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Abstract

Cell motility is important in many biological processes. Some examples

relay in epidermal cells moving towards lesions during wound healing, neu-

trophils cells migrating towards sites of bacterial infection as part of the

immune response, or sperm cells following chemical gradient to reach the

ovum.

Migration is a process observed in both, prokaryotes and eukaryotes cells.

There exist many different mechanisms of migration depending on the

particular cell, such as flagella, amoeboid, crawling or gliding motility.

This work focus on the mathematical description of amoeboid crawling-

like movement which is one of the most common type of locomotion in

eukaryotic cells.

Motility involves a network of interactions among multiple biochemical

components. For example, before moving, cells produce an accumulation

of proteins/lipids at the membrane in response to an external signal. This

process is known as polarization. Next step is the activation of the cy-

toskeleton, which is the responsible of the locomotion of the cell. Con-

sequently, actin microfilament network forming the cytoskeleton, pushes

the membrane and triggers the formation of pseudopods, blebs or filopodia

giving rise to the motion of the cell.
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One well studied system for this purpose is the amoeba Dictyostelium Dis-

coideum, which is a eukaryotic cell that moves in presence (chemotaxis)

or absence of external signals. Experiments show that Dictyostelium Dis-

coideum present different shapes during motion, perform directed motion

inside micro channels, and interact/trasport with micro-objects like small

beads.

In this work, a mathematical nonlinear reaction-diffusion model in combi-

nation with a dynamic phase field is proposed to reproduce different motil-

ity scenarios as amoeboid and fan-shape. Experimental data related with

the dynamics of Dictyostelium Discoideum were supplied by the Biologi-

cal Physics Group at the University of Potsdam. A comparison between

the numerical simulations and live cell experiments of D. Discoideum cells

under different developmental conditions permits the optimization of the

model.

Alternatively, the model is extended to analyze the effects of the formation

of clusters by the interaction with a group of cells and when a single cell is

confined inside a microchannel.

Two more complex biochemical models that take into account a more de-

tailed dynamics of the intracellular reactions of D. Discoideum cells were

also coupled to a dynamic phase field.

This work produces a computational synthetic cell that mimic the dynam-

ics of experimental cells. The use of numeric methods and mathematical

models helps with the understanding of the biological process involved in

cell locomotion.
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Resumen

La motilidad celular es importante en muchos procesos biológicos. Algunos

ejemplos se relacionan con células epidérmicas que se desplazan hacia las le-

siones durante la cicatrización de heridas, células de neutrófilos que migran

hacia sitios de infección bacteriana como parte de la respuesta inmunitaria

o espermatozoides que siguen un gradiente qúımico para llegar al óvulo.

La migración es un proceso observado tanto en células procariotas como eu-

cariotas. Existen muchos mecanismos diferentes de migración dependiendo

de la célula en particular, como flagelos, ameboides o motilidad deslizante.

Este trabajo se centra en la descripción matemática del movimiento ame-

boide, que es uno de los tipos de locomoción más comunes en las células

eucariotas.

La motilidad implica una red de interacciones entre múltiples componentes

bioqúımicos. Por ejemplo, antes de moverse, las células producen una acu-

mulación de protéınas/ĺıpidos en la membrana en respuesta a una señal

externa. Este proceso se conoce como polarización. El siguiente paso es

la activación del citoesqueleto, que es el responsable de la locomoción de

la célula. En consecuencia, la red de microfilamentos de actina formada

por el citoesqueleto, empuja la membrana y desencadena la formación de

seudópodos, ampollas o filopodios que dan lugar al movimiento de la célula.
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Un sistema bien estudiado para este propósito es la ameba Dictyostelium

Discoideum, que es una célula eucariota que se mueve en presencia (quimio-

taxis) o ausencia de señales externas. Los experimentos muestran que Dic-

tyostelium Discoideum presenta diferentes formas durante el movimiento,

realizar un movimiento dirigido dentro de microcanales e interactuar o

transportar pequeños micro-objetos (beads).

En este trabajo, se propone un modelo matemático no lineal de reacción-

difusión en combinación con un phase field dinámico para reproducir difer-

entes escenarios de motilidad tales como ameboide y fan-shape. Los datos

experimentales relacionados con la dinámica de Dictyostelium Discoideum

fueron proporcionados por el Grupo de F́ısica Biológica de la Universi-

dad de Potsdam. Una comparación entre las simulaciones numéricas y los

experimentos con células vivas de D. Discoideum células bajo diferentes

condiciones de desarrollo permite la optimización del modelo.

Alternativamente, el modelo se extiende para analizar los efectos de la

formación de grupos por la interacción con un grupo de células y cuando

una sola célula está confinada dentro de un microcanal.

Dos modelos bioqúımicos más complejos que toman en cuenta una dinámica

más detallada de las reacciones intracelulares de celulas D. Discoideum

fueron acoplados a un phase field dinámico.

Este trabajo produce computacionalmente una célula sintética que imita

la dinámica de las células experimentales. El uso de métodos numéricos y

modelos matemáticos ayuda a comprender el proceso biológico involucrado

en la locomoción celular.
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Resum

La motilitat cellular és important en molts processos biològics. Alguns

exemples es relacionen amb cèllules epidèrmiques que es desplacen cap a

les lesions durant la cicatrització de ferides, cèllules de neutròfils que migren

cap a llocs d’infecció bacteriana com a part de la resposta immunitària o

espermatozoides que segueixen un gradient qúımic per arribar a l’òvul.

La migració és un procés observat tant en cèllules procariotes com eucari-

otes. Hi ha molts mecanismes diferents de migració depenent de la cèllula

en particular, com flagels, ameboides o motilitat lliscant. Aquest treball se

centra en la descripció matemàtica del moviment ameboide, que és un dels

tipus de locomoció més comuns a les cèllules eucariotes.

La motilitat implica una xarxa d’interaccions entre múltiples components

bioqúımics. Per exemple, abans de moure’s, les cèllules produeixen una acu-

mulació de protëınes/ĺıpids a la membrana en resposta a un senyal extern.

Aquest procés es coneix com a polarització. El pas següent és l’activació

del citoesquelet, que és el responsable de la locomoció de la cèllula. En

conseqüència, la xarxa de microfilaments d’actina formada pel citosquelet,

empeny la membrana i desencadena la formació de pseudòpodes, butllofes

o filopodis que donen lloc al moviment de la cèllula.

Un sistema ben estudiat per a aquest propòsit és l’ameba Dictyostelium
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Discoideum, que és una cèllula eucariota que es mou en presència (quimio-

taxi) o absència de senyals externs. Els experiments mostren que Dic-

tyostelium Discoideum presenta diferents formes durant el moviment, real-

itzar un moviment dirigit dins de microcanals i interactuar o transportar

petits microobjectes (beads).

En aquest treball, es proposa un model matemàtic no lineal de reacció-

difusió en combinació amb un phase field dinàmic per reproduir diferents

escenaris de motilitat tals com ameboide i fan-shape. Les dades experi-

mentals relacionades amb la dinàmica de Dictyostelium Discoideum van

ser proporcionades pel Grup de F́ısica Biològica de la Universitat de Pots-

dam. Una comparació entre les simulacions numèriques i els experiments

amb cèllules vives de D. Discoideum cèllules sota diferents condicions de

desenvolupament permet l’optimització del model.

Alternativament, el model s’estén per analitzar els efectes de la formació

de grups per la interacció amb un grup de cèllules i quan una sola cèllula

està confinada dins un microcanal.

Dos models bioqúımics més complexos que tenen en compte una dinàmica

més detallada de les reaccions intracellulars de cèllules D. Discoideum van

ser acoblats a un phase field dinàmic.

Aquest treball produeix computacionalment una cèllula sintètica que imita

la dinàmica de les cèllules experimentals. L’ús de mètodes numèrics i mod-

els matemàtics ajuda a comprendre el procés biològic involucrat en la lo-

comoció cellular.
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Chapter 1

Introduction

All existing living organisms have one thing in common: they are made of

building blocks called cells. The cell is the basic structural, functional and

biological unit of life. Functions they perform include providing structure

to the body, taking nutrients from food, converting those nutrients into

energy, saving hereditary material to make copies of themselves, and many

other functions.

Nowadays, biological research involves experiments where a huge amount of

data is present. This is where the work of physics begins, first by allowing us

to understand the data and second by predicting how the studied system

might work. Once the biology and physics paths cross there emerges a

branch of science called biophysics. Biophysics is a field that is specialized

in studying how biological processes work. For example, the mechanics of

how the molecules of life are made, how different parts of a cell move and

function, how our body systems works (brain, circulation, immune system

and others) and complex ecosystems [1].

Several subjects are derived and can be studied from a biophysics perspec-
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1.1. BIOLOGY OF CELL LOCOMOTION

tive—for example, data analysis, computer modelling, neuroscience, med-

ical applications, bio-materials and many others. Of all those mentioned,

this work will be focusing on computer modelling as the main tool to study

cell polarization, which is the process of how a cell breaks its symmetry in

order to define one head/front and tail/back, and the resulting cell motion.

1.1 Biology of Cell Locomotion

1.1.1 Cell Clasification

Living cells can be classified on the basis of cell structure into two groups:

prokaryotes and eukaryotes. Some of the most important differences be-

tween them is that eukartyotic cells contains a nucleus while prokaryotic

cells do not. Also, prokaryotes are single-celled organisms, while eukaryotes

can be either single-celled or multicellular [2].

At the same time two of the three domains of life are included in prokaryotes

cells: bacteria and archae. The remaining domain belongs to eukaryotic

cells: eukarya, which at the same time can be classified into different king-

doms (see Figure 1.1). This classification was proposed by Carl Woese

based on rRNA data [3, 4].

Most prokaryotic cells are small and simple in outward appearance, liv-

ing mostly as independent individuals or in loosely organized communities.

They are typically spherical or rod-shaped and measure 1-10 µm (microm-

eters) in linear dimension. Another characteristic of this type of cell is the

lack of organelles such as the nucleus and mitochondria.
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Figure 1.1: Diagram of divisions of the living world. Bacteria and archae
included in prokaryotic cells. And eukarya included in eukaryotic cells and
at the same time divided into different kingdoms.

1.1.2 Eukaryotic Cells

Eukaryote cells are in general biochemically more diverse, more elaborate

and bigger (typically 10 times bigger in linear dimension and 1,000 times

larger in volume) than prokaryotic cells, see Figure 1.2. This size increase is

accompanied by radical differences in structure and function. This type of

cell, unlike the prokaryotic, has a nucleus where DNA is stored. Most also

have mitochondria, which can be seen as a small bodies in the cytoplasm

that generate most of the chemical energy taking oxygen and harnessing

energy from the oxidation of food molecules to produce adenosin triphos-

phate (ATP), an organic compound that powers the cell’s activities.

Having defined some of the main characteristics of eukaryotic cells another

classification for this type of cells will be undertaken. There are many

different types of eukaryotic cells with some substantial differences among
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Figure 1.2: Representation of an eukaryotic cell, in this case an animal cell.
This kind of cell almost share the same components with plant, fungi and
protist kingdom cells. Image taken from [2].

them. they can be commonly classified as animal, plant, fungi and protist

[5].

A feature that may be mentioned of this classification is that for example,

plant cells and fungi cells have the presence of a cell wall, with the difference

that the wall contains cellulose for the plant cells and chitin for the fungus

cells. In contrast, animal cells, and some protist cells, can transform into a

variety of shapes in comparison with plant and fungi cells due to the lack

of a cell wall.

1.1.3 The solitary eukaryotic cells: Protist Kingdom

Protist cells are eukaryotic single-celled organisms that live a solitary life.

They sometimes live in small colonies that behave as a group of free-living

cells and in other ways as a multicellular organism. Protists are subdivided

into groups based on similar characteristics with other kingdoms [6]. For

example, some organisms of this category hunt like animals (protozoa),
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photosynthesize like plants (the unicellular algae) or scavenge like fungi

cells (the unicellular fungi or yeasts and slime molds). And yet, they do

not fit into any of these groups.

In the family of protists there are six major groups. One is the Amoebozoa

which is also divided into more subgroups. One of these groups mentioned

before is commonly called slime molds. This type of cell has the character-

istic of interacting depending on the presence or absence of food, acting as

single-cell organisms or congregating as a single body, respectively. They

feed on microorganisms like bacteria (mostly Escherichia Coli, yeast and

fungi) that live in dead plant material, contributing to the decomposition

of dead vegetation. For this reason, slime molds are usually found in soil,

lawns and on the forest floor. At the same time, slime molds are also

classified into the following different types.

The first is the Plasmodial slime molds, basically enormous single cells

with thousands of nuclei. They are formed when individual flagellated

cells swarm together and fuse. The result is one large bag of cytoplasm

with many diploid nuclei. These giant cells have been extremely useful in

studies of cytoplasmic streaming (the movement of cell contents) because

it is possible to see this happening even under relatively low magnification.

In addition, the large size of slime mold cells makes them easier to handle

than other cells.

A second group which is of interest in this work is the cellular slime molds.

These organisms spend most of their lives as separate single-celled amoe-

boid protists, but upon the release of a chemical signal, the individual cells

aggregate into a swarm. Cellular slime molds are thus of great interest

to cell and developmental biologists, because they provide a comparatively

simple and easily manipulated system for understanding how cells inter-
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act to generate a multicellular organism. There are two groups of cellular

slime molds, the Dictyostelida and the Acrasida, which may not be closely

related to each other.

A third group, the Labyrinthulomycota or slime nets, are also called slime

molds, but appear to be more closely related to the Chromista, and not

relatives of the other slime mold groups [7].

1.1.4 Dyctiostelium discoideum as a study model or-

ganism

Dictyostelium discoideum is a small (10-20 µm diameter) specie of soil-

dwelling amoeba which belongs to the Amebozoa phylum and the Dyc-

tyostelida slime mold type organism. This organism was discovered in

1935 by K. Raper [8]. Due to its ease of cultivation it is commonly used as

a model system to study a variety of biological processes [9].

Figure 1.3: Snapshots of Dictyostelium Discoideum taken from experi-
ments. Fluorescence part in the bottom panels are related to actin, which
forms microfilaments in the cytoskeleton to promote cell movement. Scale
bar: 10µm. Image adapted from [10] .

One of the interesting characteristics of D. Discoideum organisms is the
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social amoeba behavior during their approximately 24 hours life cycle; see

Figure 1.4. In this cycle these organisms pass through differentiation, de-

velopment, morphogenesis and cell death [11]. When starving conditions

are present in D. Discoideum, it leads to a transition from solitary live sin-

gle cells to swarming aggregates that eventually develop into multicellular

fruiting bodies composed of haploid spores and stalk cells [12].

Aggregation of individual amoebae is mediated by chemoattractant cyclic

adenosin monophospahte (cAMP), a substance that triggers the chemotac-

tic movement of cells. For this, one amoeba secretes out a cAMP signal,

attracting other amoeba to migrate towards the source [13, 14]. Up to 105

individual cells aggregates, leading to the formation of a fruiting body, with

the sorus sitting on the top of the stalk. This structure contains cells en-

capsulated as spores that await dispersal and germination when conditions

are favorable for single-cell growth. In this cooperative asexual structure,

stalk cells perish and thus exhibit altruistic behavior towards the viable

spores which they lift above the substrate, where they are more likely to

be dispersed. Once the spores get dispersed a new life cycle begin.

1.1.5 Motility of cells

Motility is one intrinsic characteristic of living systems to exhibit motion

and perform mechanical work at the expense of metabolic energy [16]. This

ability is affected by two conditions.

First is the genetic, due to the diverse existence of multiple cell phenotypes

and the way those cells moves. Some of the cells movements are described

briefly below (see Figure 1.5). Flagellar motility has the characteristic

that cells present one or more whip-like organelles that protrude from the
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Figure 1.4: Lifecycle of Dictyostelium Discoideum. Image taken from [15].

cell body. The main function of these organelles, known as flagellum, is

locomotion, but they also work as a sensors of chemicals and temperatures

outside the cell [17]. Twitching motility is a form of locomotion dependent

on the presence of type IV pili, hair-like filaments that extend out of the

cell and permit it to pull forward in a similar way to a grappling hook

[18, 19]. Swarming motility, from the verb to swarm, is characterized by

movement in large groups. Here, in the same way as flagellar motility, cells

use flagellum for displacement [20]. Gliding motility occurs along the long

axis of the cell without the aid of flagella or pili, but rather using focal

adhesion complexes [21]. Amoeboid motility is a crawling type involving

extensions or protrusions of the cell cytoplasm called pseudopods. This

kind of movement is one of the most common modes of locomotion in

eukaryotic cells [22].
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Figure 1.5: Different modes of movement at cellular level. Image adapted
from [20, 23].

The second condition is the response to a stimulus of an external environ-

mental factor, known as taxis. Here, we may classify some of the different

types of taxis based on the type of stimulus (see Figure 1.6). For exam-

ple, there is durotaxis, when a cell migrates along an extracellular matrix

(ECM) rigidity gradient [24, 25]; electrotaxis or galvanotaxis, with cells

guided by an electric field [26, 27]; gravitaxis, a response along the direc-

tion of the gravitational force [28]; phototaxis, a movement in response to

light [29]; thermotaxis, when the system points its migration towards a

gradient of temperature [30]; chemotaxis, a response to a chemical concen-

tration gradient [31]; and many others.
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Figure 1.6: Examples of some types of organism taxes. Image adapted
from: http://bltdbiostandards.weebly.com/bio-123.html, [25, 27] and
https://ibidi.com/content/313-chemotaxis-in-cell-physiology.

1.1.6 Conditions of the cell migration

There are different types of cell motion depending on the cellular type. Ker-

atocytes play a key role in maintaining the transparency of cornea move-

ment in a persistent way, keeping a regular velocity [32, 33]. Sperm cells

use the flagellum to reach the egg for fertilization to occur [34]. Leukocytes

or white blood cells use their pseudopods to move and keep the human

body free of infection [35, 36]. One question that immediately arises is how

a cell can define a compass to know in which direction it should move?

All migrating cells have one common characteristic: a process previously

defined as polarization. In other words, before moving, cells need the for-

mation of a front and a back to specify an axis to define the direction of

motion. This process is important, because without it they would move in

all directions at once, producing fluctuating dynamics.

Polarization generally involves a drastic change in the cell shape; it arises

primarily through the direct signaling and localization of certain protein
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molecules to specific areas of the cell membrane [37, 38, 39, 40]. These

changes in the membrane are driven by another component of the cell: the

cytoskeleton.

The cytoskeleton may be defined as a system crisscrossing the cytoplasm

and formed by a complex network of proteins (actin being one of the most

important). It is composed of three main elements: microtubules, micro-

filaments and intermediate filaments. Together they form a structure of

girders, ropes and motors that gives the cell mechanical strength, shape,

control and movement guiding [41, 42].

The diversity in cell shapes and functions could lead us to think that the

mechanism inside each cell type to restructure the cytoskeleton, organize

the proteins and generate polarity must be completely different from others.

Nevertheless, all those processes are common to all cell types and they share

the same actin filament (or also known as microfilaments) concept.

Actin is a globular protein essentially found in all eukaryotic cells, being

the main component of the cell cytoskeleton and responsible for forming

the actin filaments [43]. Actin filaments are present in many important cell

processes, including cell division [44], cell signaling, cell junctions [45] and

cell shape. For example, cell motion is produced when the actin filament

network assembles fragments called F-actin at the leading edge of the cell,

causing a push on the membrane [46]. The attachment of those filaments

to the membrane is controlled by proteins which have a certain affinity

for the proteins involved in the polarization process. Therefore, changes

in biochemical concentrations may produce local differences in pressure,

inducing the formation of filopodia or pseudopods, driving the motion of

the cell. After the motion, the cell attaches the new pseudopods onto the

substrate they are interacting with to then retract the rear part of the cell
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where the pseudopods lose their adhesion in the substrate and pull the cell

forward [47, 48].

It is for this reason that when a cell is polarized it has a leading edge where

the microfilaments form pseudopods to pull the cell body in that direction.

These pseudopods can be formed in the absence of external factors in ran-

dom places to drive a random migration [49]. However, this does not mean

that they cannot keep the same direction for some time before turning.

In addition, in the presence of an external signal pseudopods are formed

facing that signal, triggering a directed random walk [50].

To review, this work is directed toward the study and modeling of po-

larization in the social amoeba Dictyostelium Discoideum, characterized

by their motility, most of the time being persistent and extending presu-

dopods towards the presence of a chemoattractant source, and presenting

erratic motion and a random extension of pseudopods in the absence of a

gradient of chemoattractant [50, 51].

1.2 Physics of Cell Locomotion.

The integration of a biological system is the result of the interaction of

its components in time and space. These components are expressed via

measurable quantities in the variables and parameters of the system. The

kinetics involved in biological processes are often related with changes in

the variables, for example a change in the concentration of certain sub-

stances, the number of individual cells, the biomass of the organisms, etc.

Another characteristic of the kinetics of a system is the presence of addi-

tional parameters that remain unchanged in the whole reaction time, such

as temperature, humidity, pH, conductivity, etc [52].
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An explanation of the principles of this kind of system is a problem that

can be solved with the use of correctly chosen mathematical methods. The

changes in variables over time are commonly described using differential

equations.

Against this background, it is appropriate to construct a general mathemat-

ical model representing the system of study by establishing n differential

equations of the form:

∂c1
∂t

= f1(c1, ..., cn), (1.1)

∂cn
∂t

= fn(c1, ..., cn), (1.2)

where c1(t), ..., cn(t) are unknown functions of time describing the variables

in the system, ∂ci
∂t

are the rate changes of these variables and fi are functions

dependent on external and internal parameters of the system. Another

characteristic of this approach is that the equations included in the model

usually include nonlinearities, producing complex dynamics.

1.2.1 Active Elements

One simple approach in the mathematical modeling of the kinetics of bi-

ological processes is to refuse to find accurate analytical solutions for the

differential equations. The idea is to capture qualitative characteristics

of the dynamic behavior of the system, for example stable or unstable

stationary states, a transition between them, oscillatory regimes and qual-

itative dependence on critical values of the parameters. These problems

are commonly solved using methods of the qualitative theory of differential
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equations which allow one to find essential properties of the model with-

out explicit calculation of the unknown functions. The essential feature

of a stationary state is stability, which depends on its ability to return

spontaneously to the initial or previous state after the introduction of an

external disturbance. We take into consideration the Fitz-Hugh Nagumo

model (FHNM) [53, 54], a well-known system described as follow:

∂x

∂t
= x− x3 − y, (1.3)

∂y

∂t
= a(x− by − c), (1.4)

which is an example of an Activator-Inhibitor system. In other words, x

activates the growth of itself and y, while y inhibits the growth of itself and

x. At the same time, the Fitz-Hugh Nagumo model captures three classes

of active dynamics depending on the parameters used; these scenarios will

be described below. Finally, from the equilibrium point at dx/dt = 0 and

dy/dt = 0 it is possible to obtain the nullclines curves which will give

information about the dynamics of the system.

Figure 1.7 A shows a small peak characteristic of an excitable system,

where after a period of time the system recovers before supporting another

perturbation. The equilibrium point for this case is stable; see Figure 1.7

B.

Bistability is a property in dynamic systems of having two stable equi-

librium states. A characteristic of this systems is the chance to make a

transition between stable states with large enough perturbations; see Fig-

ure 1.7 C. In Figure 1.7 D the nullclines show three different intersections
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between them, two being stable points in the extremes and separated by

the third unstable equilibrium point.

In Figure 1.7 E the system is driven into oscillatory dynamics. Here, the

nullclines only shows one intersection between them, this intersection being

an unstable equilibrium point.

Figure 1.7: Nullclines and evolution of the concentration for the Fitz-Hugh
Nagumo model. A) and B) shows excitable dynamics; C) and D) shows
bistable dynamics and E) and F) shows oscillatory dynamics.

The previous concepts are very important when we study dynamic phe-

nomena in biology systems, for example in order to understand diverse cell

functions such as decision-making processes, cell differentiation, apoptosis

[55], homeostasis associated with cancer [56], change in membrane potential
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[57, 58], patterns of neural activity in the central nervous system, among

others.

1.2.2 Reaction-Diffusion Equations

Now, analyzing models where the variables not only change over time but

also change in space as well (known as distributed or spatially models),

chemical transformations of substances occur parallel with the diffusion of

individual substances from elementary volumes with high concentrations

to volumes with low concentrations. Here, the neighboring volumes are

connected. Some examples of different biological process in a distributed

system are the structure formation in morphogenesis and the propagation

of excitable waves in nerve and muscle tissues.

Assuming that in a given volume, the change in the number of particles is

equal to the particles that enter or leave the volume

∂N

∂t
= −

∫
S

j⃗ · d⃗s = −
∫
V

∇⃗ · j⃗dV, (1.5)

where j⃗ is the flux of the particles across the surface. It is also possible to

write the total number of particles as a function of the concentration

N =

∫
V

udV. (1.6)

Combining equations (1.5) and (1.6) one can write

∫
V

∂u

∂t
dV = −

∫
V

∇⃗ · j⃗dV, (1.7)
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and

∂u

∂t
= −∇⃗ · j⃗. (1.8)

Now, assuming Fick’s first law [59], which describes the net flux of particles

due to a gradient of concentration u and expressed as:

j⃗ = −D∇⃗u. (1.9)

Finally, combining (1.8) and (1.9) one can obtain

∂u

∂t
= D∇2u, (1.10)

which is the diffusion equation for the concentration of particles.

Reaction-diffusion equations are mathematical models used to describe cer-

tain physical phenomena. One of the most common descriptions is the

spatial and temporal change of a concentration of a single or group of

substances when spread out over space [60, 61].

Equation (1.10) describes the time dependent change in the substance con-

centration when only diffusion affects the system. However, chemical reac-

tions that affect the concentration u also occurs in the system. Thus, the

general equation for the concentration u change due to chemical reactions

and diffusion is described as

∂u

∂t
= D∇2u+R(u), (1.11)
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where u = u(r, t) is the state variable vector that describes the concentra-

tion of a substance or a density of a population at the position r ∈ Rn

at time t. The first term on the right hand of equation (1.11) describes

the diffusion, D being a diagonal diffusion coefficient matrix and ∇2 the

Laplace operator which acts on the vector u. In the other side, the function

on second term R(u) accounts for local reaction kinetics.

As discussed earlier, patterns in biological systems originate from highly

nonlinear reactions. These reactions are important for the proper func-

tioning of living organisms, from cells and tissues to organs. For example,

despite the heterogeneity of the interior of the cell it is common to use

homogeneous reaction diffusion models for the study of the polarization

process in diverse types of cells [62, 63].

1.2.3 Phase Field Model

The use of a phase field is a well-established approach to dealing with

problems of evolving domains/geometries without the need for explicitly

tracking the domain boundaries, which has been exploited to tackle mov-

ing boundary problems of different kinds such as crack propagation [64],

solidification [65], microstructure evolution [66] and fluid interface motion

[67]. The role of a phase field variable is to define a surface between two

different regions; to do this, the phase field gradually changes its value, see

Figure 1.8. The temporal evolution of a phase field variable is described

by partial differential equations where different kinds of forces (e.g, surface

tension and active force) are considered and solved numerically. Despite

the phenomenological character of phase field equations, based on thermo-

dynamic and kinetic principles, the versatility of this approach has been

used for modelling cell-shape evolution and locomotion [68, 69, 70, 71].
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Figure 1.8: Different type interfaces of a phase field variable. a)Diffuse in-
terface evolve. b) Sharp interface are discontinuous at the interface. Image
taken from: [66].

There are several mathematical tools to simultaneously model the pattern

formation process inside the cell and the dynamics of the cell border, which

is required to obtain a full description of a crawling cell. One of the most

commonly employed methods to model such a free-boundary problem is

the introduction of an additional phase field, whose value is one inside and

zero outside the cell and which keeps the no-flux boundary conditions while

the borders are moving [72], in the limit of the sharp interface between the

interior and the exterior of the cell [73]. The first attempts to employ

phase field modeling to study cell locomotion where applied to keratocyte

motility [68, 74, 75, 76] because the persistence of motion of these cells

facilitates the implementation of the model. These models have also been

extended to discuss, for example, the rotary motion of keratocytes [77] and

the interactions among adjacent cells [78, 79].

Later, the use of the phase field was extended to model other generic prop-

erties of moving cells [80, 81] and, in particular, it has also been employed

to describe the random motion of amoeboid cells, such as neutrophils or D.

discoideum, which can be divided into diffuse and persistent migration de-
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pending on the starvation level [82, 83]. The phase field approach has been

employed to model the viscoelasticity of the cell [84, 85, 86] and the effect

of biochemical waves in the interior of the cell [69], as well as wave-induced

cytofission of cells [87]. The random motion of the cell is often modeled by

a stochastic bistable process in combination with a phase field [88] to re-

cover fluctuating displacements and shape deformations. Such a stochastic

bistable model is able to capture the cell-to-cell variability observed in the

motion patterns of amoeboid D. discoideum cells by tuning a single model

parameter [88, 89, 90, 91].

1.3 Objectives of the work

The aim of this work can be divided into one general (GO) and six specific

objectives (SO).

The general objective of the present work reads as follows:

GO1.- To describe spatiotemporal dynamics mimicking the amoeaba Dic-

tyostelium discoideum by implementing and designing algorithms based on

reaction-diffusion models coupled with an auxiliary phase field. To numer-

ically integrate the models, the method of finite differences was used.

This general aim is addressed by the following list of specific objectives of

this work:

SO1.- To extend the general bistable model described in [92] in order to

reproduce common features from different phenotypes of moving cells (e.g.,

amoeboid, fan shape, and unstable).

SO2.- To enlarge the general bistable model to describe the collective mo-
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tion of large populations of interacting amoeba by including repulsive in-

teractions among cells.

SO3.- To include static objects with the purpose of reproducing confined

cell motion, for example cells inside microchannels.

SO4.- To adapt previous results with alternative bistable and excitable

biochemical reaction-diffusion models [51, 93] in one and two dimensions.

SO5.- To implement moving boundaries by the addition of a phase field

model in order to couple the membrane shape with the biochemical reaction-

diffusion models from SO4, with the intention of reproducing membrane

deformation and subsequent motion of the synthetic cell.

SO6.- To increase the robustness of the bistable biochemical model [51] by

incorporating a mass conservation constraint via the inclusion of a global

feedback in the model generated in SO5.

1.4 Organization of the work

At this point it we are going to establish the line to follow regarding the

structure of this work. Each of the following chapters will be organized as

follows: first, there is a description of the problem to be studied, together

with some references to previous studies that have been done in the field;

second, the methodology used will be described; next the results obtained

will be presented; and finally the results will be discussed.

In chapter 2 the methods that will be used for the development of this

study are presented. We will describe a bistable generic mathematical

model employing partial differential equations resembling the motility of
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living cells. The non-linearities in the interior of the cell will be represented

by reaction diffusion-equations together with stochastic processes. All this

is coupled with an auxiliary dynamic phase field. Finally, the integration

and numeric methods are considered at the end of the chapter.

As established in SO1 the model and methodology described in chapter

2 will be used; in chapter 3 it will be shown that with a bistable generic

model it is possible to investigate different motility scenarios with distinct

displacement mechanisms such as amoeboid and fan-shaped. At the end of

the chapter a comparison between numerical simulations and live cell imag-

ing experiments of motile Dictyostelium Discoideum cells under different

developmental conditions is made.

In chapter 4, as proposed in SO2, a collection of interacting cells without

confinement and their effects as patterns or cluster formation are studied.

For this purpose, a modified version of the model in chapter 3 is used in

which a term for repulsion among cells or external borders was included.

Following SO3, in chapter 5 the interactions of crawling cells in reduced

spaces commonly known as microchannels are described, and their effects

in the motility under those conditions are considered.

Results from a bistable and excitable model in chapters 6 and 7, respec-

tively, are extended from one to two dimensions as set in SO4. Next, as

defined in SO5, two dimensional results for both models are coupled to a

dynamic phase field with the objective of mimicking cell locomotion.

In chapter 6, a bistable biochemical mathematical model based on the

generation of Ras and pseudopod inducer patches is studied. According to

SO6 a global feedback to keep mass conservation was added with the goal

of increasing the robustness of the model.
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Finally, in chapter 7 an alternative excitable biochemical model is analyzed.

This model is composed of the coupling of Ras and P IP3 networks. The

combination of the two networks represents the symmetry-breaking process

before a cell polarizes and moves.
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Chapter 2

Methods

Different types of cell motility will be investigated, based on a minimal

model that couples a concentration field accounting for the complex bio-

chemical reactions occurring in the interior of the cell to an auxiliary phase

field describing the evolution of the cell shape. The model used here has

been previously introduced in [88] and will be summarized below.

In what follows the dynamics of a generic activatory biochemical compo-

nent at the substrate-attached cell-membrane will be considered. Thus,

we restrict ourselves to an idealized 2D geometry. The phase field ϕ(x, t)

smoothly varies between the values of ϕ = 1 inside and ϕ = 0 outside the

cell, respectively. The phase field allows us to implicitly impose no-flux

boundary conditions at the cell border, which is assumed to be where the

phase field takes the value of ϕ = 0.5. Following the work by Shao et al. [68],

the phase field evolves according to the equation

τ
∂ϕ

∂t
= γ

(
∇2ϕ− G′(ϕ)

ϵ2

)
− β

(∫
ϕ dA− A0

)
|∇ϕ|+ αϕ c |∇ϕ| , (2.1)

where G(ϕ) = 18ϕ2 (1 − ϕ)2 is a double well potential. The phase field
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REACTION-DIFFUSION MODEL FOR CELL MOTION

equation is the result of a force balance involving forces of different nature

acting on the cell body. The terms with |∇ϕ| are restricted to the border

of the cell, while the others affect the volume.

The first term on the right hand side of equation (2.1) corresponds to the

surface energy of the cell membrane, where γ is the surface tension (note

that value is obtained assuming a cell height of 0.15 µm [68]) and ϵ the

mathematical definition of the width of the cell boundary.

The second term is a global constant that ensures that the cell’s area is

kept close to A0.

The last term represents the active force related with the biochemical field

c(x, t) on the cell membrane. The parameters that control the impact of the

area conservation constraint and the active force, β and α, respectively, are

kept constant in the simulations. The term on the left hand side of equa-

tion (2.1) accounts for cell-substrate friction. More complete derivations of

equation (2.1) can be found in [74, 88].

2.1 Phase field coupled to a generic bistable

reaction-diffusion model for cell motion

Many aspects of cell motility such as cytoskeletal mechanics [94], intracellu-

lar signaling dynamics [40, 95], and membrane deformation [96] have been

modeled using mathematical and computational methods. Cell polarity

formation, which is a key feature of motility mechanisms to determine the

front and back of the cell, often can be described by bistable dynamics. A

reaction-diffusion system with bistable kinetics is thus a common choice to

model intracellular polarity [97]. Bistable conditions of an intracellular dy-
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namic process can be obtained with a mass-controlling mechanism between

the cytosolic and membrane-attached concentrations of biochemical com-

ponents [62, 98]. This may be relevant at different levels of the cytoskeleton,

for example, when different forms of actin are involved [99, 100, 101] or at

the level of the related signaling pathways, involving phospholipids and en-

zymes at the cell membrane [102, 103]. Cell polarity may also be imposed

by an external chemical gradient [104, 105].

Cell polarization is implemented here by assuming noisy bistable dynamics

resulting from a non-linear reaction-diffusion equation for the concentra-

tion c(x, t). The biochemical field c(x, t) represents a dimensionless generic

concentration variable that accounts for different subcellular components

that promote the growth of filamentous actin (F-actin) such as active Ras,

PI3K and PIP3 [106]. This is related to the intensity of the Lifeact-GFP

marker for F-actin which is typically shown in the experiments.

Imaging experiments with D. discoideum typically show rich dynamical

patterns in the cell cortex and at the cell membrane. The derivation of a

detailed model that captures the full complexity of the underlying biochem-

ical reactions is unfeasible. To overcome this difficulty in deriving a detailed

model of the reactions inside the cell and aiming for mathematical simplic-

ity, here it was taken a similar approach as in previous studies [62, 70, 88]

and formulated a simple reaction-diffusion equation, where the non-linear

reaction kinetics leading to bistability is modelled by a cubic polynomial in

the variable c(x, t). In addition, a term accounting for degradation of the

biochemical component c was introduced. The equation reads

∂(ϕc)

∂t
= ∇ (ϕD∇c)+ϕ[ka c (1− c)(c− δ(c))−ρ c]+ ϕ (1−ϕ) ξ(x, t), (2.2)

where ka is the reaction rate, ρ the degradation rate, and D the diffusiv-
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ity of the biochemical component. The last term on the right hand side

introduces noise at the cell membrane, which allows us to account for the

stochastic nature of the reaction-diffusion processes occurring within the

cell. The noise intensity along with the reaction rate are key parameters in

the model that allow the transition between different forms of cell motility.

The stochastic variable ξ(x, t) follows an Ornstein-Uhlembeck dynamics,

described in the following stochastic partial differential equation

dξ

dt
= −kη ξ + η , (2.3)

where η is Gaussian white noise with zero mean average ⟨η⟩ = 0 and a

variance of ⟨η(x, t)η(x′, t′)⟩ = 2σ2δ(x− x′)δ(t− t′).

The reaction-diffusion equation aims at reproducing the pattern activity on

the substrate-attached cell membrane observed in the experiments. Con-

trol of the size of the patterns is important since the patterned area rarely

covers the entire cell membrane. Previous experiments with giant D. dis-

coideum cells revealed that, after a critical size is reached, wave patterns

tend to modify their shape rather than actually growing into larger ar-

eas [107]. Therefore, dynamic control in the form of a global feedback on

the parameter δ(c) is implemented. This affects the pattern dynamics and

prevents the system from being covered completely by c depending on the

value of C0. The control term reads

δ(c) = δ0 +M

(∫
ϕ c dA− C0

)
, (2.4)

where the parameter C0 represents the average area covered by component

c. The control mechanism shown in equation (2.4) dynamically changes

the value of the unstable fixed point of the system. This ensures that

the amount of component c inside the cell is constant on average. There
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is a clear dependence of the cell trajectories on the parameter C0 in the

numerical simulations.

2.2 Numerical solution of the model

Normally, reaction-diffusion equations are nonlinear. This lead to difficulty

in finding an analytical solution and it is here where numerical simulations

help. For example, a typical numerical method consists in approximate

derivatives with finite differences.

2.2.1 Finite differences method

In one dimension the way to approach the first and second order spatial

derivatives is given as:

∂f

∂x
≈ f(x+∆x)− f(x−∆x)

2∆x
, (2.5)

∂2f

∂x2
≈ f(x+∆x)− f(x−∆x)− 2f(x)

∆x2
, (2.6)

respectively, while for the case of a two dimensional lattice, the discretiza-

tion expressions for the first order derivative read as:

∂f

∂x
≈ f(x+∆x, y)− f(x, y)

∆x
, (2.7)

∂f

∂y
≈ f(x, y +∆y)− f(x, y)

∆y
, (2.8)
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and the second order derivatives are given by:

∂2f

∂x2
≈ f(x+∆x, y)− f(x−∆x, y)− 2f(x, y)

∆x2
, (2.9)

∂2f

∂y2
≈ f(x, y +∆y)− f(x, y −∆y)− 2f(x, y)

∆y2
, (2.10)

If ∆x = ∆y equations (2.9) and (2.10) can be rewritten in the following

form:

∇2f ≈ f(x+∆x, y)− f(x−∆x, y) + f(x, y +∆x)− f(x, y −∆x)− 4f(x, y)

∆x2
.

(2.11)

The numeric derivative expressions of the form of equations (2.5)-(2.11)

can be employed to solve ordinary differential equations. One of the most

common methods for solving differential equations is the Euler method

where a nonlinear equation of the form dx
dt

= F (x, t) is approached as

follow:

x(t+∆t) = x(t) + ∆t (F (x(t), t)) . (2.12)

.

2.2.2 Integration of Ornstein-Uhlenbeck process

Considering the following equation:
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dx

dt
= F (x(t)) +Bξ(t) , (2.13)

where F (x(t)) is a function of the state x while B could represent a constant

or a function that depends on the state of the system (B = B(x)).

One interesting question is to address what happens if the term ξ(t) is a

random noise. If B takes a constant value, equation (2.13) has an additive

noise; on the other hand, if B represents a function of the state of the

system B = B(x), the equation has the presence of multiplicative noise.

Expressions such as equation (2.13) are known as stochastic differential

equations and are characterized by having one or more terms as a stochas-

tic process [108]. Some of the most widely studied stochastic differential

equations are the heat, wave and Schrödinger equations [109].

Normally this type of equation contains one variable representing pure ran-

dom white noise, which is calculated as the derivative of Brownian motion

or a Wiener process.

Trying to solve numerically equation (2.13) one can rewrite it as follow:

x(t+∆t) = x(t) + ∆tF (x(t)) +B

∫ t+∆t

t

ξ(t′)dt′, (2.14)

using the expression for the white noise ξ(t)dt = dW (t), equation (2.14)

goes to

x(t+∆t) = x(t) + ∆tF (x(t)) +B

∫ t+∆t

t

dW (t′), (2.15)
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x(t+∆t) = x(t) + ∆tF (x(t)) +BσN(0,∆t), (2.16)

x(t+∆t) = x(t) + ∆tF (x(t)) +Bσ
√
∆tN(0, 1). (2.17)

where σ is the standard deviation of the white noise,
∫ t+∆t

t
dW (t′) ≈

σN(0,∆t) and N(0,∆t) is white noise with zero mean and variance ∆t.

Equation (2.17) is an extension of the Euler method for ordinary differential

equations to stochastic differential equations. This is known as the Euler-

Maruyama method and is useful to approximate a numeric solution of a

stochastic differential equation [110].

Returning to the stochastic differential equation (2.3) which describes an

Ornstein-Uhlenbeck noise dynamics, it was numerically solved as follows:

ξ(t+∆t) = ξ(t) exp(−kη∆t) +

(
(
ϵ

kη
)(1− exp(−2kη∆t))

)1/2

η, (2.18)

where kη and ϵ are the correlation time and the noise amplitude of η [111].

In the following sections, different cell motility modes will be studied and

analyzed. The transitions between these modes are obtained by varying

three parameters: the noise intensity, the average membrane coverage with

the activatory component c, and the activity rate of the biochemical field.

In general, the bistable kinetics of c will drive the formation of patches

of high concentration of c on a background of low c concentration. The

coherent effects of these patches on directed cell locomotion will be dis-

turbed and interrupted by the impact of noise, which will favor nucleation

events and the formation of new patches in other regions of the membrane.
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Therefore, the dynamics of the model can be qualitatively understood as a

competition between the coordinated effects of pattern formation and the

randomizing impact of noise on cell locomotion.
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Chapter 3

Modeling cell crawling

dynamics: from amoeboid to

fan-shape motion

3.1 Introduction

The biochemical and biophysical mechanisms involved in cell motility have

been extensively studied during the past years. They are among the most

intriguing problems in cell biology, ranging from single cells to multicellular

organisms. As mentioned in previous chapters, before the cell begins to

move, it needs to polarize, which means that has to define a front and

a back to specify an axis of propagation [112]. It sets the direction in

which protrusions are formed that drive the cell forward. Cell locomotion

has been extensively studied using keratocytes, which move in a highly

persistent fashion and adopt a characteristic fan-like shape [113]. Also

neutrophils have been intensely investigated. They display a less persistent

movement with more frequent random changes in direction that is known
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as amoeboid motility [114]. Here is where the well-established model of

the social amoeba Dictyostelium discoideum (D. discoideium) system is

used to study actin-driven motility in eukaryotic cells is [115]. The cells of

this highly motile single-celled microorganism typically display pseudopod-

based amoeboid motility but also other forms, such as blebbing motility or

keratocyte-like behavior have been observed.

However, D. discoideum cells are also known to show a more diverse spec-

trum of motility modes, for example when certain genes are knocked out,

when phosphoinositide levels are artificially altered, or under specific de-

velopmental conditions. This includes a phenotype which is reminiscent of

keratocyte motility, where the cell adopts a fan-like shape and moves per-

sistently, perpendicular to the elongated axis of the cell body – the so-called

fan-shaped phenotype – and a form where cells adopt a pancake-like shape,

moving erratically without a clear direction of polarization [91, 116, 117].

In this chapter is introduced a systematic analysis of a previously intro-

duced model that is based on a stochastic bistable reaction-diffusion system

in combination with a dynamic phase field [88]. Such phenomenological

model may provide a better understanding of how to relate the experimen-

tal parameters to specific cellular behaviors, because cell-to-cell variability

often masks such relation. Along with the model, experimental data of a

non-axenic D. discoideum wildtype cell line (DdB) that carries a knockout

of the RasGAP homologue NF1 (DdB NF1 null cells) is analyzed. In this

cell line, amoeboid and fan-shaped cells are observed, depending on the

developmental conditions. A detailed comparison of the experimental data

to simulations of the stochastic bistable phase field model is presented. By

tuning the intensity of the noise and the area covered by the bistable field,

the model simulations recover similar motility phenotypes as observed in

experiments, ranging from highly persistent fan-shaped cells to standard
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amoeboid motion. Furthermore, the simulations predict intermediate un-

stable states and also a transition from straight to rotary motion of the

fan-shaped cells. These forms of motility that have so far been neglected

in D. discoideum, were also observed in the experimental data and are sys-

tematically studied in the framework of a mathematical model described

below with more detail.

3.2 Experimental Methods

All experiments were performed in the lab of the Biophysics group in the

University of Potsdam with non-axenic D. discoideum DdB NF1 KO cells

[118], which were cultivated in 10 cm dishes with Sorensen’s buffer (8 g

KH2PO4, 1.16 g Na2HPO4, pH 6.0) supplemented with 50 µM MgCl2,

50 µMCaCl2 and Klebsiella aerogenes at an OD600 of 2. The cells expressed

Lifeact-GFP via the episomal plasmid SF99, which is based on a new set

of vectors for gene expression in non-axenic D. discoideum strains [119].

Plasmids were transformed as described before [119] with an ECM2001

electroporator using three square wave pulses of 500 V for 30 ms in electro-

poration cuvettes with a gap of 1 mm. G418 (5 µg/ml) and Hygromycin

(33 µg/ml) were used as selection markers.

The phenotype of DdB NF1 KO cells differs between individual cells of a

population and especially between different developmental stages. When

cultivated in buffer supplemented with bacteria, cells are in the vegetative

state and the predominant phenotype is amoeboid with very little move-

ment due to the abundance of bacteria. After several hours of starvation,

cell enter the developed state and the probability to observe a fan-shaped

phenotype is increased. Preparation of the cells for experiments therefore

35



3.3. COMPUTATIONAL RESULTS OF THE MOTILITY SCENARIOS
OBTAINED BY THE BISTABLE MODEL

differed between experiments. Cells were washed to remove the bacteria

and (i) suspended in Sörensen’s Buffer immediately after washing to obtain

mainly amoeboid cells with high motility or (ii) starved for 3-6 hours to

obtain a high percentage of fan-shaped cells. After starvation, cells were

seeded in microscopy dishes at low density for imaging. Usually in the

beginning of an experiment, many cells showed the amoeboid or the in-

termediate phenotype with regular switches from amoeboid to fan-shaped

motility and vice versa. The percentage of fan-shaped cells increased over

time and the fan-shaped phenotype became more stable. An increase in

the number of fan-shaped cells during development has also been described

for the D. discoideum Ax2 AmiB knockout strain [116]. Note however,

that the effects of cell development on the phenotype of DdB NF1 KO cells

showed a high day-to-day variability and best results were accomplished

with fresh K. aerogenes cells. The cells were transferred to a 35 mm glass

bottom microscopy dish (FluoroDish, World Precision Instrumnets) and

diluted to a concentration enabling imaging of single cells. For imaging an

LSM 780 (Zeiss, Jena) with a 488 nm argon laser and a 63x or a 40x oil

objective lens were used.

3.3 Computational results of the motility sce-

narios obtained by the bistable model

A systematic study of the model described in the previous section will be

shown below.

Using numeric methods described in the previous section, Eqs. 2.1-2.4 were

integrated on a square domain of 300×300 pixels with periodic boundary

conditions using standard finite differences. The pixel size is given by
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∆x = ∆y = 0.15µm and the integration time step is ∆t = 0.002 s. The

values and definitions of the parameters of the model can be found in Table

A.1. Cell trajectories and velocities were obtained by finding and tracking

the center of mass of cells from the numerical simulations.

By modifying the values of the biochemical reaction rate ka, the intracel-

lular area covered by the concentration c, defined as C0, and the noise

strength σ, a wide diverse set of cell shapes, trajectories, and speeds were

obtained. An overview of the studied cases is presented in Figure 1, where

different cell shapes and average speeds are shown in the plane spanned

by the parameters σ and C0. Four different types of motility with distinct

shapes and trajectories were identified: Amoeboid cells, characterized by a

motion parallel to the elongation axis, fan-shaped cells that move perpen-

dicular to the elongation axis, intermediate states that combine features

of both amoeboid and fan-shaped types, and oscillatory cells, where the

concentration c is almost homogeneously distributed inside the cell with

only small fluctuations at the border.

The transitions between the four cell types, summarized in Figure 3.1, are

presented in more detail in Figure 3.2, where cell shapes are shown for

ka = 2s−1 and ka = 5s−1 separately as a function of the parameter C0,

which is changed in smaller increments here. In both diagrams, the simu-

lations in the left top panels show cell types that mimic the vegetative and

starving states of D. discoideum, analyzed in more detail in [88]. The right

bottom panels in Figure 3.2 A and B correspond to stable fan-shaped and

rotating fan-shaped cells, respectively, which are shapes related to partic-

ular mutations of D. discoideum [116, 117]. In between these two limits,

different dynamical regimes have been obtained during the computational

study of the model, some of which have been also observed in the experi-

ments with D. discoideum, as it is described below.
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Figure 3.1: Phase diagram of the cell shapes obtained from the model and
their respective average speeds for different values of the spatio-temporal
noise, the reaction rate, and the maximum area coverage of the concentra-
tion c. The intracellular concentration c is proportional to the intensity of
sky blue color. Cell speed was computed as the sum of the velocities at each
time step divided by the number of time steps. Colored boxes classify cells
into four types: Amoeboid cells inside the red box, fan-shaped and similar
cases inside the green box, intermittent cases at the transition from the
amoeboid to the fan-shaped regime inside the yellow box, and oscillatory
cells inside the purple box.

3.3.1 Amoeboid motion

When C0 was set to C0 = 28 µm2, the biochemical component c roughly

occupies one quarter of the total cell area, fixed at 113 µm2 (corresponding

to a circular cell with radius 6 µm). Under these conditions, the concen-

tration c accumulates in the front part of the cell reminiscent of the typical

amoeboid shape of D. discoideum cells. In this scenario, one can observe

different trajectories depending on the noise intensity. A large noise in-

tensity translates into slow and random cell motion, whereas low intensity
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Figure 3.2: Phase diagrams of the cell shape obtained from the model simu-
lations when varying area coverage and noise intensity. The computational
cells are obtained for ka = 2s−1 (A) and ka = 5s−1 (B). The intracellular
concentration c is proportional to the intensity of sky blue color.

leads to faster and much more persistent motion.

A comparison between the dynamics of living D. discoideum cells under

amoeboid conditions and cell dynamics generated by the model is shown

in Figure 3.3. The numerical simulations shown in Figure 3.3A and C

correspond to low values of C0 and a noise intensity of 100% of the total

given in Table 1. Figure 3.3C, showing trajectories for ka = 2s−1 and

ka = 5s−1, demonstrates that the parameter ka controls cell polarization

[88]. A value of ka = 2s−1 induces a diffuse trajectory in a small area

of space and a random appearance of protrusions formed by fluctuating

amounts of concentration c along the cell membrane. For ka = 5s−1 the

cell explores larger areas due to a continuous and more stable accumulation

of c in one region of the membrane that sets in the direction of motion (see

Figure 3.3A). A representative sequence of snapshots of an experimental

observation of amoeboid motion of a D. discoideum cell is shown in Figure

3.3B, where the accumulation of actin is clearly appearing in the cell front.

In addition, it was presented some examples of individual experimentally
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Figure 3.3: Numerical and experimental results for amoeboid motion.
(A) Sequence of several snapshots of a numerical simulation with C0 =
28µm2 and ka = 5s−1. (B) Sequence of several snapshots of a vegetative
DdB NF1 KO cell showing the amoeboid phenotype. (C) Example cell
trajectories tracked from four simulations over 600 s (two simulations with
ka = 2s−1 and two with ka = 5s−1) It is important to mention that the two
small trajectories correspond to ka = 2s−1, while the two larger trajectories
to ka = 5s−1. Both cases also with C0 = 28µm2, (D) Examples of cell
trajectories tracked from four vegetative DdB NF1 KO cells showing the
amoeboid phenotype in experiments over 600 s.

recorded cell trajectories that cover the behavioral diversity of amoeboid

D. discoideum cells Figure 3.3D.

3.3.2 Intermediate dynamics

By increasing the parameter C0 to 56 µm2, which corresponds to half of

the total area of the cell covered by the biochemical species c, and main-

taining the noise intensity between 75% and 100% of the total given in

Table 1, it was found a different motile behavior in the model simulations.

Under theses conditions, the results of the numerical simulations resemble

the amoeboid shapes described in the previous section, however the re-
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peated appearance of an additional large protrusion strongly modifies the

trajectories of the simulated cells, see Figure 3.4A. Initially, the amount of

c is concentrated in one region at the cell border, clearly defining a leading

edge. From time to time, a part of the total amount of c changes posi-

tion at the cell border thus triggering an instability of the initial leading

edge. This drives the formation of a new protrusion, where eventually most

of the total amount of c will accumulate and define a new cell front. In

Figure 3.4B, it is shown an example of similar intermittent behavior that

was observed in the experiments with D. discoideum cells which frequently

switch from amoeboid to fan-shaped motility and vice versa. Figure 3.4C,

where is present a comparison between an experimental trajectory and

three trajectories obtained from numerical simulations, demonstrates how

this dynamics generates trajectories with abrupt changes in direction.

By further increasing the parameter C0 to 84 µm
2, corresponding to 75% of

the total area of the cell covered by concentration c, another distinct behav-

ior is obtained in the numerical simulations, see the purple box in Figure

3.1. Keeping ka = 2s−1 and a noise intensity similar to the previous case,

an oscillatory behavior of the cell border is observed due to saturation of c

inside the cell. Noise-driven small displacements and a circular cell shape

characterize this regime. It resembles previous experimental observations

of a so-called pancake phenotype [120].

3.3.3 Fan-shaped motion

For the values of C0 employed in the previous section but low noise inten-

sity, the shape of the numerically obtained cells becomes more elongated

perpendicular to the direction of motion than parallel to the direction of

motion of the cell. Moreover, their elongated shape is stable over time,
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Figure 3.4: Numerical and experimental results for the intermediate un-
stable case (A). Sequence of six snapshots of a numerical simulation with
C0 = 56µm2, ka = 5s−1. (B) Sequence of snapshots of a DdB NF1 KO cell
starved for 4 hours prior to imaging, showing the intermediate phenotype.
(C) Comparison between the trajectories of the center of mass of three
numerical simulations (solid lines) and a trajectory of the center of mass
of the DdB NF1 KO cell shown in B (dotted line). In all four cases, cells
were tracked over 1032s.

and they move in a highly persistent fashion. Together these features char-

acterize the so-called fan-shaped motion of D. discoideum cells [117]. The

overall appearance and motion characteristic of fan-shaped cells share many

similarities with keratocytes, even though the internal organization of the

motility apparatus is clearly different.

For C0 = 56µm2, corresponding to a concentration c covering half of the

total cell area, and a noise intensity that is reduced to 50% or less of its

maximal value, a rounded elongated shape, reminiscent of a keratocytes, is

observed in the numerical simulations, see for example the results in Figure

3.1. The trajectories are straight and persistent for lower noise intensities

and become more erratic for high noise levels.
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Figure 3.5: Numerical and experimental results for fan-shaped motility.
(A) Sequence of three snapshots taken from a numerical simulation of the
computed cell with parameter values C0 = 84µm2, ka = 2s−1 and noise
intensity set to 10 percent. (B) Snapshots of a DdB NF1 KO cell starved
for 4 hours prior to imaging, showing the fan-shaped phenotype. (C) Four
examples of trajectories of the center of mass of numerically simulated fan-
shaped cells tracked over 600 s. (D) Four trajectories of the center of mass
of DdB NF1 KO cells starved for 4 hours prior to imaging, showing the
fan-shaped phenotype tracked over 600 s in experiments.

By further increasing the covered area to C0 = 84µm2, similar fan-shaped

cells were recovered. For ka = 2s−1 the simulation produces rounded cell

shapes that move at a reduced speed in a highly random fashion. Com-

paring Figure 3.5A and B reveals the qualitative similarities between fan-

shaped cells obtained from simulations under these conditions and the ex-

perimentally observed dynamics of fan-shaped D. discoideum cells. The

model satisfactorily reproduces the experimental features of the cell mo-

tion. The four different realizations of trajectories, generated in numerical

simulations and presented in Figure 3.5C, display a similar persistent mo-

tion as the straight cell trajectories observed in experiments, see Figure

3.5D. These trajectories resemble the trajectories of fan-shaped cells with

C0 = 56µm2 and intermediate noise intensity as discussed previously.
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Thus, depending on the value of the reaction rate and the noise intensity, it

can be seen the remarkable differences between cell shapes and trajectories.

3.3.4 Rotational trajectories of fan-shaped cells

Numerical simulations with C0 = 84µm2 and ka = 5s−1 produce fan-shaped

cells with a more elongated and curved shape. Depending on the noise in-

tensity, different scenarios are obtained ranging from irregular shapes and

trajectories at high levels of noise to regular shapes and circular trajec-

tories for lower noise levels (see Figure 3.1). Under these conditions the

trajectories may also reveal rotational dynamics. In Figure 3.6A and B,

it is shown some representative examples of rotational dynamics observed

in a simulation and in an experiment, respectively, finding a qualitative

similarity between them. The corresponding trajectories are displayed in

Figure 3.6C for comparison, along with a third trajectory of another simu-

lation. Despite the differences in radius and frequency of rotation between

simulations and experiment, the main characteristics of a periodic rotary

motion are reproduced. Note that the concentration patterns inside the

simulated cells resemble a half-moon shape, which is typical for fan-shaped

cells with both straight and rotational trajectories.

The transition from straight to rotational motion for different values of C0

and ka is shown in a phase diagram in Figure 3.7. The noise intensity was

kept constant at 10% in all cases. For low values of C0 the trajectories of the

simulated cells are straight and only sometimes exhibit a slight curvature,

depending on the realization and the parameter values. With increasing

parameter C0, irregular trajectories are observed combining straight pieces

with rapid rotations giving rise to a highly erratic motion. For values of

C0 between 80µm2 and 90µm2 and ka larger than 3s−1, the simulations
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Figure 3.6: Numerical and experimental results for the rotational fan-
shaped case. (A) Sequence of four snapshots obtained in the numerical
simulations for C0 = 84µm2, ka = 5s−1 and noise intensity set to 10 per-
cent. (B) Sequence of snapshots of a DdB NF1 KO cell starved for 5
hours prior to imaging, showing a fan-shaped cell with rotational move-
ment. (C) Comparison of the trajectories of two simulations (solid lines)
and one experimental realization (dotted line). The three lines correspond
to trajectories tracked over more than 2000s.

produce rotating cells as shown in Figure 3.6. For even higher values of

C0, after a small region with curved trajectories, the cell surface is almost

saturated with the concentration c, and due to the low noise intensity, no

significant net motion is observed.

Thus, it was found that rotational trajectories arise for specific combination

of the reaction rate and the area coverage, and that they are favoured by

low values of the noise intensity. Finally, an analysis was made to investi-

gate if rotational trajectories can be induced by other factors. In Figure 3.8,

is displayed a trajectory phase diagram spanned by the diffusion coefficient
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Figure 3.7: Phase diagram representing the entire range of different dy-
namics obtained from the model at low noise intensity and as a function of
the reaction rate ka versus the maximum area coverage C0. Red circles rep-
resent trajectories that combine straight and curvature paths (fan-shaped
cells). Blue crosses indicate irregular circling trajectories. Black dots show
the region where regular circular trajectories are found. Green marks repre-
sent curved paths. Pink squares represent trajectories of almost stationary
cells (pancakes). The noise intensity was set to 10%.

(D) and the surface tension (γ). The simulations indicate that rotational

modes giving rise to circular trajectories are obtained by increasing the dif-

fusion coefficient and by reducing the surface tension. This analysis agrees

with the results obtained with a similar model for keratocyte dynamics

described in [70].

Figure 3.8: Phase diagram in the plane spanned by the diffusion coefficient
(D) and the surface tension (γ) of the numerical simulations of fan-shaped
cells with straight and circular trajectories corresponding, respectively, to
red circles and blue crosses. Parameter values are: reaction rate ka = 5s−1,
coverage area C0 = 84µm2, and a low level of noise intensity (10%).
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3.4 Cell shapes and velocities in numerical

simulations are comparable to experi-

mental values

As described in the previous sections, shapes and trajectories of the cells

vary strongly from one case to another. Amoeboid cells produce fluctuat-

ing displacements, fan-shaped cells exhibit also persistent and rotational

motion. Finally, an intermediate case between amoeboid and fan-shaped

phenotypes produces motion with characteristic features of both cases. The

great majority of shapes and dynamics have also been observed in exper-

iments, and a good qualitative agreement between experimental and nu-

merical results was found.

In this section a more quantitative comparison between the experimental

and the numerical results will be perform. A definition of an index will

be helpful to clearly differentiates the amoeboid and fan-shaped cells and

with this permit to characterize the transition between both cases. There

are several indices that are commonly used in the studies of cell migration

[121], such as the directionality ratio, the mean square displacement (MSD),

and the directional autocorrelation. Here, the results of computing the

directionality ratio to characterize the transition between amoeboid and

fan-shape will be shown. Directionality is defined as the distance between

the starting point and the endpoint of the cell trajectory, divided by the

length of the real trajectory. Mathematically is defined as follows:

DR =

∣∣∣X⃗N − X⃗0

∣∣∣∑N−1
n=0

∣∣∣ ⃗Xn+1 − X⃗n

∣∣∣ , (3.1)
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where X0 and XN are the initial and final positions, respectively.

This ratio is close to 1 for a straight trajectory and close to 0 for a highly

curved trajectory.

In the following results DR was computed for every ∆t using the posi-

tions of the cell trajectories. First, it was made a comparison for a set of

simulations corresponding to vegetative amoeboid cells (ka = 2s−1), which

produce low values of the directionality and low velocities because of their

random dynamics. Here, the relation between random motion and velocity

can be interpreted as follows. A low noise intensity or large activity rate

will lead to less nucleation events of new patches of c at the membrane,

favoring stable movement in one particular direction which will result in

higher velocities. On the contrary, a high noise or small activity rate will

generate more nucleation events at different positions of the membrane,

that will compete with each other, thus pushing the cell membrane in dif-

ferent directions, resulting in lower instantaneous velocities.

Second, a set of simulations corresponding to starvation-developed amoe-

boid cells (ka = 5s−1) is considered, which produce intermediate values of

the directionality ratio because of their more persistent motion. Finally, it

was analyzed a set of fan-shaped cells, which produce large directionality

ratios because of their highly persistent movement. All these results are

presented in Figure 3.9A, where it can be seen that the three types of cells

are located in different regions of the parameter space.

The numerical results of the directionality ratio are in good agreement with

the experimental measurements of this quantity, see Figure 3.9B, where the

experimental data is plotted for a similar amount of cells. Fan-shaped cells

in both cases have large directionality ratios due to their persistent motion.

The set of amoeboid cells naturally divides into two subsets: one with low
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Figure 3.9: Directionality ratio from simulations and experiments over
600s. (A) Cell speed versus directionality ratio obtained from numerical
simulations of a sample of 20 amoeboid cells (red circles): 10 cells corre-
sponding to ka = 2, C0 = 28µm2, and 100% noise intensity (blue shaded
area) and 10 corresponding to ka = 5, C0 = 28µm2, and 100% noise in-
tensity (red shaded area); and 15 fan-shaped cells (blue crosses). (B) Cell
speed versus directionality ratio obtained from experiments with a sample
of 16 amoeboid cells (red circles) and 15 fan shape cells (blue crosses) . (C)
The mean value of the directionality ratio and standard error is plotted
over time for amoeboid (red solid lines) and fan-shaped (blue solid lines)
cells obtained from numerical simulations. Experiments curves from panel
(D) are shown as dotted lines. (D) The mean value of the directionality
ratio and standard error is plotted over time for amoeboid (red solid lines)
and fan-shaped (blue solid lines) cells obtained from experiments. Simu-
lation curves from panel (C) are shown as dotted lines. (E) Box plot of
the directionality ratio for the data of several simulations and experiments
over 600s.

directionality ratios and low speeds and the other one with larger direc-

tionality ratios (although lower than in the fan-shaped cases) and speeds

spreading over a wide range. In the numerical simulations, equivalent sub-
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sets by changing the parameter ka were produced.

Further similarities between the numerical results and the experimental

realizations are found when comparing panels C and D in Figure 3.9. Here,

the average of the directionality ratio over time with their respective errors

for the amoeboid and the fan-shaped cells are shown for the numerical

simulations in Figure 3.9C and the experimental recordings in Figure 3.9D.

It is important to mention that for a better comparison it was included

experiments curves from panel D in C and curves from panel C in D,

in both cases as dotted lines and also with their respective errors. The

good agreement between the two cases is remarkable although a systematic

slight decrease of the directionality ratio appears in the experimental case,

which may be related to the more noisy dynamics of the cell outline in the

experimental measurements.

In Figure 3.9E it is displayed the directionality ratio for several cases ob-

tained in the simulations and for the two experimental cases discussed

above. A comparison of the directionality ratios was made in a box plot

representation for the different cases. The first observation is that the

circular motion of fan-shaped cells gives rise to the smallest value of the

directionality ratio as expected, because the motion is confined to a small

region of space. The second observation is that intermediate cases, dis-

cussed in the previous sections, give rise also to intermediate values of the

directionality ratio. The largest directionality ratios are observed for the

stable fan-shaped cells. Note that it was not taken into account other ex-

perimental cases because of the low number of recordings available in some

of the experiments.

Finally, due to the cell shape diversity in experiments and simulations it

was also analyzed the shape in a quantitative way. Computing quanti-
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ties such as aspect ratio, ellipticity, or circularity are commonly computed

when comparing cell shapes. There exist some earlier works, where cell

morphology has been analyzed [122, 123, 124, 125]. This work focused on

the circularity measure, which quantifies how closely the shape of a marked

region approaches that of a circle. Circularity can be valued between 0 and

1, where 1 represents the value of a perfect circle. Mathematically the

circularity is defined as follows: CR = 4πA
P 2 , where A is the area and P

is the perimeter of the cell. With the use of the images of amoeboid and

fan-shaped cells obtained from simulations and experiments the value of

the circularity was calculated in each frame along the trajectories of the

cells.

In Figure 3.10 it is shown a box plot representing the circularity ratio for

the cases mentioned above. Here one can see the tendency of fan-shape cells

to oscillate around values close to 1 due to their rounder shape. On the

other hand, amoeboid cells present a larger variation in the value of their

circularity parameter because of their irregular fluctuating shape. From

the results it is also noticeable the good agreement between simulations

and experiments for both scenarios. Just a small difference is marked in

the fan-shaped case, where it was obtained a larger amount of outliers in

the analysis of the experimental data.

3.5 Discussion

This section studied a mathematical model that consist of biochemical

dynamics in the form of a bistable reaction-diffusion equation including a

noise description based on an Ornstein-Uhlenbeck process. The biochemical

dynamics is coupled to a phase field to account for the deformable cell
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Figure 3.10: (A) Circularity box plot representation of amoeboid and fan-
shaped cells from simulations and experiments. Values of circularity for
the results of 11 simulations and 10 experiments are shown: amoeboid
simulation ka = 2s−1 (AS1, n=3), amoeboid simulation ka = 5s−1 (AS2,
n=3), and fan-shaped simulations (FS, n=5), amoeboid experiments (AE,
n=5), and fan-shaped experiments (FE, n=5). (B) Represents the mean
value of circularity over time for the studied cases. Amoeboid and fan-
shape simulations are represented in blue and red crosses, repectively. Red
and blue circles corresponds to experiments of amoeboid and fan-shape
cell, respectively. The time for all the trajectories is 600s.

border. The model was previously introduced in [88] to characterize the

dynamics of vegetative and starvation-developed amoeboid D. discoideum

cells. In that case, it was found a good agreement between the cell shape

evolution, the intracelullar patterns, and the center of mass movement.

Until now, it was systematically explored the entire relevant range of the

parameter space and qualitatively reproduced different motility regimes

observed in D. discoideum cells. The phase diagram of the model was

explored by changing parameters such as the noise strength, the coverage

area, and the rate responsible for cell polarization, giving rise to a series

of different motility scenarios as presented above. The numerical results

reproduced the dynamics of D. discoideum cells, which were difficult to

catalog for the experimentalists. In general, the comparison of trajectories,

cell shapes, and cell speeds between numerical simulations of the model

and experimental data showed good agreement.

The behavior of the model critically depends on the choice of the model pa-

rameters. Together with noise, realistic dynamics of intracellular patterns

and cell shape changes are produced, when correct characteristic temporal

52



3.5. DISCUSSION

scales are used. The parameter C0 corresponds to the area covered by the

biochemical component c. It takes into account membrane deformations

due to local accumulation of the biochemical component and, together with

the reaction rate, reproduce variations in cell speed and persistence of mo-

tion.

The model shows similarities to the bistable reaction-diffusion model cou-

pled to a phase field described in [70], where the motion of keratocytes is

investigated. In particular, a systematic study of the transition between

straight and circular motion of cells moving in a keratocyte-like fashion,

equivalent to the fan-shaped cells, was done: a high tension tends to stabi-

lize the cell motion to a straight trajectory, whereas large diffusion coeffi-

cients or small velocities tend to push the cell towards rotation [70]. In the

study presented here, it was investigated the connection of keratocyte-like

behavior and amoeboid motility, apparently associated to different mech-

anisms and cell types. Also, it was studied the transition between the

persistent fan-shaped phenotype (keratocyte-like) and the amoeboid case,

also showing intermediate dynamics and to directly compared the model

to experimental data obtained from recordings of D. discoideum. With re-

spect to the transition between straight and circularly moving fan-shaped

cells, the results shown in Figure 3.8 are consistent with the earlier predic-

tions [70]. Transitions between amoeboid and fan-shaped motility modes

have also been described recently in a wave-generating two-component

reaction-diffusion model by Cao et al. [91] that specifically emphasizes the

role of cell deformation mechanics. While the results are compatible with

the findings of Cao et al., the model present here clearly shows that the

richness of different motility modes does not require intracellular traveling

waves but can be already observed for intracellular kinetics that relies on

a single dynamical variable only.

53



3.5. DISCUSSION

In contrast to these simple modeling approaches based on generic reaction-

diffusion systems, there are also more complex descriptions following a dif-

ferent biophysical approach including more detailed biochemical reactions

and mechanical forces. For example keratocyte motion has been extensively

studied in [126] combining biochemical and mechanical aspects to model

how epidermal fish keratocytes form a leading edge, polarize, and maintain

their shape and polarity. There are also more complex models where the

transitions between straight and circular trajectories have been studied, see

for example [127], where a minimal mechanical model is presented consist-

ing of two equations, one for the force balance of the actin network and

a second one consisting of a reaction diffusion equation that describes the

concentration of myosin, demonstrating that transitions occurs for small

values of the Peclet number.

On the other hand, there are reductionist approaches to keratocyte motion,

see for example [70] and [75], which display similar levels of complexity as

the model presented here. Both types of descriptions contribute to a better

understanding of the experimentally observed dynamics and can be read-

ily extended in different directions. For example, on the implementation

of more complex biochemical models into the phase field description. In

particular, it is possible to extend the model to more closely recover the de-

tailed dynamics of certain intracellular reactions, such as, for example, the

phosphorylation of PIP2 to PIP3 or the dynamics of the associated kinases

and phosphotases that affect cell polarization, membrane deformation, and

pseudopod formation [51, 93]. Furthermore, the phase field framework

will also allow us to implement cell-cell interactions [128], the behavior of

cells under confined stimuli [129], in enclosed environments [130, 131], in

the presence of external chemical gradients [80], and also in three dimen-

sions [90].
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Despite the restriction of the model to the only comparison with D. dis-

coideum cells, the model is also able to describe more diverse situations

observed, for example, in keratocytes, where close to the transition to cir-

cular motion, bipedial motion was observed that relies on local alternation

of cell displacements during persistent motion [132].

In summary, it was studied a model based on a bistable reaction-diffusion

equation with Ornstein-Uhlenbeck noise for the intracellular biochemistry,

coupled to a dynamical phase field to describe the cell membrane dynamics.

The results obtained from the numerical integration of the model show

that essential features of amoeboid and fan-shaped motion observed in

experiments of motile D. discoideum cells are reproduced by the bistable

model. A close qualitative agreement between the numerical simulations

and the experiments was found, and in some cases, motility measures such

as the directionality ratio even showed quantitative agreement.

Based on the simulations one conclusion is that a continuous transition

between amoeboid and fan-shaped motions is a realistic scenario, as some

of the predicted intermediate states observed in simulations have been con-

firmed in experiments with D. discoideum cells. It can be speculated that

the same model can be also employed to describe the motion of other cell

types with different motion strategies such as keratocytes or fibroblasts.
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Chapter 4

Computational study of

interacting cells

4.1 Introduction

Collective migration has been studied extensively in bird flocks, fish schools

or cell colonies. However, the mechanisms by which large groups of entities

can organize and move remains unclear. Specifically, due to cellular stud-

ies, some of the properties behind the movement of a single cell on a flat

surface are well understood. Actin filaments inside the cell continuously

polymerise and depolymerise to form lamellopodia and protrusions, which

are the responsible to push the cell forward [43, 133].

In other hand, it has been studied that in some scenarios cells move in a

collective way which drives to the development of many processes [134].

One of these processes is wound healing [135], which is characterized by

a group of cells moving towards the wound to remove the presence of any

bacteria and with the objective to close the tissue. Another example is
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related to embryo genesis [136], where groups of cells migrate to distinct

locations to realize specific tasks [137, 138]. One more example which is

not beneficial to the organism is the cancer metastasis [139, 140], where

groups of cancer cells migrate through tissue and generate the formation

of tumors. Clearly, being able to study collective dynamics of cells could

give us a better understanding of how these groups coordinate their move-

ment and also to develop therapies against cancer. Recent advances in

microscopy techniques combined with cell tracking methods permit us to

study collective migration patterns of a large number of cells over extended

periods of time with an acceptable cell-level resolution.

In most of the cases, cell collective motility is not simply cells moving freely.

Instead, cells move in a coordinated way, different than the one observed

in an individual way. One case is when cells forms a mono-layer [141] or

when groups of cells are governed by a few leader cells [142]. As long as the

cells are not too tightly packed they can continue moving around forming

clusters that shows certain patterns and localised burst of velocities [143].

Starting from this point is when physics, in concrete, physical modeling

enter to the process of collective cell motion. Describing the motion of

cells in a quantitative manner requires solving equations that incorporates

different reactions inside the cell and in the environment. There are some

reviews [144, 145] where different physical methods that have been used

to model this phenomenon were used. A well known method is the Vicsek

models [146] of self propelled particles in active matter with or without

inter-particle adhesion are commonly used. But to model more realistic cell-

cell interactions it is necessary to take into account the spatial extension and

the dynamic change in the shape of cells, task that cannot be performed by

describing cells by simple point particles. Cellular Potts Model [147, 148],

based in lattice models is another successful approach to study this systems.
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Here, the cell is represented as a group of pixels of a given size where every

pixel is updated one at a time according to certain probability rules. The

main limitation of this method is that the dynamics of pixel updates are

some somehow artificial and hard to relate with real dynamics of cells.

Active Network models, where Vertex [149, 150] and Voronoi [151, 152]

models belong are also used to study cell migration, describing tissues as a

network of polygonal cells [153]. A limitation of these models is that they

do not take into account the internal processes in the cell and anisotropic

active stresses in the tissue.

In particular, the social ameoboa Dictyostelium discoideum organizes its

colonies with chemical waves which produce the aggregation of the cells

due to chemotactic motions of the cells. The whole set of interactions

is complex and although there are several models studying its properties

there is a lack on the link between the interior of the cells and the col-

lective dynamics. For this reason, here, one more time is applicable the

deformable properties of the phase field models to study numerically the

interaction among deformable objects representing several Dictyostelium

discoideum cells. The mathematical model used here is described in the

previous section and is formed by a reaction-diffusion system embedded

into the evolving shape of the cell, fitted to reproduce the dynamics of

such cells under different conditions [88, 89]. First, the interactions be-

tween two cells is study and later the same analysis is done by increasing

the density of cells to promote the cell cell interactions.

In the same was as a study of a single cell, there are also some works related

to the use of a phase field model to study the collective motion of eukaryotic

cells. One early stage for this study considered the shape change due to the

interactions [154] and the rearrangement of cells in clusters [155]. Other

works consider a monolayer of deformable motile cells where a solid-liquid
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transition is exposed and with this the motility of the cells gets affected

[156, 157, 158, 159, 160]. Also the effect of collisions between deformable

cells lead to an alignment and collective motion [81, 161, 162].

4.2 Phase field description for a multi cellu-

lar system

The computational model used here is the extension of the phase field model

coupled with a stochastic bistable process for an individual Dictyostelium

discoideum cell which has previously studied in section 3. Unlike in the

previous section, a distinction in the model has to be done, for every sim-

ulation each cell is represented by its own concentration ci and phase field

ϕi. Again, the phase field defines the area of the cell and varies from ϕi = 1

inside and ϕi = 0 outside the cell, respectively. A part from the consider-

ations previously mentioned, the model also couples the repulsion among

cells to prevent overlap or adhesion. The phase filed with the addition of

the repulsion term evolves according to the next equation:

τ
∂ϕi

∂t
= γ

(
∇2ϕi −

G′(ϕi)

ϵ2

)
− β

(∫
ϕi dA− A0

)
|∇ϕi|

+αϕi ci |∇ϕi| −mrep

N∑
j=1,i ̸=j

ϕiϕj |∇ϕi| . (4.1)

Where in the fourth term in the right side of the equation the cell-cell

interactions are modeled, promoting a membrane-membrane contact be-

tween cells but at the same time excluding cell overlap, in this term N

corresponds to the total number of cells in the system.
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Even though the equation corresponding to the dynamics of the biochem-

ical component did not undergo modifications now every cell has its own

concentration denoted as ci. Such concentration diffuses and reacts inside

the cell following the next equation

∂(ϕici)

∂t
= ∇ (ϕiD∇ci)+ϕi[ka ci (1−ci)(ci−δ(ci))−ρ ci]+ ϕi (1−ϕi) ξi(x, t),

(4.2)

where the the noise at the cell membrane (ξ(x, t)) and the parameter con-

trolling the evolution of the concentration (δ) are compute for each cell

following the same dynamics as equations (2.3) and (2.4), respectively.

Simulations were performed using finite differences with a spatial and tem-

poral resolution of ∆x = 0.15µm and ∆t = 0.002 s, respectively. The

Euler-Maruyama method was used for the stochastic integration of the

partial differential equations. The total area considered for each cell was

kept constant at A0 = 113 µm2 corresponding to a circular cell with radius

r = 6µm. The area covered by the biochemical component ci was main-

tained at C0 = 28 µm2, corresponding to a quarter of the cell area. The size

of the grid and the number of cells were varied to explore different packing

fractions NA0/L
2 in the range from 0.24 to 0.78. Initial conditions of the

intracellular concentration fields are chosen to produce polarized cells and

promote collisions in the case of binary interaction scenarios, and isotropic

in the case of multi-particle simulations.
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4.3 Defining polarity and velocity vectors of

migrating cells

Some characteristic cell morphologies as observed in numerical simulations

are displayed in Figure 4.1. Patches of high concentration of the biochem-

ical component ci that typically result in extensions/protrusions of the

cell boundary are shown in green color in the respective images (cf. Fig-

ure 4.1A). Similar to earlier experimental work, where fluorescently marked

patches of PI3K were used to quantify the polarization of cells [163], it was

taken the advantage of the distribution of the biochemical field ci for that

purpose here as follows. The total area of the cell (AT ) was measured in

order to obtain the corresponding centroid coordinates (xT , yT ). The total

area(s) of the patches covered by high values of the field ci (ACi) were also

measured to obtain the centroid coordinates (xCi
, yCi

) of these area(s). If

multiple patches exist, it was taken the weighted average of the individ-

ual centroid coordinates to obtain the coordinate (xCT , yCT ). Eventually,

a polarization vector P⃗ is defined as the distance between the centroid

coordinates (xT , yT ) and the coordinates (xCT , yCT ). Moreover, a velocity

vector of cell propagation V⃗ is defined as the distance between the cen-

troids of the cell at time t and at subsequent time t + ∆t divided by the

numerical time step ∆t. In addition, the angle θ between the two vectors

P⃗ and V⃗ was calculated. In Figure 4.1B-D, the corresponding definitions

of the coordinates, vectors, and the angle are shown.
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Figure 4.1: (A) Snapshots of the different cell phenotypes as observed in
numerical simulations. Green patches indicate the presence of the biochem-
ical component c. Scale bar: 10µm. (B) Illustration of the calculation of

the cell polarity vector P⃗ in the presence of one patch (top) or several
patches (bottom). In the latter case, it was considered the weighted aver-
aged of the vectors p⃗i shown in red. The weights are determined by the
respective patch size. (C) Illustration of the spatial displacement of a cell
in the time interval from t to t +∆t. (D) Graphical representation of the

angle θ between cell polarity P⃗ and velocity vector V⃗ .

4.4 Protocol of the interaction between two

cells

All the possible collisions between two cells that can be generated in the nu-

merical simulations were divided into two specific types: frontal and glanc-

ing collisions, see Figure 4.2A. For both types, it is observed three main

interaction scenarios with different outcomes as illustrated in Figure 4.2.

In the first scenario, which is defined as alignment (Figure 4.2B), both cells

face and migrate into the same direction after the collision. In the second

case, the anti-alignment scenario (Figure 4.2C), cells repel each other and

move away in opposite directions after the collision. Finally, upon collision,

the motion of the two cells may also stall and both cells may remain on the

spot, pushing head-on against each other for an extended period of time,

before they eventually get released by a random fluctuation. Calling this

scenario as stuck/push interaction (Figure 4.2D).
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Figure 4.2: (A) Graphical illustration of the different collision scenarios
and (B) the respective outcome of the interaction. Initial conditions for
binary collision are glancing (top) and head-on collision (bottom). The
interaction may result in alignment of cells, anti-alignment of velocities
and cell polarities or cells may stuck/push head-on, thereby impeding each
others motion.

4.5 Motion of single cell depends on polar-

ization

Cell polarity is a fundamental feature that plays a key role in many cellular

functions, such as cell growth, division, and migration. In particular, de-

pending on their degree of polarity, motile cells can display several different

motion patterns, such as random, oscillatory or persistent movement. For

a motile cell, polarity is typically defined based on the leading and trail-

ing edge (head and tail) of the moving cell. In the model used here, it is

the biochemical component ci which triggers the formation of membrane

protrusions (pseudopods) at the cell boundary, and is thus responsible for

setting the sense of orientation of the moving cell. For this reason, it is

quantified polarity based on a polarity vector P⃗ that measures the asym-

metry in the subcellular distribution of the biochemical component ci, see

Section 4.3 for details. To what extent the displacement of the cell is gov-

erned by the direction of the polarity vector is the subject of study of this

section.

A wide range of cell motion patterns was studied in numerical simulations
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of the present model previously [88]. It was shown that the transition

from random to persistent motion is controlled by the model parameter ka,

see Eq. (4.2). Small values of ka give rise to an erratic trajectory that is

caused by the random appearance of protrusions all around the cell. On

the other hand, large values of ka produce a more persistent trajectory due

to the accumulation of protrusions in one region of the membrane that sets

the overall direction of motion. Those scenarios were associated with the

vegetative and the starvation-developed states of D. discoideum cells [88],

respectively.

Here, is studied cell migration patterns for different values of the parameter

ka, focusing on the dynamics of the displacement and polarity vectors to

quantitatively analyze the role of cell polarization for the different modes

of locomotion (see Figure 4.3). For every row in Figure 4.3, the panel in

the first column shows a snapshot of a simulated cell with a superposition

of the polarization vector P⃗ (in black) and the cell propagation vector V⃗

(in red). The second column presents the cell trajectories in space. Here,

a pronounced change from random to persistent motion can be seen from

top to bottom with growing ka, in line with earlier results [88]. Thus, cells

perform larger explorations in space as they become more persistent for

high values of the parameter ka. In the third column, the correlation of

the normalized magnitude of the vectors P⃗ and V⃗ is displayed, revealing

a high degree of correlation for large values of ka, whereas correlations are

low for small ka. In the fourth column, circular histograms of the angle θ

between the vectors P⃗ and V⃗ are displayed. For small values of ka both

vectors are typically misaligned, while alignment is observed for high values

of ka. The corresponding probability distribution exhibits a peak around

zero that becomes increasingly pronounced for growing values of ka. These

results show that the vectors P⃗ and V⃗ are more likely to align for growing

64



4.6. SIMULATION RESULTS OF THE INTERACTIONS BETWEEN
TWO CELLS

values of ka, resulting in an increased probability for values of θ close to

zero.

In short, the dynamics of the cell propagation vector V⃗ , the polarization

vector P⃗ and the angle θ between them reflects the more persistent and

less random motion of cells as the parameter value of ka increases. To

summarize the dependencies on the parameter ka, it is shown the mean of

the absolute values of the vectors P⃗ and V⃗ as well as the angle θ between

them as a function of ka in Figure 4.4. With increasing parameter ka, larger

mean values of the polarization vector P⃗ are observed in Figure 4.4A. This

is associated with increasing mean values of the velocity of polarized cells,

see the magnitudes of the vector V⃗ in Figure 4.4B. Figure 4.4C finally

shows that not only the absolute values of P⃗ and V⃗ increase, but also

their alignment is more pronounced with increasing ka, so that the mean

angle θ decreases. For a better comparison, box plots of the angle θ are

presented in Figure 4.4D. In summary, persistent motion (high values of

ka) is characterized by larger magnitudes of the vectors P⃗ and V⃗ and by

smaller angles θ between them, i.e. by increased alignment of the polarity

and the displacement directions. On the other hand, random motion (small

values of ka) results from smaller magnitudes of P⃗ and V⃗ and larger angles

θ, indicating the absence of alignment due to the irregular distribution of

patches of ci that trigger random protrusion all around the cell boundary.

4.6 Simulation results of the interactions be-

tween two cells

Before addressing the dynamics of multiple interacting cells, is better to

focus first on the interactions between two cells. As detailed in the Sec-
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Figure 4.3: Each row corresponds to a particular single cell phenotype
for increasing values of the parameter ka. In the first column, snapshots
along with the polarization and velocity vectors P⃗ and V⃗ are depicted in
black and red, respectively. The corresponding trajectory is shown in the
second panels. Third panels represent the correlation of the magnitudes
of vectors P⃗ and V⃗ , which were normalized with respect to the maximal
value observed during a simulation. The fourth column panels represent
circular histograms for the angle between the vectors P⃗ and V⃗ . Parameter
values: (A) ka = 1 s−1, (B) ka = 2 s−1, (C) ka = 3 s−1, (D) ka = 4 s−1,
(E) ka = 5 s−1, (F) ka = 6 s−1.

tion 4.2, it was extended the phase field description of a single amoeboid

cell by including a repulsive force between them; any kind of adhesive force
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Figure 4.4: (A) Magnitude of mean polarity ⟨
∣∣∣P⃗ ∣∣∣⟩, (B) mean velocity ⟨

∣∣∣V⃗ ∣∣∣⟩
and (C) the mean angle for different values of the reaction rate parame-
ter ka. Accordingly, this parameter controls the polarity of single cells. (D)
Box plots of the angle θ as a function of the reaction rate parameter ka.
For high ka, velocity and cell polarity tend to be aligned.

is neglected. For the following simulations, it was chosen the model param-

eters in the regime of persistent motion, in particular, the reaction rate was

set to ka = 5s−1. A pair of cells close to each other on a square grid for a

period of 90 s were simulated with the purpose of making them interact and

analyzing the collision dynamics between them. From the simulations, it is

possible to distinguish three types of collision scenarios that were termed

alignment, anti-alignment and stuck/push, illustrated in Figure 4.2 (see also

Section 4.4). In Figure 4.5 are displayed a representative series of snap-

shots for each of the three scenarios observed in simulations of glancing

collisions (Figure 4.5A-C) as well as for head-on collisions (Figure 4.5D-

F). It was found that the avoidance between cells (anti-alignment) was the

most frequently observed case in the simulations, see Figure 4.5B and E.
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The second most frequent scenario was the alignment of cells, as can be

seen in Figure 4.5A and D. Finally, the stuck/push scenario was only rarely

observed, see Figure 4.5C and F. The two cells, which get stuck upon col-

lision, push against each other for an extended period of time, before the

shape of one of them is strongly distorted, as a consequence of which the

heads-on pushing configuration is destabilized and they continue moving

in different directions. However, as will be show in the next sections, this

case will be more frequently observed when the density of cells is increased.

Additionally, it was analyzed the collision-induced dynamics of the cells in

more detail in Figure 4.6, following the same order as in Figure 4.5. In the

first column are displayed snapshots of the two interacting cells for every

studied case, including the polarity vector P⃗ and velocity vector V⃗ for

each cell. In the second column, representations of the cell trajectories are

shown, revealing clear differences between the different collision scenarios.

In the alignment case (A and D), for example, trajectories tend to be

parallel, while a crossing of tracks is seen for the anti-alignment scenario

(B and E). Only small displacements are obtained in the stuck/push case

(C and F) as cells impede each others motion upon head-on collision. The

third column displays again the correlation of the normalized magnitudes

of the vectors P⃗ and V⃗ . The fourth column shows the distributions of

the angle θ between the polarity and velocity vectors P⃗ and V⃗ for the

two interacting cells – wider distributions for the angle are seen in the

stuck/push scenario.

For all the cases, the magnitude of both vectors tend to correlate, regardless

of the orientation of the cells. This behavior is more clearly observed in

the alignment and anti-alignment cases, while in the stuck/push case this

tendency is weaker. As mentioned before, these distributions are wider for

the stuck/push case, indicating stronger fluctuations and less correlations
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Figure 4.5: Sequence of snapshots of a binary interaction of cells, repre-
senting (A) alignment, (B) anti-alignment and (C) stuck/push scenarios
for a glancing collision. Panels (D), (E) and (F) show the alignment, anti-
alignment and stuck/push scenarios, respectively, corresponding to head-on
collision. Scale bar: 10µm.

in the orientations of the polarity and velocity vectors P⃗ and V⃗ .

The results discussed in Figure 4.6 are summarized by box plots of the

angle θ between P⃗ and V⃗ for the different scenarios shown in Figure 4.7.
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Figure 4.6: Quantitative analysis of binary cell interactions in terms of the
cell polarity and velocity vectors for different interaction scenarios, cf. Fig-
ure 4.5. For every row (A-F), the first column panels show the snapshots of

cells where a representation of the vectors P⃗ and V⃗ is included. The second
column shows the corresponding trajectories. Analogously to Figure 4.2,
the third column represents the correlation of the rescaled magnitudes of
vectors P⃗ and V⃗ of the two interacting cells. The panels in fourth column
show circular histograms of the angle θ enclosed by cell polarity P⃗ and
velocity V⃗ . The collision scenarios in (A-C) correspond to glancing colli-
sions, resulting in (A) alignment, (B) anti-alignment and (C) stuck/push
configurations. In contrast, panels (D-F) correspond to head-on collisions,
likewise resulting in (D) alignment, (E) anti-alignment and (F) stuck/push
configurations.
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The alignment and anti-alignment scenarios generate only small differences

in the orientations of the vectors P⃗ and V⃗ during the interactions and,

therefore, P⃗ and V⃗ are typically aligned. In contrast, larger deviations of

the relative orientation of the vectors and, consequently, larger values of θ

occur in the stuck/push scenario, indicating that vectors P⃗ and V⃗ are not

aligned.

Figure 4.7: Boxplot representations of the measured angles θ during the in-
teraction of two cells. The panels correspond to alignment, anti-alignment
and stuck/push cases for the glancing collisions (A1-A3) and head-on col-
lisions (B1-B3), respectively.

4.7 Simulation results with larger set of cells

The increase of the number of cells implies an increase of the computational

cost and, more complex dynamics is observed for the interactions among

the cells.

First, it was considered a system formed by 25 cells moving and interact-

ing freely in a system formed by a square region of length L = 108 µm.
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From the resulting dynamics, the previous three types of collision (aligning,

avoiding and pushing) were identified.

Several snapshots of such simulations are shown in Figure 4.8. The twelve

snapshot shown in the figure show a large system where the 25 cells in-

teract. During the simulation the different types of two cells collisions are

observed and some of them are highlighted inside a red circle in the figure.

Images in Figure 4.8A begin with the situation where two cells are close to

collide between them. Once they get in contact, they start to align respect

to each other to continue their trajectories. In the snapshots in Figure

4.8B, the two cells marked avoid each other to continue following different

trajectories. Finally, Figure 4.8C shows two cells which collide and stay

stuck and pushing each other for a period of time, after such time, both

suddenly dis-aggregate and continue following different paths.

4.8 Increase of density decreases mobility

and misalign polarization and motion

From here, larger numbers of interacting cells will be considered. From

the various cell-cell interactions within the ensemble of cells, it is possible

to identify the previously observed three collision scenarios: alignment,

anti-alignment and stuck/push, see Figure 4.8.

The system size L was varied, keeping the number of cells N = 25 fixed, to

assess the density dependence of motility characteristics, the relevance of

collision scenarios and the resulting collective pattern formation. The cell

density ρR = NA0/L
2 is determined by the number of cells per unit area

in the simulation box. At high cell densities, jamming is expected to be
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Figure 4.8: Snapshots of binary interactions in an ensemble of cells (pe-
riodic boundary conditions). The red marks highlights characteristic col-
lision scenarios: (A) alignment, (B) anti-alignment and (C) stuck/push
configurations. Scale bar: 10 µm.

more relevant as the probability of cell-cell collisions increases. To study

these effects, five different domain sizes were simulated; Figure 4.9 shows

exemplarily the gradual transition from a dilute (Figure 4.9A and Supple-

mentary Movie SM7) to a dense system (Figure 4.9E and Supplementary

Movie SM8).

In high density scenarios, stuck/push interactions are more commonly ob-

served as cells trying to follow their own trajectory collide with others,

thereby competing for free space. This behavior is expected due to the

higher packing fraction. For the chosen model parameters, cells tend to

remain fairly polarized – the mean magnitude of the polarity vector does

only weakly depend on the cell density (cf. Figure 4.9F). The mean ve-

locity, however, decreases significantly as the cell density is increased (see
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Figure 4.9G) due to the lack of free space in a dense system. As a result

of frequent cell-cell collisions, the angle between polarity and displacement

vectors increases on average as a function of the density ρR as shown in

Figure 4.9H. This is in line with a previous observation that velocity V⃗ and

cell polarity vector P⃗ tend to be misaligned as a result of stuck/push inter-

actions (see Figure 4.6F and the corresponding discussion in Section 4.6).

As cells remain polarized – most of the biochemical component ci is con-
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Figure 4.9: Snapshots of simulations with constant cell number N = 25
and varying system size with a difference in side length of L = 12µm
between consecutive panels. The side length L of the simulation box and
the packing fraction ρR = NA0/L

2 are: (A) L = 108µm and ρR = 0.24;
(B) L = 96µm and ρR = 0.30; (C) L = 84µm and ρR = 0.40; (D) L = 72µm
and ρR = 0.54; (E) L = 60µm and ρR = 0.78. (F) Mean polarity, (G)
mean speed and (H) mean angle between velocity and polarity for different
packing fractions ρR. The number of cells was fixed (N = 25 cells), while
the system size was varied. The fits in panels (G) and (H) provide a guide
to the eye. Scale bar: 10 µm.

centrated in one certain part of cells – but collisions change their velocities,

the vectors P⃗ and V⃗ cease to be aligned and the angle between them, thus,

increases.

The numerical results suggest that stuck/push collision scenarios are more

relevant at higher cell densities. As cells impede each others motion as a
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result of stalling, these collisions may lead to the formation of clusters com-

posed of immobile cells. This mechanism is reminiscent of the explanation

of motility-induced phase separation (MIPS) as observed in self-propelled

discs [164] that show phase separation at high density because particles

hamper each others motion upon head-on collision. It is important to high-

light, that the clustering dynamics observed in deformable cells is different

from classical MIPS: as cells are deformable, the local stress acting on one

cell is anisotropic. This effect is even more pronounced as clusters grow

in size and, consequently, the local pressure increases. As a result, clus-

ters frequently break apart, thereby giving rise to a complex and dynamic

clustering dynamics. To quantify clustering, the cluster size distribution

was measured numerically (Figure 4.10). It was considered that two cells

belong to the same cluster if the distance between them is smaller than

12µm which corresponds roughly to twice the average radius of a cell (in

the absence of interactions). At low densities, a few collisions lead to the

transient formation of small groups of cells. Group sizes range from a few

cells to more than half of the total number of cells in the system (Figure

4.10A). In contrast, larger groups are more frequently formed in dense sys-

tems (Figure 4.10B-D). Accordingly, the cluster size distribution broadens

as the cell density is increased and adopts even a bimodal shape in the high

density limit (Figure 4.10E). A direct comparison of the transition from a

unimodal to a bimodal shape can be seen in Figure 4.10F, where panels

corresponding to the lowest and highest density are shown together for a

better visualization. This structural change of the cluster size distribution

eventually allows to define a critical density above which clustering sets in,

similar to the clustering transition observed in ensembles of self-propelled

rods [165, 166].

It was furthermore quantified the random transport of cells within an en-
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Figure 4.10: Histograms of the observed cluster sizes for various packing
fractions. The cell number was kept constant (N = 25 cells) and the
system size was varied. The packing fractions values of the different panels
are (A) ρR = 0.24, (B) ρR = 0.30, (C) ρR = 0.40, (D) ρR = 0.54 and
(E) ρR = 0.78. For increasing density, the cluster size distribution changes
from a unimodal to a bimodal structure, signaling a clustering transition.
This transition is highlighted in the last panel (F), where the cluster size
distribution for low and high packing fraction is overlayed to simplify the
comparison.

semble by the mean square displacement ⟨|∆x⃗(t)|2⟩, i.e. the average dis-

placement of a cell evaluated at different time lags. The mean square

displacement (MSD) decreases monotonically with the cell density ρR as

cells can move more persistently at lower cell densities. In all cases, it is

observed a transition from a ballistic regime (⟨|∆x⃗(t)|2⟩ ∼ t2) at short time

scales to a diffusive regime (⟨|∆x⃗(t)|2⟩ ∼ t) in the long-time limit (see Fig-

ure 4.11). It was measured the density dependence of the effective diffusion

coefficient D of cells by fitting Fürth’s formula,

〈
|x⃗(t)− x⃗(t = 0)|2

〉
= 4D

[
t− τ

(
1− e−t/τ

)]
, (4.3)

to the numerically obtained MSD curves. The diffusion coefficient de-

creases as the density is increased (cf. Figure 4.11C). Moreover, the fits

show that the crossover timescale τ decreases as the density of particle
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increases, due to a reduction of the mean-free path and a higher collision

frequency at high density.
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Figure 4.11: (A) Mean square displacement (MSD) of cells for a system
of N = 25 cells in a box of various side length (implying various packing
fractions). (B) Mean square displacement (MSD) of particles, divided by
time, for a system of N = 25 cells in a box of various side length. (C)
Dependence of the effective diffusion coefficient on the packing fraction,
extracted via fitting Fürth’s formula to the mean square displacement; the
inset shows the decrease of the crossover timescale τ as a function of the
density (Eq. (4.3)).

It was double-checked that equivalent results are obtained when the den-

sity is increased by changing the particle number in a system of fixed size

of L = 108µm (data not shown) instead of fixing the particle number and

decreasing the side length of the simulation box as discussed above (Figures

4.9-4.11).

4.9 Increasing of the system size keeping the

density of cells does not modify the ob-

served dynamics

The results section was concluded by assessing the relevance of the finite

system size in numerical simulations. A finite-size scaling analysis was

performed, varying the number of cells and system size such that the density

or, equivalently, the packing fraction is kept constant. Five representative

snapshots of the simulated systems are shown in Figure 4.12A-E, where the
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number of cells is 25, 36, 49, 64 and 81, respectively, and the system size was

adjusted from L = 60 µm to L = 108 µm accordingly. As shown in Figure

4.12F and G, the measured value of the mean polarity and velocity does

not reveal a significant system size dependence. Furthermore, the angle θ

between the vectors P⃗ and V⃗ in all cases does not change on average as

the number of cells is varied (cf. Figure 4.12H).
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Figure 4.12: Snapshots of simulations with the same particle packing frac-
tion ρR = 0.78. The number of cells and the side length are (A) 81 cells and
L = 108µm, (B) 64 cells and L = 96µm, (C) 49 cells and L = 84µm, (D)
36 cells and L = 72µm, (E) 25 cells and L = 60µm. (F) Mean polarity, (G)
mean velocity and (H) mean angle between velocity and polarity vector for
a fixed packing fraction but various cell numbers in the system. Scale bar:
10 µm.

The tendency of cells to align or impede each others motion upon collision

in stuck/push configurations implies a tendency towards cluster formation

in the system (see Supplementary Movies SM9 and SM10 for simulations

with 49 and 64 cells, respectively). As the system size increases, larger

clusters of cells tend to form as shown in Figure 4.12. The clustering

dynamics were quantitatively investigated by measuring the cluster size

distribution in the stationary state; a comparison of all the studied cases is

displayed in Figure 4.13. In contrast to the numerical experiment discussed

in Section 4.8, where the density was increased, the shape of the cluster
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size distribution is now qualitatively independent of the system size as the

cell number and system size is increased simultaneously such that the cell

density remains constant. The cluster size distribution turns out to be

bimodal for the considered density (Figures 4.13A-E). Figure 4.13F shows

the probability of the rescaled cluster size for the system with the highest

(N = 81) and smallest number of cells (N = 25). Note, however that the

results display large fluctuations and conclusions have to be drawn with

caution.

Figure 4.13: Cluster size distribution for a fixed packing fraction but various
system sizes: (A) 81 cells and L = 108µm, (B) 64 cells and L = 96µm,
(C) 49 cells and L = 84µm, (D) 36 cells and L = 72µm, (E) 25 cells
and L = 60µm. In panel (F) is overlaid the probability distribution of
the re-scaled cluster size n/N for the smallest and largest particle number,
indicating that the structure of the cluster size distribution is system size
independent.

4.10 Discussion

A generic mathematical model to describe the collective pattern formation

of soft, deformable, self-driven cells was employed. The model couples the

intracellular biochemistry, responsible for cell polarization, the formation
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of membrane protrusions and, thus, for active motion, with a phase field

which accounts for the current position and shape of the cell membrane.

Each cell is described by an individual phase field. It was included a re-

pulsive interaction between cells into a previously established phase field

model for individual cells [88] in order to prevent them from overlapping.

This framework enables us to address the complex interplay of dynamic

particle shape, nonlinear repulsive interactions, self-propelled motion and

the emergence of collective patterns in the context of active matter.

Individual D. discoideum cells may aggregate following chemotactic sig-

nals to form a multicellular structure [167]. At large spatial scales, the

chemotactic concentration and the density of cells can be modelled using

reaction-diffusion equations [168]. In addition, there are several attempts

to model the life cycle of D. discoideum from single cell shape changes and

chemotaxis to collective behavior [169, 170].

The present modeling framework constitutes an active matter system com-

posed of individual propellers, which are simple models of deformable

cell like amoeba, e.g. D. discoideum cells. Whereas the role of particle

shape [165, 166, 171] and the symmetries of interactions [146, 172] have

extensively been debated for active matter systems, the relevance of the de-

formability of particles has seldomly been addressed [162, 173]. Oftentimes,

active particles are considered as point-like objects or active spins [174], in

the spirit of the seminal Vicsek model [146, 172], or as rigid objects such

as active rods [166], microswimmers [175] and self-propelled discs [176] or

. The advantage of these approaches is their low computational cost, al-

lowing to simulate several thousands of particles simultaneously. The com-

putational cost associated with the incorporation of the deformability of

particles, however, precludes the modeling of large amounts of individuals.

A number around 100 cells was reached in the simulations and, therefore,

80



4.10. DISCUSSION

it is still far away from the limit considered in more theoretical studies.

However, here is made a first step towards connecting the dynamics at dif-

ferent scales, namely the intracellular pattern formation – responsible for

the polarization of cells – and the collective dynamics of several individuals.

As observed in the simulations, cell deformation is an important aspect

included in this work. It permits to recreate scenarios closer to reality,

for example in the study of motility in reduced spaces such as narrow

vessels in the process of cancer metastasis [130, 177]. This deformation is

driven by the accumulation of a biochemical component inside the cell and

by the interactions among the different cells present in the system. This

characteristic is also observed when nonequilibrium stresses are built up

during cluster formation and cells begin to deform. This is quite different

from rigid spheres, where other mechanisms influence the motion.

The numerical simulations presented in this work reveal rich collective pat-

tern formation phenomena. For rigid active particles, the symmetry of indi-

viduals determines the symmetry of the interaction potential and, thereby,

constrain the symmetries of emergent patterns: self-propelled discs may un-

dergo dynamic clustering or motility-induced phase separation [176, 178]; in

the classical Vicsek model with polar alignment interaction, polarly ordered

structures are observed at the macroscale [146, 172]; elliptical self-propelled

rods, in contrast, may form polar or nematic patterns, which may even dy-

namically coexist, depending on the strength of self-propulsion [171, 179].

Collective dynamics of cells is strongly determined by the interactions

among them. While here it was only considered a repulsion term, there

are other phenomena involved in cell-to-cell communication [180] and, in

particular, in cell-to-cell contact-inhibition [181]. Such interactions can be

easily included in the present model. There are already some attempts to

include deformation in collective cell dynamics. A protrusion region has
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been added to rigid spheres to simulate the deformation of the cells [154]

and some phase field models have been already implemented to describe

oscillations in epithelial cells [157]. Deformable cells, however, do not fall

in any of these categories as the particle shape and, thus, the symmetry

of the interactions, is a dynamic feature which is determined by intracel-

lular biochemical processes as well as the complex, nonlinear interactions

with other cells due to collisions that, in turn, induce additional cell shape

changes. Accordingly, it was found different interaction scenarios that may

lead to alignment, anti-alignment and stuck/push configurations, whose

relevance depends on the relative position and orientation of two cells be-

fore the collision event, the stiffness of particles as well as the global cell

density.

The modeling framework decouples the actual displacement of a cell in

space from the intracellular polarization dynamics. Therefore, it is possi-

ble to establish cell polarity P⃗ and velocity V⃗ based on the biochemical

concentration patches and spatial displacements, respectively, enabling to

quantify the intricate, nonlinear coupling of cell polarization and motion. It

was first analyzed at the single-cell level for different parameters sets which

could, for example, represent vegetative or starvation conditions of D. dis-

coideum cells. Furthermore, it was established how cell polarity and veloc-

ity vectors – as well as the angle between them – behave in ensembles of

interacting cells and studied their density and system size dependence. For

the considered model parameters, cell polarization depends only weakly on

cell density, whereas the velocity of cells strongly decreases as the packing

fraction is increased.

The present modeling framework allows to tune parameters such that the

cell polarity is rather stable. The stability of the polarity axis, due to the

intracellular pattern formation mechanisms described here, represents an
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effective memory on the polarity axis [182]. This memory precludes the

formation of pseudopods at the side and at the rear of the cell [183] when

cells follow a gradient of chemoattractant [49]. In this case, the polarity

axis can be determined by the external gradient or by fitting an ellipsoid

to the cell.

In single cell systems, velocity and polarity of cells are directly correlated.

During persistent motion, most of the biochemical component inside the

cell is accumulated behind the leading edge of the cell membrane; cell

polarity and velocity vectors are aligned to a high degree, i.e. the angle be-

tween them is small. A random reorientation takes places if various patches

of the biochemical concentration exist inside the cell, thereby inducing a

misalignment of cell polarity and velocity vector.

In ensembles of interacting cells, a nontrivial coupling of cell polarization

and velocity emerges dynamically due to cell-cell collisions. Even if pa-

rameters are tuned such that cells remain highly polarized (starvation con-

ditions of D. discoideum), there is a density dependent contribution to

the interaction between cell polarization and velocity. In particular, jam-

ming of particles misaligns polarity P⃗ and velocity V⃗ ; in the high density

regime, stuck/push collisions during which cells stall each others motion

are most prominent. Consequently, is observable a transient clustering –

clusters dynamically build-up and break apart. The stability of clusters

is crucially determined by the deformability of cells: as cells are soft, the

local anisotropic stress acting on one cell inside a cluster yields cell-shape

changes which may eventually destabilize the entire cluster. In the low

density regime, in contrast, cells can move freely and persistently, reflected

by the tendency of cell polarization and velocity to align.

Several model parameters were fixed within this study. There is poten-
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tially a plethora of modes of motility to be explored by changing the level

of noise intensity, for example. Moreover, the modeling framework can be

extended in many nontrivial ways in the future, e.g. including confinement,

attractive interactions or collision-induced inhibition [81, 154, 162]. Spe-

cific modifications will enable to bring the modeling closer to a particular

application, such as the study of collective cell motility in wound repair,

immune response and tissue morphogenesis [184, 185].

In summary, it was developed a generic modeling framework to compu-

tationally simulate the dynamics of active matter systems which are com-

posed of deformable particles, such as amoeboid cells. This method bridges

the gap between the intracellular biochemical kinetics, in turn controlling

the membrane activity of cells, the resulting locomotion of amoeboid cells

and their emergent collective dynamics. Understanding self-organization

processes of cells is of high relevance, for example for the aggregation pro-

cesses of D. discoideum, but also for collective cell dynamics during immune

responses and cancer spreading.
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Chapter 5

Crawling cells in a confined

environment

5.1 Introduction

Under confinement, cells migrate and often move inside narrow and small

spaces; as a consequence the cells restructure the cytoplasm and deform

the membrane to pass through those small spaces. Recently, the use of

microfluidic chips to study this type of cell motility has become more com-

mon. These devices have the characteristic that they are connected through

open spaces in the form of parallel channels (microchannels) which allow

the loaded cells or fluids that are being studied to move along in certain

directions. The materials that are employed to develop these types of de-

vices are silicon, glass and polymers. Some examples of these devices are

shown in Figure5.1A-C. Devices made of polydimethylsiloxane (PDMS)

polymers are commonly used in laboratories due to their low cost and ease

of manufacture [186, 187], see Figure5.1D.
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Figure 5.1: Three most common materials in microfluidic chips, (A) silicon,
(B) glass and (C) polymers. (D) Scheme of a PDMS device microfluidic
channel where two auxiliary channels run in parallel.

In the in vitro scenario some experiments have been done associating the

free-flow transport of particles and cells in microchannels with the use of

electrokinetics [188], frequency-modulated ultrasound [189], a light-directed

migration of multi-cellular organisms (slugs) [190], the response due to

a cAMP gradient [191, 192], water permeation [193] and the absence of

external gradients [194, 195].

These experiments analyze how microchannels modify the ability of cells

to spread and polarize, and their resulting speed. The further study of

cell migration inside microchannels allows us to examine some aspects of

the environmental confinement with cells experiments in vivo [196]. for

example, to quantify and determine the existence of an optimized environ-

ment for the motility of a specific group of cells like lymphocytes. Another

application with great relevance nowadays is the tracking strategies asso-

ciated with cancer cells [197], first to target them and finally to start the

treatment.
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One characteristic observed in cells inside channels is the sudden persis-

tent motion, even with the absence or presence of gradients to guide the

motion of the cells; see Figure 5.2. Cells tend to slow down in narrow

channels because of the close contact with the walls. In wider channels the

cell is unable to touch both sides, reducing its forward protrusion [198].

Therefore, there is an optimal size where the cell’s speed is maximum.

Figure 5.2: (A) Snapshots for a in vivo persistent moving cell inside a
microchannel environment, (B) position of a persistent cell inside a mi-
crochannel as a function of time , (C) position of an erratic cell inside a
microchannel as a function of time. Scale bar: 10 µm. Figure adapted
from [130]

There are some studies where the effects of the size of microchannels were

modeled [199]. Despite achieving very close agreement with experiments

some of their limitations are the assumption that the cell slips freely on a

lubricated layer [200], which means that there is no contact between the cell
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and the wall, which is contradictory to the experiments where this contact

exists. Another limitation is the lack of cell deformability [201] and the

inability to encompass a front and a rear of the cell [202].

The adhesion of a phase field in a similar way as noted in previous sec-

tions has been studied to reproduce migration inside microchannels. This

technique was used to describe the intracellular and membrane dynamics,

taking into account internal and external forces, surface tension and obsta-

cle contact [84]. In this chapter this is combined in a stochastic bistable

process with a phase field to reproduce some types of cell motion and the

respective displacements and shape deformations in scenarios such as mi-

crochannels.

5.2 Phase field coupled to a crawling cell

model inside microchannels

In the present chapter the effect of the motility of a single social amoeba

Dictyostelium discoideum cell inside a microchannel is investigated. Here,

again, the model described in [88] is taken as a reference. For that purpose,

a phase field model was adapted to reproduce a scenario similar to that

in microchannel devices. To model this environment, a system coupled

with two parallel static walls where the cell moves in between them was

constructed. The dynamic phase field proposed here evolves in accordance

with the following equation:

τ
∂ϕ

∂t
= γ

(
∇2ϕ− G′(ϕ)

ϵ2

)
−β

(∫
ϕ dA− A0

)
|∇ϕ|+αϕ c |∇ϕ| −maϕc ϕ |∇ϕ| ,

(5.1)
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which corresponds to the phase field described in equation (2.1) with the

addition of the term −maϕc ϕ, which corresponds to the interaction of the

cell’s phase field and the static phase field representing the microchannel

walls.

In contrast, the reaction-diffusion equation related to the biochemical con-

centration, previously described as c, was maintained as described in equa-

tion (2.2).

5.3 Results of random and persistent cell

migration inside microchannels

To create regions of controlled microchannel confinement, simulations for

different channel widths were performed (4.5, 6.0, 7.5, 9.0, 10.5 and 12.0µm)

where position and instant velocity were measured. The parameters for

the simulations were the same as those used in Chapter 2 and periodic

boundary conditions were maintained. It is important to note that no

gradients were included in the simulations. Another point to take into

account is that the parameter corresponding to the reaction rate ka was

slightly varied for different simulations, with the purpose of studying a wide

range of different motility phases, from random to persistent motility. For

a better visualization, in Figure 5.3 a snapshot representation for different

channel widths is presented.

The motion of the simulating Dictyostelium discoideum cells inside a mi-

crofluidic device, represented by a channel, was measured. One notable

characteristic is that most of the cells inside the microchannel experienced

prevalent sudden changes in their trajectory and direction of motion (from
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Figure 5.3: Snapshots for the different channel width used in simulations.
(A)4.5µm, (B)6.0µm, (C)7.5µm, (D)9.0µm, (E)10.5µm and (F)12.0µm.
Scale bar: 10 µm.

left to right and vice versa).

Despite this, it is useful to make a distinction in the population of cells.

In Figure 5.4 a sequence of successive snapshots for the two representative

case of random and persistent moving cells is shown. On one side are, cells

with similar trajectories to a random walk (ka = 1, 2, 3 s−1) characterized

by several changes in the direction of displacement, see Figure 5.4 A for

an example. And on the other side are cells that moves persistently (ka =

4, 5, 6 s−1) through the microchannel device with a few directional changes

in their trajectory, see Figure 5.4 B.

The cell trajectories in the x-axis as a function of time for the studied

microchannel widths are shown in Figure 5.5. Each panel of Figure 5.5

exhibits representative samples of trajectories which stand for the different

channel widths and reaction rate values.

Each color scheme used in the panels corresponds to a certain width of the

system, whose precise value can be extracted from the box attached to the

right of panel D in Figure 5.5.

Panels A, B and C of Figure 5.5 represent the characteristic random/unpo-
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Figure 5.4: Sequencially snapshots for the two representative cell popula-
tion of cells inside the microchannels. A) Represents the case for a ran-
dom/unpolarized cell. B) Shows a persistent/polarized cell travleing inside
the channel. Scale bar: 10 µm.

larized type motility cells which are characterized by frequent changes in the

direction of displacement. The rest of the panels, from D to F, correspond

to the starving/polarized cells. This trajectories, displayed principally as

angled straight lines, demonstrate the clear persistence of movement mostly

in one direction with a few changes of direction.

Finally, cell speed was also measured. Figure 5.6 displays the velocity

in function of the channel width. A relation between the velocity and

the width of a channel was found, allowing the conclusion that narrow

channels tend to reduce the velocity, partly due to the lack of space that

the cell experiences and in some cases related to the parameters selected

in the model that directly affect the formation of more diverse biochemical

concentration areas which are the responsible for producing protrusions and

influencing the random cell displacement. However, in the representative

cases for unpolarized cells (panels A, B and C of Figure 5.6), the velocity
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Figure 5.5: Horizontal axes positions of several trajectories for different
reaction rate parameter and width size of the channel. In every panel the
reaction rate varied from A) ka = 1s−1, B) ka = 2s−1, C) ka = 3s−1, D)
ka = 4s−1, E) ka = 5s−1 and F) ka = 6s−1 with a separation of one unity
between them.

measured for the different widths of the channel did not change significantly.

In contrast, for the polarized cells, the space increase of wider channels

permitted the cell to move freely and more quickly inside the channel.

This can be seen in a clear way in panels D, E and F of Figure 5.6 where

the velocity rises as the size of the channel is increased.

5.4 Discussion

In general, for all the cases it was found that greater displacement was

present in wider channels than in narrower ones. As consequence the mi-

gration displacement and speed was also partially suppressed in narrow

channels.
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Figure 5.6: Mean measured velocities for different reaction rate ratio. Dif-
ferent width channels were shown in every panel, the reaction rate varied
from A) ka = 1s−1, B) ka = 2s−1, C) ka = 3s−1, D) ka = 4s−1, E) ka = 5s−1

and F) ka = 6s−1 with a separation of one unity between them.

A more detailed comparison shows a qualitative agreement between some

experiments previously observed and discussed in various studies [195, 203]

and the results obtained from the simulations. One of the highlights is that

the model of amoeboid motility under the influence of mechanical confine-

ment exhibits certain forms of persistence/polarized and random/unpolar-

ized displacement which have a dependence on the model parameters. One

example that may be observed is that using small values of ka, the model

can reproduce scenarios in which cells move randomly and erratically in-

side the microchannel changing the direction of displacement with great

frequency, while for high values of ka, cells were able to polarize inside

channels and to move in a persistent way for long periods of time in the

same direction.
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Many questions about the connection between migration and confinement

remain. Despite the differences in the experiments and the types of cells

that were used, some observations point to a greater velocity of cancer cells

inside narrow channels and a decrease in velocity in wide channels [197];

alternatively, it has been observed that T cells and cancer cells reach a

maximum velocity for an average width of a set of different width channels

[194, 203]; finally, yet other experiments show a scenario in which narrow

channels decrease the velocity of Dictyostelium discoideum cells [195].

However, the studies described above do not include gradient to stimulate

cell migration. Others have included an external gradient, normally in

the form of chemoattractant [191, 204, 205]. These results open up the

possibility to extend the analysis previously made to include an external

gradient in the model, similar to the experiments already mentioned [192].
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Chapter 6

Coupled Ras-Pseudopod

inducer model for a crawling

cell

6.1 Introduction

An intensive use of physical and mathematical theories on pattern forma-

tion in extended systems [206, 207], gave rise to valuable arguments to

explain the formation of certain biological structures. Such mathematical

mechanisms have permitted the modeling of processes on very different

spatial and temporal scales: from the formation of the skin in fishes [208],

to the definition of the direction in embryonic developing [209].

Some mathematical models relay on a local excitation, which, combined

with global inhibitions makes the cell respond to external gradients [105],

while others rely on the accumulation of a certain biochemical components

to guide the motion of the single cells [62]. Normally the accumulation re-
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sponsible for this second mechanism is combined with a conservation con-

straint because the process of polarization is fast in comparison to the pro-

duction of new biochemical components. With this restriction, the mech-

anism of pattern formation inside living cells together with the constraint

of mass conservation is analogous to a process of coarsening of the initial

nucleus of components [210] and gives rise to phase separation [211] and to

models of pattern formation [212]. Several simple models of intracellular

pattern formation have appeared that include the conservation restriction

[62, 92, 213].

Once the axes and direction of movement are defined, small projections

(defined as protrusions) are formed in the cell membrane [183]. These pro-

jections, which extend and retract periodically, are responsible for pushing

the cell to move. Inside these projections several signaling events are trig-

gered, for example activation of the Ras proteins and PI3K enzymes and

accumulation of PIP3 at the front of the cell, while activation of PTEN and

myosin occur at the rear of the cell [214, 215]. Membrane areas where the

protrusion activity is greater are typically characterized by the presence of

Ras-GTP protein zones, denoted as patches [216]. The appearance of Ras

regions around the membrane with high protrusion activity [51, 105, 217]

has been observed in the slime mold organism Dictyostelium discoideum

where it is related to cytoskeletal dynamics [218].

As described in previous chapters, a reaction diffusion model with bistable

dynamics is one of the common models of cell motility. Some one dimen-

sional bistable models are based in the formation of finite lifetime and

localized patches of high protein concentration [219, 220] while others are

based in membrane dynamics of moving connected points [221].

Here, first, it was transformed a one dimensional model of the polarization
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at the membrane of a single Dictyostelium discoideum cell [51] into a two-

dimensional domain for the waves in the basal membrane, in contact with

the surface, using an additional phase field for the shape of the cell. One

can observe a strong dependence of the numerical dynamics on the explicit

parameter values of the original model and on the intensity of the stochas-

tic fluctuations. Next, it was proposed a constrain on the conservation

of a component of the signal pathway, controlling the autocatalytic mech-

anism, to increase the robustness of the model to changes on parameter

values. Such types of conservation have been previously employed in other

models of motion of Dictyostelium discoideum cells [69, 88, 89, 222], with

the purpose to show that such constrain is an useful and reasonable condi-

tion to systematically increase the robustness of the crawling mechanism,

increasing the window of parameters values allowing cell migration.

6.2 Biochemical model for Ras activation and

pseudopod extension

A reaction-diffusion model [51] for Ras-GTP (R) patches that consist of

a local activator and a global inhibitor enhanced by the activation of the

Ras-GTP was studied; see diagram in Figure 6.1. The partial differential

equations employed are:

∂R

∂t
= (1−R)

(
k1 + k2

Rn1

Rn1 +Kn1
R

− k3GR − k4LR

)
−k5R

1

1 + k6P
+DR∇2R + ξR(x⃗, t), (6.1)
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∂GR

∂t
= k7⟨R⟩ − k9GR, (6.2)

∂LR

∂t
= (1− LR)k10R− k11LR +DLR∇2LR; (6.3)

where ξR(x⃗, t) is a Gaussian spatio-temporal distributed white noise with

zero mean ⟨ξR(x⃗, t)⟩ = 0 and correlation ⟨ξR(x⃗, t)ξR(x⃗′, t′)⟩ = 2σRδ(x⃗ −

x⃗′)δ(t− t′). The variables LR and GR correspond, respectively, to local and

global inhibitors of R. Finally, note that the quantity ⟨R⟩ corresponds to

the spatial integration in the whole system of the field R.

Figure 6.1: Sketch of the biochemical model of polarization and locomotion
modules. Blue solid lines corresponds to the interactions and red dashed
lines to auto-catalytic processes. The mass-conservation constrains control
the auto-catalytic interactions.

At the same time it was included a quantity related to the formation of pro-

trusions (P) such as F-actin and Rac-GTP molecules; see diagram in Figure

6.1. Also these variables were coupled with their respective inhibitors:
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∂P

∂t
= (1− P )

(
k12 + k13R + k14

P n2

P n2 +Kn2
P

+ k15
Mn3

Mn3 +Kn3
M

− k16GP − k17LP

)
(6.4)

−k18P +DP∇2P + ξP (x⃗, t),

∂GP

∂t
= k19⟨P ⟩ − k20GP , (6.5)

∂LP

∂t
= (1− LP )k21P − k22LP +DLP∇2LP ; (6.6)

where ξP (x⃗, t) is a Gaussian spatio-temporal distributed white noise with

zero mean ⟨ξP (x⃗, t)⟩ = 0 and correlation ⟨ξP (x⃗, t)ξP (x⃗′, t′)⟩ = 2σP δ(x⃗ −

x⃗′)δ(t − t′). Equivalent to the previous set of equations, the variables LP

and GP correspond, respectively, to local and global inhibitors of P.

Finally, the model takes into account the inclusion of a variable of mem-

ory (M) which is coupled with P; this variable stimulates the formation of

new protrusion zones and represents the results observed in some experi-

ments where a certain relation between the formation of new pseudopods

in previous pseudopod locations is present [182, 223]:

∂M

∂t
= k23P − k24M +DM∇2M (6.7)

For a more exhaustive description of the model, check the original study

[51]. Note that the noise description in the original study was different

and here it was adapted to an equivalent description based on physical

derivations of stochastic fluctuations [111].
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One dimensional simulations were made using periodic boundary conditions

and using 120 points for the grid. The cell was considered as circular and

having a radius of 6.25 µm. The pixel size for this case was set at ∆x = 0.32

µm and the time step ∆t = 0.03s. The definition and the value of the

parameters of the model can be found in Table A.2.

6.3 Mathematical description of the mass-

conservation constrain

The mathematical model described in equations (6.1-6.7) has several con-

servation terms which affect the dynamics of the system; see for example

equation (6.2) and equation (6.5). However, a feedback control through

the parameter k2 and k14 to control the bistability shown by the model was

included, which is discussed in next sections. Therefore, the parameters k2

and k14 are dynamically controlled depending on the total amount of the

protein R of inducer P at the cell, respectively.d

The new term control related to k2 is

k2 = k∗
2 + η1 (⟨R⟩ − CR) , (6.8)

also, in a similar way the control term for k14 read as follow

k14 = k∗
14 + η1 (⟨P ⟩ − CP ) , (6.9)

where k∗
2 and k∗

14 are new constants that replace k2 and k14, respectively, for

η1=0 one can recover the original model. Parameter CR is the fraction of

the cell area occupied by patches of Ras R and CP is the fraction occupied

by the pseudopod inducer P .
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6.4 One dimension results of Ras model are

based in stochastic generation of patches

In a one-dimensional system, mimicking the membrane of a crawling cell,

the generation of a local patch of high biochemical concentration is equiv-

alent to cell polarization. A stable domain in a specific location of the

membrane is related with actin accumulation and produces persistent mo-

tion of the cell in like direction. The random appearance and disappearance

of small domains is related with amoeboid motion, where two or three pseu-

dopods compete for a certain time. The alternation of direction gives rise

to random motion of the virtual cell.

Stochastic reaction-diffusion equations, as in equations( 6.1-6.7), and previ-

ously developed [51], can be numerically integrated into a one-dimensional

domain as in the original study. For certain window of parameter values,

the spatio-temporal dynamics of concentration R displays relatively stable

patches which appear at different locations; see spatio-temporal plots in

Figure 6.2.

In the simulations shown in Figure 6.2, the parameters k14 and k18 are

kept constant and the response of P along the membrane is quite similar

for the parameters considered. There are some persistent patches during a

long period of the simulations. Under such conditions the cell may develop

its own locomotion. Note that the activation of P by R is weak; a strong

coupling, controlled by parameter k13, would correlate the patches of both

fields. It was kept the original values of this parameter [51]. For small

values of the parameter k5 and large values of k2, the concentration of R is

high and homogeneously distributed along the membrane; see correspond-

ing spatio-temporal plots in Figure 6.2. The concentration of R increases

101



6.4. ONE DIMENSION RESULTS OF RAS MODEL ARE BASED IN
STOCHASTIC GENERATION OF PATCHES

the probability of the generation of patches of P, and therefore, depending

on the particular realization, some direct motion is expected under such

conditions. On the other hand, in the opposite limit, large values for pa-

rameter k5 and small values for k2, the concentration of R is low, and the

probability of directed motion is smaller.

If we fix k2 and k5 values and vary the parameters controlling for the

evolution of P, we obtain the inverse behaviour; see Figure 6.3. For large

values of k14 and small values of k18 the membrane is completely covered by

P, while for small values of k14 and large values of k18 the concentration of

P strongly decreases. Locomotion is, therefore, expected for intermediate

values of these two parameters as shown in Figure 6.3. However, the effect

of changing such parameters on the dynamics of R is small.

6.4.1 Mechanism of amoeboid motion is based in bista-

bility

For the evaluation of the mechanism of the spatio-temporal plots in Fig-

ures 6.2 and 6.3, we fixed the stochastic source of perturbations of the

additive noises in eqs (6.1-6.7) to σR = 0.04 and σP = 0.025. No changes

were expected in the average behaviour or in the quantification the value

of the total concentration R in the face of the parameters k2 and k5 be-

cause the fluctuations are additive [111]. Stationary solutions were found

for the deterministic version of equations (6.1-6.7). Slowly increasing the

parameter k2 we observed the evolution of the stationary value of R; see

Figure 6.4. Once the system of equations saturated to a certain value of

R∼ 0.85− 0.90 we reduced the value of k2, giving rise to a hysteresis cycle;

see Figure 6.4A. The hysteresis cycle shows that the system actually fol-

lows bistable dynamics. Equivalent dynamics of R can be observed under
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Figure 6.2: Spatio-temporal plots of R (in green) and P (in red) for different
values of k5 and k2. Variance of noise intensity was fixed at σR = 0.04 and
σP = 0.025.
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Figure 6.3: Spatio-temporal plots of R (in green) and P (in red) for different
values of k14 and k18. Variance of noise intensity was fixed at σR = 0.04
and σP = 0.025.
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a similar change in k5; see Figure 6.4B.

In contrast, the same analysis was made for the constants k14 and k18,

which are related to the variable of the pseudopod inducer P. The resulting

dynamics revealed bistable behavior for two stable states as shown in the

hysteresis curve for parameters k14 (Figure 6.4C) and k18 (Figure 6.4D).

Figure 6.4: Hysteresis curves of the deterministic model for R dynamics
varying (A) k2 and (B) k5. Similar hysteresis curves of the deterministic
model for P dynamics were obtained when varying (C) k14 and (D) k18.

It is known that the combination of a bistable dynamics with an appropri-

ate noise intensity, producing the formation of localized patches in reaction-

diffusion equations [224, 225]. This formation is the mechanism responsible

for the formation of localized domains of R and P. The localized pattern ob-

served in Figure 6.2 is not due to excitable dynamics but rather to bistable

dynamics with noise.
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6.5 Addition of a physical phase field model

for cell shape deformations

The model originally does not include deformable cells, therefore, the sys-

tem was expanded to 2D geometry by coupling the model to an auxiliary

phase field ϕ with the purpose of describe the evolution of the cell shape.

The equation for the phase field is described as follows

τ
∂ϕ

∂t
= γ

(
∇2ϕ− G′(ϕ)

ϵ2

)
(6.10)

−β

(∫
ϕ dA− A0

)
|∇ϕ|+ αϕP |∇ϕ| ,

where the difference respect to previous phase fields equations used previ-

ously (equation (2.1)) is in the third term which describe the active force

generated by the Rac-GTP (P) molecules when pushing on the cell mem-

brane [88].

The inclusion of the phase field as previously mentioned implies the change

of geometry from 1D to 2D. Here, the cell was considered as a circle with

radius equal to 6.25µm. The pixel size used was the half as in the 1D case

∆x = ∆y = 0.16µm. Also, to increase the accuracy, the time discretization

was reduced to ∆t = 0.003s. The equations (6.1-6.10) were integrated using

periodic boundary conditions and standard finite differences. The rest of

parameters are kept as displayed in Table A.2 and A.3.
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6.6 Two dimensional stochastic bistable model

provides a mechanism of cell crawling

motion

For the coupling of the polarization mechanism to the proper cell motion

shown in the previous section we used a phase field. This additional field

is employed for the definition of the interior of the cell. In this case, the

two dimensional phase field permits the use of different biochemical con-

centrations in the ventral part of the cell in a surface.

The extension of the stochastic reaction-diffusion described in the previous

section to two dimensions permits numerical simulations of the shape of the

crawling cell and the corresponding motion responding to the dynamics of

the patches. In Figure 6.5 we see snapshots of the in silico cells with differ-

ent parameter values corresponding to equivalent parameter values shown

in Figure 6.2. We reproduced the dynamics expected from the one dimen-

sional simulations and the crawling dynamics can be clearly studied. Again,

for small values of parameter k5 and large values of k2 the concentration of

R is mostly high and homogeneously distributed along the membrane; see

Figure 6.5. On the other hand, in the opposite limit, for large values of k5

and small values of k2 the concentration of R disappears from the ventral

membrane. However, for a small window of values of the parameters the

cell moves and inspects the surrounding region. The shape of the resulting

cell depends on the particular realization and the parameter values; in the

snapshots shown in Figure 6.5 we obtain fan-shaped cells, a typical mode

of Dictyostelium Discoideum cell crawling [117].

From the snapshots resulting from Figure 6.5 different scenarios show dif-

ferent types of movement together with the concentrations of R and P. The
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Figure 6.5: Snapshots of R (in green) and P (in red) dynamics obtained
from computer simulations and applying the phase field technique to the
model for different values of k2 and k5. Variance of noise intensity was fixed
at σR = 0.04 and σP = 0.025.

model exhibits sensitivity to variations in parameters k2 and k5. Differ-

ent realizations of simulations with the same parameters could bring the

cell from quite persistent movement into an alternation between an almost

static state for low concentrations of ⟨R⟩ , and transitory motion in ran-

dom directions for large values of ⟨R⟩ . As in Figure 6.2 the small influence

of R in P is evident in these two-dimensional simulations. Note that the

presence of patches of P appearing for high values of k2 and low values of k5

is more common because ⟨R⟩ slightly increases the probability of forming

new ⟨P ⟩ patches. In contrast, for low values of k2 and high values of k5 the

presence of ⟨P ⟩ patches is less frequently observed.

In contrast to this, the dependence of locomotion on the parameters k14

and k18 is much stronger as shown in Figure 6.6, where persistent motion

is observed only for intermediate values of the two parameters. For very

small or very large amounts of ⟨P ⟩ cells do not move, independently of the

behaviour of R.
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Figure 6.6: Snapshots of R (in green) and P (in red) dynamics obtained
from computer simulations and applying the phase field technique to the
model for different values of k14 and k18. Variance of noise intensity was
fixed at σR = 0.04 and σP = 0.025.

6.6.1 Noise intensities determine the type of motion

The variation of the type of cell motion is determined by the intensity of

the noise. Low levels of both noises do not permit the formation of the do-

mains of R and P needed to give rise to cell movement; see Figure 6.7. As

we increase the amplitude of noise for P, we reach a single domain that fills

the front part of the cell and persistent motion is shown; see middle column

and right hand snapshots in Figure 6.7. This type of motion is reminiscent

of the fan-shaped amoeboid cells previously reported [117] and also repro-

duced with simpler models [89]. An increase in the noise intensity produces

an increase in the appearance and disappearance of pseudopods and there-

fore a transition to amoeboid movement; see fifth column in Figure 6.7 for

higher noise intenisties. Another evident change the effects of which will

be discussed in the following sections is the variance associated with the

formation of Ras patches (σR) becoming varied. There are some noise in-

tensities which produce patterns and dynamics similar to the characteristic

patterns observed in the experiments, however, as previously mentioned,
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Figure 6.7: Map of snapshots taken from different variance values of noise
intensity for the no mass conserved model. For every column, left/green
snapshots refer to R dynamics while right/red snapshots indicate P dynam-
ics. The value of the parameter of the simulations are k2 = 9.50, k5 = 7.0,
k14 = 10.20 and k18 = 7.0. The rest of them are consistent with Table A.2
and A.3.

and shown in Figure 6.9, small variations in the parameter values may

completely change the movement dynamics.

6.6.2 Inclusion of mass-conservation stabilizes cell mo-

tion

In order to reduce the high sensitivity of the movement on the parameter

values, we included a conservation constraint on the total quantities of the

protein Ras R and the inducer P in the biochemical rates responsible for

the bistable transition. Following similar previous approaches [88, 222], we

included this conservation as a global feedback condition in the reaction-

diffusion equations.

In Figure 6.8 several realizations incorporating the conservation constraint

of R and P proteins, for different parameter values are shown; see equations

(6.8) and (6.9). A direct comparison can be made with the results displayed
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in Figure 6.5. Results in Figure 6.8 show the effects of the inclusion of the

mass conservation feedback, where a wide change in the parameter values

does not affect either the bistability of the model or the quantity of protein

R inside the cell phase field, which was kept constant. The incusion of

this global condition permits the use of a larger range of parameter values,

increasing the robustness of the mechanism in comparison with the non-

conserved condition.

As with the cases without mass conservation, the shape and type of mo-

tion were affected by the noise intensity. Using the same parameters of

Figure 6.7 we studied the effects of varying the noise variance in the mass

conserved scenarios. In Figure 6.9 we see two different types of transitions.

The first is observed when the variance related to the pseudopod inducer P

increases, changing the shape from persistent fan-shape to random amoe-

boid phenotype. This change is present because while small values of P

variance generates less blurred patches, an increment in the P variance

drives the opposite effect, which is the appearance of more blurred and

distributed patches for P.

For a second transition, we follow the same comparison line between the

simulations without and with mass conservation from Figure 6.7 and Figure

6.9, respectively; now we analyze the effects for different values of the

variance corresponding to the dynamics of the Ras concentration R. Similar

to the patterns of P, small values of σR induce the formation of less diffuse

and distributed Ras patches. In contrast, greater values of σR stimulate

more diffuse and distributed Ras patches. Despite the close relationship

between the effects of σR and σP , the real difference is in the dynamics of

the movement. For example, if we focus on the top of the first column of

Figure 6.9 for small values of the noise variances we see for both snapshots a

domain in the front part of the cell which translates into persistent motion.
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Figure 6.8: Snapshots of R (in green) and P (in red) dynamics obtained
from computer simulations and applying the phase field technique to the
mass conserved model for different values of k2 and k5. Variance of noise
intensity was fixed at σR = 0.04 and σP = 0.025.

Now, if we look in detail at the bottom of the first column corresponding

to higher a value for the variance σR, we see a notable difference in the

left hand snapshots, moving from a more compact domain in the front part

of the cell to a more diffuse domain inside the cell. This transition only

takes place at the Ras concentration (R) level, while maintaining consistent

dynamics of the pseudopod inducer P and thus persistent motion of the cell.

The same analogy could be made for the last column in Figure 6.9 where

high values of σP lead to a more random motion for all the cases regardless

of the value of σR, the effect of which is to promote the appearance of less

and more distributed Ras patches but without affecting the dynamics.

Figure 6.10 shows a kymogrpah for the two most characteristic cell pheno-

type obtained by the model coupled with a phase field, being the persistent

fan shape characterized by the formation of more conjoined patches, see

Figure 6.10A. And in the other side the amoeboid shape, which can be

distinguished by the presence of more less continuous patches, see Figure

6.10B.
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Figure 6.9: Map of snapshots taken from different variance values of noise
intensity for the mass conserved model. For every column, left/green snap-
shots refer to R dynamics while right/red snapshots indicate P dynamics.
The value of the parameter of the simulations are k2 = 9.50, k5 = 7.0,
k14 = 10.20 and k18 = 7.0. The rest of them are consistent with Table A.2
and A.3.

Figure 6.10: Kymograph for the two most representative cases of crawling
cells obtained by the model. Panel A) shows a Persistent cell and B) an
Amoeboid cell.
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6.7 Mass-conservation constraint in the Ras

model adds more robustness to the sys-

tem

The use of the mass conservation condition has been previously employed

for the generation of stable pattern formation on polarization process in

single cells. Here, it is employed a version of such mechanism to modify

a previous reaction-diffusion equations to incorporate restrictions on the

conservation of R and P. It is also shown that such condition increases

the window of parameters of the model to develop typical dynamics of cell

crawling.

For the characterization of the mechanism we calculated the speed of the

resulting cells for different parameter conditions for the non-conserved and

conserved models. We observed that the dynamics of the simulated cells

are more robust for the mass-conserved version of the equations; see Figure

6.11.

For the non-conserved version of the model the speed and shape drasti-

cally changes when varying the parameters, and every simulation repro-

duces different dynamics of crawling cells (see Figure 6.5). Furthermore,

for the conserved version both velocities and shapes are more similar to

each other for a much larger window of parameter values, as we can see

in the speeds calculated in Figure 6.11. Results displayed in Figure 6.11A

were obtained by changing k5 to correspond to simulations shown in the

third row of Figures 6.5 and 6.8. The dynamics are fixed because of the

conservation condition. In contrast, Figure 6.11B was obtained by chang-

ing k18 to correspond to simulations shown in the third row of Figure 6.6 for

the no mass conservation case (results not shown for the mass-conservation
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system). Here one can see the preserving of the speed in the conserved

system in comparison with the original model due to the small window of

parameters, without the mass conservation condition that shows crawling

dynamics.

Figure 6.11: Box plot representation for the cell speed of the model without
(blue color) and with (red color) mass conservation condition. Results
are for when A) k5 and B) k18 are varied. For both cases it was used a
fixed value of k2 = 9.5 and k14 = 10.2, σR = 0.04 and σP = 0.025. Ten
realizations for each case were performed.

In Figure 6.12 we see the dependency of the speed on the noise σP for

different values of σR. The speed of the cells employed for the calculation

comes from the results in Figures 6.7 and 6.9. For the non-conserved out-

come which is displayed in blue bars we do not observe a clear tendency in

the bars. However, in contrast, in the mass conserved results, represented

by red bars, a clearer tendency in the bars is noted.
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Figure 6.12: Speed bar plots measured by the no conserved (blue bars) and
conserved (red bars) model by varying the noise variance σP . In each panel
the variance associated to σR was fixed for different values.

We observe that the speed obtained from mass-conserved model decreases

for greater noise intensities. However, for the set of blue bars almost null

velocities appear for low noise magnitude, and as we increase the noise

variance, different values close to the magnitude of the red bars are reached,

thereby showing a similarity in the speed measurements as the variance is

increased.

6.8 Influence of cAMP gradient on cell motil-

ity

An extension of the non conserved and conserved model is possible with

the inclusion of an external chemoattractant gradient to analyze the re-

sponse, known as chemotaxis and already considered in the original model

[51] and studied previously in other experimental [226, 227] and modeling

works [221, 228]. Next, some simulations which study the relation of the

chemotactic motion of Dictyostelium discoideum cells with the stochastic
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fluctuations and the rest of parameters will be shown.

The gradient used in the simulations was established as a slope with no

cAMP on one of the sides of the grid and a maximal level in the opposite

side of the gird. Different maximal values of cAMP (cmax = 2−10nM/µm)

were considered for the different gradient steepness.

In Figure 6.15 two sets of sequential frames at different times of a cell

without mass conservation and a variance corresponding to an amoeboid

motion are displayed. On the left side column an example of a simulation

without an external gradient is shown. From this set of snapshots its clear

to observe the poor motility which is typical of an amoeboid cell. On the

other hand, the snapshots in the right column illustrate a cell under the

effect of a linear gradient of c = 4nM over a surface of 131µm. The gradient

was established in the direction from left to right. The main characteristics

of this group of snapshots is the formation of more patches at the side of

the synthetic cell facing the highest cAMP concentration and the response

of the cell to travel towards the direction of the gradient as time passes.

Complementarily to the results of Figure 6.15, in Figure 6.14 are shown

different cell trajectories under the same parameter conditions as in Figure

6.15. The only difference between each trajectory is the variation of the

gradient steepness.

The simulation results show that motility of the cell increased with increas-

ing the steepness of the gradient. However, as in some experiments [191] a

deep numerical study to measure the effects of the cell shape and velocity

caused by a gradient under different conditions (e.g., microchannels and

groups of interacting cells) can be a topic to investigate.
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Figure 6.13: Time snapshots of an amoeboid type cell without the presence
of an external gradient (left column) and under the presence of a linear
gradient of c = 4nM/µm (right column). Scale bar: 10 µm.

6.9 Discussion

We studied the dynamics of a one-dimensional Dictyostelium Discoideum

cell model which is mainly made up of coupled Ras activation (R), pseudo-

pod inducer (P) and stochasticity. The deterministic model by itself reveals

the emergence of bistability. This is from the visible hysteresis transition

under the change of a set of parameters. In contrast, the model with the

stochastic part permits the transition between two stable regimes which
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Figure 6.14: Simulated cell trajectories for different gradient intensity.

are induced by the parameters and the noise intensity. The extension of

the model into two dimensions with the use of the addition of a phase field,

allowing cell deformation, shows similar behaviour when parameters are

varied to the one-dimensional model, in agreement with [51].

Since for most of the realistic scenarios the mass barely changes despite en-

vironmental perturbations, we chose to incorporate global feedback for the

Ras and pseudopod inducer inside the cell. This increases the robustness

of the model and expands the parameter range without affecting the shape

and dynamics.

Note that other global feedbacks were already considered in the original

version of the model [51]; see the dynamics of the global inhibitors, defined

by GR and GP in equation (7.2) and equation (7.5) respectively, similarly

to other models of the motion of Dictyostelium discoideum cells based on

global cytosolic quantities [69, 105]. The addition of global control quan-

tities which can determine the available concentration inside the cell has

previously been employed in other models [77, 89, 222].

Instant speed was measured, highlighting that for the no conserved case a

considerable set of parameters driven to velocities of close to zero, while for
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the set of parameters for the conserved scenario the speed remained almost

constant.

Note that it was shown that the original model is based in a bistable condi-

tions with the adequate noise intensity. Similar simple stochastic bistable

models for the description of the motion of Dictyostelium discoideum cells

[88, 89] were used, which are based on the same concept together with a

mass-conservation constrain. There are also other models based in similar

constrains [222]. Therefore, such constrain is a convenient mechanism to

gain robustness in the delicate equilibrium between stochastic fluctuations

and a bistable condition.

Note that we have shown that the original model is based on a bistable

conditions with the appropiate noise intensity. We have previously used

simple stochastic bistable models for the description of the motion of Dic-

tyostelium discoideum cells [88, 89] based on the same concept together

with a mass-conservation constraint. There are also other models based on

similar constraints [222]. Therefore, this constraint is a convenient mecha-

nism to increase robustness in the delicate equilibrium between stochastic

fluctuations and a bistable condition.

The coupling of R on the pseudopod inducer P is weak. The coupling is

produced by the term proportional to k13 and it increases the probability

of the generation of patches of P. A chemotactic concentration can enhance

R and, therefore, polarize the field P and direct the locomotion [51]. In

the absence of chemotaxis the coupling is small, while more physiological

conditions may require larger couplings. In Figure 6.15 we increased pa-

rameter k13 to demonstrate the increase in the coupling of both field R

and P through the parameter. Intermediate values can be compared with

experimental measures to fit an appropiate value; however such evaluation
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is outside the scope of this work.

Figure 6.15: Spatio-temporal plots of R (in green) and P (in orange) for
different values of the coupling parameter between R and P: k13 = 0.1 (A),
k13 = 0.5 (B), k13 = 1 (C), and k13 = 2 (D). Results are for a fixed values
of σR = 0.04 and σP = 0.025.

In summary, it has shown that the inclusion of a mass-conservation con-

strain in the correct position, substantially increases the robustness of a

computational model of a crawling cell.

Finally, the addition of a chemoattractant cAMP gradient as already con-

sidered in the original one-dimensional model [51] to reproduce chemotaxis

stimulates Ras activation which is one of the components that are coupled

in the system.
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Chapter 7

Biochemical excitability

triggers symmetry breaking

7.1 Introduction

Exploring with detail the machinery involved in cell polarization, migra-

tion, division and in consequence cell symmetry breaking, require to de-

scribe several biochemical reactions in the interior of the cell [229]. At

such levels of description the concepts of small G proteins (Ras GTPases)

and phosphatidylinositol lipids PtdIns (e.g.,phosphatidylinositol (3,4,5)-

trisphosphate PIP3 and phosphatidylinositol (4,5)-bisphosphate PIP2) ap-

pear, with all these molecules responsible for the accumulation on the cell

membrane and on the reorganization of the cytoskeleton [230]. The accu-

mulation of these molecules, in particular Ras, leads to the formation of

pseudopods in the region with higher cAMP concentrations and as conse-

quence the breaking of the symmetry due to the gradient of chemoattrac-

tant. However, the accumulation of these molecules in the membrane is

also possible in the absence of the chemoattractant [216, 231].
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Experimental evidence demonstrates that symmetry breaking signals can

arise in a spontaneous way due to fluctuations in the internal excitabil-

ity of the signaling network [218, 232]. Normally an excitable system has a

threshold at which it responds to external stimuli, see section 1.2.1. The ex-

citation after the stimulus is followed by a period of refraction during which

the system cannot respond to a new stimulus. A characteristic of excitable

systems is exhibiting traveling waves or oscillations for certain threshold

conditions [233]. For these features to appear, two feedback mechanisms

are required: first, positive feedback for the response to a stimulus and

second, a delayed negative feedback for the temporal response followed by

the refractory period.

Chemoattractant signals in Dictyostelium discoideum cells trigger activa-

tion of the excitable signaling system [234, 235]. Such signals are mediated

by the G proteins and Ras-GTPases. Ras-GTPases are responsible for

activating the phosphoinositide 3 kinase (PI3K), and, at the same time,

this enzyme triggers the production of PIP3 from PIP2, both located at

the cell membrane [230]. In addition, the phosphatase and tensin homolog

(PTEN) contributes to the reverse reaction, producing PIP2 from PIP3.

This reaction is present predominantly in areas where the effect of pseudo-

pod formation and the chemoattractant is low.

Considering the scenario with two stable states where the cell is rich in

PIP2 and PIP3, the system can be considered a bistable medium. Thereby,

if positive feedback is added it is possible to stabilize the signal arising from

the excitability of the Ras. Once the two processes are coupled it is possible

to recreate the intracellular symmetry breaking network.
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7.2 Modeling cell symmetry breaking in a

Ras− PIP3 system

Diverse nonlinear mathematical models have been proposed to explain the

intracellular dynamics in excitable systems [105, 236]. Although these mod-

els describe fundamental behavior of the intracelullar signaling system, the

explanation for all the variety of spatiotemporal dynamics under isotropic

conditions, including the formation of persistent and temporary traveling

domains of PIP2 and PIP3 [231], is complicated.

With the use of a set of coupled reaction diffusion equations the dynamics

of PIP3, P IP2, PTEN,RASGDP and RASGTP can be reconstructed in a

numerical simulation to describe the influence of Ras excitability in the

process of spontaneous symmetry breaking during cell migration.

Here, the original model proposed in [93] is employed, based on experi-

mental observations. As mentioned before, positive feedback and delayed

negative feedback were used to model Ras excitability [232, 237].

A conservative system for the production of PIP3 was considered. PIP2

phosphorylation to PIP3 is catalyzed by PI3K, according to a simple

Michaelis-Menten type equation. In a similar way, dephosphorylation from

PIP3 to PIP2 by PTEN was contemplated as a Michaelis-Menten reaction.

Finally, the process by which PTEN is attached to the membrane via in-

teraction with PIP2 and detached from the membrane by interaction with

PIP3 is also described as a Michaelis-Menten reaction.

Since bistability is reached in the PIP3 - PTEN system, this state is subor-

dinate to the RAS-GTP excitable state because of the interaction between

RAS-GTP and PI3K that consequently provides travelling waves. The
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whole excitable network is completed with various Ras-GTPase proteins,

Ras, GEFS and GAPS, where GEFS and GAPS regulate Ras-GTPase in

a positive and negative way, respectively, and causing an excitation state

when the system exceeds the threshold.

As mentioned before, excitability and wave pattern formation arise from

the Ras network. The dynamics of PIP3 follows Ras-GTP and the reverse

feedback maintains the excitability of the system. Thus, the evolution of

the PIP3 signaling is described as:

∂PIP3

∂t
= RPI3K −RPTEN − λPIP3PIP3 +D∇2PIP3, (7.1)

∂PIP2

∂t
= RPTEN −RPI3K + λPIP3PIP3 +D∇2PIP2, (7.2)

⟨PIP3⟩+ ⟨PIP2⟩ = ⟨PIPtot⟩, (7.3)

where the reaction terms are described as Michaelis-Menten dynamics:

RPI3K = VPI3KPI3K
PIP2

KPI3K + PIP2

, (7.4)

RPTEN = VPTENPTEN
PIP3

KPTEN + PIP3

, (7.5)

the two enzymes responsible for phosphorylation and dephosphorylation

follow the dynamics below:
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PI3K = β(RasGTP ), (7.6)

∂PTEN

∂t
= −RPTEN+VPTENassPTENcyt

(
PIP2

KPIP2 + PIP2

)
+D∇2PTEN,

(7.7)

PTENcyt = PTENtot − χ⟨PTEN⟩. (7.8)

where as indicated in equations (7.1) and (7.2), PIP3 is generated from the

phosphorylation of PIP2 via PI3K (RPI3K) and in the opposing way PIP2

arises from the dephosphorylation of PIP3 via PTEN (RPTEN), respec-

tively. The addition of a PIP3 degradation rate, λPIP3 , which is related

to the observation made in the PTEN-null strain, was included. A diffu-

sion term for PIP3 and PIP2 is also added. The sum of PIP3 and PIP2

concentrations remains constant (equation (7.3)).

The equations related to the processes of PIP2 phosphorylation reaction

(RPI3K) and PIP3 dephosphorylation reaction (RPTEN) are shown in (7.4)

and (7.5), respectively. It is important to note that equations (7.4) and

(7.5) were described as Michaelis-Menten enzymatic reactions where for

each equation the addition of the reaction rates (VPI3K and VPTEN) and

the Michaelis constant (KPI3K and KPTEN) was made. Due to the PI3K

exchange between the cytosol and the membrane, a RasGTP dependent

PI3K translocation-activation is introduced in equation (7.6). Parameter

β is related to the proportionality among membrane association rates of

PI3K and Ras-GTP level.
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Equation (7.7) describes the interaction exchange of PTEN between cytosol

and membrane, assuming this interaction to be a result of PTEN membrane

dissociation rate and similar to dephosphorylation (RPTEN). Additionally,

in PTEN recruitment, by coupling the interaction within PIP2, a reaction

rate VPTENass and Michaelis constant KPIP2 was introduced. As a com-

plement, in equation (7.8) there was considered to be an uniform PTEN

concentration in the cytosol, and χ indicates the constant related to trans-

forming the surface concentration on the membrane into a volume concen-

tration in the cytosol. And as the final note on this part of the model, the

angle brackets notation in equations (7.3) and (7.8) refers to the average

concentration of the quantities involved.

Next part of the model follows the construction of an excitable network

based on Ras signals [232]. The equations are given as follow:

∂RasGDP

∂t
= RGAP −RGEF + k − λRasGDP +D∇2RasGDP, (7.9)

∂RasGTP

∂t
= RGEF −RGAP − λRasGTP +D∇2RasGTP, (7.10)

where the reactions are:

RGEF =

(
VGEFS +

VfeedbackPIP3

KPIP3 + PIP3

)(
RasGDP

KGEFS +RasGDP

)
, (7.11)

RGAP = VGAPSGAPS

(
RasGTP

KGAPS +RasGTP

)
, (7.12)
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7.2. MODELING CELL SYMMETRY BREAKING IN A RAS − PIP3

SYSTEM

and the dynamics of the enzyme:

∂GAPS

∂t
= VGAPSassGAPScyt

(
RasGDP

KRasGDP +RasGDP

)
(7.13)(

Kα + α1RasGTP

Kα +RasGTP

)
− λGAPSGAPS +D∇2GAPS,

GAPScyt = GAPStot − χ⟨GAPS⟩. (7.14)

The second part of the model couples a positive and a negative regulator of

Ras as GEF and GAPS, respectively. Here, Ras is activated by the RGEF

reaction and inactivated by the RGAP reaction. At the same time Ras-

GDP is consumed and supplied by membrane dissociation and association

at the rates λRasGDP and k, respectively, see equation (7.9). A similar re-

action is described in equation (7.10), where RasGTP dissociates from the

membrane at λRasGTP . Equations (7.11-7.12) are described as enzymatic

reactions with their respective reaction rates and Michaelis constants. This

formulation is the result of the experimental observations which indicates

that PIP3 production influences the formation of Ras waves.

The introduction of a positive regulation from RasGDP and negative reg-

ulation from RasGTP promotes the formation of RasGTP patches. These

regulations were described as two positive feedback loops, with the posi-

tive regulation described as an MM-type enzymatic reaction with a reaction

rate VGAPSass and a Michealis Constant KRasGDP , and the negative based

on [231]. Additionally, the degradation of GAPS was introduced at rate

λGAPS, see equation (7.13). Finally, in equation (7.14), a GAPS uniform

concentration inside the cytosol was considered, where χ has the same
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meaning as in equation (7.8).

Deterministic simulations of the model (equations (7.1-7.14)) in one di-

mension were performed in a grid of 100 points along the membrane to

reconstruct the kymographs shown below. Additionally, stochastic simula-

tions of the model were made in the framework of the Langevin equation.

The radius of the cell was set at 5µm, which means that dx = 0.3141µm.

Finally, a time step of ∆t = 0.005s was chosen.

Complementary to the one-dimensional system, a two dimensional analysis

with the use of a phase field was also considered, with the same cell radius

of 5µm and time step ∆t = 0.005s, while dx = 0.1570µm. The parameters

used in the simulations are summarized in Table A.4.

7.3 One dimensional results for the symme-

try breaking Ras-PIP3 system

The kymographs for deterministic (Figure 7.1A-B) and stochastic simula-

tions (Figure 7.1C-D) show that with the excitability present in the model

one can successfully reproduce the travelling waves of PIP3 (left column)

and Ras-GTP (right column) observed in the experiments of Fukushima’s

study [93].

If no PI3K activity is assumed, because of the excitability one can reproduce

Ras-GTP waves, but the waves related to PIP3 (and PIP2) disappear in

the period of inactivation of PI3K; see kymographs of Figure 7.2A-B and

Figure 7.2C-D for a deterministic and stochastic simulations, respectively.

This shows that Ras triggers the waves through interaction with PI3K. In

addition, during the period when PI3K is active the Ras-GTP and PIP3
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Figure 7.1: A)PIP3 and B)Ras-GTP waves for deterministic simulations.
In other side, C)PIP3 and D)Ras-GTP waves for stochastic simulations.
Activation rate of Ras by GEFS was set to VGEF = 450s−1.

waves are coupled in a similar way, with the only difference being in the

wave period of the Ras-GTP due to the positive feedback from PIP3 to

Ras.

To examine the relation between the Ras-GTP and PIP3 feedback in

greater detail, simulations were performed with different values of VGEFS,

which is responsible for the basal activity of GEFS. One characteristic of

these results is the addition of the activation and deactivation of PI3K dur-

ing half of the simulation and observing how this change affects the Ras

waves. For each panel in Figure 7.3 kymograph simulations with different

VGEFS values are displayed, corresponding to the panels in the left column

to deterministic simulations, while the right column is representative of

the stochastic simulations. The results show a dependence between the

Ras waves and VGEFS magnitude. At low VGEF = 450s−1 (first row in
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Figure 7.2: Deterministic simulations of A)PIP3 and B)Ras-GTP waves.
Panels C) and D) correspond to stochastic simulations of PIP3 and Ras-
GTP, respectively. For both, deterministic and stochastic cases no PI3K
activity was assumed during two periods of time, corresponding from 0 to
300 seconds and from 600 to 900 seconds; periods where the PIP3 wave
activity was ceased. An activation rate of Ras by GEFS of VGEF = 600s−1

was considered.

Figure 7.3), no wave recovery activity was found before the deactivation

of PI3K in a deterministic simulation, in contrast to the stochastic simu-

lation where the noise helps the system to enter an excitable state and in

consequence Ras waves appear. In the same frame, after the PI3K deacti-

vation, the deterministic and stochastic scenarios show no presence of Ras

waves. This may be explained by the effect of small VGEFS and PI3K in-

hibition which imposes a greater distance in order to reach the excitability

threshold.

Intermediate values of VGEF = 500s−1 are shown in the second row of

Figure 7.3. In the deterministic case one can see that the system reaches the
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excitability threshold, but once more, after the deactivation of PI3K this

threshold becomes larger and the excitation is not recovered. In contrast,

in the stochastic case after the inhibition of PI3K, the noise activity and

the loss effect of the negative feedback on Ras help the system to recover

excitation.

Finally, in the third and fourth row of Figure 7.3 are shown the simulation

results with values of VGEF = 550s−1 and VGEF = 600s−1, respectively.

Here the Ras waves never vanished. This effect is the result of the model

entering high Ras-GTP basal levels, reducing the threshold to reach ex-

citability, independently of whether PI3K is active or inactive.
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Figure 7.3: In left and right column are shown deterministic and stochas-
tic simulations for Ras-GTP waves, respectively. PI3K activity was kept
activated only during the first half of the simulation. Large values of
VGEF = 600s−1 (being larger from top to bottom) drive the system to
a complete excitation state independently of PI3K activity.
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7.4. PHASE FIELD COUPLED TO A SYMMETRY BREAKING
RAS-PIP3 SYSTEM

7.4 Phase field coupled to a symmetry break-

ing Ras-PIP3 system

The previous results can be extended to a two-dimensional lattice, and in

the same way as with the one-dimensional model, with certain parameter

values and with the inclusion of noise the presence of an excitable behavior

may be observed.

The stochastic simulation displayed in Figure 7.4 with VGEF = 600s−1

shows the propagation of a PIP3 wave over time through the square grid.

Once the travelling wave decays, after a refractory period a new wave

emerges (last image), demonstrating the excitable characteristics of the

model. No flux boundary conditions were considered for the simulation.

Figure 7.4: Snapshots of PIP3 waves taken from the stochastic simulation
of the two dimensional Ras-PIP3 model on a square grid. A value of
VGEF = 600s−1 and a side length of L = 31.416µm were set.

In a similar way to previous sections the phase field technique is included

in the Ras-PIP3 model to study the cell morphology of the system. In
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this particular case the phase field equation is rewritten in a similar form

as other equations defined in this work for a phase field approximation,

expressed in the following way:

τ
∂ϕ

∂t
= γ

(
∇2ϕ− G′(ϕ)

ϵ2

)
(7.15)

−β

(∫
ϕ dA− A0

)
|∇ϕ|+ αϕPIP3 |∇ϕ| ,

where one difference is the replacement of the state variable coupled with

the active force term, in this case PIP3 is incorporated in the phase field

due to the strong relationship in actin polymerization which allows the

cytoskeleton to reshape and form new protrusions in the direction in which

the cell is moving. It is also important to mention that some parameters of

the phase field were modified in comparison to the previous analysis when

coupled with the symmetry breaking Ras-PIP3 model, setting the value of

β = 20.26pNµm−3 and α = 0.03pNµm−1.

In Figure 7.5 one can observe the wave response for PIP3 (A) and Ras-GTP

(B) with VGEF = 600s−1. At around t = 75s and t = 200s one notes the

presence of a lighter color domain inside the phase field and consequently

a distance displacement when compared with the following image. An

explanation for this behavior is that the excitation of the system allows

the propagation of both waves, emulating the displacement of a cell in the

direction of the membrane with greater PIP3 and Ras-GTP concentration.

After a refractory period, the cell recovers its shape to once again experience

the effect of a new wave that subsequently will deform and move the cell.
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Figure 7.5: Stochastic simulations of the Ras-PIP3 model when coupled
with a dynamical phase field. For the two sets of snapshots the lighter color
areas indicates a bigger concentration of (A) PIP3 and (B) Ras-GTP which
is the side where the synthetic cell is migrating. A value of VGEF = 600s−1

was set. Scale bar: 10 µm.

7.5 Discussion

The study of excitability in a system is crucial to understanding the sym-

metry breaking process of a single cell. One example of these systems is

the Ras network which is responsible for governing/activating the phos-

phatidylinositol lipid signaling pathways. At the same time, experimental

observations exhibit PIP3 duality in showing oscillatory and stationary

dynamics. In other words, PIP3 waves travel through the membrane in
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the absence of external signals, but at the same time remain stationary in

the same location facing the higher concentration in response to external

signals.

The model studied here [93] specifically employs a coupled network in which

the Ras system constitutes an excitable network where GEFS and GAPS

regulates the threshold to reach excitability, while the phosphatidylinositol

lipid (PIP2, PIP3 and PTEN) is the bistable network that generates PIP3-

high/PTEN-low and PIP3-low/PTEN-high states. The bistable system is

subordinate to the excitable network, in the sense that Ras-GTP/PI3K

interaction triggers the formation of PIP2, PIP2 and PTEN waves which

are synchronized with the Ras waves.

The combined machinery represents the cell symmetry breaking system

which is the decision-making process before leading a cell into a polarized

motion mode.

When the whole system is coupled with a phase field, the model is able to

reproduce the preliminary deformation of the membrane and the directed

migration of a moving cell.

However, further study of the model is needed to recover the main charac-

teristics of the amoeboid motion and membrane deformation observed in

other models.

In a complementary manner, the coupled phase field Ras-PIP3 could be

used to study different types of cells, such as neutrophils, and to try to

validate them with experiments. Finally, another improvement would be a

new design of the phosphatidylinositol lipid signaling network in order to

describe, in greater detail and more realistically, the proteins involved in

the reorganization of the cytoskeleton.
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Chapter 8

Conclusions and outlook.

The present study examined the soil amoeba organism Dictyostelium dis-

coideum. Numerical methods based on stochastic reaction diffusion equa-

tions were employed to perform the analysis.

A mathematical model composed of a reaction diffusion equation with

bistable dynamics, Ornstein-Uhlenbeck noise, and coupled with a dynamic

phase field was used to describe the dynamics of the baseline cell mem-

brane. The numerical results of the simulations showed successful qual-

itative agreement with essential morphological features for the different

motility scenarios observed in the experiments of Dictyostelium discoideum.

Other motility measures such as velocity, directionality and circularity also

showed good quantitative agreement.

An extension of the bistable model was implemented by taking into account

multiple cell interactions. Even though the number of elements (around

81 cells) was too small to systematically study collective behavior, the

simulations of the deformable cell revealed rich collective dynamics and

pattern formation. The simulations led to different configurations, which
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depended on the type of two-cell collision, the correlation among polarity

P⃗ and velocity V⃗ vectors, as well as the cell density present in the system.

For example, for a simple isolated cell the vectors tended to misalign, while

in the presence of a single starving cell the two vectors tended to align.

Nevertheless, this alignment between vectors for starving cells was reduced

by two more factors: first by interaction with multiple cells, and second by

an increase in cell density. As a consequence of multiple cell interactions, it

was possible to observe the transient formation of clusters, whose stability

was conditioned by the deformability of the cells.

A further extension of the model was the inclusion of the virtual cell in

confined environments such as microchannels. Here, simulations of starv-

ing/polarized cells exhibited highly persistent and mostly unidirectional

motion while erratic/unpolarized cells presented an irregular motion from

left to right or vice versa. Generally in experiments greater cell displace-

ment is observed inside wider channels, although in some situations the

observations are different. It is here that numeric simulations proved useful

to investigate diverse scenarios. The correspondence between simulations

and experiments depends on the type of cells and the size of channels under

consideration.

For the final part of the study, two additional models based on the bio-

chemistry of Dictyostelium discoideum were examined in one and two di-

mensions. The first model describes a bistable system which shows patches

forming of Ras dynamics which induces the new formation of a pseudopod

inducer. Due to the lack of mass conservation and the sensitivity of the

parameters in the original model, the mechanism of cell locomotion was not

robust. To increase robustness global feedback was incorporated to keep

the area occupied by the Ras and the pseudopod inducer constant. This

resulted in a substantial increase in the robustness of the model, yielding a
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wider range of parameters where locomotion was observed. Subsequently a

dynamic phase field was coupled to the system with and without mass con-

servation in order to compare patterns of membrane deformation and cell

locomotion. Finally, different levels of chemoattractant cAMP were incor-

porated in order to stimulate the activation of Ras, reproducing chemotaxis

to generate cell displacement towards the gradient steepness.

The last model studied here corresponds to an excitable system formed by

the Ras-PIP3 network which represents the symmetry breaking of a cell.

The model displays Ras wave generation regardless of the signal of the pos-

itive feedback from PIP3. Later, once the excitable network was coupled

with a dynamic phase field, properties such as directed cell migration and

membrane deformation were successfully reproduced by the model.

One extension of the model would be to explore the capacity of cells to

carry and transport micro-cargo particles, which would lead to a better

understanding of the adhesion process of Dictyostelium discoideum and

the behavior of this organism in the presence of different cargo particle

types .

To date, most computational study of cell migration has focused on two-

dimensional morphologies because of the obvious simplification of the com-

putational cost and time. Nevertheless, cell migration is a three-dimensional

process. For this reason, the models may be adapted to a three-dimensional

environment to simulate motility and membrane deformation at the tissue

level.

Furthermore, the models employed in this work can be extended to the

study of different types of cells (e.g., keratocytes, T-cells and neutrophils)

under diverse conditions, complementing the existing bibliography with

experimental data.
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In summary, mathematical and computational models are useful in dif-

ferent research disciplines, such as physics and biology. They provide an

abstraction by helping to reduce a problem to its essential characteristics

for different scenarios.
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Garćıa-Aznar, José J Muñoz, Pere Roca-Cusachs, et al. Collective

cell durotaxis emerges from long-range intercellular force transmis-

sion. Science, 353(6304):1157–1161, 2016.

144



[25] Deborah Huber, Ali Oskooei, Xavier Casadevall i Solvas, Andrew

Demello, and Govind V Kaigala. Hydrodynamics in cell studies.

Chemical reviews, 118(4):2042–2079, 2018.

[26] Barbara Cortese, Ilaria Elena Palamà, Stefania D’Amone, and
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Clemens Bechinger, and Thomas Speck. Dynamical clustering and

phase separation in suspensions of self-propelled colloidal particles.

Physical review letters, 110(23):238301, 2013.

163



[177] Pouyan Keshavarz Motamed and Nima Maftoon. A systematic ap-

proach for developing mechanistic models for realistic simulation of

cancer cell motion and deformation. Scientific Reports, 11(1):1–18,

2021.

[178] Isaac Theurkauff, Cécile Cottin-Bizonne, Jérémie Palacci, Christophe

Ybert, and Lydric Bocquet. Dynamic clustering in active col-

loidal suspensions with chemical signaling. Physical review letters,

108(26):268303, 2012.
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Appendix A

Tables

Table A.1: Parameter values for the numerical generic bistable model.

Parameter Value Meaning
D 0.5 µm2/s Diffusion coefficient
ka 2-5 s−1 Reaction rate
ρ 0.02 s−1 Degradation rate
σ 0.15 s−2 Noise strength
τ 2 pNsµm−2 Membrane dynamics time-scale
γ 2 pN Surface tension
ϵ 0.75 µm Membrane thickness
β 22.22 pNµm−3 Parameter for total area constraint
A0 113 µm2 Area of the cell
δ0 0.5 Bistability critical parameter
M 0.045 µm−2 Strength of the global feedback input
kη 0.1 s−1 Ornstein-Uhlembeck rate
α 3 pNµm−1 Active tension
Co 28, 56, 84 µm2 Maximum area coverage by c
∆t 0.002 s Time step
∆x 0.15 µm Discretization size

174



Table A.2: Parameter values for the numerical biochemical bistable model.

Parameter Value Meaning
A cAMP in nM
S Stimulus, fraction of receptor in cAMP-activated form
k0 0.01 s−1 Basal production of R
k1 1.5 s−1 Stimulation production R by local occupied receptor S
k2 − k∗

2 7.5-11.5 s−1 Autocatalytic stimulation of R
k3 1.5 s−1 Inhibition R by global inhibitor GR

k4 1.0 s−1 Inhibition R by local inhibitor LR
k5 6.0-8.0 s−1 Degradation of R
k6 0.1 s−1 Inhibition degradation of R
k7 0.05 s−1 Production of GR by the average concentration ⟨R⟩
k8 0.15 s−1 Production of GR by the average receptor occupancy ⟨S⟩
k9 0.15 s−1 Degradation of GR

k10 0.1 s−1 Production LR dependent on the local concentration of R
k11 0.1 s−1 Degradation of LR

k12 0.1 s−1 Basal production of P
k13 0.1 s−1 Production P by R
k14 − k∗

14 9.2-11.2 s−1 Autocatalytic stimulation of P
k15 0.5 s−1 Production P by local memory M
k16 1.5 s−1 Inhibition P by global inhibitor GP

k17 1.8 s−1 Inhibition P by local inhibitor LP

k18 6.0-8.0 s−1 Degradation P
k19 0.1 s−1 Production GP by average value ⟨P ⟩
k20 0.15 s−1 Degradation GP

k21 0.2 s−1 Production LP by local level of P
k22 0.1 s−1 Degradation LP
k23 0.1 s−1 Production M by local level of P
k24 0.03 s−1 Degradation of M
DR 0.75 µm2/s Diffusion constant of R
DLR 0.25 µm2/s Diffusion constant of LR

DP 0.75 µm2/s Diffusion constant of P
DLP 0.25 µm2/s Diffusion constant of LP

DM 0.25 µm2/s Diffusion constant of M
n1 2.0 Hill coefficient of autocatalytic stimulation of R
n2 2.0 Hill coefficient of autocatalytic stimulation of P
n3 2.0 Hill coefficient of production P by M
KR 0.4 Level of R giving half-maximal autocatalytic stimulation of R
KP 0.4 Level of P giving half-maximal autocatalytic stimulation of P
KM 0.4 Level of M giving half-maximal stimulation of P
σR 0.02− 0.06 Variance of the noise in R
σP 0.015− 0.055 Variance of the noise in P
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Table A.3: Phase field parameter values for the numerical biochemical
bistable model.

Parameter Value Meaning
τ 2.0 pNsµm−2 Membrane dynamics time-scale
γ 2.0 pN Surface tension
ϵ 0.75 µm Membrane thickness
β 18.64 pNµm−3 Parameter for total area constraint
A0 122.7 µm2 Area of the cell
α 10.0 pNµm−1 Active tension
CR 30.6 µm2 Area covered by R
CP 30.6 µm2 Area covered by P
η1 2.0s−1 Feedback parameter
∆t 0.03− 0.003 s Time step
∆x 0.32− 0.16 µm Discretization size
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Table A.4: Parameter values for the numerical biochemical excitable model.

Parameter Value Meaning
VPTEN 3 s−1 Dephosphorylation rate of PIP3 by PTEN
KPTEN 500 µm−2 Michaelis constant of PTEN dephosphorylation reaction
VPI3K 12 s−1 Phosphorylation rate of PIP2 by PI3K
KPI3K 300 µm−2 Michaelis constant of PI3K phosphorylation reaction
VPTENass 5000 molecules µM−1µm−2s−1 PTEN association reaction rate by PIP2

KPIP2 2000 µm−2 Michaelis constant of PTEN association reaction
λPIP3 0.2 s−1 PTEN-independent PIP3 degradation rate
β 0.01 Parameter indicates magnitude of PI3K activation by Ras
ξ 0.001 molecules µMµm−2 A constant to transform surface to volume concentration
PTENtot 0.1 µm Total concentration of PTEN
PIPtot 5000 molecules µm−2 Density of PIPs on plasma membrane
R 5.0 µm Cell radius
D 0.2 µm−2s−1 Diffusion coefficient of molecules on plasma membrane
PIP3(0) 0 molecules µm−2 Initial value of PIP3

PIP2(0) 5000 molecules µm−2 Initial value of PIP2

PTEN(0) 0 molecules µm−2 Initial value of PTEN
VGAPS 16 s−1 Deactivation rate of Ras by GAPs
KGAPS 40 molecules µm−2 Michaelis constant of GAPs deactivation reaction
VGEFS 400-600 s−1 Activation rate of Ras by GEFs
KGEFS 3500 molecules µm−2 Michaelis constant of GEFs activation reaction
Vfeedback 25 s−1 Reaction rate of PIP3 feedback regulation
KPIP3 0.1 molecules µm−2 Michaelis constant of PIP3 feedback regulation
λRasGTP 0.2 s−1 Dissociation rate of RasGTP
λRasGDP 0.003 s−1 Dissociation rate of RasGDP
k 45 molecules µm−2s−1 Association rate of RasGDP
VGAPSass 1300 molecules µm−2µM−1s−1 Association rate of GAPs by RasGDP
KRasGDP 3000 molecules µm−2 Michaelis constant of GAPs association reaction
λGAPS 1.2s−1 Dissociation rate of GAPs
Kα 120 molecules µm−2 Concentration of RasGTP for negative regulation of GAPs
α1 0.001 Magnitude of negative regulation of GAPs
GAPStot 0.1 µM Total concentration of GAPs
RasGTP (0) 1000 molecules µm−2 Initial value of RasGTP
RasGDP (0) 1000 molecules µm−2 Initial value of RasGDP
GAPS(0) 0 molecules µm−2 Initial value of GAPS
τ 2.0 pNsµm−2 Membrane dynamics time-scale
γ 2.0 pN Surface tension
ϵ 0.75 µm Membrane thickness
β 20.26 pNµm−3 Parameter for total area constraint
A0 78.54 µm2 Area of the cell
α 0.03 pNµm−1 Active tension
∆t 0.005 s Time step
∆x 0.3141 µm Discretization size
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