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Abstract 

The task of geotechnical site characterization includes defining the layout of ground units and 

establishing relevant engineering properties for each ground unit. This is an activity in which 

uncertainties of different nature (inherent, experimental, of interpretation…) are always present. 

This is also an activity in which the amount and characteristics of available data are highly 

variable. Probabilistic methodologies are applied to assess and manage uncertainties. A Bayesian 

perspective of probability, that roots probability on belief, is well suited for geotechnical 

characterization problems, as it has flexibility to handle different kind of uncertainties and highly 

variable datasets –in quality and quantity. This thesis addresses different topics of geotechnical 

site characterization from a probabilistic perspective, with emphasis on offshore investigation, on 

the Cone Penetration Test (CPTu) and on Bayesian methodologies. 

The first topic addressed is that of soil layer delineation based on CPT(u) data. The starting point 

is the recognition that layer delineation is problem-oriented and has a strong subjective 

component. We propose a novel CPTu record analysis methodology which aims to a) elicit the 

heuristics and assumptions that intervene in layer delineation, facilitating communication and 

coherence in interpretation b) facilitate probabilistic characterization of the identified layers c) is 

simple and intuitive to use. The method is based on sequential distribution fitting in 

conventionally accepted classification spaces (CPTu soil behavior type charts). The proposed 

technique is applied at different sites, illustrating how it can be related to borehole observations, 

how it compares with alternative methodologies and how it can be extended to create cross-site 

profiles. 

The second topic addressed is that of strain rate corrections for dynamic CPTu data conversion. 

Dynamic CPTu impact on the seafloor and are very agile characterization tools. However, they 

require transformation to obtain equivalent quasi-static results that can be conventionally 

interpreted. Up to now the necessary corrections are either too vague or require the acquisition of 

paired dynamic and quasi-static CPTu records (i.e., acquired at the same location). A Bayesian 

methodology is applied to derive strain-rate coefficients in a more general setting, one in which 

some quasi-static CPTu records are available in the study area, but they need not be paired to any 

converted dynamic CPTu. Application to a case study offshore Nice shows that the results are as 

good as those obtained using paired tests. Furthermore, strain rate correction coefficients and 

transformed quasi-static profiles are expressed in probabilistic terms. 

The third topic addressed is the optimization of soil unit weight prediction from CPTu readings. 

A Bayesian Mixture Analysis is applied to a global database to identify hidden soil classes within 
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a geotechnical database.  The goal is to improve the accuracy of regressions between geotechnical 

parameters obtained by exploiting the database. The method is applied to predict soil unit weight 

from CPTu data, a problem that has intrinsic practical interest but is also representative of 

difficulties faced by a larger class of problems in geotechnical regression. Results highlight a 

general decrease of systematic transformation uncertainty that arise from correlations and an 

improve of accuracy of soil unit weight prediction from CPTu data at new sites.  

In a final application we present a probabilistic earthquake-induced landslide susceptibility map 

of the South-West Iberian margin. A simplified geotechnical pixel-based slope stability model is 

considered to whole study area within which the key stability model parameters are treated as 

random variables. Site characterization at the regional scale combines a global database with 

available geotechnical data through a Bayesian procedure. Outputs (landslide susceptibility maps) 

are derived from a reliability-based design procedure (Montecarlo simulations) providing a robust 

landslide susceptibility prediction at the site according to Receiver Operating Curve (ROC). 

Keywords: CPT(u); Dynamic CPT(u); Semi-automated probabilistic tool; soil profiling; Bayesian 

Mixture Analysis; Hidden soil classes; soil unit weight; Probabilistic landslide susceptibility map; South 

West Iberian Margin. 
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 1 Introduction 

Part I: Introduction and Background 

1          Introduction 
 

1.1 Research Motivation  

Geotechnical practitioners face many important uncertainties when characterizing the ground 

using site investigation results. Those uncertainties have important repercussion on geo-structure 

design and risk evaluations. Therefore, quantification and management of the uncertainties that 

intervene within each task of geotechnical site investigation has become an important field of 

applied geotechnical research.  

Magnitude and propagation of site investigation uncertainties strongly depend on mode and type 

of measurement, amount of acquired observations and project-site extension. An additional 

consideration concerns the quality and quantity of preliminary information available from 

previous studies (e.g., geological maps, geotechnical reports, databases), which should be 

integrated with the new knowledge acquired at the site.  

In the geotechnical characterization process, there is ample role for engineering interpretation and 

experience i.e., for judgement. This is evident when considering different sources of information 

about the same property or when establishing an appropriate level of complexity in the site 

description. Moreover, those tasks are also dependent on the perceived design objective, which is 

project dependent and may even be different at different stages in a project.  

Uncertainty quantification and manipulation call for probabilistic methods. The inescapable 

presence of judgement on geotechnical characterization and design has been one the more 

powerful reasons (Vick, 2002; Baecher & Christian, 2005) to push probabilistic methods in 

geotechnics towards adopting a Bayesian perspective. The Bayesian methodology allows to 

explicitly quantify  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑘𝑘𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 of a variable of interest, and integrating it with new 

acquired observations (e. g.  CPTu), (𝐿𝐿𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘𝑝𝑝ℎ𝑝𝑝𝑝𝑝𝑘𝑘) to derive an updated probabilistic description 

(posterior knowledge) of said variable. Bayesian methods frequently require numerical 

sampling to obtain posterior distributions, but efficient algorithms have been recently developed 

to make Bayesian computation efficient and attractive.  

As a consequence, several authors have successfully explored and applied Bayesian probabilistic 

methods in different topics of geotechnical site characterization. This thesis will follow on that 
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line, motivated by a particular subset of geotechnical characterization problems which are linked 

by the interest for offshore applications and/or by the use of cone penetration tests (CPTu). 

The interest for offshore geotechnics has boomed in recent years, with the massive development 

of renewable sources of marine energy. This process is accompanied by an ever-expanding 

interest on submarine geology and its impact on geohazards at different scales both local 

(landslides), regional (tsunami) and global (greenhouse effect feedbacks). All that engineering 

and scientific effort is partly underpinned by geotechnical characterization studies. 

Perhaps the main direct tools applied nowadays in the mechanical characterization of offshore 

sediments is the cone penetration test (CPTu). That test has also become the dominant tool for 

onshore characterization of natural and artificial soil deposits. Although CPTu in the offshore 

context has some specific traits (e.g., the use of dynamic or impact instruments), many of the 

questions that arise are easily transferable to the onshore context and viceversa. 

1.2 Aim & Objectives 
Four separates, but methodologically connected, areas of application have been selected for study: 

• 𝑀𝑀𝑘𝑘𝑀𝑀ℎ𝑎𝑎𝑘𝑘𝑝𝑝𝑀𝑀𝑎𝑎𝑘𝑘 𝑠𝑠𝑝𝑝𝑝𝑝𝑘𝑘 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘 𝑝𝑝𝑝𝑝𝑝𝑝𝑓𝑓 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 𝑘𝑘𝑎𝑎𝑑𝑑𝑎𝑎 

Soil profiling is one of the primary tasks is geotechnical characterization, required in 

every project. CPTu data are regularly classified and then used to support geotechnical 

profile interpretation. Several Bayesian inspired methodologies to aid CPTu-based soil 

profiling have been proposed during the last decade. Nevertheless, they require the 

understanding of advanced probabilistic concepts that might be forbidding for 

practitioners. Moreover, the quantification of 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑘𝑘𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘, involving for instance 

cross-checking with available borehole results, appears particularly difficult for soil 

delineation tasks. In this context, there is space for more user-friendly tools that address 

the soil delineation task as it is practiced but nevertheless obtain a probabilistic 

characterization of the profile and allow (Bayesian) integration of separate information 

sources. The objective here is to develop that kind of tool.  

• 𝑆𝑆𝑑𝑑𝑝𝑝𝑎𝑎𝑝𝑝𝑘𝑘 − 𝑝𝑝𝑎𝑎𝑑𝑑𝑘𝑘 𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘𝑀𝑀𝑑𝑑𝑝𝑝𝑝𝑝𝑘𝑘 𝑎𝑎𝑝𝑝𝑝𝑝𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘 𝑑𝑑𝑝𝑝 𝑘𝑘𝑑𝑑𝑘𝑘𝑎𝑎𝑓𝑓𝑝𝑝𝑀𝑀 𝑑𝑑𝑝𝑝 𝑞𝑞𝑢𝑢𝑎𝑎𝑠𝑠𝑝𝑝 −

𝑠𝑠𝑑𝑑𝑎𝑎𝑑𝑑𝑝𝑝𝑀𝑀 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 𝑘𝑘𝑎𝑎𝑑𝑑𝑎𝑎 𝑀𝑀𝑝𝑝𝑘𝑘𝑐𝑐𝑘𝑘𝑝𝑝𝑠𝑠𝑝𝑝𝑝𝑝𝑘𝑘 

For offshore shallow sediments characterization, free-fall (dynamic) CPT(u) could be 

employed as alternative instrument to quasi-static one, since it provides an even faster 

execution equipment for shallow sediment’s strength data acquisition. Nevertheless, 

precise data interpretation requires the conversion of CPT(u) readings into quasi-static 

one from paired sounding records. This is an onerous requirement when planning offshore 

site investigation campaigns. The objective is to propose a methodology that by 
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leveraging nearby information allows for conversion of dynamic CPTu with as much 

precision as if using a quasi-static paired-test but without the need for it. 

• 𝑆𝑆𝑝𝑝𝑝𝑝𝑘𝑘 𝑢𝑢𝑘𝑘𝑝𝑝𝑑𝑑 𝑘𝑘𝑘𝑘𝑝𝑝𝑘𝑘ℎ𝑑𝑑 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘𝑝𝑝𝑀𝑀𝑑𝑑𝑝𝑝𝑝𝑝𝑘𝑘 𝑝𝑝𝑝𝑝𝑝𝑝𝑓𝑓 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 

A key step for site characterization from CPT(u) is to derive accurate estimates of soil 

unit weight. To reduce cost of site investigation and bypass sampling disturbance, several 

global correlations have been proposed to predict soil unit weight from CPT(u) readings. 

Those correlations are not very precise, with relatively large standard errors. The 

objective is to improve on current proposals by uncovering hidden regularities in the 

supporting databases. 

• 𝑂𝑂𝑝𝑝𝑝𝑝𝑠𝑠ℎ𝑝𝑝𝑝𝑝𝑘𝑘 𝑘𝑘𝑎𝑎𝑝𝑝𝑑𝑑ℎ𝑞𝑞𝑢𝑢𝑎𝑎𝑘𝑘𝑘𝑘 −

𝑝𝑝𝑘𝑘𝑘𝑘𝑢𝑢𝑀𝑀𝑘𝑘𝑘𝑘 𝐿𝐿𝑎𝑎𝑘𝑘𝑘𝑘𝑠𝑠𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘 𝑠𝑠𝑢𝑢𝑠𝑠𝑀𝑀𝑘𝑘𝑝𝑝𝑑𝑑𝑝𝑝𝑠𝑠𝑝𝑝𝑘𝑘𝑝𝑝𝑑𝑑𝑑𝑑 𝑓𝑓𝑎𝑎𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 𝑝𝑝𝑝𝑝 𝑘𝑘𝑒𝑒𝑑𝑑𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑎𝑎𝑝𝑝𝑘𝑘𝑎𝑎𝑠𝑠 

Landslide susceptibility mapping in large offshore areas presents significant challenges 

as a result of the limited information on controlling variables, large uncertainties in 

triggering mechanisms and limited geotechnical data. A probabilistic approach, which 

allows a systematic treatment of parameter uncertainties should be then introduced. 

 
1.3 Outline of the thesis 

This thesis has four parts, namely:   

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼: 𝑠𝑠𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑝𝑝𝑝𝑝𝑢𝑢𝑘𝑘𝑘𝑘 − 𝑓𝑓𝑝𝑝𝑑𝑑𝑝𝑝𝑐𝑐𝑎𝑎𝑑𝑑𝑝𝑝𝑝𝑝𝑘𝑘 

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 2 provides a general overview of geotechnical site characterization steps with focus on 

offshore mechanical investigations. An overview of different uncertainties affecting geotechnical 

site characterization tasks is also provided.  

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼: 𝑠𝑠𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑝𝑝𝑝𝑝𝑢𝑢𝑘𝑘𝑘𝑘 − 𝑓𝑓𝑘𝑘𝑑𝑑ℎ𝑝𝑝𝑘𝑘𝑝𝑝𝑘𝑘𝑝𝑝𝑘𝑘𝑑𝑑 

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 3 reports the mathematical description of probabilistic models and methods applied 

throughout the thesis. The algorithms employed within the thesis are also introduced and 

illustrated.  

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼𝐼𝐼 ∶ 𝐶𝐶𝑝𝑝𝑝𝑝𝑠𝑠𝑎𝑎𝑠𝑠𝑝𝑝𝑘𝑘𝑝𝑝𝑠𝑠𝑑𝑑𝑝𝑝𝑀𝑀 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 𝑘𝑘𝑎𝑎𝑑𝑑𝑎𝑎 𝑓𝑓𝑎𝑎𝑘𝑘𝑝𝑝𝑝𝑝𝑢𝑢𝑘𝑘𝑎𝑎𝑑𝑑𝑝𝑝𝑝𝑝𝑘𝑘  

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 4 introduces a novel semi-automated probabilistic tool for staged soil profiling using 

quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 data from single or multiple locations. The tools is conceived so as to eliciting 

the heuristics and assumptions that are assumed as inevitable in a soil profiling task. A qualitative 

and quantitative comparison with two existing Bayesian methodologies is also provided 

highlighting different benefit and drawbacks of such different probabilistic lines of thinking. The 
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integration of the more simplified probabilistic methodology within Bayesian methodology is also 

exploited and illustrated. 

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 5 focuses on strain-rate correction of dynamic CPTu data. A Bayesian analysis is 

applied for probabilistic quantification of strain-rate coefficient within the task of dynamic into 

quasi-static CPT(u) data conversion, while assessing strain-rate model uncertainty. The proposed 

methodology assesses strain-rate effect of dynamic CPTu record by integrating knowledge of 

nearby, but not-paired quasi-static one, previously acquired at the same study area.   

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼𝐼𝐼𝐼𝐼:𝐶𝐶𝑝𝑝𝑝𝑝𝑠𝑠𝑎𝑎𝑠𝑠𝑝𝑝𝑘𝑘𝑝𝑝𝑠𝑠𝑑𝑑𝑝𝑝𝑀𝑀 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘𝑝𝑝𝑀𝑀𝑑𝑑𝑝𝑝𝑐𝑐𝑘𝑘 𝑓𝑓𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘𝑠𝑠 𝑘𝑘𝑝𝑝𝑑𝑑ℎ 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 𝑘𝑘𝑎𝑎𝑑𝑑𝑎𝑎     

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 6 focuses on the optimization of soil unit weight prediction from CPT(u) readings. A 

novel application of Bayesian Mixture Analysis (BMA) is illustrated aiming to identify hidden 

soil classes among soil unit weight and normalized CPT(u) parameters. The work proposes to 

revisit literature empirical correlations according to such hidden classes while reducing 

systematic transformation uncertainty and increase accuracy of soil unit weight prediction. Novel 

regressions are also proposed aiming to reduced systematic transformation uncertainty.  

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼𝐼𝐼:𝐶𝐶𝑝𝑝𝑝𝑝𝑠𝑠𝑎𝑎𝑠𝑠𝑝𝑝𝑘𝑘𝑝𝑝𝑠𝑠𝑑𝑑𝑝𝑝𝑀𝑀 𝑘𝑘𝑘𝑘𝑝𝑝𝑑𝑑𝑘𝑘𝑀𝑀ℎ𝑘𝑘𝑝𝑝𝑀𝑀𝑎𝑎𝑘𝑘 ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑝𝑝𝑘𝑘 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘𝑑𝑑𝑠𝑠𝑝𝑝𝑠𝑠 𝑝𝑝𝑘𝑘 𝑘𝑘𝑎𝑎𝑝𝑝𝑘𝑘𝑘𝑘 𝑎𝑎𝑝𝑝𝑘𝑘𝑎𝑎𝑠𝑠 

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 7 illustrates results of a first attempt of probabilistic earthquake-induced landslide 

susceptibility maps of South-West Iberian margin. A geotechnical slope stability model (pixel-

based) is considered to whole study area within which model’s parameters are all treated as 

random variables. Two outputs (landslide susceptibility maps) are derived from a reliability-based 

design procedure based in Montecarlo simulation.  

• 𝐶𝐶𝑎𝑎𝑝𝑝𝑑𝑑 𝐼𝐼:𝐶𝐶𝑝𝑝𝑘𝑘𝑀𝑀𝑘𝑘𝑢𝑢𝑠𝑠𝑝𝑝𝑝𝑝𝑘𝑘𝑠𝑠 & 𝐹𝐹𝑢𝑢𝑑𝑑𝑢𝑢𝑝𝑝𝑘𝑘 𝑘𝑘𝑘𝑘𝑐𝑐𝑘𝑘𝑘𝑘𝑝𝑝𝑝𝑝𝑓𝑓𝑘𝑘𝑘𝑘𝑑𝑑𝑠𝑠 

𝐶𝐶ℎ𝑎𝑎𝑝𝑝𝑑𝑑𝑘𝑘𝑝𝑝 8 presents conclusions and future developments relating to the different topics 

addressed.  
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2        Background - Motivation 
2.1 Offshore Geotechnical Site Characterization 
In what follows we briefly outline the main aspects of the geotechnical site investigation process.  

Although the perspective taken is that of offshore site investigation, most of what is said also 

applies to onshore geotechnical characterization.  

2.1.1 Overview 
Many aspects of geotechnical offshore site Investigation have been usefully standardized by ISO 

(ISO 19901-8). Detailed recommended guidance for offshore site investigation may be also found 

in (DNV GL-RP-C212). Good introductions to the topic may be found in (Dean, 2015; Randolph 

et al., 2005)  

Geotechnical site characterization is a major element of the offshore geotechnical design process 

(e.g., foundation design, cable routing, geohazard mapping). The aim is to identify coherent 

geotechnical soil units and assign properties and geotechnical design parameters to them. 

Geotechnical site characterization  is a multi-step process (Figure 2.1) involving desk study and 

site reconnaissance, in-situ investigation, laboratory tests on soil samples, interpretation of the 

acquired data, geotechnical unit identification and evaluation of their geotechnical properties 

(Wang et al., 2010; Mayne et al., 2002).  

 
Figure 2.1. Geotechnical site characterization planning. 

Geotechnical site 
characterization 

Desk study (Prior knowledge)  

Site Recoinnaissance

In situ investigation  

Laboratory tests  

Data interpretation  

Geotechnical unit delineation `

Evaluation of geotechnical design parameters 
for each unit

Geological information

Geotechnical information

Geophysical information

(1.1)

(1.2)

(1.3)
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The first step of geotechnical site characterization is the acquisition of pre-existing knowledge of 

a project-site, gathering available information from previous geological, geotechnical and 

geophysical studies in the area.  Geological information (e.g., geological processes, geological 

history) are acquired from available geological maps, geological reports and publications. 

Analogously, geotechnical site knowledge can be obtained from previous geotechnical reports 

(e.g. Khulawy & Mayne, 1990), peer reviewed academic journal and previous site investigations 

close to the project site.  For a detailed list of items to address within an offshore desk study see 

(SUT, 2014) . 

A site inspection is usually prescribed for onshore investigations, but this is generally not possible 

offshore. For marine environment, such step generally consists of collecting set of bathymetric 

records, sub-bottom (seismic) surveys, vibrocores, and magnetometer surveys (Systems, 2010). 

Bathymetric survey enables to map the topography of seafloor and identifying bathymetric highs 

within project-area. Simultaneously to bathymetric measurements, sub bottom (seismic) profile 

should be conducted. High resolutions seismic survey (e.g., multichannel seismic reflection data), 

identifies different geological units, mass-transport deposit (𝑀𝑀𝐶𝐶𝑀𝑀𝑠𝑠), spatial patterns of sediment 

deformation and basal surfaces when present (Badhani et al., 2020, Cattaneo, 2013b). Along 

seismic lines, vibrocores, (a continuous coring apparatus that is vibrated into the ground), or 

gravity cores are obtained to sample sub-bottom materials and identify lithofacies by visual 

inspection and by correlate geological features with seismic data. Such operation requires the 

correction for the true depth by employing measurements of acceleration during coring (Badhani 

et al., 2020).  

Most objectives of site investigation  (e.g., mechanical soil delineation, geotechnical design 

parameters estimation, hazard identification) cannot be accomplished without a substantial 

amount of in-situ testing (Dean, 2015). Different deployment means (e.g., dedicated geotechnical 

drillship, dedicated geotechnical jack-up) and testing modes (downhole, seabed) would be 

selected depending on project-site location and desk study information.  There is less variety when 

considering the site investigation tools themselves. Although other tools are also in use (e.g., Field 

Vane) offshore geotechnical site investigation is heavily reliant on CPTu testing. CPTu is also 

central to most work on this thesis and some characteristics of this test are recalled in section  

2.1.2. 

CPTu sounding records provide a continuous but indirect measure of the geotechnical design 

parameter of interest (e.g., friction angle, undrained shear strength). Boreholes are required to 

ground truth the geophysical data and to obtain samples for laboratory testing. Laboratory testing 

is generally performed for direct quantification. Laboratory testing will measure physical and 

chemical properties (e.g., Atterberg limits, specific gravity, grain size distribution, etc.), state 
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properties (soil unit weight, moisture content, void ratio) and engineering properties (strength, 

stiffness, permeability). Soil strength (e.g., undrained shear strength) and deformation properties, 

are evaluated using different tests (e.g., triaxial test, direct shear test). Offshore sampling from 

boreholes -either on a downhole or on a seabed mode- is generally expensive. Therefore, 

laboratory observations are usually scarce at most sites and always far less frequent than those 

coming from in situ tests. 

Compared with laboratory testing which is always limited to relatively scarce samples, In-situ 

investigations (e.g., CPTu) can provide large amounts of data (e.g., cone tip resistance 𝑞𝑞𝑐𝑐, sleeve 

friction 𝑝𝑝𝑠𝑠). However, to obtain geotechnical design parameters 𝑋𝑋𝐷𝐷 from such data transformation 

models (i.e., established regional or global correlations) are required. Extensive empirical and/or 

theoretical work has been done to obtain different transformation models among CPTu 

observations and soil design parameters. Good summaries of that work may be found, for 

instance, in Kulhawy & Mayne, (1990), Phoon & Kulhawy, (1999), Mayne, (2014), Robertson, 

(2009).  Table 2.1 presents an overview distinguishing between 𝐶𝐶𝑘𝑘𝑎𝑎𝑑𝑑 − 𝐿𝐿𝑝𝑝𝑘𝑘𝑘𝑘 soils (i.e., typically 

undrained soil response) and Sand-Like ones (i.e., soil drained response).  

Geotechnical site characterization should integrate available 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 information on project-site 

(i.e., desk study) and site observations data of both in-situ and laboratory test. Therefore, 

geotechnical engineers face the challenge of integrating systematically and rationally information, 

of very different quantity and quality, obtained from different sources.  This task is further 

complicated by the heterogeneity and anisotropy of sediments.  All these factors inevitably 

introduce some level of uncertainty. The global objective for site characterization (Mayne et al, 

2002) might be expressed as finding a balance between the costs of additional investigation and 

the -sometimes hidden- costs for design, construction, and operation of the remaining 

characterization uncertainties.  

Table 2.1. Soil properties and design parameters from indirect CPTu observations. 

Soil parameters-𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 correlation Soil response 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝑺𝑺𝑪𝑪𝑺𝑺𝑺𝑺 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 

 

Soil Behavior Type 𝑆𝑆𝑆𝑆𝐶𝐶 

✔ (Robertson, 1990, 2009, 2016 ;  

Schneider et al., 2008, 

 2012; Ramsey et al., 2002) 

✔ (Robertson, 1990, 2009, 2016 ;  

Schneider et al., 2008, 

 2012; Ramsey et al., 2002) 

Stress exponent n ✔ (Robertson, 2009) ✔ (Robertson, 2009) 
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Soil parameters-𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 correlation Soil response 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝑺𝑺𝑪𝑪𝑺𝑺𝑺𝑺 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 

 

Total soil unit weight 𝛾𝛾𝑡𝑡 

✔ (Robertson & Cabal, 2010 ; 

 Mayne et al., 2010 ;  

Mayne et al, 2014). 

✔ (Robertson & Cabal, 2010 ; 

 Mayne et al., 2010 ;  

Mayne et al, 2014). 

Index Properties  ✔ ✘ 

Preconsolidation stress 𝜎𝜎′𝑃𝑃 ✔ (Mayne, 2014) ✔ (Mayne, 2014) 

Overconsoldiation ratio 𝑂𝑂𝐶𝐶𝑂𝑂 ✔ (Robertson, 2009; Mayne 2001; 

 Mayne 2014) 

✘  

Horizontal stress coefficient 𝑘𝑘0 ✔ (Mayne 2014) ✔ (Mayne, 2014) 

Undrained shear strength  𝐶𝐶𝑢𝑢 ✔ (P. W. Mayne & Peuchen, 2018) ✘ 

Effective peak friction angle 𝜙𝜙 ✔ (Kulhawy & Mayne, (1990); 

Robertson, 2009; Mayne 2014) 

✘ 

Coefficient of permeability 𝑘𝑘 ✔(Robertson et al., 1992) ✘ 

Elastic modulus 𝐸𝐸 ✔ (Robertson, 2009) ✔ (Robertson, 2009) 

Elastic modulus number 𝐾𝐾𝐸𝐸 ✘ ✔ (Robertson, 2009) 

Compression index 𝐶𝐶𝑐𝑐 ✘ ✘ 

State parameter ψ ✔ (Robertson, 2009) ✔ (Robertson, 2009) 

Shear wave velocity 𝐼𝐼𝑠𝑠 ✔ (Robertson, 2009) ✔ (Robertson, 2009) 

Small strain shear modulus 𝐾𝐾𝐺𝐺  ✔ (Robertson, 2009) ✔ (Robertson, 2009) 

Sensitivity   𝑆𝑆𝑡𝑡 ✔ (Robertson, 2009) ✘ 

Coefficient of consolidation 𝑀𝑀𝑣𝑣, 𝑀𝑀ℎ ✘ ✘ 

Constrained modulus 𝐾𝐾𝑀𝑀 ✔ (Robertson, 2009) ✔ 
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Soil parameters-𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 correlation Soil response 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝑺𝑺𝑪𝑪𝑺𝑺𝑺𝑺 −  𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 

Cycling stress ratio ✘ ✔  

 
 

2.1.2 Cone Penetration Testing 

2.1.2.1 𝑄𝑄𝑢𝑢𝑎𝑎𝑠𝑠𝑝𝑝 − 𝑠𝑠𝑑𝑑𝑎𝑎𝑑𝑑𝑝𝑝𝑀𝑀  𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢)  

The Cone Penetration Test, CPT(u) is widely employed in offshore geotechnical in-situ 

investigation due to its advantages of speed, low cost, repeatability and high data throughput at 

each test. The standard CPT(u) is a quasi-static test, advanced in the soil at a prescribed 

penetration ratio of 20 +- 5 mm/s.  As noted above, a large number of  theoretical and empirical 

correlations among CPT(u) and soil properties have been established in both onshore and offshore 

environments (Lunne et al., 1997; Lunne 2010). 

CPT(u) equipment and testing procedures have been standardized since ISSMFE (1989) and are 

currently described, for instance, by EN ISO 22476-1. The reference digital penetrometer usually 

consists of a piezocone of 60⁰ cone of base diameter of 35.7 𝑓𝑓𝑓𝑓  or 43.7 𝑓𝑓𝑓𝑓 and sleeve friction 

above the cone of 150 𝑀𝑀𝑓𝑓2. If pore pressure readings are also acquired, CPTu, the fully saturated 

filter is usually located behind the cone (𝑢𝑢2), (Figure 2.2a), or alternatively, at locations 𝑢𝑢3 𝑝𝑝𝑝𝑝 𝑢𝑢1. 

 

  

(a) (b) 

Figure 2.2.a) Cone Penetrometer components and stresses during cone penetration. b) Unequal area 
effect. 
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The cone penetrometer is driven into the ground at constant velocity rate of 2 𝑀𝑀𝑓𝑓/𝑠𝑠. Depending 

on a number of soil properties (e.g., hydraulic conductivity, stress history, stiffness…) the CPTu 

penetration will be drained, partially drained or undrained.  

Piezocone parameters are recorded through transducers as electric signal and subsequently 

converted in terms of stress. The total force acting on the cone over the cone area 𝐴𝐴𝑐𝑐 provides the 

cone tip resistance 𝑞𝑞𝑐𝑐 (Figure 2.2a). Analogously, sleeve friction, 𝑝𝑝𝑠𝑠 , records the force acting on 

the friction sleeve over its area 𝐴𝐴𝑠𝑠. 𝑢𝑢2 measurements refer to total pore pressure (i.e., sum of 

hydrostatic and developed excess pore pressure) and is acquired through a differential pressure 

transducer (Lunne et al., 1997). The detailed geometry of penetrometer is such that pore pressure 

acts on the area behind the cone probe and at the end areas of friction sleeve (Figure 2.2b), 

influencing stress measurements. Therefore, recorded 𝑞𝑞𝑐𝑐 and 𝑝𝑝𝑠𝑠, should be corrected for the so-

called “unequal area effect” (Lunne et al., 1997): 

𝑞𝑞𝑡𝑡 = 𝑞𝑞𝑐𝑐  +  𝑢𝑢2(1 − α)  (2.1a) 

𝑝𝑝𝑡𝑡 = 𝑝𝑝𝑠𝑠 −
(𝑢𝑢2𝐴𝐴𝑠𝑠𝑠𝑠 − 𝑢𝑢3𝐴𝐴𝑠𝑠𝑡𝑡)

𝐴𝐴𝑠𝑠
 

(2.1b) 

with 𝑞𝑞𝑡𝑡 corrected cone tip resistance, α cone area ratio, which for reference requirements varies 

between 0.9-0.55, 𝑝𝑝𝑡𝑡 corrected sleeve friction, 𝐴𝐴𝑠𝑠𝑡𝑡 and 𝐴𝐴𝑠𝑠𝑠𝑠 cross sectional areas of top and bottom 

friction sleeve respectively. 

The CPTu method acquires three different outputs every 1 or 2 𝑀𝑀𝑓𝑓, resulting in high resolution 

depth profiles of soil resistance and pore pressure (Figure 2.3). 

 

Figure 2.3. Example of CPTu parameters profiles acquired nearshore Barcelona harbor. 
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Cone Penetration Testing offshore is more complex to execute than onshore and requires different 

equipment and procedures as a function of water depth of site location.  The cone driving process 

follows two different procedures using the so-called drilling mode or the seabed mode (Lunne, 

2010). 

Drilling mode CPTu deployment will take place from a mobile jack up platform (Figure 2.4a) or 

vessel from which a borehole is drilled. The penetrometer is lowered into the borehole and pushed 

into the soil from the bottom of the borehole. This procedure mobilizes larger reaction forces and 

is able to reach deeper penetrations than the seabed mode.  

Seabed mode is performed by advancing the penetrometer until refusal or to a predetermined 

penetration using a dedicated rig lying on the sea floor. The seabed mode also requires a vessel 

able to handle the remotely controlled seabed rig structure (Figure 2.4b) (see Lunne, 2010). 

Peuchen, (2000) highlighted that the seabed-mode is generally more cost-effective procedure than 

the drilling mode and, under favorable conditions, is able to attain 40 –  50 𝑓𝑓 of depth (depending 

of seabed rig employed, and particularly by their rod handling system).  

 
Figure 2.4. Working vessels for CPTu drilling hole execution. a) Platform for nearshore CPTu at 
Barcelona harbor (Igeotest). b) Vessel for Offshore CPTu seabed mode. c-d) Example of Seabed rig, 
Neptune 3000. 

2.1.2.2 Dynamic 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢) 

In the last decade the dynamic Cone Penetration Test method has gained popularity as a tool for 

marine sediment characterization (Chow et al., 2017; L’Heureux et al., 2010; Stegmann et al., 

2017; Steiner et al., 2014). Dynamic or Free Fall CPTu test obtain rapid and economical 
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measurements of near-surface marine sediments and are ideally suited for studies of cable and 

pipeline routes or shallow foundations.  

Since the early 1970s, lance-like devices thrown overboard and falling through the water column 

to impact on the seabed have been explored as alternatives to the standard 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢). Instruments 

based on that procedure are generally known as 𝑘𝑘𝑑𝑑𝑘𝑘𝑎𝑎𝑓𝑓𝑝𝑝𝑀𝑀 − 𝐶𝐶𝐶𝐶𝐶𝐶(𝑢𝑢). Although free-fall through 

the water column has also been employed, the release and recovery of dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 equipment 

is usually done with a slip rig winch (i.e., winch mode). Within this category fall the two 

Free Fall − CPTu developed at 𝑀𝑀𝐴𝐴𝑂𝑂𝑀𝑀𝑀𝑀 (Bremen, Germany), the so-called Deepwater (DWFF −

CPTu) and the Shallowater CPTu (SWFF − CPTu). As their name indicates these two systems are 

usually employed at different water depths.   

DWFF − CPTu may be applied at water depths up to 4000 m (Stegman et al., 2017); it includes a 

15 𝑀𝑀𝑓𝑓2 cone tip and a water proof housing where microprocessor, volatile memory, tiltmeters, 

accelerometers and battery are located (Figure 2.5a). The instrument includes five different 

accelerometers (± 1.7g, ± 18g, ± 35g, ± 70g, ± 120g) to record different ranges of acceleration 

and deceleration during the cone driving process. Penetration velocity and penetration depth are 

then computed through single and double order acceleration integrations. Pore pressure 

measurements are acquired through two pore pressure differential transducers located at 𝑢𝑢1 and 

𝑢𝑢3 location (Stegmann and Kopf, 2007; Stegmann et al., 2017). The DWFF − CPTU instrument 

weight varies between 500- 550 kg as a function of its length (from 4.1 to 6.8m) which is selected 

depending on the expected soil type. 

SWFF − CPTu  (Figure 2.5b) consist of a lightweight instrument  (40 − 170 𝑘𝑘𝑘𝑘) for shallow 

(i.e., water depth ≤ 200 𝑓𝑓), composed by 15 𝑀𝑀𝑓𝑓2 piezocone and pressure-tight housing connected 

by extendible rods. Additional weights (each 15 kg) can be inserted at the top of the instrument 

as a function of the water penetration depth to be achieved. As for DWFF − CPTu, the pressure 

tight housing incorporates a microprocessor, a digital memory card (SD) a battery package and 

accelerometer. Cone tip resistance and sleeve friction readings are recorded through strain gauges 

located within the cone probe; pore pressure measurements are only acquired at the 𝑢𝑢2 location. 

The MARUM Free Fall − CPTu store digital data on independent memory cards, thus making it 

possible to perform a sequence of several tests in a row and allowing for very efficient testing 

campaigns. For SWFF − CPTu, the device release is controlled through the MARUM FF −

CPTu winch  (Figure 2.6). That equipment is able to veer at a controlled velocity of up to 5 𝑓𝑓/𝑠𝑠, 

close to what some truly free-fall penetrometers (i.e. not controlled by a winch) would reach 

before they impact the seafloor (Stegmann et al., 2017). 
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Figure 2.5 a) Deepwater Cone Penetration equipment. b) Shallowater Cone Penetration 
equipment 

 
Figure 2.6. MARUM FF-CPTu Winch system (copyright Stegmann et al., 2017). 

As previously introduced, quasi-static CPT(u) data has a variety of direct empirical and 

theoretical application (i.e., mechanical soil delineation, direct estimation of geotechnical design 

parameters) making CPTu parameters interpretation straightforward. The dynamic − CPTu data 

process and interpretation is different and more involved than that of the quasi-static test due to 

the effect of the different deployment modes on the  recorded data (e.g., Steiner, 2013).  
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During impact, probe insertion in the soil is characterized by a nonlinearly decreasing penetration 

velocity, which does strongly influence the CPTu record and its mechanical interpretation (Figure 

2.7).  Previous theoretical and empirical studies (Dayal et al., 1975; Ladd et al., 1977; Lehane et 

al., 2009) highlighted the dependence of soil strength on deformation rate. Such phenomenon is 

referred to as strain-rate effect and it should be accounted in the interpretation of  dynamic −

CPTu data, as would be further explained in (Chapter 5). 

 

 
Figure 2.7. Example of strain-rate effect on cone tip resistance qt and sleeve friction fs acquired nearshore 
Nice harbor (Steiner et al., 2015) and corresponding  penetration velocity profile. 

2.2 Uncertainties in geotechnical characterization 
The assessment of uncertainties affecting material characterization is essential for geotechnical 

design. This is clearly the case when fully probabilistic reliability-based design methodologies 

are employed, but it does also apply to the semi-probabilistic approaches that are currently 

predominant in codified design.  

Consider, for instance, the concept of characteristic values 𝑋𝑋𝑘𝑘 of design parameters in the current 

Eurocode 7 (EN 1997-1:2005). Eurocode 7 defines 𝑋𝑋𝑘𝑘, as a cautious estimate of the value 

affecting the occurrence of a limit state. If statistical methods are employed in the estimate, the 

characteristic value should be such that the probability of a worst value governing the occurrence 

of a limit state is not greater than 5%. Such definition directs engineers to correctly assess soil 

parameter variability and associated uncertainties. This kind of requirement will intensify in 2nd 

generation Eurocodes (Franzen et al., 2019). 
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2.2.1  Uncertainty nature 
The nature of uncertainty has been a topic of discussion among engineers, and such understanding 

guides its possible treatment. It is useful to differentiate between 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 and 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑢𝑢𝑣𝑣𝑣𝑣 

even if they refer to related concepts and are usually employed interchangeably. The term 

variability refers here to visible heterogeneity of physical processes as reflected on observations 

(Phoon et al., 2006). By contrast the term uncertainty refers here to the knowledge of phenomena.  

We are thus distinguishing between (Figure 2.8) aleatory variability and epistemic uncertainties. 

Aleatory variability, also referred to as stochastic uncertainty, is due to those aspects of a specific 

phenomenon or parameter that are conceived of as intrinsically and irreducibly random, for 

instance the variations in ocean wave height at a particular location or the contact friction angle 

between any two sand grains.   

Epistemic uncertainties are, instead, attributed to lack of knowledge of a physical phenomenon, 

excessive simplification of a complex phenomenon or to uncomplete or faulty information (e.g., 

limited or erroneous data). Such uncertainties can be in principle reduced, appropriately filling 

the knowledge gap (e.g., increasing data frequency, improving measurements procedures, 

proposing better models). 

Most geotechnical problems involve both categories of uncertainties. It might be difficult to 

determine whether a specific uncertainty should be put in the aleatory category or in the epistemic 

one. It is the job of the model builder to make such distinction, conditional to the general state of 

scientific knowledge, and on the practical need for limiting the sophistication of the model to a 

level commensurate with the impact of the engineering decisions arising from the model.  

 
Figure 2.8. Main uncertainties in geotechnical design process. 
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2.2.2 Inherent variability of soil properties 

Aleatory variability in soil characterization problems is usually referred to as inherent variability. 

At a specific site or ground unit, a historical combination of geological, environmental and 

physical-chemical processes (e.g. sedimentation rate, erosion, dissolution, deposition, etc.) results 

on some “natural” soil variability (Phoon & Kulhawy, 1999a), which is practically independent 

of the geotechnical/geological knowledge of the site. This natural soil variability will be different 

from one location to another and therefore site-specific. 

A soil parameter (e.g., 𝑋𝑋𝐷𝐷) show variation along both vertical and horizontal directions due to 

compositional variation during formation  Vertical spatial variability is generally described as 

(Vanmarcke, 1977; Phoon & Kulhawy, 1999b; Cao, 2012): 

𝑋𝑋𝐷𝐷(𝑑𝑑) = 𝑣𝑣(𝑑𝑑) + 𝑤𝑤(𝑑𝑑) (2.2) 

where 𝑋𝑋𝐷𝐷(𝑑𝑑) is the in-situ soil parameter value (e.g., vane shear strength 𝐶𝐶𝑢𝑢𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣, friction angle 

𝜙𝜙) at a given depth 𝑑𝑑, 𝑣𝑣(𝑑𝑑) is the trend function, which represents parameter mean value at a 

given depth 𝑑𝑑, and 𝑤𝑤(𝑑𝑑) is the fluctuation component (i.e., deviation from the trend). Generally, 

the trend function 𝑣𝑣(𝑑𝑑) is considered as deterministic, while 𝑤𝑤(𝑑𝑑) (Figure 2.9) describes the 

inherent spatial variability of a soil property at the site. 

Soil parameters will also inherently vary with plan locations both in terms of trend and fluctuation. 

Such variability is usually denoted as cross-site variability (Zhang et al., 2004). A generally 

applied simplification is the one that consider soil properties fully correlated along horizontal 

direction. Such simplification is considered reasonable since soils at the same depth are usually 

affected by similar geological processes. Actually, when measured, the horizontal correlation of 

a soil property is much greater than the vertical one (e.g., Phoon and Kulhawy, 1999a; Ching & 

Schweckendiek, 2021). 

To estimate a geotechnical design parameter of interest at a site, the total standard deviation, 

incorporating both horizontal and vertical inherent variability is sometimes employed. At certain 

depth 𝑑𝑑, the total soil parameter  𝑋𝑋𝐷𝐷(𝑑𝑑) then reads (Wang, 2016): 

𝑋𝑋𝐷𝐷(𝑑𝑑) = 𝑣𝑣(𝑑𝑑) + 𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡 (2.3) 

with 𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡 = �𝑤𝑤2 + 𝜎𝜎𝐻𝐻
2 and 𝑤𝑤, 𝜎𝜎𝐻𝐻 vertical and horizontal inherent variability of 𝑋𝑋𝐷𝐷 respectively. 

An alternative expression of eq. (2.3) is the one that quantified  𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡 as a function of the depth 𝑑𝑑. 

This is accomplished by introducing the definition of horizontal coefficient of variation 𝐶𝐶𝐶𝐶𝐶𝐶𝐻𝐻 =

𝜎𝜎𝐻𝐻/𝑣𝑣(𝑑𝑑), for which eq. (2.3) now reads: 

𝑋𝑋𝐷𝐷(𝑑𝑑) = 𝑣𝑣(𝑑𝑑) + �𝑤𝑤(𝑑𝑑)2 + 𝐶𝐶𝐶𝐶𝐶𝐶𝐻𝐻
2 ∙ 𝑣𝑣(𝑑𝑑) 

 

(2.4) 
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Figure 2.9. Inherent variability components of in-situ parameter at a specific-site. 

2.2.2.1 Lumb probabilistic formulation 
Inherent variability of soil properties has been described by different probabilistic theories (Lumb, 

1974; Lumb, 1966; ; Vanmarcke, 1983, Wang et al., 2010). Lumb, (1966) considered three 

different cases for vertical variability (Cao, 2012): 

- 𝑣𝑣(𝑑𝑑), 𝑤𝑤(𝑑𝑑) are constant i.e., depth-independent; 

- 𝑣𝑣(𝑑𝑑)  linearly varying along depth,  𝑤𝑤(𝑑𝑑) depth-indpendent; 

- 𝑣𝑣(𝑑𝑑)  linearly varying along depth,  𝑤𝑤(𝑑𝑑) increasing with depth. 
Lumb proposal was to model 𝑤𝑤(𝑑𝑑) using a normal distribution with zero mean and standard 

deviation 𝜎𝜎𝑤𝑤(𝑑𝑑),[𝑁𝑁  ̴ (0, 𝜎𝜎𝑤𝑤(𝑑𝑑))], for which an unbiased estimation is obtained from 

measurements as (Phoon & Kulhawy, 1999b): 

𝜎𝜎𝑤𝑤(d)  =  � 1
𝑢𝑢 − 1

� 𝑤𝑤(𝑑𝑑𝑖𝑖)2
𝑣𝑣

𝑖𝑖=1

 
(2.5) 

 The standard deviation can be further employed to compute an additional relevant statistic 
defined as the coefficient of variation 𝐶𝐶𝐶𝐶𝐶𝐶𝑤𝑤(𝑑𝑑) = 𝜎𝜎𝑤𝑤(d)

𝑡𝑡(𝑑𝑑)
 .  

Eq. (2.2), can then be reformulated using a standardized Gaussian random variable 𝑍𝑍 as (Cao, 

2012):  

𝑋𝑋𝐷𝐷(𝑑𝑑) = 𝑣𝑣(𝑑𝑑) + 𝜎𝜎𝑤𝑤(d) 𝑍𝑍 

If a property is treated as depth-independent (e.g., stress-normalized undrained strength), a set of 

𝑢𝑢 statistically independent observations of a geotechnical parameter 𝑋𝑋𝐷𝐷 can be modeled as a 

sequence of independent and identically distributed random variables   𝑋𝑋𝐷𝐷1, 𝑋𝑋𝐷𝐷2, … , 𝑋𝑋𝑣𝑣. The first 

two moments of 𝑋𝑋𝐷𝐷 can be described as: 

𝑋𝑋𝐷𝐷 = µ𝑋𝑋𝐷𝐷  ± 𝜎𝜎𝑋𝑋𝐷𝐷𝑍𝑍 (2.6) 

Layer 1

Layer 2

t(d)

w(d)
D

ep
th

 z

𝑋𝑋𝑃𝑃
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µ𝑋𝑋𝐷𝐷 =  
∑ 𝑋𝑋𝐷𝐷𝑖𝑖

𝑣𝑣
𝑖𝑖=1

𝑢𝑢
 

(2.7) 

  

𝜎𝜎𝑤𝑤 = �∑ (𝑋𝑋𝐷𝐷𝑖𝑖−𝑋𝑋𝐷𝐷����)2𝑣𝑣
𝑖𝑖=1

𝑢𝑢 − 1
 

(2.8) 

with µ𝑋𝑋𝐷𝐷  and 𝜎𝜎𝑤𝑤 estimates of 𝑋𝑋𝐷𝐷 mean and standard deviation.  

Lumb’s formulation with constant 𝑣𝑣(𝑑𝑑), 𝑤𝑤(𝑑𝑑) will be later applied in this thesis to quantify 

normalized soil unit weight and normalized undrained shear strength (Part IV) within the context 

of seismic slope stability analyses. However, to better contextualize the limitations of Lumb’s 

formulation, some background on Random Field Theory is provided in the following section.  

2.2.2.2 Random Field Theory 
Lumb’s formulation, as exposed above, does not address correlation between soil 

properties/parameters at different spatial locations. A more elaborate probabilistic approach to 

represent the inherent variability of 𝑋𝑋𝐷𝐷 is given by Random Field Theory (RFT, Vanmarcke, 

2010), whose central concept is that of the homogeneous random field which (i.e. statistically 

homogenous soil units). 

Within RFT the variability of 𝑋𝑋𝐷𝐷 is modelled as a spatial field of correlated random variables. 

Statistical homogeneity (i.e., a stationary random field) is presumed. This property (Baecher & 

Christian 2003; Fenton & Griffiths, 2008) describes a condition in which the joint probability 

distribution of all the point-dependent random variables is independent of position. This would 

imply that the distribution at each point is the same (strong stationarity) but is usually relaxed to 

a condition (weak stationarity) in which only mean and variance are independent of position.   

 

The spatial variability of a random field is usually expressed through the scale of flutuation δ.  

The scale of flutuation quantifies the distance beyond which observations of 𝑋𝑋𝐷𝐷  become 

uncorrelated; observations at a distance greater than δ might be assumed as independent 

measurements. The same assumption applies everywhere when  δ → 0, and in this case the 

random field is described as infinitely rough (Fenton & Griffiths, 2008; Lloret-Cabot et al., 2014). 

Contrary, for large values of δ (δ → ∞) the random field variables become perfectly correlated 

everywhere (i.e., the field is uniform). This uniform limit condition is that represented by simpler 

soil variability models, such as Lumb’s.  
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A general approach for computing δ (vertical or horizontal) consists of best fitting empirical 

correlation observations with correlation models. Alternative approaches for both vertical and 

horizontal estimation of 𝛿𝛿 (i.e. conditional random field, Bayesian analysis) have been proposed 

recently (Ching et al., 2018; Lloret-Cabot et al., 2014).  

2.2.3 Measurement errors 
Measurement errors in geotechnical engineering have three different potential sources (Kulhawy, 

1996; Jaksa, 1995, Phoon & Kulhawy 1999a): 

- Equipment imperfection (e.g., instrumental inaccuracy due to erroneous calibration 

process, damaged or unreliable devices); 

- Procedural and operational (e.g., lack of testing guidelines or standardized testing 

execution procedures); 

- Randomness of measured data (i.e., data scatter not attributable to soil inherent 

variability, equipment or procedural imperfections, e.g., human error). 

From a metrological perspective measurement error can be understood as the combination of 

limited accuracy (i.e., systematic error) and limited precision (i.e., random effect). A formal 

expression for geotechnical measurements 𝑋𝑋𝐷𝐷𝐷𝐷(𝑑𝑑) taking into account measurement error is 

(Phoon and Kulhawy 1999; Zou et al., 2016): 

𝑋𝑋𝐷𝐷𝐷𝐷(𝑑𝑑) = 𝑋𝑋𝐷𝐷(𝑑𝑑) + 𝑢𝑢 (2.9) 

where 𝑢𝑢 represents the measurement uncertainty and is generally modeled as 𝑁𝑁  ̴ (µ𝑣𝑣 , 𝜎𝜎𝑣𝑣), where 

µ𝑣𝑣 quantifies the lack of accuracy or bias, while 𝜎𝜎𝑣𝑣 quantifies the precision.  

2.2.4 Transformation uncertainty 
Transformation model are typically employed to predict geotechnical design parameters 𝑋𝑋𝐷𝐷 from 

indirect measurements obtained with in situ tests (e.g., CPTu tip resistance). Such models can result 

from a theoretical approach to the measurement -to be later validated-, from correlations deduced by 

a purely empirical regression or from a combination of both approaches. Inevitably some element of 

data scatter will always appear when fitting the model, introducing systematic (i.e., not spatially 

dependent) uncertainty in the model coefficients.   

A geotechnical parameter 𝑋𝑋𝐷𝐷 obtained through a transformation model can then be expressed as: 

𝑋𝑋𝐷𝐷 = 𝑓𝑓(𝑋𝑋𝐷𝐷, 𝜀𝜀𝑇𝑇) (2.10) 

 
𝑓𝑓(𝑋𝑋𝐷𝐷, 𝜀𝜀𝑇𝑇) represents the transformation model between indirect measurements 𝑋𝑋𝐷𝐷 and the 

geotechnical parameter 𝑋𝑋𝐷𝐷. Uncertainties introduced by imperfect data fitting in the transformation 

model are here represented through the homogenous random variable 𝜀𝜀𝑇𝑇. In geotechnical engineering, 
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𝜀𝜀𝑇𝑇 is usually modeled as normal random variable with zero mean and standard deviation 𝜎𝜎𝜀𝜀𝑇𝑇 

[𝑁𝑁  ̴ �0, 𝜎𝜎𝜀𝜀𝑇𝑇�], with 𝜎𝜎𝜀𝜀𝑇𝑇 quantifying the magnitude of transformation uncertainty (Figure 2.10a). 

However, different statistical model of 𝜀𝜀𝑇𝑇  are also employed (e.g., not normal distributed standard 

error to accommodate for outliers, e.g. Lunn et al., 2012). Ching & Phoon, (2012), Ching & Phoon, 

(2014) summarize transformation uncertainties for several well-established geotechnical correlations.  

A different kind of transformation uncertainty is that associated with Soil Behavior Type Charts 

(𝑆𝑆𝑆𝑆𝑆𝑆), (Robertson 1990, Robertson 2009; Robertson, 2016; Schneider et al., 2008; Schneider et al., 

2012; Ramsey, 2002). These charts use CPTu observations to assign soil types according to some 

classification system and the location of the soil class boundaries might be uncertain (Figure 2.10b). 

Assessment of such type of uncertainty is discussed in Chapter 4.  

 

  

(a) (b) 

Figure 2.10. Transformation uncertainty within: a) Regression between indirect measurements X and soil 
design parameter XD. b) Soil Behavior Type chart (Robertson, 2016). 

2.2.5 Statistical errors 
The statistical description of a geotechnical design parameter 𝑋𝑋𝐷𝐷 will typically involve 

specification of a probability density function. Normal and lognormal 𝑃𝑃𝑃𝑃𝑃𝑃 are the ones most 

frequently employed (Phoon & Kulhway, 1999a), requiring the definition of the first two 

moments (i.e., mean µ𝑋𝑋𝐷𝐷 ,and standard deviation 𝜎𝜎𝑋𝑋𝐷𝐷). A correlation length 𝜆𝜆 is also necessary 

when 𝑅𝑅𝑃𝑃𝑆𝑆 is applied. However, it is a frequent situation that project-specific geotechnical 

investigations are based on a limited amount of soil samples (i.e., laboratory measurements) and 

in-situ tests (Wang et al., 2010). The available results might not then be fully representative of 

the geotechnical parameter population. The relation between the sample-deduced statistics (e.g. 

µ𝑋𝑋𝐷𝐷 , 𝜎𝜎𝑋𝑋𝐷𝐷 , 𝜆𝜆) and those of the population carries some uncertainty (Baecher & Christian, 2003). 

Such uncertainty is categorized as epistemic since an increase of in-situ investigation at a site will 

reduce the estimation error of the statistics.  
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2.2.6 Model uncertainty 
An additional epistemic uncertainty is given by the so-called model error. The term “model” here 

refers to a wider context than that covered by transformation error. Transformation uncertainty 

arise from a specific regression type (e.g., linear, exponential, polynomial), but model error is due 

to the choice of regression model (Yan et al., 2009). As an example, different regression models, 

obtained by including a different number of independent variables might result on the same 

transformation uncertainty but still have different sensibilities to measurement error.   

Model error can also result from simplifications of real phenomena inherent to geotechnical 

physically-based models (e.g. slope stability analysis, strain-rate model) (Zhang et al., 2012; 

Zhang et al., 2009). In geotechnical engineering such uncertainty is modeled as a normal random 

variable 𝜀𝜀𝐷𝐷  ̴ 𝑁𝑁 (µ𝜀𝜀𝑚𝑚 , 𝜎𝜎𝜀𝜀𝑚𝑚) with µ𝜀𝜀𝑚𝑚 mean value of model error, which define model bias and 

𝜎𝜎𝜀𝜀𝑚𝑚standard deviation of model error.  For simplicity, the general notation predictive models 𝑀𝑀 

will be use to refers to both regression and geotechnical physically-based models.  

 

Finally, the statistical description of a geotechnical parameter requires the selection of a particular 

stochastic model and this introduces errors that go beyond the statistical error due to small sample 

size. Such models are here denoted as stochastic (or statistical) models 𝑀𝑀. As an example, the 

factor of safety from stochastic procedure can be arbitrary described both as normal or lognormal 

distribution. However, the former introduces a non-negligible error in terms of variable 

representation, further propagating in the computation of probability of failure (Haneberg, 2004).  

2.2.7 Propagation of uncertainty 
All sources of uncertainty contribute to the variability observed in the geotechnical parameter (Figure 

2.11). The total variability of 𝑋𝑋𝐷𝐷 can be then computed through a second-moment approach (Phoon et 

al., 1995; Phoon & Khulawy 1999a, 1999b; Zhang et al., 2009; Prästings et al., 2019) as: 

𝜎𝜎𝑡𝑡𝑡𝑡𝑡𝑡−𝑋𝑋𝐷𝐷
2 =  𝜎𝜎𝑤𝑤

2 + 𝜎𝜎𝑣𝑣
2 + 𝜎𝜎𝜀𝜀

2 + 𝜎𝜎𝑠𝑠𝑡𝑡𝑣𝑣𝑡𝑡
2 + 𝜎𝜎𝜀𝜀𝑚𝑚

2  (2.11) 

 

with 𝜎𝜎𝑡𝑡𝑡𝑡𝑡𝑡−𝑋𝑋𝐷𝐷
2  total variance of 𝑋𝑋𝐷𝐷, 𝜎𝜎𝑤𝑤

2 , 𝜎𝜎𝑣𝑣
2, 𝜎𝜎𝜀𝜀

2, 𝜎𝜎𝑠𝑠𝑡𝑡𝑣𝑣𝑡𝑡
2 ,  𝜎𝜎𝜀𝜀𝑚𝑚

2 variance of inherent variability, 

measurement errors, transformation uncertainty, statistical and model uncertainties, as previously 

introduced.  
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Figure 2.11. Propagation of uncertainties in geotechnical design prediction. 

Eq. (2.11) provides point estimates of 𝑋𝑋𝐷𝐷 variance coherent with Lumb’s formulation. To include 

Random Field Theory concepts in a simplified setting, Vanmarke, (1977), (2010); Krogt et al.( 

2019) suggested to reformulate eq. (2.11)  as: 

 
𝜎𝜎𝑡𝑡𝑡𝑡𝑡𝑡−𝑋𝑋𝐷𝐷

2 =  𝛤𝛤2 𝜎𝜎𝑤𝑤
2 + 𝜎𝜎𝑣𝑣

2 + 𝜎𝜎𝜀𝜀
2 + 𝜎𝜎𝑠𝑠𝑡𝑡𝑣𝑣𝑡𝑡

2 + 𝜎𝜎𝜀𝜀𝑚𝑚
2  (2.12) 

 

with 𝛤𝛤 variance reduction factor which depends on the length of the averaging interval 𝐿𝐿 and 

correlation length 𝜆𝜆 of soil design parameters (𝛤𝛤 = 𝜆𝜆/𝐿𝐿). The introduction of  𝛤𝛤 allows to 

distinguish between small (local, 𝛤𝛤 = 1) partial 0 < 𝛤𝛤 < 1 and large (non-local, 𝛤𝛤 = 0) failure 

such that the contribution of 𝜎𝜎𝑤𝑤 decreases depending on spatial averaging (Fenton & Griffiths, 

2008; Vanmarcke, 2010).   

The distinction between local and non-local failure is relevant for probabilistic based design and 

correct quantification of characteristic values  𝑋𝑋𝑘𝑘. According to EN 1997-1:2004 CEN (2004), 

when small volume of governs limit state (local failure), 𝑋𝑋𝑘𝑘 extreme fractiles (typically 5% or 

95% for favourable/unfavourable cases) should be selected from probability density function 

(𝑃𝑃𝑃𝑃𝑃𝑃) representing the variability of 𝑋𝑋. Alternatively, when a large volume of soil is involved 

(non-local failure), the relevant fractiles should be selected from the probability density function 

of the mean value of X, to provide a cautious estimate of that statistical parameter. The different 

concepts involved are illustrated in Figure 2.12: 

Eq. (2.12) implies that measurement, statistical, transformation and model uncertainties are 

systematic errors, not subject to spatial averaging. The effect of such assumption (i.e., 

conservative estimates due to higher uncertainty) is discussed by Krogt et al., (2019). 
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A common assumption in geotechnical practice is that soil parameters are considered fully 

correlated along horizontal direction, since it is likely that soil at the same reference depth has 

been subject to the same geological processes. Despite that, several studies based on RFT have 

illustrated the strong effect that horizontal variability may have on engineering designs (Fenton 

& Griffiths, 2005; Klammler et al., 2013) and have argued for its systematic quantification.   

 

Figure 2.12. Uncertainties to account for the 5% fractile of XD according to Eurocode 7 (Prästings et al., 
2019). 
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3     Background - Methodology  
This section summarizes models employed throughout the thesis for the probabilistic description 

of geotechnical properties. This section also aims to provide a general overview of Bayesian 

analysis concepts and algorithms that are common to later application chapters.   

3.1 Probabilistic models 

3.1.1 Probability and probability distributions 
Whatever the approach used to deal with geotechnical uncertainty it is frequently necessary to 

describe soil properties or geotechnical parameters using random variables, which (ISSMGE 

2004) are defined as “a quantity, the magnitude of which is not exactly fixed but rather the 

quantity may assume any of the number of values described by a probability distribution”. 

Assume that a geotechnical parameter 𝑋𝑋𝐷𝐷
 can be modeled as a continuous random variable. A 

probability density function, here denoted as 𝑓𝑓𝑋𝑋𝐷𝐷maps the variable in the interval [0,1] and 
integrates to 1. The value of the probability density function at a point 𝑥𝑥𝐷𝐷 , 𝑓𝑓𝑋𝑋𝐷𝐷(𝑥𝑥𝐷𝐷) is defined by: 

𝑓𝑓𝑋𝑋𝐷𝐷(𝑥𝑥𝐷𝐷)  = lim
𝛥𝛥→0+

𝑝𝑝(𝑥𝑥𝐷𝐷 < 𝑋𝑋𝐷𝐷 < 𝑥𝑥𝐷𝐷 + Δ)
Δ

 
(3.1) 

 

The expectation of 𝑓𝑓(𝑋𝑋𝐷𝐷), 𝐸𝐸[𝑓𝑓(𝑋𝑋𝐷𝐷)], wihin the domain �𝑋𝑋𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖  𝑋𝑋𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠�, is defined as 

∫ 𝑋𝑋𝐷𝐷𝑓𝑓𝑋𝑋𝐷𝐷𝑋𝑋𝐷𝐷 𝑋𝑋𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠
𝑋𝑋𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖

, and here denoted as µ𝑋𝑋𝐷𝐷 . 

A widely used probability distribution is the Gaussian (i.e., normal) distribution. For a single 

variable 𝑋𝑋𝐷𝐷 the gaussian distribution may be written as 

𝑓𝑓𝑋𝑋𝐷𝐷 =
1

𝜎𝜎𝑤𝑤(2π)−1
2

∙ 𝑢𝑢
�−0.5�

𝑋𝑋𝐷𝐷−µ𝑋𝑋𝐷𝐷
𝜎𝜎𝑤𝑤

�
2

�
 

(3.2) 

 

with µ𝑋𝑋𝐷𝐷mean of 𝑋𝑋𝐷𝐷 , 𝜎𝜎𝑤𝑤 standard deviation of 𝑋𝑋𝐷𝐷.  

Not all geotechnical parameters are optimally modeled by Gaussian distributions and is 

sometimes necessary to use a preliminary transformation to obtain a Gaussian. As an example, 

normalized undrained shear strength or undrained young modulus at a site, are usually modeled 

as lognormal random variables (Fenton & Griffiths, 2005; Y. Wang & Cao, 2013). In a lognormal 

distribution it is the natural logarithm (𝑣𝑣𝑢𝑢𝑋𝑋𝐷𝐷) of the variable what is normally distributed, and the 

distribution is written as: 
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𝑓𝑓ln (𝑋𝑋𝐷𝐷) =
1

𝜎𝜎𝑤𝑤_𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷(2π)−1
2

∙ 𝑢𝑢
�−0.5�

𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷−µ𝑙𝑙𝑖𝑖𝑋𝑋𝐷𝐷
𝜎𝜎𝑤𝑤_𝑙𝑙𝑖𝑖𝑋𝑋𝐷𝐷

�
2

�
 

(3.3) 

with µ𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷 =mean value of the logarithm of 𝑋𝑋𝐷𝐷, 𝜎𝜎𝑤𝑤_𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷 = standard deviation of the logarithm 

of 𝑋𝑋𝐷𝐷. The mean and variance of the untransformed variable  𝑋𝑋𝐷𝐷  are related to those of its 

lognormal transformation by (Forbes et al., 2018): 

µ𝑋𝑋𝐷𝐷 = exp�µ𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷 + 𝜎𝜎𝑤𝑤_𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷
2/2� (3.4a) 

𝜎𝜎𝑤𝑤 = exp�2 ∙ µ𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷 + 𝜎𝜎𝑤𝑤_𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷
2� ∙ �exp�𝜎𝜎𝑤𝑤_𝑙𝑙𝑣𝑣𝑋𝑋𝐷𝐷

2� − 1� (3.4b) 

The lognormal belongs to a more generic group of Gaussian-transformed statistical distributions 

(Johnson family) that are introduced later (Chapter 6, section 6.1.8).  

3.1.2 Joint bivariate distribution  
Multivariate random variables are frequent in geotechnics and assessing possible co-dependence 

between variates is a crucial step in geotechnical design (Ching et al., 2014;  Ching & Phoon, 

2012;. Yan et al., 2010).   For instance, consider CPTu-based geotechnical soil profiling, where 

soil classification is typically done using normalized variables that combine cone tip resistance 

and sleeve friction or pore pressure.  

The probability distribution of two random variables or bivariate is an extension of the univariate 

case reported in section 3.1.1 and denoted as joint probability.  The joint bivariate probability 

density distribution of two random variables is here denoted as  𝑓𝑓(𝑋𝑋1, 𝑋𝑋2): 

𝑓𝑓(𝑋𝑋1, 𝑋𝑋2)  =
1

2π𝜎𝜎1𝜎𝜎2�1 − 𝜌𝜌2
∙ exp

−� z
2(1−𝜌𝜌2)�

 
(3.5) 

with 𝜎𝜎1, 𝜎𝜎2 standard deviation of 𝑋𝑋1, 𝑋𝑋2 respectively, 𝜌𝜌 =correlation coefficient between 𝑋𝑋1, 𝑋𝑋2, z =
(𝑋𝑋1− µ𝑋𝑋1)2

𝜎𝜎1
2 − 2𝜌𝜌(𝑋𝑋1− µ𝑋𝑋1)(𝑋𝑋2− µ𝑋𝑋2)

𝜎𝜎1𝜎𝜎2
+ (𝑋𝑋2− µ𝑋𝑋2)2

𝜎𝜎2
2

 , µ𝑋𝑋1, µ𝑋𝑋2 mean value of 𝑋𝑋1, 𝑋𝑋2 respectively. The bivariate 

gaussian distribution may be generalized to more variables as explained is section 3.1.5. 

3.1.3 Correlation and co-variance 
A measure of co-dependence of two random variables, 𝑋𝑋1and 𝑋𝑋2 is expressed by the covariance 

𝐶𝐶𝐶𝐶𝑣𝑣 (𝑋𝑋1, 𝑋𝑋2)  defined as: 

𝐶𝐶𝐶𝐶𝑣𝑣 (𝑋𝑋1, 𝑋𝑋2) =
1
𝑢𝑢

 ��𝑋𝑋1𝑖𝑖 − µ𝑋𝑋1��𝑋𝑋2𝑖𝑖 − µ𝑋𝑋2�
𝑣𝑣

𝑖𝑖,𝑗𝑗

 
(3.6) 

with µ𝑋𝑋1  µ𝑋𝑋2 mean values of 𝑋𝑋1and  𝑋𝑋2 respectively. 
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A positive covariance indicates that the two random variables tend to move in the same direction, 

while a negative value means that they tend to move in inverse directions.  

Additional information on joint dependence between 𝑋𝑋1and 𝑋𝑋2 is given by the linear (i.e., 

Pearson) correlation coefficient 𝜌𝜌𝑋𝑋1𝑋𝑋2  , which measures the strength of their relationship and it is 

defined as: 

𝜌𝜌𝑋𝑋1𝑋𝑋2 =
𝐶𝐶𝐶𝐶𝐶𝐶 (𝑋𝑋1, 𝑋𝑋2)

𝜎𝜎𝑋𝑋1𝜎𝜎𝑋𝑋2

==  
𝐸𝐸([𝑋𝑋1𝑖𝑖 − µ𝑋𝑋1][𝑋𝑋2𝑖𝑖 − µ𝑋𝑋2])

�𝐸𝐸(�𝑋𝑋1𝑖𝑖 − µ𝑋𝑋1�)2𝑥𝑥 𝐸𝐸(�𝑋𝑋2𝑖𝑖 − µ𝑋𝑋2�)2
 

(3.7) 

where 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋𝑖𝑖 , 𝑋𝑋𝑗𝑗) is the covariance between the variables, and 𝜎𝜎𝑋𝑋1 , µ𝑋𝑋1 , 𝜎𝜎𝑋𝑋2 , µ𝑋𝑋2 are the 

respectively mean values and standard deviations of 𝑋𝑋1and 𝑋𝑋2.  Examples of linear Pearson 

correlation coefficients are reported in Figure 3.1. 

 

Figure 3.1. Example of Pearson coefficient between to random variable X1, X2. 
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3.1.4 Marginal and Conditional probability distribution 
The joint probability expresses a measure of dependence of two random variables. However, it is 

also important to define the probability distribution of each individual random variable, which are 

known as marginal probability distributions and defined from 𝑓𝑓𝑥𝑥1,𝑥𝑥2  as (Forbes et al., 2018):  

𝑓𝑓𝑋𝑋1 = ∫ 𝑓𝑓𝑋𝑋1, 𝑋𝑋2 𝑑𝑑𝑋𝑋2. (3.8a) 

𝑓𝑓𝑋𝑋1 = ∫ 𝑓𝑓𝑋𝑋1,𝑋𝑋2 𝑑𝑑𝑋𝑋1. (3.8b) 

When the two random variables are not independent, it might be interesting to assess the 

probability of one variable (say 𝑋𝑋1)  given information about the other variate (𝑋𝑋2). This is done 

by computing the so-called conditional probability, whose density is here denoted as 𝑓𝑓(𝑋𝑋1|𝑋𝑋2), 

and it reads: 

𝑓𝑓(𝑋𝑋1|𝑋𝑋2) =
𝑓𝑓𝑋𝑋1,𝑋𝑋2

𝑓𝑓𝑋𝑋2
   (3.9) 

3.1.5 Multivariate distributions  
The bivariate density distribution is a special case of the multivariate one. Given a set of 𝑘𝑘 

normally distributed geotechnical parameters (e.g., dimensionless soil unit weight 𝛾𝛾𝑡𝑡
𝛾𝛾𝑤𝑤

 and 

normalized cone tip resistance 𝑄𝑄𝑡𝑡1, 𝑘𝑘 = 2), collected in the vector 𝑿𝑿, the joint multivariate 

Gaussian distribution is given as: 

𝑓𝑓(𝑿𝑿) = 𝑀𝑀𝐶𝐶𝑀𝑀 (µ , ∑)  =
1

(2π)𝑑𝑑/2 �∑�
1/2

−𝑑𝑑
2

∙ e
−�1

2��𝑿𝑿−µ�
′
∑−1�𝑿𝑿−µ�

 
 (3.10) 

with ∑ covariance matrix of dimension [𝑘𝑘 𝑥𝑥 𝑘𝑘] and µ vector of dimension [1 𝑥𝑥 𝑘𝑘]. 

As an example, considering two random variables 𝑋𝑋𝑖𝑖 , 𝑋𝑋𝑗𝑗 The covariance matrix reads:  

∑= �
𝜎𝜎1

2

…
… 𝜌𝜌1𝑘𝑘 𝜎𝜎1𝜎𝜎𝑘𝑘
… …

𝜌𝜌𝑖𝑖1 𝜎𝜎𝑖𝑖𝜎𝜎1   …     𝜎𝜎𝑘𝑘
2

� 
(3.11) 

with 𝜌𝜌𝑖𝑖𝑗𝑗= Linear correlation coefficient (e.g., Pearson coefficient [−1; 1]) which expresses the 

linear correlation dependence between variable 𝑋𝑋𝑖𝑖 , 𝑋𝑋𝑗𝑗 (Figure 3.1). 

As previously introduced, eq. (3.10) expresses the joint distribution (i.e., the structure 

dependence) of 𝑘𝑘 soil parameters, introducing a strong assumption in terms of linear dependence 

between them.  
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In recent studies much attention has been paid to the dependence structure of geotechnical 

measurements (e.g., cohesion- friction angle or normalized undrained shear strength-CPTu 

parameters), as it may play a considerable role in reliability design (Uzielli & Mayne, 2011; Wu, 

2015) or in geotechnical parameter estimation (Wu, 2015, Ching et al., 2014b, Li et al., 2015; 

Contreras et al., 2018).  Dependence among geotechnical parameters may be characterized by 

non-symmetric and nonlinear features. This and other limitations of the Gaussian multivariate 

model have pushed forward the application of more general multivariate models, based on copula 

theory (Li et al., 2015; Uzielli & Mayne, 2011; Wu, 2015). Such topic will not be pursued here. 

3.2  Bayesian Analysis 
In the last decades Bayesian analysis has gained popularity in geotechnical characterization. The 

Bayesian definition of probability is conceptually different from the more traditional frequentist 

one. Essentially, frequentists quantify probability of an event x,  P(x) as a limiting ratio of a 

sequence of repeatable events.  True probability is obtained increasing the extent of the series as: 

𝑃𝑃(𝑥𝑥) = lim
𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡→∞

 
𝑛𝑛𝑥𝑥

𝑛𝑛𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑡𝑡𝑡𝑡
 (3.12) 

with 𝑛𝑛𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑡𝑡𝑡𝑡 =number of trials and 𝑛𝑛𝑥𝑥 = number of 𝑥𝑥 occurrence. From a Bayesian perspective 

probability expresses instead a degree of belief on the outcome of an event or truth of a 

proposition, given some evidence (Baecher & Christian, 2003).  

As succinctly explained by Contreras et al., (2018) frequentists treat statistical parameters (e.g., 

mean and standard deviation of a geotechnical design parameter 𝑋𝑋𝐷𝐷) as unknown fixed quantities, 

whereas the observations are treated as realizations of random variables. On the contrary, from a 

Bayesian perspective, parameters of statistical models are unknown random variables, and 

observations are fixed known quantities.  

The debate between Bayesian and frequentist approaches to probability and statistics has a long 

history (Samaniego, 2010). Although the Bayesian approach has conceptual advantages -for 

instance in endowing more transparent meaning to statistical inference than what is typically 

obtained with classical concepts such as significance level and 𝑝𝑝 − 𝐶𝐶𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣- it has been 

convincingly argued, (Matthews, 2001), that its uptake would be largely dependent on perceived 

practical benefits rather than on avoiding conceptual mistakes. 

Bayesian analysis is able to integrate, in a systematic and rational manner, existing prior 

information, sometimes subjective, with observed data. It is also easily adaptable to sequential 

procedures, incorporating the result of new observations as they become available. It is also able 

to integrate different type of uncertainties about specific problem inputs in a transparent and 

rational manner (Gelman et al., 2013).  It is therefore unsurprising that Bayesian analysis has 
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become increasingly popular in geotechnical engineering, where varied uncertainty sources, 

staged information updates and the presence of existing, but sometimes vaguely specified, 

previous information are daily occurrences.  Bayesian analyses also offers some hope to overcome 

the so-called ‘curse of the small sample size’ (Phoon, 2017b) that has affected classical (i.e., 

frequentist) statistical approaches when addressing key geotechnical problems such as the 

assessment of characteristic values of geotechnical properties (Orr, 2000).  

3.2.1 Basic Bayesian Inference scheme 
The probabilistic description of a variable  𝑋𝑋𝐷𝐷  requires several parameters (e.g., mean, standard 

deviation, scale of fluctuation). These parameters are themselves treated as unknown random 

variables and collected in a vector 𝚯𝚯 = [𝚯𝚯𝟏𝟏, … , 𝚯𝚯𝒊𝒊, … 𝚯𝚯𝒏𝒏] . It is assumed that there is some limited  

𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 knowledge about the distributions in  𝚯𝚯.  In the basic 𝐵𝐵𝑣𝑣𝐵𝐵𝑣𝑣𝐵𝐵𝑃𝑃𝑣𝑣𝑛𝑛 inference scheme an  

𝑣𝑣𝑝𝑝𝑑𝑑𝑣𝑣𝑢𝑢𝑣𝑣𝑑𝑑 distribution (i.e., 𝑝𝑝𝐶𝐶𝐵𝐵𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣) of 𝚯𝚯 is obtained using a set of observations 

(i.e., 𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣) of the variable  𝑋𝑋𝐷𝐷   through (Gelman et al., 2013, Ang & Tang, 2007): 

𝑝𝑝�𝚯𝚯�𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣, 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃� = 𝐾𝐾 𝐿𝐿�𝚯𝚯� 𝑝𝑝(𝚯𝚯) 

 

(3.13) 

where 𝑝𝑝�𝚯𝚯�𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣, 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃� (Figure 3.2) is the joint 𝑝𝑝𝐶𝐶𝐵𝐵𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑑𝑑𝑃𝑃𝐵𝐵𝑢𝑢𝑃𝑃𝑃𝑃𝑑𝑑𝑣𝑣𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 of unknown random 

variables 𝚯𝚯, 𝐿𝐿�𝚯𝚯� is the 𝐿𝐿𝑃𝑃𝑘𝑘𝑣𝑣𝑣𝑣𝑃𝑃ℎ𝐶𝐶𝐶𝐶𝑑𝑑 function, 𝑝𝑝(𝚯𝚯) is representative of the 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 knowledge of 

𝚯𝚯 and 𝐾𝐾 is a normalizing constant, independent from 𝚯𝚯 , which from total probability theorem 

reads: 

� 𝑝𝑝�𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣�𝚯𝚯� 𝑝𝑝(𝚯𝚯
µ,𝜎𝜎

)𝑑𝑑𝚯𝚯]−1 (3.14) 
 

The information thus obtained about the parameters of 𝑋𝑋𝐷𝐷 in incorporated into the 

𝑝𝑝𝐶𝐶𝐵𝐵𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑝𝑝𝑃𝑃𝑣𝑣𝑑𝑑𝑃𝑃𝑝𝑝𝑢𝑢𝑃𝑃𝐶𝐶𝑣𝑣 𝑑𝑑𝑃𝑃𝐵𝐵𝑢𝑢𝑃𝑃𝑃𝑃𝑑𝑑𝑣𝑣𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 of 𝑋𝑋𝐷𝐷: 

𝑝𝑝(𝑋𝑋𝐷𝐷|𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣, 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃) = � 𝑝𝑝�𝑋𝑋𝐷𝐷�𝚯𝚯� 𝑝𝑝�𝚯𝚯�𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣, 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃�𝑑𝑑𝚯𝚯
𝚯𝚯

 (3.15) 

with 𝑝𝑝�𝑋𝑋𝐷𝐷�𝚯𝚯� probability density of 𝑋𝑋𝐷𝐷 conditioned to a set of 𝚯𝚯 values.  
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Figure 3.2. Schematic illustration of Bayes Theorem.  

3.2.2 Prior knowledge 
The 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 about parameters 𝑝𝑝(𝚯𝚯),  is typically acquired from a desk study and 

eventually integrated with engineering expertise (Vick, 2002). Expressing such information in 

terms of Probability Density Functions 𝑃𝑃𝐷𝐷𝑃𝑃, 𝑝𝑝(𝚯𝚯), might be challenging, as it sometimes requires 

to express engineering judgment in a transparent manner. It is, however, an essential step  (Cao 

et al., 2016). Formally, 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 at a project site can be subdivided in two main 

categories: uninformative knowledge and informative one, as detailed below.  

3.2.2.1 Uninformative knowledge 
When the number of pre-existing investigations relevant for a site is very limited, the situation 

would typically be described by uninformative 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣. Alternatively, such 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃𝐵𝐵 are 

also applied when it is desired to limit the effect of 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 on posterior inferences 

(perhaps because the amount of investigation is large, but it is deemed of poor quality). 

For continuous random variables, uninformative prior knowledge is expressed using uniform 

distributions (Figure 3.3). A uniform density distribution 𝑓𝑓 (Θ𝑖𝑖) expresses no preference of  Θ𝑖𝑖  

within the specified domain; three different forms are applied in practice (Wang et al., 2010, 

Gelman et al., 2013; Ang & Tang, 2007):  

𝑃𝑃(Θ𝑖𝑖) =

⎩
⎪
⎨

⎪
⎧

1
Θ𝑖𝑖−𝑚𝑚𝑡𝑡𝑥𝑥 − Θ𝑖𝑖−𝑚𝑚𝑖𝑖𝑛𝑛

𝑝𝑝𝐶𝐶𝑛𝑛𝐵𝐵𝑢𝑢

 
1
Θ𝑖𝑖

 

 

𝑓𝑓𝐶𝐶𝑃𝑃  Θ𝑖𝑖  ∈ [Θ𝑖𝑖−𝑚𝑚𝑡𝑡𝑥𝑥;  Θ𝑖𝑖−𝑚𝑚𝑖𝑖𝑛𝑛]    (a)  

(3.16) 𝑓𝑓𝐶𝐶𝑃𝑃  Θ𝑖𝑖  ∈ [−∞; ∞]                   (b) 

𝑓𝑓𝐶𝐶𝑃𝑃  Θ𝑖𝑖  ∈ [0; ∞]                       (c) 

For eq. (3.16a), Θ𝑖𝑖−𝑚𝑚𝑡𝑡𝑥𝑥  𝑣𝑣𝑛𝑛𝑑𝑑 Θ𝑖𝑖−𝑚𝑚𝑖𝑖𝑛𝑛 represent maximum and minimum value of Θ𝑖𝑖. Typical 

ranges of Θ𝑖𝑖 may be available from the literature (Phoon and Kuhlawy, 1999; Cao et al., 2016; 

Ching & Schweckendiek, 2021) and/or derived from local engineering expertise, (i.e. narrowing 

the plausible range of values, Figure 3.3).  
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𝑝𝑝 (𝚯𝚯|Data,Prior)



 31 Background - Methodology 

An even less informative knowledge is expressed by eq. (3.16b) for a domain interval that range 

from −∞ 𝑢𝑢𝐶𝐶 ∞. From the application viewpoint both eq. (3.16a)  and eq. (3.16b) make Bayesian 

inference rather complex since such 𝑃𝑃𝐷𝐷𝑃𝑃𝐵𝐵 are not invariant to one-to-one transformation of the 

underlying variable.  

The invariance principle state that the prior selected should express equivalent beliefs (i.e., 

knowledge) even when considering a transformed version of the variable of interest (e.g.,  𝑣𝑣𝑛𝑛𝑄𝑄𝑡𝑡1 

instead of 𝑄𝑄𝑡𝑡1). On the other hand, Jeffreys’ prior (3.16c) is invariant under injective functions.  

Another difficulty with eq. (3.16b) is that it results on an improper integral in eq. (3.13, 3.14, 

3.15), for which no closed form solution is available, always requiring the application of 

numerical algorithms for solution.  Analogously, for the prior defined by (3.16a) no closed form 

solution is available requiring numerical integration procedures. Concerning eq. (3.16c), by 

conceiving it as limiting state of the conjugate Normal-Inverse-Gamma prior, a closed-form 

analytical solution of posterior distribution could be derived (He & Guan, 2020); however, even 

in that case numerical integration is generally preferred.  

 

Figure 3.3. Engineering expertise can be used to narrow down uninformative Prior knowledge. 

3.2.2.2 Informative knowledge 

The increase of quality and quantity of preliminary knowledge leads to a more informative 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃, 

in which some values of Θ𝑖𝑖 within the specified domain have greater frequency of occurrence. 

Informative priors have to be assessed carefully since they directly affect the 

𝑃𝑃𝐶𝐶𝐵𝐵𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 of 𝑋𝑋𝐷𝐷, particularly when few new data are available (Wang et al., 2010).  

A specific probabilistic distribution can be computed through different approaches (e.g., 

maximum-likelihood, Montecarlo simulations) to express prior knowledge.  In this case available 

subjective judgment (i.e., engineering expertise) is not explicitly incorporated.  

PD
F(

   )µ

µmin µ
µmax

𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 

𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 integrated 
with engineer's judgment
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To feed expertise into 𝑃𝑃𝑛𝑛𝑓𝑓𝐶𝐶𝑃𝑃𝑖𝑖𝑣𝑣𝑢𝑢𝑃𝑃𝐶𝐶𝑣𝑣 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣, Subjective Probability Assessment (𝑆𝑆𝑃𝑃𝑆𝑆) 

approaches (Vick 2002, Cao et al., 2016) are sometimes employed. In them, cognitive processes 

are modeled by multiple steps, and knowledge expression is guided by transparent procedures. 

The goal is to minimize the impact or cognitive bias (e.g. availability, anchoring and adjustment 

heuristics, Vick, 2002) typically implicit in expert knowledge acquisition (Cao, 2013).  

3.2.3 Likelihood function  
Within a Bayesian framework, the relevance of direct or indirect observations for a given 

probabilistic model that has parameters 𝚯𝚯,  𝑀𝑀�𝚯𝚯�, is embedded in the so-called 

𝐿𝐿𝑃𝑃𝑘𝑘𝑣𝑣𝑣𝑣𝑃𝑃ℎ𝐶𝐶𝐶𝐶𝑑𝑑 𝑓𝑓𝑣𝑣𝑛𝑛𝑝𝑝𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 𝐿𝐿�𝚯𝚯�. In soil characterization problems the model 𝑀𝑀�𝚯𝚯�  is typically the 

probabilistic distribution of the underlying variable 𝑓𝑓𝑋𝑋𝐷𝐷 , although more complex scenarios are 

also possible. The likelihood function evaluates the conditional probability of observations (i.e., 

𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣) for fixed values, 𝛝𝛝  of the unknown random variables 𝚯𝚯,  such that (Straub & Papaioannou, 

2015): 

𝐿𝐿�𝛝𝛝� = 𝑝𝑝(𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣|𝜣𝜣 = 𝛝𝛝) (3.17) 

In the Likelihood definition, it is important to highlight what is considered fixed and what can 

vary. The likelihood of 𝚯𝚯, 𝐿𝐿�𝚯𝚯�, takes observations as fixed, while 𝚯𝚯 is assumed free to vary. A 

shown in later chapters with different case studies (e.g., soil delineation, Chapter 4, regression, 

Chapter 6, etc.) the 𝐿𝐿𝑃𝑃𝑘𝑘𝑣𝑣𝑣𝑣𝑃𝑃ℎ𝐶𝐶𝐶𝐶𝑑𝑑 𝑓𝑓𝑣𝑣𝑛𝑛𝑝𝑝𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 also conveys the effect of different uncertainties 

affecting the observations (e.g., transformation, measurement, etc.) into the posterior distribution 

of 𝑋𝑋𝐷𝐷.  

3.2.4 Posterior distribution of unknown random variables 
Eq. (3.13) expresses the joint posterior distribution of the unknown random variables 𝚯𝚯. 

Frequently, the main focus of interest lies on the estimation of individual random variables Θ𝑖𝑖, or 

marginal distributions (e.g., the mean value of a geotechnical parameter). This requires the 

integration of eq. (3.13) over the multidimensional domain spanned by the remaining unknown 

variables. Therefore, multidimensional integration should be applied. Depending on the assumed 

probabilistic model 𝑀𝑀�𝚯𝚯� and the specified  𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣, analytical integration of eq. 

(3.13) might become unfeasible and closed form solutions will not be available.  An exception to 

this situation is given by the so-called conjugated 𝑃𝑃𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃𝐵𝐵 , which are specifically selected to make 

feasible analytical integration of a particular likelihood function (Baecher & Christian, (2005). 

To clarify this concept, an example of analytical Bayesian updating from Papaioannou & Straub, 

(2017) is reproduced here.  Assume that the unknown random variable of interest is the mean of 
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effective friction angle 𝜙𝜙′ for a specific site then  𝚯𝚯 = µ𝜙𝜙′, 𝜎𝜎µ𝜙𝜙′
,  where the parameters are the 

mean and standard deviation of that statistic distribution. At the site, 𝑛𝑛 friction angle 

measurements (𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣) are available. We assume that the underlying friction angle distribution  

𝑀𝑀�𝚯𝚯� is a normal distribution. The Likelihood function is 𝐿𝐿�𝛝𝛝� = 𝑝𝑝 �𝐷𝐷𝑣𝑣𝑢𝑢𝑣𝑣�𝜣𝜣 = 𝜙𝜙′ , 𝜎𝜎µ𝜙𝜙′�   can 

be computed according to 𝑀𝑀�𝚯𝚯� with  𝜙𝜙′ the samples mean and 𝜎𝜎µ𝜙𝜙′ its standard deviation.  

When the likelihood model 𝑀𝑀�𝚯𝚯� is a normal distribution  a conjugate prior knowledge  is given 

also by a normal distribution of friction means 𝑀𝑀(µ𝜙𝜙′
′ 𝜎𝜎′µ𝜙𝜙′

) , from which posterior estimates of 

mean statistics read (Ang & Tang, 2007, Straub & Papaioannou, 2017): 

µ′′𝜙𝜙′ =

µ′𝜙𝜙′
𝜎𝜎′µ𝜙𝜙′

2� + 𝑛𝑛 𝜙𝜙′
𝜎𝜎µ

𝜙𝜙′
2�

1
𝜎𝜎′µ𝜙𝜙′

2� + 𝑛𝑛
𝜎𝜎µ

𝜙𝜙′
2�

 

(3.18a) 

𝜎𝜎′′𝜙𝜙′ = �1
𝜎𝜎′µ𝜙𝜙′

2� + 𝑛𝑛
𝜎𝜎µ

𝜙𝜙′
2� �

−0.5

 
(30b) 

Eq.(3.18) allows to assess directly the effect of prior knowledge and sample size on posterior 

estimates.  µ′′𝜙𝜙′ is directly influenced by both the number of observations and the sample mean; 

for large samples (𝑛𝑛 → ∞) the posterior estimates will coincide with the sample mean 𝜙𝜙′� , making 

prior information irrelevant. On the other hand, for small samples, prior knowledge will strongly 

affect µ′′𝜙𝜙′. Concerning 𝜎𝜎′′𝜙𝜙′ the effect of prior knowledge decreases as sample size increases 

and, for any sample size, always reduces the uncertainty expressed by 𝜎𝜎′𝜙𝜙′
2 . 

There are few functions that work as conjugate pairs and selecting one imposes significant 

constraints on the prior. To bypass such limitations different numerical algorithms (i.e., 

Metropolis Hasting algorithm, Gibb’s sampler, Hybrid approach) have been developed to 

integrate numerically eq. (3.13)  . Several authors (Zhang et al., 2012; Wang et al., 2010) see 

computational complexity as a significant drawback of Bayesian analysis. A more nuanced view 

is that of  Contreras et al., (2018), who notes that robust implementations of those algorithms are 

currently available in many open-source packages, but also highlights that (Bayesian) analysts 

should have a good understanding of the underlying concepts. A general introduction (i.e., 

workflow, limitations and advantages) to those algorithms is given in section 3.3 below.  

3.2.5 Bayesian Model Selection Criteria  
The prediction of the distribution of a soil parameter 𝑋𝑋𝐷𝐷 or, more generally, of geo-structure 

response can be computed employing different analytical, numerical or empirical predictive 

models 𝑀𝑀 which may be partly or fully formulated in stochastic terms. All those models will 
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differ in terms of complexity (i.e., number of effective parameters, or unknown parameter 

statistics involved) and selecting the most adequate for a given application is not always simple. 

Bayesian techniques may be used to aid in that purpose.  

A general observation of previous studies states that an increase in the model 𝑀𝑀 complexity 

results in a better model fit, as expressed by the coefficient of determination 𝑅𝑅2. However, 

evaluation of a model only in terms of 𝑅𝑅2 neglects the effect of model complexity.  

The selection of the most plausible model among a series of candidates should then be based on 

parsimony principle, such that the model to be selected is that adequately representing the data 

with smaller number of parameters. The principle of parsimony is then representative of a simple 

trade-off between bias and model uncertainty (Figure 3.4). The increase of number of input 

parameters is associated to both an increase of model goodness-fit (i.e., lower bias) and an 

increase of uncertainty in parameter determination (Feng, 2015). 

 

Figure 3.4. Representation of Parsimony principle. 

3.2.5.1 Model plausibility  
Parsimony may be quantified using different approaches depending on the context. For instance, 

consider a number (𝑛𝑛𝑀𝑀) of different correlations that can be employed for the prediction of a 

geotechnical design parameter 𝑋𝑋𝐷𝐷 .  Each one of those correlations will be represented by a model  

𝑀𝑀𝑖𝑖 associated with a certain vector 𝜣𝜣𝒊𝒊 of random variables, so that 𝑀𝑀𝑖𝑖(𝜣𝜣𝒊𝒊). In a regression context, 

𝚯𝚯𝐢𝐢 will typically include the standard error of the regression as well as statistics (mean, standard 

deviation) of the different regression coefficients. Therefore, the number 𝑀𝑀𝑖𝑖 of unknown random 

variables may be different for each model. 

The choice of a particular model 𝑀𝑀𝑖𝑖 (i.e., regression) may be based on the so-called Bayesian 

Model Plausibility (Beck & Yuen, 2004; Yan et al., 2009;Contreras et al., 2018).  
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As an example, assume that some indirect observations 𝑋𝑋𝑚𝑚  (e.g., CPTu cone tip resistance) are 

available to predict a variable of interest  𝑋𝑋𝐷𝐷  (e.g., soil unit weight). Several empirical models 

(𝑛𝑛𝑀𝑀) might be available for this purpose and the analist will give more or less credence to them. 

The judgement of the analyst about each model will be quantified through some prior assignment 

of probability. As an example, users may attribute a strong degree of belief (e.g., higher prior 

probability) to theoretically-based correlations, and a lower one to blind empirical site-specific 

correlations.  

For a given a set of 𝑋𝑋𝑚𝑚  the posterior probability of a model 𝑀𝑀𝑖𝑖 conditional to 𝑋𝑋𝑚𝑚 may be 

expressed as (Beck & Yuen, 2004): 

𝑝𝑝 �𝑀𝑀𝑖𝑖�𝑋𝑋𝑚𝑚� =
𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� 𝑝𝑝(𝑀𝑀𝑖𝑖)

∑ 𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� 𝑝𝑝(𝑀𝑀𝑖𝑖)𝑛𝑛𝑀𝑀
𝑖𝑖=1

 

 

(3.19) 

where: 

𝑝𝑝(𝑀𝑀𝑖𝑖) represents the prior probability assigned to model 𝑀𝑀𝑖𝑖; 

 𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� expresses the 𝐸𝐸𝐶𝐶𝑃𝑃𝑑𝑑𝑣𝑣𝑛𝑛𝑝𝑝𝑣𝑣 for 𝑀𝑀𝑖𝑖  given 𝑋𝑋𝑚𝑚; 

 𝑝𝑝(𝑋𝑋𝑚𝑚) = ∑ 𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� 𝑝𝑝(𝑀𝑀𝑖𝑖)𝑛𝑛𝑀𝑀
𝑖𝑖=1  by the total probability theorem. 

In many circumstances the analyst will be neutral about the existing models and will assign the 

same prior probability  𝑝𝑝(𝑀𝑀𝑖𝑖) to each model. In that case the posterior probability assigned to 

each model will be proportional to the Evidence for Model Mi. The Evidence for Model Mi can 

be expressed  in terms of model parameters 𝜣𝜣𝒊𝒊 through the theorem of total probability  (Beck & 

Yuen, 2004): 

𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� = �  𝑝𝑝 �𝑋𝑋𝑚𝑚�𝜣𝜣𝒊𝒊, 𝑀𝑀𝑖𝑖�  𝑝𝑝(𝜣𝜣𝒊𝒊|𝑀𝑀𝑖𝑖)𝑑𝑑𝚯𝚯
𝚯𝚯

 

 

(3.20) 

with 𝑝𝑝 �𝑋𝑋𝑚𝑚�𝜣𝜣𝒊𝒊, 𝑀𝑀𝑖𝑖� expresses the 𝐿𝐿𝑃𝑃𝑘𝑘𝑣𝑣𝑣𝑣𝑃𝑃ℎ𝐶𝐶𝐶𝐶𝑑𝑑 𝑓𝑓𝑣𝑣𝑛𝑛𝑝𝑝𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 for the model 𝑀𝑀𝑖𝑖 and with  𝑝𝑝(𝜣𝜣𝒊𝒊|𝑀𝑀𝑖𝑖) 

the 𝑝𝑝𝑃𝑃𝑃𝑃𝐶𝐶𝑃𝑃 𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑣𝑣𝑣𝑣𝑑𝑑𝑘𝑘𝑣𝑣 on 𝜣𝜣𝒊𝒊.  

An asymptotic approximation to eq. (3.20) can be obtained using the Laplace method (Beck & 

Yuen, 2004; Y. Wang et al., 2010). Using it, a reformulation of the problem is obtained as 

(Papadimitriou et al., 1997, Yan et al., 2009): 
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𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� =  𝑝𝑝 �𝑋𝑋𝑚𝑚�𝜣𝜣� 𝒊𝒊, 𝑀𝑀𝑖𝑖� 𝑝𝑝 �𝜣𝜣𝒊𝒊�|𝑀𝑀𝑖𝑖� (2𝜋𝜋)𝑁𝑁𝑡𝑡|𝐻𝐻(𝜣𝜣� 𝒊𝒊)|−0.5               

(3.21) 

where 𝑀𝑀𝑖𝑖 is the dimension of vector 𝜣𝜣𝒊𝒊, 𝜣𝜣� 𝒊𝒊 is the most probable value,  𝑀𝑀𝑃𝑃𝐶𝐶, of 𝜣𝜣𝒊𝒊 -i.e. the one 

maximizing the posterior distribution 𝑝𝑝(𝜣𝜣𝒊𝒊|𝑋𝑋𝑚𝑚, 𝑀𝑀𝑖𝑖)- while 𝐻𝐻(𝜣𝜣𝒊𝒊�) is the Hessian matrix of an 

objective function 𝐶𝐶𝑓𝑓(𝜣𝜣𝒊𝒊), evaluated at 𝑀𝑀𝑃𝑃𝐶𝐶. This objective function is specified below. 

For a given model 𝑀𝑀𝑖𝑖 , 𝜣𝜣� 𝒊𝒊 is computed by maximizing eq. (3.20) through the maximum likelihood 

procedure or alternatively by minimizing the objective function 𝑓𝑓(𝜣𝜣𝒊𝒊) =

−ln [𝑝𝑝 �𝑋𝑋𝑚𝑚�𝜣𝜣𝒊𝒊, 𝑀𝑀𝑖𝑖� 𝑝𝑝 �𝜣𝜣𝒊𝒊|𝑀𝑀𝑖𝑖�].  

Eq. 3.21 can be also expressed simply as: 

𝑝𝑝 �𝑋𝑋𝑚𝑚�𝑀𝑀𝑖𝑖� =  𝑝𝑝 �𝑋𝑋𝑚𝑚�𝜣𝜣� 𝒊𝒊, 𝑀𝑀𝑖𝑖� ∙ 𝐶𝐶𝑝𝑝𝑘𝑘ℎ𝑣𝑣𝑖𝑖 𝑃𝑃𝑣𝑣𝑝𝑝𝑢𝑢𝐶𝐶𝑃𝑃𝑖𝑖 (3.22) 

Beck & Yuen, (2004) approximate the 𝐶𝐶𝑝𝑝𝑘𝑘ℎ𝑣𝑣𝑖𝑖 𝑃𝑃𝑣𝑣𝑝𝑝𝑢𝑢𝐶𝐶𝑃𝑃𝑖𝑖 to the ratio 𝑝𝑝�𝜣𝜣� 𝒊𝒊|𝑀𝑀𝑖𝑖�/ 𝑝𝑝(𝜣𝜣� 𝒊𝒊 |𝑋𝑋𝑚𝑚, 𝑀𝑀𝑖𝑖).  

The 𝐶𝐶𝑝𝑝𝑘𝑘ℎ𝑣𝑣𝑖𝑖 𝑃𝑃𝑣𝑣𝑝𝑝𝑢𝑢𝐶𝐶𝑃𝑃 exponentially decreases by increasing the number of unknown random 

variables 𝜣𝜣𝒊𝒊. From such ratio is possible to guess how a generic model 𝑀𝑀𝑖𝑖, sensitive to 

measurement noise (i.e., complex model), is penalized. As an example, let’s consider a set of 

fictitious data 𝑋𝑋𝑚𝑚  representative of sleeve friction 𝑓𝑓𝑡𝑡 measurements, and the predicted output is 

represented by the total unit weight (Figure 3.5). If for the employed dataset a too complex model 

is considered, the response predicted by this model will be too sensitive to the regression 

coefficients (blue line of Figure 3.5). 𝑝𝑝(𝜣𝜣� 𝒊𝒊 |𝑋𝑋𝑚𝑚, 𝑀𝑀𝑖𝑖), will be then highly peaked resulting in a 

small 𝐶𝐶𝑝𝑝𝑘𝑘ℎ𝑣𝑣𝑖𝑖 𝑃𝑃𝑣𝑣𝑝𝑝𝑢𝑢𝐶𝐶𝑃𝑃𝑖𝑖 that will strongly penalize the model. Therefore, models characterized by 

a small 𝐶𝐶𝑝𝑝𝑘𝑘ℎ𝑣𝑣𝑖𝑖 𝑃𝑃𝑣𝑣𝑝𝑝𝑢𝑢𝐶𝐶𝑃𝑃 are not robust to data noise when calibrated.  

 

 
Figure 3.5. Qualitative representation of Ockham’s factor for regression. 
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3.2.5.2 Information Criteria  
𝐼𝐼𝑛𝑛𝑓𝑓𝐶𝐶𝑃𝑃𝑖𝑖𝑣𝑣𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 𝐶𝐶𝑃𝑃𝑃𝑃𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝑣𝑣 (i.e., Bayesian Information Criterion 𝐵𝐵𝐼𝐼𝐶𝐶, Aikake Information Criterion 

𝑆𝑆𝐼𝐼𝐶𝐶, Deviance Information Criterion 𝐷𝐷𝐼𝐼𝐶𝐶, integrated classification of likelihood 𝐼𝐼𝐶𝐶𝐿𝐿) offer an 

alternative to 𝑖𝑖𝐶𝐶𝑑𝑑𝑣𝑣𝑣𝑣 𝑝𝑝𝑣𝑣𝑣𝑣𝑣𝑣𝐵𝐵𝑃𝑃𝑑𝑑𝑃𝑃𝑣𝑣𝑃𝑃𝑢𝑢𝐵𝐵 to compare the fit of different predictive models 𝑀𝑀 to the same 

dataset. In this section, an introduction to 𝐵𝐵𝐼𝐼𝐶𝐶 is provided. For an exhaustive literature review see 

(Ding et al., 2018).  

The 𝐵𝐵𝐼𝐼𝐶𝐶 for the model 𝑀𝑀𝑖𝑖  is also derived by applying a Laplace’s method approximation of eq. 

(3.21)  about the 𝑀𝑀𝑃𝑃𝐶𝐶  𝜣𝜣� 𝒊𝒊. The procedure is similar to that reported in the previous section to 

derive eq. (3.22) (see Bhat & Kumar, 2010; Schwarz, 1978).  

However, the definition of the 𝐵𝐵𝐼𝐼𝐶𝐶 introduces additional assumptions. In 𝐵𝐵𝐼𝐼𝐶𝐶 the influence of 

prior knowledge of 𝜣𝜣𝒊𝒊 is minimized by assuming a flat prior (Bhat & Kumar, 2010). The second 

one concerns the number of observations in 𝑋𝑋𝑚𝑚, which is assumed to be large enough to apply 

the weak law of random variables, which ensures that the probability of the sample average will 

convergence to the expected value. Therefore, under such condition, posterior estimates of  𝜣𝜣� 𝑖𝑖  

can be reasonably replaced by 𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖 the maximum likelihood estimator. 

In the context of regressions, as for the Ockham factor, the 𝐼𝐼𝑛𝑛𝑓𝑓𝐶𝐶𝑃𝑃𝑖𝑖𝑣𝑣𝑢𝑢𝑃𝑃𝐶𝐶𝑛𝑛 𝐶𝐶𝑃𝑃𝑃𝑃𝑢𝑢𝑣𝑣𝑃𝑃𝑃𝑃𝑣𝑣 penalizes 

those models with greater number of parameters (models with large 𝑀𝑀𝑖𝑖).  For a given dataset, the 

model with best predictive ability will result in the smallest value of a specified Information 

Criterion. Bayesian Information Criterion for the 𝑃𝑃𝑢𝑢ℎ model 𝑀𝑀𝑖𝑖 reads (Schwarz, 1978;Huang, 

2013; Feng, 2015;Hastie et al., 2009): 

𝐵𝐵𝐼𝐼𝐶𝐶𝑖𝑖 = −2 log 𝐿𝐿�𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖� +  𝑀𝑀𝑖𝑖  log (𝑛𝑛𝑜𝑜𝑜𝑜𝑡𝑡) (3.23) 

with 𝑀𝑀𝑖𝑖   dimension of 𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖, 𝑛𝑛𝑜𝑜𝑜𝑜𝑡𝑡 number of observations within the dataset and log 𝐿𝐿�𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖� log-

likelihood function (loss function) computed at 𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖, with  𝜣𝜣� 𝑀𝑀𝑀𝑀𝑖𝑖 Maximum Likelihood 

Estimation of 𝜣𝜣𝒊𝒊. The first term expresses the goodness of fit of the model, while the second is 

representative of the penalty term against overparameterization. Therefore, choosing the 

minimum value of 𝐵𝐵𝐼𝐼𝐶𝐶 is equivalent of selecting the model with greater posterior probability. 

This criterion will be applied throughout the thesis (Chapter 4-section 4.5, Chapter 6). 

3.3 Bayesian computation 
Bayesian computation involves two steps: computation of the posterior distribution of the 

parameter set -treated as random variables-  𝚯𝚯 (eq. 3.13) and posterior predictive  distribution 

of the quantity of interest (e.g., 𝑋𝑋𝐷𝐷) eq. 3.15). Both steps involve integration over 

multidimensional space. Although other methods may be applied (e.g., asymptotic 
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approximation, (see Papadimitriou et al., 1997; Y. Wang et al., 2010) in this thesis we typically 

evaluate those integrals using numerical algorithms based on equivalent samples generation.  

3.3.1 Markov-Chain Montecarlo simulations 
Markov-Chain Monte-Carlo (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀), is a computer driven-sampling method (Van Ravenzwaaij 

et al., 2016), employed for multidimensional integrations. MCMC relies on three main concepts: 

Montecarlo technique,  𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑀𝑀ℎ𝑀𝑀𝑎𝑎𝑎𝑎, stationary distribution.  

The MonteCarlo technique samples the output distribution by evaluating random samples of the 

probability density distributions appearing in the integrand. Choosing the samples to obtain an 

efficient and accurate evaluation of the output distribution might be problematic, and this is where 

the Markov chain idea fits in.   

A sequence of random samples [𝚯𝚯 1, 𝚯𝚯 2, … , 𝚯𝚯 𝑛𝑛−1, 𝚯𝚯 𝑛𝑛] is defined as a  𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑀𝑀ℎ𝑀𝑀𝑎𝑎𝑎𝑎 if the 

sample at state 𝑎𝑎 𝚯𝚯 𝑛𝑛, is dependent only on the previous state 𝚯𝚯 𝑛𝑛−1.  This dependence is 

expressed through a transitional probability or conditional distribution 𝑝𝑝(𝚯𝚯 𝑛𝑛|𝚯𝚯 𝑛𝑛−1).  When the 

conditional distribution 𝑝𝑝(𝚯𝚯 𝑛𝑛|𝚯𝚯 𝑛𝑛−1) does not depend on 𝑎𝑎 the  Markov Chain is said to be 

stationary (Geyer, 2011).  

MCMC methods are widely applied due to their intuitive nature. They draw samples of the target 

variable 𝚯𝚯, starting from a specified proposal distribution and then use those draws, through a 

Bayesian inference scheme, to better approximate the target posterior distribution (Gelman et al., 

2013).   

3.3.1.1 Metropolis-Hasting algorithm 

We describe here briefly the most popular MCMC algorithm, which is the Metropolis-Hasting 

𝑀𝑀 − 𝐻𝐻 algorithm (Metropolis et al., 1953; Hasting, 1970), also known as the Equivalent sample 

approach.  

In line with a numerical example given later it may be useful to assume, for illustration purposes, 

that the updating variable 𝑋𝑋𝐷𝐷 (i.e., soil friction angle) represents a geotechnical design parameter 

with a stochastic distribution described by its mean and standard deviation, collected in vector 

𝚯𝚯 = [µ𝑋𝑋𝐷𝐷 ; 𝜎𝜎𝑋𝑋𝐷𝐷]. 

A key element of  𝑀𝑀 − 𝐻𝐻 algorithm, is the definition of a proposal distribution, which 

approximates the target posterior distribution. The proposal distribution has a large effect on the 

transitional probability of the Markov-Chain process and on 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 convergence (Rosenthal, 

2011). 

The 𝑀𝑀 − 𝐻𝐻 algorithm can then be run as follow: 
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1. Specify the prior knowledge of the random variables 𝚯𝚯; 

2. Define a joint proposal distribution for 𝚯𝚯,  from which equivalent samples (i.e., samples 

candidates) will be drawn. The mean value of this proposal distribution will be the initial 

equivalent sample value 𝚯𝚯0 of the Markov chain and it will be eventually selected taking 

into account the available data and the prior. The spread of the proposal distribution is 

given by a covariance matrix ξ𝛴𝛴𝚯𝚯. 𝛴𝛴𝚯𝚯 can be arbitrarily chosen and ξ is a positive real 

scaling factor, which is a numerical controlling parameter of the algorithm (see Figure 

3.6).  

3. Randomly draw a new candidate sample  𝚯𝚯𝑡𝑡 using the proposal distribution with mean 

equal to the previous value, 𝚯𝚯𝑡𝑡−1 and Covariance matrix ξ𝛴𝛴𝚯𝚯; 

4. Compute the ratio 𝑀𝑀 =
𝑝𝑝�𝚯𝚯𝑡𝑡�𝐷𝐷𝑀𝑀𝐷𝐷𝑀𝑀, 𝑃𝑃𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀�

𝑝𝑝�𝚯𝚯𝑡𝑡−1�𝐷𝐷𝑀𝑀𝐷𝐷𝑀𝑀, 𝑃𝑃𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀�
 
𝑓𝑓�𝚯𝚯𝑡𝑡−1�𝚯𝚯𝑡𝑡�  

𝑓𝑓�𝚯𝚯𝑡𝑡�𝚯𝚯𝑡𝑡−1�  
  ; 

with 𝑝𝑝�𝚯𝚯𝑡𝑡�𝐷𝐷𝑀𝑀𝐷𝐷𝑀𝑀, 𝑃𝑃𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀� joint posterior distribution according to eq. (3.13), 

𝑓𝑓�𝚯𝚯𝑡𝑡−1�𝚯𝚯𝑡𝑡�  is the joint probability density distribution of  𝚯𝚯𝑡𝑡−1 values given 𝚯𝚯𝑡𝑡 , 

and 𝑓𝑓�𝚯𝚯𝑡𝑡�𝚯𝚯𝑡𝑡−1�  joint probability density distribution of  𝚯𝚯𝑡𝑡  values given 𝚯𝚯𝑡𝑡−1. 

5. Apply an acceptance criterion such that:  

𝚯𝚯 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡𝑎𝑎𝑎𝑎
𝑡𝑡 = 𝚯𝚯𝑡𝑡 if a)  or b) if 𝑀𝑀 > 𝑀𝑀𝑀𝑀𝑎𝑎𝑟𝑟(0,1) 

 with 𝑀𝑀𝑀𝑀𝑎𝑎𝑟𝑟(0,1) uniform random number between 0 and 1; 

 otherwise:  𝚯𝚯 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡𝑎𝑎𝑎𝑎
𝑡𝑡 = 𝚯𝚯𝑡𝑡−1; 

6. Repeat steps 3 − 5 for a specified number 𝑁𝑁 of simulations (e.g., 𝑁𝑁 = 30000). 

7. Compute posterior estimates of 𝚯𝚯 from the 𝑁𝑁 𝚯𝚯 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡𝑎𝑎𝑎𝑎
𝑡𝑡  samples which are distributed 

according to the target posterior distribution of 𝚯𝚯 (eq. 3.13). 

The drawn  𝚯𝚯𝑡𝑡 are known as the “Equivalent samples”. The 𝑀𝑀 − 𝐻𝐻 algorithm will reach 

stationarity within the specified number of 𝑁𝑁 simulations depending on the value of  ξ𝜮𝜮. 

Stationarity can be checked by visually inspecting the scatter plot of Equivalent Samples which 

should look like a white noise signal with stable spread. Another indication of good performance 

for the algorithm is given by the sample acceptance rate, which, according to Robert & Casella, 

(2004), should lie in the range [0.2 − 0.4]. 

To illustrate the workings of the  Metropolis-Hasting Algorithm, we take an example of Brito & 

Sørensen, (2010). They consider a homogenous sand layer and 𝑋𝑋𝐷𝐷 is represented by the friction 

angle (𝜑𝜑′). Friction angle is derived from normalized cone tip resistance  𝑄𝑄 (Figure 3.6a)  applying 

a correlation by Kulhawy & Mayne, (1990):  

ln(𝑄𝑄) = 0.209 − 3.684𝜑𝜑′ ± 0.586 (3.24) 

1r ≥
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Assume that 𝜑𝜑′ is modeled by a normal random variable with mean µ𝜑𝜑′ and standard deviation 

𝜎𝜎𝜑𝜑′. The unknown vector of random variables 𝚯𝚯  is given by µ𝜑𝜑′ and  𝜎𝜎𝜑𝜑′. A uniform  

𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 𝑀𝑀𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑘𝑘𝑟𝑟𝑘𝑘𝑘𝑘 of 𝚯𝚯 is considered. Maximum and minimum values of  µ𝜑𝜑′ and  𝜎𝜎𝜑𝜑′ (i.e., 

µ𝜑𝜑′_𝑚𝑚𝑎𝑎𝑚𝑚 = 42° , µ𝜑𝜑′_𝑚𝑚𝑚𝑚𝑛𝑛 = 35° ; 𝜎𝜎𝜑𝜑′_𝑚𝑚𝑎𝑎𝑚𝑚 = 6.97° , σφ′_min = 1.27°) are taken from Phoon & 

Kulhawy, (1999). The initial proposal distribution is defined by a joint bivariate normal 

distribution with mean µ𝚯𝚯 = [35°;  4°] and Covariance matrix 𝛴𝛴𝚯𝚯 = [4° 0; 0 4°].  

Figure 3.6b, c, d report the scatterplot of accepted equivalent samples of 𝚯𝚯  derived from the 

normalized cone tip resistance data by employing a scaling factor ξ = 1. Figure 3.6b reports the 

joint scatterplot of 𝚯𝚯 equivalent samples, while Figure 3.6c, Figure 3.6d, report the equivalent 

samples of µ𝜑𝜑′ and 𝜎𝜎𝜑𝜑′ respectively. By visual inspection the 𝑀𝑀 − 𝐻𝐻 algorithm seems to perform 

well. This is also confirmed by the acceptance rate which is close to 0.25.  

 The acceptance rate is strongly affected by the spread of the joint proposal distribution (i.e., 𝛴𝛴𝚯𝚯). 

In case the acceptance rate falls out of the acceptable interval, a scaling factor ξ ≠ 1 should be 

used ( Zhang et al., 2010). The effect of scaling factor on equivalent sample scatter plot of µ𝜑𝜑′ is 

illustrated in Figure 3.6e and Figure 3.6f. Low values of the scaling factor are associated with 

acceptance rates that are too high and non-stationary trends in the equivalent sample plot (Figure 

3.6e). When ξ  is too high the accepted sample candidates are too few (Figure 3.6f).  

Depending on the initial point 𝚯𝚯 0 some initial Equivalent Samples might be too far from the 

Markov Chain stationary values (left side of Figure 3.6b). This initial stretch is  commonly 

referred as Burn in period (Van Ravenzwaaij et al., 2016)  and the samples in it are discarded 

from the final statistical inference.  

As described, the 𝑀𝑀 − 𝐻𝐻 algorithm has been used to derive the posterior distribution of statistics 

of 𝑋𝑋𝐷𝐷, 𝚯𝚯, according to eq. (21).  It is also possible to use the algorithm to obtain samples from the 

posterior predictive distribution of 𝑋𝑋𝐷𝐷 , 𝑝𝑝(𝑋𝑋𝐷𝐷|µ, 𝜎𝜎), (eq. 3.15).  To this end the proposal 

distribution should correspond to 𝑋𝑋𝐷𝐷, rather than to 𝚯𝚯 , so that the equivalent samples generated 

correspond to  𝑋𝑋𝐷𝐷. Other slight modifications of the algorithm steps are also required for this 

purpose, as detailed in (Beck & Au, 2002; Y. Wang & Cao, 2013).   

The 𝑀𝑀 − 𝐻𝐻 algorithm has been used in several geotechnical applications. For instance Zhang et 

al., (2010) used it in back-analysis of slope stability using limit equilibrium methods. The 𝚯𝚯 

included different uncertain random variables (e.g., mean value and standard deviation of soil unit 

weight, cohesion, friction angle) depending on the slope stability model employed (e.g., Janbu, 

Morgensten Price). Zhang et al., (2010) highlighted the efficiency of this procedure in updating 

distributions of friction angle and cohesion.    
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(a) (b) 

 
 

(c) (d) 

  

(e) (f) 
Figure 3.6. a) ln(Q) observations. b) joint scatterplot of µφ′  σφ′. c) Accepted Equivalent samples of µφ′. 
d) Accepted Equivalent samples of  σφ′. e) Accepted Equivalent samples of µφ′ for ξ = 0.1.  f) Accepted 
Equivalent sample of µφ′ for ξ = 3. 
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3.3.1.2 Limitation of Metropolis-Hasting MCMC 

A key element of the 𝑀𝑀𝑘𝑘𝐷𝐷𝑀𝑀𝑀𝑀𝑝𝑝𝑀𝑀𝑘𝑘𝑎𝑎𝑀𝑀 − 𝐻𝐻𝑀𝑀𝑀𝑀𝐷𝐷𝑎𝑎𝑎𝑎𝑘𝑘 (𝑀𝑀 − 𝐻𝐻) algorithm is the definition of the proposal 

distribution and in this case of the covariance Matrix 𝛴𝛴𝛩𝛩 . It is a common practice to choose a 

diagonal 𝛴𝛴𝜣𝜣 matrix such that variance of each unknwon random variables, 𝜎𝜎𝜣𝜣
2 (section 3.1.5, eq. 

3.11) controls the step of the candidate sample from the previous sample. A wide proposal 

distribution (i.e., one with large values of 𝜎𝜎𝜣𝜣
2) will generate candidates more distinct from the 

previous sample with small chance to be accepted. By doing so, a similar effect of non-stationary 

trends is obtained as previously showed in Figure 3.6f. On the other hand, for highly peaked 

distribution (i.e., small value of 𝜎𝜎𝜣𝜣
2), strongly correlated candidates are generated with high chance 

to be accepted (effect similar to Figure 3.6e), (Zhang et al. 2012; Zhang et al., 2009).  

The selection of 𝛴𝛴𝜣𝜣 is dependent on the understanding of 𝑓𝑓′′(𝚯𝚯|𝜉𝜉) geometry, which might be 

hard to visualize a priori. This is particularly the case when the prior is non informative 𝚯𝚯 or, for 

instance, when 𝑓𝑓′′(𝚯𝚯|𝜉𝜉) is given by a multimodal geometry (i.e., the density distribution is 

characterized by multiple peaks). In some of the applications envisaged in this thesis (dynamic 

CPTu data, Chapter 5) the latter scenario is not unlikely (it may correspond to tests passing 

through heterogenous layers). The Transitional Markov Chain Montecarlo technique (TMCMC), 

was developed as an enhanced version of M − H able to perform in those difficult circumnstances. 

3.3.1.3 Transitional Markov Chain Montecarlo TMCMC 

The basic idea behind  𝑇𝑇𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 algorithm is to iterate the bayesian updating scheme, using for 

the purpose a series of intermediate density functions constructed so as to finally converge to the 

posterior distribution 𝑓𝑓′′(𝚯𝚯|𝜉𝜉) from the prior 𝑓𝑓′(𝚯𝚯)  (Ching & Chen, 2007; Ching & Wang, 

2016): 

𝑓𝑓𝑗𝑗
′(𝚯𝚯) ∝ 𝑓𝑓′(𝚯𝚯)𝐿𝐿(𝚯𝚯) 𝑝𝑝𝑗𝑗   𝑘𝑘𝑎𝑎𝐷𝐷ℎ 𝑗𝑗 = 0, … , 𝐽𝐽;    0 = 𝑝𝑝0 < 𝑝𝑝1 < ⋯ < 𝑝𝑝𝐽𝐽 = 1   (3.25) 

with 𝑗𝑗 = stage number and   𝑝𝑝𝑗𝑗 =coefficients computed such that the transition from 𝑗𝑗 to 𝑗𝑗 + 1 

stage is smooth. Ching & Wang (2016) suggest that 𝑝𝑝𝑗𝑗 should be computed such that the 

Coefficient Of Variation of 𝑀𝑀𝐶𝐶𝐶𝐶( 𝐿𝐿�𝚯𝚯𝑗𝑗� 𝑝𝑝𝑗𝑗+1−𝑝𝑝𝑗𝑗) = 1. The appropriate selection of 𝑝𝑝𝑗𝑗 is 

important for computational costs and convergence of the method (i.e., small values of 𝑝𝑝𝑗𝑗 ensure 

convergence at high computational cost). At 𝑗𝑗 = 0 𝑓𝑓′(𝚯𝚯) in  eq. (3.25) coincides with prior 

defined by 𝑓𝑓0
′(𝜴𝜴), while for 𝑗𝑗 = 𝐽𝐽  coincides with the joint posterior distribution 

𝑓𝑓𝐽𝐽
′(𝚯𝚯)=𝑓𝑓′′(𝚯𝚯|𝜉𝜉). 

The main advantage of such idea is that the change in geometry from prior to posterior in every  

stage is small, allowing a smooth transition from the prior 𝑓𝑓0
′(𝚯𝚯) to the posterior 𝑓𝑓𝐽𝐽

′(𝚯𝚯). The 

scheme does not require the specification of a proposal distribution, which simplifies matters 

when non informative prior on 𝚯𝚯 is applied. These small changes allow to transit from 
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samples 𝑀𝑀𝑓𝑓 𝑓𝑓𝑗𝑗
′(𝚯𝚯) to samples of  𝑓𝑓𝑗𝑗+1

′(𝚯𝚯) according to a re-sampling procedure computed at 

each stage 𝑗𝑗. 

Suppose 𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎  samples [𝚯𝚯𝑗𝑗,1 … , 𝚯𝚯𝒋𝒋,𝑘𝑘 , , … , 𝚯𝚯𝑗𝑗,𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠], (e.g., 𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎 = 10000) drawn at the 

𝑗𝑗 − 𝐷𝐷ℎ stage from the distribution 𝑓𝑓𝑗𝑗
′(𝚯𝚯). A re-sampling procedure of such samples is applied to 

draw [𝚯𝚯𝒋𝒋+1,1, … , 𝚯𝚯𝒋𝒋+1,𝑘𝑘 , . . . , 𝚯𝚯𝒋𝒋+1,𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠] samples, which are asymptotically distributed as 

𝑓𝑓𝑗𝑗+1
′(𝚯𝚯), (Ching & Chen, 2007; Ching & Wang, 2016). To do so, the conceptual steps 3-5 of M-

H algorithm (section 3.3.1.1) are applied to each 𝑀𝑀 − 𝐷𝐷ℎ sample. This involves the generation of 

𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎 Markov Chains (Ching & Chen, 2007).  

The resampling draw uses a proposal distribution with Covariance matrix 𝛴𝛴𝚯𝚯𝑗𝑗  given by a scaled 

version of the estimated covariance matrix of 𝑓𝑓𝑗𝑗+1
′(𝚯𝚯) and is expressed as: 

𝛴𝛴𝚯𝚯𝑗𝑗 = 𝑏𝑏2 ∑  𝑘𝑘�𝑗𝑗,𝑘𝑘
𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑘𝑘=1 ·(𝚯𝚯𝑗𝑗,𝑘𝑘 − ∑  𝑘𝑘�𝑗𝑗,𝑛𝑛

𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑛𝑛=1 · 𝚯𝚯𝑗𝑗,𝑛𝑛)· (𝚯𝚯𝑗𝑗,𝑘𝑘 − ∑  𝑘𝑘�𝑗𝑗,𝑛𝑛 ·𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑛𝑛=1 𝚯𝚯𝑗𝑗,𝑛𝑛)𝑇𝑇 (3.26) 

with: 

𝑗𝑗 = stage number; 

𝑘𝑘�𝑗𝑗,𝑘𝑘 = 𝑘𝑘𝑗𝑗,𝑘𝑘/∑ 𝑘𝑘𝑗𝑗,𝑘𝑘
𝑁𝑁
𝑘𝑘=1  normalized importance weight;   

𝑘𝑘𝑗𝑗,𝑘𝑘 = 𝐿𝐿�𝚯𝚯𝑗𝑗,𝑘𝑘� 𝑝𝑝𝑗𝑗+1−𝑝𝑝𝑗𝑗   (3.27) 

𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎 = number of generated samples;  

𝐿𝐿�𝚯𝚯𝑗𝑗,𝑘𝑘� = likelihood function for the 𝑀𝑀 sample at the 𝑗𝑗 − 𝐷𝐷ℎ stage;  

𝑏𝑏 = scaling factor, whose value is selected to obtain low rejection rate (e.g., 𝑏𝑏 =

1, Ching & Wang 2016). 

A re-sampled sample 𝚯𝚯𝑗𝑗+1,𝑘𝑘 will then be 𝚯𝚯𝑗𝑗,𝑘𝑘 if its probability 𝑘𝑘�𝑗𝑗,𝑘𝑘 is greater than a drawn random 

value between 0-1.   

A summary of TMCMC are here reported (see Ching & Chen, 2007 for further detailes): 

1. Starting from 𝑗𝑗 = 0 define the prior 𝑓𝑓0
′(𝚯𝚯) and from it draw 𝑁𝑁 random samples 

[𝚯𝚯𝟎𝟎,1, … , 𝚯𝚯𝟎𝟎,𝑁𝑁] ; 

2. Compute 𝑝𝑝𝑗𝑗+1 such that 𝑀𝑀𝐶𝐶𝐶𝐶( 𝐿𝐿�𝚯𝚯𝑗𝑗|𝜉𝜉� 𝑝𝑝𝑗𝑗+1−𝑝𝑝𝑗𝑗) =1 and then compute  𝑘𝑘𝑗𝑗,𝑘𝑘 =

𝐿𝐿�𝚯𝚯𝑗𝑗,𝑘𝑘|𝜉𝜉� 𝑝𝑝𝑗𝑗+1−𝑝𝑝𝑗𝑗 with 𝑀𝑀 = 1, . . , 𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎; 

3. Markov Chain initialization for all the 𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎 by doing 𝚯𝚯𝑗𝑗,𝑘𝑘
𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑛𝑛𝑡𝑡 = 𝚯𝚯𝑗𝑗,𝑘𝑘 with 𝚯𝚯𝑗𝑗,𝑘𝑘

𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑛𝑛𝑡𝑡 

current sample in 𝑀𝑀 − 𝐷𝐷ℎ Markov Chain. Draw a sample candidate 𝚯𝚯𝑎𝑎 from 
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𝑁𝑁(𝚯𝚯𝑗𝑗,𝑘𝑘
𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑛𝑛𝑡𝑡 , 𝛴𝛴𝚯𝚯𝑗𝑗) with 𝛴𝛴𝚯𝚯𝑗𝑗 specified by eq. (3.26) repeat the process for 𝑀𝑀 =

1, … , 𝑁𝑁𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑠𝑠𝑎𝑎;  

𝑎𝑎𝑓𝑓 
𝑓𝑓𝑗𝑗+1

′(𝜣𝜣)
𝑓𝑓𝑗𝑗

′(𝜣𝜣) > 𝑀𝑀𝑀𝑀𝑎𝑎𝑟𝑟:     𝚯𝚯𝑗𝑗+1,𝑘𝑘 = 𝚯𝚯𝑎𝑎 and 𝚯𝚯𝑗𝑗,𝑘𝑘
𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑛𝑛𝑡𝑡 = 𝚯𝚯𝑎𝑎  

𝑘𝑘𝑘𝑘𝑀𝑀𝑘𝑘:                               𝚯𝚯𝑗𝑗+1,𝑘𝑘 = 𝚯𝚯𝑗𝑗,𝑘𝑘
𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑛𝑛𝑡𝑡 

with 𝑓𝑓𝑗𝑗
′(𝜣𝜣) computed according to eq. (3.25). 

4. Repeat step 2-3 until 𝑗𝑗 = 𝐽𝐽 at which stage samples 𝚯𝚯𝐽𝐽 are asymptotically distributed as 

the posterior distribution 𝑓𝑓𝐽𝐽
′(𝚯𝚯). 

To illustrate TMCMC we use an example reported by Ching et al., (2016). Let consider a sand 

layer and the CPTu profile of normalized cone tip resistance reported in Figure 3.7.a from which 

friction angle has to be estimated according to eq. (3.24). Let consider the unknown random 

variables 𝜇𝜇ф, 𝜎𝜎ф, which represent the mean and standard deviation of friction angle. A uniform 

prior knowledge is considered for both 𝜇𝜇ф, 𝜎𝜎ф (e.g., 𝜇𝜇ф∈[20°,50°], 𝑘𝑘𝑎𝑎(𝜎𝜎ф) ∈ [𝑘𝑘𝑎𝑎(2°), 𝑘𝑘𝑎𝑎(10°)]. 

The smooth transition from prior 𝑓𝑓𝐽𝐽
′(𝚯𝚯) to posterior 𝑓𝑓𝐽𝐽

′(𝚯𝚯) is reported in Figure 3.7. Results in 

terms of equivalent samples at three different stages (i.e., 𝑝𝑝0 = 0, 𝑝𝑝𝑗𝑗 = 0.3, 𝑝𝑝𝐽𝐽 = 1) are reported 

in Figure 3.7.b,c respectively. According to Figure 3.7.b 𝛉𝛉 samples are uniform distributed 

according to specified prior distribution and gradually converge to the posterior 𝑓𝑓𝐽𝐽
′(𝚯𝚯) for 𝑝𝑝𝐽𝐽 =

1. 

 

 

 
 

(a) (b) 
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(c) (d) 

Figure 3.7. Natural logarithm of normalized cone tip resistance profile within a sand layer. b) Equivalent 
samples scatter plot at stage p0 = 0. c) Equivalent samples scatter plot at stagepj = 0.3 . d) Equivalent 
samples scatter plot at stagepJ = 1. 

3.3.1.4 Gibbs sampling 
An alternative numerical approach is 𝐺𝐺𝑎𝑎𝑏𝑏𝑏𝑏𝑀𝑀 sampling  (Geman & Geman, 1984), which is a 

particular case of 𝑀𝑀 − 𝐻𝐻 algorithm. This method is suitable for cases in which multivariate 

distributions 𝑝𝑝 (Θ1, Θ2 … , Θ𝑛𝑛), are hard to sample directly due to total lack of knowledge about 

correlations between variables (e.g., correlation between friction angle and total unit weight in 

slope stability back-analysis) but the conditional probability distributions are accessible. 

Assume that the unknown random variable of interest is a bivariate 𝚯𝚯 = [Θ1, Θ2], (e.g., mean of 

cohesion Θ1, mean of friction angle Θ2). 𝐺𝐺𝑎𝑎𝑏𝑏𝑏𝑏𝑀𝑀 sampling procedure can be summarized as follow: 

1. Initialize 𝚯𝚯  
𝒕𝒕 = [Θ1 

𝑡𝑡  Θ2
𝑡𝑡  ] from some starting value for 𝐷𝐷 = 0;  

2. From 𝐷𝐷 = 1, drawn samples at state 𝐷𝐷 of Θ1
𝑡𝑡  conditioned on Θ2 at step 𝐷𝐷 − 1. 

Θ1     
𝑡𝑡 ̴ 𝑝𝑝(Θ1 

𝑡𝑡 | Θ2 
𝑡𝑡−1); 

3. Drawn sample of Θ2
𝑡𝑡  conditioned on the values of new Θ1 

𝑡𝑡 : Θ2     
𝑡𝑡 ̴ 𝑝𝑝(Θ2 

𝑡𝑡 | Θ1 
𝑡𝑡 ); 

4. Repeat step 2-3 until 𝐷𝐷 = 𝑁𝑁, with 𝑁𝑁 established number of samples (i.e., 𝑁𝑁 = 30000). 

 
A graphical representation of step 1-2 is reported in Figure 3.8.  

 
Figure 3.8. Representation of Gibbs sampling for bivariate joint distribution (i.e., 𝚯𝚯 = [Θ1, Θ2]). 
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Gibbs sampling allows to obtain complex high-dimensional joint posterior distributions reducing 

it as a sequence of algorithms that sample from lower-dimensional distributions. As in the 𝑀𝑀 − 𝐻𝐻 

algorithm the convergence is strongly dependent on the spread of individual random variables  

Θ𝑚𝑚. 

3.4 Bayesian Mixture Analysis (BMA) 
Statistical models that are based on mixtures of density distributions are employed in problems 

of classification and/or when several subpopulations are considered together. If 

𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 𝑀𝑀𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑘𝑘𝑟𝑟𝑘𝑘𝑘𝑘 about the subpopulations is available a Bayesian perspective becomes useful. 

As an example, (developed later in Chapter 4) consider a CPTu performed at a site (Figure 2.9a), 

whose data is to be used to conduct soil layer delineation based on 𝑆𝑆𝑆𝑆𝑇𝑇 charts (e.g., Robertson 

1990). Relevant 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 𝑀𝑀𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑘𝑘𝑟𝑟𝑘𝑘𝑘𝑘 is here represented by a soil delineation based on core 

inspection and description (Figure 2.9b). When this prior in applied as a complement to the 𝑀𝑀𝑃𝑃𝑇𝑇𝐶𝐶 

some groups result (Figure 2.9c) from which a mixture of distributions can be derived (Figure 

2.9d). Bayesian Mixture Analysis will result on updated mixtures statistics integrating 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀r 

information derived from geological information.  

 
 

(a) (b) 
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(a) (d) 

Figure 3.9. a) CPTu sounding record acquired at Llobregat delta site. b) geological description of the site. 
c) Scatter plot of CPTu data according to geological unit information. d) Bivariate Isoline 0.9 for each 
geological unit taken as prior knowledge.  

3.4.1 Gaussian Mixtures Models (GMM) 
Gaussian Mixtures are statistical model that result from the linear combination of several 

Gaussian density distributions (Bishop, 2006). The formulation is introduced for the multivariate 

case, which can be easily reduced to the univariate case.  

A multivariate Gaussian Mixture is a weighted sum of multivariate Gaussian distributions -see 

section 3.1.5. For a chosen set of observations 𝑿𝑿 (e.g., 𝑿𝑿 = soil unit weight 𝛾𝛾𝑡𝑡- normalized cone 

tip resistance 𝑄𝑄𝑡𝑡1) of dimension 𝑎𝑎 x 𝑟𝑟, where 𝑟𝑟 is the number of random variables involved, the 

𝑗𝑗 − 𝐷𝐷ℎ Gaussian component is dependent on parameter vector  𝛇𝛇𝒋𝒋. A Gaussian mixture model with 

𝐾𝐾 components can then be defined as (Depina et al., 2016): 

𝑓𝑓(𝑥𝑥𝑚𝑚|𝜻𝜻) = ∑ 𝜋𝜋𝑗𝑗𝜙𝜙𝑗𝑗(𝑥𝑥𝑚𝑚|𝜣𝜣𝒋𝒋
𝐾𝐾
𝑗𝑗=1 ) = ∑ 𝜋𝜋𝑗𝑗𝜙𝜙𝑗𝑗(𝑥𝑥𝑚𝑚|𝐾𝐾

𝑗𝑗=1 µ𝑗𝑗, ∑𝑗𝑗) (3.28) 

with:  

𝐾𝐾 = number of Gaussian mixture components; 

𝜋𝜋𝑗𝑗 = 𝑗𝑗 − 𝐷𝐷ℎ mixture weight; weights are chosen so that ∑ 𝜋𝜋𝑗𝑗 = 1𝐾𝐾
𝑗𝑗=1 ; 

𝜙𝜙𝑗𝑗 = 𝑟𝑟 −dimensional multivariate normal probability density function representing the 𝑗𝑗 − 𝐷𝐷ℎ 

mixture;  

𝑟𝑟 =number of involved random variables; 

1

2

3m
3

1

2

3m
3

1

2

3
4

3
4
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𝚯𝚯𝒋𝒋 = statistical distribution parameters (unknown) of the 𝑗𝑗 − 𝐷𝐷ℎ Gaussian mixture component; 

in our gaussian case they include a vector of means and a covariance matrix (i.e., µ𝑗𝑗, ∑𝑗𝑗); 

𝚯𝚯 = collection of all the 𝚯𝚯𝒋𝒋 

𝛱𝛱 = (𝜋𝜋1,.., 𝜋𝜋𝐾𝐾) mixture weight vector of dimension 𝐾𝐾 𝑥𝑥 1. 

𝛇𝛇𝒋𝒋 = collection of all the unknown parameters of the 𝑗𝑗 − 𝐷𝐷ℎ mixture (i. e. � 𝚯𝚯𝒋𝒋; 𝜋𝜋𝑗𝑗�).;  

𝛇𝛇 = collection of all the unknown parameters of the mixture model (i. e. � 𝚯𝚯; 𝛱𝛱�). 

The classical approach to estimate the parameters of a Gaussian mixture, is to find a point 

estimate of their most probable value 𝛇𝛇, 𝛇𝛇� This was usually done through direct maximization of 

the log-likelihood function of the data (e.g. McLachlan & Peel, 2004):  

log(𝛇𝛇) = � 𝑘𝑘𝑀𝑀𝑘𝑘
𝑛𝑛

𝑚𝑚=1

�𝑥𝑥𝑚𝑚�𝛇𝛇� = � � 𝑝𝑝𝑚𝑚𝑗𝑗( log (𝜋𝜋𝑗𝑗) + log(𝜙𝜙(𝑥𝑥𝑚𝑚|µ𝑗𝑗 , ∑𝑗𝑗))
𝐾𝐾

𝑗𝑗=1

𝑛𝑛

𝑚𝑚=1

 
(3.29) 

A more recent alternative is the Expectation-Maximization (𝐸𝐸𝑀𝑀) algorithm (e.g., Hastie et al., 

(2009), now available within statistical toolboxes in different programming languages.  

3.4.2 Bayesian framework  

A Bayesian perspective may be also applied to the analysis of gaussian mixture models. Bayesian 

Mixture Analyses (𝑆𝑆𝑀𝑀𝐵𝐵) is used to evaluate distributions of 𝛇𝛇� integrating any available 

𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 𝑀𝑀𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑘𝑘𝑟𝑟𝑘𝑘𝑘𝑘 about each 𝛇𝛇� component. 𝑆𝑆𝑀𝑀𝐵𝐵 will be applied to soil delineation and 

geotechnical regression in Chapter 4 and Chapter 6 of the thesis respectively. The general 

formulation employed is presented here. 

The Bayesian formulation allows to infer the posterior distribution of the Bayesian mixture 

parameters 𝝵𝝵, 𝑝𝑝�𝝵𝝵�𝐗𝐗�, integrating 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 𝑀𝑀𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑘𝑘𝑟𝑟𝑘𝑘𝑘𝑘 and observations 𝐗𝐗 as (Depina et al., 2016):  

𝑝𝑝�𝝵𝝵�𝑿𝑿� =
𝐿𝐿(𝞯𝞯)𝑝𝑝(𝞯𝞯)

∫ 𝐿𝐿(𝞯𝞯)𝑝𝑝(𝞯𝞯)𝑟𝑟𝞯𝞯
 

     

(3.30) 

with: 

𝐿𝐿(𝝵𝝵)= 𝑘𝑘𝑎𝑎𝑀𝑀𝑘𝑘𝑘𝑘𝑎𝑎ℎ𝑀𝑀𝑀𝑀𝑟𝑟 function (see eq. 3.29); 

𝑝𝑝(𝞯𝞯) =  𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 distribution of 𝝵𝝵. 
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𝑿𝑿 = vector of 𝑎𝑎 𝑥𝑥 𝑟𝑟 components, with 𝑎𝑎 number of observations and 𝑟𝑟 number of variables 

considered. 

3.4.2.1 Conjugate priors of mixture components 

The computation of eq.      (3.30) it is usually performed by employing conjugate priors of 𝝵𝝵, so 

that the posterior mixture distribution maintains the same functional form. For a gaussian 

multivariate component, the prior of the covariance matrix of the 𝑗𝑗 − 𝐷𝐷ℎ mixture component ∑𝑗𝑗 , 

is then defined (Bishop et al., 2018) by an inverse Wishart distribution (see APPENDIX A for 

mathematical description) as: 

∑𝑗𝑗 = 𝑊𝑊−1(𝜓𝜓𝑗𝑗 , 𝑚𝑚𝑗𝑗)         

(3.31) 

with: 

𝑚𝑚𝑗𝑗 =degrees of freedom of the 𝑗𝑗 − 𝐷𝐷ℎ mixture; 

𝜓𝜓𝑗𝑗 =Covariance matrix (a.k.a., scale matrix) of the 𝑗𝑗 − 𝐷𝐷ℎ mixture. 

Concerning the statistical parameters 𝑚𝑚𝑗𝑗 and 𝜓𝜓𝑗𝑗, 𝑚𝑚𝑗𝑗 can be considered representative of the belief 

assigned to the Covariance of the 𝑗𝑗 − 𝐷𝐷ℎ component, while 𝜓𝜓𝑗𝑗 should be indicative of the spread 

of covariance matrix (see APPENDIX A). As an example, if a small-scale matrix 𝜓𝜓𝑗𝑗 and large 𝑚𝑚𝑗𝑗  

are employed to model ∑𝑗𝑗  this is considered as an informative knowledge. Small-scale in this 

context means that a strong informative 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 is considered for ∑𝑗𝑗, characterized by a small 

variance of the 𝑗𝑗 − 𝐷𝐷ℎ component.  

For a given 𝑗𝑗 − 𝐷𝐷ℎ mixture component, the specified 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 of ∑𝑗𝑗 is then employed to derive a 

conditional 𝑝𝑝𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀 for the mean, modeled as a multivariate normal distribution (Depina et al., 

2016): 

µ𝑗𝑗|∑𝑗𝑗    ̴ 𝑀𝑀𝐶𝐶𝑁𝑁 (ℎ𝑗𝑗, ∑𝒋𝒋/𝑀𝑀𝑗𝑗) (3.32) 

with: 

h𝑗𝑗= mean vector of the 𝑗𝑗 − 𝐷𝐷ℎ mixture of dimension 1 𝑥𝑥 𝑟𝑟; 

∑𝒋𝒋/𝑀𝑀𝑗𝑗 = Covariance matrix of the j-mixture of dimension 𝑟𝑟 𝑥𝑥 𝑟𝑟 according to some precision 𝑀𝑀𝑗𝑗; 
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𝑟𝑟𝑗𝑗= precision parameter (i.e., large values of 𝑟𝑟𝑗𝑗 will assign a strong belief on ℎ𝑗𝑗). 

For the mixture weight vector Π = (𝜋𝜋1,…, 𝜋𝜋𝑗𝑗−𝑡𝑡ℎ,…, 𝜋𝜋𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), with 𝜋𝜋𝑗𝑗−𝑡𝑡ℎ a conjugate 𝑝𝑝𝑟𝑟𝑝𝑝𝑝𝑝𝑟𝑟 is 

given by a Dirichlet distribution, which is the multivariate generalization of the Beta distribution 

(Depina et al., 2016), (see APPENDIX A): 

Π  ̴ 𝐷𝐷 (𝛼𝛼1, … ,𝛼𝛼𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) (3.33) 

with: 

𝛼𝛼1, … ,𝛼𝛼𝑗𝑗−𝑡𝑡ℎ, … ,𝛼𝛼𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = Dirichlet parameters, of 𝑗𝑗 − 𝑡𝑡ℎ clusters (e.g., high values of 𝛼𝛼𝑗𝑗−𝑡𝑡ℎ is 

equivalent of assuming that the 𝑗𝑗 − 𝑡𝑡ℎ cluster contains most of observations).  

3.4.2.2 Gibbs algorithm for posterior inference 

The posterior distribution expressed by eq. (3.30) is sampled by a Markov Chain Montecarlo 

method (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀), distributed as the target posterior distribution. Within Mixture analysis, 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 

simulation provides an attractive tool since it allows draw samples from conditional distributions 

of unknown random variables rather than from the joint density distribution distribution, which 

is hard to visualize a priori. In this study, Gibbs sampler has been adopted such that convergence 

to eq. (3.30) is derived by successive updating of unknown variables as follow.  

Assuming a finite number of clusters 𝐾𝐾, the initialization of the Markov Chain is performed by a 

𝐾𝐾 −means algorithm. This algorithm (Bishop, 2006) is employed to cluster sets of data using a 

non-probabilistic technique. The algorithm iterates between data assignation to a cluster (using 

minimum distance to the cluster center) and cluster center determination (by averaging the data 

assigned to the cluster). It starts by randomly assigning a center position to the 𝐾𝐾 clusters. As a 

result of 𝐾𝐾 −means the data are uniquely assigned to one cluster according to closeness of 

cluster’s mean.  

Observations 𝑋𝑋𝑖𝑖 will then belong to only to one specific 𝑗𝑗 − 𝑡𝑡ℎ cluster. To facilitate the task, a 

classification vector 𝑉𝑉 of dimension (𝑛𝑛𝑛𝑛𝑛𝑛) is introduced. As an example, 𝑉𝑉 = [𝑣𝑣1𝑗𝑗 =0, ..., 𝑣𝑣𝑖𝑖𝑗𝑗 = 

1, ..., 𝑣𝑣1𝐾𝐾 = 0]T will assign the observations 𝑋𝑋𝑖𝑖 exclusively to the 𝑗𝑗 − 𝑡𝑡ℎ mixture’s component.   

This can be feed into the Gibbs sampling scheme as: 

1. ∑𝑗𝑗 values are sampled from inverse Wishart density distributions, conditional on 

observations 𝑿𝑿 and the previous classification vector 𝑽𝑽 (see eq. 3.34); 

2. µ𝑗𝑗 values are sampled from the density distribution conditional on ∑𝑗𝑗 from step 1, and 

on previous classification vector 𝑽𝑽 (see eq. 3.35); 
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3. Mixture weight vector 𝛱𝛱 is sampled from the Dirichlet posterior distribution, conditional 

on previous 𝑉𝑉 (see eq. 3.36); 

4. Classification variables 𝑣𝑣𝑖𝑖𝑗𝑗 are updated according to their posterior probability 

distribution 𝑝𝑝𝑖𝑖𝑗𝑗  computed as: 𝑝𝑝𝑖𝑖𝑗𝑗 | µ𝑗𝑗 ,∑𝑗𝑗 , 𝜋𝜋𝑗𝑗= 
𝜋𝜋𝑗𝑗𝑓𝑓�x𝑖𝑖� µ𝑗𝑗,∑𝑗𝑗)

∑ 𝜋𝜋𝑗𝑗𝑓𝑓�x𝑖𝑖�µ𝑗𝑗,∑𝑗𝑗)𝐾𝐾
𝑗𝑗=1

 with 𝑝𝑝 = 1, … ,𝑛𝑛; and 

𝑛𝑛 =number of observations in 𝐗𝐗. 

 �𝑣𝑣𝑖𝑖𝑗𝑗  = 1: 𝑗𝑗 ∈ (1, … ,𝐾𝐾  j = arg𝑚𝑚𝑚𝑚𝑛𝑛  𝑝𝑝𝑖𝑖𝑗𝑗 , 𝑣𝑣𝑖𝑖,−𝑗𝑗 = 0� with  𝑣𝑣𝑖𝑖,−𝑗𝑗 =

[𝑣𝑣𝑖𝑖1, … , 𝑣𝑣𝑖𝑖𝑗𝑗−1, 𝑣𝑣𝑖𝑖𝑗𝑗+1, … , 𝑣𝑣𝑖𝑖𝐾𝐾]𝑇𝑇. 

 

3.4.2.3 Computation of Posterior distributions according to Gibbs sampler  
In this section mathematical description of posterior density distributions is provided according 

to Gibbs sampler steps (Depina et al., 2016, Bishop, 2006). For the covariance matrix, the 

posterior distribution of ∑𝑗𝑗 is conditional on observations 𝑋𝑋 and classification vector 𝑉𝑉 as:  

∑𝑗𝑗 | 𝑋𝑋, 𝑉𝑉   ̴ 𝑊𝑊−1 (𝜓𝜓𝑗𝑗 + 𝛬𝛬𝑗𝑗 + 
𝑛𝑛𝑗𝑗𝑟𝑟𝑗𝑗
𝑛𝑛𝑗𝑗+𝑟𝑟𝑗𝑗

 ( �̅�𝑛𝑗𝑗 − 𝑛𝑛𝑗𝑗) (�̅�𝑛𝑗𝑗  −  𝑛𝑛𝑗𝑗)𝑇𝑇 ,𝑛𝑛𝑗𝑗 + 𝑚𝑚𝑗𝑗) (3.34) 

with: 

𝛬𝛬𝑗𝑗= ∑  (x𝑖𝑖 − �̅�𝑛𝑗𝑗) (x𝑖𝑖 −  �̅�𝑛𝑗𝑗)𝑗𝑗=1,𝐾𝐾
T 

𝑛𝑛𝑗𝑗 = number of observations that belong to the 𝑗𝑗 − 𝑡𝑡ℎ cluster; 

�̅�𝑛𝑗𝑗 = mean value of observations that belong to the 𝑗𝑗 − 𝑡𝑡ℎ cluster; 

The posterior distribution of the mean of the 𝑗𝑗 − 𝑡𝑡ℎ mixture component, is the multivariate 

normal distribution, conditional on ∑𝑗𝑗, 𝑋𝑋, 𝑉𝑉, which reads: 

µ𝑗𝑗|∑𝑗𝑗, 𝑋𝑋, 𝑉𝑉   ̴ 𝑀𝑀𝑉𝑉𝑀𝑀 ( ℎ�j, ∑𝑗𝑗  / (𝑟𝑟𝑗𝑗 + 𝑛𝑛𝑗𝑗))    

(3.35) 

with: ℎ�j =
rj 𝑛𝑛j+nj�̅�𝑥𝑗𝑗 
rj + 𝑛𝑛j

 

The joint posterior distribution of  Π conditional on 𝑉𝑉 reads: 

Π|𝑉𝑉    ̴ D (𝛼𝛼1 + 𝑛𝑛1, … ,𝛼𝛼𝑗𝑗 + 𝑛𝑛𝑗𝑗 ,𝛼𝛼𝑘𝑘 + 𝑛𝑛𝑘𝑘)          

(3.36) 

with 𝑛𝑛𝑗𝑗 = number of observations uniquely assigned to the 𝑗𝑗 − 𝑡𝑡ℎ mixture component. 
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3.5 Implementation & sources 
The algorithms applied in this PhD have been implemented and/or modified in Matlab. To do so 

MATLAB with Statistics and Econometrics Toolbox Releases 2018b, need to be installed. Some 

open-source and published codes have been adapted as necessary. 

At the time the thesis was started only few libraries were available in Matlab, Phyton and R 

languages but they were mainly oriented to Bayesian regression. As alternative, R −

bugs , an open-source software could be applied. However, its application was also restricted to 

Bayesian regression and therefore of limited interest for this work.  

For MCMC with M − H algorithm, the open-source add-in excel component B.E.S.T. (Bayesian 

Equivalent Sample Toolkit), implemented by Wang et al., (2016), is a user-friendly tool for 

geotechnical parameter estimation. However, it is mainly oriented to indirect estimation of 

geotechnical parameter from in-situ tests. For a broader application of MCMC with M-H (see 

Chapter 7), a Matlab script example was available in the work of Wang et al., (2010), which 

provide a more flexible tool to be modified depending on the topic.  

Concerning TMCMC, the main Matlab script function is available in the work of Ching et al., 

(2016). No available software or libraries include that algorithm, and modifications of it, 

depending on the topic of application are required.  

 Analogous considerations hold for the Gibbs sampling algorithm. However, due to its simpler 

scheme, several examples can be found in different programming languages to guide its 

implementation. Thus, Gibbs sampling within Bayesian framework has been implemented when 

necessary (section 3.4, section 4.5 of Chapter 4 and Chapter 6) since no available libraries or 

software were available when that work was developed.  
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3.6 APPENDIX A 
In this appendix the mathematical description of conjugated priors employed within 

𝐵𝐵𝑀𝑀𝐵𝐵 analysis is provided.  

3.6.1 Wishart distribution 
The prior distributions of covariance matrices ∑𝑗𝑗  are modeled by the inverse of Wishart 

distribution 𝑊𝑊−1. The Wishart distribution is a generalization of the univariate chi-square 

distribution (a special case of gamma distribution) and it is applied to positive semidefinite 

matrices, such as Covariance matrices.  

To facilitate the comprehension of multidimensional formulation, the univariate mathematical 

expression of the gamma density distribution is reported first. The gamma density distribution of 

a random variable X, 𝑓𝑓(𝑋𝑋;  𝛼𝛼,𝛽𝛽) is defined by a shape parameter α and scale parameter β as 

(Figure A.3.6.1) (Bishop et al., 2018):  

𝑓𝑓(𝑋𝑋;  𝛼𝛼,𝛽𝛽) = 𝑋𝑋𝛼𝛼−1𝑒𝑒−𝛽𝛽𝛽𝛽𝛽𝛽𝛼𝛼

𝛤𝛤(𝛼𝛼)
  for 𝑋𝑋 > 0  𝛼𝛼,𝛽𝛽 > 0 (A.3.37) 

with 𝛤𝛤(𝛼𝛼) = 𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑓𝑓𝑓𝑓𝑛𝑛𝑓𝑓𝑡𝑡𝑝𝑝𝑝𝑝𝑛𝑛 = ∫ 𝑋𝑋𝛼𝛼−1𝑒𝑒−𝑥𝑥𝑛𝑛𝑋𝑋∞
0  

𝛼𝛼 can be thought as the number of events that are waited and 𝛽𝛽 as the mean waiting time until the 

first event happens. By increasing 𝛽𝛽 the density distribution will then shift to the left. On the other 

hand, by keeping constant 𝛽𝛽 and increasing 𝛼𝛼, the density distribution will move towards the 

right. Therefore, by increasing alpha, and decreasing beta the gamma density distribution will 

become more and more informative (i.e. less flat and more peaked). 

  

Figure A 3.6.1 variation of gamma density distribution as a function of shape and scale parameters α β.  
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The Wishart distribution 𝑊𝑊(∙) is a family of d-dimensional distributions parameterized by a 

symmetric positive definite matrix 𝜓𝜓 (𝑛𝑛𝑛𝑛𝑛𝑛) and a positive scalar degree of freedom 𝑚𝑚. The mean 

of distribution is given by 𝑚𝑚𝜓𝜓 . The probability density function of the d-dimensional Wishart 

distribution for a random variable 𝑋𝑋 (of dimension 𝑛𝑛𝑛𝑛𝑛𝑛) reads (Bishop et al., 2018; Kotz et al., 

2005):  

𝑊𝑊(𝜓𝜓,𝑚𝑚) =
1

2𝑚𝑚𝑚𝑚/2|𝜓𝜓|𝑚𝑚/2𝛤𝛤𝑚𝑚|𝑚𝑚2 |
 |𝑋𝑋|(𝑚𝑚−𝑚𝑚−1)/2𝑒𝑒−(0.5)𝑡𝑡𝑟𝑟(𝜓𝜓−1𝑋𝑋) 

(A.3.38) 

with: 

𝑚𝑚 = degrees of freedom; 

| 𝜓𝜓 |= determinant of the matrix (i.e., Covariance matrix) 𝜓𝜓 of dimension 𝑛𝑛𝑛𝑛𝑛𝑛; 

𝑋𝑋 = random variables of dimension 𝑛𝑛𝑛𝑛𝑛𝑛; 

𝛤𝛤𝑝𝑝( ) = 𝑚𝑚𝑓𝑓𝑚𝑚𝑡𝑡𝑝𝑝𝑣𝑣𝑚𝑚𝑟𝑟𝑝𝑝𝑚𝑚𝑡𝑡𝑒𝑒𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑓𝑓𝑓𝑓𝑛𝑛𝑓𝑓𝑡𝑡𝑝𝑝𝑝𝑝𝑛𝑛; 

3.6.2 Dirichlet distribution 
The Dirichlet distribution is a multidimensional generalization of the univariate beta distribution. 

As for the Wishart distribution, it might be useful to introduce at first the definition of the 

univariate case, followed by its generalization.  

The beta distribution described a family of curves that are non-zero only within the domain 

(0,1). The beta probability density function for a random variable X, here denoted as 𝑓𝑓(𝑋𝑋|𝑚𝑚, 𝑏𝑏) 

reads (Figure A.3.6.2): 

𝑓𝑓(𝑋𝑋|𝑚𝑚, 𝑏𝑏) =
1

𝛽𝛽(𝑚𝑚, 𝑏𝑏)𝑋𝑋
𝑎𝑎−1(1 − 𝑋𝑋)𝑏𝑏−1𝐼𝐼[0,1](𝑋𝑋) (A.3.39) 

with: 

𝑚𝑚 and 𝑏𝑏 = ahape parameters; 

𝛽𝛽(𝑚𝑚, 𝑏𝑏) = 𝐵𝐵𝑒𝑒𝑡𝑡𝑚𝑚 𝑓𝑓𝑓𝑓𝑛𝑛𝑓𝑓𝑡𝑡𝑝𝑝𝑝𝑝𝑛𝑛 = ∫ 𝑡𝑡𝑎𝑎−1(1 − 𝑡𝑡)𝑏𝑏−1𝑛𝑛𝑡𝑡1
0 ; 

𝑛𝑛,𝑦𝑦 =real number greater than 0; 

𝐼𝐼[0,1](𝑋𝑋) = indicator function that ensures that only values of X within (0,1) have non zero 

probability. 
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Figure A 3.6.2. Example of beta density distribution for different values of shape parameters 𝑚𝑚 and 𝑏𝑏. 

The Dirichlet distribution, here denoted as 𝐷𝐷 (𝛼𝛼1, … ,𝛼𝛼𝑘𝑘), with 𝛼𝛼1, … ,𝛼𝛼𝐾𝐾   𝐾𝐾 parameters, reads 

(Kotz et al., 2005):  

𝐷𝐷 (𝑛𝑛|𝛼𝛼1, … ,𝛼𝛼𝑘𝑘) =
1

𝛽𝛽(𝛼𝛼)
�𝑛𝑛𝑖𝑖

𝛼𝛼𝑖𝑖−1
𝐾𝐾

𝑖𝑖=1

 
(A.3.40) 

with: 

𝛽𝛽(𝛼𝛼) = multivariate beta function; 

𝑛𝑛 =random variable such that ∑ 𝑛𝑛𝑖𝑖 = 1𝐾𝐾
𝑖𝑖=1  and 𝑛𝑛𝑖𝑖 ≥ 0 for all 𝑝𝑝 ∈ 𝐾𝐾.  
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Part II: Probabilistic CPT(u) data manipulation   

4 Probabilistic soil profiling using CPTu data 

This chapter presents methods for probabilistic semi-automated soil delineation based on CPTu 

data. The work presented has two parts. Section 4.1 introduces a new simplified practitioner-

oriented methodology for semi-automated probabilistic delineation. Section 4.5 presents a more 

elaborated methodology for the same purpose, in which information from boreholes (i.e., core-

based soil profiling) is integrated with CPTu data within a Bayesian framework.  

4.1. A semi-automated tool for probabilistic soil delineation 

Soil delineation a.k.a., stratigraphic profiling, is a key aspect of site characterization for 

geotechnical design purposes. Among all the in-situ tests, Cone Penetration Tests (CPTu) are 

widely used for layer identification due to their good repeatability and relative low cost (e.g., 

Douglas and Olsen, 1981, Jefferies and Davis, 1991, Robertson, 1990, Robertson, 2009). CPT and 

CPTu do not recover soil samples, and therefore classification must be based on the soil response 

to the probe. Several Soil Behavior Type (SBT) charts based on this principle have been developed 

(i.e., Douglas & Olsen 1981, Jefferies & Davis 1991, Robertson et al., 1986, Robertson 1990, 

Schneider et al., 2008, Robertson 2009).  

Soil delineation is affected by engineering interpretation and strongly influenced by inherent 

variability of soil properties and noise added by measurement errors. In the last decade, several 

probabilistic–based approaches to soil delineation have been developed to account for the 

uncertainties derived from measurement uncertainty and/or inherent variability (Zhang & Tumay 

1999, Jung et al. 2008, Wang et al. 2013, Ching 2016, Depina et al. 2016). Particularly interesting 

for this thesis are Bayesian formulations (Cao and Wang 2013), sometimes based on Bayesian 

Mixture Analysis (BMA, Krogstad et al. 2019), aiming to integrate site-specific data (i.e., the 

CPTu data) with some 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 information about the site (e.g., geological information). Although 

these methods seem effective in performing layer delineation, they typically rely on sophisticated 

algorithms and advanced probability and statistics concepts that might appear forbidding to 

practitioners. Obscure or poorly understood methods may complicate transference of information 

between the different parties involved in the engineering design process. 

The work of Ganju et al., (2017) followed a different path. They presented an algorithm to 

generate design soil profiles based on soil behavior type classification and state. An initial soil 

profile was automatically generated from direct analysis of CPTu records. That initial profile was 
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then simplified, eliminating artificial thin layers resulting from the automated algorithm to 

provide a more practical design soil profile. Based on the same concepts, this work proposes a 

new algorithm for semi-automated layer identification suitable to different SBT parametric charts.  

The objective here is to develop a tool that simplifies the soil delineation task while eliciting 

common assumptions and heuristics applied in geotechnical engineering practice. Site-specific 

CPTu  data is incrementally plotted on a given soil class chart to identify soil units in a 

probabilistic manner. To do that the tool fits a normal distribution to data originated from one or 

various CPTu probes. Classification is based on conventional class boundaries –here taken from 

Robertson, (1990)- which are sequentially activated with user-specified refinement. The profile 

thus obtained is further simplified by detecting and merging appropriately defined thin layers. 

User defined parameters include the level of classification refinement, the layer thickness 

resolution (i.e., what defines a “thin” layer) and number of CPTu records to be analyzed. The 

output is CPTu-based probabilistic soil delineation that represent the best fit to the CPTu data 

through joint bivariate/univariate distributions.  

If so wished, the obtained profile may be then compared with those obtained through borehole 

inspection and retained, modified or discarded. As an option, a Bayesian information Criterion 

(Gelman et al. 2004, Huang et al. 2013) is applied to automate further the process and identify the 

most statistically plausible profile among a series of reasonable candidates. Before presenting the 

algorithm in detail it is, however necessary to briefly recall some basic concepts.  

4.1.1 Background 

4.1.1.1 CPTu −based soil classification  

Several CPTu-based classification charts are available in literature. A popular one is that proposed 

by Robertson, (1990) who introduced a soil classification chart (Figure 4.1 ) based on two 

normalized parameters derived from CPTu measurements, the normalized cone tip resistance, 

𝑄𝑄𝑡𝑡1 = (𝑞𝑞𝑡𝑡 − 𝜎𝜎𝑣𝑣0)/𝜎𝜎′𝑣𝑣0  and the normalized Friction ratio, 𝐹𝐹𝐹𝐹 = 100 ∙ 𝑓𝑓𝑠𝑠 /(𝑞𝑞𝑡𝑡 − 𝜎𝜎𝑣𝑣0). Therefore, 

a soil layer may be identified based on the combination of 𝑄𝑄𝑡𝑡1 and 𝐹𝐹𝐹𝐹 data measured at the site.  

Although the selection of the normalized classification parameters used in the chart was inspired 

by previous work on the topic (e.g., Douglas & Olsen 1981; Wroth, 1984; Houlsby, 1988) the 

chart classes and the position of the limits between them were empirically identified by Robertson, 

typically by examining soil investigation results at different sites. It is possible to replicate that 

empirical work of Robertson, addressing the inevitable uncertainties due to limited and noisy 

datasets to establish fuzzy or uncertain class boundaries in probabilistic terms. Several works 

along this line are available in literature (Uzielli et al., 2005; Jung et al., 2007; Wang et al., 2013). 

That kind of work assumes that the ultimate goal should be obtaining a better map of soil 
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CPTu response into a pre-existing soil classification scheme (e.g., USCS). However, there is 

another line of thinking (Douglas and Olsen 1981; Jefferies & Davies 1991) that argues that soil 

response to CPTu is, by itself, more informative about soil mechanical responses of engineering 

interest that textural based classifications. From that point of view classification principles should 

be intrinsic to CPTu data, since what is being classified is “soil behavior when probed by a CPTu”. 

Several improved classification charts have been developed along these lines (e.g., Robertson, 

2009; Schneider et al. 2008; Schneider et al. 2012; Robertson 2016).  

An example of this approach is another chart proposed by Robertson, (2009), Figure 4.1b.  Based 

on the work of Jefferies & Davies, (1993) and Robertson & Wride, (1998), Robertson, (2009) 

highlighted how the Robertson, (1990) class boundaries could approximate by a concentric circle 

whose radius can be defined by a unified parameter, the soil behavior class index 𝐼𝐼𝑐𝑐  which 

combines both normalized CPTu parameters as: 

𝐼𝐼𝐶𝐶 = [(3.47 − 𝑙𝑙𝑃𝑃𝑙𝑙(𝑄𝑄𝑡𝑡𝑡𝑡))2 + (𝑙𝑙𝑃𝑃𝑙𝑙(𝐹𝐹𝑅𝑅)  + 1.22)2]0.5     
    

with: 

𝑄𝑄𝑡𝑡𝑡𝑡 = [(𝑞𝑞𝑞𝑞 − 𝜎𝜎𝑣𝑣0)/𝑝𝑝𝑎𝑎](𝑝𝑝𝑎𝑎/𝜎𝜎′𝑣𝑣0)]𝑡𝑡       
     
 
𝑛𝑛 = 0.381 𝐼𝐼𝐶𝐶  +  0.05(𝜎𝜎′𝑣𝑣0/𝑝𝑝𝑎𝑎) − 0.15      
   

(4.1) 
 

(4.2) 

 

(4.3) 

where: 

𝑛𝑛 ≤ 1  is a soil-type dependent exponent which normalizes for the effect of stress level on 

resistance. As the SBT index depends on 𝑛𝑛 and viceversa, iteration is necessary to find both 

values. 

The initial application of IC was to introduce corrections accounting for fine content effects on 

the prediction of cyclic-loading liquefaction potential of clean sand from CPT. However, later 

work  (Robertson, 2009, 2016) expanded the applicability of the SBT index.  Indeed, such work 

indicated that, despite being a single-valued index, and thanks to the stress exponent 𝑛𝑛, IC based 

soil delineation might provide more useful information on soil behavior than one based on 

Robertson, (1990) classes.  

Be as it may, the discussion about what may be the best CPTu based classification is not pursued 

anymore here. It is therefore of little interest, from that restricted point of view, to introduce 

uncertainty in the class boundaries themselves and we will work only with measurement error 

and inherent soil variability. Therefore, both the Robertson, (1990), chart and the SBT index 

classes of Robertson (2009) are used as examples of conventionally accepted templates for soil 

classification and treated here as deterministic tools i.e., as having sharp –not uncertain- class 

boundaries.  A different interpretation and use of such charts is exemplified in section 4.5. 
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(a) 

 

(b) 

Figure 4.1 . Soil behavior type classification chart based on normalized CPTu data (Robertson, 1990). b) 
Robertson, (2009). 

4.1.1.2 Thin layers 
The cone diameter, whose standard dimension is 35.7mm, imposes a lower bound on the spatial 

resolution of soil properties, which leads to the concept of “thin layer”. The cone needs to 

penetrate up to a certain depth within a soil layer to develop the “true” soil layer cone resistance, 

i.e., that dependent solely on the soil properties of the layer (Lunne et al., 1997). Such distance is 

referred as development distance. The cone is also affected by the so-called sensing distance since 

as it approaches a layer of different stiffness, it senses its presence few cone diameters ahead of 

the interface between the layers (Boulanger & DeJong 2018, Figure 4.2). 
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Figure 4.2. Thin layer effect for a sand layer embedded in a clay layer (Boulanger and DeJong, 2018). 

Considering both sensing and development distances a cone tip is not able to identify properly 

layers thinner than 150 − 200 𝑚𝑚𝑚𝑚 (Ganju et al., 2017). Such issues have been recently assessed 

through inverse filtering procedures to estimate the “true” sleeve friction 𝑓𝑓𝑠𝑠  and cone tip 

resistance 𝑞𝑞𝑐𝑐 in interlayered soil profiles (Boulanger & DeJong 2018). “True” means here the 

hypothetical soil response that the cone probe would have sensed if all layers were thick. A 

simpler approach is to merge thin layers into adjacent soil units exhibiting similar soil behavior 

type. This is the approach adopted here, using a procedure explained in more detail in section 

4.1.2.5. 

4.1.2 Methodology 

In this section we expose the new methodology for semi-automated probabilistic soil profiling 

based on CPTu data. The methodology is illustrated for a bivariate case based on Robertson’s 

(1990) chart. APPENIDX A describes its application for a univariate case, using the SBT index 

classes from Robertson, (2009).    

4.1.2.1 Classification levels 
The Robertson, (1990) chart identifies nine different soil types but, such level of detail is not 

necessary in many applications. Therefore, the proposed procedure uses a staged classification 

approach, in which the required level of classification detail is left as an option to the user. 

The first stage uses a dual-class classification in which the only distinction made is between: 

• Sand-like soil behavior (e.g., S − L); 

• Clay-like soil behavior (e.g., C − L). 
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The former is representative of a drained response to CPTu, as expected of coarse-grained layers, 

and gathers together soil types 5 − 6 − 7 and 8 of the Robertson (1990) chart. The latter is 

representative of an undrained response, as expected of fine-grained layers, and incorporates soil 

types 2 − 3 − 4 − 9 of the chart. These two classes are referred to from now on as primary soil 

types or classes. The boundary line which divides these primary classes on the Robertson chart is 

illustrated in Figure 4.3a. Soil layers identified using primary classes are referred to as primary 

layers. 

A slightly more refined, three-tiered classification, is obtained introducing a soil mixtures class 

alongside the sand-like and clay-like classes. This is based on work by DeJong & Randolph, 

(2012), Schneider et al., (2008) or Robertson, (2016) showing that it is useful to separate those 

who have a partly drained response to CPTu (the soil mixtures class) from those that have a clearly 

undrained response (clay-like, C − L) or a clearly drained response (sand-like, S − L). The S − L 

class is now obtained by joining the SBT 6,7 and part of class 8 of the Robertson, (1990) chart. 

The C − L  class is given by the combination of SBT  1, 2, 3  and part of the class 9  of the 

Robertson, (1990) chart. Finally, the soil mixtures class (i.e., 𝑆𝑆 − 𝑀𝑀) encompasses the zones 

corresponding to SBTs 4, 5 and part of those corresponding to 8 and 9 in the Robertson, (1990) 

chart. These three classes will be referred from now on as secondary classes. The Robertson chart 

for secondary soil classification is reported in Figure 4.3b. Soil layers identified using the 

secondary classes are referred to as secondary layers. 

Finally, a third level of refinement in soil delineation is obtained by including all the Robertson, 

(1990) classes Figure 4.3c. Such classes are referred from now on as tertiary classes and using 

them results in a profile delineation using tertiary layers.  

Even if a highly refined classification level is finally desired, it seems advantageous to initially 

perform classification at lower refinement levels to gain understanding of the profile. 

Subsequently, a more detailed layer delineation can be obtained adopting the second and/or a 

third level classification. 

  
(a) (b) 
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(c)  
Figure 4.3. a) First level classification boundary line and b) Second level classification boundary lines 

superimposed on the Robertson, (1990) chart. 

4.1.2.2 Statistical description of layer data 
Whatever the refinement level of the classification applied, the CPTu data assigned to a layer will 

be described by a bivariate joint normal distribution. That distribution is fitted to the logarithm of 

the normalized CPTu parameter values (ln𝑄𝑄𝑡𝑡1, ln𝐹𝐹𝐹𝐹) for all the points in the layer. This joint 

distribution may be written as: 

𝑓𝑓ln (𝑄𝑄𝑡𝑡1),ln(𝐹𝐹𝑅𝑅) 

=
1
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(4.4) 

with: 

µln (𝑄𝑄𝑡𝑡1), µln (𝐹𝐹𝑅𝑅) = mean value of the logarithm of 𝑄𝑄𝑡𝑡1 and 𝐹𝐹𝐹𝐹 data respectively; 

𝜎𝜎ln(𝑄𝑄𝑡𝑡1), 𝜎𝜎ln(𝐹𝐹𝑅𝑅) = standard deviation of of ln (𝑄𝑄𝑡𝑡1) and ln (𝐹𝐹𝐹𝐹) data respectively; 

𝜌𝜌 = linear correlation coefficient for ln (𝑄𝑄𝑡𝑡1) and ln (𝐹𝐹𝐹𝐹). 

An illustration of the fitted joint bivariate normal distribution in terms of different probability 

percentiles (i.e., 𝑃𝑃 = 0.2 and 𝑃𝑃 = 0.8) for a CPTu record of 1𝑚𝑚 stretch (Figure 4.4a) is shown in 

Figure 4.4b.  

The assumption of a joint lognormal bivariate distribution for normalized CPTu parameters has 

been previously adopted by other authors working on CPTu-based soil delineation (Wang et al., 

2013; Cao and Wang 2013; Depina et al., 2016). The joint lognormal fit introduces a purely 

statistical criterion to define a thin layer (i.e., layers should contain enough data points to 
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meaningfully evaluate the distribution parameters).  As explained below, this statistical criterion 

should be considered in addition to the instrument-based thin layer criterion.  

 
 

(a) (b) 

Figure 4.4 a) Example of 1m stretch of a CPTu record. b) Corresponding joint bivariate normal 
distribution contour levels within Robertson chart. 

Under the assumption of joint bivariate normal distribution, variable co-dependence is quantified 

through the linear Pearson’s correlation coefficient. This may not be appropriate for data 

characterized by a large asymmetrical dispersion. Different non-linear correlations might offer a 

better fit to the CPTu data than the linear one. Although this eventuality may be addressed using 

copula analysis -see Wu, (2015) for a different application- that possibility is not pursued here. 

4.1.2.3 Layer delineation parameters 
The procedure used to identify layer within a CPTu profile employs two parameters: 

•  a noise-threshold parameter, 𝑃𝑃; 

•  a mixture-tolerance parameter, 𝑚𝑚. 

The 𝑃𝑃 parameter is introduced to allow for extreme values of normalized 𝐶𝐶𝑃𝑃𝐶𝐶𝐶𝐶 values that might 

be considered as noise (e.g., stones or shells within a fine layer). The 𝑃𝑃 parameter is defined as 

the complementary value of the quantile or isoline of the bivariate density distribution that 

encloses a fraction (1 − 𝑃𝑃) of the probability density (Figure 4.4). Thus, for instance, the area 

within the isoline labelled 𝑃𝑃 = 0.1  only excludes 10% of the probability described by the 

bivariate distribution. The isolines or quantiles of a bivariate normal distribution are ellipses. The 

P=0.8 P=0.2
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location of the mean value of the bivariate corresponds to 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 and identifies the soil class to 

which the data fitted by the distribution are assigned.  

The class-tolerance threshold parameter 𝑚𝑚 is introduced to account for the presence of layers 

straddling various classes and it is defined as the areal proportion of the surface enclosed around 

𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚  by the 𝑃𝑃-isoline that lies outside the soil class in which 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 is located (Figure 4.5). This 

parameter controls how strictly enforced is the class separation applied to identify a soil layer. 

The value selected for 𝑚𝑚 reflects the degree of adherence to the pre-established class boundaries 

by the analyst. 

 
Figure 4.5. Example 𝑚𝑚 threshold for a specified 𝑃𝑃 value (e.g., 𝑃𝑃 = 0.5) within first stage classification. 

4.1.2.4 Layer delineation procedure for a single CPTu  
Once the output maximum refinement level and the parameters P and m are specified the 

procedure followed to analyze a single CPTu record (Figure 4.6) starts by selecting a small data 

segment within the record (usually the uppermost one) long enough (e.g., 10 datapoints) to fit an 

initial bivariate distribution. This dataset is subsequently called the fitting range, and denoted 𝑿𝑿𝒇𝒇. 

The code checks if the mixture tolerance threshold has been overcome and, if not, fits again the 

bivariate after adding one extra datapoint to the fitting range by moving downwards through the 

record. By doing so the fitted bivariate distribution 𝑃𝑃 −isoline moves and changes size on the 

Robertson chart, and the process is repeated adding new CPTu datapoints until the mixture-

tolerance threshold is attained.  

When the mixture-tolerance threshold is attained the code selects the depth of the last datapoint 

added to the bivariate fitting range as a layer boundary value, say 𝒃𝒃𝑖𝑖 and discards the values in 

𝑿𝑿𝑓𝑓. Each identified layer is then represented by a gaussian bivariate, the layer bivariate, whose 

statistics (i.e., mean, Covariance and number of CPTu data pair that compose it) are defined by 

CPTu data pairs in 𝑿𝑿𝑓𝑓. The process is now restarted by selecting a new fitting range using those 

points immediately below the selected boundary datapoint 𝒃𝒃𝑖𝑖. The procedure is repeated again 

until the CPTu record is fully analyzed, as outlined in Figure 4.6. It is worth noticing that, the 
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same procedure could be also applied for a specified limited depth interval instead of the whole 

CPTu profile.  

The selection of 𝑃𝑃 and 𝑚𝑚 values should be performed within reason. As an example, the selection 

of a high noise threshold (e.g., 𝑃𝑃 = 0.8) will exclude 80% of the CPTu data due to noise, which 

seem unrealistic for a CPTu record. On the other hand, high value of 𝑚𝑚 (e.g., 𝑚𝑚 = 0.4) assume a 

very low degree of adherence to the pre-established SBT charts and an intrinsic high systematic 

uncertainty of SBT class boundaries. As a consequence, the combination of high 𝑃𝑃 and 𝑚𝑚 values 

is discouraged. Such considerations will be further discussed in section 4.1.3.2.5. 

It is interesting to note that, for a given set of parameters, the procedure proposed is not invariant 

to the sense in which the CPTu profile is parsed by the algorithm. This means that, in general, the 

profile that results from going downwards trough the probe is not the same as the one obtained 

when going upwards. Therefore, as the purpose of the algorithm is to ensure consistency in profile 

interpretation, the parsing sense needs to be fixed. We have done so, and all the results presented 

here are obtained with CPTu profiles parsed downwards. The effect of parsing sense is explored 

further in APPENIDX B. 

  
(a) (b) 

Figure 4.6. CPTu record analysis procedure (a) general workflow (b) analysis for given classification 
level. 
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4.1.2.5 Thin layer treatment 
Whatever the delineation level that is applied, a last stage always included in the CPTu record 

analysis procedure outlined above is that of thin layer analysis and treatment. Two methods are 

applied for merging thin layers, the 𝑄𝑄𝑡𝑡1 average method and the soil group method (Ganju et al., 

2017); the selection of which method to apply depends on the classification level that is used in 

the analysis. 

The 𝑄𝑄𝑡𝑡1 average method consists of merging a thin layer into that adjacent with closer average 

𝑄𝑄𝑡𝑡1. This is based on the fact that tip resistance sensitivity to thin layer effects is smaller than that 

of sleeve resistance -if only because of the larger area of the sleeve.   

In the soil group approach thin layers are merged with those adjacent that are considered more 

similar in behavior, according to the classification applied. The soil group method is only applied 

at the third level of refinement (that using the 9-class Robertson SBT). Following the work of 

Ganju et al., (2017) three soil groups are considered (Table 4.1). At this third level, thin layers are 

assessed initially through the soil group approach. If a thin layer still persists the  𝑄𝑄𝑡𝑡1 average 

method is applied. 

For profiling based on the first and second level of class refinement, only the 𝑄𝑄𝑡𝑡1  average 

approach is applied since the soil group approach cannot be considered with such coarser classes. 

Indeed, it will be noted that the groups considered at third level (Table 4.1) coincide with those 

clustered to create second level of soil classification.  In case of a cluster of thin layers, the 

algorithm starts with the first detected thin layer in the sequence. The first thin layers refer to the 

uppermost detected thin layer when the CPTu   record is analyzed by moving downwards through 

it, from the lowest when moving upward the CPTu record.  

Table 4.1. Soil group classification for thin layer assessment. 
Soil group for thin layer assessment Robertson, (1990) 

SBT 
Clay 1-2-3 

Soil Mixture 4-5-8-9 
Sand 6-7-8 

 

4.1.2.6 Optimal selection of delineation parameters 

Delineation parameters 𝑃𝑃 and 𝑚𝑚 control the performance of the layer delineation procedure, as 

illustrated in detail in subsequent sections. In principle, these parameters should be specified by 

the user, based on his judgment. This user-defined approach might be used deliberately to elicit 

some of the preferences that inevitably accompany a layer delineation task and, by doing so, 

facilitate knowledge transfer, auditing and communication or -simply- ensure consistency in 

interpretation when examining one or several CPTu profiles from a site. 
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However, the user may have doubts about which parameters to select, and it may then be useful 

to have resource to an independent or automated criterion to select 𝑃𝑃 and 𝑚𝑚 values. In this more 

𝑎𝑎𝐶𝐶𝑞𝑞𝑃𝑃𝑚𝑚𝑎𝑎𝑞𝑞𝑎𝑎𝑎𝑎  modality a combination of delineation parameters 𝑃𝑃  and 𝑚𝑚  is selected among a 

series of candidates, by evaluating the resulting stratigraphic profile with a Bayesian Information 

Criterion (BIC).  

The starting point for the application of  BIC to the subdivided CPTu record is to consider each 

result of the profiling algorithm as a Gaussian finite mixture model (section 3.4.1), in which the 

population (the whole CPTu  record) is represented by several subpopulations (the layers or 

mixture components). 

For a specified class refinement, and for a 𝑞𝑞 − 𝑞𝑞ℎ combination of 𝑃𝑃 and 𝑚𝑚 parameters, a soil 

delineation is obtained as output (Figure 4.7).  CPTu data that compose each layer are fitted by a 

joint bivariate distribution conceived as Gaussian mixture component. Consequently, the CPTu 

profile that results from the 𝑞𝑞 − 𝑞𝑞ℎ soil delineation attempt can be expressed as a joint bivariate 

Gaussian Mixture (McLachlan & Peel, 2000): 

𝑓𝑓 (𝑙𝑙𝑛𝑛𝑄𝑄𝑡𝑡1, ln𝐹𝐹𝐹𝐹) = �𝜋𝜋𝑠𝑠 ∙ 𝑓𝑓𝑠𝑠 (𝑙𝑙𝑛𝑛(𝑄𝑄𝑡𝑡1, ln𝐹𝐹𝐹𝐹 |µ𝑆𝑆 ,∑𝑆𝑆) 
𝑁𝑁𝑠𝑠

𝑠𝑠=1

 
(4.5) 

with: 

𝜋𝜋𝑠𝑠 =  weight of the 𝑠𝑠 − 𝑞𝑞ℎ layer bivariate (percent of CPTu data that has been assigned to the 

𝑠𝑠 − 𝑞𝑞ℎ layer), such that ∑ 𝜋𝜋𝑠𝑠 = 1 𝑁𝑁𝑠𝑠
𝑠𝑠=1 ; 

𝑓𝑓𝑠𝑠(µ𝑆𝑆 ,∑𝑆𝑆) = 𝑠𝑠𝑞𝑞ℎ gaussian mixture component defined by µ𝑆𝑆 and ∑𝑆𝑆 (eq. 4.4) and from now on 

denoted as layer’s bivariate; 

µ𝑆𝑆 = mean vector of the 𝑠𝑠 − 𝑞𝑞ℎ layer bivariate; 

∑𝑆𝑆 = covariance matrix of the 𝑠𝑠 − 𝑞𝑞ℎ gaussian layer bivariate. 

𝑁𝑁𝑠𝑠 = number of mixtures (i.e., number of layers bivariate)  
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Figure 4.7. Qualitative representation of BIC evaluation for model selection using the first level 
classification. 

For each of these mixture models the Bayesian Information Criterion BIC is computed as (Huang 

et al. 2013, McLachlan & Peel, 2000 ; Lee et al. 2016):  

𝐵𝐵𝐼𝐼𝐶𝐶 = 2 𝑁𝑁𝑁𝑁𝑁𝑁 + 𝑘𝑘 log (𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡) 𝑁𝑁𝑠𝑠 (4.6) 

where: 

𝑘𝑘 = number of statistical parameters of the components. For a gaussian layer bivariate, 𝑘𝑘 =3 

(mean vector, covariance matrix and weight); 

𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡= total amount of data in the CPTu record; 

𝑁𝑁𝑁𝑁𝑁𝑁 =negative loglikelihood which is computed as: 

−�∑ ∑ ℎ𝑖𝑖∈𝑠𝑠 log(𝜋𝜋𝑠𝑠)𝑁𝑁𝑠𝑠
𝑠𝑠=1

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖=1 + ∑ ∑ ℎ𝑖𝑖∈𝑠𝑠

𝑁𝑁𝑠𝑠
𝑠𝑠=1

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖=1 log 𝑓𝑓𝑠𝑠(𝑥𝑥𝑖𝑖|µ𝑠𝑠,∑𝑠𝑠)� =  −(𝑁𝑁𝑁𝑁𝑁𝑁1 +𝑁𝑁𝑁𝑁𝑁𝑁2) (4.7) 

with: 

𝑁𝑁𝑁𝑁𝑁𝑁1 = ∑ ∑ ℎ𝑖𝑖∈𝑠𝑠 log(𝜋𝜋𝑠𝑠)𝑁𝑁𝑠𝑠
𝑠𝑠=1

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖=1 ; 

𝑁𝑁𝑁𝑁𝑁𝑁2 = ∑ ∑ ℎ𝑖𝑖∈𝑠𝑠
𝑁𝑁𝑠𝑠
𝑠𝑠=1

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖=1 log 𝑓𝑓𝑠𝑠(𝑥𝑥𝑖𝑖|µ𝑠𝑠,∑𝑠𝑠);  

Pj=0.1; mq=0 
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For this application in which the dataset is complete- Log-likelihood ℎ𝑖𝑖∈𝑠𝑠 = 1 𝑃𝑃𝑓𝑓 𝑃𝑃 − 𝑞𝑞ℎ 

observation belongs to the 𝑠𝑠 − 𝑞𝑞ℎ layer bivariate, 0 otherwise. 

The BIC introduces a penalty term which account for model complexity (in our case represented 

by the number of layers, Ns). The first term of eq. (4.7) is representative of model goodness of fit, 

while the second term expresses the penalty against overparametrization. Among  𝑛𝑛𝑡𝑡𝑡𝑡𝑖𝑖𝑎𝑎𝑡𝑡𝑠𝑠  soil 

delineation candidates, the most plausible soil profiling is the one resulting in the lowest 𝐵𝐵𝐼𝐼𝐶𝐶.  

The BIC-based optimization procedure for 𝑃𝑃  and 𝑚𝑚  adds an external loop to the previously 

described CPTu profile subdivision algorithm (Figure 4.6), which is now repeatedly run for a 

number 𝑞𝑞 of trial 𝑃𝑃𝑞𝑞  and 𝑚𝑚𝑞𝑞values such that 𝑞𝑞 = 1, ..., 𝑛𝑛𝑡𝑡𝑡𝑡𝑖𝑖𝑎𝑎𝑡𝑡𝑠𝑠 .  In such a case, the 𝑃𝑃  and 𝑚𝑚 

parameters are converted in arrays whose dimension and values are function of the specified 

𝑛𝑛𝑡𝑡𝑡𝑡𝑖𝑖𝑎𝑎𝑡𝑡𝑠𝑠. The level of refinement and the combination of 𝑃𝑃 and 𝑚𝑚 values remain user-specified and 

they should be selected taking into account the caveats mentioned before (i.e., avoiding 

combination of both high values of 𝑃𝑃  and 𝑚𝑚 ). As an example, the user might select three 

combinations such as 𝑃𝑃 = 0.4,𝑚𝑚 = 0;  𝑃𝑃 = 0.1 𝑚𝑚 = 0.2 and  𝑃𝑃 = 0.3,𝑚𝑚 = 0.15 (see section 

4.1.3.2.6). The pseudo-code for this algorithm is reported in Figure 4.8. 
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Figure 4.8. General code workflow with automated parameters selection.  

4.1.2.7 Comparative delineation of several CPTu 

The procedure previously explained can be extended to perform a comparative profile delineation 

using the results from different CPTu probes.  This may be useful as a first step to establish 
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continuity across a site (if the compared profiles are at different locations) or (if the compared 

profiles are taken successively at the same location) to measure evolution at one particular site 

(for instance, when doing QC/QA of soil improvement). 

The code work flow is essentially the same as that outlined Figure 4.6. The main difference is that 

at each loop that increases the fitting range 𝑿𝑿𝑓𝑓 , a number of data equal to 𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 is now added 

(Figure 4.9a). 

To do so a geometrical criterion to simultaneously select datapoints from the different profiles is 

needed. This may just be a hypothesis of layers parallel to the ground level, or following a linear 

trend throughout the site or any other criteria. The data from different profiles feed the same 

gaussian bivariate and the process continues until allowed by the limits specified through mixture-

tolerance 𝑚𝑚 and noise threshold 𝑃𝑃. At that stage a number of  𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 layer boundaries are saved 

(Figure 4.9b).   

 

 

 

 
(a) (b) 

 

Figure 4.9. a) Data that compose the fitting range of bivariate distribution for two CPTu records. b) 
Qualitative representation of layer assignment when analyzing two CPTu records. 

An extra check is then introduced to ensure that layers associated to the same soil class have been 

identified at different locations. Data that characterized the fitting range 𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 ∙  𝑿𝑿𝑓𝑓  are 

subdivided according to the CPTu   record they belong to; a number  𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 of separate bivariate 
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distributions are then computed to be further analyzed. If bivariate centroids fall within the same 

class, the assumption of same soil class at different locations is verified and a common soil layer 

is identified and assigned to the soil class it belongs to. When such condition is not attained, the 

layer is identified as “not common”.  The procedure is repeated until the whole CPTu profile (or 

the specified depth interval length) is completely analyzed. In this way the procedure helps to 

quantify the coherence of soil delineations at separate CPTu locations. 

Contiguous thin layers are assessed through the same procedure adopted for individual CPTu 

record, introducing additional conditions for the 𝑄𝑄𝑡𝑡1 approach. If a thin layer is surrounded by 

soil units that do not exhibit the same mechanical behavior in both profiles (i.e., a “not common 

SBT”), it will be merged with those units and consequently discarded from the joint profile. This 

additional condition allows to validate the assumption of same mechanical behavior within a 

minimum layer thickness.  On the other hand, if thin layer is adjacent to only one contiguous soil 

unit, it will be merged with it.   

As for individual CPTu   records, the procedure can be run for 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 − 𝑑𝑑𝑢𝑢𝑑𝑑𝑑𝑑𝑛𝑛𝑢𝑢𝑑𝑑 mode and more 

𝑃𝑃 − 𝑎𝑎𝑢𝑢𝑎𝑎𝑎𝑎𝑚𝑚𝑎𝑎𝑎𝑎𝑢𝑢𝑑𝑑 mode. In such a case, only the data that are effectively classified as belonging 

to the same unit is employed in the BIC computation. Some examples of this procedure are 

discussed in section 4.1.3.2.7.  

It is important to stress that establishing profile similitudes at different locations (i.e., the existence 

of common layers) is not the same as establishing layer continuity between these two locations. 

A common soil layer simply validates that, using the same interpretation criteria, layers associated 

to the same soil class can be found at different independent locations. Making (probabilistic) 

statements about layer continuity across a site is a problem that requires more elaborate methods 

and is briefly discussed in section  4.1.4. 

4.1.3 Appplication at a LLobregat delta site 

4.1.3.1 Overview of the case 

The methods proposed are tested here using data from a deep excavation site in a deltaic area 

close to Barcelona, Spain, where research sampling work took place (Pineda et al., 2013).  Two 

CPTu soundings records, up to 40 𝑚𝑚 depth (e.g., CPTu01, CPTu02, Figure 4.10a, b), are here 

employed. The groundwater table is nearly horizontal and located close to the nearby sea level. 

Laboratory testing and SDMT information is also available (Di Mariano et al., 2019). Both the 

CPTu profiles and the boreholes show a very heterogeneous interlayered site, where establishing 

geotechnical unit limits is a challenging exercise of engineering judgement. 
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(a) (b) 

 
 

(c) (d) 

Figure 4.10. a) Llobregat Delta site: location of CPTu and boreholes. b) Normalized cone tip resistance 
𝑙𝑙𝑛𝑛(𝑄𝑄𝑡𝑡1) profiles and Normalized sleeve friction 𝑙𝑙𝑛𝑛(𝐹𝐹𝐹𝐹) profile c) Core-based soil profile from  (Pineda et 
al., 2013). d) SDMT and core-based soil profile from (Di Mariano et al., 2019). 

A simplified geological soil delineation for the site was obtained by inspection of boreholes and 

laboratory tests and is illustrated in Figure 4.10c (Pineda et al., 2013). According to that profile 

the site includes a top layer of made ground about 1.5 m thick (𝐹𝐹), overlying 4 m of brown fine 

sandy silts (𝑄𝑄𝑙𝑙 1). Below it, a slightly gravelly gray fine sand of about 10 m thick appears (𝑄𝑄𝑙𝑙 2), 

overlying a gray layer of silty clays and clayey silts interbedded with fine sands, sandy silts and 

clays (𝑄𝑄𝑙𝑙 3). At last, a base gravel (𝑄𝑄𝑙𝑙 4) holding a confined aquifer appears below 𝑄𝑄𝑙𝑙 3𝑚𝑚.  

Inspection of the borehole-based profile suggests that, at a minimum, the CPTu should be able to 

identify a layer boundary close to −9.86 𝑚𝑚.𝑎𝑎. 𝑢𝑢. 𝑙𝑙. (15.36 𝑚𝑚 depth), separating  𝑆𝑆 − 𝐿𝐿 behavior 

above from 𝐶𝐶 − 𝐿𝐿  below. Additional unit boundaries are also expected at +0.48 𝑚𝑚.𝑎𝑎. 𝑢𝑢. 𝑙𝑙. 

(5.02 𝑚𝑚 depth) and −26.59 𝑚𝑚.𝑎𝑎. 𝑢𝑢. 𝑙𝑙. (32.09 𝑚𝑚 depth). 

CPTu01 CPTu02

115 m

64 m

Borehole 
CPTu
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A more refined geological soil delineation (Figure 4.10d) was provided by Di Mariano et al., 

(2019), based on DMT soil classification index and borehole inspection. The soil profile consists 

of a top layer of thin deposit of alluvial fine silts (UG1) in turn overlying well graded, medium of 

thickness of about 10 m.  dense sand (UG2, UG3, and UG4). Below it, low plasticity silty and 

clayey deposits (UG5, UG6, UG7 and UG8) overlies a deep sandy and gravelly aquifer (below 

UG8). This profile will be employed to check the results of CPTu soil profiles obtained at second 

and third stage classification. 

Before applying the profiling algorithms to the CPTu records at the site, it is useful to briefly 

inspect the data.  The data for CPTu01 tip resistance up to the borehole layer boundary limit of 

15.36𝑚𝑚 is re-plotted in Figure 4.11 using the primary level classification (Sand-Like vs Clay-

Like). Above that boundary there are 1506 CPTu data, 83 % are assigned S − L behavior, while 

17% are assigned C − L behavior. Below 90% of the data classify as C − L, and 10% as having 

sand-like behavior. Bivariate fits are also shown in Figure 4.11. These plots clearly indicate that 

if we were to set up a limit at 15.36  m depth the upper layer would be more “mixed” than the 

one below.  

In the plots in Figure 4.11 the Robertson chart is expressed using natural logarithms of 𝑄𝑄𝑡𝑡1 and 

𝐹𝐹𝐹𝐹. This transformation has been previously adopted for similar probabilistic analyses (Wang et 

al., 2013) as it reduces the computational cost when generating the bivariate mesh grid that appear 

when using the original natural log-log scale SBT chart. Finally, it should be noted that the soil 

unit weight values used in CPTu normalization are obtained from the previous studies of the site. 

  
(a) (b) 
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(c) (d) 

  
(e) (f) 

Figure 4.11. a) CPTu01 ln(Qt1) − ln (FR)  profile within upper geological primary layer. b) 
CPTu01 ln(Qt1) − ln(FR)  profile within lower geological primary layer. c) CPTu01  data plot on 
Robertson, (1990) chart for upper geological unit reported by Pineda et al., (2013). d) CPTu01 data plot on 
Robertson, (1990) chart for lower geological unit reported by Pineda et al., (2013). e) Bivariate isolines that 
fit CPTu01 data within upper geological unit. f) Bivariate isolines that fit CPTu01 data within lower 
geological unit.  

4.1.3.2 CPTu layer delineation using the Robertson, (1990) chart-Bivariate approach 
4.1.3.2.1 Effect of delineation parameters on first level classification 

As a first exercise with the CPTu −based delineation code we systematically explore the effect of 

parameters 𝑚𝑚  and 𝑃𝑃  on a first-level classification boundary for CPTu01 . Layer boundaries 

identified in each case are reported in  Figure 4.12.  

It is interesting to compare the results obtained with the borehole-based profile of Pineda et al., 

(2013). The layer limit at 32 m depth is invisible to CPTu, whatever the parameter combination 

employed. 

Things are more interesting when considering the layer boundary at 15 m depth. A limit close to 

that boundary is always recovered, but there are noticeable effects of the parameters in its exact 

location. As the noise threshold P is increased, the detected boundary position is lowered, 
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whatever the mixture tolerance value. When the acceptance of noise and layer mixity are both 

low (low 𝑃𝑃 and 𝑚𝑚), multiple layers appear in the range 10-15 m, an effect that disappears as soon 

as m is increased above 0.2. Figure 4.13 illustrates this aspect representing the bivariate of the 

upper layer identified for three different values of 𝑃𝑃 and 𝑚𝑚 ( 𝑃𝑃 = 0.8, 𝑚𝑚 = 0; 𝑃𝑃 = 0.4 𝑚𝑚 = 0.1; 

𝑃𝑃 = 0.4, 𝑚𝑚 = 0;  𝑃𝑃 = 0.1, 𝑚𝑚 = 0.4). 

As for the boundary that was identified by Pineda et al., (2013) at about 5𝑚𝑚 depth, it is only 

detected when no mixture tolerance is allowed (i.e., 𝑚𝑚 = 0) and the noise threshold is set very 

low (𝑃𝑃 = 0.2), (Figure 4.13a, b).  

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 4.12.  Effect of 𝐏𝐏 and 𝐦𝐦 values on boundary layers identification at first classification level. 

  
(a) (b) 

  
(c) (d) 
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(e)  
Figure 4.13. Automated identification of the primary boundary layer a) limits on the 𝐶𝐶𝑃𝑃𝐶𝐶𝑢𝑢 profile.  B) 
bivariate for  𝑃𝑃 = 0.8, m=0; c) bivariate for 𝑃𝑃 = 0.4 𝑚𝑚=0.1; d) bivariate for 𝑃𝑃 = 0.4, 𝑚𝑚 = 0 e) bivariate 
for 𝑃𝑃 = 0.1, 𝑚𝑚 = 0.4. 

 

4.1.3.2.2 Effect of delineation parameters on second and third level classifications 

The precedent parametric analysis is repeated for higher level classifications. The more refined 

profile from Di Mariano et al., (2019), (Figure 4.10d) is now used for comparison. Boundary 

layers identified for different 𝑃𝑃 and 𝑚𝑚 values at second and third classification level are reported 

in Figure 4.14 and Figure 4.15 respectively. 

At the second CPTu classification level the number of layers identified is always larger than that 

in the reference profile. It is clear that increasing tolerance to mixed layers and/or increasing the 

noise threshold result in substantial simplification, with both parameters somewhat compensating 

each other (i.e., at low m the noise threshold value P required for simplification increases). Still, 

there are some zones (4-6 m and 21 to 29 m) where the profile still includes many small layers, 

even for high values of m and P. 

As it happened for the first level case, increasing P for a fixed m results in a slight downward 

trend for persistent boundaries (particularly visible at the boundary close to 16 m depth). This 

effect is a consequence of the downwards parsing sense that is applied, as explained in 

APPENIDX B. Similar considerations can be made for the results of the third classifications level 

reported in  Figure 4.15.  
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(a) (b) 

  
(c) (d) 

 
 

(e) (f) 
Figure 4.14. Comparison between boundary layer identified at second classification level and ones reported 
by Mariano et al., (2019) for different P values. a) m=0. b) m=0.1. c) m=0.2. d) m=0.3. e) m=0.4. f) 3D 
representation of identified boundary layers. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 4.15. Comparison between identified boundary layer at third classification level and ones reported 
by Mariano et al., (2019) for different P values. a) m = 0. b) m = 0.1. c) m = 0.2. d) m = 0.3. e) m =
0.4. f) 3D representation of identified boundary layers. 

4.1.3.2.3 Effect of classification level for fixed soil delineation parameters 𝑃𝑃 and 𝑚𝑚  

The interplay of classification refinement and delineation parameters is subtle. An interesting 

exercise is to compare the effect of increasing classification refinement for fixed values of the 

delineation parameters. This is done using couples of delineation parameters that, when using the 
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coarser classification level, result in the same profile. The question is if that parameter 

equivalence for a coarser classification is maintained at more refined classification levels. 

Figure 4.16a and Figure 4.16b report soil delineations obtained for 𝑃𝑃 = 0.3;𝑚𝑚 = 0 and 𝑃𝑃 =

0.2;𝑚𝑚 = 0.1, which, according to Figure 4.12, were both able to identify the key boundary layer 

at about 15𝑚𝑚 depth. Looking in detail at the resulting profiles (Figure 4.16a, b) only a small 

difference can be observed (at 11𝑚𝑚  depth where, for 𝑚𝑚 = 0 , one additional 𝐶𝐶 − 𝐿𝐿  layer is 

identified). The same delineation parameters are now employed for second and third classification 

levels, with results reported, respectively, in Figure 4.16c, d and Figure 4.16e, f. It appears that 

the equivalence identified at the lower classification level holds also for the more refined 

classifications, with very few differences appearing -one layer at 26 m at level 2; two at 5 and 12 

at the third level- despite the more complex profiles. 

The same analysis is repeated for other pairs of equivalent delineation parameters. The 

combinations 𝑃𝑃 = 0.8;𝑚𝑚 = 0 and 𝑃𝑃 = 0.5;  𝑚𝑚 = 0.2,  are considered. Results in terms of soil 

delineation are reported in Figure 4.17. Similar considerations to those of Figure 4.16 can be 

made.  

𝑃𝑃 = 0.3;𝑚𝑚 = 0 𝑃𝑃 = 0.2;  𝑚𝑚 = 0.1 

  
(a) (b) 
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(d) (e) 

  

(f) (g) 
Figure 4.16. Soil delineation at different classification level for equivalent P and m values obtained at first 
level (P = 0.3 m = 0 ; P = 0.2, m = 0.1 ) a) Soil delineation at level 1 for P = 0.3m = 0 . b) Soil 
delineation at level 1 for P = 0.2 m = 0.1. c)  Soil delineation at level 2 for P = 0.3 m = 0. d) Soil 
delineation at level 2 for P = 0.2 m = 0.1. e)  Soil delineation at level 3 for P = 0.3 m = 0. f)  Soil 
delineation at level 3 for P = 0.2 m = 0.1.  
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𝑃𝑃 = 0.8;𝑚𝑚 = 0 𝑃𝑃 = 0.5;  𝑚𝑚 = 0.2 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 4.17. Soil delineation at different staged classification for equivalent P and m values obtained at 
first classification level (P = 0.8 m = 0; P = 0.5, m = 0.2): a) Soil delineation at level 1 for P = 0.8 m =
0. b) Soil delineation at level 1 for P = 0.5 m = 0.2. c)  Soil delineation at level 2 for P = 0.8 m = 0. d) 
Soil delineation at level 2 for P = 0.5 m = 0.2. e)  Soil delineation at level 3 for P = 0.8 m = 0. f)  Soil 
delineation at level 3 for P = 0.5 m = 0.2.  

4.1.3.2.4 Assessment of thin layers  
The output soil profiles reported in Figure 4.16 and Figure 4.17 have been already purged of thin 

layers (e.g., thickness lower than 20 𝑐𝑐𝑐𝑐). To check the consistency of the merging procedure, the 

minimum layer thickness is lowered to 10 cm. In that case, the initial bivariate fitting range length 

𝑿𝑿𝒇𝒇 coincides with the minimum layer thickness. As a result, no merging procedure is applied. To 

illustrative the effect, Figure 4.18 report the soil delineation at first, second and third classification 

level for 𝑃𝑃 = 0.2 and 𝑐𝑐 = 0. At first level classification eight thin layers of 10 𝑐𝑐𝑐𝑐 thickness are 

detected (Figure 4.18a).  When the thin layer algorithm is active − i.e., increasing the minimum 

layer resolution to 20 𝑐𝑐𝑐𝑐- such layers are merged into adjacent ones -−based on closeness of 

ln(𝑄𝑄𝑄𝑄1) mean value of the corresponding bivariate− and a simpler profile result (Figure 4.18b).  

When the underlying classification is more complicated the number of thin layers increases, 

resulting in a noisy stratigraphy (Figure 4.18c, Figure 4.18e).  Increasing minimum thickness to 

20 𝑐𝑐𝑐𝑐, delineations are simplified and thin layers coherently merged (Figure 4.18d, Figure 4.18f). 

At the third classification level examples of merging based on the soil group approach are evident 

at 12 and 25m depth, where alternation of layers associated to soil types 4 and 5 is detected.  
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The effect of increasing the minimum layer resolutions to 40 𝑐𝑐𝑐𝑐, for different 𝑃𝑃 and 𝑐𝑐 values is 

reported in APPENDIX B. 

Min layer resolution =10 cm Min layer resolution =20 cm Min layer resolution =10 cm Min layer resolution =20 cm 

    
(a) (b) (c) (d) 

Min layer resolution =10 cm Min layer resolution =20 cm   

  

  

(e) (f)   

Figure 4.18. Example of effect of minimum layer resolution for P = 0.2; m = 0 : a-b) first classification 
level. c-d) second classification level. e-f) third classification level.  
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4.1.3.2.5 Using the same delineation parameters at different locations 

Using the delineation software as illustrated above will make explicit (i.e., elicit) a profile-

coherent set of delineation criteria, which are embedded on the values of 𝑃𝑃 and 𝑐𝑐. Once these 

implicit thresholds have been identified they may be applied systematically to other investigation 

points at the site. For instance, looking at Figure 4.12, a user might interpret that the couple 𝑃𝑃 =

0.3;  𝑐𝑐 = 0 are plausible parameter values and apply them to other locations.  Soil delineations 

at all classification levels, according to such set of parameters, are reported in Figure 4.19. The 

same delineation parameters are then applied to CPTu02 obtaining the results reported in Figure 

4.20.   

Examining the results of the different classification levels together at different locations would 

allow the analyst to select the level of detail that is more meaningful for engineering design 

process. In this case this would be perhaps at level 1 or 2, depending on the application (preloading 

or pile design, say).  

   
(a) (b) (c) 

Figure 4.19. Soil delineation at different classification level for P = 0.3; m = 0 at CPTu01 location. 
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(a) (b) (c) 

Figure 4.20. Soil delineation at different classification level for P = 0.3; m = 0 at CPTu02 location. 

4.1.3.2.6 Classifications with optimal combination of 𝑃𝑃 and 𝑐𝑐  

In this section we explore the use of the Bayesian Information Criterion (BIC) to help in selecting 

delineation parameters following the procedure outlined in section 4.1.2.6. This is successively 

applied at the three classification levels.  

BIC  values resulting from the profiles obtained for different 𝑃𝑃  and 𝑐𝑐  values using the first 

classification level, are reported in Figure 4.21a. The results clearly indicate the compensating 

effect of both delineating parameters. When the mixture tolerance 𝑐𝑐 is zero, optimal results (i.e., 

low BIC values) are obtained at high 𝑃𝑃. However, the optimum in 𝑃𝑃 gradually shifts towards 

lower values as 𝑐𝑐 is increased. Beyond 𝑐𝑐 =  0.2, BIC minima will correspond to the lowest 

noise threshold value.  

It is worth noticing that the soil profiles that minimize BIC for each 𝑐𝑐 result in very similar soil 

profiles. As an example, BIC minima related to parameters’ combination 𝑃𝑃 = 0.7, 𝑐𝑐 = 0 and 

𝑃𝑃 = 0.4 and 𝑐𝑐 = 0.2 are associated to similar soil delineations (Figure 4.22a, Figure 4.22b).  The 

same consideration holds for the set of parameters 𝑃𝑃 = 0.4, 𝑐𝑐 = 0.1, and 𝑃𝑃 = 0.1 and 𝑐𝑐 = 0.3 

(Figure 4.22c, Figure 4.22d). 



 94 Probabilistic soil profiling using CPTu data 

Figure 4.21b reports a 3D representation of BIC evolution with respect to the number of layers 

detected. Low values of 𝑃𝑃 and 𝑐𝑐 result in profiles with many layers, leading to high BIC values. 

The increase can be mainly attributed to the term log (𝜋𝜋𝑠𝑠), (i.e., 𝑁𝑁𝑁𝑁𝑁𝑁1 of eq. 7) since some layers 

identified are characterized by a small thickness. On the other hand, high values of 𝑃𝑃 and 𝑐𝑐 are 

also associated to high BIC values, despite resulting in profiles with relatively few layers. In this 

case the dominant term in BIC is 𝑁𝑁𝑁𝑁𝑁𝑁2 of eq. (7), since data in those few layers are rather scattered 

and are often assigned low probability values according to the bivariate density distribution ф𝑠𝑠. 

Finally, the absolute BIC minimum is identified for 𝑃𝑃 = 0.4 and 𝑐𝑐 = 0.2.  

Concerning second and third classification levels BIC evolution for different 𝑃𝑃 and 𝑐𝑐 values is 

reported in Figure 4.21c and Figure 4.21e respectively, while Figure 4.21d and Figure 4.21f 

reports a 3D representation of BIC evolution with respect to the number of layers detected. The 

first observation is that BIC values for the more refined classifications are always higher than 

those obtained for the simpler dual classification scheme. Secondly, it will appear that the stricter 

the adherence to the underlying classification scheme (i.e., the lower the m value) the worst 

performance is obtained (i.e., the higher values of BIC). Furthermore, for a given level of mixture 

tolerance, discounting a large number of data as “noise” (i.e., increasing the P value) results in 

better performance (i.e., in lower BIC); a phenomenon particularly visible at classification level 

3. The implication of this kind of results is that the underlying classification scheme employed is 

not well adapted to the case. 

By analyzing results reported in Figure 4.21b and Figure 4.21d, Figure 4.21e it appears that 

simplest soil profiling (i.e., lowest number of layers identified) are the ones with better BIC scores, 

which is in agreement with the idea of that index reflecting model parsimony. Low values of 𝑃𝑃 

and 𝑐𝑐  identify several layers with small thickness, resulting in high values of BIC . This is 

particularly evident at highest (i.e., third) level of refinement (Figure 4.21e, Figure 4.21f).  
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(a) (b) 

 
 

(c) (d) 

  
(e) (f) 

Figure 4.21. BIC evolution for different P and m values. a) first level classification; b) 3D representation of 
BIC evolution as a function of P and number of layers detected at firs level; c) BIC evolution at second 
classification level; d) BIC evolution at third classification level. 
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𝑃𝑃 = 0.7;  𝑐𝑐 = 0 𝑃𝑃 = 0.4;  𝑐𝑐 = 0.2 𝑃𝑃 = 0.4;  𝑐𝑐 = 0.1 𝑃𝑃 = 0.1;  𝑐𝑐 = 0.3 

    
(a) (b) (c) (d) 

Figure 4.22. a) soil profiling at first refinement level for P=0.7 m=0. b) soil profiling at first refinement 
level for P=0.4 m=0.2. c) soil profiling at first level of refinement for P=0.4; m=0.1. d) Soil profiling at 
first level of refinement for P=0.1; m=0.3. 

The procedure using BIC optimization is now applied to CPTu02 record. The procedure using 

BIC optimization is now applied to CPTu02 record by selecting reasonable delineation parameter 

candidates from CPTu01  analysis (Figure 4.12, Figure 4.13, Figure 4.14). Four sets are 

considered, as reported in Table 4.2, which also includes the BIC  evaluated at different 

classification levels. The most plausible candidate at the first classification level, (𝑀𝑀3) considers 

20% of CPTu data as noise and has a mixture threshold of 10% (Figure 4.23a). At second and 

third classification level, the most plausible models is 𝑀𝑀2 (Figure 4.23b, Figure 4.23c), which has 

only 10% of noise and a mixture threshold of 15%.  

A more systematic comparison of  BIC between CPTu01 and CPTu02, is reported in Figure 4.24 

for each level of refinement and different delineation parameters. Using the same delineation 

parameters BIC is always higher for CPTu02 than for CPTu01.  Analogously with what observed 

for CPTu01, by increasing the mixture-threshold 𝑐𝑐 value, the BIC will tend to lower values. This 

is particularly evident at level 2 and level 3 as reported in Figure 4.24b, c. 
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Table 4.2. BIC of CPTu2 profiles obtained with different sets of delineation parameters  
Candidate 𝑃𝑃 𝑐𝑐 BIC 1𝑠𝑠𝑠𝑠 level BIC 2𝑛𝑛𝑛𝑛 level BIC 3𝑟𝑟𝑛𝑛 level 

𝑀𝑀1 0.1 0.05 12776 14481 14587 
𝑀𝑀2 0.1 0.15 11764 14223 14060 
𝑀𝑀3 0.2 0.1 11122 14298 14077 
𝑀𝑀4 0.3 0 12456 14554 14443 

 

   
(a) (b) (c) 

Figure 4.23. Most plausible soil profiles from CPTu2 according to BIC. a) First level classification (𝐌𝐌𝟑𝟑). 
b) Second level classification (𝐌𝐌𝟐𝟐). d) Third level classification (𝐌𝐌𝟐𝟐).  

  

(a) (b) 
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(c)  

Figure 4.24. a) BIC values at first level of refinement for different 𝑐𝑐 values. b) BIC values at second 
level of refinement for different 𝑐𝑐 values. c) BIC values at third level of refinement for different 𝑐𝑐 
values.  

4.1.3.2.7 Simultaneous profiling of different CPTu 

A simultaneous analysis of CPTu01 and CPTu02 data is here performed using the procedure 

outlined in section 4.1.2.7. The geometric assumption to connect the two profiles is that common 

layers are parallel to the ground surface. Such assumption is based on the relatively small distance 

between the two CPTu locations.  Results are reported only for two sets of parameters, namely  

𝑃𝑃 = 0.2, 𝑐𝑐 = 0.1 and 𝑃𝑃 = 0.8, 𝑐𝑐 = 0.2.  The models thus obtained are denoted as 𝑀𝑀1  and 𝑀𝑀2 

respectively.  

Figure 4.25a, b presents the profiles comparison at first level, distinguishing only  𝑆𝑆 − 𝑁𝑁 and 𝐶𝐶 −

𝑁𝑁 layers for the two set of parameters considered. For 𝑀𝑀1, 19% of data belong to common layers 

classified as 𝑆𝑆 − 𝑁𝑁, 69% to common layers classified as 𝐶𝐶 − 𝑁𝑁, while 12% of CPTu data are 

classified as not belonging to a common layer. For model 𝑀𝑀2, 29% of CPTu observations are 

assigned to 𝑆𝑆 − 𝑁𝑁 class, 61% to 𝐶𝐶 − 𝑁𝑁 and 10% of data as not common classes.  

For 𝑀𝑀1 (Figure 4.25a), up to 15 m depth there is substantial coincidence on 𝑆𝑆 − 𝑁𝑁 layer, although 

not so in the first meters and then again at around 12 and 15 m depth. In the 𝐶𝐶 − 𝑁𝑁 dominated 

layer there is even more similitude, with only some small intervals characterized by a different 

soil type. Model 𝑀𝑀2 (Figure 4.25b) results in even more commonality with the only identified 

discrepancy in the first meters of the profile.  

The same analysis is then repeated at second and third classification levels. Results in terms of 

soil profiling comparison and percent of data assigned to each class are reported in Figure 4.25 

and Table 4.3 respectively. As expected, by increasing the level of refinement, the percent of data 

classified as not common increases. However, Figure 4.25c, e show that beyond 15m depth the 

assumption of same mechanical behavior parallel to the ground surface appears plausible even 
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when using the more refined classification. The simplifying effect of larger 𝑃𝑃   previously 

observed for single CPTu record is also evident when analyzing multiple CPTu  soundings. This 

can be better observed at first and second classification level (Figure 4.25a vs Figure 4.25b and   

Figure 4.25c vs Figure 4.25d). Finally, the obtained 2D profiles for each level of refinement are 

reported in Figure 4.26, for both set of parameters 𝑃𝑃 = 0.2,𝑐𝑐 = 0.1 and 𝑃𝑃 = 0.8,𝑐𝑐 = 0.2.   

As for the case analyses of a single CPTu profile, the procedure can be further automated to select 

delineation parameters using BIC. Results in terms of BIC variation are reported in Figure 4.27 for 

each classification level. As previously introduced in section 4.1.2.7, BIC computation for 

multiple CPTu records analysis only considers CPTu data that identify layers according to the 

same soil type (i.e., common data). If much data is excluded then the value of the computed BIC 

is less interesting, so, in principle, it seems advisable to keep track also of that value when 

evaluating the performance of the algorithm in comparison mode.  

A 3D  representation of 𝐵𝐵𝐵𝐵𝐶𝐶 − 𝑃𝑃 − % 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑑𝑑𝑑𝑑𝑄𝑄𝑑𝑑  is reported in Figure 4.27. The results 

suggest that both performance indicators (BIC and % of excluded data) tend to move together. 

Independently from classification level, low value of 𝑃𝑃  and 𝑐𝑐  are characterized by high BIC 

values and small percent of common data (i.e., more excluded data). On the other hand, high 

values of 𝑃𝑃 and 𝑐𝑐 results in greater percent of common data and low BIC values.  

  
(a) (b) 
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(c) (d) 

   

(e) (f) 

Figure 4.25. Cross-site soil profiling for P=0.1; m=0.2 and P=0.8; m=0.2:  a,b) first level; c,d) Second level; 

d,e) Third level. 
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(a) (b) 

   
(c) (d) 



 102 Probabilistic soil profiling using CPTu data 

  
(e) (f) 

Figure 4.26. a) 2D soil profiling at firs level of refinement for P=0.2, m=0.1. b) 2D soil profiling at firs 
level of refinement for P=0.8, m=0.2. c) 2D soil profiling at level 2 for P=0.2, m=0.1. d) 2D soil profiling 
at level 2 for P=0.8, m=0.2. e) 2D soil profiling at level 3 for P=0.2, m=0.1. f) 2D soil profiling at level 3 
for P=0.8, m=0.2. 

Table 4.3. Percent of data assigned to identified common layers for model  𝐌𝐌𝟏𝟏 and 𝐌𝐌𝟐𝟐.  
𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝑴𝑴𝑴𝑴𝑴𝑴𝑳𝑳𝑳𝑳 % 𝑺𝑺𝑳𝑳 % 𝑪𝑪𝑳𝑳 % 𝑵𝑵𝑪𝑪  

1st 𝑴𝑴𝟏𝟏 19 69 12 
𝑴𝑴𝟐𝟐 29 61 10 

 
2nd 

 % 𝑺𝑺𝑳𝑳 % 𝑺𝑺𝑴𝑴 % 𝑪𝑪𝑳𝑳 % 𝑵𝑵𝑪𝑪  
𝑴𝑴𝟏𝟏 5 19 42 34 
𝑴𝑴𝟐𝟐 6 25 44 25 

 
3rd 

 % 𝑺𝑺𝟏𝟏 % 𝑺𝑺𝟐𝟐 % 𝑺𝑺𝟑𝟑 % 𝑺𝑺𝟒𝟒 % 𝑺𝑺𝟓𝟓 % 𝑺𝑺𝟔𝟔 % 𝑺𝑺𝟕𝟕 % 𝑺𝑺𝟖𝟖 % 𝑺𝑺𝟗𝟗 % 𝑵𝑵𝑪𝑪 
𝑴𝑴𝟏𝟏 − − 42.5 4 5 7 − − − 43.5 
𝑴𝑴𝟐𝟐 − − 47 2.3 5 7.7 − − − 38 

 
 

  
(a) (b) 



 103 Probabilistic soil profiling using CPTu data 

 

 

(c)  
Figure 4.27 . BIC variation for different 𝑃𝑃 and 𝑐𝑐 values: a) Level 1. b) Level 2. c) Level 3. 

 

4.1.4 The problem of lateral continuity 
4.1.4.1 Profile similitudes and layer continuity 

How to extrapolate geotechnical profiling information in between exploration sites is a complex 

problem, at the heart of the issue of layer continuity.  Several probabilistic methodologies have 

been proposed to deal with it.  For instance, geostatistical analysis (i.e., Kriging spatial 

interpolation technique) has been widely applied to assessing whether spatial variability at one 

location could be representative of variability at a different location.  

As an example, Firouzianbandpey et al., (2015) proposed a Kriging method within random field 

theory to mapping normalized piezocone parameters of sandy sites with known spatial correlation 

(i.e., vertical and horizontal). Lafuerza et al., (2005) proposed a three-dimensional mapping of 

cone tip resistance of Llobregat delta site (Spain) integrating 65 CPT-CPTu sounding records by 

Kriging method. To bypass parametrical geostatistical methodologies which require a large 

number of CPT at different spacings in the horizontal direction, techniques based on Bayesian 

Mixture Analysis and Bayesian Compressive Sampling technique (Depina et al., 2016; Wang et 

al., 2018; Krogstad et al., 2018; Zhao et al., 2020) have been proposed.  Depina et al., (2016) 

proposed a Bayesian clustering procedure to integrate geological information acquired from site 

boreholes with  CPTu measurements (see section 4.2).  

Some recent work (Dejong et al., 2020; Zhao et al., 2020; Hu & Wang, 2020) within probabilistic 

frameworks (geostatistical or Bayesian) have addressed the problem of lateral continuity layer 

prediction, attempting to reduce uncertainties on delineation for 2D soil cross-sections. The 

common trait of that work is the introduction of some spatial correlation field measure (scale of 

fluctuation). Section 4.5 discusses further how to integrate those ideas in the proposed 

methodology to derive continuous soil profiles.  
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4.1.4.2 A proposal for continuous soil profiling 

As applied above, the proposed methodology for multiple CPTu analysis does not allow to derive 

a continuous 2D/3D soil profile, but it rather focuses on assess whether, at multiple locations, the 

same delineation parameters would identify the same soil units. However, results from the 

proposed methodology could be easily combined with other probabilistic techniques to derive 

continuous soil profiles coherent with the heuristics and interpretation preferences of the analyst.  

For instance, in the work of Peña et al., 2021 the authors used various supervised clustering 

techniques (i.e., k-Nearest Neighbor (a.k.a., k-NN) algorithm; support vector machine etc.,) to 

generate 2D/3D soil profiles from CPTu data at another Llobregat delta site  (Muelle Prat, 

Barcelona, Spain). In the first step all CPTu data was jointly subdivide in soil units.  In a second 

step, points (i.e., unclassified points) located between CPTu locations were assigned to one of the 

profile layers using different algorithms. Note that the soil units identified by Peña et al., 2021 

are not conventional, meaning that the  SBT chart (i.e., Robertson, 1990) is only employed as a 

visual reference, but SBT classes are not enforced and CPTu observations assigned to a particular 

layer straddle various SBT  classes. 

As a mere example, we illustrate the k-NN algorithm since it is rather intuitive to apply. The k-

NN algorithm assigns each unclassified point to a classified soil unit as a function of a tuning 

parameter 𝑘𝑘.  𝑘𝑘 represents the number of closest CPTu classified points to that location. As an 

example, consider Figure 4.28. The unclassified point (red) will be assigned as clay layer since 

three out of five closest points are classified as clay. Therefore, we can assume that the 

unclassified point is assigned to a clay unit with probability 0.6.  

  
Figure 4.28. Qualitative representation of layer assignment for unclassified points. 
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To select k, the general procedure involves trial and error, randomly selecting a certain number 

of classified points (i.e., 15%) for validation (see Peña et al., 2021 for more detailed explanation). 

Peña et al., 2021 suggest to employ 𝑘𝑘 = �𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶−𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑   with 𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶−𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 number of observations 

within a single CPTu record.  

 As an example, the k-NN algorithm is here integrated with our procedure. We use a section 

between CPTu01 and CPTu02 which is discretized using 10m grid steps of X on the horizontal 

distance and apply 𝑘𝑘 = �𝑛𝑛𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶−𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (i.e., about 65). Two sets of delineation parameters (i.e., 

𝑃𝑃 = 0.3;𝑚𝑚 = 0 and 𝑃𝑃 = 0.8;𝑚𝑚 = 0) are employed. For the first set continuous soil profiles at 

each classification level are reported in the left-hand column of Figure 4.29. The probability with 

which each unclassified point was assigned to a specific soil unit is reported in the right-hand 

column of Figure 4.29. The probability plot clearly conveys the message of the larger uncertainty 

associated with fast alternating profiles. It also indicates that, in this case, perhaps there is little 

to be gained from using a more refined classification as the resulting profiles carry much larger 

uncertainties. 

The example illustrates how analysist heuristics previously quantified from single CPTu analyses 

could be employed to generate continuous profiles coherent with such interpretations.  

  
(a) (b) 
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(c) (d) 

  

(e) (f) 
Figure 4.29. Continuous soil profiling by integrating KNN algorithm with bivariate boundary layer 
procedure. a) first classification level for P = 0.3;  m = 0. b) unclassified points probability of being 
assigned to a layer at level 1. c) second classification level for P = 0.3;  m = 0. d)  unclassified points 
probability of being assigned to a layer at level 2. e) third classification level for P = 0.3;  m = 0. f) 
unclassified points probability of being assigned to a layer at level 3. 
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(a) (b) (c) 

Figure 4.30. a) . Continuous soil profiling by integrating KNN algorithm with bivariate boundary layer 
procedure. a) first classification level for P = 0.8;  m = 0. b) Second classification level for P = 0.8;  m =
0. c) Third classification level for P = 0.8;  m = 0 
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4.1.5 Summary & Conclusions 

The chapter introduces a new, simple and robust probabilistic tool for CPTu −based soil profiling, 

which can be applied both to single and multiple CPTu records and may be based on different 

classification charts.  

The method quantifies the inherent variability of CPTu measurements in each layer, captures the 

engineering interpretation heuristics involved in profile delineation and applies them in a 

consistent manner throughout the profile.  Interpretation heuristics are embedded in two 

delineation parameters: the noise-threshold 𝑃𝑃 and mixture threshold 𝑚𝑚. The former allows to 

discount the effect of extreme values of CPTu observations, which are identified as noise. The 

latter allows to include in the profile impure layers, that is layers that straddle different SBT class 

boundaries. The classification level and minimum layer resolution are left as an option to the user. 

A practical merging scheme is applied to eliminate thin layers (i.e., those below the resolution 

threshold). 

It may be sometimes easier to establish a plausible range of delineation parameters than to select 

a particular pair within that range. The method is thus extended by using BIC to compare and 

automatically select profiles obtained with different sets of delineation parameters. We also 

discuss in detail how the method proposed can be used to compare CPTu profiles at different 

points and illustrate how it can be applied, in combination with other probabilistic methods, to 

create site profiles. 

The method performance is explored in detail using an example from a site investigation in a 

deltaic area (Llobregat) where interbedding results in a complicated profile.  
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4.2 APPENDIX A: semi-automated soil delineation based on 

Soil Behavior Type Index 
In this Appendix, the soil delineation methodology is here reformulated and illustrated for a 

cone classification based on a single variable.   

4.2.1 Soil profiling based on a single-variable cone-based classification 
The algorithm presented above can be easily modified to use a different classification scheme. In 

this section it is reformulated in terms of Soil Behavior Type Index IC (Robertson & Wride, 1998; 

Robertson, 2009) to derive a IC  − based soil stratigraphy. 

4.2.1.1 Classification levels based on 𝐼𝐼𝑐𝑐 
First level classification based on IC uses IC  = 2.6  as a boundary (Figure A. 4.2.1a). This value 

was proposed as a limit between clay-like (undrained) and sand-like (drained) behavior by 

Robertson, (2009) and later used by Ku et al., (2010), amongst others. It is a value also used in 

CPT-based liquefaction screening methods following Robertson & Wride, (1998). As shown in 

the figure the first level IC  class boundary is similar, but not identical, to that applied in the 

bivariate classification based on the Robertson, (1990) chart. 

Second level classification uses again three soil classes (i.e., drained  𝑆𝑆 − 𝐿𝐿, partly drained Soil 

Mixture 𝑆𝑆 − 𝑀𝑀, undrained  𝐶𝐶 − 𝐿𝐿). The second level classification boundaries are reported in 

Figure A. 4.2.1b. Finally, a third level classification can be performed by introducing all the five 

𝐼𝐼𝐶𝐶  boundaries proposed by Robertson, (2009), (Figure A. 4.2.1c). 𝐼𝐼𝑐𝑐 boundary values employed 

at each level of refinement are reported in Figure A. 4.2.1d. 

  
(a) (b) 
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(c) (d) 

Figure A. 4.2.1. 𝐈𝐈𝐜𝐜 −based classification levels. a) First level. b) Second level. c) Third level. d) 𝑰𝑰𝒄𝒄 
boundary values at each level refinement. 

4.2.1.2 Statistical description of layer data 

For any possible layer the index 𝐼𝐼𝐶𝐶  values for datapoints assigned to the layer are fitted by a 

normal probability density function with mean 𝜇𝜇𝐼𝐼𝐶𝐶 and standard deviation 𝜎𝜎𝐼𝐼𝐶𝐶 :  

𝑓𝑓(𝐼𝐼𝐶𝐶𝑖𝑖) =  1
𝜎𝜎𝐼𝐼𝐶𝐶√2𝜋𝜋

 exp �− 1
2 

 
(𝐼𝐼𝐶𝐶𝑖𝑖− 𝜇𝜇𝐼𝐼𝐶𝐶)2

𝜎𝜎2𝐼𝐼𝐶𝐶
� (4.2.1) 

An example of representation of fitted univariate normal distribution for a 5m 𝐼𝐼𝐶𝐶  profile (Figure 

A. 4.2.2a) is reported in Figure A. 4.2.2b.  The area of color under the density function, indicated 

the extent of a pre-established representative data interval. As explained below, the interplay 

between this interval and SBT class boundaries is exploited to obtain a systematic procedure for 

layer identification. 

4.2.1.3 Algorithms  

The algorithm work flow is that reported in Figure 4.6. As for the bivariate case, parameters 𝑃𝑃 

and 𝑚𝑚 are employed in the algorithm. The 𝑃𝑃 parameter directly controls the width of the tolerance 

interval of 𝑓𝑓(𝐼𝐼𝐶𝐶) (Figure A. 4.2.2a, b) from which “noise” is excluded. The interval expression as 

a function of both mean and standard deviation of 𝐼𝐼𝑐𝑐 (µ𝐼𝐼𝑐𝑐 ,𝜎𝜎𝐼𝐼𝑐𝑐  respectively) is: 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑛𝑛𝑇𝑇𝑇𝑇 𝑖𝑖𝑛𝑛𝑖𝑖𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖𝑇𝑇 = µ𝐼𝐼𝑐𝑐  ± 𝑃𝑃 ∙ 𝜎𝜎𝐼𝐼𝑐𝑐                            𝑤𝑤𝑖𝑖𝑖𝑖ℎ 𝑃𝑃 = (0 − 3)                            (4.2.2) 

Note that while embodying the same concept as the definition of P here means that a reduced 

value is more restrictive than a larger one, which is the opposite of what happened in the bivariate 

case.  A low 𝑃𝑃 value (e.g., 𝑃𝑃 → 0) will identify layers boundaries according to a tolerance interval 

restricted to the mean of 𝑓𝑓(𝐼𝐼𝐶𝐶).  On the other hand, a maximum value of 3 has been selected, 

which, under the assumption of normally distributed Ic will inlcude 99% of the data. The mixture-

tolerance parameter 𝑚𝑚, that enables the identification of “impure” layers is now obtained as the 



 111 Probabilistic soil profiling using CPTu data 

areal proportion of the tolerance interval that straddles outside the soil class in which µ𝐼𝐼𝑐𝑐 is located 

(Figure A. 4.2.2c).  

As for the bivariate approach, the code can then start analyzing the CPTu input record by selecting 

a segment of CPTu data pairs long enough (e.g., 10 points) to fit an initial PDF (𝐼𝐼𝐶𝐶).  𝑓𝑓(𝐼𝐼𝑐𝑐) is then 

updated by adding the next CPTu data point, moving downwards (or upwards) through the record. 

Such updating allows the 𝐼𝐼𝐶𝐶  density to move on the SBT line until the representative interval 

(given by 𝑃𝑃 ) surpasses any class boundaries by a larger proportion than that allowed by 𝑚𝑚. At 

that time, data that fed the univariate density are assigned to the identified layer, whose soil class 

is assigned depending on location of the mean value of the univariate distribution. The procedure 

resumes by analyzing the next segment in the CPTu record until all the record is analyzed. An 

example of layer identification is depicted in Figure A.4.2.2d for a synthetic 𝐼𝐼𝑐𝑐 profile and 𝑃𝑃 = 1 

and 𝑚𝑚 = 0 using a first level (binary) classification.   

  
(a) (b) 

  
(c) (d) 

Figure A. 4.2.2. Illustration of Ic −based model parameters for 5m stretch IC profile_ a) P; b) m. 

The same thin layer treatment procedures adopted for the bivariate case are applied for the 

univariate one.  When using optimization, the selection of the most plausible 𝑃𝑃  value is a 

simplified version of the one adopted for bivariate approach (section 4.1.2.6), in that the Bayesian 

Information Criterion (eq. 4.6) is just reformulated for 1 − 𝑑𝑑 𝑃𝑃𝑃𝑃𝑃𝑃, and now reads: 
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𝐵𝐵𝐼𝐼𝐶𝐶 = 2 𝑁𝑁𝐿𝐿𝐿𝐿 + 𝑘𝑘 log (𝑛𝑛𝑑𝑑𝑡𝑡𝑑𝑑) 𝑁𝑁𝑠𝑠 (4.2.3) 

where: 

𝑘𝑘 = number of statistical parameters of one layer (for a gaussian component, 𝑘𝑘 =3, mean vector, 

standard deviation vector and weight); 

𝑛𝑛𝑑𝑑𝑡𝑡𝑑𝑑= total amount of data in the 𝐶𝐶𝑃𝑃𝑇𝑇(𝑢𝑢) record; 

𝑁𝑁𝑠𝑠 = number of mixtures (i.e., number of layers in the profile) 

𝑁𝑁𝐿𝐿𝐿𝐿 =negative loglikelihood which is computed as: 

−���ℎ𝑖𝑖∈𝑠𝑠 log(𝜋𝜋𝑠𝑠)
𝑁𝑁𝑠𝑠

𝑠𝑠=1

𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡

𝑖𝑖=1

+ ��ℎ𝑖𝑖∈𝑠𝑠

𝑁𝑁𝑠𝑠

𝑠𝑠=1

𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡

𝑖𝑖=1

log 𝑓𝑓𝑠𝑠(𝑥𝑥𝑖𝑖|µ𝑠𝑠,𝜎𝜎𝑠𝑠)� =  
(4.2.4) 

with: 

𝜋𝜋𝑠𝑠 =  weight of the 𝑠𝑠 − 𝑖𝑖ℎ layer univariate (percent of 𝐶𝐶𝑃𝑃𝑇𝑇𝑢𝑢 record that identified the 𝑠𝑠 − 𝑖𝑖ℎ 

layer), such that ∑ 𝜋𝜋𝑠𝑠 = 1 𝑁𝑁𝑠𝑠
𝑠𝑠=1 ; 

𝑓𝑓𝑠𝑠(µ𝑆𝑆 ,σ𝑆𝑆) = Univariate 𝐼𝐼𝑐𝑐  gaussian mixture defined by µ𝑆𝑆 and σ𝑆𝑆;  

µ𝑆𝑆 = mean vector of the 𝑠𝑠 − 𝑖𝑖ℎ layer univariate; 

σ𝑆𝑆 = standard deviation of the 𝑠𝑠 − 𝑖𝑖ℎ gaussian layer univariate. 

For complete-data Log-likelihood ℎ𝑖𝑖∈𝑠𝑠 = 1 𝑖𝑖𝑓𝑓 𝑖𝑖 − 𝑖𝑖ℎ observation belongs to the 𝑠𝑠 − 𝑖𝑖ℎ layer 

univariate, 0 otherwise. 

The extension to several CPTu  operates in the same manner, independently of the criteria 

(bivariate, univariate) employed for layering. 

4.2.1.4 Example of CPTu layer delineation using SBT  

In this section, the same CPTu records are revisited using the univariate approach. An overview 

of the mechanical soil response for CPTu01 in terms of Ic is illustrated in Figure A.4.2.3.  

Analogous observations in terms of soil heterogeneity made for the bivariate approach hold.  
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(a) (b) 

Figure A.4.2.3. a) ln(Qt1) profile along with Ic values. b) CPTu data profile in terms of Ic. 

4.2.1.4.1 Soil delineation at different level of layer refinement - Single profile 

The same exercise, performed for the bivariate approach (section 4.1.3.2.1, 4.1.3.2.2), is now 

applied to the univariate case.  

The effect of parameters 𝑚𝑚 and 𝑃𝑃 on 𝐼𝐼𝑐𝑐 −based delineation code is systematically explored on 

each classification level for CPTu01. Layer boundaries identified are reported in Figure A.4.2.4, 

Figure A.4.2.5, Figure A.4.2.6 for first second and third classification level respectively. At each 

staged classificarion, the same general considerations (although with an inverted 𝑃𝑃 meaning) 

made fo the bivariate case hold. By decreasing the noise-treshold 𝑃𝑃  (i.e., smaller tolerence 

intervals) and increasing 𝑚𝑚, will shift identifed boundary layer. This is more accentuated at first 

level of refinement (Figure A.4.2.4).  

From such results, values 𝑃𝑃 = 1.5  and 𝑚𝑚 = 0.1  are selected as an example of reasonable 

candidates delineation parameters. Results in terms of first second and third classification level 

are reported in Figure A.4.2.7. By applying the same set of model’s parameters, the CPTu02 

record can then be analyzed at each classification level  Figure A.4.2.8. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure A.4.2.4. Boundary layers at first classification level for different 𝑃𝑃 and 𝑚𝑚 values. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure A.4.2.5.  Boundary layers at second classification level for different P and m values. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure A.4.2.6. Boundary layers at third classification level for different P and m values. 

Different soil profiles result from the univariate and bivariate approaches even when equivalent 

𝑃𝑃 and 𝑚𝑚 values are applied. As an example, let’s consider for the bivariate approach the set of 

parameters P=0.3 and m=0, whose soil profiling are reported in Figure 4.20. An equivalent set of 

parameters  for the  the univariate approach is 𝑃𝑃 = 1, which correspond to 30% data excluded 

from the tolerance interval, and 𝑚𝑚 = 0. Soil delineation at each classification level is reported in 

Figure A.4.2.9. It can be observed that 𝐼𝐼𝑐𝑐-based profiles are simpler. This is particularly evident 



 117 Probabilistic soil profiling using CPTu data 

at the first classification level, where a single boundary has been identified, at a level that agrees 

well with the indications of Pineda et al., (2013).   

Concerning the more automated procedure, results in terms of 𝐵𝐵𝐼𝐼𝐶𝐶  variation for CPTu01 are 

reported in Figure A.4.2.10, for each classification level from which observations made for the 

bivariate approach hold. 

   
(a) (b) (d) 

Figure A.4.2.7. a) Soil profiling at first classification level. b) second classification level. c) third 
classification level for P1.5 and m=0.1.  
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(a) (b) (c) 

Figure A.4.2.8. CPTu02 sounding record: a) Soil profiling at first classification level. b) second 

classification level. c) third classification level for P=1.5 and m=0.1.  

   
(a) (b) (d) 



 119 Probabilistic soil profiling using CPTu data 

Figure A.4.2.9.CPTu01 sounding record:  a) Soil profiling at first classification level. b) second 

classification level. c) third classification level for P=1 and m=0.  

  
(a) (b) 

 

 

(c)  
Figure A.4.2.10.  BIC variation for different P and m values. a) first classification level. b) Second 
classification level. c) Third classification level. 
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4.2.1.4.2 Multiple CPTu profiles 

Soil delineation for simultaneous analysis of CPTu01 and CPTu02, is here illustrated. As for the 

bivariate approach, soil profiling for 𝑃𝑃 = 1.5, 𝑚𝑚 = 0.1 and 𝑃𝑃 = 0.5 and 𝑚𝑚 = 0.2 are reported to 

better highlight the effect of 𝑃𝑃 and 𝑚𝑚 on boundary layers identification Figure A.4.2.11. 

𝑃𝑃 = 1.5;𝑚𝑚 = 0 𝑃𝑃 = 0.5;𝑚𝑚 = 0.2 

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 1 

  
(a) 

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 2 

  
(b) 
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𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 3 

  
(c) 

Figure A.4.2.11. Cross-site delineation. a) first level. b) Second level. c) Third level. 
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4.3 APPENDIX B. Effect of parsing sense 

4.3.1 General concepts 

We have noted that the profiling algorithm output is not invariant to the sense in which the profile 

is parsed. This is not a problem “per se”, because parsing sense can be enforced to ensure 

consistency, it is nevertheless an interesting feature of the algorithm that is worth exploring 

further, as it reveals the interaction between its different elements. 

Parsing effects are influenced by the interplay of soil heterogeneity (layer thickness and contrast 

between successive layers) and delineation parameters.  

There are two main factors at play:  

• The contrast between successive layers, which we quantify through the Euclidian 
distance between the mean points of each layer bivariate; 

• The layer thickness, which is reflected in the number of CPTu data pairs that compose 

the fitting range 𝑿𝑿𝒇𝒇 of a layer; 

We examine an idealized profile to clarify the influence of each factor. For simplicity in this initial 

example the mixture tolerance value m is made zero and the relevant classification level is the 

first one.  

We consider a synthetic profile, characterized by two layers, with a  𝑆𝑆 − 𝐿𝐿 unit overlying  𝐶𝐶 − 𝐿𝐿  

(Figure B 4.3.1a). The two units are assumed to have the same thickness (same number of CPTu  

data within each unit taken equal to 400). The scatterplot for this profile on the Robertson, (1990) 

chart is reported in Figure B 4.3.1b.   

Consider the distance between the bivariate mean values of 𝑆𝑆 − 𝐿𝐿 and 𝐶𝐶 − 𝐿𝐿 units (Figure B 

4.3.1b). The larger the contrast between the successive layers the more distant the position of their 

bivariate mean values. With this in mind we create a series of synthetic profiles in which we vary 

the center position of the bivariate in one of the layers, while fixing the data from the other layer. 

In 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 1 we shift the center of 𝑆𝑆 − 𝐿𝐿 unit (Figure B 4.3.1c) and in 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 2 we shift the center of 

the  𝐶𝐶 − 𝐿𝐿 unit.  

For all the synthetic profiles thus created we have run the algorithm twice: parsing downwards 

(i.e., moving from  𝑆𝑆 − 𝐿𝐿 into 𝐶𝐶 − 𝐿𝐿) and then parsing upwards (i.e., moving from  𝐶𝐶 − 𝐿𝐿 into  

𝑆𝑆 − 𝐿𝐿). The results are presented in Figure B 4.3.2. The main observations are  

1) As the noise threshold (𝑃𝑃) is increased the algorithm selects boundaries that are further 

away from the target.  
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2) The error is always in the direction of parsing: parsing downwards identifies the boundary 

below the reference (Figure B 4.3.2a); parsing upwards above the reference (see (Figure 

B 4.3.2c);  

3) Increasing the contrast between layers (i.e., the distance between bivariate means) has a 

moderate effect except for high values of the noise threshold. 

These observations can be related to the behavior of the algorithm.  A bivariate has been fitted 

with all the data in a layer, and shifts position only gradually as data from the adjacent layer are 

added; if the two layers are contrasted data added from the new layer will enter the bivariate on 

its periphery, and will be initially discarded (up to a point given by parameter P). The effect will 

be more intense as the initial position of the single layer bivariate is further away from the class 

limit. 

 

  
(a) (b) 

 

 

(c)  
Figure B 4.3.1. a) Synthetic CPTu profile with two soil units at first classification level. b) Data scatter on 
Robertson, (1990) with Euclidian distance between bivariate means. c) Data scatter on Robertson, (1990) 
and shifting of S-L bivariate mean keeping C-L one fixed.   
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𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 1: 𝑐𝑐ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝑆𝑆 − 𝐿𝐿 𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 2: 𝑆𝑆ℎ𝑖𝑖𝑖𝑖𝑖𝑖 𝐶𝐶 − 𝐿𝐿 

  
(a) (d) 

  
(b) (e) 

  

(c) (f) 
Figure B 4.3.2. a) Case 1: Identified boundary depth by moving downward the synthetic CPTu records.  b) 
Case 1:  Identified boundary depth by moving upward the synthetic CPTu records. c) Case 1: Identified 
boundary depth comparison between parsing sense. d)  Case 2: Identified boundary depth by moving 
downward the synthetic CPTu records. e) Case 2:  identified boundary depth by moving downward the 
synthetic CPTu records. f) Case 2: Identified boundary depth comparison between parsing sense. 

The number of data that enter the fitting range 𝑿𝑿𝒇𝒇 (i.e., the thickness of the layer from which the 

boundary is attained) does also modify parsing sense effects and boundary detection. As an 

example, let consider the four cases reported in Figure B 4.3.3a. The profile contains a thousand 

datapoints, i.e., one per cm. The algorithm is run and boundary layer identified are reported in 

Figure B 4.3.3b, c, d. The effect of amount of data on boundary identification is evident. By 

moving downward, for the same 𝑃𝑃 value, increasing the number of 𝑆𝑆 − 𝐿𝐿  data shifts the 

identification of the boundary layer. The same happens when moving upwards but now the 

dependence is on the number of data that compose the  𝐶𝐶 − 𝐿𝐿 unit. For the reasons noted above 

the effect is more relevant for high 𝑃𝑃 values (Figure B 4.3.3b).  

2

2.5

3

3.5

4

4.5

0 10 20 30

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h 

[m
]

Distance between bivariate means [kPa]
Downward

P=0.1

P=0.3

P=0.5

P=0.7

2

2.5

3

3.5

4

4.5

0 10 20 30

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h 

[m
]

Distance between bivariate means [kPa]
Downward

P=0.1

P=0.3

P=0.5

P=0.7

2

2.5

3

3.5

4

4.5

0 10 20 30

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h 

[m
]

Distance between bivariate means [kPa]
Upward

P=0.1

P=0.3

P=0.5

P=0.7

2

2.5

3

3.5

4

4.5

0 10 20 30

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h 

[m
]

Distance between bivariate means [kPa]

Upward

P=0.1

P=0.3

P=0.5

P=0.7

2

2.5

3

3.5

4

2 2.5 3 3.5 4

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h

U
pw

ar
d

Iden�fied boundary depth [m]
downward

P=0.1

P=0.3

P=0.5

P=0.7Upward
=

downward

2

2.5

3

3.5

4

2 2.5 3 3.5 4

Id
en

�fi
ed

 b
ou

nd
ar

y 
de

pt
h

U
pw

ar
d

Iden�fied boundary depth
downward

P=0.1

P=0.3

P=0.5

P=0.7Upward
=

downward



 125 Probabilistic soil profiling using CPTu data 

 

 
(a) (b) 

  
(c) (d) 

Figure B 4.3.3. a) Soil profiling for four different cases. a) Boundary depth identified by moving downward 
the CPTu record for different P values. b) Boundary depth identified by moving upward the CPTu record 
for different P values. c) Effect of sense of parsing on boundary depth identification. 

The effect of the factors identified will also depend on the classification level applied (i.e., on the 

number of boundaries on the classifying plane). Introducing more class boundaries necessarily 

implies that any single layer bivariate will be closer to a particular class boundary. As that distance 

reduces parsing sense effects it is therefore reasonable to expect that parsing sense effects will 

diminish as classification refinement level increases.  This hypothesis is tested in the example 

below. 

4.3.2 Study in the Llobregat case 

The effect of profile parsing sense is here illustrated for CPTu01 of the Llobregat case at each 

level of refinement. In this section, only soil profiling analyses according to the set of parameters 

listed in Table B.4.3.1 are reported. Figure B 4.3.4 reports the four cases analyzed at level 1. It 

can be observed that great discrepancy subsists by increasing 𝑃𝑃 and 𝑚𝑚 values. This is visible for 

all cases except for case 1 (i.e., low values of 𝑃𝑃 and 𝑚𝑚), where parsing sense it rather negligible. 

At this classification stage the main reason of such discrepancy can be attributed to the number 

of data that compose each soil unit identified. By moving upward, the CPTu record the 𝐶𝐶 − 𝐿𝐿 unit 

is composed by a great amount of data, shifting the boundary layer at about 15m depth with 

respect to when moving downward the CPTu record (i.e., 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 2, 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 3, 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 4). 
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By increasing the level of refinement (Figure B 4.3.4, Figure B 4.3.4), such difference tends to 

become less pronounced. This is particularly evident at level 3, from which even for 𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 4 sense 

of parsing become less evident. This can be mainly attributed to the coupled effect of number of 

data that compose each soil unit and relatively small distance between bivariate layer mean and 

Robertson’s class boundaries. 

Table B. 4.3.1.List of parameters for parsing sense assessment 
Set of parameters for parsing sense’s effect 

𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 1 𝑃𝑃 = 0.1;  𝑚𝑚 = 0 
𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 2 𝑃𝑃 = 0.1;  𝑚𝑚 = 0.3 
𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 3 𝑃𝑃 = 0.6;  𝑚𝑚 = 0 
𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 4 𝑃𝑃 = 0.6;  𝑚𝑚 = 0.3 

 

Case 1 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0) Case 2 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0.3) 
Downward Upward Downward Upward 

    
Case 3 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0) Case 4 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0.3) 

Downward Upward Downward Upward 

    
Figure B 4.3.4.Effect of parsing sense on soil profiling at level 1. 



 127 Probabilistic soil profiling using CPTu data 

 
𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 1 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0) 

𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 2 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0.3) 

Downward Upward Downward Upward 

    

𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 3 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0) 𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 4 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0.3) 
Downward Upward Downward Upward 

    
 Figure B 4.3.5. Effect of parsing sense on soil profiling at level 2. 
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Case 1 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0) Case 2 (𝑃𝑃 = 0.1;  𝑚𝑚 = 0.3) 
Downward Upward Downward Upward 

  
 

 
𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 3 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0) 𝐶𝐶𝑐𝑐𝑐𝑐𝐿𝐿 4 (𝑃𝑃 = 0.6;  𝑚𝑚 = 0.3) 

Downward Upward Downward Upward 

    
 Figure B 4.3.6. Effect of Parsing sense on soil profiling at level 3. 

The interaction between minimum layer thickness and parsing effects is now investigated. 

Analyses have been carried out at all three classification levels, for several combinations of 𝑃𝑃 and 
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𝑚𝑚.  Results are reported in Figure B 4.3.7, Figure B 4.3.8 and Figure B 4.3.9 for first, second and 

third level of class refinement, respectively. 

As noted previously relaxing the effect of classification boundaries (through a higher mixture 

tolerance m or by increasing the noise threshold P) generally results in a more significant parsing 

sense effect. On the contrary, increasing the number of classification boundaries (i.e., applying 

more refined classifications) decreases the effect of parsing sense on the profile.  Increasing 

minimum layer thickness also reduces the effect of parsing sense. 

 

 

Figure B 4.3.7. Effect of parsing sense on soil delineation at level 1 for different values of P and 
minimum thickness of layers. 
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Figure B 4.3.8. Effect of parsing sense on soil delineation at level 2 for different values of P and 
minimum thickness of layers. 
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Figure B 4.3.9. Effect of parsing sense on soil delineation at level 3 for different values of P and 
minimum thickness of layers. 
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4.4 Application at the NGES Texas A&M test site 

In this section a second example application of the bivariate methodology is presented. The data 

analyzed correspond to CPT performed at the National Geotechnical Experimentation Site 

(NGES) at Texas A&M University. Results reported by Wang et al., (2013) are used for 

comparison with our bivariate approach.  

In the work of Wang et al., (2013), SBT charts are also employed as a reference template for soil 

delineation. Wang et al., (2013) model each CPTu data pair as a bivariate gaussian random 

variable (eq. 3.5) spread over the Robertson, (1990) SBT chart and centered at the measured value 

(Figure 4.1a). The spread of all point bivariates  (𝜎𝐹𝑅 , 𝜎𝑄𝑡1) within a layer is interpreted as the 

joint effect of measurement uncertainties and SBT chart uncertainties. In that study, 𝜎𝐹𝑅 , 𝜎𝑄𝑡1 are 

assumed unique for each unknown layer.  𝑃𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 of 𝜎𝐹𝑅 , 𝜎𝑄𝑡1, may be available from 

engineering experience or previous studies.  

The number of layers in the profile 𝑁 is assumed unknown, but deterministic, and the thickness 

attributed to each layer is obtained through maximization of the joint probability, for the data 

assigned to each layer, of identical classification according to the Robertson template. 

To compute that probability for a given profile the starting point is each CPTu data pair, for which 

the probability of belonging to a specific Robertson’s soil class 𝑗 is obtained through (eq.4.4.2).  

Now assume that  𝜉𝑛−𝑡ℎ represents a generic CPTu data pair assigned to the 𝑛 − 𝑡ℎ layer; 

considering all such points, indexed by i, their joint probability of belonging to the same soil type 

 𝑗 is given by eq. (4.4.3), from which the probability of the data assigned to the 𝑛 − 𝑡ℎ layer to 

belong together into any of Robertson soil classes can be computed according to eq. (4.4.4).  

Having defined 𝜉𝑁 = [𝜉1, … , 𝜉𝑛−𝑡ℎ, . . , 𝜉𝑁] arrays of 𝐶𝑃𝑇𝑢 data within 𝑁 layers, eq. (4.4.4) can be 

extended to cover all the 𝐶𝑃𝑇𝑢 record according to eq. (4.4.5). The unknowns in that probability 

estimate are the layer extents, implicit in the 𝜉𝑁 definition, and the standard deviation of the 

bivariate spreads, which is also layer dependent. The number 𝑁 of layers is treated as 

deterministic.  Finally, the probability assigned to that profile is computed through a bayesian 

updating statement on 𝜎  expressed according to eq. (4.4.6), where 𝐾 is a normalizing constant 

and 𝑃𝜎 prior of 𝜎 = [𝜎𝐹𝑅, 𝜎𝑄𝑡1] for 𝑁 layers (i.e., 𝜎 = [𝜎1, … , 𝜎𝑛, … , 𝜎𝑁].  

The procedure described is repeated for different model candidates (i.e., soil profiles with 

different number of specified layers, N). A Bayesian model class selection procedure, based on a 

maximum entropy principle is then applied to identify the soil profile that maximizes 

𝑃𝜎|𝜉𝑁 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠. 
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𝑃(𝑙𝑛𝐹𝑅𝑖 , 𝑙𝑛𝑄𝑡1𝑖
|𝜎) =

1

(2𝜋𝜎𝐹𝑅𝜎𝑄𝑡1)
exp (−0.5

[𝑙𝑛𝐹𝑅 − 𝑙𝑛𝐹𝑅𝑖]
2

2𝜎𝐹𝑅
2 − 0.5

[𝑙𝑛𝑄𝑡1 − 𝑙𝑛𝑄𝑡1𝑖
]

2

2𝜎𝑄𝑡1

2 ) 
(4.4.1) 

𝑃𝑖 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑗|𝜎 = ∬ 𝑃(𝑙𝑛𝐹𝑅𝑖, 𝑙𝑛𝑄𝑡1𝑖
|𝜎) 𝑑𝑙𝑛𝐹𝑅𝑗𝑑𝑙𝑛𝑄𝑡1𝑗

𝑗

 
(4.4.2) 

𝑃 𝜉𝑛−𝑡ℎ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑗|𝜎 = ∏ 𝑃𝑖 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑗

𝑛° 𝑑𝑎𝑡𝑎 𝑖𝑛 𝑡ℎ𝑒 𝑛−𝑡ℎ 𝑙𝑎𝑦𝑒𝑟

𝑖=1

 

(4.4.3) 

𝑃𝜉𝑛−𝑡ℎ ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠|𝜎 = ∑ 𝑃 𝜉𝑛−𝑡ℎ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑗|𝜎

9

𝑗=1

 
(4.4.4) 

𝑃𝜉𝑁 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠|𝜎 = ∏ 𝑃𝜉𝑛−𝑡ℎ ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠|𝜎

𝑁

𝑛=1

 
(4.4.5) 

𝑃𝜎|𝜉𝑁 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠 = 𝐾 𝑃𝜉𝑁 ∈ 𝑆𝑜𝑖𝑙𝑇𝑦𝑝𝑒𝑠|𝜎  𝑃𝜎  (4.4.6) 

  

 

 

(a) (b) 

Figure 4.4.1.a) Qualitative isolines of joint bivariate normal distribution contour levels for a generic 

𝐂𝐏𝐓𝐮 data pair. b) illustration of Posterior estimates of 𝐍 bivariate statistic to identify (Wang et al.,2013). 

For the National Geotechnical Experimentation Site (NGES) at Texas A&M University a soil 

profile based on core inspection and USCS was presented in the work of Zhang & Tumay, (1999) 

(Figure 4.2a). The profile includes layers of sandy clay, clay, silty clay and clay with silt seams 

up to a depth of   ̴15 m. The groundwater table is at about 6m below the ground surface.  From 

their CPTu based analysis, Wang et al., (2013), concluded that a profile with five layers was the 

most plausible for the site (Figure 4.2b).   

      

       

 

 

 

 

        

                   



 
134 Application at NGES Texas A&M test site 

Using the newly proposed bivariate approach, profiles were obtained using three different sets of 

delineation parameters 𝑃 and 𝑚 (𝑃 = 0.1, 𝑚 = 0; 𝑃 = 0.2, 𝑚 = 0; 𝑃 = 0.1, 𝑚 = 0.1). The 

different profiles obtained at the three classification levels are illustrated in Figure 4.3. 

Interestingly the profile obtained at classification level 3 for 𝑃 = 0.2, 𝑚 = 0 (Figure 4.3h) is 

practically identical to that obtained by Wang et al (2013). As for the boring log layering, it is 

very similar to that obtained with our method at classification level 2 for P=0.1, m=0 (Figure 

4.3d). This kind of result may be useful to extrapolate the implicit borehole criteria to other 

locations. 

 
 

(a)  (b)  
Figure 4.4.2. CPT data for NGES at Texas A&M with (a) Boring Log Profile (a) CPT based profile as per 

Wang et al (2013). 
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𝑃 = 0.1, 𝑚 = 0 𝑃 = 0.2, 𝑚 = 0 𝑃 = 0.1, 𝑚 = 0.1 

   

(a) (b) (c) 

𝑃 = 0.1, 𝑚 = 0 𝑃 = 0.2, 𝑚 = 0 𝑃 = 0.1, 𝑚 = 0.1 

   
(d) (e) (f) 
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𝑃 = 0.1, 𝑚 = 0 𝑃 = 0.2, 𝑚 = 0 𝑃 = 0.1, 𝑚 = 0.1 

  
 

(g) (h) (i) 
Figure 4.4.3. Soil profiling at each classification level for different set of 𝑷 and 𝒎 values.  

Wang et al., (2013) 𝑃 = 0.1, 𝑚 = 0 𝑃 = 0.1, 𝑚 = 0 𝑃 = 0.2, 𝑚 = 0 

    
(a) (b) (c) (d) 

Figure 4.4.4.  a) CPT Classifications for NGES at Texas A&M (Wang et al., 2013). b) Soil profiling at 

level 1. c) Soil profiling at level 2. d) Soil profiling at level 3



 
137 Integrating boreholes and CPTu knowledge-A Bayesian Mixture Analysis 

4.5 Integrating boreholes and CPTu knowledge- A Bayesian 

Mixture Analysis 

4.5.1 Bayesian Mixture Analysis (BMA) 

In the previous sections probabilistic CPTu profiling took as a starting point a conventionally 

accepted classification template (SBT charts), with given class limits. A different perspective on 

CPTu-based soil delineation and  SBT charts is given here using Bayesian mixture analysis. 

Bayesian methods have been used in relation to SBT charts by several authors (Lunne et al., 1997; 

Jung et al., 2007; Wang et al., 2013, Cao & Wang, 2013). In general, they have noted how both 

aleatory (i.e., soil inherent variability) and epistemic uncertainty (e.g., correlation between 

CPTu data and core samples, number of soil samples, homogeneity of soil samples, 

transformation uncertainties) are implicit in SBT charts making them strongly dependent on the 

data set employed for their implementation 

Bayesian Mixture Analysis (𝐵𝑀𝐴) has been also used by several authors for CPTu based soil 

delineation applying different formulations as well as different concepts of relevant  

𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒, (Depina et al., 2016; Wang et al., 2018, Kogstrad et al., 2019).  

𝐵𝑀𝐴 is applied to CPTu data to identify ℎ𝑖𝑑𝑑𝑒𝑛 soil classes. 𝐻𝑖𝑑𝑑𝑒𝑛 or alternatively, 

𝑢𝑛𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 soil classes, refer to unconventional soil types, identified from CPTu data 

interpretation integrated with geological information. Within this perspective the spatial 

variability of CPTu data (i.e., 𝑄𝑡1, 𝐹𝑅) reflects the presence of different lithological units and the 

inherent variability of soil properties within those units. The starting point is a finite mixture 

representation of normalized CPTu  data. This results in a definition of soil formations or classes, 

within a soil profile, as probability distributions which are components of a finite mixture model.  

In this section, the BMA methodology of Depina et al., (2016) has been implemented and applied 

to the Llobregat delta site. Results are compared with those obtained using the bivariate approach 

proposed in section 4.1.2. 

4.5.1.1 Bayesian formulation (𝐵𝑀𝐴)  

The principles of Bayesian Mixture Analysis were introduced in section 3.4. The technique is 

here applied for SBT-based classification of CPTu records. The set of observations is here denoted 

as Ω. For SBT delineation, Ω has dimension 𝑛 x 𝑑  where d represents the normalized 

CPTu parameters considered (i.e., ln𝑄𝑡1 − lnFR for Robertson, 1990) and 𝑛 the number of CPTu 

data in the record. 
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We recall that in Bayesian Mixture Analysis we estimate the most probable parameter set 𝝵, �̂�  

(mean µ𝑗, covariance ∑𝑗 and weight 𝜋𝑗 of each mixture component) through the maximization of 

the data log-likelihood function (e.g. McLachlan & Peel, 2004):  

log (𝝵) = ∑ 𝑙𝑜𝑔 𝜙

𝑛

𝑖=1

(𝜔𝑖 |𝝵) = ∑ ∑ ℎ𝑖𝑗[ log (𝜋𝑗) + log 𝜙𝑗(𝜔𝑖|µ𝑗, ∑𝑗)

𝑁𝑐𝑙𝑢𝑠𝑡

𝑗=1

𝑛

𝑖=1

] 

(4.5.1) 

with 𝑁𝑐𝑙𝑢𝑠𝑡 = number of specified mixture components. 

𝜋𝑗 = 𝑗 − 𝑡ℎ mixture weight; weights are chosen so that ∑ 𝜋𝑗 = 1𝐾
𝑗=1 ; 

𝜙𝑗 = 𝑑 −dimensional multivariate normal probability density function representing the 𝑗 − 𝑡ℎ 

mixture;  

𝛇 = collection of all the unknown parameters of the mixture model (i. e.  [ 𝚯; 𝛱]). 

𝚯 = collection of all the 𝚯𝒋; 

𝚯𝒋 = statistical distribution parameters (unknown) of the 𝑗 − 𝑡ℎ Gaussian mixture component; 

in our gaussian case they include a vector of means and a covariance matrix (i.e., µ𝑗, ∑𝑗); 

𝛱 = (𝜋1,.., 𝜋𝐾) mixture weight vector of dimension 𝐾 𝑥 1. 

4.5.1.2 Application at the Llobregat delta site  

4.5.1.2.1 Preliminaries: selecting the prior model 

The CPTu records from the Llobregat delta site (section 4.1.3), are now analyzed using a Bayesian 

Mixture. As previously noted, the site is characterized by complex geological setting, making 

CPTu interpretation very sensitive to engineering judgment. A simplified geological description 

of the site is given by (Pineda et al., 2013), identifying four main lithological units 

(𝑄𝑙1, 𝑄𝑙2, 𝑄𝑙3, 𝑄𝑙4) from core samples retrieved (Figure 4.5.1a). 𝑄𝑙1, 𝑄𝑙2 units are generally 

representative of drained soil response, while 𝑄𝑙3, 𝑄𝑙4 are mostly characterized by fine grained 

sediments. The profile description of Pineda et al., (2013) can be used to obtain relevant prior 

information for the Bayesian mixture analysis. 

CPTu data is initially assigned by depth to the geological units derived from borehole inspection. 

CPTu01 observations assigned to each lithological unit are then plotted in Robertson, (1990) chart 

(Figure 4.5.1b). Gaussian bivariates adjusted to the data with isolines excluding 10% of the data 

(𝑃 =  0.1) are presented in (Figure 4.5.1c).  It is visible the unconventional nature of such soil 

classes, as they spread across different soil types of Robertson, (1990) chart. 
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Prior knowledge could have been also defined using the other available record (CPTu02 ) or even 

both CPTu records together. Such alternative scenarios are explored later in section 4.7-

APPENDIX A. 

Data from soil unit 𝑄𝑙1 and 𝑄𝑙2 overlaps in the SBT plot and the same happens to data from  

𝑄𝑙3 − 𝑄𝑙4 . They are thus likely representative of similar “hidden” classes and using a single 

bivariate for any those layer pairs might be a better choice for prior. The Bayesian Information 

Criterion BIC (see section 4.1.2.1.6, eq. 6) can be applied to decide the most plausible number of 

fitted clusters to consider. BIC is thus evaluated using bivariate fitted to CPTu data obtained from 

different combinations of geological units. The results, (Table 4.5.1), indicate that the optimal 

subdivision would use just two bivariate distributions, one gathering data from  𝑄𝑙1 − 𝑄𝑙2 and 

the other from 𝑄𝑙3 − 𝑄𝑙4 respectively (Figure 4.5.2). From now on the nomenclature  

𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 and 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 is used for 𝑄𝑙1 − 𝑄𝑙2 and 𝑄𝑙3 − 𝑄𝑙4 respectively.  

Looking at Robertson chart classes 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 is mainly representative of silty sand to sandy 

silt and clean sands to silty sands, whereas 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 can be mainly associated to clay to silty 

clay soil class. 

4.5.1.2.2 Describing the chosen prior  

𝑃𝑟𝑖𝑜𝑟 knowledge of statistical parameters is assigned based on the BIC-optimal cluster 

subdivision (i.e., 𝑁𝑐𝑙𝑢𝑠𝑡 = 2). The mean and isolines 0.1 of mixture’s components are shown in 

Figure 4.5.2. The mean values, ℎ𝑗 = [𝜇𝑙𝑛𝐹𝑅, 𝜇𝑙𝑛𝑄𝑡1
] are ℎ1 = [0.51, 4.17]𝑇 for 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1, and 

ℎ2 = [0.94, 2.24]𝑇 for 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2. The 𝑝𝑟𝑖𝑜𝑟𝑠 of covariance matrices 𝜓𝑗 =

 [
𝜎𝑙𝑛𝐹𝑅

2 𝜌𝜎𝑙𝑛𝐹𝑅𝜎𝑙𝑛𝑄𝑡1

𝜌𝜎𝑙𝑛𝐹𝑅𝜎𝑙𝑛𝑄𝑡1
𝜎𝑙𝑛𝑄𝑡1

2 ] are also set as those of the distributions fitted to 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 and 

𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2, respectively: 

𝜓1 = [
0.21 − 0.3
−0.3 0.7

]                    𝜓2 = [
0.09 − 0.12

−0.12       0.34
] 

  

A major challenge in assessing 𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 is posed by the remaining statistical parameters 

(i.e., 𝑚𝑗, 𝑟𝑗 and 𝛼𝑗), (see section 3.4.2.1). 𝑚𝑗 quantifies how much belief the analyst gives to the 

prior spread (i.e., Covariance) of 𝑗 − 𝑡ℎ component (i.e., increasing 𝑚𝑗 more strength is given to 

prior knowledge).  For the illustrative example below, we use  𝑚1 = 10000 and 𝑚2 = 10000. 

Concerning the precision parameter 𝑟𝑗, lower values (a decrease of precision) will result in a more 

uninformative prior knowledge. For the case study 𝑟1 and 𝑟2 are set equal to 100. Finally, for the 

Dirichlet distribution, 𝛼1 = 1, and 𝛼2 = 1 have been set for 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 and 2 assuming that 

each soil class is characterized by the same amount of CPTu data. Such prior values configure 

what we design here as 𝑐𝑎𝑠𝑒 1, as summarized in Table 4.5.2 
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The prior knowledge defined for 𝑐𝑎𝑠𝑒 1 is rather informative; a more uninformative prior 

knowledge will be obtained by using smaller 𝑟𝑗 and 𝑚𝑗 parameters. Such scenario is referred here 

as 𝑐𝑎𝑠𝑒 2, and the corresponding statistics are reported in Table 4.5.3. 

CPTu records CPTu01, CPTu02 are now separately analyzed for 𝑐𝑎𝑠𝑒1 and 𝑐𝑎𝑠𝑒2 by running the 

Gibbs algorithm within Bayesian framework (section 3.4.2.2). A total number of 1500 of 

simulations were run. The first 500 simulations were considered a burn in period and their results 

were discarded to derive final estimates. 

 
 

(a) (b) 

 

 

(c)  
Figure 4.5.1. a). b) Data scatter of CPTu measurements assigned to each geological unit. c) Bivariate 

contour levels 𝑃 = 0.1 of each geological unit associated to each geological unit. 

Table 4.5.1. BIC for different combination of CPTu data clustering from Llobregat site according to 

geological soil units’ description. 
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𝑛° 𝑜𝑓 𝑔𝑒𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑢𝑛𝑖𝑡𝑠 𝐵𝑎𝑦𝑒𝑠𝑖𝑎𝑛 𝐼𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 (𝐵𝐼𝐶) 

4, (𝑄𝑙1, 𝑄𝑙2, 𝑄𝑙3, 𝑄𝑙4) 1.75 e+04 

3, (𝑄𝑙1 − 𝑄𝑙2, 𝑄𝑙3, 𝑄𝑙4) 1.60 e+04 

3, (𝑄𝑙1, 𝑄𝑙2, 𝑄𝑙3 − 𝑄𝑙4) 1.42 e+04 

𝟐, (𝑸𝒍𝟏 − 𝑸𝒍𝟐, 𝑸𝒍𝟑 − 𝑸𝒍𝟒) 1.31 e+04 

 

Figure 4.5.2. Bivariate contour levels (i.e., isoline 𝟎. 𝟏) of optimal cluster subdivision. Red isoline 

represents the prior of soil class 1. The blue isoline represent prior of soil class 2. Black isolines represent 

the prior of each geological unit reported by Pineda et al., (2013). 

Table 4.5.2. Summary of prior knowledge case 1. 

𝑃𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

ℎ𝑗 [0.51, 4.17]𝑇 [0.94, 2.24]𝑇 

𝜓𝑗 [
0.21 − 0.3
−0.3 0.7

] [
0.09 − 0.12

−0.12       0.34
] 

𝑚𝑗 10000 10000 

𝑟𝑗 100 100 

𝛼𝑗 1 1 

 

 

Table 4.5.3. Summary of prior knowledge case 2. 
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𝑃𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

ℎ𝑗 [0.51, 4.17]𝑇 [0.94, 2.24]𝑇 

𝜓𝑗 [
0.21 − 0.3
−0.3 0.7

] [
0.09 − 0.12

−0.12       0.34
] 

𝑚𝑗 10 10 

𝑟𝑗 1 1 

𝛼𝑗 1 1 

 

4.5.1.2.3 Posterior Estimates: informative prior 

Posterior estimates of statistical parameters result from the posterior samples obtained in 

simulation (Figure 4.5.3). A summary of results is reported in Table 4.5.4. Posterior covariance 

matrix components are similar to those of the 𝑝𝑟𝑖𝑜𝑟 (Table 4.5.2). Posterior weights of each class 

are quantified as 0.64 for 𝑆𝑜𝑖𝑙 𝐶𝑙𝑎𝑠𝑠 1 and 0.36 for 𝑠𝑜𝑖𝑙 𝐶𝑙𝑎𝑠𝑠 2, highlighting the predominant 

presence of fine-grained sediments.  Posterior mean estimates are different from the assigned 

prior values (Table 4.5.2), but they still fall in the same Robertson class representative of silty 

sand to sandy silt and clay to silty clay. A comparison between posterior and prior joint density 

distributions (in terms of isoline 𝑃 = 0.1) for the two soil classes is reported in Figure 4.5.4a.  

The posterior distribution of each class assigns a certain probability of belonging to that mixture 

component to all the input data.  As an example, Figure 4.5.4b reports final posterior probability 

of CPTu data to belong to 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1.  

Soil profiling is reported in Figure 4.5.5b in terms of probabilities of CPTu observations 

originating from a particular class. Such profile provides a statistically nuanced “soft” assignment 

to soil classes (according to posterior probability reported in Figure 4.5.4b), which is an additional 

information not available in classical CPTu interpretation.  

Once this kind of statement is available different “hard” profiles (Figure 4.5.5c) may be obtained, 

using a particular probability threshold (i.e., probability threshold =0.5).  To establish a soil profile 

based on that threshold the i − th data pair is assigned to the j − th mixture component according 

to a probability 𝑝𝑖𝑗 ≥ 0.5. Note that in the profile presented in (Figure 4.5.5c)   thin layer merging 

scheme (section 4.1.2.5) has been applied to layers having widths below 20 cm . 

This kind of “hard” profile can be used to explore the relation between the soil classes defined 

from 𝐵𝑀𝐴 and conventional ones (i.e., those of Robertson chart), using contingency tables. 

Results after BMA are reported in Table 4.5.5. 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 can be mostly associated to silty sand 
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to sandy silt class 5, however, a relevant percentage of clean sands to silty sands is also evident. 

For 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2, 81.4% of data are associated to 𝑠𝑜𝑖𝑙 𝑡𝑦𝑝𝑒 3 (clays-clay to silty clay) of 

Robertson chart. 

  
(a) (c) 

  
(b) (d) 

Figure 4.5.3.  Sample scatter plot for posterior mean components for soil class 1 and soil class 2 
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(a) (b) 

Figure 4.5.4. a) Isoline P=0.1 of prior vs posterior bivariate density functions for soil class 1 and 

soil class 2. b) Posterior probability of CPTu data to belong to soil class 1. 

Table 4.5.4. Posterior estimates of statistical parameters. 

𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑠 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

µ𝒋 [0.99, 3.86]𝑇 [0.59, 1.99]𝑇 

∑𝒋 [
    0.23 − 0.36

−0.36      1
] [

0.04 − 0.04
−0.04       0.15

] 

𝝅𝒋 0.36 0.64 

Table 4.5.5. Contingency table: data from CPTu01 record assigned to each BMA class 

 𝑷𝒐𝒔𝒕𝒆𝒓𝒊𝒐𝒓 𝑪𝑷𝑻𝒖𝟎𝟏 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝟏  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝟐  

𝑛°  𝑑𝑎𝑡𝑎 % 𝑛°   𝑑𝑎𝑡𝑎 % 

1 (Sensitive-fine grained) 0 0 0 0 

2 (organic soils-Peats) 5 0.25 1 0.044 

3 (Clays-clay to silty clay) 196 9.95 1810 81.38 

4 (Silt Mixtures-clayey silt to silty clay) 281 14.28 411 18.48 

5 (Sand Mixture- silty sand to sandy silt) 990 50.32 1 0.044 

6 (Sands- clean sand to silty sand) 485 24.65 1 0.044 

7 (Gravelly sand to sand) 0 0 0 0 

8 (very stiff sand to clayey sand) 10 0.05 0 0 

9 (very stiff fine grained) 0 0 0 0 
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(a) (b) (c) 

Figure 4.5.5. a) Core-based soil profiling (Pineda et al., 2013). b) Posterior probability of CPTu data to 

belong to soil class 1. b) ln(Qt1) profile along with exclusive assignment of CPTu data. 

The same procedure is now applied to the CPT02 record.  Results in terms of posterior estimates 

and contingency table are reported in Table 4.5.6 and Table 4.5.7 respectively, while posterior 

probability of CPTu measurements and “hard” soil profile are reported in Figure 4.5.6. The 

posterior probability density function (isoline P = 0.1) of 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 and 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 are 

reported in Figure 4.5.7a, while posterior probability of CPTu data of being classified as 

𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 is reported in Figure 4.5.7b. Considerations made for CPTu01 profile still hold, 

𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 is mainly representative of 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 6 and 5 of Robertson, (1990) chart, while 

𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 mainly correspond to 𝑠𝑜𝑖𝑙 𝑡𝑦𝑝𝑒 3 and 4.  

Simultaneously application of BMA to multiple CPTu can be also performed. The same 

𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 (𝑐𝑎𝑠𝑒 1) is employed. Results are reported in Figure 4.5.8 and they agree well 

with the separate individual CPTu analysis. 
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Table 4.5.6. Posterior estimates of statistical unknown variables. 

𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑠 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

µ𝒋 [0.99, 3.86]𝑇 [0.59, 1.99]𝑇 

∑𝒋 [
    0.43 − 0.31
−0.31     0.72

] [
0.32 − 0.1

−0.1      0.35
] 

𝝅𝒋 0.37 0.63 

 

Table 4.5.7. Contingency table: data from CPTu02 record assigned to each BMA class  

 𝑷𝒐𝒔𝒕𝒆𝒓𝒊𝒐𝒓 𝑪𝑷𝑻𝒖𝟎𝟐 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝟏  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝟐  

 

𝑛°  𝑑𝑎𝑡𝑎 % 𝑛°  𝑑𝑎𝑡𝑎 % 

1 (Sensitive-fine grained) 0 0 0 0 

2 (organic soils-Peats) 1 0.07 80 3.06 

3 (Clays-clay to silty clay) 87 6.27 1899 72.7 

4 (Silt Mixtures-clayey silt to 

silty clay) 

116 8.36 495 18.95 

5 (Sand Mixture- silty sand to 

sandy silt) 

459 33.09 137 5.24 

6 (Sands- clean sand to silty 

sand) 

720 51.91 1 0.03 

7 (Gravelly sand to sand) 4 0.288 0 0 

8 (very stiff sand to clayey sand) 0 0 0 0 

9 (very stiff fine grained) 0 0 0 0 
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(a) (b) 

Figure 4.5.6. a) Posterior probability profile. b) Soil delineation by exclusively assign CPTu to data to 

soil class 1 and soil class 2 by assuming a posterior probability threshold of 0.5. 

 

 
(a) 
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(b) 

Figure 4.5.7. a) Isolines 𝐏 = 𝟎. 𝟏 of posterior probability density function b) Posterior CPTu data 

probability of being classified as soil class 2  

 

 
Figure 4.5.8. a) Core-based soil profiling. b) Posterior Probability profiles for two simultaneously CPTu 

sounding records assuming the same prior knowledge. 
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4.5.1.2.4 Posterior Estimates: uninformative prior  

The same example is now run by employing the uninformative prior knowledge previously 

described (i.e., 𝐶𝑎𝑠𝑒 2). By decreasing the strength of preliminary information, the prior influence 

on the updated distribution will diminish and 𝐵𝑀𝐴 will approximate a Gaussian Mixture Analysis 

(𝐺𝑀𝑀) approach. Table 4.5.8 and Table 4.5.9 report the resulting posterior statistics and 

contingency table for 𝑐𝑎𝑠𝑒 2. Results clearly show that for both CPTu records, posterior estimates 

of 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1, are characterized by a relevant percent of data that fall within 𝑠𝑜𝑖𝑙 𝑡𝑦𝑝𝑒 3 and 4 

of Robertson chart. Results in term of soil profiling are reported in Figure 4.5.9. The soil profiles 

obtained for the CPTu are now less consistent with that obtained from boreholes information 

(Figure 4.5.9a). Posterior bivariate density functions are reported in Figure 4.5.10, while posterior 

probability of CPTu data to belong to 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 are reported in Figure 4.5.11. 

 

  

(a) (b) (c) 

Figure 4.5.9. a) core-based soil profile. b) Soil profiling with uninformative prior knowledge (case 2)-

CPTu01 record. b)  Soil profiling with uninformative prior knowledge (case 2)-CPTu02 record. 
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(a) (b) 

Figure 4.5.10.  Prior vs Posterior joint bivariate density functions for soil class 1 (red line) and soil class 2 

(blue line: a) CPTu01 record. b) CPTu02 record. 

 
(a) 
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(b) 

Figure 4.5.11.  Posterior probability of CPTu data to belong to soil class 2: a) CPTu01. b) CPTu02. 

Table 4.5.8. Posterior estimates of statistical unknown variables−case 2 

𝐶𝑃𝑇𝑢01 𝐶𝑃𝑇𝑢02 

𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟  

𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑠 

𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟  

𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑠 

𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

µ𝒋 [0.69, 3.45]𝑇 [1, .01 1.87]𝑇 µ𝒋 [0.35, 2.93]𝑇 [0.79, 1.43]𝑇 

∑𝒋 [
    0.22 − 0.36
−0.36     1.15

] [
0.02 − 0.01

−0.01      0.03
] ∑𝒋 [

   0.84. −0.71
−0.71     1.32

] [
0.025 − 0.017
−0.017   0.023

] 

𝝅𝒋 0.65 0.34 𝝅𝒋 0.74 0.26 

 

Table 4.5.9. Contingency table of CPTu02 sounding record −case 2 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝑪𝑷𝑻𝒖𝟎𝟏 𝑪𝑷𝑻𝒖𝟎𝟐 

𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1  𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1  𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

𝑛°  

𝑑𝑎𝑡𝑎 

% 𝑛°  

𝑑𝑎𝑡𝑎 

% 𝑛° 

 𝑑𝑎𝑡𝑎 

% 𝑛°  

𝑑𝑎𝑡𝑎 

% 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 4 0.15 1 0.06 84 2.92 1 0.09 

3 (Clays-clay to silty clay) 449 17.27 1558 97.8 867 30.14 1121 99.6 

4 (Silt Mixtures-clayey silt to silty clay) 661 25.43 31 1.94 613 21.31 1 0.09 
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5 (Sand Mixture- silty sand to sandy silt) 991 38.15 1 0.06 590 20.51 1 0.09 

6 (Sands- clean sand to silty sand) 484 18.62 1 0.06 718 24.96 1 0.09 

7 (Gravelly sand to sand) 0 0 0 0 4 0.14 0 0 

8 (very stiff sand to clayey sand) 10 0.38 1 0.06 0 0 0 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 

 

4.5.1.2.5 A CPTu-only analysis: engineering heuristic profile as BMA prior 

The examples here illustrated aims to assess prior knowledge of mixture components through the 

profile interpretations enabled by the bivariate approach. This procedure may be applied when 

information from boreholes is either not available or not trusted. 

As an example, we use the soil profiles obtained from semi-automated procedure for 𝑃 = 0.3 and 

𝑚 = 0 (Figure 4.5.12) after thin layer correction.  To illustrate how prior knowledge of BMA can 

be constructed from these results, we initially consider the soil profile obtained at level 1 (Figure 

4.5.12a). As a first step, data in layers classified as 𝑆 − 𝐿 and 𝐶 − 𝐿 are plotted together in the 

SBT chart Figure 4.5.13a), making no distinction about the layers they belong to.  

Then a finite Gaussian Mixture Model with two mixture components is fit to the 𝑆 − L, 𝐶 − L 

classified data. The isolines 𝑃 =  0.1 of the density functions for the two mixture components are 

presented in Figure 4.5.13b, while example of bivariate aggregating 𝑆 − 𝐿 data, after thin layer 

correction, is reported in Figure 4.5.13c.  

Statistics (mean, covariance and weight) of 𝑆 − 𝐿 and 𝐶 − 𝐿 bivariate (i.e., mixture component) 

are then employed as prior knowledge. The weight of mixture components in this case is given 

by the percent of all data assigned as 𝑆 − 𝐿 and 𝐶 − 𝐿 layers with respect the total number of data 

that compose the CPTu01 record. A high credibility is given to this prior knowledge, which 

translates into high assumed values of both 𝑚𝑗 and 𝑟𝑗 (i.e., 10000, 100 respectively). We will 

apply the BMA procedure with the same prior -obtained from CPTu01- to both CPTu01 and 

CPTu02.  
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(a) (b) (c) 

Figure 4.5.12. Soil delineation at different classification level for P = 0.3; m = 0 at CPTu01 location. a) 

Level 1. b) Level 2. c) Level 3. 

  

(a) (b) 
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(c)  

Figure 4.5.13. a) Data subdivision after bivariate approach for 𝑃 = 0.3, 𝑚 = 0. b) Isolines 0.3 of data 

subdivision reported in figure 15a. c) S − L layer bivariate isolines 0.3 according to soil profiling reported 

in Figure 15a, along with bivariate aggregating 𝑆 − 𝐿 data (red line). 

Posterior probability to belong to 𝐶 − 𝐿 for the CPTu01 and CPTu02 is plotted in Figure 4.5.14a, 

b. As in previous examples a posterior probability threshold of 0.5 is applied for assigning 

CPTu data to one of the two soil classes. Figure 4.5.15a, b report isolines (P = 0.1) of mixture 

components after BMA. Such posterior mixture components are from now on denoted as pseudo-

𝑆 − 𝐿 and pseudo 𝐶 − 𝐿 bivariate (𝑝𝑆𝐿, 𝑝𝐶𝐿 bivariate).  

The prior profiles -after semi-automated procedure- for CPTu01 and CPTu02 are reported in 

Figure 4.5.16a, b, while soil profiles after BMA analysis are reported in Figure 4.5.16c, d 

for CPTu01 and CPTu02 respectively. To better compare soil profiling, the thin layer merging 

scheme introduced for the bivariate approach (section 4.1.2.5) is also applied after BMA.  

Concerning CPTu01 (Figure 4.5.16c) except for few narrow layers beyond 15m depth, the profile 

is not much changed by the BMA procedure, as may be expected given that it was used as prior 

and was given high credibility. For the CPTu02 (Figure 4.5.16b) there are also strong similitudes 

between the BMA profile and that obtained from direct analysis using the bivariate approach, 

something that can also be observed from contingency table (Table 4.5.10, Table 4.5.11).   
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The same procedure can then be applied using as prior the output of the bivariate analysis at 

classification levels 2 and 3 according to soil delineation reported in Figure 4.5.12b, c (i.e., 

obtained by assuming 𝑃 = 0.3 and 𝑚 = 0). For level 2 three mixture components are fit to the 

CPTu data subdivision (Figure 4.5.17a, Figure 4.5.17b) Figure 4.5.17c, d report isolines 0.1 of 

𝑝_bivariate  components according to CPTu data subdivision after BMA. Contingency tables for 

CPTu01 and CPTu02 record are reported in Table 4.5.12 and Table 4.5.13 respectively. 

The posterior probability of CPTu data to belong to each soil class at the second level of 

refinement is reported in Figure 4.5.18 for CPTu01 and CPTu02. Profiles after BMA are reported 

in Figure 4.5.19c, Figure 4.5.19d for CPTu01 and CPTu02 respectively.  For CPTu01 some 

differences can be observed between semi-automated and BMA analysis profiles (Figure 4.5.19a, 

c). As an example, within the first meter BMA detects a S − L layer, which was classified as S −

M according to the semi-automated approach. This is not surprising since the priors for S-L and 

S-M partially overlapped (Figure 4.5.17b).  

For level 3, four clusters are considered according to soil profiling from semi-automated bivariate 

approach. CPTu data belong to each SBT class and corresponding isoline 0.1 employed as prior 

knowledge are reported in Figure 4.5.20a, Figure 4.5.20b. Posterior isoline 0.1 according to CPTu 

data subdivision after BMA are reported in Figure 4.5.20c, d. Posterior probability of CPTu data 

to belong to each SBT class is reported in Figure 4.5.21, while soil profiling at level 3 for 

CPTu01 and CPTu02 are reported in  Figure 4.5.22c, Figure 4.5.22d respectively. Contingency 

tables for CPTu01 and CPTu02 record are reported in Table 4.5.14 and Table 4.5.15 respectively. 

  

(a) (b) 

Figure 4.5.14. a) Posterior probability of 𝒑_𝑪𝑳 data for CPTu01 sounding record. b) Posterior probability 

of 𝒑_𝑪𝑳 data for CPTu02 sounding record.  
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(a) (b) 

Figure 4.5.15. a) Posterior isolines 0.1 according to CPTu data subdivision after BMA analysis for the 

CPTu01 sounding record. b) Posterior isolines 0.1 according to CPTu data subdivision after BMA analysis 

for the CPTu02 sounding record. 

 

    

(a) (b) (c) (d) 

Figure 4.5.16. a) CPTu01 soil profiling at level 1, after semi-automated approach (𝑃 = 0.3, 𝑚 = 0). b) 

CPTu02 soil profiling at level 1, after semi-automated approach (𝑃 = 0.3, 𝑚 = 0). c) CPTu01 soil profile 

from BMA using as prior heuristic analysis of CPTu01 with bivariate approach for 𝑃 = 0.3, 𝑚 = 0. d) 

CPTu02 soil profile after BMA.  
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Table 4.5.10. Contingency table of CPTu01 sounding record −case 1 (Posterior vs Prior-semi-automated) 

at Level 1. 

 Posterior 𝐂𝐏𝐓𝐮𝟎𝟏 Prior (semi-automated) 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝒑𝑺𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝒑𝑪𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝑺𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝑪𝑳  

𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 5 0.25 0 0 0 0 5 0.189 

3 (Clays-clay to silty clay) 196 9.95 1810 81.4 67 0 1843 69.73 

4 (Silt Mixtures-clayey silt to 

silty clay) 

281 14.28 411 18.6 61 6.2 533 20.16 

5 (Sand Mixture- silty sand to 

sandy silt) 

990 50.32 0 0 462 47.4 262 9.91 

6 (Sands- clean sand to silty 

sand) 

485 24.65 0 0 454 45.6 0 0 

7 (Gravelly sand to sand) 0 0 0 0 0 0 0 0 

8 (very stiff sand to clayey 

sand) 

10 0.05 0 0 10 0.8 0 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 

 

Table 4.5.11. Contingency table of CPTu02 sounding record −case 1 (Posterior vs Prior-semiautomated) 

at Level 1. 

 Posterior 𝐂𝐏𝐓𝐮𝟎𝟐 Prior (semi-automated) 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝒑𝑺𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝒑𝑪𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝑺𝑳  𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 𝑪𝑳  

𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 14 3.69 65 2.24 0 0 5 0.189 

3 (Clays-clay to silty clay) 8 2.1 1980 68.34 67 0 1843 69.73 

4 (Silt Mixtures-clayey silt to 

silty clay) 

16 4.2 595 20.5 61 6.2 533 20.16 
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5 (Sand Mixture- silty sand to 

sandy silt) 

341 89.98 257 8.9 462 47.4 262 9.91 

6 (Sands- clean sand to silty 

sand) 

0 0 0 0 454 45.6 0 0 

7 (Gravelly sand to sand) 0 0 0 0 0 0 0 0 

8 (very stiff sand to clayey 

sand) 

0 0 0 0 10 0.8 0 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 

 

 
 

(a) (b) 

  

(c) (d) 

Figure 4.5.17. a) Data subdivision after semi-automated bivariate approach for 𝑃 = 0.3, 𝑚 = 0 at level 2. 

b) Isolines 0.1 according to data subdivision reported in figure 27a. c) Posterior isolines 0.1 of CPTu data 

subdivision after BMA analysis for the CPTu01 sounding record. d) Posterior isolines 0.1 of CPTu data 

subdivision after BMA analysis for the CPTu02 sounding record.  
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(a) (b) 

  
(c) (d) 

  

(f) (e) 
Figure 4.5.18. a) Posterior probability of CPTu01 data to be assigned as 𝒑_𝑪𝑳. b) Posterior probability of 

CPTu01 data to be assigned as 𝒑_𝑺𝑴. c) Posterior probability of CPTu01 data to be assigned as 𝒑_𝑺𝑳. d) 

Posterior probability of CPTu02 data to be assigned as 𝒑_𝑪𝑳. e) Posterior probability of CPTu02 data to be 

assigned as 𝒑_𝑺𝑴 . f) Posterior probability of CPTu02 data to be assigned as 𝒑_𝑺𝑴. 

 



 
160 Integrating boreholes and CPTu knowledge-A Bayesian Mixture Analysis 

    

(a) (b) (c) (d) 

Figure 4.5.19. a) CPTu01 soil profiling after semi-automated procedure (i.e., P=0.3; m=0).  b) CPTu02 soil 

delineation after semi-automated procedure (i.e., P=0.3; m=0). c) CPTu01 soil delineation after BMA. d) 

CPTu02 soil delineation after BMA. 

Table 4.5.12.  Contingency table of CPTu01 sounding record −case 1 (Posterior vs Prior-semiautomated) 

at Level 2. 

 Posterior 𝐂𝐏𝐓𝐮𝟎𝟏 Prior (semi-automated) 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏,  

(𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝒑𝑺𝑳 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔  

𝒑𝑺𝑴 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔  

𝒑𝑪𝑳  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝑺𝑳  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔  

𝑺𝑴  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔  

𝑪𝑳 

𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 0 0 0 0 5 0.23 0 0 0 0 5 0.2 

3 (Clays-clay to silty clay) 0 0 49 5.2 1885 88 0 0 169 11.2 1765 86.4 

4 (Silt Mixtures-clayey 

silt to silty clay) 

0 0 362 39.2 252 11.7 0 0 383 25.6 231 11.3 

5 (Sand Mixture- silty 

sand to sandy silt) 

446 48.2 505 54.4 0 0 43 9.5 866 57.7 42 2.1 

6 (Sands- clean sand to 

silty sand) 

480 51.8 1 0.1 0 0 410 90.5 72 4.8 0 0 

7 (Gravelly sand to sand) 0 0 0 0 0 0 0 0 0 0 0 0 

8 (very stiff sand  0 0 10 1.1 0 0 0 0 10 0.7 0 0 
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to clayey sand) 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 0 0 0 0 

 

Table 4.5.13.  Contingency table of CPTu02 sounding record −case 1 (Posterior vs Prior-semiautomated).  

 Posterior 𝐂𝐏𝐓𝐮𝟎𝟐 Prior (semi-automated) 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, 

 (𝟏𝟗𝟗𝟎) 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝒑𝑺𝑳 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝒑𝑺𝑴 

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝒑𝑪𝑳  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝑺𝑳  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔 

 𝑺𝑴  

𝑺𝒐𝒊𝒍 𝒄𝒍𝒂𝒔𝒔  

𝑪𝑳 

𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 𝑛°  

 𝑑𝑎𝑡𝑎 

% 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 0 0 89 9.37 2 0.1 0 0 0 0 5 0.25 

3 (Clays-clay to silty clay) 0 0 383 40.3 1666 79.2 0 0 169 11.2 1765 86.4 

4 (Silt Mixtures-clayey silt to 

silty clay) 

0 0 206 21.7 397 18.9 0 0 383 25.4 231 11.3 

5 (Sand Mixture- silty sand to 

sandy silt) 

227 24.2 265 27.9 39 1.8 43 9.5 866 57.7 42 2.05 

6 (Sands- clean sand to silty 

sand) 

707 75.5 7 0.74 0 0 410 90.5 72 4.7 0 0 

7 (Gravelly sand to sand) 3 0.32 0 0 0 0 0 0 0 0 0 0 

8 (very stiff sand to clayey 

sand) 

0 0 0 0 0 0 0 0 10 0.66 0 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 0 0 0 0 
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(a) (b) 

  

(c) (d) 

Figure 4.5.20. a) Data subdivision after bivariate approach for 𝑃 = 0.3, 𝑚 = 0 at classification level 3. b) 

Isolines 0.1 of data subdivision reported in figure 30a. c) Posterior isolines 0.1 of CPTu data subdivision 

after BMA analysis for the CPTu01 sounding record. d) Posterior isolines 0.1 of CPTu data subdivision 

after BMA analysis for the CPTu02 sounding record.  
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Figure 4.5.21. a) Posterior probability of CPTu01 data to belong to 𝒑_𝑺𝑩𝑻 𝟑 bivariate. b) Posterior 

probability of CPTu01 data to belong to 𝒑_𝑺𝑩𝑻 𝟒 bivariate. c) Posterior probability of CPTu01 data to 

belong to 𝒑_𝑺𝑩𝑻 𝟓bivariate. d) Posterior probability of CPTu02 data to belong to 𝒑_𝑺𝑩𝑻 𝟔 bivariate. e) 

Posterior probability of CPTu02 data to belong to 𝒑_𝑺𝑩𝑻 𝟑bivariate. f) Posterior probability of CPTu02 

data to belong to 𝒑_𝑺𝑩𝑻 𝟒 bivariate. g) Posterior probability of CPTu02 data to belong to 𝒑_𝑺𝑩𝑻 𝟓 

bivariate. h) Posterior probability of CPTu02 data to belong to 𝒑_𝑺𝑩𝑻 𝟔 bivariate. 
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(a) (b) (c) (d) 

Figure 4.5.22. a) CPTu01 soil profiling at level 3 after semi-automated procedure (i.e., P=0.3; m=0). b) 

CPTu02 soil profiling at level 3 after semi-automated procedure (i.e., P=0.3; m=0). b) CPTu01 soil profiling 

at level 3 after BMA. b) CPTu02 soil profiling at level 3 after BMA. 

Table 4.5.14. Contingency table of CPTu01 sounding record −case 1 (Posterior vs Prior-semiautomated). 

 𝑷𝒐𝒔𝒕𝒆𝒓𝒊𝒐𝒓 𝑪𝑷𝑻𝟎𝟏 𝑷𝒓𝒊𝒐𝒓 − 𝑺𝒆𝒎𝒊𝒂𝒖𝒕𝒐𝒎𝒂𝒕𝒆𝒅 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝒑_𝑺𝑩𝑻𝟑 𝒑_𝑺𝑩𝑻𝟒 𝒑_𝑺𝑩𝑻𝟓 𝒑_𝑺𝑩𝑻𝟔 𝑺𝑩𝑻𝟑 𝑺𝑩𝑻𝟒 𝑺𝑩𝑻𝟓 𝑺𝑩𝑻𝟔 

% % % % % % % % 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 0.18 0 0.124 0 0.23 0 0 0 

3 (Clays-clay to silty clay) 90.72 0.4 2.48 0 84.51 27.36 3.4 0 

4 (Silt Mixtures-clayey silt 

to silty clay) 

9.1 80.23 10.32 0 13.3 57.33 14.02 0 

5 (Sand Mixture- silty sand 

to sandy silt) 

0 19.37 84.95 30 1.96 15.31 75.18 9.27 

6 (Sands- clean sand to 

silty sand) 

0 0 0.87 70 0 0 6.41 90.73 

7 (Gravelly sand to sand) 0 0 0 0 0 0 0 0 

8 (very stiff sand to clayey 

sand) 

0 0 1.24 0 0 0 0.915 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 
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Table 4.5.15. Contingency table of CPTu02 sounding record −case 1 (Posterior vs Prior-semiautomated). 

 𝑷𝒐𝒔𝒕𝒆𝒓𝒊𝒐𝒓 𝑪𝑷𝑻𝟎𝟐 𝑷𝒓𝒊𝒐𝒓 − 𝑺𝒆𝒎𝒊𝒂𝒖𝒕𝒐𝒎𝒂𝒕𝒆𝒅 

𝑺𝑩𝑻  

𝑹𝒐𝒃𝒆𝒓𝒕𝒔𝒐𝒏, (𝟏𝟗𝟗𝟎) 

𝒑_𝑺𝑩𝑻𝟑 𝒑_𝑺𝑩𝑻𝟒 𝒑_𝑺𝑩𝑻𝟓 𝒑_𝑺𝑩𝑻𝟔 𝑺𝑩𝑻𝟑 𝑺𝑩𝑻𝟒 𝑺𝑩𝑻𝟓 𝑺𝑩𝑻𝟔 

% % % % % % % % 

1 (Sensitive-fine grained) 0 0 0 0 0 0 0 0 

2 (organic soils-Peats) 2.5 0 0 0.13 0.23 0 0 0 

3 (Clays-clay to silty clay) 80 0 2.3 0.13 84.51 27.36 3.4 0 

4 (Silt Mixtures-clayey silt 

to silty clay) 

16.5 39.5 11.8 0 13.3 57.33 14.02 0 

5 (Sand Mixture- silty sand 

to sandy silt) 

1 60.5 81.3 6.2 1.96 15.31 75.18 9.27 

6 (Sands- clean sand to 

silty sand) 

0 0 4.6 93.1 0 0 6.41 90.73 

7 (Gravelly sand to sand) 0 0 0 0.4 0 0 0 0 

8 (very stiff sand to clayey 

sand) 

0 0 0 0 0 0 0.915 0 

9 (very stiff fine grained) 0 0 0 0 0 0 0 0 

 

4.5.1.3 Discussion  

Bayesian Mixture analysis provides a powerful tool to integrate geological information and CPTu 

measurements in a transparent and rational manner. The relation of the unconventional soil classes 

arising from  𝐵𝑀𝐴 and more conventional classes (e.g., Robertson soil types) can be clarified 

through contingency tables. The example also highlights the strong influence on 𝐵𝑀𝐴  results of 

the credibility assigned to the  𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒. Using uninformative priors led to soil units 

inconsistent with previous borehole identification, and is equivalent to a mere optimization of 

data subdivision.  Using a more informative prior results in CPTu data allocated to clusters 

consistent with those defined from core inspection, thus explicitly integrating any available 

preliminary information. Thereby lies one major advantage of this methodology. As an example, 

relevant for the offshore environment, geological information could be integrated with seismic 

data to characterize intervals of limited depth that might be of engineering interest (e.g., to identify 

presence of weak layers). 

Differences between the borehole-based BMA and the direct bivariate approach are both clear an 

unsurprising. The bivariate approach is constrained by the underlying Robertson classification, 
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whereas the soil classes derived from borehole inspection are not. The unconventional nature of 

those classes is then reflected on the profile.  

An alternative is proposed in section 4.5.1.2.5 where the output of the proposed bivariate approach 

is used as input (prior) for the 𝐵𝑀𝐴. Bivariate approach can be here considered as a statistical 

tool to help analysts in establishing prior knowledge of mixture components, and allowing to 

transfer such statistical information from one location to others nearby.  

Because the methodology is based on CPTu it will not succeed in separating soil units -established 

by some other means- that exhibit similar response to CPTu. In our example, distinctions between 

𝑄𝑙3 and 𝑄𝑙4 geological units are unfeasible since CPTu data will be mainly assigned to the 

bivariate characterized by smaller covariance matrix (𝑖. 𝑒., 𝑄𝑙3 in this case). There have been 

proposals to bypass such limitations by implementing 𝐵𝑀𝐴 within different algorithms. For 

instance, Krogstad et al., (2018) provide a more complex methodology that models spatial 

ordering of soil classes along a CPTu profile though a Markov chain and a gaussian bivariate 

likelihood that fit CPT measurements with different soil classes.  

An additional issue that can arise is that by integrating CPTu-blind geological information (e.g., 

geological units whose corresponding CPTu data straddle different soil classes) can lead to great 

inherent variability of ℎ𝑖𝑑𝑑𝑒𝑛 soil classes, making hard the subsequently quantification of 

geotechnical parameters. As an example, the soil profiling reported in section 4.5.1.2.4, identify 

a 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 that straddle five Robertson, (1990) classes.  

4.6 Conclusion 

This chapter reports novel methodologies to derived soil profiles from CPTu, based on 

probabilistically treatment of the data.  The first method is based on ordered parsing of the CPTu 

record and bivariate adjustment constrained by pre-accepted classification templates. The 

procedure aim is to facilitate communication and coherence in CPTu interpretation, making 

explicit the criteria involved on profiling.  

Bayesian Mixture Analysis (𝐵𝑀𝐴) allows to integrate prior geological information, by 

associating CPTu data to ground units identified from core inspection. This procedure results in 

unconventional soil classes and, sometimes with large variability or highly overlapped with 

others. The effect of the prior information may be modulated in the BMA procedure adjusting the 

parameters that control prior credibility. As an alternative, the proposed bivariate approach may 

be employed as statistical tool to define a CPTu-based 𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 of clusters in a more 

transparent and robust manner. 
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4.7 APPENIDX A 

4.7.1 Prior knowledge from CPTu02 

Prior knowledge could be also defined using the CPTu02 record. Such scenario is here considered 

and applied. CPTu02 measurements assigned to each geological unit are reported in Figure A 

4.7.1b, while corresponding isolines 0.2 are reported in Figure A 4.7.1c.  As for CPTu01, the 

Bayesian Information Criterion BIC is applied to decide which is the most plausible number of 

fitted clusters to consider. The results, (Table A.4.7.1), indicate that the optimal subdivision 

would, again, use just two bivariate distributions, however now one is given by CPTu02 data in 

𝑄𝑙2 only and the other gathers 𝑄𝑙1 − 𝑄𝑙3 − 𝑄𝑙4 (Figure A 4.7.1). Such subdivision differs from 

the one obtained when employing CPTu01, which gathered 𝑄𝑙1 − 𝑄𝑙2 and 𝑄𝑙3 − 𝑄𝑙4 (Figure 

4.5.2). It can be observed that the bivariate isoline representative of 𝑄𝑙1 geological unit, classified 

as fine sandy silt from cores, is centered within 𝑆𝐵𝑇 3 region and it spreads over 𝑆𝐵𝑇 2 − 5 of 

Robertson, (1990) chart. Such discrepancy with respect to prior knowledge derived from CPTu01 

and to core-based description is natural as CPTu02 data within the first 4 𝑚 depth clearly show 

the presence of a fine-grained unit (section 4.1.3.2.5). 

In this section, the nomenclature  𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 and 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 is used for 𝑄𝑙2 and 𝑄𝑙1 −

𝑄𝑙3 − 𝑄𝑙4 respectively. Only the rather informative knowledge (i.e., 𝑐𝑎𝑠𝑒 1, Table 4.5.2) is 

considered, since 𝑐𝑎𝑠𝑒 2  will provide analogous soil profiling. Prior statistics for such scenario 

are reported in Table A 4.7.2, while prior isolines 0.1 are reported in Figure A 4.7.2. 
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(c)  

Figure A 4.7.1. a) Core-based profile (Pineda et al., 2013). b) Data scatter of CPTu02 measurements 

assigned to each geological unit. c) Isoline 0.2 for each geological unit. 

Table A 4.7.1. BIC for different combination of CPTu data clustering according to geological soil units’ 

description. 

𝑛° 𝑜𝑓 𝑔𝑒𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑢𝑛𝑖𝑡𝑠 𝐵𝑎𝑦𝑒𝑠𝑖𝑎𝑛 𝐼𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 (𝐵𝐼𝐶) 

4, (𝑄𝑙1, 𝑄𝑙2, 𝑄𝑙3, 𝑄𝑙4) 2.35e4 

3, (𝑄𝑙2 − 𝑄𝑙1, 𝑄𝑙3, 𝑄𝑙4) 1.33e4 

2, (𝑄𝑙1 − 𝑄𝑙2, 𝑄𝑙3 − 𝑄𝑙4) 1.93e4 

 

 

Figure A 4.7.2. Bivariate contour levels (i.e., isoline 𝟎. 𝟏) of optimal cluster subdivision from CPTu02 

record. Red isoline represents the prior of soil class 1. The blue isoline represent prior of soil class 2. 
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Table A 4.7.2. Summary of prior knowledge case  1 from CPTu02 record. 

𝑃𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 1 𝑆𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 

ℎ𝑗 [−0.10, 3.82]𝑇 [0.72, 2.08𝑇 

𝜓𝑗 [
0.8 − 0.84
−0.84 1.15

] [
0.32    − 0.21
−0.21       0.74

] 

𝑚𝑗 10000 10000 

𝑟𝑗 100 100 

𝛼𝑗 1 1 

 

CPTu01 and CPTu02 records are independently analyzed using this prior and output soil profiles 

are reported in Figure A.4.7.3a, b. For comparison purpose, soil profiles at CPTu01 and CPTu02 

locations obtained with informative prior knowledge acquired from CPTu01 (i.e., 𝑐𝑎𝑠𝑒 1, Table 

4.5.2) are also reported in Figure A.4.7.3a c, d. It can be observed that at both locations the two 

different priors provide a consistent soil profiling except for within the first 4 𝑚 depth at CPTu02 

locations, where results in terms of assigned soil class diverge. It seems that giving much weight 

to the information of CPTu01, where the upper clayey layer is absent, results in that upper layer 

not being recognized as such. Finally, posterior isoline 0.1 of each mixture component are 

reported in Figure A 4.7.4. 

Prior from CPTu02 − Case 1(Table A. 4.7.2) Prior from CPTu01 Case 1 (Table 4.5.2) 

    
(a) (b) (c) (d) 

Figure A 4.7.3. a) Soil profiling at CPTu01 location employing prior knowledge-𝑐𝑎𝑠𝑒 1 from CPTu02 

record. b) Soil profiling at CPTu02 location employing prior knowledge-case 1 from CPTu02 record. c) 

Soil profiling at CPTu01 location employing prior knowledge-case 1 from CPTu01 record. d) Soil profiling 

at CPTu02 location employing prior knowledge-case 1 from CPTu01 record. 



 
173 Integrating boreholes and CPTu knowledge-A Bayesian Mixture Analysis 

 
(a) 

 
(b) 

 
Figure A 4.7.4. Posterior isoline 0.1 for CPTu01 record. b) Posterior isoline 0.1 for CPTu02 sounding 

record. 
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4.7.2 Prior knowledge from multiple CPTu records 

The quantification of prior knowledge can also be based on multiple CPTu records. By doing so, 

the so-called cross-site variability will be implicitly accounted for. Each lithological unit in the 

prior will be then characterized by greater CPTu variability with respect to that obtained from a 

single CPTu record. Let now consider both CPTu records for prior knowledge computation. 

Figure A 4.7.5a, reports the joint CPTu01 and CPTu02 data scatterplot subdivided according to 

the four core-based lithological units. The corresponding four joint bivariate are reported in Figure 

A 4.7.5b. Concerning the optimal number of clusters, the best combination is given by the two 

joint bivariate that gather 𝑄𝑙1 − 𝑄𝑙2  and 𝑄𝑙3 − 𝑄𝑙4 units (Figure A 4.7.5c). Such subdivision is 

here taken and the prior informative knowledge-case 1 applied. Results in terms of posterior 

density function and posterior probability of CPTu01 data to belong to 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠 2 are reported 

in Figure A 4.7.6a, while corresponding soil delineation is reported in Figure A 4.7.6b. Results 

for CPTu02 record are reported in Figure A 4.7.6c,d. It can be observed that results are similar to 

those reported in Figure A 4.7.3c, d where prior knowledge was taken only from CPTu01.  

 
(a) 

 
(b) 
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(c) 

Figure A 4.7.5 a) CPTu01-CPTu02 data scatter according to core-based description. b) Join bivariate 

density function of CPTu data scatter reported in Figure 20a. c) Optimal cluster subdivision according to 

BIC.  

 

 

 

(a) (b) 
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(c) (d) 

Figure A 4.7.6. a) CPTu01 posterior isoline 0.1 after BMA of soil class 1 and soil class 2; Posterior 

probability of belong to soil class 2. b) soil profiling at CPTu01 location. c) CPTu02 posterior isoline 0.1 

after BMA of soil class 1 and soil class 2; Posterior probability of belong to soil class 2. d) Soil profiling 

at CPTu02 location.  
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5  A probabilistic model for the strain-rate   
correction of dynamic CPTu data 

 

During a dynamic CPTu test, the probe -which may be either free falling or controlled by a winch- impacts 

the seafloor with an initial velocity 𝑣𝑣0  dependent on the weight of the device, buoyancy, winch speed or 

drag of the steel wire. The resulting Dynamic-CPTu records (i.e., cone tip resistances [𝑞𝑞𝑐𝑐 , 𝑞𝑞𝑡𝑡] , sleeve 

friction 𝑓𝑓𝑠𝑠, total pore pressure 𝑢𝑢2) differ strongly from those of quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢, performed at constant 

penetration rate of 2 𝑐𝑐𝑐𝑐/𝑠𝑠 . Such phenomenon is referred to as the strain-rate effect. While for more 

permeable materials increased penetration rate may change the drainage mode, the focus here is on clays, 

where the effect observed on the piezocone records has its roots in the strain-rate dependency of material 

properties, which is significant for clay  (Ladd et al., 1977). 

Most CPTu interpretation tools, such as the 𝑆𝑆𝑆𝑆𝐶𝐶 charts, were developed using only standard quasi-static 

CPTu (Robertson 1990; Robertson 2009; Schneider et al. 2012). Consequently, to apply them to 

dynamically acquired 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 profiles these must be previously converted into equivalent quasi-static ones. 

The conversion of dynamic into quasi-static measurements is usually performed by applying strain-rate 

laws (Chow et al. 2017; DeJong et al. 2013; Lehane et al. 2009; Steiner et al. 2014; Stoll et al., 2007). All 

of them use formulations of strain-rate effects that require quantification of soil viscosity, typically by 

means of a strain-rate coefficient 𝑆𝑆𝑆𝑆𝐶𝐶.  For a given formulation the 𝑆𝑆𝑆𝑆𝐶𝐶 is a function of the piezocone 

parameter (𝑞𝑞𝑡𝑡 ,𝑓𝑓𝑠𝑠) that is being converted, of soil type and piezocone geometry. 

Ideally, the  SRC would be estimated from paired (i.e., closely located in space and time) dynamic and 

quasi-static CPTu  observations at nominally undrained conditions (Chow et al. 2017). In many 

circumstances, however, paired quasi-static readings are not available and 𝑆𝑆𝑆𝑆𝐶𝐶 values are derived from 

literature, using the lithology deduced from nearby cores as a guide. Such procedure results in inherently 

unprecise SRC estimates, leading to underestimation or overestimation of the quasi-static equivalent profile, 

and therefore to increased geotechnical parameter uncertainty.  

This study applies a probabilistic methodology to improve accuracy of SRC estimates when paired quasi-

static CPTu profiles are not available, aiming for more robust conversion procedure for dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 

measurements. Conversion of dynamic CPTu  measurements using SRC is conceptualized as a 

transformation procedure involving some error, and the probabilistic distribution of that error is evaluated 
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alongside that of the SRC coefficient. Evaluation of the probability distributions is cast as a Bayesian 

updating problem, which is solved numerically using the Transitional Markov-Chain Monte Carlo 

algorithm (TMCMC), (Ching and Chen 2007; Ching and Wang 2016).   

In the method proposed the probabilistic evaluation of SRC is simultaneous to that of the dynamic to quasi-

static conversion. Prior knowledge relevant the unknown quasi-static profile is obtained from quasi-static 

CPTu measurements previously acquired in the area –although not paired with the dynamic CPTu that is 

being transformed. Manipulation and treatment of that information takes place in the frequency domain, 

using a discrete cosine transform function (i.e., 𝐷𝐷𝐶𝐶𝐶𝐶) (Candès et al., 2006; Zhao et al., 2018; Zhao et al., 

2020). This avoids the problems of local spatial biases that might be caused by the sharp irregularities that 

-due to local heterogeneity- are pervasive in CPTu traces. 

The method is applied to a set of dynamic CPTu data acquired nearshore Nice harbor (France), an area well 

documented in previous studies  (Dan et al., 2007; Leynaud and Sultan 2010; Steiner et al. 2015; Sultan et 

al. 2010).  

5.1 Background  
5.1.1 Strain-rate correction method 
The work presented here is based on MARUM equipment and practice, where interpretation of the test is 

based on the so-called tip load cell methodology, applicable only when tip resistance is measured, which is 

the case for MARUM equipment. An alternative approach to dynamic CPTu  data acquisition and 

interpretation is known as the accelerometer method (Chow et al. 2017). Such approach is necessary for 

equipment that does not measure tip resistance and has only accelerometer measurements. Although, in 

principle, it would also be applicable to MARUM data, it has not been done so in the past and will not be 

pursued here. 

Within the tip load cell method, different strain-rate models have been applied. In this study we focus on 

the strain-rate model proposed by Steiner ( Steiner et al. 2014; Steiner et al. 2015). Steiner model applies a 

strain-rate correction only to (area-corrected) cone tip resistance 𝑞𝑞𝑡𝑡 (Figure 5.1a) Other tip-load method 

formulations (Chow et al. 2017; O’Loughlin et al. 2013; Richardson 2008) apply the strain-rate correction  

more generally, including variables such as overburden 𝜎𝜎𝑣𝑣 ,  and drag stresses,  𝑞𝑞𝐷𝐷, to describe the dynamic 

driving process, (Figure 5.1b). The benefit of introducing additional model variables on model performance 

and model uncertainty is not investigated here.  
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Figure 5.1. a) Strain-rate model of Chow et al. (2017). b) Strain-rate model applied (Steiner et al. 2014). 

5.1.2 Penetration Rate effect  

5.1.2.1 Homogenous fine-grained sediments 
Several authors (Randolph and Hope 2004; Chung et al. 2006; Lehane et al. 2009) investigated penetration 

rate effects on piezocone parameters on homogenous fine-grained sediments (i.e. soft clays, Kaolin). They 

used various penetrometers (i.e., cone penetrometer, T-bar, plate, ball penetrometers) advancing them at 

different penetration velocities to obtain undrained, partially drained and fully drained soil responses. From 

these works emerged backbone curves describing the strain-rate effect on cone tip resistance, typically 

having the features reported in Figure 5.2.  
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Figure 5.2. Typical backbone curve for strain-rate effect in fine-grained sediments.  

We denote as 𝜀𝜀̇  the strain-rate and 𝜀𝜀𝑟𝑟𝑟𝑟𝑟𝑟  the reference strain-rate associated with reference value of 

undrained shear strength (Lehane et al. 2009). For CPTu applications a normalized strain-rate �̇�𝜀
�̇�𝜀𝑟𝑟𝑟𝑟𝑟𝑟

 is 

expressed as 𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 / 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

 with 𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑   instantaneous dynamic velocity and 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  cone tip diameter of 

dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 probe and 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟, 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 velocity and cone tip diameter of the quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢. The dynamic 

cone tip resistance is normalized with respect to the reference one to give  𝑞𝑞𝑡𝑡−𝑑𝑑𝑑𝑑𝑑𝑑
𝑞𝑞𝑡𝑡−𝑟𝑟𝑟𝑟𝑟𝑟

 .  

The reference cone tip resistance 𝑞𝑞𝑡𝑡−𝑟𝑟𝑟𝑟𝑟𝑟 and associated 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

, correspond to nominally undrained conditions 

(Randolph and Hope, 2004; Chow et al., 2017). The nominal undrained condition is usually assessed 

through nondimensional velocity 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟
𝑐𝑐ℎ

 , with 𝑐𝑐ℎ horizontal consolidation coefficient. Guidelines 

on 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 values to assess consolidation stage are reported in the work of DeJong et al. (2013) and Steiner et 

al. (2014). For fine-grained sediments the reference parameters of standard quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 result in 

undrained conditions when (𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 > 30),.  

At low 𝜀𝜀̇ the excess pore pressure due to shearing can be fully dissipated and tip resistance is usually at a 

maximum. Increasing 𝜀𝜀̇, the partial drained response provides an increase of excess pore pressures resulting 

in reduced shear strength mobilization and reduced tip resistance. Further increase of strain-rate beyond 

that necessary to attain fully undrained soil response does not result in increased pore pressure, but the 

penetration resistance does increase due to the viscous effect. Finally, a potential viscous limit appears 

beyond which no further increase of soil strength is observed (White et al. 2018). Similar considerations 

apply to sleeve friction measurements.  
5.1.2.2 Heterogeneity effect  
The evaluation of strain-rate effects on penetration resistance is strongly influenced by sediment 

heterogeneity. Stoll et al. (2007) analyzed the effect of thin layers (i.e., thickness ≤ 10 𝑐𝑐𝑐𝑐) of dense sand 

included within fine-grained sediments on dynamic CPTu response. Results (Figure 5.3) showed how the 

dynamic 𝑞𝑞𝑐𝑐 record included several peaks corresponding to sand thin layers, which were hardly identifiable 

from quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 observations.  
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Figure 5.3. Recorded cone tip resistance within a thin dense sand layer. (adapted from Stoll et al. 2007). 

Because the strain rate coefficient is soil type dependent, it should ideally be evaluated only where the 

dynamic CPTu record allows to consistently identify a particular soil layer (Stoll et al., 2007). However, 

subdivision of dynamic CPTu profiles is difficult, complicated by the nonlinear variation with depth of 

penetration velocity and strongly influenced by the analyst judgment and heuristics.  In light of these 

considerations, a simplified approach is usually applied in practice, in which a single strain-rate coefficient 

is applied to each CPTu sounding record (Steiner et al., 2014; Steiner et al., 2015).  

  

5.1.3 Strain-rate laws 
In the last decades, the computation of the strain-rate coefficients has been studied by several authors both 

empirically and numerically (Silva et al. 2006;  Richardson 2008; Steiner et al. 2014; Steiner et al. 2015). Three 

different strain-rate law formulations (logarithmic, power law and inverse sin-hyperbolic) have been used  

The most frequently employed formulation is the logarithmic strain-rate law (e.g., Dayal et al., 1975; Stoll et al., 

2007). The formulation is given by: 

𝑞𝑞𝑡𝑡−𝑑𝑑𝑑𝑑𝑑𝑑
𝑞𝑞𝑡𝑡−𝑟𝑟𝑟𝑟𝑟𝑟

= 1 + 𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡 ∙ log ( 𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 / 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

 )  

(5.1) 

with  𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡 , 𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑟𝑟𝑠𝑠 strain-rate coefficient of cone tip resistance and sleeve friction respectively. 

An alternative formulation uses the inverse sine hyperbolic equation (Chung et al. 2006). This formulation was 

arrived at considering rate processes within a theory of absolute reaction rates and reads: 

𝑞𝑞𝑑𝑑𝑑𝑑𝑑𝑑
𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟

= 1 + 𝑆𝑆𝑆𝑆𝐶𝐶𝑎𝑎𝑠𝑠𝑎𝑎𝑑𝑑ℎ−𝑞𝑞𝑡𝑡 ∙ 𝑎𝑎𝑠𝑠𝑎𝑎𝑎𝑎ℎ ( 𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 / 𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

 )  

(5.2) 

where 𝑆𝑆𝑆𝑆𝐶𝐶𝑎𝑎𝑠𝑠𝑎𝑎𝑑𝑑ℎ−𝑞𝑞𝑡𝑡 = 𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡/𝑙𝑙𝑎𝑎(10). 

A third formulation was expressed using a power law (Biscontin and Pestana 2001; Steiner et al. 2014).   
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𝑞𝑞𝑑𝑑𝑑𝑑𝑑𝑑
𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟

= ( 
𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 /
𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟 
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

)𝑆𝑆𝑆𝑆𝑆𝑆𝑟𝑟𝑒𝑒𝑒𝑒−𝑞𝑞𝑡𝑡  

(5.3) 

The power law function it is found to capture rate effects better over larger ranges in strain rate than the 

alternatives (Biscontin & Pestana, 2001). 

Typical 𝑆𝑆𝑆𝑆𝐶𝐶  values for different strain-rate laws (i.e., average, lower and upper bound), for fine grained 

sediments were summarized by Steiner et al., (2014) and are reported in Table 5.1. An illustration of the involved 

corrections for average SRC values is given in (Figure 5.4). 

 

Figure 5.4. Example strain-rate laws applied in this study, computed with average literature values of strain-rate 
coefficient (Table 5.1). 

Table 5.1.Literature strain-rate coefficients values for fine-grained sediments according to three different strain-rate 
laws. 
𝑆𝑆𝑆𝑆𝑆𝑆𝑎𝑎𝑎𝑎𝑎𝑎

− 𝑆𝑆𝑎𝑎𝑆𝑆𝑟𝑟 𝑐𝑐𝑐𝑐𝑟𝑟𝑓𝑓𝑓𝑓𝑎𝑎𝑐𝑐𝑎𝑎𝑟𝑟𝑎𝑎𝑆𝑆𝑠𝑠  

𝑓𝑓𝑆𝑆𝑐𝑐𝑐𝑐 𝐿𝐿𝑎𝑎𝑆𝑆𝑟𝑟𝑆𝑆𝑎𝑎𝑆𝑆𝑢𝑢𝑆𝑆𝑟𝑟 

 𝐿𝐿𝑐𝑐𝐿𝐿 𝑠𝑠𝑆𝑆𝑆𝑆𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑆𝑆𝑎𝑎𝑆𝑆𝑟𝑟 

(𝐷𝐷𝑎𝑎𝐷𝐷𝑎𝑎𝑙𝑙 𝑟𝑟𝑆𝑆 𝑎𝑎𝑙𝑙. , 1975; 

𝑆𝑆𝑎𝑎𝑎𝑎𝑑𝑑𝑐𝑐𝑙𝑙𝑅𝑅ℎ & 𝐻𝐻𝑐𝑐𝑅𝑅𝑟𝑟 2004; 

𝑆𝑆𝑆𝑆𝑟𝑟𝑎𝑎𝑎𝑎𝑟𝑟𝑆𝑆 𝑟𝑟𝑆𝑆 𝑎𝑎𝑙𝑙. , 2014)  

inv. Sin − hyp. 𝑠𝑠𝑆𝑆𝑆𝑆𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑆𝑆𝑎𝑎𝑆𝑆𝑟𝑟  

(𝑆𝑆𝑆𝑆𝑟𝑟𝑎𝑎𝑎𝑎𝑟𝑟𝑆𝑆 𝑟𝑟𝑆𝑆 𝑎𝑎𝑙𝑙. , 2014) 

𝑅𝑅𝑐𝑐𝑝𝑝𝑟𝑟𝑆𝑆  𝑠𝑠𝑆𝑆𝑆𝑆𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑆𝑆𝑎𝑎𝑆𝑆𝑟𝑟 

(𝑆𝑆𝑆𝑆𝑟𝑟𝑎𝑎𝑎𝑎𝑟𝑟𝑆𝑆 𝑟𝑟𝑆𝑆 𝑎𝑎𝑙𝑙. , 2014; 

𝐶𝐶ℎ𝑐𝑐𝑝𝑝 𝑟𝑟𝑆𝑆 𝑎𝑎𝑙𝑙. , 2007)) 

 𝐿𝐿𝑐𝑐𝑝𝑝𝑟𝑟𝑆𝑆 𝐴𝐴𝑣𝑣𝑟𝑟𝑆𝑆𝑎𝑎𝐿𝐿𝑟𝑟 𝑈𝑈𝑅𝑅𝑅𝑅𝑟𝑟𝑆𝑆 𝐿𝐿𝑐𝑐𝑝𝑝𝑟𝑟𝑆𝑆 𝐴𝐴𝑣𝑣𝑟𝑟𝑆𝑆𝑎𝑎𝐿𝐿𝑟𝑟 𝑈𝑈𝑅𝑅𝑅𝑅𝑟𝑟𝑆𝑆 𝐿𝐿𝑐𝑐𝑝𝑝𝑟𝑟𝑆𝑆 𝐴𝐴𝑣𝑣𝑟𝑟𝑆𝑆𝑎𝑎𝐿𝐿𝑟𝑟 𝑈𝑈𝑅𝑅𝑅𝑅𝑟𝑟𝑆𝑆 

 𝑆𝑆𝑆𝑆𝐶𝐶𝑞𝑞𝑡𝑡 0.1 0.15 0.25 0.043 0.075 0.11 0.03 0.05 0.08 

 𝑆𝑆𝑆𝑆𝐶𝐶𝑟𝑟𝑠𝑠 0.3 0.45 0.9 0.195 0.3 0.395 0.18 0.22 0.24 

 

5.1.4 Evaluation of the strain-rate coefficient, SRC  

When paired quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 observations are available, the SRC is obtained by a Kolmogorov–Smirnov 

test i.e. by minimizing the maximum error between cumulative density functions (L’Heureux et al. 2010; 

Steiner et al. 2014). This error is typically expressed through a model fit coefficient, which Steiner et al. 

denote as 𝑆𝑆2: 
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𝑆𝑆2 = 1 − max |𝐹𝐹1(𝑞𝑞𝑢𝑢𝑎𝑎𝑠𝑠𝑎𝑎 − 𝑠𝑠𝑆𝑆𝑎𝑎𝑆𝑆𝑎𝑎𝑐𝑐) − 𝐹𝐹2(𝑐𝑐𝑐𝑐𝑎𝑎𝑣𝑣𝑟𝑟𝑆𝑆𝑆𝑆𝑟𝑟𝑑𝑑 𝑑𝑑𝐷𝐷𝑎𝑎𝑎𝑎𝑐𝑐𝑎𝑎𝑐𝑐)| (5.4) 
 

with 𝐹𝐹1(𝑞𝑞𝑢𝑢𝑎𝑎𝑠𝑠𝑎𝑎 − 𝑠𝑠𝑆𝑆𝑎𝑎𝑆𝑆𝑎𝑎𝑐𝑐)  cumulative density function of quasi-static CPTu  measurements and 

F2(dynamic) cumulative density function of corresponding dynamic CPTu measurements (Figure 5.5). 

  

Figure 5.5. Example of back-calculation for logarithmic stain-rate law. The red line I the CDF for converted 
𝒒𝒒𝒕𝒕−𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 for different 𝑺𝑺𝑺𝑺𝑺𝑺𝒍𝒍𝒍𝒍𝒍𝒍 values and CDF of 𝒒𝒒𝒕𝒕−𝒔𝒔𝒕𝒕𝒅𝒅𝒕𝒕𝒅𝒅𝒅𝒅. 

In absence of paired quasi-static CPTu  readings, data conversion is performed using a range of 𝑆𝑆𝑆𝑆𝐶𝐶 

selected as a function of soil sample lithology (Table 5.1). Once a 𝑆𝑆𝑆𝑆𝐶𝐶 is applied, cone tip resistance is 

further transformed using a cone factor 𝑁𝑁𝑘𝑘𝑡𝑡  to obtain an undrained shear strength profile. A site-specific 

value of cone factor may be then obtained by calibration against laboratory observations of undrained shear 

strength. 

There are several sources of error associated with this methodology. 𝑆𝑆𝑆𝑆𝐶𝐶 from literature (Biscontin and 

Pestana 2001; Chung et al. 2006; Dayal and Allen 1975; Lehane et al. 2009; Stoll et al. 2007) are typically 

based on laboratory tests on homogenous soil samples covering only some soil types and properties. In-situ 

sediments to which they are applied may differ in terms of soil properties (e.g. water content, plasticity 

index 𝐶𝐶𝑃𝑃, limit Liquid 𝐿𝐿𝐿𝐿) and/or fluid pore pressure composition (e.g. pore pressure solution molarity), 

which, depending on soil type, might also affect viscosity and strain-rate effects (Lehane et al. 2009). 

Moreover, dynamic CPTu observations are affected measurements error (e.g., inclination of rod during 

driving process, sediment heterogeneity), not present in laboratory 𝑆𝑆𝑆𝑆𝐶𝐶  values. Given all those 

uncertainties it seems reasonable to address dynamic to static CPTu conversion within a probabilistic 

framework. 
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5.2 Probabilistic formulation of strain-rate correction 

5.2.1 Bayesian formulation for the strain-rate correction 

The proposed methodology aims to quantify strain-rate coefficient and its uncertainty at a specific location 

by integrating information from quasi-static CPTu previously acquired in a relatively large zone, but not in 

the vicinity of the dynamic test location. The evaluation of the SRC is made simultaneous with that of the 

transformed quasi-static profile, which is also expressed in a probabilistic manner. A Bayesian probabilistic 

framework is applied as it is ideally suited to incorporate pre-existing information on strain-rate coefficient 

and CPTu site-specific information.  

Let’s denote as ℎ(𝜣𝜣) a model applied to relate static and dynamic cone tip resistance, using any of the strain 

rate laws given by eq. (5.1-5.3). As an example, using the logarithmic strain-rate law: 

ℎ(𝜣𝜣) = �𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐 · (1 + 𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡 ∙ log � 𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟
𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

� �   

(5.5) 

𝜣𝜣 is a vector collecting the random variables present in the model.  The vector of unknown random variables 

𝜣𝜣  in this case is � (𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐),  𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡�.  

The model target, defined as 𝜉𝜉, represents the dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 observations (e.g., 𝜉𝜉 = 𝑞𝑞𝑡𝑡−𝑑𝑑𝑑𝑑𝑑𝑑𝑎𝑎𝑑𝑑𝑎𝑎𝑐𝑐). The 

model output might differ from the target due to uncertainties beyond those explicit in the definition of 

ℎ(𝜣𝜣).  The difference between model output and measurements 𝜉𝜉 is conceptualized as model error:  

𝜉𝜉 = ℎ(𝜣𝜣) +  𝜀𝜀  (5.6) 
 

In this study, model error is described by a normal random variable with zero mean and unknown standard 

deviation 𝜎𝜎𝜀𝜀, 𝜀𝜀    ̴ 𝑁𝑁(0,𝜎𝜎𝜀𝜀), meaning that ℎ(𝜣𝜣) has no bias and is able to accurately reproduce the actual 

response of the system 𝜉𝜉 within some precision 𝜎𝜎𝜀𝜀. 

For a given dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 record, a likelihood function for the model error of the strain-rate correction 

may be formulated as (Zhang et al.,  2009): 

𝐿𝐿(𝜴𝜴) = �𝜙𝜙
 𝑁𝑁 

𝒅𝒅=𝟏𝟏

�
𝜉𝜉𝑎𝑎 − ℎ(𝜣𝜣)

𝜎𝜎𝜀𝜀
� 

(5.7) 

 
with  𝜙𝜙 standard normal distribution,  𝑁𝑁  number of data composing the dynamic  𝐶𝐶𝐶𝐶𝐶𝐶𝑢𝑢 record and 𝜴𝜴 = 

vector of unknown random variables (i.e., 𝜴𝜴 = [𝜎𝜎𝜀𝜀 ,𝜣𝜣]). 
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Such likelihood would feature in a Bayesian updating expression for the unknown random variables, that 

would be written as:  

 
𝑓𝑓′′(𝜴𝜴|𝜉𝜉) = 𝑎𝑎 𝐿𝐿(𝜴𝜴) 𝑓𝑓′(𝜴𝜴)  (5.8) 

 
with 𝑎𝑎 normalizing constant and 𝑓𝑓′(𝜴𝜴) the 𝑅𝑅𝑆𝑆𝑎𝑎𝑐𝑐𝑆𝑆 𝑘𝑘𝑎𝑎𝑐𝑐𝑝𝑝𝑙𝑙𝑟𝑟𝑑𝑑𝐿𝐿𝑟𝑟 of unknown random variables. 

 

5.2.2 Modeling  quasi − static CPTu  
A key step in the proposed method is the construction of a synthetic model for the (unknown) paired quasi-

static CPTu profile. This model is formulated in the frequency domain using a discrete cosine transform 

approach. To see why this is necessary we can first consider some potential alternatives. 

For a normally consolidated homogeneous clay, the mean value of corrected cone tip resistance, 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐 , 

linearly increases with depth due to overburden stress.  A first possible approximation would then consist 

of modeling 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐  by a linear trend function and constant variance (i.e.,  𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐  = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 ±

𝜎𝜎𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐). In such a case the coefficients 𝑎𝑎, 𝑏𝑏 and variance 𝜎𝜎𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑐𝑐  would be the unknown random 

variables (in addition to SRC and 𝜎𝜎𝜀𝜀) . However, such model is poorly adapted to deal with any potential 

heterogeneity present at any site in the database.  It is also likely to aggravate the possibility -always present- 

of having multiple solutions as, for a dynamic CPTu profile, low values of the trend intercept a and high 

values of 𝑆𝑆𝑆𝑆𝐶𝐶 might be equally plausible as high a value and low SRC (Figure 5.6).  Another possibility 

would be to model the quasi-static tip resistance as a random field. However, a random field description 

would require evaluation of the spatial correlation structure which is difficult when the number of available 

quasi-static tests is limited and their relative spacings are poorly distributed. A frequency domain 

representation is robust with respect local heterogeneity in the database and easily scalable. 

 

Figure 5.6. Qualitative representation of dynamic to static conversion by assuming a linear trend of 𝒒𝒒𝒕𝒕−𝒔𝒔𝒕𝒕𝒅𝒅𝒕𝒕𝒅𝒅𝒅𝒅. 
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The CPTu record is then modeled by the sum of a model function (i.e., cosine) oscillating at different u 

frequencies. The use of a DCT  to represent and analyze CPTu records has also several precedents, for 

instance (Zhao & Wang 2018; Zhao, & Wang 2020) who use it to facilitate compressive sampling 

techniques (Candes et al., 2006).  In this work, only the concept of discrete cosine transform function is 

applied and the application of compressive sampling is not considered.  

Using a DCT any qt−static record on a depth interval z can be expressed as (Oppenheim & Schafer, 1999):  

qt−static = �2
N
� qt−static(u)
N

n=1

COS �
π

4N
(2n − 1)(2u − 1)� 

(5.9a) 

with: 

qt−static(u) = �2
N
� qt−static

N

n=1

COS �
π

4N
(2n − 1)(2u − 1)� 

   

(5.9b) 

u = frequency  u = 0, … , N − 1; 

N =total number of measurements that compose the qt−static profile.  

As an example, Figure 5.7b reports the amplitude coefficients in frequency domain, i.e., the qt−static(u) 

corresponding to qt−static(z) reported in  Figure 5.7a. 

 
(a) 
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(b) 

Figure 5.7a) 𝒒𝒒𝒕𝒕−𝒔𝒔𝒕𝒕𝒔𝒔𝒕𝒕𝒔𝒔𝒔𝒔(𝒛𝒛) profile. b) Corresponding  𝒒𝒒𝒕𝒕−𝒔𝒔𝒕𝒕𝒔𝒔𝒕𝒕𝒔𝒔𝒔𝒔(𝒖𝒖) amplitude by applying eq. (5.9b). 

Using the DCT, the vector of unknown random variables 𝜣𝜣 = � (𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠),  𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡� now contains the 𝑁𝑁 

transform coefficients.  Substituting eq. (5.9a) into eq. (5.5) leads to: 

ℎ(𝜣𝜣) = ��
2
𝑁𝑁
�𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢)
𝑁𝑁

𝑛𝑛=1

𝑆𝑆𝐶𝐶𝑆𝑆 �
𝜋𝜋

4𝑁𝑁
(2𝑛𝑛 − 1)(2𝑘𝑘 − 1)�  · (1 + 𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙−𝑞𝑞𝑡𝑡 ∙ log� 

𝑣𝑣𝑑𝑑𝑑𝑑𝑛𝑛 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟
𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛

� � 
(5.10) 

with 𝜣𝜣 = [𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢), 𝑆𝑆𝑆𝑆𝑆𝑆] 𝑁𝑁 + 1 unknown random variables.  

5.2.3 Sampling algorithm selection 
To evaluate the posterior density distribution 𝑓𝑓′′(𝜴𝜴|𝜉𝜉)   we use here the Transitional Markov-Chain 

Montecarlo algorithm, which was described in section 3.3.1.3.  

The stochastic model proposed for inversion has some characteristics that made this algorithm attractive. 

To begin with 𝚯𝚯  is relatively high-dimensional, as it does include all the 𝑁𝑁 coefficients in the DCT of the 

 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠 . As explained in section 3.3.1.2 in 𝑀𝑀𝑆𝑆𝑀𝑀𝑆𝑆 sampling algorithms such as M − H, selection of the 

proposal distribution and, particularly, of the covariance Matrix 𝛴𝛴𝛩𝛩  is a key element for equivalent samples 

convergence to the posterior distribution. Proper selection of 𝛴𝛴𝛩𝛩  is dependent on the understanding of 

𝑓𝑓′′(𝜴𝜴|𝜉𝜉) geometry, which for the case study might be hard to visualize a priori. 
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There is also the additional problem, derived from heterogeneity, of the possibility of multiple solutions, i.e., 

equally plausible combinations of generated static-CPTu profile and SRC coefficients (Figure 5.6). This means 

that the density distribution  𝑓𝑓′′(𝚯𝚯|𝜉𝜉) might have a multimodal geometry (i.e., different peaks of high probability 

density).  In the 𝑀𝑀 −𝐻𝐻 algorithm, a nonergodic Markov chain might be generated such that the equivalent 

samples cannot propagate to different peaks. The difficulties of the  M − H algorithm in this problem are 

illustrated in APPENIDX B. All these reasons made the TMCMC algorithm a good candidate for application in 

this problem.  

5.2.4 Prior knowledge computation 

5.2.4.1 Quasi-static profile  
The first step is to transform into frequency domain the available set of quasi-static test results. At different 

locations 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢)  estimates differ due to soil heterogeneity and/or additional variability due to 

instrumental errors and quality of measurements. If the number of quasi-static CPTu records available is 

 𝑀𝑀, 𝑀𝑀 values of 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢)  are obtained from which the prior knowledge is defined.  

The base hypothesis that we make is that of a relatively wide area of provenance of the M quasi-static 

results, in which substantial heterogeneity is likely. This leads to consider as appropriate a uniform prior 

distribution, in an interval bracketed, for each frequency component, by minimum and maximum   

𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢)  values. A more informative alternative can be employed, for instance using a normal 

distribution to represent coefficients at each frequency, representing more homogeneous ground conditions.  

This idea is explored below in section 5.3.4.2.2. 

5.2.4.2 Strain-Rate Coefficients 
It is quite hard to elaborate an effective proposal distribution for strain-rate coefficient since no distributions 

or statistics are available in literature. Only average, maximum and minimum values of 𝑆𝑆𝑆𝑆𝑆𝑆 have been 

reported in literature. Given that lack of information we model strain-rate coefficient using a uniform 

distribution, simply defined by maximum and minimum values of 𝑆𝑆𝑆𝑆𝑆𝑆 from literature (Table 5.1).  

5.2.4.3 Model uncertainty 𝜎𝜎𝜀𝜀 

Very scarce information about model uncertainty for the tip cell method is available in the literature. Steiner 

et al., (2014) reported local estimates of σε of about 40% of cone tip resistance at some depths. Actually, 

computing the mean value of standard error with the data reported by Steiner et al. (2014) it turns out to be 

of around 8-20%∙ µ𝑞𝑞𝑡𝑡, with µ𝑞𝑞𝑡𝑡 mean value of quasi-static cone tip resistance. Based on this a uniform 

distribution within the interval 0 − 25% ∙ µ𝑞𝑞𝑡𝑡 is adopted as prior for σε.  
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5.3 Application example: dynamic CPTu offshore Nice airport 

5.3.1 Previous studies in the area 
The case study concerns a landslide-prone area offshore Nice international airport (France). During the last 

decades, the area has been intensively studied due to a large submarine landslide that occurred in 1979, 

causing significant material damage and claiming several lives. From 2007 to 2012 several scientific cruises 

were performed in which dynamic and static 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 tests were acquired and core samples were also retrieved 

(Figure 5.8a, b). 

Sultan et al. (2004) analyzed eight cores located about 500 and 900 m offshore Nice airport (Figure 5.8a), 

located at the shelf break and on the continental margin. Dan et al., (2007) studied the pre-conditioning 

factors and triggering mechanisms that led to the 1979 landslide failure. Sultan et al., (2010) presented a 

3D probabilistic slope stability analysis based on geotechnical information acquired form nine-28 meter 

long quasi-static 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 sounding record (see Figure 5.8a for the location). Figure 5.9 reproduces the first 

5 𝑚𝑚 of those nine 𝑞𝑞𝑡𝑡  profiles. An electric cone of 10 𝑐𝑐𝑚𝑚2  was employed. Details about the IFREMER 

𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 piezocone are available in Dan et al. (2007).   

Steiner et al. (2015) report another campaign in the area in which 37 short dynamic-𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 up to 5.4 m 

penetration depth were acquired (Kopf et al. 2008, 2009, 2012, and N. Sultan, unpublished data, 2012, 

Figure 5.8b).  

The dynamic CPTu and paired quasi-static CPTu analyzed in this study are reported in Table 5.2. Their 

location is reported in Figure 5.8a.  

 
 

(a) (b) 

4
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Figure 5.8. Location of retrieved core samples and quasi-static CPTu as reported by Sultan et al., (2004) and 
dynamic CPTu considered for strain-rate correction. b) dynamic CPTu performed within the area according to 
Steiner et al., (2015). 

 

Figure 5.9. First 5 m of quasi-static CPTu profiles offshore Nice airport from Sultan et al (2004). 

Table 5.2. Campaigns offshore Nice airport: paired dynamic and quasi-static CPTu analyzed. 
𝐷𝐷𝐷𝐷𝑛𝑛𝐷𝐷𝑚𝑚𝐷𝐷𝑐𝑐 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 𝐼𝐼𝐷𝐷 𝑄𝑄𝑢𝑢𝐷𝐷𝑄𝑄𝐷𝐷 − 𝑄𝑄𝑠𝑠𝐷𝐷𝑠𝑠𝐷𝐷𝑐𝑐 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 𝐼𝐼𝐷𝐷 

𝑆𝑆𝑆𝑆 25𝐷𝐷, 𝑏𝑏, 𝑐𝑐 CPTu12s1 

𝑆𝑆𝑆𝑆 23 CPTu11s6 

 

5.3.1.1 Lithology and grain size distribution  

Sultan et al., (2010) report very similar lithology all along the Nice margin. This can be generally described 

as formed by detrital silty carbonates with some silty to fine sand quartz, few calcareous nannoplankton, 

occasional plant debris and very rare foraminifera (Sultan et al., 2010). A lithological description of three 

cores (Figure 5.10b) is presented in Figure 5.8. It is clear that the lithology is dominated by fine grained 

sediments, with a very significant presence of clay. Laboratory analyses - Steiner et al., (2015)- suggest a 

clay content between 20 and 30% for the clayey silt to silty clay (i.e., core 919-c Figure 5.8).  Liquid limit  

𝜔𝜔𝐿𝐿 are up to 40% and plasticity index 𝐼𝐼𝐶𝐶 between 10 and 25%. The samples classify as a low to medium 

plasticity clay and low plasticity silt using the Casagrande soil classification chart. 
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Figure 5.10. Example of visual core description for three different gravity cores (Figure 5.10b). a) Core 919-gc 
collected at the shelf break off the Nice international airport (southeastern France) according to Steiner et al., (2015). 
b) gravity core lithology of GoeB13946. c) gravity core lithology of GoeB13926. 

5.3.2 Shallow-water dynamic CPT  
Results from the dynamic CPTu 𝑆𝑆𝑆𝑆25𝐷𝐷, 𝑏𝑏, 𝑐𝑐 and 𝑆𝑆𝑆𝑆23 are presented in (Figure 5.11). At the location 

SW25  three different dynamic CPTu were conducted, with different impact velocity and depth of 

penetration. Tests SW25a and SW23 are characterized by relatively high impact velocities of about 9 𝑚𝑚/𝑄𝑄 

and penetration depths up to 4-5 m (Figure 5.11b, h). On the other hand, SW25b  and SW25c  are 

characterized by lower impact velocities (maximum of 1.2 𝑚𝑚/𝑄𝑄 and 1.8 𝑚𝑚/𝑄𝑄, respectively) and penetration 

depth of about 2𝑚𝑚 (Figure 5.11d, f). 

The MARUM 𝐹𝐹𝐹𝐹 − 𝑆𝑆𝑆𝑆  𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 , shallow-water dynamic penetrometer was employed with a cone base 

section of 15 cm2. Details regarding all mechanical and electronic components of the cone are presented in 

Steiner et al., (2014). For conversion of dynamic-CPTU tests in sediments with a clay content up to 30% 

Steiner et al., (2013) suggest to employ the inverse sin-hyperbolic law. This was applied by Steiner et al., 

(2015) with 𝑆𝑆𝑆𝑆𝑆𝑆 values of between 0.1-0.15 on dynamic CPTu tests reported in Figure 5.8b. Using these 
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𝑆𝑆𝑆𝑆𝑆𝑆𝑄𝑄 , good agreement between undrained shear strength estimated from converted dynamic cone tip 

resistance) and laboratory measurements was found, using a cone factor Nkt of 20. This is a relatively large 

value for Nkt which may be related to sample damage (Lunne et al. 1997). 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

  
(g) (h) 

Figure 5.11. a) corrected cone tip resistance 𝐪𝐪𝐪𝐪 profile for SW_25a test. b) penetration velocity profile during SW_25a 
test. b) corrected cone tip resistance 𝐪𝐪𝐪𝐪 profile for SW_25b test. c) penetration velocity profile during SW_25b test d) 
corrected cone tip resistance 𝐪𝐪𝐪𝐪 profile for SW_25c test. e) penetration velocity profile during SW_25c test g) 
corrected cone tip resistance 𝐪𝐪𝐪𝐪 profile for SW_23 test. h) penetration velocity profile during SW_23 test. 

5.3.2.1 SRC estimates through paired test back-analysis 

The dynamic CPTu reported in Table 5.2 are newly back-analyzed here by applying the 𝐾𝐾 − 𝑆𝑆 procedure 

with their paired quasi-static tests. The 𝑆𝑆𝑆𝑆𝑆𝑆 estimates thus obtained will be referred to as back-analyzed 

values. Results in terms of 𝑆𝑆𝑆𝑆𝑆𝑆   and 𝜎𝜎𝜀𝜀  are reported in Table 5.3. The value of 𝜎𝜎𝜀𝜀  corresponds to the 

standard error between the converted dynamic profile and the paired quasi-static 𝑞𝑞𝑡𝑡 profile.  
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Whatever the strain-rate law applied, higher 𝑆𝑆𝑆𝑆𝑆𝑆 values characterized 𝑆𝑆𝑆𝑆25𝐷𝐷, 𝑐𝑐 than 𝑆𝑆𝑆𝑆25𝑏𝑏 and 𝑆𝑆𝑆𝑆 23, 

although the difference was more marked for the logarithmic law. The values obtained remained within the 

general ranges from literature (Table 5.1), except for the power law when applied to SW25c. The 

differences between SW25b and SW25c are particularly noteworthy, as they correspond to closely located 

tests with similar impact dynamics, yet the back-analyzed SRC are not close. For the inverse hyperbolic 

sine law, the values obtained are close to the range 0.1-0.15 -applied by Stainer et al., (2015). The standard 

error 𝜎𝜎𝜀𝜀 form the back-analysis was very insensitive to the choice of strain-rate law, and it remained higher 

for SW25a than for the other tests.  

Table 5.3. Back-analyzed 𝑺𝑺𝑺𝑺𝑺𝑺  and 𝝈𝝈𝜺𝜺 values. 
ID paired  

quasi-static 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 

ID  

dynamic 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 

Unknown 

variables 
𝐿𝐿𝐿𝐿𝐿𝐿 𝑙𝑙𝐷𝐷𝑙𝑙 𝐶𝐶𝐿𝐿𝑙𝑙𝑃𝑃𝑃𝑃 𝐿𝐿𝐷𝐷𝑙𝑙 𝐼𝐼𝑛𝑛𝑣𝑣 − ℎ𝐷𝐷𝑦𝑦 𝑄𝑄𝐷𝐷𝑛𝑛 𝑙𝑙𝐷𝐷𝑙𝑙 

 

 

CPTu12s1 

SW25a 
µ 𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑠𝑠 0.23 0.08 0.085 

𝜎𝜎𝜀𝜀 [kPa] 47 46 46 

SW25b 
µ 𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑠𝑠 0.14 0.065 0.061 

𝜎𝜎𝜀𝜀 [kPa] 20 20 21 

SW25c 
𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.2 0.084 0.069 

𝜎𝜎𝜀𝜀 [kPa] 26 28 26 

CPTu11s6 
SW23 

µ 𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑠𝑠 0.145 0.064 0.062 

𝜎𝜎𝜀𝜀 [kPa] 30 30 30 

 

5.3.3 Prior knowledge at Nice harbor  
In each case analyzed prior knowledge for the 𝑁𝑁 frequency components of  𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢) is obtained from the 

existing quasi-static information in the area, but leaving out the paired test so as to validate the method. Therefore 

eight out of nine CPTu provided by Sultan et al. (2010) are used in each case, excluding, depending on the 

dynamic CPTu analyzed, the paired quasi-static one (12s1, 11s6 for 𝑆𝑆𝑆𝑆25 and 𝑆𝑆𝑆𝑆23 respectively). All the 

quasi-static CPTu thus selected for the prior are transformed from the spatial (𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑧𝑧))  to the frequency 

(𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢)) domain (Figure 5.12). A uniform (i.e., flat) knowledge is initially applied by taking minimum and 

maximum value of the selected subset of  𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢) at each frequency.  

A flat prior knowledge of SRC is also considered, as previously introduced in section 5.2.4. Minimum and 

maximum values are selected according to the strain-rate law considered as reported in Table 5.1. Only few 

results about the uncertainty of applying tip cell method for different strain-rate laws are available in literature. 

Therefore, a uniform distribution within the domain 0 − 25% · µqt is taken, with µqt mean value of all the eight 

quasi-static 𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 sounding records. A summary of employed prior knowledge is reported in Table 5.4.  
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Figure 5.12.Amplitude of DCT coefficients for all the  𝐪𝐪𝐪𝐪−𝐬𝐬𝐪𝐪𝐬𝐬𝐪𝐪𝐬𝐬𝐬𝐬(𝐮𝐮) data in Figure 5.9. 

Table 5.4. Prior knowledge of unknown random variables. 
 Unknown 

random variable 

𝑚𝑚𝐷𝐷𝑛𝑛𝐷𝐷𝑚𝑚𝑢𝑢𝑚𝑚 µ 𝑚𝑚𝐷𝐷𝑚𝑚𝐷𝐷𝑚𝑚𝑢𝑢𝑚𝑚 µ Density 

Distribution  

𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝑢𝑢) − − 𝑢𝑢𝑛𝑛𝐷𝐷𝑓𝑓𝐿𝐿𝑃𝑃𝑚𝑚  

 

𝑆𝑆𝑆𝑆𝑆𝑆  

𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙 0.1 0.25 𝑢𝑢𝑛𝑛𝐷𝐷𝑓𝑓𝐿𝐿𝑃𝑃𝑚𝑚  

𝑆𝑆𝑆𝑆𝑆𝑆𝑟𝑟𝑒𝑒𝑒𝑒 0.03 0.09 𝑢𝑢𝑛𝑛𝐷𝐷𝑓𝑓𝐿𝐿𝑃𝑃𝑚𝑚 

𝑆𝑆𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛ℎ 0.043 0.1 𝑢𝑢𝑛𝑛𝐷𝐷𝑓𝑓𝐿𝐿𝑃𝑃𝑚𝑚 

Model uncertainty 𝜎𝜎𝜀𝜀 0.1 25%  µqt 𝑢𝑢𝑛𝑛𝐷𝐷𝑓𝑓𝐿𝐿𝑃𝑃𝑚𝑚 
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5.3.4 Posterior estimates  
5.3.4.1 Base case 

In what follows we report equivalent samples of 𝑆𝑆𝑆𝑆𝑆𝑆  and 𝜎𝜎𝜀𝜀 by employing the logarithmic strain-rate law. 

The back-analyzed value of 𝑆𝑆𝑆𝑆𝑆𝑆  and 𝜎𝜎𝜀𝜀 is indicated as a red cross point. The convergence of 𝐶𝐶𝑀𝑀𝑆𝑆𝑀𝑀𝑆𝑆 is 

checked by visually inspecting the equivalent samples scatter plot of each unknown random variables and 

equivalent samples acceptance rate.  

For CPTu 𝑆𝑆𝑆𝑆25, Figure 5.13a, reports the evolution of 𝑦𝑦𝑗𝑗 coefficients indicative of a smooth transition 

from prior to posterior distribution (eq. 11). Figure 5.13b reports the equivalent samples generated at the 

first stage, where  𝑦𝑦𝑗𝑗 = 0, and samples are generated from the specified prior uniform distributions of 𝑆𝑆𝑆𝑆𝑆𝑆 

and 𝜎𝜎𝜀𝜀. Figure 5.13c presents the equivalent samples for 𝑦𝑦𝑗𝑗 = 1, where the algorithm should converge to 

the most plausible solution. It can be observed that the equivalent samples scatterplot at that final stage 

gathers around the reference back-analyzed value. Finally, Figure 5.13d reports the quasi-static cone tip 

profile acquired at the same location along with the dynamic one and the generated cone tip resistance 

profile at the last stage of 𝐶𝐶𝑀𝑀𝑆𝑆𝑀𝑀𝑆𝑆. The generated TMCMC profile is computed by applying the inverse 

discrete cosine function (eq. 5a) to the mean posterior estimates of the 𝑁𝑁 frequency components of the DCT 

of 𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠 (𝑢𝑢).  The profile thus obtained appears consistent with the measured paired quasi-static one, 

which was not used in the algorithm, thus lending credibility to the estimates of both 𝑆𝑆𝑆𝑆𝑆𝑆 and 𝜎𝜎𝜀𝜀.  

The results at the final stage obtained for 𝑆𝑆𝑆𝑆25𝑏𝑏, 𝑆𝑆𝑆𝑆25𝑐𝑐 and 𝑆𝑆𝑆𝑆23 as reported in Figure 5.14, Figure 

5.15 and Figure 5.16, respectively. It can be observed that the K-S back-analyzed results lie within the 

scatterplot of equivalent samples, although the standard error for the back analysis tends to lie close to the 

lower limit of the TMCMC estimates. Visual comparison of the generated CPTu profile from 𝐶𝐶𝑀𝑀𝑆𝑆𝑀𝑀𝑆𝑆, 

with the target paired CPTu record (Figure 5.14b, Figure 5.15b, Figure 5.16b) suggest a better match at 

lower frequencies than at higher ones. Similar plots for the other strain-rate laws are presented in 

APPENDIX A. 

The results obtained allow a probabilistic description of the dynamic to static CPTu transformation. The 

posterior mean of 𝑆𝑆𝑆𝑆𝑆𝑆  (i.e.,µ𝑆𝑆𝑆𝑆𝑆𝑆) and 𝜎𝜎𝜀𝜀  (i.e.,µ𝜎𝜎𝜀𝜀), computed as the mean of the generated equivalent 

samples (i.e., 𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑙𝑙𝑟𝑟𝑠𝑠 = 10000 in this study), are an unbiased estimate for the expected value of those 

parameters, conditioned on the data  𝐸𝐸(µ𝑆𝑆𝑆𝑆𝑆𝑆 ,𝜎𝜎𝜀𝜀|𝐷𝐷𝐷𝐷𝑠𝑠𝐷𝐷), (Ching and Wang 2016).  Posterior statistics (mean 

and standard error) for logarithmic strain-rate law and the other transformation laws are reported in Table 

5.5. In most cases the expected value of the posterior estimates of SRC is within 10% of the back-analyzed 

SRC, with particular good performance for the logarithmic law. On the other hand, the standard error is 

slightly increased from that of the back-analysis, and is particularly so for the logarithmic law. 
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Posterior estimates of strain-rate coefficient and 𝜎𝜎𝜀𝜀  may be employed to obtain credible intervals (e.g., 

µ𝑆𝑆𝑆𝑆𝑆𝑆 ± 2𝜎𝜎𝑆𝑆𝑆𝑆𝑆𝑆) when dynamic CPTu are transformed into quasi-static ones. This is illustrated in Figure 

5.17a, b, c, d reporting the converted cone tip resistance profiles obtained by applying the logarithm strain-

rate correction. The average converted cone tip resistance profile (blue thick line) is computed with the 

expected value of the 𝑆𝑆𝑆𝑆𝑆𝑆  from the generated equivalent samples.  For reference, we also present a 

converted profile obtained using the average 𝑆𝑆𝑆𝑆𝑆𝑆 value from literature (thick red line, see Table 5.1).  

Bayesian 95% credible region (i.e., blue band) is also reported, obtained as the range of converted 𝑞𝑞𝑡𝑡 

profiles resulting from the application of µ𝑆𝑆𝑆𝑆𝑆𝑆  ± 1.96 updated standard error of 𝑆𝑆𝑆𝑆𝑆𝑆. The red region refers 

to converted profiles by applying minimum and maximum values of 𝑆𝑆𝑆𝑆𝑆𝑆 from literature, which usually 

express uncertainty in that conversion procedure. Finally, the thick yellow line represents the back-

calculated profile according to eq. (5.4). Similar plots for the other strain-rate laws are presented in 

APPENDIX A. As previously observed from equivalent scatter plot, the back-calculated profile lies within 

95% Bayesian credible region.  

𝑆𝑆𝑆𝑆 25𝑎𝑎 

  
(a) (b) 
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(c) (d) 

Figure 5.13.a) 𝒑𝒑𝒋𝒋 coefficient values at different j-th stage. b) Equivalent samples generated at stage 𝒑𝒑𝒋𝒋  =0. c) 
Equivalent samples generated at stage 𝒑𝒑𝒋𝒋 =1. d) 𝒒𝒒𝒕𝒕 profile generated from TMCMC.  

  

𝑆𝑆𝑆𝑆 25𝑏𝑏 

  
(a) (b) 

Figure 5.14. a) Equivalent samples generated at stage 𝒑𝒑𝒋𝒋 =1 for SW25b sounding record. b) 𝒒𝒒𝒕𝒕 profile generated 
from TMCMC.   

𝑆𝑆𝑆𝑆 25𝑐𝑐 

  
(a) (b) 

Figure 5.15. a) Equivalent samples generated at stage 𝒑𝒑𝒋𝒋 =1 for SW25c sounding record. b) 𝐪𝐪𝐭𝐭 profile generated 
from TMCMC 
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𝑆𝑆𝑆𝑆 23 

 
 

(a) (b) 

Figure 5.16. a) Equivalent samples generated at stage 𝒑𝒑𝒋𝒋 =1 for SW23 sounding record. b) 𝐪𝐪𝐭𝐭 profile generated from 
TMCMC 

𝑆𝑆𝑆𝑆25𝑎𝑎 𝑆𝑆𝑆𝑆25𝑏𝑏 

  
(a) (b) 

𝑆𝑆𝑆𝑆25𝑐𝑐 𝑆𝑆𝑆𝑆23 
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(c) (d) 

Figure 5.17. Converted dynamic cone tip resistance for logarithmic strain-rate law a) SW_25a. b) 𝐒𝐒𝐒𝐒_𝟐𝟐𝟐𝟐𝟐𝟐 . c) 
𝐒𝐒𝐒𝐒_𝟐𝟐𝟐𝟐𝟐𝟐 d) SW23. 

Table 5.5. Posterior knowledge of strain-rate coefficients and model error 𝛔𝛔𝛆𝛆. 
𝐼𝐼𝐼𝐼  

𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 

 𝒍𝒍𝒍𝒍𝒍𝒍 − 𝒍𝒍𝒍𝒍𝒍𝒍 𝒑𝒑𝒍𝒍𝒍𝒍𝒑𝒑𝒑𝒑 − 𝒍𝒍𝒍𝒍𝒍𝒍 𝒊𝒊𝒊𝒊𝒊𝒊.𝑺𝑺𝒊𝒊𝒊𝒊 − 𝒉𝒉𝒉𝒉𝒑𝒑.−𝒍𝒍𝒍𝒍𝒍𝒍 

Unknown 

variables 

𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

𝜎𝜎 

𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 

 µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃.  

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

 𝜎𝜎 

𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 

 µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

 µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

 𝜎𝜎 

SW 

25a 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.23 0.227 0.01 0.08 0.087 0.003 0.085 0.09 0.0054 

𝜎𝜎𝜀𝜀 47 46 1.15 46 46.7 1.46 46 46.65 0.87 

SW 

25b 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.14 0.145 0.03 0.065 0.054 0.006 0.061 0.06 0.004 

𝜎𝜎𝜀𝜀 20 22.57 0.3 20 27.3 3.8 21 23.6 1.5 

SW 

25c 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.2 0.22 0.034 0.084 0.071 0.008 0.069 0.075 0.011 

𝜎𝜎𝜀𝜀 26 32 3.95 28 27.9 4.85 26 24.24 1.4 

SW 

23 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.145 0.136 0.02 0.064 0.061 0.0045 0.062 0.07 0.006 

𝜎𝜎𝜀𝜀 30 43 2.98 30 28 0.8 30 35 2.33 
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5.3.4.2 Alternative prior scenarios 

5.3.4.2.1 Effect of wider uninformative prior knowledge 
The database of quasi-static local (but not paired) CPTu has been used to establish the interval of prior knowledge 

for the quasi-static target profile. In the example that database included 8 tests and was relatively well populated. 

In some cases, there might be less static CPTu or the area might be more lithologically diverse than the one 

studied here. It is likely that in those cases the prior knowledge on the quasi-static profile will be very 

uninformative.  

To simulate this scenario, we have repeated the analysis for CPTu 𝑆𝑆𝑆𝑆25𝑎𝑎 but now multiplying by a factor of 3 

the interval width defining uniform knowledge. The results are illustrated in Figure 5.18a, b. 

 The obtained qt profile appears very rough and does not really approximate much the actual paired quasi-static 

profile. The equivalent sample scatter plot for this simulation is reported Figure 5.18a, b. The scatterplot does 

not overlap the result from back-analysis. The poor performance of the algorithm is also evident in the high 

values of 𝜎𝜎𝜀𝜀 and the low values of 𝑆𝑆𝑆𝑆𝑆𝑆, which are unusual for the local clay and silty clay lithology (Figure 

5.9b). 

The process is then repeated for the remaining dynamic CPTu records (SW25b, SW5C, SW23). Posterior 

estimates of SRC and strain-rate model error 𝜎𝜎𝜀𝜀 are reported in Table 5.6. The considerations made for SW25 

hold. For each dynamic record, high values of σε and the low values of SRC are obtained, which diverge from 

results obtained by employing the uninformative prior knowledge of Table 5.4.  

 
(a) 
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(b) 

Figure 5.18. a) Generated qt profile for SW25 sounding record for logarithmic strain-rate law. b) Equivalent sample 
scatter plot by applying a total uninformative knowledge. 

Table 5.6. Posterior knowledge of strain-rate coefficients and model error σε by applying a wider uninformative 
prior knowledge.  

𝒍𝒍𝒍𝒍𝒍𝒍 − 𝒍𝒍𝒍𝒍𝒍𝒍 

 

𝐼𝐼𝐼𝐼  

𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 

 

Unknown 

variables 

𝟐𝟐𝐛𝐛𝟐𝟐𝐛𝐛 

𝐛𝐛𝐚𝐚𝐛𝐛𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚 

Uninformative Wider  

Uninformative 

Informative 

 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

𝜎𝜎 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

𝜎𝜎 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

𝜎𝜎 

SW 

25a 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.23 0.227 0.01 0.05 0.0017 0.24 0.009 

𝜎𝜎𝜀𝜀 47 46 1.15 96 1.06 44.3 2.48 

SW 

25b 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.14 0.145 0.03 0.066 0.012 0.137 0.02 

𝜎𝜎𝜀𝜀 20 22.57 0.3 64.3 1.41 31.3 3.3 

SW 

25c 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.2 0.22 0.034 0.061 0.008 0.19 0.028 

𝜎𝜎𝜀𝜀 26 32 3.95 63 1.74 33.52 3.65 

SW 

23 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑡𝑡 0.145 0.136 0.02 0.06 0.03 0.135 0.015 

𝜎𝜎𝜀𝜀 30 43 2.98 97.3 1.41 34 4.8 

 

5.3.4.2.2 Effect of an informative prior knowledge 
For study areas characterized by relative uniform geotechnical and geological conditions it might be more 

appropriate to assume informative prior, giving more credence to available knowledge. This can be 
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implemented by using a normal distribution for the quasi-static prior. In the case of Nice this is feasible as 

we have eight quasi-static CPTu records from which, after using the DCT on each one, mean and standard 

deviation may be derived for every cosine component (Figure 5.19a).  

The informative knowledge thus generated is applied here to reevaluate  𝑆𝑆𝑆𝑆25𝑎𝑎 and 𝑆𝑆𝑆𝑆23. Results in 

terms of computed quasi-static profile and equivalent sample scatter plot are reported in Figure 5.19b, c 

and Figure 5.20b, c for 𝑆𝑆𝑆𝑆25a and 𝑆𝑆𝑆𝑆23, respectively. For both records, the predicted quasi-static   

accuracy is increased with respect to the one obtained previously with uniform distribution (Figure 5.13c). 

The scatterplot also shows improvement, with smaller standard errors and centered back-analyzed result. 

This does not come as surprise since a normal distribution increases the chance of drawing random samples 

close to the mean value of 𝑞𝑞𝑡𝑡  profile, generating a more correlated cone tip resistance profile than the 

uniform distribution. Posterior estimates of SRC and strain-rate model error 𝜎𝜎𝜀𝜀  for each dynamic CPTu 

record are reported in Table 5.6. 

W25a 

 

 

 

(a) (b) 
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(c) 

Figure 5.19. a) Mean and standard error of 𝒒𝒒𝒕𝒕−𝒔𝒔𝒕𝒕𝒍𝒍𝒕𝒕𝒊𝒊𝒔𝒔(𝒖𝒖) employed as prior knowledge. b) Generated qt profile from 
TMCMC. c)Equivalent samples scatter plot by employing the informative knowledge reported in Figure 17a. 

 
(a) 
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(b) 

Figure 5.20. a) Generated qt profile from TMCMC. b) Equivalent samples scatter plot by employing the informative 

knowledge reported in Table 5.6. 

5.3.4.3 Informative prior knowledge vs averaging procedure 
As explained above the usual procedure for dynamic CPTu SRC calibration requires paired tests. We have 

presented an alternative, within a Bayesian framework, that makes use of different (i.e. not-paired) tests for 

prediction of SRC and transformation of a dynamic test. 

However, when previous quasi-static CPTu are available at the same site, an averaging procedure could be 

applied to obtain a “representative” quasi static CPTu profile. In this context, it might be interesting 

compare results between the Bayesian approach with informative prior knowledge (Figure 5.19 and Figure 

5.20), and standard back-calculation by considering the cumulative density function of averaged quasi-

static cone tip resistance. The 𝑆𝑆2 coefficient from the Kolmogorov–Smirnov test now reads: 

𝑆𝑆2 = 1 − max |𝐹𝐹1(𝑞𝑞𝐶𝐶𝑎𝑎𝑃𝑃𝑞𝑞 − 𝑃𝑃𝑃𝑃𝑎𝑎𝑃𝑃𝑞𝑞𝑐𝑐)𝐴𝐴𝐴𝐴 − 𝐹𝐹2(𝑐𝑐𝑃𝑃𝑎𝑎𝑐𝑐𝑎𝑎𝑐𝑐𝑃𝑃𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑞𝑞𝑐𝑐)| 
 

(5.11) 

with (𝑞𝑞𝐶𝐶𝑎𝑎𝑃𝑃𝑞𝑞 − 𝑃𝑃𝑃𝑃𝑎𝑎𝑃𝑃𝑞𝑞𝑐𝑐)𝐴𝐴𝐴𝐴 vector that contain the eight quasi-static 𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 sounding records.  

Results in terms of 𝑆𝑆𝑆𝑆𝑆𝑆 for the Bayesian approach with informative knowledge and Kolmogorov–Smirnov 

averaging procedure are reported in Table 5.7 for 𝑆𝑆𝑆𝑆 25 and 𝑆𝑆𝑆𝑆23 profiles. In the averaging approach, 

𝑆𝑆𝑆𝑆𝑆𝑆 is underestimated with respect to the posterior mean from Bayesian analysis. To understand this result, 

note that the Kolmogorov–Smirnov test is here operating on the cumulative distribution of the average cone 
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tip resistance. Heterogeneity in the study area will translate into larger standard error of average cone tip 

resistance and a flatter CDF. A flatter 𝐶𝐶𝐶𝐶𝐶𝐶 would result in a lower 𝑆𝑆𝑆𝑆𝐶𝐶 coefficient.   

Table 5.7. Posterior knowledge of strain-rate coefficients and model error 𝝈𝝈𝜺𝜺. 
𝐼𝐼𝐶𝐶  

 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 

Strain-rate  

coefficient 

Kolmogorov–

Smirnov test 

𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩  

 𝑩𝑩𝑩𝑩𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝑩𝑩𝒊𝒊𝑩𝑩𝒊𝒊𝑩𝑩 𝒑𝒑𝒊𝒊𝑩𝑩𝒊𝒊𝒊𝒊 

Averaging Kolmogorov–

Smirnov test 

 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 − 𝐵𝐵𝑎𝑎𝐵𝐵𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

µ 

𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃. 

𝜎𝜎 

 

µ 

SW 25a 𝑆𝑆𝑆𝑆𝐶𝐶𝑞𝑞𝑡𝑡 0.23 0.24 0.009 0.19 

SW 23 𝑆𝑆𝑆𝑆𝐶𝐶𝑞𝑞𝑡𝑡 0.145 0.135 0.015 0.1 

 

5.4 Summary and Conclusion 
The proposed Bayesian formulation allows to compute strain-rate coefficients for corrected cone tip 

resistance from quasi-static CPTu sounding records previously acquired within the study area. The 

procedure aims to provide a robust probabilistic framework to derive first estimates of strain-rate 

coefficients at different locations in absence of adjacent or paired quasi-static CPTu. 

Starting from the conceptual strain-rate model of Steiner et al., (2015), the proposed procedure readapts the 

work of Ching & Chen 2007, a transitional MCMC methodology, to gradually approximate the target joint 

posterior distribution. The cone tip resistance profile is modeled by a Discrete Cosine Transform to better 

capture 𝑞𝑞𝑡𝑡 inherent variability at a heterogenous site. 

The methodology has been tested at Nice harbor site, which during the last decades was subject to several 

investigations because of precedent severe landslides. Different prior knowledges have been investigated. 

An initial uniform (i.e., flat) distribution is considered bracketed by the database results. The results 

obtained recover the SRC and standard error back-analyzed using locally paired CPTu, although the 

expected value of the standard error is somewhat increased.   

The computed quasi-static profiles are characterized by narrower uncertainty regions to those resulting from 

applying 𝑆𝑆𝑆𝑆𝐶𝐶 minimum and maximum value from literature. This allows a more precise soil profiling and 

geotechnical parameter prediction form transformed dynamic CPTu, 

As in all Bayesian methods the role of the prior is very important. If the prior knowledge is very 

uninformative (wide variation of frequential component amplitudes), inconsistent results in terms of 𝑆𝑆𝑆𝑆𝐶𝐶, 

strain-rate model standard error and synthetic 𝑞𝑞𝑡𝑡 profile are likely.  This, however, is a situation that would 

correspond to very heterogenous sites, a feature that should be evident in the data and might be addressed 

by some zoning. 
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On the other hand, by applying a more informative knowledge (i.e., normal distribution) an improvement 

of accuracy prediction can be observed due to the generation of a more correlated synthetic 𝑞𝑞𝑡𝑡 profile. Such 

prior knowledge seems more appropriate for study areas characterized by homogenous lithological features. 

Although the method has been illustrated using conversion of cone tip resistance the procedure could be 

easily adapted to transform sleeve friction and/or pore pressure measurements from dynamic CPTu, using 

the relevant strain rate laws. Adaptation to other inversion procedures is also straightforward, although it 

would require selection of appropriate random variables different from SRC. 

Notation 
 

𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠 = corrected cone tip resistance acquired during quasi-static 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 test; 

𝑞𝑞𝑡𝑡−𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠(𝐶𝐶) = transformed corrected cone tip resistance within frequency domain; 

𝑆𝑆𝑆𝑆𝐶𝐶𝑙𝑙𝑙𝑙𝑙𝑙/𝑒𝑒𝑒𝑒𝑒𝑒/𝑠𝑠𝑠𝑠𝑠𝑠𝑎𝑎ℎ =strain-rate coefficient for logarithmic, exponential and inverse-sine hyperbolic strain-rate 
laws. 

𝑞𝑞𝑡𝑡−𝑑𝑑𝑑𝑑𝑎𝑎 = corrected cone tip resistance acquired during dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 test; 

𝑣𝑣𝑑𝑑𝑑𝑑𝑎𝑎 = penetration velocity during dynamic 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 test 

𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎 = diameter of dynamic cone probe; 

𝑣𝑣𝑟𝑟𝑒𝑒𝑟𝑟 = constant reference velocity (2𝐵𝐵𝑐𝑐/𝑃𝑃); 

𝑎𝑎𝑟𝑟𝑒𝑒𝑟𝑟 = diameter of quasi-static cone probe; 

ℎ(𝜣𝜣) = strain-rate model; 

𝜣𝜣 = vector of unknown random variables according to strain-rate model  ℎ; 

𝜉𝜉 = actual model response; 

𝜀𝜀 = strain-rate model error   ̴ 𝑁𝑁(µ𝜀𝜀 ,𝜎𝜎𝜀𝜀); 

µ𝜀𝜀 = mean value of model error; 

𝜎𝜎𝜀𝜀 = standard error of strain-rate model; 

𝑁𝑁 = number of data within 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 sounding record; 

𝑀𝑀 = number of CPTu soundings previously acquired; 
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5.5 APPENDIX A 
Power strain-rate law:  

𝑆𝑆𝑆𝑆 25𝐵𝐵 

  

(a) (b) 

 

 

(c)  

Figure A. 5.5.1.a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 
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𝑆𝑆𝑆𝑆 25𝑏𝑏 

  
(a) (b) 

 

 

(c)  

Figure A. 5.5.2. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

 

 

 

 

 

exp
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𝑆𝑆𝑆𝑆 25𝐵𝐵 

 
 

(a) (b) 

 

 

(c)  

Figure A. 5.5.3. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

 

 

 

 

exp
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𝑆𝑆𝑆𝑆 23 

  
(a) (b) 

 

 

(c)  

Figure A. 5.5.4. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

 

 

 

 

exp
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Inverse-sine hyperbolic strain-rate law 

𝑆𝑆𝑆𝑆 25𝐵𝐵 

  

(a) (b) 

 

 

(c)  

Figure A. 5.5.5. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

 

asin
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𝑆𝑆𝑆𝑆 25𝑏𝑏 

  
(a) (b) 

 

 

(c)  

Figure A. 5.5.6. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

 

 

 

asin
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𝑆𝑆𝑆𝑆 25𝑐𝑐 

  

(a) (b) 

 

 

(c)  

Figure A. 5.5.7. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 
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𝑆𝑆𝑆𝑆 23 

 
 

(a) (b) 

 

 

(c)  

Figure A. 5.5.8. a) Generated qt profile from TMCMC. b) Equivalent sample scatter plot. c). Comparison among 
converted qt profile from TMCMC, back calculated and by applying average SRC value. 

asin
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5.6 APPENDIX B: Application of M-H algorithm 
In this Appendix we describe the application of the M − H algorithm described in section 3.3.1.1 (see also 

Zhang et al., 2010) to the strain-rate correction problem. A key element for M − H efficiency is the correct 

quantification of proposal distribution of unknown random variables of interest.  

Ching et al., (2016) and Ching et al., (2007) highlighted that if the proposal density function is too wide, 

the candidate might have a large chance to be rejected because it might fall in a low probability density 

region of the target posterior density function. A different problem, more likely here, is that the sample 

candidate might have a large chance to be accepted due to high dimensionality of the target posterior 

distribution 𝑓𝑓′′(𝜴𝜴|𝜉𝜉) and because 𝑓𝑓′′(𝜴𝜴|𝜉𝜉) might present multiple isolated modes (isolated peaks) (see 

section 5.2.2 Figure 5.6).  

Furthermore, a common assumption within M − H algorithm is to model the proposal density function as a 

joint normal multivariate density distribution of dimension equal to the number of unknown random 

variables of interest (i.e., N + 2 for the present work, with N number of data that compose the transformed 

CPTu record). Within the applied methodology, the definition of such proposal density function might be 

even harder since it requires the quantification of quasi-static CPTu information within the frequency 

domain u.  

In order to assess such difficulties, the following two assumption are made:  

- Unknown random variables are considered as independent variables; 

- The proposal distribution is defined as a joint multivariate normal distribution, with only diagonal 

element (i.e., Pearson Linear coefficient taken as zero, therefore, requiring only variance of each 

unknown random variable); 

Concerning the SRC  coefficient, a truncated normal distribution, with mean value 0.15 and standard 

deviation 0.1 is considered (Figure B. 5.6.1a, Table B. 5.6.1.). The strain-rate model 𝜎𝜎𝜀𝜀 , is normally 

distributed with mean value 0.25𝜇𝜇𝑞𝑞𝑞𝑞 (i.e., 𝜇𝜇𝑞𝑞𝑞𝑞  mean value of cone tip resistance profile from previously 

acquired quasi-static CPTu record) and standard deviation 10 [kPa] (Figure B. 5.6.1b). The spread of such 

distributions is selected to allow to cover a wide range of possible SRC and 𝜎𝜎𝜀𝜀   sample candidates. The 

effect of selecting a narrower proposal is presented later. Concerning 𝑞𝑞𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠(𝑢𝑢), a normal distribution as 

the one reported in section 5.3.4.2.2, Figure 5.19 is considered.  
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(a) (b) 

Figure B. 5.6.1. a) Marginal proposal distribution of strain-rate coefficient. b) Marginal proposal distribution of strain-
rate model error 𝝈𝝈𝜺𝜺.  

Table B. 5.6.1. Marginal SRC and 𝝈𝝈𝜺𝜺 proposal distribution statistic for logarithmic strain-rate law. 
 𝑆𝑆𝑆𝑆𝑆𝑆 𝜎𝜎𝜀𝜀 [kPa] 

Distribution type Normal Normal 
Mean 0.15 50 

Standard deviation 0.1 10 
 

Two main scenarios are considered. The first one refers to the base case reported in section 5.3.4.1, which 

assume a rather uninformative (i.e., uniform) knowledge. The second scenario consider a more informative 

knowledge with marginal prior density function of SRC and 𝜎𝜎𝜀𝜀  taken equal to their marginal proposal 

distributions (Figure B. 5.6.1). Concerning 𝑞𝑞𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠(𝑢𝑢), a normal distribution as the one reported in section 

5.3.4.2.2, Figure 5.12 is always considered. No scaling factor is applied to covariance matrix of multivariate 

normal distribution (see section 3.3.1.3).  

Results in terms of generated equivalent samples for the SW25a dynamic sounding record are reported in 

Figure B. 5.6.3 and Figure B 5.6.4 for cases that considered a uniform and normally distributed prior 

knowledge respectively. The logarithmic strain-rate law is employed as a mere example. Posterior estimates 

of mean and standard deviation of dynamic CPTu records SW25b, c and SW23 are reported in Table B. 

5.6.4.  

It can be observed that results are rather inconsistent with respect to back-analyzed ones (cross red point) 

and estimates from TMCMC (Table 5.6). The M − H generates equivalent samples that strongly depend on 

the spread of the specified proposal distribution. The poor performance of M-H can be observed by looking 

to Figure B. 5.6.3d and Figure B 5.6.4d with accepted equivalent samples wide spread over the 𝑆𝑆𝑆𝑆𝑆𝑆 − 𝜎𝜎𝜀𝜀.  

space.  This problem of MCMC can be related to the lack of smoothness (i.e., gradual change of the proposal 

density function) in converging to the posterior density function.  



 220 A probabilistic model for strain-rate correction of dynamic CPTu data 

The situation is worst when using a narrower prior. The effect of the proposal spread is explored by 

multiplying the covariance matrix of multivariate proposal distribution by a scaling factor of 0.1. The 

Markov Chain does not converge as can be now observed in Figure B. 5.6.5. 

  
(a) (b) 

Figure B. 5.6.2. a) Marginal normal and uniform proposal distribution of strain-rate coefficient. b) Marginal normal 
and uniform proposal distribution of strain-rate model error 𝝈𝝈𝜺𝜺.  

Table B. 5.6.2. Prior knowledge base case 
 Unknown 

random variable 

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚 µ 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚 µ Density 

Distribution  

𝑞𝑞𝑞𝑞−𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠 𝑞𝑞𝑞𝑞−𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠(𝑢𝑢) − − 𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚𝑛𝑛  

 

𝑆𝑆𝑆𝑆𝑆𝑆  

𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙 0.05 0.25 𝑢𝑢𝑚𝑚𝑚𝑚𝑓𝑓𝑛𝑛𝑛𝑛𝑚𝑚  

Model uncertainty 𝜎𝜎𝜀𝜀 0.1 25%  µqt 𝑢𝑢𝑚𝑚𝑚𝑚𝑓𝑓𝑛𝑛𝑛𝑛𝑚𝑚 

 

𝑆𝑆𝑚𝑚𝐶𝐶𝐶𝐶: 𝑈𝑈𝑚𝑚𝑚𝑚𝑓𝑓𝑛𝑛𝑛𝑛𝑚𝑚 𝑝𝑝𝑛𝑛𝑚𝑚𝑛𝑛𝑛𝑛 𝑘𝑘𝑚𝑚𝑛𝑛𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑘𝑘𝐶𝐶 𝑆𝑆𝑆𝑆25𝑚𝑚 

 
 

(a) (b) 
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(c) (d) 
Figure B. 5.6.3. a) Equivalent SRC samples. b) Equivalent  𝝈𝝈𝜺𝜺 samples. c) red line: dynamic CPTu profile; blue line: 
paired-quasi-static CPTu profile; black line: generated cone tip resistance profile from MCMC M-H. 

Table B. 5.6.3 Prior knowledge (informative case) 
 Unknown 

random variable 

 µ 𝜎𝜎 Density 

Distribution  

𝑞𝑞𝑞𝑞−𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠 𝑞𝑞𝑞𝑞−𝑠𝑠𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠𝑠𝑠(𝑢𝑢) − − 𝑁𝑁𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚𝑛𝑛  

 

𝑆𝑆𝑆𝑆𝑆𝑆  

𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙 0.15 0.1 𝑁𝑁𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚𝑛𝑛  

Model uncertainty 𝜎𝜎𝜀𝜀 50 [kPa] 10 [kPa] 𝑁𝑁𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚𝑛𝑛 

 

𝑆𝑆𝑚𝑚𝐶𝐶𝐶𝐶: 𝑁𝑁𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑁𝑁 𝑘𝑘𝑚𝑚𝐶𝐶𝑑𝑑𝑛𝑛𝑚𝑚𝑏𝑏𝑢𝑢𝑑𝑑𝐶𝐶𝑘𝑘 𝑝𝑝𝑛𝑛𝑚𝑚𝑛𝑛𝑛𝑛 𝑘𝑘𝑚𝑚𝑛𝑛𝑘𝑘𝑛𝑛𝐶𝐶𝑘𝑘𝑘𝑘𝐶𝐶 𝑆𝑆𝑆𝑆25𝑚𝑚 

  
(a) (b) 
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(c) (d) 
Figure B. 5.6.4. a) Equivalent SRC samples. b) Equivalent  𝝈𝝈𝜺𝜺 samples. c) red line: dynamic CPTu profile; blue line: 
paired-quasi-static CPTu profile; black line: generated cone tip resistance profile from MCMC M-H. 

 

Table B. 5.6.4 Posterior estimates of SRC and 𝝈𝝈𝜺𝜺for two different prior knowledge considered.   
𝑳𝑳𝑳𝑳𝑳𝑳 𝒍𝒍𝒍𝒍𝒍𝒍 

 

𝐼𝐼𝐼𝐼  

𝑆𝑆𝐶𝐶𝐶𝐶𝑢𝑢 

 

Unknown 

variables 

𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 

𝐛𝐛𝐚𝐚𝐛𝐛𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚 

Uninformative Informative 

 

µ 

𝐶𝐶𝑛𝑛𝐶𝐶𝑑𝑑. 

µ 

𝐶𝐶𝑛𝑛𝐶𝐶𝑑𝑑. 

𝜎𝜎 

𝐶𝐶𝑛𝑛𝐶𝐶𝑑𝑑. 

µ 

𝐶𝐶𝑛𝑛𝐶𝐶𝑑𝑑. 

𝜎𝜎 

SW 

25a 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑞𝑞 0.23 0.32 0.19 0.25 0.12 

𝜎𝜎𝜀𝜀 47 61 19.2 49.6 15 

SW 

25b 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑞𝑞 0.14 0.41 22 0.21 0.19 

𝜎𝜎𝜀𝜀 20 58 0.26 51 19.8 

SW 

25c 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑞𝑞 0.2 0.4 0.25 0.28 0.17 

𝜎𝜎𝜀𝜀 26 56 23 51 20.7 

SW 

23 

𝑆𝑆𝑆𝑆𝑆𝑆𝑞𝑞𝑞𝑞 0.145 0.29 0.18 0.22 0.015 

𝜎𝜎𝜀𝜀 30 60 19 52 4.8 
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(a) (b) 

Figure B. 5.6.5. Equivalent samples for SW25a record by applying a scaling factor of 0.1 to joint multivariate 
normal distribution.  
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Part III: Probabilistic predictive models with 

CPT(u) data 

6 Unit weight from CPTu via Bayesian    
Mixture Analysis (𝐵𝑀𝐴)  

6.1 Introduction 

In this chapter the technique of Bayesian Mixture Analysis (𝐵𝑀𝐴), previously introduced for 

stratigraphic delineation, is applied to identify possible  ℎ𝑖𝑑𝑑𝑒𝑛 𝑠𝑜𝑖𝑙 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 within a 

geotechnical database.  The goal is to improve the accuracy of regressions between geotechnical 

parameters obtained by exploiting the database. The method is applied to predict soil unit weight 

from CPTu  data, a problem that has intrinsic practical interest but is also representative of 

difficulties faced by a larger class of problems in geotechnical regression. 

The methodology proposed builds upon the more frequently employed Bayesian regression 

models. To better situate the contribution and justify the novelty a brief introduction to Bayesian 

regression is now provided.  

6.1.1 Bayesian inference applied to geotechnical regressions 

Several empirical and theoretical-based regressions using different Bayesian inference concepts 

have been proposed in geotechnical engineering. Examples include the prediction of Compression 

index 𝐶𝐶  of marine clay (Yan et al., 2009) , intact rock strength (Bozorgzadeh et al., 2018; 

Contreras et al., 2018) or stiffness of rock masses (Feng & Jimenez, 2015). 

Contreras & Ruest, (2016) & Contreras et al., (2018) describe the advantages of a Bayesian 

approach to regression when compared with classical statistical methods (e.g., Linear and Non-

Linear Least Square method). These advantages have different natures. On the one hand there are 

some theoretical advantages related to a simpler interpretation of the results of statistical analyses. 

For example, classical statistical methods provide point estimates of regression coefficients, 

which are idealized as fixed, based on data idealized as a random sample. Estimate uncertainty is 

quantified through Confidence Intervals (𝐶𝐼) at some significance level, defined by upper and 

lower bound values above and below the estimated value. However, the width of 𝐶𝐼 is strongly 

dependent on given sample set and size and the “confidence” associated to the interval does not 

really express how likely are the “true” regression coefficients to lie in the interval, but rather is 
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a statement about how repeatable the experiment should be if other random samples were 

examined.  

For a given set of data, the Bayesian probabilistic interpretation of regression is different. Data 

are now taken as fixed, and the random variables are the regression coefficients. The probability 

distributions of such coefficients are updated considering the given dataset likelihood and 

𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 . Once the posterior distribution is computed the interpretation is 

straightforward:  a selected posterior interval has a certain probability of containing the exact 

regressor coefficients. 

Although this increased simplicity of interpretation is certainly attractive the stronger arguments 

for Bayesian regression are of a practical nature, as also observed in other fields (Matthews, 

2001). The integration of 𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒  on regression parameters and transformation 

uncertainty, typically obtained from previous compiled datasets, results in more robust analysis. 

This is particularly effective when only a limited dataset is available and outliers are present 

(Contreras et al., 2018). However, when large datasets are employed, the advantage of the 

Bayesian framework disappears, as the contribution of the dataset dominates over any assigned 

𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒.  

A Bayesian approach may be also useful to help select the statistical model for the joint Posterior 

distribution of random variables. Even after linear dependence among the unknown variables is 

assumed, different statistical models are possible. For instance, both normal and 𝑡 −

𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛, result in joint linear dependence of unknown random variables but they introduce 

a different number of statistical parameters. Statistical model selection can be done under a 

Bayesian framework applying a parsimony principle (Beck & Yuen 2004; Contreras et al., 2018; 

Yan et al., 2009; Feng & Jimenez 2015), (Part I, section 3.2.4).  

6.1.2 Hidden data classes as an aid to regression 

During the last decade parametric finite mixture models have been gaining popularity due to their 

flexibility in clustering and classifying data. They are also increasingly employed to conduct 

regression analysis and to analyze regression outcomes (Nguyen, 2015). However, there is a 

conceptual difference between finite mixture models and finite mixture regressions that is useful 

to clarify to avoid confusion throughout the chapter.  

As reported in Part I, section 3.4, a finite mixture models for a random variable 𝒀 might be 

described as a linear combination of several component distributions (Nguyen, 2015):  

𝑓(𝑦) = ∑ 𝜋𝑘𝜌𝑘(𝑦)

𝐾

𝑘=1

 

 

(6.1) 
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with 𝜌𝑘(𝑦)  probability density function of 𝑦  for each 𝑘 = 1, … , 𝐾  where 𝐾 ∈ 𝑁,  𝜋𝑘 > 0  and 

∑ 𝜋𝑘 = 1𝐾
𝑘=1 . 

For instance, mixture models have been applied for stratigraphic delineation (Depina et al., 2016a; 

Krogstad et al., 2018; Wang et al., 2016) using joint gaussian distributions of normalized CPTu 

parameters as mixture components. Bayesian mixture models have also been applied in this thesis 

in section 4.5 for soil profiling integrating lithological information with CPTu results. 

    

Gaussian Mixture Models, or 𝐺𝑀𝑀, eq. (6.2) can then be formulated as (Depina et al., 2016): 

𝑓(𝑦|𝜣) = ∑ 𝜋𝑘ф𝑘(𝑦|µ𝑘 , 𝛴𝑘)

𝐾

𝑘=1

 

(6.2) 

with  𝜋𝑘 =mixture weights uch that 𝜋𝑘 > 0  and ∑ 𝜋𝑘 = 1𝐾
𝑘=1 ,  µ𝑘 , 𝛴𝑘  mean and covariance 

matric of the  𝑘 − 𝑡ℎ component and 𝜣 = (𝜋𝑘 , µ𝑘 , 𝛴𝑘)  with 𝑘 = 1, … , 𝐾  vector of unknown 

random variables. Eq. (6.2) makes explicit the multivariate nature of the component distributions, 

by including the Pearson correlation coefficient 𝛴.  

Finite mixture models have also been applied to regression, using as mixture components different 

regressions between a variable  𝒀 and explanatory variables 𝑿 (Liu et al., 2019; Jamali et al., 

2015). As for mixture models, gaussian linear mixture regressions (GLMR ) are commonly 

employed due to their simplicitly and effectiveness (Nguyen, 2015). GLMR can be expressed as: 

𝑓(𝑦|𝑥; 𝜣) = ∑ 𝜋𝑘ф𝑘(𝑦|𝑥; 𝛽𝐾
𝑇 , 𝜎𝑘)

𝐾

𝑘=1

 

(6.3) 

with 𝛽𝑘 , 𝜎𝑘
2 coefficient of the 𝑘𝑡ℎ linear regression (i.e., 𝑦 = 𝑥𝛽𝑘 ± 𝜎𝑘) and 𝜎𝑘 standard error of 

the 𝑘𝑡ℎ  linear regression and 𝜣 = (𝜋𝑘, 𝛽𝐾
𝑇 , 𝜎𝑘) with 𝑘 = 1, … , 𝐾  vector of unknown random 

variables. 

Eq. (6.2) and eq. (6.3) clearly highlight the conceptual difference between GMM and GMLR. 

GMM is purely descriptive of the dataset Y whereas in GMLR  the random variable of interest 𝒀 

is predicted by (i.e., made conditional on)  𝐗.  

The two methods may be also combined. For instance, Liu et al., (2019) proposed a two step 

procedure for  middle and long-term catchment run-off prediction. The first step consist of 

optimizing a bivariate GMM of unknown parameters from a set of observations (e.g., the runoff 

to be forecast and the predictors as climate indicators) followed by the computation of posterior 

conditional distribution of outputs (e.g., runoff)  given predictors (climate indicators),(𝐺𝑀𝑅). In 

the work of Liu et al., (2019) the database of predictors was relatively simple (time series of 

precipitation).  
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For the case of geotechnical regressions, the databases are frequently more complex, including 

many variables. Selecting predictors for correlation is simpler if the overall variability and co-

dependence amongst variates in the database is first formalized. For instance, Ching et al., (2014b) 

and Ching & Phoon, (2012b), presented a procedure to create standard multivariate normal 

distributions of soil parameters within a database, applying it to clay databases. Simulated samples 

from the multivariate distributions were then employed to quantify the accuracy of existing 

correlations. No GMM or GMLR were applied as the authors aimed to validate the accuracy of 

global literature correlations. However, such works provide the starting point of our methodology.   

A three-step procedure is proposed here. First, following the transformation approach of Ching et 

al., (2014b) a reference database is fitted with a multivariate normal distribution. That distribution 

is then analysed using standard Gaussian Mixture Models to identify hidden soil classes in a 

space parametrized by normalized CPTu data. The employment of normalized CPTu parameters 

aims to maintain a link among hidden soil classes identified and a conventionally accepted Soil 

Behavior Type template (Robertson, 1990, Robertson, 2016). Finally, as a third step, data are 

assigned to one of these unconventional classes to revisit existing regressions and proposing new 

ones.   

More in detail, BMA is here applied to identify unconventional hidden soil classes in a joint 

distribution of dimensionless soil unit weight and normalized CPTu  parameters. 

Hidden soil classes are postulated as useful because relations between  CPTu readings and soil 

unit weight are likely to depend on several factors (i.e., soil structure, density, stress history, 

stiffness, sensitivity) which are different for different soils. Bayesian Information Criteria are used 

to optimize the identification of number of hidden soil classes for different predictors. Data 

statistically assigned to a specific hidden class is then employed to revisit existing soil unit weight 

regressions and develop novel correlations aiming to increase accuracy and reducing 

transformation uncertainty of soil unit weight prediction from CPTu. 

This work makes use of an existing global dataset (Mayne, 2014), facilitated in digital form by 

Prof. P. W. Mayne, from which global empirical correlations have been previously derived. The 

chapter is structured as follows. Section 6.2 reviews existing empirical regressions to predict total 

soil unit weight from CPTu  results. Section 6.3 presents the steps necessary to create a 

multivariate normal distribution from a database. In section 6.4, the methodology applied to 

perform Bayesian Mixture analysis is presented. In section 6.5, the results are presented, including 

optimal data clustering subdivision for existing and novel regressions. This work leads to a new 

general criterion to estimate soil unit weight from CPTu observations at new sites. The new 

criterion is validated using data from a site at Barcelona harbor (Deu et al., 2021) and for a 

literature case (Burswood clay).  
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6.2  Predicting unit weight from CPTu 

6.1.3 Unit weight correlations with CPTu 

A basic requirement of geotechnical design is the accurate estimation of the total soil unit weight 

𝛾𝑡. Soil unit weight is fundamental to compute overburden stress (i.e., total and effective) and, 

subsequently, the normalized cone penetration parameters (e.g., normalized cone tip resistance 

𝑄𝑡1  and normalized sleeve friction 𝐹𝑅 ) employed in Soil Behavior Type classifications 

(Robertson, 1990; Robertson, 2009; Robertson, 2016; Schneider et al., 2008; Schneider et al., 

2012). Furthermore, parameters that reflect the soil state (i.e., void ratio) require good estimates 

of 𝛾𝑡.  

Soil unit weight is measured on undisturbed samples from boreholes. This is generally possible 

for clays, but not practicable in coarser soils (Mayne 2006). Even in clayey soils, it can be difficult 

and costly for low-risk projects to obtain undisturbed samples in all soil layers.  To overcome 

these issues, in the last decades several methods have appeared to estimate indirectly total soil 

unit weight from piezocone and seismic piezocone readings (Lunne et al., 1997; Mayne 2007; 

Mayne 2010; Robertson and Cabal 2010; Mayne 2014; Lengkeek 2018). 

Some of these are global empirical regressions, usually described as applicable to soils with a 

"normal" or common mineralogy. Global regressions are likely to carry large uncertainty due to 

the wide range of soils involved. Soil-specific regressions (Lengkeek, 2019; Mayne & Peuchen, 

2012) are those developed for a single or a few specific soil types. They are usually characterized 

by stronger correlations and lower transformation uncertainty than global regressions. However, 

soil-specific correlations pose a problem of pertinence when applied at a new site. Also, a soil-

specific regression requires a previous soil classification step, which may introduce additional 

uncertainty as the classification itself may be dependent on soil unit weight.  

6.1.4 Description of the reference database 

The reference database is that described in  Mayne, (2014). The database is composed by a wide 

range of soil types (Table 6.1). The database includes data from ninety-two sites; materials include 

offshore and onshore clays, tills, calcareous soils, peats, sands and silts. Twenty out of ninety-two 

sites have been classified as sandy soils. One site (Noto, Japan) has been classified as 

diatomaceous mudstone, two site as calcareous soils (Cooper Marl and Fucino), while two sites 

have been classified as Peat (Saint Paul, Betuwe Holland). 

At each site, soil unit weight and CPTu parameters (corrected cone tip resistance 𝑞𝑡 , sleeve 

friction 𝑓𝑠, and pore pressure 𝑢2) were collected at different depths. Corresponding total vertical 

stress and effective vertical stress are also reported. At some sites carbonate content, initial void 

ratio 𝑒0, plasticity index PI and water content 𝑤𝑛, were also measured. However, due to the lack 
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of completeness, such observations were not considered in this work. Information on soil 

sampling procedures, distance of CPTu measurements to samples and averaging procedure of 

CPTu observations is not reported; uncertainty about those aspects will be reflected on correlation 

variability. 

In this study, we do not use the full database, but rather a slightly restricted version in which data 

pertinent to peats and diatomaceous soils has been excluded. This restriction does not represent a 

strong limitation, as these are very specific and easily identifiable soils, which clearly exhibit very 

different mechanical behavior with respect to others soils in the database (Mayne, 2007; Mayne 

et al., 2010, Mayne, 2014). 

Table 6.1.Name sites and soil type classification of Mayne, (2014) database. 

𝑵𝒂𝒎𝒆 𝒔𝒊𝒕𝒆 𝑺𝒐𝒊𝒍 𝑻𝒚𝒑𝒆  𝑵𝒂𝒎𝒆 𝒔𝒊𝒕𝒆 𝑺𝒐𝒊𝒍 𝑻𝒚𝒑𝒆  

Noto, Japan diatom. mudstone GC  Offshore Clay 

 Saint Paul  peat WAN  Offshore Clay 

 Betuwe Holland  peat  Hamilton SFBM  soft clay 

  Ariake, Japan  soft clay GW  Offshore Soft Clay 

 Ottawa  Leda clay HDC  Offshore Stiff Clay 

  Dublin Boulder clay HDD  Offshore Stiff Clay 

 Storebælt nearshore Danish till Lilla Mellosa  soft clay 

  Eocene SRS sandy clay Louiseville soft clay 

 Anchorage Nearshore stiff clay Madingley fissured clay 

 Bangkok AIT  soft clay  Baton Rouge fissured clay 

BF  Offshore Soft Clay Newbury  soft clay 

 Burswood  soft clay Onsoy  soft clay 

 Calgary FMC  clay till Pisa Pancone  soft clay 

 Cooper Marl calcareous clay Ska Edeby  soft clay 

 Cowden UK   clay till Troll Lower  Offshore Soft Clay 

 GoG 6  Offshore Soft Clay Troll Upper  Offshore Soft Clay 

MTA  Offshore Firm Clay Univ. Houston fissured clay 

 Mexico City  soft clay WM  Offshore Soft Clay 

 Paddington fissured clay   Eocene SRS clayey  sand mix 

PG  Offshore Firm Clay  Opelika BH A  silt 

PL  Offshore Hard Clay  Treporti  stratified soils 

 Recife RRS2  soft clay Pentre  silt 

 Sarapui (Rio)  soft clay   Eocene SRS clayey  sand mix 

SD  Offshore Soft Clay  Gilmerton MC15  sandy clay 

 Taipei K1  soft clay  Gilmerton MC14  sandy clay 

 Taranto, Italy  Hard Clay  CPS      Offshore Sand 

 Texas NGES Clay  stiff clay  Edo  Sand 

 Tornhill, Sweden  Hard Clay Till  Hibernia       Offshore Sand 

UP  Offshore Firm Clay  Natori  Sand 

 Yorktown calcareous clay SCP      Offshore Sand 

Amherst Varved  soft clay SHD      Offshore Sand 

AG  Offshore Soft Clay    Euripides I       fine-med Sand 
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𝑵𝒂𝒎𝒆 𝒔𝒊𝒕𝒆 𝑺𝒐𝒊𝒍 𝑻𝒚𝒑𝒆  𝑵𝒂𝒎𝒆 𝒔𝒊𝒕𝒆 𝑺𝒐𝒊𝒍 𝑻𝒚𝒑𝒆  

AM  Offshore Soft Clay    Euripides II    fine-coarse Sand 

BA  Offshore Soft Clay  Tone  Sand 

BG  Offshore Soft Clay  Yodo  Sand 

Bothkennar  soft clay Gioia Tauro  Sand 

Brent Cross fissured clay Highmont  Sand 

CA  Offshore Soft Clay Holmen  Sand 

CP  Offshore Soft Clay J-pit  Sand 

CPS  Offshore Soft Clay Kidd  Sand 

CZ  Offshore Stiff Clay Kowloon  Sand 

Drammen  soft clay LL Dam  Sand 

EI  Offshore Soft Clay Massey  Sand 

EG  Offshore Soft Clay Mildred L.  Sand 

Evanston NGES  soft clay  Blessington Sand 

Fucino calcareous clay  McDonald   Sand 

 

6.2.1 Existing empirical correlations between  𝛾𝑡 and CPTu parameters 

This section reviews previous correlations proposed to predict total soil unit weight 𝛾𝑡  from CPTu 

readings. For each correlation the standard error of the regression 𝜎𝜀𝑇
, and coefficient of 

determination 𝑅2 are reported as quality measures in Table 6.2. Many of the correlations were 

established using either a different database or a previous version of the one employed here. For 

completeness, model fit parameters as originally reported by the authors are reported along those 

newly derived by applying the correlation to the 2014 “restricted version” of the Mayne database.   

One of the first attempts for indirect soil unit weight estimation from in situ tests is due to 

Marchetti, (1980). Examining dilatometer ( DMT ) results, Marchetti noted that for given 

dilatometric soil type, as expressed by the DMT  material Index (ID ), a positive correlation 

appeared between soil unit weight and dilatometer modulus (ED).  

Despite the difficulties derived from the different measurement range (i.e., small strain 𝑣𝑠 large 

strain), Robertson, (2009) obtained some correlations between CPTu  and DMT  parameters. 

Using those correlations, the work of Marchetti, (1980) was reformulated by Robertson & Cabal, 

(2010) using CPT  measurements (Figure 6.1). They suggested that for a given soil class 

(parametrized by sleeve friction ratio 𝑅𝑓) soil unit weight increases with increasing corrected cone 

resistance, 𝑞𝑡 as: 

γt = γ𝑤[0.27 log(𝑅𝑓) + 0.36 log (
𝑞𝑡

𝑃𝑎
) + 1.236] ± 𝜎𝜀𝑇

 
(6.4) 

with: 

𝑅𝑓 = (𝑓𝑠/𝑞𝑡)∙100 % 

𝑓𝑠 = sleeve friction; 
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𝑞𝑡 = corrected cone tip resistance; 

𝛾𝑤 = unit weight of water; 

𝑃𝑎 = atmospheric pressure in same units as 𝑞𝑡. 

 When applied to the soil unit weight−CPTu Mayne-2014 database the Robertson & Cabal 

correlation results in  𝑅2 = 0.66 and 𝜎𝜀𝑇
= 1.46 𝑘𝑁/𝑚3. 

 

Figure 6.1. Robertson & Cabal, (2010) correlation for soil unit weight prediction. 

In a different line of work, Tatsuoka and Shibuya, (1992) proposed a correlation between soil unit 

weight and shear wave velocity 𝑉𝑠  exploiting the strong dependence of 𝑉𝑠 on void ratio, effective 

stress, cementation and ageing.  Different correlations among CPTu parameters and 𝑉𝑠   were 

subsequently formulated (see Amoroso, 2013), making plausible a direct correlation among 𝛾𝑡 −

 CPTu parameters. 

This was the background to a correlation proposed by Mayne et al., (2009). They first suggested 

a dependence between soil unit weight and Plasticity Index 𝑃𝐼. However, as such measure is not 

always available, they also proposed the following direct correlation among soil unit weight, 𝐶𝑃𝑇 

parameters and effective stress σ′
v0 (Figure 6.2): 

𝛾𝑡 = 𝛾𝑤[1.96 + 0.25 log (
σ′

v0

σatm
) + 2.65 log (

fs

σatm
)]  ± 𝜎𝜀𝑇

  (6.5) 

where γt  is the total unit weight, γw is the soil water density, σ′
v0  is the overburden effective 

stress, 𝑓𝑠  is the sleeve friction. A regression uncertainty  𝜎𝜀𝑇
 equal to 1.38 𝑘𝑁/𝑚3 and an 

associated  𝑅2 = 0.744 were reported. However, when applied to the reference database, the 

same correlation results in larger 𝜎𝜀𝑇
= 1.45 𝑘𝑁/𝑚3and lower  𝑅2 = 0.66. It is important to note 

that Eq. (6.5) introduces a semilogarithmic dependence between dimensionless soil unit weight 
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and vertical effective stress. This requires an iterative procedure for soil unit weight computation, 

resulting in a somewhat less user-friendly correlation.  

 

Figure 6.2. Mayne et al., (2009) regression for total unit weight prediction.  

New correlations were subsequently proposed by Mayne et al., (2010), adding data from five 

additional sites. Such new sites were representative of soft clays, sand fill, natural sand and peat.  

In this work the authors also highlighted the need of excluding “unusual” geomaterials such as 

calcareous and diatomaceous soils.  After several attempts the best multivariate regression found 

was: 

γt = 11.46 + 0.33𝑙𝑜𝑔 (𝑧)  +  3.10𝑙𝑜𝑔 (fs)  +  0.7𝑙𝑜𝑔 (qt)  ± 𝜎𝜀𝑇
 (6.6) 

where 𝑓𝑠 and 𝑞𝑡 are in 𝑘𝑃𝑎, the depth 𝑧 is expressed in 𝑚. The standard error of the regression 

was reported as  𝜎𝜀𝑇 = 1.31 𝑘𝑁/𝑚3 along with a coefficient of determination 𝑅2 = 0.72. For the 

reference database 𝜎𝜀𝑇 =1.44 𝑘𝑁/𝑚3 and 𝑅2 = 0.66 are obtained. 

In the same work, the authors suggested to account for the overburden effective stress σ′
v0 instead 

of absolute depth 𝑧. The vertical effective stress should provide a better indicator for soil unit 

weight prediction in heterogenous deposits.  Therefore, the following iterative regression was 

proposed for soil unit weight prediction: 

γt = 1.81 γw  (
σ′v0

σatm
)

0.05
· (

𝑓𝑠

σatm
)

0.073
· (

qt−σv0

σatm
)

0.017
· (Bq + 1)

0.16
± 𝜎𝜀𝑇

  
(6.7) 

with a reported standard error 𝜎𝜀𝑇
 =1.08 𝑘𝑁/𝑚3 and a model fit given by 𝑅2 = 0.718. For the 

reference database 𝜎𝜀𝑇
 =1.41 𝑘𝑁/𝑚3 and 𝑅2 = 0.66 are obtained instead. 

In the same study, the authors also examined a regression dependent only on sleeve friction and 

overburden effective stress: 
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γt = 1.95 · γw   ·  (
σ′v0

σatm
)

0.06

· (
𝑓𝑠

σatm
)

0.06

± 𝜎𝜀𝑇
   

(6.8) 

which results in 𝜎𝜀𝑇
 =1.08 𝑘𝑁/𝑚3 and 𝑅2 = 0.737 and  𝜎𝜀𝑇

 =1.47 𝑘𝑁/𝑚3 and 𝑅2 = 0.65 with 

the reference database. 

Mayne & Peuchen, (2012)  screened the same database employed by Mayne et al., (2010) to 

derive unit weight of soft to firm clays by correlation with the resistance-depth ratio 𝑚𝑞 =

(Δqt/Δz) (Figure 6.3). To capture variations in the unit weight with depth, a more elaborate 

relation using both qt and 𝑚𝑞 was provided in dimensionless form:  

γt = γw [0.886 · ( 
𝑞𝑡

σ𝑎𝑡𝑚
 )

0.072
·  (1 + 0.125 

𝑚𝑞

𝛾𝑤
 )]  

(6.9) 

with 𝜎𝜀𝑇
 =0.977 𝑘𝑁/𝑚3 and a model fit given by 𝑅2 = 0.728 and 𝜎𝜀𝑇

 =1.19 𝑘𝑁/𝑚3,  𝑅2 =

 0.64 when applied to soft firm clays of Mayne, (2014) database. 

 

Figure 6.3. a) Measured vs Predicted soil unit weight according to Mayne & Peuchen, (2012). b) Trends 

between soil unit weight of soft-firm-stiff-hard clays and 𝑚𝑞 (Mayne, 2014).  
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In the work presenting the extended database Mayne, (2014) proposed again several correlations. 

The best results were obtained for unit weight dependent only on sleeve friction 𝑓𝑠 (Figure 6.4) 

as: 

γt =  12 + 1.5 ln(𝑓𝑠 + 0.1)   ± 𝜎𝜀𝑇
 (6.10) 

with 𝜎𝜀𝑇
= 1.54 𝑘𝑁/𝑚3, 𝑅2 = 0.61. 

 

Figure 6.4. Mayne, (2014) global regressions. 

Table 6.2. Statistical model fit parameters for literature regressions according to databases employed by 

authors and Mayne, (2014) one, employed in this study. 

 

Authors 

As originally reported 

by the authors 

“restricted”  

Mayne, (2014) database 

Soil type  

application  

 𝝈𝜺𝑻
 𝑹𝟐 𝝈𝜺𝑻

 𝑹𝟐  

Robertson & Cabal, (2010)-eq.(6.4) 
(𝑛𝑜𝑡 𝑟𝑒𝑝𝑜𝑟𝑡𝑒𝑑)  (𝑛𝑜𝑡 𝑟𝑒𝑝𝑜𝑟𝑡𝑒𝑑) 1.46 0.66 Global 

Mayne et al., (2009)-eq.(6.5) 
1.38 0.74 1.45 0.66 Global 

Mayne et al., (2010)-eq. (6.6) 
1.31 0.72 1.44 0.66 Global 

Mayne et al., (2010)-eq. (6.7) 
1.08 0.718 1.41 0.66 Global 

Mayne et al., (2010)-eq. (6.8) 
1.08 0.737 1.47 0.64 Global 

Mayne & Peuchen, (2012)-eq.(6.9) 
0.977 0.73 0.977 0.73 

Soft-firm clay  

Mayne, (2014)-eq.(6.10) 1.52 0.62 
1.54 0.61 Global 
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6.3 Describing geotechnical databases using multivariate 

distributions  

6.1.5 Multivariate co-dependence among geotechnical parameters 

The case for describing geotechnical data using a statistical multivariate perspective has been laid 

out by Ching et al., (2014a) amongst others. To begin with many data collected in geotechnics is 

intrinsically multivariate: a CPTu collects three pieces of data (tip resistance, sleeve friction, pore 

pressure) at each measurement, a tube sample is recovered and then tested to obtain physical, state 

and mechanical properties, etc. On the other hand, not all this multivariate data is available at 

every site investigation point and many site investigation campaigns are full of gaps. Such gaps, 

(for instance in hard to obtain laboratory strength measurements), are typically compensated by 

using correlations with other measurements (e.g., CPTu). Traditionally these correlations have 

been established as one-on-one but this results in unsystematic approach, in which several 

estimates of the same target parameter are obtained without considering the possible link or co-

dependence between the different predictors. The use of multivariate databases offers a more 

rational way to account for these co-dependences and to establish or revise correlations between 

different variables. 

The cumulative transform procedure is a systematic approach to build standard multivariate 

normal distributions to describe multivariate databases, presented by Ching & Phoon, (2012) and 

Ching et al., (2014b; Phoon & Ching, 2018). Such approach is here applied to the restricted Mayne 

(2014) database. 

Multivariate normal distributions assume a linear dependence between co-variates.  This is 

assumed here for normalized CPTu  parameters and dimensionless soil unit weight. That 

assumption -which will be validated- is also a preliminary requirement to conduct BMA analysis.   

6.1.6 Multivariate normal distributions  

The mathematical description of multivariate normal probability density functions was presented 

in section 3.1.5 and is not repeated here. Throughout this chapter the following notation is 

employed: 

- Underlined letters (e.g., 𝑋) are used for individual vectors; 

- Underlined bold letters (e.g., 𝑿) are used for arrays of vectors; 

- Double underlined letters (e.g., 𝐶) are used for matrices; 

- Double underlined bold letters (e.g., 𝑪) are used for arrays of matrices. 



 
236 Unit weight from CPTu via Bayesian Mixture Analysis (BMA) 

6.1.7 Selecting variables: normalization and transformation 

This work aims to identify possible hidden  soil classes representative of different soil unit 

weight influence on the soil response to the cone. An attractive space in which to search the 

classes will be one spanned by normalized CPTu  parameters, (e.g., 𝐹𝑅−𝑄𝑡1 , 𝐵𝑞− 𝑄𝑡1 , 𝐼𝐶 ) 

because that will facilitate the interpretation of the classes by reference to Soil Behavior Type 

Charts (SBT) (Robertson, 1990, 2009, 2016; Schneider et al., 2012; Schneider et al., 2008).   

However, because the variables that could best identify  hidden soil classes are unknow a priori, 

other combinations of normalized variables different from those in the classification charts were 

also attempted. Therefore, this work will explore dimensionless soil unit weight variation with 

respect to different normalized CPTu parameters both taken one-on-one (e.g., bivariate analysis) 

or simultaneously (e.g., multivariate analysis). 

 A summary notation of all normalized CPTu parameters employed is given in Table 6.3.  

Table 6.3. Summary of normalized CPTu parameters employed.  

Notation   

𝑸𝒕𝟏 
Normalized cone tip resistance 𝑞𝑡 − 𝜎𝑣

𝜎′𝑣
 

𝑭𝑹 
Normalized friction ratio 𝑓𝑠

𝑞𝑡−𝜎𝑣
*100 

𝑩𝒒 
Normalized pore pressure 𝑢2 − 𝑢0

𝑞𝑡 − 𝜎𝑣

 

𝑸𝒕𝒏 
Normalized cone tip resistance (

𝑞𝑡−𝜎𝑣

𝑃𝑎
)/(

𝑃𝑎

𝜎′𝑣
)𝒏   with n=0.381 𝐼𝐶 + 0.05(

𝑃𝑎

𝜎′𝑣
) − 0.15 

𝑰𝑪 Soil Behaviour type index [(3.47 − log𝑄𝑡𝑛)2 + (1.22 + log𝐹𝑅)2]0.5 

𝑰𝑩 Modified Soil Behaviour index 100 (𝑄𝑡𝑛 + 10)/( 𝑄𝑡𝑛𝐹𝑅 + 70) 

In principle the maximum number of normalized covariates that may enter the multivariate are 

six (those reported in Table 6.3). However, a more restricted space (e.g., two/three co-variates) is 

explored, since a CPTu only provides three independent measurements of soil response. On the 

other hand, additional not conventional CPTu parameter (e.g.,  𝑸𝒕𝒏𝑩𝒒)  were also considered 

sometimes. The list of covariate combinations explored is reported in Table 6.4. 

Table 6.4. List of covariates combinations employed to construct multivariate normal distribution.  

Variables 𝛀 

𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝟏 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝟏 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝟏) 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝒏 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝒏) 

𝜸𝒕 𝜸𝒘 −⁄ 𝑭𝑹 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑭𝑹) 

𝜸𝒕 𝜸𝒘 −⁄ 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑪 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑩 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑭𝑹 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑰𝑪 



 
237 Unit weight from CPTu via Bayesian Mixture Analysis (BMA) 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝟏) 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝒏) 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝒏 − 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧(𝑸𝒕𝒏) − 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑭𝑹) − 𝑰𝑪 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑸𝒕𝟏) − 𝑰𝑪 

𝜸𝒕 𝜸𝒘⁄ − 𝑰𝑪 − 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ − 𝑭𝑹−𝑸𝒕𝒏 − 𝑩𝒒 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹)−𝒍𝒏(𝑸𝒕𝒏) − 𝑩𝒒 

 

6.1.8 Selecting marginal (univariate) distributions 

When building a multivariate distribution, it is of interest to examine previously the marginal 

distributions (i.e., in this case of the distributions on dimensionless soil unit weight and 

normalized CPTu parameters).  

Previous works (Ching & Phoon, 2012a; Ching et al. 2014b; Phoon & Kulhawy, 1999) suggest 

that, when describing the inherent variability of site-specific data, normalized CPTu parameters 

and dimensionless soil unit weight can be both modeled as lognormal random variables. A wider 

choice is given by considering the versatile Johnson system of distributions (Ching et al., 2014b). 

The Johnson system includes three main families: the lognormal system distribution 𝑆𝐿 , the 

bounded system of distribution 𝑆𝐵 and unbounded system distribution 𝑆𝑈. Johnson distributions 

are transformations of the standard normal variable,  X , that may be bound on one or two-sides, 

and are selected based on the first four moments of a sampling distribution (George & 

Ramachandran, 2011). Johnson distributions include -as a particular case- both the Normal and 

Lognormal distributions. General expressions, coefficients and procedures to assign a Johnson 

density function to a certain dataset are given in  APPENDIX A.  

All the distributions of the Johnson system have relatively simple transformations (i.e., closed-

form equations) to relate them to a standardized normal distribution X.  A generic expression for 

such transformations is given by: 

X𝑛 = (𝑋 − 𝑏𝑥)/𝑎𝑥 = −𝑘(Ω; 𝑎Ω,   𝑏Ω) (6.11) 

with: 

Ω = set of measurements (e.g., 
𝛾𝑡

𝛾𝑤
, 𝑄𝑡1); 

𝑘(Ω; 𝑎Ω,𝑏Ω) = {

 𝑠𝑖𝑛−1(Ω𝑛)  

 ln [Ω𝑛/(1 − Ω𝑛)]

ln(Ω𝑛)  

  

𝑓𝑜𝑟 𝑆𝑈
𝑓𝑜𝑟 𝑆𝐵
𝑓𝑜𝑟 𝑆𝐿

 

Xn = shifted and scaled version of standard normal distribution X. 
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𝑏𝑥,   , 𝑎𝑥 = scaled parameters in X space; 

Ωn  = (Ω − 𝑏Ω)/𝑎Ω,    shifted and scaled version of Ω; 

𝑏Ω,   , 𝑎Ω = scaled parameters in Ω space that define a particular Johnson curve. 

Johnson distributions were systematically applied to assess marginal distribution of variables 

entering the different multivariate normal distributions tested. An example of the fit obtained with 

a Johnson distribution to the “restricted” Mayne, (2014) global database is given in (Figure 6.5). 

Table 6.5 summarizes the Johnson family distributions applied for all the variables employed in 

the different multivariate trials. 

  

(a) (b) 

  

(c) (d) 

 ohnson SB
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(e) (f) 

Figure 6.5. Fitting probability density function to a) ln( Qt1); b) 𝛾𝑡/𝛾𝑤; c) ln( 𝐹𝑅); d) normalized pore 

pressure 𝐵𝑞; e) Soil Behavior Type Index 𝐼𝑐; f) ln( Qtn)  of Mayne, (2014) database. 

Table 6.5. Johnson family distribution for each variable employed in multivariate construction attempts.  

Variables 

Johnson’s  

family distribution 

𝜸𝒕 𝜸𝒘⁄  𝑆𝐵 

𝑸𝒕𝟏 𝑆𝑈 

√𝑸𝒕𝟏 𝑆𝑈 

𝐥𝐧 (𝑸𝒕𝟏) 𝑆𝐵 

𝑭𝑹 𝑆𝐵 

𝒍𝒏(𝑭𝑹) SB 

𝑩𝒒 𝑆𝐵 

𝑸𝒕𝒏 𝑆𝑈 

√𝑸𝒕𝒏 𝑆𝑈 

𝐥𝐧 (𝑸𝒕𝒏) 𝑆𝑈 

𝑰𝑪 𝑆𝑈 

𝑰𝑩 𝑆𝑈 

𝑸𝒕𝒏𝑭𝑹 𝑆𝑈 

𝑸𝒕𝒏𝑩𝒒 𝑆𝐵 

𝑸𝒕𝒏𝑰𝑪 𝑆𝑈 

 

6.3.1 Building multivariate distributions 

The workflow for building standard multivariate distribution for a given set of geotechnical 

observations in reported in Figure 6.6. More details are given in Ching & Phoon, (2012b) and 

Ching et al., (2014b).  
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Figure 6.6. Work flow for assessing joint normal dependence. 

Consider two generic nonnormally distributed variables collected in a vector Ω   [e.g., Ω1 =

 𝛾𝑡/𝛾𝑤 , Ω2 = ln (𝑄𝑡1)] . After selecting the marginal distributions, constructing a standard 

multivariate normal distribution through a cumulative transform approach requires two steps 

(Ching et al. 2014b). As a first step, individual random variables Ω𝑖 are transformed in standard 

normal random variables  X𝑖  as (Ching et al., 2014b,  APPENDIX A): 

 X𝑖 = ϕ−1 [F (Ω𝑖)] = T( Ω𝑖)   
(6.12) 

where: 

ϕ−1[ ] =  inverse of standard normal cumulative distribution function; 

F (Ω𝑖) = cumulative distribution function for random variable Ω𝑖; 
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𝑇( ) = ϕ−1[F( )], 𝐶𝐷𝐹 transform function (dependent on Johnson type form, see APPENDIX 

A); 

Ω𝑖 =vector of nonnormally distributed soil parameter observations (e.g.,  𝛾𝑡/𝛾𝑤). 

In the second step, the standardized variables 𝐗   (𝐗 = [𝑋1  𝑋2])  are assembled in a joint 

multivariate normal distribution (eq. 6.13a) with mean µ and covariance matrix ∑ defined in eq. 

(6.13b): 

𝑓(𝑿) = 𝑀𝑉𝑁 (µ , ∑)  =
1

(2π)𝑑/2 |∑|
1/2

−
𝑑
2

∙ e
−(

1
2
)(𝑿−µ)

′
∑−1(𝑿−µ)

 

(6.13a) 

µ= (
0
0
)       ∑ = (

1 𝛿12 
𝛿12 1

) 
(6.13b) 

 

with 𝛿12  actual (i.e., computed from the data) product-moment Pearson correlation coefficient 

between X1 and X2.  

According to Ching et al., (2014b) the assumption of joint Gaussian dependence is validated when 

the computed correlation coefficient  𝛿12 is close to a predicted value 𝛿12𝑝𝑟𝑒𝑑
 obtained as: 

𝛿12𝑝𝑟𝑒𝑑
= 2 sin(𝜌12 ∙ 𝜋/6) (6.14) 

with  𝜌12  Spearman rank correlation coefficient 1  which quantifies strength and direction of 

association between ranked  X1 and X2 .The comparison between 𝛿12  and 𝛿12𝑝𝑟𝑒𝑑
  can be used to 

assess the hypothesis of joint Gaussian dependence.  A tolerance value of 𝛿12 − 𝛿12𝑝𝑟𝑒𝑑
= ± 

0.04 has been considered according to the results of Ching et al., (2014b).   

Joint Gaussian dependence can be also validated by visually comparing a set of simulated 

observations 𝛀𝑠𝑖𝑚   , obtained under the hypothesis of joint Gaussian dependence, with the 

original dataset Ω.  Simulated 𝛀𝑠𝑖𝑚   are obtained taking random samples of the transformed 

correlated standard normal random variables 𝐗 and inverting the transformation: 

𝛀𝑠𝑖𝑚 = ϕ−1[F(𝐗)] = 𝑇−1(𝐗)       (6.15)     

with: 

 
1 1Spearman correlation coefficient: 

𝛿12 = 𝛿𝑅(𝑋1),𝑅(𝑋2) =
𝑐𝑜𝑣(𝑅(𝑋1), 𝑅(𝑋2))

𝜎𝑅(𝑋1),𝜎𝑅(𝑋2),

 

with: 
𝑅(𝑋1),𝑅(𝑋2) =rank (i.e., ordinal) variables  

 𝛿𝑅(𝑋1),𝑅(𝑋2) =Pearson correlation coefficient between rank variables; 

 𝑐𝑜𝑣(𝑅(𝑋1), 𝑅(𝑋2)) =correlation coefficient of rank variables; 

𝜎𝑅(𝑋1),𝜎𝑅(𝑋2), =standard deviation of rank variables:  
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𝐗  = 𝐿 U 

U= vector of independent standard normal random variables:i 

𝐿 = lower triangular Cholesky factor decomposition of the covariance matrix, such that ∑=𝐿𝐿’; 

𝑇−1( ) = inverse of 𝐶𝐷𝐹 transform. 

After the assumption of joint Gaussian dependence is validated, the multivariate distribution fitted 

to the transformed variates 𝛀  (i.e., 𝐗)   is analysed to find components using  BMA.   

6.4 Mixture models 

6.4.1 Multivariate Gaussian Mixture Models  

The mixture model is applied to 𝐗, the standardized transformed version of 𝛀, (eq. (6.12). Recall 

that 𝛀 represents the chosen set of observations, of dimension 𝑛 x 𝑑  [e.g γt/γw − ln(𝐹𝑅) −

ln (𝑄𝑡1)], with γt/γw=[ γ𝑡1
/γw,…, γ𝑡𝑛

/γw]T, ln (𝑄𝑡1) = [ ln(𝑄𝑡11
) , … , ln(𝑄𝑡1𝑛

)]T, ln(𝐹𝑅) =

[ ln(𝐹𝑅1) , … , ln(𝐹𝑅𝑛)]T).  

As explained in Part I Section 3.4 , a multivariate Gaussian Mixture is a weighted sum of 

multivariate gaussian probability distributions.  A standard Gaussian mixture model with  

𝐾 components is defined as (Depina et al., 2016, Gelman et al., 2004): 

𝑓(𝑥𝑖|𝛇) = ∑ 𝜋𝑗𝜙𝑗(𝑥𝑖|𝚯𝒋

𝐾

𝑗=1

) 

(6.16) 

with:  

𝐾 = number of Gaussian mixture components; 

𝜋𝑗 = 𝑗 − 𝑡ℎ mixture weight; weights are chosen so that ∑ 𝜋𝑗 = 1𝐾
𝑗=1 ; 

𝜙𝑗 = 𝑑 −dimensional multivariate normal probability density function corresponding to the 𝑗 −

𝑡ℎ mixture component;  

𝑑 =number of involved random variables; 

𝑥𝑖 = 𝑖 − 𝑡ℎ vector dimension (1 x d) from the transformed observational dataset  𝛀  ; 

𝚯𝒋 = statistical distribution parameters (unknown) of the 𝑗 − 𝑡ℎ Gaussian mixture component; 

in our gaussian case they include a vector of means and a covariance matrix (i.e., µ𝑗, ∑𝑗); 

𝚯 = collection of all the 𝚯𝒋 

𝛱 = (𝜋1,.., 𝜋𝐾) mixture weight vector of dimension 𝐾 𝑥 1. 
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𝛇 = collection of all the unknown parameters of the mixture model (i. e.  [ 𝚯; 𝛱]). 

Each  𝑖 − 𝑡ℎ observation 𝑥𝑖 is assigned exclusively to a specific 𝑗 − 𝑡ℎ component. This is done 

using a classification vector 𝑽. As an example, 𝑽 = [0, ..., 𝑣𝑖𝑗 = 1, ..., 𝑣𝑛𝑗 = 0]T assigns 𝑥𝑖 to the 

𝑗 − 𝑡ℎ mixture component.  It is worth noticing that even if 𝑽 does not explicitly appear in eq. 

(6.16) it is dependent on the unknown parameter  𝛱.   As explained below, such binary vector is 

crucial when computing the posterior probability of any individual observation 𝑥𝑖 to belong in 

the 𝑗 − 𝑡ℎ mixture. 

Gaussian mixture analysis consists of estimating the most probable 𝛇, �̂� . This is generally done 

through direct maximization of the log-likelihood function for the complete dataset (e.g., Depina 

et al., 2016; Huang et al., 2017):  

log(𝛇) = ∑ 𝑙𝑜𝑔

𝑛

𝑖=1

(𝑥𝑖|𝛇) = ∑ ∑ 𝑝𝑖𝑗( log (𝜋𝑗) + log(𝜙(𝑥𝑖|µ𝑗, ∑𝑗))

𝐾

𝑗=1

𝑛

𝑖=1

 

(6.17) 

with 𝑛=number of data employed in the likelihood (i.e., number of data that compose the dataset). 

Search for maxima of this function is usually accomplished through the Expectation-

Maximization (𝐸𝑀) algorithm (Samé et al., 2011; Depina et al., 2016; Huang et al., 2017; Liu et 

al., 2019). After the mixture analysis is complete a probabilistic statement on the data assignation 

to each specific mixture (or “Gaussian component”) is possible. 

6.4.2 Bayesian Mixture Analysis (BMA)  

An alternative to EM, which will be followed here, is to use Bayesian Mixture Analysis (BMA) 

(Part II, section 4.5.1.1). The BMA cornerstone is a Bayesian formulation of the log-likelihood 

function for the dataset.  As any Bayesian approach, BMA can integrate 𝑝𝑟𝑖𝑜𝑟 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 of the 

parameters entering 𝛇  , combining engineering experience with data analysis.  For database 

analysis, the Bayesian scheme will facilitate reanalysis when the database is extended or renewed. 

That advantage, however, is not fully exploited here, as we lack specific information to establish 

informative priors and use a single version of the database. Still, using BMA  here has the 

advantage of aligning better with the main thrust of this thesis.  

The principles of Bayesian Mixture Analysis were introduced in section 3.4 and section 4.5. The 

technique is here applied with a different purpose, namely for database clustering analysis.  

6.4.2.1 Prior knowledge for clustering analysis 

The quantification of prior knowledge within BMA should reflect the analyst experience and 

knowledge on dimensionless soil unit weight response to the cone probe in terms of normalized 
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CPTu  parameters involved within constructed multivariate density functions. This study 

considers a rather uninformative knowledge. For each mixture component statistics of prior 

knowledge are taken as the same statistics of the constructed joint multivariate normal 

distributions that fit all data within the database. This is analogous to what was done when 

considering the soil profiling task in Chapter 4 in section 4.5.1.2. 

A different approach, not exploited here, would be the application of BMA to assess the effect of 

new sites to be added (i.e., by means of synthetic information or database updating) on clustering 

output. In this context BMA could be used within a sequential Bayesian updating scheme. 

Posterior estimate of multivariate statistics could be applied as prior to updated database.  

6.4.3 Most plausible number of hidden classes 

It is not simple to establish “a priori” how many components should be included in a gaussian 

mixture. One approach is to use the Bayesian Information Criterion (BIC, eq. (6.18) to identify a 

suitable number of mixture components (Feng & Jimenez, 2015; Lee et al., 2016):  

𝐵𝐼𝐶 = ∑ −2 ∙ log 𝐿(ζ̂𝑗) + 𝑑𝑗 ∙ log (𝑛)

𝐾

𝑗=1

 

(6.18) 

with: 

�̂�𝑗 = estimates of the parameters of 𝑗 − 𝑡ℎ gaussian component;  

log 𝐿(ζ̂𝑗) =loglikelihood function of the 𝑗 − 𝑡ℎ mixture (eq. (6.17); 

𝑑𝑗= number of parameters of the 𝑗 − 𝑡ℎ mixture component  (𝑑𝑗 = 3); 

𝑛 =number of data in the dataset; 

𝐾 = number of Gaussian components in the mixture. 

The first term quantifies the model fit, while the second one represents a penalty against 

overparameterization. For mixtures with different components, that resulting on minimal 

BIC value would be selected as the most plausible model.  

However, Biernacki et al., (2006) highlighted that, when applied to mixture models, BIC tends to 

overestimate the number of clusters. Therefore, in this study an additional criterion is considered. 

Based on the work of Biernacki et al. (2006), Lee et al., (2016) proposed a new evaluation 

parameter, the Integrated Classification of Likelihood (ICL) which is given by the sum of 𝐵𝐼𝐶 

and one entropy term 𝐸𝑁 as: 

𝐼𝐶𝐿 = 𝐵𝐼𝐶 + 2𝐸𝑁(�̂�) (6.19) 

with: 
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𝐸𝑁(�̂�) = entropy term, defined as ∑ ∑ 𝑝𝑖𝑗ln (𝑝𝑖𝑗)
𝑛
𝑖=1

𝐾
𝑗=1  with 𝑝𝑖𝑗 = 𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 probability of 𝑖 −

𝑡ℎ observation to belong to the 𝑗 − 𝑡ℎ cluster. 𝐸𝑁(�̂�) quantifies how well separated are data in 

different mixture components penalizing mixture models with components that strongly overlap.   

To ensure a good partition of data, the two criteria introduced above are computed. The most 

severe criterion is then applied to select the number of hidden classes to use. 

6.5 Results 

6.5.1 Multivariate distributions 

Using the marginal distributions laid out in Table 6.5, several standard multivariate distributions 

of normalized CPTu  parameters and soil unit weight were built and examined (Table 6.6). 

Multivariate normal distributions where δ was close to zero were discarded immediately, as that 

result was already indicative of lack of sensitivity between dimensionless soil unit weight and the 

selected variables.   

For the rest, as indicated in the table, a standard multivariate normal distribution appeared 

plausible in most cases. The actual Pearson correlation among transformed variables 𝐗 and the 

predicted Pearson correlation expressed by eq. (6.14) were very close in those cases. The visual 

similarity between simulated and actual observations was also satisfactory. 

As an example of this process Figure 6.7a presents transformed variables 𝛾𝑡/ 𝛾𝑤 − ln (𝑄𝑡𝑛) in 

the transformed standardized space. Furthermore, from visual inspection, simulated data and 

corresponding database observations are in good agreement. Similar results for all the different 

variable combinations tested are reported in APPENDIX B.  

Table 6.6. Characteristics of different multivariate correlations between CPTu parameters-𝜸𝒕 𝜸𝒘⁄ . 

 

Actual Pearson 

 correlation among X (δ) 

Predicted Pearson  

correlation among X: (δ𝑝𝑟𝑒𝑑) 

Multivariate  

normality 

Variables 𝛀 ρ12 ρ23 ρ13 

 

ρ24 

 

ρ34 

 

ρ14 δ12 δ23 δ13 δ24 δ34 δ14 Plausibility  

𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝟏 0.4 - - - - - 0.43 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝟏 0.41 - - - - - 0.45 - - - - - yes 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝟏) 0.41 - - - - - 0.44 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏 0.35 - - - - - 0.33 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝒏 0.51 - - - - - 0.49 - - - - - yes 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝒏) 0.38 - - - - - 0.35 - - - - - yes 

𝜸𝒕 𝜸𝒘 −⁄ 𝑭𝑹 -0.2 - - - - - -0.22 - - - - - yes 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑭𝑹) -0.225   - - - -0.22   - - - yes 
𝜸𝒕 𝜸𝒘 −⁄ 𝑩𝒒 -0.42 - - - - - -0.40 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑪 0.37 - - - - - -0.39 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑩 0.26 - - - - - 0.28 - - - - - yes 
𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑩𝒒 -0.06 - - - - - -0.05 - - - - - Discard 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑭𝑹 0.33 - - - - - 0.35 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑰𝑪 0.33 - - - - - 0.34 - - - - - yes 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝟏) -0.197 -0.09 0.41 - - - -0.22 -0.08 0.44 - - - yes 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝒏) -0.197 -0.36 0.51 - - - -0.21 -0.34 0.54 - - - yes 
𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝑩𝒒 -0.2 -0.01 -0.42 - - - -0.23 -0.07 -0.41 - - - yes 
𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝒏 − 𝑩𝒒 0.32 -0.75 -0.42 - - - 0.34 -0.77 -0.41 - - - yes 
𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧(𝑸𝒕𝒏) − 𝑩𝒒 0.38 -0.76 -0.42 - - - 0.35 -0.77 -0.41 - - - yes 
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𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑭𝑹) − 𝑰𝑪 -0.197 -0.45 0.54 - - - -0.22 -0.36 0.59 - - - No 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑸𝒕𝟏) − 𝑰𝑪 0.38 0.68 0.54 - - - 0.35 0.58 0.59 - - - No 
𝜸𝒕 𝜸𝒘⁄ − 𝑰𝑪 − 𝑩𝒒 -0.35 066 -0.42    -0.38 0.67 -0.41 - - - yes 
𝜸𝒕 𝜸𝒘⁄ − 𝑭𝑹−𝑸𝒕𝒏 − 𝑩𝒒 -0.2 -0.18 0.49 - 0.15 0.26 0.31 -0.23 -0.14 0.47 -0.16 0.19 0.34 No 
𝜸𝒕 𝜸𝒘⁄ − 

𝒍𝒏(𝑭𝑹)−𝒍𝒏(𝑸𝒕𝒏) − 𝑩𝒒 -0.2 -0.37 0.51 

 
-0.25 

 
-048 

 
0.31 -0.23 -0.35 0.55 

 
-0.16 

 
0.52 

 
0.33 Yes 

 

 
(a) 

 
(b) 

Figure 6.7. a) Examination of joint normal distribution for transformed variables 𝛾𝑡 𝛾𝑤⁄ −𝑙𝑛(𝑄𝑡𝑛). b) 

Comparison of  𝛾𝑡 𝛾𝑤⁄ −𝑙𝑛(𝑄𝑡𝑛) data and 3000 simulated data from joint normal distribution assumption. 

 

Transfor ed   log(Qtn)
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6.5.2 Clustering 

BMA was applied to all the multivariate distributions that were selected for analysis. We present 

results only for cases with two clusters as considering three mixture components did not improve 

the results. 

Table 6.7 reports the Information Criteria for each combination of parameters. Both BIC and 

ICL values suggest that optimal clustering is obtained using the bivariate mixture of 𝛾𝑡/ 𝛾𝑤 −

ln (𝑄𝑡n), so we use that case to illustrate the method.  It is interesting to note that while 𝑙𝑛 (𝑄𝑡n) 

has some correlation with normalized weight this is by no means the stronger one among the 

tested variables (Table 6.6). After fitting a bivariate distribution to all the data pairs  𝛾𝑡/ 𝛾𝑤 −

𝑙𝑛 (𝑄𝑡n) we run the BMA with two components.  

The probabilities of data belonging to a particular component (Hidden class 1) of the Gaussian 

mixture are given in Figure 6.8a. Clustering is based on such probabilities. A simple choice is to 

assign data to the component in which they have the largest probability of belonging. For two 

components this is equivalent to enforcing a probability threshold of 0.5 as clustering criteria. The 

result of doing so in this case is reported in Figure 6.8b, while statistics for the two clusters in the 

𝛀 space are reported in Table 6.8.  

The procedure adopted to simulate data from single standard multivariate normal distribution is 

now applied using the identified clusters. Results reported in Figure 6.8c show that the scatterplot 

of simulated data overlaps better with the database than what was attained before, without 

clustering (see Figure 6.7b). 

To understand the meaning of the identified hidden classes, data within each cluster are plotted 

back in Robertson, (1990), (2016) and Schneider et al. (2008) classification charts (Figure 6.9b). 

Results show that the first class identified is mostly representative of a Clay-Like-Contractive 

class (C − C, Figure 6.9b, Figure 6.9c), while the second hidden class identified includes a wider 

range of soil classes. For the data in cluster 1  𝛾𝑡/ 𝛾𝑤 − ln(𝑄𝑡𝑛) have a negative correlation 

whereas a weak positive correlation appears for the second cluster (Table 6.8). Similar results for 

other variable combinations are reported in APPENDIX C 

It is worth noticing that not only 𝑙𝑛 (𝑄𝑡𝑛) provides the most plausible data subdivision according 

to Information Criteria but it is able to identify Hidden soil classes which have some distinctive 

trait when plotted on accepted SBT templates. Similar hidden classes were discovered when soil 

behaviour type Index 𝐼𝐶  was employed as a variate  Figure C 6.1e−APPENDIX C). This 

similitude does not come as a surprise since 𝑄𝑡𝑛  is based on  𝐼𝐶  . On the other hand, when 

clustering was based on normalized friction ratio 𝐹𝑅 Figure C 6.1b) data subdivision was not 

conventionally interpretable, with a weak distinction between contractive and dilative behaviour. 
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That poor results were also anticipated by the BIC and ICL scores in Table 6.7. The clustering 

result when using normalized pore pressure 𝐵𝑞 (Figure C 6.1c) was somewhat better than with 

𝐹𝑅 but still not as clear as with  𝑄𝑡𝑛 or  𝐼𝐶. Interestingly adding more variates (e.g., adding ln𝐹𝑅) 

did not improve the result attained alone with 𝑙𝑛(𝑄𝑡𝑛).   

Table 6.7. CPTu parameters-𝜸𝒕 𝜸𝒘⁄  correlation analyze and Information Criteria. 

N° clusters 1 2 

Variables 𝑩𝑰𝑪* ICL* 

 

𝑩𝑰𝑪* ICL* 

𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝟏 4.24 4.24 4.15 4.48 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝟏 4.33 4.33 4.28 4.45 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝟏) 4.21 4.21 4.07 4.50 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏 4.30 4.30 4.38 4.88 

𝜸𝒕 𝜸𝒘⁄ − √𝑸𝒕𝒏 4.37 4.37 4.45 4.78 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝒏) 4.21 4.21 3.84 4.08 

𝜸𝒕 𝜸𝒘 −⁄ 𝑭𝑹 4.42 4.42 5.17 6.17 

𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑭𝑹) 4.41 4.41 5.17 6.08 

𝜸𝒕 𝜸𝒘 −⁄ 𝑩𝒒 4.20 4.20 3.98 4.14 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑪 4.26 4.26 4.38 4.76 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑩 4.48 4.48 4.39 4.52 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑭𝑹 3.97 3.97 4.28 4.33 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑩𝒒 4.27 4.27 4.38 4.51 

𝜸𝒕 𝜸𝒘⁄ −𝑸𝒕𝒏𝑰𝑪 4.26 4.26 4.07 4.45 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝟏) 6.38 6.38 6.25 6.72 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝒏) 5.02 5.02 5.12 5.68 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝑩𝒒 6.36 6.36 6.26 6.73 

𝜸𝒕 𝜸𝒘⁄ − 𝑸𝒕𝒏 − 𝑩𝒒 5.54 5.54 5.41 5.89 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧(𝑸𝒕𝒏) − 𝑩𝒒 5.42 5.42 5.06 5.43 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑭𝑹) − 𝑰𝑪 5.44 5.44 - - 

𝜸𝒕 𝜸𝒘⁄ − 𝐥𝐧 (𝑸𝒕𝟏) − 𝑰𝑪 4.99 4.99 − - 

𝜸𝒕 𝜸𝒘⁄ − 𝑰𝑪 − 𝑩𝒒 5.70 5.70 5.75 6.28 

𝜸𝒕 𝜸𝒘⁄ − 𝑭𝑹−𝑸𝒕𝒏 − 𝑩𝒒 5.86 5.86 - - 
𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹)−𝒍𝒏(𝑸𝒕𝒏) − 𝑩𝒒 4.97 4.97 5.02 5.50 

* Scaled down by a factor of 1e+03 



 
249 Unit weight from CPTu via Bayesian Mixture Analysis (BMA) 

 
(a) 

 
(b) 



 
250 Unit weight from CPTu via Bayesian Mixture Analysis (BMA) 

 
(c) 

 

Figure 6.8. a) Posterior probability of data to belong to Hidden soil class 1. b) Data assigned to each hidden 

soil class assuming a posterior probability threshold of 0.5. c) Comparison of original and simulated data 

for the two clusters identified. 

Table 6.8. Weight of mixture, covariance matrix and mean vector components of 𝜸𝒕 𝜸𝒘⁄ -𝒍𝒏(𝑸𝒕𝒏) 

combination. 

cluster 𝐖𝐞𝐢𝐠𝐭𝐡 𝐦𝐢𝐱𝐭𝐮𝐫𝐞 𝐌𝐞𝐚𝐧 𝐯𝐞𝐜𝐭𝐨𝐫 𝐂𝐨𝐯𝐚𝐫𝐢𝐚𝐧𝐜𝐞 𝐦𝐚𝐭𝐫𝐢𝐱  
 

1 

𝜋1 µ𝜸𝒕 𝜸𝒘⁄  µ𝒍𝒏(𝑸𝒕𝒏)  𝛾𝑡 𝛾𝑤⁄  𝑙𝑛(𝑄𝑡𝑛) 

0.63 1.59 1.71 𝛾𝑡 𝛾𝑤⁄  0.04              -0.036 

        -0.036          0.125   𝑙𝑛(𝑄𝑡𝑛) 

 

2 
𝜋2 µ𝜸𝒕 𝜸𝒘⁄  µ𝒍𝒏(𝑸𝒕𝒏)  𝛾𝑡 𝛾𝑤⁄  𝑙𝑛(𝑄𝑡𝑛) 

0.37 1.95 3.32 𝛾𝑡 𝛾𝑤⁄  0.025          0.04 

0.04            0.94   𝑙𝑛(𝑄𝑡𝑛) 
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Figure 6.9. Scatter plot of data belonging to each hidden cluster identified when ln (𝑄𝑡𝑛) is the explanatory 

variable 

6.5.3 Cluster-wise performance of previous regressions 

The performance of pre-existing regressions was re-examined using the clusters derived from 

BMA of the 𝛾𝑡/ 𝛾𝑤 − 𝑙𝑛 (𝑄𝑡𝑛) bivariate. The results are presented in Table 6.9. The standard 

error of all the correlations is smaller for the clusters than for the global database, although the 

coefficient of determination 𝑅2 is also smaller for the clusters than for the global database. These 

effects are particularly strong for hidden cluster 2.  

Arguably, the standard error is a more meaningful measure of regression performance when non-

linear regressions are in use, as is the case here. However, the comparisons between global and 

clustered  𝑅2  and 𝜎𝜀𝑇 can be also misleading due to the different number of data employed after 

BMA subdivision. The improvement of predictive strength after BMA subdivision can be better 

assessed through a cross-validation procedure, computing the norm of sum of squared residual 

||𝑆𝑆𝑟𝑒𝑠||. This is illustrated here with the Mayne et al., (2010) regression (eq. (6.6).  

For each hidden class a set of 500 simulations is carried out. In each simulation, data of each 

hidden class is randomly subdivided between a training and a validation data set. The amount of 

validation data within each class is taken of about 15% of observations (i.e., 95 data for 
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ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1  and 55 for ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 ). Training data are used to compute regression 

coefficients and then  ||𝑆𝑆𝑟𝑒𝑠||  is computed on the validation data as:  

||𝑆𝑆𝑟𝑒𝑠|| = √ ∑ (𝛾𝑡
𝑣𝑎𝑙𝑖𝑑 − 𝛾𝑡

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
)2

𝑛𝑣𝑎𝑙𝑖𝑑

𝑖=1

 

(6.20) 

where 𝛾𝑡
𝑣𝑎𝑙𝑖𝑑  are the observations randomly selected for validation, 𝛾𝑡

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
 is the soil unit 

weight predicted from the regression established with the training dataset, and 𝑛𝑣𝑎𝑙𝑖𝑑  is then 

number of data in the validation set.  

The results of the cross-validation procedure are presented in Figure 6.10, as histograms of the 

norm of the sum of squared residuals ||𝑆𝑆𝑟𝑒𝑠|| for the simulations. In both classes, the benefits of 

BMA subdivision are evident. A regression based on the global database provides less accurate 

soil unit weight prediction with respect those based on the classes that result from BMA 

subdivision. Coefficients of cluster-based regression for Mayne et al., (2010) form are reported 

in Table 6.10. BIC value for each regression is also reported. 

Table 6.9. Statistics of existing empirical correlations after 𝐵𝑀𝐴. 

Authors 𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1 𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 Global  

𝜎𝜀𝑇
 𝑅2 𝜎𝜀𝑇

 𝑅2 𝜎𝜀𝑇
 𝑅2 

Robertson & Cabal, (2010) 

(𝐸𝑞. (6.4)) 1.38 0.54 1.26 0.33 

1.46 0.66 

Mayne, (2009)−𝐸𝑞. (6.5) 1.28 0.6 1.26 0.32 1.45 0.66 

Mayne, (2010) −𝐸𝑞. (6.6) 1.25 0.6 1.27 0.39 1.44 0.66 

Mayne, (2010)− 𝐸𝑞. (6.7) 1.28 0.61 1.19 0.33 1.41 0.66 

Mayne, (2010)−𝐸𝑞. (6.8) 1.28 0.61 1.26 0.32 1.47 0.64 

Mayne, (2014)−𝐸𝑞. (6.10) 1.56 0.42 1.26 0.31 1.54 0.61 

 

 
 

(a) (b) 

Figure 6.10. a) Norm of residuals from cross validation within Hidden cluster 1  and b) 

Hidden cluster 2. for Mayne et al. , (2010) correlation. 

 

Cluster based Hidden class 1

Global

Cluster based Hidden class 2

Global
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Table 6.10. Regression coefficients and BIC value of cluster-based of linear Mayne et al., (2010) 

correlation 

 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 − 𝑏𝑎𝑠𝑒𝑑 𝑀𝑎𝑦𝑛𝑒 𝑒𝑡 𝑎𝑙. , (2010) 𝑎 𝑏 𝑐 𝑑 BIC 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1 γt = [𝑎 + 𝑏 𝑙𝑜𝑔 (𝑧) +  𝑐 𝑙𝑜𝑔 (qt) + 𝑑1𝑙𝑜𝑔 (fs)] 0.78 −4.2 7.77 −0.57 2.14E+03 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 15.34 0.052 −0.02 1.94 3.65E+3 

 

6.5.4 Novel regressions  

In this section new correlations that improve on the explanatory power of the pre-existing ones 

are proposed. Different correlations are fitted using the previously identified hidden classes within 

the data. We initially search for direct correlations (i.e., those not requiring iteration) and then for 

correlations that require iteration (when some of the predictors also depend on soil unit weight).   

There is no particular reason to assume that the same independent variables (i.e., nonnormalized 

CPTu parameters) will be optimal for soil unit weight prediction for both clusters. Consequently, 

separate regressions might be more appropriate to improve soil unit weight prediction. This aspect 

will be addressed when considering regressions that require iteration (section 6.5.4.2) 

6.5.4.1 Direct correlations 

We use as template for the new correlations a quadratic form proposed by Mayne et al., (2010), 

(eq. 6.6) as: 

γt = [𝐴 + 𝐵 ∙ 𝑙𝑜𝑔 (𝑧) + 𝐶 ∙ 𝑙𝑜𝑔 (𝑞𝑡)  + 𝐷 ∙ 𝑙𝑜𝑔 (𝑓𝑠)]
2 ± 𝜎𝜀𝑇1

  (6.21) 

Model fit statistics and regression coefficients for both hidden classes and are reported in Table 

6.11 and Table 6.12 respectively. The more complex quadratic form results in a better fit than the 

simpler proposals such as Mayne et al., (2010), (eq. 6.6, Table 6.10). Note that, although the 

regression expression is more complex, the value of BIC indicates, when comparing Table 6.10 

and Table 6.12,  that no overparameterization is introduced.   

In this case clustering also improves the standard error from that obtained with the global 

regression, although R2 decreases. Given the limitations of 𝑅2  when non-linear regression is 

involved, a specific cross-validation (using a 𝑘 − 𝑓𝑜𝑙𝑑 method) has been performed for both 

clusters, examining as well the bias-variance trade off (APPENDIX D, section 6.10.1). In the 

appendix the performance of eq. (6.21) is compared with other regression forms, such as Mayne 

et al., (2010) (eq. 6.6) and Mayne, (2014), (eq. 6.10). The results clearly show that, despite 

increasing model complexity, no data overfitting is evident and prediction strength is genuinely 

improved.  As an example, Figure 6.11 reports validation results for linear and quadratic 

regressions in terms of RMSE and bias (see APPENDIX D) for each hidden class.  
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(a) (b) 

  

(c) (d) 

Figure 6.11. a)  RMSE frequency due to cross-validation for hidden class 1; b) bias frequency for 

hidden class 1. c)  RMSE frequency for hidden class 2; d) bias frequency for hidden class 2. 

Table 6.11. Fitting coefficients for quadratic regression form of Mayne et al. (2010) for each cluster and 

for whole database 

γt = 𝑎 + [𝑏 · 𝑙𝑜𝑔 (𝑧) + 𝑐 · 𝑙𝑜𝑔 (𝑞𝑡) + 𝑑 · 𝑙𝑜𝑔 (𝑓𝑠)] + 𝑒 · 𝑙𝑜𝑔 (𝑧) · 𝑙𝑜𝑔 (𝑞𝑡) + f· 𝑙𝑜𝑔 (𝑧) · 𝑙𝑜𝑔 (𝑓𝑠) + 𝑔 ·
𝑙𝑜𝑔 (𝑞𝑡) ·  𝑙𝑜𝑔 (𝑓𝑠)] + [ℎ · 𝑙𝑜𝑔 (𝑧)2

+ 𝑖 · 𝑙𝑜𝑔 (𝑞𝑡)
2 + 𝑗 · 𝑙𝑜𝑔 (𝑓𝑠)

2] 

 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖 𝑗 

hidden soil class 1 -56 -71.31 78.25 -12.01 41.05 4.98 7.51 19.57 22.05 -1.82 

hidden soil class 2 14.54 8.69 -2.23 2.42 -1.686 -0.479 -0.287 -0.64 0.60 0.34 

No clustering 10.43 10.76 19.66 -3.79 4.31 -1.7 -2.235 -1.09 -3.72 -0.27 

 

Table 6.12. Model fit comparison for quadratic regression form of Mayne et al., (2010) with and without 

clustering. 

𝐴𝑢𝑡ℎ𝑜𝑟𝑠 Hidden cluster 1 Hidden cluster 2 without clustering  

𝜎𝜀𝑇
 𝑅2 𝐵𝐼𝐶* 𝜎𝜀𝑇

 𝑅2 𝐵𝐼𝐶* 𝜎𝜀𝑇
 𝑅2 𝐵𝐼𝐶* 

Quadratic Mayne et al., 

(2010)- (eq. 6.21) 

  1.12 0.68 1.89 1.15 0.46 1.31 

 

 

1.29 

 

 

0.73 

 

 

3.47 
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6.5.4.2 Correlations that require iteration 

A further reduction of transformation uncertainty is obtained using the following iterative 

regressions, which use different explanatory variables for Hidden class 1 and Hidden class 2: 

γt = [𝐴 + 𝐵 · 𝑙𝑛 (𝑞𝑡 ∙ 𝛾′) + 𝐶 ·  𝑙𝑛 (z)]2 ± 𝜎𝜀𝑇1
  (6.22) 

γt = [𝐴 + 𝐵 · 𝑙𝑛 (𝑓𝑠 ∙ 𝛾′) + 𝐶 ·  𝑙𝑛 (z)]2  ±  𝜎𝜀𝑇2  (6.23) 

Statistics of model fit and corresponding regression coefficients are reported in Table 6.13 and  

Table 6.14 respectively. 

Table 6.13. Model fit statistics of proposed correlations. 

 𝑅𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛  𝑅2 𝜎𝜀𝑇
 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1 𝑎1 + 𝑏1𝑙𝑛 (𝑞𝑡 ∙ 𝛾′) + 𝑐1 𝑙𝑛 (z) + 𝑑1𝑙𝑛 (𝑞𝑡 ∙ 𝛾′) · 𝑙𝑛 (z) + 𝑒1𝑙𝑛(𝑞𝑡)
2 + 𝑓1 𝑙𝑛(𝑧)2 0.86 0.73 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 𝑎2 + 𝑏2𝑙𝑛 (𝑓𝑠 ∙ 𝛾′) + 𝑐2 𝑙𝑛 (z) + 𝑑2𝑙𝑛 (𝑓𝑠 ∙ 𝛾′) · 𝑙𝑛 (z) + 𝑒2𝑙𝑛(𝑞𝑡)
2 + 𝑓2 𝑙𝑛(𝑧)2 0.55 1.04 

 

Table 6.14. Coefficients and statistics of proposed iterative regressions.  

𝑖 − 𝑡ℎ 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 𝑎𝑖 𝑏𝑖 𝑐𝑖 𝑑𝑖 𝑒𝑖 𝑓𝑖 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1 10.14 0.23 −2.89 0.56 0.05 −0.69 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 10.67 0.85 2.3 −0.19 0.04 −0.2 
*  

The benefit of applying an iterative procedure is evident; Table 6.13 shows a significant decrease 

of standard error with respect to previous regressions. Again, a more elaborate validation has 

been performed (see APPENDIX D−section 6.10.2), with positive results. As an example, 

Figure 6.12 report results in terms of root mean square error and bias (RMSE, bias) for the iterative 

cluster-based regression compared with Mayne et al., (2010) reported in  Table 6.10.  

  

(a) (b) 
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(c) (d) 

Figure 6.12. a)  RMSE frequency due to cross-validation for hidden class 1; b) bias frequency for 

hidden class 1. c)  RMSE frequency for hidden class 2; d) bias frequency for hidden class 2. 

6.5.5 Application of cluster-based correlation at new sites 

To apply cluster-based correlations at a new site the local data need first to be assigned to one of the 

clusters. To do that we use the projection of the clustered data on the original  SBT chart (Robertson, 

1990). For reference the bivariate isoline 0.5 of each cluster is drawn on that chart in Figure 6.13. If 

CPTu observations are more likely to belong to the bivariate density function of ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 1, 

eq.(6.22)  is applied, otherwise eq. (6.23) has to be employed. 

In principle, a probabilistic assignment decision can be done by computing the posterior probability 

of the  𝑖𝑡ℎ new observation 𝜔𝑖 (i.e., 𝑞𝑡𝑖, 𝑓𝑠𝑖,) to belong to each cluster as: 

𝑝𝑖𝑗 |µ�̂� , ∑�̂�, 𝜋�̂�= 
𝜋�̂�𝑓(𝜔𝑖| µ�̂�,∑�̂�)

∑ 𝜋�̂�𝑓(𝜔𝑖|µ�̂�,∑�̂�)
𝐾
𝑗=1

  
(6.24) 

with µ�̂� , ∑�̂�, 𝜋�̂� estimates of µ𝑗 , ∑𝑗 , 𝜋𝑗 after 𝐵𝑀𝐴 reported in Table 6.8. 

New observations will be then assigned to the hidden cluster for which greater posterior probability 

is obtained.   

However, it is not necessary to use this route and a criterion that is easier to apply can be obtained by 

applying discriminant analysis on the SBT plane (Ghojogh & Crowley, 2019, see APPENDIX E). By 

employing a quadratic data classifier to separate the multivariate normal densities representative of 

hidden classes in the Robertson, (1990) chart, discriminant analysis allows to draw a boundary line 

between the two clusters as reported in Figure 6.13 and Figure 6.13b. Observations at new site can 

then be assigned according to a decision boundary line of equation: 

2.37 + 0.2 ln (𝑅𝑓) − 1.58 ln (𝑞𝑡) − 1.23ln (𝑅𝑓)ln (𝑞𝑡) − 1.96 ln(𝑞𝑡)
2 − 0.38 ln(𝑅𝑓)

2

± 𝜎𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = 0 

(6.25) 
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with 𝜎𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = 0.12, standard error of the decision boundary line. Observations characterized 

by negative value of eq. (6.25) will be assigned to Hidden class 1, to Hidden class 2 otherwise. 

The standard error on the boundary line  𝜎𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦  partly reflects uncertainties intrinsic to the 

database. The decision boundary error may be applied to introduce a safety margin, if there is a 

reason to prefer one class assignment over the other.  This is unlikely to be the case in the 

application envisaged here and, therefore, we will always use the mean estimate of the decision 

boundary line.  

 

 

(a) 

 

(b) 
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Figure 6.13. a) Mean estimate of decision boundary to assign new observations to the correct cluster. b) 

95% Confidence Interval of decision boundary. 

6.5.6 Application examples 

6.5.6.1 Burswood clay 

A first validation example is taken from the work of Low, (2009) on Burswood clay.  Burswood 

clay (Perth, Western Australia) is a slightly overconsolidated silty clay deposit with plasticity 

index range from 40 to 70%. Several laboratory tests on soil unit weight were conducted on 

samples retrieved from a borehole near a 𝐶𝑃𝑇𝑢 (See Low, 2009). It is worth noticing that the 

“restricted” Mayne, (2014) database includes eight datapoints relative to Burswood clay. 

Therefore, we are not here extrapolating outside the database, even if the Burswood data amounts 

only to 0.78% of the reference dataset.   

The data at Burswood indicates a rather homogeneous clay, where all the data belongs to a single 

cluster (cluster 1) Figure 6.14b.  Figure 6.14a presents a comparison between predicted soil unit 

weight profile obtained using the new cluster-based iterative regression (eq. 22-23) and the 

global-based iterative Mayne et al., (2010) regression (eq. 6.8). The average prediction of the 

clustered regression appears closer to the lab data, except at around 12 m depth. The larger 

standard error of the unclustered regression is also visible. 

 Figure 6.15 reports the comparison between different, non-iterative correlations, cluster-based 

and without clustering. Figure 6.15a reports the comparison between linear cluster-based Mayne 

et a., (2010) correlations (Table 6.11) and Mayne et al., (2010) correlation (eq. 6.6), while Figure 

6.15b reports a cluster-based version of Robertson & Cabal, (2010) correlation (Table and the 

same without clustering eq. 6.4). 

It can be observed that soil unit weight prediction from cluster-based correlations generally 

improves, providing an overall lower root-mean square error RMSE. This is particularly evident 

for the Robertson & Cabal, (2010) correlations.  Final RMSE values for each correlation are 

reported in Table 6.16. 

Table 6.15. Coefficient of cluster-based Robertson & Cabal, (2010) correlation 

 𝑅𝑜𝑏𝑒𝑟𝑡𝑠𝑜𝑛 & 𝐶𝑎𝑏𝑎𝑙, (2010) 𝑎 𝑏 𝑐 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1  

γt = [𝑎 log(𝑅𝑓) + 𝑏 log (
𝑞𝑡

𝑃𝑎

) + 𝑐] 

-0.26 3.4 12.92 

𝐻𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2 1.98 1.93 15.42 

𝑁𝑜 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑖𝑛𝑔 2.64 3.53 12.12 
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(a)  (b) 

Figure 6.14.  a) Mean ± regression standard error of soil unit weight from clustered-based iterative 

correlations (blue line) and linear form of Mayne et al., (2010) without clustering (red line).  b) 𝑪𝑷𝑻𝒖 data 

subdivision according to discriminant line.  

  
(a) (b) 

Figure 6.15.  a) Mean ± regression standard error of soil unit weight prediction from non-iterative 

correlations, clustered-based and not (a) Mayne et al. (2010) linear correlation (b) Robertson & Cabal 

(2010) correlation 

Table 6.16. Measured and predicted soil unit weight from cluster-based correlations and corresponding 

correlations without clustering. 

 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 − 𝑏𝑎𝑠𝑒𝑑 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑖𝑛𝑔 

 

𝑅𝑀𝑆𝐸 

𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒 

(Eq. 22-23) 

𝐿𝑖𝑛𝑒𝑎𝑟 𝑀𝑎𝑦𝑛𝑒  
𝑒𝑡 𝑎𝑙. , (2010)- (Table 10) 

𝑅𝑜𝑏𝑒𝑟𝑡𝑠𝑜𝑛 & 𝐶𝑎𝑏𝑎𝑙  

(2010)- (Table 
6.15) 

𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒,  
𝑀𝑎𝑦𝑛𝑒 𝑒𝑡 𝑎𝑙. , (2010) 

(𝑒𝑞. 8) 

𝐿𝑖𝑛𝑒𝑎𝑟 𝑀𝑎𝑦𝑛𝑒  
𝑒𝑡 𝑎𝑙. , (2010)-Eq. (6) 

𝑅𝑜𝑏𝑒𝑟𝑡𝑠𝑜𝑛  & 𝐶𝑎𝑏𝑎𝑙  
(2010)- (eq. 4) 

0.58 0.5 0.34 0.64 0.51 0.41 

 

6.5.6.2 Barcelona nearshore sediments 

The second example uses more complex data from a site that was not included in the reference 

database, and therefore it constitutes a more rigorous validation. The data correspond to a 

Llobregat delta site (𝑆𝑊 Barcelona, Spain), an area rich in infrastructures requiring extensive 

onshore and nearshore geotechnical investigation. 
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As part of its expansion strategy, the Port Authority of Barcelona commissioned an intensive 

geotechnical campaign for the design of three new quays and future new terminals and port 

facilities (Figure 6.16). Along with in-situ investigation, laboratory tests were performed on 

selected sub-samples from undisturbed Shelby tubes recovered every 5m in each borehole. A total 

of 44 total soil unit weight measurements were performed. More detail on this campaign is given 

by Deu et al., (2021). The regressions previously proposed are validated comparing soil unit 

weights predicted from the campaign CPTu data with the results laboratory tests performed on 

soil samples recovered at nearby boreholes. Eight CPTu  sounding records (Figure 6.16) are 

employed for soil unit weight prediction. The mean value ± standard deviation profile of cone tip 

resistance for such CPTu is reported in Figure 6.17, which highlight the greatest CPTu variability 

within the first 10 m depth due to alternation of sand and clay soil units.  

 

Figure 6.16. Location of in-situ investigation at Barcelona harbor.  
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(a) (b) 
Figure 6.17. Mean value ± standard deviation profile of natural logarithm of cone tip resistance from 

eight CPTu sounding records employed for total unit weight prediction.  

In this analysis we used the mean value of the decision boundary line. The resulting CPTu data 

assignment to clusters is presented in Figure 6.18. The same data are also plotted in terms of mean 

value ± standard deviation profile of Soil Behavior Type Index IC (Figure 6.19) after soil unit 

weight is computed (i.e., by employing iterative cluster-based regressions from eq. (6.22,6.23). 

𝐼𝑐 profile is assigned as hidden class 1 (blue patches) or hidden class 2 (red patches) depending 

on where the mean value of CPTu data at each depth falls with respect to decision boundary line 

of Figure 6.19a. 

Figure 6.20a, compares soil unit weight profile derived from proposed iterative regressions (eq. 

6.22, 6.23) and an iterative regression of Mayne et al., (2010) without clustering, (eq. 6.8).  It is 

evident how the cluster-based regression has increased the accuracy of the CPTu prediction of 

soil unit weight with respect to that obtained using the global database correlation without 

clustering. The improvement is particularly significant within the first 20 m depth 

Figure 6.20a present results for the mean value of CPTu profiles at the site and for a range given 

by one standard deviation plus/minus from the mean. Note that such variability does not reflect 

regression uncertainty but site heterogeneity, as reflected by CPTu. Note also that at the same 
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reference depth, different CPTu data might fall at different sides of the discriminant criterion and 

may be thus assigned to different hidden classes 1 or 2.  

Clustering also improves the performance of non-iterative correlations. For instance further 

comparison between linear cluster-based Mayne et al., (2010) correlation (Table 6.10, eq. (6.21) 

and linear Mayne et al., (2010) correlation without clustering is reported in Figure 6.21a. 

Comparison between cluster-based Robertson & Cabal, (2010) correlation, (Table 6.15) and 

Robertson & Cabal, (2010) correlation without clustering (eq. 6.4) is reported in Figure 6.21b. It 

can be generally observed that cluster-based correlations provide a slightly better prediction of 

soil unit weight, even if the non-iterative correlations systematically underestimate the laboratory 

result. 

 

Figure 6.18.  CPTu data subdivision according to proposed decision boundary criterion. 

 

Figure 6.19. Mean value ± standard deviation profile of 𝑰𝒄 from the eight CPTu sounding records 

employed for soil unit weight prediction.  
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Figure 6.20.  a) Mean ± site variability error of soil unit weight at Barcelona-harbor from iterative 

regressions cluster-based (blue line) and iterative Mayne et al., (2010) without clustering (red line).  

  

(a) (b) 

Figure 6.21 Mean ± site variability error of soil unit weight at Barcelona-harbor from non-iterative 

regressions cluster-based (blue line) and without clustering (red line) (a) regressions using a linear 

expression of Mayne et al., (2010). (b) regression using a Robertson & Cabal, (2010) expression 
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6.6 Summary & Conclusion  

This study illustrates the application of a new method in which Bayesian mixture analysis (BMA) 

is used to help improve geotechnical regression based on global databases. BMA is applied to 

cluster a global database, identifying different hidden classes of soils within the database. These 

clusters are then exploited to improve on existing correlations or propose new ones. 

The selected application is that of soil unit weight prediction from CPTu data. The database 

exploited is a slightly restricted version of a global database published by Mayne, (2014). The 

database is initially expressed in terms of normalised CPTu parameters. Multivariate normal 

distributions are fitted to different combinations of those parameters and normalised unit weight. 

BMA was applied to decompose the different multivariate originated from the database. The 

results of clustering were examined in terms of plausibility (using BIC and ICL as numerical 

criteria) and also in terms of ease of interpretation, by back-projecting clustered data in familiar 

normalised classification diagrams (Robertson, Schneider). It appeared that the best results were 

obtained with two hidden classes in the space 𝛾𝑡/ 𝛾𝑤 − 𝑙𝑛 (𝑄𝑡𝑛).  One of such classes is mostly 

associated with Clay-Like-Contractive soils (𝐶 − 𝐶), while the second is representative of a wider 

range of soil types.  

CPTu  data subdivision according to such classes improves the performance of pre-existing 

correlations. That improvement was quantified using a numerical cross-validation procedure. The 

identified hidden classes were also exploited to propose new regressions between CPTu 

parameters and unit weight, both direct and iterative.  The superior performance of those new 

regressions on the database was also proven by means of a K-fold numerical validation exercise. 

To facilitate the application of cluster-based regression in new cases, a discriminant function has 

been obtained to assign observation to the correct cluster using a non-normalized SBT charts 

(Robertson, 1990). This simplified decision rule has been tested in two different case studies. The 

results show that the BMA based clustering systematically improves the unit weight prediction, 

whatever the correlation applied. However, they also show that the best performance is obtained 

when the newly developed correlations are also introduced. 
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Notation 
Underlined letters (e.g., X) are representatives of individual arrays; 

Underlined bold letters (e.g., 𝐗) are representatives of multiple arrays; 

Double underlined letters (e.g., 𝐶) are representatives of matrices; 

Double underlined bold letters (e.g., 𝑪) are representatives of array of matrices. 

𝛀𝑁𝑜𝑟  =normal random vector of 𝑛 𝑥 𝑑 components with 𝛀𝑁𝑜𝑟−𝑖 (i=1, ..., 𝑑) 

𝐾 = plausible number of Gaussian mixtures; 

𝜔𝑖 = 𝑖 − 𝑡ℎ component, of di ension 1 x 𝑑 (𝑒. 𝑔. , γ𝑡𝑖
− log(𝑄𝑡1𝑖

) of the observational data set  𝛀  ; 

𝜋𝑗 = 𝑗 − 𝑡ℎ mixture weight; weights are chosen so that ∑ 𝜋𝑗 = 1𝐾
𝑗=1 ; 

𝜙𝑗 =  𝑑 − dimensional multivariate normal probability density function of the 𝑗 − 𝑡ℎ  mixture 

component;  

𝑑 =number of involved random variables; 

𝚯𝒋 = unknown mean vector and covariance matrix of the 𝑗 − 𝑡ℎ Gaussian mixture component (i.e.,µ𝑗, 

∑𝑗); 

𝚯 = unknown mean vectors and covariance matrices of the gaussian mixture model (i.e. 𝛍, 𝚺); 

µ𝑗 = mean vector of 𝑗 − 𝑡ℎ mixture component of length 1 𝑥 𝑑; 

∑𝑗 = covariance matrix of 𝑗 − 𝑡ℎ mixture component of dimension 𝑑 𝑥 𝑑 𝑥 1; 

𝛱 = (𝜋1,.., 𝜋𝐾) weight mixture vector of dimension 𝐾 𝑥 1. 

𝛇 = total unknown parameters of the mixture model (i. e.  [ 𝚯; 𝛱]). 

�̂� = most probable bivariate statistics estimates. 

ϕ−1[ ] =  inverse of standard normal cumulative distribution function 

F(Ω) = cumulative distribution function of random variable vector Ω 

𝑇( ) = ϕ−1[F( )] CDF transform function (dependent on Johnson type form) 

Ω =vector of nonnormally distributed soil parameter observations (e.g., 𝛾𝑡/𝛾𝑤) 

𝑛 =number of data that compose the dataset. 
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Notation CPTu parameters 
Notation   

𝑸𝒕𝟏 
Normalized cone tip resistance 𝑞𝑡 − 𝜎𝑣

𝜎′𝑣
 

𝑭𝑹 
Normalized friction ratio 𝑓𝑠

𝑞𝑡−𝜎𝑣
*100 

𝑩𝒒 
Normalized pore pressure 𝑢2 − 𝑢0

𝑞𝑡 − 𝜎𝑣

 

𝑸𝒕𝒏 
Normalized cone tip resistance (

𝑞𝑡−𝜎𝑣

𝑃𝑎
)/(

𝑃𝑎

𝜎′𝑣
)𝒏   with n=0.381 𝐼𝐶 + 0.05(

𝑃𝑎

𝜎′𝑣
) − 0.15 

𝑰𝑪 Soil Behavior type index [(3.47 − log𝑄𝑡1)2 + (1.22 + log𝐹𝑅)2]0.5 

𝑰𝑩 Modified Soil Behavior index 100 (𝑄𝑡𝑛 + 10)/( 𝑄𝑡𝑛𝐹𝑅 + 70) 
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6.7   APPENDIX A: JOHNSON DISTRIBUTIONS 

The identification of the Johnson distribution more suitable for a certain dataset starts by 

computing several quantiles ꞃ of the dataset Ω (e.g., 𝑄𝑡1, 𝐹𝑅), denoted as Ωꞃ. In this study, the 

quantiles considered are the 0.018, 0.242, 0.758, and 0.982 sample quantiles, which are denoted 

as Ω𝜙(−3.21) , Ω𝜙(−0.7) , Ω𝜙(0.7) , Ω𝜙(3.21) , respectively (Ching et al., 2014b) with 𝜙  𝐶𝐷𝐹  of 

standard normal distribution. Using the quantiles, coefficients 𝑛 =  Ω𝜙(−0.7) − Ω𝜙(−3.21),   𝑚 =  

Ω𝜙(3.21) − Ω𝜙(0.7) 𝑎𝑛𝑑  𝑝 =  Ω𝜙(0.7) − Ω𝜙(−0.7)  are computed andthe discriminant ratio  𝐷 =

𝑚(
𝑛

𝑝2), is evaluated.  

The value of 𝐷 is used to identify the Johnson distribution type. The functional form of the 

different Johnson distributions is given in (Table A.1). The functions have all four parameters 

𝑎𝑥, 𝑏𝑥 , 𝑎𝑦, 𝑏𝑦 which are evaluated using the quantile values and derived coefficients (Table A.1). 

Ω  are transformed into standard normal distribution according to 𝐶𝐷𝐹 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚  T (Ω) 

(eq.(6.12) as reported in Table A.2. Simulated observations are then generated by applying 

𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐶𝐷𝐹 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑻−𝟏 (𝑋𝑛), (eq. 6.15), which depend on Johnson form according to 

Table A. 2. 

Table A. 1.  Functional form of different Johnson distribution. 
Johnson form Density distribution 𝒇(Ω) 

SU (𝐷 > 1) (𝑎𝑥/𝑎𝑦) exp {−.5 [𝑏𝑥 + 𝑎𝑥 sinh−1(Ω)]2}/√2𝜋 Ω(1 − Ω) 

SB (𝐷 < 1) 
(
𝑎𝑥

𝑎𝑦
) exp{−.5 [𝑏𝑥 + 𝑎𝑥 ln( Ω/(1 − Ω))]}2 /√2𝜋 Ω𝑛(1 − Ω) 

SL (𝐷 = 1) 
(
𝑎𝑥

𝑎𝑦
)exp {−.5 [𝑏𝑥 + 𝑎𝑥 ln( 𝑎𝑦) + 𝑎𝑥 ln( Ω)]

2
} /√2𝜋 Ω 

𝒇(Ω) coefficients 

 

 

SU 

𝑎𝑥 = 2𝑧/ cosh−1{0.5[𝑚/𝑝 + 𝑛/𝑝]} 
𝑏𝑥 = 𝑎𝑥/ sinh−1{[𝑛/𝑝 − 𝑚/𝑝]/ [2(𝐷 − 1)0.5]} 

𝑎𝑦 = 2𝑝 (𝐷 − 1)0.5/{[𝑛/𝑝 + 𝑚/𝑝 − 2][𝑛/𝑝 + 𝑚/𝑝 + 2]0.5} 

𝑏𝑦 = [(Ω−0.7 + Ω+0.7)/2] + 𝑝 [𝑛/𝑝 − 𝑚/𝑝]/{2[𝑚/𝑝 + 𝑛/𝑝 − 2]} 

 

 

SB 
𝑎𝑥 = 𝑧/cosh−10.5{[1 + 𝑝/𝑚][1 + 𝑝/𝑛]}0.5 

𝑏𝑥 = 𝑎𝑥 sinh−1[𝑝/𝑛 − 𝑝/𝑚] {[1 + 𝑝/𝑚][1 + 𝑝/𝑛] − 4}0.5/[2(𝐷−1 − 1)] 
𝑎𝑦 = 𝑝 {[(1 + 𝑝/𝑚)(1 + 𝑝/𝑛) − 2]0.5 − 4}0.5/(𝐷−1 − 1) 

𝑏𝑦 = [(Ω−0.7 + Ω+0.7)/2] −
𝑎𝑦

2
+ 𝑝[𝑝/𝑛 − 𝑝/𝑚]/[2(𝐷−1 − 1)] 

 

 

SL 

𝑎𝑥 = 2𝑧/ln (𝑚/𝑝) 

𝑏𝑥 = 𝑎𝑥 𝑙𝑛{[𝑚/𝑝 − 1]/ [𝑝(𝑚/𝑝)0.5]} − 𝑎𝑥ln (𝑎𝑦) 

𝑎𝑦 = [(Ω−0.7 + Ω+0.7)/2] − 0.5𝑝[(𝑚/𝑝) + 1]/[(𝑚/𝑝) − 1] 

 

 

Table A. 2. CDF transform T(Ω) and Inverse CDF transform 𝑻−𝟏 (𝑿𝒏) for different Johnson type.  

 CDF transform T(Ω) (eq.(6.12 ) 

SU 𝑏𝑥 + 𝑎𝑥 sinh−1(Ω) 

 

SB 𝑏𝑥 + 𝑎𝑥 𝑙𝑛[Ω/(1 − Ω)] 
 

SL 𝑏𝑥 − 𝑎𝑥ln (𝑎𝑦) + 𝑎𝑥 𝑙𝑛(Ω − 𝑏𝑦) 
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 Inverse CDF transform 𝑻−𝟏 (𝑋𝑛) (eq.(6.15) 

SU 𝑏𝑦 + 𝑎𝑦 sinh−1(𝑋𝑛) 

 

SB [𝑏𝑦 + (𝑎𝑦 + 𝑏𝑦) exp(𝑋𝑛)]/(1 + 𝑒𝑥𝑝(𝑋𝑛)] 

 

SL 𝑏𝑦 + 𝑒𝑥𝑝(𝑋𝑛) 

 

6.8 APPENDIX B: Simulated observations of constructed 

multivariate standard normal distribution 
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Figure B. 6.1. Scatter of database data and simulated observations for different multivariate distributions. 
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6.9 APPENDIX C: Hidden classes plots for different 

mixture of multivariate  
𝜸𝒕 𝜸𝒘 −⁄ 𝐥𝐧 (𝑸𝒕𝟏) 

 
(a) 

𝜸𝒕 𝜸𝒘 −⁄ 𝒍𝒏(𝑭𝑹) 

 
(b) 
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𝜸𝒕 𝜸𝒘 −⁄ 𝑩𝒒 

 
(c) 

𝜸𝒕 𝜸𝒘⁄ −𝑰𝑪 

 
(d) 
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𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝒏) 

 
(e) 

𝜸𝒕 𝜸𝒘⁄ − 𝒍𝒏(𝑭𝑹) − 𝐥𝐧 (𝑸𝒕𝒏) − 𝑩𝒒 

 
(f) 

 

Figure C 6.1. Hidden classes identified for different mixtures of multivariate. a) Bivariate distribution 

γt γw −⁄ ln (Qt1) . b) bivariate γt γw −⁄ ln(FR). c) bivariate  γt γw −⁄ Bq . d) bivariate  γt γw −⁄ IC . e) 

trivariate γt γw⁄ − ln(FR) − ln (Qtn). f) multivariate γt γw⁄ − ln(FR) − ln (Qtn) − Bq. 
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6.10 APPENDIX D: k-fold cross-validation 

𝑘 − 𝑓𝑜𝑙𝑑  cross-validation (Berrar, 2018) is a systematic procedure to evaluate correlation 

performance, for a given dataset (Ching, et al., 2017; Berrar, 2018) The original dataset is 

repeatedly split into training and validation subsets according to the 𝑘 − 𝑓𝑜𝑙𝑑 procedure applied. 

For instance, a 10 − 𝑓𝑜𝑙𝑑 cross validation consists of the following steps: 

1. Shuffle the complete dataset randomly;  

2. Subdivide the data into 10 groups; 

3. Leave out the first group from dataset; 

4. Compute correlations using the data in the remaining 9 groups; 

5. Validate the correlation with the group hold out (e.g., computing Root mean square error); 

6. Repeat step 3 − 5 for each group. 

Application of a k-fold procedure (i.e., leave one out approach) in a geotechnical context was 

illustrated by Ching et al., (2014). They suggested that for geotechnical parameter prediction the 

selection of folding level (k) should be based on the number of sites that compose the dataset, and 

that data allocation should not be random (i.e., skip steps 1-2 above). If performed this way, the 

cross-validation results should represent the ability to predict correctly at a “new” specific site. 

However, such procedure only makes sense if a homogenous dataset is available (similar number 

of data are collected at each site). For the reference dataset employed here this is not the case, and 

the full procedure (steps 1 to 6) is applied. (For a similar case in a geotechnical context see 

Bozorgzadeh et al., 2018).  

𝑘 − 𝑓𝑜𝑙𝑑 cross-validation is strongly influenced by the number of 𝑘 − 𝑓𝑜𝑙𝑑𝑠 considered which 

usually varies from 5-10 (James et al., 2013). The following procedure is applied: 

1. Select an initial value of 𝑘 (i.e., 𝑘 = 5);  

2. Shuffle the dataset randomly;  

3. Subdivide the data into 𝑘 groups; 

4. Leave out the first group from dataset; 

5. Employing the 𝑘 − 1 groups to compute correlation coefficients; 

6. Validate the correlation with the group hold out computing the root mean square error 

𝑅𝑀𝑆𝐸 and 𝑏𝑖𝑎𝑠 as: 

𝑅𝑀𝑆𝐸 =
1

𝑛𝑣𝑎𝑙𝑖𝑑
∙ ∑ √(𝛾𝑡

𝑣𝑎𝑙𝑖𝑑𝑖 − 𝛾𝑡
𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑𝑖)

2
𝑛𝑣𝑎𝑙𝑖𝑑

𝑖=1

 

𝑏𝑖𝑎𝑠 = (𝛾𝑡
𝑣𝑎𝑙𝑖𝑑 − 𝛾𝑡

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
) 
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with  𝑛𝑣𝑎𝑙𝑖𝑑  the number of validation data function of number of 𝑘 − 𝑓𝑜𝑙𝑑, which varies 

each 40 simulations and 𝜎𝛾𝑡
 standard deviation of soil unit weight data employed for 

regression. 

7. Repeat step 2 − 7 for each 𝑘 − 𝑡ℎ group; 

8. After 40 simulations updates 𝑘 (𝑒. 𝑔.  𝑘 = 𝑘 + 1) until 𝑘 = 10 

Such procedure should allow to mitigate sensitivity to number of 𝑘 − 𝑓𝑜𝑙𝑑𝑠 considered.  

A bias-variance trade-off (Neal, 2019) is expected as model complexity is increased. Such trade-

off is here simply evaluated through the total model error variance,  𝑣𝑎𝑟(휀𝑇𝑂𝑇) defined as: 

𝑣𝑎𝑟(휀𝑇𝑂𝑇) = 𝑏𝑖𝑎𝑠2 + 𝑅𝑀𝑆𝐸2 

6.10.1 Simple correlations 

Quadratic regressions of Mayne et al., (2010), (eq. 6.21) are analyzed. Results in terms of 𝑅𝑀𝑆𝐸  

frequency and its statistics are reported in Figure D. 6.1 and Table D. 6.1. Results are compared 

with linear cluster-based Mayne et al., (2010) correlation, which provide the best model fit 

according to Table 6.9 and cluster-based Mayne, (2014) regressions.  

The quadratic form despite increase model complexity does not provide data overfitting (bias 

close to 0), further decreasing transformation uncertainty resulting in the most plausible model 

according to 𝑣𝑎𝑟(휀𝑇𝑂𝑇).  

 

 
 

(a) (b) 
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(c) (d) 

Figure D. 6.1a)  RMSE  frequency due to cross-validation for hidden class 1 ; b) bias  frequency for 

hidden class 1. c)  RMSE frequency for hidden class 2; d) bias frequency for hidden class 2. 

Table D. 6.1. RMSE statistics, bias and  ar(εTOT)  for Hidden class 1 and 2. 

  𝐶𝑙𝑢𝑠𝑡𝑒𝑟 − 𝑏𝑎𝑠𝑒𝑑 

 

𝑀𝑖𝑥𝑡𝑢𝑟𝑒 

 

𝑆𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑠 

𝑀𝑎𝑦𝑛𝑒 𝑒𝑡 𝑎𝑙. , (2010) 

quadratic form 

𝑀𝑎𝑦𝑛𝑒 𝑒𝑡 𝑎𝑙. , (2010) 

linear form 

𝑀𝑎𝑦𝑛𝑒, (2014) 

linear form 

 

𝐻𝑖𝑑𝑑𝑒𝑛  

𝑐𝑙𝑎𝑠𝑠 1 

𝑏𝑖𝑎𝑠 1.96e-03 1.3e-04 -3e-04 

RMSE 0.87 1 1.24 

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑅𝑀𝑆𝐸 0.22 0.13 0.15 

𝑇𝑜𝑡𝑎𝑙 𝑒𝑟𝑟𝑜𝑟  

(𝑏𝑖𝑎𝑠 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑑𝑒 − 𝑜𝑓𝑓) 

0.89 1 1.54 

 

 

𝐻𝑖𝑑𝑑𝑒𝑛 

 𝑐𝑙𝑎𝑠𝑠 2 

𝑏𝑖𝑎𝑠 8.94e-03 2e-04 5e-04 

Mean 𝑅𝑀𝑆𝐸 0.93 0.99 0.98 

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑅𝑀𝑆𝐸 0.17 0.18 0.18 

𝑇𝑜𝑡𝑎𝑙 𝑒𝑟𝑟𝑜𝑟  

(𝑏𝑖𝑎𝑠 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑑𝑒 − 𝑜𝑓𝑓) 

0.86 0.97 0.96 

 

6.10.2  Iterative correlations 

The same procedure is now applied to iterative regressions. Results in terms of RMSE and bias 

frequency for hidden class 1 and hidden class 2 are reported in Figure D. 6.2, while statistics are 

reported in Table D. 6.2. For both models, a slightly increase of model bias is observed with 

respect existing regressions forms; nevertheless, an overall reduction of 𝑣𝑎𝑟(휀𝑇𝑂𝑇) is observed. 

However, for ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1, the quadratic form of Mayne, (2010) regression results in a slightly 

better model performance (i.e., lower 𝑣𝑎𝑟(휀𝑇𝑂𝑇)) with respect to iterative correlations. Therefore, 
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combination of quadratic form and iterative regression for ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1 and 2 respectively, 

could also be applied for soil unit weight prediction at a new site. 

 
 

(a) (b) 

  
(c) (d) 

Figure D. 6.2. a)  RMSE frequency due to cross-validation for Hidden class 1; b) bias frequency for Hidden 

class 1. c)  RMSE frequency for Hidden class 2; d) bias frequency due to cross-validation for Hidden class 

1. 

Table D. 6.2. RMSE statistics, bias and  ar(εTOT)  for Hidden class 1 and 2. 

  𝐶𝑙𝑢𝑠𝑡𝑒𝑟 − 𝑏𝑎𝑠𝑒𝑑 

𝑀𝑖𝑥𝑡𝑢𝑟𝑒  

𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 

𝑆𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑠 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒 

 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 

𝑀𝑎𝑦𝑛𝑒 𝑒𝑡 𝑎𝑙. , (2010) 

linear form 

𝑀𝑎𝑦𝑛𝑒, (2014) 

 

𝐻𝑖𝑑𝑑𝑒𝑛 

 𝑐𝑙𝑎𝑠𝑠 1 

𝑏𝑖𝑎𝑠 1e-3 1.3e-04 -3e-04 

RMSE 0.94 1 1.24 

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑅𝑀𝑆𝐸 0.12 0.13 0.15 

𝑇𝑜𝑡𝑎𝑙 𝑒𝑟𝑟𝑜𝑟  

(𝑏𝑖𝑎𝑠 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑑𝑒 − 𝑜𝑓𝑓) 

 

0.88 

 

1 

 

1.54 

  

 𝑏𝑖𝑎𝑠 2e-03 2e-04 5e-04 
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𝐻𝑖𝑑𝑑𝑒𝑛  

𝑐𝑙𝑎𝑠𝑠 2 

Mean 𝑅𝑀𝑆𝐸 0.93 0.99 0.98 

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑅𝑀𝑆𝐸 0.17 0.18 0.18 

𝑇𝑜𝑡𝑎𝑙 𝑒𝑟𝑟𝑜𝑟  

(𝑏𝑖𝑎𝑠 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑑𝑒 − 𝑜𝑓𝑓) 

 

0.86 

 

0.97 

 

0.96 

 

6.11  APPENDIX E: Discriminant analysis  

In this APPENDIX we briefly present the methodology applied to obtain the proposed decision 

boundary reported in section 6.5.6. The reader is referred to Bishop, (2006); Ghojogh & Crowley, 

(2019) for a more detailed explanation.  The proposed decision boundary results from solving a 

classical classification problem.  In a classification problem, we are given a list of labelled 

observations (i.e., hidden class 1, hidden class 2 data) exclusively assigned to each class after 

BMA.  

From such labelled observations, it is possible to derive a decision boundary by applying 

discriminant analysis. The most employed ones are linear and quadratic discriminant analysis 

(i.e., LDA, QDA). Both LDA and QDA assume that each class fit a joint multivariate normal 

distribution with probability 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠𝑖) with 𝑗 = 1, . . , 𝐾  with 𝐾  number of classes 

(i.e., 𝐾 = 2 for this study).   

LDA assumes that covariance matrix is the same for each class, while QDA allows more 

flexibility by accounting for different covariance matrices among classes. For this reason, QDA 

is applied in this case. 

The starting point is a set of labelled observations 𝐗 of 2D dimension (i.e., 𝑿 = [ln 𝑅𝑓  ln 𝑞𝑡]), 

which, in our case were obtained after BMA-based class subdivision of the reference database 

(Figure E.6.1).   

Classification of a new observation 𝑥 will be based on comparing the posterior probabilities of 

belonging to class 1 or 2. When the two posterior probabilities are identical, we are at the limit 

i.e., at the decision boundary. This can be expressed mathematically by (Figure E.6.2): 

  𝑙𝑜𝑔
 [𝑝(𝑗=ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1|𝑥)]

 [𝑝(𝑗=ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2|𝑥)]
= 0.  

 

E. 6.1 

 

The expression requires the posterior probability of having class 𝑗 given the observation 𝑥, i.e., 

𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1|𝑥) = posterior probability of having  j = hidden class 1 given 𝑥; 

𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2|𝑥) = posterior probability of having j = hidden class 2 given 𝑥; 

Applying Bayes rule and the theorem of total probability we have: 
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𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1|𝑥) = 
𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1)

𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) + 𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2)
 

E. 6.2 

  
𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2|𝑥) = 

𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2)

𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) + 𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2)
 

 

  

which can read as: 

𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1|𝑥) =
𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝜋1

𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝜋1 + 𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝜋2
 

E. 6.3 

𝑝(𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2|𝑥) =
𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝜋2

𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) · 𝜋1 + 𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) · 𝜋2
 

 

 

with  𝜋1, 𝜋2 priors for the probability of class pertinence. These priors are simply given by the 

weight of mixture components that were obtained from BMA (see section 3.1.5). 

The probability for observation 𝑥  conditioned on being of a given class may be expressed using 

the bivariate fits (see Figure E.2) to the classified data, i.e., 

[𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1) = 𝑀𝑉𝑁 (𝜇1 , 𝛴1)  =
1

(2π)𝑑/2 |𝛴1|
1/2

−
𝑑
2

∙ e
−(

1
2
)(𝑥−𝜇1)′𝛴1

−1(𝑥−𝜇1)
 

E. 6.4 

[𝑝(𝑥|𝑗 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2) = 𝑀𝑉𝑁 (𝜇2 , 𝛴2)  =
1

(2π)𝑑/2 |𝛴2|
1/2

−
𝑑
2

∙ e
−(

1
2
)(𝑥−𝜇2)′𝛴2

−1(𝑥−𝜇2)
 

 

 

The statistics 𝜇1 , 𝛴1, 𝜇2 , 𝛴2 are derived after BMA within the   ln 𝑅𝑓 − ln 𝑞𝑡 space.  

By replacing eq. (E. 6.3) and (E. 6.4) into eq. (E.6.5), after some manipulation the ratio reads 

(Ghojogh & Crowley, 2019): 

𝑙𝑜𝑔 
 [𝑝(𝑥|𝑘 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 1)]

[𝑝(𝑥|𝑘 = ℎ𝑖𝑑𝑑𝑒𝑛 𝑐𝑙𝑎𝑠𝑠 2)]
= 𝑥′𝑊𝑥 − 𝑊𝑥′ + 𝑤𝑜 E. 6.5 

with: 

𝑊 = (𝛴1
−1 − 𝛴2

−1) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡; 

𝑊 = (𝜇1
′𝛴1

−1
− 𝜇2

′𝛴2
−1) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡; 

𝑤𝑜 = 𝜇1
′𝛴1

−1
𝜇1 − 𝜇2

′𝛴2
−1

𝜇2 − log |𝛴1| + − log |𝛴2| + log(𝜋1) − log(𝜋2) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

from which the boundary decision can be computed.  

For illustration purposes Figure E. 6.2a reports the decision boundary for employed labelled data 

by assuming an equal prior for both hidden class 1 and hidden class 2 (i.e., 𝜋1= 𝜋2=0.5), while 

Figure E. 6.2b assumes a 𝜋1 = 0.8, 𝜋2 = 0.2. For the decision boundary reported in section 6.5.6, 
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we applied values of 𝜋1 = 0.63, 𝜋2 = 0.37 , in agreement with BMA results (section 6.5.2, Table 

6.8).   

 

Figure E. 6.1. Scatter plot of labelled data according to hidden class 1 and hidden class 2 derived after 

BMA 

 

Figure E. 6.2. Qualitative representation of boundary decision by employing QDA and equal prior for 

hidden class 1 and hidden class 2.  
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Figure E. 6.3. Qualitative representation of boundary decision by employing QDA and prior for hidden 

class 1=0.8 and prior hidden class 2=0.2.  
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Part IV: Mapping Landslide susceptibility  

7 Probabilistic mapping of earthquake-induced 

submarine landslide susceptibility in the South-

West Iberian margin 
The 𝑆𝑆𝑆𝑆 Iberian continental margin is well recognized as a tectonically active area, where major canyons 

and mass wasting events are both present. Earthquake triggered submarine landslides may cause tsunami 

and result in catastrophic damage to bordering coastal areas. In this setting, submarine landslide 

susceptibility mapping represents a major step towards a regional risk mitigation strategy. Landslide 

susceptibility mapping in large offshore areas presents significant challenges as a result of the limited 

information on controlling variables, large uncertainties in triggering mechanisms and limited geotechnical 

data. In this study, a geotechnical model-based approach has been followed that narrows the range of 

controlling factors and, within a probabilistic framework, allows a systematic treatment of parameter 

uncertainties. This model-based analysis covers the whole 𝑆𝑆𝑆𝑆 Iberian margin increasing by three orders of 

magnitude the areal extent of precedent offshore slope stability susceptibility studies. This jump in spatial 

scale is facilitated by application of a systematic Bayesian updating procedure, to combine geotechnical 

information from global databases and that available from regional sites. Seismic shaking is estimated using 

an available regional database of seismogenic faults. These tools are implemented within a GIS to generate, 

via Montecarlo simulations, probabilistic landslide susceptibility maps based on two different analytical 

seismic infinite slope stability models. These models differ mainly in the form of their final results, either 

as distributions of slope stability safety factors or as distributions of seismic-triggered slope displacements. 

Receiving Operator Curves are used to assess the different landslide susceptibility predictions obtained 

against a comprehensive regional database of submarine landslides. It turns out that the models analyzed 

correctly predict 92% and 82% of the mapped landslide subset chosen for validation for pseudo-static and 

displacement-based method respectively. This suggests that, within the limits of the currently available 

databases, seismic events are the dominant factor at the origin of the submarine landslides mapped in the 

study area. An advantage of the framework presented is that it can quickly incorporate new regional 

geotechnical information or better regional landslide databases, as they become available. 
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7.1. Introduction 
Submarine landslides are widespread in all continental margins and compared to their subaerial 

counterparts, they have larger magnitude and frequently occur on gentler slopes (Hühnerbach et al., 2004; 

Chaytor et al., 2009; Urgeles and Camerlenghi, 2013; Behrmann et al., 2014; Huhn et al., 2019). Submarine 

landslides may impact directly on underwater structures and are also capable of generating destructive 

tsunami waves (Synolakis et al., 2002; Løvholt et al., 2019).  Several historical and instrumental examples 

prove the connection between earthquakes and submarine landslides (e.g., Piper et al., 1999; Geist, 2000; 

Sassa and Takagawa, 2018) and earthquakes are generally recognized as the main triggering mechanism 

for tsunami-generating offshore landslides (ten Brink et al., 2009; Grilli et al., 2009).  

Incorporation of landslide generated tsunamis into probabilistic tsunami hazard assessments is considered 

particularly difficult (Grezio et al., 2017), as large uncertainties affect the probability and location of slope 

failures. Susceptibility maps are used to predict where a landslide is likely to occur (Guzzetti et al., 2006) 

and are recognized as a key step in onshore landslide hazard analyses (Corominas et al., 2014). The intensity 

of seismic shaking is an important component for landslide susceptibility maps, both onshore (Jibson et al., 

2000; van Western et al., 2008) and offshore (Lee et al., 1999; Urgeles et al., 2002).  

There are different approaches to map landslide susceptibility (Reichenbach et al., 2018), including 

heuristic (or index-based), statistical and probabilistic methods. Heuristic or index-based methods have 

been applied to map susceptibility offshore (Hitchcock et al., 2010; Leon and Somoza, 2011). However, 

they express landslide susceptibility in qualitative terms. Statistical methods are used onshore to map 

landslide susceptibility at regional scales, quantifying the probability of failure (Zhu and Huang 2006; 

Chauhan et al., 2010). The application of similar methods offshore (Borrell et al., 2016; Piedade et al., 

2018) faces severe difficulties, because the number of thematic variables available for prediction is limited 

by the scarcer data available.  

Quantitative probabilistic prediction is also possible using a process-based approach to map susceptibility 

(Jibson et al., 2000; Reichenbach et al., 2018). In this approach models are used to represent the physical 

process producing landslides. For earthquake triggered submarine landslides suitable models may be based 

on the infinite slope concept with effective stress-normalized undrained strength parameters (Lee and 

Edwards 1986). 

Lee et al., (1999) integrated a simplified infinite slope models with GIS technology to map spatial variability 

of slope failure susceptibility in a relatively small area (approx. 400 km2) offshore California; Urgeles et 

al., (2002) produced a landslide susceptibility map for the Saguenay Fjord (140 km2 in Quebec, Canada); 

Mackenzie et al., (2010) used GIS-based landslide hazard analysis in offshore oil and gas projects with 
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development areas of over 1,000 𝑘𝑘𝑚𝑚2; Strasser et al., (2011) presented a landslide susceptibility map for 

the whole of Lake Lucerne (114 𝑘𝑘𝑚𝑚2). In all these examples the slope stability models were treated 

deterministically, using best estimates and/or worst-case scenarios, as relevant. Nevertheless, it is desirable 

to move form deterministic to probabilistic susceptibility assessments, as they offer a more consistent 

framework to express the effect of inevitable input uncertainties in the results. Probabilistic assessment is 

also consistent with the needs of tsunami hazard studies (Pampell-Manis et al., 2016; Grezio et al., 2017). 

Precedent probabilistic approaches using infinite slope models include Carlton et al., (2017) and Puzrin et 

al., (2017) who mapped landslide hazards for areas not larger than a few hundred km2 in the Lofoten Islands 

and Caspian Sea respectively. Puzrin et al., (2017) used a more complex model incorporating the concept 

of shear band propagation in the analysis.  

The challenge addressed here is to extend that previous work to the much larger areas involved in regional 

mapping. For this purpose, the 𝑆𝑆𝑆𝑆 Iberian margin has the advantage of counting with relatively good 

databases of both potential earthquake sources and observed submarine landslides. On the other hand, the 

geotechnical information currently available for the region is rather sparse, as is often the case in most 

marine studies. This limitation is addressed here, for the first time in mapping landslide susceptibility in the 

offshore environment, using a Bayesian methodology to combine the existing regional information and that 

given by worldwide-sourced databases. Bayesian methods are useful because they allow a systematic 

treatment of uncertainties and they can easily incorporate newly obtained information. These advantages 

are now widely recognized, both in the field of geotechnical characterization (Wang et al., 2016) and in that 

of tsunami hazard studies (Grezio et al., 2017).  

7.2. Geological setting  
The 𝑆𝑆𝑆𝑆 Iberian continental margin is characterized by the interplay of complex tectonic activity between 

the Iberian and African plates. Seismicity is characterized by shallow to deep earthquakes of low to 

moderate magnitude (𝑀𝑀𝑤𝑤 <  5.5) (Buforn et al., 1995, 2004; Stich et al., 2005, 2007, 2010), but also 

includes the largest and most destructive earthquakes in Western Europe (AD 1531, 1722, 1755 and 1969) 

(Fukao, 1973). The 1755 Lisbon Earthquake (estimated 𝑀𝑀𝑤𝑤 > 8.5) destroyed the city (intensity X-XI MSK) 

and was accompanied by tsunamis that devastated the SW Iberian and NW African coasts (Baptista et al., 

1998; Baptista and Miranda, 2009). Wide angle seismic data shows that most seismicity is due to onset of 

subduction west of the Gulf of Cadiz Imbricated wedge (Martínez-Loriente et al., 2014). Active fault 

structures there correspond to NE-SW trending west-verging folds and thrust faults (Gràcia et al., 2003b, 

Zitellini et al., 2004; Terrinha et al., 2009). In addition, long WNW-ESE dextral strike-slip faults are also 

present (Zitellini et al., 2009; Terrinha et al., 2009; Bartolome et al., 2012; Hensen et al., 2015). 
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Submarine landslides are also ubiquitous in Gulf of Cadiz (Urgeles and Camerlenghi, 2013). Infrequent 

large volume events are capable of tsunami generation (Lo Iacono et al. 2012). In the Gulf of Cadiz (Figure 

7-1), landslides and turbidites have been used as a proxy for off-fault paleoseismic seismology. For 

instance, landslides such as the Marques de Pombal slide and the North Gorringe debris avalanche 

(Vizcaino et al.,2006; Lo Iacono et al., 2012), are associated to active faults and were likely seismically 

triggered.  

7.3. Data sources  
The 𝑆𝑆𝑆𝑆 Iberian margin covers an area of approximately 458,400 km2 from 33°0’ to 38.7°0’N and from 

15.6°0’ to 6°0’ W, including the coasts of Spain, Portugal and Morocco. Available data for the area include 

a digital elevation model (DEM) (Figure 7-1) constructed from multibeam bathymetric data (spatial 

resolution 115𝑥𝑥115 𝑚𝑚) that was collected in a total of 19 cruises from different European institutions 

(Zitellini et al., 2009) and compiled as part of the EMODnet bathymetry initiative (EMODnet Bathymetry 

Consortium, 2018).  

The fault database used in this study is the European Database of Seismogenic Faults (EDSF; Basili et al., 

2013). This database includes faults that are deemed to be capable of generating earthquakes of magnitude 

equal to or larger than 5.5 𝑀𝑀𝑤𝑤 and contains fault plane geometry information and a series of fault parameters 

such as strike, dip, rake, slip and earthquake magnitude information. In this study, the database was 

restricted to include only faults whose possible quake epicenters are mostly located offshore. This criterion 

is in line with that applied in the evaluation of probabilistic seismic hazard in the offshore scenario for 

structures in Portugal (Costa et al., 2008; Sousa and Oliveira 1997). 

A continuously updated landslide catalogue for the 𝑆𝑆𝑆𝑆 Iberian margin is being compiled at the Institute of 

Marine Sciences (CSIC) of Barcelona, systematically gathering previous data in the area (e.g., Baraza et 

al., 1999; Pajaron et al., 2015; Gràcia and Lo Iacono 2008; Leon and Somoza, 2011; Mulder et al., 2009; 

Hanquiez et al., 2007). An earlier version of this catalogue is presented in Urgeles and Camerlenghi, (2013). 

The landslide inventory includes information on typology, area, volume, thickness and depth of failure 

initiation. 

Geotechnical data for the 𝑆𝑆𝑆𝑆 Iberian margin was gathered from different sources. Site location, water 

depth, and type of measurements are listed in Table 7.1; referenced locations are reported in Figure 7-1. 
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Figure 7-1. Study area with bathymetric information (EMODnet Bathymetry Consortium, 2018), location of sites with 
geotechnical data (Table 1), surface trace of faults (Basili et al., 2013) and catalogued landslide areas. 

Table 7-1. Summary of geotechnical data and methodology of acquisition of geotechnical data.  

Type of 

data 

Site Location Cores  n° of 

data** 

Water and 

subsurface depth 

information 

Lithology  

description 

Measurement 

methodology  

 

 

 

 

 

 

 

 

 

𝐶𝐶𝑢𝑢
σ’v0

 

 

Continental margin of 

Gulf of Cadiz. 

 

Cores location: 
failed upper slope; 

stable upper slope; 

shelf mud-layer. 

 
Lee & Baraza 1999, Figure 

7-1 

 

 

 

 

37 

 

 

 

 

118 

 

 

From 30 m to 800 m 

water depth (cores 

up to 250 cm length 

from seabed) 

 

 

Thin upper sand layer 

overlying a grayish olive, 

massive mud unit with 

bioturbation interlayered by 

silt unit 

 

 

Vane shear 

measurements on 

the end of sections 

and for some split 

cores at 10-cm 

intervals. 

Marqu�̂�𝑒s de Pombal 

landslide.  

 

Cores location: 
Head scarp ; 

Landslide body ; 

Most distal lobe. 

 

 

 

 

4 

 

 

 

287 

 

 

From 2700 m up to 

4000 m water depth 

(cores up to 520 cm 

length from seabed) 

 

 

Mostly composed by silt and 

clay content with small sand 

fraction. 

 

 

Fall cone 

penetrometer 

(Wykeham 

Farrance WF 

21600) at 5-cm 

distance. 
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Minning et al., 2006, Figure 

7-1 

 

ICM - 2018INSIGHT 

cruise  

 

Cores location: 
Lower slope (Figure 7-1) 

 

 

 

 

10 

 

 

 

25 

 

 

From 930 m up to 

2667 m water depth 

(cores up to 268 cm 

length). 

  

 

Handheld vane 

shear 

measurements 

γ
γ’

 

Continental margin of 

Gulf of Cadiz. 

 

Cores location: 
Failed upper slope; 

Stable upper slope; 

Shelf mud-layer. 

 

Lee & Baraza 1999, Figure 

7-1 

 

 

 

 

7 

 

 

 

 

14 

 

 

From 30 m to 800 m 

water depth (cores 

up to 250 cm length 

from seabed) 

  

 

 

Derived from water 

content 

Marqu�̂�𝑒s de Pombal 

landslide.  

 

Cores location: 
Head scarp ; 

Landslide body ; 

Most distal lobe. 

 

Minning et al., 2006, Figure 

7-1 

 

 

 

 

4 

 

 

 

 

174 

 

 

From 2700 m up to 

4000 m water depth 

(cores up to 520 cm 

length from seabed) 

  

 

Quantachrome 

pentapycnometer 

on 5 cm3 samples. 

Expedition 339: Gulf of Cadiz-W Iberian margin (Stow et al., 2013). 

 

U1385 (Figure 7-1) 

Borehole location: 
SW Iberian margin  

 

67 

 

60 

 

Up to 150 mbsf* 

Uniform lithology composed 

mostly by bioturbated 

calcareous muds and 

calcareous clays  Water content 

measurements on 

core specimens of 8 

cm3. Volume of 

specimens 

measured by gas 

pycnometry. 

U1386 (Figure 7-1) 

Borehole location: 
Continental margin of Gulf 

of Cadiz: middle slope ~ 25 

km south-southeast of the 

Portuguese city of Faro. 
Middle-slope contourite 

deposits 

 

 

 

 

18  

 

 

 

197 

 

 

 

Up to 586 mbsf* 

 

 

 

Nannofossil mud, calcareous 

silty mud, and silty bioclastic 

sand lithologies 
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U1387 (Figure 7-1) 

Borehole location: 
Continental margin of Gulf 

of Cadiz: middle slope, 

companion to Site U1386 

 

 

 

86 

 

 

275 

 

 

Up to 870 mbsf* 

 

Nannofossil mud, calcareous 

silty mud, and silty bioclastic 

sand lithologies generally 

organized as bi-gradational 

sequences. 

U1388 

Borehole Location: 
This site is the site closest to 

the Strait of Gibraltar 

gateway.  

 

 

 

24 

 

 

47 

 

 

Up to 1550 mbsf* 

 

 

Strongly heterogenous media 

mostly composed by silty mud, 

calcareous clay, sand, silty 

sand. 

 

U1389 

Borehole location: 
~ 90 km west of the Spanish 

city of Cádiz.  Site in the 

“channels and ridges” sector 

of Cadiz margin. 

 

 

 

107 

 

 

 

278 

 

 

 

Up to 990 mbsf* 

 

 

 

Calcareous mud, silty mud, 

sandy mud, and silty bioclastic 

sand lithologies. 

 

 

U1390 

Borehole location: 
Second of two sites drilled in 

the channels and ridges 

sector of Cadiz margin. 

 

 

 

 

38 

 

 

 

 

121 

 

 

 

 

Up to 350 mbsf* 

 

 

 

 

Calcareous mud, silty mud, 

sandy mud, and silty bioclastic 

sand lithologies 

 

U1391 

Borehole location: 
50 km northwest of Cape São 

Vicente, gently inclined 

middle-slope region. 

 

 

 

56 

 

 

 

 

188 

 

 

 

 

Up to 672 mbsf* 

Calcareous mud with minor  

 

 

lithologies including silty mud, 

sandy mud, nannofossil mud, 

and biosiliceous mud clayey 

foraminiferal nannofossil 

ooze. 

 Total  

5447 

m 

Total  

1166 

 

  

DSDP Leg  79-546,79-

545: 

 

 
 Hinz et al., 1984, Figure 7-1  

 

 

60 

 

 

76 

 Clayey foraminiferal 

nannofossil ooze. Firm clayey 

foraminiferal nannofossil 

ooze. Green nannofossil 

claystone. Grayish red sandy 

mudstone and muddy 

sandstone, pebbly at base. 

GRAPE (Gamma 

Ray Attenuation 

Porosity 

Evaluation)  

http://deepseadrilling.org/79/volume/dsdp79_01.pdf
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DSDP 14-135: (Hayes et 

al., 1972)  

 

 

7 

 

 

20 

 Top unit is comprised of 

Nannoplankton chalk ooze 

Pleistocene, Pliocene 

terregineous sediment with 

some silicified intervals and 

marl or limestone at the base. 

GRAPE (Gamma 

Ray Attenuation 

Porosity 

Evaluation) 

Measurements at 

0.5 cm interval.  

ICM - 2018INSIGHT 

cruise  

 

Cores location: 
Lower slope (Figure 7-1) 

 

 

 

 

13 

 

 

2137 

 

From 930 m up to 

2667 m water depth 

(cores up to 500 cm 

length). 

-  

GRAPE (Gamma 

Ray Attenuation 

Porosity 

Evaluation) 

Measurements at  

 0.5 cm interval. 

*mbsf:length of all drill string components between sea floor and target. 
** the number of data reported are referred to the ones above 350m depth from seabed. 

7.4. Methodology 

7.4.1. Overview 
A dedicated GIS project was built for this study. Bathymetric data from the Gulf of Cadiz as well as 

information on submarine landslides, faults and geotechnical properties from the various databases were 

all imported into it. Operations within the GIS project are implemented using Python scripts with all input 

and output based on grid cells that represent 1 𝑘𝑘𝑚𝑚 𝑥𝑥 1 𝑘𝑘𝑚𝑚. Grid resolution was selected as a compromise 

amongst physical relevance, computational efficiency and possible loss of information due to averaging 

(Rodriguez et al., 2011). 

A Montecarlo procedure (MC) is employed to obtain probabilistic landslide susceptibility maps using two 

different geotechnical slope stability assessment models. Two key aspects of the Montecarlo method are 

the selection of the stochastic inputs and the definition of probability density distributions for those inputs. 

In this work the stochastic input variables selected are slope gradient (𝛼𝛼), horizontal peak ground 

acceleration (𝑃𝑃𝑃𝑃𝑃𝑃) and two geotechnical variables (i.e., normalized undrained shear strength 𝐶𝐶𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝜎𝜎′𝑣𝑣0

 and 

normalized soil unit weight 𝛾𝛾
𝛾𝛾′

). In the precedent, 𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 represents mobilized undrained shear 

strength, 𝜎𝜎′𝑣𝑣0 effective vertical stress, 𝛾𝛾, total soil unit weight and  𝛾𝛾′ effective soil unit weight. All the 

stochastic inputs are represented through density distributions that are different at each cell of the map. 

From these individual cell distributions random samples of the stochastic variables are drawn at each run.  

To set up the individual cell distributions different procedures are employed, because the nature of the 

uncertainties represented is also different. The information available on slope gradient (i.e. bathymetric) is 
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exhaustive in its coverage, but affected by measurement error. The probability distribution that accounts 

for this uncertainty can be set up once and for all at each cell. 

Local -i.e., cell- distributions of 𝑃𝑃𝑃𝑃𝑃𝑃 represent uncertainties in earthquake magnitude at the source and 

attenuation due to varying distance to the source. Assuming that the source catalogue (the EDSF; Basili et 

al., 2013) is also exhaustive, these effects can be computed and a 𝑃𝑃𝑃𝑃𝑃𝑃 distribution set up once and for all 

at each cell. Note that any limitations of the source database (e.g., its completeness) add a layer of 

uncertainty to the results, which is not explicitly represented in the model. 

When addressing the uncertainty in geotechnical parameters the situation is different. Each 1 𝑘𝑘𝑚𝑚2 cell may 

be thought of as representing a “geotechnical site”. At that cell-size, inherent ground variability in a site, 

even within the restricted soft soil classes assumed by the geotechnical models, is always significant 

Dreyfus et al., (2013). That local variability is what is directly represented by the parameter distributions 

set up at each cell. However, this opens up the question of how to choose the statistics of those local 

distributions, since the regional geotechnical database is very sparse.  

The answer given is to combine the available regional information with that contained in global databases 

to set up a regional-scale distribution of plausible statistics to describe geotechnical site variability. At each 

cell in the map any of these plausible geotechnical sites is something that is assumed to be random. 

Therefore, two levels of sampling are needed in each Montecarlo round to initialize geotechnical model 

inputs. First, the statistics for the cell distributions are selected or, in other words, a plausible “geotechnical 

site” is assigned to each cell. Afterwards those local distributions are themselves sampled to obtain 

parameter values.  

Once cell input distributions are initialized (i.e., at each grid cell density distributions of  𝐶𝐶𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝜎𝜎′𝑣𝑣0

 , 𝛾𝛾
𝛾𝛾′

, 𝛼𝛼, 

𝑃𝑃𝑃𝑃𝑃𝑃 are defined), they are sampled at each simulation to obtain single values of slope gradient, 𝑃𝑃𝑃𝑃𝑃𝑃, 

normalized sediment density and normalized undrained shear strength (Figure 7-2). Using these inputs two 

slope stability models are computed at each cell in each run. 

The first slope stability model represents seismic loading as a quasi-static action, but with quasi-static 

coefficients calibrated using permanent-displacement Newmark-type analyses (Rampello et al., 2010). The 

Montecarlo output, at each grid cell, is a lognormal distributed pseudo-static factor of safety 𝐹𝐹𝑆𝑆𝑝𝑝−𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠 .. The 

probability of failure 𝑃𝑃𝑓𝑓 is simply evaluated as the number of simulated 𝐹𝐹𝑆𝑆𝑝𝑝−𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠  lower than 1 over 𝑁𝑁 

simulations. Figure 7-2a summarizes the workflow for this model. 
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(a) 
 

 
(b) 

Figure 7-2. a) Flow chart for pseudo-static slope stability probability model. b) Flow chart for displacement-based 
slope stability probability model. 
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In the second approach, the outputs are seismically induced Newmark displacements (Newmark, 1965), 

which are estimated using regressions with seismic ground motion, slope and geotechnical characteristics 

(Jibson, 2007). Direct application of the Newmark approach is computationally demanding for large-area 

mapping purposes and different indirect methods are used instead (Jibson, 2011). The Montecarlo output 

for each grid cell is a Newmark displacement probability density function PDF (𝐷𝐷𝑛𝑛), which is also fitted to 

a lognormal distribution. This distribution may be used to compute exceedance probabilities for any chosen 

displacement 𝐷𝐷𝑛𝑛  threshold (i.e., 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑛𝑛𝑒𝑒𝑒𝑒 𝐷𝐷𝑛𝑛). Figure 7-2b summarizes the workflow for this model. 

7.5. Slope stability assessment models  

7.5.1. Pseudo-static approach 
The pseudo-static approach is frequently used for regional landslide hazard mapping (Jibson, 2011). In this 

approach, an equivalent seismic coefficient 𝑘𝑘ℎ is introduced within a conventional limit equilibrium 

analysis. The infinite slope stability model can be expressed as (Lee and Edwards, 1986; Morgensten 1976):  

𝐹𝐹𝐹𝐹𝑝𝑝−𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠 =
𝐶𝐶𝐶𝐶

𝛾𝛾′𝑧𝑧[ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑘𝑘ℎ  𝛾𝛾𝛾𝛾′  𝑠𝑠𝑠𝑠𝑠𝑠
2𝑠𝑠]

 (7-1)         

 

with:  

𝑠𝑠: slope gradient; 

𝐶𝐶𝑢𝑢
𝛾𝛾′𝑧𝑧

:  normalized undrained shear strength 

𝛾𝛾
𝛾𝛾′

 : normalized sediment unit weight; 

𝑘𝑘ℎ: Horizontal acceleration coefficient. 

The horizontal acceleration coefficient is obtained as: 

𝑘𝑘ℎ =  𝜂𝜂·𝑃𝑃𝑃𝑃𝑃𝑃;            (7-2) 

where the coefficient 𝜂𝜂 is applied to obtain a performance-based value of 𝑘𝑘ℎ.  

Values of 𝜂𝜂 coefficients used here are taken form the work of Rampello et al., (2010). Following a well-

established methodology (Bray and Rathje, 1998; Stewart et al., 2003), Rampello et al., (2010) provided a 

suite of 𝜂𝜂 values by correlation with the output of stochastic permanent-displacement Newmark type 

analyses. Different 𝜂𝜂 values are obtained for different levels of Newmark displacement 𝐷𝐷𝑛𝑛 values and for 

different site conditions. In this work the 𝜂𝜂 values used are those associated to 15 𝑠𝑠𝑐𝑐 permanent Newmark 

displacement for subsoil conditions described as loose-to-medium cohesionless soil and/or soft-to-firm 
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cohesive soil (see Bisch et al., 2012). Newmark displacement values are used as indicative thresholds at 

which slope failure might occur (Jibson et al., 2000). Table 7-2 shows that resulting 𝜂𝜂 values are slightly 

dependent on 𝑃𝑃𝑃𝑃𝑃𝑃 values. All Newmark analyses in Rampello et al., (2010) used an Italian strong-motion 

database (Scassera et al., 2009) resulting from records generated by shallow crustal earthquakes with 𝑀𝑀𝑤𝑤 >

3.7. Lacking more specific studies for the 𝐹𝐹𝑆𝑆 Iberian margin, 𝜂𝜂 values derived from the Italian database 

were considered as appropriate for the 𝐹𝐹𝑆𝑆 Iberian margin. 

Table 7-2. η values associated with 15 cm permanent displacements in soft-medium soils for different expected 
Horizontal Peak Ground Accelerations (Rampello et al., 2010). 

𝐻𝐻𝑠𝑠𝐻𝐻𝑠𝑠𝑧𝑧𝑠𝑠𝑠𝑠𝐻𝐻𝐻𝐻𝐻𝐻 𝑃𝑃𝑃𝑃𝐻𝐻𝑘𝑘 𝑃𝑃𝐻𝐻𝑠𝑠𝐶𝐶𝑠𝑠𝐺𝐺 𝑃𝑃𝑠𝑠𝑠𝑠𝑃𝑃𝐻𝐻𝑃𝑃𝐻𝐻𝐻𝐻𝐻𝐻𝑠𝑠𝑠𝑠𝑠𝑠  

(𝑃𝑃𝑃𝑃𝑃𝑃) [𝑔𝑔] 

𝜼𝜼 

0.3-0.4 0.22 

0.2-0.3 0.22 

0.1-0.2 0.25 

≤0.1 0.17 
      

7.5.2. Displacement-based approach 
In the Newmark method the slide mass is represented as a rigid block (Newmark, 1965). In absence of 

inertial forces, the stability of the block is given by the static factor of safety 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠, here computed as: 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠 = 𝐶𝐶𝑢𝑢
𝛾𝛾′𝑧𝑧 𝑠𝑠𝑠𝑠𝑛𝑛𝛼𝛼𝑒𝑒𝛼𝛼𝑠𝑠𝛼𝛼

;                 (7-3) 

                                                                               

with 𝐶𝐶𝑢𝑢
𝛾𝛾′𝑧𝑧

  and α previously described in eq. 7-2. Due to the seismic shaking, the critical acceleration, 

defined as the one that allows the block to glide (i.e., 𝐹𝐹𝐹𝐹𝑝𝑝−𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠 = 1 in eq. 7-2) is then expressed as: 

𝐻𝐻𝑒𝑒 = (𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠 − 1) tan(𝑠𝑠) 𝛾𝛾
′

𝛾𝛾
𝑔𝑔;                (7-4)  

Given an earthquake acceleration time history, values in excess of 𝐻𝐻𝑒𝑒 are applied to the failing mass. Two 

integrations of the filtered acceleration history results in a cumulative permanent displacement of the sliding 

block relative to its base. The method used here (Jibson, 2007) evaluates Newmark displacements from 

correlation with a ratio between the critical acceleration of eq. 7-4 and 𝑃𝑃𝑃𝑃𝑃𝑃:  

𝐻𝐻𝑠𝑠𝑔𝑔𝐷𝐷𝑛𝑛 = 0.215 ∙ log ��1 − 𝑒𝑒𝑐𝑐
𝑃𝑃𝑃𝑃𝑃𝑃

�
2.341

� 𝑒𝑒𝑐𝑐
𝑃𝑃𝑃𝑃𝑃𝑃

�
−1.438

� + 𝜀𝜀log (𝐷𝐷𝑛𝑛)     (7-5) 

where: 
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𝐷𝐷𝑛𝑛: Newmark permanent displacement [𝑠𝑠𝑐𝑐]; 

𝐻𝐻𝑒𝑒: critical acceleration in 𝑔𝑔; 

𝜀𝜀log (𝐷𝐷𝑛𝑛): model uncertainty, given by a normal distribution N (0, 𝜎𝜎log (𝐷𝐷𝑛𝑛)), with a standard deviation 

𝜎𝜎log (𝐷𝐷𝑛𝑛) =±0.51; 

𝑃𝑃𝑃𝑃𝑃𝑃: horizontal peak ground acceleration in 𝑔𝑔’𝑠𝑠, which accounts for soft sediments ground motion 

amplification effects. 

7.6. Treatment of model input uncertainties 

7.6.1. Slope angle 
Implicit in any DEM there is measurement error that propagates into slope angle uncertainty. Each 

multibeam system from which the DEM was obtained will introduce a slightly different error depending 

mostly on factors such as water depth, beam angle, bottom type and sea bottom geomorphology. As a 

consequence, the error in depth measurements would vary within a range of 0.04% to 0.15% for shallow 

water systems and from 0.2% to 0.5% for medium to deep water systems. A simplified approach has been 

taken in this study, and an average error value of 0.25% of the water depth is assumed throughout the DEM. 

Following Mudron et al., (2013), evaluation of the slope uncertainty in a DEM is quantified through a 

separate Montecarlo procedure (Figure 7-3a). Assuming a normal distribution for the DEM error, with 0 

mean and standard deviation σε𝐷𝐷𝐷𝐷𝐷𝐷 equal to 0.25% of the water depth, a randomly perturbed DEM is 

generated for each Montecarlo run (see example in Figure 7-3b). The corresponding slope field is then 

evaluated using the 3x3 cell method as implemented in ArcGIS. After N simulations, a normally distributed 

slope angle is obtained for each cell. Convergence in slope statistics was observed after N = 130 simulations. 

 

Figure 7-3 a) Flow chart for slope uncertainty quantification, adapted from Mudron et al.,2013. b) Random DEM 
perturbation for ξ   ̴ N (0,0.25% water depth). Axes show degrees latitude and longitude. 
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7.6.2.  Horizontal Peak Ground Acceleration 
𝑃𝑃𝑃𝑃𝑃𝑃 values are usually derived from ground motion attenuation relationships, i.e., empirical correlations 

between maximum ground acceleration observed during an earthquake event at a given location and 

earthquake magnitude. The significant influence of magnitude in attenuation relationships is well 

recognized (Bommer et al., 2007). In particular, equations derived from large-magnitude events should not 

be extrapolated for prediction of ground motion from smaller events and vice versa. Mezcua et al., (2008) 

presented an attenuation relationship for the Iberian Peninsula, but cautioned against their use for the Gulf 

of Cadiz, as it was largely based in smaller magnitude events compared to those expected there. In the Gulf 

of Cadiz, shallow crustal earthquakes associated to 𝑀𝑀𝑤𝑤 greater than 5 are frequently recorded. For this 

reason, the PGA is evaluated using a more general approach proposed by Ambraseys et al., (2005), derived 

using Europe and Middle East large-magnitude events (𝑀𝑀𝑤𝑤 > 5). For soft soils this correlation reduces to: 

log (𝑃𝑃𝑃𝑃𝑃𝑃) = 2.6595 − 0.142𝑀𝑀𝑤𝑤 + (−3.184 + 0.314𝑀𝑀𝑤𝑤) log√𝐺𝐺2 + 7.62  − 0.084𝐹𝐹𝑁𝑁 + 0.062𝐹𝐹𝑇𝑇 −

0.044𝐹𝐹𝑂𝑂 + 𝜀𝜀𝑇𝑇           (7-6)  

where: 

𝐻𝐻𝑠𝑠𝑔𝑔(𝑃𝑃𝑃𝑃𝑃𝑃): logarithm of the horizontal peak ground acceleration [𝑐𝑐𝑠𝑠−2]; 

𝑀𝑀𝑤𝑤: moment magnitude; 

𝐺𝐺: Joyner-Boore distance [𝑘𝑘𝑐𝑐] (i.e., distance to the surface projection of the fault); 

𝐹𝐹𝑁𝑁 = 1 for normal faulting, 0 otherwise; 

𝐹𝐹𝑇𝑇 = 1 for thrust faulting, 0 otherwise; 

𝐹𝐹𝑂𝑂 = 1 for other styles of faulting, 0 otherwise. 

𝜀𝜀𝑇𝑇:  transformation uncertainty, modeled as   ̴ N (0, 𝜎𝜎log (𝑃𝑃𝑃𝑃𝑃𝑃)); 

𝜎𝜎log (𝑃𝑃𝑃𝑃𝑃𝑃) = �(0.665 − 0.065𝑀𝑀𝑤𝑤)2 + (0.222 − 0.022𝑀𝑀𝑤𝑤)2; 

This relation introduces a small dependency on fault mechanism that is taken into account in our 

determination of the 𝑃𝑃𝑃𝑃𝑃𝑃, as the EDSF (Basili et al., 2013) includes such information for all faults. The 

coefficients to the terms FN, FT and FO, imply that thrust faults will provide the most intense shaking 

compared to normal and strike-slip faults given an earthquake of the same magnitude (𝑀𝑀𝑤𝑤) and at the same 

distance from the fault. The uncertainty introduced is clearly dependent on the 𝑀𝑀𝑤𝑤. For a magnitude range 
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between 5.8-7.6, as for the case study, the uncertainty in ground motion prediction falls in the interval 0.31-

0.18. The 𝑃𝑃𝑃𝑃𝑃𝑃 for events in the upper range is therefore determined with somewhat higher accuracy.  

For each fault, the catalogue provides 10 different estimates of maximum earthquake 𝑀𝑀𝑤𝑤 derived from 

different correlations. In the EDS catalogue all these estimates are computed assuming full-length fault 

activation. The seismic events considered in this study as landslide triggers would then all be associated 

with relatively large return periods. Considering such long return periods is also justified by the submarine 

landslide catalogue used to validate the analysis. Even if the date of the events in this catalogue is not 

always well constrained, their position in the uppermost sedimentary sequences indicates that they are all 

Quaternary. 

For each fault, the probabilistic description of 𝑀𝑀𝑤𝑤 is given by a uniform distribution covering the entire 

range of estimates. As a result, uncertainty associated to the 𝑃𝑃𝑃𝑃𝑃𝑃 at a site is given by the combination of 

that in the Ambraseys et al., (2005) correlation and that of the 𝑀𝑀𝑤𝑤. 

Again, a separate Montecarlo procedure is employed to build a lognormal distribution of 𝑃𝑃𝑃𝑃𝑃𝑃 values at 

each map cell. The main steps in the procedure are depicted in Figure 7-4. At each simulation a random 

seismic source is activated. For such fault a random value of 𝑀𝑀𝑤𝑤 is sampled from its uniform probability 

distribution to evaluate a 𝑃𝑃𝑃𝑃𝑃𝑃 according to eq. 7-6 at all grid cells. The distribution statistics stabilizes after 

some 400 runs. 

.

 
Figure 7-4. Flow chart for PDF (𝑷𝑷𝑷𝑷𝑷𝑷) estimation. 
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7.6.3. Geotechnical properties 

The geotechnical information available for the study area is scarce. Some preliminary screening is possible: 

areas in which rock outcrops have been clearly identified (e.g., seamounts) are excluded from the analysis 

(Figure 7-1). These areas appear as white spots in the maps (e.g., Figure 7-3b). In addition to this, we 

assume that soft relatively fine sediments prevail, such that an undrained response to earthquake loading is 

plausible. 

Given the large area (1 km2) represented by each model cell, it is realistic to treat those as if they were 

different geotechnical sites. This, in turn, makes useful a conceptual scheme proposed by Zhang et al., 

(2004) in which the overall spatial inherent variability of geotechnical parameters is decomposed into 

within-site variability and cross-site variability. Within-site variability is embedded in the statistical 

distribution assigned to a particular geotechnical parameter in a cell. Cross-site variability is represented by 

the variability of statistical parameters describing different local (i.e., cell-based) distributions. 

For each of the geotechnical parameters involved 𝑋𝑋𝐷𝐷  (i.e., sediment unit weight or normalized undrained 

shear strength) lognormal distributions at each cell are used to represent within-site variability. The first 

step in each Montecarlo run (see Figure 7-2) is, then, to set up these distributions at each cell, i.e. to 

randomly assign a “site” to every cell in the model. To do so, statistical distributions of means and variances 

for the different geotechnical properties are sampled. Such statistical distributions of means and variances 

(i.e. of statistics) are themselves described as lognormal random variables. 

The available data from the site investigations in the area (Table 7-1) provide a starting point to evaluate 

the density distributions for different geotechnical parameter statistics. However, given their non-uniform 

spatial distribution and reduced overall number, direct extrapolation to the whole area seems unwarranted. 

To circumvent this problem, a Bayesian framework is adopted to integrate this regional information with 

more general soil parameter information –i.e., a worldwide sourced database.  

In the scheme adopted, information from the global databases is used to set up prior distributions for 

statistics of geotechnical parameters. Making use of Bayes’ rule such prior information is then integrated 

with the SW Iberian margin regional data (i.e., Data) to obtain updated probability density functions (i.e. 

posterior distribution) of the relevant statistics, - the mean and standard deviations for the local distributions 

of geotechnical parameters. Following Straub and Papaioannou, (2015), Bayes’ rule for a generic random 

variable X is expressed as: 

𝑓𝑓′′(𝑥𝑥) = 𝐻𝐻𝑎𝑎(𝑥𝑥)𝑓𝑓′(𝑥𝑥)                             (7-7)
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where:  

𝑓𝑓′(𝑥𝑥) is the Prior probability density function for X 

𝑓𝑓′′(𝑥𝑥) is the Posterior or updated probability density function for X, taking into account the Data 

𝑎𝑎(𝑥𝑥) is the likelihood or conditional probability of observing the Data when X = x,  

𝐻𝐻 =  1
∫ 𝐿𝐿(𝑒𝑒)𝑓𝑓′(𝑒𝑒)∞
−∞ 𝑒𝑒𝑒𝑒

 is a normalizing constant; 

In this application, the random variables X are the statistics (mean and standard deviation) of the 

geotechnical parameters. The two geotechnical parameters used in the models, normalized sediment unit 

weight and undrained shear strength, are considered mutually independent. The likelihood function can be 

expressed as: 

𝑎𝑎(𝑥𝑥) = 𝑃𝑃�𝐷𝐷𝐻𝐻𝐻𝐻𝐻𝐻�µ𝑋𝑋 ,𝜎𝜎 𝑋𝑋 � = ∏ 1
√2𝜋𝜋·𝜎𝜎 𝑋𝑋 

𝑁𝑁𝑠𝑠
𝑠𝑠=1  exp �− 1

2
· �𝜉𝜉𝑖𝑖−µ𝑋𝑋

𝜎𝜎 𝑋𝑋 
�
2
�             (7-8)     

with: 

𝜉𝜉𝑠𝑠= statistics from geotechnical data (i.e., logarithms of mean or standard deviations obtained at each 

regional site), computed from data reported in Table 1-1; 

𝑁𝑁𝑠𝑠: number of regional sites considered in the updating operation; 

µ𝑋𝑋 : logarithm of a possible mean for the variable X;  

σX: logarithm of a possible standard deviation value for the variable X;  

The Bayesian updating scheme is computed numerically. This is done using a Markov Chain Montecarlo 

(MCMC) method, using a Metropolis-Hasting algorithm implemented through a dedicated MATLAB 

script. The Montecarlo method is used to obtain a probability distribution for the target parameter, sampling 

the prior distribution. To guarantee statistical robustness, this Montecarlo computation is repeated in 

sequence, setting up a Markov chain in which the posterior of the previous step is taken as new prior. See 

Wang and Cao, (2013) for a detailed explanation of MCMC in a geotechnical context. 

The computation of statistics at each site needs to account for different techniques used during data 

acquisition. In some cases, an empirical correlation was applied to transform the originally acquired data to 

a different strength measure (i.e., from fall cone test to vane shear strength). Such process adds a 

transformation error to the strength estimate. In such cases the original variability of a given dataset, 
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represented by its standard deviation, 𝜎𝜎𝜉𝜉0, is increased by that of the transformation error, 𝜎𝜎𝜀𝜀𝑇𝑇, to give 

(Phoon and Kulhawy, 1999a): 

𝝈𝝈𝝃𝝃 = �𝝈𝝈𝝃𝝃𝝃𝝃
𝟐𝟐 + 𝝈𝝈𝜺𝜺𝜺𝜺

𝟐𝟐                             (7-9)    

The transformation error only affects part of the relevant collection of regional datasets. Therefore, a 

weighted average approach was used to account for this in the likelihood function:   

𝜎𝜎𝑋𝑋 = �𝜎𝜎𝑋𝑋02 + 𝜎𝜎𝜀𝜀𝑇𝑇_𝑤𝑤
2  

𝜎𝜎𝜀𝜀𝑇𝑇_𝑤𝑤 =
𝑁𝑁𝑇𝑇
𝑁𝑁𝑠𝑠𝛼𝛼𝑠𝑠

𝜎𝜎𝜀𝜀𝑇𝑇 

 

(7-10) 

 

with 𝑁𝑁𝑠𝑠𝛼𝛼𝑠𝑠 number of relevant data, and 𝑁𝑁𝑇𝑇 number of data affected also by the transformation error.  

Normalized sediment unit weight 

Regional sediment density measurements are obtained from deep 𝐼𝐼𝐼𝐼𝐷𝐷𝑃𝑃 boreholes (Table 7-1), as well as 

from short core data from other sources. Data obtained in the 𝐼𝐼𝐼𝐼𝐷𝐷𝑃𝑃 boreholes at depths below 350 m.b.s.f. 

was excluded, because that is the maximum excavation depth of landslides in the catalogue. Figure 5a 

presents histograms of normalized sediment unit weight data from all available cruises that collected 

geotechnical data in the area. The values indicate significant variability within a range of 2 to 3.2, 

(equivalent to 14.55 ≤  𝛾𝛾𝑏𝑏𝑢𝑢𝑏𝑏𝑏𝑏  [𝑘𝑘𝑁𝑁/𝑐𝑐3] ≤  20). Figure 7-5b presents adjusted lognormal distributions to the 

different datasets. From these adjusted curves a population of means and variances of site normalized unit 

weight is obtained. Normalized sediment unit weight (i.e., 𝛾𝛾
𝛾𝛾′

) was determined using a variety of methods 

(Table 7-1). However, we missed specific information on the statistics of conversion rules between the 

different methods employed to derive soil unit weight measurements, so they all were deemed equivalent 

and, as indicated in Table 7-3, no transformation was applied. 

Mayne, (2014) collected a global database of soil unit weights containing 1049 values representative of 88 

sites with different soil types. Amongst those, sites representative of soft clays, offshore soft clays, offshore 

firm clays and offshore stiff clays were selected to build a new dataset (i.e., clay-offshore dataset), to be 

used as Prior Information in the Bayesian updating procedure. For each site in that restricted clay-offshore 

dataset the mean and variance of bulk density was estimated. Histograms of the means and variances thus 

obtained are depicted in Figure 7-6a. The mean values in the clay-offshore dataset lie mostly in the range 

[1.9-3.97], except for some outliers. Considering now the standard deviations (Figure 7-6b), it appears that 
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within-site variability for the clay-offshore dataset lies generally below 0.4, with only a few outliers having 

larger values. 

The offshore-clay normalized unit weight statistics are fitted with uniform prior distributions, illustrated in 

Figure 7-6. It was decided to use the uniform distribution as Prior as it represents a less strong 

(uninformative) assumption (Table 7-3). Maximum and minimum values of statistics adopted in the 

uniform distribution are reported in Table 7-3. Regional data are also presented in Figure 7-6 alongside a 

fitted lognormal distribution that will be employed to compute likelihood in the Bayesian update scheme.  

When considering normalized undrained strength, the CLAY/10/7490 database (Ching and Phoon, 2014) 

is used to define the prior knowledge. Relevance of this prior knowledge was checked comparing regional 

data with the global dataset in terms of Liquidity index (𝑎𝑎𝐼𝐼) and Plasticity index (𝑃𝑃𝐼𝐼) (Figure 7-7). This 

global database includes data from 251 sites. Normalized 𝐶𝐶𝐶𝐶𝑣𝑣𝑒𝑒𝑛𝑛𝑒𝑒 is considered herein as reference, since it 

closely corresponds to the strength mobilized in slope failures (Mesri and Huvaj, 2007). The range of 

statistics (mean and variance) of normalized 𝐶𝐶𝐶𝐶𝑣𝑣𝑒𝑒𝑛𝑛𝑒𝑒 data from the different case studies in the global 

database is used to define uniform prior distributions for the Bayesian updating procedure (see Table 7-3). 

The regional undrained shear strength data from the SW Iberian margin sites is also dominated by vane 

strength measurements (e.g., Lee and Baraza, 1999). To consider also the fall cone measurements of 

Minning et al., 2006, a transformation is necessary. An empirical correlation for marine clays (Lu and 

Bryant, 1997) is used, namely 

µ𝐶𝐶𝑢𝑢𝑣𝑣𝑣𝑣𝑛𝑛𝑣𝑣 = 0.275µ𝐶𝐶𝑢𝑢𝑓𝑓𝑣𝑣𝑓𝑓𝑓𝑓−𝑐𝑐𝑐𝑐𝑛𝑛𝑣𝑣 + 𝜀𝜀µ𝑇𝑇         (7-11)  

where εµT  represents the transformation error of the regression. This error is normally distributed with mean 

µεµT
= 0 and σεµT

= 0.0086. 
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Figure 7-5. Normalized sediment unit weight data from the Gulf of Cadiz (a) histograms. (b) Adjusted PDFs. 

 

Figure 7-6. Histogram and prior distributions of normalized unit weight derived from the clay-offshore database plotted alongside 
the SW Iberian margin site data and deduced likelihood function for (a) the mean values and (b) the standard deviations. 
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Table 7-3. Statistical inputs to the Bayesian updating procedure of geotechnical parameters. 
 𝛔𝛔𝛆𝛆µ𝐓𝐓  

Error due to transformation 

of sediment strength from 

fall cone to vane test 

𝛔𝛔𝛆𝛆µ 𝐓𝐓_𝐰𝐰 

Weighted error 

(eq. 11) 

 

Prior µ 

 

Range µ 

 

Prior 𝛔𝛔µ 

 

Range 𝛔𝛔µ 

µ𝛾𝛾/𝛾𝛾′ - - Uniform [5.2-1.95] Uniform [0.4-0.1] 

µ𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0
 0.0086 0.0048 Uniform [1.45-0.1] Uniform [0.3-0.01] 

 𝛔𝛔𝛆𝛆𝛔𝛔𝐓𝐓 𝛔𝛔𝛆𝛆𝛔𝛔 𝐓𝐓_𝐰𝐰 Prior µ𝛔𝛔 Range µ𝛔𝛔 Prior 𝛔𝛔𝛔𝛔 Range 𝛔𝛔𝛔𝛔 

σ𝛾𝛾/𝛾𝛾′ - - Uniform [0.75-0.02] Uniform [0.12-0.02] 

σ𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0
 0.4 0.22 Uniform [1.75-0.1] Uniform [0.4-0.01] 

 

 
 

Figure 7-7.Liquid Limit-Plasticity Index (LL-PI) for the global dataset and Cadiz; Lee and Baraza, (1999). 

7.7. Assessment of model performance 
To quantify the model performance, the model outputs (probabilistic susceptibility maps) are compared 

with the observations (i.e., grid cells with mapped landslide). Results of the comparison are expressed by 

means of Receiver Operating Characteristic (𝑅𝑅𝑅𝑅𝑅𝑅) curves (Begueria, 2006; Frattini et al., 2010). 𝑅𝑅𝑅𝑅𝑅𝑅 

curves (Figure 7-8) visualize model performance representing the True Positive fraction (TP) vs False 

positive fraction (FP) for given cut-off values (e.g., specified probability of failure value). TP is the 

proportion of positive cases correctly predicted by the model, while FP is the proportion of false positive 

(unstable grid-cells predicted as stable). Cut-off values are given by a certain probability of failure – for the 

quasi-static model- and for a certain displacement value – for the displacement-based approach. The area 

between the 𝑅𝑅𝑅𝑅𝑅𝑅 curve and the diagonal in the graph (Area Under the Curve or AUC) gives a measure of 
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potential discriminating power for the model, with more powerful models resulting in larger areas. Since 

the landslide catalogue used does not differentiate between source area and deposit (mostly spread on flat 

areas), only reported landslide grid-cells with slope angles greater than 3° are considered for model 

validation. This left 4007 cells available for model evaluation. 

 

Figure 7-8. Example of ROC curve for landslide susceptibility model. 

 Results 

7.8. Slope gradient statistics 
As previously described, the slope root mean square error (RMSE) for each cell grid is a function of both 

water depth and slope angle magnitude. For a fixed ratio of bathymetric measurement uncertainty, the slope 

gradient error is inversely proportional to the magnitude of the slope angle. Therefore, steep slopes in 

shallow water are evaluated with more accuracy than flat areas in deep water. Still, the absolute magnitude 

of this derived uncertainty is rather small. A maximum error of 1.28° is expected for flat areas, while in 

steep slopes the RMSE is rarely above 0.15° (Figure 7-9).  

7.9. Peak Ground Acceleration 
Seismogenic faults incorporated in the Montecarlo procedure are labeled in Figure 7-1. Figure 7-10 reports 

the statistics (i.e., mean and variance) of the local probability distribution functions of the aggregated 

maximum 𝑃𝑃𝑃𝑃𝑃𝑃 that these faults can deliver. The local mean µ𝑃𝑃𝑃𝑃𝑃𝑃 is a function of the relative distance of 

the faults to the particular cell. This implicitly assumes a temporal dimension large enough so that all faults 

will be active at one moment or another along their entire length. The faults incorporated in the Basili et 

al., (2013) catalogue are all considered active faults and therefore such assumption is reasonable. A 
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maximum mean value of 0.23 𝑔𝑔 is obtained for sites nearby the Horseshoe abyssal plain (i.e. Horseshoe 

fault Figure 7-1). Along the Portuguese margin values between 0.15-0.13g have been obtained. Such values 

are in agreement with those available in the current seismic hazard zonation for Portugal (Costa et al., 2008) 

for a similar seismic scenario and a probability of exceedance of 10% in 50 years (i.e., 475 years return 

period). The 𝑃𝑃𝑃𝑃𝑃𝑃 variability, 𝜎𝜎𝑃𝑃𝑃𝑃𝑃𝑃 (Figure 7-10b) is also greater in the proximity of the Horseshoe fault.  

 

Figure 7-9.  a) original slope gradient map. b) Slope RMSE map. Axes show degrees latitude and longitude. Black 
and white pixels represent rock outcrops. 
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Figure 7-10. a) Local mean maximum PGA expected values assuming that the fault activates at full-length. b) Local 
PGA estimated variability.  

7.10. Normalized sediment unit weight 
A total of sixteen regional data groups were available from which mean and variances of normalized unit 

weight distributions could be extracted. For this purpose, the information from deep boreholes in the Iberian 

margin (i.e., 𝐼𝐼𝑅𝑅𝐼𝐼𝑃𝑃 Exp. 339 in Table 7-1) was split into seven locations, as the boreholes were performed 

at large distances from one another. As detailed in Table 7-4, the datasets from twelve sites were selected 

for the updating operation, leaving 4 aside for validation. 

Figure 7-11 presents the Bayesian updating results for the assumed prior uniform distributions of 

normalized unit weight statistics. The figures present the Equivalent Samples generated during the MCMC 

run, as well as the resulting updated distributions. Comparing likelihoods and updated distributions it can 

be seen that the Bayesian approach has been effective in reducing the spread of the distributions that will 
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feed site statistics to the map cells. The most relevant distribution values are reported in Table 7-5. Finally, 

it may be noted that the validation data points lie unambiguously within the bounds of the updated 

distributions. 

 

Figure 7-11. a) Scatter plot of generated equivalent sample µ ( 𝜸𝜸
𝜸𝜸′

 ) . b) Updated PDF µ ( 𝜸𝜸
𝜸𝜸′

 ).  c) Scatter plot of 

generated equivalent sample σ ( 𝜸𝜸
𝜸𝜸′

 ) . d) Updated PDF σ ( 𝜸𝜸
𝜸𝜸′

 ).  

7.11. Normalized undrained shear strength  
As indicated in Table 7-4, nine regional site datasets, out of the thirteen used to evaluate µ �Cuvane

𝜎𝜎′𝑣𝑣0
� and 

σ �Cuvane
𝜎𝜎′𝑣𝑣0

�, were used as input to the Bayesian updating procedure and four were reserved for validation. 

Results in terms of updated PDF µ �Cuvane
𝜎𝜎′𝑣𝑣0

� and updated PDF [σ �Cuvane
𝜎𝜎′𝑣𝑣0

�] are presented in Figure 7-12. The 

most relevant distribution values are reported in Table 7-5. Concerning µ�Cuvane
𝜎𝜎′𝑣𝑣0

� all the four-validation data 

fall within the 90 % inter-percentile range of [0.19-0.79]. A 90% inter-percentile range of [0.17-0.8] is 

derived instead for 𝜎𝜎�Cuvane
𝜎𝜎′𝑣𝑣0

�, which also includes the four-validation data. Statistics of the Updated 𝑃𝑃𝐼𝐼𝑃𝑃𝑃𝑃 are 

reported in Table 7-5. 
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Figure 7-12. a) Updated PDF (µ 𝑪𝑪𝑪𝑪𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗
𝝈𝝈′𝒗𝒗𝒗𝒗

). b) Updated PDF( 𝝈𝝈 𝑪𝑪𝑪𝑪𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗
𝝈𝝈′𝒗𝒗𝒗𝒗

 ). 

Table 7-4 Regional datasets employed as input and validation for the Bayesian updating procedure. SdG068-XX are 
measurements performed on samples collected in 2019 during the INSIGHT Leg-1 cruise. See Stow et al. (2013) for 
details of IODP Exp. 339 Sites. 

Variables Input data Validation data 
 

 

 

µ( 𝐶𝐶𝑢𝑢
σ’v0

) ; σ( 𝐶𝐶𝑢𝑢
σ’v0

) 

9 4 

Sites 

- 4 sites Minning et al., 2006  

- 3 sites, Lee & Baraza 1999 

- SdG068-02 

- SdG068-03 

SdG068-11  

SdG068-14  

SdG068-15  

SdG068-16 
 

 

 

 

 

 

 

µ(γγ’)
 ; σ(γγ’)

 

12 4 

Sites 

- IODP Exp. 339 U1385 

- IODP Exp. 339 U1386 

- IODP Exp. 339 U1387 

- IODP Exp. 339 U1388 

- IODP Exp. 339 U1389 

- IODP Exp. 339 U1390 

- IODP Exp. 339 U1391 

SdG068-11 

SdG068-14  

SdG068-15  

SdG068-16 
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- DSDP Leg 14-135 

- DSDP Leg 14-79 

- Minning et al., (2006) 

- SdG068-02 

- SdG068-03 

 

Table 7-5. Summarized statistics of normalized geotechnical parameters after a Bayesian procedure. 
 𝜸𝜸/𝜸𝜸’ 𝑪𝑪𝑪𝑪/𝝈𝝈′𝒗𝒗𝒗𝒗  

 µ γ/γ’ 𝜎𝜎µ 𝛾𝛾/𝛾𝛾′   µ 𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0
 𝜎𝜎µ 𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0

  

Prior range [max-min] [5.2-1.95] [0.4-0.1] [1.45-0.1] [0.3-0.01] 

Likelihood Estimate 

Updated µ XD 

2.28 

2.26 

0.28 

0.23 

0.42 

0.41 

0.25 

0.16 

90% inter-percentile updated  [2.83-1.81] [0.72-0.19] 

 

Prior range [max-min] 

µ𝜎𝜎 𝛾𝛾/𝛾𝛾′ 𝜎𝜎𝜎𝜎 𝛾𝛾/𝛾𝛾′ µ𝜎𝜎 𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0
 𝜎𝜎𝜎𝜎 𝐶𝐶𝑢𝑢/𝜎𝜎′𝑣𝑣0

 

[0.75-0.02] [0.12-0.02] [1.75-0.1] [0.4-0.01] 

Likelihood Estimate 

Updated σ XD 

0.18 

0.17 

0.1 

0.06 

0.45 

0.43 

0.33 

0.19 

90% inter-percentile updated [0.32-0.06]  [0.8-0.17] 
 

7.12. Landslide susceptibility map: pseudo-static approach 
Having obtained the PDFs for all input parameters required by the seismic slope stability calculation the 

Montecarlo procedure in Figure 7-2a was run. A total of 1000 simulations were performed to achieve a 

failure probability precision of around 0.01 (Wang et al., 2011). The local mean value of the pseudo-static 

factor of safety distribution is obtained and reported in Figure 7-13a.  As expected, lower values of factor 

of safety (i.e., slopes prone to failure) are associated to sites with high values of predicted PGA and slope 

gradient. A minimum value of 0.4 appears in the most susceptible areas (nearby Cape Sao Vicente, Marques 

de Pombal fault and Gorringe bank fault), while 𝑃𝑃𝐹𝐹𝑝𝑝−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 > 20 are obtained for flat areas offshore the 

Iberian margin. The precision of the derived factor of safety is quantified by its local variability expressed 

in terms of the square root of the variance of 𝑃𝑃𝐹𝐹𝑝𝑝−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (Figure 7-13b). The latter is given by the combination 

of morphological, geotechnical and PGA uncertainties.  

A noteworthy result is that uncertainty in the 𝑃𝑃𝐹𝐹𝑝𝑝−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. decreases for low values of the 𝑃𝑃𝐹𝐹. Therefore, 

unstable sites are quantified more precisely than stable ones. This is in apparent contrast with 𝑃𝑃𝑃𝑃𝑃𝑃 results 
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reported in Figure 7-10, where higher uncertainties are associated to greater 𝑃𝑃𝑃𝑃𝑃𝑃 values. A plausible 

explanation for this result may be obtained applying a first order second moment method (FOSM) 

derivation (Baecher and Christian, 2005) to the slope stability (Eq. 7-1). The contribution of seismic shaking 

to the overall FS uncertainty at each grid cell can be expressed as: 

σFS(kh)
2 = Cu

����

γ′z
1

� sinα�cosα�+ kh���� γ�
γ′
cos2α� �

2 ∙ 
γ�
γ′

cos2α�  ∙ σkh
2       (7-12) 

where: 

Cu����

γ′z
 : local (i.e., grid cell dependent) mean value of the normalized shear strength; 

γ�
γ′

 : local mean value of the normalized sediment unit weight; 

α� : local mean value of slope angle; 

kh���: local mean value of the horizontal acceleration coefficient; 

σkh
2 : local variance of the horizontal acceleration coefficient. 

The mean value of local acceleration appears in the quadratic expression in the denominator of (Eq. 12). 

This value will overcome the effect of increased local variance σkh
2  with acceleration magnitudes and result 

in a less uncertain prediction of the 𝑃𝑃𝐹𝐹. 

Similar observations apply to the probability of failure 𝑃𝑃𝑓𝑓, reported in Figure 7-13c alongside the inventory 

of submarine landslides in the SW Iberian margin (blue outlines). 𝑃𝑃𝑓𝑓 increases for steep slopes subject to 

high 𝑃𝑃𝑃𝑃𝑃𝑃 (nearby Cape Sao Vicente, Marques de Pombal fault and Gorringe bank fault) with values up to 

0.64, decreasing for rather gentle gradients. 

7.13. Landslide susceptibility map: displacement-based approach 
The displacement-based susceptibility map is derived following the steps reported in Figure 7-2b, resulting, 

as previously explained, in lognormal distributions of 𝐼𝐼𝑛𝑛 at each grid-cell. The main output cell statistics 

are reported in Figure 7-14a and Figure 7-14b alongside the landslide inventory (i.e., blue outlines). 

Predicted permanent displacement mean values µ𝐷𝐷𝑛𝑛 range from 0 to 72 𝑐𝑐𝑐𝑐. Greater displacements are 

associated to sites characterized by steep slope gradients and high values of expected 𝑃𝑃𝑃𝑃𝑃𝑃. The uncertainty 

associated to 𝐼𝐼𝑛𝑛 estimates is quantified by its standard deviation 𝜎𝜎𝐷𝐷𝑛𝑛  at each cell (Figure 7-14b). This 

uncertainty closely reflects that of the seismic ground motion (see Figure 7-10b). The 𝐼𝐼𝑛𝑛 statistics may be 
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employed to derive a probability of exceedance of a chosen 𝐼𝐼𝑛𝑛 threshold (i.e., 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑠𝑠𝑛𝑛𝑒𝑒𝑒𝑒 [𝐷𝐷𝑛𝑛]), computed 

as 1-CDF (𝐼𝐼𝑛𝑛−𝑠𝑠𝑡𝑡𝑒𝑒𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑒𝑒  ). An example is illustrated in Figure 7-14c, which reports the probability of 

exceedance of a 𝐼𝐼𝑛𝑛 equal to 5.2 cm. The significance of this particular 𝐼𝐼𝑛𝑛 value is best appreciated after 

considering the results of the model validation in the next section. 

 

Figure 7-13. a) Mean estimates of Factor of safety. b) Uncertainty in Factor of safety estimation. c) Probability of 
failure map considering the η factor from Rampello (2010). Outlined in blue in figures (a) and (b) are the landslides 
in the SW Iberian margin inventory. 
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Figure 7-14. a) Mean value of Newmark displacement. b) Square root of variance of Newmark displacement. c) 
Probability of exceedance a 𝑫𝑫𝒏𝒏 threshold equal to 7 cm. Outlined in blue are the landslides in the 𝑺𝑺𝑺𝑺 Iberian margin 
inventory. 
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7.14. Model validation 
As described in section 4.4, model performance is analyzed through the 𝑅𝑅𝑅𝑅𝑅𝑅 curve. For the pseudo- static 

approach, the 𝑅𝑅𝑅𝑅𝑅𝑅 curve is computed for different 𝑃𝑃𝑓𝑓 cut-off values. For the displacement-based approach, 

a 𝑅𝑅𝑅𝑅𝑅𝑅 curve is defined employing different 𝐷𝐷𝑛𝑛 threshold values. In both cases 𝑅𝑅𝑅𝑅𝑅𝑅 curves are computed 

using a random subset including 75% of the pixels catalogued as landslides (a raster layer containing ones, 

pixels containing landslides, and zeros). The remaining 25% are reserved for validation. 

Figure 7-15 shows that a slightly better performance is achieved by the pseudo-static approach. Indeed, the 

AUROC value (Area Under the Receiver Operating Characteristic) for the quasi-static model is 0.96 

whereas the one computed for the displacement-based approach is 0.935. When compared with results of 

other landslide susceptibility mapping studies (e.g. Park et al., 2013; Goetz et al., 2015; Cantarino et al., 

2019) our values indicate good accuracy for the models employed here. The 𝑅𝑅𝑅𝑅𝑅𝑅 point that maximizes 

both specificity and sensitivity (i.e. maximum distance from the trivial model) may be used to identify an 

optimal threshold. An optimal point in the 𝑃𝑃𝑓𝑓 equal to 0.22 is obtained for the pseudo static approach, while 

for the displacement-based analysis, a 𝐷𝐷𝑛𝑛−𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ𝑜𝑜𝑜𝑜𝑜𝑜 of 5.2 cm is obtained.  

In the displacement-based analysis, the 𝑅𝑅𝑅𝑅𝑅𝑅 curve can be also parametrized using exceedance probabilities. 

Using 𝑃𝑃𝑡𝑡𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡𝑜𝑜𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡 [5.2𝑒𝑒𝑐𝑐]  as input, the optimal point is given by 𝑃𝑃𝑡𝑡𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡𝑜𝑜𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡 [5.2𝑒𝑒𝑐𝑐] equal to 0.135. 

Therefore, 𝑃𝑃𝑓𝑓 = 0.22and 𝑃𝑃𝑡𝑡𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡𝑜𝑜𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡 [7𝑒𝑒𝑐𝑐] = 0.135 may be used as model output boundaries to classify 

susceptible and unsusceptible grid cells. These criteria were checked using the landslide subset randomly 

selected for validation. The results are summarized in Table 7-6. The quasi-static model predicts correctly 

92% of the cells in the validation subset and the displacement-based method 82%. 
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Figure 7-15. 𝐑𝐑𝐑𝐑𝐂𝐂 curve and Optimal thresholds for Pseudo-static model and Displacement-based method.  

Table 7-6. Percent of landslide-grid-cells predicted by the models. 

Optimal thresholds % landslide grid-cell predicted  

Pseudo-static approach 

% landslide grid-cell predicted 

Displacement-based approach 

𝑃𝑃𝑓𝑓 = 0.22  92% - 

𝑃𝑃𝑡𝑡𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡𝑜𝑜𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡 [𝐷𝐷𝑛𝑛=5.2𝑒𝑒𝑐𝑐] = 0.135  - 82% 

 

Discussion 

7.15. Limitations affecting the results 
There are several strong assumptions inherent to the slope stability models that are at the core of the 

methodology presented in this study. From the geometrical viewpoint there is no clue in the model about 

the lateral extent or volume of the sliding mass. From the material viewpoint the models assume that the 

sliding mass is a soft sediment, normally consolidated, which would shear undrained when subject to 

seismic shaking. The assumption of normally consolidated material may not represent well the sediment 

strength and density profile in areas of significant erosion such as submarine canyons. With regard to in-

situ stresses, it should be noted also that excess pore pressures induced by rapid sedimentation are not 

considered. Although in most marine deposits it is correct to assume that conditions are hydrostatic (Lee 

and Edwards, 1986), overpressure is possible in areas where the sedimentation rates are relatively high 

(e.g., Urgeles et al., 2006; Llopart et al., 2015). Alternatives to address these model limitations are outlined 

in section 6.3 below. 

Other limitations to the results presented are inherent to the databases employed. In particular, the 

magnitude estimates in the European Database of Seismogenic Faults assume full-length fault dislocation. 

This assumption implies relatively large return periods for the ground shaking events. However, such long 

return periods are justified by the submarine landslide catalogue that is used to validate the analysis, as the 

date of the events in this catalogue is not well constrained in many instances but, because of their position 

in the uppermost sedimentary sequences, they can all be assumed to be Quaternary. 

A strong limitation of the submarine landslide database employed is that it does not distinguish between 

source area and deposit. Because submarine landslides may travel long distances from the area that initially 

failed (e.g., Elverhøi et al., 2000; De Blasio et al., 2003) a database that identifies the landslide source area 

will be better adapted to highlight the factors linked to the failure without the influence of the landslide 
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dynamics. The slope-angle based filtering criteria that has been applied to get around this limitation is a 

relatively crude solution. 

7.16. Model performance 
Despite all the limitations signaled above overall model performance, as measured by the 𝐴𝐴𝐴𝐴𝑅𝑅𝑅𝑅𝑅𝑅 curves, 

is noteworthy. This good performance suggests that, within the limits of the employed databases, seismic 

triggers are the dominant cause of submarine slope failure in the 𝑆𝑆𝑆𝑆 Iberian margin. 

The (slightly) better performance of the quasi-static model should not come as a surprise. Both the quasi-

static and the displacement-based approach applied here are ultimately based on statistical regressions of 

Newmark method outputs for a given set of input seismic motions and slope descriptors. In the 

displacement-based method that regression directly gives an estimated displacement, whereas in the quasi-

static method the regression is used to establish the mobilization factor 𝜂𝜂. The statistical work of Rampello 

et al., (2010) is based on seismic motion records from Italy, which from a tectonic viewpoint is a reasonable 

proxy for the Gulf of Cadiz. The displacement-based model performance might also be improved by using 

richer descriptions of seismic ground motion, for instance using models that also include Arias intensity 

within the predictor variables (Jibson, 2007).   

The calibration of the quasi-static method using dynamic effects affects the performance of the method. 

Figure 7-16 shows the estimated probability of failure using a non-calibrated reduction factor value 

frequently used in practice (i.e., 𝜂𝜂 =0.5). When compared with the calibrated method (Figure 7-13c) the 

new results show a general increase in slope failure susceptibility.  
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Figure 7-16. Probability of failure map obtained using a naïve quasi-static slope stability model (η=0.5). 

Model performance should be reevaluated in the future, as the landslide catalogue is updated and becomes 

more precise. A particularly significant improvement in this respect may be a landslide catalogue that 

distinguishes between landslide source and landslide deposits. By using the polygons of the landslide source 

areas only, we will ensure that the input in the model performance and validation through the ROC curves 

will not be contaminated by portions of the polygons where the slope stressors, factor of safety and 

probability of failure are not related to the slope failure conditions. 

7.17. Enhancing the susceptibility maps 
The susceptibility maps might be further enhanced if other conditioning factors are included. An additional 

input factor that could be considered is the occurrence of overpressure. In a first approximation this may be 

explored using very similar models. For example, following (Carlton et al., 2017) the pseudo-static slope 

stability model might be reformulated as: 

𝐹𝐹𝑆𝑆𝑝𝑝−𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 𝐶𝐶𝐶𝐶
𝛾𝛾′𝑧𝑧[ 𝑡𝑡𝑠𝑠𝑛𝑛𝑠𝑠𝑒𝑒𝑜𝑜𝑡𝑡𝑠𝑠+𝑘𝑘ℎ 𝛾𝛾

𝛾𝛾′
 𝑒𝑒𝑜𝑜𝑡𝑡2𝑠𝑠]

 (1 − 𝑟𝑟𝐶𝐶)        (7-13) 

with: 

𝑟𝑟𝐶𝐶= 𝛥𝛥𝐶𝐶
𝜎𝜎′𝑣𝑣0

  being the excess pore pressure ratio. 

The 𝑟𝑟𝐶𝐶 is a new variable that may be integrated in the spatial model using a similar procedure to that applied 

here to the slope gradient and 𝑃𝑃𝑃𝑃𝐴𝐴 variables. A local (i.e., grid cell dependent) distribution of overpressure 

across 𝑆𝑆𝑆𝑆 the Iberian margin could be derived from spatially distributed inputs such as sedimentation rate 

and/or sediment accumulation over a reference horizon of known age. Correlations may be established 

between sedimentation rate and maximum pore water pressure at a cell, by exploiting systematic 1D 

simulations of sedimentation and consolidation, with a parametric coverage relevant for the SW Iberian 

margin. Uncertainties in hydromechanical parameters (e.g., permeability and coefficient of consolidation) 

may be treated using a similar Bayesian approach to that used here for undrained strength or density. 

Consideration of non-uniform overpressure conditions along the sedimentary sequence would be more 

realistic, but will require a substantial modification of the stability model, implying at least local vertical 

discretization (as done, for instance, in Strasser et al., 2011). This extra dimension per grid cell will would 

add substantial computational and data acquisition costs.   

Similar considerations would apply if a variable overconsolidation profile with depth is introduced. 

Overconsolidation could be considered if the amount of erosion can be estimated and characterized by the 

corresponding normalized strength ratios at each cell. Alternatively, it could be possible to use non-linear 
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strength profiles at each cell, but that would typically require some numerical solution by limit equilibrium 

or other method. This latter solution would strongly increase the computational cost of the model. Both 

would also likely require better geotechnical information than what is currently available. 

7.18. From submarine landslide susceptibility to submarine landslide 

hazard 
As noted in the introduction susceptibility maps onshore are frequently conceived as steps towards hazard 

evaluation. Landslide generated tsunami is the more relevant hazard at the regional scale discussed here. 

From a general viewpoint, landslide hazard (𝐻𝐻𝐿𝐿) can be expressed as the conditional probability of landslide 

size (PLV), of landslide occurrence in an established period (𝑃𝑃𝑁𝑁) and of landslide spatial occurrence (𝑆𝑆) 

(Guzzetti et al., 2005). Assuming independence among the three probabilities, the landslide hazard can 

therefore be expressed as: 

𝐻𝐻𝐿𝐿 = 𝑃𝑃𝐿𝐿𝐿𝐿 × 𝑃𝑃𝑁𝑁 × 𝑆𝑆                        (7-14) 

For earthquake triggering the occurrence of landslides is directly connected to the recurrence of seismic 

shaking. Gutenberg-Richter laws have been proposed for several zones offshore Portugal for seismic hazard 

studies in that country (Costa et al., 2008). These laws may be easily coupled to the model to provide a 

starting point to evaluate submarine landslide recurrence until better studies become available. A more 

complex issue is that of landslide size. Regional magnitude-frequency relations for submarines landslides 

(Urgeles and Camerlenghi, 2013) might be useful to constraint the parameters affecting the predicted 

hazard. It is also attractive to explore if the spatial coherence of model outputs (i.e. the connectivity of failed 

cells for source events of similar magnitude at given location) may be exploited to define an aerial event 

size. Areal sizes thus estimated would require transformation into volumetric landslide characteristics 

making use of regional correlations. Considering the spatial correlation structure of outputs might, however, 

require more detailed consideration of spatial correlations of geotechnical inputs. This can be facilitated by 

using a random field approach (Fenton and Griffiths, 2008), which is already implemented in the code.     

Conclusion  
This study, using the 𝑆𝑆𝑆𝑆 Iberian margin as an example, is the first attempt to assess in a systematic 

probabilistic manner earthquake-induced submarine landslide susceptibility for a large offshore region.  A 

grid cell-based methodology using infinite slope models is applied at this regional-scale. While similar 

mapping efforts have been previously presented, the area addressed here is orders of magnitude larger than 

that of the precedents.  
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The expected seismic shaking across the study area is computed assuming that faults dislocate their entire 

length, a constrain given by the source database. Therefore, the seismic scenario considered is defined by 

severe magnitude earthquakes implying long return periods. Given the temporal scale of the landslide 

catalogue used for validation of the method this appears as a valid assumption. 

Despite the jump in scale introduced, well-established evaluation methods for susceptibility maps suggest 

that the models employed achieve good accuracy. It appears that most landslides included in the database 

employed to validate the output were earthquake-triggered by the faults collected in the source database. 

Naturally, this conclusion should be revised and confirmed as both databases are enlarged and / or 

improved.  

The methodology employed has been deliberately developed to facilitate reevaluation, as the database of 

mapped landslides, the seismic source catalogue or the regional geotechnical information is extended and 

updated. The method can be also extended to include additional contributing factors such as overpressure. 

Probabilistic susceptibility maps like the ones presented here are one significant step towards landslide -

generated tsunami hazard estimation at the regional scale. However, further work is still necessary to that 

end, particularly in order to link spatial susceptibility and overall event magnitude. 
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Notation 
The following symbols are used in this paper: 

σε𝐷𝐷𝐷𝐷𝐷𝐷: standard deviation of DEM error; 

µlog(𝑃𝑃𝑃𝑃𝑃𝑃): mean value of logarithm of PGA; 

𝜎𝜎log(𝑃𝑃𝑃𝑃𝑃𝑃): standard deviation of logarithm of PGA; 

µ𝑃𝑃𝑃𝑃𝑃𝑃: mean value of PGA; 

𝜎𝜎𝑃𝑃𝑃𝑃𝑃𝑃: standard deviation of PGA; 

X: statistics of interest (mean and standard deviation) modeled as random variable; 
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( )Xf x′ : Prior probability density function for X; 

( )Xf x′′ : Posterior probability density function for X; 

L(x): Likelihood or conditional probability of observing the Data when X = x,  

µ𝑋𝑋 : logarithm of a possible mean for the variable X;  

σX: logarithm of a possible standard deviation value for the variable X 

𝜉𝜉𝑠𝑠: i-th data on geotechnical statistics; 

𝝃𝝃: data vector on geotechnical statistics; 

σξ0: original standard deviation of 𝝃𝝃; 

ε𝑇𝑇  : transformation error due to regression used; 

𝜎𝜎ε𝑇𝑇: standard deviation of data statistics 𝝃𝝃 due to transformation error used; 

σx0: original standard deviation of the Likelihood L(x); 

𝜎𝜎ε𝑇𝑇_𝑊𝑊: weighted standard deviation of data statistics 𝝃𝝃 due to transformation error used; 

εµT  : transformation error of the predicted mean value; 

µεµT  : mean value of εµT  ; 

σεµT  : standard deviation of εµT  ; 

µ𝐶𝐶𝐶𝐶𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 : mean value of undrained vane shear strength; 

µ𝐶𝐶𝐶𝐶𝑓𝑓𝑣𝑣𝑓𝑓𝑓𝑓−𝑐𝑐𝑐𝑐𝑣𝑣𝑣𝑣 : mean value of undrained fall-cone strength; 

Ns: number of regional sites considered in the updating operation 

𝑁𝑁𝑡𝑡𝑜𝑜𝑡𝑡: number of relevant data; 

𝑁𝑁𝑇𝑇: number of data affected also by the transformation error 
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Part V: Conclusions & Future developments 

8 Conclusions  
 

 
The main body of the thesis has four parts. Conclusions for each part have been already presented in 

corresponding chapters. Key insights for each chapter are here recalled and highlighted. If the reader is 

making use of pdf version, header of each paragraph is linked to the extended summary and conclusion of 

the corresponding chapter.  Possible future developments for each work and general conclusions of the 

thesis are also provided.  

Part II ∶ Probabilistic CPT(u)data manipulation 

Chapter 4: Probabilsitic soil profling using CPTu data   

A semi-automated simplified probabilistic tool is proposed aiming to elicit the assumptions applied in soil 

profiling and thus facilitate coherence and communication in the design process. The approach starts from 

a conventionally accepted classification template. The examples have been mostly developed making use  

of Robertson, 1990 Soil Behavior Type chart, but others examples based on Soil Behavior Type Index 𝐼𝐼𝑐𝑐 

are also included. The output is a simplified (i.e., less fragmented) soil profile at different level of 

refinement whose selection is left as an option to the user. Single or multiple CPTu records can be analyzed. 

The proposed scheme for multiple CPTu record analysis is oriented to validate the assumption of same 

mechanical behavior at different locations rather than assessing lateral continuity. However, the tool results 

can be easily fitted in available algorithms to derive continuous 2D/3D soil profiles. The novel methodology 

is qualitative and quantitatively compared with more elaborate Bayesian methodologies. Of particular 

interest is the application of the semi-automated tool within, to integrate the elicited profiling assumptions 

as 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑘𝑘𝑘𝑘𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 for Bayesian Mixture Analysis.   

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝 

- The semi-automated tool could be set up for a trivariate-approach, making use of 3D SBT charts 

by integrating normalized CPTu parameters of cone tip resistance, sleeve friction and pore pressure. 
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This would allow to assess the dependence among all the information from CPTu measurements 

and acquiring additional insights on soil cone probe response from multiple information. 

- The univariate approach of proposed semi-automated tool could be employed to assess the 

dependence of CPTu − DMT  data to derive a soil stratigraphy based on soil behavior Type Index 

𝐼𝐼𝑐𝑐 (CPTu) and material index 𝐼𝐼𝐷𝐷 (DMT). The approach would allow to assess and quantify any 

major discrepancy between two widely employed in situ tests. 

- The semi-automated tool methodology could be reformulated within a Bayesian framework, 

enabling to integrate engineer’s belief (i.e., prior knowledge) on conventionally accepted SBT 

templates (e.g., assessing credibility of identified layer’s adherence to SBT charts).  

- The error introduced by the statistical model employed (i.e., joint normal bivariate/univariate 

density distribution) within the semi-automated tool could be reduced by applying more 

sophisticated not parametric probabilistic models (e.g., kernel density distribution).  

Chapter 5: Probabilisitc strain − rate correction of dynamic CPTu data  

The chapter proposes a Bayesian methodology for the conversion of dynamic into quasi-static CPTu data 

by integrating knowledge of not-paired (i.e., different location and time of acquisition) quasi-static records 

previously acquired at the study area. Unknown random variables are here represented by strain-rate 

coefficient, strain-rate model standard error, and paired quasi-static CPTu record, while available data are 

given by dynamic CPTu measurements. The probabilistic model for unknown quasi-static CPTu records 

consist of discrete cosine transform function (DCT) to account for non-stationary CPTu data due to site 

heterogeneity. The proposed methodology is applied to Nice harbor (France). For the analyzed 

dynamic CPTu records, strain-rate coefficient seems to be well predicted and in agreement with results 

derived from paired back analyzed dynamic and quasi-static CPTu records.  

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝 

- The same methodology could be extended to sleeve friction and pore pressure measurements, 

applying a sequential updating technique for each independent CPTu parameter. The same 

methodology could be also applied within a Bayesian Mixture framework aiming to quantify 

mixtures of strain-rate coefficients, so as to improve soil strain-rate correction at heterogenous sites. 

In this context the output would also provide a first indication of soil profiling based on soil 

response to dynamic insertion of cone probe.    
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Part III: Probabilistic predictive models with CPT(u) data 

Chapter 6: Bayesian Mixture Analysis (BMA) applied to geotechnical regressions 

This work provides a first attempt of clustering technique applied to global database to exploit not 

conventional unobservable soil classes to further derive regressions and improve accuracy and precision of 

soil unit weight prediction from CPT(u) readings. A Bayesian formulation (i.e., Bayesian Mixture analysis) 

is implemented to tackle global database updating.  The methodology is based on three-steps scheme: 

construction of valid multivariate normal distribution, construction of mixture of multivariate, construction 

of correlation based on most plausible data subdivision. The latter identify two main not conventional soil 

classes, the first one representative of a 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 behavior and the other characterized by a 

wider range of soil classes.  Literature regressions are revisited according to such data subdivision and novel 

ones are proposed to further reduce systematic transformation uncertainty. A new criterion is also proposed 

to select the most appropriate correlation to employ at a new site. These correlations have been validated at 

two sites, highlighting a better prediction of soil unit weight with respect to literature correlations without 

clustering.   

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝 

- The proposed methodology can be applied to different global databases for different geotechnical 

parameters prediction. As an example, the opensource databases CLAY/10/7490, CLAY/5/345, 

CLAY/6/345, ROCK/9/4069 could be analyzed following the proposed methodology.   

- For the same database, feasibility of Gaussian Mixture of Linear Regressions could be investigated 

and compared with results provided throughout the chapter 6.  

 

Part IV: Probabilistic geotechnical hazard analysis in large areas 

Chapter 7: Probabilistic submarine landslide suceptibility  

of South West Iberian margin 

This chapter developed earthquake-induced landslide susceptibility mapping in large offshore areas. The 

challenges given by limited information on controlling variables, large uncertainties in triggering 

mechanisms and limited geotechnical data are assessed within a geotechnical model-based. The whole SW 
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Iberian margin is analyzed increasing by three orders of magnitude the areal extent of precedent offshore 

slope stability susceptibility studies. The expected seismic shaking across the study area is computed 

assuming that faults dislocate their entire length, a constrain given by the source database. Given the 

temporal scale of the landslide catalogue used for validation of the method this hypothesis appears as a 

valid assumption. 

Despite the jump in scale introduced, well-established evaluation methods for susceptibility maps suggest 

that the models employed achieve good accuracy. It appears that most landslides included in the database 

employed to validate the output were earthquake-triggered by the faults collected in the source database. 

Naturally, this conclusion should be revised and confirmed as both databases are enlarged and / or 

improved.  

The employed methodology has been deliberately developed to facilitate reevaluation, as the database of 

mapped landslides, the seismic source catalogue or the regional geotechnical information is extended and 

updated.  

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐅𝐅𝐝𝐝𝐅𝐅𝐝𝐝 

- The method can be extended to include additional contributing factors such as overpressure. 

Probabilistic susceptibility maps like the ones presented here are one significant step towards 

landslide -generated tsunami hazard estimation at the regional scale. However, further work is still 

necessary to that end, particularly in order to link spatial susceptibility and overall event magnitude. 

General conclusions 
This thesis addresses various topic of geotechnical site characterization within a probabilistic framework. 

The probabilistic approach is applied due to inevitable uncertainties which are pervasive in every topic of 

geotechnical site-characterization, and it aims to rationally assess information acquired from different in-

situ tests.  

All the examples developed are oriented toward practical application.  The proposed methodologies take 

inspiration in the idea that the practice of geotechnical engineering can be recognized as an art as much as 

a science. This seems particularly true for the soil profiling task (i. e. , Chapter 4, Chapter 5), where lack 

of standardized rules or normative guidance on ground unit identification foster communication problems 

among parties involved within geotechnical design process.  
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The thesis also highlights the effectiveness of data-driven analysis either alone (Chapter 6) or combined 

with physics (Chapter 7) in site characterization. In the era of Industry 4.0, when industrial manufacturing 

and production systems are transformed by introducing artificial intelligence taking steps in this direction 

seems appropriate. However, when doing so in geotechnical engineering, almost inevitably a large gap 

appears between research and practice, partly due to the relative opacity of the procedures applied and 

partly because a state of practice firmly anchored in empiricism and skeptical of black-box technologies.   

The work done in this thesis suggests that a way to bridge this gap may lie through emphasizing (instead of 

minimizing) the role of engineering judgment. The importance of eliciting and integrating analyst heuristics 

is a key aspect. The analysis of geotechnical data should be then oriented by methodologies that incorporate 

expert judgment in a meaningful way. That seems to be the real promise of the Bayesian perspective.  
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