o-field. We will refer to this probability measure as £(X),
which defines a probability law in (G, B(G)).

Definition 1.4. Let {X™,n > 0} be a sequence of random variables with values in G, defined in some
probability space (Q™, F"™,P™), respectively, with L(X™) as their law. We will say that {X™,n > 0}
converges in law to a random variable X in G with law L(X), and we will denote it by

X" 5 X,

if L(X™) = L(X).
If we denote the mathematical expectation with respect the probability QQ by Eq, this definition is equiv-
alent to say that, for all bounded and continuous functions f : G — R, we have

Een[f(X™)] — Ee[f(X)], as n— ox.

Let {X™(¢),t € T,n > 0} be a sequence of stochastic processes with values in R parameterized by a
compact metric space T, with continuous paths. We can consider the processes X" as random variables
in the Banach space of the continuous functions C(T"). In order to prove the convergence in law of the
processes X™ to a certain process X, in C(T), we can follow the following steps:

1. Prove that the family of laws {£(X™)},>1 is relatively compact in P(C(T')) or, thanks to Prokhorov
Theorem, proving that this family is tight.

2. Prove that any weakly convergent subsequence {L£(X™*)},>1 converges to the same limit, that is,
to the law L(X).

This second condition can be replaced by the following one:

2’. Prove that for all £ > 1 and for all t1,...,t, €T,
(X" (1), -, X" (1)) = (X (81, -, X (1)
in R*. This corresponds to the convergence of the finite dimentional distributions.

For proving that, it is common to use some criteria based on the characterization of the compact spaces
given by the Arzela-Ascoli theorem.

1.3 The Wiener integral with respect to the Brownian sheet

In this section, we define the Wiener integral with respect to the Brownian sheet (we follow Khosh-
nevisan’s course in [21]). In order to define it, we will first recall the definition of white noise and its
relationship with the Brownian motion and the Brownian sheet. These last two processes were defined
in the first section of this chapter.

Definition 1.5. A white noise in RN is a family of random variables {W(A), A € B(RN)}, defined on
some probability space (Q, F,P), such that:



1. For all By, Bs,...,B, € Bo(RN) (bounded borel sets), the vector (W(By), W (By),...,W(B,)) is
Gaussian.

2. E[W(A)] =0 and E[W(A)W(B)] = A\(AN B), for A, B € B(RN).

In particular, if N > 1, we consider the Gaussian process {W;,t € Rif } given by

Wiim W0, b, x [0tn]), = (f1itay o t):

This process is a Brownian sheet, namely it has mean zero and E[W, W] = Hfj:l(sn Aty).
If we fix N=1, the process W; is a standard Brownian motion with.

We can observe that Brownian sheet generalizes Brownian motion to an N-parameter random field. It
is also possible to introduce the d-dimensional, N-parameter Brownian sheet as the d-dimensional process
whose coordinates are independent, (one dimensional) N-parameter Brownian sheets.

Let us consider W a white noise in RY. First, let W(14) := W(A), for any A € B(RY). Now, we
define, for all disjoint By, Ba, ..., B, € B(RY) and a1, as, ..., a, € R,

W ZajIBj = ZCLJW(B])
j=1 j=1

Note that, by definition, the random variables W (By), W (Bs),..., W (B,) are independent. Therefore,

2 2

E (W (> als => allg|=|> a;lp, : (1.2)
i=1 i=1 =1 L2®N)

We can infer that, for all h € L*(RY) there exists {hy, }m>1 of the form Z;LLT) aj"Ipm such that
Bi*, By',..., B € B(RY) are disjoint and ||h — A | 2@~y — 0 as m — oo. This fact and (1.2) tell
us that {W (hm)}m>1 is a Cauchy sequence in L?(£2). Let us call W(h) to its limit. This is the Wiener
integral of h € L?(R"), and we write

W(h) == /de = [ h(z)W(dx).
RN
Its main property is .
W (h)llz2@) = [kl L2@n~)- (1.3)

Thus, W : L*(RY) — L2(Q) is an isometry. (1.3) is called the Wiener’s isometry ([46]). We observe
that the Wiener integral of & € L?(RY) is only for a nonrandom h. The process {W (h)},cr2®x) is called
the isonormal process (see [24]) and it is a Gaussian process with mean zero and covariance functional
given by the inner product:

(. g) sy = [ h)g(a)da,
RN
for all h,g € L>(RY). We will use this integral when we define the mild solution of (4.1) in Chapter 4.



Chapter 2

Tightness

In order to prove Theorem 0.1, we must show that the family {P.}.~¢ is tight. Moreover, we need
to prove that any subsequence of this family that converges weakly, it should do it to a complex-valued
Brownian sheet. In this section we will prove that {P.}.~¢ is tight. Instead of using the tightness
definition, we will use the tightness criterion given by Centsov [17] (see also Bickel and Wichura [15,
Theorem 3]), and the fact that X. vanishes on both axes. Due to this, it is enough to prove the next
proposition.

Proposition 2.1. Let {X .}~ be the family of random fields defined by (4). There exists a positive
constant C' such that, for all (0,0) < (s,t) < (¢',¢') < (S,T),

supE ||A, X (s, )] < C(s' — 8)2(t — 1)

e>0
This implies that the the family of probability laws of (X.)eso is tight in C(]0,S] x [0,T]; C).
Proof. By definition of X. and the properties of the modulus | - |, we have

E A, X (5 1)]"]
[ ! s’ 4
) ’/E /E Vaey {cos(0L(x,y)) + isin(0L(z,y)) }dxdy

4

= KR ‘/E /E Ty 0@V dady

[/ 2 ¢ 2
=*K'E ([ / \/xlyleiaL(ml’yl)dmdylﬁ / \/$22/2€i6L(I27y2)d$2dy2>

2

! t s’ s’
= KR <[ ﬁ / / VI1Z2y1Y2 eie(L(”’yz)L(Il’yl))dmdfﬂzdyldm)

t t s’ s’
= KE ﬁ [ / / VZ1T2X3T4/Y1Y2Y3Y4

X ei@(L(am,y4)7L(a:3,y3)+L(z2,yg)fL(xl,yl))dxl e dIL’4dy1 e dy;;| .

We observe that e 2i-1(=D Lz — ewZﬁ:l(fl)jAO*OL(“"j’yj% where in the latter sum we have the
increments of L from (0,0) and (x;,v;), for i = 1,...,4 multiplied by (—1)7. If we apply this fact and
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Fubini’s theorem, we obtain

+

t/ S/ S/
Lot e
e VIT1Z23T4/Y1Y2Y3Y4
k3 1 E E3
€ £ € £

X eie Ei:l(_l)jAo‘DL(lj’yj)dl'l PN dl‘4dy1 c.e dy4

t, t/ s' s/
wa [ [ T orT
="' K VZ1T2X3T4/Y1Y2Y3Y4
t t El s
= £ = £

x E [ew Z?=1(_1)jA030L(”Jﬂ"yﬂ')] dxy ...dxadyy ... dy,.

E||aX.(s, 1) = “K'E

Since we have 24 possible orders for the z-variables and another 24 possible orders for the y-variables,
we have that

E [\As,txe(sgtf)ﬂ

A L s
Z Z £4K4ﬂ [ / / \/3319623?3:C4\/y1y2y3y4E[ewZﬁzl(*l)'JAOvoL(wi’yj)}

ogEPy BEP,

X I{ﬂﬂau)<£a(2)<$o(3)<$a<4)}1{y5(1)<yﬁ(2)<yﬁ(3)<yﬁ(4)}dm1 coodrgdyy o dys

[ E-1
5 e € € . 4 i . .
< E E €4K4/ / / / V1 22T384/Y1Y2y3y4 E [e”’ Zj:l(*l)%o,ob(w;’yg)}
ocEPy BEP, é % < H
X L0 1) <2y <o (3) <20} (w300 <Wp () <UB8) <Wp(a) Y A1 - - - ATadY1 - . . dys
A EI
e £ € € . 4 i . .
< E E €4K4/ / / / VIT1Z2X3T4/Y1Y2Y3Y4 ‘E [ew Zj:l(*l)JA“v”L(””ﬂ’yi)] ’
t t s s
cEPy BEP, B B3 e <

X L 1) <0 (2) <o (5) <o H s 1) <us(a <wss) <vpn } 421 - - - dTadY1 .. . dya, (2.1)

where Py is the group of permutations of order 4. This give us 576 integrals. Now, thanks to the
geometrical structure of the increments of L in the expression 2:?:1(—1)3'A0’0L(95j7 Yj), we observe that
we can reduce this number of cases to only 72, since the inequalities yo < y4, y1 < y3 and y3 < y4 generate
the same cases as the inequalities y; < y2, y3 <y and y4 < y3. So we will have 24 times the cases where

y1 < y2 < y3 < ya,
Y2 < y1 < y3 < Ya,
Y1 < y3 < y2 < ya.

Thus, we have that

E [|AS7tX5(s’,t’)|4}

3 A st sl
=8* K* Z Z / / - / / \/x1x2x3x4\/y1y2y3y4 ’E {ew Z?zl(*l)jAO’OL(Ij’yf)} ‘
1 1 E3 E

l=10€Py" =

X I{x,(1)<10(2)<w¢,(3)<w0(4>}Ide$1 o .d$4dy1 cen dy4,

where Vi ={Z<yi<pp<p<pus<ihYe={i<m<y<yp<p<ladYa={i<y <y<
Y2 <wys <L}
By now we only have 72 integral cases. We use once more the geometrical structure of the increments of

L in the expression Z?Zl(—l)jAo,oL(xj, y;) to reduce our number of integrals to 24. This is due to the
fact that the structure of our 72 integrals corresponds to one of the 24 cases appearing in Figure 2.1; we
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notice that the 24 cases of Figure 2.1 correspond to the the cases where y; < yo < y3 < y4. In each one
of this 24 geometrical structures, we will have that the corresponding increments of L will be multiplied
by ¢; € {—1,1} in the black regions or by ¢y € {—2,0,2} in the white regions.

Now, let us fix 0 € P4 and Y,. We analize the term

i 4 _1\J Tiys
’E [6 0524, (=1) Moo L( y)} ‘ TRy o8 (2.2)

Here, we perform some suitable changes of variables and a harmless abuse of notation (using the same
variables for simplicity’s sake), in order to have x; < 29 < 23 < 24 and y1 < Y2 < Y3 < Y.

Let us denote by @ the area in Figure 2.1 corresponding to the fixed variables order we just mentioned.
We can divide @ as a union of black and white disjoint rectangles. In a precise way, we will write it as

Q= (Uka) U (Ul Qz),

where the increments Ag, L are multiplied by ck € {~1,1} and Ap, L are multiplied by cy € {-2,0,2}.
Then, we have that (2.2) equals

i0(X, fAg, L+, chA5 L)
’]E {6 k < I{ﬂm<mz<13<w4}1{y1<y2<y3<y4}

_ 0>, . chAas L 03, chbAs L

- ‘E [6 BT } E |:€ PTG I{z1<zz<z3<z4}I{y1<y2<y3<y4}

_ 0>, cfAs L 03, cbAs L

- ‘E |:6 BTk ” X ’E |:6 LT I{ml<m2<m3<w4}1{y1<y2<y3<y4}

_2\O ck -2(Q ek
_ H‘e MNQi)( 19)’1_[‘6 AQu)w( 29>}I{zl<x2<x3<z4}1{y1<y2<y3<y4}
k l

- ) a Ck - ) a Cl
= H € AQu)ale6) H € Manal 26)1{11<z2<zg<z4}l{y1<y2<y3<y4}
l

k
< H e_)\(Qk)a(G)I{Il <I2<I3<I4}I{y1 <y2<ys<ya}
k

= e_A(Q)a(a)I{Il <12<13<24}I{y1 <y2<ysz<ya}> (23)

where @ := UpQy. Here we recall that A is the Lebesgue measure in R? and that ¥(0) = a(6) + ib(0)
satisfies a(f) = a(—0). The importance in this calculations is that, independently of the constants ¢} and
ch, we got an estimation of (2.2) which only involves the black regions multiplied by 1. This reduces our
number of cases to the study of only 24 of them, the ones in Figure 2.1. Now, we will deal with these
24 integrals and we will try to reduce our analysis into just 4 integrals. For this, we will display the 24
cases of Figure 1, line by line and in a left to right order. Displaying all of the integrals is going to be
repetitive and tedious but we need to do it in order to show that they all can be bound by some integral
of a set of integrals that we will give explicitly. Let’s call this set BI := {I1, I}, I5,I}}, where I/ with
1 =1,2,3,4 will be defined as they appear when we deal with the 24 integrals we have by now.

In order to simplify the calculations in the 24 integrals, we will divide the cases in Figure 2.1 in
convenient disjoints rectangles in each integral.

I. First case. The black area Q! of the first case in Figure 2.1 can be divided in four disjoint rectangles.
Set QF, i = 1,2,3,4, the disjoint rectangles in the first case of Figure 2.1, whose union is equal to the
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L
il

Figure 2.1: Each square represents the rectangle (s,t) x (s',¢').  Regions corresponding to
Z?Zl(—l)jAo,oL(xlj,yj)., for all possible 24 orders of the x-variables and y; < y2 < y3 < ¥4, are drawn
in each square. Black areas are regions where the corresponding increment of L appears an odd number
of times. Note that, indeed, all areas are extended up to the plane axes.



black area Q1 i.e., Q! := U{_;Q}. By the above arguments and computing (2.1) and (2.3), we have that

—s/ / / / VZ1T2T3T4/Y1Y2Y3Ya

_/\(Q a(g)I{xl<x2<x3<r4}I{y1<y2<y3<y4}dx1 Ldxgdyy ... dyy

! i
:54[ /t / / VT1T2T3T4/Y1Y2Y3Y4

€

e S M@ba(

0)[{11<x2<x3<x4}1{y1 <y2<y3<y4}d1'1 Ldzxadyy ... dy,

A Ea
:54[5 /E /E /E VEIT2T3T4/Y1Y2Y3Ya e~ O ((a=po)ro syt (va—y)ar-+(aa=o1)02)
A t s =2

X I{zl<w2<w3<w4}1{y1<y2<y3<y4}dx1 co.dxgdyy ... dyy

[ s s
§€4[5 ﬁs /E /E VE1T2T3T4/Y1Y2Y3Y4 e~ =po)aat(@s=a2)un+ (o —n )1 +zz—a1)1)

X Ty <an<zs<aat L fyr <ys<ys <y} A1 - - daadyy ... dyy := T7.

I1. Second case. Set Q?, i = 1,2,3,4, the disjoint rectangles in the second case of Figure 2.1, whose
union is equal to the black area Q?, i.e., Q% := UL, Q? and again, by the above arguments and computing
(2.1) and (2.3), we have that

I, —E/t / / / V122237 4/Y1Y2Y3Y4

xXe a(e)l{ivl<$2<I3<I4}I{U1<112<113<U4}dx1 ~dxadyy . . . dy,

L s s
/ /t / / VZ1T2X3T4/Y1Y2Y3Y4

t
e

=&
X e bn

i—1 )\(Q )G(Q)I{ 1<z2<z3<z4}1{y1<y2<yg<y4}d$1 d.’]’,‘4dy1 e dy4

264[5 / / / \/m1x2x3x4¢y1y2y3y4e‘““’)((y4‘y3)””3+(””4‘””3)y3+(y2‘yl)“*(“‘””l)yz)

X I{zl<172<a:3<r4}'[{y1<y2<y3<y4}dm1 coodxgdyy .. dyy

[ EA
< et [ /t ca / / \/$1x2m3$4\/y1y2y3y4 e—a(@)((y4—y3)x3+(y;4—a;3)y3+(y2—yl)x1+(w2—w1)y1)

X Ty <wn<zs<wat L {yr <ys<ys<ya}d21 - - daxadyy ... dys = I].

ITI. Third case. Set Q7, i = 1,2,3,4,5, the disjoint rectangles in the third case of Figure 2.1, whose
union is equal to the black area @3, i.e., Q* := U?_;Q3 and once more, by the above arguments and
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computing (2.1) and (2.3), we have that

I3 :=¢ [ / / / VIT1Z2X3T4/Y1Y2Y3Y4
A(@%)a(0)

_8
X e

I{ﬂh <w2<w3<w4}1{y1 <y2<y3<y4}dx1 ~dradys ... . dys

! s’ s_
ﬁ . / / VI1Z2Z3T4/Y1Y2Y3Y4
>3

3 a
_ AM@Q7) (G)I{zl<12<z3<z4}1{y1<y2<y3<y4}dx1 coodrgdyy ... dyy

A EA
264/6 /E /E /a VI 1T2T3T1\/Y1Y2Y3Ya e—a(G)((y4—y3)mg+(z4—zg)y2+(y2—yl)m1+(z2—z1)y2)
t t El s

% —a(9)(x3—x2)(y4—y2)1{z1<z2<z3<z4}]{yl<y2<y3<y4}d$1 co.dxgdyy .. dyy

<gt / / /? /? VIT1Z2X3T4/Y1Y2Y3Y4 e—a(e)((y4—y3)xz+(x4—za)yz+(y2—yl)x1+(zz—$1)y2)

—a(0)(xz—z2)(

[

yg_yz)‘r{m<r2<13<m4}1{211<yz<ys<y4}dx1 - dzadyy .. dys = I‘i'

IV. Fourth case. Set Q%, i = 1,2,3,4,5, the disjoint rectangles in the fourth case of Figure 2.1, whose
union is equal to the black area @4, i.e., Q* ;= U?_, Q} and by the above arguments and calculating (2.1)
and (2.3), we have that

I, —e[ / / / VT1T2T3T4/Y1Y213Y4

a6 )I{xl<x2<:c3<:c4}1{y1<y2<ys<y4}d‘r1 ~dzadyy ... dys

254[ [ / / VE1Z2T3T4/Y1Y2Y3Y4
X e i

A
€

i M@Da 6)I{z1<mz<ms<w4}l{vl<U2<U3<U4}dzl dx4dy1 e dy4

¢ E
:64/6 /E /E /E VE1T2T3T4/Y1Y2Y3Ya =0 ((i—po)rat szl +a—y)ar+(aa=ea)un)
t t s S

w e—a(0)(@s—2)(

y4_y1)1{w1<z2<w3<w4}l{y1<y2<y3<y4}d$1 to dac4dy1 T dy4

[ EiA-
§€4[6 [5 /E /E VE1T2T3T4/Y1Y2Y3Ya ¢~ O ((i=p)rat@a—s)ur +a—y)a+(a=ea)un)

x e~ 40)(za—z2) (Y311

)I{I1<z2<z3<14}]{yl<y2<y3<y4}d‘r1 o dm‘ldyl T dy4 = Ié"

V. Fifth case. Set Q?, i = 1,2, 3,4, the disjoint rectangles in the fifth case of Figure 2.1, whose union is
equal to the black area Q°, i.e., Q5 := U!_;Q? and again, by the above arguments and calculating (2.1)

10



and (2.3), we have that

I _e[ / / / VZT1T2T34/Y1Y2Y3Ya

X e~ AQ a(G)I{xl<zz<13<r4}1{y1<y2<y3<y4}dx1 d$4dy1 - dy4

=c / / / / VE1Z2T3T4/Y1Y2Y3Y4

= o MQDa(

(C]
“ )I{$1<$2<13<14} {y1<yz<y3<y4}dxl dl‘4dy1 s dy4

. t s s
:64/5 /E /E /E VE1T2T3T4/Y1Y2Y3Ya =0 (i=po)zo syt va—y)mr+(aa=oa)un)
t k) s s

X I{:vl<z2<z3<w4}1{y1<y2<y3<y4}dx1 . dx4dy1 e dy4

t t s’ s’
§€4/6 /E /E /5 VI T2T3T1\/Y1Y2Y3Ya e*a(a)((y4*y3)f63+(174*1?3)y3+(y2*yl)r1+($2*$1)yl)
t Jt s Js

X I{ml<m2<:1:3<m4}[{y1<y2<y3<y4}dxl .. .d$4dy1 . dy4 = Ii

VI. Sixth case. Set Q¢, i = 1,2, 3,4, the disjoint rectangles in the sixth case of Figure 2.1, whose union
is equal to the black area QY i.e., Q6 = Ul ,Q8. So,

=c [ / / / VZ1T223T4/Y1Y2Y3Ya
€ 6 (

A@7)a )I{xl<x2<w3<x4}1{y1<y2<y3<y4}d$1 cdrady ... dys

=¢ / / / / VE1Z2T3T4/Y1Y2Y3Y4

s
€

=i M@D)a(9)

I{w1<w2<$3<$4}1{1}1<U2<U3<U4}d$1 dx4dy1 s dy4

—c / / / / VI TaT3T 4\ Y1Y2Y3Ya € a( 9)((y4*y3)13+(1?4*I3)y3+(y2*y1)11+(1’2*1’1)yl)

X I{w1<w2<z3<w4} {y1<y2<y3<y4}dx1 - .d$4dy1 . dy4 = I{

VII. Seventh case. Set Q7, i = 1,2,3,4,5, the disjoint rectangles in the seventh case of Figure 2.1,
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whose union is equal to the black area Q7, i.e., Q7 := U2_; Q7. Then,

=¢ ﬁ / / / VZ1T2X3T4/Y1Y2Y3Y4

X e a(e)‘[{ml <z2<z3<z4}-[{y1 <y2<y3<y4}dx1 d1'4dy1 ce dy4

=& / / / / VT1T2T3T4/Y1Y2Y3Y4

X e~ Zi:l A@Q a(

)I{-Ll <-L2<-L3<»L4}I{y1<y2<y3<y4}dz1 dl’4dy1 cee dy4

t ! s’ s!
:54[5 / / / VEZ1T2X3T4/Y1Y2Y3Y4 efa(e)((yryg)zﬁ(“7x3)y2+(y27y1)$1+(z27w1)y1)
R t s s

w e~ (0) (zz—z1)(

y47y2)1{w1<w2<w3<w4}l{y1<y2<y3<y4}dx1 to dx4dy1 e dy4

[ EA
< 64 / 6 / E o / E / E \/z1x2$3$4\/y1y2y3y4 efa(e)((y47y3)m1+(m4713)y2+(y27y1)x1+(z2711)y1)
1 k3 EX EX

X e_a(e)(m3_ml)(y3_

yz)l{m<zz<zs<z4}l{y1<y2<y3<y4}d$1 coedrgdyy . dyy

A £
264/ / / / VELT2T3T 4/ Y1Y2Y3Ya e (Wempmat iz —p)ertame)n)
s EX 1 1

w e~ a(O)(@a—2)(

yg_yl)I{ml<z2<z3<z4}j{y1<y2<y3<y4}dx1 co.dxgdyy ... dyy.

In the last line we did some convenient changes of variables swapping the z-variables with the y-variables.
They change the role of s, s/, ¢ and ¢’ but at the end the integral is still equal to I3.

VIII. Eighth case. Set Q%, i = 1,2,3,4,5,6, the disjoint rectangles in the eighth case of Figure 2.1,
whose union is equal to the black area @8, i.e., Q% := US_;Q%. Thus,

_5/ / / / VZ1Z2T3T4/Y1Y2Y3Y4

_>\(Q )a(a)I{zl<:¢2<z3<z4}I{y1<y2<y3<y4}d$1 Ldxgdyy ... dyy

:€4ﬁ [ / / VE1T2T3T4/Y1Y2Y3Y4
(

o= T A@Da

DIias <arrs<as)Lig<ys<ys<ys) A1 ... dzadyy ... dys

a e 7a(0)((y47y3)$1+(z4713)yl+(y2*y1)!1?1+(zzfz1)yl)
6/ /1 [ /7 VIIT2T3T4/Y1Y2YsYa €

€

—a() | (xa—z1)(ys—1 r3—x —
e ()(( 2—21) (ya—ys2)+ (w3 —2) (va yl))I{ml<I2<m3<m4}]{yl<y2<y3<y4}dx1,,.dx4dy1...dy4

< T [T —a(@)((y4—y3)x1+(ac4—ac3)y1+(y2—y1)x1+(x2_3¢1)y1)
6/ L /, [ V1222384 Y1Y2YsYa €

0) (22 —21) (s —y2)+ (23 —22) (y2—11))

I{wl<$2<$3<$4}I{y1<y2<y3<y4}dx1 coodxgdyy .. dyy = Ié.

IX. Nineth case. Set Q?, i = 1,2,3,4,5, the disjoint rectangles in the ninth case of Figure 2.1, whose

12



union is equal to the black area Q°, i.e., Q% := U?_, QY. Therefore,

t/ t' s' 5/
L[5 (" =
Iy :=¢ e VZ1T2X3T4/Y1Y2Y3Y4
t t s El
15 £ = £

e MQ°

)a(g)l{ml<1:2<1:3<1:4}I{y1<y2<y3<y4}dm1 .. dl’4dyl s dy4

=€ / / / / VT1T2T3T4/Y1Y213Y4

€

X e~ Zi:l A@Q a@)

I{x1<x2<x3<x4}1{y1<y2<ys<y4}dm1 dl’4dy1 cee dy4

- / / / / VELL2E3T 4/ Y1Y2YsYa € a0) (ra=v) ot amwo ot o=y 1+ (2—o)32)

7(1(9 Ta—22)(Ya—y2)

I{wl <$2<$3<$4}I{y1 <yz<y3<y4}dx1 d$4dy1 s dy4

=< / / /? /? VI1T2T3T4\/Y1Y2Y3Y4 efa(a)((yrys)zﬁ(“7m3)y2+(y27y1)$1+(m2711)y2)
- t s s

_a(9 T3— m)(ys_m)[{zl<z2<z3<z4}l{y1<y2<y3<y4}dx1 . dg;4dy1 L. dy4 = IA/L'

X. Tenth case. Set Q1°, i = 1,2,3,4, 5, the disjoint rectangles in the tenth case of Figure 2.1, whose
union is equal to the black area Q' i.e., Q0 ;= U_,QI° . Thus,

¢ t’ s’ s’
N e & & e
o :=¢ VIT1T2T3T4/Y1Y2Y3Y4
t 1 EX s
= € = €

e NQ O

1<x2<x3<x4}f{yl<y2<y3<y4}dx1 coodxgdyy .. dyy

=€ / / / / VI1T2T3T4/Y1Y2Y3Y4

7, 1 ( 10)0'(0

I{w1<wz<w3<w4}j{y1 <y2<y3<y4}d$1 dx4dy1 s dy4

< e —a(0 (14 T2)

(ZJS v2) I{I1<I2<I3<ZL’4} {y1<y2<y3<y4}dxl d$4dy1 s dy4

! t s’ s
§54/E / / / VTITT3T 4/ Y1Y2Y3Ya Rl e e
t t s El

% e—a(@)(ma—xz)(ys—yz)j{ml<I2<I3<I4}I{yl<y2<y3<y4}d.’r1 coodradyr .. dys = L/l

XI. Eleventh case. Set Q!', i = 1,2,3,4,5, the disjoint rectangles in the eleventh case of Figure 2.1,
whose union is equal to the black area Q1, i.e., Q! := U?_, Q. Thus, we have that

t! t! s/ s’
L[5 [F e
I =¢ VT1T2T3T4/Y1Y2Y3Ya
t t s s
1> £ £ €

7)\(@11

>“<">I{w1<w2<x3<x4}f{yl<y2<y3<y4}dx1 o odagdy; .. dy,

=¢ / / / / VI1Z2T3T4/Y1Y2Y3Y4

1 MQiHa(o)

I{Il<m2<m3<w4}1{y1<yz<y3<y4}dx1 dx4dyl - 'dy4

_a(e)(ws xz)(ys yz)I{ml<932<x3<x4}l{y1<y2<yg<y4}dxl cdagdyy ... dys = [4/1-
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XII. Twelfth case. Set Q}2, i = 1,2,3,4,5, the disjoint rectangles in the twelfth case of Figure 2.1,
whose union is equal to the black area Q12, i.e., Q1% := U_;Q}2. Then, we have that

t, t/ 5/ b',
4 & & & &
s :=¢ VT1T2T3T4/Y1Y2Y3Y4
t t El El
= £ = £

_ 12y,
Q™) (0)I{ml<m2<r3<r4}l{y1<y2<ys<y4}dx1 co.dzgdyy .. dyy

= / / / / VT T203T4/Y1Y2Y3Y4

=X M@QiPa(9)

I{I1<xz<w3<w4}l{y1 <y2<y3<y4}dx1 -dzadyy . .. dya

—° / / / / VIT1Z2X3T4/Y1Y2Y3Ys € “(9)((y4’y?’)mﬁ(x““)yﬁ(yryl)zﬁ(mrml)yl)

)

e~ @) (@s—a2)(ys—mn I{:m<w2<w3<:v4}[{y1<y2<y3<y4}dx1 dzadyy ... dys = Iili

XIII. Thirteenth case. Set Q3, i = 1,2,3,4,5,6, the disjoint rectangles in the thirteenth case of
Figure 2.1, whose union is equal to the black area Q13 ie., Q1 :=U% Q. Hence, we have that

t, t/ 5/ 5/
4 & & & &
Iis:=¢ e VT1T2T3T4/Y1Y2Y3Y4
t t El El

N
AMQ™) (O)I{ml<x2<r3<r4}1{y1<y2<ys<y4}dx1 coodxgdyy .. dyy

=¢ / / / / V12237 4/Y1Y2Y3Y4

S MQi%)a(8)

I{Z1<I2<I3<I4} {y1 <y2<y3<y4}dl’1 dx4dy1 e dy4

- / / ”/? /? VI1T2T3T4/Y1Y2Y3Y4 efa(e)((y‘**y3)””3+(x4*1’3)ys+(y2*y1)zl+(ff2*m1)yl)

€

% e—a(e)((w4—ws)(y4—y3)+(w3—wz)(y3—y2)) Iiny <wscas<ait L {yr<ys<ys <y} dT1 . . dxadyy ... dys

[ A s s
§54[ ﬁ / / VI T2T3Ta\/Y1Y2Y304 e—a(9)((y4—ys):c3+(x4—xs)ys+(yz—y1)xl+(£z—w1)y1)

X I{r1<r2<r3<r4}l{y1 <y2<y3<y4}dm1 codagdyy - dys = I{'

XIV. Fourteenth case. Set Q! i =1,2,3,4,5, the disjoint rectangles in the fourteenth case of Figure

14



2.1, whose union is equal to the black area Q4, i.e., Q' := U?_,Q}*. Therefore, we have

t/ t,/ s/ s/
4 & & = e
4 =€ VZ1T2X3T4/Y1Y2Y3Y4
t t el s
=5 £ £ €

e~ M@)a(

G)I{zl<zz<zg<a:4}l{y1<y2<y3<y4}dx1 P d.’L‘4dy1 N dy4

_5/ / / / VT1T2Z3T4/Y1Y2Y3Y4

% o St A@Ma(0)

I{r1<rz<r3<r4}l{y1 <y2<y3<y4}dx1 dzadyy ... dys

—° / / / \/x1x2$3334\/y1y2y3y4 6_“(9)((2!4—y3)11+(w4—w3)yz+(yz—y1)w1+(Zz—w1)y1)

e—a(0)(wa—x1)(ys— y2)1{x1<x2<x3<x4}1{y1<y2<y3<y4}d$1 dxadyr . .. dys

=c / / / / VET1T2T3Ta\/Y1Y2y3Ys e (0) ((=va) -+ (4= )yt (ra—yn)os +(wama))

% e~ (0)(xs—x1)(ys—y2) |

w1<w2<:p3<:p4} {y1<y2<y3<y4}d$1 diE4dy1 . dy4

/ / / / VIT1Z2T3Ta\/Y1Y2y3Ys e a0) ((ya=po)ra (s —s2)yr + e = )1 +(az=o1)01)

e~ a(0)(z3—z2)(y3—y1)

I{a:l<x2<x3<m4}I{y1<y2<y3<y4}d‘x1 dw4dy1 s dy4'

Here we did changes of variable as in the seventh case. They change the role of s, s’, t and t' but at the
end the integral is still equal to I}.

XV. Fifteenth case. Set ,1=1,2,3,4,5, the disjoint rectangles in the fifteenth case of Figure 2.1,
whose union is equal to the black area Q15, ie., QY :=U2_ Q. Then,

Iis fs/ / / / VI1T2T3T4\/Y1Y2Y3Y4

_ 14
AMQ )G(Q)I{ 1<12<x3<x4}l{y1<y2<y3<y4}dx1 da’,‘4dy1 N dy4

—5/ / / / VT1T2T3T4/Y1Y2Y3Y4

o= S A(Q)a()

I{x1<x2<xd<r4}l{y1 <y2<y3<y4}d1’1 d$4dy1 R dy4

A A
:54/5 / / / JErmamam i e O (G mm)ni i a ) 52—

w ¢~ (O (zz—z1)(y3—v2

I{I1<I2<I3<I4}I{y1 <y2<y3<y4}dl'1 - dSC4dy1 - dy4

s’ s’ t !
264/5 / / / VZT1T2X3T4/Y1Y2Y3Y4 efa(o)((y47y3)w2+(m47m3)y1+(y27y1)m1+(x27x1)y1)
s s k3 t

« e~ U0 (@3 —z2)(ys—y1)

I{a:1<:p2<:r3<:r4}]{y1<y2<y3<y4}dx1 e d$4dy1 e dy4 = Ié

Here we use the same arguments as in seventh and fourteenth cases, in order to get the last equality.

XVI. Sixteenth case. Set QI° i =1,2,3,4,5,6, the disjoint rectangles in the sixteenth case of Figure

15



2.1, whose union is equal to the black area Q16 i.e., Q16 := U%_,QI°. So,

L —5/ ﬁ / / VIT1T2X3T4\/Y1Y2Y3Y4

e~ M@ )a(

0)
1{11 <$2<13<14} {yl <y2<y3<y4}dx1

dl‘4dy1 e dy4
=c / / / / VT1T2T3T4/Y1Y2Y3Y4

16 a
= M@ (9)1{ 1<z2<13<14} {y1<y2<y3<y4}dx1

d$4dy1 PN dy4
% e (9)((mzfxl)(93*1/2)4“(137:62)(?!3 yl)) ]{m<$2<$3<w4}[{y1<y2<y3<y4}dx1 ... dxgdy; dy
< 6 / / £ g
t

... dYy
/ / \/x1x2m3x4\/y1y2y3y4eia(e)((y“*ys)zﬁr(z“ z3)y1+(Y2—y1)T1+(T2 Il)yl)
o« o= (@2 —21) (w3 —v2)+ (23 —22) (v2—v1))

1{1?1 <r2<r3<r4}l{y1 <y2<y3<y4}dx1

XVII. Seventeenth case. Set Q}7

, 1 =1,2,3,4,5, the disjoint rectangles in the seventeenth case of
Figure 2.1, whose union is equal to the black area Q'7, i.e., Q'7 := U>_,Q}7. Therefore

I, 26[ / / / VI T203T4/Y1Y2Y3Y4

% oM@ Ta(0)

I{Il <I2<I3<w4}l{y1 <y2 <y3<y4}dx1

cdxyadyy - .. dyy
+ P
—4 ﬂ / / VZ1T2X3T4/Y1Y2Y3Y4

17
1 M@ )a(g)l{ 1<a:2<a:3<134} Ity <ya<ys<yayd@ -

I ol

.dxradyy ... dyy
- / / / / VI1T2X3T4\/Y1Y2y3yse (0) ((u=va)a+(a=a0 )+ —y)as +az—o)m)

E-
€

« e~ a(0)(za—w2)(ya— yl)]

{xl<12<13<x4}1{y1<y2<y3<y4}dm1 L) d964dy1 LU dy4
i

VE1Z2T3T4/Y1Y2Y3Ya €

o

a(9)((y4 ys) T2+ (2a—x3)y1+(y2—y1)z1+ (22 w1)y1)
e—a(0)(z3—z2)(y3—y1)

I{xl <wy<zs<za}{y1<ya<ys<ya} dT1

codzadyy ... dyy = T5.

XVIII. Eighteenth case. Set Q!®

, 1 =1,2,3,4,5, the disjoint rectangles in the eighteenth case of
16



Figure 2.1, whose union is equal to the black area Q'8 i.e., Q'® := U?_,Q}®. Hence, we have that

t/ tl Sl S/
4 e & & &
Lig :=¢ VIT1T2T3T4/Y1Y2Y3Y4
x i s s
€ € € €

_ 18y,
N AMQ™) (9)1{ 1<I2<I3<$4} {y1<y2<y3<y4}d$1 . dl’4d’y1 . dy4

=gt / / / VI1T2T3T4\/Y1Y2Y3Y4

e~ Tio1 MQi%)a(0)

| ol

I{ <I2<9L’3<9L’4}I{y1<y2<y3<y4}d‘x1 da;4dy1 T dy4

- / / / / V1228384 Y1Y2ysya e a(0) ((ws—v3)z2(2a—w3)yr + (12— 1)a1 + (@2~ )01

a(@ )(xa—x2)(ys— yl)I{ml<m2<m3<m4}l{y1<y2<y3<y4}dw1 d$4dy1 ce dy4

s/

<et / / /? /? VT1228384+/Y1Y2Y3Ya ¢~ O (Wa—ys)zat (@a—2s)y1 + 2=y 1 + (222101

€

e—a(0)(z3—x2)(ys—y1) I{x1<x2<x3<x4}l{y1<y2<y3<y4}dx1 cdxadyy .. dyy = _[é,

XIX. Nineteenth case. Set Q!°, i = 1,2,3,4,5,6, the disjoint rectangles in the nineteenth case of
Figure 2.1, whose union is equal to the black area Q?, i.e., Q' := US_, Q}°. Thus,

t/ t/ S, S/
4 & & & &
Ig:=¢ VI1T2T3T4/Y1Y2Y3Y4
t t El s
£ £ £ £

_ 19
% e~ M@ )a(e)f{ml<z2<zg<z4}1{y1<y2<yg<y4}d$1 co.drgdyy .. dyy

—e// / / VIT1T2X3T4/Y1Y2Y3Y4

e SO M@

G)I{xl<x2<x3<x4}I{y1<yz<y3<y4}dx1 ~dzadyy ... dy,

_ Lo —a(G)((y4—y3)$1+(w4—ws)y1+(y2—y1)z1+(12_11)y1)
E/ /1 [ [ V1 T2T3T4\/Y1Y2Y3Ya

—a<e>((xz—m)(y4—y2>+<x4—x2)<y2—y1))

I{frl<51?2<$3<$4}I{y1<y2<y3<y4}dx1 e dx4dy1 T dy4

=° / / /7 /? VT1T2T3T4/Y1Y2Y3Y4 ¢~ 0O (Ws=po)art(@a=2a)ys t 2 —y)art (2 =)0

(12 z1)(ys—y2)+ (23— 12)(y2*y1))

x e~ Iy <wn<s<wat L1y <ya<ys<ys} A1 - - - dzadys . .. dys = I

XX. Twentieth case. Set Q?°, i = 1,2,3,4,5,6, the disjoint rectangles in the twentieth case of Figure

17



2.1, whose union is equal to the black area Q2°, i.e., Q%% := US_; Q?°. Then,

t! t! s’ s/
4 & & & &
Iy =€ VE1Z2T3T4/Y1Y2Y3Y4
t t s s
£ € £ £

_ 20y,
Q™) (G)I{x1<x2<x3<x4}j{y1<y2<y3<y4}dz1 A dZL’4dy1 e dy4

=¢ / / / / VT1T2T3T4/Y1Y2Y3Y4

6 20
x e~ 2 M@l 9)1{ 1<zz<zs<z4} Ly <ya<ys<yydn - dzadys . . . dy,

e

,a(G)((mzfazl)(y4*y2)+(w3fm)(?n*yl)) I{xl<x2<x3<x4}1{y1<y2<y3<y4}d$1 coodxgdyy ... dyy

: e 7a(9)((y47%)‘“+(14713)yl+(y2*y1)w1+(z2fa:l)yl)
5/ /L [ /7 V1227341 Y1Y2Y3Ya €

o« o= (@2 —21) (g3—v2)+ (23 —22) (v2—v1))

X e

I{ml<:1:2<:1:3<m4}1{y1<y2<y3<y4}dxl e d$4dy1 e dy4 =

XXI. Twenty-first case. Set Q?!, i = 1,2,3,4,5,6, the disjoint rectangles in the twenty-first case of
Figure 2.1, whose union is equal to the black area Q2!, i.e., Q%! := U%_,Q?'. Therefore, we have

t/ t/ 5/ S/
L[5 [F e
Iy :=¢ e VZ1T2T3T4/Y1Y2Y3Y4
t t s s
£ I £ [

~\0a
AQ™) (G)I{m<z2<z3<z4}f{y1<yz<y3<y4}dx1 coodxgdyy .. dyy

= / / / / VT1T2T3T4/Y1Y2Y3Y4

e~ 2= MQIa(

G)I{ T <zz <wg<zaH {y<ys<ys<ya}dT1 - . dradyy ... dy,

t ! s s
t t s E

% e—a(é) ((I2—$1)(y4—y2)+(14—12)(114—111))

I{xl<m2<m3<m4}l{y1<y2<y3<y4}d-751 e d.%'4dy1 e dy4

< T e —a(@)((94—ys)x1+(x4—x3)y1+(y2—y1)x1+(x2_x1)y1)
€/ /ﬁ [ [ VE1T2L3T47/Y1Y2YsYa €

0) (@2 —21) (s —y2)+ (23 —22) (2 —11))

I{wl<w2<m3<w4}1{y1<y2<y3<y4}dx1 ce d$4dy1 e dy4 = Ié

XXII. Twenty-second case. Set Q , 1 =1,2,3,4,5,6, the disjoint rectangles in the twenty-second

18



case of Figure 2.1, whose union is equal to the black area Q??, i.e., Q%2 := U%_,Q?2. Thus, we have
Iyp =€ [ / / / VE1Z2Z3T4/Y1Y2Y3Y4

a(0)
I{ﬂh <w2<w3<w4}l{y1 <U2<U3<U4}dx1

dzadyy ... dy,
4—:// / / VIT1T2T3%4/Y1Y2Y3Ya
A( Ldxadyy - .. dyy
—6/ ﬂ

/ / \/x1x2x3x4\/y1y2y3y4e_a(e)((y“_ya)’“*(“ w)y1+ (2 —y1)a1 +H(z2—e1 )y )
(9)((902 z1)(ys—y2)+(za— z2)(.743*.741))

I{I1<I2<Ia<w4}l{y1 <y2<y3<y4}d$1 cdzadyy .. dys
<e / [ /? /? V1 T2T3T2\/Y1Y20304 670(9)((y47y3)m1+(w4 w31+ (2 —y1) w1+ (22 —1)y1 )

o 000 ((2=21) (y3—v2)+(z3—22) (y2—v1))

=+

m"‘

22 0
Qi7)a( )I{ <12<13<5E4}I{y1<92<y3<y4}d$1

I{a:l<a:2<m3<m4}I{y1<yz<y's<y4}d331
XXIII. Twenty-third case. Set @

.. d$4dy1 .

i1 =1,2,3,4,5,6, the disjoint rectangles in the twenty-third case
of Figure 2.1, whose union is equal to the black area Q%3 i.e., Q23 := U%_,Q?3. Hence

Ins —e[ / / / VIT1T2X3T4/Y1Y2Y3Y4

MQ**)a(8)

I{Jcl <x2<x3<x4}1{y1 <y2<ya<y4}dm1

Ldxadyy ... dy,
= / / / / VE1Z2Z3T4/Y1Y2Y3Y4

=201 M@F)a(

G)I{ 1<wz<ws<z4}1{y1<y2<y3<y4}d$1 dzadyy ... dy

4
- / ﬂ / / VET1T2T3TaN/Y1Y2y3Ys e a(0) ((ya—ys)o1+(@a—wa)y1+(y2—y1 )21+ (22—21)1 )
e (9)((IZ*Il)(yB*yz)Jr(m*wz)(yz )

I{r1<rz<zg<x4}l{y1<y2<y3<y4}d$1 e dx4dy1 PPN dy4
=° / ﬂ /E /? VT1T223T4/Y1Y2Y3Ya €_a(0)((y4_y3)ml+(m4 e )1z —a)m)

—a(e)( (z2—z1)(y3—y2)+(z3—22)(y2—y1 )

I{:L’l<:r2<:1:3<:1:4}I{y1<y2<y3<y4}dx1 - dzady .
XXIV. Tweny-fourth case. Set

1=1,2,3,4,5,6, the disjoint rectangles in the twenty-fourth case
of Figure 2.1, whose union is equal to the black area @24, i.e., Q** = US_,Q?*. Therefore

Iy _5/ / / / VZ1T2T3T4/Y1Y2Y3Y4

_,\(

243,00
@a( )I{rl<r2<w3<r4}1{y1<y2<y3<y4}dx1

dl‘4dy1 N dy4
=€ / / / / VT1T2T3T4/Y1Y2Y3Y4

> AQa Ldzadyy ... dy,
- / / / / VT1 23T 4/Y1Y2Y3Y4 ¢~ O ((=p)rr ez +a—yn)as-+(aa=oa)ua)
—a(@)( Lz—w1)(y3—y2)+(w3—w2)(y2—y1))

9
I{:cl <wp<zz<za}{y1<ya<ys<ys}dT1 ..

]{931 <a:2<m3<m4}I{y1<yz<y3<y4}dxl

.. dl‘4dy1 .
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t/ ............. tl .............
Ya Ya
Ys Y3
Y2 Y2
2 Y1
t

8§ T1T2T3%4 ¢!

S T1XL2T3T4 g’

iii) iv)
t/ ............. t/ .............
Yq Ya
Ys Y3
Y2 Y2
A1 Y1
t

S 9611296314 s’

8§ T1T2X3%4 ¢!

Figure 2.2: The four relevant cases of Figure 2.1

Hence, we only have to find some suitable bounds for I7, I, I} and I}, in order to get our proof finished.

This integrals are the cases on Figure 2.2.

Let us tackle first I{, the case i) in Figure 2.2. We will first bound /z4 and /ys by % and %7
respectively. After that, we will integrate with respect x4 and y4 and then we bound the exponential

functions given in both integrals by 1. Then, we have

11—5/ / / /w/ / / / VT1T2T3T4/Y1Y2Y3Ya

7a(9 (y4 y3)r3+(xa—x3)yz+(y2—y1)w1+(v2— xl)yl)dxldxgd$3d$4dy1dy2dy3dy4 (24)

v e
= t t t s s s r3Y3

X e—a(‘)) ((y2_yl)xl +(1‘2—1‘1)y1) dl‘ldl‘gdl‘gdyldygdyg.

Now, we bound the same way /x5 and ,/yz, we integrate with respect x5 and yo, and we bound the

result as before. Hence
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% Ys % xrs3 1T
I <COs't'e? / / / / VEVINILYS 4o dasdyydys
t t s

L1T3Y1Y3
<Ot / / / / D edesdyid
<(C's é T y1y3 XT10T3a0Y10Y3

£
:Cs’t’EQ/i 71d$1/§ —dxg/ —dy1[ —dyg

I

=CVs (Vs V) [VEWE = V)]
<CO(s' =) — )%,

where C' is a positive constant.
We have finished the analysis of i) in Figure 2.2.

The other three cases are a little bit more difficult. Hence, we will add some small area in the corre-
sponding drawing of Figure 2.2 in order to get the same or similar situation than in case i). We must
mention that some of the bounds that we will obtain for the integrands will be satisfied everywhere except
of a zero Lebesgue measure set in R8

Let us proceed with the analysis of ii) in Figure 2.2. Recall that

[2_5 / / / / \/961$2$3x4\/y1y2y3y4e ‘1(9)((3}4 y3)r1+(za—2x3)y1+(y2—y1)w1+(v2— ﬂfl)yl)

a(0 ((r2 1) (s —y2)+(za—22)(y2— y1)) I{z1<zz<$3<$4}I{y1<y2<y3<y4}d‘r1 t d:z:4dy1 U dy4

=54//\/x1x2x3x4\/y1y2y3y4e#‘(@)“(a)dxl...da:4dy1...dy4,
1JJ

WhereJ:{ggxlnggxggmg%},lz{égylgyg S_yg§y4§%},andQQistheunionof
black rectangles corresponding to the case ii). Note that A := A(Q2) is given by

A= (g —23)y1 + (ya —y3)x1 + (w2 — x1)y1 + (Y2 — y1)o1 + (23 — 22) (Y2 — Y1) + (Y3 — y2) (22 — 21).

We split the last integral into two terms. Thus,

15254//\/961$2$3w4\/y1y2y3y4 e DA I A5 90 —a1)(ys—yn)} dT1 AT adyy .. dya
1)y

+ 54/1/]\/m1x2x3m4\/y1y2y3y4 e~ U0)A It aco(ws—21)(yo—y1)ydT1--dradys ...dys. (2.5)

When A > 2(z9 — 21)(y2 — y1), we observe that % > (z2 — x1)(y2 — y1). Then,

a(h)
_TA
a(0)

= 5 (@ —z3)y1 + (ya — ya)wr + (22 = 21)ys + (y2 — y1)s].

—a(0)A

IN

—a(0)(z2 = z1)(y2 — y1)
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Therefore, the first term in the right-side of (2.5) is less or equal than

a(f
et // VI1Z2Z3T4/Y1Y2Y3Y4 €XP {—(2)[($4 —x3)y1 + (ya — y3)71
1JJ

+ (SCQ — Il)yg + (yg — yl)llig}} dl‘l...dl'4dy1...dy4

=t // VIT1T2T3T4/Y1Y2Y3Y4 exp {—a'(0)[(x4 — x3)y1 + (ya — y3)1
1JJ
+ (2 —x1)ys + (Y2 — yl)ﬂfg]} dxy...dzxsdy;...dyy,

where a'(0) = @, then, it has the same form of the (2.4). Hence, we infer that this term can be bounded
by (s' — s)2(t' — t)? multiplied by some positive constant just by following the same arguments used in
the case i).

Let us deal with the second integral in (2.5). Note that
{A <2(z2 — 21)(y2 — 1)}
= {(za —23)y1 + (Y4 — y3)1 + (Y2 — y1)@3 + (22 — 21)ys < 4(x2 — 21)(y2 — ¥1)}-

From this, we can infer that

1 1
1Y < (y2 —y1) and 173 < (2 — 1),

Thus,

1 1 1 1
A > (v4—23)y1 + (ya — y3)r1 + 1731 + Y371 + Z(IS — T2)y3 + 1(y3 —Y2)3

1
> 1 [$4y1 + yawy + (23 — 22)ys + (Y3 — y2)$3]~

Therefore, the second term of (2.4) can be bounded by

54// VZ1T223T4/Y1Y2Y3Y4
IJJ

a(f
X exp {—(4)[%12/1 +yaz1 + (3 — 22)y3 + (y3 — y2)933]} dzy...dxsdy,...dys

:54//\/$1$2$3£C4\/y1y2y3y4
1JJ

x exp {—a"(0)[zay1 + vaz1 + (x3 — 22)y3 + (y3 — y2)x3)} doq...dwadys ...dya,

where o’ (6) = @. Here again the arguments of the case i) may be applied, in order to yield an estimate
of the form (s’ — s)?(t' — t)?, up to some positive constant. For doing this we will first bound the square
roots of x4 and y4 by the upper integral limits, then we will integrate with respect x4 and y4 and bound
the exponencial functions (we will bound them by 1). Hence

4 t;/ Ya Y3 Y2 5?, Tq T3 T2
€ / / / / / / / / VZT1T2T3T4/Y1Y2Y3Y4
t t t t s s s s
T e e el e € e €

% e~ (9) ($4y1+y4f61+(ﬂ?3—r2)y3+(y3—yz)r3)

d$1d$2d$3d$4dy1dy2dy3dy4
<C’\/§\/1753/t5 /y3 /7,,2 /6 /gg3 /$2 VZT122T3/Y1Y2Y3
- t t t s s s

Z1Y1

x e~ (O ((@a=r2)ua+ (v —va)za) dzidzodzsdyrdyadys.
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Now, we will do the same for x5 and ys. Thus, we have that the last expression is less equal to

% Y3 %/ xr3 /.’17 T /.
C’S’t’52/ / / / wdxldxgdyldy;;
1 K3 ES

2 T1T3Y1Y3

t/ t s s

T [T [T [*= 1
<C’t’52/ / / / b deidesdyd
sOUs . . . i T3 /Ti0s r1ar30Y10Y3

=Cs't'e /E —dml . \ﬁ /Z \de/; 7dy3
ORI - VR VW - Vi

<C(s' —8)(t —t)2

The analysis of case ii) is done, let us continue with the case iii).

A Ei
I :&-4[ [ [ ﬂ VI T2 T34/ Y1Y2Y304 e—a((’)((y4—y3)12+(r4—r3)yl+(y2—y1)11+($2—$1)yl)

% e—a(@)(ma—xz)(ys—yl)]{ml<I2<I3<I4}I{yl<y2<y3<y4}da’;1 - d$4dy1 - dy4

284//\/$1$C2333334\/y1y2y3y46_’\(@3)“(9)61961~--d$4dy1--~dy47
1Jy

WhereJ:{ggxl§x2§x3§x4§%}71':{2§y1§y2§y3§y4§%},and@;gistheunionof
black rectangles corresponding to the case iii). Note that A := A(Q3) is given by

A= (24— 23)y1 + (22 — 21)y1 + (¥3 — 22) (Y3 — y1) + (ya — y3) 72 + (Y2 — y1) 71,

and here we will split the above integral taking into account the regions {A > 2(z3 — z2)y1} and {A <
2(z3 — x2)y1 }. Then, we have

I 264//\/x1x2x3x4\/y1y2y3y4 e DA T A5 000y —wa)yi A1 dzadys ...dys
1ty

+¢t / / VT1T223T4/Y1Y2Y3Ya e~ )4 I{A<2(13712)y1}d$1...d$4dy1...dy4. (2.6)
1JJ

Concerning to the first integral in (2.6), we observe that

a(f
—a(0)A < _(T>A —a(0)(x3 — x2)1n
a(f
= *%((M —z3)y1 + (z2 — z1)y1 + (23 — 22)(ys — v1) + (Ya — y3) w2 + (y2 — y1)a1)
2a(6
- a( )($3 - l”z)yl
2
0
= —a(2 ) (zay1 — T3y1 + T2y — T1y1 + T3Ys — Tays — Tay1 + Tay1 + YaT2 — y3x2)
a(f 2a(6
%(yﬂl — 1) — 2( )($3y1 — T2y1)

S
—~
s

)

= —T(w4y1 — Z1Y1 + T3y3 — Tays + Yala — Y3To + YaZ1 — Y121)
_ a0, _ _ _
= 5 [(@a —2)yr + (42 —yr)ar + (23 — 22)ys + (ya — ys)22].

s}
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Thus,

54//\/131$2333$4\/y1y2y3y4e_a(e)AI{AZQ(ZS,IQ)yI}dxl...dm4dy1...dy4
1y

S€4//\/x1x2x3x4\/y1y2y3y4 e~ Ol@a—eyitve—y)ort(@s=22)ystWa=vs)22l gy dydyy ...dyy,
1y

where a'(0) = @. Now, we bound the square roots of x4, y4, yo and z3 by their upper integral limits
(respectively) and we will continue integrating with respect of these variables in the order mentioned
before. Therefore, we can bound the latter expression by

% Y3 S?/ T2 X U U
OSlt/EQ/ / / / Mdmld{tgdyldyg
t t s s

; 5513629193

<Ct’2//// dz1dzodyid
ste 2 Tﬂ:z le3 T10T20Y10Y3

—Cst'€2/s —dmlﬂ dez/ dyl i \/»
=CVs (Vs = Vo) VI (VI = VD))
<C(s' = 8)2(t —t)%

On the other hand, for the second integral of (2.6) we observe that
{A <2(x3 —z2)y1} = {(za —21)y1 + (Y2 —y1)21 + (23 — 2)ys + (ya — y3) 72 < 4(z3 — T2)11},

where we have done some analogue calculations as the above part. From here we can deduce that

1 1
13 <wy; and Z(m —x1) < (x5 — T2).

Hence,

(24 — x3)ys + (w2 — 21)ys + (w4 — 21) (y3 — Y1) + (Ya — y3) 72 + (Y2 — y1)71]

Y

[(ya — y3)x1 + (z2 — 21)y3 + (24 — 23)y1 + (Y2 — y1)x3).

e i S e

Then, once more, we repeat the same kind of arguments as in case i):

64//\/I1I2933$4\/y1y2y3y4eia(e)AI{A<2(13_12)y1}d£€1...dl‘4dy1...dy4
I1JJ

Sé‘4// VI1Z2T3Ta\/i1yzysya e @ Olwa—y)ort@e—an)yst(@a—e)n+ vzl g dpydy, ...dy,
1)y

where a”(0) = @. Now, again, we bound the square roots of x4, y4, 2 and ys by their upper integral
limits (respectively) and, we will continue integrating with respect of these variables in the order we
mentioned them. So we can bound the latter expression by
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s

B / RGNV

g x1x3y1y3

dys

% Y3
Cs't'e?
t t s

< 1.2
Cs't'e / / / /E NI ———— dx1drsdyi dys

!

= 'g2 — ax %L €T R ?L
CSt€/ dl/ \/3,‘73d 3/; dyl/ \/yfgdyg
CIVS (VS = Vo) [VEWVE = V)]
<C(s' —8)2(t —t)2

3

Finally, it only remains to tackle case iv) of Figure 2.2. For this, we have that

A E
I; 254/15 /t .. /5, /a VI T2T5Ta\/1Y2Y3a efa((i)((y47y3)12+(x47m3)yz+(y2*yl)zlJr(mz*Il)yz)

> e—a(@)(xs—xz)(ys—m)]{xl<I2<I3<x4}]{yl<y2<y3<y4}dx1 - d.’L’4dy1 - dy4

254//\/$19623?3$4\/y1y2y3y46_’\(Q4)a(9)dl’1---d$4dy1---dy4,
1Jg

where J = {£ <z <@y < a3 <2y < %}, I = {é <y1 <y <ys <ys < %}, and Qg is the union of
black rectangles corresponding to the case iv). Let A := A(Q4) be given by

A= (xq4 —x3)y2 + (22 — 21)Y2 + (Ya — y3)x2 + (Y2 — y1)o1 + (3 — 22) (Y3 — Y2).

This case gets a little bit longer than the others due to the splitting regions that we will use. These
ones are given by {A > 2(z5 — z2)y2} U {A > 2(ys — y2)z2} and its corresponding complement, {A <
2(zs — z2)y2} N{A < 2(y3 — y2)x2}. Thus,

L’L:s“//\/xlx2x3m4\/y1ygy3y4 ema®)4 T A>2(0s—w0)ya JULA>2(ys —yo) w2 } AT1---dTady1 ... dYs
1Jr

+&* // VT 1T2T3247/Y1Yzyaya e ‘DA It aco(zg—as)ya}n{A<2(ys —y2)as }AT1 - dTadyy...dys.  (2.7)
1)
In the first region, we have that for {A > 2(x3 — 22)y2},

—a(0)A < — @A —a(0)2(xs — z2)y2
a(8)

== 5 [(ws = z2)ys + (ya — ya)wz + (g2 — yr)a1 + (x4 — 1)y,

where the calculations are analogue as in the other cases. Now, we observe that, for {A > 2(ys — ya2)z2}
(once more, by doing analogue calculations as in the above cases),

—a(M)A < —@A —a(0)(ys — y2)z2
— _@[(u —x1)y2 + (ya — y3)z2 + (y2 — y1)z1 + (23 — 22)ys].

Therefore, the first integral in (2.7) is bounded by
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54//\/1151562503154\/y1y2y3y4efa/(9)[(Ig7“"2mﬂy“7y3)z2+(yryl)‘/’71*(“711)?’1] dzy...dzady; ...dy,
1JJ

+€4// VT1T2T3T4+/Y1Y2Y3Y4 =@ Olmammyatlamya)eat o my)an @ =e)al gy | daydy, ...dya,
1JJ
(2.8)

where a/(0) = a(;)). In here, we proceed with the same arguments as before. In the first and second

integrals of (2.8), we will proceed with the following order: x4, y4, 2 and ys, always bounding their

square roots with the upper integral limits before integrating with respect of them.

By doing this, we will find a bound of the form (s’ — s)2(#' — t)2, up to a some positive constant.
Regarding the second integral in (2.7), we have that

{A < 2(%3 — [L’Q)yg} M {A < 2(y3 — yQ)l'g}
={(z4 —z1)y2 + (Y2 — y3)r2 + (y2 — y1)71 + (23 — 22)ys < 4(x3 — T2)y2}
N {(ya —y1)z2 + (xa — 23)y2 + (22 — 21)y1 + (Y3 — Y2)73 < 4(y3 — y2)72},

from where we can infer that

1
ik <y, and 153 < xo,

which implies

A = (vg—x3)y2 + (22 — 21)y2 + (ya — y3)T2 + (Y2 — y1)71 + (v3 — 22)(y3 — ¥2)
1
> 1 (x4 — 23)ys + (22 — 21)ys + (ya — y3)zs + (y2 — y1)z1]
1
2 1 [($4 —23)ys + (ya — y3)w3 + (2 — x1)y1 + (Y2 — y1)$1]~

Now, for the second integral in (2.7) we have that

54//\/x1x2x3x4\/y1y2y3y4e_a(e)AI{A<2(:1:37:1:2)y2}ﬂ{A<2(y37y2)x2}dxl~-~dx4dy1~-~dy4
1)y

§€4//\/x11‘2$3x4\/y1y2y3y4e_a”(0)[(14—13)y3+(y4—y3)$3+(12—$1)y1+(y2—yl)ml] dar...dzady; ...dya,
I1JJ

where o’ (0) = a(f). We observe that it has the same form of (2.4). We can infer, once again, that this
term can be bounded by (s’ —s)? (' —t)? multiplied by some positive constant, just by following the same
arguments used in the case i).

With this last case of Figure 2.2, we have concluded our tightness result.

O
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Chapter 3

Limit law 1dentification

In the previous chapter we proved the tightness of the family {P.}.~o. Recall that P. is the law of X,
defined in (5). In this chapter, in order to prove Theorem 0.1, we should prove that the law of any possible
weak limit is the law of a complex process whose real and imaginary parts are independent Brownian
sheets. At the end of this chapter we will complete the proof of Theorem 0.1.

As a consequence of Proposition 2.1, there exists a subsequence {P._ }n>1 of {Pc}cs0 converging, in
the weak sense in the space C([0, 5] x [0,T]; C), to some probability measure P. More precisely, we want
to prove that the canonical process { X ((w) := w(s,t)} is a complex process that its real and imaginary
parts are a Brownian sheets under the probability P and, moreover, they are independent.

In order to achieve what we want, we will use a characterization of the Brownian sheet. Fortunately,
there are several characterizations of it and we can find some of them in [39, Theorem 6] and [28, Theorem
2.2]. In particular, we will use the one given by [28, Theorem 2.2|. There, the necessary and sufficient
conditions for a process to be a Brownian sheet, with respect an arbitrary filtration, have been proved.
In our case, considering that the underlaying filtration is the natural one, we can weaken the hypothesis
of [28, Theorem 2.2] and we get us to the following theorem, which is a quotation of [4, Theorem 4.1].

Theorem 3.1. Let {Y(s,t)(x); (s,t) € [0, 5] x[0,T]} be continuous process, such thatY (s,0) =Y (0,t) =
0 for all s € [0,5] and ¢t € [0,T]. Let be the natural filtration associated to Y. Then, the following
statements are equivalents:

i) Y is a Brownian sheet.

i) Y is a strong martingale with
E[(8Y (5 ) | For| = (5 = )¢ — 1),
forall0<s<s <S5, 0<t<t'<T.

Owing to Theorem 3.1 and Proposition 2.1, the following two propositions will guarantee the validity
of (almost all) the statement of Theorem 0.1.

Proposition 3.1. Let us assume that {Pe}eso are the laws in C([0,S] x [0,T]) of the processes {Xc}eso
defined by (1) and let us assume also that {P., }nen s a subsequence of {P.}es1 that weakly converges to
P. Let X be the canonical process and let {Fs; (s,t) € [0,5] x [0,T]} be its natural filtration. Then, the
real and imaginary parts of {X(s,t);s,t € [0,5] x [0,T]}, are a F - strong martingales under P.

Proposition 3.2. Under the same hypotheses than the previous proposition, we have that
2
Ee [(8Re(X)(, )| For| = (5 = 9)(t' 1),

and

Es (A3 dm(X)(s',#))% Far] = (4 = )¢ — )

forany0<s<s,0<t<t.
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3.1 Proof of Proposition 3.1

In this part, we will need to calculate some limits and we will need ’'Hopital’s rule. It can get com-
plicated to verify I’Hopital’s hypotheses. So, in order to avoid any complication we will state the next
lemma that saves us from those verifications.

Lemma 3.1. Suppose that f : [M,00) — R is a differentiable function, such that f' is continuous on
[M,00), M >0, and let us assume

lim f'(u) = a < oo.

U—r 00
Thus,
lim 7f(u) =a
u—00 U

This lemma can be proved by using the mean value theorem.

In order to prove Proposition 3.1, we will first prove the next lemma.

Lemma 3.2. If X, is defined by (5), then, for all 0 < (s,t) < (s',t') < (S,T),
E[Ag X (s ) Fe, VFir] “S 0 if e—0,
where (Fs,) is the natural filtration generated by the process X..

Proof. Let us define Y. as the expectation that appears in our lemma’s statement:

Y. = E[Ag X (s t)|Fe, vV Fin]

= E EK/E /E ,/xy(cos(QL(:r:,y))—I—isin(HL(x,y)))dxdy]:g)tV]—';S)T]

= E gKﬂg /E ./xyewL(m’y)dmdyU:gt\/}";T

[ % s?’ i s . t)— st T
_ é‘K/ / \/@BO(L(EJJ)+L( VE) L(gxs)JrA%%L( 7y))d:vdy|f§7t\/.7'—;7~] )

Notice that L(2,y) 4+ L(z, L) — L(£, L) is mesurable with respect to the conditioning o-field and that

e)e
As + Ly, is independent of this o-field. Also, if we apply Fubini theorem, we get that the last expression

€

is equal to

P
SK/E / Jaget (HE L@ DL D) g [e”%%%] dedy
_ EK/? /‘s xfyeie(L(ﬁJ/)-&-L(w,ﬁ)-‘:—L(g,ﬁ )e_‘l’(e)(g”_?)(y_ﬁ)dxdy.
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Hence,

2
B[Y7] =B |<* (/ / Vi L(E,yHL(x,fHL(E,E)6_@(9)@_;)@_9&@)

=2K°E

’

( / rﬂne (L(E77J1 V+L(z1,L)+L 575))6\11(9)(@g)(%ﬁ)dxldyl)
</ / V2yze! (L(E’”HL(”’EHL(E’5))6_‘1’(9)(12_:)(3’2_é)darzdy2>]

=2 K%E

/ / / / ST Jiae? (P LG ) H L, D4 L, 420, 1)

% e~ VO ((@1-2) () +(@2—2)(v2 —g>)dx1dx2dy1dy2}

:52;(2[5 / / / JEEs e YO (@ - 0= 4= ) e 2)

< E {ewwi»w>+L<zvy2>+L<m17:>+L<m27:>+2L<:,:>)] daydeady, dys,

where we applied Fubini theorem once again. Now, we must consider the 4 possible orders of (x1,¥;) and
(z2,y2), respectively. By applying some changes of variable and some arrangements, we have that the
above expression is equal to

% Y2 ”?/ x2 + +
52K2[ / / / Jiae~ YO (@= -+ @ - D 1)

<« E |:€19(Azl OL(127%)+2A§‘0L($17£)+A0,y1 L(Z,y2)+24, t L(2,y1)+2A0, OL(E:E)):|

dzydxady 1 dy:
+Esz/g /y// JEEayimae YO (@ Hn =Dt D)
< B [619(222,02(11:)+2AE:,OL(xz,;HAo,yl (£.92) 4280 £ L(2.:91)+280,0L(2 1) )} divodiydys dys
+52K2/i /y/ /x JEiEa/iizae YO (0= = £+ (2= )(=1)
x E [ ( w10b(e2 e} +20 0L (w1, 20 Boag LS 11200, L L2 wa) 4280012, ))} dzidxadysdy;
re /yl /E/ /I1 \/3”1:172\/3”1582\/3/134267\1}(9)(( D=0+ r2-1)
< F |:e'u9(;12 OZ(wl :)+2;§.0L(I2,Z)+Ao,y2L(g,y1)+2A01£L(§7y2)+2A00L(§,2)):| dvadiydysdys
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Y2 t s
_EQKQ/ / / / m\/@e ‘I’(G)((9€2 z1) EH(y2—y1) 2 +(901—é)(yl—*)+($2—*)(y2—*))

€

—0(20)((z1—2)t+(y1—1) 2+ %)dmldmzdmdyz

X e

+e2K2 /yz/ / mme—‘l’(e)«%l—wz)ﬁ-‘r@z—y1)§+($1—§)(y1—ﬁ)+($2—§)(y2—§))

20) (@@= D+ 1= 245) g0 diry dyr dys

+e2K? / / / VI1Z2\/Y1y2e” (0)((wa—21) L4+ (y1—y2) 2+ (21— 2) (Y1 — L) +(z2— ) (y2— 1))
( 75 +(y277) + )d$1d$2dy2dy1
+2K? /y1 / / mme_‘l’(e)((Zl—wz)ﬁ-‘r(m—yz)§+(901—*)( 1—*)+(w2—*)(y2—*))

((m277 SHm D) dy dy dyady,

% T2 t s s t s
_252K2/ / / / ST rgae YO (@2 a) H ) - D= D4 e D) -1)

X e ¥ 20 (zl )é_‘—(yl_ ) + )d$1d$2dy1dy2

492K ///m\/@ef‘l’(e)((mzfﬂh)%Jr(yz*yl)§+(11**)(y2**)+($2**)(y1**))

i
e

x V(@@= E+n-Hz+ %)dzldmgdyldyg.

Then,

E [YZ] = 2(11 + I2),

where

T [Y2 e [T2 t s s
I =K [ / / / mme—‘l’(e)((902—901)g+(y2—yl)g+($1—*)(y1—*)+(902—*)(y2—*))

and

Y2 t S . s t s t
[2:262[(2/ / / / T igse YOm0 ) £ - = D= ) —1)

< e —w(20)((z1— )ty — L)+ %)dxldxgdmdyz

If |I;] and |I3| converge to zero as € tends to zero, that will be enough for proving that E[Y?] also

30



converges to zero. We have

/ /y/ / JEEaigae YO (Emm) ) 4= ) = a2 =)

X 67\1/(29)((@177) Hu-2) et %)dxldxgdyldyg

|I,| =e*K?

% Y2 % T2 + B
§62K2[ / / / mm‘e—we)((m—zl)g+<y2—y1)g+<z1——(yl——>+<z2——>(y2——>)

% 67\11(2‘9)((17177) +y—L)2+ jé)‘dxldedyldyz

% Y2 %’ T2 + + +
:521(2[ / / / JETase O (=) £ ) £ - D4 1)

x e~ 2 )((‘”177) tui-9)et s )dxldedyldyg =1

and
|| =K /? /w/? /m T iie O (@) i) £+~ )0 £ 4= )= 2)
w eV (@ =20 =D 2) 4o oy iy
<€2K2/ /yg/ / VETE iR |V O e e DD )
X 67‘11(29)(@177)% (yle)3+§2)‘da:1dz2dy1dy2
:g2K2/? /yg/? /12 T iine— O () £ i) £+~ D) £+ (2= 2) (=)
x e~ )((mr*) tu-9et s )d:z:lda:gdyldyg =TI}
Thus

E[Y2?] = 2(I + ) < 2(I] + 1) < Al

This last inequality is a consequence of the properties of the exponential function (notice that the
exponent is negative). So it is enough to prove that I} converges to zero in order to get that E [Yf] also
converges to zero. We have

/_62;(2/ /w/ / JEiT/Figse— O (2= ) L+ =) 24 (1= )= ) = ) (11— )

« efa(20)((:r1ff)*+(y17*) +bt)d$1d$2dy1dy2

<E2K2/2 [ / / \/m\/mefa(e)((zg7z1)g+(y27y1)g)
X efa(w)(yl7é)§dm1dx2dy1dyg
X e_a(ge)(y1 s)sdajldajgdygdy1.
Remember that s and ¢ are not equal to zero. We can bound /z1 by \/z2 and /32 by \/t;/ . Then, we
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obtain

X e_a(Qe) (yl

12 <C€\/>K2/ / / / xg\/»(f a(0) ((zg z1) L+ (y2—y1) 2 )

% dy dodyady,

chz\@Kz/s / / Tar/fre— O WY =W = )2 gy
£ Jw e

where we have integrated with respect to 1, bounded the exponential by 1 and C'is a positive constant
that changes at each step we integrate. Let us integrate with respect to ys and we obtain

I < 053\fK2/; /:E/ xg\/ﬁe*“(ze)(’“ )2 dody,
< C€2K2/ / a0 W1= 22 dgody,
< 052[(2/787 —a(20) -2 gy,
PR
= CeK? :

e—a(20)(1—2)2 = dy,
Here, we have bounded x5 and y; by " and £

respectlvely, then we have integrated with respect to zo
and after that we have simplified the expressmn Finally we integrate with respect to y; and we get that

1< 0K (1o ettt

This latter expression converges to zero as the ¢ tends to zero

At last, we can give a proof of the Proposition 3.1
Proof of Proposition 3.1

It is very similar that of [4, Proposition 4.2]. Set (0,0)
(S,T). We want to prove that, for any (s1,%1)
any bounded continuous function ¢ : C* — R, it holds

< (s,t) <
° (s’ﬂatn

< (8,t) <
) with s; < S, t; <t ,ors; <s,t; <T, and for
X (Snstn)) (Ag Re[ X (

|Ep [0(X (s1,t1)
and

L] =0
Bz [p(X (s, t1), ., X(sn,tn)) (As e Im[X (s, )]) ]| = 0.
We recall that the notation |z| stands for the modulus of z € C. Hence, we only have to prove that for
any (81,t1),. n i i > Dy U
C™ — R, it holds

(Sp,tn) with s; < S, t; <t ,ors; <s,t; <T, and for any bounded continuous function
|EP [o(X(s1,t1)

X (sn,tn)) (As e X (s, t) )]| =0.

Without any loss of generality, the converging subsequence of probability measures to P will be simply
denoted by {P.}c~o. Since P, = P, and taking into account Proposition 2.1, we have that

limEp, [cp(X(sl, t1)
e—0

, X (Snytn)) (Asth(sl, t'))}

X (500 tn)) (As X (81, 1)]
32
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So, it is enough to prove that

lim ’E]p [gp(X(sh t1), .., X (sn, tn))(AS,tX(s’, t’))] ‘ =0.

e—0

We have that
‘IEPE [(X(s1,t1), s X (S, tn)) (A X (s, 1))] ’
|:(‘0 XE(Sl,t1)7... X (Snytn)) (AS tX (SI t/))} ’
[ Sna )] ||]E[ [( étXE(S/at/))|‘Fg’,t V‘FSE,T]] |
[90 XE(Slatl)v" Xe(8n,tn )] ||]E |
)

< (B[P (Xelort)o Xelomt)) ! (B[[%])" < & @)

where K is a positive constant, and this last expression converges to zero as a consequence of the Lemma
3.2. O

/\/\

3.2 Proof of Proposition 3.2

In this section we will finish to validate Theorem 3.1. In order to do so, we will prove that, for every
§1 < <8y, <8, t; <--- <t <T and for every bounded continuous function ¢ : R™ — R, we have

Es {@(X(sl,tl), e X (s tn) ((As,tree[x(s/,t/)])2 (s —s)(t — t))} =0

nd
' Ep [(p(X(sl,tl), o X (Smy ) ((As,mn[)((s',t/)])2 — (s —s)(t' — t))} =0,

for all 0 < (s,t) < (s',¢).
Since P, converges weakly to P, it is enough to prove that

E [go(Xe(sl,tl), o Xe(Sn, ) ((As,tRe[Xs(s',t')})2 (s —s)(t — t))}

and
E [@(Xg(sl,tl),...,Xe(sn,tn)) ((A&tlm[Xg(s’,t')])Q (s —8)(t' —t))]
converge to zero when ¢ tends to zero.

In order to prove Proposition 3.2 we will use the same idea used in the proof of [13, Theorem 3.1].
Let A, and B, be

Aci=E [p(Xe(s1,01), s Xe(5ns 1) (AsiRe[Xe(s', 1)) = (5 = 5)(¢' = 1))

and

B.:=E [@(Xe(sl,tl), ey Xe (80, tn)) ((As,tlm[Xs(s’,t’)])2 — (s = s)(t' - t))} :

Then, we should prove that lim._,g A. = 0 and that lim._,o B. = 0. In order to do it, it will be
sufficient to prove that lim._,o(A: + B:) = 0 and lim._,o(A: — B:) = 0, where we have

At Be = [p(Xels1,t0), s Xelsn b)) (|80 Xe(8 )" = 25" = )¢ = 1))
and
Ac = B = [p(Xels1, 1), Xl ) (Ao Re[Xo(s', 1)) = (AsamXe(s',#)])7 )]
We deal with the sum limit in the following way:
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A.+B. =E {@(Xg(sl,tl), e X (5 t0)) (|AS,tX6(s’,t’)|2 (s’ — ) (' — t))]
—E [¢(X5(sl,t1), o Xe(5nitn) (]E [|As,txs(s',t')}2|;§j} (s’ — )t — t))} .

In order to prove that this last expression converges to zero as € tends to zero, it is enough to prove
that

E [’As7tXE(s’,t’)|2|f§,T} 2@ 2(s' —s)(t' —t) as e—0. (3.1)
This convergence can be obtained thanks to the following facts:
1) E []E [|As,txg(s',t')|2|f;TH —E [|As,txe(s',t')|2} s 2(s' — )t —t) as e — 0. .
This result is proved in Lemma 3.3.

2) There exist a sequence {C.}.~o of positive constants, that converges to 4(s’ — s)?(#' — t)?, when ¢
tends to zero, such that

E [E [yAS,tXE(s/,t’)|2|f§,T”2 <C..
This result is proved in Lemma 3.4.
Lemma 3.3. For any (0,0) < (s,t) < (s',t") < (S,T), it holds:
Elig})EUAs,tXE(s’,t’)ﬂ =2(s" = s)(t' —t).
Proof. We split the proof in three steps.

Step 1. Owing to the definition of X, (see (5)) and Fubini theorem, we can make the following calculations:

¢ 2
E [|As X (s, t)?] = 2K°E ‘/ / Vye L@ dydy
t kL

KR K [

t! t

s

/5 \/$1y16i0L(11’y1)d931dy1> (/E /E \/$2y2€ieL(Iz’92)de2dy2>]

€
/

Som

=’ K°E [/E E /5 /6 lexzx/ylyﬁw(um’yz)L(ml’yl))dmd@dyldy?]

o
o=

:EQKQ[E [6 /a /5 Tits leQ E |:ei0(L(w27y2)—L(11,y1)):| dx1dzody: dys

:€2K2/ts [s /s /s T y71y2 E l:eie(Ao,oL(xz,yz)—Ao,oL(;m,yl)):| dxldxgdyldyg.

As we did in Lemma 3.2, we should also take in account the 4 possible orders of the points (z1,y;) and
(z2,y2) in the plane. By doing this, we have that the latter expression is equal to

SopopE e
i [0 7 [ e O o) i oy dye

s
€

ol o

422 / / / / irmaigae Y O @) =¥ (O 1)1 g o o dy
v2 Y2 V32

t

’

+52K2/ /2/ / VTizayryze VO @ mw2) i o=V O v2=v0)T2 o dy dy, dy,
L JE e Ja

€

+€2K2/f6 / / / V$1$2y1y26_w(_0)((yl_yz)xﬁ(ml_“)yl)d331d332dy1dy2-
< y2 J 2 z2
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Now, if we apply some suitable changes of variable, we get that our sum of integrals is equal to

% Y2 T px2
52K2/f / / / Varzzgise O mmnt e o) do, doydy, dy,
% Y2 %/ xr2
+€2K2/ / / / VTzayryze VO @2 e =YW mv)T 4oy duy dyy dy,
k3 1 E E3
% y2 T @2
+52K2/ / / / VT Zayiyae YO @ me)n o=V O W2 —v)er g dg dyy dys

v % w2
+€2K2/ / / / /7m1x2yly2e—\ll(—9)((yz—y1)z1+(r2—r1)y2)dxldxgdyldy2' (32)

Recall that U(0) = a(0) + ib(0), where a(f) = a(—0) and —b(0) = b(—0). Let us observe the following
arrangements:

o= VO ((va—y)w1+(@a=21)y2) | = W(0) (r2—21)y1 ,—¥(=0) (y2—y1)1
+ e V(=0 (@2 —w1)y o=V (0) (y2—y1)z1 67‘1}(79)((92*y1)m1+($2*$1)y2)
_ o= o0 (wa—y1)or+(za—21)p2) ,~ib(0) (v2-y1) 21+ (22—21)12)

_|_e—a(9)(-”f2—-”f1)y1 —ib(0) (x2—21)y1 o —a(0) (y2—y1)1 £ib(0) (Y2 —v1) 21

+e” a(0)(z2—=1)y1 ,ib(0) (T2 —x1)y1 ,—a(0) (y2—y1)T1 ,—b(0) (y2—y1) =1

4 o) ((a—yD)z1+ @2 —21)92) ib(0) (w291 21+ (22 —21)2)

:e—a(9)((yz—yl)xl-i-(xz—wl)yz (zb(é’) (y2—y1)z1+(22— xl)y2> +e—ib(9)((yz—yl)xl-i-(xz—xl)yz))
4 o= ® (amy)1+(@2—a1)0n) ( ib(0) ((va—y1)e1 ~(wa—21)1:1 ) +eib<9>(<yzy1>w1mwl)yl))
:e*a(e)(myQ*Elyl) <eib(9)(w2y2z1y1) +eib(9)(z2y2zly1))
+ e—a(G)((yz—yl)ml-i-(m—fl)yl) (eib((’)((y2—y1)z1—(12—~”’31)y1) + e—ib(9)((y2—y1)$1—(12—z1)y1))

=@ (myz_myl) 2cos (b(e)($2y2 - $1y1)>
e (e cos (b(0) (92 — y1)o1 — (22 — 21)mn)).

The last sum is due to the definition of the exponential function. From here, we can infer that

E [|AseXc (s )] = 21 +I5), (3-3)
where
Y2 T T2
If =22 t /t LE / \/me—a(e)(xgyg—xlyl)
X COS (b(@)(xgyg — xlyl))dxldxgdyldyg
and

% Y2 %/ x2

X COS (b(@)((yg —y1)zy — (22 — x1)y1))dx1dx2dy1dyg.
Hence, we must prove that lim._,02(I{ + I5) = 2(s' — s)(¢t' — t).
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Step 2. Let us start with the case where s = ¢ = 0. If in I{ we apply the changes of variable z; := x;y;

ét

and v; ;= 5x;, 1= 1,2 and we define u := , we have

Y2 T2
limI{ = lim 52K2/ / / / \/xlxgylygefa(e)(mzyrmlyl) cos (b(@)(mgyg — mlyl))dxldyldedyg

e—0 e—0 t s
"t v 0T e
= lim S—Kz/ / / P VELP2 —a(@)zta(m)z gog (b(@)(ZQ - zl))dzldvld,szvg
u—=oo U 0o Jo 0 0 V102
uv1
= lim S/t/KZ/ / / 7me—a(9)uvz+a(9)zl cos (b(@)(uvg _ 21))d21dvld112,
U—> 00 0 0 0 ’Ul
where in the last line we have applied Lemma 3.1. Applying now the variable changes v := uvy and

v} := uv; and Lemma 3.1 again, we have that the last expression is equal to

14/ /
lim iK2/ / / 21112 e~ Ovatal0)z1 g (b(8) (vy — 21)) dz1dv] dusy
o Jo Jo v}

u—00 U
. 14 772 v Zu —a(@)u+a(0)z /
= lim s"t'K ~——e tcos (b(0) (u — 21))dzdv]. (3.4)
Here we will use the formula cos(§) = 3(e? + e="). Therefore, expression (3.4) can be written as

1(Ay + B,), where

A, = S/t/KQ/ / ! 7\/2,11}“e—a(ﬁ)u+a(9)21eib(@)(u—n)dzldvi
o Jo vy

and

= §'t K2/ / Zlu e (O)uta(0)z1 —zb(G)(u zl)dzld,ul
Let us rewrite these integrals in a simpler form.

A, = K /u /U VEU —a(@)uta(6)z i5(6)(4=2) g gy
o Jo U

B, =st'K? /u /v “U e—a(O)uta(®)z=b(0)(u=2) g, gy,
0o Jo v

First, let us deal with A,,, for which we rewrite it as follows:
lim A, = lim st K> /“ /” VEU —a(®)uta(0)z,ib(6) (u=2) g, gy

uU—r 00 uU—r 00
U—00 ea(@)u ib(0)u
Vu

If we apply I’'Hopital’s rule, we have that the latter expression is equal to

fou %ea(e)ze—ib(é’)zdz

: 14l 772
uh—>n<’>los UK Vu(a(0)—ib(6))ea(Du—ib(O)u  ga(@)u—ib(d)u
3
“ 2u2
a(0)z 7217 G)Zd
ze z
— lim st K> Jo vz - S
vee Vi(a(0) — ib(9))ex@u—ibOu — eion

We apply ’'Hopital’s rule once more and we get that our limit above is equal to

Ja

li It/K2
wose” T u(a(8) — ib(8)? +
1
= lim s't'K?
w5 )~ b(0)7 + 1k
:S/t/K2 1

(a(6) —ib(6))*
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Now, we will deal with B,, in the same way, the difference will only be a couple of signs:

lim B, = lim s't'K? /u /v VAU —a(0)uta(0)z ,—ib(0) (u=2) gy

U—r 00 U— 00

i tK2 fO fO a(9)z zb(@)zdzdv
= lim s

U— 00 fea(O)quﬁb(O)

Then we apply I’Hopital’s rule for the first time and we obtain that the latter limit is equal to
0)z ,ib(0
fO = a( )Z ib( )Zdz

. 14! 172
ulgrolos tK Ji(a(0)1ib(6))es@uriv@u ea(e)u+7b(e)u
u 2u2
~ lim SR Jo Vzer@zet 0z,
T ® t 0) 1 ib(0))ea(O)utib()u _ exOutib®u
Vu(a(f) + ib(0))e a

Applying I’'Hopital’s rule for a second time, we get that our limit above is equal to
lim s't' K2 v
1
= lim s't'K?
. (a(0) +1ib(0))* + 5z
v
(a(0) +ib(6))*

:Slt/KQ

Hence, we have that

lim I8 t'K? 1 1
ST T \ @ — b)) " @(@) + ib(9))2
B st K? a(0)? + 2ia(0)b(0) — b(6)? + a(0)? — 2ia(0)b(0) — b(0)?
2 (a(0)? +ia(8)b(0) — ia(0)b(6) + b(0)?)?
g (a0 = b(0)?)
(a(0)? +b(0)%)*
Now, we will deal with the limit of I5. We cannot apply the same strategy that we used with I5.
Moreover, we could not obtain the limit of I5 in a direct way. Due to this situation, we will introduce
an auxiliary term which converges to some value and then we will prove that the remainder converges to

7Z€ero.
We will start computing the limit of I3 applying the same changes of variable that we used for I5. We

set 2; := x;y; and v; := S, for i = 1,2 and we define u := i. Then, we have that

Y2
lim IE = 1 22 G(Q)((yz y1)z1+(z2— 11)1/1)
Im I3 = lim /l / / / v IT1T2Y1y2€
X €Oo8 ( ( Yo — yl xr1 — (T2 — $1)y1))dI1dJE2dy1dy2

e [ / VEE a0)(m (-3 0w

u—oco U V102

X cos (b(@) (1)1 <22 - Zl) - ﬂ( Vo — v1)>> dz1dvidzadvg
= lim St/Kz/ / / / \/2172 —‘1(9)(“122 —Z1 %,12+z1)

X COS (b(@) (U1Z2 7 — A2 )) dz1dvidzodusg

= lim S—tIKQ/ / / / \/2122 a(9 (2z1 a2 2;;’2)
u—00 U V109

X COS (b(é)) (1}122 - le)) dz1dvidzadus.
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Applying I’'Hopital’s rule we obtain that the last expression is equal to

lim s’t’KQ/ / / VUuv2 \/T o (22:17“”1’1:2) X €OS <b(9) (uvl — le)) dzdvidvs.

U— 00 U1

In order to apply 'Hopital’s rule once again, we will make another changes of variable. Set v7 := uwv;
and 75 := uwve and we have that the last limit is equal to

/ U1 v
lim £K2/ / \/>\/72 a(e)(zzl B1— )cos (b(w) <v1 - Z;UQ>) dz1dv1dvy

u—00 U

= lim s’t’KQ\f/ / \/T a(0) (22101~ 3 )cos (b(w) (vl - T)) dz1dvy,

U—r 00

where we applied I’Hopital’s rule in the last line. Now, we perform the changes x := % and y := ;ul, SO
we obtain that
11
hn}) I5 = lim s't'K?u 2/ / VTyel O Cry=y=2)u coq (b(1) (y — 2)u) dzdy (3.5)
E—r uU—r 00 0
=: Cy.

This is the point where we introduce the auxiliary term mentioned above:

C, = K2s't’ 2/ / Ve OCTY=y=0)U coq(h(0) (y — x)u)dxdy, (3.6)
where we observe that we have replaced ,/zy on the right hand-side of (3.5) by \/y. We will asume, for
now, that lim, e (Cu — C'u) = 0. We will prove this limit later, and we will first compute the limit of

C,. Once again, we will use the fact that cos(f) = 2(e?® + e~%) as we did it in the analysis of I{. Thus,
we have that

C, =K?s't'u? /01 /01 Ve OCRY=y=2)u co5(h() (y — 2)u)dady
:% (K2s’t’u2 /01 /01 \/geu(zxya(e)_y(a(0)—ib(@))—x(a(@)-ﬁ-ib(@)))dmdy
LR2 2 /1 /1 \/geu(zxya(e)_y(a(a)-}-ib(ﬁ))—x(a(@)—ib(e)))dmdy)
Lo, o
5\ 2

Let us compute the limit for J}*. First, we will integrate with respect to x, then we will rewrite it, and
after that we will apply 'Hopital’s rule:

1 1
lim Ji* = lim K%’t%ﬂ/ / V7 e Zrya@)=y(a(0)=ib(8)) ~z(a(0)+ibO) gy,
0 JO

uU—r 00 uU— 00
. y o)) . - .

~ lim K244 VY w(y(a(6)+ib(0))—(a(0)+ib(©0)) _ g—uy(a(®)+ib(9)) 4
ampoo oY /O 2ya(6) — (a(0) + ib(9)) (¢ ‘ ) ds

= lim K?s't'u /1 vy u(u(a(0)+ib(0)) = (a(@)+ib(8))) gy 4 5
u—roo o 2ya(f) — (a(0) +1b(0)) ‘

i K260 +ib(9)/ VY ____ uly(a(®)+ib(®)~(@(®)+ibO) gy, | 5.
Uu—00 a(G) 0 2y(a(€) + zb(@)) _ (a(e);;l;(e))

In order to avoid complicated calculations, we will only write the terms that affect the limit. From now
on we will call §, to all the terms such that lim, . 6, = 0 and we will call ¢, to the terms in the
denominator that does not affect the limit. This terms may not be same from one line to another. Thus,
the latter expresion is equal to
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a i 2
u( y(a(0)+ib(6))— L2OPEHEON- )

1 NG : p
lim K2y 0) + b(0) Jo syt ey g © v
U—00 0:(9) eu(a(9)+ib(9)7W)
‘ 1 (e ive) - 0pen)
— lim K23/tla(9) +'Lb(9) fo \/gje dy
ureo 2a(0) (a(8)+ib(8))? u(a(o)+in(e) - (OPEBEN)
(a(0)+ib(0) — lalOi ) e _ ‘e
. 1 .
~ lim K24 t,a(ﬁ) +ib(0) Jy yerw@®+ibon) gy,
uee 2a(0) (a(9) +b(0) — (a((’;;r(ig)(e)P) eu<a<eL+ib<e>> ta

where we have applied 'Hopital’s rule. Set 3’ := uy and we have that the latter limit is equal to

- K23’t’a(9) + ib(0) fO“ ﬁey'(a(0)+ib(9))dy/
u—00 2a(0) (a(a)Jrib(G)i (a(9%1»(ig)(9))2) Vueu(@@+ib®) 4 ¢,

i K251/ (a(0) + ib(0)) /uev(@®+(0)
U= 94(6) (a(a) +ib(g) — 7@(9;53@)2) ((a(a) +ib(8))y/e(a(@)+ib(®) _ 76““(9)““9”) te,

u

Here, we have applied 'Hopital’s rule again. Hence, the last expression equals

a(0) + ib(0) Ji
2000 (af0) + ib(0) — RGOS ((a(6) + b(0) i 1)
i ey 00+ b0) /i
o 20(0) (a(0) + ib(8) — L) ((a(0) + ib(8))v/u)
1 1
20 (a(0) +ib(0) - 0" )
1 1
90) (a(8) + ib(9)) (1 - =)

[\

[\

28/ / 1
(al0) + 0(0)) (@) — B(8)) " ald) + b0

Next, we follow the same steps for computing the limit of J§, we integrate with respect of # and then
we apply I’Hopital’s rule:
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1 1
lim J¥ = lim K?2s't'u? / / \/geu(%yaw)—y(a(9)+ib(9))—$(a(9)—ib(e))) dxdy
0 0

uU—r 00 uU—r 00
1

L K28 VY u(y(a(0)=ib(0)—(a(O)—ib(©8)) _ ,—uy(a(®)+ib(0)) 4
umoo TP /O 2ya(6) — (a(0) — ib(9)) (¢ ¢ )y

= lim K%'t /l VY 4 (a(@)=b0) ~(a(O)=DO)) gy 4 §
s o 2ya(0) — (a(0) —ib(0)) Yoo

. 1

i K260 —zb(9)/ VY ____u(w(a(®)=ib(®)~(@(®)=ibO) gy | 5.

U0 a(0) 0 2y(a(B) —ib(6)) — (alO—_bO)®

a(0)

We apply 'Hopital’s rule once more and we have the latter limit equals

u( y(a(0)—ib(0))— Le@)=ib@n?
. fol - \/,y(a(e)fib(g)ﬂ e 2a(0) )dy
lim K25’t’a(9) —ib(6) 2y(a(0)—ib(9))— LR
u—>00 a(0) u(ﬂé})ﬁb(eFW)
; 1 U 9(0(9)—1‘17(0))_@(9);7%@))2
= lim KQS’t’a(a) —ib(0) fo Vye ( 2a(0) >dy
U—00 20,(9) . (a(6)—ib(0))2 u(a(ﬂ)fib(ﬂ)fw)
(a(0) — iv(0) — A" < i L
. 1 o)
i K2y U0) —ib(0) b /penw(@®)=ib)) gy
U—00 20(0) (a(@) — ’ib(@) _ (a(9)2;(ig)(9))2> eu(n,(@L—ib(@)) te

Set 3/ := uy and we have that the latter expression is equal to

lim e2sy 20— 0(0) [ e @O0 gy
o 20 (a(6‘) —ib(0) - W) Vaue(a®)—=ib(®) 4 ¢,

I K25't'(a(6) — ib(0))y/ue@(0)=(0))
= l1m

7% 2a(0) (a(e) — ib(0) — %) ((a(e) — ib(0))/uen(al0)=ib(0)) — w) te

)

where we have applied 'Hépital’s rule again. Hence, the last expression equals

lim KQS/t/a(e) — ib(@) \/17
R 20 (a0) - v(0) — OO ) ((0(0) - b(0) Vi~ )
— lim K2S/t/a(0) — ’Lb(@) \/’a
o 200 (a(6) — (0) — Lo ) ((al0) — b(O) V1)
_ 28/ / 1 1
=K2s't 2a(0) (a(g) —ib(g) — W)
1
:K2S/ !
"200) (a(0) = v(9)) (1~ P
— K24t 1 — K24 /;
o) @@ @) oo
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Thus,

K%Y 1 1
—r00 2 <am2+mm2+awy+bﬁy)

— K2 14/ .
ST 0 + 5(0)?

Hence, due to the definition of K in (6) and to (3.3), we have that Lemma 3.3 holds in the case s =t = 0.

In order to finish this part of the proof, we only need to check that lim, . (Cy, — C’u) =0 . We have
to verify that

e—0 U—00

1 1
lim IS = lim s’t’KZuQ/ / (VZy — /)e® O Eev=v=2)2 cog (b(7) (y — x)u) dzdy = 0.
o Jo
Let us define
1 41
D, = s't'KQuQ/ / (VZy — /y)e® O Cev—v=a)ugaqy,
0o Jo

Then, we clearly have that

We will show that both —D,, and D,, converge to zero as u tends to infinity. We will only deal with D,,,
since analysis is analogous for —D,,. Observe that D, = D! — D2, with

1 1 1 1
D! .= u2/ / Ty e OCry=y=2)uqrqy  and D? .= u2/ / \/ﬂe“(g)(z‘”y_y_l')“dxdy.
0o Jo 0o Jo

Observing D2, we notice that the integral in o can be computed in an analogous way as we did it for J*
and J3. We first integrate with respect of z and then we apply I’'Hopital’s rule, and it follows:

1,1
lim D? = lim u2/ / \/ﬂea(e)(%yfyfz)“da:dy
o Jo

uU—r 00 U— 00
1
= lim u/ L (ea(G)(y—l)u _e—a(e)yu) dy
Ity a1
! a(0)(y—3)u —a(0)(y—2%)u
I 1 fo (2;4/_@1) (e ) (y—3) —e ©)(y-13) )dy
= lim
u=oo a(f) @
fo ( a(0)(y=3)u Jre*“(e)(y*%)“) dy
= lim .
o e
u u2

By setting 3’ := uy, we have that the latter limit is equal to

i fou /y/ey/a(G)dy/ N fO’U« /y/e_y/a(e)dy/

1m

u=oo | \/ua(f)eral®) — 2ej/“ﬂ<9> Vu — 715
feua(G)

lim
O)u 0)u a(@)u
u—oo al 9)5“( )1 + fa( ) ea(0)u _ 2‘1(‘9\)/92( > Le ©

3
u w3

(3.7)

1 1
= lim =

00 % +a(0)? — 2a159) + 1712 a(6)?’

We observe that in (3.7), the second term inside the braces clearly converges to zero as u — oo and we

applied 'Hoépital’s rule to the second one. After that, we just computed the limit. Then we have that

limy, o0 Di = a(é)z.
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In order to deal with D!, we will also use a kind of sandwich argument. We observe that D% < D2

because \/zy < \/y. Now, set v := uy and z := £, so we obtain that, for all z,y € [0, 1],

1,1
UILII;OD}L:U2/ / Jzy e O Cry=y=2)u g, 4,
= lim \f/ / vz e~ O+ 5E=22) 4oy

UuU— 00

lim \/ﬂ/ / le_“(e)(“_z)dzdv

U— 00

v

fO fO vZ a(0 ZdZd’U
ea(O)u

Ju

= lim
u—r 00

At this point we apply once more ’'Hopital’s rule in order to get

fO a(0 Z
lim D! > lim U
U—00 U—00 fa(e)ea(e)u _ ea@u
2u2
a(0)z
= lim fo vze dz
- _ ea(@)u *

U—00 u&(g)ea(a) NG

Applying ’'Hopital’s rule for another time, we get that our limit above is equal to

\/ﬁea(G)u
uh%oo a( 9)9“(9)” fa( ) eal®u _ a(f)ex(®)u ea(®)u
2/ dus

1 1
= lim —\/ﬂ =1

=1 = .
wee Jua(0) + Ly e al0)’ + g a(0)?

4u2

Thus,
L D! < lim D2 = L
a(0) = wBee T = B0 T g)2

therefore lim,_,oc D,, = 0 and then we end up with lim,_,.(C, — C,) =

Step 3. Now we will prove the general case, Let us assume that either s # 0 or ¢t # 0. By (3.3), we recall
that

E |8 X (s, 8)] = 2015 + 15). (3.5)
where
IF ==2K? / / / \/me*a(@ (5172?}2*5171?}1)
t i s s
x cos (b(0) (z2y2 — z1y1))dardaadyrdys
and
15 =2 K? /’E / / / VT1T2y1yze ((yz y1)w1+(z2— Il)yl)
X COS (b(@)((yz —y1)xy — (29 — xl)yl))dxldxgdyldyg.
Set

Fe(s,t) := 82K2/ / / / F(@1, 91,72, Y2) L) <wg s <yo y A1 dy1 dT2dyo,
o Jo Jo Jo
where f(z1,y1,22,y2) = /T1y132yze” " @20272191) cos (b(0) (2212 — x131)), and
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t s t s
G°(s,t) == 52K2/ / / / (1, Y1, T2, Y2 ) {01 <z 41 <y} dT1dY1dT2dYo,
o Jo Jo Jo

where g(z1,y1,22,y2) = T1g1Tayze” O W2mv)m=al@)@=20u cos (b(0)((y2 — y1)z1 — (w2 — x1)y1)).
Moreover, we notice that

Ay Fo (s, 1) _EZKQ/ / / / (@1, 91,2, Y2) L1z, <oy <yo ydT1dYy1d22dYs
_62K2/ / / / f(CC17yl’,’,EQ,yg)I{xlsz,ylgyz}dl'ldylszdyQ
o Jo Jo Jo
N S -
—52K2/ / / / F(@1, 91, T2, Y2) Ly <oy <y} dT1dY1dT2dY2
o Jo Jo Jo

+€2K2/ / / / F(@1, 91, 22, Y2) 12, <o 1 <yo } dT1dY1dT2dYo.
o Jo Jo Jo

Then,

If =N, F5(s', 1) 2K2/ / / / (w1, y1, 2, y2) 1y, <yordrrdyrdzadys
—€2K2/ / / / f(x1,y1, 22, y2)dr1dyr dzadys
cJe Jo Jo

_e2K2 / // f(@1, 91, 02, Y2) {2y <apy dr1dyrdzadys
t Jz Jo Jz
=B P (1) = 1y = Iy = I

Later we will prove that If,, I, i If; converge to zero. But first, we observe that, as a consequence of
the case where s =t =0, we have that

2 _ 2 2 _ 2
liH(l) Ay FE (s, 1) :MK2t's' _ MKQt/S
e—

(a(0)2 + b(0)2)* (a(6)? + b(6)2)*
IO G PO e (O oW
(a(6)% +b(0)?) (a(6)% +b(6)?)

a(0) — b(6)*

=—2K2 s =8t —1t).
(a(0)2 +b(6)?) e

Following analogue arguments we have that

IS =As G5 (s, 1) 2K2/ / / / (w1, 91, 22, Y2) L1y, <ypydx1dy1 dTodys
0
—52K2/ / / / g(fﬂlaZ/lvxz,yz)déﬂld%d@dm
t Je Jo Jo

—’K? / // 9(x1, Y1, T2, Y2) {2, <z, ydr1dy1daadys
: S J:

ha
*As tGE t 151 - 152 - ‘[263
We will also prove that I5;, I5, and I5; converge to zero. First, we observe that, thanks to the case where

43



s =t =0, we have that

1 1
lim A, G (s' ) =———— K25 — Kt
lim +GE(s, 1) a(6)? + b(6)2 bs a(0)? + b(6)? re
1
B K2t K?
T R () e () e
1

Therefore,

lim E[|A:X-(s,1)]*] = Jim 2(17 + 15)

E—0OO

_ o _al0)? = b(6) 2(¢'  §)(¢ — S SR
2<(a(9)2+b(9)2)2K( )(t t)+a(0)2+b(6)2K( )(t t))

a(0)’ ~b(®)* 1
(a(6)2 +b(6)2)>  a(0)* +b(0)?

2
—2K2(s — 5)(t' — 1) < 2a(6) 2) =2(s' — s)(t' — t).
(a(6)2 +b(6)?)

=2K%(s' —s)(t' —t) (

Now, we will prove that [5; converges to zero, as ¢ tends to zero, for i =1,2,3 and j = 1,2. Let us
analyze this 6 integrals:

€

t

S?/ Y2 f =
0 <|If| < 52K2/ / / / VI Tayee O W —y)er=a®)@2=e)v1 g duy dodys = I
s Jr Jo

!

s t s
0< |If2| < 2 K2 / € / / / %xlylmﬂhefa(G)(yz*y1)x17(1(9)(9027901)741dxldyldedy2 — 1:152
= Jo Jo

i
e

+!

S N
0< |1153| < 52K2/ / / / xlylxzyze—a(e)(yz—yl)xl—a(@)(ocz—m)lhdmldyldx2dy2 =I5,
s o Js

Lo Ly g2 y
0 < |I5] < ’K? / / / / VEyiEayze” O W my)n a0 qoy dyy dydy, = 15,
£ e Je o

0< |I§2| < 52K2/E /E /6 /E ‘/$1y19329267a(9)(y27y1)$17’1(0)(‘”27‘”1)yld:vldylda:QdyQ — j§2
e Je b o

+

0< |I§3| < €2K2/ / / / /7551y1x2y26—a(0)(y2—yl)ﬂﬂl—<1(9)(902—301)y1dxldyldedy2 — 1-;3.
: : JO J2

Notice that ffl < I~§Z for all i = 1,2,3. So, it is enough to prove that lim._o INSZ =0. f§3 is analogous
to I5;, since it is just a change of roles between = and y. Moreover, I5; and I5, are bounded by

52K2/ / / / g($17y17$27y2)d$2dy1dx1dy2
0 0 0 2

Lore
= [
0 0 0

t s Y4
ZUQKQ/ / / 2 / ;/1y,lxgyée_a(e)u(y;—y;)z’l—a(9)u(rcé—m’1)yi dmédyidw’ldyé,
0 0o Jo s

/mlylxzyze—a(@(yz—yl)xl —a(0)(z2—z1)y1 drodyrdz dys

3

w o
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where we have used the changes of variables 2, = ex; and y, = ey;, i = 1,2 with u = e% For simplicity’s
sake, we will still use x1,x2, x3 and x4 instead of z7, x5, 25 and x}. As z2 < &', we have that the above
expression is bounded by

t/ s Y2 s
U2K2/ / / / V a1y s'yge” Oulvzmye—al@u(@a =20 ga, gy, daey dys
0 0 Jo s
t’ s Yy
< CuK2/ / / : VILY2 —a(@)ulyz—y1)er—a(@)u(s—20)v1 gy day dyo.
0 0

Here, we have integrated with respect of z5. Moreover, if we bound ¥, by t’, the last expression can be
estimated by

t’ s Y2
Cuk? / / / vf;i e—a®)ul2—y)e1~a(O)u(s=21)11 gy g dy
0 0 0

S t’ 1
<CK? / / e Ouls=z)y1 gy, doy .
- 0o Jo VZT1iy1 e

Let {uy}n>0 be a sequence such that u,, — oo and wu,, < u,,, for any n < m. We get that

fn(xlayl) = #e_a(a)un(s—xl)yl

V1Y

is a monotone decreasing sequence and also its limit is 0, when n tends to infinity. We can also notice

that
s t’
// fidydz,
0o Jo

s t’ s t’
1 1
/ / efa(e)u1(sfa:1)y1dy1dx1 S/ / dyrdzy
o Jo VT1¥1 o Jo V7T1Y1
S t/
2/ v =4V st < 0.
0 V¥

IA

Thus, thanks to the Dominated convergence theorem, we have

s t’
1
lim CK? / / ———e9Ouls—mn gy, dg) = 0.
uU—r 00 0 0 1/:L’lyl yl 1

Lemma 3.4. Let (0,0) < (s t) < (s,t') < (S,T). Then, there exists a sequence {C.}e~o such that
lime 0 Ce = 4(s" — 5)2(t' —t)? and

E[(E |8, X°(s,t)21FE 7)) < C.

Proof.  We split the proof in 4 steps.
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Step 1. Owing to the definition of the random field X¢, first we can observe that
2

€
s, T

E [|As X (s, t") | Fsp] =E ‘KE/E / Vay et dady
(s i)

X (Ke/e / \/@ei%(“’m)dfwdyz)‘ 5,4
t s
t/ s ! s
_K2? / / / / N

x E [e“" (£G2.92)-L (1) ‘ I;T] daydyrdzadys.

We must consider the 4 possible orders of two points in the plane. Thus, we have that

Y2
E [|As X5(s', 1) FE 7] K“/ / // frmayigs ¢ (LEw)~L(zw)

< e~ 2() ((w27w1)y2+(y27y1)(fr1f‘g)) dar dyr dzadys

+K”/ / / / Vs o () )

w e~ Y(O)(z2—z1)y2 —0)(y1—y2)(z1— )dzldyldxgdyg

+K2 2/ / / / \/me (L(E’?ﬂ (anl))

% o~ ¥ (=0)(z1—22)y1 ,— T (0)(y2—v1) (w2 — da:ldyldxzdyg

+K252/ / / / 1%1;1;62%%,26( ~L(2,))
2 2

Y

((11 z2)y1+(y1—y2) (T2 — ))dxldyldxgdyg.

We apply Fubini theorem and we make some suitable changes of variable to get that the last expression

is equal to
% %/ Y2 x2 ( B B )
K252/t / /t / \/mew L(£,y2)—L(£,y1)
" —W)((wz—“‘l>yz+<y2—y1)<l’1—5))dmldyldxgdyz
Y2 . s s
I 2/ / / / Vs ¢ (L E L)
x ¢~ Y(O)(z2—z1)y1 o =W (=0)(y2—y1) (21— )d$1dy1d$2dy2

ST e o (1 .
+ K% / / / / T1T2Y1Y2 ele(L(g’yz)_L(g’yl))
t s t s

« e~ ¥ (=) (z2—z1)1 67‘1’(9)(112*1!1)(901*?)dxldyldedyQ

wa [ [ [ [ st

t
—0)

((wz—wl)yz-‘r(yz—yl)(m—; ) dar dyr dzadys,
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where we have applied some suitable changes of variable in order to have z1 < x5 and y; < y». Then,

(B (18, X(, )P 1Fir])7] = (K/ [ [ [ e )
1 E3 1 E3

x e YO ((@2—z1)y2+(y2—y1)(@1—2)) dx1dyi1dzadys

Y2 . s s
+ K2 2/ / / / \/melg(ll(;yz)—ug,m))

w e~ Y(O)(z2—z1)y1 =¥ (=0)(y2—v1) (21 Z)dmldyldxgdyg

*K”/ / / [ oz (e st)

« e~ ¥(=0)(z2—21)y1 o —T(0) (y2—v1) (21 g)dxldyldxzdyg

% % Y2 T2 ) . B
vz [ 777 mmmme e )
z s z s

2
x eq’“’)((m”l)yz*(wyl)(“§>)dx1dy1d:c2dy2>

—E [(Ai A5+ A5+ Ai)ﬂ .

If we develop the square of the last expression, we will have an expresion of the form
4
E [(E (180, X5 (s, )2 | 72 ] ] Z E [A: A7)

So,

E[(E[|AS7tX€(s’,t’)|2\]-”;T])Q}:ZE[(AZ?)Q]Jr S E[4:47). (3.9)
=1 i,j=1,i#j

Next, we analize each E [AfAj] (this part may be a bit tedious). We apply Fubini theorem a couple of
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times to get:

E [(49)%] =

ot oy o (s .
<K252 / / / / STz e (FE e —L )
t El t El

2
x eq“(“’)((xﬂl)yz*(wyl)(wli>)dx1dy1dx2dy2>

4.4 % b?, Y2 T2
o ////[/»[/\/”31“725”3334\/y1y2y3y4

XezO(L( y2)—L(£,y1) )e L(Z,ya)— L(E’ys))

o o= VO ((@2—w1)y2+ (2 —y1) (21— 2)+(2a—23)ya+(ya—ys) (23— 2))

dx1dy1dry dy2d$3dy3d$4dy41

’ ’ ’ ’
44 Lo ys pra o, pS 0 pys pan
=K% VI1T2T3T4/Y1Y2Y3Y4
t s t s t s t s
€ € € € € € € €

< E [ew(uz,yz)—L(z,yn)eiG(L(z,y4)—L(:,y3>)]

o o= VO ((@2—21)y2+ (2 —y1) (21— 2)+(2a—23)ya+(ya—ys) (w3~ 2))

x dxidyydxodysdrsdysdrydys,

E [(45)] =E

A
(K%z / E / E / ) / " o o (L)
t s t s

2
x e~ Y(O)(@2—z1)y1 o —¥(=0)(y2—y1)(z1— )dxldy1da?2dy2>

=E

44 Ya t;/ %/ Y2 Z2
K"e / / / / [ / [ / \/$1$2963$4\/y1y2y3y4

€

o ei0(L(202)=L(2,91)) 10 (L(2,90)~L(2,p3))

o o= YO (@2 =)y +@s—25)ys) ,—¥ (=) (w2 —y1)(@1— £)+(ya—ys) (23— £))

dridyrdzy dygdx3dy3dx4dy41

¢ os L 2
44 e e Ya 4 < = Y2 T2
=K% t - . -, - VT1T2T3TaY1Y2Y3Y4

< E [ez‘e(u;,yz)L(:,m))ez‘e(L(;,yoL(:,y3>)]

o o= YO) (@2—0)y1+@s—23)ys) ,—¥(=0) (w2 —y1) (@1~ £)+(ya—ys) (23— £))

X dxl dyl d.’IIg dygd:r:gdygdx4dy4,
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t?l S?/ Y2 T2 ) s .
]E I:(Ag)Z] :E (KQEQ/ / / / \/meze(L(g,yg)—L(g,yl))

2
w e~ Y(=0)(z2—z1)11 e‘l’(e)(”yl)(zlg)dxldyldargdy2>

=E

¢ s )
44 B c Ya 4 c = Y2 T2
Kre® | . . . VZ1Z2T3T4/Y1Y2Y3Y4
e Y& . e Ve e Ye

A
€

o (L2 u2)=L(2,91)) 36 (L(£,90)~L(2 ps))

o= V=0 ((@2—z1)y1+(@a—23)ys) ;—(0) (w2 —v1) (31— 2)+(ya—ps) (23— 2))

X dmldyl dl‘g dygdxgdygdx4dy4]

! ! !’ ’
44 t? S? Ya T4 % s? Y2 T2
=K% VI1T2T3T4/Y1Y2Y3Y4
t el t X t el t S
> £ > £ 1> £ 1> £

< E |:ei9(L(§7y2)—L(§,yl))eiQ(L(§7y4)—L(§,y3)):|

o= V=0 ((@2—a1)y1+(@a—3)ys) ,—(0) (v2—v1) (31— 2)+(ya—pa) (w3 2))

X d.]?ldyl dJUQ dygdxgdygdx4dy4,

% S?/ Y2 T2 X . B
Bl = (K%Q/ / / / Vg ¢ (L)
i ] i s

2
x e_‘y(_a)((’”2_x1)y2+(y2_y1)(”1_3))dxldy1dm2dy2>

=E

’ ! ’ !
44 L S pya opma oL S oy pa
KE[ / [ / / / / VT1T2T3T4/Y1Y2Y3Y4
< H H H H H H

s
€

o (L2 02)=L(2.91)) 10 (L(2,90)~L(2,p3))

o o= V(=0 (@2—w1)y2+(y2—y1) (21— 2)+ (24 —23)ya+(ya—ys) (ws— £))

X d(L‘l dyl dﬂ?g dy2 da)‘3dy3 d$4dy4]

¢ os ol e
N N N e
=K% t - ] -, - VT1T2E3TaY1Y2Y3Y4

< E {eie(uz,ya)L(:,yn)eie(L(:,ynL(:,ys>)]

x e~ ¥(=0) ((Ez—fl)yz+(y2—y1)(11—§)+(I4—13)y4+(y4—y3)(f63—i))

X dl‘l dyl d.’l?g dygdxgdygdx4dy4
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The following 6 expectations are the ones that appear twice in (3.9).

LoE oy g i .
(Kzg/ / / / Vs ¢ (HE L)
> e—‘l’(9)((962—2?1)2124-(312—1/1)(351—z))dxldyldxgdy2>

% S?, Y2 T2 . . B )
g K%Z/ / / / VETEge (e v k)

w e~ YO (@2—z1)y1 o —U(=0)(y2—y1) (2 )dx1dy1da:2dyz>]

44 % S?I Y2 T2
Ke / / / / [ / [ / VZ1T2T3T4/Y1Y2Y3Y4

o o0 (E(22)=L(2.91)) i (L(2,90) = L(£,8)) .~ W (~6) (ya—ys) (w5~ 2)

E[A745] =E

x e‘”‘))((f”l)yzﬂwyl)(zli>+<“f4Wys)dzldyldmdyzda:gdysdmdyj

t’ s’ t’ s’
44 c = Ya Z3 = = Y2 Z2
=K1 t t t t VET1T2X3T4/Y1Y2Y3Y4
R s R s R s R s
€ € € € € € € €
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Observe that in all the above integrals we have that y; < yo and y3 < y4. If we want to compute
the expectations inside of them, we must consider all the orders of y1,¥y2, y3, ¥4, with the restrictions of
y1 < y2 and y3 < y4. This leads us to 6 different possible orders, which we will divide in two groups:

(i) 11 <y2<y3s<wysandys <ys <y1 < yo,

() 1 <ys <y <ys, y1 Y3 <wya <2, y3 <Y1 <ys <yoand yz3 < y1 < yo < s
Then,

6
E[A;A5] =) Bi( (3.11)
k=1

for 4,7 € {1,2,3,4}, where B%(i,j) and B5(i,j) correspond to (3.10) with the orders of (i), respectively,
and Bj (4, 7), k = 3,4,5,6, correspond to the above integral with orders of (ii), respectively. Hence,

E[(E[1A0X (s )P 1F2])] = D0 D Bilind). (3.12)

ij=1k=1

Step 2. Now we will analyze the terms in (3.11) and after that we will go back to deal with (3.12). Let
us start this analysis with the terms in E [(A5)?]. Recall that

6

E[(49)%] = " Bi(1,1).

k=1

For now, we will focus only on the terms Bj(1,1) with k = 3,4,5,6.
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Let us compute E [ew(L(z’yZ)_L(i’yl)) ew(L(?’y“)_L(g’y?’)) for B§(1,1), where y1 < y3 < y2 < ya:

E {ew(L(g,yg)L(i»yl))eia(L(}M)L(i»ys))]{y1§y3§y2Sy4}
— o V(O ((ya—y2) 2 +(ys—y1) 2 4+2(y2—v3) 2)

Plugging the expectation inside the integral, we get that

B5(1,1) :K4€4/ VEE T T Y1Yaysya Hen < w2} ey <ouy Ly, <ys<vn<an)
D
x e*‘I’(Q)((?M*yz)§+(y3*y1)§+2(y2*y3)§)
~ e—‘I’(G)((Iz—ll)yz+(yz—y1)(w1—§)+(w4—wa)y4+(y4—y3)(w3—2 )

x dz1dyydxodysdrsdysdrydys,

(3.13)

where D := [£, £]4 x [¢ %}4, We recall that a(6) is the real part of ¥() and that £ < y; for i = 1,2,3,4.

e e g’
Hence, by shifting the modulus inside the integral, we have

‘Bg(l’ 1)| S[(454/ V1223848 Y1Y2Y3Y4 I{xlS$2}I{I3§I4}I{y1Sysﬁygﬁyax}
D
% e*a(e)((y4*y2)§+(y3*y1)§+2(y2*y3)§)

« e—a(e) ((wz—w1)y2+(yz—y1)(w1 —2)+H(xa—x3)ya+(ya—y3)(rs—2 )

X dxydyydxodysdrsdysdrsdyy

§K454/ VZ12223T4\/Y1Y2Y3Ya Lz <ao} Lzs<as} Ly <ys<ys<ya}
D
% e—a(@)((u—m)é-&-(xz—acl)§+(y4—y2)§+(y3—y1)§+(y2—y1)(:c1—§))
« 6*11(9)(2(?!2*?!3)§+(y4*ys)(l’3*§))

X dZE1 dyl dxzdyg dl‘g dy3d$4dy4.

Applying some suitable changes of variable, we have that

‘Bg(lv 1)| §K454/ \/$1$2333$4\/y1y2y3y4 I{zlSwz}l{x3§x4}l{y1§y2§y3§y4}
D
% e*a(e)((LﬁwS)ﬁﬂL(wz*101)§+(y4*93)§+(y2*y1)§+(y3*y1)(w1*?))
> 6—0(9)(2(113—1/2)§+(y4—y2)($3—§))
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D
« e*a(e)((mfm)ﬁﬂm*11)§+(y47y3)§+(y2*y1)§+(y3*y1)($1*i))
X d1‘1dy1d$2dy2d1‘3dy3d$4dy4.

As y1 <y, notice that (y3 —y1)(z1 — 2) > (y3 — y2) (21 — 2). Thus,

€

|B5(1,1)] §K454/ VZ12223Ta\/Y1Y2Y3Ya L {2y <o} L (o <wa} L1 <y <ys<ys)
D
% e—a(e)((u—ws)%-&-(wz—w1)£+(y4—ya)§+(y2—y1)§+(y3—yz)(w1—§))

X dxydyrdxodysdrsdysdrady,.
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Step 3. Here we deal with | B (4, j)|, which are defined in (3.11). Set

ﬁa ::K4€4/ \/x1x2x3m4\/y1y2y3y4I{xl§x2}I{x3§x4}I{y1§y2§y3§y4}
D
~ e—a(G)((.m—m;;)§+(£2—£1)é+(y4—y3)§+(y2—y1)§+(y3—y2)(x1—§))

X dxldyldq:gdygdxgdygda:4dy4. (314)

Let us deal with E [ew(L(z’yQ)_L(z’yl)) ew(L(g’y”_L(i’%)) for Bi(1,1), where y1 < y3 < ys < yo:

E [ew(L(:,m)—L(:,yl))ew(L(:,yu—L(:,yg))I{y <raion)
1>3YsxyY2xYa

:e—‘I’(G)((yg—y4)§+(y3—y1)§+2(y4—y3)§) . (3.15)

So,
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D
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w e VO ((@2=1)y2+(y2—y1)(@1— )+ (21 —23)ya-+(ya—ya) (w3~ £))
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Then,

|B5(1,1)] §K4e4/ VZ12223Ta\/Y1Y2Y3Ya L2y <wo} Lo <wa} {1 <ys <yi<ys)
D
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X dxydyrdxodysdrsdysdrsdyy
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D
> 6*0(9)((904*903)§+(f'32*f'31)§+(yzfy4)§+(y3*y1)§+(y2*y1)($1*i))
% e~ (O (2(va—ys) £ +(ya—ys) (@5 —2))

X dxydyrdrodysdrsdysdrydyy.

Again, applying suitable changes of variable, we can rewrite the latter expression as

K4€4/ V12223247 /Y1Y2Y3Ya Ly <oy {ws<aat L {y1 <yo<ys<ya}

D
« e*a(G)((ﬂM*Zs)§+(1’2*11)§+(y4*y3)§+(y2*y1)§+(y4*yl)(l’1*i))
« e~ a(0)(2(ys—y2) £ +(ys—y2) (w3~ 2))

X dxydyrdrodysdrsdysdrydy,

§K454/ \/x1x2x3x4\/y1y2y3y4I{rcl§r2}l{m3§m4}j{y1§y2§y3§y4}
D
~ e—a(G)((%—zs)§+(f2—f1)i+(y4—y3)§+(y2—y1)§+(y4—yl)(11—i))

X d.’l?l dyl dxgdyg dxgdyg, d$4dy4 .
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We notice that if y; < yo <yz <wa then (ys —y1)(x1 — £) > (y3 — y2) (71 — £). Thus,

g

|Bf(1,1)] §K4a4/D\/:r1xzx3x4\/y1y2y3y4 Iay<wy las<aa} Hyi <ya<ys<ya)
> 6*0(9)((I4*I3)£+(12*T/l)é+(y4*y3)§+(y2*y1)§+(y3*y2)(r1*i))
X d1‘1dy1d$2dy2dl‘3dy3d.r4dy4
where §¢ has been defined in (3.14).

Next, we compute E [ew(L(i’yz)L(z’yl)) ew(L(%’y“)fL(g’“)) for B5(1,1), where y3 < y1 < ys < yo:

E {ew (L(g’yz)_L(g’yl)) e (L(g,y4)—L(§,y3)) Tty <yr<ya<yo}

_ e*‘I’(H)((yzfyz;)§+(y1*y3)§+2(y4*y1)§) ) (3.16)

We have that

B5(1,1) :K454/D V12838 4/Y1Y2Y3Ya {2, <ao 3 {wg <wa}  {ys <1 <ya<ys}
% e*‘l’(e)((w*y4)§+(y1*y3)§+2(y4*y1)§)
« e*‘l’(@)((wszl)y2+(yzfyl)(’flf§)+(w4*ws)y4+(y4fy3)(m3f§))

X d$1dy1 dIQ dygdxgdy3 dI4dy4 .

We can bound the modulus of BE(1,1) as follows:

|B5(1, 1) §K454/D\/$1x2373”34\/y1y2y3y4 Iiay <wnt{@s <ot L{ys <y <pa<yn)
% e*a(9)((y2*y4)§+(y1fy3)§+2(y4fy1)§)
o« o=@ ((@2=21)y2+(y2—p1) (21— 2)+(@a—28)yat(ya—ys) (w3 —2))

X dIl dyl dxzdyg dﬂ?g dy3d$4dy4

§K454/D\/x1x2m3x4\/y1y2y3y4 Ity <ao} fzs<ait  {ys <y <ya<yz}
% e—a(a)((u—m)%-&-(wz—931)§+(y2—y4)§+(y1—y3)§+(y2—y1)(w1—S))
« e*a(e)(2(y4*y1)§+(y4*y3)(m3*§))

X dl‘1 dyl d.l?gdyg dl‘g dy3d$4dy4.

By doing the proper changes of variable, we have that the last expression equals

K4€4/D\/x1m2x3w4\/y1yzy3y4 Ho<oay s <oy Ly <ya<ya<un)
X e*a(G)((ufzs)§+(z27m)§+(y4*ys)§+(y2*yl)§+(y4792)(‘r17§))
% e—U0)(2(ys—y2) £ +(yz—y1)(ws—2))

X dxydyrdrodysdrsdysdrady,.

§K454/ \/$1x2x3x4\/y1y2y3y4I{mlsz}l{m3§m4}j{y1§y2§y3§y4}
D
> e—a(9)((m4—f63)%-‘r(m—zl)é+(y4—y3)§+(y2—y1)§+(y4—y2)(11—i))

X dxydyidxedysdrsdysdrdyy,
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We have y3 < y4, so we have that (ys —y2)(z1 — £) > (y3 — y2)(z1 — £). Then,

)

|B5(1,1)] §K4€4/D VZ12223%47/Y1Y2Y3Y4 L {2y <eo} L {25 <ea} L {y1 <yo<ys<ua}
« e*a(e)((ﬂrﬁ)§+(302*$1)§+(y47y3)§+(y2*yl)§+(y3*y2)(w1*f))
X dxydyydxodysdrsdysdrsdyy
where ¢ has been defined in (3.14).
Let us compute E [ew(L(z’yQ)_L(z’yl))ew(L(:’y“)_L(z’yS)) for B§(1,1), where y3 < y; < y2 < ya:
E {ew(uz,yz)—u:,yl))ew(u:,yn—u:,ys))I{y3<yl<y2<y4}
— o~ VO ((a—y2) 2+ (y1—ys) £ +2(v2—v1) 2) (3.17)

Thus,

Bg(1,1) :K4E4/D VELL2L3T47/Y1Y2Y3Ya Iiay <an}{@a<oa} Hys<yr<yo<ua)
X e—‘ll(e)((m—yz)§+(y1—y3)§+2(y2—y1)§)
« e*q’(e)((1’2*1’1)92+(y2*y1)(21*§)+(:L’47:E3)y4+(y47y3)(zsf§))

X dﬂildyl dl‘g dygdxgdy3 dl‘4dy4 .

Now, we bound the modulus of B§(1,1) in the following way:

|Bg(1,1)] §K454/ VZ1222304/Y1Y2Y3Ya L2y <wo} L w5 <aa} L {ys <yr <ya<ys)
D
% e—a(ﬁ)((y4—y2)§+(y1—y3)§+2(y2—y1)§)
o« o0 ((@2=21)y2+ (g2 =91 (@1~ £)+ (w1 —28)ya+(ya—ys) (23— 2))

X dxydyrdxodysdrsdysdrydyy

§K454/ V@12283T47/Y1Y2Y3Ya Lay <wo} (o <wa}  {ys <yr <ys<ya}
D
> 6—0(9)((964—903)é+(12—11)§+(y4—yz)§+(y1—y3)§+(y2—y1)($1—§))
% e*a(e)@(yzﬁm)§+(y4*y3)($3*§))

X dxydyydrodysdrsdysdrsdy,.

Again, we do the proper variable changes to obtain that the latter integral is equal to

K4€4/ V12223247 /Y1Y2Y3Ya Ly <oy {ws<aat L {y1 <yo<ys<ya}

D
« e*a(G)((ﬂM*Zs)§+(1’2*11)§+(y4*y3)§+(y2*y1)§+(yzfyz)(ﬂ?175))
e~ a(®)(2(ys—y2) £ +(ya—y1) (w3~ 2))

X dxydyrdrodysdrsdysdrydy,

§K454/ \/x1x2x3x4\/y1y2y3y4I{rcl§r2}l{m3§m4}j{y1§y2§y3§y4}
D
~ e—a(G)((M—ms)§+(f2—f1)i+(y4—y3)§+(y2—y1)§+(ys—y2)(w1—i))
X dmldyldxgdygdxgdygda?4dy4
=0,
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where 8¢ has been defined in (3.14).
Then, we have that for k = 3,4,5,6

|BR(1,1)] < p°.
We will now do the analysis for the terms in E [(A45)?]. Recall that
6
E[(49)7] = 3 Bi(2,2).

k=1

For now, we will focus on the terms Bj(2,2) with k£ = 3,4,5,6.
Due to (3.13), we have that

B§(2’ 2) =K'e! /D V1 L2734/ Y1Y2Y3Ya I{msz}l{zsﬁu}l{ylSygSy2Sy4}
% e*‘l’(e)((y4fyz)§+(y3*y1)§+2(y2*y3)§)
% 67\11(0)((w27w1)y1+($4fa:3)y3) 67\11(79)((y27y1)(w17§)+(y47y3)(m37§))

X dxl dy1 dl‘gdyzdxgdyg d1'4dy4 .

We recall that a() = a(—6). Thus

‘B§(272D §K454/D \/$1$2$3$4\/y1y2y3y4 I{:clSwQ}I{m3§m4}I{y1§y3§y2§y4}
X e*a(e)((y4*y2)§+(y3*y1)§+2(y2*y3)§)
% e—a(e)((I2—$1)y1+(934—933)y3+(212—y1)($1—§)+(y4—y3)(z3—§ )

X dxydyydxodysdrsdysdrsdyy

§K454 / \/$1$2$3$4\/y1y2y3y4 I{xl ng}j{x3§x4}-[{y1 <y3<yo<ya}
D
> e—a(g)((w—xl)ﬁﬂm—xa)§+(y4—y2)§+(y3—y1)§+(y2—y1)($1—§))
« e*a(e)@(yzfye‘)§+(y4*ys)(ff3*§))

X dIl dyl dxzdyg dﬂ?g dygdfﬁ4dy4 .

By doing suitable changes of variable we get that the latter expression equals

K4€4/ V122232 4\/Y1Y2Y3Y1 Ly <oy {ws<wat L {y1 <yo<ys<ya}

D
% efa(G)((zzfxl)§+(z4713)§+(y47y3)§+(y27y1)§+(y37y1)(:r17§'))
% e~ 0)(2(ys—y2) £ +(ya—y2) (w3 —2))

X dxydyrdrodysdrsdysdrydyy

§K454 / \/5E1£U2$3$4\/y1y2y3y4 I{rl SIQ}I{m3§m4}I{y1 <y2<ys<ya}
D
> e—a(9)((m2—m1)§+(14—$3)é+(y4—y3)§+(y2—y1)§+(y3—y1)(ﬂ?1—§))

X d.’l?l dyl d(L‘gdyg dxgdygdx4dy4.
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Since y; < y2, we observe that (ys —y1)(z1 — 2) > (y3 — y2)(z1 — £). Hence

€

|B5(2,2)] §K454/D\/x1:c2x3x4\/y1y2y3y4 oy <oy {es<aa} L {ys <yr<ys<ua}
« 6*0(9)((902*901)§+(14*13)§+(y4*ys)§+(y2*y1)§+(ysfy2)(1’1*i))
X dxldyldxgdygdx3dy3dm4dy4
:/BE.

Let us analize the case of B5(2,2). By (3.15) we have

Bi(2,2) =K4€4/D VZ12223T4/Y1Y3YaY2 Liay <ao} (s <wa} {1 <ys <ya<yo)
% e—\I’(Q)((yz—y4)§+(y3—y1)§+2(y4—y3)§)
o o= YO (@2 —21)y1+(@s—23)ys) ,—¥(=0) (w2 —y1)(@1— £)+(ya—ys) (w3 — £))

X dxrdyrdrodysdrsdysdrsdy,.

Then we have

|B1(2,2)] §K454/ VZ12223T4\/Y1Y2Y3Ya Lizy <ao} zs<as} Ly <ys<ya<yz}
D
% o~ a(O)((y2—ya) 2+(ys—v1) £+2(va—va) £)
o o= a0 ((@2—21)y1+(@1—28)ys+(y2—y1) (21— £)+(ya—ys) (23— 2))

X d1‘1 dyl dxgdyg dl‘3 dy3d$4dy4

§K4e4/D\/x1x2x3x4\/y1yzysy4I{mlgw2}f{x3§x4}f{y1§y3§y4§y2}
o o= a0 ((@2=21) £+ (wa—w0) L +(y2—ya) £ +(y3—p1) E+(y2—p1) (21— £) )
e~ ((2(va—ys) £ +(ya—ys) (@3 —2))

X dxydyydrodysdrsdysdrady,.

Making the proper variable changes we get that the last integral equals

K'et / VT T2T3T 4\ Y192Y3a Lo, <ot (za<aiy L <va<yaya}
D
o 000 ((@2=21) E+(za—28) E+(ya—ys) 2 +(y2—p1) E+(ya—p1) (21— ) )
~ 6—0(9)((2(113—1;2)§+(y3—y2)(z3—§))

X dml dyl dxgdyg dxgdygda:4dy4

§K4€4 / \/x1x2x3x4\/y1y2y3y4 I{azl gmz}l{zgszdl{yl <y2<y3<ya}
D

o o0 ((@2=21) E+(2a—w0) E+(ga—ys) £ +(y2—p1) £+ (ya—p1) (21— )

X d.’l?l dyl dxgdyg dxgdyg, d$4dy4 .
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We notice that, if y1 < yo < y3 < yu, then (y4 —y1)(z1 — £) > (y3 — y2)(z1 — £). Thus,

€

|B£(2,2)] §K4a4/D\/:r1xzx3x4\/y1y2y3y4 loy<wy las<aa} [yi <ya<ys<ua)
> 6*0(9)((904*I3)§+(f'32*f'31)é+(y4*y3)§+(y2*yl)§+(y3*y2)(11*i))
X dl‘1dy1dI2dy2dl‘3dy3d$4dy4
:/BE.

We continue with the BE(2,2) case, where thanks to (3.16) we have

B§(272) =K4€4/D VT1T2L3T4/Y3Y1YaY2 I{xl§x2}1{$3SZE4}I{y1§y3§y4§y2}
% e*‘l’(e)((92*94)§+(y17y3)§+2(y4*y1)§)

o o= VO (@2 =21y +(@1—25)ys) ,—¥(=0) (w2 —y1) (@1~ £)+(ya—ys) (25— 2) )

X diCl dyl d:l?gdygdfbg,dyg dI4dy4 .

So,

‘B§(2,2)| §K4€4/ VI1T2T3T4\/Y1Y2Y3Y4 I{wlng}l{wsﬁwzx}j{yzaﬁylSy4§y2}
D
o~ a(@)((y2—ya) 2+(y1—ya) £ +2(ya—y1) £)
»« e—a0) ((@2=21)y1+(2a—23)ya+(y2—y1) (01— 2)+(ya—ys) (33— 2))

X dl‘l dyl dl’gdyg d373 dy3d$4dy4

§K454/D\/331$2373334\/y1y2y3y4I{x1Sm}l{rsﬁm}l{ysﬁylSy4Sy2}
o« o= @O ((@2—21) E+(21—23) L+ (v2—ya) 2 +(y1—vs) 2+ (y2—p1) (21— 2))
o o= aO((2(ya—y1) 2+ (ya1—ys) (w3~ 2))

X d:l?l dyl dxzdyg dﬂ?g dy3d$4dy4 .

We apply some changes of variable and we get that the last expression is equal to

K454/ VI 2838 4/Y1Y2Y3Ya Lz, <oo} {ws<aa} {ys <yo<ys<yu}

D
« e—a(e)((Iz—m)ﬁ-‘r(m—ws)§+(y4—y3)§+(y2—y1)§+(y4—y2)(w1—S))
> 6—0(9)((2(93—112)§+(ys—y1)(r3—§))

X dxl dyl dl‘gdyg dxgdygdx4dy4

§K4€4/ \/$1$2$3$4\/y1y2y3y4I{xlgmz}l{zsﬁu}l{ylSy2§y3§y4}
D
w ¢— 0O ((@2=21) (21 —23) L+ (ya—ys) £ +(y2—y1) £+ (ya—y2) (21— 2))

X d.’l?l dyl dl‘gdyg dxgdygdx4dy4.
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We notice that (y4 —y2)(z1 — £) > (y3 — y2) (21 — £), since y3 < y4. Thus,

€

|BE(2,2)| <K*e* /D V12734 /Y1Y2Y3Y4 L{w) <o} Lz <aa} L{y <yo<ys <ya}
% o~ O ((za—z3) E (w2 —21) EH(ya—y3) £+ (y2—v1) 2+(ys —y2) (@1 - 2))
X dxydyrdxodysdrsdysdrydyy
—p.
Let us compute the same for B§(2,2). Thanks to (3.17) we have

Bg(2,2) :K454/D\/x1$2x3x4\/y3y1y4y2 Loy <oot  {as<wa} (g <ys<ya<yz}
e~ YO ((ya—y2) £ +(v1—ys) 2+2(y2—v1) £)
o o= YO ((@2—0)y1+@1—23)ys) ,— V(=) ((v2—y1)(@1— £)+(ya—ys) (23— £))

X dl‘l dyl dl‘g dygdxgdy3 dl‘4dy4 .

Then we can bound the modulus of B§(2,2) in the following way:

1B5(2,2)] §K454/D\/x1xzw3m4\/y1yzysy4 Toy<ay las<ea} Hys<yr <ya<ua)
> 6*0(9)((94*?;2)§+(y1*y3)§+2(y2*y1)§)
o o= 00 ((@2=2)y1+(za—23)ys+ (2 —y1) (21— 2)+(ya—ys) (23— 2))

X dl‘l dyl diEQdyQ dl‘g dy3d$4dy4

<K*et /D VT12223T4/Y1Y2Y3Y4 Lz <aoy L {es<ea} L{ys<yr <yo<ys}
o o= 00 ((@2—21) £+ (2a—23) E+(ya—p2) £ +(y1-ps) E+(ya—p1) (21— £) )
% e—a(a)((Q(yg—yl)§+(y4—y3)(x3—§))

X dxydyrdrodysdrsdysdrsdy,.

We apply some changes of variable and we get that the last integral equals

K4€4/ V@12283%47/Y1Y2Y3Ya Loy <o} {ws <wa}  {y1 <yo<ys <y}

D
w ¢— 1O ((@2=21) (24 —3) L+ (ya—ys) £ +(y2—y1) £+ (ya—y2) (21— 2))
« 6*0(9)((2(93*92)§+(y4*y1)(13*§))

X dl‘l dyl dl‘gdyQ dSC3dy3dI4dy4

<K'e! /D V12223247 Y1Y2Y3Ya Ly <o} {ws<wat L fys <ya<ys<ya}
o 000 ((2=21) L+ (2a—28) E+(ya—ys) 2 +(y2—p1) E+(ys—p2) (21— £) )
X dxldyldzgdy2dx3dy3dz4dy4
:/86.
Therefore, we have that, for k = 3,4, 5,6,
|BE(2,2)] < .

We have made ourselves a clear idea of the forms of B} (¢, j) and for our own convenience, we can show
in a general way that

| B (4, 7)| < 6%,
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for k =3,4,5,6 and i,j = 1,2, 3, 4.
Notice that E eia(L(iyﬂ_L(iyl)) eia(L(g’y“)_L(?’y?’)) appears in all Bf(7, j), no matter the value of k, 4

or j, for k=1,2,3,4,5,6 and ¢,j = 1,2,3,4. In particular, its values are the same ones given by (3.13),
(3.15), (3.16) and (3.17) for each of the orders in (ii), respectively. We have that

|B.(7, 5)] §K454/ VT1 22238 4\/Y1Y2Y3Ya Loy <o} {25 <as} LOs
D

< e {eio(uz’y(g)L(:,y1>)eie(L<;y4>L(:,y3>)”

o« o= a0 ((@2=22)yr+(v2—y1) (@1 = £)+(@a—78)ys +(ya—ys) (23— 2))

X d$1dy1 dl‘g dy2 d$3 dy3d$4dy4

§K454/ VZ12223Ta/Y1Y2Y3Ya L {2y <o} L {zs<aiy L0y
D

< e [ew(uz,y2>—L(:,y1>)ew(L<z,y4>—L(:,y3>)]‘

o 000 ((@2=20) £+ (g2 —y1)(@1- 2)+(@a—75) E+(ya—ys) (w3~ 2))

X dxydyydxodysdrsdysdrasdyy,

for k =3,4,5,6,i = 1,2, j = 3,4 and where Oy, is the k-order given in (ii). We notice that the exponential
function that appears in the third line of the second term is the same than the one appearing in all B
after shifting the modulus inside the integral. So we can infer that

|Br.(i,4)| < B°.
for k=3,4,5,6 and 7,5 =1,2,3,4 .

We want to verify that lim._,o 8% = 0. Recall that s, > 0. Hence,

B =K4€4/D V@12283%47/Y1Y2Y3Ya Lz, <wot L {zs<wa} (g1 <y2<ys<ya}
« e*a(G)((@rﬂCa)§+(w2*w1)§+(y47y3)§+(y2*y1)§+(y3*y2)($1*i))

X diIZ’l dyl d:l?gdyg dazgdygdz4dy4

z2 , ,
<K4 t/s/ / / / / / / / / efa(e)((zélfzg,)g+(m27;p1)g)
t EL

€
é
E

e~ a(O)((ya=ys) 2+(y2—v1) £ +(ys—y2) (@1~

X d.’l?l dyl daigdyg d$4dy3dl‘3dy4

4((;/?;))25 /? /5E /y4 /?JS /Z/ / a(0)(z2—w1) % (1_e—a(9)(%’—r3)é)
a(f)t J: s t t s s

—a(0)((ya—ys) £+ (y2—y1) £+ (y3—y2) (21— 2))

X e

X dxidyydxedysdyszdrsdya,

where at first place we bounded the square roots by the upper limits of z; and y;, and then we integrated
with respect of x4. Now, we bound the parenthesis inside the integral by 1 and then integrate with
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respect to x3 to get that the latter expression is bounded by

R //////

—a(9) (ya—y3) 2+ (y2—y1) 2+ (ys—y2) (= )d$2dy1d$1dy2dy3dy4

:K4(t” s~ 5)e / /y/y/ /y 0 -0t

X e_“(g)((y“_y?’)?+(y2_y1)5+(y3_y2)(“_5 ) dyrdzydyadysdys.

Here, we have integrated with respect of z5. Let us denote K 4% by C, and from now we will

make a notation abuse by denoting all the constant terms C, no matter how they change through the

integration process.
So, if we apply to the parenthesis the same bound as before, we have that

g < C&/ / / / / efa(e)((w*ys)g+(yzfyl)g+(y3*y2)(11*;)) dy1dysdysdysdz .
e Jo S J

By integrating with respect of y1, we get

B < 052/ / / / e*a(e)((y4*y3)g+(yafyz)($1*”g)) (1 _ e a(®)(y2—1 g) dyadysdysday
e e

< Ce? ' e~ @O ((wavs) E+(ws=v2)@1=9) gy, dy dys s
e S ey
At this point, we integrate with respect of y4 and then we will make the change of variable z = 1 — 2,

thus
5e§053/ / / o= a(0) (w3—y2) (a1~ 2) (1_e—ﬂ(9)(?—y3)g) dyadysdas

<Ce? /? /? /y3 e~ 4O ws=v2)(=1=2) gy dysd,
S/;S % Y3
2053/ / / e—(0)(ys—y2)z dyodysda
o Jr Je
S/;S % Y3
:053/ / / e—(0)(y3—y2)x dyodysdz
e Jr Ut
€ % Y3
+ 053/ / / e_a(e)(yC"_ZD)w ddeyjde
o Jr Je
Let us tackle first, the second term of the sum:
Y3
ce? / / / @(0)(ys=v2) gyo dysda < Ce® / / / dysdysdz
< CES/ / ys dysdx
0 Jt

:Cs/ dx = C&2.
0

63



It is clear that it vanishes as ¢ tends to zero.
For the first term, we have that

o//

_ 0B / / o—a(®)ysz / " ea®) W) gy dyda
d 1 o~ a(0) (s
— Ce? - ) dysda
X

<C€/ / fdydda;< Ce?

=Ce? (In(s’ ; ) —2In(e)) = Ce? 1n(s —5) —2C?In(e).

Y3
/t 0O w102 gy 1o

ol

|+

—dx
T

And it also vanishes as € tends to zero, since we notice that

where we have applied ’'Hopital’s rule. Hence, lim._,q 3¢ = 0.

We can infer that
) 4
E[(E 180X (80P 172 0))"] = 32 30 Biting)
4 2
=Y > Bi(i,4) + pe, (3.18)

where we recall that Bf (i, j) and B5 (i, j) are the terms in the decomposition of E[A$AS| with the orders
of (i), respectively, and lim._,g p. = 0.

Let us tackle Zizl B:(i,j), but in order to do so we will first compute
B |:ei9(L(§7y2)—L(Z,y1))ei9(L(z7y4)—L(Z,ys)):|

in B (4,7), where y; < y2 < y3 < y4, and also we must compute it for B5(,j), where y5 < ys < y1 < ya.
Thus,

E {ew(ug,yz)L(:,y1>)ew(L<g,y4>L(:,y3>)1{y <y2<y3<y4}}

_ 6*9(9)((y2*y1)§+(y4*y3)§) (3.19)

and

E |:67;9(L(§,y2)L(§,y1)) eie(L(g’y4)7L(§’y3)) Tiys<yi<y <y2}:|

_ 6*‘1’(9)((y27y1)§+(y4*y3)§). (3.20)
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We notice that

ZBk (1,1) =K* 4/ V122037 4/Y1Y2Y3Y4 Lz <wo} L {ws<asy L{y, <yz<ys <y}
k=1

% 6*‘1’(9)(@2*?41) +(ya—ys)2)
o= YO ((2=21)y2+(y2—1) (@1— 2)+(2a—w8)ya+(ya—ys) (w5 — £) )

X dzldyl dSCQ dy2 d$3dy3d$4dy4

+ K4€4/D\/x1$2x3x4\/y1y2y3y4I{anSﬂiz}l{ﬂﬁaS14}I{y3§y4§y1§y2}
% o= YO ((v2—y1) 2 +(ya—ys)2)
o o= VO (@2 =21 vat (w2 =) (21— 2)+ (w1 —23)ya+ (ya—s) (23— 2))

X dxrdyrdxedysdrsdysdrsdyy

=K' /D V1222324 Y1Y2Y3Ya L{wy <wa} Nws <wa} [ {un <ur<us <va}U{ys<wa<yr <v2})
w e~ YO (z2—z1)y2+(za—23)ya+(v2—y1)w1+(ya—y3)z3)
X dl‘ldyld$2dy2da?3dy3d$4dy4,
where we recall that D := [2, %/]4 x (£, ’;] and that

I{yl <yo<ys<ys} T I{y3§y4§y1 <y2} = I{yl <y2<y3<ys}U{ys<ya<y1<y2}>

since they are indicator functions of disjoint sets. Observing that

I{{yl <Ly2<ys<ya}U{yz<ya<y1<y2}} < I{yl Syz}I{ySSM}’

we get that

2
ZB 1,1) <K’ 2/ VE12203T4\/Y1Y2Y3Ya Lz, <wo} Ly <as} Ly <y} [ {ys<ya}
k=1

w e~ V(O (z2—z1)y2+(va—23)ya+(y2—y1)z1+(ya—ys)z3)

X da:ldyl dxg dy2d$3dy3d$4dy4.

Let us deal with the rest of the terms Eizl B:(i,7) by using the same arguments.
We observe that

ZBk (2,2) =K"e 4/ VZ12223Ta/Y1Y2Y3Ya L{z) <o} (s <aa} Ly <y <ya<ya)
k=1

s eV O(2—y1) 2+ (wa—ys)2) .~ (=0) (y2-1) (@1~ )+ (ya—ys) (w3~ £))

> e—‘I’(e)((w x1)y1+(xa—x3) ys) dardyy dzadysdzsdysdaadys

+ K4a4/ V1222038 4/Y1Y2Y3Y4 Lz <wo} L {ws<ead L{ys<ya<yi<yo}
o= YO (w2 —y1) 2+ (a—ys) 2 ) .~ (=) (w2 —v1) (31— £)+(ya—ps) (w3 2))

x ¢ VO (a=e0pi+(a—w3)ss) dzydyrdxodysdrsdysdrydyy

< K4€4/ \/x1x2x3x4\/y1y2y3y4 I{xl sz}j{xsﬁm}l{yl§y2§93§y4}U{ySSy4Sy1 <y2}
D
o= O (@2=21)y1+@1—22)ys) o~ (=) ((v2—y1) o1 +(ya—ys)zs )

% e 2ib(0) ((yz—y1)§+(y4—y3)§) dardyr daadysdrsdysdzadys.
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In the same way, we have

2
> Bi(3,3)

k=1

:K4€4/ VI T2T3T4/Y1Y2Y3Y4 I{xlsz}I{%SSM}I{yl§y2§93§y4}
D

o= O ((w2—y1) 2+ (a—ys) 2 ) .~ (0) (w2 —v1) (31— )+ (ya—ps) (23— 2))

x ¢~ ¥(=0) (@2 =eyr+ @a-a)us) dxydyydxadysdrsdysdrydyy

+ K4s4/[)\/x1xzx3x4\/y1yzysy4 liay <o} {za<as} {ys<ya<yi <u2}
e~ VO ((W2=91) 2+ (wa—3)2) .~ ¥(0) (w2 —y1) (1= £)+(ya—ys) (25— £))

™ e—‘I’(—9) ((IQ—I1)91+(14—$3):U3) dardy1 dzadysdzsdysdasdy,

§K4e4/D\/x1x2x3x4\/y1y2y3y4I{zlgm}f{mgm}f{yl§y2§y3§y4}u{y3§y4gylgyz}

o~ =0 ((@2—z1)y1+(@a—23)ys) ,—(0) (w2 —y1)or1+(ya—ys)zs)

X dxldyl d$2 dygda:g,dygdx4dy4 .

We list the rest of them:

k=1

Bli (4a 4) = K454 / \/$1$2363£U4\/y1y2y3y4 I{acl Sacg}I{wsgm}I{yl <y2<yz<ya}
D

% e—‘I’(G)((yz—yl)§+(y4—y3)§)
o o= V(=0 (@2 —w1)y2+(y2—y1) (21— 2)+ (24 —3)ya+(ya—ys) (ws— £))

X dxrdyrdxodysdrsdysdr dyy

+ K4t /D VE1L223Ta/Y1Y2Y3Ya iw) <ao} l{zs <wa} [{ys <ya<yr <yo)
% ef\P(G)((yQ*yl)§+(y4*y3)§)
X ef‘I/(*Q)((szm)szr(?n*yl)(ml*§)+(m47m3)y4+(y47y3)(137§ )

X dil?ldyl dJL‘Q dygdzgdygdx4dy4

SK4€4/D\/x1x2x3x4\/yly2y3y4I{$1§$2}I{$3Sw4}1{y1§y2§y3§y4}u{y3§y4§ylgy2}

« e~ V(=) ((932*931)yz+(y2*741)11+(x4fx3)y4+(y4*y3)903)

« e—2ib(9)((yz—y1)§+(y4—y3)§) da1dyr dzodysdzsdysdzadys,
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k=

=1

1

2
ZB 1,2) =K* 4/ VT1Z223T4/Y1Y2Y3Ya L {2y <wn} (w5 <aa} L {ys <ya<ys<yi}

% e —0(0)((y2—v1) £ +(ya— Z/a)?) —U(—0)(ya—ys3)(z3—2)

w e~ YO ((-T2—-”£1)y2+(y2—y1)($1—§)+(Tf4—r3)y3) dz1dyy dzodysdrsdysdrsdy,

+ K4€4/ VT12223Ta/Y1Y2Y3Y1 L2y <an} L {as <wa} L {ys <ya<yr <o}
D
w e~ YO ((2=y) £+ (ya—ys) ) o= ¥(=0)(ya—ys) (wa—£)

« e~V O (20wt va—v) o= D+ Ea—)3) do o darydysdavsdysdeadys

§K454/ VT1 222038 4\/Y1Y2Y3Ya L {2y <an} L {zs<wa} L{yn <yo<us <ya}U{ys <ya <1 <ua}
D

> e—\I'(é) ((3:2—3:1)yz+(yz—y1)x1+(x4—x3)y3) e—‘l/(—G)(y4—y3)z3

x e 2b(0)(ya—ys) 2 dx1dydrodysdrsdysdrsdyy,

2
> Bi(1,3)=K* 4/ V2122837 a/Y1Y2Y3Ya Ly <ao} {ws <wu} Ly <yo<ys<ya)
D

o= VO ((W-91) 2+ @a—y3)2) .~ ¥(0) (221 )2+ (W2 —p1) (21— &)+ (va—ys) (w3~ 2))

x e~ VO @a=23)ys o) duyy dzodysdasdysdaadys

+ K454/ VT12223Ta/Y1Y2Y3Ys L2y <an} {zs <wa} L {ys <ya<yr <o}
D
% 6*‘1’(9)((?42*y1)§+(y4*y3)§)6*‘1’(9)((zz711)y2+(92*yl)(1’1*§)+(y4*y3)(903*§))

e~ V(=0 (xa—w3)ys gq. dyydxodysdasdysdrsdyy

§K454/ V@12223%47/Y1Y2Y3Ya L {0y <wo} {2 <wa} {51 <yo <ys <ya}Ulys <pa<yr <ua}
D

% 6—‘1’(9) ((IQ—ﬂﬂl)y2+(y2—y1)zl+(y4—y3)r3) e~ V(=0)(za—x3)ys

X dxydyidredyzdrzdysdrsdyy,
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2
Z B(1,4) = K4€4/ VZ12223T4/Y1Y2Y3Ya L2y <wn} L {ws<es} L{yr <y2<ys<yi}
D
k=1

o= YO ((w2=y1) 2+ (ya—ys) 2 ) .~ (0) ((22—21)y2+(v2—v1) (21— 2))

x e V(=0 (@a=a0)vs+(a—us) (3= ) dzydyrdrady2drsdysdrsdy,

+ K4€4/ VT12223247/Y1Y2y3Ya Ly <o} (v <wat  {ys<ys<yi <o}
D
X e—‘I’(a)((yz—y1)§+(y4—y3)§)e—‘l’(9)((wz—wl)yz-i-(yz—yl)(wl—i))

% e—\I/(—G) ((x4—x3)y4+(y4—y3)($3—i)) dar dyr dzadysdrsdysdzady,

§K4€4/ VT1 22238 4/Y1Y2Y3Ya L {2y <an} L {zs <wa} s <yo<ys <ya}U{ys <pa <1 <wa}
D
o= YO ((@2—21)y2+(W2—p1)1) =¥ (=0) ((2a—28)ya+(ya—ys)zs)

x e 2O (Ya=y3) 2 g dyrdzxodysdrsdysdradyy,

2
> Bi(2.3) :K4s4/ VT12223T4\/Y1Y2Y3Y1 L2y <o} {zs<wa} L{ys <yo<ys<ya}
D

k=1

o= O ((w2=y1) 2+ (ya—vs) 2 ) .~ (0) ((22—21)y1+(ya—3) (25— 2))

x e~ VO (Wi =)+ @=29008) 4oy dy duydysdevsdysdaadys

+ K4E4/ \/x1x2x3x4\/y1y2y3y4 I{El§I2}1{13§$4}I{93§y4§y1§y2}
D
e~ VO ((W2=y1) 2+ wa—y3)2) .~ ¥(0) (221 1+ (ys—ys) (25— £))

% 6_\1’(_9) ((92—?41)(901—§)+(f64—f€3)ys) dardy1 dzadysdzsdysdasdy,

§K4€4/ VT122238a/Y1Y2Y3Ya L {2y <wn} L {ws <wa} L {y1 <o <ys <ya}U{ys <ya<v1 <ya}
D
o o= VO (@2—20)y1+wa—ys)zs) ,~¥(=0) (v2—y1)er1+(@a—23)ys )

x e 2O (y2=y1) 2 g dyrdzrodysdrsdysdradyy,
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k=1

2
232(2’4) :K4€4/ VI1T23T4/Y1Y2Y3Y4 Loy <oy oo <aat L{yi<ya<ys<ya}
D

> 6*‘1/(0)((y27y1)§+(y47y3)5)67‘11(0)(302711)741

« e~ V(=) ((y27y1)(z17§)+(:1:47:z:3)y4+(y47y3)(m37§)) dar dyr dzadysdrsdysdradys

+ K4€4/ V@1 22238 4/Y1Y2Y3Ya L {2y <o} {rs <wa} {ys <ya<yr <yo}
D
% e VO ((v2—y1) 2+ (Ya—v3) 2) ,—U(0) (z2—21)1n

« &= VO) (v 1= ) w0 va s =v0) @5 0) gy o diradyndzadysdiadys

SKA‘54/ V12223247 Y1Y2Y3Ya Ly <o} {ws<wa} L {y1 <ya <ys <ya}UTys<ya<yi <yz}
D
X e*‘l’(e)(wzfm)yle*q’(*@)((yz*yl)x1+(w4fzs)y4+(y4fys)ms)

% o~ 2ib(0) ((v2—v1) £+ (ya—ys) 2) dr1dyy dzedysdrsdysdrady,,

(3’4) :K454/ VT T2T3T4/Y1Y2Y3Ya I{IlSm}l{fl’sS$4}I{y1§y2§ysﬁy4}
D

o e VO (2 —y) 2+ (s —ys) 2) .~ (0) (y—y1) (a1 — £

€

« e~ V(=0) ((zz711)y1+(z4713)y4+(y47y3)(m37g)) dadyy dzadysdrsdysdradys

+ K4€4/ VT12223Ta/Y1Y2Y3Ya L {2y <an} {rs <wa} {ys <ya<yr <yo}
D
w e~ VO ((r2=y1) 2+ (ya—ys)2 ) o= ¥(0) (y2—y1) (w1 —2)

x ¢~ VO (2=t et a0 09=9) 4y dy, duvydysdesdysdaadys

5K4E4/ VT1TT3TaN/Y1Y2Y3Ya L{ay <wo} L {wa<wa} L{ys Sy <ya<pa}Ufya <ya<yi <un)
D
™ 6*‘1’(9)(92*?/1)0616*‘1’(*9)((12*11)y1+(x4*x3)y4+(y4*y3)zs)

x e~ 20O (Wa=ys) 2 g dyydxodysdasdysdrsdyy.
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Step4. We recall, from (3.12), that

4 4
E[(E 18X (00 1Fa])’] = R[]+ 30 E[454]]
=1 i,5=1,i#j

|l

E [(Af)ﬂ +2E [ATA5] + 2E [AT A5] + 2E [AT Af]

%

1
+ 2F [AS A5 + 2E [ASAZ] + 2F [A5 A%

2 2
Bi(1,1) + > Bi(2,2) + Y Bi(3,3) + Y _ Bi(4,4)
k=1 k=1 k=1 k=1
2 2 2

+2) Bi(1,2)+2) Bi(1,3)+2> Bi(1,4)

k=1 k=1 k=1

2 2
+2) Bi(2,3)+2) Bi(2,4)+2>_ Bi(3,4) + pe,
k=1 k=1 k=1

Il
N

where p. is defined in (3.18). And gathering all the above resulting bounds together, we end up with

E[(E 100X )1 175 7])7] < 62+ ., (3:21)

where

_ % Y2 % T2
0, = K2€2[ /t / / [T1Z2Y1 Y2 e—‘l’(‘g)((zz—11)y2+(y2—y1)rl)dxldedyldyQ
% Y2 % T2
4 K22 / / / / Ty e VO @201~ ¥ (=) (2 —3)a o ~25(0) (02~ e iyl i
% Y2 % xr2
+ K22 / /, / / VT1T2Y1Y2 e_‘p(_‘g)(“_“)yle_\l'(e)(yryl)””da:ld;vgdyldyg

+K252/ /2/ /2 Tt e~ V(O (@)t a—y)e1) o= 2i6(60) (r2=1) s, iy iy

We observe that O, coincides with the right hand-side of equality (3.2) in the proof of Lemma 3.3, where
it was proved that
lim O, =2(¢' —t)(s' — s).

e—0

Thus, thanks to (3.21) and recalling that lim._, p. = 0, we finish the proof by choosing C. := ©%2+p.. O

Now we can prove Proposition 3.2 .
Proof of Proposition 3.2. We recall from the beginning of this section that
Ac+ Be =E [p(Xe(s1,11), o Xe(om, 1) (B [[A00Xels', )1 Fo| = 25" = ) = )] -

In order to prove that A. + B. converges to zero as € tends to zero, it is enought to verify that
E [|AS_¢XE(S’715’)|2|]-'§7T} converges to 2(s’ — s)(t' —t) in L*(Q), as ¢ — 0. By Lemma 3.4, we have
that

o
IN

B[ (B [|a Xt O 1] -2 - e - 0) |

< O.—4(s —s)(t' —DE [\As,txa(s', t')ﬂ FA(s — 82t — )2,
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where lim. o C. = 4(s’—s)?(t' —t)?. Therefore, by Lemma 3.3, the right hand-side of the above inequality
vanishes as ¢ — 0.

Now, we will deal with the limit of A, — B.. Let us recall that
NIL ;12
Ac = Bo =B [p(Xe(s1, 1), s Xelsnstn) (|AsiReXe (s, ]| = [AgumXe (s, 1)][*) ]

Then, we have that

A. — B. =E | ¢(Xc(s1,t1), ..., Xe(Sn,tn)) <5K[5 /§? \/@(COS(QL(z,y)))dzdy>

2

_ <5K /f/ /E/ \/@(sin(ﬁL(x,y)))dxdy>

Since 2(a? — b?) = (a + ib)? + (a — ib)?, we infer that

t/ S/ 2
1 G A
A, — B, :EIE o(Xe(s1,t1), ..., Xe(8n,tn)) {EK/t / Ty ewL("”’y)dxdy>
¢ s 2
+ <5K/E /E ,/xye_wL(m’y)dmdy>
Thus, it is enought to prove
lim AL =0 d limiAZ=0
Egrg) 2 e an 8% 2 e ’
where
v 2
Al =T @(Xs(sl,t1)7...,Xe(sn,tn)) (5[(/ c /s fxyeiGL(x,y)dxdy> (3.22)
and
A, 2
AZ:=E |o(Xc(s1,t1), .-, Xc(5n,tn)) <€K/ / \/:cyei‘)L(mfy)da:dy> : (3.23)



Let us tackle first Al. In order to do this, we will expand its squared integral, so that we have

2

’
5

A; =E @(Xe(slatl)a-~-aXa(3n7tn)) <5Kﬂ / meeieL(z’y)dxdy>

:]E @(X€(817t1>7 AR 7X€(Sn)tn))

o sL s

=E @(Xs(sl,tl), o ,Xe(sn,tn))

% 9?/ Y2 x2 .
X (52K2ﬁ / ﬁ / VT1T2Y1Y2 619(1’(‘“’ylHL(“’y?))dmldyldxgdyg

s s
€ e

Lo oy ¥ .
42K / / / / /Z1T2U1Y2 619(L(CE17y1)-|-L(932,yz))dmldyldxzdy2
tJe I e

+e2K? ﬁ / / / VT 1Ty gz €0 L@y L@2.92)) oy dyy daodys
= Je Jy2 J3

t s’ t s’
+ 62K2/ / / / T T2 eiG(L(I17y1)+L(I2,y2))dx1dyldx2dy2>] )
L 2 y2 Jxa

If we put a different integration order and if then we apply the required changes of variables, we obtain
A; :E |fp(XE(81’t1)7 e ,Xg(Sn,tn))
ot v pw _
X 52K2 / / / / ﬁﬂzmyz 610([’(11"yl)+L(z2’y2))dx1dy1dl‘2dy2
t s t s
Lorg Ly pa ,
+&2K? / / / / VI1T2yrys 0L @) T L@1v2)) 4oy dyy dagdys
t s t s
LoE pw e .
+2K? / / / / VZ1T2y1ys e 0L @2 v TL@1v2)) 4oy dyy daodys
x s x s
L Ly pw .
+ €2K2/ / / / VT1T2Y1Y2 0@y +L(@292) 4y dy, divodys
t s t x

=F l(p(Xe(sl,tl), .. 7X5(Sn7t’ﬂ))

%/ Y2 T2 .
X (2&*2[(2 / / / / /7371732?/1?/2 elQ(L(ml,yl)—i-L(zg,yg))dxld:UIdeCly2

L
<

3

€ €

+! ’

T [T vz w2 )
4 2:2K2 / / / / lezylyz620<L<zQ,y1>+L<z1,y2>>dx1dy1d@dy2>].

At this point we will set L(z1,y1) + L(x2,y2) and L(zs,y1) + L(x1,y2) as sum of disjoint rectangular
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increments of L. Hence,

A; =E l@(Xs(slatl)a e aXe(Smtn))

LorE yp e .

X 252K2/ / / / T122Y1Y2 e“’(Aml'ylL(“’WHAO*“L(“’y"‘HA“*OL(“’yI))
k3 EX x EX
£ € £ €

621‘9 (A tL(z1,y1)+A) ¢ L(§7yl)+A§,oL($17§)+A0,0L(§7 t
B e

2 dz1dy dxadys

2 7-2 SV 10 (20, L Aws oL )
+ 2e“K / / / / \/mez 0,91 L(x1,y2)+8%, 0L(z2,y1)
t s t s

2i0 (A

s
e

g,LL(Il7yl)+A0,LL(i7y1)+A§,oL(El,ﬁ)Jer,oL(i,é))
£ £ £

dxldy1dx2dy2> ]

=E [@(Xg(shtl), e ,Xs(smtn))ewaL(gé)

’ !
A .
X 252K2/ / / / VZ1T2Y1Y2 10 (B 1 L2 02)+-80,4, L 92)+00, 0 L(22,31))
t s t s
€ € € €

2i9(A§ LL($17y1)+A0 LL(§7y1)+A§.OL(I17%))
e e'e 'e €

X

£ % v g 0( 804, L AL )
+2€2K2/ / / / VEragyry e\ Ao HEv)F Ay o Lz yn)

A EA A s

g € g €

20 (a

dz1dy dxadys

s t
Ey%L(Ilvyl)“!‘Ao‘%L(W"I‘A%,()L(a?lag))

dl’ldyldedy2>:| .

Next, we split the expectations and inmediately apply Fubini’s theorem. Hence,

A; =E @(XE(Slatl)v s 7X€(5na tn))eﬂeL(g’é)}

t! s’
& & Y2 T2 .
x & 2€2K2/£ /5/ / \/xmzylyzew(A’”l=“1L(“’yQHAO‘ylL(Il’yQHAILOL(“’yl))
t s t s
€ € € €

2i0(As ¢ L(z1, +A L(Z, +As oL(xzy,t
s o20(Bs tLran) 42 L (2 i) +A2 0 (15))dx1dy1dx2dy2

K Eopr oo 10(20,, L N )
+ 2¢? 2/ / / / VZ1Tay1yz e\ 70 (@1,y2)+ A2y 0L(@2,91)
t el t el
1= £ 1= £

200(A s o L(z1,y1) 42y ¢ L(2y1)+Ax gL(z1,t))
e ele ‘e €

dfﬂ1dy1d$2dy2> 1
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=E [@(Xa(sh t1)7 cee 7X€(5n7 tn))eﬂo[‘(i’é)}
t?, b?/ Y2 x2 .
X <2€2K2/ / / / \/W]E {ew(Aﬂ”l=?/1L(x27y2)+A0’?11L(zlva)JrAmlyoL(“’yl))]

x E [6%9(A?ZL(‘”l’ylHAO*iL(:’ylHAg’OL(mh;))} dz1dyr dzedys

e s 1 xT
422K / € / < /J2 / 2 JET R E |:ei9(A0’y1L(,T,1,y2)+Am1,oL(CE27y1)):|
x s x s

x E [ezie(A?iL(ml’y1)+A0~§L(z’yl)+Ag'OL(II’;))} dx1dy1da:2dy2> .

Here, we observe that ¢ is a bounded function. So, there exists a positive constant C, such that

E |:<)0(X6(813t1)3 cee aXa(Smtn))eﬂeL i’é):| <C.

Then,

Al SC(ggsz/E /? /y /:EZme‘l’(o)((12*11)(y2*y1)+(yzfyl)1’1+(12*11)y1)

w Y@@ =@ DHO =D @ =DE) g dodys
LY pue g
+ 22 K2 / / / / meq’(m((yz—y1)w1+(12—$1)y1)

« ewe)((m—z)<y1—;)+<y1—;>:+(x1—z)ﬁ)dxldyldmdyz) _
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By taking modulus and shifting it inside the integrals, we end up with

|A;| SC <282K2 /é /kE /y2 /3C2 me—aw)((12—11)(.1/2—yl)+(y2—y1)w1+(9§2—9§1)y1)

x e~ (@1 =@ D+ =@ =D1) g g doodys
£ % vz g
+ 282 K72 [ / [ / \/me—a(e) ((y2_91)11+(m2—11)y1)

% e—a(20) ((zlf—)(ylf—)ﬂyl/) +(11*§)§) dxldyldxzdyz)

<2€2K2/ / / /932 me*aw)((y2*y1)11+($2*$1)y1)
t s

w =00 (1= =D+ -2+ =D1) g0 o oy
LT v e
+ 2:2K? [ / [ / \/me—a(e)((yz—yl)xl-‘r(ﬂcz—xl)%)

x e @ a(2 )((371_*)(?!1—*)4‘(1!1_*) +H(z1—2 Z)d$1dy1dm2dy2>

<CeK? / ’ / ? / ) / " e @ (G )

X e_a(29)((w S)( 1_*)+(U1_7)7+($ E)%)dmldyldaj2dy2

Set

Y2
QKQ/ / / / Varmags @ (et @aeon)

« =920 (@1 =) =H+e =1 2+ @ =) g gy

As |Al] < CAL, it is enough to show that lim. ,o Al = 0 to get our result finished.

We bound the square roots using the upper limit in the integrals and we use at our convinience the limits
of the integrals for bounding the exponential function in a suitable way, in particular we use that £ < z;
and that é < y1. Thus,

Y2
_52K2/ / / / Varmags e @ (et @eon)

‘e <2e>(<x1——>< = DH D E @ D) g ddys

<c/ / / / a(®) (v =) +(wa—a1)t)

< e —a(20) ((y1— JE+H(z1—2 é)dmldyldxgdyg

<O/ / /yQ/ _mm a(&) a(29))((yz—y1)§+(z2_zl)§)

— min (a(0 ) ( (y1—2)2+(@— E)i) dzxidyidxodys

_C/ ./ /_/ e~ min (2020 (G-t 21 E)%)d@dyzdmdyh

(0]



where we have applied Fubini’s theorem.

Let us now integrate first with respect of x5 and ys and then with respect of x; and y;, hence

A
[\; SC/E / / / o~ min (a(o),a(ze))((yr—) +(z2 g)g)dmddexldyl
L = Y1

—Ca/ / / o~ min (a(0),a(20)) (2 — )2
Y1

« (6_ min (a(0),a(20))(m1—§)é e min (a(@),a(QO))(%—E Z> dydeldyl

SCEQ/? /SE e—min (a(G),a(%))(iﬁ—?)%

« (e— min (a(6),a(20)) (y1—£)= _ o= min (a(6),a(20)) (£~ 1) ) daydy,
<C€ / / —mln a(0 a(20))(a:1 E)E‘e— min (a(a) a(29)>( g)gdfl;ldyl

<Ce’ / o~ min (a(0),a(20)) (v —9 gy,
< Cet.

Therefore, we can infer that lim._.q /E = 0, which implies that lim._,q A; = 0. The case for Ag is
analogous using the same arguments and considering two facts. The first one is that a(—6) = a(f) and
the second one is that, if the modulus of a complex number converges to zero, its conjugate should do it
too. Thus, lim._,qg A — B = 0. And this completes the proof of Proposition 3.2. O

Now we can prove the main theorem of the thesis:

Proof of Theorem 0.1. The tightness result given by Proposition 2.1, and Propositions 3.1 and 3.2 imply,
by Theorem 3.1, that X converges in law, as € tends to zero and in a space C([0, 5] x [0,T];C), to a
complex random field X = {X(s,t); (s,t) € [0,5] x [0,T]} whose real and imaginary parts are (real-
valued) Brownian sheets. We only have to verify that those real and imaginary parts are independent,
for which it is enough to prove that the corresponding covariance vanishes. In order to do this, we will
make use of the approximation sequence (X;)c~0, in the following way:

We observe that Re(X) and Im(X) are independent if, for any (0,0) < (s,t) < (s/,t') < (5,7), 0 < s1 <
c<sp<sand 0<t; <--- <t, <t, and any continuous bounded function ¢ : C* — R, we have

lim E [p(Xc(s1,81)5 -+, Xe(Sn,tn)) (As:Re(Xo) (s, 1)) (Astlm(X:)(s',t'))] = 0.

e—0

Using the equality af = £ {(a —i8)? — (a + i8)*}, we obtain that

E[p(Xe(s1,t1), .-, Xe(sn,tn)) (A 1Re(XC)(s', 1)) (As Im(XC) (s, 1))

:1 E [p(Xc(s1,t1),- -, Xe(Snstn)) (K&ﬁ / VY BZGL(Ly)dIdy)

2

- (Ka/s /E ./xyewL(I’y)dxdy>
t s

:Al_A2

where Al and A2 have been defined in (3.22) and (3.23), repectively. As a consequence of the proof of
Proposition 3.2, the latter expression converges to zero as ¢ — 0. So the proof has been completed. [
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Chapter 4

Weak convergence to the stochastic
heat equation

Let us consider the following one-dimensional quasi-linear stochastic heat equation:

aa—[t](t,x) — %(t,x) =b(U(t,z)) + W(t,z), (t,x) € [0,7] x [0,1], (4.1)

where T" > 0 is a fixed time horizon, b : R — R is a globally Lipschitz function and W(t,x) is the
space-time white noise. We impose the initial condition U(0, z) = uo(z), = € [0, 1], where ug : [0,1] = R
is a continuous function, with Dirichlet boundary conditions:

U0 =Ut1) =0, telo,T].

For making the calculations simpler, we will assume T' = 1 throughout all the chapter. All results can
be extended to a general T' > 0, since the calculations are analogous.

The solution of equation (4.1) has a mild interpretation, as follows. Let {W (t,z); (t,x) € [0,1]?} be a
Brownian sheet defined on a probability space (Q, F,P) with {F; ,; (¢,z) € [0,1]?} its natural filtration.
A jointly measurable and adapted random field U = {U(¢,z); (¢t,z) € [0,1]?} is a solution of (4.1) if it
satisfies

1 t 1
Ut,x) = / Go(, y)uo(y)dy + / / Gy o2, )b(U (s, y))dyds "

t el
+ / / Gi—s(x,y)W(ds,dy), a.s.
0o Jo

for all (z,t) € (0,1] x (0,1), where G is the Green function associated to the heat equation in [0, 1] with
Dirichlet boundary conditions. The existence, uniqueness and pathwise continuity of the solution to (4.2)
are a consequence of [42, Theorem 3.5].

Let us recall that the Green function G is given by

o0
Gi(x,y) =2 Z sin(nmx) sin(nﬂ-y>6n2ﬂ2t.
n=1
Notice that the last integral in (4.2) is the Wiener integral that we defined in Section 1.3.

In this section, we aim to apply [9, Theorem 1.4] in order to deduce that the solution U given above
can be approximated in law, in the space C([0, 1]?) of continuous functions, by a family of mild solutions
{Un}n>0, where U, is the solution of a stochastic heat equation perturbed by the formal derivative of
either the real or imaginary part of the family introduced in (5):

Xc(t,x) := EK/OE /0; Vsy(cos(0L(s,y)) + isin(0L(s,y)))dyds,
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where {L(s,y); s,y > 0} denotes a Lévy sheet and its Lévy exponent is given by ¥(£) = a(§) +b(§). The
constant K is given in (6) and 6 € (0,27) satisfies a(f) - a(20) # 0. We observe that, compared to the
expression given in (5), in the above expression of X, we have modified the variables’ notation in order
to properly match with the framework of stochastic partial differential equations.

Let us be more precise about the above statement. First, we rewrite X. considering the following
changes of variable:

1
s'=¢es, Yy =ey andwith n=—.
€

Then, we have that

Xe(t,x) = nK/O /OI V'Y (cos(OL(v/ns',v/ny')) + isin(0L(v/ns', /ny')))dy'ds’ .

In order to simplify this expression, we will make a notation abuse and we will rewrite it as:
t T
X (t,x) = nK/ / V5y(cos(0Ly (s, y)) + isin(0L,(s,y)))dyds,
o Jo

where L, (s,y) = L(y/ns,/ny). Set
0} (s,y) := nK\/5ycos(0L,(s,y)) and 62(s,y) :=nK,/sysin(0L,(s,y)).
Let i € {1,2} and consider the stochastic heat equation

oU}, >U;, T i
U 1,) = 20 1,) = sV ) + 05 0,), () € 011 43)

with initial condition ug and Dirichlet boundary conditions. The mild form of the equation is given by

Uy, (t, ) / Gi(z,y)uo(y )dy+/ / Gis(,9)b(Uy (5,))dyds

[ [ Grtnatisints

Thanks to Section 3 of [9], we know that (4.4) admits only a unique solution U with almost surely
continuous paths. Now, we state the main result of this chapter:

(4.4)

Theorem 4.1.  For any i € {1,2}, the sequence {U_},>1 converges in law, as n — oo and in the space
C([0,1]?), to the solution U of (4.2).

The proof of this theorem is based on Theorem 1.4 de [9], where sufficient conditions on a family of
random fields {6,,},>1 have been established such that the sequence of solutions to the stochastic heat
equation driven by 6,, converges in law to U, in the space of continuous function. The first requirement
is that 0,, € L?([0,1]?) a.s., and then there are the following conditions (these are the hypotheses 1.1, 1.2
i1.31n [9]):

i) The finite dimensional distributions of the process

Calt,z) = / / (s )dyds,  (t.2) € 0,17,

converges in law to those of the Brownian sheet.

ii) For some ¢ € [2,3), there exists a positive constant C, such that, for any f € L?([0,1]?), it holds:

</ol/Olf(t,x)an(t,x)dxdtﬂ <C, </01/01 |f(t,x)|qudt>3
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iii) There exists m even and a positive constant C such that the following is satisfied: for all s¢, s{, € [0, 1]
and zg, z}, € [0, 1] satisfying 0 < sg < s, < 259 and 0 < z¢ < x} < 2z0, and for any f € L?([0,1]?),
it holds:

s b " s b ]
/ / (s 9)0a(s.p)dyds| | <€, (/ / f<s,y)2dyds)
S0 xo S0 o

Therefore, in the proof of Theorem 4.1 we will prove the validity all above conditions in the case where
0, is given by 6! for any i € {1,2}. In fact, as we explain below, we will use similar arguments as those
used in one of the applications in [9], namely the case where 6,, are given by the Kac-Stroock processes
on the plane:

supE l

n>1

0, (t, x) = nv/ta(—1)NnHo)

)

where N, (t,7) := N(y/nt,/nxz), and {N(t,); (t,z) € [0,1]?} is a standard Poisson process in the plane.

4.1 Proof of Theorem 4.1

Before we start the proof of the Theorem 4.1, we observe that condition i) has been proved in Theorem
0.1. Now, we will prove the following technical lemma, which is analogous of [9, Lemma 4.2]:

Lemma 4.1. Let f € L?([0,1)?) and o > 1. Then, for any u,u’ € (0,1) such that 0 < u < v’ < 2%u, we

have
’ 2 ’
1 u ) a+1l _ 1 2 1 u
supE / / ft, )0 (t, x)dzdt < 3(2—2)K/ / f(t,z)*dxdt,
n>1 0 Ju a(f) 0 Ju

for any i € {1,2}.

Proof. We will only deal with the case involving ., because the first inequality below holds in both cases,
and so the result for 62 is identical. We have

(A/ ft:z;elzfas)d:cdt>2 <E (/0/ ftx@lt:z:dxdt> (A/ ftx(ﬂtx)dxdt>2

2
=FE nK// Vi en o) £ 0 dadt
0 u

We can also note that the latter term is equal to

1 u’ 1 u’
(/ / /71,13:1 eieLn(tl,m)f(thxl)dxldh) (/ / Vitaxo ean(m,x’z)f(tQ,mZ)dxgdt2>]
0 u 0 u

1 u’ 1 '
/ / / / Viitor/x12T2 619(L"(t2’x2)_L"(tl’xl))f(tl,xl)f(tg,%2)d$1dt1dl‘2dt2]

n’K’E

=n’K’E

*H2K2/ / / / vt1t2\/I1172]E{ 0(Ln(t2,02)=Ln(t, zl))} f(t1, 1) f(te, x2)dx dtiduadts
—n2K2/ / / / @\/ME{ 0(0.0Ln(ta2) =0 Ln (tlll))} f(t1,21) f (2, x2)dz1dt i duadts.

Due to the 4 order possibilities of two dots in the plane, this last expression is equal to
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1 u’ to o
"QKQ/ / / / Vit o VO 0n @) (1, 0) by, 2)dasdh desdty
0 u 0 u
1 u’ 1 T2
+7’L2K2 / / / / vV t1t21'1$2 67\1’(0)”(“7“)”67‘1’(79)”(’5142)“f(tl,xl)f(tg,xg)dxldtldxgdtg
0 u to Ju
1 u’ to u’
+n2K2/ / / / vV t1t2$1.’£2 e_q'(_e)"(wl_“32)t16_\1’(9)"(t2_t1)12f(tl,xl)f(tg,xg)dxldtldxgdtg
0 u 0 T2

1 pru’ 1 pu
K / / / / ViitaT122 6_\1/(_9)”((“_t2)12+(m1_w2)t1) f(t1, 1) f(t2, xo)dwydtydaodts.
0 u tg o

If we apply some proper changes of variable we obtain that this sum of integrals is equal to
1 u’ to xTo
nQKQ/ / / / \/me_‘l’(g)n((tz_tl)xﬁ(“_xl)tz) f(t,21) f (2, w2)dz1dt i duadts
0 u 0 u
1 u’ to T2
+TL2K2 / / / / vV t1t2I1$2 Biql(e)n(:miwl)tlqul(io)n(witl)zlf(tl,Il)f(tg,xg)dxldtldlfgdtg
0 u 0 u
1 u’ to T2
+7L2K2 / / / / vV t1t2$1x2 6_\11(_9)”(12_11)251G_W(Q)n(tz_tl)wlf(tl,xl)f(tQ,.’Eg)d.’Eldtld(EthQ
0 u 0 u
1 u’ to T
+n2K2/ / / / ViitaT122 6_\1'(_9)”((tftl)xﬁ(xz_m)t?)f(thfﬂl)f(t2,$2)d$1dt1d$2dt2-
0 u 0 u

Recall that ¥(0) = a(f) + ib(), where a(0) = a(—0) and —b(d) = b(—0). Let us observe the following

arrangement

e~V On((ta =t +(@a—a1)t2) | o~ W(O)n(e2—21)t1 (= U(~O)n(t2—t1)1
4 e Y(=On(ma—a1)t  ~V(O)n(ta—t1)or | 67\11(70)77,((tgftl):rlJr(zgfacl)tz)

:efa(e)’n((t27t1)$1+(132711)t2)ef’ib(e)’n((tz*tl)zl+(w27wl)t2)
+ e—a(@)n(mg—ml)tle—ib(G)n(zQ—zl)tle—a(&)n(tQ—tl)mleib(e)n(tg—tl)zl

+ e—a(@)n(iz—Il)tleib(@)n(wg—wl)tle—a(@)n(tg—tl)wle—ib(@)n(tg—tl)wl
4 eaO@n((ta—t)mi+@a—a1)ta) ib(O)n ((t—t)a1+(w2—a1)t2)

_o—a@n((ta—t)a1 +(z2—a1)t2) (eib(e)"((tZ—tl)x1+(ac2—$1)t2) +e—ib(a)"((tz—tl)x1+(:c2—:c1)t2>)

4 ea@n((ta—t)e1+(@a—a1)t) (eib<e>n((t2—t1>wl—(wz—mtl) n e—ib(@)n((tz—nm—(xz—mtl))
:efa(e)n(zgtgfasltl) (eib(e)n(zztzmltl) +eib(0)n(w2t2x1t1)>

+ e e@n (-t @a—an)t) (eibw)n((tzn)zl<z2u>t1) N eib(@)n((twnm(mxl)tl))
—e=aOn(e2ta=a11)g o (b(B)n(waty — 21t1))

+ e_a(e)"((trtl)““m_“)“) 2cos (b(O)n((t2 — t1)m1 — (z2 — x1)t1)),

where the last expresion is a consequence of the definition of the exponential function. Therefore,
1 u/ 2
E (/ / flt, z)ag(t,x)dzdt> <2(I7+13), (4.5)
0 u
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where

1 u’ to xo
R S A A B (RSN e G )
0 u 0 u

X COS (b(e)n(ﬂfgtg — l’ltl))diﬂldtldlﬂgdtg
and

1 u/ tz xro
I;Z = n?K? / / / / f(t1,$1)f(t2,xz)~/t1t2x1x2 e*a(e)ﬂ((tZ*tl)ler(ﬂﬂz*Il)h)
0 u 0 u

X COS (b(@)n((tg — t1)$1 — (:172 — xl)tl))dl‘ldtldl‘gdtg.

Let us apply the inequality zw < % (z2 + wz):
1
[t 21) f(t2, v2)Vititar1vg < 3 (trw1 f(t1,21)? + taaa f (L2, 22)°) .

If we bound the cosines by 1, we have

1 1 u’ t2 T2
i< anKZ/ / / / (trz f(t1, m1)% + toza f(t2, 22)?) eia(a)n(mrmltl)dfl?ldtldxzdtz
0 u 0 u
1 1 u’ to T2 p ( ‘ t)
:§n2K2/ / / / t1$1f(t1,.’£1)267a( Inlzatz =21ty dl’ldtldl'gdtQ
0 u 0 u

1 1 u’ to T
+ K / / / / toxa f(ta, $2)2€_a(9)n(w2t2_$1t1) dx1dtidrodls
2 0 u 0 u

PR n n
c= 07 + 1T,

and

1 1 pu' pta pxo
Ig < §n2K2 / / / / (tll'lf(tl, {El)Q + tngf(tg, 3?2)2) e_a(e)n<(t2_t1)$1+($2_$1)t1) dzrdtidxadts
0 u 0 u

1 1 u’ to xTo
- §n2K2 / / / / tizy f(t1, 331)2€_a(9)n((t2_t1)$1+(m_xl)tl) dzqdtidzradts
0 u 0 u

1 1 u' t2 o
+ §n2K2 / / / / towy f(t2, IQ)Qeia(a)n((trtl)zﬁ(xrml)tl) dxidtidxadts
0 u 0 u

L= Igﬁ 1+ I;Z.
Next we will estimate these integrals in a convenient way. These calculations are analogues to the ones
shown in the proof of Lemma 4.2 in [9].

For I}, we will first apply Fubini’s theorem and, after integrating with respect xy and t3, we will
bound the exponential function by 1. In the fourth line we use the fact that ¢t; < ¢s:
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)

IN

IN

1 t2
2K2// / / tizy f(t,z1)%e —a(@)n(zats- zltl)dl’ldtld%dtz

1n2K2// // tllﬁf(th961)267&(0)“(“@7““)dxzdt2d$1dt1
tl 7

2K2/ / / tlwlf t1, 371 2 —a(Q)n( zit1) ( ) ( —a(@)ntatu e—a(a)ntgxl)dtzdmldtl
th (Q)Htg

2
1’1’LK / / / -'L'lf t, -731)2 —a(@)n(—z1t1) —a(9)nt2$1dt2d$1dtl

2
L / / 1 f (b )2 o Ot (a(H_)l )(e‘a(H)nfl_e‘a(f))ntlfl)dmdm

nry

2
1 K / / f t,x 2 —a(9)n( z1t1) —a(e)ntlxldxldtl

1 K2
/ / f tl,l‘l dxldtl

For IT,, first we integrate with respect ¢, then we bound the exponential by 1 and in the second line
we use the fact that x5 < 2%z, since both z; and x5 are in (u,u'):

n
I1,2

1 t2
B 2K2// / / tawa f(ta, 22)%e —o(®)n(eata xltl)dfﬂldhdﬂﬁzdtz

< 2K22a/ / / toxy f(ta, x2)%e —a(@)nwats (> (e“(g)"”lt2 — 1)dm1dx2dt2
a(f)nxq

< an22a / / / tof(ta, x2) 2 e~ O nzate palO)nartz g doo dt,

_ 1 nKQQC“/ / tof (Lo, ) 2e—HOnats (Cl(e)m) (ea(e)nx2t2 — 1) dasdty

< 1K220‘/ / Flta, 29)2e ¥ Oneatz go@ntaws gy gy

1K22"‘
= / / f t2,.’L’2 dl‘gdtg

We will leave I3, for the end because it deserves a little more care, and now we will deal with I35 in
a similar way as we did with I7',:
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1 Lo pta poe 12—
2 = §n2K2// / / t2x2f(t27$2)2€_a(9)n<(t2_t1)m+(12_l1)t1)d$1dt1d$2dt2
0 Ju 0 u

1 1 u’ o to
§TL2K22O‘/ / / / t2.731f(t2,l‘g)Zeia(e)n(hitl)mdt1d$1dl‘2dt2
0 u u 0
1 1 u/ o _1
,leKzQa/ / / tgxlf(t2,$2)2 < ( )nx1> (1 — eia(a)nwltz)dﬂfldl‘gdtQ
1 K22°‘
< o / / / th tg,l‘g 2 e~ nmlt2da)‘1d$2dt2

1 K22a —1
= n / / tgf t2,l’2 ( ( ) . ) (efa(e)n:rth - efa(e)nutz)dgadtz
nta

1 K22"
/ / f tQ,Z‘Q d.Z‘thQ

IN

IN

Before dealing with I3, let us make the following observation about the integration region:

To < 2%y implies x9 — a1 < 2% — 1,
T2 — 1

th
us 50 —

le.

Moreover, as o > 1,
24 >2 implies 2¢ —1>1.

Hence,
0 0 0
a(@)n((tg — t1)$1 + (J,‘g - l‘l)tl) > CL(Z)TI, (tg — t1) a(z)n (tg — t1) 1+ (Q)n( 9 — .Z‘l)tl
a(@)n a(f)n a(@)n
> _ _ o\t _ _ _
> 5 (lfg tl)xl + 2(2a — 1) (tz tl)(xg :C1) + 2(2a — 1) (332 xl)tl
0 0
> a(2)” (tQ — t1)$1 + %(;Eylnl)(lé — .731)252.
Then
i _ 1 2 2 Lot opte g ¢ ¢ 2 —a(G)n((tg—tl)r1+(m2—m1)t1)d dt+dzodt
21 = 2n o o 1$1f( 1,$1) € LT1al1aT2a12

IN

1 9 ) 1 w to T2 9 _a0)n (t —t )a: __a(®n (z x )t
571 K / / / / tlxlf(tl,xl) (& 2 2T e Ty W2 . 2d’£1dt1d.’£2dt2.
0 u 0 u

Lets us apply Fubini’s theorem and then we integrate with respect xo and t5. Thus, this last integral
is equal to

1 I 1 pu 1 pu’ 5 ,“(9)”@ —t1)x 7&@ —z1)t
ﬁnK // // tizy f(ty, @p)%e” — 2 \PTIITRRT=D VR TV o ditg day diy
0 u t1 Jxy

Ly [ / : / 1 o 0 (2027 = 1)) (e,
= -n?K t t (ta—ti)ay (2202 ) ( e (W Tt 1) dtodz,dt,.
271 /0 ; . 1$1f( 17501) e 2 a(@)ntz € 2010171

Considering that ¢t; < t5 and again bounding the exponential function by 1, the latter integral gets
bounded by
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12(2¢ — D)nKk?2 [t v gt a(6)n ,
5%// /xlf(thﬂfl)%_ 7 (t2=t0)1 gto dpy dty
t1
_12(2* —1)nkK? -2 _a®)n q_
[ ()
_ K2 9
_ 2cW/o /u Fty, m1)2dzydty.

Therefore
1 ul 2
</ / f(t,z)&@(t,a:)da:dt) <S2(I7 ) + 1Ty + I3 + 13)
0 u
K2
/ / f(t1,z1)?dardty + / / f(to, 2)dxodts
— 1 K?
/ / f tl,ﬂil dJEldtl —|— / / f t2,1‘2 dl‘gdtg
Note that
14+2% 429442 -1) =2(2%) +4(2*) +3=6(2%) + 3 = 3(2“Jrl +1).
Thus,

1 u’ 2 1 o
i 320 +1)K? )
(/0 /u f(t,af)%(t,x)dardt> < W/O /u f(t, x)2dxdt.

Now we can prove the next proposition, this proof will give us the validity of condition ii) and it is
quite similar to that of [9, Proposition 4.1].

O

Proposition 4.1. Let p > 1 and f € L*([0,1]?). Then, there exists a positive constant Cy,, which does
not depends on f, such that

ingE [(/01 /Olf(t,:c)Hfl(t,x)d:cth] <c, (/01 /01 |f(ta$)|2pdxdt);7

for any i € {1,2}.
Proof.  Consider a diadic partition of (0,1] :

oo
ﬂ (@1, ax],
k=0

with ap = 52, for some o > 1. Observe that ap — apr1 = 2%,9%)1& and now we apply Lemma 4.1 for all

2
k> 0:
2
1 ay ) 2oz+1 1 K2
/ f(t, )0, (¢, x)dzdt < 3(——’_/ f(t,x)dedt. (4.6)
0 Jagy1 a(9 Ak+1

Then, we can make the following arrangements and calculations:

(/01/Olf(t,x)ﬂfl(t,x)d:vdoj (Z/ - Ft, )00 (¢, x)dmdt>2

2
1 ag )
< Y MR ( /0 F(t, )00 (¢, :c)dxdt)
Ak41

k=0

9o+l 4 )K2 =2 1 pag
%22“1/ f(t,x)*dzdt, (4.7
a(e) k=0 0 Q41
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where in the second line we have applied the following inequation

Zak <22k+1 2
k=0

and we applied (4.6) in the third line. Let p,q > 1 be such that % + é = 1. By Hoélder’s inequality, the
latter term in (4.7) can be bounded by

1 1
a+1 2 > P 1 rak q
3R + KT 2’c+1 / / \f(t, )P dadt / / dudt
(9) Q41 0 AR41

2a+1 DNK? & » 1
_3 + ZQk'H </ / t x 2pd.’L‘dt> (ak — ak+1) a
Ak+1
2a+1 1 KQ > 1
§3( + 22k+1 (/ / |f t T IQ;Ddxdt) (ak _ ak—i—l) q
320t L K s :
_(a(9)2 (/ / |f(t,x |2pdxdt) ZQkH(ak — ky1)
k=0
32041 4 K 2 PN (2017
== (/ / f(t,z)| Pda;dt) kzoz TG
BT LR DK (P NS
_ o /O [ 15tz >
a+1 a 1 p X
a( 0 =0 2(k+1)(§_1)
a+1 o % 2 1 % o]
32 +1)(2 - 1)K ( / |f(t’x)|2pdxdt> 3 1
a(6)22 k(1)

3<2a+1+(91)> 7_—11“@ ( / / |ftx|2pdggdt> > 2(31_1>)k, (48)

and the series in (4.8) converges if « is such that o > ¢. Thus, (4.8) is equal to

< s 4_(91))2(22—2 1> (/ / |f(t,x) |2pd:cdt) '

This last inequality finishes our proof. O

=
—_

Now we will prove one last proposition in order to prove the validity of condition iii). The proof is
barely the same as the one of [9, Proposition 4.4].

Proposition 4.2. Let m € N be an even number and f € L*!([0,1]?). Then, there exists a positive
constant C,, that does not depend on f such that, for all sg, s, xo, z( € [0,1] satisfying 0 < sg < s, < 25
and 0 < zg < x{, < 2xg, we have that

supE l(/o /“U f(s,y)ei(s,y)dyd8>
TLZI EN) xo
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for any i € {1,2}.
Proof.  Let i € {1,2}. For any sg,x¢ € [0,1], we define

(0, 20) / / f(s,9)0% (s, y)dyds.

Note that, for all sg, sf, Zo, ¢ such that 0 < so < s <1 and 0 < xo < x5 < 1, we have that
E |:(ASO;$OZ’I%L(SIO"T6))mi| < E HAsoﬂio (307950)‘7”] ’ (4'9)

where the random field Z,,, which does not depends on i, is complex-valued and it is defined in the
following way:

(80, %0) / / F(s,y) (05 (s,y) 405 (s, y)) dyds.

In this last expression i = v/—1. At this point, we will try to apply some analogous arguments like the
ones that are used in Lemma 3.3 of [8]. In order to bound the right hand-side in (4.9), we can deal with
it as we did in the first part of Proposition 2.1, when we proved the tightness:

2%

E |:|Aso,$OZn(367x/0)‘m] =n"K™E

/ f(s,y)\/sy “QL (s’y)dyds
z

sy pTy . sy pTy ]
=n"K"E (/ / F(s1,91)y/s1yre 519 dy dsy x / / f(827yz)\/SzyzewL"(sz’w)dyzdSz)
S0 xo S0 Zxo

2

m gom 0 % * % i0(L (s2,y2)—Ly(s1 yl))
=n"K"E f(s1,y1) f(52,y2)\/5152192€" \ """ "I dydsydyadss
S0 xo S0 xo

=n"K™E /([ - ])m H f(3j7yj)\/%e(_l)”eL”(Sj’yj)1{30756](3j>1[mo,16](yj)dyld81 .. dymdsm
0,1]x[0,1

Jj=1

Applying Fubini’s theorem we have that the latter term is equal to

nmK™ /([ . ] Hf Sj,y] /SJyJ E|: ;YLl(—l)JiOLn(sjvyj):| 1[50,3(’)](Sj)l[mo,wé](yj)dyldsl~--dymd3m
0.11x[0,1]) "~ ;4

= anm/ .
(10,11%[0,11)

< |nmK™ /([0 eion))” 1T #Gssow)vs5w5 E [ew Z?l:l(*l)]Ao’OL"(s”y")} Liso,50)(85) Lo ap) (V) dyrdsi - . . dymdsim,
X

j=1

m

f(s5,95)v/5595 E [ew 237;1(—1)%010%(31,%)} Liso,551(85) Lwg,ap] (Y5)dyrdsi - . . dymdsy,
j=1

m

<nmK™ /([ . ])m f(Sjayj) lisjyj ‘E [eie 2211(—1)JA0,0Ln(Sjvyj)] ’ 1[50,86] (Sj)l[a:o,a:[’)] (yj)dyldsl . dymdSm.
0,1]x[0,1 1

Now we can observe that

Jj=

m
m

Z(*l)jAO,OLn(Spyj) = ZAO,OLn(Sijij) -
=1 =1 j

m,

- Z Aso to 82j,y2g + Z Aso OL (SQJ,tO) +

Jj=1 J

No,0Ln(52j-1,Y2j-1)

'Mw\s

1

Ao,to Ln(50,y25) + mLy(s0,10)

Nt

1

' M NE
M ol

Aoty Ln (80, y2i—1) — MLy (S0, to)

M ol

AgotoLn(525-1,Y25-1) — > Asy0Lln(s2j-1,%0) —

j=1 j=1 j=1
:Z(_l)jASmtoLn(sj7yj) +Z(_1)jASO,OLﬂ(Sj7tO)+Z( ) AO toL (807yj)'
j=1 j=1 j=1
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Hence

exp Z jAO OL (Sjay] =exp Z so,toLn(Sjayj) + Z(il)jASo,OLn(sﬁtO)
Jj=1 j=1 j=1

+ > (=1) Aty Ln(50, 95)

Jj=1

m

=exp Z(*l)jAsoytoLn(sjvyj) exp Z(*l)jASo,OLn(SjvtO)

j=1 j=1

X exp Z(—l)jﬁo,toLn(Soy Yi)

j=1

We observe that the families {ASO toLn (85, Y;) }] " {ASO oLn (sj,to)}m: and {A07toLn(so,yj)}T:1 are
independent. Then

‘JE [ Z?%1<*1)"A°’“L"(Sj’yj)}‘ = [ [0 5 dena o) [0 a1 Byl
< E [610 7‘:1(—1)1Ao,t0Ln(507y;~)}‘
S E -€i9Z;n:l(—l)jAsg,toLn(5j7yj)- ‘ ‘E [eiQZyl:l(—l)jAso,oLn(sj,to):|)

x ‘]E [ TS Boua ntov)|

< |E [ 2;11<—1>fAs0,oLn<s_7-,to)} ‘E [ew zy;l(—1>on,t0Ln<so,yj>} ‘ ,

Thus,

m

Jj=1

E [|ASO7xUZn(56,:1:6)|m} < anm/
(10,11%[0,11)

X ‘]E |:ei9 Zy;l(_1)jAU"'0L”(SO’yj):| ‘ 1[50)56] (Sj)l[mg,wé](yj)dyldsl e dymdSm

Since y; < xp < 2z and s; < s < Sg, the last expression can be bounded by

m

Zm(SOxO)%anm/ N H (1[30’56] (sj)]-[zo,z()] (yj)f(sja yj)) ‘E [eia Z;-”:1(—I)JASO,oLn(Sj,to)} ‘
(10,11%[0,11) ol

x ‘E [ew ml<_1)m0,tom<50,yﬂ} \ dyrdsy . . . dymdsm

= m!Qm(Sol‘o)%anm/ oo TT (Lisonst) (55 L. () £ (55 07))
(l0.1]x[0.11) ™ 55

> e—a(9)"((y(m)—y(m71))8m,—1+~~+(y(2)—y(1))51)

« G*G(G)"((Sm*Sm—1)y(mf1)+---+(S2*81)y(1)) 1{51§~‘-Ssm}dyld51 e dYmds,.

Here, we have dealt with the modulus of the expectations in the same way we did in Proposition 2.1
and where y(1), ..., Y(m) are the variables yi1,...,ym in an increasing form. We also have considered all
the possible orders for the s;. Now, as s9 < s; and xg < y(;) for all j, we will bound again the exponential
function:
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E [|A50,102n(sa7x6)|m] STn!QM(SOxO)%anvm/

([0 1]x[0 1]>m H (1[50756](sj)l[ro,xé](yj)f(8j7yj))
) , i=1

« e~ a(0)nso ((y(m)—y(ma))-l-“'-i-(y(z)—y(1)))

« e—a(@)nmo ((sm—sm,_1)+---+(52—51))

X 1{slg--.§sm}dy1d81 e AYm Sy, . (4.10)

Note that in equation (4.10) it was not possible to order yi,...,¥ym, because neither the function
(s,y) — f(s,y) factorizes nor (y1,...,ym) — f(s1,91) . f(Sm,Ym) is symmetric. The fact that the
variables s; appeared ordered determines % couples (s1,52), (53,54), ..., (Sm—1,5m), such that the sec-

ond element in each couple is greater o equal than the first one. And for y;, we also have & couples

2
(Y1), ¥2)s- -+ » Wm=1)> Y(m)) With the same property.
The key point of this proof is to factorize the product inside the integral in (4.10) as two convenient
products:

jam[*E
,:] w3

(1[50,86]<siy‘)1[I07I6](yij)f(8ij ) yij))
1 k

(1[50-,56] (8r1,) 1[10,16] (Yr )f(sm > Yr, )) )

7 1

where 7 = {ij,j=1,...,%}and R = {rp,k = 1,..., %} are two disjoint subsequences of {1,2,...,m}.
In particular, we have that JHR = {1,2,...,m}. We will cast these subsequences using the following
rule: each couple (s;,s;+1) should be formed by one element of the form s;, and by another one of the
form s,,, and each couple (y;,yi+1) should have one element of the form y;; and another one of the
form y,,. To obtain this, we will split the m elements of f(s1,¥1),..., f(5m,ym) into two groups of %
elements:

Fl = {f(8117y21)7f(51%5y1%)}5
F2 = {f(shayh)v"'f(sr%ayT%)}'

In order to determine the elements of each group satisfying the above conditions, we will use an iterative
method: let us start with an element of F} and we associate to it an element of F5 satisfaying what we
want; then, we will associate to the last element of F5 a suitable element of F7, and we will continue the
same way on. More precisely, we will start with f(s;,y:) = f(s1,v1). So, if at any step of the iteration we
have an element f(s;;,yr,) € F1, we will associate to it an element f(s,,,y,) € F> such that {s;,, s, }
is one of the (s;, s;4+1) couples (note that it does not matter the order between i; and ), this will
happen in the odd numbered steps. On the other hand, if at any step of the iteration we have an element
J(8rysYr,) € Fo, in this case we will associate to it an element f(s;;,ys;) € F1 such that {y;,,y,,} is one
of the (y(2;—1),¥(2i)) couples with i > 1 (note that it does not matter the order between i; and ry), this
will happen in the even numbered steps. There is one thing left to clear up and it is if we reach the case
where at some step of the iteration we get to an element of F; or F5 that had been already selected. In
this case, we won’t select the last element, but instead we will choose another element that had not been
chosen before.

Let us illustrate our iterative method with the following examples:

e Set m=8 and yy,...,ys such that

Ys <Ys <Ya < Y7 <y1 <Ys < Y2 < Y3,

therefore:
Ya)y = Ys,Y©2) = Y5,Y3) = Y4, Y@4) = Y7,
Yi5) = Y1, Y6) = Y6, Y(7) = Y2,Y(8) = ¥Y3-

Remember that s; < --- < sg. Let us start with f(s1,y1) € Fi. Then, the iteration will associate
to this element f(sa,y2) € Fa, because {s1, s2} determines (s1, s2). Note that with the s; is easier
as they are ordered. Now, we can see that y7) = y2, so the iteration determines that the following
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element of our sequence is f(s3,y3). This, since {y2,y3} determines the (y(7),ys)). If we continue
this way we have that the sequence generated by the iteration is:

f(s1,m 52,312) f(s2,y Y )
(82a (7) 53 ) f(s?n Y3
(837?}3 S4,Y ) (S4ay(3)

) = f(
7) = f(
) = [(
f(s4,y3)) = [(s7,90)) = f(s7, 97
) — f(
1) = f(
) = f(

4 )
(37797 SSayS) (ngy(l)
(SSa (1) S5 ) f(SSayS
(3573/5 367y6)

)

— — — — ' —

)

Then, Fy = {f(21,y1), f(23,y3), f(z7,y7), [(25,y5) } and F = {f (22, y2), (w4, ya), [ (2s,y8), f (26, 6)}
In particular, any couple (s;,s;+1) contains an s of F; and another one of Fy and any couple

(Y(2i—1), Y(24)) contains a y of Fy and another one of F.
e Set m=10 and y1,...,y10 such that

Y7 < Y10 <Y1 <Ys < Y6 < Y2 < Y3 <Ys < Yo < Y4,

hence:

Y1) = Y7, Y2) = Y10, Y3) = Y1, Y4) = Y8, Y(5) = Ye,
Ye) = Y2, Y7y = Y3,Y©®) = Ys5,Y9) = Y9:Y0) = Y4-

So, we have that the sequence generated by the iteration is:

F(s1,91) = f(s2,92) = f(52,Y6))
F(s2,906)) = f(s3,y(1)) = f(53,¥3),
J(s3,y3) = f(54,94) = f(54,9010));
f(54,900)) = f(59,99)) = f(59,9),
f(s9,90) = f(510,¥10) = f(510,¥(2)),
f(s10,y2)) = f(s7:91)) = f(57,97),
J(s7,y7) = f(s8,y8) = f(58,Y4))s
f(s8,y)) = f(s6,95)) = f(56,¥s),
f(s6,y6) = f(s7,y7)-

Thena Fl = {f(sh y1>7 f(.’l?g, y?))a f(l'g, yg)a f(x'?a 97)7 f(xﬁa yﬁ)}' and F2 = {f(.’1727 y2)7 f(SC4, 94), f($107 le)a
f(zs,ys), f(z7,y7)}. In particular, any couple (s;,s;+1) contains a s of F} and another one of Fy
and any couple (y(2i—1),¥(2i)) contains a y of Fy and another one of F%.

Now, let us return to (4.10), where we can use the above iteration process and also the fact that ab <
3(a® +b?), in order to obtain

E HASO,IOZH(S&SCS)}WL] < m!2m_1(30x0)%Km(J1 + J2)7

with
Ji an/ o TT (isousty (86) L wosan) (Wi, ) £ (530 wi,)?)
(o.11x10,1) ™ ;e 7
> 6—0(9)”30 ((y('m.)_y(7n71))+"'+(y(2)_y(l)))
o =m0 ((sm—sm—1)+++(s2—51))

X l{slg__.gsm}dyldsl e dYmdsm,
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and

J:m/ 155’7‘1:1:30’1' 7‘77“2
2 =N ([0,1]><[0,1])m H ( [s0, 0](8 k) [zo, 0}(y k)f(s Y k) )

rLER

> e—a(e)nso ((y(m)_y(mfl))"’""‘r(y(z)_y(l)))
« e—a(e)nmg((sm—sm_1)+~~+(52—sl))
X 1{513_4.§5m}dy1d31 e dYmdsm,.

We will only deal with the bound for J;, because for the bound of J, the arguments are the same. We
integrate .J; with respect to s, and y,,, with 7, € R, for k = 1,...,%. Recall that thanks to our
iterative method, the variables s,, have been chosen in a way that they appear only once in the couples
(si,8i+1) (the same happens with y,, with respect of the couples (y(2;—1,¥(24)))-

Notice that, for k =1,..., %,

So
/ exp{=a(B)no(sr, — 500 M {sr<ar, 185ns < (55, — 5:)

S0
or
S0
/ exp{—a(@)nxo(s; — Srk)}l{s%gsi}d&k < (8; = Srp),s
S0
for some s; and s;1, depending on the position that s,, has in its couple. For the integral with repect
of y,, we can get the same kind of bound. Also, as 0 < sp < sj, < 1, we can find a constant C' such that

So 1
/ exp{—a(0)nzo(sr, — si)}1(s,<s,, 1dSr, < C’E

S0
or
SO 1
/ exp{—a(f)nxo(s; — srk)}l{s%gsi}dsrk < Cﬁ'
S0
Hence

3

1

J1 < Cm/ m (1[30756](5i])1[10,w6] (yij)f(sijvyij)z)
(l0.1]x[0,17) * ;

« e~ a(@)nso ((y(m)7y<m_1))+---+(y<4)*y(3>)+(y(2>*y<1))> dy;, ds;, . .. dyi% dsi%

1

Let us notice that
e~ 20)nso(y(2i) ~Y(2i-1)) <1,

forall 1 << % Then

3

Jl S Om

m

[0,1]x[0,1]) %

—

(1[30,5(,](Sij)l[xo,xg](yij)f(sij,yz‘j)z) Ay, dsi, - dyip dsiy
1

J

1,1
Cm H (/0 /0 (1[80786] (Sij)l[ﬂco,xf)] (y%)f(s% ) yij)z) dyi, dsij)
j=1

o

1,1 9
= Om (/0 /0 (1[80,86](8)1[$0,16] (y)f(S, y)2) dyd'S)
As we mentioned before, we can use the same arguments in order to obtain the same bound of J,. Thus,

2

1 1
E HASO,IO Zn(86,1'6)|m} < Cm (/0 ‘/0 (1[50786](8)1[.’1’)0,.’116] (y)f(svy)z) dde)
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Proof of Theorem 4.1. As we explained at the beginnig of this chapter, we need 6! € L2([0,1]?), a.s.,
which is clear due to the definition of the random fields ¢, i = 1,2, and conditions i), ii) i iii) to be
satisfied.

Notice that the condition i) is a consequence of the Theorem 0.1. Next, Proposition 4.1 implies condition
ii). And finally, Proposition 4.2 has as a consequence condition iii).
Thus, the proof is complete. O
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