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Abstract: There has always been a great concern about the teaching of mathematics in engineering
degrees. This concern has increased because students have less interest in these studies, which is
mainly due to the low motivation of the students towards mathematics, and which is derived in most
cases from the lack of awareness of undergraduate students about the importance of mathematics
for their career. The main objective of the present work is to achieve a greater motivation for
engineering students via an intervention from the teaching staff to undergraduate students. This
intervention consists of teaching and learning mathematical concepts through real applications in
engineering disciplines. To this end, starting in the 2017/2018 academic year, sessions addressed to
the teaching staff from Universitat Politècnica de Catalunya in Spain were held. Then, based on the
material extracted from these sessions, from 2019/2020 academic year the sessions “Applications of
Mathematics in Engineering I: Linear Algebra” for undergraduate students were offered. With the aim
of assessing these sessions, anonymous surveys have been conducted. The results of this intervention
show an increase in students’ engagement in linear algebra. These results encourage us to extend
this experience to other mathematical subjects and basic sciences taught in engineering degrees.

Keywords: mathematics education; engineering degrees; STEM; student motivation

1. Introduction

To improve the economy of countries, a key factor is to encourage technology. Techno-
logical production begins by encouraging and supporting students to develop professional
careers in fields related to science, technology, engineering and mathematics (STEM).
Therefore, STEM disciplines are considered essential for the economic development of
technological societies. The critical role of integrating STEM disciplines into the promotion
of students who need to equip themselves with 21st century skills has attracted much
attention. Several countries have promoted STEM education as the benefits of this educa-
tion for quality learning have been recognized. In addition, it has been shown that STEM
education could improve the integration of students’ skills and the fact that they are better
prepared for their professional activity. The 21st century, as the age of information-based
technology, brings new job prospects as well as upcoming jobs that demand new skills
from workers. Technology is currently used in many jobs in areas such as science, business,
engineering, etc.

In addition, high employment in STEM disciplines is expected [1–3]. As technological
knowledge becomes increasingly specialized and economically important, more jobs are
needed in STEM disciplines and this demand is expected to increase further in the coming
years, as noted in [4,5]. However, in most countries, the number of students enrolling
in STEM-related disciplines has decreased at secondary and tertiary levels [6]. Currently,
this concern has increased because a lower interest in STEM disciplines among European
university students has been detected. Therefore, the engineering education community is
working to identify the factors that provoke this scenario, as indicated by [1].
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One of the issues that has gained a lot of interest in academic research is the worrying
levels of dropout in higher education. It was found that approximately one-third of
entering college students leave their institution of higher education without obtaining a
degree, especially during their first year [7]. The dropout rate increases in STEM careers,
as can be observed in [8]. Several studies have focused on the importance of students’
motivation and engagement [9,10], in particular for technological degrees [11]. So, to reduce
the number of dropouts in the early stages of study, it is necessary to promote student
engagement [12,13], which is directly related to motivation [14], student achievement [15]
and academic performance [11].

Teachers have always been the most crucial element in educational reform [16,17].
Previous studies on education reform stated that teachers were the main drivers behind
students’ interest in STEM and their achievements [18]. Most efforts to reform under-
graduate STEM education are based on a presumptive reform model related to teacher
participation, based primarily on classroom innovation and the teaching–learning process.
The self-efficacy and involvement of teachers in classroom teaching play a key role in the
realization of integrated education in STEM [19,20]. An important aspect of mathematics
education research is to address significant ways for learning and change of mathematics
teachers [21–23].

Many university departments offer math courses to their first-year college students
and are generally a mandatory part of their departmental programs [24]. In [25], the
relationship between basic subjects and applied engineering subjects in higher engineering
education curricula is evaluated. Different approaches to teaching mathematics have been
considered in several works. There are numerous studies that confirm that active learning
has a positive effect on increasing students’ motivation and their improvement in learning,
which implies enhanced performance, as indicated in [26–29]. For example, the concept of
mathematical creativity and the relevance of problem-solving in teaching mathematics have
been studied in [30]. In addition, key skills and qualifications expected from employees
change from performing routine tasks to solving problems comprised of complex systems
through construction, description, explanation, manipulation and prediction. That is,
employees are expected to have problem-solving and analytical thinking skills, as well as
the conceptual tools to communicate and outsource them.

Rarely do math teacher training programs include a focus on mathematical modeling
or the use of models in future teachers’ math courses [31,32]. The use of problem-posing in
engineering degrees is a profitable tool to increase student involvement and it is known that
in engineering education practical and real applications used in basic sciences encourage
student engagement and motivation [14], as has been developed in previous studies [33–35].
With this methodology, students are given a problem related to a technological field, which
will drive the learning process and allow students to discover what they need to learn
to solve the problem. Moreover, it helps students to develop skills and competencies,
such as continuous learning, autonomy, teamwork, critical thinking, communication and
planning [36], which are considered very important in their profession [37]. Furthermore,
theory and practice are integrated, and motivation is enhanced, which results in increased
academic performance [38–41]. Another approach to math education based on action learn-
ing has been considered in [42]. Various studies have described the benefits of integrating
information and communication technologies (ICT) into education [43–45]. It is hoped
that the 21st century math teachers will be able to figure out how to integrate technology
into all aspects of education [46,47]. Computational thinking is another essential skill to
incorporate in math education [48].

In this article, we conjecture the challenge of generating an integrated STEM curricu-
lum. In particular, the aim of this study is to present a contribution to the relationship
between mathematical applications and integrated STEM education. The main objective
of the present work is to achieve greater motivation for undergraduate engineering stu-
dents by contextualizing basic sciences, mainly mathematics, through applications to
the disciplines of technological degrees. It is expected that the material developed in
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this work will be introduced for future adaptation of mathematics into core subjects of
engineering degrees.

Research Rationale and Research Questions

Engineering students generally do not perceive mathematics in the same way as
people who want to pursue this discipline. Engineering students think differently; they
want to solve engineering problems and mathematics is just one tool like any other. They
need to be told what their knowledge of mathematics is for and the extent to which it is
essential to their studies and their future profession. In this sense, the motivation and
commitment of the students is considered a key element, making clear the relevance of
these basic disciplines to the later technologies and professional exercise.

For an intervention to be more likely to be successful, it must be contextually appropri-
ate in its disciplinary and institutional environment. In this sense, the first part of the work
consists of considering the competence specificities related to engineering disciplines that
focus on a type of problems of their own, as well as the type of knowledge and learning
their own skills. It is very convenient that this task is done in collaboration with the
teachers of mathematics and technology departments. Next, it is a question of conducting
an analysis looking for a systemic understanding that goes beyond the appreciation of the
individual components, to extract the mathematical concepts of the different engineering
problems posed previously. This task will be carried out by the teachers of mathemat-
ics departments who will then make the extracted material available to undergraduate
engineering students.

The aim of this work is to present proposals for the implementation of problems
arising from the technology faced by engineering students, which will be complementary
to their regular courses. These problems will be multidisciplinary and have in common the
idea that mathematics is a necessary skill for solving them. Having realized the need for
their knowledge of mathematical methods, students are looking forward to solving the
posed problems, thus turning their attention to their mathematical education.

This paper focuses on these research questions:

• How can the mathematical curriculum of an engineering program be adapted to
include technological applications?

• How do teachers value this intervention?
• How do students value this intervention?

2. Materials and Methods

The study was conducted at the Universitat Politècnica de Catalunya-BarcelonaTech
(UPC) (www.upc.edu, accessed on 1 May 2021), a public university specializing in STEM.
During the 2017/2018 academic year, the seminar “Contextualization of mathematics in
engineering degrees” was inaugurated at UPC, supervised by one of the authors of this
paper and promoted by the vice rector’s Office for Academic Policy. The intervention
was done in several stages, each dealing with one science subject (mathematics, physics,
chemistry, etc.). In the first stage, the intervention was based on mathematics, which began
in the 2017/2018 academic year and continues today.

First, these seminars consisted of lectures (an hour and a half per session) for teachers.
This is the fourth academic year of this seminar for teachers, called “Contextualization of
mathematics in engineering degrees”, which aims to illustrate the applications of mathe-
matics in different technological areas. Then, in accordance with the results obtained in
the previous seminars for teachers, teaching is carried out for undergraduate engineering
students (weekly sessions, an hour and a half each session). Previous sessions were aimed
at teachers starting the 2017/2018 academic year and the 2019/2020 academic year sessions
for undergraduate engineering students focused on mathematics began. Students’ sessions
were called “Applications of mathematics in engineering”. This seminar for students aimed
to bring to the classroom the material extracted from the previous seminar for teachers,
in order to improve academic performance and reduce the dropout rate at the UPC, pro-
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moting students’ engagement. This intervention began in the 2017/2018 academic year
with teachers to enable them to implement the material extracted from these sessions later
with students in the 2019/2020 academic year. Currently, the intervention is carried out in
parallel with teachers and students to expand the material available.

To evaluate these interventions, anonymous surveys were conducted, both for teachers
and students of each of the sessions. These questionnaires analyze the impact of the
experience and collect assessments from all project members, which will be used to tailor
science content to the needs and expectations of undergraduate students in upcoming
academic years.

2.1. Teachers’ Intervention

The teacher’s intervention based on mathematics consists of sessions focused on
different engineering disciplines (automation, electricity, mechanics, electronics, etc.). In
each of these areas, engineering cases are presented and explained using the mathematical
tools needed to solve them. To study and solve these exercises, it is necessary to apply
mathematical concepts and techniques: equations of the linear system, complex numbers,
matrix modeling, etc. The sessions of this seminar are taught by both teachers of the
departments of basic and applied subjects engineering departments. To date, there have
been eighteen sessions of math contextualization. The titles are detailed in Table 1.

Table 1. Seminar of contextualization of mathematics in engineering degrees.

Session Title Date

1 “Invitation to the Educative Renewal of Mathematics in Engineering degrees” 10 April 2018

2 “Network Flows” 25 April 2018

3 “Engagement with the First Course Students of Civil Engineering” 15 May 2018

4 “Mathematics of Google” 23 May 2018

5 “Numerical Factory: a Numerical Tasting about the Teaching of Mathematics in Engineering” 5 June 2018

6 “How Mathematical Tools help to Manufacture Mechanical Parts” 3 October 2018

7 “One Proposal for the Teaching of Mathematics in Computer Science” 16 October 2018

8 “Mathematical Applications in Elasticity and Resistance of Materials” 7 November 2018

9 “A Historically Problematic Relationship: Mathematics in Engineering” 27 November 2018

10 “Virtual Reality Applications for Biomedical Engineering” 27 February 2019

11 “Fundamental Mathematical Concepts and Tools in Electronic Engineering” 21 March 2019

12 “Modelling and Linear Ordinary Differential Equations Systems” 10 April 2019

13 “Determined Linear Systems for Consecutive Values of States” 2 May 2019

14 “Mathematical Concepts and Tools in Automatic” 22 May 2019

15 “Animated Mathematics” 16 October 2019

16 “Probabilities and Communication Theory: Random Walks in Graphs and Algorithms” 2 December 2020

17 “Cryptography: the Arithmetic of Large Numbers” 17 March 2021

18 “Mathematics at the Service of Engineering Attitudes” 4 May 2021

To evaluate this experience, anonymous surveys were conducted at the end of each
session with the aim of analyzing teachers’ opinions about the applications and practical
exercises introduced.

2.2. Students’ Intervention

The material from these teachers’ sessions has been adapted to be useful to students.
Thus, since the 2019/2020 academic year, weekly sessions have been given to undergradu-
ate students in the first semester on “Applications of Mathematics in Engineering”, based
on the subject of linear algebra. This students’ intervention is designed to increase the
engagement and motivation of students in the early stages of their studies. These are
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voluntary sessions and the UPC recognizes 1 European Credit Transfer and Accumulation
System (ECTS) for each semester of student attendance.

Sessions aimed at undergraduate students are organized according to the different
concepts of linear algebra. The sessions “Applications of Mathematics in Engineering I:
Linear Algebra” for undergraduate students consists of 10 sessions. The sessions of this
seminar (Table 2) were organized following the contents of linear algebra in the first course
of an engineering degree in order to show students that the concepts they are learning are
useful and necessary for their degree.

Table 2. Applications of mathematics in engineering I: linear algebra.

Session Title

1 “Complex Numbers on the Study of Price Fluctuations”

2 “Complex Numbers on the Study of Alternating Current”

3 “Indeterminate Systems: Control Variables”

4 “Mesh Flushes: a Basis of Conservative Fluxes Vector Subspace”

5 “Addition and Intersection of Vector Subspaces in Discrete Dynamical Systems”

6 “Linear Applications and Associated Matrix”

7 “Basis Changes”

8 “Eigenvalues, Eigenvectors and Diagonalization in Engineering”

9 “Modal Analysis in Discrete Dynamical Systems”

10 “Difference Equations”

To evaluate this experience, anonymous surveys were conducted at the end of each
session, with the aim of analyzing students’ appreciation of the applications and practical
exercises introduced. In order to extract more information from the students attending
the sessions “Applications of Mathematics in Engineering I: Linear Algebra”, personal
interviews were undertaken at the end of these sessions.

3. Results

3.1. Teachers’ Results
3.1.1. Teachers’ Mathematical Contents

As an example of the teachers’ intervention and in order to show the seminars and
the development of a session, the session “Network flows” is summarized below. The
applications and linear algebra contents from this session are detailed in Table 3.

Table 3. Session 2 (“Network flows”) from the seminar of contextualization of mathematics in engineering degrees.

Applications Linear Algebra Contents

Roundabout traffic Matrices and determinants. Equation systems.

Electrical network Equation systems. Vectorial spaces. Vectorial subspaces. Linear applications.

Bus station Discrete linear systems: contagious matrix, eigenvectors and eigenvalues.

Google: webs classification Discrete linear systems: contagious matrix, eigenvectors and eigenvalues, Gould accessibility index.

With the aim of being profitable in the future and being able to be consulted and
used by any member of the educational community, the sessions of the “Seminar of
contextualization of mathematics in engineering degrees” have been recorded. These
recordings are available in a repository of UPC (https://upcommons.upc.edu/handle/21
17/118481, Catalan language, accessed on 1 May 2021).
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3.1.2. Teachers’ Surveys Results

The number of teachers attending the sessions “Seminar of contextualization of math-
ematics in engineering degrees” undertaken to date (18 sessions) is 612 (among them,
around 150 different teachers), which means an average of 34 teachers per session. It is
worth noting that not only the teachers from the mathematics department attended these
sessions, but also those from engineering departments.

The material developed in the sessions “Seminar of contextualization of mathematics
in engineering degrees” has been analyzed taking into account the results of the anonymous
surveys conducted by the attending professors. Teachers’ surveys assess the academic
aspects of each lecture, as well as the clarity of the speaker and the general organization
of the activity. The participants answered three questions valued on a 5-point scale (1 =
strongly disagree, 2 = disagree, 3 = neither agree nor disagree, 4 = agree, 5 = strongly agree).
In addition, there is an open field with the possibility to add a comment about the session.

Teachers’ questionnaires of the sessions held until now have already been analyzed.
The participants in these surveys were 337 teachers (55% of the assistants to the sessions).
In Table 4 the questions and the average results are detailed.

Table 4. Teachers’ surveys results.

Survey Question Average

The assessment of academic aspects is positive 4.56
The level of satisfaction regarding the speaker is positive 4.62
General organization of the activity has been appropriate 4.56

The response of the teachers participating in these sessions has been very positive, as
can be seen in Table 4. In addition, it is worth mentioning the comments of some teachers
expressed in the open field of the surveys, the main themes were:

• Innovative problems.
• Examples with applications in different fields.
• Interesting works linked to social needs.

3.2. Students’ Results
3.2.1. Students’ Mathematical Contents

Some examples of the applications and problems addressed to students in the ses-
sions “Applications of Mathematics in Engineering I: Linear Algebra” are summarized
below. They consist of applications of linear algebra related to engineering which can be
understood by undergraduate students in first-year courses.

1. Session 1 (complex numbers on the study of price fluctuations):
In dynamical systems, oscillatory modes with the following form are frequent:

p(k) = pe + c‖λ‖k cos(kϕ + ϕ0), k = 0, 1, 2, . . . (1)

determined by:
λ = ‖λ‖ejϕ ∈ C (2)

In this study, p(k) is the merchandise price in the k-th sales season.
Price expectation for the next season from the previous season is in general:

p̂(k) = β1 p(k − 1) + β2 p(k − 2) + · · · (3)

β1 + β2 + · · · = 1 (4)
It is demonstrated that:

p(k) = pe + c‖λ‖k cos(kϕ + ϕ0) (5)
where:

λ = ‖λ‖ejϕ ∈ C (6)

is the “dominant root” of:
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tk +
b
a

(
β1tk−1 + β2tk−2 + · · ·

)
= 0 (7)

called “characteristic polynomial”.
• Application session 1: spiderweb model:
In the spiderweb model, producers take as “price expectative” the price from the

previous season:

p̂(k) = p(k − 1) ⇒ β1 = 1, β2 = β3 = · · · = 0 ⇒ (8)

⇒ λ is the dominant root of : t +
b
a
= 0 ⇒ (9)

⇒ λ = − b
a
=

b
a

ejπ ⇒
{ ‖λ‖ = b

a
Biannual periodicity

(10)

• Application session 1: producers’ reference to two previous years:
Suppose that b

a = 1, but producers refer to the two previous years:

p̂(k) =
p(k − 1) + p(k − 2)

2
⇒ β1 = β2 =

1
2

, β3 = β4 = · · · = 0 ⇒ (11)

⇒ λ is the dominant root of : t2 +
1
2
(t + 1) = 0 ⇒ λ =

−1 ± j
√

7
4

(12)

Therefore: {
Triennial periodicity

Attenuated oscillations
(

with b
a = 1

) (13)

Particularly, the condition b
a < 1 can be changed to b

a < 2:

b
a
= 2 ⇒ λ is the dominant root of : t2 + t + 1 = 0 ⇒ λ =

−1 ± j
√

3
2

⇒ ‖λ‖ = 1 (14)

• Application session 1: price cycle of pork meat:
In almost a century, four times/year oscillations were observed in the production of

pork fat meat in the USA. It is necessary to find a model that fits into it and deduce the b
a

value to attenuate it.
It must be considered that there are two seasons of production in each year (spring

and autumn) and that the raising period of fat pork is approximately one year. Therefore, k
variable corresponds to semester and the “decision/production” is two of these periods
(that is, β1 = 0).

Supposing:

p̂(k) =
1
5
(p(k − 2) + p(k − 3) + p(k − 4) + p(k − 5) + p(k − 6)) (15)

results:
t6 +

b
a

1
5

(
t4 + t3 + t2 + t + 1

)
= 0 (16)

In fact, four times-year oscillations are obtained:

λ = ej π
4 =⇒

{
λ6 = −j

λ4 + λ3 + λ2 + λ + 1 ∼= 2.4j
⇒ b

a
∼= 5

2.4
∼= 2.08 (17)

Thus, it must be forced:
b
a
< 2.08 (18)

2. Session 2 (Complex numbers on the study of alternating current):
In this session, several applications of electricity in alternating current were explained,

in which the use of complex numbers was necessary to solve these problems. See [38] for
further information. The applications dealt in this session were:
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– Analysis of alternating current circuits: an alternating current i(t) must be calculated in
a node, knowing the values of three alternating currents in the same node. Kirchhoff’s
current law is used, and currents are converted into the complex form.

– Triphasic distribution: phase/neutral voltage and phase/phase voltage must be
calculated in a triphasic distribution. To solve it, voltages are converted into the
complex form, and phasor representation is used in order to explain the relation
between phase/neutral voltage and phase/phase voltage.

– RLC circuit: a circuit with resistance, inductance and capacitor is solved using the
complex impedance.

– Resonances: the conditions in which resonance is produced in a parallel circuit must
be determined.

– Annulation of reactive power: in this exercise, the capacity of a capacitor must
be calculated which has to be in parallel with impedance so that the equivalent
impedance is real. That means that reactive power disappears, and performance
is optimized.

3. Session 3 (indeterminate systems: control variables):
The third session showed applications of indeterminate equations systems.
• Application session 3: the roundabout traffic:
One of the exercises consisted of a roundabout traffic where three double-ways con-

verge (Figure 1). It was explained how it can be described by a linear equations system and
the compatibility conditions were found and interpreted [20].

Figure 1. The roundabout traffic.

In this practical exercise it was asked to:

1. Prove that it can be described by the following linear equation system:

A

⎛
⎜⎜⎜⎜⎜⎜⎝

x1
x2
x3
x4
x5
x6

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

α1
−β1
α2
−β2
α3
−β3

⎞
⎟⎟⎟⎟⎟⎟⎠, A =

⎛
⎜⎜⎜⎜⎝

1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 0
0 0 0 1 −1 0
−1 0 0 0 0 1

⎞
⎟⎟⎟⎟⎠ (19)

2. Find and interpret the compatibility conditions.
3. In such case, prove that it is a 1-indeterminate system, and a solution basis of the

homogeneous system is x1 = · · · = x6 = 1.
4. How many traffic measures are needed to know (x1, . . . , x6)?
5. Deduce that there exist solutions with xi ≥ 0 and that there exists a unique solution

with xi ≥ 0 and some xi0 = 0.
6. Interpret the solutions with xi > 0.

• Application session 3: flow distribution:
Another application dealt in this session was the following flow distribution (Figure 2):
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Figure 2. Flow distribution.

In this exercise it was asked:

1. To study the compatibility conditions of the system.
2. To determine how many flows must be measured to know the global circulation of

the system.
3. If global circulation can be calculated measuring the flows of the four peripheric

points.
4. If global circulation can be calculated measuring the flows of the four intern points.
5. To generalize the study to three branches with more the one interconnexion.

4. Session 4 (mesh fluxes: a basis of vector subspace of conservative fluxes):
In this session a simple electrical network (Figure 3) was solved in order to demonstrate

that mesh fluxes are a basis of conservative fluxes. See [38] for further information.

Figure 3. An electrical network.

E being the set of possible current distributions, it was demanded to find the subset
F⊂E verifying KCL (Kirchhoff’s Current Law); that is, at each of the nodes sum of input
currents must be equal to the sum of output currents.

In practice, the used currents are not the above ones indicates in the figure, but the
so-called mesh currents (I1, I2, I3, I4).

To justify this use, it is asked to:

1. Prove that E is a vector space of dimension 9 and that F is a subspace of E of dimension 4.
2. Determinate a basis of F so that (I1, I2, I3, I4) are its coordinates.
3. Prove that one of Kirchhoff’s equations is redundant; that is, if it is verified at 5 nodes,

it must also be verified at the 6th node.

5. Session 5 (addition and intersection of vector subspaces in discrete dynamical systems):
In this session some examples about control linear systems were explained. See [49]

for further information on control linear systems.
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The following figure shows the diagram of a general control linear system (Figure 4):

Figure 4. General control linear system.

The state of a general control linear system is:

x(k + 1) = Ax(k) + Bu(k) (20)

Here, different cases of control linear systems are presented.
• Application session 5: one-control case:
In the case of one control and the initial state equal to zero:

x(k + 1) = Ax(k) + bu(k) (21)

x(0) = 0 (22)

In this case examples were proposed in which states were calculated and it was asked
to find the control functions to reach a certain state.

• Application session 5: multi-control case:
In the case of multi-control and the initial state equal to zero:

x(k + 1) = Ax(k) + Bu(k), B = (b1 . . . bm) (23)

x(0) = 0 (24)

The examples held in the multi-control case explained how to calculate the states in
two conditions:

– With all of the controls, as an addition of subspaces.
– With any of the controls, as an intersection of subspaces.

• Application session 5: Kalman decomposition:
In the case of more general systems:

x(k + 1) = Ax(k) + Bu(k) (25)

y(k) = Cx(k) (26)

Controllability subspace and observability subspace were defined.
Kalman decomposition was used to solve this case.
6. Session 6 (linear applications and associated matrix):
The applications dealt in this session were examples of linear applications and the

associated matrix defined by the images of a basis.
Given a vector space E (with basis (u1, . . . , un)), which has as image the vector space

F, the following property is defined:

E
f−→ F (27)

u1 −→ f (u1) (28)

un −→ f (un) (29)

Being:
x = x1u1 + · · ·+ xnun (30)
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f (x) = x1 f (u1) + · · ·+ xn f (un) (31)

If the basis of F is (v1, . . . , vm):

x
f−→ f (x) ≡ y = y1v1 + · · ·+ ymvm (32)

Therefore:⎛
⎝ x1

· · ·
xn

⎞
⎠ f−→

⎛
⎝ y1

· · ·
ym

⎞
⎠ =

⎛
⎜⎝

· · ·
...

. . .
...

· · ·

⎞
⎟⎠

︸ ︷︷ ︸
f (u1) . . . f (un)︸ ︷︷ ︸

f MATRIX in BASES (
u1, . . . , un
v1, . . . , vm

)

⎛
⎝ x1

· · ·
xn

⎞
⎠ (33)

This property was applied in the examples hereunder.
• Application session 6: rotation of 30◦:
In this example it was required to rotate a vector 30◦, therefore the linear application

is defined as:
R

2 −→ R
2 (34)

It was asked to find:

f
(

3
2

)
(35)

The matrix in ordinary bases is calculated:( √
3

2
−1
2

1
2

√
3

2

)
(36)

Therefore:

f
(

3
2

)
=

( √
3

2
−1
2

1
2

√
3

2

)(
3
2

)
=

(
3
√

3
2 + 2−1

2

3 1
2 + 2

√
3

2

)
(37)

In general:

f
(

x1
x2

)
=

( √
3

2
−1
2

1
2

√
3

2

)(
x1
x2

)
=

( √
3

2 x1 − 1
2 x2

1
2 x1 +

√
3

2 x2

)
(38)

• Application session 6: change to italics:
This example showed how to change a letter to italics (Figure 5):

Figure 5. Change a letter to italics.

First, the matrix in ordinary bases is calculated:(
0.75 0.2

0 1

)
(39)

Therefore: (
x1
x2

)
→
(

0.75 0.2
0 1

)(
x1
x2

)
=

(
0.75x1 + 0.2x2

x2

)
(40)
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Indeed: (
0.8
1

)
→
(

0.75 0.2
0 1

)(
0.8
1

)
=

(
0.8
1

)
(41)

In general, fixed points are defined by:

f
(

x1
x2

)
=
(

x1
x2

)
⇐⇒

(
0.75 0.2

0 1

)(
x1
x2

)
=
(

x1
x2

)
⇐⇒ · · · ⇐⇒ x1 = 0.8x2 (42)

7. Session 7 (Basis changes):
This session presented examples of basis changes in vectors and basis changes in

linear applications. Finally, some applications in control theory were dealt. Here, one of
the examples treated in the session is explained.

• Application session 7: color filters:
This is an example of basis changes in vectors.
Colors form a vector space with dimension 3. For example: yellow, green, red and

blue are not linearly independent.
Different bases of three colors are used depending on if the mixed is additive (light)

or subtractive (pigments), as it is going to be detailed hereunder.
The three chosen colors are called primary colors and the mixed of only two of them

are called secondary colors.
Likewise, in international congress CIE (Commission Internationale de l’Éclairage) of

1931, new coordinates which depend on luminosity were stablished.
The human retina contains 6.5 million cone cells and 120 million rod cells.
The three types of cone cells respond to light of short (S cones), medium (M cones)

and long (L cones) wavelengths. L cones more readily absorb red, M cones, green and S
cones absorb blue.

Rod cells are sensitive to brightness and produce a black and white response.
For that reason, colors red, green and blue are used for additive mixing as primary colors.
Natural code for screens is RGB code: red (R), green (G) and blue (B). Secondary colors

result as (Figure 6): ⎛
⎝ R

G
B

⎞
⎠ (43)

G + B = CYAN (C)
R + B = MAGENTA (M)
R + G = YELLOW
R + G + B = WHITE

Figure 6. Colors.

But black cannot be obtained.
For subtractive mixing (printers, pigments, etc.), code CMY is used, which has as

primary colors cyan, magenta and yellow:
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⎛
⎝ C

M
Y

⎞
⎠ (44)

Secondary colors are the primary colors in the natural code:

MAGENTA + YELLOW = RED
CYAN + YELLOW = GREEN
CYAN + MAGENTA = BLUE
CYAN + MAGENTA + YELLOW = BLACK

Likewise, black is often added as a fourth pigment for saving reasons.
In additive mixing it was verified that human retina is especially sensible to brightness

(black and white). For this reason, in CIE congress of 1931, the CIE code was established:⎛
⎝ x

y
z

⎞
⎠ (45)

where x (≡ CR) ∼= RED, y brightness and z (≡ CB) ∼= BLUE.
A usual transformation is:⎛

⎝ x
y
z

⎞
⎠ =

⎛
⎝ 0.61 0.29 0.15

0.35 0.59 0.063
0.04 0.12 0.787

⎞
⎠
⎛
⎝ R

G
B

⎞
⎠ (46)

8. Session 8 (eigenvalues, eigenvectors and diagonalization in engineering):
In this session, multiple applications of eigenvalues and eigenvectors in engineering

were exposed: materials resistance, mechanics, elasticity, control, dynamics, electricity,
population models, etc. Here, two of the examples are developed. More examples can be
found in [50].

• Application session 8: prey/predator:
Supposing a prey (p) and predator (d) model, where respective next year populations

d(k+1), p(k+1) depend linearly on present year populations d(k), p(k):(
d(k + 1)
p(k + 1)

)
=

(
0.5 0.4

−0.125 1.1

)(
d(k)
p(k)

)
(47)

It was asked to determine the eigenvalues an eigenvectors of the matrix, which are:

λ1 = 1; v1 =

(
4
5

)
(48)

λ2 = 0.6; v2 =

(
4
1

)
(49)

The first one indicates a stationary distribution of 4 predators for each 5 preys, which
maintains the total populations constant (λ1 = 1).

The second one indicates another stationary distribution (4 predators for each prey),
with a yearly decrease of the total population of 40% (λ2 = 0.6).

• Application session 8: American owl:
In the study of Lamberson [51] about survival of the American owl, he experimental-

ly obtained: ⎛
⎝ Y(k + 1)

S(k + 1)
A(k + 1)

⎞
⎠ =

⎛
⎝ 0 0 0.33

0.18 0 0
0 0.71 0.94

⎞
⎠
⎛
⎝ Y(k)

S(k)
A(k)

⎞
⎠ (50)

where Y(k), S(k) and A(k) indicate the “young” population (until 1 year old), “subadult”
population (between 1 and 2 years old) and “adult” population, respectively, in the year k.
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The first row of the matrix is formed by birth rate. So, the young and subadult popula-
tions do not procreate, while each adult couple has on average 2 children, each 3 years old.
The coefficients 0.18 and 0.71 are the survival indices of the transition young/subadult and
subadult/adult, respectively. It is clearly confirmed that the first one is critical: when the
young phase finishes, they have to leave the nest, find a hunting domain, find a couple,
construct a nest, etc. The coefficient 0.94 indicates that the adult population has a yearly
death rate of 6%.

It was asked to find the eigenvalues of the matrix, which are:

λ1 = 0.98; λ2 = −0.02 ± 0.21j (51)

which means an annual decrease of 2%. In these conditions, the American owl converges
to extinction in less than 50 years.

The extinction is avoided if and only if the dominant eigenvalue is greater than 1.
The problem is the low survival index. It was requested to verify that extinction would

be avoided if the young survival index is 30% instead of 18%. In this case, the system is:⎛
⎝ Y(k + 1)

S(k + 1)
A(k + 1)

⎞
⎠ =

⎛
⎝ 0 0 0.33

0.30 0 0
0 0.71 0.94

⎞
⎠
⎛
⎝ Y(k)

S(k)
A(k)

⎞
⎠ (52)

And the eigenvalues are:
λ1 = 1.01; λ2 = −0.03 ± 0.26j (53)

In these conditions, there is an annual increase of 1%. The asymptotic population distribu-
tion is given by the coordinates of the eigenvector corresponding to the dominant eigenvalue:

vDOM ∼=
⎛
⎝ 10

3
31

⎞
⎠ (54)

That is, for each 10 young owls, there will be 3 subadult owls and 31 adult owls, with
a growth rate of 1%.

9. Session 9 (modal analysis in discrete dynamical systems):
This session showed several exercises about dynamical discrete linear systems: bus

station, Gould accessibility index and Google. See [50] for further information related to
dynamical discrete systems. The application of a bus station is presented hereunder.

• Application session 9: bus station:
In this exercise four stations (A, B, C and D) were considered. The traffic is determined

by the following rules:

– Stations A, B: 1/3 of buses goes to C; 1/3 of buses goes to D; 1/3 of buses remains
for maintenance.

– Station C (and respectively D): 1/4 of buses goes to A; 1/4 of buses goes to B; 1/2 of
buses goes to D (and respectively C).

It was asked to prove that there is asymptotic stationary distribution of the buses, and
to compute it.

10. Session 10 (difference equations):
Some applications of difference equations were held in this session: Shannon informa-

tion theory, queues theory and “Biking”. This last application is developed here.
• Application session 10: “Biking”:
It was required to organize, in 4 years, a “biking” with 400 bicycles in permanent

regime, buying b bicycles each month.
It is known that 70% of bicycles keep in service, 25% are in the garage and reincorporate

the next month, and 5% are irrecoverable.
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It was asked the value of b and how many bicycles there would be in 4 years.

3.2.2. Students’ Surveys and Interviews Results

So far, two editions of the sessions of “Applications of Linear Algebra in Engineering I:
Linear Algebra” have been held, corresponding to the first semesters of the 2019/2020 and
2020/2021 academic years. The number of attending students to the sessions undertaken
each semester was 20.

The material developed in these sessions has been analyzed considering the results of
the anonymous surveys and interviews conducted to students. Students’ surveys evaluate
the mathematical and engineering contents and applications of each session, as well as
the impact on the motivation of linear algebra. In addition, there is the possibility to
add a comment, where students could express their opinion and their impression about
the sessions.

Students’ surveys of the sessions held until now were analyzed. The surveys were
taken in the 2019/2020 and 2020/2021 academic years, when these sessions were held.
The results obtained in these two academic years did not present significant differences.
Thus, the answers are shown as an average of both years. The participants in these surveys
have been all the attending students to the sessions. The participants have answered five
questions which must be valued on a 5-point scale (1 = strongly disagree, 2 = disagree,
3 = neither agree nor disagree, 4 = agree, 5 = strongly agree). In the following figures the
average of the answers to each question for all the sessions are presented.

The answers to the first question (Figure 7) show that most students, almost 85%,
agree with the mathematical contents developed in the sessions.

Figure 7. Answers to question 1: the appreciation of mathematical contents is positive.

In the answers to the second question (Figure 8), it can be observed that more than
80% of students agreed with the engineering contents explained in the sessions.

More than 90% of students think that the sessions “Applications of Linear Algebra in
Engineering” let them know technological applications of different mathematical concepts
(Figure 9).
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Figure 8. Answers to question 2: the appreciation of engineering contents of this session is positive.

Figure 9. Answers to question 3: the sessions “Applications of Linear Algebra” let students know
technological applications of different mathematical concepts.

It can be seen that 90% of students agreed that applications of mathematical concepts
succeeded in increasing their motivation to study linear algebra (Figure 10).

Almost 70% of students state that the execution of practical exercises with technologi-
cal applications improve the learning of mathematical concepts (Figure 11).
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Figure 10. Answers to question 4: the applications of mathematical concepts achieve to increase the
motivation to the subject linear algebra.

Figure 11. Answers to question 5: the execution of practical exercises with technological applications
improve the learning of mathematical concepts.

The response of the attending students to these sessions in 2019/2020 and 2020/2021
academic years was very positive. It is also worth mentioning that some students’ com-
ments, expressed in the open field of anonymous surveys in both years, were along the
following main themes:

• Applications let students know that mathematics is necessary.
• These sessions achieve the goal to motivate students and let them realize that linear

algebra has real applications.
• Context in mathematics increases the interest and the attention of students, both in

university and in secondary school.
• Applications helped students learn better linear algebra concepts.
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In order to extract more information from students attending the sessions “Applica-
tions of Linear Algebra in Engineering”, personal interviews were undertaken at the end
of all sessions in 2019/2020 and 2020/2021 academic years. These interviews consisted of
several open questions, which let students explain in detail their opinion and assessment
of the sessions. The main questions set to students were:

1. What aspects do you asses more positively of these sessions?
2. What applications have been more interesting? Why?
3. How have these sessions influenced on your motivation and on your interest toward

linear algebra?
4. Have these sessions helped you understand mathematical concepts of the subject

linear algebra? What applications? What concepts?
5. After these sessions, do you consider that mathematics are more important and

essential to the development of engineering degrees? How? Why?

The information extracted from these answers in both academic years is presented here:

• The sessions “Applications of Linear Algebra in Engineering” let students know real
applications in different disciplines of engineering.

• Seeing all these applications let students know what they will be able to do in the
following courses and it is very motivating.

• These applications let students realize of how important linear algebra is for engineer-
ing degrees and for their future profession.

• Interesting applications: complex numbers (electricity, economy), indeterminate com-
patible systems (roundabout traffic), vector subspaces (linear control systems), linear
applications (change to italics, population fluxes), eigenvectors and eigenvalues (de-
mographic control).

4. Discussion

In this work we contribute to generating an integrated STEM curriculum, present-
ing an intervention from the teaching staff to students about the relationship between
mathematical applications and integrated STEM education. This work contributes to
the connection of mathematics with technological disciplines and with technological pro-
fessions, with the aim of improving the motivation and engagement of undergraduate
engineering students.

In the current engineering curriculum, the first two courses consist mainly of math,
science, communication and electives courses. Students take very few engineering courses
in the first two years. With the intervention presented in this study basic science subjects,
as mathematics, can play another role in engineering degrees and offer a wider view in
STEM education [52,53]. Here, it has been presented that mathematics courses should cover
examples and problems related to the main field of students enrolled degree to improve the
understanding and application of these concepts, as [22] states. Teachers have always been
the most crucial element in educational reform [16–18]. Teachers’ intervention has been
done in conjunction with the mathematics department faculty and the engineering depart-
ment faculty [24,31,32]. As in [25], it is shown that the relationship between basic subjects
and applied engineering subjects in higher engineering education curricula is evaluated.

Regarding the teachers’ intervention, the seminar based on mathematics consists of
sessions focused on electricity, automatics, mechanics, electronics, etc. For example, in the
electricity area, different exercises in electrical engineering have been developed by the
authors, as [38] shows. Following this structure, other engineering disciplines have been
organized, as [49,50] show. Some preliminary results about the teachers’ intervention were
presented in [54].

Regarding the students’ intervention, the main issue has been the relevance of problem-
solving in the teaching of mathematics, as it is known that mathematical problem-posing
provide better student’s critical thinking skills effect than conventional learning [30,36].
Moreover, applications used in basic sciences subjects encourage student engagement and
motivation in STEM degrees [14,33–35]. Considering the results shown in Figure 10, it can
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be seen that 90% of students agreed that applications of mathematical concepts managed
to increase their motivation to study linear algebra. Thus, this will lead to reduced dropout,
as it is related to motivation [14], student achievement [15] and academic performance [11].
It has been shown that applications let students learn mathematical concepts through
practical examples increase students’ motivation to study mathematics, as it was confirmed
in previous studies like [29]. Moreover, students discover multiple real applications of
linear algebra in engineering and other areas, what achieve to motivate them to the study
of this subject, as it was developed in previous studies [14,33,34]. From the answers to
the questions set to the students in the interviews made after the sessions “Applications
of Linear Algebra in Engineering”, it can be interpreted that most of the examples have
impressed students because they did not know that linear algebra could have applications
in so many different disciplines. In addition, knowing what they would be able to do in
the next courses using the concepts of linear algebra was really motivating for students,
as they realized how essential linear algebra was for their career and they increased their
interest towards this subject.

These results confirmed that this experience allows students to get a better under-
standing of mathematical concepts, as it is concluded in [39], which increases students’
performance in mathematical subjects of engineering degrees, as it was analyzed in pre-
vious studies like [26]. The work provide evidence that it is possible to structure teacher
support so that they can make lasting pedagogical changes, rather than temporary or
one-off changes as part of a specific initiative.

5. Conclusions and Future Work

The study presented here has been conducted at the Universitat Politècnica de
Catalunya-BarcelonaTech (UPC), a university specialized in STEM disciplines. The work
is based on an intervention starting from the teaching staff of basic science departments
and engineering departments and finishing with an intervention for undergraduate stu-
dents. The aim of this study is to present a contribution about the relationship between
mathematical applications and integrated STEM education.

Following the successful teachers’ intervention with mathematics, in the 2019/20
academic year, the seminar of contextualization for the teaching staff has been expanded to
physics creating the seminar “Contextualization of basic sciences in engineering degrees at
UPC”. Up to now, five sessions have been held regarding physics. It is planned to continue
with the other basic sciences. The work of “Contextualization of basic sciences in engineer-
ing degrees” consists of seminars which deal with the different basic sciences (mathematics,
physics, chemistry, computing, statistics, etc.) in the first courses of engineering degrees.

Similarly, following the successful experience with students, new sessions to expand
the applications in engineering to other mathematical subjects are planned. In particular,
“Applications of Mathematics in Engineering II” based on multivariable calculus are being
to be held the second semester, to complement the ones based on linear algebra held in the
first semester.

It is expected that the material developed in this work will be introduced for future
adaptation of basic sciences subjects in engineering degrees. This fact will lead to an
increase of student engagement and a decrease in dropouts out of engineering degrees.
Moreover, secondary teachers have also suggested to expand this experience to secondary
education to increase the STEM vocations of the students.
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Abstract: The teaching of mathematics has always concerned all the professionals involved in
engineering degrees. Curently students have less interest in these studies, what has caused an
increase of this concern. The lack of awareness of students about the significance of mathematics
in their careers, provoke the decrease of undergraduate students’ motivation, which derives in a
low interest in engineering degrees. The aim of this work is that engineering students achieve a
greater motivation and involvement in first academic courses, through the implementation of real
and technological applications related to their degrees in the learning of mathematical concepts. To
this end, the 2019/2020 and 2020/2021 academics years, the seminar “Applications of Multivariable
Calculus in Engineering” has been held in Universitat Politècnica de Catalunya-BarcelonaTech
(UPC), based on the teaching of Multivariable Calculus by the execution of real problems where
calculus concepts are necessary to solve them. With the aim of analyzing students’ motivation and
assessment of the seminar, anonymous surveys and personal interviews have been conducted. The
number of attending students to the sessions in each academic year has been 16 and all of them have
been participants in the surveys and interviews. The results show that students’ responses were
generally positive and they agree that their motivation to the subject Multivariable Calculus has
increased with the use of real applications of mathematics. The execution of practical problems with
engineering applications improves the acquirement of mathematical concepts, what could imply
an increase of students’ performance and a decrease of the dropout in the first academic courses of
engineering degrees.

Keywords: calculus; engineering education; mathematics education; motivation; STEM

1. Introduction

The economic development of countries is mainly based on technology. Thus, pro-
fessionals in fields related to science, technology, engineering and mathematics (STEM)
are necessary to improve the economy of countries. Technological production implies
encouraging and supporting students to become technological professionals. Therefore,
STEM disciplines are considered essential for the economic development of technological
societies. The potential negative economic impact of undersupply is of concern due to
opportunity costs and loss of competitiveness [1]. In addition, STEM education could
integrate students’ skills and better professional competences. The 21st century, as the age
of information technologies, entails new job prospects and upcoming jobs which require
new skills from professionals. Nowadays, technology is necessary in many jobs such as
science, business, engineering, etc.

Moreover, high occupancy demands for STEM degrees are expected [2,3]. As tech-
nological knowledge and expertise is becoming more specialized and economically in-
creasingly important, ever more jobs specialized in STEM disciplines are required and this
demand is expected to further increase in the upcoming years, as remarked in [4,5].
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Mathematics 2022, 10, 341 2 of 20

However, at the present time in most countries, undergraduate students have less
interest in technological degrees [1,6,7], which is mainly due to the lack of awareness of
the importance of mathematical subjects in first academic courses of these studies. This
lack of awareness derives, in most cases, in the decrease of students’ motivation, which has
as a result a low performance and a high dropout rate in the first years of these degrees.
Thus, the engineering education community work to identify the causes of this situation,
as indicates [2].

The worrying dropout in higher education has gained much interest in academic
research. One third of undergraduate students leave university without obtaining a degree,
mainly during their first academic year [8]. The dropout rate is higher in STEM careers [7].

The importance of students’ motivation and engagement has been analyzed in previ-
ous studies [9,10], and in particular for technological degrees [11]. In first academic years is
essential to promote student engagement [12,13], which involves the improvement of moti-
vation [14,15], relatedness [16], student achievement [17] and academic performance [18],
what imply the decrease of the dropout rate.

Practical and real applications used in mathematics subjects of engineering degrees,
encourage student engagement and motivation [14], as has been studied in previous
works [19–23]. A proper coordination among mathematical subjects and technological
subjects of engineering degrees syllabus contribute to the decrease of dropout rates [24].
Active learning has positive results on the rise of students’ motivation and on the enhance-
ment of their learning, what entails the improvement of their performance, as it is stated
in several studies [25–28]. For instance, the relationship between mathematical creativity
and the relevance of problem-solving in the teaching of mathematics has been studied
in [29]. Moreover, key employee expected abilities involve problem-solving and analytical
thinking skills besides the competences to communicate them. The use of problem-posing
in engineering degrees contributes to increase student involvement. This methodology
consists of exposing a problem to students, related to technological disciplines, which will
lead them to discover what they need to learn to solve this problem. Furthermore, it implies
the development of essential abilities and competences for their career, as they are auton-
omy, continuous learning, critical thinking, planning and communications skills [30,31].
Moreover, the integration of theory and practice entails the improvement of motivation,
what implies an increase of academic performance [32–35].

The purpose of this work is to generate an integrated STEM curricula, connecting
mathematical applications with STEM education. The aim of the present study is to increase
undergraduate engineering students’ motivation by contextualization of mathematical
subjects with technological applications related to the disciplines taught in the following
academic courses of these degrees. The material developed in this work is expected to be in-
troduced for a future adaptation of mathematical subjects’ syllabus in engineering degrees.

Engineering students have to solve engineering problems and mathematical method-
ologies are the tools to solve them. They need to know the usefulness of mathematics and
how essential they are for their degrees and their future careers. In this regard, the motiva-
tion and involvement of students are considered a key element, clarifying the importance
of mathematics for technological subjects and for their future profession.

This study is part of the work “Applications of Mathematics in Engineering”, which
is formed by two seminars: “Applications of Linear Algebra in Engineering” [36] and
“Applications of Multivariable Calculus in Engineering”. These two seminars entail the
mathematical subjects of first academic courses in technological degrees. This study focuses
on the seminar “Applications of Multivariable Calculus in Engineering”, whose purpose is
to present real and technical applications of Multivariable Calculus related to engineering
degrees with the objective of increasing students’ motivation towards the learning of
mathematics in first academic courses. Knowing the need of mathematical concepts to
solve those technical applications, students realized of the importance of mathematics
not only for the execution of their degrees but also for the development of their careers
as engineers.
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This article focuses on these research questions:

• How does the implementation of real and practical applications in mathematical
subjects’ influence on students’ motivation?

• What are the benefits of including real and practical applications in mathematical
subjects of first academic courses in technological degrees?

The results of the study show that for students is really motivating to know what they
will be capable to do in the next courses of their degree. They also realized of how essential
Multivariable Calculus is for their future profession and increased their interest towards
the subject.

These results verifies that this experience lets students obtain a greater understanding
of mathematical concepts, which increases students’ performance in mathematical subjects
of engineering degrees.

2. Materials and Methods

The study has been conducted at the Universitat Politècnica de Catalunya-BarcelonaTech
(UPC), a public university specialised in STEM degrees. The work “Applications of Math-
ematics in Engineering” is formed by two seminars: “Applications of Linear Algebra in
Engineering” [36] and “Applications of Multivariable Calculus in Engineering”, which
started in the 2019/2020 academic year and were undertaken in the first and the second
semester, respectively. Both seminars were organised in weekly sessions of one hour and a
half each session. These sessions have been held also in the 2020/2021 academic year and it
is planned to repeat them during the following years.

Thus, since the 2019/2020 academic year, weekly sessions have been given to first-
year students of the Industrial Engineering Bachelor’s Degree from the Barcelona School
of Industrial Engineering (ETSEIB) of the UPC, this degree lasts four years. Currently,
the syllabus of mathematical subjects in engineering degrees do not content technolog-
ical applications. Mathematical subjects focus on mathematical concepts, they are not
contextualized in the technological disciplines of engineering degrees. The aim of this
work is to contextualize mathematics through the connection of mathematical subjects
with technological disciplines, taught in the following academic courses, and with their
future technological professions. Thus, students will be able to realize of the importance
of mathematics for engineering, as well as they learn engineering applications from the
beginning of their degrees.

The two seminars “Applications of Linear Algebra in Engineering” and “Applications
of Multivariable Calculus in Engineering” are offered in the same semesters in which the
ordinary classes of the compulsory subjects Linear Algebra and Multivariable Calculus
are taught, first and second semesters, respectively, so that the students who wish could
complement in a parallel way and from a practical point of view the theoretical concepts in-
troduced in the ordinary classes. The seminars have been devised with the aim of increasing
students’ motivation and involvement in the early stages of engineering studies. In addi-
tion to the benefits of these sessions, Universitat Politècnica de Catalunya-BarcelonaTech
(UPC) recognizes with 1 European Credit Transfer and Accumulation System (ETCS) the
attendance for students.

This article focuses on the seminar “Applications of Multivariable Calculus in En-
gineering”. In each of the sessions of this seminar, applications illustrating the use of
mathematical concepts related to multivariable calculus in different engineering areas are
explained. The compulsory subject of Multivariable Calculus lasts one semester (14 weeks).
Instead, the optional seminar presented in this work consists of 10 weeks. During the first
two weeks of the semester, students are informed of the existence of this seminar in order
to enable registration; and two other weeks, before the partial and final exams, no seminar
sessions are given. So, this seminar consists of 10 sessions, 8 main sessions and 2 review
sessions. The 8 main sessions are detailed in Table 1.
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Table 1. Applications of Multivariable Calculus in Engineering.

Session Title

1 “Discontinuous phenomena: hysteresis, caustics”
2 “Thom’s catastrophes”
3 “Taylor and Fourier series”
4 “Chain, implicit and inverse theorems”
5 “Inverse kinetics”
6 “Kinematics of mechanisms with links”
7 “Optimization”
8 “Miscellany”

To evaluate the results of this study, anonymous surveys and personal interviews were
conducted, with the aim of analyzing students’ appreciation of the seminar “Applications
of Multivariable Calculus in Engineering”.

Surveys were undertaken at the end of each session and evaluate the impact of the
experience on the students attending to the sessions, as regards the mathematical and
engineering contents, the technological applications and the motivation towards the subject
of Multivariable Calculus. These surveys consisted of five questions which must be valued
on a 5-point scale (1 = Strongly disagree, 2 = Disagree, 3 = Nor agree nor disagree, 4 = Agree,
5 = Strongly agree). In addition, there is the possibility to include an opinion, where students
could explain their impression about the session. The questions set in the surveys were:

Question 1: The assessment of mathematical contents is positive.
Question 2: The assessment of engineering contents is positive.
Question 3: The sessions “Applications of Multivariable Calculus in Engineering” let

students know technological applications of different mathematical concepts.
Question 4: The applications of mathematical concepts achieve to increase the motiva-

tion to the subject Multivariable Calculus.
Question 5: The execution of practical exercises with technological applications im-

prove the learning of mathematical concepts.
With the aim of extracting more opinions from the students attending the sessions

“Applications of Multivariable Calculus in Engineering”, personal interviews have been
undertaken at the end of all the sessions in 2019/2020 and 2020/2021 academic years,
which consisted of several open questions, where students could express in detail their
opinion and assessment of the sessions. It should be noted that, in order to avoid bias in the
answers, the person who interviewed students was not a professor but a master’s student.
The main questions set to students were:

1. What aspects do you assess most positively of these sessions?
2. What applications have been more interesting? Why?
3. How have these sessions influenced on your motivation and on your interest toward

Multivariable Calculus?
4. Have these sessions helped you understand mathematical concepts of the subject

Multivariable Calculus? What applications? What concepts?
5. After these sessions, do you consider that Mathematics are more important and

essential to the development of engineering degrees? How? Why?

The influence of the implementation of the seminar “Applications of Multivariable
Calculus in Engineering” on the students attending the seminar has been analyzed from the
answers to the surveys and to the interviews undertaken after the sessions of this seminar.

3. Results

3.1. Students’ Mathematical Contents

The 8 main sessions of the seminar “Applications of Multivariable Calculus in Engi-
neering” consists of real and practical applications of the contents developed in the subject
Multivariable Calculus, whose syllabus is:
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1. Continuity and derivability of multivariable functions.
2. Integration of multivariable functions.
3. Laplace transform and Fourier series.

The first three sessions of the seminar are focused in discontinuous phenomena.
Although they are not still included in mathematical subject programmes, discontinuous
phenomena are very common in engineering problems and entail most of the contents
of engineering subjects and contribute to illustrate the importance of these mathematical
theories to solve real engineering problems. The applications developed in sessions 1, 2
and 3 include the Thom’s catastrophes and Taylor and Fourier series.

The sessions 4, 5 and 6 are related to differential calculus and the basic theorems: chain
rule, implicit function theorem and inverse function theorem, which are the basis of a great
number of classical applications in engineering.

The session 7 is about optimization, which is the most important goal of engineering.
The last session, miscellany, deal with the use of engineering vision to solve ap-

plications in order to apply mathematical calculations, concluding that engineers must
complement the use of mathematical tools with their engineering knowledge.

Some practical and real applications explained to the students in the sessions “Ap-
plications of Multivariable Calculus in Engineering” are explained below. They consist
of applications of Multivariable Calculus related to engineering disciplines which can be
understood and learnt by undergraduate students in the first academic courses.

3.1.1. Application 1: A Gravitational Machine

The first application is an example of discontinuous phenomena and it was explained
in the session 1 (Discontinuous phenomena: hysteresis, caustics), where discontinuous
phenomena were introduced highlighting how frequent they are in engineering.

In a gravitational machine appear discontinuous phenomena as it is going to be shown
hereunder. A gravitational machine consists of a flat sheet limited by a parabola, leant on
a horizontal plane. The most important point of this machine is that the center of gravity
(CDG) is variable through the position of a magnet which can be moved on the sheet
surface. Supposing the sheet mass negligible, the CDG would be the magnet position
(Figure 1).

Figure 1. Centre of gravity.

When the CDG is displaced on the sheet, how will the sheet situate in a stable way?
The stability situation will happen when the CDG is placed in a minimum height,

therefore the stable equilibrium point P on the parabola outline is the relative minimum of
the distance between the CDG and the parabola points, that is, the orthogonal base to the
parabola from the CDG, as it is shown in the following figure (Figure 2).
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Figure 2. Position of the center of gravity.

If CDG is placed on the parabola vertical axis, the equilibrium point could be stable
or instable depending on the CDG height. If the distance between the CDG and the
equilibrium point is a relative minimum, there would be stable equilibrium but if this
distance is a relative maximum, the equilibrium point is the parabola vertex and it would
be instable equilibrium.

If we consider the parabola
{(

z, z2), |z| ≤ 2
}

and the CDG = (0, 2), the distance
between any point on the parabola outline and the CDG placed on the parabola axis
would be:

E =
(

d
(

z, z2
)

, (0, 2)
))2

= z2 +
(

z2 − 2
)2

= z4 − 3z + 4 (1)

If we derivate and equal to zero, we obtain:

D
(

d
((

z, z2
)

, (0, 2)
))2

= 4z3 − 6z = 0 (2)

where z = 0 is a relative maximum and z = ±
√

3
2 are relative minimums.

Therefore, if CDG is = (0,2), there is instable equilibrium in the parabola vertex, V =

(0, 0). In addition, there is stable equilibrium on the parabola outline points P1 =

(√
3
2 , 3

2

)
,

P2 =

(
−
√

3
2 , 3

2

)
. These points are indicated in the following figure (Figure 3):

Figure 3. Stability of the center of gravity.

If the CDG height is less than 1
2 . there is only one relative extreme, which is the

parabola vertex and, in this case, there would be 1 stable equilibrium point.
Depending on the position of de CDG, there can exist three equilibrium points or only

one equilibrium point. This situation happens not only if the CDG is placed on the parabola
axis but also on any point inside the parabola.
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The question is in what positions of the CDG, there are three equilibrium points
(two stable points and one instable point) and in what positions there is only one stable
equilibrium point. To answer this question, we must analyze in what positions of the CDG
there are three orthogonals, corresponding to two relative minims and one relative maxim
and in what positions there is only one equilibrium point, corresponding to a relative
minim. To solve it we have to make the orthogonals envelope. We must distinguish the area
where there are three orthogonals and the area with only one orthogonal, the separation
between these two areas is the orthogonals envelope. To obtain the expression of this
envelope, we have to do the following calculations.

The orthogonal in:

(
z, z2
)
=

{
(β, α) :

β − z
−2z

= α − z2
}

(3)

The expression of the orthogonal is:

0 = β − z + 2z
(

α − z2
)
= β + (2α − 1)z − 2z3 (4)

To eliminate z, we calculate the derivative:

0 = DZ
(

β − z + 2z
(

α − z2
)
) = (2α − 1)− 6z2 (5)

with these 2 expressions, we can obtain that:

z2 = 2α−1
6 ⇒ 0 = β + z

(
(2α − 1)− 2 2α−1

6

)
⇒ 0 = β + z 2

3 (2α − 1) ⇒
⇒ β2 = z2 4

9 (2α − 1)2 = 2α−1
6

4
9 (2α − 1)2

(6)

As a result, it can be deduced that the envelope expression is:

β2 =
16
27

(
α − 1

2

)3
(7)

That is a cusp curve that separates the triple orthogonality area from the simple
orthogonality area, as it is shown in this figure (Figure 4):

Figure 4. Cusp curve.

If the CDG is placed over the cusp, the gravitational machine will have three equilib-
rium points. In the figure, CDG1 is placed over the cusp and in this case the two stable
equilibrium points are P1 and P2 and the instable equilibrium point is the parabola vertex V.
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If the CDG is placed under the cusp, the gravitational machine has one equilibrium
point. In the figure, CDG2 is under the cusp and the only one stable point is P.

The following expressions represent these conditions:

CDG(β, α)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

β2 < 16
27

(
α − 1

2

)3 ⇒
{

2 STABLE

1 INSTABLE

β2 > 16
27

(
α − 1

2

)3 ⇒ 1 STABLE

(8)

Now we are going to analyze the machine behavior when the CDG moves from a
position over the envelope to a position under it. In this case the system will lose one stable
equilibrium point. Therefore, it will provoke a discontinuity.

To show it, we are going to study the following figure (Figure 5).

Figure 5. Machine behavior.

If CDG moves slowly among the points G1, G2 and G3, the equilibrium point changes
continuously among the points P1, P2 and P3, respectively.

If CDG changes from G3 to G4, the parabola falls discontinuously, the equilibrium
point jumps from P3 to P4. The disruption occurs when β ∼= −0.28.

In the case that α = 0.4 and the CDG changes horizontally, there will not be disruption
because the CDG is always under the envelope.

3.1.2. Application 2: Euler’s Arc

The second example, explained in session 3, is an application of Thom’s catastrophes
and of Fourier and Taylor’s series.

Supposing a compressed arc (with length π) and a load m slightly off-center (ε), as it is
represented in the following figure (Figure 6):
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Figure 6. Compressed arc.

The beam resistance depends on two control parameters (m,ε), which must be modelled
by the Thom’s 2nd catastrophe.

Expressing the arc with the following function:

f (s), 0 ≤ s ≤ π (9)

Fourier analysis establishes that periodic functions can be modelled by additions of
harmonics of different periods. Therefore, the bean function can be expressed as an addition
of sinus of different periods:

f (s) = ∑ cn sin ns (10)

In this example, supposing one or two harmonics, it is obtained that:

m =0, ε = 0 ⇒ f (s) ∼= r sin s (11)

If the elastic module is μ = 1
π , potential energy and elastic energy are:

VP = m f
(π

2
+ ε
)

(12)

VE =
1

2π

∫ π

0
( f ′′ (s))2 1(

1 + ( f ′(s))2
)3 ds (13)

Applying Taylor (ε �):

VP = mx cos ε + mz(− sin 2ε) ∼= mx
(

1 − ε2

2

)
+ mz(−2ε) (14)

The variable x depends on the variable z because the beam distance does not change
when the beam distorts:

d =
∫ π

0

√
1 − ( f ′(s))2ds (15)

In both cases (considering one or two harmonics) this distance is the same:

d =
∫ π

0

√
1 − (r cos s)2ds ∼= ∫ π

0

√(
1 + 1

2 r2 cos2 s + −1
8 r4 cos4 s

)
ds =

= π
4
(
4 − r3 − 3

16 r4 − 5
64 r6) (16)

d =
∫ π

0

√
1 − (xcoss + 2z cos 2s)2ds ∼= . . . =

= π
4
(
4 − x2 − 4z2 − 3

16 x4 − 3x2z2 − 5
64 x6) (17)
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Equaling the two expressions below and applying Taylor approximation:

x ∼= ao + a2z2 +a4z4 =⇒ ao = r, a2 = −2
r
− 3r

4
, a4 =

−2
r3 (18)

It is obtained x as an implicit function of z:

x ∼= r + z2
(
−2

r
− 3r

4

)
+ z4 −2

r3 (19)

Now we can obtain the elastic energy depending only on z:

VE ∼= . . . = constant +
(

3 +
13
8

r2
)

z2 (20)

The total energy is the addition of the potential and the elastic energy:

V = VP + VE ∼= constant − 2mεz +
((

3 +
13
8

r2
)
− m
(

2
r
+

3r
4

))
z2 − 2m

r3 z4 (21)

which is the expression of the Thom’s 2nd catastrophe with vertex (supposing ε = 0):

mo =

(
3 +

13
8

r2
) (

2
r
+

3r
4

)−1 ∼= 3
2

r − 1
4

r3 (22)

Consequently:

V ∼= − 3
r2 z4 − 2

r
(m − mo)z2 − 2rεz (23)

The maxim load decreases quickly when ε increases, as it represents the Thom’s cusp
represented in the following figure (Figure 7):

Figure 7. Thom’s cusp.

3.1.3. Application 3: Crank and Connecting Rod

This exercise, explained in session 4, is an example of the implicit function theorem,
which has many applications in mechanic in order to relation the different parameters
operating in a mechanism.

This application is the crank/connecting rod system of explosion motors (see Figure 8),
which consists of:

• one crank moving with an angle θ;
• one connecting rod whose movement depends on the crank turn;
• one piston moving horizontally on an axis.



Mathematics 2022, 10, 341 11 of 20

Figure 8. Crank/connecting rod system.

Supposing that the crank length r and the connecting rod length L are known, this
system has three position parameters:

• x: piston distance to the crank turn center;
• θ: crank angle;
• ϕ: connecting rod angle.

These three parameters are related according to the following expressions:{
x = r cos θ + L cos ϕ

r sin θ = L sin ϕ
(24)

There are three parameters to determine the position and two equations which relate
them. One of the three parameters could be expressed in function of the other two pa-
rameters and act as a control parameter determining those two parameters following the
equations below.

Fixing the value of one from the three variables, we would obtain a system with two
equations and two unknown factors, which would have a unique solution.

Applying the implicit function theorem:

(x, θ, ϕ)
f→ (x − r cos θ − L cos ϕ, r sin θ − L sin ϕ) (25)

Calculating the derivative matrix:

D f =

(
1 r sin θ L sin ϕ
0 r cos θ −L cos ϕ

)
(26)

According to this theorem, one variable acts as implicit (control variable) if the minor
formed by the other columns is different to zero.

If we calculate the minor of the variable x:

det
(

r sin θ L sin ϕ
r cos θ −L cos ϕ

)
= −rL(sin θ cos ϕ + cos θ sin ϕ) =

= −rL sin(θ + ϕ) �= 0 if(θ + ϕ) �= 0, π

(27)

Therefore, x acts as a control parameter except for the neutrals:

(θ + ϕ)= 0 , π ⇐⇒ x =
L + r
L − r

(28)

Indeed, the crank turn can be reversed in neutrals.
If we calculate the minor of the variable θ:

det
(

1 L sin ϕ
0 −L cos ϕ

)
= −L cos ϕ �= 0 (29)

Therefore, the crank angle θ is a control parameter for all the values.



Mathematics 2022, 10, 341 12 of 20

3.1.4. Application 4: Articulated Arm

However, in order to simplify the above computation and the further ones, a key tool
is the matrix of the linear map. Let us obtain the matrix of f in ordinary basis.

This example, explained in session 5, is an application of inverse kinetics, which is,
calculating input position, speed, etc., from outputs position, speed, etc.

This application explains the work of a robot articulated arm, whose scheme is repre-
sented in the following figure (Figure 9), which is composed by:

• a shoulder situated in the coordinates origin;
• an upper arm with length 5 and an angle θ > 0 from the vertical;
• an elbow situated at the end of the upper arm;
• a lower arm with length 4 and angle ϕ < π from the upper arm;
• a hand situated at the end of the lower arm, in the coordinates (x, y);
• torsion motors in the articulations (the shoulder and the elbow).

The analysis consists of a direct and an inverse kinetics study of the articulated arm.

Figure 9. Articulated arm.

The direct kinetics study obtains the hand position from the shoulder and elbow
angles, as it is calculated hereunder.

]0, π[ ]0, π[
f→ Ω. (30)

(θ, ϕ) → (x, y) (31){
x = 5 sin θ + 4 sin(θ + ϕ)
y = 5 cos θ + 4 cos(θ + ϕ)

(32)

The hand speed is calculated applying the chain rule, as it indicated hereunder:

( .
x
.
y

)
= (D f )

( .
θ
.
ϕ

)
, D f =

(
5 cos θ + 4 cos(θ + ϕ) 4 cos(θ + ϕ)
−5 sin θ − 4 sin(θ + ϕ) −4 sin(θ + ϕ)

)
(33)

what is really interesting in robots is calculating the shoulder and the elbow rotor speeds
from the hand position, that is, the inverse kinetics study. To obtain these speeds, it is
necessary to apply the chain rule, the inverse function theorem and the implicit function
theorem, as it is carried out in the following example.

If the output is M = (5, 4), it is asked to obtain the shoulder and the elbow speeds
.
θ

and
.
ϕ.
It is clear to see that is a functional dependence between the hand position (x, y) and

the shoulder and the elbow positions (θ, ϕ) since there is only one possible triangle which
determine the hand position from the shoulder and the elbow positions. Therefore

Ω
f−1

→ ]0, π[ ]0, π[ (34)
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(x, y) → (θ, ϕ) (35)

Applying the inverse function theorem, it is confirmed the f−1 derivability:

detD f = −20 cos θ sin (θ + ϕ) + 20 sin θ cos (θ + ϕ) =

= −20 sin(θ − (θ + ϕ)) = −20 sin ϕ �= 0
(36)

The relation between the shoulder and the elbow speeds, and the hand speed is:( .
θ
.
ϕ

)
= (D f )−1

( .
x
.
y

)
(37)

The hand position M = (5, 4) corresponds to the angles = π
2 , ϕ = π

2 .
Replacing in the expression below, it is obtained that:( .

θ
.
ϕ

)
=

(
4 4
−5 0

)−1( .
x
.
y

)
=

1
20

(
0 −4
5 4

) ( .
x
.
y

)
(38)

.
θ = −1

5
.
y (39)

.
ϕ =

1
4

.
x+

1
5

.
y (40)

3.1.5. Application 5: Electrical Dispatch

This example, explained in session 7, is about the most important goal of engineering,
which is the optimization of all the technological process.

The problem of the electrical dispatch deals with assigning the electrical central
productions to the required power. All the distributions companies need to calculate the
production of each supply central P1, · · · , Pn to cover the instant demand P.

In each moment, it must be decided, which centrals act and with what power, con-
sidering the cost of productions of those supply centrals. The objective is reaching the
minimum production cost.

The production cost of each supply electrical central is defined by the expression:

Cj = αj + β j Pj + γjP2
j , 1 ≤ j ≤ n, αj, β j, γj > 0 (41)

The problem is, if we have several supply electrical centrals which have quadratic
production costs and there is a certain demand P lower than the maximum, knowing the
power distribution of the different centrals and the first central that must be stopped.

To illustrate the solving of this problem, we are going to use an example with only
three supply electrical centrals, whose costs are hereunder indicated:

C1 = 7 + P1+P2
1 . (42)

C2 = 4 + 2P2 + 2P2
2 (43)

C3 = 2 + 4P3 + 3P2
3 (44)

Total power is the three powers sum:

P = P1 + P2 + P3 (45)

Total cost production of the three centrals is the cost productions sum:

C =
(
7 + P1 + P2

1
)
+
(
4 + 2P2 + 2P2

2
)
++
(

2 + 4(P − P1 − P2) + 3(P − P1 − P2)
2
)
=

= 13 + 4P − 3P1−2P2+P2
1+2P2

2 + 3(P − P1 − P2)
2

(46)
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To minimize the cost, the cost partial derivatives are calculated and equaled to zero:

D1C = −3 + 2 P1 − 6(P − P1 − P2) = −3 − 6P + 8P1 + 6P2 = 0 (47)

D2C = −2 + 4 P2 − 6(P − P1 − P2) = −2 − 6P + 6P1 + 10P2 = 0 (48)

The system obtained is compatible determined, therefore has a unique solution, which
is:

P∗
1 = 1

22 (9 + 12P)

P∗
2 = 1

22 (−1 + 6P)
⇒ P∗

3 =
1
22

(−8 + 4P) (49)

This solution is valid only if P∗
1 , P∗

2 , P∗
3 ≥ 0:

P∗
1 > 0, ∀P (50)

P∗
2 > 0 ⇔ P ≥ 1

6
(51)

P∗
3 > 0 ⇔ P ≥ 2 (52)

Therefore, the solution is valid only if P ≥ 2.
If P decreases under P = 2, the solution below is not valid. From this value, P∗

3 turns
to be negative, what indicates that the third central must be the first central to stop.

In this case only the other two centrals act and the production cost is:

C = 7 + P1 + P2
1 + 4 + 2(P − P1) + 2(P − P1)

2 (53)

The cost derivative calculation equaled to zero is:

P∗
1 =

1
6
(1 + 4P) (54)

P∗
2 =

1
6
(−1 + 2P) ⇔ 1

2
≤ P ≤ 2 (55)

P∗
3 = 0 (56)

Therefore, if P decreases under P = 1
2 , P∗

3 turns to be negative, what indicates that the
second central must stop.

In this case, the only one central which supplies power is the first central and in this
case the distribution is:

P∗
1 = P, P∗

2 = P∗
3 = 0 siP≤ 1

2
(57)

3.2. Students’ Surveys and Interviews Results

Up to now, two editions of the seminar “Application of Multivariable Calculus in
Engineering” have been held, corresponding to the second semester of the 2019/2020 and
2020/2021 academic years. The contents explained in these sessions has been studied
considering the answers to the anonymous questionnaires and to the personal interviews
conducted to students.

Students’ surveys of the sessions undertaken until now have been analyzed. The
surveys were held in the 2019/2020 and 2020/2021 academic years, after each of the
sessions. The number of attending students to the sessions has been 16 and all of them
have been participants in the surveys. The results obtained in these two academic years
did not have relevant differences. In the following figures the answers to each question
for all the sessions in both years are presented. So, for each figure, 256 represents the total
number of cases, which are the answers of 16 students in each of the 8 sessions and during
two academic years.
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The answers to the first question (Figure 10) show that most of the students, almost
90% of the total 256 answers of students, agree with the mathematical contents developed
in the sessions.

Figure 10. Answers to question 1: The assessment of mathematical contents is positive.

Likewise, in the answers to the second question (Figure 11), it can be observed that
almost 90% of the total 256 answers of students agree with the engineering contents
explained in the sessions.

Figure 11. Answers to question 2: The assessment of engineering contents is positive.

According to the answers to question 3, almost 90% of the total 256 answers of students
think that the sessions “Applications of Multivariable Calculus in Engineering” let them
know technological applications of different mathematical concepts (Figure 12).

Almost 70% of the total 256 answers of students agree that applications of mathematical
concepts achieve to increase their motivation to the subject Multivariable Calculus, as the
answers to question 4 (Figure 13) show.
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Figure 12. Answers to question 3: The sessions “Applications of Multivariable Calculus in Engineer-
ing” let students know technological applications of different mathematical concepts.

Figure 13. Answers to question 4: The applications of mathematical concepts achieve to increase the
motivation to the subject Multivariable Calculus.

More than 70% of the total 256 answers of students state that the execution of practical
exercises with technological applications improves the learning of mathematical concepts
(Figure 14).

Figure 14. Answers to question 5: The execution of practical exercises with technological applications
improve the learning of mathematical concepts.

The response of the attending students to these sessions in 2019/2020 and 2020/2021
academic years has been very positive. As can be observed in the above figures, the
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number of students who agree or strongly agree with the statements about the seminar is
higher than the number of students who nor agree nor disagree, except for the question
4 (Figure 13). The reason is that some students have answered that although they assess
positively the contents of the seminar, they were already motivated to the study of Calculus
Multivariable before attending to the seminar.

It is also worth mentioning some students’ comments expressed in the open questions
asked in the anonymous surveys in both years, such as:

• These sessions let know real applications of mathematics in engineering, which gives
more sense to the study of mathematics.

• Discovering that discontinuous phenomena produced in engineering processes can be
modeled by mathematical theories increases the motivation towards the learning of
mathematics.

• The use of mathematical concepts in technological applications, as they are implicit
function theorem or Taylor and Fourier series, let students realize about the need of
mathematics in engineering.

• Applications of Multivariable Calculus in mechanics and robotics increase the curiosity
and the interest of students towards mathematical subjects.

The information extracted from students’ answers in personal interviews in both
academic years is presented hereunder:

• The real applications shown in the sessions “Applications of Multivariable Calculus in
Engineering” let students realize of the usefulness of mathematics for their degree and
for their future career.

• Applications studied in this seminar have been very practical and students will use
them in their future profession. Learning to solve real engineering problems shows
students how essential mathematical subjects are for engineers.

• Seeing how mathematics can be applied in engineering motivates to learn mathematics
in order to be able to use them in the future as engineers.

• Seeing technological applications of mathematics increases the interest towards the
subject.

• These applications help students understand related mathematical concepts as the
implicit function theorem, the Fourier series or the calculations of maximums and
minimums in functions defined in compact sets.

• Interesting applications: Zeeman machine solved with Thom’s catastrophes theory
and Taylor series and the crank/connecting rod system of explosion motors using the
implicit function theorem.

• It has been very impressive knowing no technological applications of Thom’s catastro-
phes, such as the analysis of dogs’ behavior and sociological applications.

• Students knew that mathematics were necessary for engineering but, attending this
seminar, they have discovered that mathematics are also necessary for other different
disciplines.

• Mathematics are not subjects to prepare students for beginning the degree, mathemat-
ics are applications in the future work of engineers.

4. Discussion

In this work we contribute to develop an integrated STEM curriculum, introducing an
implementation of mathematical applications integrated in STEM education. This study
provides a connection of mathematical subjects with technological disciplines and with
engineering careers, with the objective of enhancing the motivation and engagement of
engineering students.

In the present engineering curriculum, the first two academic courses content very few
engineering subjects, but consist of mathematics, science, communications and electives
subjects. With the implementation developed in this work, mathematical subjects should
cover real applications related to the main area of students enrolled degree, offering
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a wider view in STEM education [37,38], what would involve the improvement of the
understanding and learning of mathematical concepts, as [39] states.

The main issue of this work has been the relevance of solving real and technolog-
ical problems in the teaching of mathematics, since students’ analytical thinking skills
are enhanced with the use of mathematical problem solving [29,30,40]. In addition, the
implementation of real and practical problems in basic sciences subjects promote student
engagement and motivation in STEM degrees [14,19–21]. Considering the results shown
in Figure 13, it can be seen that almost the 70% of the total 256 answers of students agree
that applications of mathematical concepts achieve to increase their motivation to the
subject of Multivariable Calculus, what will lead to reduce dropout, since it is connected to
motivation [14], student achievement [17] and academic performance [11]. In the results of
Figure 14, it has been shown that according to more than the 70% of the total 256 answers of
students, the applications explained in the seminar, let them learn mathematical concepts
trough practical examples. This fact increases their motivation to mathematics, as it is
confirmed in previous studies such as [28]. In addition, as shows Figure 12, almost the 90%
of the total 256 answers of students state that with this sessions they have known multiple
real application of Multivariable Calculus in engineering and other disciplines, what attain
to encourage and motivate them to the learning of the subject, as it was analyzed in several
studies [14,19,20].

The answers to the questions taken to the students in the personal interviews after
the sessions “Applications of Multivariable Calculus in Engineering”, show that most of
the practical problems have impressed students because they have discovered that Multi-
variable Calculus have applications in many different areas. Moreover, it is to highlight
that for students is really motivating to know what they will be capable to do in the next
academic courses, using the concepts of Multivariable Calculus. They also realized of
how essential Multivariable Calculus is for their future career and increased their interest
towards the subject.

The results obtained in this study support that this experience contribute to an im-
provement of students’ learning of mathematical concepts, as it was concluded in [33],
which involves the increase of students’ performance in mathematical subjects of engineer-
ing degrees, as it was studied in previous works such as [25].

5. Conclusions

This study was carried out at the Universitat Politècnica de Catalunya-BarcelonaTech
(UPC), a university focused on STEM fields. The work is based on the teaching of Multi-
variable Calculus by the execution of real and technological applications where Calculus
concepts are necessary to solve them. The aim of this work is to generate and integrated
STEM curriculum, presenting a contribution about the relationship among mathematical
applications and STEM education. The work provides evidence that it is possible to increase
students’ motivation through the implementation of engineering applications in the learn-
ing of mathematics, what could imply an improvement of the learning of mathematics and
therefore, an increase of students’ performance and a decrease of the dropout in the first
academic courses of engineering degrees. This entails a rise of interest in STEM degrees,
which are essential for the economic growth of technological countries.

In view of the success of the seminar “Applications of Multivariable Calculus in
Engineering”, more real applications are planned to be developed. These sessions are going
to be repeated in the second semester of the next academic year 2021/2022. Likewise, the
seminar “Applications of Linear Algebra in Engineering” is going to be repeated in the
first semester of the next academic year. These two seminars cover the most mathematical
subjects of the first academic course in engineering degrees.

It is also planned to conduct surveys and interviews to the students attending the
seminar of the following academic year with the aim of collecting a greater sample of
surveys results and more information about students’ experience in these sessions.
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With the results obtained, it is expected that the contents developed in this work
will be included in a future adaptation of mathematical subjects’ syllabus in engineering
degrees.
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Abstract: This paper presents a simplified model of the population migration problem, addressed
to first-year engineering students in order to show them the use of linear algebra tools. The study
consists of predicting the census in the city centre and in the suburbs, determining the city population
equilibrium point, and making a sociological interpretation of population flows. This practical
problem is part of the seminar “Applications of Linear Algebra in Engineering”, which is being
held at the Universitat Politècnica de Catalunya-BarcelonaTech (UPC). This seminar consists in the
learning of linear algebra by the implementation of real applications where mathematical tools are
required to resolve them. This paper presents an application of linear algebra to the population
migration problem and analyses students’ appreciation through anonymous surveys and personal
interviews. The surveys assessed students’ motivation towards the subject of linear algebra and their
learning of mathematical concepts. Personal interviews were conducted for students in order to let
them express in detail their opinion about the seminar. The results confirm that the introduction of
real applications in the learning of mathematics increases students’ motivation and involvement,
which implies an improvement in students’ performance in the first courses of STEM degrees.

Keywords: engineering; linear algebra; mathematics; population migration; STEM; students’ motivation

MSC: 97D30; 97D40; 97H60; 97M10; 97M50

1. Introduction

For a long time, there have been discussions about the syllabus of mathematical
subjects in first-year courses of engineering degrees regarding the contents needed for
technological disciplines and how to teach them to make students aware of this necessity [1].

Currently, there is an increasing concern that derives from the alarming fact that
European undergraduate students show less interest in STEM (sciences, technology, engi-
neering, and mathematics) fields compared to other fields [2]. Therefore, STEM education
professionals are working to identify the causes of this fact [3] and have determined that
there are various interrelated factors, both extrinsic (science capital, learning opportunities,
socio-economic status) and intrinsic (interest linked to self-efficacy issues, attitude towards
science, perceived social expectations) [4].

In addition, high occupancy demands for STEM professions are foreseen [5], and
it is expected to increase in the forthcoming years. Likewise, technological skills are
becoming more specialized [6], and thus STEM professions are essential for technological
development and economic growth of present societies [2].

The low interest in STEM disciplines is mainly due to the high failure rate in the first
courses of STEM degrees [7,8], especially in mathematical subjects. This is considered one
of the main difficulties for engineering students in first courses of their degrees [9], which
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entails a loss of student engagement [10] in the first year courses and in most cases results
in the dropout of these degrees [11].

The influence of students’ sense of belonging in the classroom should also be consid-
ered in improving students’ motivation and involvement [12], which is especially relevant
in STEM degrees [13]. The sense of class belonging is directly linked to engagement and
can be as important to persist in STEM degrees as self-efficacy and intrinsic interest in
these fields [7]. To settle this failure rate, it is necessary to revise mathematical subjects’
syllabi and teaching methodologies as well as to encourage students’ motivation and en-
gagement [11,14,15], giving them awareness of the connections between mathematics and
technological disciplines and with their future careers and illustrating real applications of
the concepts and tools learnt in mathematical subjects.

Mathematics is fundamental to many professions, especially science, technology, and
engineering, and it is a gateway to many scientific and technological fields [16]. Mathe-
matics should be an integrated part of STEM disciplines, such that it constitutes specific
practices related to those fields [9]. It is essential to teach mathematics using real problems
in order to achieve the involvement of students, ensuring that it is significant for them; it is
also essential to develop students’ mathematical thinking through practical applications,
rather than teaching a set of disconnected concepts and skills. If mathematics was taught
as an applied subject, connections between mathematics and STEM disciplines would be
reinforced, as it is shown in [16].

There is a wide consensus about the promotion of STEM degrees by the encouragement
of students’ motivation and involvement through the contextualization of mathematical
concepts in the technological disciplines of the following courses of these degrees. It is
unquestionable that applied problems used in mathematical subjects of STEM degrees
encourage students’ motivation and engagement [11,13,17,18], as well as the improvement
in their learning [19], which improves their academic performance [20–22].

There are several investigations that support the idea that active learning has a prof-
itable effect on the improvement in students’ engagement and in their performance, as
indicated in [23–25]. The use of problem-solving methodologies in mathematical subjects of
STEM degrees is a profitable tool to increase students’ involvement. With problem-solving,
students are given a problem based on a real situation, which will lead them to learn the
required mathematical concepts to develop the problem. In addition, a problem-solving
methodology will facilitate students’ critical thinking skills, since they will have the op-
portunity to consider different assumptions and discuss and make decisions about this
problem. Problem-solving also lets students be more active, both individually and in
groups: they can exchange knowledge, engage in peer learning, and work together [26].
Therefore, problem-solving helps students acquire skills and competences such as au-
tonomy, continuous learning, critical thinking, teamwork, planning, organization, and
communications [26], which are essential for their careers [27,28].

The objective of this study is that students understand the need for mathematical
concepts to solve practical problems. With this work, it is expected that students’ motivation
towards the learning of mathematics in first year courses will increase, and as a result, their
performance is expected to improve, as confirmed by previous studies [21,29]. At the same
time, problem-solving will let students develop required skills for the execution of their
degree and for their engineering careers [30].

This article focuses on the analysis of the population migration problem:

• How can migration flow problems be solved using linear algebra?
• How do students of technological degrees value the implementation of this mathemat-

ical application in the learning of linear algebra?

2. Materials and Methods

This study is part of the work “Applications of Mathematics in Engineering” [22],
which emerged with the proposal of providing connections between mathematics and
STEM education, through the execution of real practical problems to engineering students,
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with the intention of improving their engagement in first year courses of engineering
degrees. The aim of this work is to analyse and solve demographic problems using mathe-
matical tools in order to illustrate applications of linear algebra for engineering students,
with the objective that they will realize of the significance of mathematics for the develop-
ment of their future profession, which will entail an improvement of students’ motivation in
the first courses of these degrees and therefore an increase in their academic performance.

The seminar is being taught at the Industrial Engineering Bachelor’s Degree from
the Barcelona School of Industrial Engineering (ETSEIB) of the Universitat Politècnica de
Catalunya-BarcelonaTech (UPC), a public university specialising in STEM degrees. The
work “Applications of Mathematics in Engineering” comprises two seminars, “Applications
of Mathematics in Engineering I: Linear Algebra” and “Applications of Mathematics in
Engineering II: Multivariable Calculus”, which began in the 2019/2020 academic year. Each
seminar is held in one semester (the first and the second, respectively) and consists of
weekly sessions one hour and a half in length. These sessions have also been given in the
2020/2021 academic year.

The two seminars, “Applications of Mathematics in Engineering I: Linear Algebra”
and “Applications of Mathematics in Engineering II: Multivariable Calculus” consist of
voluntary sessions, aimed at first course undergraduate students of engineering degrees.
These sessions are organized according to the contents of the Linear Algebra and Multi-
variable Calculus syllabus, respectively, in order to show students that the concepts they
are learning in ordinary mathematical subjects are essential for their degree and for their
future career.

The sessions “Applications of Mathematics in Engineering I: Linear Algebra”, consists
of 10 sessions, which are indicated in Table 1.

Table 1. Applications of Linear Algebra in Engineering ([22]).

Session Title

1 “Complex Numbers on the Study of Price Fluctuations”
2 “Complex Numbers on the Study of Alternating Current”
3 “Indeterminate Systems: Control Variables”
4 “Mesh Flushes: a Basis of Conservative Fluxes Vector Subspace”
5 “Addition and Intersection of Vector Subspaces in Discrete Dynamical Systems”
6 “Linear Applications and Associated Matrix”
7 “Basis Changes”
8 “Eigenvalues, Eigenvectors and Diagonalization in Engineering”
9 “Modal Analysis in Discrete Dynamical Systems”
10 “Difference Equations”

This article focuses on one of the applications studied in two of the sessions of
the seminar “Applications of Linear Algebra in Engineering”. In each of these two
sessions of this seminar—Session 6, “Linear Applications and Associated Matrix”, and
Session 8—“Eigenvalues, Eigenvectors and Diagonalization in Engineering”—the popu-
lation migration problem was analysed and solved illustrating the use of mathematical
concepts related to linear algebra. In Session 6, the population migration problem was
studied using concepts related to linear applications and associated matrix. In Session 8,
eigenvalues, eigenvectors, and diagonalization are used to analyse and solve this demo-
graphic problem.

The problem presented here is a simplified model of the population migration for
educational purposes. It does not consider sociological factors of migration that would
give rise to more complex models, since this is not the aim of the study.

With the aim of assessing students’ appreciation of the population migration problem,
anonymous questionnaires and personal interviews were conducted at the end of each
session. The results obtained have contributed to analysing the material developed in
these sessions.
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Questionnaires assess the influence of this implementation on the students attending
these two sessions, in relation to the execution of demographic problems, the motivation
towards the subject of linear algebra, and the learning of mathematical concepts. These
surveys consisted of several statements, which were valued on a 5-point scale (1 = Strongly
disagree, 2 = Disagree, 3 = Nor agree nor disagree, 4 = Agree, 5 = Strongly agree). In
addition, students could add a comment expressing their opinion and explaining their
impression about each session.

In order to extract further information from the students attending the sessions, per-
sonal interviews were conducted, where they could express in detail their impression and
opinion about these sessions. With the aim of evading partiality in their comments, the
person who interviewed students was a doctoral student instead of a teacher.

The responses to the surveys and to the interviews undertaken after the sessions were
analysed to assess the influence of the implementation of the population migration problem
on the students attending these sessions.

3. Results

3.1. Analysis of Population Migration Using Linear Algebra

The 10 sessions of the seminar “Applications of Mathematics in Engineering I: Linear
Algebra” consisted of applied problems related to mathematical concepts developed in the
subject of linear algebra, whose content is organized into four mains topics:

1. Algebraic structures (complex numbers, matrix and determinants, and systems
of equations);

2. Vector spaces and linear applications (vector spaces, vector subspaces, and linear
applications);

3. Reduction of linear applications (diagonalization, eigenvalues, and eigenvectors);
4. Resolution of linear discrete dynamical systems (difference equations, and linear

discrete dynamical systems).

A major part of the population migration problem introduced in this article includes
linear algebra, as detailed below.

This exercise is intended to be developed as the student progresses in the Linear
Algebra course, essentially in four phases:

(a) Basic concepts of vector space and linear application, which are explained in the
second topic of the subject, are used in the development of the population migration
problem (Sections 3.1.1–3.1.3).

(b) The matrix of an application and its use, learnt at the end of the second topic
of the linear algebra subject, are concepts are necessary to solve the problems in
Sections 3.1.4–3.1.6.

(c) Eigenvalues, eigenvectors, diagonalization, and the calculation of matrix powers,
which are the concepts studied in the third topic of the subject, are used in
Sections 3.1.7 and 3.1.8.

(d) Extensions: some of the concepts developed in Sections 3.1.9–3.1.12 are explained in
the fourth topic of the Linear Algebra subject.

3.1.1. Description of a Population Migration Problem

Considering a population exchange city centre and periphery, assuming, to simplify,
that the total number of habitants is constant and equal to 1,000,000 inhabitants, and
supposing a decreasing census in the centre of the city—1,000,000 inhabitants in 2010,
600,000 inhabitants in 2015, and 400,000 inhabitants in 2020 (provisional) [31]—the follow-
ing points must be answered:

1. Inhabitants in the centre of the city in 2025.
2. Inhabitants in the centre of the city in 2030, 2035, etc.
3. Equilibrium point.
4. In general, inhabitants in 2010 + 5k.
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5. Which definitive census in 2020 would be alarming?
6. Sociological interpretation.

3.1.2. A Linear Algebra Approach

The aim is to answer the above questions by means of elementary Linear Algebra
tools. Therefore, the first step is to model the population migration as a linear map.

Vector space E =

{(
x1
x2

)
,

x1 = inhabitants in centre
x2 = inhabitants in periphery

}
⊂ R

2 (1)

E︸︷︷︸
inhabitants in t

f−→ E︸︷︷︸
inhabitants in t+5

(2)

(
x1(t)
x2(t)

)
f−→
(

x1(t + 5)
x2(t + 5)

)
(3)

If x1, x2 are expressed in terms of millions of inhabitants, the census data show that:(
1
0

)
︸ ︷︷ ︸

2010

f−→
(

0.6
0.4

)
︸ ︷︷ ︸

2015

f−→
(

0.4
0.6

)
︸ ︷︷ ︸

2020 (provisional)

−→ . . . (4)

A key point is that f can be assumed to be linear because of two natural hypotheses:
homogeneity (same behaviour in any neighbourhood of the city) and proportionality (the
behaviours do not depend on the number of inhabitants).

3.1.3. Inhabitants in the Centre in 2025

The first question can be answered by means of the basic formula for a linear map f :

f (α1x1 + α2x2 + . . .) = α1 f (x1) + α2 f (x2) + . . . (5)

In our case, it allows us to compute f
(

0.4
0.6

)
:

(
0.4
0.6

)
= α

(
1
0

)
+ β

(
0.6
0.4

)
⇔ 0.4 = α + 0.6β

0.6 = 0.4β
⇔ α = − 1/2

β = 3/2
(6)

f
(

0.4
0.6

)
= α f

(
1
0

)
+ β f

(
0.6
0.4

)
= −1

2

(
0.6
0.4

)
+

3
2

(
0.4
0.6

)
=

(
0.3
0.7

)
⇒ (7)

⇒ 300, 000 inhabitants in the centre in 2025 (8)

3.1.4. The Matrix

Below, the matrix of the linear map f in ordinary basis is obtained in order to simplify
the computation: (

1
0

)
→
(

0.6
0.4

)
(9)

(
0
1

)
→ α′

(
0.6
0.4

)
+ β′
(

0.4
0.6

)
⇔
(

0
1

)
= α′
(

1
0

)
+ β′
(

0.6
0.4

)
⇔ α′ = − 3/2

β = 5/2
(10)

(
0
1

)
→ α′

(
0.6
0.4

)
+ β′
(

0.4
0.6

)
= −3

2

(
0.6
0.4

)
+

5
2

(
0.4
0.6

)
=

(
0.1
0.9

)
(11)
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Hence, we can conclude:

Matrix in ordinary basis =

(
0.6 0.1
0.4 0.9

)
≡ A (12)

In particular: (
x1(t + 5)
x2(t + 5)

)
=

(
0.6 0.1
0.4 0.9

)
︸ ︷︷ ︸

A

(
x1(t)
x2(t)

)
(13)

3.1.5. Inhabitants in the Centre in 2030, 2035, etc.

By means of matrix A, the two first questions can be answered in a very simple way:(
1
0

)
︸ ︷︷ ︸

2010

A→
(

0.6
0.4

)
︸ ︷︷ ︸

2015

A→
(

0.4
0.6

)
︸ ︷︷ ︸

2020

A→
(

0.3
0.7

)
︸ ︷︷ ︸

2025

A→
(

0.25
0.75

)
︸ ︷︷ ︸

2030

A→
(

0.225
0.775

)
︸ ︷︷ ︸

2035

→ . . . ⇒ (14)

⇒ 250, 000 inhabitants in the centre in 2030, 225, 000 in 2035 . . . (15)

3.1.6. Equilibrium Point

Moreover, again by using A, the equilibrium point, if it exists, can be computed:(
x1

e

x2
e

)
→ (A)

(
x1

e

x2
e

)
⇔ x1

e = 0.6x1
e + 0.1x2

e

x2
e = 0.4x1

e + 0.9x2
e ⇔ . . . ⇔ x1

e = 0.2
x2

e = 0.8
(16)

Therefore, the equilibrium point is 200,000 inhabitants in the city centre.

3.1.7. Inhabitants in 2010 + 5k

However, let us see that this elementary use of A is not sufficient in order to solve
question 4. As the calculation is done in five-year periods:{

t = 2010 + 5k, k = 0, 1, 2, . . .

x(k) ≡ x(2010 + 5k)
(17)

x(0)︸︷︷︸
2010

A→ x(1)︸︷︷︸
2015

A→ x(2)︸︷︷︸
2020

→ . . . (18)

(
x1(k)
x2(k)

)
= A···A

(
x1(0)
x2(0)

)
= Ak

(
x1(0)
x2(0)

)
=

(
0.6 0.1
0.4 0.9

)k( 1
0

)
= ? (19)

3.1.8. Eigenvalues, Eigenvectors, and Diagonalization

In order to compute Ak, more sophisticated tools are needed, namely the techniques
of diagonalization by means of the eigenvalues and eigenvectors. The eigenvalues are
obtained by means of the characteristic polynomial:

QA(t) = det
(

0.6 − t 0.1
0.4 0.9 − t

)
= t2 − 3

2
t +

1
2
= (t − 1)

(
t − 1

2

)
⇔
{

λ1 = 1
λ2 = 1

2
(20)

The eigenvectors corresponding to these eigenvalues are:

v1 = Ker(A − 1I) =
[(

0.2
0.8

)]

v2 = Ker
(

A − 1
2 I
)
=

[(
1
−1

)] (21)
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We conclude:

S−1 AS =

(
1 0
0 1/2

)
, being S =

(
0.2 1
0.8 −1

)
(22)

Thus:

Ak = S
(

1 0
0 1/2

)k

S−1 = S
(

1 0
0 1/2k

)
S−1 (23)

Finally:

x(k) = S
(

1 0
0 1/2k

)
S−1
(

1
0

)
= . . . =

(
0.2 + 0.8 1

2k

. . .

)
(24)

The solution obtained shows the millions of inhabitants in the city centre, in the
quinquennium k. If we calculate it for different values of k, we see that it coincides with the
results obtained before; see Table 2.

Table 2. Number of inhabitants in the city centre in the quinquennium k.

Quinquennium Year Inhabitants

k = 0 2010 1,000,000
k = 1 2015 600,000
k = 2 2020 400,000
k = 3 2025 300,000
k = 4 2030 250,000
k = 5 2035 225,000

. . . . . . . . .
k → ∞ → ∞ 200,000

As shown in Table 2, if k → ∞ , the population in the city center tends to an equilibrium
point with 200,000 inhabitants, which confirms the study done previously.

Indeed, the general theory of dynamical systems ensures the existence of an equilib-
rium point because |λ1|, |λ2| ≤ 1.

3.1.9. Which Definitive Census in 2020 Would Be Alarming?

In addition, Question 5 can be answered: the situation would be alarming if the centre

empties, that is to say, if the equilibrium point is
(

0
1

)
. This happens for a transition

matrix A′ such that A′
(

0
1

)
=
(

0
1

)
:

A′ =
(

0.6 a
0.4 b

)
in equilibrium with

(
0
1

)
(25)

(
0
1

)
=

(
0.6 a
0.4 b

)(
0
1

)
⇔ a = 0

b = 1
(26)

This matrix is characterised by the census in 2020:

A′ =
(

0.6 0
0.4 1

)
⇔ A′

(
0.6
0.4

)
=

(
0.36
0.64

)
(27)

Therefore, it would be alarming if a definitive census in 2020 showed 360,000 inhabi-
tants instead of 400,000 inhabitants.
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3.1.10. Sociological Interpretation

Finally, let us see the difference between cases A and A′ from a sociological point
of view:

A : x1(k + 1) = 0.6x1(k) + 0.1x2(k)
A′ : x1(k + 1) = 0.6x1(k) + 0x2(k)

(28)

By comparing A and A′, it is deduced that alarm does not depend on the percentage
of inhabitants who move from centre to periphery but it does depend on the percentage of
inhabitants who return from periphery to centre.

3.1.11. Linear Systems Determined by Consecutive Values of the States

We consider homogeneous linear systems of the form

x(k + 1) = Ax(k), k = 0, 1 . . ., A ∈ Mn(R) (29)

where x(k) ∈ Rn is the state variable.
Sometimes it is difficult to empirically calculate the entries of the transition matrix A,

whereas it is easy to measure consecutive values of the states:

x(0), x(1), x(2) . . . (30)

Let us see how the matrix A can be obtained from these data.
As in the above example, let us consider the linear map

f : R
n → R

n , x(k)
f→ x(k + 1) (31)

Then, the consecutive values of the states can be seen as successive images of x(0).

x(0)
f→ x(1)

f→ . . .
f→ x(n − 1)

f→ x(n) (32)

If x(0), . . . ,x(n − 1) are linearly independent, it is clear that the matrix of f in this
basis is:

A =

⎛
⎜⎜⎜⎜⎜⎝

0 0 · · · 0 a1
1 0 · · · 0 a2
0 1 · · · 0 a3
...

...
. . .

...
...

0 0 · · · 1 an

⎞
⎟⎟⎟⎟⎟⎠ (33)

being
x(n) = a1x(0) + . . . + anx(n − 1) (34)

Notice that A is a Sylvester or companion matrix, such that it is a non-derogatory
matrix (that is to say, each eigenvalue has a unique eigenvector), and the coefficients of its
characteristic polynomial are just the opposite of the coefficients in the last column of the
Sylvester matrix (see (40)).

From A, the matrix A of f in the ordinary basis can be obtained simply as

A = SAS−1, S = (x(0) . . . x(n − 1)) (35)

where the columns of S are the coordinates of the states x(0), . . . , x(n − 1). Clearly the
columns of the matrix SA are the coordinates of the states x(1), . . . , x(n).

Summarizing, one has:

Proposition 1. Let
x(k + 1) = Ax(k), k = 0, 1 . . . , A ∈ Mn(R) (36)
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be an homogeneous linear system in Rn, where

x(0), . . . , x(n − 1) are linearly independent vectors (37)

x(n) = a1x(0) + . . . + anx(n − 1) (38)

Then:

1. The matrix of f in ordinary basis is:

A = (x(1) . . . x(n)) (x(0) . . . x(n − 1))−1 (39)

2. The characteristic polynomial of A is:

QA(t) = tn − antn−1 − . . . − a2t − a1 (40)

where:
x(n) = a1x(0) + . . . + anx(n − 1) (41)

In particular,
1 is an eigenvalue o f A ⇔ a1 + . . . + an = 1 (42)

which is a necessary condition for the existence of an equilibrium point.

3. A is a non-derogatory matrix, that is to say, each eigenvalue has a unique eigenvector.

In particular, there is only a Jordan block for each eigenvalue, so that

A diagonalizes ⇔ A has n distinct eigenvalues (43)

If in addition 1 is a dominant eigenvalue, then its eigenvector is the equilibrium point.

3.1.12. Learning Theory to Solve Problems

We have seen that concrete problems can be solved by means of elementary linear
algebra. Now, let us see that the solution is easier if further linear algebra tools are
used. This fact contrasts with some topics that focus the attention on the “problems”,
underestimating the “theory”.

Indeed, by means of the above proposition, the computations in our problem can be
simplified as follows

A =

(
0 −1/2
1 3/2

)
(44)

S =

(
1 0.6
0 0.4

)
(45)

A =

(
0.6 0.4
0.4 0.6

)(
1 −3/2
0 5/2

)
=

(
0.6 0.1
0.4 0.9

)
(46)

QA(t) = t2 − 3
2

t +
1
2
= (t − 1)

(
t − 1

2

)
(47)

Thus, the eigenvector with an eigenvalue of 1 is the equilibrium point:

xe =

(
0.2
0.8

)
(48)

3.2. Students’ Surveys and Interview Results

The number of students attending the seminar “Application of Linear Algebra in
Engineering” undertaken in the first semesters of the 2019/2020 and 2020/2021 academic
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years was 20 [22], all of them answered to the surveys and interviews, and the results
achieved in both academic years did not show relevant differences.

The population migration problem has been treated in two sessions of this seminar
as mentioned above: in Session 6, “Linear Applications and Associated Matrix” and in
Session 8, “Eigenvalues, Eigenvectors and Diagonalization in Engineering”.

The answers to some of the questions held in Sessions 6 and 8, where the migration
population problem was studied, are shown.

According to the surveys answers, all the students thought that the sessions “Linear
Applications and Associated Matrix” and “Eigenvalues, Eigenvectors and Diagonalization
in Engineering” let them know of applications of demographic problems; see Figure 1.

Figure 1. Answers to the question: the sessions “Linear Applications and Associated Matrix” and
“Eigenvalues, eigenvectors and Diagonalization in Engineering” let students know of applications of
demographic problems.

All the students agreed that the study of the migration population problem increased
their motivation to understand the subject of linear algebra; see Figure 2.

Figure 2. Answers to the question of whether the study of the migration population problem
increased students’ motivation to understand the subject of linear algebra.
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Most of the students stated that the execution of the population migration problem
improved their learning of mathematical concepts; see Figure 3.

Figure 3. Answers to the question of whether the execution of the population migration problem
improves the learning of mathematical concepts.

There are also noteworthy comments from students expressed in the open section of
the anonymous questionnaires in the 2019/2020 and 2020/2021 academic years. The main
themes were as follows:

• The population migration problem has helped students understand and learn the
concepts of eigenvalues and eigenvectors.

• This application has let students realize of the importance of Linear Algebra to solve
real social problems.

• Real applications, such as demographic control, motivated students to study linear algebra.

The information extracted from the students attending these two sessions was a follows:

• The sessions “Linear Applications and Associated Matrix” and “Eigenvalues, Eigen-
vectors and Diagonalization in Engineering” let students solve problems with real
applications, such as the population migration problem.

• This application shows students what they will be capable of doing in the next courses,
and it improves their motivation and involvement.

• The use of the concepts of linear algebra in the population migration problem, namely
linear applications, matrices, eigenvalues, and eigenvectors, lets students know the
importance of Linear Algebra for engineering degrees and for their STEM careers.

• Students classified the application of population flows and demographic control as
one of the most interesting applications studied in the seminar.

• Students value positively knowing applications in sociology such as the population
migration problem.

4. Discussion

Considering the students’ survey and interview results, the implementation of the pop-
ulation migration problem in the seminar “Applications of Linear Algebra in Engineering”
has been very positive, as explained below.

By analysing the results presented in Figure 2, it is shown that all the students agreed
that the study of the population migration problem achieve to increase their motivation
to the subject Linear Algebra, what implies the decrease of the dropout, as it is related to
motivation [11], student achievement [14] and academic performance [13].
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The results shown in Figure 3 confirm that 90% of the students think that the execution
of the population migration problem let them learn mathematical tools through real appli-
cations. This improves their motivation in mathematical subjects, as is shown in previous
studies such as [20].

Moreover, as Figure 1 shows, all the students stated that the sessions “Linear Appli-
cations and Associated Matrix” and “Eigenvalues, Eigenvectors and Diagonalization in
Engineering” let students understand applications in engineering and other areas such as
sociology, which motivated them to the study of mathematical subjects, as was confirmed
in other works [11,17,18].

This work confirms the relevance of solving real problems in the teaching of mathemat-
ics, as shown in [26]. Problem-solving methodology improves students’ critical thinking
skills and provides key skills and competences for their future careers [27,28].

The responses to the questions given to the students in the personal interviews about
the sessions “Linear Applications and Associated Matrix” and “Eigenvalues, Eigenvectors
and Diagonalization in Engineering” show that the population migration problem amazed
students because they were unaware of linear algebra’s applications in demographic
problems. It can also be emphasized that students’ motivation and engagement increased
when they realized the importance of linear algebra for their STEM degree and improved
their interest towards the subject.

These findings demonstrate that the execution of the population migration problem
improves the understanding of linear algebra concepts, as was shown in [19], which
increases students’ performance in mathematical subjects of STEM degrees, as was studied
previously in [21].

5. Conclusions

This study was implemented at the Universitat Politècnica de Catalunya-BarcelonaTech
(UPC). The objective of this work is to provide connections between mathematics and STEM
education. The execution of the migration population problem in the seminar “Applications
of Linear Algebra in Engineering” has let students know how to analyse demographic
problems using concepts from linear algebra. This work confirms the possibility of illus-
trating in engineering degrees the concepts and basic results of linear algebra, such as the
computation of the matrix by means of consecutive states, eigenvectors and eigenvalues,
equilibrium points, and stability. Moreover, first-year engineering students have realized
the importance of mathematics in solving real problems. Thus, students’ involvement in
mathematical subjects has improved, and therefore, their performance will increase. The
exercises are appropriate for first-year students since they only require basic concepts of
linear algebra to be solved.

In view of the success of the implementation of the population migration problem in
the seminar “Applications of Linear Algebra in Engineering”, the development of more
real applications is planned. Furthermore, the project “Applications of Mathematics in En-
gineering”, formed by this seminar “Applications of Mathematics in Engineering I: Linear
Algebra” and the seminar “Applications of Mathematics in Engineering II: Multivariable
Calculus”, is programmed to be undertaken in future academic years. Likewise, surveys
and interviews will be conducted among students attending the seminars, with the aim
of analysing the applications that students consider more interesting and more useful for
learning mathematics, as well as with the objective of collecting a greater sample of surveys
results and more information about students’ experience in these sessions.

This work confirms that it is possible to increase students’ engagement through the
introduction of STEM applications in the learning of mathematical subjects, which entails
an enhancement of the learning of mathematics and, hence, an improvement in students’
performance and a decline in the dropout in the early stages of engineering degrees. This
involves an increasing interest in STEM degrees, which are considered essential for the
technological development and economic growth of present-day society.
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Since the results obtained confirm that the implementation of real applications in-
creases students’ motivation and involvement, which implies a decrease in the dropout
rates of engineering degrees, the future aim of this project is to introduce the developed of
applications in the seminar “Applications of Mathematics in Engineering I: Linear Algebra”
in the ordinary syllabus of the Linear Algebra subject within the Industrial Engineering
bachelor’s degree from the Barcelona School of Industrial Engineering (ETSEIB) of the
UPC. The impact of the inclusion of these applications in the linear algebra program
will be assessed regarding the influence on students’ motivation as well as on students’
academic performance. If the results obtained are positive, there is a plan to introduce
the applications developed in the seminar “Applications of Mathematics in Engineering
II: Multivariable Calculus” in the subject of Calculus Multivariable within the Industrial
Engineering bachelor’s degree from the ETSEIB of the UPC.

In the same way, other mathematical applications linked to other studies in STEM fields
could be developed and introduced into the mathematical subjects of the corresponding
study plans of the Universitat Politècnica de Catalunya-BarcelonaTech (UPC), a public
university specializing in STEM degrees. In this way, the connection of mathematics with
the rest of the STEM disciplines would be much clearer, and students would be able to
see the application of mathematics in their different careers from the first year of studies,
which would contribute to an improvement in the quality of education.

These implementations will require the implication of the governing bodies of the
UPC, who are acquainted with these seminaries and give support to proposals whose aims
are the improvement of students’ motivation, the increase in academic performance and
the decrease in the dropout in the early stages of STEM degrees.
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INTRODUCCIÓ

En sistemes dinàmics sovint apareixen modes oscil·latoris de la forma:



1. OFERTA/DEMANDA: PUNT D’EQUILIBRI

2. MODEL DE LATERANYINA

3. CAS GENERAL
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1. OFERTA/DEMANDA: PUNT D’EQUILIBRI

Suposem que la oferta (O) i la demanda (D) depenen del preu (p) segons les gràfiques

preu mínim acceptable per als productors

preu màxim acceptable per als compradors

On

El preu d’equilibri ideal seria:



2. MODEL DE LA TERANYINA

Sovint el preu del mercat no és .
2.1) Suposem que en la temporada el preu ha estat i que els productors
planifiquen la temporada segons aquest preu, de manera que produeixen una elevada

Tanmateix, els compradors absorbiran tota aquesta oferta ( només si el preu
baixa a .



2. MODEL DE LA TERANYINA

2.2) Per la següent temporada , la producció serà determinada per aquesta
expectativa i per tant, serà molt més baixa que .

Però aquesta escassa oferta obligarà als compradors a acceptar un preu més alt



2. MODEL DE LA TERANYINA

2.3) I així successivament, amb 3 possibilitats:

Apareixen, doncs, oscil·lacions biennals, només amb tendència a atenuar-se si

Disminuir b (⇔ desincentivar la producció)

Augmentar a (⇔ estimular la compra)
Cal doncs



3. CAS GENERAL

3.1) EXPECTATIVA DE PREU:

La clau de volta és l’estratègia per preveure el preu de la pròxima temporada a partir dels preus de 
les anteriors, és a dir, com es calcula l’”expectativa de preu”, a partir de , ,...

En efecte, determina el preu real mitjançant la seqüència:

... ...

Per tant:

( + - b ) = + ( - ) 



3. CAS GENERAL

En el model de la teranyina, aquesta estratègia és la mes simple: els productors han actuat prenent 
com “expectativa de preu” el de la temporada anterior:

Amb errors considerables:
, , ...

Cal esperar un canvi d’estratègia, amb una “expectativa de preu” referenciada a un període previ 
més llarg, com ara:

, ... ,   

O encara més sofisticada:



3. CAS GENERAL

3.2) RESULTAT GENERAL

En el cas més general

Es demostra que, aleshores:

on és l’arrel “dominant” (⇔ de mòdul més gran) de:

que s’anomena “polinomi característic”.

Recordem que només es relacionen amb les “condicions inicials”.



3. CAS GENERAL

El comportament posterior ve determinat per :

: periodicitat

: estabilitat

oscil·lacions amplificades

oscil·lacions d’amplitud constant

oscil·lacions atenuades



EXEMPLES PRÀCTICS

Exemple 1: Model de la teranyina

Exemple 2: Els productors es referencien als 2
anys anteriors

Exemple 3: El cicle del preu de la carn de porc
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EXEMPLE 1 . MODEL DE LA TERANYINA

és l’arrel dominant de: 

Periodicitat biennal

Model de la Teranyina:



EXEMPLE 2 . ELS PRODUCTORS ES REFERENCIEN ALS 2 ANYS ANTERIORS

és l’arrel dominant de:

Suposem , però els productors es referencien als 2 anys anteriors:

Per tant
Periodicitat triennal

Oscil·lacions atenuades (amb )

En particular, es pot relaxar la condició fins a 

és l’arrel dominant de



EXEMPLE 3 . EL CICLE DEL PREU DE LA CARN DE PORC (LUENBERGER)

Durant gairebé un segle, varen observar-se oscil·lacions quadriennals en la

producció de carn de tocino als USA. Es tracta de trobar un model de 3.2) que s’hi

adeqüi per tal de deduir el valor de que l’atenuaria.

El cicle del preu de la carn de porc LUENBERGER) :

Cal tenir present que hi ha dues temporades de producció cada any (primavera i

tardor) i que el període de criança del tocino és aproximadament un any. Per tant,

la variable k correspondrà a semestre i que la “decisió/producció” és de 2

d’aquests períodes (és a dir, .



EXEMPLE 3 . EL CICLE DEL PREU DE LA CARN DE PORC (LUENBERGER)

Si suposem: 

Resulta:

Per tant, periodicitat 4-semestral ( biennal) que no s’ajusta a la realitat.

Si suposem: 

Resulta:



EXEMPLE 3 . EL CICLE DEL PREU DE LA CARN DE PORC (LUENBERGER)

Busquem arrels de mòdul , ja que les oscil·lacions eren sostingudes.

Observem que si , per simetria resulta

D’aquí podem deduir :

Per tant:



EXEMPLE 3 . EL CICLE DEL PREU DE LA CARN DE PORC (LUENBERGER)

Efectivament, resulten oscil·lacions quadriennals

Cal, doncs, forçar que: 

Finalment: 
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INTRODUCCIÓ

En corrents continus, les magnituds elèctriques
(intensitat, voltatge, resistència) es representen
per NOMBRES REALS.

Per corrents alterns es representen per
NOMBRES COMPLEXOS, de manera que són
vàlides fórmules i tècniques anàlogues.
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GUIA TÈCNICA ELECTRICITAT

1. ANÀLISI DE CIRCUITS DE CORRENTS CONTINUS:
LLEIS DE KIRCHHOFF I LLEI DE OHM

2. CORRENT ALTERN: MAGNITUDS COSINUIDALS

3. ANÀLISI DE CIRCUITS DE CORRENT ALTERN

4. FASOR (COMPLEX) ASSOCIAT A UNA MAGNITUD
COSINUIDAL

5. LLEIS DE KIRCHHOFF FASORIALS

6. LA IMPEDÀNCIA COMPLEXA
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EXERCICIS PRÀCTICS

Exercici 1: Anàlisi de circuits de Corrent Altern

Exercici 2: Distribució trifàsica

Exercici 3: Circuit RLC

Exercici 4: Resonàncies

Exercici 5: Anul·lació de la potència reactiva

Exercici 6: Matriu d’Impedàncies

ELS NOMBRES 
COMPLEXOS 
EN L’ESTUDI 

DE CORRENTS 
ALTERNS



GUIA TÈCNICA I . ANÀL IS I  DE  C IRCUITS  DE  CO RRENTS  CO NTINUS : 
LLE IS  DE  K IRCHHO FF  I  L LE I  DE  O HM

MAGNITUDS ELÈCTRIQUES

Per determinar Ik, Uk a cada branca d’un circuit:

1ª Llei de Kirchhoff: en cada nus ∑ Ik = 0

2ª Llei de Kirchhoff: en cada malla ∑ Uk = 0

Llei de Ohm: en cada branca Uk = Rk · Ik , 

on Rk ∈ és la RESISTÈNCIA de la branca

INTENSITAT:   i(t) = I ∈

VOLTATGE:   u(t) = U ∈

Nusos: 
Malles: I, II
3 Branques 



GUIA TÈCNICA 2. CORRENTS ALTERNS: MAGNITUDS COSINUIDALS

En corrent altern, la intensitat i(t) és una ona cosinusoidal (de freqüència ω, que a
Europa és de 50 Hz)

caracteritzada per:

I anàlogament

ϕϕ
ω



GUIA TÈCNICA 2. CORRENTS ALTERNS: MAGNITUDS COSINUIDALS

Per tant:

El valor eficaç és el valor del corrent continu i(t) = I amb la
mateixa energia:



GUIA TÈCNICA 3. ANÀLIS I  DE CIRCUITS DE CORRENT ALTERN

Per corrents alterns, les fórmules equivalents a les lleis de Kirchhoff i a la llei de Ohm
resulten de molt difícil tractament amb magnituds cosinuidals:

1ª Llei de Kirchhoff: en cada nus ∑ ik (t) = 0

2ª Llei de Kirchhoff: en cada malla ∑ uk (t) = 0

Vegeu, per exemple, l’exercici :

...



GUIA TÈCNICA 3. ANÀLIS I  DE CIRCUITS DE CORRENT ALTERN

CAPACITAT:  

INDUCTÀNCIA: 

RESISTÈNCIA: 

Igualment, la Llei de Ohm en cada branca es complica 



GUIA TÈCNICA 4. FASOR ASSOCIAT A UNA MAGNITUD COSINUIDAL

Representem la magnitud cosinuidal:                

Mitjançant el nombre complex:

que se’n diu el FASOR ASSOCIAT

Es comprova fàcilment que és compatible amb la SUMA i el PRODUCTE PER ESCALARS:

FASOR ASSOCIAT a     m1(t) + m2 (t):

FASOR ASSOCIAT a          λ·m(t): λ·



GUIA TÈCNICA 5. LLEIS  DE KIRCHHOFF FASORIALS

Amb aquesta representació fasorial, les lleis de Kirchhoff per CORRENTS 
ALTERNS són anàlogues a les de CORRENTS CONTINUS, però ara com sumes 
de nombres complexos:

1ª Llei de Kirchhoff: en cada nus   ∑ k = 0

2ª Llei de Kirchhoff: en cada malla   ∑ k = 0



EXERCICI  1 . ANÀLIS I  DE CIRCUITS DE CORRENT ALTERN

= 

Calcula la intensitat i(t) a partir de les intensitats i1(t), i2(t) , i3(t):



EXERCICI  2 . DISTRIBUCIÓ TRIFÀSICA

Calcula la relació entre les tensions fase / neutre ( (t), (t), …) i les tensions fase / fase 
( (t), …) en una xarxa trifàsica:

En la distribució d’electricitat s’empren:

3 FASES (A, B, C) 

MATEIX VOLTATGE

FASES    0o, 120o, 240o 

1 NEUTRE (N):     TENSIÓ NUL·LA

A 

B 



EXERCICI  2 . DISTRIBUCIÓ TRIFÀSICA

És a dir:

N pot obtenir-se connectant les 3 fases: 

Es pot veure fàcilment en REPRESENTACIÓ FASORIAL:



EXERCICI  2 . DISTRIBUCIÓ TRIFÀSICA

Obtenim major TENSIÓ entre 2 FASES:

TENSIÓ FASE FASE = x TENSIÓ FASE – NEUTRE

En efecte:

En particular:
TENSIÓ FASE – NEUTRE = 120 V        TENSIÓ FASE FASE 210 V



GUIA TÈCNICA 6. LA IMPEDÀNCIA COMPLEXA

Vegem que la representació fasorial permet també adaptar la Llei de Ohm en la forma 
, on ara 

Observem que:

Per tant, el fasor associat a és: =

En particular:

Equivalentment:



GUIA TÈCNICA 6. LA IMPEDÀNCIA COMPLEXA

Són igualment vàlides les fórmules per CONNEXIONS EN SÈRIE i en PARAL·LEL:

En definitiva, tot circuit es redueix a la fórmula següent, anàloga a la Llei de Ohm per a corrents 
continus:

, que se’n diu la IMPEDÀNCIA COMPLEXA



EXERCICI  3 . CIRCUIT RLC

Calcula la impedància del següent circuit:

Es tracta d’una connexió en sèrie. Per tant:



EXERCICI  4 . RESONÀNCIES

Es tracta d’una connexió en paral·lel. Per tant:

Troba en quines condicions es produeix resonància ( en el següent circuit:



EXERCICI  5 . ANUL ·LACIÓ DE LA POTÈNCIA REACTIVA

Calcula la capacitat del condensador que s’ha de col·locar en paral·lel per tal que la
impedància sigui un nombre real (la qual cosa anul·la la potència reactiva del circuit, i per tant
optimitza el seu rendiment)



EXERCICI  6 . MATRIUS D’ IMPEDÀNCIES

Calculeu i .

Per simplificar la MATRIU D’IMPEDÀNCIES de les MÀQUINES TRIFÀSIQUES, s’utilitza 
la MATRIU:

És a dir

,       

,       
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EXERCICI  5 . ANUL ·LACIÓ DE LA POTÈNCIA REACTIVA

Es tracta d’una connexió en paral·lel. Per tant:

Per minimitzar les pèrdues cal anul·lar la part imaginària de la impedància

Calcula la capacitat del condensador que s’ha de col·locar en paral·lel per tal que la
impedància sigui un nombre real (la qual cosa anul·la la potència reactiva del circuit, i per tant
optimitza el seu rendiment)



EXERCICI  6 . MATRIUS D’ IMPEDÀNCIES
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INTRODUCCIÓ

En sistemes d’equacions compatibles indeterminats, interessen:

VARIABLES INDEPENDENTS 
o DE CONTROL

Poden prendre valors arbitraris

Els seus valors determinen els de la resta

⇒ Parametritzen el conjunt de solucions:

{VAR. INDEP.} {SOLUCIONS}

⇒



INTRODUCCIÓ

Exemple:

SÍ

NO

:

PROBLEMA
Quantes VARIABLES INDEPENDENTS o DE CONTROL

Quines VARIABLES INDEPENDENTS o DE CONTROL



GUIA TÈCNICA 
VARIABLES DE CONTROL

1. SISTEMES HOMOGENIS

2. SISTEMES COMPLETS

SISTEMES 
INDETERMINATS
: VARIABLES DE 

CONTROL



1. S ISTEMES HOMOGENIS

SEMPRE COMPATIBLES n’és solució)

A

En principi, cada equació restringeix grau de llibertat però pot ser redundant amb 
les anteriors. 

El no de restriccions efectives 
no és , sinó 

RESTRINGEIX

RESTRINGEIX

REDUNDANT!



1. S ISTEMES HOMOGENIS

A

A INDEPENDENTS
o de CONTROL

( variables són La resta de columnes de A 
tenen també rang  

Exemple (anterior):



2. S ISTEMES COMPLETS

COMPATIBLE

Aleshores:

Són valides la resta de consideracions anteriors



2. S ISTEMES COMPLETS

Exemple:



2. S ISTEMES COMPLETS

La 3ª equació és redundant (pot suprimir-se)

Ordre d’indeterminació 

són VARIABLES INDEPENDENTS o de CONTROL

SOLUCIÓ PARTICULAR: (per exemple)

SOLUCIONS



EXERCICIS PRÀCTICS

Exercici 1: Rotonda de tràfic

Exercici 2: Distribució de cabals

SISTEMES 
INDETERMINATS
: VARIABLES DE 

CONTROL



EXERCICI  1 . ROTONDA DE TRÀFIC



EXERCICI  1 . ROTONDA DE TRÀFIC

qualsevol de les 6 variables

∈
per exemple

=



EXERCICI  1 . ROTONDA DE TRÀFIC

COMPATIBLE

∃ SOLUCIONS POSITIVES! (la solució particular triada no ho és, però amb la prou 

gran, sí que resulta)

Les solucions es diferencien només per “ cotxes donant voltes” (sense sortir)

Suficient SENSOR per conèixer la situació a tota la rotonda

Col·locat en QUALSEVOL TRAM de la rotonda

Per tant:

)



EXERCICI  2 . DISTRIBUCIÓ DE CABALS

Considerem 3 ramals interconnectats:

(1) Estudieu les condicions de compatibilitat del
sistema.

(2) Determineu quants cabals cal mesurar per tal de
conèixer la circulació global del sistema.

(3) En particular: podem determinar la circulació global
mesurant els cabals dels quatre punts perifèrics?

(4) Ídem dels quatre trams interiors.
(5) Generalitzeu l’estudi a 3 ramals amb més d’una

interconnexió com la de la figura.
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EXERCICI  2 . DISTRIBUCIÓ DE CABALS

(1)



EXERCICI  2 . DISTRIBUCIÓ DE CABALS

COMPATIBLE .    Suposarem, doncs, d’ara endavant.

TRAMS PERIFÈRICS

Per a 3 ramals (amb els trams que siguin), controlem amb els cabals dels TRAMS PERIFÈRICS.

NO és cert per a més de 3 ramals.

(2)

(3)

(4)

(5)
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INTRODUCCIÓ



INTRODUCCIÓ



GUIA TÈCNICA 
ELECTRICITAT

1. {SOLUCIONS} ÉS UN SUBESPAI VECTORIAL

2. FLUXOS CONSERVATIUS

3. ELS FLUXOS DE MALLA SÓN UNA BASE 
DELS FLUXOS CONSERVATIUS 

SISTEMES 
INDETERMINATS 

HOMOGENIS: 
{SOLUCIONS} ÉS 

UN SUBESPAI 
VECTORIAL



EXERCICIS PRÀCTICS

Exercici 1: Anàlisi de circuits elèctrics

Exercici 2: Demostració enginyeril de

SISTEMES 
INDETERMINATS 

HOMOGENIS: 
{SOLUCIONS} ÉS 

UN SUBESPAI 
VECTORIAL



GUIA TÈCNICA 1. {SOLUCIONS} ÉS UN SUBESPAI  VECTORIAL

•

•



GUIA TÈCNICA 1. {SOLUCIONS} ÉS UN SUBESPAI  VECTORIAL

TEOREMA:



GUIA TÈCNICA 1. {SOLUCIONS} ÉS UN SUBESPAI  VECTORIAL

:



GUIA TÈCNICA 2. FLUXOS CONSERVATIUS

⇒
⇒



EXEMPLE



GUIA TÈCNICA 2. FLUXOS CONSERVATIUS



EXEMPLE



GUIA TÈCNICA 2. FLUXOS CONSERVATIUS

B



EXEMPLE



GUIA  TÈCNIC A 3 . ELS  FLUXO S DE  MALLA SÓ N UNA B ASE  DELS  FLUXO S
CO NSERVAT IUS

, 



GUIA  TÈCNIC A 3 . ELS  FLUXO S DE  MALLA SÓ N UNA B ASE  DELS  FLUXO S 
CO NSERVAT IUS

⇒ ⇒
⇒ ⇒



EXEMPLE

Aplicant el teorema anterior:

⇒

⇒

⇒



EXERCICI  1 . ANÀLIS I  DE CIRCUITS ELÈCTRICS



EXERCICI  1 . ANÀLIS I  DE CIRCUITS ELÈCTRICS



EXERCICI  1 . ANÀLIS I  DE CIRCUITS ELÈCTRICS



EXERCICI  1 . ANÀLIS I  DE CIRCUITS ELÈCTRICS



EXERCICI  2 . DEMOSTRACIÓ ENGINYERIL DE 



EXERCICI  2 . DEMOSTRACIÓ ENGINYERIL DE 
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INTRODUCCIÓ

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0 0,2 0,4 0,6 0,8 1 1,2
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INTRODUCCIÓ



GUIA TÈCNICA 

1. CAS CONTROL :                           
SUBESPAIS DEFINITS PER GENERADORS

2. CAS MULTICONTROL :                          
SUMA I INTERSECCIÓ DE SUBESPAIS

3. DESCOMPOSICIÓ DE KALMAN :            
BASES DE GRASSMANN

SUMA I 
INTERSECCIÓ 
DE SUBESPAIS 

VECTORIALS EN 
SISTEMES 
DINÀMICS 
DISCRETS



EXEMPLES PRÀCTICS

Exemple 1:  Cas control

Exemple 2:  Cas control

Exemple 3:  Cas multicontrol

Exemple 4:  Descomposició de Kalman

Exemple 5:  Descomposició de Kalman

SUMA I 
INTERSECCIÓ 
DE SUBESPAIS 

VECTORIALS EN 
SISTEMES 
DINÀMICS 
DISCRETS



GUIA TÈCNICA1. CAS CONTROL



EXEMPLE 1 . CAS CONTROL



EXEMPLE 1 . CAS CONTROL



EXEMPLE 1 . CAS CONTROL



EXEMPLE 2 . CAS CONTROL



GUIA TÈCNICA 2. CAS MULTICONTROL



EXEMPLE 3 . CAS MULTICONTROL



EXEMPLE 3 . CAS MULTICONTROL



GUIA TÈCNICA 3. DESCOMPOSICIÓ DE KALMAN



EXEMPLE 4 . DESCOMPOSICIÓ DE KALMAN



EXEMPLE 4 . DESCOMPOSICIÓ DE KALMAN



EXEMPLE 5 . DESCOMPOSICIÓ DE KALMAN
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Exemple 1: Definides implícitament per un
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GUIA TÈCNICA 2. CAS GENERAL: DEFINIDES per les
IMATGES D’UNA BASE

Exemple 2: Rotació de 30º

Exemple 3: Passar a cursiva

GUIA TÈCNICA 3. CAS PARTICULAR de DEFINIDES
per IMATGES SUCCESIVES

Exemple 4: Centre / perifèries
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LINEALS I LA 
SEVA MATRIU
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GUIA  TÈCNIC A1 . C AS  PART ICULAR DE  DEF IN IDES  IMPL ÍC ITAMENT PER  UN 
S ISTEMA D ’EQ UACIO NS  INDETERMINAT
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GUIA TÈCNICA 2. DEFINIDES PER LES IMATGES D’UNA BASE



GUIA TÈCNICA 2. DEFINIDES PER LES IMATGES D’UNA BASE



GUIA TÈCNICA 2. DEFINIDES PER LES IMATGES D’UNA BASE



GUIA TÈCNICA 2. DEFINIDES PER LES IMATGES D’UNA BASE
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GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES



GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES



GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES



GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES



GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES



GUIA  TÈCNIC A 3 . C AS  PART ICULAR  DE  DEF IN IDES  PER  IMATGES  SUCCESS IVES
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