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Introduction

This work presents a study on two different topics in the field of Function Theory.
The first of these topics concerns the Zygmund class A, which is a space of contin-
uous functions defined by a regularity condition. If one considers the scale of spaces
A of Holder continuous functions with parameter 0 < s < 1, the Zygmund class
plays a similar role in it as that of the space BMO of functions with bounded mean
oscillation in the scale of L spaces, for 1 < p < oco. Briefly, many results in Analysis
that hold for the Holder classes with parameter 0 < s < 1, also hold for the Zyg-
mund class, while they fail for the class of Lipschitz functions A;. Moreover, at the
local scale, the regularity condition defining the Zygmund class is more restrictive
than the Holder continuity. For this reason, the Zygmund class can be regarded as a
limiting space for the scale of Holder classes as the parameter s approaches 1. This
reminds of what happens with the space BMO, which turns out to be the correct
limiting space for the L? scale in many problems, when p tends to infinity. This com-
parison between these two scales of function spaces motivates us to study certain
aspects of the Zygmund class in a similar way as it has already been done for the
space BMO.

The second topic covered in this dissertation is the study of a property of inner
functions in the unit disk ID. Since an inner function has well-defined boundary
values almost everywhere in the unit circle 9D, and because these values also belong
to 0D itself almost everywhere, such a function induces a map dID — dDD that is
well-defined at almost every point. In particular, one can consider the iterates of
this induced map. These iterates define a discrete dynamical system on dID whose
dynamic properties are very well understood in the case of inner functions with a
fixed point in ID. Our starting motivation to work on this topic is to extend some of
these properties to the case of inner functions that might only have fixed points in
oD.

Along this introductory chapter, we explain the main concepts that are studied
in this dissertation. We also summarise the results obtained during this research
and explain briefly their context. The proofs of these results appear throughout the
following chapters, as well as the necessary background to understand them.

Chapters 1 and 2 are devoted to the Zygmund class and the Holder classes. In
particular, in Chapter 1, which is based on [NS20], we focus on the Zygmund class
of functions of a single variable. On the other hand, in Chapter 2, based on [S520],
we extend the previous results to functions in the Holder continuous classes and to
any number of variables. Chapter 3, based on [LNS19], focuses on inner functions
and how they distort sets in the unit circle. The articles [NS20] and [LNS19] have
been done in collaboration with A. Nicolau and under his supervision. Moreover,
the latter was also done in collaboration with M. Levi. The paper [SS20] has been
done in collaboration with E. Saksman and under his supervision.



2 Introduction

Notation and Conventions

Along this dissertation, we use IN to denote the set of non-negative integers, that is,
we consider IN to include 0. We use Z to refer to the set of all integers, R for the
real line and C for the set of complex numbers. For an integer n > 1, we denote the
n-dimensional euclidean space by R” and, given an element x € IR"”, we will denote
by |x| its euclidean norm. Given a measurable set A C R”", we denote by |A] its
n-dimensional Lebesgue measure. Also, given a set A, we denote by yx 4 its indicator
function. If we consider a cube Q C R”, then we will denote by I(Q) its side length.
The upper half-space whose boundary is R" will be denoted by R, that is

R = {(x,y): x € R", y > 0}.

We will denote the unit disk in the complex plane by D = {z € C: |z| < 1}. The
boundary of ID, often referred to as the unit circle, will be denoted by dID, and the
closure of the unit disk by D. The Lebesgue measure on 9D will be denoted by A, in
opposition to the notation used for the Lebesgue measure on RR.

Given a function f belonging to the space of square integrable functions L?(IR"),
we define its Fourier transform, denoted by F [f], using the convention

FI@= [ fe?ia,  cewr,

where x - { denotes the inner product in the euclidean space R".

Finally, we use the standard notation a < b (respectively a 2 b) if there exists an
absolute constant C > 0 such that a < Cb (resp. a > Cb). We will also denote a >~ b
ifa<banda = b.

The Holder Continuous Classes and the Zygmund Class
Consider a continuous function f defined on IR"”. We say that f belongs to the homo-

geneous Holder class of regularity s, with 0 < s < 1, denoted by f € A, if it satisfies
the Holder condition

o fx+y) —fO _ 11
114, : xj;go E < oo (L.1)

We will also use the notation f € As(R") whenever it is necessary to avoid ambi-
guity. In particular, for s = 1 we have the class of Lipschitz functions. Note that
the quantity ||| is a semi-norm, since for any constant function f it happens that
1fll4, = 0. Nonetheless, the set of functions satisfying (I.1) modulo constant func-
tions is a Banach space endowed with the norm ||-[|4_ . This definition can be ex-
tended to s > 1 as follows. We say that an n-tuple &« = (ay,...,a,) € N" is a multi-
index of length |a| = Y} ; ;. Given a multi-index « we denote by 9" the differential
monomial (9/9x1)" ---(9/0x,)*. If s = m+t, withm € Zand 0 < t < 1, a con-
tinuous function f is in A, if it is m times continuously differentiable and 9* f € A;
for any multi-index with |a| < m. On the other hand, we say that f belongs to the
homogeneous Zygmund class, denoted by f € A, if it satisfies the Zygmund condition

= sup VO 2@ fepl )
x, ly|>0 |y‘
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Also in this case, we will use the notation f € A,(R") to avoid ambiguity. Note
that from this expression, it is clear that A1 C A,, and this inclusion is strict. For
instance, one can easily check that f(x) = x; log |x1| is in A, but it is not a Lipschitz
function because its derivative df /dx; is unbounded. As it was the case for the
Holder classes, the quantity ||-| 4. is also a semi-norm since for any polynomial f of
degree at most 1, one has that || f| ;. = 0. However, the set of functions satisfying
(L.2) modulo polynomials of degree at most 1 is a Banach space endowed with the
norm ||-||;. . In addition, in the same way that Holder classes can be defined for
regularities s > 1, one can also define higher regularity Zygmund classes. Namely,
for an integer k > 1, we say that a continuous function f is in the Zygmund class of
regularity k, denoted by f € A¥, if it is k — 1 times continuously differentiable and
0" f € A, for any multi-index with |a| < k — 1. Since a function is in the Holder or
Zygmund classes of regularity s > 1 if its derivatives are in A;, for some 0 < t < 1 or
in A}k, we will focus on A for 0 < s < 1 and on Al. Moreover, we will simply write
A, = Al to avoid an excess of indices. One final remark about the Holder classes
and their corresponding norms is that, given f € A; with 0 < s < 1, it holds that

Iz, = sup |f(x+y>_2f(f)+f(x—y)| 03
x, [y[>0 |

(see [Zyg45] or [Ste70, p. 146]). The same cannot happen for s = 1, as it would imply
that A; = A, which we know is not true.

Note that the spaces As, for0 < s < 1,and A, are actually quotient spaces in-
stead of function spaces. Thus, in order to study them, one usually has to construct a
lifting operator that assigns a representative function to each equivalence class. For
instance, such an operator is used to check that these are in fact Banach spaces. As
we shall see, the results discussed here are approximation results of a local nature.
For this reason, we will restrict ourselves to compactly supported functions in the
spaces As, for 0 < s < 1, and A,. To be more precise, we will show our results
for equivalence classes f € As or f € A, for which there is a representative with
compact support. Observe that, since these are quotient spaces modulo polynomials
of a certain degree, this compactly supported representative is unique. Hence, we
will just talk about compactly supported functions, either in A or in A, understand-
ing their support to be that of this privileged representative. Also, without loss of
generality, we can take the additional assumption that the support of our functions
is contained in the unit cube Qp = [0,1]". Any other case follows from this one by a
rescaling and a translation.

All these spaces of functions can be studied in a unified manner. More concretely,
the Holder class A, corresponds to the homogeneous Besov space BY, ., when's ¢ Z,
while the Zygmund class Ak corresponds to B’;,/oo. Thus, in the Besov scale Bio,oo, the
Zygmund classes become the right replacement for the Holder classes when s € Z.
Furthermore, this replacement turns out to be the appropriate one in many differ-
ent contexts, such as general theory of function spaces, polynomial approximation,
potential theory or Calderén-Zygmund theory. Observe that a particular example
where this replacement becomes natural is the norm equivalence (I.3), which natu-
rally extends to 0 < s < 1 if we substitute Aq by A.. For further information on
these topics, see [Zyg45], [Ste70, Chapter V], [Mak89] and [DLN14], while for an ex-
position on general Besov spaces, which fall out of the scope of this dissertation, see
[Tril0, Chapters 2, 5].

As mentioned before, both the Holder classes and the Zygmund class have been
largely studied. Later on, in Chapters 1 and 2, we shall see more properties and some
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equivalent characterisations for them, that will be necessary for our results. For a
detailed expositions on these spaces, see [Mey92, Chapter 6], [Ste70, Chapter V] or
[Tri10, Chapter 2].

An Open Problem about A,

In this section, we focus on functions defined on R, and denote the unit interval
by Iy = [0,1]. Moreover, we momentarily turn our attention to the inhomogeneous
Holder and Zygmund classes.

We say that a continuous function f defined on R is in the inhomogeneous Holder
class of regularity s, with 0 < s < 1, denoted by f € A, if it is uniformly bounded
and it satisfies that

Il = sup LEFN =G

< 00,
x, 0<|y|<1 ‘y‘s

Note that [|-|| _ is a semi-norm for the same reason as its homogeneous counterpart.
For 0 < s <1, the space A; is a Banach space endowed with the norm || f{|;~ + || f][ 5,
for f € A;. Furthermore, as in the homogeneous case, for 0 < s < 1 we have the
semi-norm equivalence

f(x+y) —2f(x) + f(x —y)| for f € As. (1.4)

4

||f||A< = sup IE
x,0<]y|<1 y

We say that a continuous function f defined on R is in the inhomogeneous Zygmund
class, f € A, if it is uniformly bounded and

Ifly = sup LEFW YO+ flx=y)l

x,0<|y|<1 |y|

< 0.

This last quantity is also a semi-norm, but the space A, is a Banach space endowed
with the norm || f|[; + || f|| 5, for f € A.. These spaces can also be defined for higher
regularities as it was done for the homogeneous spaces. In addition, even though we
are restricting ourselves to functions defined on IR, one could define these spaces for
functions on R" for any n > 1 in the same way. Observe that a function f € Ag
or f € A, can also be considered as an element of the corresponding homogeneous
space. Furthermore, a compactly supported function f € As or f € A, is also in the
respective inhomogeneous space and, under the assumption that f is supported on
the unit interval I, it holds that || f[[,, = [|f|l4, (or |fllx, = IIfl4, , depending on
the case).
The spaces As and A, satisfy the strict nested inclusions

As DAy DAL DN for 0 <s<s <1 (L5)

While the leftmost and rightmost inclusions are clear from the definition, the middle
one follows from the semi-norm equivalence (I.4). Note that these inclusions do not
hold in the case of the homogeneous Holder and Zygmund classes, because of the
growth at infinity of their functions (see [Mey92, pp. 180-181]). For the homoge-
neous Holder and Zygmund classes, we only have the strict inclusion A; C A,. The
nested inclusions (I.5) resemble those of the Lebesgue spaces L?. Recall that we say



An Open Problem about A, 5

that a measurable function f defined on Ij is in L?(I), for 1 < p < oo, if

I = ([ 1500pae) " <o

and f is in L®(Iy) if
| fll{= = sup |f(x)] < o0.

x€ly

In addition, we say that a function f defined on Iy has bounded mean oscillation, de-
noted by f € BMO(lp), if it is integrable and such that

1/2
fllio = sup (1 /170 = filtdx) <

where the supremum ranges over all intervals I C Iy and

1
fr= m/lf(x)dx
denotes the average of f on I. These spaces satisfy the nested inclusions
L1(Iy) D LP(Iy) D L” (Iy) > BMO(Ip) D L*(lp), for 1< p < p' < co.

In addition, even though for a function f € L®(I) the quantity || ||, is the limit of
| fll;» as p tends to infinity, it turns out that the space BMO(Ip) is the right replace-
ment for L*(Ip) in function theory, in a similar fashion to what happens with A, and
A1

To illustrate this statement with an example, let us focus momentarily on the
Hilbert transform, although everything that follows holds for any other Calderén-
Zygmund operator. Recall that for a function f € L!(R), its Hilbert transform H [f]
is defined as its convolution with the kernel 1/ (7rx) in the principal value sense, that
is

— lim L f(t)
Hmw%ﬁ%nww%%4ﬁ

which is well-defined almost everywhere. One can also define the Hilbert transform
for functions in L* (R) with a slight modification. Namely, for a function f € L®(R),
its Hilbert transform is defined as

1 1 t
HIAG) =lime [ (G- o,

which is also well-defined almost everywhere. It is a classical fact that the Hilbert
transform is a bounded operator on the spaces L¥(R) for 1 < p < oo (see [Ste93,
Chapter I]), as well as on the space BMO(RR) (see [Ste93, Chapter IV]). However, it is
not bounded neither on L!(IR) nor on L*(RR). In particular, for a function f € L'(R),
its Hilbert transform H [f] belongs to the space weak L'(R), or in other words, it
satisfies the weaker condition

aup X ER > ] _
t>0

On the other hand, if a function f is in L*(R), then H[f] € BMO(RR). For further
reference on these facts and other properties of the space BMO see [FS72], [Ste93,
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Chapter IV] and [Gar(07, Chapter VI]. Similarly, the Hilbert transform is a bounded
operator on the spaces A; with 0 < s < 1 (see, for instance, [Zyg02, pp. 121-122]),
and on the space A, (see [Zyg45] or [Zyg02, pp. 121-122]). Nonetheless, while it
is not a bounded operator on A, for a function f € A; it holds that H[f] € A..
These analogies between the scale of L?(Iy) spaces (including BMO) and the scale
A (including A,) motivate us to study aspects in the latter that are well established
for the former.

Given a function f € BMO(RR) and a subspace X C BMO(RR), the distance of f
to Xis

dist X) := inf — .
istgmo (f, X) glgxﬂf 8llsmo

In [G]78], J. Garnett and P. Jones estimate the distance for a function f € BMO(R)
to the subspace L*(R). They do so by means of the John-Nirenberg Theorem (see
[IN61], [Gar07, Chapter VI]). Therefore, it is natural to ask for a similar estimate for
the space A, and the subspace A; in terms of the norm ||-|| ,_ . More concretely, given
a function f in the Zygmund class and a subspace X C A,, we define the distance
of f to X as

dist X) = inf — .
ista, (f, X) ;gxl\f 8lla,

The problem now is to characterise, given f € A,, the distance distx, (f, A1).
This question is related to another one in spaces of analytic functions posed by
J. Anderson, J. Clunie and C. Pommerenke in [ACP74]. Namely, we say that a holo-
morphic function f defined on the unit disk ID is in the Bloch space, denoted by
f € B(D), if
sup(1 - [z12)|f(2)] < oo,
zelD

and B(D) is a Banach space endowed with the norm

1fllg = 1£(0)] +sup(1 — |zI*) |f'(z)].

zeD

For a holomorphic function f on ID, consider its primitive

F(z) = /O “fQd;,  zeD. (L6)

Clearly, one has that F is holomorphic in ID and continuous in D if f € B(D).
Moreover, it holds that f is in the Bloch space if and only if F(e"*), t € R, is in the
Zygmund class (see [Zyg45] and [ACP74]). On the other hand, if f belongs to the
space of bounded holomorphic functions on ID, denoted by f € H®(ID), it is imme-
diate to see that F(e"*), t € R, is in the Lipschitz class, where F is defined by (L6).
Furthermore, by Schwarz’s Lemma, one can see that H*(ID) C B(ID). Then, the
corresponding problem is to give an estimate for the distance (in terms of the norm
||| g) of a given function f € B(ID) to the subspace H*(ID). The characterisation of
the closure of H®(ID) in the Bloch space norm is still an open problem. It is worth
mentioning the recent work [LM20] of A. Limani and B. Malman, in which they find
a necessary condition for a function f € B(ID) to be in the closure of H*(ID).

The BMO-Sobolev Subspace

In this dissertation we consider a simpler, yet non trivial, version of the previous
problem. The reason to take this approach is that, apart from the interest that the
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corresponding results have on their own, the tools and techniques studied in the
process might help in the future to shed some light on the more complicated previ-
ous problem.

To know, given s € IR, we say that a tempered distribution f defined on R”"
belongs to the space I;(BMO) if there exists a function § € BMO such that f =
F~1[|¢|7*F [g]], where the Fourier transform and its inverse must be understood
in the sense of tempered distributions modulo polynomials. This is the same to say
that the space I,(BMO) is the image of BMO under the Riesz potential I;, defined by

I(f) = F g F If]

for any tempered distribution f modulo polynomials, which is also the same as to
say that the fractional laplacian (—A)*/2f is in BMO. For this reason, these spaces
are sometimes called BMO-Sobolev spaces. As before, we will also use the notation
I;(BMO)(IR") whenever it is necessary to avoid ambiguity. It is known that I;(BMO)
is a space of functions for any s > 0, and that for s > 0 it is actually a space of con-
tinuous functions. Moreover, for a given s € R, if k is a positive integer, then f &
I;(BMO) if and only if 0*f € I,_x(BMO) for every multi-index « of length |a| = k.
Due to this fact, we will restrict ourselves to the spaces I;(BMO) with 0 < s < 1 (the
particular case s = 0 simply corresponds to BMO). This last fact implies, in particu-
lar, that I; (BMO) can also be understood as the space of continuous functions whose
partial derivatives, in the distributional sense, belong to the space BMO. Applying
this characterisation to the particular case I; (BMO)(R) and using basic properties of
functions in BMO(IR), one can easily see that I; (BMO)(RR) C A.(R), and this inclu-
sion is strict because there exist functions in A, that are nowhere differentiable (see
[Zyg45]). Actually, the more general fact that I, (BMO)(R") C As(R") is true, again
with strict inclusions. However, the easiest way to see this is by means of equivalent
characterisations of the spaces at hand that will be presented in Chapter 2. Observe
as well that one clearly has that A1 (R") C I;(BMO)(R"). An extensive study on the
BMO-Sobolev spaces, including the properties stated here, can be found in [Str80].

We are now in situation to state the problem presented here in relation to these
spaces. From now on, to simplify the exposition, when we talk about Asfor0 < s <
1, we implicitly replace the Lipschitz class A; by the Zygmund class A., which is
justified by the theory of Besov spaces and the previous discussion. Given a function
f € As and a subspace X C A, we define the distance of f to X as

dist; (f, X) = inf ||f — g|,. -
ist, (£, X) = Inf |If =8l

Then, for a function f € As, with0 < s <1, supported on Qp, we want to estimate
its distance to the subspace I;(BMO). Moreover, we are particularly interested in
estimates involving the ratios | f (x +y) —2f(x) + f(x —y)|/|y|°, since they naturally
characterise both the Holder continuity and the Zygmund condition.

In the particular case of the Zygmund class in a single variable, this problem
has a complex variable version. The space of analytic functions on ID with BMO
boundary values, denoted by BMOA (ID), is also a subspace of B(ID). Then, it is not
difficult to see that the problem treated here is analogous to estimating the distance
of a function f € B(ID) to BMOA(DD). P. G. Ghatage and D. C. Zheng give an answer
to this problem in [GZ93]. However, their techniques rely on reproducing formulas
for analytic functions, which do not apply to our case.
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Approximation using Dyadic Martingales

In Chapter 1, based on [NS20], we address the case of I;(BMO)(R) C A.(R). The
starting point is a characterisation of functions in I; (BMO) in terms of the ratios
|f(x+y) —2f(x)+ f(x —y)|/y due to R. Strichartz in [Str80], which are the same
that are measured by ||-|| ;. . This allows us to quantify how close a function f € A,
is from being an I; (BMO) function.

To simplify the notation, given a continuous function f defined on R, we define
the second difference of f at point x and scale y as

Aof(x,y) = flx+y) =2f(x) + f(x—y), xeR,y>0.

It will often be the case that, for a continuous function f, we will consider A f(x, y)
as a function defined on the upper half-plane R% := {(x,y) € R?: y > 0}. Our main
result here is the following.

Theorem 1.2. Given a function f € A with compact support in I, for each e > 0 consider
the set

A(f.e) = {(xy) €RL: [Aaf (x,y)] > ey},

and the quantity
dydx

1 I
M(f,e) =su —// o (x, ,
(f ) Ip ’I’ ' Jo XA(f, )( ]/) y

where the supremum ranges over all intervals I. Then,
disty (f,I1(BMO)) ~ inf{e > 0: M(f,¢) < oo}. (1.3)

Observe that the set A(f,¢) indicates at which points and scales the quotients
|A2f (x,y)|/y are too large. Moreover, since f € A., these ratios are uniformly
bounded by ||f|| ;. and, hence, M(f, | f||4.) = 0.

Let us denote by &g the infimum appearing in (1.3). Assuming that g > 0, it is
not difficult to see that there is no function ¢ € I;(BMO) such that ||f —g|[;. < &,
for any 0 < € < ¢g. If we consider ¢ > ¢y (with no restriction on gp), then we will
construct a function g € I;(BMO) satisfying the approximation || f — g|| 4 < e The
method used here is based on dyadic martingales, which will be properly defined in
Chapter 1, and consists in constructing the derivative ¢’ € BMO of a function g with
the desired approximating property.

Just observing the schematic idea behind the proof, one can already notice that
this will not be an effective method to generalise Theorem 1.2 to functions in A, (R").
If we wanted to repeat naively this process on R”, we would expect to construct n
functions that should correspond to the n first order partial derivatives of a function
¢ € BMO(IR"). However, it is not clear at all how to construct these n functions and,
at the same time, ensure that they will be the gradient of a function on R".

The tools presented in Chapter 1, though, can be applied to generalise Theorem
1.2 to Zygmund measures on R". These measures are defined in Section 1.4, and the
corresponding result is stated in Theorem 1.6.

As another application of Martingale Theory to this context, we consider the
Sobolev spaces W?, with 1 < p < o0, and the subspaces of the Zygmund class A} =
W17 N A,. In Theorem 1.5 we present an estimate for the distance dist;_(f, AL) for
a function f € A, with compact support in Iy. This result is based on a result of
A. Nicolau in [Nic18]. Moreover, it also has a complex variable version, which is
to estimate the distance of a function f € B(ID) to the subspace H?(ID) N B(ID),



where H” (D) is the space of analytic functions on ID with boundary values in L.
The closure of H?(ID) N B(D) in the Bloch space is studied by N. Monreal Galan
and A. Nicolau in [MN11] and by P. Galanopoulos, N. Monreal Galdn and J. Pau in
[GMP15].

Approximation using Wavelets

In Chapter 2, based on [SS20], we tackle the previous problem with a different ap-
proach based on the use of wavelet bases. A wavelet basis is an orthonormal basis
of L2(IR") that is generated by dyadic dilations and translations of a small num-
ber of initial functions. To be more precise, one can construct functions ¢;, for
1 <1 < 2" —1, of a certain regularity such that their dyadic dilations and trans-
lations ¥y (x) = 2in/24(2ix — k), with j € Z and k € Z", form an orthonormal
basis of L?(IR"). A more detailed exposition on wavelets will be given in that chap-
ter, and a complete explanation on their properties and how to construct them can
be found in [Mey92].

The key point here is that wavelet bases satisfying a mild regularity condition
are unconditional bases of the spaces A;(R") for 0 < s < 1, and also for A,(R").
P. G. Lemarié and Y. Meyer give in [LM86] a characterisation for these spaces in
terms of the coefficients in such bases (see also [AB97] and [Mey92, p. 185]). Fur-
thermore, in the same paper, the authors also give a similar characterisation for the
space BMO(IR") (see also [AB97] and [Mey92, pp. 154-156]). We will also make
use of the wavelet characterisation for the spaces I;(BMO)(IR"). For completeness,
in Chapter 2 we show how to modify the arguments used in [Mey92, pp.154-156]
to extend the corresponding result for the space BMO(IR") to the scale of spaces
I;(BMO)(IR"). This wavelet characterisation of the spaces I;(BMO)(IR"), at least for
smooth wavelet bases, appears as a particular case of a theorem due to M. Frazier
and B. Jawerth (see [FJ90, Sections 2 and 5], and Theorem 2.2 in that article in par-
ticular). The general result for either smooth or compactly supported wavelet bases
can be found in [YSY10, pp. 255-260] or [Tri20, p. 16].

Given a continuous function f on R", we define its second difference at point x and
scale y by

Aof(x,y) = ﬁlp [flx+t) =2f(x) + f(x—1)[, xeR",y>0.
tl=y

Note that this definition is slightly different from that of the previous section. How-
ever, there will be no ambiguity since we will keep each convention to the corre-
sponding chapter. For a continuous function f on R" we will consider A, f(x,y) as
a function defined on the upper half-space R := {(x,y): x € R", y > 0}. Recall
as well that, using this notation, it holds that

Iflls, = sup 22F&)
x,y>0

for 0 < s < 1 (with equality in the case s = 1, since we are replacing A; by A.). The
main result of Chapter 2 is the following generalisation of Theorem 1.2.

Theorem 2.2. Let 0 < s < 1, and consider a function f € Ag with compact support in Q.
For each & > 0 consider the set

5(s.£,8) = { (xy) €RET: Mof(vy) > ey},
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and the quantity
dydx
M(S(s, f,¢e)) = su / / .
(St5.£0) = 3 1y stra 0=y
Then,
dists(f,I;(BMO)) ~ inf{e > 0: M(S(s, f,€)) < oo}. (2.6)

We also find an analogous estimate in terms of the size of hyperbolic derivatives.
More concretely, given a uniformly bounded function f on R”, denote its Poisson
extension to the upper half-space R"*! by u(x,y) = P [f] (x,y). It is a well known
fact that such a function f belongs to the inhomogeneous space A if and only if

0%u
2<x,y>\ < oo

sup yzfs 3y

xeR”

and this supremum is equivalent to the semi-norm || f||,_ (see for instance [Ste70,
pp- 141-147]). The following result gives the distance estimate in terms of these
magnitudes.

Theorem 2.7. Let 0 < s < 1, and consider a function f € As with compact support in Q.
Denote its Poisson extension by u(x,y) = P[f] (x,y). For each € > 0 consider the set

n azu S
Ds 00 = { (9) € RET: 2 | S| > e

and the quantity

dydx
M(DGs.f.€)) Z‘é%\q// 9 (8 y) =,
Then,
dist;(f,I;(BMO)) ~ inf{e > 0: M(D(s, f,¢)) < oo}. (2.12)

The proof of both Theorems 2.2 and 2.7 is built on the use of wavelet bases. In
Chapter 2 we will say that a cube Q C IR" is a dyadic cube if it is of the form

Q={xecR":2x—ke[0,1]"}

for some j € Z and k € Z". We relate the wavelet indices to the dyadic cubes by
Y,k = $a,0), where Q is as before. Given a function f € As, with0 < s <1,and a
wavelet basis §(; o), we denote the wavelet coefficients of f by

ca,0)(f) = cujp(f) = f( X)P1jk(x) dx

As we will see, the properties of the wavelet functions ensure that these coeffi-
cients are well-defined. Then, we get the following distance estimate in terms of
the wavelet coefficients.

Theorem 2.6. Let 0 < s < 1, and consider a function f € As. For each ¢ > 0 consider the
set

C(s, fe) = {Q €D: sup eq)(f)] > 8(1(Q))S|Q!1/2},

1<I<2n—1
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and the quantity
1
M(C(s, f,e)) = sup 0l Y. |P|
QeD PeC(s,fe)
PCQ
Then,
dists(f,I;(BMO)) ~ inf{e > 0: M(C(s, f,€)) < oo}. (2.9)

The proof of this theorem is straightforward using the wavelet characterisations
of the spaces As and I4(BMO). The proofs of Theorems 2.2 and 2.7 will be via The-
orem 2.6. Given a cube Q C R”, we denote by T(Q) its top half-cube in the upper
half-space ]R’_f’l, that is

T(Q) ={(xy) eRI":x € Q,1(Q)/2 <y < I(Q)}.

We will use careful comparisons of the sets S(s, f,€), D(s, f, ¢) and the analogous set
obtained from the wavelet coefficients

W(s fe)= J T(Q).

QeC(s,fre)

Observe that W(s, f,€) is a subset of R""! such that, in Theorem 2.6, we have the
equivalence

M(C(s.fe) —Z‘épmw// )

These comparisons will then yield that the infimums appearing in (2.9), (2.6) and
(2.12) are equivalent for functions with compact support.

Distortion and Distribution of Sets under Inner Functions

Chapter 3, based on [LNS19], is devoted to the study of a property of inner functions.
An inner function is an analytic mapping f: ID — D such that the limit

F(8) = lim £(r2)

exists and | f*(¢)| = 1 for almost every ¢ € dD. Given a sequence {z,} C D, which
can be finite or not, such that it satisfies

Z(l— ]znfz) < 00

n

we define the Blaschke product associated to {z, }, denoted by By, ;, as

Zn Zn -
B I | , e D.
{zn( |2a| 1 —Zpz z

For a finite positive singular measure y on dID, we define the singular function asso-

ciated to p by
su(z) = oxp (= [ S5 2au00)).
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Both Blaschke products and singular functions are inner functions and, in fact, any
inner function f on the unit disk ID can be factored as

f(z) = aB(2)S(2),

where B is a Blaschke product, S a singular function and @ a unimodular constant.
For a detailed exposition on inner functions and some of their applications, see
[Gar07, Chapter II].

Observe that, if we ignore constant functions, an inner function is an analytic
self-map of the unit disk ID that induces a self-map on the unit circle dID due to its
defining property. However, despite the regularity of f, the map f* is discontinuous
at every point ¢ € JD at which f does not extend analytically. More precisely,
if f does not extend analytically at { € JD, then f(I) = JD for any open arc I
containing ¢. This fact can be proved easily using the Aleksandrov-Clark measures
of f. Information on this topic, which falls out of the scope of this dissertation, can
be found in [PS06] and [Sak07]. From now on, to avoid an excess of notation, we
will also denote by f the map f* whenever there is no ambiguity.

Our motivation for the work presented in Chapter 3 is the study of dynamic
properties of iterates of inner functions. The Denjoy-Wolff Theorem (see [Sha93,
p- 77]) states that any holomorphic function g: ID — 1D which is not an elliptic
automorphism has a fixed point p € D such that the iterates ¢" of ¢ converge to p
uniformly on compact sets. When p € dID, we understand that it is fixed in the sense
that

limg(rp) = p.
r—1

The fixed point of a function ¢ whose existence asserts the Denjoy-Wolff Theorem
is called the Denjoy-Wolff fixed point of g. In particular, this result describes the dy-
namics of iterates of inner functions in ID. On the other hand, if we focus on iterates
of the induced map on 9D, they turn out to have much richer dynamics, and they
have been extensively studied. A complete exposition on this topic can be found
in [DM91]. A line of research in this area is the study of the distortion of measures
and Hausdorff contents of sets under the action of inner functions, both in ID and
dD. Recall that we denote by A the Lebesgue measure on dD and, for z € ID, let us
denote by A, the harmonic measure from the point z, given by

[ 1-zP
E|C—z[?

Az(E) dAr(g)
for any measurable set E C dDD. It is a classical result due to Lowner that, for an
inner function f such that f(0) = 0, then

A(fH(E)) = ME) (L7)

for any measurable set E C dID (see [Ahl73, p. 12]). In particular, this implies that
for an inner function f with Denjoy-Wolff fixed point p € D, the harmonic measure
Ap remains invariant. J. L. Fernandez and D. Pestana show in [FP92] a similar result
for Hausdorff contents in 0D, again under the assumption that f(0) = 0. More con-
cretely, for a fixed 0 < & < 1, we define the Hausdorff content of a Borel set E C dDD,
denoted by M, (E), as
Mg (E) :=inf)_A(I)",
J

where the infimum is taken over all collections of arcs {I;} of the unit circle such that
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E C U ;. Fernandez and Pestana show that, given 0 < a < 1, there exists a constant
Cyx > O such thatif f: ID — ID is an inner function with f(0) = 0, then

M (f1(E)) = CuMa(E)

for any Borel set E C dID. The authors also give an example to show that the reverse
inequality does not hold. In addition to the previous result, there is also a similar
one for Hausdorff contents in ID due to D.-H. Hamilton (see [Ham93]).

We say that a point p € 0D is a boundary Fatou point of f if f(p) = lim,_,1 f(rp)
exists and f(p) € 0ID. By definition, if f is an inner function, then almost every point
p € 0D is a boundary Fatou point of f. For a point p € dD and > 1, we define the
Stolz angle with opening  and vertex at p to be the set

Tg(p):={zeD:|z—p| <p(1-z)}.

We say that a holomorphic self-mapping f: ID — DD has finite angular derivative at
p € D if there exists 7 € dID and B > 1 such that the non-tangential limit

! = llm 17 —f(Z)
fip) Tg(p)oz—p P —2

exists and is finite. In particular, if it is the case, then f(p) = 5. Otherwise, if f has
no finite angular derivative at p, then we set f'(p) = +oo0. Since the limit f'(p) will
not depend on B, we will also use the notation z Z p to say that I'4(p) > z — p for
any B > 1. The Julia-Carathéodory Theorem states that

1-|f(2)]
liminf ——= = |f’ >0
mini =120 = |7(p)
in the sense that either both quantities are finite, equal and positive, or both are
infinite. Moreover, it also states that f has finite angular derivative at p if and only if

lzig;f’(Z)

exists and

lim f(z) = € dD.

zZp
This justifies the notation f’(p) for the angular derivative at p. Itis also a well known
fact that, if f is an analytic self-map of ID and p € dDD its Denjoy-Wolff fixed point,
then |f'(p)| < 1. For more details on angular derivatives, the Julia-Carathéodory
Theorem and their relation with the Denjoy-Wolff Theorem and iterations of analytic
self-maps on ID, see [Sha93, Chapters 4-5].

In Chapter 3, we show results similar to those of Ferndndez and Pestana that also
hold for inner functions without any fixed point in ID. Doering and Mafié introduced
an infinite measure on dID that has the property of being quasi-invariant for inner
functions with the Denjoy-Wollff fixed point at the boundary. To be more precise,
consider a point p € dD and the infinite measure i, on dID defined by

mp(E) ::/E|€—1;7|2dA(§)

for any measurable set E C dID. Observe that, roughly speaking, this measure gives
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information both on the size of E and on its distribution around point p. Next, con-
sider an inner function f with Denjoy-Wolff fixed point p € dID. These authors show
in [DM91] that, in this situation, we have

p(fTH(E)) = 1f'(P)lp(E)

for any measurable set E C dID. This result is analogous to (I.7) when f has its
Denjoy-Wollff fixed point on the unit circle. The first result presented in Chapter 3 is
the following generalisation of this fact.

Theorem 3.2. Consider an inner function f: 1D — ID and a boundary Fatou point p € dID
of f.
(a) Assume |f'(p)| < oo. Then

p(fH(E)) = 1f' ()| sp) (E)

for any measurable set E C dID.

() If |f'(p)| = 0 and E C D is a measurable set, then y,(f ' (E)) = oo if p(p)(E) >0
and pp(f~1(E)) = 01if pig () (E) = 0.

This still gives a general relation between the measure of a set and its preimage
under f which does not depend on the set. However, in this case there appears a
distortion factor, which is qualitatively significant in the case that |f'(p)| = +oo.
Next, we present an analogous result to that of Ferndndez and Pestana in [FP92],
based on the use of the measure p, previously defined. Namely, given 0 < a < 1
and p € dD, we define the (p, a)-Hausdorff content of a Borel set E C dD \ {p} as

Mvc(Vp) (E) = infz Vp(lj)ar
)

where the infimum is taken over all collections of arcs {I;} such that E C (JI;. Ob-
serve that the (p, «)-Hausdorff content is monotonous and subadditive, which can
be seen applying the same arguments as for the usual Hausdorff content. Also, note
that we decided to exclude point p in the definition of M, (yp) for technical rea-
sons. Nonetheless, if we were to assign M,(1p)({p}) = +oo, the results presented
here would hold trivially for any set E containing p. Note as well that, for any set
E C oD\ {p}, we have that M,(pp)(E) > 0 if and only if M,(E) > 0. Our result
regarding the (p, a)-Hausdorff content of sets is stated in the following theorem.

Theorem 3.4. Consider an inner function f: ID — 1D and a boundary Fatou point p € 0D
of f.

(a) Assume |f'(p)| < oo. Then for any 0 < a < 1 there exists a constant C, > 0,
independent of f, such that

Ma(pip) (FH(E)) = Culf'(p)|*Ma(pi5()) (E)
for any Borel set E C dD \ {f(p)}.

(b) Assume |f'(p)| = oo. Then we have that My(pp)(f "'(E)) = oo for any Borel set
E C oD\ {f(p)} such that My (p¢(p))(E) > 0.

We conclude Chapter 3 with two applications of these results. The first one con-
cerns a smoothness property of inner functions which omit large sets of the unit disc,
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and it is inspired by a nice result in [FP92]. In the second application we obtain anal-
ogous results on distortion of sets in the real line under inner mappings of the upper
half-plane.






17

Chapter 1

Approximation in the Zygmund
Class using Dyadic Martingales

As mentioned in the Introduction, in this chapter we focus on functions in the Zyg-
mund class A, on the real line, restricting to those having compact support con-
tained in I = [0, 1]. In this case, we define the second differences of f by

Mof(x,y) = flx+y) =2f(x) + f(x—y), xR, y>0.

For future convenience, if I = (x — y, x + y), we will also use the notation A, f(I) =
Az f(x,y). Recall also that a continuous real valued function f on the real line belongs
to the Zygmund class A, if
[82f (x,y)]
£l L

A, = sup ———— < 0.
x,y>0 y

A locally integrable function f on the real line is said to have bounded mean oscil-
lation, f € BMO, if

_ 1 ) 1/2
Ifllvo =sup (7 [ 10 = fifdx) <o a1

where I ranges over all finite intervals in IR and where

1
fi= 1 f)dx

is the average of f on I. The space I;(BMO) can be defined as the space of continu-
ous functions such that their derivatives, in the sense of distributions, are BMO func-
tions. It is easy to check that I; (BMO) C A.. Indeed, if a function f is in I; (BMO),
then f' € BMO. This implies that, if - = (x —y,x) and I+ = (x,x + ), it holds that

;‘/uf’(X)dx—/lf’(X)dx <

(see [Gar07, p. 216]), which is equivalent to say that [Asf (x,y)|/y < ||f'|lgmo - In
[Str80], R. Strichartz found a characterisation for functions in I; (BMO) in terms of
their second differences. We state it below for compactly supported functions.

1 o

Theorem 1.1 (R. Strichartz). A compactly supported function f is in I (BMO) if and only

if
1 \Azf y)P dydx _
|I|// < (1.2)
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where I ranges over all finite intervals on R.

One of the goals in this chapter is to give an analogue of Theorem 1.1 for func-
tions in the closure I;(BMO) in the Zygmund semi-norm ||-||; . This will follow
from an estimate of the distance dist; (f,11(BMO)) = inf,cp, gmo) If — &ll4, of a

function f € A, to the subspace I; (BMO). In the rest of this chapter, given a func-
tion f € A, and € > 0, consider the set

A(f.e) = {(x,y) € R+ |Mof (x,y)| > ey},

where we use IR? to denote the upper half-plane R2 := {(x,y): x € R,y > 0}.

Theorem 1.2. Let f be a compactly supported function in A.. For each ¢ > 0, consider

1 |l dy dx
M(f,e) =su —// o (X, ,
(f ) Ip |I’ ' Jo XA(f, )( y) y

where I ranges over all finite intervals. Then,

disty (f,1;(BMO)) ~ inf{e > 0: M(f,¢e) < oo}. (1.3)

We deduce the following description of I; (BMO).

Corollary 1.1. Let f be a compactly supported function in A,. Then f € I;(BMO) if and
only if for every € > O there exists a constant C(e) > 0 such that

1 ] dy dx
XD} 7 <C 7
T xagalen = < c@

for every finite interval I.

Observe that Theorem 1.2 is actually a local result, and in this sense it can still
be applied to functions that are not compactly supported by restricting to a finite
interval. Hence, these results also hold for functions defined on the unit circle. We
say that a continuous function f is in the small Zygmund class, f € A, if

lim sup M =0.
t=0 x, 0<y<t Y

It is worth mentioning that, for functions defined on the unit circle, the closure of the
trigonometric polynomials in the Zygmund semi-norm is the small Zygmund class
(see [Zyg45]). Observe as well that Theorem 1.2 also implies uniform approximation
locally in the following sense. It is a well known fact (see for instance [JW84]) that
for any function f € A., and for any finite interval I C R, there exists a polynomial
p1 of degree 1 such that

f) =pr(I S IAA,, x€ L

Thus, if f € A, is compactly supported on the interval Iy, there is g € I;(BMO) such
that for any interval I C Ij there exists a linear polynomial p; with

[f(x) = (g +p(x)| S [Idisty (f, 1(BMO)),  x el

The lower bound in (1.3) is easy, and the main part of the chapter is devoted to
prove the upper bound. We will first introduce a dyadic version of the Zygmund
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class, BMO and I;(BMO), and the corresponding notion for dyadic martingales.
Then we state and prove a discrete version of (1.3). Afterwards, an averaging ar-
gument of J. Garnett and P. Jones (see [G]82]) is used to prove the continuous result
from the dyadic one. To this end, certain technical estimates are needed, which we
have collected in Section 1.1.

For an integer m > 0, let D,, = {[k27",(k+1)27™): k € Z} be the collection
of dyadic intervals of length 27™. For m < 0, consider the integer p such that m =
—2p+1,whenmisodd, orm = —2p, when m is even, and let t,, = (4” — 1) /3. In this
case, define D,, = {[k27" — t,, (k+1)2=™ —t,,): k € Z}. Denote by D = U,,cz D
We will call the intervals in D dyadic intervals. This definition, which might look un-
necessarily complicated for the dyadic intervals with m < 0, where we add a trans-
lation by t,, units with respect to the previous ones, will turn out to be convenient
later on. The reason is that with this choice any finite interval I C R is contained in
some interval of D, which is not true if we do not include any such translations.

A locally integrable function f has dyadic bounded mean oscillation, f € BMOy, if
condition (1.1) is required only for dyadic intervals, that is, if

1/2
o= sup (7 [0 = i) < e

Note that BMO C BMO,. The space BMO, has been studied as a natural discrete
substitute of BMO (see, for instance, [G]82], [Mei03] and [Con13]). The following
result, stated in [G]82], summarises the averaging technique previously mentioned,
and an explicit proof will be given in Section 1.3 for completeness.

Theorem 1.3 (J. Garnett, P. Jones). Suppose that o — b'®) is a measurable mapping from

R to BMOy such that all b®) are supported on Iy, and such that for every a, ||b(®) MO <1
and
/ p(@)
R
Then

R ZR/ X+Dé

is in BMO and there is a constant C > 0 such that ||br||gyo < C forany R > 1.

We shall need an analogous result for the Zygmund class. We say that a contin-
uous function f belongs to the dyadic Zygmund class, f € A, if

A 1
1llpg = sup 22F DLy oo
* IeD |U

Observe as well that A, C A,,.

Theorem 1.4. Suppose that o — t*) is a measurable mapping from R to A4 such that all

t() are supported on Iy, and such that for every a, ||t(*) v < 1. Then, the function

*

tr(x) ZR/ x—l—oc x€eR

is in A and there is a constant C > 0 such that ||tg|| . < C forany R > 1.

As an application of the techniques exposed here, we also show a result similar
to Theorem 1.2 for Sobolev spaces. For 1 < p < oo, we consider the Sobolev space
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W7 of functions f € L whose derivative f’ in the distributional sense is also in L?.
Take then the subspace of the Zygmund class A} := W? N A,. The next theorem
gives estimates for distances to this subspace. Here, for x € R, I'(x) denotes the
truncated cone defined as T'(x) == {(t,y) E R3: |x —t| <y, 0 <y < 1}.

Theorem 1.5. Let f be a compactly supported function in A. For each & > 0, define the
function

dtdy\ '
M0 = ([ rapaen™) T, wer

Then,
dist, (f,Al) ~inf{e > 0: M(f,e) € L"}. (1.4)

Finally, we find a higher dimensional analogue of Theorem 1.2 for Zygmund
measures in R". A signed Borel measure y on R" is called a Zygmund measure if

wQ Q)
QI Q7]

where Q ranges over all finite cubes in IR” with edges parallel to the axis, and
where Q* denotes the cube with the same centre as Q but double side length. In
the case n = 1 it is obvious that u is a Zygmund measure if and only if its primi-
tive f(x) = u([0, x]) is in the Zygmund class. Note that there exist Zygmund mea-
sures that are singular with respect to the Lebesgue measure, as ]. P. Kahane showed
[Kah69]. More information on Zygmund measures can be found in [Mak89], [AP89]
and [AAN99]. We consider the space of absolutely continuous measures v such that
dv(x) = f(x)dx for some f € BMO(RR"). We call this the space of I; (BMO) mea-
sures. It is clear that a measure in I;(BMO) is a Zygmund measure as well. As
before, given a Zygmund measure y on R”, we want to describe the distance

< oo,

14, = sup
Q

disty (u,11(BMO)) == inf{||y — o 4. : ¢ € L(BMO)}.

For x € R" and y > 0, let Q(x,y) be the cube centred at x of side length y. For a
given Zygmund measure y and for € > 0, consider the set

R w1, |HQY))  w(Qx2y)) | _ |
Alne) = { o ey [ HEEEED - BE > ef,

where we use R = {(x,y): x € R",yy > 0} to denote the upper half-space.

Theorem 1.6. Let u be a compactly supported Zygmund measure on R". For each ¢ > 0,

consider 1) i
1 ydx
M(u,e) =su —// X, ,

(‘M ) Qp ‘Q’ oJo XA(]I,E)( y) y

where Q ranges over all finite cubes. Then,
dist; (p,I;(BMO)) ~ inf{e > 0: M(y,e) < oo}.

This chapter is organised in the following manner. In Section 1.1, we expose the
technical estimates that we need in order to apply the averaging argument previ-
ously mentioned. We then state and prove the dyadic analogue of Theorem 1.2 in
Section 1.2. In Section 1.3, we explain the averaging argument that yields both Theo-
rem 1.3 and Theorem 1.4, and then we use it to prove Theorem 1.2. Next, we explain
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in Section 1.4 the variations in the previous construction that allow us to prove The-
orem 1.6. Finally, we devote Section 1.5 to the application of our methods, showing
Theorem 1.5.

1.1 Preliminaries

We need an auxiliary result that estimates the oscillation of the second divided dif-
ferences when changing their centre and step size. For a continuous function f we
define its first difference at x € R with step size y > 0 as

Mf(xy) = flx+y) = fx).
For convenience, we may also denote A f(x,y) = A1 f(I), where I = (x,x + y).
Lemma 1.1. Let f € A, with compact support and assume that y' >y > y'/2 > 0 and
|x —x'| <y'/2. Then

Mof(xy)  Dof(x,y)
y y

F— x—x
I7la. <yy’y<1+logy’y—y>+| y 1°g<!xzx'\+1>>' (19)

Proof. We split the proof in two steps. First, we find an estimate for the case y =
and then another one for x = x’. We start showing that, for y > 0, when |x — x’| <
y/2, then

<

~

Mof(xy)  Maf(X,y) ‘ < |x — x| < y >
— <|flla =— 1o +1). (1.6)
\ : - £, 5 og (12
We claim that, if |[x — x| > y/2, then
2ufCo)  fE) Wl g (1=, (17)
y y ~y y

Indeed, let u be the harmonic extension of f on the upper half-plane R?.. It is a well
known fact (see [Ste70, pp. 141-147] or [L1002]) that

flaety) 5,
y X

xﬂﬂsumm,

and that

sup  y|Vux(x,y)| S |Ifll4, -
(xy)eRL

Thus, if we denote by p(a, b) the hyperbolic distance between two points 4,b € R?,
we get

(2, y) —ux (', )| SN f N4, 0 (), (2 9)).

Using the estimate

MWmamsmCﬁfHQ,

we get (1.7).
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Now, assume x > x’ without loss of generality, and x — x’ < y/2. Write

Mof(x,y) = Bof (¥ y) = (fx +y) = f(x'+y)) = (f(x) = f(x))
+(fxr—y) = f(' —y) = (f(x) = f(x))
and apply (1.7) to the first two terms taking A; f(x' +y,x — x’) and A f(x', x — x7),

and to the last two taking A; f(x' — y, x — x") and A; f(x/, x — x’). This shows (1.6).
Assume now thaty’ >y >y’ /2 > 0. We want to see that

— X
— X

(
(

Maf(xy)  dof(x, - :
BLE) BSED g, VoY (110 L) as

First note the following identity

Mf(xy)  Maf(xy)
y y
y“ﬁ{Aﬁ&ﬂ)_<Mfw+%w—yk_kﬂx—%f—y§]‘
y y

v -y Yy =y

Using (1.7) on the last two terms, we get (1.8). Finally, (1.5) is a direct consequence
of (1.6) and (1.8). O

1.2 The Dyadic Results

A dyadic rational is a number of the form k27" with k, m € Z. For an integer m > 0,
let Dy, = {[k27",(k+1)27™): k € Z}. For m < 0, consider the integer p such that
m = —2p +1, when m is odd, or m = —2p, when m is even, and let t,, = (4 — 1) /3.
In this case, define D, = {[k27" — t,, (k+1)27" — t,): k € Z}. A dyadic interval
I is an interval such that I € D,, for some m € Z, and in this case we say that |
is a dyadic interval of generation m. Denote by D = |,,cz D the set of all dyadic
intervals. Note that, given I € D,, for m € Z, there is a unique interval I* in D,,
that contains I, which we call the predecessor of I. If | is an arbitrary interval, we
will use the notation D(J) = {I € D: I C J}. Recall that a continuous real valued
function f on R belongs to the dyadic Zygmund class, denoted f € A, if

Ar (I
A*dzsup| of (1) <o
ep |

I£1

In a similar fashion, we say that a locally integrable function f has bounded dyadic
mean oscillation, f € BMOy, if

1 1/2
fllios =sup (7 [ 16) = fiPdx) <o
IeD 1] J1

and we consider the dyadic I; (BMO) space to be the space of continuous real valued
functions on R whose distributional derivatives belong to BMOy, that is

I;(BMO),; := {f € C(R): f' € BMO,}.

It is easy to see that each dyadic space contains its corresponding homogeneous
space, that is BMO C BMO, and A, C A,;. It is important to remark, as well, that
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none of these pairs are equal. More information on the relation between BMO and
BMO, can be found in [G]82], [Mei03] and [Con13].

The spaces A4 and I;(BMO), can be regarded as well as spaces of dyadic mar-
tingales. We say that a sequence of functions S = {S,,} is a dyadic martingale if for all
m > 0 the following conditions are satisfied:

(i) Sy is constantonany I € Dy,

(i) S|l =1 (SmH]I(l) + Sm+1|l(2)) forall I € D,,, where I(1), 1) are the intervals
in Dy, 11 contained in 1.

We will denote the value of S, at I € Dy, m" > m, by S, (I), and, if there is no
ambiguity, when I € D,, we will just write S(I). Forx € Rand m > 0, let I € D,,
be such that x € I. Then, we have that S,,(x) = S(I), and we will denote S(x) =
limy; 00 S (x) when this limit exists. For m > 1, we call jump of S at generation
m the function AS,,(x) = Spu(x) — Sy-1(x), and if I € D,,, we use the notation
ASy(I) = Sy (I) — Sp—1(I*), where I* is the predecessor of I. One can easily check
that for a dyadic martingale S the jumps AS; and ASy are orthogonal in L2(I) for any
I € Dywhenj # k.

With these concepts at hand, we can associate to each function f € A,; a dyadic
martingale S, which we shall call the average growth martingale of f, as follows. For a
dyadic interval I = [a,b) € Dy, set

S(1) = BE=LE —on(5(0) - (). (19

Now, observe that the ratios defining || f|| ; ; can be expressed in terms of the jumps
of S; that is, for I € D,,, we have the relation

|A2|f(yl*)| — 2]AS(I)].
I*

Now it is obvious that any dyadic martingale S is related to a function f € A, (up
to a linear term that we will ignore) through the relation (1.9) if and only if

1S|| 4. = sup |AS(I)| < co.
IeD

To get the corresponding description of martingales associated with I (BMO), func-
tions, we will discretise (1.1). Note that for f € I;(BMO),, with average growth
martingale S, and I € Dy, using that the jumps {AS,, },,>m restricted to I of the
martingale S are orthogonal in L2, one can express

J1F ) = fiPdx = [ X (a5, (x)P dx.

m>M

Thus, a martingale S is related to a function f € I; (BMO), through the relation (1.9)
if and only if

1/2

1

ISlemo = sup | 7 2 [AS(DITI) <o (1.10)
IeD | |]€'D(I)

The analogue of Theorem 1.2 for this setting is the following result, in which we use
the distance dist, ,(f,g) == \.4 for any pair of functions f, g € A,
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Theorem 1.7. Let f be a compactly supported function in A,y. For a fixed ¢ > 0, define
D(f,¢) by

1
D(f,e) = sup Y., I (1.11)
IeD JeD(I)
1B2f(])[>¢
Then,
disty ,(f,I1(BMO),) = inf{e > 0: D(f,e) < oo}. (1.12)

Note that we can rewrite this result in terms of martingales. Let f € A, be com-
pactly supported on a dyadic interval Iy, and consider its average growth martingale
S defined by (1.9). In this way, D(f, €) in (1.11) can be expressed as

1

D(f,e) = sup Yl (1.13)
IeD(Io) JeD(I)
|AS(])|>e/2

Proof of Theorem 1.7. Without loss of generality, let us assume that f is supported on
the dyadic interval Iy = [0,1]. We need to prove that, for a given ¢ > 0, there exists a
function b € 1;(BMO), satisfying || f — b||; 4 < eif and only if D(f,e) < co. Denote
by &g the infimum in the right-hand side of (1.12).

Given e > g, we will construct a function b € I;(BMO),; such that |[f — b||; 4 <
e. Consider the average growth martingale S for function f, defined by (1.9). First,
we approximate the martingale S by a martingale B related to an I; (BMO), function,
that is satisfying (1.10). Take B(Ip) = S(Iy) and construct B by setting AB(]) = AS(J)
whenever |AS(])| > ¢/2 and AB(]) = 0 otherwise, for | € D(Iy).

By construction, it is clear that ||S — B|| ;. < &/2. Moreover, for any I € D, we

have
Y. ABOPII< ISR, Y I <IIISIZ, D(fe),
JeD(I) JeD(I)
|AS(])|>e/2

showing that B satisfies (1.10).
Now, using that the jumps AB; and ABy are orthogonal in L%, we have

2
/ (Z ABm(x)> de= [ ¥ IaBuwFdx= T IAB()PI| <o
Iy \m=1 0m=1

J€D(Ip)

This gives that lim,,_,. By (X) exists at almost every point x € Iy and it is actually a
square integrable function. Hence, we can integrate it to get b(x) = [ limy, By (s) ds,
which will be a function in I (BMO), such that || f — b]|; ; < e.

Finally, in the case that ¢ > 0, if 0 < & < gy, we show that no function b €
I;(BMO), satisfies || f —b|| 4 ; < e To that end, take & < &1 < &9, assume that there
is b € I;(BMO)j satisfying || f — b|| 4 ; < ¢ and let S and B be the respective average
growth martingales for f and b. For any I € D such that |AS(I)| > €1/2, we have
that |AB(I)| > (e1 —¢)/2 =06 > 0. Thus

2
L'y \AB(I)IZUI>‘51|

150

Y L

JED(I)
|AS(])‘>81/2

The supremum of this quantity when I ranges over all dyadic intervals is $2D(f, ¢1),
which is infinite because €1 < gg. This contradicts condition (1.10) for martingale B
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and, hence, that function b is in I; (BMO),, concluding the proof of the theorem. [J

1.3 From the Dyadic to the Continuous Setting

Before proving Theorem 1.4, let us make some observations. Consider the measur-
able mapping a + +® from R to A4 such that all +*) are supported on Iy = [0, 1]

and such that ‘ $(@) v <1, and let R > 1. We will denote by DY = D the standard

dyadic filtration and by DP the translated filtration by (—p8) units. We also extend

this notation to denote by DY, the set of intervals of size 2~ in D’ and by Dg, the
set of intervals of the same size in DP. Similarly, we denote by A?, the dyadic Zyg-

mund class with respect to the filtration D° and Af ; the dyadic Zygmund class with
respect to DF. With this notation, if f(x) € A%, then f(x + B) € Af 5

Now consider an arbitrary interval I and the adjacent interval [ = I — || of the
same size. Fix R > 1 and « € [—R, R] and let m be the minimum integer such that
I contains an interval of D4, and let F,,(I) be the set of all such intervals. For each
p > m, let F,(I) be the set of intervals ] € D% such that ]  I'\ U, (). Then,
F(I) = UjsmF;(I) is a covering of I by intervals of D*. The covering F(I) of I is
constructed in the exact same way.

Let us say that F(I) = {Ij};‘;l. We may assume that the intervals I; are ordered
in the following way. Whenever j > k, |I;| < |Ii|, and we may take I to be to the left
of I; if |I;| = |It|. That is, we order the intervals decreasing in size and left to right
for those that have the same length. We consider the covering F(I) = {T]}}";l to be
ordered in the same way.

Lemma 1.2. Let I C R be a finite interval and F (1) its covering by intervals of D* con-
structed and ordered as previously explained. Then, the intervals of F(I) have disjoint
interiors and, for j > 1, they satisfy that |I;, | < |I;| /2.

Proof. The intervals in F(I) have disjoint interiors by construction. Moreover, these
intervals are maximal in the sense thatif ] € F(I)and | C J' € D% then ' ¢ I
Thus, it is clear that for each m > 1 there are at most two intervals in F(I) of size
27™|I|. This yields that, for j > 1, the intervals in F (I satisfy |I; | < |I;|/2. O

When [I| = 27" for some m € Z, the covering F(I) = {I;}{, is a translation
of F(I) = {I;}j2,. More precisely, if we order both {I;} and {I;} as previously ex-
plained, then for each j > 1 we have that f] =1l — |I| and, trivially, for every j > 1,
|I;| = |I;|. However, for an arbitrary interval I, the sizes of the intervals in 7 (I) and
F(I) may be completely different. For instance, it could happen that for a given
j € Z, F(I) had two intervals of size 2~/ while F(I) had only one.

Lemma 1.3. Let I and I be two adjacent intervals of the same length. Fix « € R. Then
there are coverings G(I) = {];} and G(I) = {];}, of I and I respectively, both consisting of
intervals of D*, with | ;| = |J;| for any j, and with |];12| < [];]/2.

Proof. Consider the previous coverings F(I) = {I;} and F(I) = {I;}. If || = |I1],
then take J; = I and J; = I;. If these sizes are different, assume |I;| > |I1| (otherwise
the procedure is the same), there exists an integer k > 2 such that Z}‘:l \I;| = |Ll.
Note that k exists because all |I;| (and also |I;|) are dyadic rationals that add up to
|I| = |I|. Then take J; = I; for 1 < j < k, and choose pairwise disjoint intervals
J1i,---,Jk € D(L1) such that ; = U;-‘lej and that, for each 1 < j <k, |J;| = |];|. Note
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that, for 1 < j < k — 2, we have that |]; 5| = |Ji12| < |];|/2 because of Lemma 1.2.
Recursively, consider that we have fixed { ]j};”:l € G(I) and {J; i1 € G(I),letp,q
be the smallest integers such that I, C I\ U;-”:l]]- and Tq cI\ U;-”:Jj, and repeat the
previous step with I, and ;. O

Given two finite intervals I;, I, we say that their minimal common predecessor in
D*, denoted P, (I3, I), is the interval Py (I}, I) € D* such that [} U, C Py(I, ) and
such that for every | € D* that satisfies I; U, C |, then P,(I;, ) C J.If 1, I, € D%,
we define their distance in the dyadic filtration D%, denoted by dist,(I1, 1), as

|Py(I1, I)| [P, (I1, I)|

dist, (I, ) = 1o
() =os T B

+log,

Here it is necessary to specify the index « as one could have two intervals Iy, I, that
were dyadic in two different filtrations D* and DF such that the difference between
both distances is as large as desired.

Lemma 1.4. Consider f € A%, and I, ] € D*. Then,

‘Alf(l) _Mif()
1] |J]

Proof. Consider the sequences {Ij};‘zo and { ]]-}}”:0 inD*such that Iy = I, Jo = ],
Iy = Jm = Py(I,]), and such that I = I for 0 < j < k, and such that i =Jin for
0 < j < m. One has that

MED) mp)|
-kl <y

' < HfHA*ddiStzx(Ir])-

m—1

Af(L)  Af(liv)

Mf(J)  Bif(Jje)
1] i1 '

il Jj+1l

j=0 j=0
Each term of these sums is bounded by || || ;_; and, since there are exactly dist,(I, ])
terms, the result follows. O

For future convenience, given a finite interval I, we will denote its midpoint by
c(I). Recall that we denote by Ij the unit interval, and let us denote by 31 the interval
with centre c(Ip) and length 3|Iy|.

Lemma 1.5. Fix R > 1and let I and I be two adjacent intervals of length |I| = |I| < 1/2.
Assume as well that I U T C 3Iy. Let N be the integer such that 2~N=1 < |I| < 27N and
let M be the integer such that 2M=1 « R < 2M, Then, for each k > 1, one has that

[{a € [-R,R]: |P,(I,T)] = 25" NV | < coMH1pk+2)

where C does not depend on R nor on the intervals I and 1.

Proof. Note that for any value of a, one has that |P, (I, T)| = 2k¢2=N for some integer
1 < k < N + 3. Indeed, the bound 1 < k is trivial, and we have that k — N < 3
because of our assumption that [ UT C 3y and the way we constructed the dyadic
intervals of generation m < 0. For k > 2, the size of the minimal common predeces-
sor in D* is exactly 2k=N if and only if there is some | € D%, with |J| = 2k=N such
that c(J) € I U I For the case k = 1, it is only true that if | € D%, with |]| = 21N,
is the minimal common predecessor, then ¢(J) € I U I, while the reciprocal does not
hold.

Consider | € Dy_k, and consider as well the translated intervals | + «, for a €
[—R, R], and their midpoints ¢(] + a). The set {a € [-R,R]: ¢(J +a) € IUI} has



1.3. From the Dyadic to the Continuous Setting 27

measure bounded by 2~N*1, which is the bound for |I U I|. Note that it is actually
here that we implicitly use that R > 1 and |I| < 1/2, since otherwise it could be
that this set had its length bounded by 2M*1. Observe that [—R, R] intersects at most
max(2M+12N=k+1 1) intervals of length 2=V, and in any case at least 1. Hence, since
for k > N + 3 we have that [{a € [-R,R]: |P,(I,I)| = 25"N}| = 0, taking C = 2 the
result holds. O

In the rest of this section, given a locally integrable function f, we will denote its

average on I by
1
D—w”szﬂx

We adopt this convention for clarity and to avoid an excess of subindices later on.
Before showing the proof of Theorem 1.3 using the arguments presented by Garnett
and Jones in [G]82], we need a technical lemma for functions in BMO,. The following
result is actually valid for functions in BMO, and can be found in full generality in
[Gar07, p. 217], but we only present it here for BMOj.

Lemma 1.6. Let f be a function in BMOy and consider two dyadic intervals I and ]. Then,

LF(D) = FDI < 21|l moa dist(L ]), (1.14)

where dist(I, ]) denotes the distance between I and ] in the standard dyadic filtration.

Proof. Assume first that | is the predecessor of I, that is, ] = I*. Then, we have that

m/lf )] dx,

F(D) = FDI <21 fllsmoa - (1.15)

Now, for general dyadic intervals I and ], consider the sequences {1 ]-};-‘:0 and {] j}}ﬂzo

0 = £ = | 7 () -

and so we have that

inDsuchthatly =1, Jo = J, It = J;u = Po(I,]) the minimal common predecessor,
and such that I]fk =l for 0 <j < k, and such that ];‘ = Jit1 for 0 <j < m. We can
express

k—1 m—1
fI) = fU)] = Zé fT) = fLie) | + Z(;] fU;) = fUj)l-
J= =

Applying (1.15) to each term and using the definition of distance in the dyadic filtra-
tion, equation (1.14) follows. O

Proof of Theorem 1.3. We need to show that, for a fixed R > 1, there is an absolute
constant C > 0 such that, for any finite interval I C IR, we have that

i /|bR I)|dx < C. (1.16)

Because of our assumption on the support of b(*), we can actually restrict to intervals
I in 3]y with |I| < 1. Using the definition of by in terms of the functions b(*) and
Fubini’s Theorem, we can express

br(x) — br(I) 2R/‘ )(x + &) — b(I)) dav.
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Thus, using again Fubini’s Theorem, the left-hand side of (1.16) can be bounded by

1 p@)
2R[ |I|/|b (x + &) — 6@ ()| dx da.

Now, for every &« € [—R, R], consider the covering F*(I) = {I}};>, of I by inter-
vals of D* described in Lemma 1.2. Using these coverings of I, the last quantity is

bounded by
/ > [P G @) =B (1)
2R il |I"‘ k

dx

(1.17)

®) (1) — (1 )] dx> da.

Since for every o we have that Hb(”‘)

; < 1, the first term is just bounded by 1.
On the other hand, the integrand of the second term is equal to

(@) (g il ")(1
b(IF) - ZII!b I¥)

e |17

Applying Lemma 1.6 to each term in this sum, we get that the integrand in the
second term of (1.17), after integrating on x, is bounded by

Le I I}
ZZ |I’2 — —dis 15ty kallx)

k=0j=0

Observe that summing over k and j is the same as counting each term twice due to
the symmetry of the distance. Consider now the interval I{ € D* such that I C I}
and that it is the smallest one with this property. Then, we can estimate the previous
quantity by

cif' Ha‘dt (I§, 1) < ci'l’ﬂlo L]
e dista i o\ )

k=0j=0 k=0 k

where we used that }; [I?| = |I] in the last inequality. Summing over k and applying
Lemma 1.2, we get that the previous is bounded by

(e ()

We are just left with integrating with respect to a. To this end, consider the integers M
and N such that 2M~1 < R <2Mand 2=N-1 < |I| < 27N, For k > 1, consider as well
Ry = {a € [-R,R]: |I*| = 2"N} and note that, by Lemma 1.5, |Ry| < C2M+12-k+2)
with C independent of R and I. Hence, we can estimate the second term in (1.17) by

|zx‘ Coolekl
72 (UI dzxgz—Mkle a7k <G,

where the last constant does not depend neither on R nor on I, thus finishing the
proof. O
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Proof of Theorem 1.4. We just need to check that, for a fixed R > 1, it holds that
1 -
sup m’AltR(I) — A1tR(I)‘ < C < oo,
I

where I ranges over all finite intervals, with [ = I — ||, and where C is independent
of the value of R. Due to our assumption on the support of t(*), it is enough to check
those intervals I with length |I| < 1/2 and such that I U T C 3Iy. Fix such an interval
I and consider the integer N such that 2-N-1 ~ |1 < 2-N_ First, we express

= (Aqtr(I) — Agtr(I)) At I) = Mt®@(a+1)) da.
’I’( 1R() 1R 2R/R‘I’ 1 lX"—) 1 (DC+ )) 14
Now, for a given «, consider the coverjngs G*"(I) = {I;}%2, and gy(I) = {f]};":l
given in Lemma 1.3, that satisfy |I;| = |I;| for j > 1. We can express

5] 1

’|A1t Na+1) — At® a+1]<zm o

’Alt(“)(uc + I]) — A1t(“)(oc + T])
j>1

|I

Observe that a + I; € DY and, since t®) € Ag 4 using Lemma 1.2 and Lemma 1.4 we
may bound the previous quantity by

disty(I;, 1) < Y227 og (2N+J‘/Zypa(1, f)y) ,

U| i>1

j>1

J < 1 for every a. Summing over j, we get

*

i |A1t Na+1) = Mt (a+T)| <1+ N+1log |Pu(L,1)].

Averaging over a, we have
1 e 1R .
qldite() = Autx(DI S [ (14N +log R (1, D)]) dec

Set Ry = {a € [~R,R]: |P(I,I)| = 25"V} and recall that, by Lemma 1.5, |Ry| <
C2M+12-k+2 where M is the integer such that 21 < R < 2M and C does not
depend on R nor on I. Then, we can bound the last quantity by

2M+12/ (1+N+log |P(L D)) da S Y27 (14N +10g2t ™),
k>1 k>1

which is bounded by some positive constant C. Note that the factors depending on
N and on M cancel out, which means that this last constant does not depend either
on R nor on 1. ]

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let f € A, and let gy be the infimum in the right-hand side
of (1.3). First we show that if ¢g > 0, whenever 0 < ¢ < g, there is no function
b € I;(BMO) such that ||f — b|| ;. < e. Indeed, assume that there actually is such a
function b. Take ¢ < &1 < g9 and note that, whenever |A>f(x,y)|/y > € we have
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that |Axb(x,y)|/y > ¢1 —e = 6 > 0. In particular, this means that A(f,e1) C A(b,9).

Thus,
1 //“ |A2b(x, h)|? dydx _ //” dydx
Mhh vy S Xara ¥ ==

but the supremum, with I ranging over all finite intervals, of the later quantity is not
finite since €1 < 9. By Theorem 1.1, this contradicts that b € I; (BMO).

We are left with showing that there exists a universal constant C > 0 such that,
for any e > ¢, there is b = b(e) € I;(BMO) such that | f — b||; < Ce. For any such
g, by assumption we have that

1 1] dy dx
M(f,¢) :sup—// XA(f,E)(x,y)L < 0. (1.18)
1 o y

Assume now, without loss of generality, that f has support in Iy = [0,1]. We claim
that (1.18) implies that D(f,¢) defined by (1.13) is finite. To see this, take ¢ >
g1 > €9, and let | € D be such that |AS(])| > €/2, which is equivalent to say that
|[A2f(c(J*),|J1)|/]]] > e By Lemma 1.1, there exists § > 0 such that if |[x — ¢(J*)| <
S|JJand 1 =6 < y/|J| < 1+, then |Axf(x,y)|/y > e1. Applying this to every
dyadic interval | with |AS(])| > €/2, we find the upper bound

1 1 ] dy dx
M g [ xage en @ < M(fe)
JeD(1) 170 Y
IAS(])|>e/2
forall I € D. Thus,
1
D(f,e) = Sup 1 Y. IS M(f,e) (1.19)
IeD JeD(I)
[AS(])|>¢e/2

Next, for each a € [—1,1], define f®(x) = f(x —«) € A,4 By (1.19) and
Theorem 1.7, distA*d(f(“),h(BMO)d) < &. Hence, there are b@ ¢ I;(BMO), and

t®) € A,4 such that f® = p@) 4 (@), ] < ¢ forall « € [—1,1]. This

allows us to express

= ;/1 £ (x + o) da

2/ ) (x4 a) doc—|—2/ (x4 ) da.

By Theorem 1.3, taking R = 1, the first integral yields a function b € I;(BMO). By
Theorem 1.4, with R = 1 as well, the second integral yields a function t € A, with
[t]| 4, < Ce, where the later constant is the same that appears in Theorem 1.4. This
completes the proof. O

1.4 The Higher Dimensional Result

For a measurable set A C R”, recall that we denote by |A| its Lebesgue measure.
Let x = (x1,...,%x,) € R" and y > 0 and denote by Q(x,y) the cube with centre at
x and with side length I(Q) = y and edges parallel to the axis. For a signed Borel
measure y on R”, we will treat its densities on cubes as first divided differences, and
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denote them by
Q(x, ;
Mu(x,y) = ‘u\(Q((xyy))])' (x,y) € ]R++1,

and we also define its second divided differences on cubes as

Mop(x,y) = Mp(x,y) — Ap(x,2y),  (x,y) € RTTL

Recall that R"™! denotes the upper half-space {(x,y): x € R", y > 0}. We say thata
signed Borel measure y on R" is a Zygmund measure, y € A, if it satisfies

[#llz, = sup [Aap(x,y)| < oo

1
(xy)€RY"

Note that there can be Zygmund measures that are singular with respect to the
Lebesgue measure (see [Kah69] and [AAN99]). Recall that a real valued function
f on R" is said to have bounded mean oscillation in R", f € BMO(IR"), if

'—ui X)— le/Zoo
oo = sup (o7 [ )~ affdx) oo

where Q ranges over all finite cubes in R” with edges parallel to the axis and fo =
‘1@ J o f(x) dx. We will say that a signed Borel measure v on R" is an I; (BMO) mea-
sure, v € I;(BMO), if it is absolutely continuous with respect to the Lebesgue mea-
sure and its Radon-Nikodym derivative is

dv(x) = b(x)dx

for some function b € BMO(IR"). Using a characterisation of BMO(IR") functions
due to R. Strichartz (see [Str80, pp. 544-547], and in particular Theorem 2.5 and
the second example after Theorem 2.6 in the same paper), one can see that such a
measure v satisfies

1 //I(Q) 2dydx)l/2
sup | — A (x, - < 0. 1.20
oo (17 [, e 120)

Conversely, whenever v satisfies equation (1.20), it is an absolutely continuous mea-
sure with Radon-Nikodym derivative in BMO(IR") (see [DN02]).

Here we state a version of Theorem 1.2 for Zygmund measures in IR”. For a given
Zygmund measure y and & > 0, consider the set

Ape) = {(xy) € RE: [Bop(x,y)| > e

Theorem 1.6. Let y be a compactly supported Zygmund measure on R". For each ¢ > 0
consider
dydx

,€) = sup — X, ’
M 2 Qp |Q| 0 Jo XA(y,e) Y y

where Q ranges over all finite cubes with edges parallel to the axis. Then

dist, (p,11(BMO)) ~ inf{e > 0: M(p,e) < oo}.

The proof of this result follows the same lines as that of Theorem 1.2. Nonethe-
less, one has to adapt the auxiliary results used in showing that theorem. First, we
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state and show the technical estimate in IR” which is analogous to Lemma 1.1. For
convenience, given t € R"! and y > 0 we will denote by ¢(t,y) the cube in R"~!
centred at ¢, with side length I(Q) = y and edges parallel to the axis.

Lemma 1.7. Let u € A, with compact support and assume that y' >y > y'/2 > 0 and
|x —x'| <y'/2. Then

|8ap(x,y) = Bape(x', )

(s (e 1))+ F s (g )
; < 2 (1+1o +1 + lo +1 .
A*( y E\y—vy y 8 \jx—+

Here, the constant C,, only depends on the dimension n.

< Cu [|u]

Proof. The proof is split in two steps. First, we find an estimate for the case y =
and then another one for x = x’. We start showing that, for y > 0, when |x — x’| <

y/2

Clx—X y
ATy log I x/|+1 . (1.21)

|Aop(x,y) — Bopu(x', )| < Co || ]

First, if |[x — x’| > y/2, then

x—x
\Awwﬂ%ﬂhﬂfﬂﬂﬁmﬂmbgo _ U4). (1.22)

The argument to show this bound is the same as in Lemma 1.1. The only difference is
that one has to consider u to be the harmonic extension of y on the upper half-space
IRTl, which will be itself a Bloch function, and use the well known fact (see [Ste70,
Chapter 5] or [L1002]) that

|Ap(x,y) —u(x,y)| < HP‘HA*'

To show (1.21), assume without loss of generality that x = (xq,...,x,-1,%,) and x’ =
(x1,...,Xy—1,x,) with x;, < x,, and |x — x'| < y/2.If we denote t = (x1,...,x,-1) €
R"~! one can see that

Q)| (ap(x,y) — Aap(x',y) = ulls) — i) + M) HLL)

where I = q(t,y) X [x,, +y/2,x, +y/2),1_- = q(t,y) x [x}, —y/2,x, —y/2), L+ =
q(t,2y) x [x;, +y,x, +y) and L_ = q(t,2y) X [x], — y, x, — y) are parallelepipeds at
opposite sides of the cubes Q(x,y) and Q(x,2y) respectively. We just show how to
estimate |p(1+) — u(I_)], as the rest works in the same way. The idea here is to cover
I with cubes {P;} and to use a translated cover {R;} for /.

In order to cover I, with the appropriate cubes, we express first y/|x — x'| =
Ym0 km2™", where kg > 2 and k;, is 0 or 1 for m > 1 (as in a binary expansion). We
construct a generation 0 placing ki ! cubes with mutually disjoint interiors of side
length |x — x’| at one of the corners of I, forming altogether a smaller parallelepiped
with one side of length |x — x| and the rest of length ko|x — x'|. Let us denote by { P} }
the set of cubes of generation 0. Assume we have constructed cubes up to generation
m — 1, that is, we have chosen {P]?'};ﬁ:_ol. At generation m either we do nothing if

kn, = 0or, When ky, = 1, we add a layer of cubes {Pi,} of side length 27" |x — «/|,
such that {P]l j—o have pairwise disjoint interiors, in order to get a new square based
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FIGURE 1.1: Parallelepiped /; seen from its base (bold square), and
the distribution of the cubes P},. Cubes of the same size belong to the
same generation.

parallelepiped with one side length |x — x'| and the rest of (L} ki277)|x — x'| (see
Figure 1.1). Let {P!,} be the cubes of generation m and note that their total volume

1S
4 / m ‘ n—1 m—1 ‘ n—1
Y|Py = x )" (zka—f) —<zka—f) |
i j=0 j=0

If n > 2 we deduce

n—2
. m .
Yo IP| S nlx — X" kp2 < k]-Z_J) .
. =

1
Since 27’:0 k]-Z*f <vy/|x — x'|, we deduce that
Y|Pl S nlx =Py k2 (1.23)
i

Since the distance between the centres of P, and R/, is bounded by a fixed multiple
of y, applying equation (1.22) we get that

(Ph) = (R3] 5 s 1Pl o (s +1), (129
(77

and using (1.24), we have

(L) = ()] < 32X u(Py) — u(R;,)|
< Cllpl, EXIPh 08 (gt +1)

Summing over i and using (1.23), this is bounded by

Cllulla nlx— X' |*y" % log < Y + 1) kaz—mm,

|x — x|

and we deduce that

|y<z+>—u<z_>|scnnmmx—x’\y”1log( y +1). (1.25)

|x — x|
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This and the analogue estimate for |p(L; ) — p(L-)| yield estimate (1.21).
The second step is to show that, if ' >y >y’ /2 > 0, then

,_
LMVWJU—AH%&W|§CMWWgyyy<1+bg<yzy+ﬂ>>~ (1.26)

Let R(x,y,y') = q(t,y) X [xu —y'/2,x, +y'/2), where t € R""! is such that x =
(t,xn). Note that R(x,y,y’) is the parallelepiped obtained from dilating the cube
Q(x,y) just in one direction. Denote as well

n_ HREyY))  p(R(x2y,2y))
B0 Y) = TRty IR 2,29

To show (1.26), it is enough to see that

/_
MWWJJU—MM%WKCNMmyyy<LH%<sz+Q>- (1.27)

I

FIGURE 1.2: The parallelepiped R can be decomposed into the cube
Q and the square based parallelepipeds [+ and I_.

Let us denote Q = Q(x,y), Q = Q(x,2y), R = R(x,y,y') and R = R(x,2y,2y’).
Note that we can decompose R as the disjoint union QU I U/_, where [ and [_ are
parallelepipeds similar to the ones we used before (see Figure 1.2). In the same way,
decompose R = QU L; UL_, and note that L, (and also L_) can be regarded as the
union U%ll Li, where each Li is a translation of /. Now, express

N HQ)  wQ)  u(R)  pR)
A 7 _A 1Y, - - = - + = -
2hley) = BanCe b ) =507 =60 R R
Yy -y (ﬂ(Q) B H(Q)) B <H(l+) ~ u(Ly) ) B <V(l) _ u(Lo) >
y/ |Q| ‘Q‘ ynfly/ 2”]/"71]// ynfly/ znynfly/
The first term is Azp(x, y) (y' —y) /y', which is bounded by ||u|| 4 (v' —y)/y. We will
now show that
u(ly)  p(Ly)
yn—ly/ Znyn—ly/

<C ; 1+1o +1 1.28
n HVHA* Y g v —y (1.28)
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The last term is estimated in a similar way. First, we use the decomposition of L to
split the difference as follows

ple)  plLy) | 1 & ;
P T Il I Yo u(ly) —u(LL)].
y'ly! 2mynly’| T 2ny 11//; -

For each term in this sum, we can use the estimate in (1.25) for parallelepipeds, just
taking into account that now the role of y is taken by C,y and y’ — y plays the role of
|x — x'|. This gives (1.28), which yields (1.27) and finishes the proof. O

We also need a dyadic version of Theorem 1.6. Here we say that a cube Q in R"
is a dyadic cube if it is of the form [k127™, (k1 +1)27™) x ... x [k,27™", (k, +1)27™)
where ky,...,k, € Z and m > 0, or if it is of the form [k127" — t,,, (kg +1)27" —
tm) X oo X [kn27™ — ty, (ky +1)27™ — t,) where kq, ..., k, € Z, m < 0 and where
ty is the quantity defined in Section 1.2. We denote the set of dyadic cubes in R"
by D and the set of dyadic cubes of side length 27" by D,,. As we did before, if Q
is a given arbitrary cube, we may refer to the set of dyadic cubes contained in Q by
D(Q). For future convenience, given a signed Borel measure y on R", we define the
dyadic second divided difference as

AMu(Q) = Mu(Q) — Au(Q*),  QeD,

where we used Q* to denote the unique dyadic cube that contains Q and is such that
1(Q*) = 21(Q). We will also need the maximal dyadic second divided difference, defined

by
A3p(Q) = max [Mpu(Q) —Mp(Q)l,  QEeD,

where Q' ranges over all dyadic cubes contained in Q such that /(Q") = 1(Q)/2. A
signed Borel measure y on IR" is called a dyadic Zygmund measure, u € A4, if

1l 4.4 = sup A3p(Q) < oo
QeD

A real valued function f on IR" is said to have bounded dyadic mean oscillation, f &
BMO,(R"), if

1/2
s = sup <,1Q| NG —fQFdx) < oo,

We will say that a signed Borel measure v on R" is a dyadic I; (BMO) measure, v €
I, (BMO)y, if it is absolutely continuous and its derivative is

dv = b(x)dx,

where b € BMO,(IR"). It can be checked that v is such a measure if and only if it
satisfies

1/2
1
R
QeD ReD(Q)

The analogue of Theorem 1.6 for these dyadic spaces is the following.
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Theorem 1.8. Let u be a compactly supported measure in A, . For each ¢ > 0 consider

1
D(y,s):sup@ Z IR].
R

QeD €D(Q)
Aju(R*)>e
Then,
dist; ,(#,11(BMO),) = inf{e > 0: D(p, &) < oo}. (1.29)

Note that, as we did for functions on R, we can rewrite this result in terms of
dyadic martingales on R". We define a dyadic martingale on IR" as a sequence of func-
tions S = {Sy }ir_, such that S, is constant on any cube Q € D,, and such that

1
SW‘Q:27 Z Serl‘Q//
QIE’Derl
Q'cQ

forall Q € D,,, m > 0. Given a measure y € A, we can define a dyadic martingale
by taking
Su(Q) = Apu(Q), Q€ Dy, m>0, (1.30)

and then AS(Q) = Sy (Q) — Su-1(Q*) = Au(Q), for Q € Dy, and we can rewrite
Theorem 1.8 in terms of martingales. Following this relation between dyadic second
divided differences for measures and martingale jumps, we will denote A*S(Q) =

Asp(Q).

Proof of Theorem 1.8. Assume that y is supported on the unit cube Qp = [0, 1]". We
need to prove that, for a given ¢ > 0, there is a measure v € I;(BMO), satisfying
| —v||pq4 < eif and only if D(p,€) < co. Denote by ¢y the infimum in the right-
hand side of (1.29).

Given ¢ > g, consider the martingale S defined by (1.30). Approximate the
martingale S by another dyadic martingale B in the following way. Start taking
B(Qo) = S(Qo). Then, for Q € D(Qy), set AB(Q) = AS(Q) whenever A*S(Q*) > ¢,
and set AB(Q) = 0 otherwise. By construction, it is clear that |AS(Q) — AB(Q)| < e
for any dyadic cube Q. Moreover, for any such cube Q, we have that

1 1

ol Y. IAB(R)IZIRIZ@ Y. [AS(R)PIRI S [Iull o D(uie).  (1.31)
ReD(Q) ReD(Q)
A*S(R*)>e

Define now b(x) = lim, B,(x) = Y, AB,(x). Using that, for any dyadic martin-
gale, the increments AB; are L? orthogonal, we get that

/ b(x)2dx = / Y [ABy(x)Pdx= Y |AB(R)PIR| < oo,
Q0 Qo n=1 ReD(Qu)
so that b € L? and it is finite almost everywhere. Hence, the measure v defined by
dv =b(x)dx,

is an absolutely continuous measure that, by (1.31), is an I;(BMO),; measure such
that |1 — v, , < e

On the other hand, if ¢g > 0, whenever 0 < & < g, there exists no measure
v € 1}(BMO)j, satisfying || —v|| 4 4 < e. Indeed, take ¢ < &1 < gg and assume that
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there is v € I;(BMO), such that ||[u —v|; ; < e Then, for any Q € D such that
A3 (Q*) > €1, we have that Ajv(Q*) > ey —e =6 > 0. Thus

(52
— ¥ IMVR)PIRI> = Y IR,
|Q| ReD(Q) |Q| ReD(Q)
AS(R*)>e

1

but the supremum over Q € D of this last quantity is 6°D(u, ¢1), which is infinite
since €1 < ¢g. This contradicts that v € I; (BMO),. O

The proof of Theorem 1.6 follows the same lines than the proof of Theorem 1.2.
We just mention that the construction used to prove Theorem 1.4 is easily adapted to
the setting of R”, except for the following detail. Let Q be a cube in R” and consider
the covering 7(Q) = {R;} of Q by maximal dyadic cubes, in the same sense as we
did in R. In the case n = 1 we could have at most two elements of the same size in
F(Q), but this does not hold for n > 2. For n > 2, the amount of cubes Rjin F (Q)
of size |R;| = 27¥"|Q|, for some k > 1, is of the order of 2k(n=1)_ Using this bound,
one sees that the sums appearing in the estimates in the proof of Theorem 1.4 are
convergent and bounded by a universal constant.

1.5 An Application to Sobolev Spaces

Fix 1 < p < oo. Consider the Sobolev space W'¥ of functions f € LP whose
derivative f’ in the sense of distributions is also in L?. Consider as well, in the Zyg-
mund class, the subspace AP = WP N A,. For x € R, consider the truncated cone
I'(x) = {(t,y) € R%: |x —t| <y < 1}.In [Nic18] it is shown that a function f € L?
is in the Sobolev space W' if and only if M(f) € L?, where

2 1/2
M@ = ([ PR, xer

The purpose of this section is to prove Theorem 1.5. Following the same scheme
as before, we first need a dyadic version of the previous theorem. Let us first recall
some more concepts and standard results of Martingale Theory that will be useful
later. The quadratic characteristic of a dyadic martingale S is the function

o 1/2
(5)(x) = (Z_;I\ASm(x)F) ,  x€R,

and its maximal function is

S*(x) = sup |Sm(x) — So(x)], x € R.

Given 0 < p < co and a dyadic martingale S, the Burkholder-Davis-Gundy Inequal-
ity (see [BM99]) states that there exists a constant C = C(p) > 0 such that

CHKSM I < 187l < CH{S) Iy - (1.32)
The Fatou set of a dyadic martingale S, denoted by F(S), is defined as

F(S) = {x € R: lim S,,(x) exists and is finite}.
m
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It is a standard result of Martingale Theory that, for a dyadic martingale S such that
S|l 4, < oo, its Fatou setis F(S) = {x € R: (§)(x) < oo}, where the equality must
be understood up to sets of zero measure (see [L1002]).

Using the characterisation for the Sobolev space W? previously stated, we say
that a function b is in the dyadic space A’ if its average growth martingale B, as
defined in (1.9), has quadratic characteristic (B) € L” and

B[4, = sup [AB(I)| < co.
IeD

Note that, in fact, AZ i = WP N A,y Indeed, if b € AZ - by definition b € Asg.
Moreover, since its average growth martingale B has quadratic characteristic (B) €
L7, (B)(x) < oo for almost every x € R. Thus, B(x) = lim,, B, (x) exists almost
everywhere and will satisfy b’(x) = B(x) in the sense of distributions. Using (1.32),
B* € L* and, thus, B € L* as well, which is the same to say that b’ € LP. We now
state the analogous of Theorem 1.5 in this context.

Theorem 1.9. Let f be a compactly supported function in A4 and fix 1 < p < oo. Let
S be the average growth martingale of f. For every € > 0, define the truncated quadratic
characteristic s

D(f,e)(x) = (#{m: [ASu(x)| > e}) "~

Then,
dist, 4(f,A?;) = inf{e > 0: D(f,¢) € L¥}. (1.33)

Proof. Let g be the infimum on (1.33). Assume 0 < & < &1 < gp and that there is
b € A?, suchthat||f — b||4_, < ¢ Let Bbe the average growth martingale of function
b. Whenever |AS,,(x)| > €1, we have that |AB,,(x)| > ¢ —e = 6 > 0. Thus,

B = L 0Bu)F > Y (8B

|ABy(x)[>0

52
D?(f,
1] (f e1)

for all x € R. But, since ¢1 < €9, D(f,¢1) ¢ LV and so (B) ¢ L7, getting in this way a
contradiction. Hence, we see that dist(f, A’,) > ¢.

Assume that f is supported on Iy. Consider now ¢ > ¢,. Construct a dyadic
martingale B with B(Iy) = S(Iy) and such that AB(I) = AS(I) for all I € D(ly)
whenever |AS(I)| > ¢, but take AB(I) = 0 when |AS(I)| < e. Note that (B) €
L?. Therefore, using (1.32), we see that we can define b’(x) = lim, B,(x) almost
everywhere with b’ € L?. Taking now b(x) = [ b'(s)ds, we get b € A%, such that
|f = b|| 4.4 < € This shows that dist;_,(f, A”;) < eo, completing the proof. O

Z e
Asd

Proof of Theorem 1.5. Let ¢y be the infimum in (1.4). Assume 0 < ¢ < & < ¢gg, take
5 = &1 — ¢, and assume that there is b € Al such that ||f — bll4. < e The same
argument used in the first part of the proof of Theorem 1.9 allows us to see that

M(b)(x) = 6M(b,6)(x) = 6M(f,e1)(x)

for x € R. Since €1 < €, we have that M(f,&1) ¢ L? and, thus, M(b) ¢ L?, contra-
dicting that b € AP . Hence, dist (f, Af) > .

Fix & > ¢ so that M(f,e) € LP. For & € [—1,1], consider f(*) = f(x + a). Note
that M(f®,¢) € L? as well. Using the same argument as in the proof of Theorem
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1.2, one can see that this fact implies that D(f®),¢) € L”. Thus, for each « € [—1,1],
the function f(* satisfies the hypothesis of Theorem 1.9 and may be approximated

as f*) = p@® 4 t(*) where b € AP, with Hb("‘) v < |Iflls, and [|t]|5 4 < & Apply
now Theorem 1.4, with R = 1, both with the mapping a — b and a + +*) to

obtain respectively functions b and t such that f = b+t and such that b € A and
[t]| 4. S e This completes the proof. O
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Chapter 2

Approximation in the Zygmund
Class using Wavelets

In this chapter, we generalise the results from Chapter 1 to functions defined on IR".
Moreover, we also extend the results not only to the Zygmund class, but also on the
spaces of Holder continuous functions A¢(IR"). Along this chapter, we will consider
n > 1 to be a fixed integer. For this reason, unless we want to emphasise that we are
dealing with functions defined on R”, we will in general omit this fact.

Recall that we say that a continuous real valued function f on IR" is in the homo-
geneous Holder class of order s, with 0 < s < 1, denoted by f € A;(R") orjust f € A,

if
L fay) — )
o0 lyl*

< 00,

Moreover, whenever the previous supremum is finite, it is equivalent to

Ifll5 = sup If(x+y) —2f(asc) +f(x =) -
x, y[>0 vl

(see [Zyg45] or [Ste70, p. 146]). In this chapter we take the quantity | f||; as the
Holder semi-norm of f. In particular, the space A is a quotient space modulo the
constant functions, which have zero Holder semi-norm for any 0 < s < 1. Given
= (aq,...,0,) € N", we say that « is a multi-index of length |a| = a1 + ... + &y,
and we use the notation 9* = (9/9dx1)* ... (d/dx,)* . With this notation, if s = m + ¢
withm € Zand 0 < t < 1, we say that a continuous function f is in A; if it is m times
continuously differentiable and 9*f € A; for every multi-index a with || = m. In
this case, we define the Holder semi-norm of f € A as ||f|| 5, = SUp|y —m 19" f 4, -
Recall as well that we say that a continuous real valued function f on R” is in the
homogeneous Zygmund class A, (R"), or simply A, if

[f(x+y) =2f(x) + f(x —y) 2.2)

< 00,

[flla, = sup
%yl >0 vl

and the quantity ||f||; is called the Zygmund semi-norm of f. The space A, is a quo-
tient space modulo polynomials of degree at most 1. Also, if s € Z is such thats > 1,
we say that a continuous function f is in the homogeneous Zygmund class of reqular-
ity s, denoted by A$, if it is s — 1 times continuously differentiable and 9*f € A,
for every multi-index a with || = s — 1. In this situation, we define the Zygmund
semi-norm of f € AS as [fllAs = supjy—s_q1 [[0"f|l 4, - As it was explained in the In-
troduction, we will restrict ourselves to the spaces Asfor0<s<landtoA, = Al
because the higher regularity spaces are studied in the same way. Moreover, in the
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following results, when we talk about the spaces Asfor0 < s < 1, we implicitly
replace A; (as it was defined in the Introduction) by A.. Recall that this replacement
is justified by the theory of Besov spaces (see for instance [Tri10, Chapter 2]). In par-
ticular, the class of Lipschitz functions A; will play no role in this chapter. For later
convenience, because of the definitions (2.1) and (2.2) for the semi-norms of these
spaces, given a continuous function f on R” we define the second difference of f at
point x and scale y as

Aof(x,y) = ﬂlp flx+t)=2f(x) + f(x—1)[, xeR",y>0.
t=y

Note that, in the case n = 1, this definition does not coincide with that given in
Chapter 1, but it is its absolute value. As before, we consider A,f as a function
defined on the upper half-space R".

A locally integrable function f on R" is said to have bounded mean oscillation,
f € BMO, if

—oup (L poPdx) <o
IFloio = 5P (g [, /)~ foPax) <o 23

where Q ranges over all finite cubes with sides parallel to the axes in R" and where

=L
fQ — |Q| /Qf(x)dx

is the average of f on Q. Constant functions have zero BMO norm, so one should
consider the set of functions satisfying (2.3) modulo constant functions to study it
as a Banach space. Let F denote the Fourier transform operator. Recall that, given
s € R, we say that a tempered distribution f defined on R" belongs to the space
I;(BMO) if there exists a function ¢ € BMO such that f = F~1[|¢|5F [g]], where
the Fourier transform and its inverse must be understood in the sense of tempered
distributions modulo polynomials. This is the same to say that the space I;(BMO) is
the image of BMO under the Riesz potential I;, defined by

L(f) = F[IgIF 1]

for any tempered distribution f modulo polynomials, which is also the same as to
say that the fractional laplacian (—A)*/?f is in BMO. These spaces are sometimes
called BMO-Sobolev spaces. Again, we use the notation I;(BMO)(IR") whenever it is
necessary to avoid ambiguity. For s > 0, the space I;(BMO) is a space of functions,
with the particular case s = 0 corresponding to the classical BMO. In addition, for
s > 0itis actually a space of continuous functions. Moreover, for a givens € R, if kis
a positive integer, then f € I;(BMO) if and only if 9* f € I;_;(BMO) for every multi-
index a of length |a| = k. Due to this fact, we will restrict ourselves to the spaces
I;(BMO) with 0 < s < 1. For a reference on the BMO-Sobolev spaces, including the
properties stated here, see [Str80].

R. Strichartz, in [Str80], gave a characterisation of the space I;(BMO)(R"), for
0 < s < 2, in terms of its second differences. This was already stated in Theorem 1.1
for compactly supported functions defined on R and s = 1. Here we state it again
for compactly supported functions on IR”, with the notation that we are using in this
chapter.
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Theorem 2.1 (R. Strichartz). Let 0 < s < 2. A compactly supported function f is in
I;(BMO) if and only if

Azf X, y )? dydx> - "4
sgp< // y < 00, (2.4)

where the supremum ranges over all finite cubes with sides parallel to the axes.

Given a function f € As, with 0 < s < 1, we consider its distance to a subspace
X C A in terms of the Holder semi-norm, that is, dist,_(f, X) := infeex [|f — gl 4. -
Recall that we say that a cube Q C R" is a dyadic cube, denoted by Q € D, if it is of
the form
Q={xeR":2x—kel0,1]"}

for some j € Z and k € Z". Note that this definition is equivalent to that given in
Section 1.4 whenever j > 0. The generalisation of Theorem 1.2 we present in this
chapter is the following.

Theorem 2.2. Let 0 < s < 1 and consider a compactly supported function f € As. For
each € > 0 consider the set

S(s, f,e) = {(x,y) € ]RTl: Aof(x,y) > sys}, (2.5)
and the quantity

M(S(s.,0) = 308 |, f w2

Then,
dist; (f,I;(BMO)) ~ inf{e > 0: M(S(s, f,€)) < oo}. (2.6)

The main tool to show this result will be the wavelet characterisations of the
function spaces involved. Consider the space L?(IR") of square integrable functions
on R". It is known that, for any non-negative r € Z, there exist real functions v, for
1 <1< 2" —1,such that the set

{grje(x):1<1<2"~1,je ZkeZ"},

where ¢ ;x(x) = 2/"/2¢;(2x — k), forms an orthonormal basis of L?>(IR"), and such
that for every N > 1 there is a constant Cy > 0 satisfying

0% (x)] < Cn(1+|x])7N,  x€R”,

for every 1 <1 < 2" —1 and for every multi-index « € IN" with |a| < r. For a multi-
index « and x = (x1,...,%,) € R", we denote x* = x{'...x3". Then, these functions
also satisfy that

/11 x* ¢y (x)dx =0,

for any multi-index « € IN" such that |a| < r. Such a set of functions is called a
wavelet basis of regularity r. For a detailed explanation on how to construct such
bases see, for instance, [Mey92]. These functions can be taken to be real valued,
and we will assume that this is the case. Moreover, these functions can be chosen
to be compactly supported (see [Dau88]), although we will not need to assume this.
Recall that D denotes the set of dyadic cubes in R" and, for j € Z, let us denote
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the set of those dyadic cubes Q of side length I(Q) = 27/ by D;. Assuming that
Q € Dj, we let T(Q) = j denote the dyadic level of Q. We relate the cubes in D
to the functions in the wavelet basis using the notation ¢; ) (x) = 21/24p (21x — k)

when Q = {x € R": 2/x — k € [0,1]"}. For future convenience, we shall define Q) =
{(1,Q):1<1<2"—-1,Q € D} and, for w = (I,Q) € Q, we denote |w| := T(Q).
Finally, given a cube Q C R”, we denote by Q(Q) the set of (I,P) € Q) for which
PCO.

Consider a wavelet basis {,: w € Q} of regularity . Let f be a function in A
for some 0 < s < 1. The wavelet coefficients of f are

ciof) =colf) = | fOpe(x)dy,  (LQ)=weq.

Recall that for f € A, for 0 < s < 1, we have that |f(x)| < C(1 + |x|)*, while for
f € A. it happens that |f(x)| < C(1 + |x|log|x|), with the constant appearing in
both bounds depending on the function (see [Mey92, pp. 180-181]). Thus, c,(f) is
well-defined due to the fast decay of the wavelet function 1, at infinity. Given a
wavelet basis, the wavelet coefficients can actually be defined for a wide class of dis-
tributions which depends on the regularity of the basis. However, this level of gen-
erality will not be necessary here. In [LM86], P. Lemarié and Y. Meyer characterise
when a function f is in the space As, for s > 0, in terms of its wavelet coefficients
{cw(f)}- See also [AB97] and [Mey92, p. 185] for a more detailed explanation.

Theorem 2.3 (P. Lemarié, Y. Meyer). Let s > 0 and consider a wavelet basis {,: w €
Q} of regularity r > s. The wavelet series

f(x) =Y co(Yu(x), xR,

we

is in As(R") if and only if there exists C > 0 such that
lcw(f)] < C27lwln/2+s) -y e Q. 2.7)

Moreover, if [|c(f)|| 5, is the smallest possible constant in (2.7), then ||c(f) ||, = || fIl 4, -

In [LM86], the authors also give a wavelet characterisation for functions in the
space BMO (see also [AB97], [Mey92, pp. 154-156] and [Ste93, Section IV.4.5]).

Theorem 2.4 (P. Lemarié, Y. Meyer). Consider a wavelet basis {i,,: w € Q} of reqularity
r > 1. If the wavelet series

fx) =Y co(Hypu(x), xR,

we)

is in BMO, then

. 1/2
sup <|Q| Z |Cw(f)|2) S I fllsmo -

QeD €0(Q)

Conversely, if the sequence {c,,: w € Q} is such that

1 1/2

QeD €0(Q)

then the series Y, ., w(X) converges in the weak-* topology to a function in BMO.
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Similarly, there is an analogous characterisation for I;(BMO). This wavelet char-
acterisation, at least for smooth wavelet bases, appears as a particular case of a the-
orem due to M. Frazier and B. Jawerth (see [F]90, Sections 2 and 5], and Theorem 2.2
in that article in particular). The more general result for either smooth or compactly
supported wavelet bases is stated in [Tri20, p. 16] for the corresponding inhomoge-
neous spaces, from which one can recover the result for I;(BMO). For completeness,
we include a proof of this characterisation in Section 2.1. This is a modification of
the proof of Theorem 2.4 as it appears in [Mey92, pp. 154-156], following the ideas
that lead to the wavelet characterisation of the classical Sobolev spaces (see [Mey92,
pp. 168-170] and [MC97, pp. 56-57]). For simplicity, from now on we will assume
thatr > s+ 1.

Theorem 2.5. Let s > 0 and consider a wavelet basis {p,,: w € Q} of reqularity r > s+ 1.
The wavelet series

f(x) =Y co(fppn(x), x € R",

we
is in I;(BMO) if and only if

1/2
sup <|1Q| Y 4S|“’|cw(f)|2) < 0. (2.8)

QeD €0(Q)

Observe that it is an immediate consequence of Theorems 2.3 and 2.5 thatI;(BMO) C
A, for any s > 0, with the inclusion being strict.

Our key tool in proving Theorem 2.2 is the following analogous result in terms
of wavelet coefficients.

Theorem 2.6. Let 0 < s < 1 and consider a wavelet basis {{p,: w € O} of reqularity
r > s+ 1. Consider a function f € As(IR™). For each € > 0, consider as well the set

Wesfre) = U {Q € Dy supeq,0)(f)] > ng<n/z+s>}
1

jez
and the quantity
1
Mw(s, f,e) =sup = Y. [P
QeD |Q| PeW(s,fe),
PCQ
Then, we have that
dist, (f,1s(BMO)) =~ inf{e > 0: My (s, f,€) < oo}. (2.9)

Note that the infimum in (2.9) is taken over a non empty set, since for any function
f € As with wavelet coefficients {c,(f)} one has that My (s, f, [[c(f)]l4,) = 0.

Proof of Theorem 2.6. Denote by gg the infimum in (2.9), which we assume to be pos-
itive, and assume that ¢ < ¢j. Consider a function ¢ € I;(BMO) and assume that
[e(f) —c(@)ll4, <& where {cw(f)} and {cw(g)} are, respectively, the wavelet coef-
ficients of f and g. Take ¢ < ¢’ < ¢y and note that, for w € Q), whenever |c,(f)| >
g/271@l(n/2+5) e have that |c,(g)| > 6271€I(#/2+5) where § = g — ¢ > 0. Thus, for
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any cube Q € D, we have that

1

o L 4@l Lo 2= ¥p,
| |weQ(Q) |Q| PeW(s,f,e) ’Q| PeW(s,f,e)
PCQ PCQ

but the supremum, with Q ranging over all dyadic cubes, of the latter quantity is
not finite since ¢ < ¢g. By Theorem 2.5, this contradicts that ¢ € I;(BMO) and, thus,
dist,_(f,1;(BMO)) Z eo.

If e > g9, we construct a function g € I;(BMO) such that dist, (f,g) < e Given
the wavelet coefficients {c.,(f)} of f, we set ¢, (g) = cw(f) whenever w = (I,P)
with P € W(s, f,¢), and cw(g) = 0 otherwise. Clearly |c(f) —c(g)l|4, < € and, by
Theorem 2.3, dist;_ (f,g) < e Furthermore, we have that

2
@bl (w) 2 < 1,
QL sl Hg

€0(Q

Y. Pl
PeW(s,fe)
PCQ

Since € > ¢, the supremum of the latter quantity, when Q ranges over all dyadic
cubes, is finite. Therefore, by Theorem 2.5, ¢ € I;(BMO), as we wanted to show. [

Recall that a compactly supported function f € A also belongs to the inhomoge-
neous space /. A classical way to characterise such spaces is in terms of the hyper-
bolic derivatives of the Poisson extensions of their functions on the upper half-space.
Namely, let us denote by Py(x) the Poisson kernel on ]R’}fl, and by u the harmonic
extension u(x,y) = P [f] (x,y) = (P, * f)(x) of f. Given 0 < s < 1, a function f is in
A if and only if it is uniformly bounded and

82

o ayz(x y)‘ C, (xy) eR (2.10)

y

Moreover, the smallest constant in (2.10) is comparable to | f|| 4, . For a reference on
this fact, see [Ste70, pp. 141-149]. This motivates us to estimate the distance of a
given compactly supported function f € A, to the subspace I;(BMO) in terms of
these hyperbolic derivatives. Consider the set

)| >},

D(s, f,e) = {<x,y> € R 2

that is the set of points in the upper half-space for which the second hyperbolic
derivative of f is large with respect to the corresponding scale. We shall show the
following result.

Theorem 2.7. Let 0 < s < 1 and consider a compactly supported function f € As. For
each e > 0 consider the set

o [zf ] (x,y)‘ > eys} (2.11)

D(s, f,e) = {(x,y) € ]R’i“: la o

and the quantity

dy dx
v

M(D(s, f,¢)) —su \Q!// Ds,fe) (X, Y)
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Then,
dist, (f,Is(BMO)) ~ inf{e > 0: M(D(s, f,¢)) < oo}. (2.12)

Our proof of Theorems 2.2 and 2.7 will be via Theorem 2.6. However, the reduc-
tion is rather non trivial and will be based on careful comparison of the sets D(s, f, €),
S(s, f,€), and the analogous set obtained from the wavelet coefficients:

TGs,f,e)= |J T(Q), (2.13)
QeW(s,fe)

where for a given dyadic square Q in R” we denote by T(Q) its top half cube in
R™*!. In other words

T(Q) ={(xy) e R :x € Q,1(Q)/2 <y <(Q)}.

Given a set measurable set A C IR’rrl, we will use the notation

1 Q) dy dx
M(A) := su —// X, .
Wi lody W0

Directly from the definition, it follows that the quantity My (s, f, ¢) in Theorem 2.6 is
comparable to M(T (s, f, €)). Our aim is to show that there are inequalities of the type
M(T(s, f,e)) < M(S(s, f,ce)), and similar inequalities between the other pairs, for
an absolute constant ¢ > 0. The proofs are based on considering inclusions between
hyperbolically dilated sets. These then easily yield Theorems 2.2 and 2.7.

The rest of the chapter is structured as follows. First, we show how to prove
Theorem 2.5 in Section 2.1. In section 2.2, we study the variability of the second
differences, the wavelet coefficients and the hyperbolic derivative with respect to
the location in the upper half-space. This is measured in terms of the hyperbolic
distance, which we will denote by p. Finally, in Section 2.3, we are able to make a
rigorous comparison of the sets S, D and T.

2.1 Wavelet Characterisation for the BMO-Sobolev Spaces
Here, for w € Q), we denote by k, the element of the lattice Z" such that w = (I, Q)

forsomel <1 <2"—1and Q = {x € R": 2wly —k, € [0,1]"}. Moreover, for each
function ; generating our wavelet basis and s € R, we denote

9} (x) == FHIEFF [p] ()] (x) = (—=A)yy(x)
and, for Q € D, we set
Vi) (®) = 272 2 — k),

Observe that, with this convention, we have that (—A)%/21,,(x) = 2lwls Y5, (x). First,
we state without proof two auxiliary lemmas.

Lemma 2.1 ([Mey92, pp. 168-170]). For |s| < r, the set of functions {5, } satisfies

5, (x)| S 21972 (1 21wl — ke [) =79, (2.14)

[ #(x)dx=0 215)
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and
2

Z Colp,(x)

we

~ Y fcol? (2.16)

L2 we)

for every sequence {c.,} € 12(Q)).
Moreover, if 0 < s < r, then _,° is r times continuously differentiable and ¢, is in
NAy—s for every w € Q.

Lemma 2.2 ([Mey92, p. 155]). For |s| < r, consider the set of functions {3, }. Given a
function g € BMO consider the sequence {c.,(g)} defined by

culg) = [ (Y5 (x) dx.

Then, we have that

1/2
1
sup <|Q\ Z !Cw(g)!2> 5||8HBM0- (2.17)
QeD we(Q)

Proof of Theorem 2.5. Assume that (2.8) is satisfied and set

g(x) = (=A)2f(x) = ) 2oy, ().

we)

To see that ¢ € BMO, fix a cube Q € D of side length 27/0. Let us denote by m a
positive constant to be determined later. First, split the set Q) into ()3 = Q(mQ),
D ={weQ\M:|wl >j}and O3 = O\ (O UD,), and express accordingly
g = &1+ 82 + g3, where

gi(x) =) 2lwlse s (x), for i=1,2,3.

we);

Now, by (2.16), for g1 we have that

[lgoPdx < fgilfe ¥ 49%co P S m'|Q.
Q weQ(mQ)

To get an analogous bound for g, we use (2.14) and that for w € (), and x € Q we
have the lower bound
‘2'“’|x _ kw‘ > mpwl=jo), (2.18)

Thus, for w € (), if we denote by x( the centre of Q, we can choose m large enough
so that it holds that

2|“"x0 ke ‘ —2(n+r—s)

/Q [, (x) 2 dx < |QJ2l
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Observe that (2.8) implies in particular that 2/“/|c,,| < 271€I"/2 for any w € Q. Thus,
by Holder’s inequality we get that

/Q|g2<x),zdxg Y. Y 2keg 214 e,y | /wazxx)w;,(x)\dx

wey w'e)
—(n+r—s) , —(n+r—s)
IR X |2~k 2"l xy — ko
wey w'e)y

Observe that summing over w € (), with |w| = j > jo is the same as summing over
k € Z" such that }2] X0 — k‘ 2 m2/71 because of (2.18). Hence, the previous sum
turns out to be bounded by

m~20=9)|Q Yy 2~ (=) (r=s)p= (" =jo)(r=s) < py=2(r=5)| |
jZjo j'Zjo
Finally, to obtain the appropriate bound for g3, note that for each j < jo there are of
the order of m" values of w = (I, P) € Q3 with |w| = j such that PN 20" TmQ # .

For any such w, we can use that ¢}, are Lipschitz functions if r > s + 1 by Lemma
2.1, so that

95, (x) = 95, (x0) | S 2141212 — xg].
On the other hand, observe as well that the assumption r > s + 1 also implies

—(n+r—s—1)
s (x)| < 2wlplwln/2 ‘2\% - kw‘ , asx — oo,

which is just (2.14) applied to the functions {*!. Thus, m can be chosen large enough
so that, if w = (I, P) € Q3 is such that |w| = jand PN 20" TmQ = @, then we have
that

n+r—s—1

4, x) — 90 o) | S 2120072 el — | )

Using the same argument as for g, we get that

Y, 2w [ (x) — 92, (x0) | S m"2|x — xol.
wel);
|wl|=j

Therefore, for x € Q, in which case |x — xo| <27/, we get that

193(x) —ga(x0)| < Y 219 |eq |5, (x) — 5, (x0)| S m",

we3

and it follows that
/Q 193(x) — ga(x0) Pdx < m?'|Q),

so that g € BMO as we wanted to see.
Assume now that ¢ € BMO(IR"). Then, if we define the sequence {c,(g)} by

colg) = [y, wen,
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by Lemma 2.2 we have that
. 1/2
sup <|Q| B \cw(g)\2> < co.
QeD we(Q)

But we have that

calg) =2 [ gx) (=) /o) dx = 29 [ f(x)po(x) dx, = 2P (f),

from which (2.8) follows immediately. O

2.2 Properties of the sets S, D and T
Recall that the differential hyperbolic arc length ds at (x,y) € R".™! is defined by

gs? dx? + dy?
U

Geodesics in this metric are circular arcs intersecting IR orthogonally and vertical
lines. We denote by p(a,b) the hyperbolic distance between a,b € R given by
this metric, that is the hyperbolic arc length of the geodesic segment joining 2 and b.
Givenaset A C lerrl and R > 0, we will denote by Ag the set

Ar={p € R{"": p(p, A) <R},

which is the R-hyperbolic neighbourhood of A. From now on, fix0 <s < land f €
As, and denote the sets defined in (2.13), (2.5) and (2.11) by T(e) = T(s, f,€), S(¢) =
S(s, f,e) and D(e) = D(s, f, €) respectively to simplify the notation, whenever there
is no ambiguity. We first estimate how the quantities A, f(x, y) vary.

Lemma 2.3. Let 0 < s < 1. Consider a function f € As. If 1/2 < y/y' < 2, then

[Baf (x,y) = Baf (X YOI S MIf i, (e = 2T+ [y —y'T°)
Proof. Consider p € R" such that |p| = y and note that
[(f(x+p) = f(&'+p) =2(f(x) = f() + (f(x = p) = F&" =D S IfIIA, Ix = 2T

since f € As. Since this holds uniformly for any such p, we may use the general fact
that, for a bounded function H, one has that

| sup H(x,p) — sup H(x', p)| < sup |H(x,p) — H(x', p)/|,
lpl=y Ipl=y Ip|=y

to deduce that

821 (x,y) = Baf (X', )| S N flla, 1x = P (2.19)

On the other hand, if ¢ = (' /y)p, we also have that
((f"+p) = f("+ ) + (f( = p) = f" =) S Iflla, P —al = I flla, ly =¥

This is true uniformly for any such p and, thus, it holds that

|82f (', y) = Baf (X, y ) S N Flla, Ty = y'T° (2.20)
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As we join (2.19) and (2.20) the conclusion follows immediately. O
Lemma 2.4. Consider a function f € A, If |x —x'| <y/2and 1/2 < y/y' < 2, then

182 ) = 825,91 £ 1, (1= w10 (e + 27 )

_x/’

+ly —v'|lo <e+y>>.
ly —y'|log =]

Proof. Consider a smooth function ¢ on R” such that its support is contained in the
annulus {¢ € R": 1/2 < || < 2}, that satisfies ¢(—¢) = ¢(¢), and such that if

$;(5) = $(277¢) for j € Z, then Y;c7 ¢j(§) = 1for ¢ # 0. Now, if ¢; = F'¢;
and f; = ¢; * f, the Littlewood-Paley dyadic decomposition of f is f = } ;c7 f;. It
is a well known fact (see for instance [Ste93, p. 253]) that, for s > 0, a function f is
in A if and only if H fjHLoo < C277 for some positive constant C, and the smallest
constant satisfying this bound is equivalent to ||f| 4 . In particular, the case s = 1

corresponds to A, for which we have [|0*fi| . < || f|[4, 2773~ 1*D.
Consider p € R" with |p| = y. For this particular p we have that

[f(x+p) =2f(x) + fx = p) = f(x'+ p) + 2f(x) = f(x' = p)]
< Y Ifile+p) =2f(0) + filx = p) = fi(x" + p) + 2f;(x) = fi(x' = p)I.

jez

We split this sum into those terms for which 2/ < 1/y, those with 1/y < 2/ <
1/|x — x’| and those with 2/ > 1/|x — x/|. For the first part, we express

1 d2
[+ p) =20 + fix = p) = [ (1= lul) 4 f(x + up) du.

Using the bound on the third derivatives of f; we obtain

d? d? ,
i) = G+ up) | < o2 - )
Hence

fi(x +p) = 2£i(x) + fi(x = p) = fi(x"+ p) + 25(x') — fi(x" = p)|
Sflla, 271x = xly?,
which yields
Y fitx+p) = 2£i(x) + fi(x = p) = fi(x' + p) + 2f;(x') = fi(x" = p)]

2i<1/y
SUflla, lx=oly* 35 2%
2<1/y

S flla, lx =,

When 1/y < 2/ < 1/|x — x’|, we use the first derivative bound

fi(x+p) = 2f;(x) + fi(x = p) = f;(x" + p) + 2f;(x") = f(x" = p)]

SN, 1=,
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which is deduced in the same way as the previous one. Then we find that
Y. filx+p) —2f(x) + filx = p)
1/y<2i<1/|x—x|
— fil& +p) + 2fi(x) = fi(x" = p)|
SIfla =213 1

1/y<2<1/|x—x/|

< Ifls \x—x/|log(e+ y )

|x — x|

Finally, using that || f;
by

|1~ S IfllA. 277 we get that the remaining terms are bounded

Y. Ifitk+p) = 2fi(x) + fi(x —p)

2>1/|x—x'|
— fitd +p) +2f;(x") — fi(x" = p)]
Slfla, X 27

20>1/|x—x'|
S AllA, lx = x].

Since all the above bounds are uniform on p with |p| = y, we get the estimate

182f (%, y) = Do f (X, ) S N4,

x —x'|log <e I > ) (2.21)

|x — x|

Now, let p be as before and consider the case x = x’ but y # y’. We take ¢ =
(y'/y)p, and note that it is enough to estimate the quantity

If(x"+p) = f(X" +q) + f(x' —p) = f(x" —9)|
<Y i +p) = i+ )+ fi(x = p) = f;(x = q)].

jez

We split the previous sum into those terms for which 2/ < 1/y, those with 1/y <
2/ < 1/|y — | and those with 2/ > 1/|y — y'|, and follow the previous argument
with minor changes. Towards estimating the first sum, we observe first the elemen-
tary bound

51,1) =81, ~1) +5(-1, 1) ~g(-1 )| = | [ giol,0)udo

<4 sup [gu(u,0)]
(u0)€[-1,1]2

As we apply this to function g(u,v) = f; (x + MPTW + v%) , together with the
known bound ||0*f; HLOO < |If|l4, 2 for multi-indices of length |a| = 2, it follows that

i +p) = i +9) + f;(x' = p) = fi(x' = )| S|If]

A2l =vly,
and so

Y it +p) = "+ )+ fi(x = p) = i =D S Iflla, ly =¥

2i<1/y
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Then, for those terms with 1/y < 2/ < 1/|y — /|, using the Lipschitz property of f;
we may deduce

fi(x" +p) = fi(X +q) + f;(x" = p) = ;i =D S Wflla lv =¥,

which yields

Y fi(x' +p) = [i(x' +q) + fi(x' = p) = fi(x' —q)]

1/y<2<1/|y—y'|

S IIf]

ly =l (e+y>.
A ly=yllog | e+ =7
Finally, use the size estimate || fjHLoo S FIA, 277 to get

Y. i +p) - i+ + (= p) = (=) SIfIlA,

2>1/y—y'|

y—y|

These bounds are uniform for any p and g such that |p| = y and g = (y'/y)p and,
therefore, it is clear that

Aaf (< 9) — Baf ()] < Iflls. Ly — o/ |log (e+ - y,,) L e

The conclusion of the lemma follows from (2.21) and (2.22). O

We study now the variation of y29°P [f] /9. Recall that we denote the hyper-
bolic metric on the upper half-space by p.

Lemma 2.5. Let 0 < s < 1 and consider a compactly supported function f € As. Denote
by u the harmonic extension P [f] of f to R™". Then, we have that

5 0%U 597U

ey v e WY S fllace (o y) ()

Proof. Recall that

Moreover, this is equivalent to

k—s aku

for any integer k > 2 (see [Ste70, p. 145]). Define the function

0%u
X, i il x,v),
g y) =y 5a(wy)

which has hyperbolic derivative

3_s0°U

dg
afyz(x,y) +y P (x, ).

5 s Zu 3
y@(w) =(2-s)y =
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Thus, because of the previous fact, this satisfies

)
\y 8 <x,y>\ <l

%
In other words, g is locally Lipschitz with respect to the hyperbolic metric, which
also implies the global Lipschitz property, thus proving the claim. O

Recall that for a given measurable set A C ]Ri+1 we define the quantity

1 1(Q) dy dx
M(A) = su —// X, .
4) QEIZDD|Q| QJo xalx.y) y

Lemma 2.6. Consider a collection of dyadic cubes W C D and the corresponding top half

cubes set
T=J T(Q).
QeWw

Then, if M(T) < oo, it also holds that M(Tr) < oo for any R > 0.

Proof. Consider a dyadic cube Q in IR". Then, for any cube P such that Q C P, we

have that
1 I(P) dydx _ C 1(P) dy dx
T 7 - < Tl 7 .
] /P/O XT(Q)R<x y) y =[P /p/o XT(Q)(x y) Y

Indeed, observe first that

I(P) dy dx
/P/o xr) (%, ) ” ~ [Q].

Then, given R > 0, there exists C > 0 depending on R such that

I(P) dy dx
/P/O Xt (%, Y) Yy < C|Q|.

This holds because, for R > 0, there are at most C; top half cubes T(Q') at hyperbolic
distance at most R from T(Q), and the side length of such cubes is at most C2/(Q),
both constants depending only on R and n. Observe in particular that, if T is a union
of top half cubes T(Q), then

1P) dyd
LI aen®Es ¥l

Y rcrp
For an arbitrary cube P in IR”, denote by P’ the smallest cube such that 77(T(P)g) C
P’, where 7r: R"*! — R”" stands for the orthogonal projection. Then |P'| ~ |P|.
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Using that Tk C Ur(g)cr T(Q)r, we see that

,P,// X (o) L2

~|p| Z // )dyydx

CP’

I(P") dy dx
7 xrQ) (X y) =——,
/ T(QZ)QT/P,/O Q) y

and this last quantity is precisely bounded by M(T), which concludes the proof. [

Next, we use Lemma 2.6 to prove the following relations between T'(¢), S(¢) and
D(e) and their R-hyperbolic neighbourhoods. The first one being an immediate con-
sequence of Lemma 2.6.

Lemma 2.7. Let 0 < s < 1 and consider a function f € As. Denote by ey = inf{e >
0: M(T(¢)) < oo}. If e > ¢, then M(T(e)r) < oo for any R > 0.

Lemma 2.8. Let 0 < s < 1 and consider a function f € As. Denote by ey = inf{e >
0: M(S(e)) < oo}. Ife > €, then M(S(€)r) < oo for any R > 0.

Proof. Observe that, for ¢g < ¢ < ¢, the set S(¢) is contained in S(¢’). Moreover,
because of Lemma 2.3 and Lemma 2.4 (depending on if s = 1 or not), there exists
d > Osuch thatif |[x —x'|/y < dand 1 -6 < y/y’ <144, forany (x,y) € S(¢) we
have that (x',y’) € S(¢’). That is to say that S(¢’) contains an 7-neighbourhood, for
some 17 > 0, of S(¢), and since M(S(¢')) < oo, it is also true that M(S(e),) < oo. This
shows the claim for any R < 7.

Assume that R > 7, and let us call U(¢) the union of all top half cubes T(Q) such
that Q is a dyadic cube in R” and T(Q) N S(e); # @. Then, for a given cube P we
have that

yp|// Xu(e (xy)dydxg 1 Z // X qu)dyydx

y

Observe now that, since for T(Q) C U(e) the intersection T(Q) N S(e) is not empty,
we have that T(Q), N S(¢), contains, at least, a ball of radius comparable to 71(Q).
Thus, there exists a constant C > 0 such that for each T(Q) C U(e), we have that

I(P) dy dx 1(P) dydx
/P/O Xt1Q), (%) o < C/p/o XT(Q),,OS(e),,(x/y)T-

Now, for T(Q) C U(e) there are at most ¢; cubes Q" such that T(Q') intersects T(Q),,
where ¢; depends only on 7 and the dimension 7. Thus, we get that

1 //I(P) dydx // dydx
1P| )\ X, (&), (X,

from which it follows that M(U(e)) < M(S(e);) < oo. Next, since S(e), € U(e)
by definition, it holds that S(¢)g C U(e)r for any R > #. In particular, it holds
that M(S(e)r) < M(U(e)r). But the latter quantity is finite because of Lemma 2.6
applied to U(e). Hence, we get that M(S(e)r) < oo also for R > 1, as we wanted to
see. [
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Lemma 2.9. Let 0 < s < 1 and consider a compactly supported function f € As. Denote
by eo = inf{e > 0: M(D(e)) < oo}.If e > €o, then M(D(g)r) < oo for any R > 0.

Proof. First, if g < € < ¢, we have that D(e) is contained in D(¢’). Now, Lemma
2.5 implies that there exists 6 > 0 such that for every (x,y) € D(¢), D(¢’) contains
a ball of hyperbolic radius § centred at (x,y). In other words, D(¢') contains D(¢)s
and, since ¢ > ¢, this implies that M(D(e)s) < co. This shows the result for R < ¢.
The result for R > J is proved using the same argument as in the proof of Lemma
2.8. O

2.3 Equivalence of Characterisations

The aim of this section is to prove Theorems 2.2 and 2.7. In order to do so, let us fix
0 <s<1land f € As; compactly supported. We first show some geometric relations
between the sets T(¢), S(¢) and D(e). In this section we denote by Br((x, y)) the ball
of hyperbolic radius R centred at (x,y) € R,

It is important to remark that, a priori, the set T(e) depends on the choice of the
wavelet basis that we decide to use. Let us consider two different wavelet bases
{0} and {@}, respectively of regularities r,7’ > s, and denote by Ty () and T, (e)
the corresponding sets of top half cubes associated to large wavelet coefficients. The-
orem 2.6 holds for any wavelet basis of regularity at least s + 1. Hence, either both
Ty(e) and Ty, (¢) are finite, or both are infinite. In the following lemma, we will as-
sume that our wavelet basis has regularity much larger than s + 1. However, due
to the previous observation, this will have no influence when proving Theorems 2.2
and 2.7.

Lemma 2.10. Let 0 < s < 1 and consider a function f € As. There exists an absolute
constant C > 0 such that, for any € > 0, there is R > 0 for which T(g) C S(Cée)g.

Proof. We want to see that, if

Y hf(xy) S (223)
for all (x/,y") € Br((x,y)), then

S‘;P a0 S e27//2Fs)

for a fixed dyadic cube Q such that x € Q and I(Q)/2 < y < I(Q). First of all, we
note that without loss of generality, we can assume that x = 0 and y = 1, and take
Q = Qo = [0,1]. The general result can be reduced to this case by a translation and
a rescaling.

Here we denote our wavelet basis by {4, p)}, to emphasise the dependence on
the dyadic cubes. Assume that it has large enough regularity r to be determined.
The wavelet functions satisfy

/]R" x”‘lp(l,p)(x) dx=20

for multi-indices of length 0 < || < 7, or in other words, their Fourier transforms
qz/(l;) = F |:1P(llp)] satisfy a"‘lp/(l;)(O) = 0 for such multi-indices. Consider a non

negative and radially symmetric smooth function g supported on the annulus {x €
R":1/2 < |x| < 2}, and with integral 1. In particular, § = F [g] is real, smooth and
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radially symmetric, and it has fast decay in the sense that for each N > 1 there is a
constant Cp such that

3@ <Cn(a+1E)N.

Moreover, g(¢) < 3(0) = 1forall { € R". More precisely, there is a positive constant
¢ > 0 so that
1—g(&) > cmin(1,|¢]?), &e€R™ (2.24)

Indeed, for ¢ at a neighbourhood of the origin we have 1 — g(&) ~ |Z|? because g has
zero first moments due to its symmetry and AZ(0) = — [, |x|°g(x) dx < 0. On the
other hand, since g is smooth, we also have 1 — (&) ~ 1 as { — oo due to the fast
decay of g. Finally, observe that g(¢) = 1 only if { = 0. This follows from the fact
that g is a non negative radially symmetric function and that ¢2*¢ is constant as a
function of x on the whole support of g only for ¢ = 0, so that

‘/g(x)eizm"gdx < /g(x) dx = g

Given one of the functions ¢, generating the wavelet basis, we define the function
h via its Fourier transform h = F [h] by setting

Tt P 710 B 1105

30)-50)  1-3@)

Note that, because of (2.24) and the fact that the derivatives of liJ\l vanish up to order
at least r, if we take r large enough, say r > n + 1, then he C”H(IR”). Moreover,
all the derivatives / are integrable because of the quick decay of the derivatives of
;. All this implies that /1 is smooth and (1 4 |x|?)"*1)/2)(x) is bounded, so that & is
integrable. In particular, / itself is also bounded.

We are now able to estimate the wavelet coefficient in terms of the second differ-
ences. Observe that

-~

| e ax= [ @7 @dz= [ @)@ -§0)7@)de

Note as well that, because the properties of g and £, it holds that

/ /(x,t)ew h(x)g(t)f (x +t) dx dt = / / g TCR(Of (= 1
= | h(x)(g*f)(x >dx—/wfa>§<mg>dg

R”

and

= ~

Iy e SR () e = 500) [ H@F(&) .

Therefore, noting also that ¢ is bounded and that its support lies in the annulus
{x € R":1/2 < |x| < 2}, we obtain

[ @ as

—2//“61@1 SHIf(x+1t) — 2f(x) + f(x — t)| dx dt

< //Ml/n)' (x) 8af (x,y) dx dy.
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We can assume that (2.23) holds on the set A = {(x,y) € R™: |x| < R/2,1/2 <
y < 2}. Note that

h(x) | Ao (x,y) dxdy < -25/ h(x)| dx <
//(]R"X(l/Z,Z))\A| (¥)|82f (x,y)dxdy S [Iflla, lezR/2| (x)[dx S €

for R large enough. On the other hand, we have by (2.23) that

//A \h(x)|Aof (x,y) dxdy < SZS/I Ih(x)|dx < e.

x|<R/2
And, thus, we get that |c(; o)(f)| < & as we wanted to show. O

Recall that for a function f € Ay (and in particular for compactly supported
functions in A;) with 0 < s < 1, and for an integer k > 2, one has that the single
condition

2
s |2 | <151
is equivalent to
Y P () S U fl, (225)
for all multi-indices a with |a| = k for any integer k > 2 (see for example [Ste70,

pp- 143-145]). Before we show the corresponding result for S(e) in terms of D(¢)g,
we need the following auxiliary lemma.

Lemma 2.11. Let 0 < s < 1 and consider a function f € A, and an integer k > 2. There
exists Ry = Ro(k) > 0 such that if R > R and

2
a ;)y:[zf] (X/,yl>

12—s

Se (*)Y) €Br((xy), (2.26)

then
YT P [f] (x,y)| S e (2.27)

for every multi-index « with |a| = k.

Proof. The arguments we use here are the same as those used to prove Lemmas 4
and 5 of [Ste70, pp. 143-145]. We just show that if (2.26) holds for R large enough,

then 22 ]
P
dydx; (xy)

2—s

<e (2.28)

~

since all the other cases follow the same argument.

Let us denote u(x,y) = P [f] (x,y). Using that for y > 0 the Poisson kernel sat-
isfies Py(x) = (Py/2 * Py/2)(x), one can express u(x,y) = (P2 * u,/2)(x), where
uy(t) = u(t,y). Thus, one gets

a3u - E)Py/z . azl
2ydx;  dx;  0y?

y/2
Assume that, for some R’ > 0, there is R > 0 large enough such that it holds that

2
"l

T Se, (%7) € Br((x,y), (2.29)
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for every (x',y’) € Br/((x,y)). Note that this can be done requiring (2.26) to hold for
R > R’ + R. Next write

831,[ / ’ aP az ,
_Ju < B
Zyam, * V) _/|t|>f{1 ax1 (t)’ 3y S —ty /2)’dt
+/ X' —t,y /2)| dt

|t <Ry’ axl ‘ ' y/ )‘

Recall that [P, /dx;| < P,/y. Thus, we find the bound
adl o%u IflA, s
y/2 / / As 153
/|t>Ry’ 9x1 ()‘ ayz(x y/ )‘ STg Y

for the first term, while using (2.29) on the second one we get

/t|<Ry/

Summing up, if R is large enough, we have that

2
gyl;(x’ - t,y'/2)’ dt < sy's_3.

8x1

’u o
W(X/’y/) Sey ’ (2.30)

for all (x/,y") € Br((x,y)).
Now, taking into account that f is in the inhomogeneous space A; and that
|| (82/9yox1) Py ||;; < y~2, we have that

%u
- < 2
‘3yax1 (x’y)‘ Ny ||fHL°°’

from which it follows that |(9?/9ydx1)u(x,y)| tends to zero as y — co. Hence, one
can express

%u | 98y
< / /
‘ayaxl (x/y)' — /y ay28x1 (x/y) dy
R'y 83 00 831/[ , ,
_/y ayzax (.’Xf y) dy +~/R’y ayzaxl (x/y) dy

Using (2.30) on the first term, we get the bound

I
Yy

For the second term, we get
using the bound y>~*[(9°/9y?0x1)u(x,y)| < [|f]l4, - Therefore, adding these two
bounds, we get (2.28) if R’ is large enough, as we wanted to see. O

’u

R'y _3
! ! < /5 ! < s—2
ayPax; Y| Ay NS/y yo oy <ey

3u

If 114, o
ayzax( % y) Y

R/Z*S

5—3
t S Wl fo, vy =
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Lemma 2.12. Let 0 < s < 1 and consider a compactly supported function f € As. There
exists an absolute constant C > 0 such that, for any € > 0, there is R > 0 for which
S(e) € D(Ce)g.

Proof. Fix (x,y) € R"*!, and let us denote u = P [f]. We need to see that, if

12—5 821/[

a7]/2(3(/’]/) < (231)
for every (x,y’) € Br((x,y)), then
M <e. (2.32)
Yy
We do so by following the arguments in [Ste70, pp.—147] used to characterise the
spaces As.
Let us fix p = (p1,...,pn) with |p| = 1. If f was twice continuously differen-
tiable, we would write
f(x +yp) =2f(x) + f(x = yp)]
/ ’ / i (x+pp)dpd
= —f(x o
o Joagl X tePIp (2.33)

y o
:/0 /—a(z plp]8x8x> dp do

i,j=1

Note that, for f € A, (which is the case since we assume f to be compactly sup-
ported) we can express

ou
/ yay y—yay(x y) +uxy)
for any y > 0. Thus, we can express the second difference of f as

|f(x+yp) —2f(x) + f(x —yp)|

v 0% L O u
< /
_/ Y g typy) =255 (0y) + 55 (x—ypy)

/

dy

(2.34)
+ty

M ety ) 20 (1) + o (x— yp,y)
ay ypy ay 'Y dy ypy
+ [u(x+yp,y) —2u(x,y) +u(x —yp,y)l.
We focus first on the integral term in (2.34). Because of (2.31), we can assume that

0%u
a72<x,f]/) <

1—2+s

&y

fory/R <y’ < yand |x — x'| < Ry. Therefore, we have that

[

oy?

2u 82 0%u

u
SSx+ypy) - 252 )+ 5z (x—ypy)| dy
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On the other hand, we have that

y/R
A

d%u L% d%u
oy K HYPY) 255 () + 5o (x—ypy)

YR 1y 1A,
N HfHA/O y' Sd]/ S Tys,

/

dy

which will be bounded by &y® for R large enough.
In order to bound the second and third terms in (2.34), we express them using
(2.33). Let g(t,y) = g—; (t,y) and note that, by Lemma 2.11, we have

82g

(x+ )| = 3u
8xi8x]- PP Y=

< gq, 73S
9%19%,9 (o + pw)' Sey

for |p| < y if (2.31) holds for R large enough. Thus,

ou ou ou
y‘ayoﬂryw) —2@( JY) o ay

<, [Ja
5// ey S dodo < eyt
JO J—0o

Similarly, to bound the third term in (2.34), we use that

(x yw)‘

zg x+pP,y)‘dpd0

%u
<
axiaxj(x—{_pp’y)‘ N‘C'y

—2+s

for |p| < y if (2.31) holds for R large enough, again due to Lemma 2.11. The same
reasoning as before yields that

S

lu(x +yp,y) —2u(x,y) +u(x —yp,y)| < ey’

This shows that
[f(x+yp) —2f(x) + f(x —yp)| S ey’

and, since this bound is uniform on the choice of p, equation (2.32) follows. O

Lemma 2.13. Let 0 < s < 1 and consider a compactly supported function f € As. There
exists an absolute constant C > 0 such that, for any ¢ > 0, there is R > 0 for which
D(e) C T(Ce)g.

Proof. Fix (x,y) € R Consider the set G of dyadic cubes of the form Q = {x' €
R": 2/x" — k € [0,1]"} such that y/R < 27/ < yR and |2x — k| < R, where R is a
positive constant to be determined later. We need to verify that by an appropriate
choice of R, if

sup [c(,0) (f)| < e27//2F9) (2.35)
I
for every Q € G, then
82
N e 236
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Recall that, by Theorem 2.3, we can write

f)="Y» Y} Y cooNvug®)

1<1<2" -1 jeZ QeD;

with [c;0)(f)] < 2-i(n/2+s) [ f1l4, and {,0)} a wavelet basis of regularity r > 1.
Moreover, the functions 1; can be chosen to be compactly supported. For simplicity,
we will assume that this is the case, although the argument would still hold for non
compactly supported wavelets (in that case we would use their fast decay). Now,
for j € Z, let us denote

fix)="Y Y cuo(Nvug ),

1<1<27—1 Q€D;

and also consider its harmonic extension 1; = P [fj] on the upper half-space. We
estimate first the contribution of u; to the hyperbolic derivative in (2.36) for j such
that 27/ > yR. Note that, by harmonicity, it is enough to bound [(3?/9x2)u;(x,y)|
for 1 < i < n. First observe that

aZu, Zf
] _ ]
| =|(ne5E) o

Then, using that for any multi-index a of length |a| = 2 we have [0*; o)| S 2/(n/2+2)
for Q € Dj, the bound on the wavelet coefficients |c(; ;)| and the bounded overlap
of the wavelet functions (due to their compact support), we get that

9% fj

02 f]
ox?

< |17l >

L |

Leo

%u;
sz(x,y)

i

SIfll4, 2.

Thus, summing over j, for 27/ > yR, we get that

2

u.
ﬁ(x,y)

D

27i>yR

SUfIlAy 2R S ey 2, (2.37)

where the last inequality holds for R large enough (not depending on ), since s < 1.
Next, we compute the contribution of uj to (2.36) for j such that 277 < y/R. In
this case, we have that

?u; %D, 2P,
(x ,3/)‘ |<’*f‘> (x,y)‘ <=2l Ifill;w-
ay ayz ] ayz . H ]HL
Here, use that ||(9?/9y?)P,||;, < 1/y* and that Hf]HLoo S fIA, 27 7%, which holds

again because of the bound on the wavelet coefficients and the bounded overlap of
the wavelets themselves, to see that

o%u;

W{(x,y) Sfla,v227
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Summing now over j, for 27/ < y/R, we get that

2.

u
= (0 y)| S Ifla v PR Sey ™", (2.38)

D

2-i<y/R

where the last inequality holds for R large enough.
For j such that y/R < 277 < yR, we express f; = g; + hj, where

gix)="3Y ) cugNPuo)

1<1<2"-1QeD;NG

If y < 277 < yR, as we did in the case yR < 27/ we have that

9%u; 92
ax”;%x,y)‘ - pr aff> <x,y>‘
9%g; 9%h
(P*axgi)(xy) <Py*azj>(x,y)‘.

Because of (2.35), the first term is bounded by Ce2/(2~%). Observe that function hj
only contains wavelets whose support lies on the set {t € R": |t — x| 2 yR}. Thus,
we can bound the second term by

%h;

o9°hj 1
ox? '

t< 2]2 s)
) J o PO 171, 2%

This yields, by harmonicity, that

0%u;
ay2] (x,y)

D

y<27i<y/R

,S <€+ Hf]g&) y72+s s 8y72+5, (239)

where the last inequality holds for R large enough. Similarly, if y/R < 27/ <y, we
write

2.,
au]

9%P,
ayz(xr]/)‘ = |<ayzj *f]) (x,y)‘
9%P %P,
< |<ay2y*gj> (x,y)| + <ay2 *h> <x,y)|-

Now, the first term is bounded by Cey =227/ because of condition (2.35). Taking into
account that the wavelets appearing in ; are supported on {t € R": |t — x| 2 yR},
the second term is bounded by

82P
Clile f e

oy?

s 1
(o >‘ S 1f5 27" g

It follows that

S (8 * ”J;gH2A5> y 7 Sey (2.40)

y/R<2*1‘§y



64 Chapter 2. Approximation in the Zygmund Class using Wavelets

where the last inequality holds for R large enough. Since u = ) uj, estimates (2.37),
(2.38), (2.39) and (2.40) yield (2.36), as we wanted to see. O

We have now all that we need to prove Theorems 2.2 and 2.7 using Theorem 2.6.

Proof of Theorems 2.2 and 2.7. Let us denote by 19 the infimum in (2.9), by oy the in-
fimum in (2.6) and by Jp the one in (2.12). Also, let ¢ be the minimum constant
appearing in Lemmas 2.10, 2.12 and 2.13. Note that we can assume that ¢ < 1.

We first show that 0y ~ 79. Consider ¢ > 0 such that ¢ > ¢219. Then, by Lemma
2.7 we have that M(T(c?c)g) < o for any R > 0. This implies, by Lemma 2.13 that
M(D(co)) < oo, so that we can assume in particular that cc > &y. Therefore, by
Lemma 2.9, it also holds that M(D(co)r) < oo for any R > 0 and, by Lemma 2.12, it
follows that M(S(c)) < oo. Hence, we get that 0y < ¢~ 21. To get the corresponding
lower bound, let ¢ > 0 be such that ¢ < c1p, assuming that 7p > 0 (otherwise, the
result is already proved). Then, we have that M(T(c~!¢)) = oo, and by Lemma 2.10
there exists some R > 0 such that M(S(c)r) = oo. However, by Lemma 2.8, it has to
be that M(S(0)) = oo as well. Therefore, we get that 0y > ¢1p, as we wanted to see.
Following this same reasoning, one can show that 21y < 8y < ¢ 119. This concludes
the proof of both theorems. ]
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Chapter 3

Distortion and Distribution of Sets
under Inner Functions

In this chapter, we present the details of our research on inner functions. Recall
that we denote by ID the open unit disc of the complex plane, and that an analytic
mapping f: ID — D is called an inner function if |lim,_,1 f(r¢)| = 1 for almost every
point (a.e.) ¢ of the unit circle dID. It is of particular interest to us the map induced
by an inner function f on 0D, defined at almost every point { € dD by f*(¢) =
lim,_,; f(r{), which we will denote by f as well whenever there is no ambiguity. We
are interested in studying certain invariance and distortion properties of measures
and Hausdorff contents of sets in the unit circle under the action of inner functions.

Let f: D — DD be an analytic mapping. We say that a point p € dID is a boundary
Fatou point of f if f(p) = lim,_; f(rp) exists and f(p) € JD. Hence, the set of
boundary Fatou points of an inner function has full measure. For 0 < § < 1 and
p € 9D, letTg(p) = {z € D: |z —p| < B(1 — |z])} be the Stolz angle with opening
and vertex at p. A holomorphic self-map f of the unit disc has finite angular derivative
at p € dD if there is a point 7 € dID and 8 > 0 such that the non-tangential limit

/ = llm L’f(z)
fp) Tg(p)oz—p P —Z

exists and is finite. Observe that in this case # = f(p). Since this limit will not
depend on f, we also use the notation z Z p to denote I'g(p) > z — p for some g > 0.
We set |f/'(p)| = +oo if the function f does not have a finite angular derivative at
the point p € dID. Observe that this is the case if p is not a boundary Fatou point of
f. With this convention, for any p € dDD, the classical Julia-Carathéodory theorem
gives
1—
ngi;lfl_’féz’)' —If'(p)] >0, (3.1)

in the sense that either the lim inf is finite and equal to |f'(p)| > 0 or both quantities
are infinite. See for example Chapters IV and V of [Sha93].

We denote by A the normalized Lebesgue measure on dID and by A, the harmonic
measure from the point z € D, given by

1—|zf?

)= fee—zp

dA(g),
for any measurable set E C dID. A classical result due to Lowner (see for example
[Ahl73, p. 12]) says that the Lebesgue measure is invariant under the action of any

inner function fixing the origin. Hence, the following conformally invariant version
of Lowner’s Lemma holds.
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Theorem 3.1. Let f : ID — D be an inner function and z € ID. Then

A=(fTHE)) = Mgz (E)

for any measurable set E C dID.

Observe that, if z € ID is a fixed point of f, Theorem 3.1 says that A, is invariant
under the action of f. However, it may be the case that f has no fixed points in ID
but only on dD. A point p € 0D is a fixed point for f if lim,_,; f(rp) = p. Actually,
the classical Denjoy-Wolff Theorem (see [Sha93, p. 77]) states that for any analytic
self-mapping f on the unit disc which is not an elliptic automorphism, there exists
a fixed point p € D of f, called the Denjoy-Wolff fixed point of f, such that the it-

erates f" = fo ..o f tend to p uniformly on compacts sets of ID. Moreover, p is
the unique fixed point of f in D such that 0 < |f'(p)| < 1. See for example [Sha93,
Chapter V]. We are interested in analogues of Theorem 3.1 when z € dID. This sit-
uation occurs naturally when the Denjoy-Wolff fixed point of f is on the unit circle.
In this situation, instead of considering the harmonic measure from a point in the
open unit disc, it is natural to measure sets with respect to boundary points. We will
consider a measure introduced by Doering and Mafié¢ in [DM91]. Fix a point p € D
and consider the positive measure y, on dD defined by

pp(E) :/E|é‘—1p|2d/\(€)

for any measurable set E C JID. Observe that for a point p € JID the measure p,,
is not finite, while for p € DD, it is just a scalar multiple of the harmonic measure
given by 1, = (1 —|p|*)"'A,. A very natural interpretation of the measure 1, when
p € 0D is the following. Let w,: D — RR3 be the conformal map from the disc
into the upper half-plane IR3 such that w,(p) = oo and w,(0) = i/2. Then, for any
measurable set E C dID, we have that y,(E) = |wp(E)|. Roughly speaking, for a
point p € dID, the measure i, gives information about the size and the distribution
of a set around the point p. Sets having large j1, measure are those that are highly
concentrated around the point p. In particular, if E is an open neighbourhood of p,
then i, (E) = co. Our first result is the following analogue of Theorem 3.1.

Theorem 3.2. Consider an inner function f: 1D — ID and a boundary Fatou point p € 9D

of f.
(a) Assume |f'(p)| < oo. Then

p(FHE)) = If' ()| sp) (E)

for any measurable set E C dID.

(b) If|f'(p)| = coand E C ID is a measurable set, then y,(f~(E)) = o0 if gy (E) > 0
and (1 (E)) = 0if pig () (E) = 0.

As we can see, we still have a general relation between the measure of a set and
its preimage under f, independent of the set. Nonetheless, in this case, a distortion
factor appears and it is given by the size of the angular derivative at the point p. If
p € 0D is the Denjoy-Wolff fixed point of f, this result was previously proved in
[DM91].

In [FP92], Ferndndez and Pestana studied the distortion of Hausdorff contents
under inner functions. For any fixed z € ID and 0 < a < 1, consider the Hausdorff
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content defined as
My(A2)(E) == inf) A-(I)",
]

where the infimum is taken over all collections of arcs {I;} of the unit circle such
that E C UI;. Thus My(Ao)(E) is the standard Hausdorff content of E, which is
denoted by M, (E). Observe that if z € ID and 7 is the automorphism of ID which
interchanges z and 0, then M, (A;)(E) = My(t (E)) for any E C 9ID. Fernandez
and Pestana proved the following result, analogous to Theorem 3.2 for Hausdorff
contents, stated here in a conformally invariant way.

Theorem 3.3. For any 0 < « < 1 there exists a constant C, > 0 such that, if f: ID — D
is an inner function and z € 1D, we have

Moc(AZ)(f_l(E)) > Cocsz(Af(z))(E)
for any Borel set E C dDD.

It is also shown in [FP92] that there exists an inner function f such that the preim-
age of a single point has Hausdorff dimension 1. Hence, the converse estimate in
Theorem 3.3 is false. It is worth mentioning that a related result for sets E C ID
was established by Hamilton in [Ham93]. He also conjectured that the constant C,
appearing in Theorem 3.3 is actually 1.

For 0 < « < 1and p € dD, we define the (p, a)-Hausdorff content of a Borel set
ECoD\ {p}as

Ma(ﬂp)(E) = ianVp(Ij)ar
]

where the infimum is taken over all collections of arcs {I;} of the unit circle such
that E C U I;. Note that we decided to exclude point p in the definition of M, ().
Nonetheless, if we were to assign My () ({p}) = +oo, the results presented here
would hold trivially for any set E containing p. Our second result is the following
analogue of Theorem 3.3 when z € dDD.

Theorem 3.4. Consider an inner function f: 1D — 1D and a boundary Fatou point p € 0D

of f.

(a) Assume |f'(p)| < oo. Then for any 0 < a < 1 there exists a constant C, > 0,
independent of f, such that

Ma(p) (fH(E)) = Calf' ()" Ma(p5(p) ) (E)
for any Borel set E C 9D\ {f(p)}.

(b) Assume |f'(p)| = oo. Then we have that My (p,)(f *(E)) = oo for any Borel set
E C oD\ {f(p)} such that My (p¢(p))(E) > 0.

The proofs of Theorem 3.2 and Theorem 3.4 are given in Section 3.1. In Section
3.2 we give two applications of our results. The first one concerns a smoothness
property of inner functions which omit large sets of the unit disc and it is inspired
by a nice result in [FP92, Section 4]. In the second application we obtain analogous
results on distortion of sets in the real line under inner mappings of the upper half
plane.
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3.1 Boundary distortion theorems

We start with some elementary properties of the measure 1, and the content M, (pp).
Recall that a sequence of points {p,} C D converges non-tangentially to a point
p € 9D if lim p, = p and there exists 8 > 0 such that {p,} C I's(p).

Lemma 3.1. Let p € 9dD. For every sequence of points {p,} C D converging non-
tangentially to p, we have

for any measurable set E C dID.

Proof. Let {pn}» C ID be any sequence of points approaching p, and write y,, = i,
for every n > 1. By Fatou’s Lemma, we have

o . 1

hrr}lmf‘un(E) 2 Eh}ln &= pal? dA(g) = up(E),
from which it follows that the result is true when ,,(E) = oo. So assume i, (E) < oco.
Fix ¢ > 0 and consider an arc I centred at p and such that p,(ENI) < e. Since
pn — p non-tangentially, there exists a constant C > 0 such that |§ — p,| > C|¢ — p|
for every ¢ € dD and every n > 1. Hence, we have that y,(ENI) < C ~2¢ for every
n. On the other hand, by dominated convergence, we have that

yn(Eﬂ(aD\I))—>yp(Eﬂ(a]D\I)), as n — oo,
from which the result follows. O

Observe that the assumption on the non-tangential convergence of the sequence
{pn} to p only enters into play if p € E. If p ¢ E, the result holds true for any
approaching sequence. However, as the following example shows, Lemma 3.1 fails
badly if p, approaches p tangentially. Fix a point p € dID and consider a sequence
of points {¢,} C 0D such that |, — p| = 1/(2n) for every n > 1. Consider as well
the sequence of pairwise disjoint arcs {I,} such that I, is centred at ¢, and A(I,) =
1/(4n*) for every n > 1. Now, let E := U, I, pn = (1 — A(Iy)) &n, and py = pp,, for
every n > 1.Since (1 — |pa|)/|p — pu| < 1/n% — 0, the sequence {p,} converges to
p tangentially. For ¢ € I,,, we have |p, — &| < 2A(I,,) and p, (I,) > (4A(1,)) 7! = n*.
Now, on one hand we have p, (E) > u,(I,) — o0, as n — co. On the other hand since
lp —¢| Z 1/nforany ¢ € I,, we have p,(I,) < n?A(I,) = 1/4n® and we deduce

up(E) = Z,”p(ln) < .

For 0 < « < 1and z € D consider the (z,«)-Hausdorff content of a Borel set
E C dD defined as

My (pz)(E) = ianP‘Z(Ij)a/
j
where the infimum is taken over all collections of arcs {I;} such that E C {J ;.

Lemma 3.2. Given p € dID and B > 0, let T'g(p) be the Stolz angle of opening B with
vertex at p. Then there exists a constant C = C(B) > 0 such that

pz(A) < Cpp(A)
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for any measurable set A C 0D and any z € Tg(p). Consequently, for any 0 < « < 1 we
also have My (piz)(A) < C*My(pp)(A) for any set A C 0D and any z € Tg(p).

Proof. Observe that there exists a constant C = C(f) > 0 such that |{ —z| > C|¢ — p|
for any z € T'g(p) and any ¢ € oD. Hence, p-(A) < C ?u,(A) for any measur-
able set A C dID and any z € I'4(p). This last estimate also gives M, (y.)(A) <
C 2 My (p) (A). O

The corresponding result to Lemma 3.1 for Hausdorff contents reads as follows.

Lemma 3.3. Let 0 < a« < 1and p € 0D. For any sequence of points {p, } C ID converging
non-tangentially to p, we have

lim My (pp,)(E) = Mu(pp)(E) (3.2)

n—oo

for any Borel set E C oD \ {p}.

Proof. Write y, = pp, for every n > 1. Assume that M, () (E) < 0. In this case, we
split the proof of the result into two parts. First we show that

lim sup My (p1n)(E) < My (pp)(E), (3.3)
n—oo
and then we prove that
lim inf My (1) (E) = Ma(pip) (E), (3.4)

from which (3.2) follows immediately. To prove (3.3), given & > 0, take a covering of
the set E by open arcs {I;} such that

Zﬂp Ma(pp)(E) + e

Now, by Lemma 3.2, for each interval I i and for every n > 1 we have that

pn(I;) < Cpp(I;).

Thus, by Lemma 3.1 and dominated convergence, we get that

Zyn —>Zyp , as n — oo.

By definition, M (ptn)(E) < ¥ pa(1j)* and, thus (3.3) follows immediately.

We prove inequality (3.4) by considering two cases. Assume first that p & E. Pick

e > 0 and a covering of E by open arcs {I;}, such that dist(I;, p) > dist(E, p)/2 for

every arc ;. Observe that, in this situation, there exists n9 > 0 such that if n > ny,
we have that
1
pa(l) > (1= &) *up (1)
for every arc [; in our covering. Thus, for any such covering of E, if n > ny we have

that
ZP‘H (1- S)sz(.”p)( )-

Observe that the infimum of }_; ux (I;)* when ranging over all coverings {I;} of E by
open arcs satisfying that dist(I;, p) > dist(E, p)/2 is, precisely, M, (ptn)(E). Hence,
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equation (3.4) follows in the case that p € E, and therefore equation (3.2) as well in
this situation.

In the case that p € E, since we assumed that M, (j,)(E) < oo, given e > 0 we
can choose § = d(g) > 0 such that M, (pp)(ENI(p,d)) < &, where I(p,d) denotes
the arc with centre at p of length 8. Let us denote Es = E \ I(p, ). Since p & E;, we
already know that

lim M, (j2) (Es) = Ma(jtp) (Es) > Ma (i) (E) —e.

n—o0

Hence, for any given ¢ > 0, we have
liyrlgglfMa(P‘n)(E) 2 nlgr.}o Mo (pn)(Es) = Ma(pp)(E) —e.

This concludes the proof whenever M, (y,)(E) < oco.

Assume now that M, (yp)(E) = co. In this case, for any N > 0 we can find
0 = 6(N) > 0 such that My(pp)(Es) > N, where again Es = E \ I(p,d). Since
p ¢ Es, we have that

lim M (pn)(Es) = Ma(pp)(Es) > N.

n—oo

Hence, there exists 19 > 0 such that if n > ng, then M, (p,)(Es) > N. Using that
My (pn)(E) > Ma(pn)(Es), we get (3.2) in the case in which M, (yp)(E) = oo as
well. O

We will use the following auxiliary result which is certainly well known. It is
included because we have not found a precise reference.

Lemma 3.4. Let f be a holomorphic self map of the unit disc. Let {p,} be a sequence of
points in ID converging non-tangentially to a point p € oD. If | f'(p)| < oo, then {f(px)}
converges to f(p) € oD non-tangentially.

Proof. Since |f'(p)| < oo we have that f(p) € dD. Write

L—1f(pa)l _ 1=1f(p)| 1= lpul [P — pul
1f(p) — f(pn)] L—|pal |p—=pullf(p) = f(pu)|

Also because |f'(p)| < oo, by Julia-Carathéodory Theorem, the first and third terms
converge respectively to | f'(p)| and |f'(p)| !, and therefore

)] 1 [l
T 1% T el Py

> 0.

O]

Note that the assumption of finite angular derivative is necessary in the above
statement, even if we ask for the function f to be inner. In fact, it can be proved that
there exist inner functions mapping a given Stolz angle to a tangential region (see
[Don01]).

We are now ready to prove our main results.

Proof of Theorem 3.2. We can choose a sequence of points {p,} in ID approaching p
non-tangentially such that

o 2
Lo 1= ()]
n—oo 1 — ‘Pn‘z

= [f'(p)| > 0. (3.5)
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By Theorem 3.1, we have that

_ 2
a0 E) = A 6). 66)

Lemma 3.1 gives that pp, (f "1(E)) — up(f1(E)) asn — oo. If |f(p)| < o0, ap-
plying Lemma 3.4 one deduces that f(p,) converges to f(p) non-tangentially. Thus,
Lemma 3.1 gives that pif(,, . (E) — ps(,)(E) as n — oo. Therefore, equations (3.5) and
(3.6) prove the statement (a). Assume now that |f'(p)| = co.If pif(,) (E) = 0, we have
A(E) = 0. Hence, by Theorem 3.1, we have that A(f~!(E)) = 0 and it follows that
up(f1(E)) = 0. Finally assume Hf(p)(E) > 0. Observe that for any n > 1 we have
Hf(pn)(E) > A(E)/4 > 0. Thus, since |f'(p)| = oo, the right-hand side of equation

(3.6) tends to infinity and, by Lemma 3.1, we deduce that y,(f "!(E)) = oo. O
Proof of Theorem 3.4. We will use Theorem 3.3 in the following form. For z € ID we
have that N
_ 1—-1f(z
M) (78 2 6 (T LEE) Mg 8 62

for any Borel set E C dID. We can choose a sequence of points { p, } in ID approaching
p non-tangentially such that

o 1= 1F ()P

nveo 1 —|[py?

= f'(p)I > 0. (3.8)
Assume |f'(p)| < co. Applying Lemma 3.3 and equation (3.7), we get

Ma(jip) (f(E)) = lim Ma(pip,)(f~'(E))

. 1—|f(pa)*\"
> limsup C, (M) Ma(]’lf(pn))(E>
n—00 Pn

=Glf'(p)* fim sup Ma(pif(p,)) (E)-

By Lemma 3.4, f(p,) tends to f(p) non-tangentially as n — oo and hence, Lemma
3.3 gives that

lim Ma(Vf(pn))(E) = Mlx(,uf(p))(E)’

n— 00

which finishes the proof of part (a).

Assume now |f'(p)| = co. Since My (pif(y))(E) > 0, there exists an arc I with
centre at f(p) such that My (pf(,))(E\ I) > 0. Write E* = E \ I. Then there exists
no > 0 such that Ma(p¢(p,)) (E*) > Ma(pf(p)) (E*)/2if 1 > no. Now,

Ma(up) (F(E®)) = Tim Mi(pe, ) (f 7 (E))

. 1_ n 2\* *
zcﬂm&m<\ﬂpy> Ma(jig ) (E7) = o0.
n—00 1_|Pn|

Hence My (y1p)(f 1(E)) = oo. O
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3.2 Applications

3.2.1 Omitted values

A classical result by Frostman says that any inner function f can omit at most a set
of logarithmic capacity zero, that is, D \ f(ID) has logarithmic capacity zero (see
[Gar07, p. 77]). Conversely, given a relatively compact set K of the unit disc having
logarithmic capacity zero, the universal covering map f: ID — D\ K is an inner
function (see [Tsu75, p. 323]). Given a set E C DD, its non-tangential closure on dID,
denoted by ENT, is the set of points ¢ € 9D for which there exists a sequence {z,} C
E such that z;, — ¢ non-tangentially. We first state an auxiliary result which may
have independent interest.

Lemma 3.5. Consider an inner function f: 1D — D and its set of omitted points E =
D\ f(ID). Then

fTHENT) € {g € aD: |f'(Z)] = oo}
Proof. Consider a point ¢ € dID such that the angular derivative of f at ¢ exists and
it is finite, and let { = f({). In other words assume that

N icI
lzlil’élﬁ =A (3.9)

is finite. We want to see that, in this situation, for any opening v > 1, there is
0 < s =s(v) < 1 such that the truncated cone

[ys(0) ={weD: [T —w| <v(1-|w|), [ —w| <s}

does not intersect E, that is, I', s({) € f(ID). So fix ¥ > 1 and consider T’ 5({) with
0 < s < 1to be determined. Fix wy € I';({). We want to see that there is zg € ID
such that f(zp) = wop. By equation (3.9), we can express

f(z) =T+ Az—= &) +o(lz—¢]),

where o(|z — ¢|)/|z —¢| — 0as z — ¢ non-tangentially. Consider I'z,(&) with
B > 2yand 0 < r < 1 to be determined. Observe that there exists 0 < ry < 1 such
that, if » < rp and 0 < s < |A[r/2, then for any z € oT'g,(¢) we have that

(f(z) —wo) = (C+ A(z = &) —wo)| < [T+ Az =) — wol.

Thus, by Rouché’s Theorem, the functions f(z) —wp and g(z) —wo = ¢ + A(z —
&) — wo have the same number of zeroes in I'g,(&). But g(z) is a degree 1 polynomial
and g(T's,(8)) =g jap(8) 2 I'5(0), and thus g(z) — wp has a single zero on T'g . ($).
Therefore, there is zg € I'g,(¢) such that f(zo) = wop, which completes the proof. [

Recall that for p € dID, if we assign M, (pp)({p}) = oo, then Theorem 3.4 also
holds for any Borel set E C dID with p € E. As an application of Theorem 3.4 and
Lemma 3.5, we have the following result.

Corollary 3.1. Consider an inner function f: 1D — ID and its set of omitted points E =
D\ f(ID). Let p be a boundary Fatou point of f.

(a) Assume |f'(p)| < oo. Then for any 0 < a < 1 there exists a constant C, > 0,
independent of f, such that

Ma(pp) ({€ € 0D: |f'(§)] = o0}) = Cul f'(p)I*Map(p) ) (ENT). (3.10)
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(b) Assume |f'(p)| = oo.
Then Ma(pp) ({C € 0D+ | f'(Z)] = oo}) = oo whenever Ma(jus(p)) (ENT) > 0.

3.2.2 Inner functions in the upper half plane

Let RZ = {w € C: Im[w] > 0} be the upper half plane. A holomorphic mapping
¢: R3 — RR? is an inner function of the upper half plane if lim, o g(x + iy) € R for
a.e. x € R. This natural definition agrees with conformal changes of coordinates:
given p € 0D denote by w, the Mébius transformation mapping D onto R3, the
point p to co and, say, the origin to /2. Then, g is an inner function of the upper half
plane if and only if f = w,, o g ow, is an inner function of the unit disc ID. Observe
that g(o0) = lim;, 1 g(it) = oo if and only if f(p) = p. A holomorphic mapping g
from R? into itself has a finite angular derivative at oo if

it
/ — 1 -
3 (OO) t—1>I—|1—100 g(lt)
exists and is finite. Otherwise, we write |g'(o0)| = co. Observe that ¢ has a finite

angular derivative at infinity if and only if f = wljl o g o w) has a finite angular
derivative at p. Let w denote w,(z). Moreover, the identity [g'(c0)| = |f’(p)| holds
in the sense that both quantities coincide when they are finite, and if one of them is
infinite so is the other. This fact easily follows from the identity

w _ ptz p-fz)
gw) p+flz) p-z
Recall that we denote by |A| the Lebesgue measure of a measurable set A C R.

Moreover, for 0 < a < 1, let M, (A) denote its a-Hausdorff content. We now state
the versions of Theorems 3.2 and 3.4 in this setting.

Corollary 3.2. Consider an inner function ¢: R% — R3 such that g(o0) = oo.
(a) Assume |g'(o0)| < oo. Then

87 (A)] = 8/ (o) [ Al (3.11)

for any measurable set A C IR. Moreover, for any 0 < « < 1 there exists a constant
Cy > 0, independent of g, such that

My(37(A)) = Calg'(c0)|* Ma(A) (3.12)
for any Borel set A C R.

(b) If |g'(00)| = coand A C R is a measurable set, then |g~1(A)| = oo if |A| > 0 and
|g71(A)| = 0if |A| = 0. Moreover, M, (g '(A)) = oo for any Borel set A C R such
that M,(A) > 0.

Proof. Note that for any measurable set A C R and for p € JdD fixed, we have
Al = pp(w, ' (A)). (3.13)

Consider the inner function f: D — D defined by f = w, Vo g ow,. Hence, we
can express |~ 1(A)] = 1, (w0} (g1 (4))) = jp(f~1(w; 1(A))). Applying Theorem
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3.2 and (3.13) we deduce that [¢~!(A)| = |f’(p)|yp(w;1(A)) = |¢(o0)]|A| which is
(3.11). It follows from (3.13) and w, being a Mobius map that

Mq(py) (E) = My(w,(E),  E C . (314)

Thus, the previous argument shows that (3.12) holds. Part (b) follows from similar
considerations. O
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Additional Remarks

In Chapter 1 we have used dyadic martingales in order to prove Theorem 1.2. In par-
ticular, we have first proved an analogous theorem for dyadic spaces (or for spaces
of dyadic martingales), from which we recovered the result for the homogeneous
spaces A;. Recall as well that our results were inspired by the problem of finding the
closure of the space A; in A, in terms of the Zygmund semi-norm, and also to that
of finding the closure of H*(ID) in B(D).

We say that a dyadic martingale S defined on Iy = [0,1] is a martingale with
uniformly bounded increments, which we denote here by S € A,, if it satisfies

1S]| 5, = sup [|A;S]] ;. < 0. (R.15)
j>1

Observe that the quantity [|S|[, for S € A, defines a norm in the space of dyadic
martingales with uniformly bounded increments modulo constant martingales. On
the other hand, we say that a martingale S defined on I is uniformly bounded,
denoted here by S € Ay, if

IS1la, = sup [[Sil| . < oo
j=0

One can easily check that, for a dyadic martingale S, if S € Aq, then S € A.. Note
that if we consider a function f € A, supported on the interval Iy, then its aver-
age growth martingale S (as it was defined by (1.9)) is a martingale with uniformly
bounded increments. Similarly, if f € A; is a function supported on the interval
Iy, its average growth martingale S is uniformly bounded. These observations jus-
tify our notation for these martingale spaces. This brings us to the apparently easier
following problem.

Problem. Find the closure of the uniformly bounded martingales in the norm defined by
(R.15).

There are some necessary and and some sufficient conditions for a martingale
with uniformly bounded increments to be in the closure of the uniformly bounded
martingales, with their counterparts for the corresponding function spaces. We say
that a dyadic martingale S has increments tending to zero, denoted by S € A, if

lim ||A;S||, . = 0.

tim 5]
It is easy to see that if S € A,, then S is in the closure of the uniformly bounded
martingales, but this is far from being necessary. For example, define a martingale S

by Sp = 0 and A;S = 0 for every j > 1 except for those of the form j = k! for some
integer k > 1, in which case take A;S(I:) = 1, where

L =[1-27,1],
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and A;S(I) = 0 for any other I € D;. Then S ¢ A,, but one can easily see that it
can be arbitrarily approximated by uniformly bounded martingales. On the other
hand, if a martingale lies on the closure of the uniformly bounded martingales, it
must be a BMO martingale in the sense of (1.10). Nonetheless, this is also far from
being sufficient. For instance, take the martingale S defined by Sp = 0 and, for every
j > 1, take A;S(I.) = 1 for

L =[1-27,1]

and A;S(I) = 0 for any other I € D;. Then S is a BMO martingale, but it is easy to
see that it cannot be well approximated by uniformly bounded martingales.

In Chapter 3 we have discussed a problem concerning the distortion of measures
and Hausdorff contents of sets on dID by inner functions. This problem was inspired
by the results of Ferndndez and Pestana in [FP92]. In that article, the authors also
find how inner functions distort capacities. Recall that for our study, we took the
measure Ji, that privileged a point p € dID, as well as the (p, «)-Hausdorff content
based on this measure. We have explained that these two quantities measure not
only the size of sets, but also how concentrated they are around point p. Unfortu-
nately, we were not able to find an analogous quantity to capacities of sets that took
into account the distribution of a set around p, in addition to its size, and thus we
could not extend the results on capacities to our context. Nonetheless, it is not un-
reasonable to think that one could somehow adapt this concept to this setting.
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