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Constitutive model for fibre-reinforced composite materials exposed to high
temperature

by Rafael PACHECO BLAZQUEZ

The high strength-weight ratio of composite materials have made them one of the
best materials for the design of light-weight structures. However, its special com-
plexity has made them not suitable for the design of structures with a relative com-
plexity or with numerous structural component and pieces. Hence, the importance
in the development of adequate constitutive models which allow simulating the
micro-macro scale interaction of composites, and to address the intrinsic and nat-
ural flexibility of composites that is not as relevant in traditional materials.

Meanwhile, the mechanical development of these materials is a mature research
branch with more than four groundbreaking decades of life, this is not certainly
met at the thermo-mechanical level which is still in an early stage and, consequently,
limiting the extensive use of composites in real world and complex structures, partic-
ularly structures in which a strong and detailed fulfilment of fire criteria is necessary.
E.g., this is the very situation in the large-length ship design sector, where the share
in the market for ships built using composite material, tends to be very reduced and
closely accompanied by tools which serve to perform structural health monitoring,
in order to palliate, the amount of high uncertainty of the present thermo-mechanical
response, found in the design of these structures.

The present thesis focuses on the development, formulation-wise and computational
implementation, of a numerical model in order to predict the non-linear constitutive
behaviour of fibre-reinforced plastic (FRP) composites exposed to thermal degrada-
tion due to high temperatures. This very model is cemented in the groundbreaking
development of constitutive mechanical formulations specially tailored for compos-
ites also known as rule of mixtures – in this present context, the formulation is the
so-called serial-parallel rule of mixtures – which establish a set of closure equations
to obtain the suitable micro-macro scale interaction of the composite structure and,
at the same time, to take into account the characterisation of the internal and state
variables of the constituent phases.

Apart, the ultimate objective of this thesis, in this special context – where a struc-
ture is under thermal loads or, what is the same, exposed to fire – it is mandatory

HTTPS://WWW.UPC.EDU/EN
https://www.fnb.upc.edu/
https://dcen.upc.edu/en


vi

to develop a consistent formulation and tool to perform what is referred to as a fire
collapse assessment analysis. The utilisation of a more sophisticated thermal degra-
dation or pyrolysis formulation, based on the present existing formulations, will be
employed in order to obtain the internal and state variables of the thermal degra-
dation process. Thus, the outcome of this analysis will serve as means to obtain the
unknown thermal state of the structure and complete the thermo-mechanical anal-
ysis. The formulation of the thermo-mechanical problem is adapted to be used in
laminated non-linear constitutive shells. The use of shells is a necessity for the right
optimisation of the computational cost of analysing structures with a high number of
structural reinforcements or divisions, such as the ones that appear regularly during
the ship design process of large ship structures.
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Modelo constitutivo para materiales compuestos de fibra reforzada expuestos a
altas temperaturas

by Rafael PACHECO BLAZQUEZ

Para los materiales compuestos, su relación esfuerzo-peso elevada ha hecho de ellos
uno de los mejores materials para el diseño de estructuras ligeras. No obstante, su
especial complejidad, hace de ellos un arduo trabajo cuando se trata del diseño de
estructuras con una cierta complejidad, o, en la existencia de numerosas divisiones
estructurales o piezas. Consecuentemente, el desarrollo de modelos constitutivos
adecuados es de importancia, en especial aquellos que permiten la simulación de la
interacción para la micro-macro escala de los compuestos, y que resuelven la flex-
ibilidad natural e intrínseca de estos materiales avanzados, cuestión que no es tan
relevante para el diseño de materials tradicionales.

Mientras tanto, el desarrollo de teorías mecánicas para estos materiales se encuentra
en su madurez, con más de cuatro décadas de hallazgos en esta rama. En contraposi-
ción, en cuestiones que atañen el análisis termo-mecánico, el paradigma se encuentra
relativamente verde, lo cual limita la aplicación extensiva de los compuestos en apli-
caciones prácticas y estructuras complejas, de hecho, es particularmente limitante en
el diseño de estructuras que requieren del cumplimiento de exigentes y detallados
criterios relativos al fuego. E.g., esto mismo sucede en el diseño de embarcaciones
de grandes esloras, donde la cuota de mercado de los buques construidos medi-
ante materiales compuestos suele ser reducida, y estrechamente acompañada por
herramientas de monitorización de la integridad estructural, para así poder paliar
la gran incertidumbre vinculada a la respuesta termo-mecánica, fruto de las capaci-
dades del diseño comercial actual.

La actual tesis se centra en el desarrollo, de manera teórica, y con su correspon-
diente implementación computacional, de un modelo numérico capaz de predecir
el comportamiento no-lineal constitutivo de compuestos plásticos con fibra embe-
bida (FRP) cuando estos son expuestos a altas temperaturas y en consecuencia a la
degradación térmica. Este mismo modelo está inspirado en los desarrollos, pioneros
y excepcionales, de modelos constitutivos mecánicos, las cuales están pensadas para
compuestos. Estas teorías forman parte de la familia de las reglas de mezclas, en par-
ticular, la formulación escogida es la renombrada regla de mezclas serie-paralelo, la
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cual establece un conjunto de ecuaciones de cierre para así obtener la adecuada in-
teracción del material compuesto en la micro-macro escala. Esta formulación, a su
misma vez, tiene en cuenta la caracterización y evolución de tanto variables internas
como de estado, para las fases constituyentes, en este contexto se trataría de la fibra
y la matriz.

Por otra banda, el objetivo último de esta tesis, dentro de este contexto particular,
donde una estructura se somete a cargas térmicas, o en otras palabras, se expone al
fuego, es de forzosa necesidad el desarrollo de una formulación consistente y una
herramienta capaz de verificar lo que se puede acuñar como un análisis de colapso
al fuego. El uso de una formulación más sofisticada para la degradación térmica o
pirólisis, basada en formulación existente, será empleado para así obtener las vari-
ables internas y de estado de los procesos de degradación térmica. En consecuencia,
los resultados de este análisis térmico sirven para obtener el desconocido estado
térmico de la estructura, la distribución de temperatura a través del espesor del lam-
inado, y complementar el análisis termo-mecánico. La formulación del problema
termo-mecánico es adaptada para ser usada en láminas no lineales de materiales
compuestos. Usar láminas es una necesidad para la correcta optimización del coste
computacional derivado del análisis de estructuras con un alto número de refuerzos
o divisiones, análisis que son frecuentemente encontrados en el proceso de diseño
de embarcaciones de grandes esloras.



ix

Dedicated to my beloved grandmother, Maria Rosa Pastor
Pastor. Anima Eius Requiescat In Pace.





xi

“Be like a rocky promontory against which the restless surf con-
tinually pounds; it stands fast while the churning sea is lulled to
sleep at its feet. I hear you say, "How unlucky that this should
happen to me!" Not at all! Say instead, "How lucky that I am
not broken by what has happened and am not afraid of what
is about to happen. The same blow might have struck anyone,
but not many would have absorbed it without capitulation or
complaint.”

– Marcus Aurelius, Meditations. IV.49(161 to 180 AD)

trans. Hicks
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Chapter 1

Introduction

1.1 Background to the research

The definition of composite materials is generally accepted as heterogeneous mate-
rials composed of two or more constituent materials with different properties. Many
materials fit under this definition, one of the most successful ways to classify these
materials is by considering materials that contain a fibre phase and matrix phase.
E.g., concrete based materials are considered granulated-reinforced materials, some
like fibre reinforced plastic (FRP) materials are considered either long or short fibre-
reinforced materials.

The current situation that the modern world faces in areas such as environment,
logistics, transportation and energy, has led to an increase in the demand for the so-
called composite materials. This increase is discussed thoroughly by Ashby [1] and
summarised in Figure 1.1, the rise in the application of advanced materials has been
impulsed by the necessity of obtaining smarter materials and designs.
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These materials tend to be tailored to meet the requirements of their applications,
and they are incredibly modular in their design. One of the notorious advantages
of composite materials is their lightweight density compared to common metals or
even wood. Together with this reduction on the weight, they present an increase in
the strength, which together with their manufacturing flexibility allows them to be
optimised to endure several design loads.

The applications for composite materials have grown considerably in the aeronau-
tical, automotive, civil and energy industries. However, in the marine industry, the
introduction of such material has had an incredible impact in areas such as the small
craft industry, the deployment of offshore structures and with a special interest in
the latest offshore renewable applications. It has also been of importance in the mil-
itary and navy industries to meet their special mission requirements. Nevertheless,
the merchant and transport industry, which holds a vast share of the marine market,
has been reticent about the incorporation of such materials in what is commonly
described as long length ship structures.

The under-laying reasons for this reluctance have been promoted by the common
misconception arising from deficiencies observed in different attempts to exploit the
magnificent properties of such materials. At the current stage regarding the pro-
cess of long length ship design, there is an obviously large amount of structural
elements that conform to a ship structure itself. This vast amount of elements has
made withdraw the use of composites in the early stages of the ship design process,
in particular, due to the lack of optimal software to perform accurate simulations
and at the same time presenting a cheap computational cost in the analysis of what
is by definition a highly non-linear material.

Nevertheless, the use of composites would result in a reduction of the drag due to
its lightweight density and thus faster or higher cargo capacity which would result
in a tremendously positive effect for the environment, logistics, and transportation
industries and at the same time provide an excellent corrosion resistance which is
one of the crucial problems that common merchant ships are facing nowadays.

The current simulation tools in the market do not account for feasible simulation
of large structures with the enormous number of degrees of freedom in addition to
the extra huge degrees of freedom added by a multi-material such as a composite.
However, the problem resides in the capability to predict a correct response of the
structural behaviour indeed. Feasible software products tend to underestimate the
strengths induced in the structure, creating two major issues, the need to apply ex-
treme safety factors or account for high-risk designs. These two major issues are the
reason the design of long-length composite ship structures become taboo in the ship-
ping industry because they require costly overestimation of the material scantlings
or to assume high risks by trusting the software used.

One way to reduce this uncertainty is to use extremely costly computational mod-
els, such as the ones offered by solids. In common ship structural design, solids
relegate to simulate joints which manifest higher strengths than generally the rest of
the structure. However, this is not practicable in the industry. On the other hand,
the industry is requesting a better understanding of the failure and plasticity range
for conventional and non-conventional material, which at the current stage, there is
little room for formulations accountable to perform such analyses. Without a clear
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understanding of what are the ultimate strengths and the capability to simulate cor-
rectly the rheological curve for a composite, the industry will not eagerly introduce
the composites in their designs.

In addition to the mechanical constraints, there is an extreme difficulty in the appli-
cation of fire regulations to composites, which, in comparison to conventional ma-
terials, are much more complicated to design. There is no commercial solution that
can solve what is denominated as a fire collapse analysis in a feasible computational
time, especially with a micro-macro scale formulation. Without a breakthrough in
this line of work, there is no chance for the industry to adopt the advantages of
composite materials in their commercial designs, primarily because of the derived
cost induced by the correct assessment and certification, e.g., by the International
Association of Classification Societies (IACS), of fire passive protective systems made
out of composites. What is commonly understood, by all means, and in a general
sense, is that a composite structure should have the same or better response than an
equivalent conventional structure, and by conventional, generally steel equivalent
structure.

Despite the difficulties, or expenditures, of designing long-length ship structures
completely made out of composites. There are great advantages to using compos-
ites, these advantages were demonstrated in the large fires on two all-composite
minehunter ships operated by the Royal Navy HMS Ledbury and HMS Cattistock.
In both ships, the fire started in the engine/machinery room and in the case of HMS
Cattistock, the fire burned for over four hours before being extinguished. The fires
extensively damaged the compartment of both ships, with the composite hull and
bulkheads being heavily charred. However, the low thermal conductivity of the
composite bulkheads and decks stopped the fire from spreading by heat conduc-
tion to surrounding compartments, which is more difficult to stop in steel ships [14].
These reasons justify why composite materials are commonly used as a thermal in-
sulator of space crafts for the re-entry process.

Consequently, the areas related to mechanical, thermal, and coupling between both
models are the main objectives of the research of this dissertation. Concerning to the
mechanical model, this thesis aims to use an enhanced formulation derived from the
standard SPROM formulation as mentioned in Rastellini et al. [15] to obtain the com-
posite constitutive behaviour and to integrate into it the thermal expansion due to
the exposure to fire. The general mechanical approach is based on the finite element
method (FEM) and, in particular, for laminate shells, the formulation is extracted
from the book of Oñate [16]. The constituent materials shall be able to perform non-
linear constitutive analysis and to accomplish it, the isotropic damage formulation
by Simo and Ju [17] is employed. Because of the flexibility of composites, the inte-
gration of a large displacement and deformation theory in the current methodology
is needed. The non-linear geometric model is based on the ideas of Felippa and
Haugen [18].

Regarding the thermal model, the objective resides in delving in the work published
by Henderson et al. [11, 19] and collected in Mouritz et al. [7, 20] to solve the so-called
one-dimensional non-linear transient heat problem for composites. This problem is
solved at the constituent level.
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1.2 Research problem and hypotheses

This subsection serves as a very brief summary of the trends and technologies ex-
istent in the current paradigm. The summary is especially brief, since an extensive
one is provided in chapter 2. The hypotheses are distributed in different topics, from
more general to more specific, and a final italic paragraph is attached to formally in-
troduce the question or hypothesis that needs to be researched.

σ

εL
εT longitudinal

trasnverse

Thermal Degradation Thermo-mechanical Degradation

Non-linear Composite Flexibility

FIGURE 1.2: Compendium of the different starting topics used in the
research.

Figure 1.2 serves as a quick recapitulation of the initial aspects considered at the
beginning of this research. The topic of thermo-mechanical analysis of shell structures,
made out of composite, in the presence of fire seemed to be a prestigious topic with a fair
amount of research done, however, a distinction has to be made when limiting the
scope to marine applications, but the current paradigm is still maturing.

When fitting the research in the scope of the marine industry, there are two types
of purposes in terms of structures, either ships or offshore structures, the first was
selected, specially long-length ships over 50 m. From a numerical point of view,
this types of structure are rarely simulated using solids, the prominent use of shells
amongst other elements is well known and one of the decisive factor in devoting the
discussion done within this thesis to this type of element.
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There are many aspects to consider, and many questions that are as valid as the ones
formulated in this very section of the thesis. In a general sense, one of the questions
to enquire oneself was what type of approaches have been used in the industry until this
moment, this was a crucial question since the discussion offered in this thesis focuses
on providing a useful and novel solution to the current problems that the industry is
facing. Then minor questions started appearing, those that involve the fire and the
thermal component of the problem. What type of methods are used to characterise fire,
or, how the thermal process is any different in composites compared to traditional materials.
Those were two of the principal questions to determine what type of fire modelling
and thermal modelling was necessary for the present.

In the spectrum of mechanical/thermo-mechanical analysis, questions particularly
for composites were formulated. What is the optimal manner to simulate the constitutive
behaviour of composite, is it possible to formulate a multi-scale approach that preserves the
microstructure and at the same time is computational efficient, what kind of shell elements
are preferred in the industry. As the research has advanced, new questions originated,
especially in certain problems that were unique in composites. Why are composites
very flexible, how do regulations tackle buckling of composites, is buckling a problem to
consider when exposed to fire or is there a polyvalent method to assess buckling in composites.

Special effort was put into analysing the different constitutive models existing in
the industry. The idea of characterising the microstructure materials was very novel
and soon questions about how the thermal properties of fibre and resin are affected by
temperature, what about the mechanical properties, if composites are simulated with damage
models, does this apply to its subcomponents or are there any formulations that take into
account the damage induced by temperature.

Once these questions started to be round up, the more specific ones started to de-
velop, those intrinsic to the nature of the analysis of composites structures that en-
dure mechanical and thermal loading. Questions such as does the temperature affect
the structure or what about the other way around, does the deformation affect how the tem-
perature is transported, is it better a monolithic approach or rather a decoupled one, and
what sort of effects between the thermal problem and the mechanical need to be addressed.

1.2.1 Industry

The use of fibre-reinforced plastics (FRP) or long-fibre composite (LFC) has been
increasing during the past half-century [21]. This increase for such materials is
well known for its excellent mechanical properties, such as resistance-weight ratio,
stiffness-weight ratio, corrosion resilient, thermostability and low thermal conduc-
tivity. For this exact reason, the research on such materials has greatly increased in
order to develop numerical and mathematical models that couple the micro-macro
mechanical phenomena. Especially within the constitutive model fields.

However, whereas areas devoted to the constitutive modelling have been increasing,
this is not met by the production of numerical failure criteria research. E.g., accord-
ing to Hinton and Soden [22], there is still a difficulty in order to predict the ultimate
strength of the material/structure. In the lately two past decades, the industry has
started demanding more accurate solutions regarding this topic.
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Moreover, very little research is performed in the numerical analysis of composite
structures exposed to high-temperature [23, 24, 25]. Available thermo-mechanical
solutions in commercial software products are generally focused on non-linear ther-
mal behaviour coupled with linear laminate mechanical problems.

Therefore, the question is open to whether or not, a numerical solution can be produced to
predict the inelastic response of FRP composite structures, incorporating this prediction not
only to the composite, but to the constituent phases. And combine this with a non-linear
thermal analysis that includes non-linear effects such as pyrolysis.

1.2.2 Mechanical Model

In their initial stage, the composite mechanical models were limited in terms of com-
putational resources and power. Hence, the under-laying concepts introduced were
those by Voigt [26] with his interpretation of the famous rule of mixtures (ROM) and
later the upgrade by Reuss [27] with the introduction of the inverse rule of mixtures
(IROM), the latter, able to represent better the transverse mechanical properties of
the fibre-resin interaction. The different approaches agree on the assumption of the
so-called mean field methods, which infuse auto-consistent approximations to simplify
the distribution of the stresses and strains by assuming that the behaviour of each
of the phases is solely governed by that of the average stress and average strain.

The present research areas, thermal and mechanical, need a satisfactory and cheap
approach to simulate composite material structures. This is obtained by establish-
ing an adequate relation between the micro-scale and macro-scale and also taking a
multi-material approach in order to model the heterogeneous micro-structure. These
prediction models focus on the concept of partial disassociation of the response of a
unique ply or layer into its sub-material divisions or constituent materials (e.g., fibre
and matrix). Participation and behaviour is weighted by means of the volumetric or
mass fraction of each constituent material. In addition to the constitutive disasso-
ciation behaviour of phases, the lines of research, also consider the morphological
distribution or what is commonly referred to as the stack or laminate.

The current trend is to obtain new technology able to determine the degradation
of composite materials (plasticity, damage or fatigue) and to take into account the
environmental factors (UV rays, humidity and temperature). The underlying leit-
motiv for research fields within the finite element method (FEM) in heterogeneous
materials is the design of a formulation able to correlate the experimental tests to the
simulation.

During the past decades the area of study for such models has transitioned from
isotropic constitutive composite models which have been proved to be insufficient
to model what clearly is an orthotropic behaviour into purely orthotropic constitu-
tive composite models. The last option requires a higher number of parameters to
define the composite, and it has been proven to not be able to reproduce to its full
extent the mechanical behaviour between experimental results and the simulation
analysis [21].

Hence, there is the need to research the hypothesis of whether is it or not possible to produce a
theory that can predict and correlate better the response of numerical analysis of composites
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with experimental testing. This theory needs to be simple, straightforward and able to predict
the failure of the composite as a whole from the failure of constituent phases, particularly for
any morphology.

1.2.3 Thermal Model

The modelling of composites exposed to high temperature or fire is a complex prob-
lem involving thermal, chemical, physical and failure phenomena. Mouritz et al.
[7] published a compendium on the paradigm around the analysis of composites
subjected to fire.

The modelling of composites exposed to fire is derived from the conservation of
energy and the resultant equation is discussed by Henderson et al. [11, 19], where
the degradation of the composite is introduced by a simple rule of mixture and ex-
presses the mass density between the solid phase and intact solid phase of the resin.
Henderson et al. and many other authors choose to model the degradation evolution
as an Arrhenius equation. The current research trend focuses on the one dimension
simplification by Henderson et al. and the most common simplification introduced
by Wickstrom Ulf et al. [28] of the problem, where two artificial and sensical bound-
ary conditions, are imposed on the ends of the problem, forcing the direction of the
flux, hence, the temperature gradient becomes monotonic.

Thermal models using the simplification introduced by Wickstrom Ulf et al. require
a complex set of assumptions in order to simplify the number of constraints in the
governing equation. Authors such as Henderson and Wiecek [19], Lattimer et al.
[7, 29], Chippendale et al. [30] or MacDonald et al. [31] have contributed to the char-
acterisation of different parameters for materials found in standard FRP composites.

The question then is open on whether a one-dimensional non-linear transient heat model can
be proposed and if this model can be coupled simply with a thermo-mechanical model that is
able to predict structural fire-collapse. This thermal model is then forced to be coherent with
a micro-scale formulation, i.e., the formulation developed would have to be consistent with
the constituent phases described in the thermo-mechanical model. Thus, the pyrolysis shall
be evaluated at both fibre and matrix components.
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1.3 Justification for the research

Fibre Reinforced Polymers are extensively used today for building the hull structure
of crafts with lengths up to about 50 m. In fact, today most of the pleasure crafts
and sailing yachts, passenger and car ferries, patrol and rescue crafts, and naval
ships below 50 m in length are built in composites. These materials are also used in
large secondary structures, but only a few complete units above 50 m length – naval
vessels – have been built in composite materials.

The main reason for this limitation in the use of composites is the obligation to use
’steel equivalent’ structural materials to fulfil the fire-safety requirements of the Con-
vention for the Safety of Life at Sea (SOLAS). However, today there is no question
that alternative designs with suitable risk control and the use of fire retardant resins,
intumescent coatings, fire insulation and active fire-fighting systems can allow FRP
structures to fulfil the strictest fire safety regulations.

In addition, despite the fact that many polymer composites are flammable, these
materials have other properties that may be beneficial in the event of a fire scenario
and that are not present in metals. Composites have a heat conduction rate much
slower than metals. This fact is translated into a slowdown in the speed of fire spread
between rooms, and therefore the composite laminate constitutes a very effective
barrier against the spread of fire.

There is an incipient interest in funding the research of composite ship science, es-
pecially, motivated by the field of fire-assessment. This interest can be portrayed in
the efforts of several competitive projects, such as:

1. BESST, Breakthrough in European Ship and Shipbuilding Technologies, is a project
on the design focused on passenger ships, ferries and mega-yachts with novel
advanced materials. Figure 1.3 shows a wall fire test for the effectiveness of
the chosen solution.

FIGURE 1.3: Experimental testing of a wall-fire extracted from the
BESST project [2].
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2. LASS, Lightweight Construction Applications at Sea and Fire Safety [3], a project
that aimed at improving the efficiency of marine transport by the development
and demonstration of the technology to use lightweight materials in the ship-
building industry. Figure 1.4 shows the real scale experimental tests carried
out in the LASS project.

FIGURE 1.4: Experimental testing of a superstructure room extracted
from the LASS project [3].

3. FIRE-RESIST, Developing Novel Fire-Resistant High Performance Composites [4],
aims to develop the technologies to build marine applications with advanced
materials. Figure 1.5 shows the testing of a built-in bulkhead in the project.

FIGURE 1.5: Experimental testing of a load-bearing bulkhead ex-
tracted from the FIRE-RESIST project [4].
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4. "RAMSSES, Realisation and Demonstration of Advanced Material Solutions
for Sustainable and Efficient Ships" is a project that aimed to provide novel
composite solutions for long-length ships. Figure 1.6 shows a real scale demon-
strable of a hull section.

FIGURE 1.6: Composite hull demonstrable extracted from the
RAMSSES project [5].

5. "FIBRESHIP, Engineering, production and lifecycle management for the com-
plete construction of large-length FIBRE-based SHIPs", [6], a project that aimed
to provide the necessary technology to build long-length ships completely
made out of composite. Figure 1.7 shows the demonstrable section of a fishing
boat and a fire collapse test of the bulkhead.

FIGURE 1.7: Experimental testing extracted from the FIBRESHIP
project [6].

Indeed the work encompassed in this thesis emanates from the H2020 project
FIBRESHIP sponsored by the EUROPEAN COMMISSION under the grant
agreement 723360 "Engineering, production and life-cycle management for
complete construction of large-length FIBRE-based SHIPs". More details can
be found in: www.fibreship.eu/about.

http://www.fibreship.eu/about
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The main objective of this project, the H2020 project FIBRESHIP, has been to
develop the knowledge and technology required to enable the building of the
complete hull and superstructure of large-length ships in composites. This
thesis describes the research performed within the scope of the H2020 project
FIBRESHIP in the development and validation of a thermo-mechanical model
to assess the fire performance of composite structures.

The justification on the interest of the current topic, that is, providing a thermo-
mechanical model that can incorporate thermo-chemical degradation coupled with
an elastic damage model, using a micro-macro scale approach in order to provide a
reliable failure criterion, is found on the several attempts from a prior project which
would not be able to include as many non-linearities to the thermo-mechanical model
that is proposed in this thesis.

Moreover, the scientific diffusion of the ideas and theoretical framework detailed
throughout this thesis is especially backup from the perspective that was necessary
in order to culminate the fire-collapse assessment required in the H2020 FIBRESHIP
project.

1.3.1 Selected Solution

Within the scope of the present dissertation, the mechanical model selected belongs
within the mean field methods family and in particular, it is the so-called Serial-Parallel
Rule of Mixtures (SPROM) formulation developed by Rastellini et al. [15] which
fundamentally has been developed for solids and little validations have been made
in the field of laminated shells and/or beams. This model will be making use of
the so-called Isotropic Damage model published by Simo and Ju [17] and further
explained by Oliver [32] to characterise the desired rheology.

The thermal model will be based on the work done mostly by Henderson et al. [11,
19] and described in Mouritz et al. [7]. The simple solution proposed by Wickstrom
Ulf et al. [28] will be used to prescribe the thermal boundary conditions.

In order to take into account the flexibility of composites, this thesis proposes a non-
linear geometric theory based on the approach of Felippa and Haugen [18]. By using
this interesting formulation for triangles, the proposed thermo-mechanical solution
is unique in the sense that can address topics such as non-linear constitutive and
geometric analysis of composite shells exposed to fire.
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1.4 Objectives

The previous sections have shown the interest in using FRP in the maritime indus-
try and the clear advantages that these have shown, not only in the mechanical re-
sponse, but as thermal insulators. However, composites are considered much like
heterogeneous media than as homogeneous materials. The major inconvenience is
that most of the approaches to simulate failure in composite materials use the ho-
mogeneous material approach rather than a micro-macro approach.

Using a homogeneous approach just only to predict mechanical failure has proven to
be inaccurate, imagine when adding to the mix failure combined with a) mechanical
failure and b) thermo-chemical degradation. The current paradigm is not enough
robust or accurate for a commercial solution. Thus, there are only two multi-level
approaches that provide a certain level of assurance, the homogenisation and the
mixing theories. These theories obtain the composite behaviour from the constituent
behaviour by a set of rules that describe the constituent-to-composite behaviour.

Within the scope of multi-level formulation, one that is simply coupled is the SPROM
[33] that acts as both a constitutive manager and a constituent-to-composite function.
However, this theory is only a mechanical theory and certain modification have to
be introduced to extend its capabilities to simulate composites exposed to high tem-
peratures. This last theory has been coined as a thermal serial-parallel rule of mixtures
(TSPROM).

The other aspect is the thermal model, since the mechanical model is for shells, the
distribution of temperature through-thickness is needed. I.e., the thermal model
shall be a one-dimensional heat transient model that can introduce pyrolysis. Pyrol-
ysis is a thermo-chemical degradation process, it is simply that composites can burn,
more complexly does not specifically imply burn, but evaporation or degradation of
the polymer matrix.

The approach that is most suitable for this task is the one introduced in [11]. How-
ever, this approach only takes into account the composite and not the constituent
materials. This means that this theory shall be adapted to use the rule of mixtures
to describe the composite thermal degradation and evolution from the constituent
point of view.

Therefore, the main objective of this thesis is divided into three objectives. First as-
sessing the capabilities of the Henderson et al. formulation, second assessing the ca-
pabilities of the SPROM emphasizing the mechanical failure and third the assessing
of the capabilities of the thermo-mechanical model putting emphasis on the thermo-
mechanical failure.
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Note that this thesis’s main purpose is to produce numerical solutions and the im-
plementation of those. An enumeration of the different objectives is given below.

1.4.1 Thermal Model

1. Provide and implement a constituent formulation of the Henderson et al. equa-
tion.

2. Provide and implement a simple approach to introduce the fire as thermal
boundary conditions.

3. Assess the correctness of the implementation of the thermal model.

1.4.2 Mechanical Model

4. Implement the isotropic damage formulation.

5. Implement the SPROM formulation.

6. Assess the correctness of the implementation of the mechanical formulation.

7. Address the flexibility of composites.

1.4.3 Thermo-mechanical Model

8. Provide and implement a methodology to incorporate the thermal dependence
on mechanical properties.

9. Provide and implement a correction to the damage theory to be coherent with
the thermal effects.

10. Provide and implement an enhanced version of the SPROM. The TSPROM.

11. Provide and implement the thermo-mechanical coupling.

12. Assess the correctness of the thermo-mechanical model.

13. Demonstrate the capabilities of the thermo-mechanical model applied to ma-
rine structures.

The ulterior motive of these implementations is non-other to contribute to the sci-
entific community and to provide the marine industry with an efficient and optimal
tool to perform numerical analysis of ship structures. All the formulation detailed
in this thesis has been implemented in the Ramseries commercial software of COM-
PASS I.S. jointly with the International Centre of Numerical Methods in Engineering
(CIMNE) to accomplish the technical requirements within the EU H2020 FIBRESHIP
project.

Besides these objectives, secondary related objectives have been proposed. I.e., the
diffusion of the research throughout dissemination in international congresses or
paper submissions.
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1.5 Outline of the thesis

The thesis structure will be based much on the structure proposed by Perry in [34] with the
title ’A Structured Approach for Presenting Theses’ with some minor changes.

The main objectives of this thesis were defined in the previous section, (1) assessing
the capabilities of the Henderson et al. formulation, (2) assessing the capabilities of
the SPROM putting emphasis in the mechanical failure and (3) assessing of the capa-
bilities of the thermo-mechanical model putting emphasis in the thermo-mechanical
failure.

Nevertheless, since these three main goals are broad enough by themselves, a better
division of these objectives is given divided into chapters, so the reader can follow
them easier. A total of 6 chapters are provided, not including the introduction it-
self. Three chapters are devoted to the theoretical framework that addresses the
three main objectives, and a numerical result chapter is included in chapter 6 to
demonstrate the assessment of certain minor objectives described in the previous
three chapters. Following the guidelines of Perry, a chapter devoted only to the
analysis of the literature review is provided in chapter 2. The last chapter chapter 7
is devoted to the conclusion extracted from this thesis.

In the following paragraphs, a description of the structure of each chapter has been
provided. Note that each chapter detailing the main three objectives follows the
pattern proposed in [34]:

1. Abstract: it starts with a brief abstract of the chapter.

2. Introduction: the introduction to the chapter.

3. Discussion of the main aspects: justification of the paradigm and chosen solu-
tion.

4. Research procedures or methodology: detailed breakdown of the different for-
mulations used to describe the model.

5. Conclusions: summary of the main ideas and reflection of the advantages of
the solution chosen.

1.5.1 Chapter 2 - Literature Review

This thesis uses an approach to concentrate all the literature research in a chapter.
This chapter attempts to capture all the consulted literature and the methodology
used to extract and objectively perform the research. The research cited in this chap-
ter tries to follow a historic review of the evolution of the paradigm, all the signifi-
cant and accessible contributions are enlisted with a brief definition of their contribu-
tion. The main authors that have contributed to the paradigm are as well analysed.
Different infographics are attached to give the reader a better understanding of the
evolution of the paradigm in question, and a very specific discussion is performed
by classifying the analysed literature into several categories. The division of cate-
gories adds an interesting perspective for the reader to understand the change in
trends and migration of the paradigm.
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A note is issued to the reader, this chapter is solely devoted to analysing the paradigm
of research through the lens of the literature revised. The author of this thesis has to
state that there might be a certain bias towards the fields nearby the main topic of
this thesis, the laminated thermo-mechanical approach for marine applications, and it may
be advisable to the reader that potential literature might have been ignored based
on this bias.

The second note is to inform the viewer that this chapter contains further, more
information, than the actual literature review found in the core chapters (chapter 3,
chapter 4 and chapter 5). The broader literature review is justified in [34] by the need
to find the optimal solution to the hypotheses and the problem posed in chapter 1.
Nevertheless, a much narrower description of the significant literature, is given in
each respective core chapter, in particular this concise literature review is found in
the sections of introduction and justification of the paradigm for each of the core
chapters.

The structure of this chapter, chapter 2, starts with a brief introduction of what is the
paradigm and what compounds it. Then it moves to the review of parent disciplines, in
specific, in which the reader will find the introduction to the thermal and mechanical
topics. Then the immediate discipline is introduced, by immediate [34] considers in-
troducing those fields that intersect or neighbour the main disciplines. In this case,
the thermo-mechanical topic is considered to be the children of both the thermal and
mechanical model, and consequently, it is described in as the last.

1.5.2 Chapter 3 - Modelling fire in marine structures

The chapter starts with an introductory description of it and a justification of the cho-
sen paradigm and methodology. Then the research methodology is broken down.
This section is subdivided into three subsections, the first is to express the thermal
problem from the point of view of continuum mechanics, considering the heteroge-
neous micro-structure as a homogeneous media in the macro-scale. The three equa-
tions of classical continuum mechanics are introduced: mass balance, conservation of
linear momentum and energy balance.

The second subsection is devoted to breaking down the concept of the continuum
to heterogeneous media. This is fulfilled by the species transport theory. Again
the three equations are introduced (mass balance, conservation of linear momentum and
energy balance), but this time they are referred to as the solid and gas phases. The
third subsection serves as a nexus between the constituent and phase description
and the composite as a whole, here the different simplifications are introduced to
fulfil the constitutive thermal laws for composites exposed to high temperature.

The last section, conclusions, is devoted to reviewing the initial ideas and the achieve-
ment of those throughout the proposed formulation.
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1.5.3 Chapter 4 - Constitutive modelling of laminate composites exposed
to fire

The chapter starts with an introductory description of it and a justification of the
chosen paradigm and methodology. Then the methodology is explained, and the
section is subdivided into three subsections, first the constitutive modelling of shells
as homogeneous media is examined. This analysis is focused on the constitutive
laws at the micro-structure for fibre and matrix components. The models employed
at this level are basically the isotropic elastic model and the isotropic damage model.

The second subsection is devoted to the constitutive modelling of composite shells,
i.e., the heterogeneous media at the macrostructure level. The concept of homogeni-
sation is explained from the different approaches available in the literature, and then
a micro-macro scale approach in the field of the classical mixing theory is selected. The
linear approach is based on the orthotropic formulation, and the non-linear analysis of
composite shells is shaped in the form of the serial-parallel rule of mixtures. The third
subsection focuses on the modification of the previous theories to introduce the ef-
fects of fire and thermal effects. Both at the constituent and composite levels. The
most important contribution, found in this section, is the derivation of the so-called
thermal serial-parallel rule of mixtures.

The last section, conclusions, is devoted to reviewing the initial ideas and the achieve-
ment of those throughout the proposed formulation.

1.5.4 Chapter 5 - Laminated thermo-mechanical coupling of marine struc-
tures exposed to high temperature

The chapter starts with an introductory description of it and a justification of the
chosen paradigm and methodology. The methodology is subdivided into six sub-
sections, the two first sections are devoted to the analysis of thin and thick shells,
which in particular introduce the triangle and quadrilateral formulation used in the
numerical section of this thesis.

The third subsection is the derivation of the weak form through the principle of vir-
tual work to later move to the fourth subsection where the weak form is discretised,
and appropriate expressions are given of the discrete quantities for triangles and
quadrilaterals. Then after reaching the point of the numerical scheme used, certain
considerations are taken to obtain a functional and tight formulation. One of the key
problems, the inherent flexibility of composites, is treated in the next subsection.
Then the sixth subsection is devoted to the summarisation of the coupling.

The last section, conclusions, is devoted to reviewing the initial ideas and the achieve-
ment of those throughout the proposed formulation.

1.5.5 Chapter 6 - Numerical Results

The chapter starts with an introductory description. Then it is subdivided into four
sections, each one trying to answer the different assessment goals imposed in the
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major objectives for the thermal, mechanical and thermo-mechanical models.

The first section is the thermal and serves as validation of the thermal model by
incorporating a numerical benchmark. The second section is the mechanical and
the numerical results provided are a tensile test, a flexural test and a demonstration
of the correctness of the non-linear geometric formulation implemented to address
the non-linear buckling failure. The third section is the thermo-mechanical. This
section provides an analytical benchmark, an experimental calibration and a study
of thermal buckling failure.

The fourth section is the marine application section. This section provides two nu-
merical applications, one for a fluid-structure interaction of a CFD solver to obtain
the thermal boundary conditions introduced in the thermal problem coupled with
the thermo-mechanical tool developed. This example is focused on the analysis of
the superstructure of a container ship. The second example is a study of inelastic
thermal buckling of a structural section of the same container ship. This example
also illustrates the potential of this tool to address the required concept of steel equiv-
alent design that is required for certification.

1.5.6 Chapter 7 - Conclusions and implications

The chapter starts with an introductory description. Then it is subdivided into eight
sections. Since each chapter has its own conclusions, this chapter is devoted to ex-
tractingt more general conclusions from the thesis.

The first section concludes the research questions previously mentioned. The second
delves into extracting the conclusions for the research problem. The third section
considers the implications for the theory, and the fourth the applications that this
research has had in the scientific community. The fifth discusses the implications
for policy that the research conducted in this thesis may have, and then the sixth
comments the limitations present in the proposed methodology.

The seventh discusses the further research that can be done by extending the funda-
mental concepts explained in this thesis. Finally, the eighth section is devoted to the
enumeration of original work that has been produced in the confection of this thesis.

1.6 Conclusion

This chapter laid the foundations for the thesis. It has introduced the research prob-
lem, the research questions and the hypotheses. Then the research was justified,
definitions were presented, the methodology was briefly described and justified, the
thesis was outlined, and the limitations were given. On these foundations, the thesis
can proceed with a detailed description of the research





19

Chapter 2

Literature Review

This chapter is devoted to the sole analysis of the literature review of this thesis. Pro-
viding statistical data to analyse the evolution of the paradigm through time. The
chapter is very extensive, thick and elaborates a discussion of the different contribu-
tions found in the research of this thesis. The reader is suggested to be guided by the
pertinent introduction of each field of research and to use the infographics to obtain
a more illustrative idea of the quantity of data analysed.

This section reflects the careful investigation and materialisation of it. Albeit the
entirity of the research is portrayed in this section, in the core chapters dealing with
the theoretical framework posed in this thesis, a reduced literature review tailored
for the confection of each chapter is given.

Although it might seem redundant to add this narrow literature review at the begin-
ning of chapter 3, chapter 4 and chapter 5, particularly when this chapter extensively
covers it, it has seemed a better solution to provide the reader with a more specific
literature review in the form of a prologue in each of the mentioned chapters.

2.1 Introduction

In the process to solve the intrinsic questions: (1) What are the existent one-dimensional
non-linear transient heat models for composites exposed to high-temperature?, (2) What are
the current mechanical models to predict the failure of composites? Especially those using a
micro-macro scale approach. and (3) How both thermal and mechanical models are coupled
and which are the dependencies induced by one with the other? The intersection of all of
those questions lies in the branch of laminated thermo-mechanical models.

To provide a consistent methodology to analyse the best literature existent in the
branch of laminated thermo-mechanical modelling, the set of different parent fields are
needed to be identified. The branch of laminated thermo-mechanical modelling is the
intersection of three disciplines: composites, mechanical and thermal modelling.

A priori, the mechanical and thermal modelling encompasses a vast and endless ram-
ification of branches that is inexorable of being researched. Objectively, the study
should be limited to those solutions that are connected to composite materials, espe-
cially those focused on FRP materials.
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Nevertheless, composites are advanced materials and not all may fit in the applica-
tion to marine structures, it has sense to limit the scope to especially those publica-
tions that belong to the field of ship design.

Objectively, the literature review has to be centred around a) laminated thermal and
b) laminated mechanical models. The optimal laminated thermal model should be
one that can be atomised, i.e., to solve the underlying physics at the micro-structure
level. This particular case of the thermal model is found in the intersection with
the field of species transport theory applied to thermal problems. Moreover, in the
intersection of the research focused on composites and thermal modelling, especially
for FRP composites, there is a branch of science that studies non-linear effects such
as pyrolysis.

For the mechanical laminated model a similar constraint is applied, since it requires
that the failure is assessed at the micro-structure level and also to link it to the com-
posite macro-scale level, a branch of study that intersects with this would be the
mixture theory. One last area of research that should be considered should be the
testing field, this is necessary to contrast and validate the existent methodology with
real applications.

This argumentation leads to the graphic shown in Figure 2.1. The primordial three
categories are the composites, mechanical and thermal modelling; and in its centre there
is the specific topic of investigation (laminated thermo-mechanical modelling). The
species transport can be introduced in the thermal modelling, and the pyrolysis in-
cludes both the composites and the thermal modelling. The union of mechanical
and composite modelling is found in the SPROM theory, which is a specific exten-
sion of the classical mixture theory. There are two neighbouring fields, the ship design
and testing.

Therm
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Ship De

n

FIGURE 2.1: Venn diagram of the intersecting areas of analysis.
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The research partition where buckling appears could also contain damage modelling
as well, the intersection between thermal and testing contains experimental test-
ing to obtain thermal properties, and also testing of empirical formulation to intro-
duce the boundary conditions (fire curves). The intersection between the thermo-
mechanical field and the testing spawns a topic that is regarded as fire collapse.

The topics and the schematic found in Figure 2.1 reflects the process of thought fol-
lowed to initiate the research. Focusing more effort on those areas that are bigger.
Indeed, the bubbles found in Figure 2.1 are non-arbitrary, the sizes correlate to the
number of citations reviewed and cited in this thesis. So to be clear, the graphic,
depicting the different areas of research consulted and their size, is an illustrative
reflection of the result of how this chapter was weaved through time. Starting from
defining the main research fields (composites, mechanical and thermal), to spot the in-
tersection regions and constraining the research to scientific research of the adjacent
neighbour fields (ship design and testing).

At the end of the analysis, some major, influential literature has been identified. For
the laminated thermal model, the research of Henderson et al. and [20] is of crucial
importance and has an impact on modern applications. In the field of laminated me-
chanical modelling, this thesis founds contributions of extreme importance in Oñate,
Rastellini and Felippa and Haugen. The field of thermo-mechanical modelling is a
mixed contribution from previous ideas imposed by the thermal and mechanical
model of composites and the novel contributions from this thesis.
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2.2 Thermal Model

The structure of the literature review in this subsection will follow a historic time-
line in order to better interpret the evolution and specialisation of the paradigm in
the research topic of thermal modelling. The literature review presented in this sub-
section has been extracted from the analysis of the available references in [7], which
is the latest complete literature review of the paradigm and analysis of composite
structures exposed to fire.

The major identifiable and unique subfields, which the topic of thermal modelling
encapsulates, can be readily assessed in Figure 2.2. The diagram is presented in
terms of decades and clearly identifies three major milestones: Wood Pyrolysis Model,
Composite Thermal Model and Compendium Book.
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   Thermo-mechanical Models

   Thermo-mechanical Properties
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Thermo-mechanical
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Research Focus in:

   Fire Dynamic Simulation and 
               Boundary Condit ions

   Thermal Models

   Thermal Properties

FIGURE 2.2: Road map of the research of fire and composites.

The first thermal model to be produced had the aim to reproduce the governing
equations of wood when burnt. The model was a one dimensional model and the
non-linear thermo-chemical degradation process called pyrolysis was introduced and
modelled. This model is published in [35] by Bamford et al. and was enhanced in
posterior decades by multiple authors [36, 37, 38]. Wood can be considered a special
type of composite, not a fibre reinforced laminate one, however still fits the category of
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composite material due to its thermal resemblances to the thermal governing equa-
tions of fibre-resin materials.

After the first milestone, the research focused also on the production of data of inter-
est to characterise the thermal properties of different composite materials. The sec-
ond milestone was the one that involved the postulation of the first one-dimensional
non-linear heat transient problem for composites exposed to one-sided fire. This
model is the so-called Henderson model, a name that originated from all the research
carried out by Henderson et al., who made a significant breakthrough in the paradigm
of laminate composites exposed to fire. This model can be found in [11] together
with some experimental validation cases. The model is the foundation of many pos-
terior models, and it lays down the main concepts regarding pyrolysis in composites.

A posteriori, many authors used this same model to produce explicit or constitu-
tive governed thermo-mechanical models and relied on experimental data to char-
acterise the thermo-mechanical properties needed in their formulation. Then two
fruitful authors in the field, Mouritz and Gibson, published a book that would por-
tray the principal research done regarding fire and composites with the title Fire
Properties of Polymer Composite Materials [20]. The fact that this book covers and com-
presses most of the literature published until that point, has given it, the spot as the
third milestone, the different topics covered in this book encompass topics such as
thermal and thermo-mechanical degradation models and experimental calibrations,
fire study and safety and the models used to characterise fire in terms of fire dynam-
ics and boundary conditions for the different thermal models.

The posterior research, after this book was published, cemented mainly in finding
optimal solutions to both thermo-mechanical and fire dynamic analysis of large com-
posite structures exposed to fire and to provide better understanding of their be-
haviour by experimental testing.

This historiography is portrayed by Mouritz et al. in [7], which covers an extensive
valuable literature that can be broken into two sets, thermo and thermo-mechanical,
and because this subsection is dedicated only to the critical review of the significant
research in the field of thermal modelling, the literature is a constraint to this sole
scope.
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FIGURE 2.3: Bulk research contribution to the topic of thermal mod-
elling of composites. Extracted from [7].

The available contribution to the field of research was extracted, post-processed and
presented in Figure 2.3, showing an exponential bulk growth in the research pro-
duced in this field and this is intrinsically linked to the fact of the growing general
interest in the topic by the scientific community.

The major contribution can be localised within the past two to three decades. This
shows that only for thermal related research, almost a total of 90 research items have
been produced. Note that these number is obtained according to [7], which dates
back to 2009, and also understand that only the research available has been included,
leaving several research publications out of the scope of this literature review.

Although [7] is a very complete overview of the paradigm, it is not sufficient for
the scope of this thesis and is used as starting point to do a more careful and ac-
curate review of the state-of-the-art contributions framed in the present. It is with
the interest of updating and extending the previous literature review that the scope
has been extended including the most recent research by what are considered pivotal
and modern research authors found in the very same literature review from Mouritz
et al., together with some other non-cited authors.

The pivotal authors considered are: Mouritz, Feih, Gibson, Henderson, Sullivan, Dim-
itrienko, Asaro and Gu and Luo and Des Jardin. Other pivotal authors such as Lattimer,
Lua or Mathys were under the scope, but because they were commonly published
together with some previous authors, they are ultimately excluded from the search
since they are already reflected by the chosen authors.

Mouritz seems very proficient in the field and specifically has incorporated many
types of thermo-mechanical models into the research field, especially putting em-
phasis on the research of thermo-mechanical constitutive laws. A vast range of his
contribution focuses on the dissemination of experimental data useful in the calibra-
tion and validation of thermal and thermo-mechanical models.

Feih has contributed significantly in the same areas as Mouritz, indeed it is common
to find them both as co-author of relevant articles in the field. Albeit, Mouritz has
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a significant contribution in the thermal aspects of the paradigm, Feih is more no-
torious in the thermo-mechanical aspects of that, therefore she will be not as much
represented as Mouritz in this section. A similar case is Gibson, who frequently pub-
lishes with Feih and/or Mouritz and has been focusing on the experimental charac-
terisation of passive protective systems lately.

Individual authors that have had an important impact on the field of research are
Sullivan, who was one of the earliest researchers trying to deal with many aspects of
the paradigm. Specifically, Sullivan has tackled the problem of modelling the fire
dynamic governing equations and also implementing thermo-porous-mechanical
models that address the porosity of the polymer matrix [39, 40, 41, 42, 43, 44]. Al-
though, due to its early contribution, it is imaginable that in the last decade there are
no publications by this author or co-authors.

The other individual, whom there is an active track in the research field for the re-
cent years, is Dimitrienko who has a similar profile as Sullivan but does not belong
to the same nucleus or cluster of authors. Dimitrienko has interesting contributions
regarding thermo-porous-mechanical models and even considering the inner radi-
ation effect that is not generally addressed in the literature itself. The other aspects
this author has covered recently are those regarding fire dynamics and very inter-
estingly the effect of ablation of composite materials. Dimitrienko has emphasised
the thermal stress terms that arise from the energy balance equation, which are not
customary taken into account [45, 46].

Asaro and Gu are another cluster of authors who have been devoted to the analy-
sis of thermal-buckling. Thus are neglected in this subsection similar to Feih. Luo
and Des Jardin were important researchers found in the review from Mouritz, how-
ever, there is no significant available contributions by them after the review was
published.

Consequently, a new chart that extends Figure 2.3 has been provided and can be
found in Figure 2.4. If both charts are compared, the first thing that can be seen is
that the amount of research produced during the last decade is around 10%, and
that the tendency has considerably stagnated. Indeed, the contributions are due to
different available data that was not considered in the previous review.
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FIGURE 2.4: Bulk research contribution to the topic of thermal mod-
elling of composites.

This tendency can be explained by the fact that the current research is not primar-
ily focused on the development of thermal models or thecharacterisation of thermal
properties for one-dimensional heat transfer problems. Indeed, using the methodol-
ogy proposed, in order to update the literature review of Mouritz, is certainly biased.
This can be explained by the fact that the literature review published by Mouritz pri-
oritises the research closer to the pure thermo-mechanical analysis rather than those
publications that encompass the fire dynamic analysis, which indeed has peaked
during the last two decades.

The need to classify the set of publications that belong to the subfield of thermal mod-
elling is crucial in the analysis of the global paradigm and its evolution. In that sense,
the topic can be divided into four different sets: Fire Dynamic Simulation (FDS) and
Boundary Conditions (BC), Fire Safety, Thermal Properties and Thermal Modelling per se.
Nevertheless, note that there might be certain publications that fit in one or more
of the previous four sets or could belong to another specific set of their own. The
publications used in the generated database are to be classified under one of these
four sets by considering the set that is most predominant, in terms of percentage, in
the publication. Given the methodology to categorise the publications in the afore-
mentioned sets, a brief description of them is given in the next paragraphs.

Fire Dynamic Simulation (FDS) and Boundary Conditions (BC) is the set that collects
all the research done towards the realistic simulation of fire, fire-spreading, flames,
combustion, smoke, toxicity, and experimentation that is conducted with the sole
purpose to obtain a better understanding of the fire scenario or thermal loading.
The boundary conditions can be interpreted as a particular post-process of the fire
dynamic simulation since generally are obtained as a result or at least intertwined
with the latter.

Fire Safety are all those contributions that have the aim to help in the design of build-
ing composite structures resistant to thermal loads. Also, to the quantification of the
risk involved in fire scenarios. These publications do not necessarily have the scope
of creating or checking the regulations necessary to be enforced in the manufactur-
ing of composite structures.
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Thermal Modelling is the most extended topic and encompasses all the publications
that direct their effort in the understanding of the thermal governing equations in-
volved in re and composite. Also, publications that aim to understand the ther-
mochemical degradation processes characteristic of composites materials exposed
to high temperature or those publications that describe the issues arising from a
porous media such as a polymer resin. Another key aspect taken into account in
this category is the gas transfer and ow originated from the decomposition of the
polymer matrix of the composite.

Thermal Properties is the research directed towards the calibration and characteri-
sation of only the thermal properties of composites, bres or matrices. Generally,
the properties can be thermal properties such as the thermal conductivity, heat ca-
pacity or thermo-chemical properties such as pyrolysis, activation energy, polymer
degradation energy, reaction characterisation or any others needed to describe any
variable in a thermal model (pressure, toxicity, convection surface coefcient, ignition
or glass transition temperatures, etc.). This category is vastly represented by those
publications that have a signicant contribution in terms of experimental testing.

Once the categories are defined, a detailed analysis of the contribution to the re-
search is presented in Figure 2.5. The first ranked category in terms of the amount
of publications is Thermal Properties, being especially prominent during the 90s. The
second most published is the Thermal Model category itself, followed by the FDS and
BC and at the bottom are publications that revolve around Fire Safety.
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FIGURE 2.5: Research contribution to the topic of thermal modelling
of composites.

The next step in the analysis of the paradigm is to delve into the analysis of the
four sets of categories shown in Figure 2.5. Thus, the paradigm is indeed divided
into four topics or paradigms. A carefully historic evaluation of the sources used to
conform the database described previously is proportioned in the following para-
graphs, note that the different underlying aspects will be pointed out during this
historic review.

In addition, some publications that were found in the conformation of the work de-
scribed in this thesis shall be included. Note that these publications are not reflected
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in the charts provided, since they are found by other means than just updating the
review from Mouritz.

2.2.1 Fire dynamic simulations and treatment of boundary conditions

The first publications devoted to the study and analysis of fires in composite struc-
tures are presented by Tewarson and Macaione in [47] and describe a series of ex-
perimental tests to characterise parameters such as heat flux, mass loss and rate of
volatiles, generation of fire products, CO2 for different composites made out of glass
fibre-polyester and kevlar-phenolic constituent materials.

Then Grenier et al. in [48] attempt to characterise fire, ignition, heat release rates
and smoke production, and to model the heat flux boundary conditions for marine
sandwich materials. This research is further extended by one of the co-authors in
[49]. Lyon et al. published [50] a detailed article describing several experimental
data in terms of ignition, heat release rates, smoke, CO2, etc. And established differ-
ent analytical models and laws useful to obtain the aforementioned data, making a
special effort in the modelling of the expression of heat flux.

One of the most significant contributions in terms of analytical modelling and design
of fire was introduced by Lattimer and Campbell in [51], who covered a vast range
of the issues arising from fire and composites. The underlying concepts explained
in [51] are the starting point used in this thesis to model the boundary conditions.

The introduction of CFD methods to model fire, dates before the following publica-
tion, however, the first found in the initial literature review is attributable to Xie and
DesJardin in [52] that described a 2D CFD applied to fire dynamics. This research is
further enhanced in [53].

In parallel, Mouritz et al. published an extensive review on smoke toxicity in [7] and
emphasis has to be made that this publication comprehends an incredible number
of publications that deal with the fire dynamic simulation and boundary conditions
modelling per se.

One of the most important publications in the CFD modelling of fire dynamics is the
publication of Mcgrattan et al. in [9], which describes the theory of a fire dynamic
simulation model. Albeit this is the last publication, it offers a skewed vision of the
contribution of Mcgrattan et al. because it only shows the latest available reference
manual that coincides with version 5, when the first version published dates of 2013.
The reference manual for FDS – an open source CFD developed by Mcgrattan et al.
– cites over 60 publications that are not necessarily reflected in this literature review.

In summary, it can be said that the paradigm has evolved from an empirical frame-
work to a numerical one. Empirical data is still needed to characterise the fire for
certain materials or material combinations, although as the pass of time advances,
there is more information published regarding this characterisation and the efforts of
the research community moves toward improving the numerical methods available
today.

The other important aspect shown in the contributions is whether the characterisa-
tion of fire is performed by empirical, numerical analyses or a combination of both,
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the resultant information is used to prescribe the thermal boundary conditions. This
aspect needs further discussion, as the contributions provided until this point do not
offer enough information.

The paradigm of thermal boundary conditions finds its origins in the experimen-
tal evaluation of fire scenarios to establish what is coined in the literature as fire
curves. This methodology is extended to the point of standardisation and can be
found, and widely used, in modern design. The most notorious curves are the ISO
834 [55], a very well-known fire curve found in civil engineering, and the Hydro-
carbon and Modified Hydrocarbon fire curves, which are very standard in marine
environments. Both curves establish the heat flux as a function of the time in terms
of temperature.

As the modern paradigm of fire dynamic simulation has evolved to be more re-
liant on numerical simulations, several heat flux models have appeared in terms
of temperature. Note that in engineering, temperature is one of the most natural
state variables to work or describe a domain. One of these models, referred to by
its author name, was proposed by Quintiere in [56]. The underlying problem that
researchers dealt the most with was the fact that in a fire scenario, the temperature
of the source is not the same as the heat transmitted by convection than radiation.
Thus, the paradigm was centred on establishing a set of equations that described
different temperatures for each source of heat and their relationship.

The research of Quintiere was upgraded by Janssens, which was especially describ-
ing the phenomenology of composite materials, in [57]. However, it was Wickstrom
Ulf et al. in [28] that revolutionised the treatment of boundary conditions by the in-
troduction of the concept of adiabatic surface temperature, which simplifies the prob-
lem of having to consider two different temperatures for the radiation and convec-
tion sources.

2.2.2 Fire safety

The low amount of publications is due to excluding publications that directly treat
fire safety from a legal point of view rather than engineering design. In that sense,
one of the first available articles by VENTRIGLIO that discusses the foundations
of passive fire protection is [58], the article covers the research projects, the majority
of which are linked to navy programs. These projects deal with the study of fire
safety and risk, deepening in the study of materials, and specifically, in their hazard
and resistance against fire. Another posterior paper that discusses materials for fire
safety can be found in [59] by Allison et al..

An interesting article was published by Egglestone and Turley in [60], describing the
risks of fire for glass reinforced plastics in ship superstructures, and Sorathia et al.
published a more detailed summary of the different aspects affecting fire safety in
[61]. This set is one of the smallest in comparison to the others. The paradigm
concentrates rather on quantifying the risks associated with common shipbuilding
materials than structural passive systems.
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2.2.3 Thermal modelling

The first author to tackle the heat transfer problem was Bamford et al. in [35], in this
publication the authors propose the first model for a composite. In this particular
case the composite is wood and the model proposed has a certain resemblance to
the modern one-dimensional non-linear heat transient models, however, it did not
deal with the gas transfer nor did take into account polymeric degradation.

Further, attempts on enhancing [35] are found by Kung in [36], where a first attempt
to model pyrolysis, using an Arrhenius law, was employed. This model takes into
account as well the polymeric degradation, or in the particular case of wood, the
generation of vapours. This model is very useful for dry wood structures. In parallel,
a similar article is published in [37] by Murty Kanury. Only 5 years afterwards,
Kansa et al., publishes [38], which also incorporates the model, the treatment of
boundary conditions as a forced convection heat flux. Fredlund in [62] (1993) is the
last publication dedicated to wood structures and fires. From this point onward, the
paradigm for wood materials is encompassed inside composites.

In 1985, the first one-dimensional thermal model for composites is published by
Henderson and Hagen in [63], the model is enhanced in [19] and can be consid-
ered the foundations of many of the actual models for fibre-reinforce plastic lami-
nates. Henderson and Hagen contribution is detrimental to the development of the
paradigm, which at the moment was only focused on wood structures exposed to
fire.

Sullivan and Salamon reformulate the Henderson model in [40] to produce a mono-
lithic solution that includes temperature and to lay down one of the first thermo-
mechanical models. In parallel, Mcmanus and Springer presented in [64, 65] an-
other thermo-mechanical model. These publications are included in this set since
they modify the Henderson model to introduce the pressure and porosity terms,
respectively.

The paradigm at this stage is focused on the new materials or advanced materials
that are introduced in composite structures, starting with the glass-reinforced plastic
laminates. Dimitrienko [66] introduces a thermal model that deals with the thermal
stresses which often were neglected, and a third model derived from Henderson is
presented in [67] by Looyeh et al. . This third model was applied to glass-reinforced
plastic (GRP) materials and offshore structures. A fourth thermal model is presented
by Dodds et al. in [68] and Looyeh et al. extend their previous work in [69]. The fifth
thermal model derived from Henderson is found in [70] by Krysl et al..

Finally, in [20] by Mouritz and Gibson, one of the most important books is pub-
lished that summarises most of the current methodology and paradigm regarding
composites and fire. The modern paradigm is heavily influence by the initial model
proposed by [63] and the subsequent models extend this model in order to take into
account different neglected terms. Although the actual paradigm has been focused
on the issues arisen from thermo-mechanical coupling, there are few contributions
regarding thermal modelling that are discussed in the following paragraph.

The paradigm has been recently, effortfully, focused on real-time simulation and the
concept of apparent thermal diffusivity (ATD) has been introduced in the research of
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Miano and Gibson in [71] and [72] to try to obtain explicit solutions for the one-
dimensional heat transient problem postulated by Henderson and Hagen.

2.2.4 Thermal properties

The first publication found regarding the characterisation of thermal properties for
composite materials is found in [73], this publication is not solely experimental but
is accompanied by an analytical description of the found experimental behaviour.

Springer and Tsai present a study of the conductivity of unidirectional materials
(fibre-reinforced materials) in [74]. Conductivity characterisation is one of the main
efforts inside this set. With a similar intention Han and Cosner in [75] calculated
the effective thermal conductivity coefficient for FRP composites. The studies on
conductivity calibration were followed up in [76] by OTT and HJ.

One of the first studies on thermo-chemical degradation for FRP was presented by
HENDERSON J. B; TANT in [77]. Also, the effect of radiation and temperature dis-
tribution on composites was found interesting by Fitriah et al. in [79]. Authors such
as James et al. [80] or Havis et al. [81] studied the conductivity of different FRP lam-
inate materials. And other composite characteristics that may not be included in
many thermal models, such as flammability, can be found in [82].

One important paper in the field of thermal calibration comes from Florio et al., who
studied the thermo-chemical properties of composite materials exposed to fire in
[83, 84]. This paper later came to be used in the validation of the so-called Henderson
thermal model. Authors, such as Sullivan and Salamon, used instead the data found
in [40] to calibrate their models.

More useful thermal calibration data was made available by Scudamore [85] who
analysed specifically glass-reinforced plastic laminates or similarly by Brown et al.
in [86]. Polymer resins gained popularity and were the object of analysis by authors
such as Frassine and Pavan [87], who present different thermal properties for ther-
moplastic matrix composites or Tant et al. in [88] who analyse thermal properties for
polymeric materials, Brown and Mathys [89] focused on glass-reinforced polymer
plastics, extending their work from [86]. Other interesting data to understand key
concepts such as size effects or flammability of certain resins, epoxy and phenolic,
are provided by Ritchie et al. [90] or Hshieh and Beeson [91] respectively. The per-
nicious effects of pyrolysis in the failure of composites can be found in [92] by Dao
and Asaro or the characterisation of the so-called glass transition temperature can
be found in Mahieux and Reifsnider [93].

Other advanced material solutions have become popular in the designing of com-
posites. E.g., the obtention of thermal properties of carbon fibre and comparison to
glass fibre is presented by Kalogiannakis et al. in [94]. Asaro et al. [95] investigated
the thermal properties of protective coatings in naval ship structures combined with
composites, or Lattimer et al. in [29] studied the thermal response of several com-
posites when exposed to high temperatures.

In a brief summary, the efforts of the scientific community have been driven by the
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attainment of different thermal properties, being conductivity one of the most rele-
vant. Composites present a significant lower conductivity, which is the reason for
their advantages as a natural fire barrier compared to conventional materials such
as steel. Thus, the need to have a reliable understanding of the thermal conductivity
of certain composites found in the manufacturing of ship and marine structures.

Conductivity conforms to most of the research that has been shown during the
chronological review of thermal property calibration. It is equally represented dur-
ing the past years. The other important thermal properties analysed initially was
the degradation or mass loss, which are directly related to the pyrolysis of compos-
ites. Or the heat capacity, which is another important variable, especially in transient
phenomenology, where thermal inertia is highly affected by this parameter.

Initially, the research was driven by the calibration of thermal properties of unidirec-
tional materials, the composite as a whole, and as the timeline approaches 1990, the
efforts of the community are driven towards a better representation of the thermal
properties of the polymer matrix. This is heavily influenced by the idea of charac-
terising the composite as a whole and one of the constituent materials, the polymer
matrix in this case. This technique allows extrapolating the calibration of the third
unknown which is the fibre. Nevertheless, the research to obtain the thermal prop-
erties of the fibre has proven to be rather difficult due to its non-linear behaviour or
its limitations when experimentally evaluated.

As the timeline advanced to 2000 and onward, it can be observed that the amount of
research produced is decreased, since the paradigm is better understood and the dif-
ferent thermal studies of composite properties are contained in thermo-mechanical
studies instead, thus being underrepresented.

2.2.5 Summary

To finish this section, a summary is shown in Figure 2.6. This figure is distributed in
decades, which helps the reader to have a better understanding of the evolution of
the current paradigm.
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FIGURE 2.6: Research contribution to the topic of thermal modelling
of composites. Timeline expressed in decades.

Observe how the set of thermal properties is the most notorious followed by the
thermal model. This is explained by the fact that thermal models needed to be back
up by experimental data. So it is quite common to find out, that the same authors
that propose a specific thermal model, would also produce and share the finding of
their experimental analysis.

It can be agreed that the decade of the 90s was the most prolic in terms of publica-
tions, and this is also the outcome of the growth in the interest of private or public
investors, which had the goal to produce the technology and information necessary
to use composites as new design materials. Industries such as aeronautics, auto-
mobiles or marine were one of the rst to incorporate these materials that are very
ammable.

It is with this incipient problem, the fact that composites are generally inammable,
that certain researchers needed to produce relevant publications on the matter of re
safety. This is the reason why the re safety set can be especially found in the same
peak decade.

As commented previously, the interest in reproducing fire scenarios or into mod-
elling the thermal boundary conditions grow specially during and after the 90s.
This is attributable to the need for functional boundary and fire dynamic models to
solve the thermal model, otherwise it is not sensical to model fire without a purpose,
that is to obtain the temperature distribution in a thermal model (in this case one-
dimensional). And as the timeline would advance from 2000 to 2020, the research
translates from thermal modelling to fire modelling (albeit the thermo-mechanical
model is not represented here).

2.2.6 Conclusion of the thermal literature review

To close this section, the paradigm has been analysed and shown that the model
proposed by Henderson and Wiecek in [19] is present in the modern paradigm. This
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is the main reason to employ this so-called Henderson model in this research. The
concept of adiabatic surface temperature introduced by Wickstrom Ulf et al. in [28]
is recent, and it solves elegantly the issue of prescribing the boundary conditions,
therefore the boundary conditions are introduced this way. In the model proposed
and applications of this model, the adiabatic surface temperature can be obtained or
assumed from a fire dynamic simulation, in which case the methodology used can
be found from [54] by McGrattan, and in the case that a more explicit solution is
taken, the use of a fire curve such as the ISO 834 [55] shall be used. If neither of those
is used, a prescribed temperature from an experimental result shall be provided.
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2.3 Mechanical Model

The structure of the review for the mechanical model is divided into two sections.
First, a brief infographic of the whole topic is presented to analyse different trends
organised in different major categories, this part of the analysis of the existing lit-
erature encompasses all the information existing regarding the mechanical model,
however, bear in mind that this existent literature is centred around the topic of lam-
inates. The second part is devoted to disseminating the major topics that have been
researched during this thesis: finite element analysis, damage models and composites. A
specic review of those elds separate is given to narrow the amount of information.

The starting point in the consultation of literature throughout this thesis was from
the reference thesis of Rastellini [96]. Rastellini conducted a study specically on the
topic of laminate composites and was one of the contributors to the serial-parallel
rule of mixtures that have been one of the major cornerstones in the development
of the thermo-mechanical model presented in this thesis. [96] provides two chapters
devoted to the study of constitutive models of constituent materials, i.e., focusing
on the topic of damage models and a brief review on the behaviour of materials when
combined or composites.

The other relevant starting point in the research of the mechanical model is the infor-
mation offered by Oñate in his book [16], where an extensive and detailed review of
the current methodology involving the physics of shells and in specic for laminated
shells is provided. [16] describes two fundamental nite elements, a triangle and a
quadrilateral, from which most of the theoretical implementation of this research is
based from.

Being these two, the major references in the study of the topic, a detailed analysis of
the literature cited was reviewed, although most of the references present on [16, 96]
were not picked, just those who were useful to the topics discussed in this thesis. The
bulk result of this literature review can be seen in Figure 2.7. The amount of refer-
ences has signicantly increased around the year 2000 and the cumulative references
consulted were 150.
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FIGURE 2.7: Bulk research contribution to the topic of mechanical
modelling of composites.
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Several authors who had a high impact in terms of contribution and signicance to the
development of posterior research were identied. Amongst these: Tsai, Hill, Reddy,
Owen, Simo, Ju, Oller and Oñate. Other important researchers are mentioned in the
forthcoming part for each one of the three topics mentioned before.

The publications shown in Figure 2.7 were studied and classified under five cate-
gories: linear, laminate linear, non-linear, laminate non-linear and properties. The defini-
tion of these is given in the next paragraphs.

Linear is the category that encompasses all the nite element methodology and anal-
ysis conducted for linear materials, not differentiating between either isotropy or
anisotropy. To be precise, it contains all the information that is strictly linear geomet-
ric and linear constitutive and does not try to explicitly model composite behaviour.

Laminate linear contains all the publications that address the linear behaviour of these
materials, mainly, dealing with its orthotropy in a manner that is trying to reproduce
composite materials. So orthotropic linear formulations are not included in this cat-
egory as long as there is no derivation of these properties by imposing a composite
relationship. I.e., when deriving the transverse Youngs modulus of an orthotropic
composite by means of the modulus of its constituent materials. So this category im-
plies formulation that establishes a methodology to obtain the composite behaviour
utilizing the constituent behaviour or similar, however delimiting the scope to the
linear range.

Non-linear is the category that extends the linear to the non-linear behaviour of the
material. In this thesis, the research is driven toward damage models, so, all the
non-linear constitutive models consulted are damage models. On the other hand,
this category also includes non-linear geometric publications.

Laminate non-linear extends the previous non-linear category to include those pub-
lications that again add some extra component that interrelates the constituent be-
haviour with the composite behaviour of the heterogeneous material.

Properties are the set of publications that focus on determining the properties of ei-
ther constituent or composite materials. This determination can be theoretical or
experimental.

In Figure 2.8 the classication of the bulk review is presented. The evolution of the
paradigm has moved from studying composites linearly to the non-linear range and
observed the peak of publications is around 2000, with most of them being laminate
non-linear. During the last decade, most of the research that has been conducted on
constituent materials have been focused on the non-linear aspects of it. It is worth
mentioning that since this research is focused on composites, many of the publica-
tions regarding linear or non-linear modelling of constituent materials are under-
represented in this chart. It is easily understandable that during the last decades,
signicant research may have been done in areas of fracture mechanics such as plas-
ticity which is more representative of metal constituent materials.
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FIGURE 2.8: Bulk research contribution to the topic of mechanical
modelling of composites divided by categories.

Similarly, a review of the same literature but organised in decades (see Figure 2.9) is
given. The research has observed an increase during the 90s and 2000 and 2010 in the
eld of laminate non-linear. This chart shows the historic evolution of the paradigm,
starting with the study of linear laminates, some non-linear constituent models are
introduced during the 50s and then the research centred on the efforts to intro-
duce or couple the existing non-linear constituent models with existing constituent-
composite rules.

From 1960 to 1970, the paradigm has focused on experimental testing of the proper-
ties of constituent and composite materials and during the period comprised from
1970to 1990, the paradigm has equally been focused to unfold different questions
regarding laminate linear, non-linear and laminate non-linear categories. In the last
decades, the paradigm has been dominated by the laminate non-linear category, since
the research conducted until this point had fruitfully produced solutions that incor-
porated the non-linear range to existing linear laminate models.
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FIGURE 2.9: Bulk research contribution to the topic of mechanical
modelling of composites. Timeline expressed in decades.
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As commented previously, a careful examination of the literature consulted is now
broken down into three main topics: finite element analysis, damage models and com-
posites.

2.3.1 Finite element method

To examine which is the best methodology regarding the mechanical model em-
ployed in this thesis. A careful review of the different elements explained in [16]],
specically those for linear triangles and quadrilaterals, is undertaken. The other as-
pects important to the formulation in composites that are exposed to re are the exces-
sive deformation and displacements, this is commonly referred to as the non-linear
geometric part of the stiffness tensor.

From [16] and some other references, bulk analysis of the paradigm surrounding nite
element technology is presented. Again, note that the literature review completed
under this very topic is biased towards solutions that contained or were tailored for
composites. In shell terminology, dealing with layer-wise discretisation or similar
issues that arise around laminated shell elements. The chart of the bulk literature
reviewed can be found in Figure 2.10.
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FIGURE 2.10: Bulk research contribution to the topic of mechanical
modelling of composites. Contributions focused on FEM field.

There is a special increase in the contribution to the nite element method especially
for composites at the beginning of the 90s and more prominent in the 2000s and
onward. 56 publications were consulted and to obtain a better evolution of the
paradigm, the publications were classied into six main categories as shown in Fig-
ure 2.11.
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FIGURE 2.11: Bulk research contribution to the topic of mechanical
modelling of composites divided by categories. Contributions fo-

cused on FEM field and divided into categories.

Observe that the categories selected were: composite, delamination, elasticity, fracture
mechanics, non-linear geometric and properties. The most prominent category is the
composite category as the publications were closely related to composite-driven re-
search.

2.3.1.1 Composite

This category focus on all the signicant nite element method, analysis and technol-
ogy that is intrinsically focused on composites and laminates. The rst publication
found is by Voigt in [26] in the year 1889. Voigt can be considered one of the fathers
of the composite eld since he formulated one of the earliest constituent-composite
relationships for the mechanical properties in the direction of the bre or parallel di-
rection. Another father of the eld was Reuss that published a similar paper [27] in
1929 involving the constituent-composite relationship of the transverse mechanical
properties or serial direction.

The next publication relevant is the one by R.L. Foyer [97] that models laminated
composites by using an orthotropic description. Jones in [98] describes the mechan-
ics that involve composite materials and in [99] Lardeur and Batoz provides a tri-
angular discretisation for composite plates under shear stress. Tsai and Hahn [100]
are one of the first to introduce a criterion of failure for composites that has become
widely uses during the past decades.

One of the most impactful publications is the article by Reddy [101] that proposes a
computational model for composites discretised in a layer-wise manner. Oller et al.
in [102] introduced a constitutive model that obtains the composite behaviour from
the behaviour of the constituent phases. Reddy published a new book, [103], updat-
ing all his research in the field of laminate mechanics.
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Other authors such as Soden et al. focus on understanding the behaviour of lamina
and the interaction that those have when stacked under different load configurations
for FRP composite materials [104]. Botello et al. [105] presented another triangle
element that describes plate and shell theory that is suitable for layer-wise laminated
materials. Car et al. in [106] extend the previous work from [102] to produce a multi-
scale numerical solution for composites. The ideas of [106] are consolidated by Oller
et al. in [107].

Bauchau [108] published an extensive book centred on structural analysis of com-
posite structures for aerospace applications. Finally, one of the most remarkable
publication can be found in [16] by Oñate where a complete description of low and
high-order finite element solutions are found for quadrilateral and triangles, as well
as, explaining the zig-zag theory to enhance the formulation to simulate the delami-
nation between layers.

2.3.1.2 Delamination

This category is narrow because it is especially focused on the available technol-
ogy to simulate delamination with shell elements, the classical formulation lacks the
sufcient degrees of freedom in the layer-wise direction to introduce the effect of de-
lamination. Moreover, because the purpose of the research conducted during this
thesis does not attempt to model intra-delamination of layers, the number of litera-
ture consulted is much reduced.

Besides [16] explaining the zig-zag theory that had become very popular in 2010.
Eijo et al. in [109] also present a four-node quadrilateral element that is able to re-
produce laminated composites and model the delamination effect by means of the
zig-zag theory. Versino et al. [110] also propose a triangular element that reproduces
the behaviour of laminated composites and models delamination by means of the
zig-zag theory.

2.3.1.3 Elasticity

This category introduces the major references in the eld of the elasticity equation.
The publications consulted were books of importance at their respective time and
explicitly focus on linear solutions to the elasticity problem and for homogeneous
media. Historic evolution of the consulted bibliography starts with the book [111]
by Green and Naghdi, which gives a detailed introduction to dynamic problems and
how to numerically solve them. Taylor presents a book [112] that gives an excellent
introduction to the finite element analysis of linear shells and Zienkiewicz et al. in
[113] complement and extend these principles to solids.

2.3.1.4 Fracture mechanics

This category includes all the publications that focused on fracture mechanics (dam-
age, plasticity, fracture, fatigue). One of the oldest publications by Hill [115], centred
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in elasticity and a second publication, [114], focused on the inelastic behaviour of
fibre reinforced materials.

Another significant contribution to the failure criterion of composites was the Tsai-
Wu criterion that receives its name by one of its authors Tsai and Hahn [100]. Others
like Dvorak and Bahei-El-Din [116] focused on the study of plasticity for fibrous
composites. [117], in parallel, defines a viscous-plastic model. Hinton and Soden
[22] also proposed a method of predicting failure, Faria et al. [118] defined a viscous-
damage model for concrete, Puck and Schürmann [119] posed a formulation based
on experimental models.

Car et al. [120] introduces an anisotropic plastic model for FRP under large defor-
mations, Puck and Schürmann [121] expanded the research from [119] and Kaddour
et al. [122] published a review of the failure theories.

2.3.1.5 Non-linear geometric

The non-linear geometric formulation is a category that includes just two publica-
tions that belong to the research of Felippa. The interest in a non-linear geometric
problem is of special of importance since composites are very exible and this inter-
links to the concept of large strain formulation. Although many other formulations
were excluded, the main reason behind it, was the need for a non-linear geometric
formulation that was very abstract and worked as a black box. Therefore, many for-
mulations such as total Lagrangian or updated Lagrangian were directly excluded from
the literature research.

First, in 1991, Militello and Felippa [123], formulated one of the first high-order tri-
angles suited for bending that was ANDES formulation and capable of reproduc-
ing large deformations. Then Felippa and Haugen [18], from its previous research
[124], formulated a very abstract theory regarded as co-rotational formulation, and
it was suitable to reproduce large deformation phenomenology for both triangle and
quadrilaterals without significant modification of pre-existing small-strain theories.

2.3.1.6 Properties

Another interesting category is the one that belongs to the study of properties and
how these are affected by the environment loading. Only the research of Tsai-Wu,
Halpin and Whitney was revised. During the 60s there was an interest in how to
determine the properties of composites under certain loading, bending or environ-
mental effects, by authors such as Halpin in [125], or the calibration of transverse
properties of transverse isotropic laminates by Whitney from [126].
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2.3.1.7 Summary

As a brief summary of the evolution of the paradigm throughout the different classied
categories, Figure 2.12 shows decades, that during the 60s the paradigm centred on
obtaining reliable constituent constitutive models that were able to predict fracture,
some minor research in property calibration of composites and some other in the
study of the elastic behaviour of composites.
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FIGURE 2.12: Research contribution to the topic of mechanical mod-
elling of composites. Contributions focused on damage models.

Timeline expressed in decades.

From the 70s until 1990, the paradigm focuses on the study of composites and pro-
ducing models that reproduce their constitutive behaviour. In the 80s some early
fracture models were introduced at the composite level, those were experimental
driven models, tailored for specic solutions.

From the 90s and onwards, the composite category lost relevance and the apparition
of non-linear constitutive models for composites gained more importance. How-
ever, these non-linear constitutive models were different to the ones found in the
70s, which focused on modelling the non-linear constitutive behaviour of the con-
stituent materials and then homogenising them, to later obtain the non-linear con-
stitutive behaviour of the composite. During the 90s, and 2000-2010, there are the
contributions to the eld of co-rotational theory for large deformations and from 2010
onwards, the paradigm has mutated to obtain reliable solutions for shell elements
that can predict delamination, which is itself a topic from fracture mechanics, but
one that is rather furthermore complex for shell formulation.
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2.3.2 Damage

The other subject of interest for this thesis was the damage to composites, since, FRP
composites are mainly considered to experience damage as their non-linear consti-
tutive failure mechanism. Figure 2.13 represents of the 35 publications consulted.
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FIGURE 2.13: Bulk research contribution to the topic of damage mod-
elling of composites.

Most of the publications after 1975, the publications reviewed addressed directly
the modelling of damage for laminate materials and therefore the paradigm was
divided into three categories: isotropic, orthotropic and anisotropic. Figure 2.14 shows
this classication, the rst models to be introduced were the isotropic models. Then
the orthotropic materials, which conveniently are good enough to reproduce many
laminate materials. The framework then was enhanced by introducing anisotropic
damage. From this point onward, the research was focused on upgrading different
aspects of the consolidated and existing models.
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elling of composites divided by categories.
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2.3.2.1 Isotropic

The rst efforts in modelling damage were in an isotropic manner for concrete struc-
tures. One of the rst authors to deal with non-linear constitutive models, specically
for plasticity, was Hill. Kachanov used the ideas of the fluency surface to adapt this
for composite materials [127]. Dvorak and Bahei-El-Din [116] studied the plastic
effect of fibrous composites and then Simo and Ju [17] in 1987 posed what is consid-
ered the father of all damage models, the so-called isotropic damage model.

Ju [17] formalised the ideas of [17] in a more energetic manner of describing dissipa-
tion. Oliver [32] apply the research from Simo and Ju for concrete structures and how
the cracking of those evolves. Luccioni et al. contributed to the same model in [129]
and Kachanov [130] published an update on the research conducted in [127]. Krajci-
novic in [131] presents a review of the current implementations related to isotropic
damage models and serves as a link to those other contributions that were not refer-
enced in this section.

2.3.2.2 Orthotropic

These models sufced in the goal of coupling nite element technology (kinematics)
with orthotropic non-linear constitutive models. This coupling is interesting since
a variety of FRP composites can be approximated by orthotropic non-linear theo-
ries. One of the rst authors to research the yield surface for transversely isotropic
materials, i.e. metals or certain FRP laminates, was Bassani [132].

The same Hill, which previously studied the yielding of isotropic damage models in
[115], extended his model to cover orthotropy behaviour [133] in order to reproduce
the structural response of textured aggregates. Barlat and Lian continued the stud-
ies from [132] in an attempt to model shells rather than plates [134]. On the other
hand, Hill continued in [135] his previous work from [133]. Lastly, Oller et al. [136],
postulate an implicit and general theory to derive the orthotropy behaviour from the
constituent phases of a composite.

2.3.2.3 Anisotropic

Albeit many composites can be considered to reproduce an orthotropic behaviour,
there are many others that do not. In an attempt to obtain a theory of all, the
anisotropic models were created. The rsts authors found are Shih and Lee [137] who
adapted the ideas from the existing damage models and provided an anisotropic
solution. In the eld of yielding surfaces, the authors Eisenberg and Yen [138] intro-
duced a compatible yield surface for anisotropic deformation. Voyiadjis and Thia-
garajan [139] with the research from [138] and [140] formulated another anisotropic
damage model.

Lemaitre and Chaboche [141] investigated the damage law evolution necessary for
anisotropic materials and Voyiadjis and Deliktas [142] extended their research from
[139] to model anisotropic composites. Luccioni and Oller in [143] presented a di-
rectional damage model.
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2.3.2.4 Summary

In Figure 2.15, the same evolution is shown in decades. This shows that the paradigm
has evolved from isotropic models to orthotropic and anisotropic models. Then the
paradigm has vastly concentrated to obtain reliable anisotropic models and upgrad-
ing those aspects of previously existing models.
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2.3.3 Composite

This subsection focuses on the modelling of the interaction and relationships be-
tween the constituent phases and their equivalent heterogeneous media. In Fig-
ure 2.16 a total of 60 publications were revised, the majority of these are published
from 1995 onward.
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FIGURE 2.16: Bulk research contribution to the topic of constitutive
modelling of composites.

If the bulk chart is then broken down into the different techniques available to model
the composite behaviour from the constituent behaviour, Figure 2.17 is generated.
The categories in which Figure 2.16 was classified were: cells, constitutive, eshelby,
macro-scale, micro-scale, mori, multi-scale, periodic and self-consistent, stochastic.
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2.3.3.1 Cells

The method of cells (MOC) is a specic method to obtain the homogenised properties
by subdividing the section into cells and each cell is subdivided into subcells that are
either matrix or bre. The rst publications were in 1989 by Aboudi [144] that proposed
a micro-mechanical method based on the ideas previously mentioned. Aboudi of-
fered an update in the research in [145].

2.3.3.2 Constitutive

This category contains those publications that deal with obtained constitutive solu-
tions of the heterogeneous media from the constituent materials. One of the first au-
thors, Hashin, in [146] described a variational approach of the mechanical response
of heterogeneous media based on the contributions of their constituent phases. Bu-
diansky [147] studied the elastic modulus of heterogeneous materials from the con-
tribution of their matrix and fibre elastic properties. One of the most interesting con-
tributions to this thesis is the research published by Rastellini [33] who posed the
underlying concepts of what later would lead to the serial-parallel rule of mixtures.

2.3.3.3 Eshelby

Eshelby models receive their name by their founding father surname. These meth-
ods use the so-called lattice defect method. A total of two publications were taken
into account. Eshelby published first his method [148] in 1956 and in the following
year published a paper enhanced this theory in [149].

2.3.3.4 Macro-scale

The macro-scale methods are based on modelling the heterogeneous media as a
whole. There are many other publications in this area, however, with the advance in
homogenisation techniques, this area has become not so used in terms of accuracy.
Nevertheless, one of the models reviewed was [150] by Banks-Sills and Leiderman
who focused the elasto-plastic mechanical response of composites containing alu-
minium sheets.

2.3.3.5 Micro-scale

Micro-scale methods are the most popular and recognisable techniques, i.e., the clas-
sical mixture theory (CMT) is a branch of it. These theories need a certain level of
computational power and this is the principal reason to why from 1965 to 1995 there
was no signicant contribution to the research eld until later during the 90s and 2000.
In 1960, Truesdell and Toupin, published one of the most known theories, the clas-
sical field theory [151]. Later, Drugan and Willis proposed to use this theory (CMT)
with the finite volume method (FVM) [152]. Alzebdeh and Ostoja-Starzewski in
[153] proposed a micro-scale based on experimental and stochastic response of their
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constituent phases. Oñate and E. [154] introduced the early concepts of serial and
parallel rule of mixtures, which is an extension of CMT. Rastellini then formalised
this theory in [15, 33, 96].

2.3.3.6 Mori

The Mori or Mori-Tanaka theory focuses on correctly assessing the constitutive be-
haviour of the matrix, in linear and non-linear constitutive range, to later obtain a
better response under transverse loading. Mori and Tanaka [155] in 1973 introduced
their method. Benveniste in [156] adapted the theory, which only focused on pre-
dicting an enhanced matrix behaviour, inside a composite theory.

2.3.3.7 Multi-scale

As more powerful computers were available, a prolic eld in the paradigm gained
special attention. This is the multi-scale method, which consists of solving the prob-
lem on two or more scales. Since 1985 there has been an increase in the publications
regarding this eld.

One of the firsts authors were Hollister and Kikuchi in [157], who focused on the so-
called homogenisation techniques to reproduce porous heterogeneous media. Povirk
[158] used an approach similar to micro-scale methods but coupled this later with a
two-scale approach in order to avoid modelling the constituent-composite relation-
ship. Similarly, Ghosh et al. [159] uses the two-scale approach with a cell method.
Terada and Kikuchi in [160] uses the homogenisation technique with non-linear con-
stitutive models. Ghosh et al. in [161] upgrades their approach from [159] by includ-
ing asymptotic homogenisation.

Other relevant publications such as [162] proposed other multi-level approaches,
[163] focuses on a multi-level approach to reproduce complex sectional structures,
[164] introduced an analysis of damage to the composite structures based on the
homogenisation method, [165] also proportioned an analysis of the damage to com-
posite structures including viscous effects. Feyel and Chaboche in [166] proposed
a multi-scale approach for non-linear viscous-plastic modelling for long-fibre rein-
forced composites. Zalamea et al. [167] and Car et al. [106] provided a numerical
analysis by means of the homogenisation technique for composite materials. Feyel
[168] continued the research in [166] to reproduce the highly non-linear response of
heterogeneous materials.

2.3.3.8 Periodic

The periodic category is very linked to the category cells, however, publications that
mainly focused on the periodicity of certain heterogeneous media are considered ex-
clusively inside this category.. Toledano and Murakami in [169] propose a model for
periodic particulate composites to reproduce the mechanical behaviour of concrete-
like materials. Another similar author who used the periodic method was Michel
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et al. in [170]. Graham and Baxter in [171] proposed a moving-window method to
obtain the asymptotic behaviour of the heterogeneous media.

2.3.3.9 Self-consistent

Another branch is the self-consistent method. The method bases the heterogeneous
behaviour of the material on derived explicit models from experimentation. Hill
introduces this model in [172].

2.3.3.10 Stochastic

These models are based on determining the composite behaviour of constituent be-
haviour from a stochastic point of view. One of the papers consulted was the one by
[153] that focuses on obtained the micro-mechanical of constituent phases by taking
into account direction of the deformation and the length scale of the samples.

2.3.3.11 Summary

Figure 2.18 shows the evolution of the paradigm in decades, since there are many
categories it is very difcult to establish a specic evolution of the paradigm.
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FIGURE 2.18: Research contribution to the topic of constitutive mod-
elling of composites. Timeline expressed in decades.

One of the interesting trends that can be recognised is that there is a boom in the
contributions in constitutive theories in the 60s and then the number of publications
is signicant reduced since the theory is not met by the existing computational power.
During the 90s and onward, the computational power meets the requirement of the
algorithm postulated in the 60s and different types of models are spawned, one of
the most prolic topics is the micro-scale and multi-scale methods.
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2.4 Laminated thermo-mechanical model

The purpose of this section is to extend the literature review undertaken in sec-
tion 2.2, recall that this literature review starts from the point of view of the literature
review attributed to Mouritz et al. in [7] and that has been updated by including the
most recent review (from 2009 to the present) of the authors that have considerably
contributed to the field.

In section 2.2, the scope was limited to the thermal modelling of composites exposed
to re. Similarly, this section will be devoted to explicit thermo-mechanical modelling
publications. Nevertheless, the comparison between both bulk types of research
shall be made, i.e., between the categories that t in thermal modelling and those that
belong to thermo-mechanical. However, only the specic sets belonging to thermo-
mechanical modelling will be discussed.

First, compare Figure 2.3 with Figure 2.19, the rst shows the literature that does not
include the thermo-mechanical modelling and the second does. There is a total of 95
publications against almost 240 publications. This evidences that during the last two
to three decades the contribution to the research eld has increased towards thermo-
mechanical modelling, which indeed contains sometimes certain aspects of thermal
modelling, rather than thermal modelling.

For the thermo-mechanical modelling, the peak is moved to 2010 in comparison to
1990 for the thermal modelling.
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FIGURE 2.19: Bulk research contribution in the topic of thermo-
mechanical modelling of composites. Extracted from [7].

Albeit this is clear proof, again the research is biased especially because it does not
contain the research done during the last decade. Considering the research done
during the last decade by using the same methodology in section 2.2, if Figure 2.4
is compared against Figure 2.20, the research difference is even more patent. A to-
tal of a little more than 100 publications against around 370 publications, thermal
and thermo-mechanical modelling respective. This is almost a difference of 270%
compared to the thermal modelling publications.
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Also note that comparing Figure 2.3 and Figure 2.20, the updated information has
shown that during the last decade one of the hottest topics is indeed thermo-mechanical
modelling.
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FIGURE 2.20: Bulk research contribution in the topic of thermo-
mechanical modelling of composites.

Figure 2.20 shall be divided in several sets, some are the previous ones found in
section 2.2 : FDS and BC, Fire Safety, Thermal Model, Thermal Properties. And the
new sets that belong explicitly to thermo-mechanical modelling: Thermo-mechanical
Model and Thermo-mechanical Properties. These two new sets are described in the next
paragraphs.

Thermo-mechanical model is a set that covers all the thermo-mechanical models, some
of them include a thermal model (generally based on the Henderson model), how-
ever, their uniqueness is in their thermo-mechanical model. This covers all the pub-
lications that focus on numerically providing unique thermo-mechanical models,
excluding publications that aim to model constitutively the thermomechanical re-
sponse.

Thermo-mechanical properties is a set that incorporates the research eld that has the
aim to provide data to characterise thermo-mechanical properties used in the ther-
momechanical analysis of composite materials. Generally, this topic focuses on the
evaluation of temperature-dependent properties such as the elastic modulus or yield
stress, but also on how re and thermal processes affect failure mechanics (cracking,
ablation, damage, delamination or buckling).
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FIGURE 2.21: Bulk research contribution in the topic of thermo-
mechanical modelling of composites. Classified in categories.

Hence, Figure 2.21 shows that during the last decades the thermo-mechanical prop-
erties are the most investigated set. In 2009 there is a peak led by four sets and two
of them belong to thermo-mechanical modelling. The other important set present
from 1990 onward is the set of thermo-mechanical models.

Before moving to the specic sets, recall that in this section, authors that were previ-
ously excluded because their content is more focused on thermo-mechanical aspects,
now are included. Basically, in broad terms, the contribution of authors such as Feih
in [23, 24, 25, 173, 174, 175, 176, 177]is very relevant in the determination of how the
yielding surface evolves in terms of temperature and also attempts to characterise
the effect of thermal-buckling. Other signicant authors such as Asaro and Gu are
very relevant, especially for thermal-buckling [95, 178, 179, 180, 181, 182, 183, 184,
185].
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2.4.1 Thermo-mechanical Model

The set of the thermo-mechanical models has been very prolic during the last two
decades. It started to develop during the mid-90s and the earliest contribution dates
from 1986. Figure 2.22 shows, that the present, the set has a total of 69 publications.
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FIGURE 2.22: Research contribution in the topic of thermo-
mechanical models.

One of the first thermo-mechanical models was proposed by Chang in [186]. The
model focuses on the thermal analysis derived from [63] and tries to tackle the
thermo-mechanical part in a very simple manner. The most complete according to
the standards in the early development of the paradigm is the thermo-mechanical
model published in Sullivan and Salamon by [40]. Sullivan further expands his
model in [42], by incorporating the porous effects (hygrothermal model) and how
those affect the mechanics of the problem. Maddocks and Mcmanus in [187] in-
troduce a simple thermo-mechanical model in order to predict micro-cracking of
composites due to loading.

Sullivan in [43] introduces the effect of thermal stress in his previous thermo-mechanical
model. In [188], Sullivan, as co-author, publishes a finite discretisation of a thermo-
porous-mechanical model. Park and McManus in [189] continued their research
found previously in [187] and this time focuses in predicting damage to compos-
ites. Then Dimitrienko publishes a thermo-mechanical model described in [190, 191]
that uses his thermal model from [66]. Sullivan and Stokes in [44] present a thermo-
mechanical analysis using the rule of mixtures for phenolic composites and Dim-
itrienko models the transport phenomena of gas in [192] and presents an analysis of
a thermo-mechanical problem subjected to radiation boundary conditions in [193].
Other thermo-mechanical analysis by the same time are presented, e.g., one focused
specially on the constitutive modelling is presented by Key and Lua in [194] or the
one posed by Ramroth et al. in [195], which tries to analyse thermal-buckling with a
simple methodology. At this time, one of the first coupling between a fire dynamic
simulator (FDS) [196] and a thermo-mechanical analysis are presented in [197] by
Prasad and Baum.
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Luo and DesJardin present their damage thermo-mechanical model in [198]. Lua
presents a thermo-mechanical model for woven fabric composites in [199]. Luo and
DesJardin [200] adapt their thermo-mechanical model [198] to enhance the gas trans-
fer model and how this correlates with micro-cracking, by incorporating an assess-
ment of the porosity of the composite.

Elmughrabi et al. in [201] presents another thermo-mechanical model and Luo et al.
in [203] present another fluid-structure interaction (FSI) coupling of an FDS and a
thermo-mechanical solver that upgrades their previous research work. Mouritz et al.
[204] presents a thermo-mechanical analysis focused on naval composite materials.
Kandare et al. in [205] propose a thermo-mechanical model that also takes into ac-
count intumescent coating, this is extended in [206] by Mouritz et al.. The last item
found in the literature review is by [45] that presents a fully coupled model between
an FDS and a thermo-mechanical model that is able to take into account ablation.

The modern paradigm of thermo-mechanical modelling of FRP composites has moved
from simple thermo-mechanical models in its early stage, to incorporating the effect
of porosity by, either or both, modelling the porosity for the thermal model or the
mechanical model.

The next natural stage of the paradigm was the characterisation of property degra-
dation with respect to thermo-chemical processes (temperature and pyrolysis). In
the 21st century, the paradigm takes the form of solutions that incorporate a cou-
pling between a re dynamic simulation and a thermo-mechanical model and other
researchers focused on offering realistic thermo-mechanical constitutive models to
take into account damage, ablation, cracking, etc.

One of the most relevant topics regarding composites was the one addressed by
Ramroth et al.. Although all the previous research has its importance on the paradigm,
it was the contribution of these two authors, who at the moment, 2006, seemed not of
extreme importance, that nowadays maybe posing an important precedent in what
is referred to as thermal-buckling. The thermo-mechanical modelling can then be
identied from a few trends by some authors in the following categories:

• Thermo-mechanical models (simple, porous, hygral).

The authors who contributed to this category are those on the initial devel-
opment of the set of thermo-mechanical modelling. Notorious authors found
were: Sullivan, McManus and Dimitrienko.

• FDS – thermo-mechanical couplings.

These authors are located during the middle stage of the paradigm. Relevant
authors found were: Dimitrienko and Luo.

• Thermo-mechanical non-linear constitutive models.

The main contributions to this topic, found during the middle-stage and late
stage of the current paradigm, are published by Mouritz.

• Thermo-mechanical non-linear geometrical models.

Although there is not per se much contribution in this field, due to its premature
stage, some authors can be identified. Initially in terms of thermo-mechanical
modelling, Asaro,is the co-author found in a thermo-mechanical model that
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aimed to analyse thermal-buckling, which is highly understudy in the current
state-of-the-art. In other publications where the topic is thermo-mechanical
properties, Asaro can be found more extensively trying to provide experimen-
tal evidence to the framework previously dened.

Another author that provides experimental evidence to model non-linear geo-
metric phenomenology is Feih who appears together with Mouritz in this sec-
tion. She has tried to introduce the non-linear geometric model directly in
terms of constitutive magnitudes such as stresses.

2.4.2 Thermo-mechanical Properties

With a total number of 119 publications, the set of thermo-mechanical properties
can be considered the most prolific set in terms of research publications. It presents
a maximum peak in the first decade of the 21st century – particularly the peak is
found in 2009 – and there has been a recent growth during the second decade of this
century.

It is evident from Figure 2.23 that the topic is still a hot topic, since the slope of the
cumulative curve is still very positive, and shows clear signs to keep growing.
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FIGURE 2.23: Research contribution in the topic of thermo-
mechanical properties.

The first publication that provided experimental evidence of degradation of tensile
and shear properties of composites exposed to fire is found in [207] by Pering et al.
the year 1980. The second publication is found in [208] by Griffis et al. that analysed
the degradation of the strength. The third by Budiansky and Fleck [209] who studied
the effect of compressive failure.

Mcmanus et al. analyses the effect of thermal-fatigue in the polymeric matrix and de-
rived in [211], Park and McManus quantify the damage. Dimitrienko investigated
the thermo-structural response of FRP composites in [212]. Mahieux and Reifsnider
[93] publishes an article centred in the effect of glass transition temperature on the
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stiffness of composite materials. Mouritz and Mathys [213] studied the post-fire me-
chanical properties of composites, in [214], the study focuses on the tensile degrada-
tion, in [215], the main objective is the determination of compression degradation,
and in [216], the post-fire flexural properties.

Sjögren and Asp in [217] provide more information in the effect of temperature in
delamination under fatigue. Mahieux and Reifsnider provide information regarding
transition temperature of thermoplastic systems. Mouritz in [219] experimentally
studies the thermo-mechanical properties of materials used in aircraft. In [220] pro-
vides experimental calibrations to demonstrate the thermo-chemical degradation of
mechanical properties. As co-author in the research of Gibson et al. in [14, 221], sev-
eral experimental validations are given with regards thermo-mechanical properties.
There is also experimental data for GRP plates in [222].

Bausano et al. studied in [223, 224] the effect of fire in composites under compression.
Gu and Asaro, in [179], study the phenomenology of buckling due to the reduction
of the stiffness caused by the increase of temperature. Feih et al. studies the effect in
compression and tension strengths in composites exposed to fire [23]. Liu et al. in
[225] studied the effect of one-dimensional buckling of a composite column. Gibson
et al. in [226] presents experimental data of degradation of the thermo-mechanical
properties under load in fire. Boyd et al. in [227] analyse the creep rupture of glass-
vinyl-ester composites under fire loading. Others like Easby et al. [228] study the
failure of phenolic and polyester pultrusions under load in fire. Feih et al. in [173]
test their compression and tension models of strength against experimental data.

Gu and Asaro in [180] analyse the effect of thermo-mechanical degradation of plates
due to transverse thermal gradients, or, e.g., in [182] the phenomenology of wrin-
kling – a non-linear geometric phenomenon – under transverse thermal gradients.
In [185] conduct a similar experiment as in [182]. In [183], Gu and Asaro, provide
experimental data to aid in the design of sandwich panels exposed to fire. In [184],
they assess the structural stability of panels against thermal buckling. Some more re-
cent research, from Asaro et al. in [178], focuses on the test of the structural response
of FRP composites during fire.

Zhang et al. in [229], shows a validation through experimental test of their thermo-
mechanical model. Summers et al. [230] provides data about the failure time of cer-
tain polymer composites exposed to fire. Burns et al. in [231] studies the compression
failure of carbon-epoxy composites in fire. Feih et al. in [174] analyses the effect of
fire in passive thermal barriers. In [232] studies the thermal softening and thermal
recovery of compression strength for balsa wood. In [233] provides data on time-
to-failure and temperature of different composite materials. In [175], they continue
with the thermal recovery and treatment of recycled glass fibre.

Boyd et al. [234] provide an experimental study on a mechanistic approach of the
response of composites in fire. Clifton et al. [235] provide experimental data on
thermo-mechanical properties for sandwich composites. Summers et al. in [236] pro-
vide a sensitivity analysis of composite materials. Feih and Mouritz [176] analyse
the tensile degradation of GRP composites. In [237] provide experimental thermo-
mechanical properties of composites exposed to fire. In [238] perform experimental
testing to quantify the compression failure in fire. In [239] provide a similar analysis
as in [236].
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Feih et al. in [25] provide skin failure experimental data for sandwich composites
in fire. In [240] provide experimental data in tension failure of sandwich compos-
ites. In [241] information regarding fire resistance of basalt fibre composites. In [242]
an experimental study is conducted to find the post-fire mechanical properties of
sandwich structures. In [243] a similar experimental analysis is done as in [241] but
for flax fibres this time. In [177] presented a determination method to obtain the
strength loss during thermal recycling of waste composites. In [244] the deteriora-
tion of structural resistance when not only fire is taken into account but osmosis as
well.

Ridzuan et al. in [245] experimentally assess the thermo-mechanical behaviour of
purpureum/glass-epoxy hybrid composites. Grigoriou and Mouritz in [246] anal-
ysed the mechanical effect of the ply stacking pattern in the presence of fire. Anjang
et al. in [247] analysed the mechanical tensile strength in terms of the ply orientation
when exposed to fire. Bhat et al. [248] experimentally studied the tensile proper-
ties of plant fibre polymer composites in fire. Fitriah et al. in [78] evaluated the
influence of hydro-thermal ageing and how this affects the compression strength of
glass-epoxy composites. Revati et al. in [249] continued the work in [245].

Bhat et al. in [250] studied the thermo-mechanical properties of thermally recy-
cled basalt fibre composites. Grigoriou and Mouritz in [251] tested the thermo-
mechanical properties of metal laminates. Ridzuan et al. in [252] assessed the ef-
fect of moisture exposure in composites exposed to elevated temperatures and Dim-
itrienko et al. in [46] experimentally studied the stresses under non-uniform temper-
ature heating.

A summary of the evolution is given in the next lines. The paradigm started with
quantication of tensile and shear properties and evolved to take into account also
compression since many composite solutions are non-symmetric in their axial be-
haviour. Testing compression proved rather difcult, since only the composite as a
whole or the matrix can be tested. The modern testing involves also the quantica-
tion of bres, however, the calculus only takes into account short bre tests which are
less prone to buckling. Mouritz has contributed especially on these areas.

After having set a testing framework and characterised the thermo-mechanical be-
haviour of several composite materials, the paradigm moved into the characterisa-
tion of the thermo-mechanical properties especially in post-re and after transition
temperatures (glass transition temperature indeed).

In parallel, the paradigm has gained interest in topics such as thermal buckling and
its methodology or the properties needed to measure the exibility that are character-
istic of buckling

In the recent years, there has been an increase of publications towards the assess-
ment of thermo-mechanical properties from thermally cured and recycled materials,
and also in taking into account the hygro-thermal and osmosis effects that are very
characteristic of marine environment and how this affects the thermo-mechanical
response of composite structures.

Note that there is a clear common topic in research of the authors such as Mouritz,
Gibson, Feih or Mathys, Summers, Bhat, Anjang or Grigoriou Grigoriou that is the char-
acterisation of thermo-mechanical properties in terms of strengths, stiffness, elastic
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modulus, yielding stresses, stack layout or bre orientation. And also, another key
aspect, covered in the paradigm by authors such as Gu or Asaro, is the temperature
dependent buckling.

In the lines of the previous paragraph, a topic of study that has recently emerged
in the current paradigm, is the analysis of inelastic thermal buckling, which is the
combination of the efforts, from past research, in merging constitutive and geometric
non-linear dependencies in order to characterise the behaviour of commonly-used
composite structures (generally sandwich or monolithic panels).

2.4.3 Summary

To give a more extensive view of the paradigm to the reader, a chart encompassing
the publications in decades is shown in Figure 2.24. In order to avoid excessive
redundancy, the scope of this subsection will be limited to just the analysis of the
sets belonging to thermo-mechanical modelling (thermo-mechanical model and thermo-
mechanical properties).
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FIGURE 2.24: Bulk research contribution in the topic of thermo-
mechanical modelling of composites. Timeline expressed in decades.

It is clear that, in a broader sense, the peak of the research of the paradigm was
during the rst decade of this century. The set of thermo-mechanical properties is the
most notorious, since it is understandable that the thermo-mechanical models are
validated against experimental data.

As the paradigm on thermal modelling started to fade out from one-dimensional
heat transient problems, the authors started tackling the ulterior problem that is how
re affects the structural response of composite structures. This is the reason behind
the fact that the set of thermo-mechanical model has a larger amount of publications
compared to the set of thermal model, however it is smaller if compared with the set
of thermo-mechanical properties.
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2.4.4 Conclusion of the thermo-mechanical literature review

To close this subsection, the paradigm has been studied and concluded the im-
portance of adapting the constitutive laws that model degradation of mechanical
properties such as the Young’s modulus or the yield stress in terms of the tempera-
ture and pyrolysis fraction [20]. Also, to use all the available thermal and thermo-
mechanical data provided by the different authors in order to validate the thermo-
mechanical model proposed in this thesis. And finally, it has been identified that the
current paradigm demands a novel methodology to assess the large displacements
that are characteristic of the intrinsic flexibility of composites, it is for this purpose
that the thesis shall tackle the so-called inelastic-thermal-buckling phenomenology.
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2.5 Conclusion

This literature review focuses the effort on solving the different questions relating to
the three main topics: thermal, mechanical and thermo-mechanical modelling.

The thermal model has discussed the existent models that consider the composite as
a heterogeneous media and focused on those that deal with the effects of pyrolysis
and porosity

The thermal boundary conditions are another topic that needed special attention,
some authors model the solution by simple re curves, other uses more elaborated
models based on the temperature source and a third group use direct simulations
using CFD analysis to obtain this latter temperature. Out of these three methods, the
one where the temperature is found by means of the adiabatic surface temperature
shined by its simplicity on par with its accuracy.

The mechanical models suitable for this research are triangle and quadrilateral shell
lamina, and the possibility to extend the rst to include nonlinear geometric effects
has been of great interest. The damage models researched have guided the solution
to include the isotropic damage formulation, which indeed can be coupled with the
SPROM to analyse the failure at the micro-scale level. This combination of theo-
ries produces a reliable framework with interesting precision and reduced compu-
tational cost.

The discussion on how to combine the thermal problem with pyrolysis with the
mechanical problem with damage and large strains has been expanded. The combi-
nation of the different theories has led to consider also the temperature dependence
of the elastic properties and the yield limit of the FRP materials. The only remnant
topic that has not been addressed during the research, was how to combine all these
models. The theory that plays a pivotal role here is the SPROM theory, which has
been adapted to include thermal effects as well as thermo-chemical degradation.

Thanks to an objective analysis of the current literature, a novel contribution to the
current paradigm has been identied, and the purpose of this thesis shall provide a
novel contribution to this question.
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Chapter 3

Modelling fire in marine structures

In the present chapter, the foundations are laid down, in specic, those of the study of
marine structures under re load. The chapter aims to briey detail the most important
topics involving re and composites and to deepen the paradigm and the proposed
methodology. The chapter ends by posing the numerical model derived from the
methodology that has been proposed to solve the governing equations that model
the temperature evolution of composites exposed to re loads.

3.1 Introduction

Fire in structures, when undesired, is one of the major destructive reasons for the
loss of human life, cargo or ultimately a potential collapse failure of the structure
itself. In marine structural design, the different agents such as ship-owners, crews
and IACS agree on the need of building re safe marine structures. Unfortunately, re
can originate and spread in ships or offshore structures at any moment, and this is
the case from time to time.

Fire safety engineering is a discipline focused on the application of scientic and en-
gineering principles to the effects of re to minimise the loss of life and damage to
property by the quantication of the risk and hazards and to adopt preventive or
protective measures. Fire safety is achieved by a correct Performance-Based Fire
Protection [8] and the steps that dene a successful Performance-Based Design are
the identication of goals, possible re scenarios, analysis of those re scenarios and ad-
equate criteria associated with them, effective evacuation, prediction of structural
integrity and optimisation of the design in terms of reliability and durability of the
protection system chosen.

Causes of re in the marine environment are attributable to several risks, such as
electrical failure, equipment failure, especially those that contain inammable com-
bustible material, residual combustible materials, those derived from the operation
of the ship and also cases where structural failure or collision impact may result in
the generation of re. A re represents a plausible thread when it grows in size, can to
spread to other compartments and ultimately be extinguished or self-extinguished.

Once the risks are assessed, a strategy has to be adopted in order to guarantee the so-
called fire-safety. Fire-safety is an area of study which contains majorly the following
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categories: physics, chemistry, fluid dynamics, material science, structural analysis, psy-
chology and toxicology [253].

In a broader categorical sense, re safety is intrinsically linked to re protection, which
can be divide into in two categories: Active Fire Protection and Passive Fire Protec-
tion. While active requires automatic systems or human control, passive does not.
Figure 3.1 illustrates the different subcategories in relation to re protection.

Fire Safety Strategies

Prevent Ignition Manage Fire Impact

Manage Persons 

and Property
Manage Fire

Control Fuel

Lining & Ventilation

Suppress Fire

Sprinklers Structural Integrity

Fire Resistant Design

Active Fire Protection

Passive Fire Protection

FIGURE 3.1: Strategies against fire. Adapted from [8]

This thesis aims to focus in those aspects that are characteristic of the Passive Fire
Protection, a special distinction has to be made for its subcategories:

• Fire-Resistant Design

Is a discipline focused on the production of materials that are highly resistant
to fire, something a priori difficult since most of marine applications depend on
polymer matrix solutions, which generally are very temperature sensitive.

When re-resistant design is involved, the main goal of the designer is to pro-
duce a reliable design in terms of re resistance and retardancy, which are material-
driven properties. The common approach is to use intumescent resins or dense
insulation to avoid both the spread of re and mechanical failure.

Current legislation and commercial applications understand that the vast range
of passive re protections focuses mainly on producing an optimal re-resistant
design.

• Structural Integrity

This discipline is somehow of less importance for current requirements and
focuses on the major failures or collapses a marine structure can undergo. The
perception that this is somehow of less importance is related to the fact that
actual requirements imposed on the fabrication of large-length ships made en-
tirely of composite material are highly difcult to achieve as the structure to
be built surpasses the limiting length of 50 meters. The reason behind this
limitation is the expensiveness in experimental testing that a project of such
characteristics needs to full.

Structural integrity as a passive re protection is a type of analysis that does
not solely focus on the material characterisation on board, but on the different
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constraints resulting from several hypothetical re scenarios and the ability to
predict the correct behaviour of the complete structure. While re-resistant de-
sign attempts to produce effective passive protection in terms of constitutive
material design, structural integrity uses the previous as the starting point and
incorporates the kinematic design to have an accurate prediction of the failure
of the structure.

Fire is an exothermic process of oxidation of a combustible substance that releases
heat and light in the form of a ame [8]. The evolution of a re can be characterised
by Figure 3.2 in which the different stages are represented for a typical re load and
compared against a design re curve. A real re is characterised by six stages and
milestones: ignition, growth, flashover, heating, fully developed and cooling. And clearly,
in comparison, the design re curve shows a more conservative re load that does not
decay at any moment.

Temperature

Flashover

Fully Developed

Pre-flashover

Heating

Cooling

Designed

fire curve

Natural fire curve

Time

FIGURE 3.2: Characteristic stages of fire development

The question of how heat is transmitted arises when a continuous media is exposed
to re. A priori, heat is transmitted as heat ux, however, the way a re load is introduced
is by either heat ux (q) or temperature (T). From that point of view, the nature of
the design re curve is generally expressed in terms of temperature and attempts to
determine the re resistance of structural members.

The most iconic re curve is the ISO 834 and the one used in most of the standards,
therefore the name standard is widely used in literature to refer to this curve. Its a
fairly extensive curve in terms of the range of applications and can be expressed as
follows

T = T∞ + 345 log10 (8t + 1) (3.1)

where T is the temperature, T∞ is the ambient temperature. Nevertheless, for re orig-
inated in naval or marine applications, the Hydrocarbon re curve characterises better a
real re scenario. The hydrocarbon curve differentiates concerning the standard curve
on characterising a re load in the presence of burning hydrocarbon substances. This
curve is expressed in the following manner.
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T = T∞ + 1080 [1 − 0.325 exp (−0.167t)− 0.675 exp (−2.5t)] (3.2)

Both curves defined in Equation 3.1 and Equation 3.2 can be compared in Figure 3.3,
observe that the hydrocarbon curve increases rapidly its temperature than the ISO
834 curve in a shorter period of time.
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FIGURE 3.3: Hydrocarbon and ISO 834 fire curves.

When the thermal load is derived from the re in terms of heat ux, different mod-
els can be used to predict real re scenarios. One of the rst models is the re growth
model from Quintiere [56] which is used to reproduce a real room-corner fire sce-
nario. The method tries to obtain the surface temperature in the boundary by means
of predicting the heat flux.

The boundary temperature can be obtained by the following relationship.

T∂Ω(t)− T∞ =
1

√
πckρcp

∫ t̄

0

•
q(t)

√
t̄ − t

dt (3.3)

where q is the heat flux, ∂Ω is the boundary of the problem, ρ is the density, cp is
the specific heat capacity and ck is the thermal conductivity coefficient. The term (t̄)
refers to the current instant of time and (∂Ω) is the domain boundary. The heat flux
can be defined by

•
q(t) =

•
qig + cσcε

(
T4 − T4

∂Ω

)
(3.4)

where cσ is the Stefan-Boltzman constant. The subscript in (qig) denotes the igniter
flame heat flux and this means that the temperature associated with the igniter is not
the same as in the radiative heat flux.

This model can be improved by the model proposed by Janssens [57], defining the
different set of equations shown next
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•
qi =

•
qcr

1 + c∗1

(
ckρcp

chigtig

)c∗2
 (3.5)

where ch is the thermal convection coefficient. The subscripts i, cr and ig refer to
incident, critical and ignition respectively. The two coefficients (c∗1 , c∗2) are just cali-
bration parameters. The critical heat flux can be defined using

cε
•

qcr = ch
(
T∂Ω,ig − T∞

)
+ cσcε

(
T4

∂Ω,ig − T∞
4
)
≡ chig

(
T∂Ω,ig − T∞

)
(3.6)

where cε is the thermal emissivity coefficient. Note that (chig) is the equivalent coef-
ficient of thermal convection for the ignition heat flux. Remarkably, Janssens makes
use only of the temperature of ignition of the exposed surface to predict the total
flux. Another important aspect defined in [57] is that the coefficient of thermal con-
vection is dependent on both the incident heat flux and surface temperature. E.g.,
[57] defines the dependency of the coefficient of thermal convection in respect to the
incident heat flux as follows

ch = 1.4 · 10−4
•
qi + 2.4 · 10−6

•
qi

2 (3.7)

These methods summary up the most explicit ways to quantify the effect of re on a
structural element. As explained, the purpose of these methods at the end is to either
quantify the heat ux or the temperature on the surface from the re source. When
a more detailed solution is needed, the requirements to full that are only met by
the use of Computational Fluid Dynamics (CFD) in order to estimate the temperature
generated in the exposed surface by a re source. One of the most popular solutions is
the use of Large Eddy Simulations (LES) by using the Finite Volume Method (FVM), e.g.,
[196] describes the implementations of an LES model to calculate the burning rate
of combustion using hexahedra elements that contain a mixture of different material
or phases such as air, fuel and combustion subproducts. This implementation, the
so-called Fire Dynamics Simulation (FDS) solver, takes into account also the pyrolysis
effect present on composite materials, and also it is an open-source software that can
be coupled to any existing solution. FDS solvers can then be used to obtain a detailed
solution for the prediction of through-thickness temperature in FRP composites.
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3.2 Justification for the paradigm and methodology

When modelling composites exposed to high temperatures, the most organic man-
ner to deal with the thermal problem is generally in terms of the temperature. The
model proposed in this thesis adopts a similar approach as described in [11], that is,
a one-dimensional non-linear heat transfer partial differential equation that is only
exposed to re on one side. The thermal analysis of composites is rather complex
since the heat transfer is heavily inuenced by a multitude of temperature-dependent
processes.

0 1500250 500 750 1000 1250

Temperature (ºC)

Heat conduction

Thermal expansion Thermal contraction

Fibre-char reactions

Gas pressure

Gas flow

Char formation

Cracking

Matrix pyrolysis

FIGURE 3.4: Thermal processes that are temperature-dependent in
fibreglass laminates. Adapted from [7]

In naval applications, one of the most common types of laminates is the ones that
employ breglass as their reinforce material. Figure 3.4 shows the different sort of
temperature-dependent processes that a laminate of such characteristics can un-
dergo in the presence of re. Albeit, not all the processes are considered in the model
proposed by Henderson et al., it is very useful to understand the complexity and
how this problem is heavily non-linear.

The current paradigm has adopted a solution in line with the model proposed by
Henderson et al. This has its justication in the idea that ships and marine structures
are largely characterised by beam and shell members. The concern regarding the
degree of accuracy that a three-dimensional approach could add to the solution, is
with ease dismissed when it comes to the computational cost if all the temperature-
dependent processes are taken into account. However, if some are neglected, the ad-
vantage of the three-dimensional approach is not so clear. Therefore, the paradigm
regarding composite structures exposed to high temperature is centred on the re-
search pioneered by Henderson et al.
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The paradigm can be analysed through the lens of the most important one-dimensional
non-linear transfer models existent in the literature. The main aspects covered in the
current paradigm are:

• Virgin and char states of the constituent materials.

Pyrolysis plays a major role in the degradation of mechanical and thermal prop-
erties of the polymer matrix. In certain cases this thermo-chemical process may
be considered in certain organic bres.

This degradation process is crucial in composite laminates and it is one of the
basic characteristics that differentiate them from metals. Therefore, all the ref-
erence thermal models do take into account this aspect. Pyrolysis then can be
broken down into two sub-aspects: Heat transfer through virgin and char mate-
rial and Pyrolysis of matrix and also fibre constituent materials. The first considers
how the thermal properties depend on the pyrolysis fraction and the second
on rather pyrolysis is considered per se only on the resin or resin and fibre.

• Gas transfer model.

One of the key aspects of composites exposed to one-sided re is the generation
of gas and how this is transferred. This aspect is also non-negligible and thus
is covered in all the existent models. In the current paradigm, there are two
methods to deal with this issue.

The most common and oldest, especially if the governing equations are con-
sidered just one-dimensional, is to assume that the re is one-sided and that on
the other side (cold side) the gas cannot escape. This is forcing the gas to escape
in one direction and is the key to obtaining a rather simple gas modelling.

The second approach is to introduce the gas pressure as another unknown and
to solve the problem utilizing a Darcy or Flicks law and coupling this with a
Darcy problem.

• Pressure-dependence.

Generally, the pressure effect derived from the internal stresses is neglected.
Albeit certain models use a monolithic approach [39] to take into account the
pressure from the internal stress and its effects on the thermal transient prob-
lem, generally this effect is neglected. Instead, the gas pressure due to pore
formation is usually addressed in various models [30, 39, 65, 190].

• Delamination, cracking and voids

In the present paradigm, little research has been conducted on the delamina-
tion effect in the thermal model, especially because it should meet the same
requirement in the mechanical model and to meet this second requirement is
non-trivial. If delamination is considered at the mechanical level, then the next
question that arises is the level of importance of this phenomenon in order to
consider a two ways of coupling. In a practical sense, when delamination has
occurred the structure is bound to rapidly rupture, therefore the interest in pre-
dicting the effect that delamination has on the heat transfer model is negligible
when considering load-bearing structures.

If the question revolves around the idea that delamination can be understood
not only as a mechanical process but rather as a thermo-mechanical process,
then as long as the effect of temperature and gas pressure is translated into the
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mechanical model, the problem should be resolved by using standards cohe-
sive techniques.

A similar discussion can be done on the effect of cracking in the sense of how
cracking affects the accuracy of the heat transient model. E.g., for load-bearing
structures, a two-way coupling is negligible due to its incipient mechanical
failure. If it is the other way, as long as a suitable cohesive technique is em-
ployed, the question should be resolved.

Regarding voids, intrinsically addressing the porosity phenomenon, is very
clear that porosity is always present in any load-bearing member and it does
not correlate with structure imminent failure as with the other two fracture
mechanisms. Virgin structures, those not being exposed to re yet, have a cer-
tain low level of porosity which affects their thermal properties rather than
mechanical properties, it is generally when the porosity has evolved and cov-
ers an extensive zone that other failure mechanisms such as cracking, delami-
nation, damage, plasticity or ablation may generate.

Thus these three aspects are not taken into account in the oldest models, how-
ever, Chippendale et al. in [30] proposed a way to model the evolution of
porosity present in a porous media such as a laminate composite. This latter is
interesting because porosity has a signicant impact on the thermal properties
and enhances the prediction of heat transfer.

• Reaction between char and fibre.

Another key aspect is the chemical reaction in the interaction between the
charred resin and virgin bre and how this affects the heat transfer. This ques-
tion is quite unexplored and at least non-considered in the current methodol-
ogy.

• Ablation.

The detachment of material is hardly taken into account at any level since for
marine applications, ablation is rare to be found in re passive protection de-
signs of structural members. Nevertheless, [65] and [30] do take into account
this in their models. However, this question would be more of interest if the
research was considering the ablation of the insulation material that in practice
does not contribute to the structural stiffness of a load-bearing member.

[11] [39] [65] [254] [190] [30]
Heat conduction through virgin and char material
Pyrolysis of matrix and organic fibre 5

Gas transfer model
Pressure-dependence 5 5

Delamination, cracking and voids 5 5 5 5 5

Reaction between char and fibre 5 5 5 5 5 5

Ablation 5 5 5 5

TABLE 3.1. Summary table of the main temperature-dependent pro-
cess taken into account in the current paradigm. Adapted from [7].

Table 3.1 describes the major differences between the models found in the literature.
The category regarding thermal expansion is taken out from [7], since this section is
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devoted purely to the thermal model and the addition of the research performed by
Chippendale et al. are added, as is one of the most recent contributions regarding the
introduction of porosity. This would conclude the justication to use the Henderson
et al. model as a foundation for the research from this thesis. All the similar models
in the actual paradigm derive from this rstborn model.

The other key aspect is regarding the treatment of the boundary conditions. The
current paradigm divides into two main branches, treatment of the boundary condi-
tions in the form of heat ux or in terms of a characteristic temperature. By character-
istic, recall that the different sources of heat may be described concerning a different
source temperature.

The most natural way to impose the boundary conditions is as heat ux, although
in reality or experimental testing this proves to be rather difcult to meet (natural
and forced heat convection). Hence, most of the methods introduce their boundary
conditions as a heat ux, since it is naturally a heat ux boundary condition, however,
they attempt to describe the evolution of this non-linear convection or radiation heat
ux boundary condition in terms of the temperature.

If a heat ux of any sort is considered, the problem is per se solved. If temperature is
considered, the research by Quintiere and Janssens is very useful and can be found
across many of the current solutions. However, in this research, the solution based
on the concept of adiabatic surface temperature by Wickstrom Ulf et al. in [28] is
preferred.

The adoption of the methodology presented by Wickstrom Ulf et al. comes from
the high impact this has on current standards such as the ISO 834 [255] or similar.
Especially, regulations such as [256], require experimental testing of load-bearing
structural elements such as decks or bulkheads according to a re curve characterised
by the ISO 834.
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3.3 Methodology

The research procedures described in the thermal model are ordered as follows:

1. Continuum mechanics.

This subsection introduces the principal concepts to derive the one-dimensional
non-linear heat transient model for a continuum media.

2. Species transport.

The species transport theory expresses the same procedures detailed in the
continuum mechanics subsection, however, in a phase or species manner. So
each constituent phase has to full its own set of balance equations.

3. Composites exposed to fire.

This subsection covers mostly the derivation of the thermal model. It describes
what are composites, in specic fibre reinforced plastic (FRP) composites and the
concept of laminates.

Then it uses the species transport theory to explain the physics underneath
composites when exposed to high temperature the species present in the con-
tinuum media will be the solid phase and the gas phase. I.e., the composite is
indeed a porous continuum media.

The last part of this subsection details the different aspects regarding consti-
tutive properties of the thermal model, gas transfer and boundary conditions.
And presents the temporal and spatial discretisation of the governing problem.

3.3.1 Continuum mechanics

The concepts introduced regarding continuum mechanics are very similar to those
explained in any book. For example, the principle of balance of mass, linear momen-
tum and energy are described in this subsection.

The interest in these three balance equations is principally focused on the obtention
of the non-linear heat transfer equation for composites. Thus, the mass balance is
introduced to later be expanded by the species theory, and the conservation of linear
momentum is postulated to be used in the energy balance. And the energy balance
is the governing partial differential equation that is of interest to be solved in order
to obtain the through-thickness temperature distribution.

The basic principles of continuum mechanics are detailed in much different litera-
ture. In this thesis, the underlying concepts are extracted from [257].
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3.3.1.1 Mass balance

The principle of mass balance is established by the following relationship

∫
Ω

[
∂ρ

∂t
+ •v · ∇ρ + ρ∇ · •v

]
dΩ = w (3.8)

where v is the velocity, Ω is the n-dimensional domain of the problem, σ is the stress
and w is the generation of mass flux.

The generation of mass flux (w) may be considered zero only if the there is conser-
vation of mass and negative if the mass flows through the boundary of the domain.

3.3.1.2 Conservation of linear momentum

From the point of view of the thermal model, the conservation of linear momentum
can be postulated as

∫
Ω

[
∂
(
ρ •v
)

∂t
+∇ ·

(
ρ •v
)]

dΩ =
∫

Ω

[
∇ ·

(
••σ
)
+ ρ fb

]
dΩ (3.9)

The interest in the conservation of linear momentum or at least its balance is in its
expression, which generally is employed in the simplication of the energy balance.

3.3.1.3 Energy balance

∫
Ω

[
∂
(
ρ
(
ei +

1
2∥ •v∥

))
∂t

+∇ ·
(

ρ •v
(

ei +
1
2
∥ •v∥

))]
dΩ

=
∫

Ω

[
−∇ ·

•
q +∇ ·

(
••σ · •v

)
+ ρ •v · fb

]
dΩ + Q

(3.10)

where ei is the specific internal energy, Q is the heat source. Since conservation of
linear momentum is enforced, Equation 3.10 can be simplified using Equation 3.9.

∫
Ω

[
∂ (ρei)

∂t
+∇ ·

(
ρ •vei

)]
dΩ =

∫
Ω

[
−∇ ·

•
q + ••σ : ∇ •v

]
dΩ + Q (3.11)

Specic internal energy is a thermodynamic state variable that is rarely used in ap-
plied engineering. The use of specic enthalpy is more common, the latter can be
introduced using the relationship between the specic enthalpy and the specic inter-
nal energy, Equation 3.11 can be re-written in its enthalpy form

ei = h − p
ρ

(3.12)
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where h is the specific enthalpy, p is the pressure. Substituting Equation 3.12 into
Equation 3.11 and using Equation 3.8 the energy balance equation yields

∫
Ω

[
ρ

∂h
∂t

+ ρ •v · ∇h + h
���������:0[

∂ρ

∂t
+∇ ·

(
ρ •v
)] ]

dΩ

=
∫

Ω

[
−∇ ·

•
q + ••σ : ∇ •v

]
dΩ + Q

(3.13)

Although formulating energy balance concerning specic enthalpy is feasible and less
rare than specic internal energy, engineers widely prefer the choice of temperature
to express the conservation of energy. Thus, the specic enthalpy is related to the
temperature by

{
dh = cp dT + 1

ρ (1 − αT) dp

αT = 1, (ideal gas)
(3.14)

where α is the thermal expansion coefficient. If the heat flux within the material is
considered to be conductive and be described by the Fourier’s Law

•
q = −ck∇T (3.15)

Therefore Equation 3.13 can be re-written in terms of temperature by means of the
relationship described in Equation 3.14 and Equation 3.15.

∫
Ω

[
ρcp

∂T
∂t

+ (1 − αT)
∂p
∂t

+ ρcp •v · ∇T + (1 − αT) •v · ∇p
]

dΩ

=
∫

Ω

[
∇ · (ck∇T) + ••σ : ∇ •v

]
dΩ + Q

(3.16)

Assuming that the gas is ideal, incompressible and its viscosity is negligible. Equa-
tion 3.16 becomes∫

Ω

[
ρcp

∂T
∂t

+ ρcp •v · ∇T
]

dΩ =
∫

Ω
[∇ · (ck∇T)] dΩ + Q (3.17)
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3.3.2 Species transport

The concept of species is very useful to model heterogeneous media.Figure 3.5 rep-
resents a medium that at the macroscopic level can be perceived as a continuum
media, however, at the microscopic level, two different species can be observed.

Species 1

Species 2

Ω

FIGURE 3.5: Biphasic species domain

The species transport theory aims to achieve macroscopic equilibrium of the contin-
uum mechanics equations described before while not violating them at the micro-
scopic level. Instantaneous quantities are the resultant of the interaction of macro-
scopic (average) and microscopic (diffusion) quantities. Note that quantities of inter-
est are the same as dened before but expressed by the subscript i, when the subscript
i may be present under a certain quantity, it shall indicate that the quantity is char-
acterised by the properties of species i. Also, the domain is composed of n number
of species.

The foundations from species transport theory can be understood as a convection-
diffusion equation applied to the mass and partitioned in different phases. Useful
literature can be found [258] tthat treats the problem from a gas transfer perspective,
or [259], that uses a biphasic approach and considers the solid phase as a hollow
skeleton.

Generally, the velocity of the media is chosen as the quantity of interest. The velocity
of a species at microscopic level is dened as

•vi = •v + •̂vi (3.18)

where vi, vi and v̂i are the instant, average and diffusion velocity of the species i
respectively. The average velocity can be found by means of the mass-averaged
participation.

•v =
∑n

i mi •vi

∑n
i mi

≡
n

∑
i

Φmi •vi (3.19)
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where m is the mass, Φm is the mass fraction. The following relationships are estab-
lished.


Φmi =

mi
∑n

i mi

ΦΩi =
Ωi

∑n
i Ωi

Φρi =
mi/Ωi

∑n
i mi/ ∑n

i Ωi
= ρi

m/Ω

(3.20)

where ΦΩ is the volume fraction, Φρ is the density fraction. Note that the domain
of the species (Ωi) is equivalent to its occupied volume. Therefore, the mass fraction
can be related to the density fraction and the volume fraction. The latter can also be
referred to as porosity.

Φmi = Φρi · ΦΩi (3.21)

The net diffusion is considered in the macroscopic scale to be negligible. At the
microscopic level, the diffusion can be modelled by a diffusion law, either Flicks law
for gasses or Darcys law in the case of uids.

n

∑
i

Φmi •̂vi = 0 (3.22)

Φmi •̂vi = −Cdi∇Φmi (3.23)

where Cd is the diffusion coefficient.

3.3.2.1 Mass balance

The mass balance defined in Equation 3.8 is described in Equation 3.24 for each
species i. Note that the summation over all the species retrieves its original form.

∫
Ω

[
∂ (Φmiρ)

∂t
+∇ ·

(
ρΦmi •vi

)]
dΩ =

∫
Ω

[
∇ ·

•
qm

i

]
dΩ

= −
∫

∂Ω

[
n ·

•
qm

i

]
dΩ = −wi

(3.24)

where qm is the mass flux, n is the normal. The negative sign convention in the rate
of generation of mass flux term indicates that a positive generation rate defines an
outward flux of mass rate in the domain, and negative an inward flux of mass rate.

The generation of mass flux, either in microscopic and macroscopic level, might be
positive (source), negative (sink) or null (zero) in the domain (Ω) and its boundaries
(∂Ω). However, it makes sense that inside the domain – excluding the boundaries –
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the generation rate has to be null in the macroscopic level. I.e., all the species have
to equilibrate their generation rate of mass flux.

n

∑
i

wi = 0 (3.25)

3.3.2.2 Conservation of linear momentum

The procedure for deriving the linear momentum expressed using the species trans-
port theory is similar to the continuity derivation. Since the expression without
species transport was previously derived and used in the simplication of the energy
balance, the energy balance expressed in terms of species transport will be derived
similarly to Equation 3.13 that cancels certain terms assuming conservation of the
linear momentum.

3.3.2.3 Energy balance

The balance of energy expressed in species can be described as follows. Note that,
similarly to the continuity equation, the macroscopic energy balance would be the
resultant from the summation overall species.

∫
Ω

[
∂ (ρΦmihi)

∂t
+∇ ·

(
ρΦmi •vihi

)]
dΩ

=
∫

Ω

[
∇ · (Φmick∇T) + ••σi : ∇

(
Φmi •vi

)]
dΩ + Qi

(3.26)

Expanding Equation 3.26

∫
Ω

[
hi

∂ (ρΦmi)

∂t
+ ρΦmi

∂hi

∂t
+ ρΦmi •vi∇hi + hi∇ ·

(
ρΦmi •vi

)]
dΩ

=
∫

Ω

[
∇ · (Φmick∇T) + ••σi : ∇

(
Φmi •vi

)]
dΩ + Qi

(3.27)

Since enthalpy is specific for each species, the relationship in Equation 3.12 can be in-
troduced to describe the energy balance concerning two state variables (temperature
and pressure) that are equal at microscopic and macroscopic levels.

∫
Ω

[
hi

∂ (ρΦmi)

∂t
+ ρΦmi

(
cpi

∂T
∂t

+
1
ρ
(1 − αT)

∂p
∂t

)
+ ρΦmi •vi∇hi

]
dΩ

=
∫

Ω

[
∇ · (Φmicki∇T) + ••σi : ∇

(
Φmi •vi

)
− hi∇ ·

(
ρΦmi •vi

)]
dΩ + Qi

(3.28)

Note that Equation 3.28 can be further expanded using Equation 3.12. The energy
balance of a media, described in Equation 3.17, can be obtained by adding the con-
tribution of each species.
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n

∑
i

∫
Ω

[
hi

∂ (ρΦmi)

∂t
+ ρΦmi

(
cpi

∂T
∂t

+
1
ρ
(1 − αT)

∂p
∂t

)
+ ρΦmi •vi∇hi

]
dΩ

=
n

∑
i

∫
Ω

[
∇ · (Φmicki∇T) + ••σi : ∇

(
Φmi •vi

)
− hi∇ ·

(
ρΦmi •vi

)]
dΩ + Qi

(3.29)

3.3.3 Composites exposed to fire

Composites are materials that are composed of two or more constituent materials.
Generally, the composites studied in this thesis are those that fit inside the categories
of laminate and fibre reinforced plastic (FRP) composites. The lamina, layer or ply, is
the unit that composes a laminate when stacked in normal direction to the lamina as
shown in Figure 3.6.

FIGURE 3.6: Composite media made of lamina stacking.

The special case of FRP composite laminate is described in Figure 3.7, formally, as long
as one lamina in the stacking of the FRP laminate is an FRP lamina, the whole material
can be considered as an FRP composite laminate. An FRP lamina is a layer of a polymer
(resin) that is reinforced with fibres aligned in certain orientation.

FIGURE 3.7: Composite media made of FRP lamina stacking.



3.3. Methodology 77

Laminates are materials that present a very characteristic orthotropic behaviour. If
Equation 3.29 is to be considered for a material such as a laminate, a few simplifica-
tions can be made regarding the continuum domain. Figure 3.8 shows a laminate-like
structure that is exposed to high temperatures, laminate-like structures transport heat
in three main directions (orthotropy) and thus for a lamina, the heat transfer from the
exposed or hot surface to the unexposed or cold surface can be essentially assumed
as a one-dimensional heat transfer problem.

This figure also shows the different types of thermal loads and illustrates the concept
of pyrolysis, which is intrinsically related to the charring of a polymeric resin after
being exposed to excessive temperatures [7]. The gas flow generally follows a path
from a cold zone to a hotter zone.

FIGURE 3.8: One-dimensional heat transfer problem.

Considering that Equation 3.28 is one-dimensional and expressed differentially, it
can be re-written and divided into the following terms:

ρΦmicpi
∂T
∂t︸ ︷︷ ︸

thermal transient heat

= − Φmi(1 − αT)
∂p
∂t︸ ︷︷ ︸

volumetric transient heat

− hi
∂ (ρΦmi)

∂t︸ ︷︷ ︸
mass transient heat

+ ∇Qi︸︷︷︸
specific internal heat source

+∇ · (Φmicki∇T)︸ ︷︷ ︸
conductive heat

+ ••σi : ∇
(

Φmi •vi

)
︸ ︷︷ ︸

adiabatic heat

−
(

ρΦmi •vi

)
∇hi︸ ︷︷ ︸

species heat transfer

− hi∇ ·
(

ρΦmi •vi

)
︸ ︷︷ ︸

convective mass flux heat

(3.30)
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3.3.3.1 Solid phase

Considering the solid phase, composed of fibre and matrix, Equation 3.30 yields

ρΦmscps
∂T
∂t︸ ︷︷ ︸

thermal transient heat

= − Φms(1 − αT)
∂p
∂t︸ ︷︷ ︸

volumetric transient heat

− hs
∂ (ρΦms)

∂t︸ ︷︷ ︸
mass transient heat

+ ∇Qs︸︷︷︸
specific internal heat source

+∇ · (Φmscks∇T)︸ ︷︷ ︸
conductive heat

+ ••σs : ∇
(

Φms •vs

)
︸ ︷︷ ︸

adiabatic heat

−
(

ρΦms •vs

)
∇hs︸ ︷︷ ︸

solid heat transfer

− hs∇ ·
(

ρΦms •vs

)
︸ ︷︷ ︸

convective mass flux heat
(3.31)

Each term in Equation 3.31 can be analysed based upon certain physical assump-
tions.

• Thermal transient heat

It is more than reasonable that a solid material has thermal inertia associated,
which is described by the solid specic heat capacity. Thus, this term cannot be
neglected.

• Volumetric transient heat

A solid that experiments a change in its volume will necessarily change its
temperature. This is very common when exerting a certain external work into
a thermo-dynamical system. Nevertheless, volumetric transient heat refers to
the rate of heat associated to a material due to changes in pressure and that it is
linearly dependent on the rate of change of the pressure. If the rate of change
of the pressure can be assumed negligible – which is very sensical for thermo-
mechanical applications in the field of solid mechanics– the heat generated due
to the changes of the internal pressure is also negligible.

This is similar to assume that the expansion of the solid has no significant con-
tribution to the thermal problem.

• Mass transient heat

As any thermal problem, the rate of change of density is important since from
a thermo-dynamic point of view, a material has an enthalpy associated to the
quantity of mass it has. Thus, it is obvious that the rate of change of the mass in
a continuum media generates a heat flux proportional to the specific enthalpy
of the so-called media.

• Specific internal heat source

This term it is more general and it is not constraint to be a specific quantity.
This term incorporates all the different source models that a thermo-dynamic
system can have, and they do not even need to be specific (per unit of mass)
or volumetric (per unit of volume). E.g., in polymeric materials the ignition
or degradation due to thermal loading of the polymeric resin generates a heat
associated to its decomposition and this degradation heat source needs to be
modelled, commonly by establishing a rate of degradation associated to an
enthalpy of degradation (see Equation 3.32).
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Qp = −∂ρ

∂t
hp (3.32)

where Qp is the heat of decomposition, hp is the specific enthalpy of decomposition.

• Conductive heat

Conduction is the thermal transfer of energy that is characteristic only between
solids. Thus, conduction is taken into account in FRP laminate consisting of
FRP laminas.

• Adiabatic heat

The adiabatic heat is the term that incorporates the constitutive model into the
energy balance. The stress tensor generally can be divided into a hydrostatic
and a deviatoric term. If, again, the stress effects due to thermal loading are
negligible to those from mechanical loading, both terms can be negligible in
the solid phase.

The adiabatic heat conceptually is similar to the volumetric transient heat in
the sense that in the solid phase, the contraction or expansion (due to self-
temperature or due to external mechanical loading), has no impact on the dis-
tribution of the temperature across the thickness of an FRP laminate.

• Solid heat transfer and convective mass flux heat

Both terms are negligible, since both involve the mass flux inside a solid me-
dia. Solids in certain times can be considered to loss mass by means of mass
flux, however composites are characteristic for degrading by pyrolysis which
not necessarily implies the loss of mass by mass flux. If species transport is
considered, the mass fraction participation can be used to address the loss of
mass in order to not violate the continuity equation (Equation 3.24). Therefore,
mass flux of the solid phase is equal to zero because no mass is being trans-
ported inside the domain, the only mass loss is the one in the boundaries with
the gas phase.

•
qm

s
= ρs •vs = 0 =⇒

∫
Ω

[
ρΦms •vs

]
dΩ = 0 (3.33)

Equation 3.33 intrinsically imposes a constraint in the continuity equation (Equa-
tion 3.24) for the solid phase.

∫
Ω

[
∂ (Φmsρ)

∂t

]
dΩ = −

∫
Ω

[
∇ ·

•
qm

s

]
dΩ = −

∫
∂Ω

[
n ·

•
qm

s

]
dΩ

= −ws

(3.34)

Note that generation of mass flux in the boundary (w) is negative since the
solid mass is decreased.

The energy balance for the solid species then can be re-formulated.
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ρΦmscps
∂T
∂t︸ ︷︷ ︸

thermal transient heat

= − hs
∂ (ρΦms)

∂t︸ ︷︷ ︸
mass transient heat

− ∂ρs

∂t
hp︸ ︷︷ ︸

polymer’s degradation rate

+∇ · (Φmscks∇T)︸ ︷︷ ︸
conductive heat

(3.35)

3.3.3.2 Gas phase

The other phase in the composite media is the gas, which is the result from the mix-
ture of reaction gases and moisture vapours generated from the ignition of the com-
posite (generally associated to the resin).

ρΦmgcpg
∂T
∂t︸ ︷︷ ︸

thermal transient heat

= − Φmg(1 − αT)
∂p
∂t︸ ︷︷ ︸

volumetric transient heat

− hg
∂
(
ρΦmg

)
∂t︸ ︷︷ ︸

mass transient heat

+ ∇Qg︸ ︷︷ ︸
specific internal heat source

+∇ ·
(

Φmgckg∇T
)

︸ ︷︷ ︸
conductive heat

+ ••σg : ∇
(

Φmg •vg

)
︸ ︷︷ ︸

adiabatic heat

−
(

ρΦmg •vg

)
∇hg︸ ︷︷ ︸

gas heat transfer

− hg∇ ·
(

ρΦmg •vg

)
︸ ︷︷ ︸

convective mass flux heat

(3.36)

Again, the terms in Equation 3.36 are analysed.

• Thermal transient heat

The gas has impact on the transient evolution of the temperature due to its
thermal inertial, and thus this term is not negligible. The main difficulty is to
quantify the gas specific heat capacity, since experimentally the heat capacity
of the gas generated inside a composite is not the same as the one associated
to the pure gas itself.

• Volumetric transient heat

In engineering applications and specifically, for composites exposed to high
temperatures, the assumption that the compressibility factor of the gases re-
sulting from the polymer degradation is close to unity is very sensical. I.e., the
gas phase is assumed to behave like an ideal gas and the volumetric transient
heat is negligible then.

Φmg

(
1 −��*1

αT
)

∂p
∂t

(3.37)

• Mass transient heat

Physically the generation of gas is positive, this implies that conceptually a
media composed of solid and gas phases in equilibrium at a certain time can-
not eliminate the gas phase since the process from gas to solid is irreversible.
Therefore, the gas mass transient can only be zero if the gas is assumed to
escape or greater than zero if assumed to accumulate.
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Laminated composites exposed to fire in one of its surfaces tend to generate
uniformly a gas decomposition front. Thus, it would be very strange to have
gas formation close to the unexposed surface if those layers close to the ex-
posed have not generated gas yet. I.e., a decomposition front at a certain time
associated to a certain temperature is form on those layers close to the fire and
with the pass of the time, if the heat source has not decreased, the front will
advanced through the thickness to ultimately the last layer furthest from the
exposed surface or, which is equivalent, the unexposed surface.

Therefore, it is quite understandable to assume that the gas has no impediment
to escape and consequently to assume that there is no accumulation of gas.

∫
Ω


������*0
∂
(
Φmgρ

)
∂t

+∇ ·
(

ρΦmg •vg

) dΩ = −wg (3.38)

This neglects the mass transient heat and according to the equilibrium of the
generation rate of mass flux (Equation 3.25), the following relationship is also
true.

∫
∂Ω

[
ns ·

•
qm

s

]
dΩ =

∫
∂Ω

[
ng ·

•
qm

g

]
dΩ

ns = −ng =⇒ ws = −wg

(3.39)

• Specific internal heat source

The gas has no enthalpy of degradation associated, nevertheless any other sort
of special heat source associated to the gas could be added. In the particular
case of FRP composite materials, this term is negligible.

• Conductive heat

Conduction is the thermal transfer of energy that is characteristic only between
solids. Thus, conduction would not be taken into account for gasses.

• Adiabatic heat

Gas is associated with the porosity, since gas is generate inside pores. Adi-
abatic heat generally can be neglected, however it is worth to comment that
despite the deviatoric term certainly is negligible, which is related to the gas
viscosity, the hydrostatic term could have a certain impact on the pore genera-
tion.

If a decomposition front is assumed in the one-dimensional heat transfer prob-
lem, it is very realistic that the gradient of the hydrostatic pressure found on
the pores should be negligible if the gas can freely escape. Otherwise, it would
invalidate certain hypothesis that ultimately relate to the treatment of the gas
phase as an ideal gas. If the gas is not considered ideal, this term cannot be
neglected. As for the hypothesis established until this point, the term can be
neglected.

• Gas heat transfer and convective mass flux heat

It is fair to assume that mass flux heat will exist on the gas, since it is able to
escape. Both terms are considered. Note that Equation 3.38 and Equation 3.39
can be used to simplify the convective mass flux heat.
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hg∇ ·
(

ρΦmg •vg

)
= hgws (3.40)

Thus, Equation 3.36 yields

ρΦmgcpg
∂T
∂t︸ ︷︷ ︸

thermal transient heat

= −
(

ρΦmg •vg

)
∇hg︸ ︷︷ ︸

gas heat transfer

− hgws︸︷︷︸
convective mass flux heat

(3.41)

3.3.3.3 Composite

The simplified energy balance of the composite media is the combination of both
solid and gas species, Equation 3.35 and Equation 3.41 respectively.

∫
Ω

[
ρΦmscps

∂T
∂t

+ ρΦmgcpg
∂T
∂t

]
dΩ =

∫
Ω

[
−hs

∂ (ρΦms)

∂t
− ∂ρs

∂t
hp

]
dΩ

+
∫

Ω

[
∇ · (Φmscks∇T)−

(
ρΦmg •vg

)
∇hg − hgws

]
dΩ

(3.42)

The transient heat terms containing the specific heat capacity of each solid and gas
in Equation 3.42 can be added together in integral form to obtain the equivalent
composite specific heat capacity.

∫
Ω

[
ρΦmscps

∂T
∂t

+ ρΦmgcpg
∂T
∂t

]
dΩ =

∫
Ω

[
ρcp

∂T
∂t

]
dΩ (3.43)

Similarly, the continuity equation has to be fulfilled as stated in Equation 3.24. This
leads to the following relationship.

∫
Ω

∂ (Φmsρ)

∂t
+

������*0
∂
(
Φmgρ

)
∂t

 dΩ =
∫

Ω

[
∂ρ

∂t

]
dΩ (3.44)

Recall Equation 3.34 and Equation 3.39. Substituting Equation 3.44 into Equation 3.42.

∫
Ω

[
ρcp

∂T
∂t

]
dΩ =

∫
Ω

[
∇ · (Φmscks∇T)−

(
ρΦmg •vg

)
∇hg

]
dΩ

−
∫

Ω

[
∂ρ

∂t
(
hp + hs − hg

)]
dΩ

(3.45)
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3.3.3.4 Porosity

Porosity is always present in composites, it is unreal and unfeasible to manufac-
ture a composite that has not a single pore in its structure. Moreover, composites
exposed to re are bound to develop pores since it is the self-decomposition of the
matrix that in its process of conversion to several subproducts, generally referred to
as the gas phase, requires increasing the volumetric fraction of the gas, which in this
case are the pores in the microscopic structure. Figure 3.9 illustrates how the gas
flows throughout the pores. Pores when big enough start connecting and generate a
sponge-like structure, this allows the gas to escape to the atmosphere.

Gas

Solid

Porosity

Ω

FIGURE 3.9: Composite media divided in gas and solid phases.

Porosity affects the balance of energy for composites because the velocity of escape-
ment of the gas is affected from it. This can be reflected in the gas transfer term in
Equation 3.41. There are different ways to model the gas transfer term.

1. Basic gas transfer model

In the case of the one-dimensional heat transient equation, the hypothesis of
the generated decomposition front was discussed to be realistic for a wide
range of applications. Furthermore, the fact of assuming that there is a front of
decomposition implies that the gradient of internal pressure in the sponge-like
structure has to be negligible compared to the atmospheric.

If the through-thickness mass flux (qm) is analysed in a laminate media, it is
safe to assume that the gas will flow from the cold end to the hot end. Assume
that the distribution through-thickness of the temperature is similar to the one
shown in Figure 3.10, it can be seen that the gradient of mass flux is reason-
ably positive in z-axis since it flows upwards. If the hypothesis of no mass
flux escapes through the unexposed surface is assumed, the mass flux can be
calculated as follows
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FIGURE 3.10: Gas transfer hypothesis in one-dimensional heat tran-

sient problem.

�������:0
•

qm
g
(z = lt, t) −

•
qm

g
(z, t) =

∫ lt

z
∇ ·

•
qm dz =

∫ lt

z
w dz ≡ −

∫ lt

z

∂ρ

∂t
dz

⇓(
ρΦmg •vg

)
=

•
qm

g
(z, t) =

∫ lt

z

∂ρ

∂t
dz

(3.46)

where lt is the thickness length. The assumption of no mass flux of the cold
end in 1D is valid for a vast range of real applications. Nevertheless, some
clarifications or delimitation has to be discussed.

The basic gas transfer model finds its limitation when the gradient of temper-
ature relatively tends to 0, i.e., both sides – exposed and unexposed surfaces –
of the structure present similar temperatures. In that case, it is very difficult to
hypothesise on whether the gas transfer moves in one direction or the other,
even if not both.

Although the previous consideration seems logical, a priori, describes an unre-
alistic phenomenon. Not indeed because a negligible gradient of temperature
cannot occur, but in the sense of even considering the gas transfer heat impor-
tant any longer.

Two possibilities may arise when considering unrealistic the basic gas trans-
fer assumption, on both possibilities consider a relatively low temperature
gradient between the exposed and unexposed surfaces. First, consider that
both ends have a relatively low temperature. Consequently, the temperature
through-thickness should range in between the temperature of the surfaces
and in practice the degradation or decomposition, which originates the gas
transfer phenomena, shall not occur. In that sense, for low gradient and low
surface temperatures, the contribution of the gas transfer heat is negligible and
thus it would not invalidate the basic gas transfer assumption.

Second, consider that both ends have a high temperature. This is theoreti-
cally true, but in practice itis unfeasible. This scenario has a non-negligible
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gas transfer heat, however, from a structural point of view, the integrity of the
structure would have to collapse and the correct prediction of the gas transfer
heat not might even be valid due to the excessive through-thickness deforma-
tion.

When the temperature on both sides has stagnated to relatively mild temper-
atures (close to glass temperature), a better approximation of the gas transfer
model may be desired.

The other reason to be addressed, which considers a signicant gradient of
temperature, happens when different thermal decomposition properties are
present in the composite stacking. I.e., situations where the advancing de-
composition front may not necessarily start close to the exposed surface and
that might lead to unexpected directions of the gas transfer than the usual pre-
scribed from the cold to the hot end.

2. Enhanced gas transfer model

An enhanced approximation to the gas transfer model might be needed in cer-
tain cases, specially in nth-dimensional heat transfer problem when n > 1. In
this regard, a better approximation to the through-thickness mass flux (qm) is
required. The simplest solution is to couple the heat transient problem with a
Darcy problem by means of defining the velocity using a Darcy/Flick’s law.

•vg = −
κg

µg
∇p (3.47)

where κg is the gas permeability, µg is the gas dynamic viscosity. Consider-
ing that the gas behaves like an ideal gas, the following relationship can be
considered.

ρg =
Mg

RT
p (3.48)

where R is the universal gas constant, Mg is the gas molar mass. The differen-
tial of the density is

dρg

dt
=

Mg

RT
dp
dt

−
Mg p
RT2

dT
dt

(3.49)

The expansion, in differential manner, of the gas mass balance in Equation 3.38
in terms of the porosity or volume fraction defined in Equation 3.21 poses the
Darcy problem. Note that this time there is no assumption of no gas accumula-
tion and hence the transient of the density is not null.

∂
(
ΦΩgρg

)
∂t

+∇ ·
(

ρgΦΩg •vg

)
= −wg (3.50)

Substituting Equation 3.47, Equation 3.48 and Equation 3.49 into Equation 3.50
yields

ΦΩg Mg

RT
∂p
∂t

−
ΦΩg Mg p

RT2
∂T
∂t

−∇ ·
(

ρgΦΩgκg

µg
∇p
)
=

∂ρ

∂t
(3.51)

Note that also the generation of mass flux (w) has been substituted in the same
manner as in Equation 3.45 and this same equation can be substituted now to
pose the Darcy-heat coupled problem in 1D.
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(
ρΦmg •vg

)
∇hg ≡ −

ρgΦΩgκgcp

µg
∇p · ∇T (3.52)

This approach can be extended with the research of Chippendale et al., who
proposes an interesting methodology in order to address the evolution of poros-
ity by means of the permeability, and makes use of the hypothesis in [31, 260,
261] regarding how to model of the permeability via the Kozeny-Blake equa-
tion.

3.3.3.5 Pyrolysis

Pyrolysis is a thermal-chemical process involving the absorption of heat via the de-
composition of the polymer matrix, organic fibres and organic core materials (sand-
wich materials). FRP composites experimenting pyrolysis decompose, generally it
involves only the polymer matrix, into different subproducts such as gas, vapours,
tar (liquid phase) and char (solid phase). The pyrolysis of a cell inside a composite
media can be depicted in Figure 3.11, which includes the effect of porosity if needed.
Variation of the porous volume is considered to be negligible under the effects of
pyrolysis.

Gas

Solid

Pyrolysis

Porosity

Ω

FIGURE 3.11: Composite media divided in solid and gas phases with
pyrolysis.

According to Henderson and Wiecek in [11, 19, 63], pyrolysis in composites can be
described as a linear interpolation or mixture equation between the virgin and char/de-
graded densities.

F =
ρs − ρc

ρv − ρc
⇐⇒ ρ = Fρv + (1 − F)ρc (3.53)

where F is the pyrolysis fraction, ρc is the charred density and ρv is the virgin density.
The density fraction can then be related by means of Equation 3.20 to Equation 3.53.



3.3. Methodology 87

Φρi =
ρi

Fρv + (1 − F)ρc
(3.54)

Equation 3.54 links the evolution of pyrolysis in the solid phase with the conserva-
tion of mass, linear momentum and energy by means of the density fraction that
compounds the mass fraction.

The pyrolysis model defines the pyrolysis fraction (F) as an internal variable which
controls the degradation process. The evolution of this variable can be defined by
using nth-order Arrhenius law.

dF
dt

= −AT

(
ρs − ρc

ρv − ρc

)Nro

exp
(
−Eact

RT

)
= −AT FNro exp

(
−Eact

RT

)
(3.55)

where Eact is the energy of activation, Nro is the order of decomposition reaction and
AT is the pre-exponential factor. Note that temperature in Equation 3.55 is defined
in Kelvin (°K) and recalling that the rate of change of solid phase is equivalent to the
one of the composite as defined in Equation 3.44, the relationship between the rate
of pyrolysis fraction and the density itself is defined.

∂ρ

∂t
= (ρv − ρc)

∂F
∂t

(3.56)

3.3.3.6 Enthalpy

The final terms to be characterised in the energy balance equation, Equation 3.45, are
those related to the enthalpy. The enthalpy of decomposition of the polymer matrix
(hp) can be quantified based on the experimental testing. However, both solid and
gas enthalpies (hs, hg), can be obtained by assuming that both specific enthalpies are
a function depending only on the temperature.

hs =
∫ T

T0

cps dT

hg =
∫ T

T0

cpg dT
(3.57)

where T0 is the initial temperature.

3.3.3.7 Laminate one-dimensional heat transfer - Henderson

Using the different assumptions exposed previously, the Equation 3.45 with the basic
gas transfer model, can be re-written as Henderson and Wiecek explain in [19].
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∫
Ω

[
ρcp

∂T
∂t

]
dΩ =

∫
Ω

[
∇ · (Φmscks∇T)−

•
qm

g
∇hg

]
dΩ

−
∫

Ω

[
∂ρ

∂t
(
hp + hs − hg

)]
dΩ

(3.58)

The governing equations of the one-dimensional heat transfer problem for FRP lam-
inate materials are posed. The boundaries of such problem have been labelled as hot
and cold ends, which for a real problem of analysis seemed the more feasible.

Thus, in the delimitation of the problem (boundary and initial conditions), the initial
point of departure would be – redundantly – to define the initial conditions that a
priori are easier to be established. The two state variables to be initially defined
would be the density (ρ) and the temperature (T), since the heat transfer equation
and the gas transfer model depend on them.

ρ(t = 0) = T0 (3.59)

where T0 is the initial density.
T(t = 0) = T0 (3.60)

Generally, the initial temperature, although not obligatory, can be interchangeable
with the ambient temperature for most real application analysis.

T0 = T∞ (3.61)

Again, recall that it is a likely possibility but not an obligation.

The other constraints needed to be determined are the boundary conditions. These
are fairly more complex, the reason of this complexity resides in the concept of fire,
specially from the point of view of temperature. The first assumption to be made
to simplify the boundary conditions is to list the different ways heat can be trans-
mitted from a temperature source. Since the boundary conditions are in technically
introduced in the boundary, there are three ways the heat can propagate.

• Conduction

The conduction is a way to transmit heat between solids. If marine structures
are to be taken into account, it is very strange that a structural member made
of a composite material is adhered to another solid member in the boundary
and if so, if the area of contact is relatively enough, the heat by conduction can
be neglected.

• Convection

Convection involves the exchange of heat between a fluid and a solid or vice
versa. Indeed, it is very feasible that in the present of fire in a marine structure,
e.g., a fire originated in the engine room of a ship, one of the major heat sources
through the boundary of a structural member is going to be due to convection
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of the hot air and the exposed surface. Then convection would be present in
the problem, not only for the hot end, but also for the cold end.

•
q = ch(T∂Ω − T∞) (3.62)

The subscript (∂Ω) indicates that the quantity is of the material nodes located
in the boundary, i.e., in this case the temperature (T∂Ω) is of those material
nodes located in the boundary.

• Radiation

Thermal radiation is a form of heat transmission created by the thermal mo-
tion of the material particles. Thermal radiation is one of the most important
sources of heat when

•
q = cσcε(T4

∂Ω − T∞
4) (3.63)

Note that the temperature is in kelvin. In addition, the radiation is considered
in the boundary however, the model does not consider self radiation as a body
heat flux.

Because both radiation and convection are taken into account in the boundary, there
is no explicit solution by analytical methods. Convection and conduction can be
catalogued as linear boundary conditions and can be solved by means of methods
that deal with Neumann or Robin boundary conditions. Nevertheless, radiation are
pure non-linear boundary conditions and thus no analytical solution can be derived.

Even though non-linear boundary conditions can be solved by means of numerical
methods, it is still unclear on how to model the temperature on those boundaries. It
is a well-known fact that the temperature on the boundaries for Equation 3.62 and
Equation 3.63, convection and radiation respectively, are not equal. Conceptually, if
a fire is originated, it will generate radiation at a different gradient of temperature
than the convection derived from the fire itself that will present another gradient.
I.e., although the convection and radiation heat can be quantified, there is uncer-
tainty on the quantification of either the boundary temperature or the source since
both do not match experimentally due to different factors such heat losses, apparent
heat sources, non-linear dependency on the convection or radiation heat functions.

In order to simplify the amount of unknowns arisen in the non-linear boundary con-
ditions, Wickstrom Ulf et al. in [28] proposed the concept of adiabatic temperature
where it is assumed that both source temperature are equal and that the temperature
in the boundary is the same.

•
q = −

∫
Ω
[∇ · (ck∇T)] dΩ = −

∫
∂Ω

[n · (ck∇T)] dΩ

=
∫

∂Ω

[
ch(T∂Ω − T∞) + cσcε(T4

∂Ω − T∞
4)
]

dΩ
(3.64)

The ambient temperature (T∞) would be different on the hot and cold ends. This can
be interpreted as the ambient temperature is a function of the location and thus the
boundary can be split into two sets, cold boundary and hot boundary (∂Ωh, ∂Ωc).
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In addition, observe that for Equation 3.64 establishes by the Fourier law that the
hot boundary (∂Ωh) is prescribed as an in-flux boundary condition and that the cold
boundary (∂Ωc) is prescribed as out-flux boundary condition and thus the normal,
whether the boundary is cold or hot, is multiplied by −1 or 1 respectively.

Once the considered boundary conditions are defined, the problem is definitely
posed. To solve this problem numerically, the partial differential equation in inte-
gral (Equation 3.58 form is transformed into its weak form equivalent.

∫
Ω

[
ξρcp

∂T
∂t

]
dΩ −

∫
Ω
[∇ξ · (ck∇T)] dΩ +

∫
Ω

[
ξcpg •

qm
g
∇T
]

dΩ

+
∫

∂Ω

[
ξ
(

ch(T∂Ω − T∞) + cσcε(T4
∂Ω − T∞

4)
)]

dΩ

+
∫

Ω

[
ξ (ρv − ρc)

∂F
∂t
(
hp + hs − hg

)]
dΩ = 0

(3.65)

where ξ is the test function. It is important to note that the thermal conductivity
coefficient of the composite media is the summation of the solid and gas phase, the
latter was assumed negligible, and the solid phase can incorporate the pyrolysis
effect by the pyrolysis fraction contained in the mass fraction.

ck = ∑
i=s,g

Φmi · cki (3.66)

3.3.3.8 Spatial Discretisation

The discretisation method employed to numerically obtain the system of equations
of the discrete domain arisen from Equation 3.65 is the so-called Finite Element Method
or in short FEM.

First, consider that any function field can be expressed in their discrete form by
means of a set of material nodes and this may take the form of a vector or a matrix
or its equivalent tensor representation by Einstein notation. For example, for a given
vector field (a) defined inside the domain for a given time:

•a(Ω, t) ≡ a ≡ ai ≡


a1
a2
...

an

 (3.67)

And for matrix field (b) defined inside the domain for a given time:

••b(Ω, t) ≡ b ≡ bi,j ≡


b11 b12 . . . b1n
b21 b22 . . . b2n
...

...
. . .

...
bn1 bn2 . . . bnn

 (3.68)
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The heat transient problem will be considered a temperature-driven problem, and
therefore, the unknown to be found will be the temperature. Suppose that the tem-
perature field in the domain can be approximated by a finite vector of material nodes
and suitable shape functions.

T(Ω, t) = Nξ
T(Ω)T(t) (3.69)

where Nξ is the shape function. Note that the domain (Ω) in one-dimensional space
is equivalent to the through-thickness dimension (z).

The Galerkin method is employed to approximate the test function in Equation 3.65.
The Galerkin method proposes that the same interpolation functions or shape func-
tions will be used in the approximation of both the unknown variable and the test
function.

ξ(Ω, t) = Nξ(Ω) (3.70)

The discrete domain can be as well discretised.

∫
Ω
[] dΩ ≡

ne

∑
e

∫
Ω(e)

[] dΩ(e) (3.71)

The subscript e here denotes the element index and ne number of elements. The
discrete weak form can be then defined as follows.

ne

∑
e

∫
Ω(e)

[
Nξ Nξ

Tρcp
∂T
∂t

]
dΩ(e) −

ne

∑
e

∫
Ω(e)

[
∇Nξ ·

(
ck∇Nξ

TT
)]

dΩ(e)

+
ne

∑
e

∫
Ω(e)

[
Nξcpgqmg∇Nξ

TT
]

dΩ(e)

+
ne

∑
e

∫
∂Ω(e)

[
Nξ

(
ch(Nξ

TT∂Ω − Nξ
TT∞) + cσcε(Nξ

TT∂Ω
4 − Nξ

TT∞
4)
)]

dΩ(e)

+
ne

∑
e

∫
Ω(e)

[
Nξ (ρv − ρc)

∂F
∂t
(
hp + hs − hg

)]
dΩ(e) = 0

(3.72)

Equation 3.72 can be re-formulated as the following system of equations.

CT
∂T
∂t

− KTT +
(

fd + fc + fr

)
= 0 (3.73)

where fd is the degradation flux vector, fc is the convection flux vector, fr is the
radiation flux vector, CT is the heat capacity matrix and KT is the heat conductivity
matrix.

A brief list of equations describing the system matrices and vectors is provided:
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• Heat capacity matrix

CT =
ne

∑
e

∫
Ω(e)

[
Nξ Nξ

Tρcp

]
dΩ(e) (3.74)

• Heat conductivity matrix

KT = −
ne

∑
e

∫
Ω(e)

[
∇Nξ ·

(
ck∇Nξ

T
)]

dΩ(e) (3.75)

• Degradation flux vector

fd =
ne

∑
e

∫
Ω(e)

[
Nξ (ρv − ρc)

∂F
∂t
(
hp + hs − hg

)]
dΩ(e)

+
ne

∑
e

∫
Ω(e)

[
Nξcpgqmg∇Nξ

TT
]

dΩ(e)

(3.76)

• Convection flux vector

fc =
ne

∑
e

∫
∂Ω(e)

[
Nξch(Nξ

TT∂Ω − Nξ
TT∞)

]
dΩ(e) (3.77)

• Radiation flux vector

fr =
ne

∑
e

∫
∂Ω(e)

[
Nξcσcε(Nξ

TT∂Ω
4 − Nξ

TT∞
4)
]

dΩ(e) (3.78)

3.3.3.9 Time discretisation

The thermal capacity matrix in Equation 3.73 is multiplied by the rate of tempera-
ture. A proper time discretisation is needed, for instance, a finite difference scheme
such as the Backward Euler method. If the time domain is discretised in uniformly
distributed increments of time (∆t) and the time at a given moment is defined with
the subscript (tn). The rate of temperature can be reformulated in finite difference
form, such as

dT
dt

(Ω(tn+1), tn+1) ≈
Tn+1 − Tn

∆t
, ∆t = tn+1 − tn (3.79)

The Backward-Euler scheme presents a local truncation error of O
(
∆t2) and the error

at a specific time t is O (∆t). It is also stable for the given partial differential equation.

3.3.3.10 Iterative non-linear solution

Since the posed problem is highly non-linear, an iterative scheme is proposed in
order to solve the system of equations in Equation 3.73. The approach used is a
residual form of the fluxes at time (tn)
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rT
∣∣
n+1 ≡ rT

(
Tn+1, Fn+1

)
= CT

∣∣∣
n+1

Tn+1 − Tn

∆t
− KT

∣∣∣
n+1

Tn+1

+
(

fd + fc + fr

)∣∣∣
n+1

(3.80)

which has to be minimised by using the classical approach of first order Taylor series
expansion of the residual

rT
∣∣
n+1,k+1 = rT

∣∣
n+1,k +

∂rT (T, F)
∂T

∣∣∣∣
n+1,k

(
Tn+1,k+1 − Tn+1,k

)

lim
k+1→∞

rT
∣∣
n+1,k+1 = 0

(3.81)

and solution of the derived system of equations

JT

∣∣∣
n+1,k

∆T|n+1,k = − rT
∣∣
n+1,k (3.82)

where rT is the thermal residual, JT is the tangent flux matrix. The tangent flux
matrix is equivalent to the derivative of the residual in respect to the temperature.

Finally, the thermal transient problem is solved iteratively using Equation 3.82, the
unknown would be the increment of temperature that is used to obtain the current
temperature (Tn+1,k+1) and the internal variable of the problem is the converged py-
rolysis factor ( F|n+1,k).

3.3.3.11 One-dimensional discrete thermal problem

The global process used to solve the thermal model is detailed in algorithm 1.



94 Chapter 3. Modelling fire in marine structures

Algorithm 1: Thermal Solver

T0 = T(t = 0)

F = F(t = 0)

for n = 0 to nend do
m = 0; Tn+1,0 = Tn

while
rT

fd + fc + fr

∣∣∣∣∣
n+1,m+1

< tolerance do

obtain the residual
(

rT
∣∣
n+1,m+1

)
and jacobian

(
JT

∣∣∣
n+1,m

)
solve ∆T|n+1,m in Equation 3.82

update Fn+1,m = Fn

go to: algorithm 2

m = m + 1
end

Tn+1 = Tn+1,m , Fn+1 = Fn+1,m , n = n + 1

end

From algorithm 1 the definition of the tangent flux matrix in Equation 3.82 is needed.

JT =
CT

∣∣∣
n+1,k

∆t
+

∂CT

∂T

∣∣∣∣∣
n+1,k

Tn+1,k − Tn

∆t
− KT

∣∣∣
n+1,k

−
∂KT

∂T

∣∣∣∣∣
n+1,k

Tn+1,k

+

(
∂ fd

∂T
+

∂ fc

∂T
+

∂ fr

∂T

)∣∣∣∣∣
n+1,k

(3.83)

The different terms in Equation 3.83 that conform the tangent flux matrix can be
obtained as follows.

• Differential of the heat capacity matrix with respect to the temperature

∂CT

∂T

∣∣∣∣∣
n+1,k

Tn+1,k − Tn

∆t
=

ne

∑
e

∫
Ω(e)

[
Nξ

(
∂ρ

∂T
cp +

∂cp

∂T
ρ

)∣∣∣∣
n+1,k

Nξ
T Tn+1,k − Tn

∆t

]
dΩ(e)

(3.84)

• Differential of the heat conductivity matrix with respect to the temperature
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∂KT

∂T

∣∣∣∣∣
n+1,k

Tn+1,k =
ne

∑
e

∫
Ω(e)

[
∇Nξ ·

(
∂ck

∂T

∣∣∣∣
n+1,k

∇Nξ
T

)
Tn+1,k

]
dΩ(e) (3.85)

• Differential of the degradation flux vector with respect to the temperature

∂ fd

∂T

∣∣∣∣∣
n+1,k

=
ne

∑
e

∫
Ω(e)

[
∂ fd1
∂T

∣∣∣∣∣
n+1,k

+
∂ fd2
∂T

∣∣∣∣∣
n+1,k

]
dΩ(e) , (3.86)

such that

∂ fd1
∂T

∣∣∣∣∣
n+1,k

= ∑ne
e
∫

Ω(e)

[
Nξc∗1 Nξ

T
]

dΩ(e)

∂ fd2
∂T

∣∣∣∣∣
n+1,k

= ∑ne
e
∫

Ω(e)

[
Nξc∗2∇Nξ

TT
]

dΩ(e) + ∑ne
e
∫

Ω(e)

[
Nξcpgqmg∇Nξ

]
dΩ(e)

c∗1 = (ρv − ρc)

(
∂2F
∂t∂T

(
hp + hs − hg

)
+

∂F
∂t

(
∂hs

∂T
−

∂hg

∂T

))∣∣∣∣
n+1,k

c∗2 =

(
cpg

∂qmg

∂T
+ qmg

∂cpg

∂T

)∣∣∣∣∣
n+1,k

• Differential of the convection flux vector with respect to the temperature

∂ fc

∂T

∣∣∣∣∣
n+1,k

=
ne

∑
e

∫
∂Ω(e)

[
NξchNξ

T
]

dΩ(e) (3.87)

• Differential of the radiation flux vector with respect to the temperature

∂ fr

∂T

∣∣∣∣∣
n+1,k

=
ne

∑
e

∫
∂Ω(e)

[
Nξ

(
4cσcεT∂Ω

3)Nξ
T
]

dΩ(e) (3.88)

The previous expressions use the definition of the differential of the density with re-
spect to the temperature, this can be formulated with respect to the pyrolysis fraction
by using the relationship in Equation 3.53 and expressed it in a discrete manner.

∂ρ

∂T

∣∣∣∣
n+1,k

= (ρv − ρc)
∂F
∂T

∣∣∣∣
n+1,k

(3.89)

With Equation 3.91, the numerical problem is defined. The numerical one-dimensional
heat transient problem is expressed in terms of the state variable (temperature, T)
that depends on its internal variable (pyrolysis fraction, F). The next step if funda-
mentally to describe the scheme used to evaluate and update the internal variable in
order to be able to solve the numerical problem.
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3.3.3.12 Internal variables

For real applications where fire has not been generated or the composite structure
has not undergone degradation, the internal variable or pyrolysis fraction (F) can be
considered initially to be one. Otherwise, it can be assumed to be an initial value
between [0,1].

F(Ω, t = 0) = F0 ,

{
Generally: F0 = 1
Otherwise: F0 ∈ [0, 1]

(3.90)

Equation 3.55 is a non-linear scalar differential equation. Similarly to the heat tran-
sient equation, the constitutive relationships in the pyrolysis process, can be discre-
tised in time by using a backward-Euler scheme and by defining an iterative scheme
based on Taylor expansion series, a Newton-Rapshon method is employed to min-
imise the problem.

dF
dt

=
Fn+1 − Fn

∆t
(3.91)

Introducing the backward-Euler time scheme for the pyrolysis fraction into the dif-
ferential equation in Equation 3.55 yields

Fn+1 − Fn

∆t
= −AT (Fn+1)

Nro exp
(
− Eact

RTn+1

)
(3.92)

The Equation 3.92 is expressed in residual form as

rF =
Fn+1 − Fn

∆t
+ AT (Fn+1)

Nro exp
(
− Eact

RTn+1

)
(3.93)

The Taylor expansion of the residual in Equation 3.93 is

rF|n+1,k+1 = rF|n+1,k +
∂rF (F)

∂F

∣∣∣∣
n+1,k

(Fn+1,k+1 − Fn+1,k)

lim
k+1→∞

rF|n+1,k+1 = 0

(3.94)

And the Jacobian of the pyrolysis residual can be used to minimise the problem
iteratively.

JF|n+1,k ∆F|n+1,k = − rF|n+1,k (3.95)

where rF is the residual of the pyrolysis fraction, JF is the jacobian of the pyrolysis
fraction.
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Algorithm 2: Update of internal variable

initialization → Tn+1,m+1; k = 0; Fn+1,m,0 = Fn

while
rF
dF
dt

∣∣∣∣∣∣∣
n+1,m,k

< tolerance do

obtain the residual
(

rF|n+1,m+1

)
and jacobian

(
JF|n+1,m

)
solve ∆F|n+1,m in Equation 3.95

update Fn+1,m,k+1 = Fn+1,m,k + ∆F|n+1,m,k ; k = k + 1
end

Fn+1,m = Fn+1,m,k

Once the internal variable can be obtained in a discrete time manner, it is necessary
to define as well its evolution with respect to the temperature, as required in Equa-
tion 3.89, since temperature depends on the time scheme as well.

Rewriting Equation 3.92 in order to update the pyrolysis fraction for the new step of
time

Fn+1,m = Fn − ∆tAT (Fn+1,m)
Nro exp

(
− Eact

RTn+1,m

)
(3.96)

Note that the subscript k in Equation 3.89 has been exchanged for the subscript m
in order to avoid confusions with the iterative scheme of the pyrolysis residual that
has been detailed previously. The subscript m is denoting that the expression is
iterative only in the thermal scheme and that the pyrolysis fraction (F) is already the
converged value in the pyrolysis scheme. I.e., the pyrolysis fraction has a two level
iterative scheme, one for the temperature (m) and another, inside the latter, for the
time (k). Thus, the temperature in Equation 3.92 and Equation 3.93 can be regarded
as the temperature from the first level iterative scheme (m) or Tn+1,m, this shows
that the pyrolysis scheme depends both on the time iteration (k) and temperature
iteration (m).

Then differentiating Equation 3.96 with respect to the temperature yields

∂F
∂T

∣∣∣∣
n+1,m

= −∆tAT Nro (Fn+1,m)
Nro−1 exp

(
− Eact

RTn+1,m

)
∂F
∂T

∣∣∣∣
n+1,m

−∆tAT (Fn+1,m)
Nro exp

(
− Eact

RTn+1,m

)(
Eact

RT2
n+1,m

) (3.97)

The last term needed to characterise for the pyrolysis fraction is the cross partial
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derivative with respect to time and temperature. This is achieved by deriving Equa-
tion 3.55 with respect to the temperature.

∂2F
∂t∂T

∣∣∣∣
n+1,m

= −NroAT (Fn+1,m)
Nro−1 exp

(
− Eact

RTn+1,m

)
∂F
∂T

∣∣∣∣
n+1,m

−AT (Fn+1,m)
Nro exp

(
− Eact

RTn+1,m

)(
Eact

RT2
n+1,m

) (3.98)

Note that Equation 3.98 is direct related to Equation 3.97 by the time step.

3.3.3.13 Characteristic constitutive laws

The theoretical formulation is fundamentally posed, and the one-dimensional heat
problem for laminated composites can be solved by the procedures explained prior
to this point. Nevertheless, an enumeration of useful literature in the characterisa-
tion of certain thermal properties for composites is provided, together with a more
generalist numerical description of the different constitutive laws involved in the
one-dimensional discrete thermal problem.

1. Thermal conductivity

Considering that the thermal conductivity of the whole composite varies from
a virgin state to a degraded state, authors such as Henderson et al., Lattimer
et al. have modelled the behaviour of the thermal conductivity by using a lin-
ear expression for both virgin and charred states.

ck(T) = Fckv(T) + (1 − F)ckc(T)
ckv(T) := ckv0 + ckv1T
ckc(T) := ckc0 + ckc1T

(3.99)

where ckv is the virgin thermal conductivity, ckc is the charred thermal density.
The variation of the thermal conductivity coefficient with respect to the tem-
perature is

∂ck

∂T

∣∣∣∣
n+1,m

=
∂ckc
∂T

∣∣∣∣
n+1,m

+
∂F
∂T

∣∣∣∣
n+1,m

(ckv − ckc)

+Fn+1,m

(
∂ckv
∂T

∣∣∣∣
n+1,m

− ∂ckc
∂T

∣∣∣∣
n+1,m

)
∂ckv
∂T

∣∣∣∣
n+1,m

:= ckv1

∂ckc
∂T

∣∣∣∣
n+1,m

:= ckc1

(3.100)
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2. Specific heat capacity

The specific heat capacity of the whole composite is also considered varying
from the virgin state to the degraded state, authors such as Henderson and
Wiecek define the variation of the virgin and charred specific heat capacity as
a linear function depending on the temperature.

cp(T) = Fcpv(T) + (1 − F)cpc(T)

cpv(T) := cpv0 + cpv1T

cpc(T) := cpc0 + cpc1T

(3.101)

where cpc is the charred specific heat capacity, cpv is the charred specific heat
capacity. The specific heat capacity of the gas phase is modelled by a parabolic
function in terms of the temperature.

cpvg(T) := cpvg0
+ cpvg1

T + cpvg2
T2 (3.102)

Hence the derivatives with respect to the temperature of the different specific
heat coefficients above are

∂cp

∂T

∣∣∣∣
n+1,m

=
∂cpc
∂T

∣∣∣∣
n+1,m

+
∂F
∂T

∣∣∣∣
n+1,m

(
cpv − cpc

)
+Fn+1,m

(
∂cpv
∂T

∣∣∣∣
n+1,m

−
∂cpc
∂T

∣∣∣∣
n+1,m

)
∂cpv
∂T

∣∣∣∣
n+1,m

:= cpv1

∂cpc
∂T

∣∣∣∣
n+1,m

:= cpc1

∂cpvg

∂T

∣∣∣∣∣
n+1,m

:= cpvg1
+ 2cpvg2

Tn+1,m

(3.103)

Analogously, the enthalpies described in Equation 3.57 are to be derived with re-
spect to temperature in order to be introduced in the discrete problem. By using the
Leibniz integral rule, the derivatives take the form of

∂h
∂T

=
∫ T

T0

∂cp

∂T
dT =

∂cpc
∂T

+
∂F
∂T
(
cpv − cpc

)
+ F

(
∂cpv
∂T

−
∂cpc
∂T

)
(3.104)

and the gas transfer model, the basic, yields

∂qm

∂T

∣∣∣∣
n+1,m

=
∫ lt

z
(ρv − ρc)

∂2F
∂t∂T

∣∣∣∣
n+1,m

dz (3.105)
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3.4 Conclusions

This chapter has described the balance of energy from a continuum mechanics point
of view and how, using the species transport theory, the problem can be divided or
fractioned in different phases.

Then the problem is postulated, a composite media that is exposed to a one-side
fire. The composite can be conceptualised as a stack of layers and each layer is best
described as the mixture of one or more constituent materials. The materials can
experiment different temperature-dependent processes, the most notable is pyrolysis.
The model proposed accounts for both pyrolysis of the matrix and fibre. The other
major aspect that is solved is the gas transfer model, which in this particular case is
featured by the basic gas transfer model.

A fair discussion is given regarding the different terms – pyrolysis and gas transfer
included – that form the one-dimensional non-linear heat transfer problem (Equa-
tion 3.29). A brief summary of the assumptions is given for both the solid phase and
gas phase.

The composite is assumed to be a saturated porous media, therefore the solid phase
assumes that there is no thermal expansion of either matrix or fibre and that only the
polymer matrix has an associated enthalpy of decomposition. The solid phase in this
particular model assumes that, inside the solid domain, the solid material cannot be
transported.

When considering the gas phase, the model treats the gas as an ideal gas and as-
sumes that it does not accumulate, this is of important implication, as in the basic gas
transfer model, the unexposed side of the composite media assumes that not only the
gas is not accumulated, but it finds forbidden its escapement throughout this side.
I.e., the one-dimensional direction of the flow of gas is prescribed from cold to hot
ends.

Concluded the discussion on the heat flux terms involved in the governing equa-
tion, a brief introduction to porosity is given and an advanced treatment of this
phenomenon is described in the enhanced gas transfer model. The chapter proceeds
with the definition of pyrolysis, which is a characteristic thermal-chemical degra-
dation process present in composites, and how the evolution of these processes is
expressed by an Arrhenius law of nth-order.

The penultimate part of the chapter devotes to the treatment of initial and boundary
conditions. The discussion on the type of boundary conditions is settled by opting
to consider both radiation and convection boundary conditions, and the introduc-
tion of the adiabatic surface temperature is detrimental in the simplification of both the
radiation and convection source temperature.

Finally, the chapter presents the spatial and temporal discrimination of the govern-
ing equations and different schemes and algorithms are presented to understand the
procedures regarding the state variables and the internal variables, temperature and
pyrolysis fraction respectively. The numerical solution is then complimented with
some characteristic or experimental constitutive laws in order to quantify the rest of
parameters involved in the numerical energy balance model for composites.
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3.4.1 Goals

The goals imposed in chapter 1 are fulfilled. The goal number 1, Provide and imple-
ment a constituent formulation of the Henderson et al. equation, is fulfilled as the vast
majority of the chapters in the conclusions explain different assumptions needed to
obtain the thermal model and its discretisation.

The goal number 2, Provide and implement a simple approach to introduce the fire as ther-
mal boundary conditions, is accomplished as well and is reflected in the paragraph of
the conclusions that summaries the penultimate part of the chapter and talks about
the concept of adiabatic surface temperature.
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Chapter 4

Constitutive modelling of laminate
composites exposed to fire

In the present chapter, the constitutive behaviour of composites is discussed. The
chapter is structured with a brief introduction to the subject, the justication for the
methodology selected, and the explanation of the methodology per se. The method-
ology of this chapter discusses the behaviour at both the microstructure and the
macrostructure levels and then introduces the effects that re has on both. There is
an accurate discussion of linear and non-linear solutions, and the chapter ends with
the Thermal Serial-Parallel Rule of Mixtures which is one of the cornerstones of the
thermomechanical formulation explained in this thesis.

4.1 Introduction

The constitutive model of the thermo-mechanical theory presented in this thesis is
fragmented into three parts: constituent phases, composite behaviour and effects of fire.
The first part, constituent phases, is centred on the modelling of the homogeneous
constituent materials, which when joined, comprise the composite or heterogeneous
material. The second part, composite behaviour, is devoted to the amalgamation of
the constituent materials and how this recreates the composite behaviour. The third
part is the effects originated at these two different levels by the action of fire. In this
manner, the analysis of composites becomes very compartmented and tight for the
reader to follow the different aspects of the laminated mechanical model.

Fibre Matrix Composite

Effect of fire on 

the constiuent phase

Effect of fire on 

the composite

FIGURE 4.1: Illustration of the subdivision of parts of these chapters.
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As shown in Figure 4.1, the first part is formulated from references such as the book
[16] of Oñate that details the principles of solid mechanics applied to shell elements
– triangle and quadrilaterals – and also extends these concepts for composite lami-
nates that would be the second part. The other reference of importance is the the-
sis [96] of Rastellini, who explains very well the different solutions to the current
paradigm of simulations of composite materials. The third part is the novel contri-
bution of the thermo-mechanical analysis developed in this thesis.

4.1.1 Part 1 - Constitutive models for homogeneous media

At the microstructure level, the heterogeneous media is diverse and presents a clear
outline of the different materials that comprise the composite. The study of the con-
stitutive laws that these individual and unique materials is one of the topics devoted
in this thesis.

Provided that the constituent materials are identified and separable, fibre and ma-
trix, the study of thin and thick shells is of high interest. These two types of shells
are best explained with the theories of Kirchhoff-Love and Reissner-Mindlin, in this
particular application, the common triangle (DKT) and quadrilateral (QLLL) are dis-
cussed. Although it is not explicitly mentioned, the limitations of the quadrilateral
regarding problems such as shear locking are corrected (shear correction factor). The
triangle employs the Kirchhoff-Love theory and the quadrilateral Reissner-Mindlin the-
ory.

The section is structured by the introduction to the linear modelling of the two el-
ements using isotropic constitutive models, the stress-resultant notation found in
[16] is enforced throughout this chapter and subsequent chapter. Then the so-called
isotropic damage model is discussed. This model represents the core of the non-linear
constitutive behaviour used in this thesis. Composites present behaviour that suits
very well the fluency rules established by this theory. So by inference, the constituent
materials will obey this sort of rule.

4.1.2 Part 2 - The equivalent heterogeneous media

Once the particular laws of each material at the micro-structure level are defined,
the laws that mix both together are derived, i.e., the composite behaviour. A careful
review of the existent methods used to obtain the constitutive behaviour of the com-
posite is given. Then the concept of orthotropy is introduced and with it the most
common ways to obtain elastic orthotropy.

The section ends with the introduction of the non-linear constitutive behaviour of
the composite. The key aspects introduced here are the Serial-Parallel Rule of Mix-
tures [15], and the possibility of using this formulation in conjunction with the non-
linear constitutive model for fibre and matrix.
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4.1.3 Part 3 Modelling the effect of fire

The effects of fire, or more rigorously, the effects of temperature and pyrolysis, affect
both the constituent materials of the composite and the composite as a whole. The
effects considered are one-way, i.e., the resultant effect of the constitutive analysis is
assumed to not impact or exert any change in the temperature or fire dynamics of
the problem.

4.1.3.1 At the constituent level

The effects that are considered at the constituent level are for example the thermal
expansion of the different phases since each constituent material does not necessar-
ily have the same thermal expansion coefficient. Other non-linear effects taken into
account in the mechanical response are the loss of mechanical properties due to tem-
perature, and especially for composites, the pyrolysis, or the mechanical damage
induced by the temperature itself. In the framework of advanced materials such as
composites, these effects are detrimental, since most of them generate irreversible
damage to the structure.

4.1.3.2 At the composite level

At this level, the effects induced in the structure are due to the bounding of the
different phases. This is what is commonly known as the constituent-to-composite
relationship. It is not simple to find the adequate relationship when describing the
loss of mechanical properties of the composite as a whole as certain assumptions
need to be made when describing this effective mechanical loss.

Other effects are related to the very hypothesis of Voigt or Reuss. I.e., the transverse
stress considered in the serial hypothesis is only applicable to the mechanical stress,
therefore when considering the composite as a whole, the thermal stresses need to
be subtracted to correctly fulfil the composite response.
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4.2 Justification for the paradigm and methodology

The anisotropic behaviour of composites makes their mechanical response very com-
plex physic to be predicted. Extracting this behaviour from the constituent phases
found in heterogeneous micro-structure is one of the easiest and most reliable meth-
ods. The constitutive models for homogeneous materials are best described from the
Kirchhoff-Love theory [262] for the linear triangle element and the Reissner-Mindlin
theory [263] for the linear quadrilateral element. Both elements are extracted from
the derivation granted in [16].

One of the goals of this thesis is to provide a shell mechanical model that can account
for non-linear constitutive degradation. In the case of composites, it has already
been discussed, that the phenomenology is best described by damage models. The
non-linear constitutive model is based on the ideas of Simo and Ju [17] which later
were generalised in [32, 106, 107]. This model will be regarded as the isotropic damage
model.

At the constituent level, the model is isotropic, as its name refers. This requires that
the constituent-to-composite model fulfils the two major hypotheses (serial [27] and
parallel [26]). The theory used to accomplish this is the serial-parallel rule of mixtures
(SPROM) [15]. One of the main advantages of this theory is that it allows any non-
linear elastic model to be incorporated for each constituent phase, and the theory
itself obtains the serial and parallel behaviour of the composite.

This advantage is crucial because, combining the isotropic damage model and also
being able to obtain the transverse orthotropic behaviour of the composite, it enables
the analysis of non-linear constitutive composites by just using isotropic homoge-
neous models. This advantage translates in a significant reduction in the amount of
data required, since no orthotropic parametrisation is needed. The other advantage
relies on the nature of the SPROM formulation, which can be understood as some
type of algorithm that works as an external layer to the standard finite element algo-
rithm at the constitutive level, and this is extremely useful since it works like a black
box.

Once the laminated mechanical model is formulated, the effects of fire are taken into
account. First, the mechanical model is adapted to include thermo-chemical effects,
this is the so-called thermo-mechanical model of the constituent phases. The ef-
fects of fire on the constituent phases are examined, carefully modifying the damage
model of [32] by including the procedure detailed in [264] by Cervera Ruiz et al. in
which the concept of thermal induced mechanical damage is introduced.

Another important thermal effect found at the constituent level is the thermal degra-
dation of mechanical properties – elastic and inelastic properties – due to temper-
ature and pyrolysis. This mechanical degradation is modelled with the function
defined by Mouritz and Gibson [20]. This function is defined for the composite
level. However, the latter is originally applied at the composite level. Therefore,
an approach is proposed to establish a composite-to-constituent relationship, this
relationship is a novel contribution that aims to solve the problem of not having
enough information to characterise the loss of mechanical properties of both con-
stituent phases.
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Finally, at the composite level, the laminated thermo-mechanical model shall extend
the ideas of the SPROM by Rastellini [33] into the thermal serial-parallel rule of mixtures
(TSPROM). The TSPROM contributes on extending the theory to take into account
the thermal expansion and is applied to laminated shells in this particular case.



108 Chapter 4. Constitutive modelling of laminate composites exposed to fire

4.3 Methodology

An important early distinction has to be made for the derivation of constitutive re-
lated concepts. Composites, and typically the standard finite element methodology,
employ the concept of a local and global systems of references. It is customary to
derive the kinematics and constitutive laws from a local perspective. Therefore, the
nomenclature between local kinematics and global kinematics is different and is de-
noted in the notation found in the following equation.

l → LOCAL
g → GLOBAL

(4.1)

The relationship between these two systems of reference is obtained by the rotation
matrix (Λ) that is represented in Figure 4.2, in this illustration the local and global
nomenclature are represented as well.

gx3

gx2
gx1

g
C

Global R f r nce

Sy tem

lx
3

lx
2

lx
1

l
C

 
f

n
e

S

e

 R
otation ( )

FIGURE 4.2: Transformation between a global and a local system of
reference.

In the next sections, the constitutive models applied to single materials such as fibre
or matrix are derived, then, the models for composite materials and finally the effects
that fire has on independent materials and composite materials.

4.3.1 Constitutive modelling of shells

This section is devoted only to the study of the constituent materials, those that
when combined comprise the composite material (see Figure 4.3). In particular, to
the study of the relationship that exists between the stress and strain fields, i.e., the
so-called constitutive relationship.
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Fibre Matrix

FIGURE 4.3: Illustration of part 1, focused on the modelling of the
constituent materials.

There are two types of study within the field of constitutive modelling, those models
that are considered linear, generally the simplest and oldest ones, and the more com-
plex models that take into account non-linear effects. This research has concentrated
in describing the linear relationship, an isotropic one, between stresses and strains
for triangle and quadrilateral elements and the non-linear mechanical effects are in-
troduced by applying a general theory that extends isotropic elasticity to isotropic
inelasticity. The last is the so-called isotropic damage model.

4.3.1.1 Linear constitutive elasticity - The isotropic elastic model

The linear constitutive models shown below describe elements that do not depend
on the strain or displacement fields of the problem. The DKT is an element that
is good at predicting strain but not stress, while the QLLL can adequately predict
the latter. This is the reason behind introducing both elements, since international
regulations rely, majorly, on quadrilateral formulations than triangle ones. Never-
theless, there are interesting formulations available nowadays that complement the
limitations of the triangle elements, for example, the formulation found in [124] by
Felippa.

Both elements fulfil the so-called plane stress theory. The assumption is that the
stress is negligible in the direction of the normal axis.

σ33 = 0 (4.2)

It is important to note that the 3-node triangular shell employs the Kirchhoff-Love
thin shell theory [16, 262] and the 4-node quadrilateral shell uses the Reissner-Mindlin
thick shell theory [16, 263]. However, the assumption that the stress (σ33) is negligi-
ble is shared amongst both theories. The stress tensor is defined in Voigt notation
and can be expressed in local or global systems of reference. In the case of stress,
the relationship between shear stresses in engineering notation and standard stress
tensor notation is equal, this is not the same for the strains.
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τij = σij, i ̸= j ⇒



σ11
σ22
σ33
τ21
τ31
τ32

 (4.3)

where τ is the shear stress. In order to formalise the constitutive model, an ex-
pression has to be taken for the relationship between the stresses and strain. Each
numerical layer that is found in the thickness of a shell has stress (σ) for a given de-
formation (ε) in local or global reference systems. Therefore, the constitutive tensor
(D) needs to be characterised to obtain a pertinent stress quantity. For instance, an
isotropic model can be used.

lσin = Din
lεin (4.4)

where σin is the in-plane stress, Din is the in-plane constitutive tensor and εin is
the in-plane strain. Note that the generalised constitutive tensor (D) has been ex-
changed for the in-plane constitutive tensor (Din) to denote that the first refers to the
integrated constitutive tensor of the shell element and the second describes the con-
stitutive tensor at the layer/ply level. The in-plane stress and strain are ([σ1, σ2, τ21]

T)
and ([ε1, ε2, γ21]

T) respectively.

In the following paragraphs the stress-resultant notation shall be used to maintain
coherence with the section on kinematics, where Oñate in [16] describes a method
to express the strain by decoupling the membrane, bending and shear effects. To
reduce the unnecessary repetition of text, the stress is therefore considered as stress-
resultant (σ̂) and depends on the stress-resultant strain (ε̂). This stress-resultant
stress is referred always to the mid-plane of the shell element.

4.3.1.1.1 3-node triangular shell element

First note that the constitutive model in the 3-node triangle element takes into ac-
count only in-plane effects, therefore the generalised stress is the same as the in-
plane stress.

σ ≡ σin (4.5)

The generalised stress vector (σ̂) at the middle plane is found by the following rela-
tionship

l σ̂ =
l[

σm
σb

]
=
∫ lt

2

−lt
2

[ lσ

x3
lσ

]
dx3 = ∑

i

[ (
(x3)i+1 − (x3)i

) lσi
1
2

(
(x3)

2
i+1 − (x3)

2
i

)
lσi

]
(4.6)

where σ̂ is the stress-resultant stress, x3 is the z-axis. The σm and σb are the membrane
([σN x1 , σN x2 , σN x3 ]

T) and bending ([σMx1
, σMx2 , σMx3 ]

T) strengths, respectively. The
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summation, over the iterator i, represents the discrete integral over all the layers
that divide the thickness.

Equation 4.3 can be expressed in terms of the stress-resultant components and holds
true when combined with Equation 4.6, the stress-resultant constitutive tensor is
then obtained.

l σ̂ =
l[

σm
σb

]
=
∫ lt

2

−lt
2

[
Din x3Din

x3Din x2
3Din

]
dx3 ·

l[
εm
εb

]
(4.7)

where σm is the membrane stress, σb is the bending stress, εm is the membrane strain
and εb is the bending strain. The stress-resultant constitutive tensor can be arranged
as follows

l σ̂ = D̂l ε̂, D̂ =

[
D̂m D̂mb

D̂bm D̂b

]
(4.8)

where ε̂ is the stress-resultant strain, D̂ is the stress-resultant constitutive tensor,
D̂m is the stress-resultant membrane constitutive tensor, D̂mb is the stress-resultant
membrane-bending constitutive tensor, D̂bm is the stress-resultant bending-membrane
constitutive tensor and D̂b is the stress-resultant bending constitutive tensor. The
stress-resultant constitutive (D̂) tensor is symmetric, thus the membrane-bending
and bending-membrane constitutive tensors are identical.

The terms that compose the stress-resultant constitutive tensor are defined below.

D̂m =
∫ lt

2

−lt
2

[
Din

]
dx3 = ∑

i

(
(x3)i+1 − (x3)i

)
Din i

(4.9)

D̂mb = D̂bm =
∫ lt

2

−lt
2

[
x3Din

]
dx3 = ∑

i

1
2

(
(x3)

2
i+1 − (x3)

2
i

)
Din i

(4.10)

D̂b =
∫ lt

2

−lt
2

[
x2

3Din

]
dx3 = ∑

i

1
3

(
(x3)

3
i+1 − (x3)

3
i

)
Din i

(4.11)

For a symmetric shell, a shell that is symmetric in the thickness-wise direction, the
membrane-bending and bending-membrane constitutive tensors are zero. This is a
special case for an isotropic shell.

4.3.1.1.2 4-node quadrilateral shell element

When shear effects are taken into account the constitutive model for an isotropic
material, Equation 4.4, has to be modified in order to include the out-of-plane terms
as well.
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lσ =

[ lσin
lσout

]
=

[
Din Din-out

Dout-in Dout

] [ lεin
lεout

]
(4.12)

where σout is the out-of-plane stress, Din-out is the in-out-of-plane constitutive tensor,
Dout-in is the out-of-in-plane constitutive tensor, Dout is the out-of-plane constitutive
tensor and εout is the out-of-plane strain. The out-of-plane stress and strain are
([τ32, τ32]T) and ([γ31, γ32]T) respectively.

Similar to the triangle, the constitutive model is expressed in stress-resultant nota-
tion and the main difference is that the Reissner-Mindlin theory introduces the shear
effect by taking into account the out-of-plane or transverse stress.

l σ̂ =

lσm
σb
σs

 =
∫ lt

2

−lt
2

 lσ

x3
lσ

x2
3

lσ

 dx3 = ∑
i


(
(x3)i+1 − (x3)i

) lσi
1
2

(
(x3)

2
i+1 − (x3)

2
i

)
lσi

1
3

(
(x3)

3
i+1 − (x3)

3
i

)
lσi

 (4.13)

where σs is the shear strength ([σQx1
, σQx2

]T). And the stress-resultant constitutive
relationship is

l σ̂ = D̂l ε̂, D̂ =

 D̂m D̂mb 0
D̂bm D̂b 0

0 0 D̂s

 (4.14)

where D̂s is the stress-resultant shear constitutive tensor. The classical assumption is
to consider membrane-shear and bending-shear effects negligible because the in-out
and out-in effects are decoupled (Din-out, Dout-in).

The stress-resultant shear constitutive tensor is formulated in the following manner

D̂s =
∫ lt

2

−lt
2

[
csf11 Ds11

csf12 Ds12
csf21 Ds21

csf22 Ds22

]
dx3 (4.15)

where csf is the shear correction factor, Ds is the shear constitutive tensor. For an
isotropic material, considering that the shear is decoupled in each direction, the off-
diagonal terms of the shear constitutive tensor vanish and the shear correction factor
is the same (csf11 = csf22 = 5/6).

The expressions that define both the in-plane and the out-of-plane isotropic consti-
tutive tensors are

Din =
E

1 − ν2

1 ν 0
ν 1 0
0 0 1−ν

2

 (4.16)
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where E is the shear modulus, ν is the Poisson’s ratio.

Dout ≡ Ds = G
[

1 0
0 1

]
(4.17)

4.3.1.2 Non-linear constitutive elasticity – The isotropic damage model

One of the recurrent topics for the research community is the loss of mechanical
properties of certain materials when non-linear events such as defects or cracks are
present in the crystalline structure. In particular, the first attempt to characterise the
failure of structures comes by the hand of Kachanov in 1958 who published a paper
[127] where, throughout several experimental tests, micro-cracks of the specimens
were quantified. The quantification of micro-cracking and the measure of the loss
of stiffness, permitted the formulation of a global and macro model by means of an
internal variable that characterised the density of the micro-defects in the structure.
This internal variable was stored along with its evolution and inelastic deformation.

FIGURE 4.4: Loss of properties signalled in red when over-stretched.

This theory lacks a detailed and local prediction of the crack formation and founds
its physical principles in irreversible thermodynamic processes originating when
the micro-structure is over-stretched beyond its yield strain. The amount of test-
ing needed when using the Kachanov model is enormous, it requires different types
of testing: tensile, compression, an inelastic threshold in compression and tension
for yielding and ultimate failure. However, these parameters are associated with a
macro-structure of a specific material.

The model allowed to characterise the rupture of a structure as a whole in a manner
that is explicit and analytical. However, this was found limiting, since non-global
events such as crack propagation or induced anisotropy were not considered. Kra-
jcinovic and Fonseka [265] pointed out, indeed, that modelling reality is a task far
more complex. One of the most discussed approaches is to characterise the cracks
both globally or locally. The evolution of cracks and how they are generated locally
are a subject of special interest, since as Krajcinovic and Fonseka [265] previously
commented, there are local interactions that compromise the rupture of a structure
beyond their global characterisation.

The prompt collapse of a structure is the result of how an existing crack in a feeble
local area grows into a patch of damaged elements that have undergone substantial
degradation. Figure 4.4 exemplifies this problema, in which a patch of elements
in red has connected and created a global cracking. It is then understandable that
locally, the appearance of cracks – in certain local zones – may induce the origination
of micro-cracking in its neighbourhood (see Figure 4.5).
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Authors such as Luccioni et al. have proposed solutions that introduce a meso or
micro-modelling of hyperparameters that are intrinsically related to this local crack-
ing.

FIGURE 4.5: Global crack development.

When considering that the micro-cracks are scattered randomly in all directions, the
evolution of damage can be assumed to be isotropic. One of the most known and
classical damage models is the so-called isotropic damage model, which is attributed
to Simo and Ju [17]. This damage model is extremely intuitive and simple, since
using the isotropic simplification leads to a damage model with only a scalar damage
variable. A similar theory is proposed by Oliver [32], this paper analyses one of
the limitations of this theory and this is the fact that this model is only suitable for
materials that once a crack is originated, the distribution of cracks remains isotropic.

Several authors have worked in providing models that take into account, and more
important predict, oriented distributions of micro-cracks. In these models, the vari-
able of damage is no longer a unique scalar variable. These models – either or-
thotropic or anisotropic – can be found in [131, 141, 143].

The idea of damage is closely linked to the effective sectional area left after the crack
or flaw starts to grow. This effective area is the result of subtracting the damaged
sectional area (crack size) from the intact or original sectional area. A sketch of the
sectional area can be found in Figure 4.6. The discussed isotropic damage model in this
thesis is derived from the research of Simo and Ju in [17]. The model proposed by
the latter establishes a degradation of the mechanical properties which has a mono-
tonic evolution of the damage history, i.e., no healing or recovery of the mechanical
response of the structure is considered. The specific formulation for the damage
model in this thesis is the one proposed by Chaves [266], which is based on the Simo
and Ju model.

The rheological model used to describe the deformation of a solid under stress is best
described by considering an initial mechanical structure that is enduring uni-axial
loading. Observe Figure 4.6, the initial or intact sectional area (S0) of the structure -
the section perpendicular to the application of the uni-axial loading – shall decrease
as the cracks or flaws developed, this is referred to as damaged sectional area (Sd),
due to the increase of the magnitude of the stress over the elastic limit or yielding
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stress (σy). The resultant sectional area is the effective one (Se).

Damaged 

Area (Sd)

Effective Area (Se)

Intact

Area (S0)

σ0

σ0

FIGURE 4.6: Effective area and uni-axial rheological damage model.

Hence, the hypothesis is that for infinitesimal strain theory, in the absence of any
damage, the original sectional area shall remain unperturbed. Once the damage
occurs – irreversible damage to be precise – the effective sectional area shall decrease
due to the generation of internal flaws in the sectional area. These flaws, cracks
or holes, represent a quantity of the damage found in the structure, a proportional
one, and can be best described as the ratio between the damaged and undamaged
sectional area.

The uni-axial rheological model can be extended to a three-dimensional rheological
by using tensor algebra and defining the damage in the so-called HaighWestergaard
stress space. This stress space identifies three spatial axes that represent the three
principal stresses of a body subject to three-dimensional loading.

The main fundamentals of the isotropic damage model are detailed in the para-
graphs below. A compacted thread of the discussion is provided in these lines, in
an attempt to assure the correct advancement throughout the subject of discussion
in the forthcoming steps. The discussion starts with stating a basic principle, this
is the equilibrium of the internal stresses, then the stress is disseminated by finding
an appropriated constitutive model that correlates the stress and the strains. The
constitutive law and its damage evolution are then examined to link this evolution
to a unique damage variable, after the introduction of this damage parameter, the
evolution is studied from an elastic energetic point of view. After this energetic ap-
proach is taken, the evolution of the damage variable is characterised by a series of
constitutive parameters. The isotropic damage model ends with the introduction of
the so-called tangent constitutive tensor.
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4.3.1.2.1 Force equilibrium

Consider a differential of volume under uni-axial loading (Figure 4.7). If force equi-
librium is enforced, this differential must satisfy

S0σ0 = Seσe (4.18)

where S0 is the intact area, Se is the effective area.

σ0

σ0

1/2 σe 1/2 σe+

=

σe

FIGURE 4.7: Differential volume under uni-axial loading.

Equation 4.19 can be rearranged to introduce the concept of damage.

σ0 =
Se

S0
σe =

(
1 − S0 − Se

S0

)
σe =

(
1 − Sd

S0

)
σe (4.19)

where Sd is the damaged area. Therefore the amount of damage a section has suf-
fered is defined by the ratio between the damaged area and the intact or initial area.

d =
Sd

S0
⇒ σ0 = (1 − d)σe , 0 ≤ d ≤ 1 (4.20)

where d is the damage index. When this index is zero, the section is intact and when
it becomes one the section is completely damaged.

4.3.1.2.2 Constitutive equation
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The constitutive relationship established in Equation 4.14 can be applied to the effec-
tive tension and, by combining with Equation 4.20, the so-called secant constitutive
tensor can be formulated for the initial or intact stress. Both effective and intact
stresses shall be expressed using the stress-resultant notation as per usual.

l σ̂e = D̂l ε̂ ⇒ l σ̂0 = (1 − d)D̂l ε̂ = D̂sec
l ε̂ (4.21)

where D̂sec is the stress-resultant secant constitutive tensor. The secant allows rep-
resenting the loading and unloading either in the elastic or inelastic range. Fig-
ure 4.8 to illustrate the concept of the secant, note that this chart replaces the con-
stitutive tensor (D) by Young’s modulus (E), nevertheless the analogy to the three-
dimensional space remains.

In the intact or initial region of the stress-strain curve, the damaged sectional area
has not originated and the rate of variation of this with respect to time is as well
zero.

Sd = 0 ⇒ d = 0
dSd

dt
= 0 ⇒ dd

dt
= 0

(4.22)

This is especially valid for the elastic limit prior to damage initialisation and for this
specific case the secant constitutive tensor recovers its original form which is the
elastic constitutive tensor.

E

1

Esec = ( 1 - d ) E

1

Etan

1

Elastic 

Limit

Unloading

Inelastic LoadingY

εY

σ

ε

FIGURE 4.8: Stress-strain relationship for the isotropic damage
model.

When damage is generated, the stress-strain curve no longer unloads or loads using
the elastic slope, but the secant as shown in Figure 4.8.
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Sd ̸= 0 ⇒ d ̸= 0
dSd

dt
= 0 ⇒ dd

dt
= 0

(4.23)

The secant loading holds as long as the stress or strain does not surpass a certain
threshold. These respective thresholds can be derived from the so-called Helmholtz
free energy potential.

4.3.1.2.3 Energy Norms

As commented previously, the thresholds used to determine whether the process of
damage has evolved or not, are determined by the so-called energy norms in the
stress or strain spaces. Assume a thermodynamic process where dissipation is non-
zero

dd
dt

> 0 (4.24)

The thresholds that define the fluency surface are found by

τσ = ∥σ∥ =
√

••σ :
••••

Delast
−1 : ••σ

τε = ∥ε∥ =
√

••ε :
••••

Delast : ••ε
(4.25)

where τσ is the stress norm, Delast is the elastic constitutive tensor and τε is the strain
norm. Note that the elastic constitutive tensor is the one when no damage (d = 0)
has originated.

A relationship between both norms can be found in terms of the damage index.

τσ = (1 − d)τε (4.26)

These norms are used to define the fluency surfaces in Figure 4.9. Each norm is
defined by what can be termed an internal variable.

{
Fε(τε, βr) = 0
Fσ(τσ, βq) = 0

(4.27)

where Fε is the strain fluency surface, βr is the damage internal variable, Fσ is the
stress fluency surface and βq is the damage internal variable evolution law. The
damage internal variable evolution law is also referred to as the hardening/soften-
ing variable, which depends on the internal variable.
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FIGURE 4.9: Fluency surface from the isotropic damage model.

The criterion to define thus if damage has been originated would be

Fε(τε, βr) = τε − βr < 0 (4.28)

for the strain norm and

Fσ(τσ, βq) = τσ − βq (βr) < 0 (4.29)

for the stress norm.

4.3.1.2.4 Internal variables and evolution laws

Equation 4.28 in combination with Equation 4.29 defines the expression of the hard-
ening/softening variable.

βq (βr) = (1 − d)βr (4.30)

The evolution of the hardening or softening can be either positive or negative, nev-
ertheless, the hardening or softening variable (βq) is a positive quantity. Previously,
the damage index (d) was analysed and the consideration that the damage index has
monotonic positive evolution implies the same for the internal variable (βr).

Implying that βr ∈ [βr0, ∞) and similarly the range for the evolution law variable
would be βq ∈ [0, ∞). Observe the lower bound of the damage internal variable,
which is not null, i.e., the damage internal variable initially has a value that is equiv-
alent to the virgin or undamaged threshold, and it is intrinsically linked to the idea
of fracture energy.

However, one question to solve is how this internal variable evolves concerning time
or pseudo-time (loading and unloading).
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βr(t) = max

(
βr0, max

t̂∈[t0,t]
τε(t̂)

)
(4.31)

where βr0 is the damage initial internal variable. Therefore, the damage internal
variable at a given time or pseudo-time associated with a load increment is the re-
sultant of the maximum value between the damage initial internal variable and the
maximum value of the threshold history. The damage initial internal variable is de-
fined by the ratio of the elastic limit and Young’s modulus.

βr0 =
σy√

E
(4.32)

where σy is the intact stress. Taking Equation 4.30 and rearranging, the damage can
be then defined in terms of the internal variable and the evolution law variable.

d = 1 −
βq (βr)

βr
(4.33)

And the variation of damage concerning the internal variable is defined by

dd
dt

=

βq −
∂βq

∂βr

βr
2

dβr

dt
(4.34)

where

Hd =
∂βq

∂βr
(4.35)

where Hd is the hardening/softening law. Hence Equation 4.33 imposes an initial
value for the evolution law variable.

0 ≤ d ≤ 1 , βr0 ≤ βr ≤ ∞ , βq ∈
[
βr0, βq∞

]
(4.36)

where βq∞ is the saturated evolution law. The saturated evolution law value has to
be positive.

In the standard formulation, the evolution law variable (βq) is continuous, and gen-
erally, the model is postulated in the following manner.

βq =

{
βr0 , βr ≤ βr0∫ βr

βr0
Hd dβr , βr ≥ βr0

(4.37)
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The most common models used are the linear and exponential models. These mod-
els can be sub-classified by the hardening/softening law.

Damage with hardening ⇒ Hd > 0
Perfect damage ⇒ Hd = 0
Damage with softening ⇒ Hd < 0

(4.38)

4.3.1.2.5 Linear hardening/softening

The linear hardening/softening is one of the most used models, it is simpler since
it involves only one parameter that controls the type of hardening/softening law it
follows.

βq =

{
βr0 βr ≤ βr0

βr0 +Hd (βr − βr0) βr > βr0
(4.39)

The values of hardening/softening law (Hd) range from (−∞, ∞).
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FIGURE 4.10: Evolution law: linear.

This model presents certain problems since it is not a smooth function, the derivative
is not continuous when βq∞ = 0 and softening is considered (see Figure 4.10).

βq = 0 ⇒ βr =
(Hd − 1) βr0

Hd
(4.40)

This is the upper limit for the damage internal variable in the linear model, and it
can be used to quickly assess if the damage is completed (d = 1). Note again that
this is only for softening, nevertheless softening is the most common behaviour of
materials in the non-linear range.
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4.3.1.2.6 Exponential hardening/softening

The exponential hardening/softening model is the most natural and presents a smooth
continuous curve.

βq =

{
βr0

βq∞ −
(

βq∞ − βr0

)
exp

(
cpe

(
1 − βr

βr0

))
Hd =

(
βq∞ − βr0

)
βr0

exp
(

cpe

(
1 − βr

βr0

)) (4.41)

Provided the saturated evolution law (βq∞) cannot be negative, the saturated dam-
age law value has to be positive, thus βq∞ ∈ [0, ∞). This is shown in Figure 4.11,
note that the evolution curve for βq∞ = 1 retrieves the perfect damage model.
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FIGURE 4.11: Evolution law: exponential.

4.3.1.2.7 Norms

There are three classical norms: symmetric, tension-only and non-symmetric. These
three norms define the uni-axial behaviour of the constitutive material in the three
dimensions.

The symmetric norm, as the name indicates, considers that tension and compression
response is exactly the same. The norm is exactly the same defined in Equation 4.25.

τσ I =
√

••σ :
••••

Delast
−1 : ••σ = (1 − d)√

••
σe : ••ε

τε I =
√

••ε :
••••

Delast : ••ε =
√

••
σe : ••ε =

1
1−dτσ I

(4.42)

In Equation 4.42, it can be appreciated that the norm is symmetric.
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FIGURE 4.12: Norm I: symmetric damage.

In the case of the tension-only norm,

〈
••σ
〉
= ••σ +

∣∣
••σ
∣∣

2
(4.43)

where ⟨σ⟩ is the Macaulay bracket for the stress tensor. This stress tensor can be
represented in terms of its principal stresses by eigendecomposition.

••σ =
3

∑
i=1

λiλ−→v i
⊗ λ−→v i

〈
••σ
〉
=

3

∑
i=1

⟨λi⟩ λ−→v i
⊗ λ−→v i

(4.44)

where λ is the eigenvalue, λ−→v is the eigenvector. The eigenvalues and eigenvectors
are the correspondents to the stress tensor (σ).

The major difference in the norm compared to Equation 4.42 is the introduction of
the tension-only term in the norms.


τσ I I =

√〈
••σ
〉

:
••••

Delast
−1 : ••σ = (1 − d)

√〈
••
σe

〉
: ••ε

τε I I =

√〈
••
σe

〉
: ••ε =

1
1−dτσ I I

(4.45)

In Figure 4.13, the fluency surface can be observed, showing that the elastic zone is
found for three quadrants and only there is damage in the case of tension. This can
be seen in the stress-strain chart where for negative stresses, the constitutive model
retrieves the linear model.
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FIGURE 4.13: Norm II: tension-only damage.

The last model is an intermediate between the only-tension and symmetric. The non-
symmetric defines that the fluency criterion for compression is different from tension,
to simplify the model, it assumes that the difference is defined by a compression-
tension ratio.

cCR =
σycompression

σytraction
(4.46)

where cCR is the compression ratio. The fluency surface, shown in Figure 4.14, is
considered to be linearly interpolated from the traction region to the compression
region by the ratio defined in Equation 4.46. In order to achieve this, a fraction
between traction and compression has to be defined.

cCF =
∑3

i=1 ⟨λi⟩
∑3

i=1 |λi|
(4.47)

where cCF is the compression fraction. The compression fraction is defined by the
ratio of the eigenvalue of the stress for only-tension and its absolute value. The
norms can then be formulated.

{
τσ I I I =

(
cCF +

1−cCF
cCR

)√
••σ :

••••
Delast

−1 : ••σ

τε I I I =
1

1−dτσ I I I

(4.48)

This norm is very useful for example for materials such as concrete where cCR = 10.
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FIGURE 4.14: Norm III: non-symmetric damage.

4.3.1.2.8 Fracture Energy

One of the most difficult problems is to properly select the rate of change of the evo-
lution law, or what is the same, i.e., how to select the optimal hardening/softening
law. In [267], the concept of energy of fracture is used to infer a relationship be-
tween the hardening/softening law and the total potential strain energy. The rate of
dissipation is written in terms of the Helmholtz elastic free potential energy given
by

dΠD

dt
= ΠHE

dd
dt

= ΠHE
∂d
∂βr

dβr

dt
(4.49)

where ΠD is the dissipation energy, ΠHE is the Helmholtz elastic free potential
energy. The total specific dissipation energy is then

ΠF =
∫ t(βq=0)

0

dΠD

dt
=
∫ t(βq=0)

0
ΠHE

∂d
∂βr

dβr

dt
dt =

∫ βr(βq=0)

βr0

ΠHE
∂d
∂βr

dβr ≥ 0

(4.50)

where ΠF is the energy of fracture. The Helmholtz elastic free potential energy can
be substituted for the following relationship

βr
2 = 2

(
cCF +

1 − cCF

cCR

)
ΠHE =

{
2ΠHE tension
2cCR

−2ΠHE compression
(4.51)

The physical significance is that the energy associated with the Helmholtz elastic
free potential, must be equal to the energy under the curve of elastic range. The in-
troduction of the third norm is useful because it can retrieve all the previous norms,
by the selection of the compression ratio (cCR).

For the sake of simplicity, the derivation shall be done with the compression ratio
and if tension is considered, the compression ratio must be considered one. The
simplest and most used model would be the exponential softening model. Equa-
tion 4.50 yields
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ΠF =
∫ t(βq=0)

0

dΠD

dt
=

∫ βr(βq=0)

βr0

1
2

βr
2

βq∞βr0 −
(

βr0 + cpeβr
) (

βq∞ − βr0

)
exp

(
cpe

(
1 − βr

βr0

))
βr0βr

2 dβr

=

[
βq∞βr

2
+

(
βr

2
+

βr0
cpe

) (
βq∞ − βr0

)
exp

(
cpe

(
1 − βr

βr0

))]βr(βq=0)

βr0

≥ 0

(4.52)

From Equation 4.52, it can rapidly be seen that if βq∞ = 0, the result of the integral
is infinity. Assuming that the saturated value of the evolution law variable is zero,
an interesting compatibility equation can be formulated.

cpe =

(
ΠF

(cCRβr0)
2 − 1

2

)−1

≥ 0 (4.53)

where cpe is the pre-exponential factor. Note that in the case of traction, the compat-
ibility equation considers cCR = 1. So this establishes a lower limit for the energy
of fracture. However, this energy of fracture cannot be considered, numerically, the
same for elements of different size. Therefore, the fracture energy is defined as aver-
aged length fracture energy.

ΠF =
πF

xcl
(4.54)

where xcl is the characteristic length, πF is the characteristic energy of fracture. The
characteristic length can be the length of linear elements, the square root of the area
of shells and the cubic root of the volume of solids.
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FIGURE 4.15: Energy of fracture for exponential softening.
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Figure 4.15 shows the behaviour of the evolution law variable against the internal
variable for different values of fracture energy. Note that both axes are normalised
concerning the initial damage internal variable (βr0) and the figure shows that for
values below 0.5, the evolution law is inconsistent, which is in accordance with
Equation 4.53. When the energy is infinite, the model retrieves the perfect damage.

Considering the linear evolution, the energy of fracture can be derived again from
Equation 4.50. It is important to note that considering linear softening, the value of
the internal variable for when the evolution law intersects the axis of abscissas is

βr(βq = 0) =
Hd − 1
Hd

βr0 (4.55)

ΠF =
∫ t(βq=0)

0

dΠD

dt
=
∫ βr(βq=0)

βr0

1
2

βr
2 −

βr0 (Hd − 1)
βr

2 dβr

=

[
−

βrβr0 (Hd − 1)
2

]βr(βq=0)

βr0

≥ 0
(4.56)

Equation 4.56 is useful to define a lower limit to the slope.

Hd =

(
1 − 2ΠF

(cCRβr0)
2

)−1

≥ 0 (4.57)

Again the compression ratio is included and depends on the state, traction or com-
pression. The different slopes obtained can be observed in Figure 4.16. Since it is
softening, the optimal slopes are negative, thus the values below 0.5 for the nor-
malised energy of fracture over the initial internal variable (βr0), return hardening.
To obtain softening, the value should be greater than 0.5, and when it tends to infin-
ity, the model retrieves the perfect damage model.

0 1 2 3 4 5 6 7 8 9 10

0

0.2

0.4

0.6

0.8

1

FIGURE 4.16: Energy of fracture for linear softening.
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4.3.1.2.9 Tangent Constitutive Tensor

The last concept that needs to be derived is the rate of change of the stress in time
or what is the same, the so-called tangent constitutive tensor found in Figure 4.8.
The rate of change of the stress was defined when the evolution of damage was
considered to be zero.

Sd ̸= 0 ⇒ d ̸= 0
dSd

dt
̸= 0 ⇒ dd

dt
̸= 0

(4.58)

Now considering that the evolution of damage is not zero

d••σ

dt
= (1 − d)

••••
Delast :

d••ε

dt
−

••
σe ⊗

dd
dt

(4.59)

The variation of time of the damage can be found by the variation of the damage
index with respect to the internal variable or what is equivalent to the strain norm.

dτε

dt
=

dβr

dt

dd
dt

=
∂d
∂βr

∂βr

∂t
=

∂d
∂βr

∂τε

∂t

∂τε

∂t
≡ dτε

dt
=

∂d
∂τε

1
τε ••

σe :
d••ε

dt

(4.60)

By combining Equation 4.59 and Equation 4.57, the tangent constitutive tensor can
be defined.

d••σ

dt
=

[
(1 − d)

••••
Delast −

∂d
∂τε

1
τε ••

σe ⊗ ••
σe

]
:

d••ε

dt
=

••••
Dtan :

d••ε

dt
(4.61)

where Dtan is the tangent constitutive tensor. Note that the tangent tensor can be
either represented as the standard nomenclature (Dtan) or using the stress-resultant
nomenclature introduced previously (D̂tan).
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4.3.2 Constitutive modelling of composite shells

The constitutive theory introduced until this point describes the relationship be-
tween stresses and strains at the constituent or phase level. Nonetheless, when ma-
terials are joined or bounded, similar to Figure 4.17, the constitutive relationship of
the resultant is not only not guaranteed, but generally not expected to be the same
as the behaviour of its constituent materials. For instance, albeit the behaviour of
the constituent materials can be considered isotropic, once combined to generate the
composite material, the material presents an anisotropic behaviour, at its best or-
thotropic. Therefore, the shell theory found in this section is focused solely on the
study of shell theory that reproduces composite behaviour.

Composite

FIGURE 4.17: Illustration of part 2, the concept of a composite mate-
rial.

Laminated shell theory is the theory that connects the kinematics and constitutive
laws of composite structures when discretised in elements. For the sake of simplicity,
only first-order theories of laminated shells are considered, other high-order tech-
niques can be found in [101, 103]. One of the first theories is the classical laminated
plate theory (CLPT) postulated by Reddy [103], this theory is based on the Kirchhoff-
Love theory [262], and is generally suitable for composites with thin thicknesses and
especially where transverse shear deformation is not significant [268].

If either important transverse shear deformation (sandwiches) or thick composite
structures are considered, the formulation by excellence is the Reissner-Mindlin the-
ory [263]. One of the main issues derived from the Reissner-Mindlin theory is the
shear-locking phenomenon, where thin-wall structures experiment with singular be-
haviour as the thickness of the structure is reduced. Lardeur and Batoz [99] intro-
duced the reduced shear correction factor to amend this problem.

The models previously introduced can be derived for isotropic materials and there-
fore coupled with the damage models detailed in subsection 4.1.1. However, this
would only account for finite element solutions of homogeneous materials, since,
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for heterogeneous materials, especially composites, the mechanical response is no
longer isotropic.

The constitutive modelling of composite shells is generally addressed and charac-
terised by orthotropic models. Especially, for laminated shells, the transverse or-
thotropic model. One of the first publications to introduce the orthotropic constitu-
tive matrix was Kings in [269]. Interestingly, the orthotropic solutions in [269] can
be easily coupled with the damage models that are orthotropic in subsection 4.1.1.
This allows the prediction of the failure of composite structures by the finite element
method. Nevertheless, these orthotropic theories are not generally the best method
to predict failure since many non-linear issues developed during the damage pro-
cess are not well approximated. One of these problems is the underestimation of the
transverse mechanical properties

4.3.2.1 The concept of homogenisation

In this subsection, the different methods used to obtain the structural and mechani-
cal response of the composite as a whole from the behaviour of its constituent phases
are briefly explained. These methods match the classification and enumeration of
the chapter devoted to the literature review of the mechanical model. The differ-
ent techniques used to obtain the response of the composite from its constituent are
classified in three scales:

1. Micro-scale

The micro-scale is at the level of the constituent phases, fibre, matrix, pores,
filling, etc. This scale is very detailed and high in terms of computational
cost, it can analyse issues such as delamination or even unbinding between
the solid phases such as the fibre and resin. This scale allows keeping track
of the non-linear constitutive phenomena of every single phase by using the
models derived from the analysis of homogeneous continuum media.

2. Meso-scale

These methods deal with an intermediate scale where the constituent phases
are denoted by packets or groups of homogeneous media inside the hetero-
geneous structure. I.e., groups of fibre or lamina. These methods are highly
dependent on the heterogeneous structure, since the elements that pack cer-
tain regions of the meso-scale are defined by the length of these same groups.

3. Macro-scale

The macro-scale methods are the least costly in terms of computational power
and less detailed in principle. These methods study the complete structure or
structural elements. One of the advantages of these methods is the simplicity
of the discretisation of the whole domain, since the computational models at
this scale are generally simpler to be defined. However, this comes with the
cost of neglecting certain characteristics of the micro-scale structure.

In order to palliate this problem, the theory of homogenisation has gained its
reputation. This theory tries to infer certain characteristics or traits of the
micro-structure into the macro-scale domain. This homogenisation techniques
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offer an interesting solution since a more detailed solution can be obtained at
the cost of less calculation time.

Although the classification is very clear and distinct, sometimes the line between
certain methods is not simply traced. In addition, some other multi-level methods
have gained popularity in the recent decades. These multi-scale methods are similar
to the concept of homogenisation, indeed homogenisation can be considered as some
sort of two-level or micro-macro-scale method.

4.3.2.1.1 Obtention of the composite constitutive model

The interest of the research is to obtain the composite behaviour from the behaviour
of the constituent phases. From the discrete mechanical problem, there are two
terms, the left-hand side (l.h.s.) matrix and the right-hand side (r.h.s.) vector of
the discrete system of equations. The constitutive tensor or matrix is shared on both
sides of the equilibrium of linear momentum, and it is sensical to obtain the com-
posite constitutive matrix from the constituent constitutive matrix of each phase. In
order to obtain this composite constitutive model, several formulations are offered
at different scales. The three areas of research that are contemplated in this section
are: macro-scale, micro-scale and multi-scale.

At the macro-scale level, one of the simplest formulations is found by the combina-
tion of an orthotropic shell theory [269] and the simplest way to obtain the composite
behaviour from a biphasic material is to use the hypothesis of Voigt [26] and Reuss
[27]. The first explains details, based on experimentation, which is the relationship
between the parallel Young’s modulus of the composite and the constituent phases.
The second stipulates how to obtain, again based on empirical tests, the constituent
to composite relationship in the transverse or serial orientation for both the Young’s
and Shear modulus. This formulation can easily be brought to the non-linear consti-
tutive analysis if combined with one of the orthotropic damage theories mentioned
previously. Within these non-linear constitutive theories, the study of two relevant
theories is given below:

1. Hill fluency

In 1964 Hill [115] proposed a fluency surface that was similar to the modern
plasticity surfaces – the yielding is produced by deviatoric loading instead of
hydrostatic – that was suitable for orthotropic materials. Dvorak and Bahei-
El-Din [116] remarked that the model proposed by [115] had several problems,
one of the most important was the definition of a yielding surface for the whole
laminate, i.e., the yielding was associated with the complete stack of plies. This
introduces non-realistic solutions, since only when the composite is monolithic
– the same material for all the layers in the stack – the yielding surface is cor-
rect. The classical arrangement, for a sandwich or non-monolithic stacks, was
to associate an equivalent yielding surface as a weighted solution of the differ-
ent layers that compounded the stack, this is done in order to obtain a failure of
the whole stack instead. Nonetheless, this leads to unfeasible results [150], and
the Tsai and Wu criteria are more encouraged if failure of the whole section of a
laminate is contemplated. Other orthotropic-based inelastic macro-scale mod-
els using the same principles as Hill’s model are found in [142].
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2. Vanishing fibre diameter

In 1982 Dvorak and Bahei-El-Din [116] an interesting model is proposed. This
model is very well suited for reinforced composites, especially for reinforced
concrete. The so-called vanishing fibre diameter model obtains its name from
the fact that the constitutive model of the composite material is obtained by the
contribution of the fibre and matrix phases. Albeit, the composite behaviour
comes from both fibre and matrix, the diameter of the fibre vanishes in those
directions not aligned with the fibre orientation.

Therefore, this model is realistic when satisfying the Voigt hypothesis. But
underestimates the real transverse rigidity since it is not fulfilling the Reuss
hypothesis. Another classic problem arising from this model is the incorrect
prediction of yielding in the transverse direction, however this can be miti-
gated if coupled correctly with some other anisotropic damage model. This
model has been subsequently enhanced in [139].

Theories formulated within the micro-scale are one of the most used ones. These are
theories that properly introduce the iso-strain and iso-stress hypotheses of Voigt [26]
and Reuss [27] respectively at the micro-scale level. Two main branches, the mean
field and cells methods, are the most prolific theories within the micro-scale approach.
These theories are well detailed in the enumeration below.

1. Mean field

This theory receives its name from the assumption that the mean of the strain
and stress fields for the matrix and fibre phases are representative of the be-
haviour. By assuming this behaviour, the iso-strain and iso-stress hypothesis
can be then used to formulate the relationship between the constituent phases
and the composite as a whole.

The constituent-to-composite relationship is then defined by a set of functions
that depend on the morphology of the fibre phase, e.g., the fibre phase in con-
crete is modelled as granulated particles whereas as long fibres in marine FRP
composites; the spatial orientation and the volumetric fraction.

One of these amalgamation functions is the one that receives the name of the
rule of mixtures. It employs the ideas of Voigt and Reuss to estimate Young’s
modulus and Shear’s modulus. These functions receive the name of the rule of
mixtures (ROM) in the direction parallel to the fibre phase [26] and the inverse
rule of mixtures (IROM) in the direction serial/transverse to the fibre phase [27].

Note that these functions describe behaviour in the range of elastic behaviour.
Authors such as Taylor [112] enhanced these functions to the non-linear range.

The consolidation of these formulations is introduced in Truesdell and Toupin
by [151] who formalise the classical mixing theory (CMT) based on the concepts
from the ROM and IROM. The main difference is that this theory defines these
relationships, at the Gauss level, by enforcing the iso-strain or parallel and
iso-stress or serial hypothesis. By enforcing the relationships in this manner,
the possibility of using non-linear constitutive models at the phase level is en-
abled. However, this theory is not as sophisticated as imagined. The need
to produce particular constitutive models does not allow combining different
existing models.
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In [154], an enhanced version of the theory proposed by Truesdell and Toupin
is proposed. This theory, named serial-parallel rule of mixtures (SPROM), is in-
deed formalised by Rastellini et al. in their posterior contributions [15, 33]. The
advantages of this theory with respect to the CMT by Truesdell and Toupin
are important because this new formulation is able to work as a black box
by combining any pre-existing constitutive theory for each constituent phase.
Moreover, the theory achieves a natural orthotropic behaviour at the compos-
ite level by simply imposing the serial hypothesis for each constituent phase,
even when the structure has gone beyond the linear constitutive analysis.

There are other models such as the ones proposed by Eshelby in [148] in 1956
which derives a model in which the matrix phase has inclusions or defects in
the embedded into it. These models are very useful for the amalgamation of
composite materials such as concrete. Eshelby further expands this theory in
[149] and the most popular method is found in the work of Mori and Tanaka
[155] in 1973.

Models such as the self-consistent method consider that the reinforcement is
embedded in the matrix and this is embedded in the composite. However, the
effective properties are considered from the composite, which requires obtain-
ing them from experimental data [172]. This model is significantly developed
by authors such as Hashin [146] or Budiansky [147].

2. Cells

The method of cells (MOC) was first introduced by Aboudi [144] in 1989. This
method considers that a discretisation of the micro-structure can be made in
subcells, assigning each subcell a constituent material, the proportion is deter-
mined by the volumetric fraction of each constituent material. Then it estab-
lishes a certain amalgamation of functions and continuity in terms of stress to
achieve the solid mechanical equilibrium of the cell.

This method has been extended by the same creator, such as in [145] to for-
malise a general method of cells (GMOC) to enable the prediction of more
complex micro-structures.

The other approaches are based at the multi-scale level and generally are grouped
inside the category of homogenisation. This approach is a micro-macro model and
sometimes involves more than two scales. Generally, homogenisation is obtained
from the assumption that the heterogeneous media can be perceived as a periodic
micro-structure that is repeated in the macro-scale domain.

One of the approaches inside homogenisation is the asymptotic technique found in
[157, 164, 169] which models the micro-macro interaction by means of introducing an
asymptotic expansion in the displacement and tension fields and that is integrated
into using the variational form to later derive the discrete system.

Other techniques such as the ones described in [162, 165] are regarded as the uni-
tary cell techniques and these obtain the macroscopic properties of the composite
by resolving, at the micro-scale, the heterogeneous micro-structures. These methods
allow for solving very complex micro-structures, however, they are limited to linear
analysis since when large deformation or non-linear constitutive phenomena appear,
the micro-structure may change significantly from its material or initial description.
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This has been substantially upgraded using the same ideas as in direct numerical
simulations (DNS), however, the computational cost has been increased. These tech-
niques, the micro-macro direct methods, obtain the tension-strain state variables at
the macro-scale level from the micro-scale level where the complex micro-structure
is solved by applying the corresponding constitutive laws.

At the macro-scale level, the methods can be coupled easily with the finite element
method [166, 167, 170], the Voronoi cell approach described in [159, 161] or solving
the variational form approximately by using the Fourier expansion series [163]. The
micro-scale can be solved with a similar methodology, however, the micro to the
macro of the state variables (strain and stresses) are generally obtained by some of
the homogenisation techniques explained above.

The major problem of these direct methods is the computational cost that is intrin-
sic to them. An interesting approach to model this micro-macro homogenisation,
resembling the approach used in data science such as machine learning or reduced
order modelling, comes from the ideas of Terada and Kikuchi in which the micro-
macro interaction is obtained from a statistical or data-driven model [160, 188].

Composites are materials that are a compound of different layers that conform in
a stack. Each layer can contain one or more constituent materials. Composites are
very non-linear constitutive materials and need careful and extensive material cali-
brations in order to obtain all the parameters that define the constitutive model.

One of the most remarkable features of composites is their orthotropic behaviour.
This is reflected in Figure 4.18 and Figure 4.19. These figures show that the in-plane
and out-of-plane tension distribution is determined through different tests.
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FIGURE 4.18: In-plane tension distribution for an orthotropic mate-
rial.
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FIGURE 4.19: Out-of-plane tension distribution for an orthotropic
material.

The classical model – the lineal model – to express the constitutive tensor is the so-
called orthotropic shell model. However, this model is in direct conflict with the
isotropic damage model from Simo and Ju, since the latter is derived from isotropic
materials. Some solutions extend the isotropic damage model to orthotropic models
[271, 272].

The behaviour of the composite as a whole can be generally reproduced by the
orthotropic theory for shells if experimental testing is given for a certain material.
However, if the number of layers or some constituent materials is added, removed
or modified, the resultant behaviour may be similar but not the same. The need to
establish a formulation that reproduced the behaviour of composites not as a whole
but from the perspective of the constituent materials is preferable.

The mechanical properties of the composite or a layer of the composite – a layer
can be considered as a composite as well if it is comprised from more than one con-
stituent material – can be infused from the mechanical properties of the constituent
materials. This correlation between the micro-scale and macro-scale is generally in-
ferred by using the classical mixture theory (CMT). The first authors to theorise this
mixing theory are Voigt [26] and Reuss [27], both introducing the relationship or
stress behaviour in the different principal local axes.

4.3.2.2 Linear constitutive elasticity of composites

Once the concept of homogenisation has been extensively discussed, the constitutive
laws that characterise composites can be introduced. The simplest formulation exis-
tent is the one that focuses on the study of the linear elastic response of composite.
Do please not be misled by the term linear, since composites are by definition non-
linear, that is, the relationship between the stresses and strains cannot be catalogued
as linear.

In further detail, exploring one of the best linear theories of composites, which is
the orthotropic constitutive model, rapidly adverts that composites behaviour is
oriented-based, and more importantly, its range of application, the linear one, may
not be the same for one direction compared to others. Within this scope, the linearity
of composites is studied through the lens of the general orthotropic theory and with
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special emphasis, since the ulterior motive is the study of marine FRP composites,
the transverse isotropic models.

Continuing the linear study of transverse isotropy, the constitutive law of the trans-
verse isotropic composite is formulated by the introduction of the classical mixing
theory (CMT). This theory poses the relationship between constituent materials and
the composite itself.

4.3.2.2.1 The orthotropic constitutive model

The orthotropy of a material defines that the properties can be characterised through
three-principal axes. Composites are orthotropic dominated materials. These rela-
tionships were shown in Figure 4.18 and Figure 4.19, the compliance matrix can be
postulated as

ε =



ε11
ε22
ε33
γ21
γ31
γ32

 = D−1σ = D · σ =



D11 D12 D13 0 0 0
D21 D22 D23 0 0 0
D31 D32 D33 0 0 0

0 0 0 D44 0 0
0 0 0 0 D55 0
0 0 0 0 0 D66





σ11
σ22
σ33
τ21
τ31
τ32

 (4.62)

where D is the constitutive tensor, D is the compliance tensor. The components
of the compliance tensor are found by using the different modulus that defined the
relationship between stress and strains in the three-principal or orthotropic axes.

D11 = 1
E1

, D12 = −ν21
E2

, D13 = −ν31
E3

,
D21 = −ν12

E1
, D22 = 1

E2
, D23 = −ν32

E3
,

D31 = −ν13
E1

, D32 = −ν23
E2

, D33 = 1
E3

,
D44 = 1

G12
, D55 = 1

G13
, D66 = 1

G23

(4.63)

The compliance matrix due is symmetric since both strain and stresses are.

Eiνji = Ejνij, ∀i, j = 1, 2, 3 and i ̸= j (4.64)

This formulates the following constitutive matrix
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D =



1 − ν23ν32

E2E3ĉ
ν21 + ν23ν31

E2E3ĉ
ν31 + ν21ν32

E2E3ĉ
0 0 0

ν21 + ν23ν31

E1E3ĉ
1 − ν13ν31

E1E3ĉ
ν32 + ν12ν31

E1E3ĉ
0 0 0

ν31 + ν21ν32

E2E3ĉ
ν32 + ν12ν31

E1E3ĉ
1 − ν12ν21

E1E2ĉ
0 0 0

0 0 0 G12 0 0
0 0 0 0 G23 0
0 0 0 0 0 G13



ĉ =
1 − ν12ν21 − ν13ν31 − ν23ν32 − 2 − ν21ν13ν32

E1E2E3

(4.65)

Furthermore, if transversely isotropy is considered, then

E2 = E3, ν12 = ν13, G12 = G13 and G23 =
E2

2 (1 + ν23)
(4.66)

4.3.2.2.2 Transverse orthotropy in shells

Shells consider the plane stress hypothesis, neglecting the stress in the normal di-
rection of the shell. For composite shells, the assumptions of transverse isotropy
are used. Equation 4.65 can be modified using Equation 4.66 in order to obtain the
expression of the constitutive tensor for transverse isotropic shells.

D =


E1

1−ν12ν21

ν12E1
1−ν12ν21

0 0 0
ν12E2

1−ν12ν21

E2
1−ν12ν21

0 0 0
0 0 G12 0 0
0 0 0 G23 0
0 0 0 0 G12

 (4.67)

This can be broken down to follow the stress-resultant notation used in Equation 4.15,
for composite shells the previous assumption to neglect the off-diagonal (csf12, csf21)
shear correction factors is not necessarily true. Generally, for composite shells, the
consideration that shear is not coupled is feasible, however, the shear coefficients do
not necessarily need to be the same.

The in-plane and out-of-plane constitutive tensors are then

Din =


E1

1−ν12ν21

ν12E1
1−ν12ν21

0
ν12E2

1−ν12ν21

E2
1−ν12ν21

0
0 0 G12

 (4.68)

Dout =

[
csf11G23 0

0 csf22G12

]
(4.69)
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4.3.2.2.3 The classical mixing theory

The Classical Mixing Theory (CMT) is one of the most used models to obtain the
constituent-to-composite relationships. It is a generalised theory based on the Rule
of Mixtures (ROM) and Inverse Rule of Mixtures (IROM) and is extensively applica-
ble to the area of fibre reinforced plastic materials.

Voigt or iso-strain hypothesis:

Voigt in [26] introduces the concept of parallel behaviour. This behaviour describes
that the resultant properties in the direction aligned to fibre are found by a linear
interpolation or rule of mixture by the participation (volumetric or mass) of each
constituent material.

ε

εfεm

σm

σf

FIGURE 4.20: Parallel or iso-strain hypothesis.

A ply of an FRP composite under a certain uni-axial stress shares the same strain in
the matrix and fibre constituent materials (see Figure 4.20).

••
εm =

••
ε f ≡

••
εp (4.70)

where ε is the strain, εp is the parallel strain. Consider the parallel strain tensor as
the first component of the in plane strain (ε11). From Figure 4.20, it can be considered
that the stress is the composition of the stress generated in the fibre and matrix by
participation.
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••σ = ΦΩm ••
σm + ΦΩ f

••
σf =

(
ΦΩm ••••

Dm + ΦΩ f
••••
D f

)
parallel

:
••
εp (4.71)

The component of the constitutive tensor (D) in the serial direction can be considered
as the parallel Young’s modulus (E1). Thus, the serial constitutive tensor can be
formulated in elastic regime as

E1 =
(
ΦΩmEm + ΦΩ f E f

)
(4.72)

Reuss or iso-stress hypothesis

Reuss in [27] realised that in the transverse directions, transverse directions to the
orientation of the alignment of the fibre or i.e. serial direction, the constitutive tensor
was not consistent with the rule of mixture hypothesis.

εf

εm

σm σ�

εs

FIGURE 4.21: Serial or iso-stress hypothesis.

The experimental data was very consistent that the serial behaviour was charac-
terised by the fact that what is shared amongst constituent materials is the stress.

••
σm =

••
σf ≡ ••

σs (4.73)

where σs is the serial stress. Therefore, the constitutive tensor can be derived as

••ε = ΦΩm ••
εm + ΦΩ f

••
ε f =

ΦΩm

••••
Dm

+
ΦΩ f

••••
D f


serial

:
••
σs

(
••••D−1

)
serial

=

(
••ε

••σ

)
serial

=

ΦΩm

••••
Dm

+
ΦΩ f

••••
D f


serial

(4.74)

Again for the in-plane stress that is serial the young modulus can be defined as
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E2 =

(
ΦΩm

Em
+

ΦΩ f

E f

)−1

(4.75)

Similarly the in-plane shear modulus is obtained by using an iso-stress hypothesis.

G12 =

(
ΦΩm

Gm
+

ΦΩ f

G f

)−1

(4.76)

And since the matrix and fibre constituent materials can be considered isotropic,
their respective shear modulus becomes

Gi =
Ei

2 (1 + νi)
, ∀i ∈ m, f (4.77)

Note that the subscript i represents the i-th constituent material, generally fibre or
matrix.

4.3.2.3 Non-linear constitutive elasticity of composites

The linear study of composites is of high interest, however the current state-of-the-
art research, as demanded by the composite industry, is in the hot-pursue of reliable
non-linear formulations. The failure of composites is a topic of high value in many
areas of design such automotive, aeronautic, civil or, in this particular case, marine.

In the following paragraphs, the introduction to failure mechanics is done by the
hand of two non-linear methods. The first is the so-called Tsai and Wu failure crite-
ria, a well known criteria, that is used to characterise the failure of composite lami-
nates. The second theory is the serial-parallel rule of mixtures (SPROM), which has
been one of the pivotal theories in the study of this thesis and one that has incredible
synergy with the aforementioned formulations.

4.3.2.3.1 Failure criteria of composites

In the scope of failure from the point of view of an element itself, different aspects
are worth mentioning. The failure of a certain element can be given by the dam-
age models introduced in subsection 4.1.1, however there are some other interesting
developments in the field of shells that will be commented on the following para-
graphs.

One important problem is the incapability of shells to model delamination. Delami-
nation, represented in Figure 4.22, is a fracture mechanism where the adherence be-
tween two layers of a laminate is lost, effectively detaching partially or completely
the two laminae in contact.

While solid elements are able to model delamination since they have enough degrees
of freedom in the direction of the thickness, however, shells lack this characteristic
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because of how the integration through the thickness of the shell cannot split the
Gauss points to capture this delamination phenomenon, at least by the standard
FEM.

FIGURE 4.22: Illustration of the failure by delamination.

One of the most used theories to include the effect of delamination in shells is the
zig-zag theory, which includes some extra degrees of freedom in the section integral
of the shell element. Doing so can impose certain conditions to accurately integrate
the stresses, since delamination modifies the through-thickness stress distribution.

The zig-zag theory can be found, with application to the linear triangle and linear
quadrilateral, in [16]. [16] derives its formulation from the work of Tessler et al.
[273] where the concept of zig-zag kinematics is introduced to be applied to lam-
inated plates. The zig-zag theory can be conceptualised as some weight function
used to introduce delamination and to modify the stress distribution from this in-
duced delamination.

In the case of triangle elements, Eijo et al. in [109], propose a linear quadrilateral that
is coupled with the zig-zag theory in order to include delamination. Versino et al.
[110] includes the zig-zag theory into the classical discrete Kirchhoff triangle.

The other relevant topic in the study of failure for composite is the one introduced
by Tsai and Wu. The criterion receives the same name as their authors and this same
criterion is classified as a macro-scale failure, which means that it is not possible to
retrieve a priori the layer of failure in the stack of a laminate composite and neither
which phase – fibre or matrix – is the one that failed.

A detailed explanation of this criterion is found in either [16, 108] and [96] has an
introductory explanation in the chapter devoted to the mechanics of composites.
The concept of the Tsai and Wu criterion was first published in [270] in 1971 and it
introduces a polynomial of third order that attempts to describe a surface of failure
or also regarded in the literature as yielding.

This surface is tailored for orthotropic composites and is defined by

ĉiσi + ĉijσiσj + ĉijkσiσjσk − 1 = 0 (4.78)

where the parameters i, j, k = 1, 2, 3, 4, 5, 6 and the coefficients, ĉ, are the Tsai and
Wu coefficients, which are relative to the strengths in the principal directions of the
stress tensor.

These coefficients are determined from experimental analysis to the associated yield
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and ultimate strengths at different loading directions. Although to obtain experi-
mentally all the coefficients is in practice impossible and thus the criterion is simpli-
fied to a second-order polynomial.

ĉ1σ1 + ĉ2σ2 + ĉ3σ3 + 2ĉ12σ1σ2 + 2ĉ13σ1σ3 + 2ĉ23σ2σ3

+ĉ11σ2
1 + ĉ22σ2

2 + ĉ33σ2
3 + ĉ44σ2

4 + ĉ55σ2
5 + ĉ66σ2

6 +−1 = 0
(4.79)

However, this method is less precise than a direct calculation, an intermediate method
will be explained in the following section, where the isotropic damage model is com-
bined with a composite theory. The correctness of this method can be used to predict
damage [274] or even delamination [275].

4.3.2.3.2 The Serial-Parallel Rule of Mixtures

The so-called Serial-Parallel rule of mixtures or in short SPROM is a theory that
solves iteratively the hypothesis from Voigt and Reuss. The theory was derived
from Rastellini et al. in [15] and the importance of the theory resides in the treatment
of the constitutive materials.

This formulation achieves the orthotropy and fulfils the iso-strain and iso-stress hy-
pothesis. The most intuitive and conceptual explanation for the theory is that it acts
as a constitutive manager for a given bi-phasic material – a material that is composed
of two constituent materials or phases – and it combines the isotropic behaviour of
these constituent materials in order to obtain the orthotropic equivalent material.

The fact that at the constituent level there is the existence of an isotropic behaviour
makes the theory very suitable to be combined with the isotropic damage theory and
consequently reduces the vast number of hyperparameters needed to be introduced
for the classical orthotropic model. This implies that the model can describe non-
linear orthotropic constitutive behaviour.

The strongest aspect of the SPROM theory is explained when considering how this
theory affects pre-existing constitutive models. The theory is implemented in a very
organic manner, and it ends acts as a black box theory inside the constitutive model
in an exterior and abstract layer. This renders the theory a powerful tool to be com-
bined with pre-existing constitutive models and extend them to obtain the so-called
orthotropic behaviour, which is very characteristic of FRP laminates.

Before delving into the details of the theory, a remark on the notation is presented.
In this section, the common use of the i-th subscript is employed to generally refer to
a constituent material and the constituent materials defined in this section are two,
matrix and fibre, defined by the subscript m and f .

In the explanation given for the iso-strain and iso-stress hypothesis, the concepts
of parallel and serial were used to address these respective hypotheses, and they
were denoted by the subscript p and s. On the other hand, the quantities referred
to as the constituent materials are denoted by m and f (see Figure 4.23a), and the
quantities referred to as the combination of both, i.e., the composite, are denoted by
c (see Figure 4.23b).
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(A) heterogeneous media composed of fibre
and matrix.

(B) homogenised media or composite equiva-
lent.

FIGURE 4.23: Analogous description of the same media but with a
different perspective.

The strain field is a continuous field, in particular, if taken the averaged strain of
a cell or a differential of volume, one can consider the specific cell – numerically
equivalent to Gauss interpolation point – to be uniform at the heterogeneous level
as well as for its constituent phases (see Figure 4.24).

ε =

∫
Ω ε dΩ∫
Ω dΩ

, εc =

∫
Ωc

εc dΩ∫
Ωc

dΩ
, ε f =

∫
Ω f

ε f dΩ∫
Ω f

dΩ
, εm =

∫
Ωm

εm dΩ∫
Ωm

dΩ
(4.80)

Note that the strain here is implying that on average the strains of the composite and
phases can be considered proportional.
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FIGURE 4.24: Average strains of the heterogeneous media and its con-
stituent phases.

At the differential level, the composite quantities are obtained from those of the con-
stituent materials by the rule of mixtures.

εc = ΦΩ f ε f + ΦΩmεm (4.81)
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Figure 4.25 illustrates the relationship defined in Equation 4.81. It shows that the
total strain is the summation of the respective constituent strains multiplied by their
volumetric fraction.
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FIGURE 4.25: Graphic representation of the rule of mixtures.

The media under a certain load might generate a failure mode. Within fracture me-
chanics, the crack propagation can be defined by means of an internal variable model
(isotropic damage model). The composite as a whole has generally a set of internal
variables at the equivalent homogenised level, whoever at the micro-mechanics level
the composite internal variables are infused from the internal variables of the con-
stituent phases. Therefore, the stress of each phase includes the inelastic effects and
keeps track of their own constituent internal variables.

σi (ε i, βri) , ∀i ∈ m, f (4.82)

The damage evolution then is obtained for each constituent material and the inelas-
tic stress of the heterogeneous media is infused by the composite model from the
constitutive model of the constituent materials as shown in Figure 4.26.
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FIGURE 4.26: Graphic representation of the internal variables for the
fracture mechanics of composites.
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4.3.2.3.3 Projections

The SPROM introduces the concept of projections, these projections are classified in
two, serial and parallel according to the behaviour expected (iso-stress or iso-strain
respectively). Each layer of a composite stack has its local axes and the first axis (x1)
is aligned to the fibre orientation. Based on this previous convention, the stress and
stress components can be assigned one of these two categories. Generally, the strain
in the fibre direction is considered parallel (ε11) and the rest of the components can
be considered serial (σ22, σ33, τ21, τ31, τ32).

x3
x1

x2
ep

FIGURE 4.27: Representation of the local axes of reference in each ply,
the parallel projector is aligned in the fibre direction.

••
−→e p = •

−→e p ⊗ •
−→e p (4.83)

where •
−→e is the projector vector, ••

−→e is the projector matrix. Note that the denom-
ination of vector and matrix are exchangeable with first and second-order tensor.
These projections are defined to retrieve the certain components classified as serial
and parallel, indeed this is the parallel projector vector since it is defined by the
p denominator. To retrieve this behaviour for the second order tensors (strain and
stress), a fourth order tensor can be defined

••••
−→e p = ••

−→e p ⊗ ••
−→e p (4.84)

where ••••
−→e is the fourth order projector tensor. I.e., if considering the parallel be-

haviour of the strain tensor

••ε : ••••
−→e p ≡ ••••

−→e p : ••ε = ••
εpp = ε11 (4.85)

or for any given projection direction/behaviour

{
••ε : ••••

−→e i ≡ ••••
−→e i : ••ε = ••

ε i

••σ : ••••
−→e i ≡ ••••

−→e i : ••σ =
••
σi

∀i ∈ p, s (4.86)

The fact that we can divide the strain and stress into their respective parallel and
serial projections is useful to later impose the closure equations. However, this pro-
jection can be re-formulated to be included at the constitutive level.
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Basically.there are two types of projectors, the parallel and the serial projectors,
which are described by the 4-th order tensors

••••
−→e p , ••••

−→e s =••••1 − ••••
−→e p (4.87)

Where ••••
−→e p and ••••

−→e s are the parallel and serial projectors respectively. The notation••••1
describes the unity fourth tensor. The following relationships are defined by using
Equation 4.87 together with Equation 4.86.

••ε = ••
εp + ••

εs = ••ε : ••••
−→e p + ••ε : ••••

−→e s = ••ε�������:••••1(
••••
−→e p + ••••

−→e s

)
••σ =

••
σp + ••

σs = ••σ : ••••
−→e p + ••σ : ••••

−→e s = ••σ�������:••••1(
••••
−→e p + ••••

−→e s

) (4.88)

4.3.2.3.4 Closure equations

The projections are defined in terms of the homogenised equivalent of the heteroge-
neous media (composite). Nevertheless, these same projections can be applied to
the constituent material level. First, the hypothesis of Voigt and Reuss [26, 27] are
described with the notation of parallel and serial behaviour respectively. According
to Voigt, composites exhibit an iso-strain behaviour in the parallel direction (aligned
in the direction of fibres).

εp = εp, f = εp,m (4.89)

and Reuss posed that the stress of the constituent phases is identical in the serial
directions.

σs = σs, f = σs,m (4.90)

Equation 4.89 is fulfilled directly since the strain or displacements are not unknown.
The formulation is strain-driven or displacement-driven and this fulfils directly the
hypothesis, at least in the parallel direction.

On the other hand, Equation 4.90 is not fulfilled by definition, since stress is an un-
known. The strategy is then to minimise the stress as per usual in the global solver
system and also minimise the serial closure equation. Consequently, there is the
global minimisation of the residual of forces in terms of the increment of the dis-
placement and the local minimisation of the residual of stresses in the serial direction
at the Gauss point level.
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∆u = −
(

∂ru

∂u

)−1

ru (u) (GLOBAL)

rσs ≡ ∆σs = σs,m − σs, f , ∆εs,m = −
(

∂rσs

∂εs,m

)−1

rσs (εs,m) (LOCAL)

(4.91)

where ru is the mechanical residual, rσs is the serial residual andu is the displacement.
Global minimisation has been addressed at the continuum level. The local strategy
is described in the following paragraphs.

4.3.2.3.5 Constitutive tensor

The local equilibrium is defined in terms of the stress, the strain and the constitutive
tensor. Figure 4.28 shows the tangent constitutive tensor which is useful in incre-
mental and iterative mechanical problems, therefore, when referring to constitutive
tensor (D), the term extends directly to the tangent constitutive tensor (Dtan) in order
to avoid excessive subscripts.

Etan

1

σ

ε

FIGURE 4.28: one-dimensional equivalence of the tangent constitu-
tive tensor.

When the local equilibrium is formulated in terms of the parallel and the serial be-
haviour, the tangent constitutive tensor can be broken down into the combination of
these states.

[
••
σp

••
σs

]
=

[
••••
−→e p

••••
−→e s

]
: ••σ =

[
••••
−→e p

••••
−→e s

]
:••••D : ••ε =

[
••••
−→e p

••••
−→e s

]
:••••D :

[
••
εp ••

εs
] [1

1

]
=[

••••
−→e p

••••
−→e s

]
:••••D :

[
••••
−→e p ••••

−→e s

] [
••ε

••ε

]
=

[
••••
Dpp

••••
Dps

••••
Dsp ••••

Dss

]
:
[
••ε

••ε

] (4.92)
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The components of the tangent constitutive tensor in their respective serial or paral-
lel behaviours are defined as

••••D =
[
1 1

] [
••••
Dpp

••••
Dps

••••
Dsp ••••

Dss

] [
1
1

]
≡
[
1 1

]


∂
••
σp

∂
••
εp

∂
••
σp

∂
••
εs

∂
••
σs

∂
••
εp

∂
••
σs

∂
••
εs


[

1
1

]

=
••••
Dpp +

••••
Dps +

••••
Dsp + ••••

Dss

(4.93)

where

••••
Dpp = ••••

−→e p :••••D : ••••
−→e p (4.94)

••••
Dps = ••••

−→e p :••••D : ••••
−→e s (4.95)

••••
Dsp = ••••

−→e s :••••D : ••••
−→e p (4.96)

••••
Dss = ••••

−→e s :••••D : ••••
−→e s (4.97)

4.3.2.3.6 Local problem

At the local level, the problem to be minimised was

rσs = ∆σs

(
εs,m

)
= σs,m

(
εs,m

)
− σs, f

(
εs, f

)
(4.98)

where the serial deformation of the fibre can be expressed in terms of the matrix one
by using the rule of mixture relationship.

εs, f

(
εs,m

)
=

1
ΦΩ f

εs −
ΦΩm

ΦΩ f
εs,m (4.99)

The derivative of the serial residual can be then expanded.

∂rσs

∂εs,m
=

∂
(

σs,m − σs, f

)
∂εs,m

=
∂σs,m

∂εs,m
−

∂σs,m

∂εs, f
·

∂εs, f

∂εs,m
=

Dss,m +
ΦΩm

ΦΩ f
Dss, f

(4.100)
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If Equation 4.100 is then evaluated iteratively at iteration k-th, the serial matrix de-
formation or unknown yields

εs,m

∣∣∣
k+1

= εs,m

∣∣∣
k
−
(

∂rσs

∂εs,m

)−1
∣∣∣∣∣∣
k

· ∆σs
∣∣
k (4.101)

4.3.2.3.7 Initial approximation of the unknown

The local algorithm is solved iteratively, the goal is to pose the differential relation-
ships to latter equate the differential form of the quantities to their respective incre-
ment. The parallel approximation on the constituent materials is strictly imposed.

d
••
εp = d

••
εp, f = d

••
εp,m (4.102)

Employing the relationships in Equation 4.98 and Equation 4.93 the serial deforma-
tion yields


••••

Dss, f : d
••

εs, f =
••••

Dss,m : d
••

εs,m −
(

••••
Dsp, f −

••••
Dsp,m

)
: d

••
εp

••••
Dss, f : d

••
εs = ΦΩ f

••••
Dss, f : d

••
εs, f + ΦΩm

••••
Dss, f : d

••
εs,m

(4.103)

Substituting and rearranging the terms in Equation 4.103

••••
Dss, f : d

••
εs = ΦΩ f

(
••••

Dss,m :
••

dεs,m −
(

••••
Dsp, f −

••
Dsp,m

)
: d

••
εp

)
+ΦΩm

••••
Dss, f : d

••
εs,m

⇓

d
••

εs,m = ĉ :
(

••••
Dss, f : d

••
εs + ΦΩ f

(
••••

Dsp, f −
••••

Dsp,m

)
: d

••
εp

)

ĉ =
(

ΦΩ f
••••

Dss,m + ΦΩm
••••

Dss, f

)−1

(4.104)

The same arrangement can be made for the fibre

d
••

εs, f = ĉ :
(

••••
Dss,m : d

••
εs + ΦΩm

(
••••

Dsp,m −
••••

Dsp, f

)
: d

••
εp

)

ĉ =
(

ΦΩ f
••••

Dss,m + ΦΩm
••••

Dss, f

)−1
(4.105)
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Equation 4.104 and Equation 4.105 allow calculating the serial increment for the
strain of the matrix and fibre phases in terms of the serial and parallel strains of
the composite.

d
••
εs ≈ ••

∆εs = ••
εs(t + ∆t)−

••
εs(t) = ••

εs

∣∣∣
k+1

−
••
εs

∣∣∣
k

d
••
εp ≈

••
∆εp =

••
εp(t + ∆t)−

••
εp(t) =

••
εp

∣∣∣
k+1

−
••
εp

∣∣∣
k

••
∆εs,m = ĉ :

(
••••

Dss, f :
••

∆εs + ΦΩ f

(
••••

Dsp, f −
••••

Dsp,m

)
:

••
∆εp

)

••
∆εs, f = ĉ :

(
••••

Dss,m :
••

∆εs + ΦΩm

(
••••

Dsp,m −
••••

Dsp, f

)
:

••
∆εp

)

ĉ =
(

ΦΩ f
••••

Dss,m + ΦΩm
••••

Dss, f

)−1

(4.106)

This implies that the initial approximation of the increment of the serial matrix de-
formation is found at the iteration k = 0. Note that for the initial iteration, the
constitutive quantities are evaluated from the previous converged step of the global
algorithm. I.e., the constitutive tensor adopts the form of the converged solution of
the previous global increment.

Di|k=0 = Di (ε i(t), βri(t)) , ∀i ∈ m, f (4.107)

Note that the description of the constitutive tensor encompasses the non-linear range
by including the internal variables (βr) of each constituent material (fibre and ma-
trix). Both the strain and the internal variables are the converged quantities from the
previous global step.

4.3.2.3.8 Evaluation of the residual

The fact that the differential form – note that differential indistinctly can be ex-
changed by the incremental form – of the serial deformation of the fibre and matrix
phases were obtained in Equation 4.106 allowing the problem to be formulated in a
constituent manner, thus the differential form of the stresses can be derived.

d
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(
••••
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••••

Dps, f : ĉ :
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ĉ =
(

ΦΩ f
••••
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••••

Dss, f

)−1

(4.108)
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Factorising the terms by the increment of the serial and parallel strains as custom-
ary

d
••
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[(
ΦΩ f

••••
Dpp, f + ΦΩm

••••
Dpp,m
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(4.109)

The same can be formulated for the differential of serial stress in terms of the differ-
ential of the serial and parallel strains. Recall that the serial stress is the same for the
constituent materials and the composite material σs = σs,m = σs, f .
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(4.110)

Therefore the incremental residual can be minimised using the expression in Equa-
tion 4.110.

4.3.2.3.9 Convergence criteria

The convergence criterion is only imposed in the serial stress part of the stress tensor.
The main difficulty is to normalise the residual in terms of the absolute magnitude
of the tensions. A two-level convergence criteria are imposed. The magnitude of the
reference tensions used depends on:

1. The minimum between the serial stress of the fibre and matrix in the previous
and converged step.

σref1 = min
(
|σs,m(t)| ,

∣∣σs, f (t)
∣∣) (4.111)

Of course this is singular when both tensions are zero.

2. The minimum of the linearised stresses at the previous step.

σref2 = min
(
|Ds,m(t) : εs,m(t)| ,

∣∣Ds, f (t) : εs, f (t)
∣∣) (4.112)

The constitutive tensor does not necessarily need to be the linear one.
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The two sets of tolerance criteria used is very self-explanatory. In Equation 4.111,
the minimum of the stress of the previous step is used and if the problem has not
yet been initialised this would yield a singular result since the magnitude of those
stresses would be zero.

The criterion in Equation 3.98 is then used when the problem is not initialised, if the
step is considered not great enough to trigger the non-linear elastic behaviour of the
material, the reference tension should be the linear one from the previous step.

If the non-linear constitutive tensor is used instead in Equation 3.98, when the prob-
lem has already been initialised, otherwise the non-linear will coincide with the lin-
ear constitutive tensor, and it should retrieve again the same stress calculated in
Equation 4.111. Therefore, the following constraints are prescribed in terms of con-
vergence tolerance.

σref1 > 0 ⇒ σref = σref1

σref1 = 0 ⇒ σref = σref2

(4.113)

where σref is the general absolute stress reference. Then the increment of stress can
be considered to have solved the local algorithm approximately when

|∆σs| ≤ tolerance · σref (4.114)

In the literature, i.e. [15], a standard tolerance criterion is in the order of 10−4.

4.3.2.3.10 Serial-parallel tangent constitutive tensor

The local algorithm is well-posed in terms of the stresses and strains. At the con-
stituent level, the stresses and strains can be obtained and the equations that allow
the problem to be minimised with respect to the serial strain of the matrix phase
were derived. At the composite level, the equations are as well-posed and princi-
pally expressed with respect to the differential or incremental form of the serial and
parallel behaviour of both strain and stresses.

However, the constitutive tensor, albeit at the local level can be obtained for each
one of the constituent materials, at the composite level this was not defined. In
Equation 4.93, the composite existent relationships were defined, these are

1. The total constitutive tensor for the composite material is the result of the sum
of the parallel-parallel, parallel-serial, serial-parallel, and serial-serial constitu-
tive tensors.

2. The respective parallel and serial behaviours of the constitutive tensor are
found by the projections of the composite tensor.

It is obvious that although the projection tensor is a priori given if the total consti-
tutive tensor (tangent one) is to be found, the parallel and serial descriptions of it
cannot involve this same unknown.
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In this sense, Equation 4.93 provides another description of this projected behaviour.
This expression holds at the constituent and composite material level, and conve-
niently uses the differential expressions derived previously ( dσp, dσs, dεp, dεs). The
projected tangent constituent tensors then become

d
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d
••
εp

≡
••••
Dpp =
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ΦΩ f

••••
Dpp, f + ΦΩm

••••
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+ΦΩ f ΦΩm
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••••
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••••

Dps,m

)
: ĉ :
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••••
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••••
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) (4.115)
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(4.118)

ĉ =
(

ΦΩ f
••••

Dss,m + ΦΩm
••••

Dss, f

)−1

(4.119)

The total tangent constitutive tensor of the composite material can be found using
the expressions found in Equation 4.115, Equation 4.116, Equation 4.117 and Equa-
tion 4.118. This is useful for the global problem since the tangent stiffness can then
be found.

Moreover, these expressions can be further simplified if the constitutive tensors of
the constituent materials are symmetric (Dm, D f ). In the case of this symmetry, the
following relationships apply

Dsp,i = Dps,i
T ∀i ∈ m, f , c (4.120)

Note that the subscript "m" denotes matrix, "f" fibre and "c" composite.
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4.3.2.3.11 Local algorithm

Once the different aspects involving the SPROM theory are posed, the description
of the algorithm is given in algorithm 3.

Algorithm 3: SPROM Solver

1) Approximation of the unknown (Equation 4.106)
2) Evaluation of the residue (Equation 4.90)
3) Condition: Stress Equilibrium (Equation 4.106)

−→ No: go to: 4)

−→ Yes: go to: 5)

4) Correction of the unknown. (Equation 4.114)
go to: 2)

5) Update of state and internal variables. (Equation 4.121)
6) Update of the composite stress state. (Equation 4.122)

Once the algorithm has reached convergence, the state of flow of the program moves
to update the state and internal variables and to compute the composite stress.

The first update to be done is the one that belongs to the constituent level. The
state variable would be the stress that is needed to compose the composite stress.
The strain and damage internal variable can be perceived as internal variables – one
for the damage model and the second for the SPROM theory – since what is really
needed to be stored is the history of the serial strain of the matrix phase. Recall that
the serial deformation of matrix phase was the unknown that was used to minimise
the stress residual for the serial projection.

εs,i(t + ∆t) = εs,i|k , βrs,i(t + ∆t) = βrs,i

∣∣∣
k

, ds,i(t + ∆t) = ds,i|k

σs,i(t + ∆t) = σs,i|k ∀i ∈ m, f
(4.121)

This would represent the "5)" step in algorithm 3 and the "6)" step is the retrieve of
the stress state at the composite level.

σs(t + ∆t) = ΦΩmσs,m(t + ∆t) + ΦΩ f σs, f (t + ∆t) (4.122)
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4.3.3 Modelling the effect of fire

The thermo-mechanical analysis takes into account the effects of the temperature on
the mechanical response of the structures. The following assumptions are consid-
ered:

1. Thermal → Mechanical

The thermal model is used to obtain the through-thickness temperature, it
solves the one-dimensional transient model posed by Henderson et al., and
this is introduced as a state variable to the thermo-mechanical model.

A priori, one of the most sensical effects that have temperature over a solid is
the so-called dilation or thermal expansion. Metals present a higher thermal
expansion coefficient than composites, and thus, the dilation is higher.

The expansion of the material point is considered in either the linear or non-
linear regime of a material. However, it is interesting to note that for non-linear
processes such as damage – inelastic behaviour – the theory proposed in the
mechanical chapter, the so-called isotropic damage model by Simo and Ju, does
consider that the thermal dissipation was null.

Chaves in [266] introduces the Classius-Planck-Duhem inequality. This cer-
tainly was skipped in the mechanical chapter in order to avoid overloading
the reader with non-mechanical information. The inequality is best described
as

ΠD = σ : ε − ĉ
(

dT
dt

)
− ΠHE ≥ 0 (4.123)

Equation 4.123 shows that there is a term that depends on the rate of temper-
ature. The general approach for constitutive damage models in mechanical
applications, where the temperature of a system does not change, is to assume
that the rate is zero.

On a thermo-mechanical model, this assumption is no longer true. This raises
a special warning that needs to be discussed to properly address this problem.

This term that appears in the dissipation inequality is related to the rate of
change in temperature. The best way to illustrate this term is to use the analogy
of a rubber band that is stretched. This rubber band, when stretched, especially
when stretched largely and rapidly, raises the temperature of the zone that has
stretched the most.

Therefore, excessive stretch can generate a change in the temperature field
in the material domain. Subsequently, this temperature change can lead into
heat loss by releasing it to the surrounding. This means that heat originated
from deformation, particularly deformations that are significant over the yield-
ing band, can be lost or dissipated. Being this term, an effective thermo-
mechanical mechanism of dissipating energy.

Consider then two scenarios that would render this term negligible. The first
would be that the rate of change of temperature would be significantly smaller.
Imagine the term could be modelled as
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ĉ
(

dT
dt

)
= ĉ1

dT
dt

(4.124)

Depending on the value of the coefficient that multiplies the rate of tempera-
ture, the thermodynamic process can be considered almost isothermal. In these
scenarios, this is a factual argument to consider the term negligible. However,
this is uncertain unless it can be measured for the material and structure ther-
mal term from experimentation.

Nevertheless, this discussion renders it unnecessary when considering the next
argument. Considering a thermo-mechanical analysis, which is solved in the
standard step-wise manner, if the increment of time is significantly higher than
the increment of temperature, the dissipation due to the rate of change of tem-
perature can be negligible (∆T << ∆t). So this argument can be used as the
main hypothesis. There is an extra layer to add to this argument, however it
will be unveiled after all the different casuistic are revealed.

2. Mechanical → Thermal

It seems feasible that in nature, if the ideal physics are postulated, not only the
effect of a state variable such as temperature can have an impact on another
such as the displacement.

It may be arguable that the self-deformation of a structure introduces changes
in the thermal constitutive laws. This can be perceived as simply that the con-
vection boundary conditions of the thermal model may change or that signif-
icant deformations may lead to a change of the nominal cross-section, thus
modifying heat transfer mechanisms such as the conduction.

The argument then revolves around the idea if this is generally a good idea
to take into account or not. In engineering, thermo-mechanical problems, are
generally solved with a one-way coupling and thus this second order effect
is not generally taken into account. Composites are flexible and this may in-
deed introduce certain modification on how the convection is perceived in the
structure, when the structure undergoes large deformation, however, this flex-
ibility is not so significant that it could argued that large displacements and
large deformations are effectively changing the thermal characteristics of the
structured in question.

Therefore, from the beginning the thermo-mechanical problem is postulated in the
following manner:

[
ĉ11 ĉ12
ĉ21 ĉ22

] [
T
u

]
=

[
ĉT
ĉu

]
(4.125)

As usual, the notation ĉ is used to describe some arbitrary coefficient. Equation 4.125
represents the coupling of a system of equations that depend on two state variables
– temperature (T) and displacement (u) – and the system to solve is the standard
system with the left-hand side (l.h.s.) matrix and the right-hand side (r.h.s.) vector.
The state variables can be represented as absolute or in an incremental manner, and
then the r.h.s. becomes the residuals as usual.
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What has been assumed is that the system is one-way coupled, being the tempera-
ture decoupled from the displacement.

[
ĉ11 0
ĉ21 ĉ22

] [
T
u

]
=

[
ĉT
ĉu

]
(4.126)

4.3.3.1 Effects on each constituent phase

If the decoupled system in Equation 4.126 is analysed from the point of view of
the constituent materials, the meaning of the off-diagonal term has to represent the
effects from fire that have a repercussion on every single phase (see Figure 4.29).

FIGURE 4.29: Illustration of part 3, the effect of fire on homogeneous
materials.

The interest now relies on the determination of what is the physical meaning of ĉ21.
From the assumptions, there are two effects to take into account, thermal expan-
sion and thermal dissipation. The following paragraphs contain a description of the
thermal expansion and how this is introduced in the constitutive model, and then the
thermal dissipation effects are taken into account. The proposed constitutive models
deal with two conditions, one is the loss of mechanical response of the constituent
materials and the other is a thorough discussion on the subject of thermal-induced
mechanical damage.

4.3.3.1.1 Thermal expansion

The off-diagonal coefficient, ĉ21, represents these two effects, the thermal expansion
usually can be introduced in any mechanical model by means of defining the total
strain in function of the mechanical strain and thermal strain.

εtotal = εmechanical + εthermal (4.127)
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So the mechanical strain is simply the subtraction between the total and the thermal
strains.

εmechanical ≡ ε = εtotal − εT (4.128)

where εT is equivalent to the thermal strain.

From Equation 4.126, the problem in the mechanical part is solved step-wise, i.e., the
incremental of displacement is obtained. This displacement is the total displacement
indeed. And the total strain can be calculated by the derivation of this with respect
to the position field.

The other unknown, to find the mechanical strain, would be the thermal strain.

εT = α∆T , ∆T (Ω, t) = T (Ω, t)− T (Ω, t = 0) = T − T0 (4.129)

Once the mechanical strain has been obtained, the model in chapter 4, would be used
to solve the displacements of the system. Note that the displacements are referred
to as total and to avoid any confusion, what is done, at the mechanical level, is to
subtract the thermal expansion in order to obtain the effective mechanical strain used
in the evaluation of the constitutive model.

Considering that the strain is the mechanical or effective, some warnings are raised
regarding one of the previous assumptions. Remember that previously, it was men-
tioned that having an increment of time bigger than the increment of temperature
would satisfactorily avoid the thermal losses in the dissipation laws used to derive
the isotropic damage model.

This assumption is true, however, that would not account for the real reason be-
hind neglecting the dissipation generated from a thermal process. The argument is
somehow simpler, consider that a fully developed fire has a temperature (hot end
prescribed boundary), that is around 1000°C, an internal change in the temperature
in the order of 1, 10 or even 100 would not account even in a 10% of the total change
of the temperature.

This means that the effect of the thermal expansion is much more important than the
elastic losses due to internal thermal processes at a material point. Because of this,
the non-linear mechanical model, the isotropic damage model, is not modified. At
least, regarding the consideration of effects due to the thermal dissipation term in
the Classius-Planck-Duhem inequality.

4.3.3.1.2 Loss of mechanical properties

The off-diagonal term, the one that couples the thermal problem with the mechanical
one, in Equation 4.126 should contain all the linear dependencies with respect to the
temperature.

Until this point, the FEM solution proposed was subjected to the discussion, analysing
the generalities of what has to be considered and what can be neglected. However,
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there are some important considerations to be made regarding the mechanical prop-
erties of the constituent phases because empirical observations have already con-
firmed that temperature plays a key role in the degradation of effective mechanical
properties.

This effect is very natural in metals, e.g., steel reduces significantly its effective struc-
tural stiffness when heated. One of the advantages of metals like steel is that the
effective loss of structural stiffness is produced at temperatures that surpass easily
the 600°C. The other advantage is that, although heating produces some changes
in the micro-structure, the properties of steel can be recovered when cooled if no
substantial changes have been produced in the crystalline structure of the material.

Composites are a different topic because they burn, or more academically, they un-
dergo thermo-chemical degradation processes that fit under the pyrolysis effect.
These effects were detailed in the chapter devoted to the thermal model, and it was
concluded that when the composite is deprived of the heat source that is causing the
thermo-chemical degradation of the polymeric matrix, the induced damage is due
to pyrolysis is irreversible.

Structurally, composites that have pyrolysed, do not recover their virgin structural
stiffness and this is one of the main flaws in post-fire design. Composite structures
focus on avoiding pyrolysis at all costs, since the generation of it is irreversible.

Many efforts have been directed to the understanding of how composite materials
lose their effective mechanical properties. In this thesis, and widely accepted in the
scientific community, the main two mechanical quantities of interest are Young’s
modulus (E) and yielding stress (σy).

One of the most realistic and extended methods to quantify the loss of properties in
composites was introduced by Mouritz and Gibson, and it is collected in the book
[20]. This model includes both temperature and pyrolysis fraction, and it proves to
be interesting in modelling metals when no pyrolysis effect is considered.

P (T, F) =
(

Pr + Pu

2
− Pr − Pu

2
tanh

(
nMG1

(
T − Tg

)))
FnMG2 (4.130)

where P is the Mouritz-Gibson generic property, Tg is the glass transition temperature,
nMG1 is the Mouritz-Gibson coefficient 1, nMG2 is the Mouritz-Gibson coefficient 2,
Pr is the Mouritz-Gibson relaxed property and Pu is the Mouritz-Gibson unrelaxed
property.

The generic property described in Equation 4.130 could be any of the desired me-
chanical properties. The two quantities generally described by Equation 4.130 are
Young’s modulus and yield stress [276].

The evolution law in Equation 4.130 introduces the concept of the glass transition
temperature, this is a temperature where the material transitions from a solid state to
a viscous/glass state. This is a point is of extreme interest since the loss of properties
is abrupt in arriving at this temperature.
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Figure 4.30 shows how the different parameters, in Equation 4.130, affect the evolu-
tion of the mechanical property. Note how detrimental is the glass temperature and
how abruptly the loss becomes after the material reaches the glass temperature.

P
 (

 T
 ,
 F

 )

Tg

nMG1

Pu

Pr

nMG2

nMG2

nMG2nMG2 >

FIGURE 4.30: Mouritz-Gibson degradation function illustrated.

The pyrolysis fraction (F) in Figure 4.30 was assumed to be one, if pyrolysis is gener-
ated in the structure, the intact properties cannot be recovered. This is of importance
because even if the temperature is not close to the glass temperature, the structure
can rapidly fail if the pyrolysis index is close to zero. Recall that in Equation 4.130,
the degradation function was implemented at the constituent level. I.e., there is an
evolution law for the matrix and one for the fibre. Matrix and fibre have different
evolution laws.

4.3.3.1.3 Damaged induced by temperature

The discussion about the importance of neglecting the thermal dissipation in the
Classius-Planck-Duhem has been settled, the sensical was to assume that the ther-
mal dissipation is of less importance to the overall dissipation in comparison to the
induced thermal strains. However, the correction introduced for the loss of elas-
tic properties introduces several conflicts with the current mechanical formulation.
The isotropic damage model has to be extended to include the temperature as a state
variable.
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FIGURE 4.31: Explanation of the origination of thermo-mechanical
damage due to temperature.

A detailed explanation of the changes needed to be introduced in the damage model
can be found in the thesis of Di Capua [277]. A summary of the process described in
Figure 4.31 is given in the following paragraphs.

The constitutive equations described in Equation 4.20 can be formulated such as

••
σi = (1 − di)••••

Di :
(

••
εtotal,i −

••
εT,i

)
∀i ∈ m, f (4.131)

Equation 4.131 is very meaningful as it is describing the secant constitutive tensor
that is the compound of the elastic tensor and the damage index. The previous
subsection, Equation 4.130, introduced a thermo-chemical degradation for Young’s
modulus and the yielding stress.

••••
Di (Ei (T, Fi) , ν) ∀i ∈ m, f (4.132)

di
(
σyi (T, Fi)

)
∀i ∈ m, f (4.133)

This set of equations established that both the damage and the elastic constitutive
tensor have a dependency on the temperature and the pyrolysis. This is because
Young’s modulus and the yield stress depend on the thermal model. The Poisson
ratio is considered to not be affected by the thermo-chemical processes in the media.

This dependence introduces some potential conflicts when considering the energy
norms. Take for example the most complete norm, the non-symmetrical norm, in
Equation 4.48 by including the potential effects of temperature and pyrolysis.

τσ I I I =

(
cCF +

1 − cCF

cCR

)√
••σ(T, F) :

(
••••

Delast

)−1
: ••σ(T, F) (4.134)
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When Equation 4.134 is expressed like this, it becomes difficult to analyse. In the
work of Cervera et al. [278], a normalised equivalent can be introduced by normal-
ising it with respect to the internal variable.

βr =
σy(T, F)√

E(T, F)
(4.135)

And therefore Equation 4.134 yields

τσ I I I =

(
cCF +

1 − cCF

cCR

)√
E(T, F)

√
••σ(T, F)
σy(T, F)

:
(

••••
Delast

)−1
: ••σ(T, F)

σy(T, F)
(4.136)

This equation is simpler to analyse. Start by the scenario where Young’s modulus
degrades, the material has already generated a certain level of damage. The norm
before this thermal degradation had a certain damage threshold. The question is
what would happen to this norm if only Young’s modulus was degraded?

E(T, F, t + ∆t) < E(T, F, t) −→ τσ I I I(t + ∆t) < τσ I I I(t) (4.137)

Analysing the term where Young’s modulus is involved, the normalised Equation 4.139
can be used to discuss the reduction of the threshold and this is incompatible with its
historic evolution which can not be reduced. A threshold that can reduce is clearly
a sign of healing, which is a reversible process and non-present on standard marine
composites.

Consequently, the norm has to be evaluated with the virgin Young’s modulus. This
leaves the last question open to what happens with the decrease of the yielding stress
by assuming that Young’s modulus is constant.

σy(T, F, t + ∆t) < σy(T, F, t) −→ τσ I I I(t + ∆t) > τσ I I I(t) (4.138)

In that scenario, when the yield stress decreases, the norm increases. I.e., the effective
damage increases. It is sensical, given a structure that is enduring a given load, e.g.
in the elastic regime, if the elastic limit is reduced due to the increase of temperature.
If the elastic limit decreases below the given load, damage should occur.

The other aspect to be commented on is the fact that also the stress depends on the
temperature because the stress depends on Young’s modulus. Depending on which
of the two – Young’s modulus or yield stress – decreases quicker, the damage may
be increased or remain equal.

The norm is then formulated taking into account the discussion made previously
and normalised.
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τσ I I I =

(
cCF +

1 − cCF

cCR

)√
E0

√
••σ(T, F)
σy(T, F)

:
(

••••
Delast

)−1
: ••σ(T, F)

σy(T, F)
(4.139)

Note that despite it has not specifically addressed, the constitutive tensor is the vir-
gin elastic one. There is only one last constraint that is needed to be modified from
the standard isotropic damage model. This arises from the fracture energy, it is very
uncertain or at least difficult to characterise the evolution of the energy of fracture
with respect to the temperature.

The same approach from [277] is employed. The basic idea behind this approach
is to maintain a constant slope or pre-exponential factor. This is exemplified by the
expressions found in Equation 4.53 and Equation 4.57. The problem is that if not con-
strained, the slope can become negative or singular. Therefore, in both exponential
and linear cases, the following constraint is imposed

ΠF

βr
2
0

=
ΠFE(T, F)(
σy(T, F)

)2 (4.140)

where the initial internal variable for damage (βr0) is a constant value set at the
beginning of the analysis. Therefore, the r.h.s. becomes constant as well. In this way,
the temperature and pyrolysis dependence is erased for any given pair of values of
the elastic modulus and elastic limit.

4.3.3.2 Effects on the composite

If the effects of fire on the constituent materials are already studied, the only side-
effects of temperature and degradation are at the composite level (see Figure 4.32).
One effect, potentially fictitious, originates from the real limitation of the model,
the impossibility to determine the loss of mechanical properties of each constituent
material, fibre and matrix, separately. Therefore, a solution to this problem needs to
be addressed.

FIGURE 4.32: Illustration of part 3, the effect of fire on heterogeneous
materials.
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The other effect, which is a real one, is the adaptation of the current SPROM in order
to take into account the effect of thermal expansion of the constituent phases. This
adaptation is an original contribution and a detrimental part of the theory presented
in this thesis, the name assigned to this theory is thermal serial-parallel rule of mixtures
or in short TSPROM.

4.3.3.2.1 Loss of the mechanical properties of the whole composite

Equation 4.130 is one of the best models from the current paradigm to analyse the
degradation of composites, however, it is inconvenient because it is employed at the
composite level.

This is in direct conflict with the formulation proposed in this thesis, a formulation
that analyses the thermo-mechanical problem with a micro-macro scale approach.
Since both phases, fibre and matrix, present different laws of evolution under degra-
dation, the composite should be formed by the composition of both.

This is not a linear combination and with the current techniques, it would require
an extensive experimental campaign to characterise the fibre, the matrix and the
composite. This campaign should be centred around calibrating the materials for
different volumetric participation, fibre orientation, layer configurations or direction
and magnitude of the strength at which the specimen is loaded. This is without
mentioning the difficulties of calibrating the fibre properties experimentally, e.g.,
fibres present non-symmetric mechanical response to axial loading.

The standard procedure is to characterise this loss of elastic performance by exper-
imenting with the composite. This renders the solution with much fewer unknown
variables, however it is incompatible with the micro-scale formulation proposed.

In order to provide a theory that contemplates the micro-scale degradation, the fol-
lowing shall be assumed: in the absence of experimental data on each constituent
material and with only the composite data gathered, the following constituent-to-
composite relationships shall be fulfilled

Prc

Prc
=

Prm

Prm
=

Pr f

Pr f
(4.141)

nMG1c = nMG1m = nMG1 f (4.142)

nMG2c = nMG2m = nMG2 f (4.143)

The set of three equations constrain the evolution of both fibre and matrix in a man-
ner that the evolution of matrix, fibre and composite shall be the same. I.e., these
assumptions are an attempt to enforce the composite evolution onto the evolution
of the constituent phases.

Nevertheless, note that in the case the experimental data of the constituent materials
is given, the evolution shall not fulfil these relationships.
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4.3.3.2.2 The thermal serial-parallel rule of mixtures

Although the mechanical strain was corrected in Equation 4.128, the SPROM algo-
rithm needs to be reformulated using the same approach. The procedure will fol-
low the same steps as the mechanical model, particularly the definition given in
paragraph 4.3.2.3.5 and onward. Since the procedures are chronologically similar
to those explained in the mechanical chapter, it will be briefly discussed in order to
avoid redundancy.

The differential calculus, equivalent to the incremental form with the applied nu-
merical scheme, is derived for stress.

••
dσi =

••••
Dtani :

(
••

dεtotal,i −
••

dεT,i

)
∀i ∈ m, f (4.144)

Now the serial and parallel differential of stresses can be postulated like previously
in Equation 4.93.

[
••

dσp,i

••
dσs,i

]
=

[
••••

Dpp,i
••••

Dps,i

••••
Dsp,i

••••
Dss,i

]
:

[
••

dεtotal,p,i −
••

dεT,p,i

••
dεtotal,s,i −

••
dεT,s,i

]
∀i ∈ m, f (4.145)

Note these are the constituent constitutive relationships for the i-th phase. The fol-
lowing procedures are exactly the same as defined in the mechanical chapter. There
are going to be skipped to avoid extra text.

4.3.3.2.3 Initial approximation of the unknown

Similarly to the mechanical chapter, in the serial direction, the stresses have to be
equal. This means, ∆σs,m = ∆σs,m, which is the iso-stress hypothesis.

By combining the iso-stress hypothesis with Equation 4.144 and Equation 4.145, the
differential/incremental of the serial strain for the matrix can be used. This new
expression diverges from Equation 4.106 by including the thermal expansion effects
of both constituent phases.
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••
dεs ≈ ••

∆εs = ••
εs(t + ∆t)−

••
εs(t) = ••

εs

∣∣∣
k+1

−
••
εs

∣∣∣
k

••
dεp ≈

••
∆εp =

••
εp(t + ∆t)−

••
εp(t) =

••
εp

∣∣∣
k+1

−
••
εp

∣∣∣
k

••
∆εs,m =••••ĉ :

(
••••

Dss, f :
••

∆εs + ΦΩ f

(
••••

Dsp, f −
••••

Dsp,m

)
:

••
∆εp + ΦΩ f

••
∆σT,m − ΦΩm

••
∆σT, f

)

••
∆εs, f =••••ĉ :

(
••••

Dss,m :
••

∆εs + ΦΩm

(
••••

Dsp,m −
••••

Dsp, f

)
: ∆εp + ΦΩm

••
∆σT, f − ΦΩ f

••
∆σT,m

)

••••ĉ =
(

ΦΩ f
••••

Dss,m + ΦΩm
••••

Dss, f

)−1

••
∆σT,m =

••••
Dsp,m :

••
∆εT,p,m +

••••
Dss,m :

••
∆εT,s,m

••
∆σT, f =

••••
Dsp, f :

••
∆εT,p, f +

••••
Dss, f :

••
∆εT,s, f

(4.146)

This is the last change introduced into the standard SPROM theory from Rastellini
et al. [15]. With the inclusion of the terms ∆σT,m, ∆σT, f , the SPROM is modified to
incorporate the thermal expansion.

The formulation hereby is coined as the thermal serial-parallel rules of mixtures (TSPROM).
The algorithm 3 maintains its structure, however in the first step, Equation 4.106 is
replaced by Equation 4.146 instead. The other significant change is to use the proper
definition of the mechanical strain defined in Equation 4.128.
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4.4 Conclusions

This chapter has described the elastic equation from a continuum mechanics point of
view. It was divided in three parts and the different goals set during the literature re-
search of the mechanical model were met. First, the micro-scale approach where the
mechanics of the constituent phases were introduced. The second part was devoted
to the micro-macro scale interaction or homogenisation technique. And the third and
last part described the effects that fire has on the previous two parts.

A detailed introduction to damage mechanics was given for the constitutive models
of the constituent materials. The model chosen was the isotropic damage model, this
model was described for both linear and exponential hardening/softening laws and
with the capability of using symmetric, tension-only or non-symmetric norms. In
all, this only fulfils the goal at the micro-structure level.

At the composite level, a suitable constituent-to-composite model has been derived.
It starts with a linear model represented by orthotropic theory and later the classical
mixing theory was introduced. However, the chosen solution for the model is the
serial-parallel rule of mixtures, which can be simplified to the classical mixing theory
again by assuming an iso-strain hypothesis in all directions. The chapter concludes
with algorithm of the serial-parallel rule of mixtures.

By combining the non-linear constitutive model for the constituent materials with
the constituent-to-composite model, the goal of providing a suitable non-linear con-
stitutive model for composites is achieved.

The effects of fire started with a brief discussion regarding the unnecessary inclusion
of the rate of change of temperature in the Classius-Planck-Duhem inequality. The
argument provided is based on the fact that the thermal dissipation is significantly
lower than the induced thermal strains.

Then, the degradation of mechanical properties with respect to temperature and py-
rolysis was addressed in two parts. First, at the constituent level, the Mouritz and
Gibson formulation was introduced and discussed. Then the concerns regarding
how feasible it is to model the degradation of fibre and matrix separately were dis-
cussed.

The key point is that in reality it is much more costly to quantify the degradation of
both fibre and matrix, plus the composite. It is more logical to obtain the degradation
of the composite. Several problems arise due to this simplification and these are
dicussed.

In order to overcome this issue, there is an elaborated discussion on how to infer the
mechanical degradation of the composite to the constituent phases. The proposed
method was developed in the absence of experimental data for the fibre and matrix
phases. The main objective of this thesis revolves around the idea of proposing a
suitable micro-macro approach and solve the problem from the constituent perspec-
tive, therefore the method proposed seems the most sensical.

The choice in employing the isotropic damage model introduces certain limitations
that have been analysed. In particular, the proposed solution is based on a similar
solution for concrete structures. The choice to modify the norms by normalisation
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has been proven to be the best solution after a detailed discussion on how the norm
would evolve based on different fire scenarios.

The other important problem discussed was the consistency with respect to the en-
ergy of the fracture. From chapter 4, some limitations were introduced for the soft-
ening of composite materials. These limitations try to avoid unrealistic softening.
Since the internal variable depends on both Young’s modulus and the yield stress,
which in turn depend on the temperature and pyrolysis, a constraint is imposed on
the mechanical formulation in order to avoid any strange behaviour.

The penultimate part of this section deals with the changes necessary to modify
the SPROM algorithm to introduce the effects of thermal expansion. This thesis
enhances the current formulation of the SPROM to include the thermal effects, and
thus, is renamed to TSPROM. The TSPROM is a formulation especially developed to
predict the composite behaviour under high-temperature, while taking into account
inelastic effects and thermo-chemo-mechanical degradation.

Finally, the need to provide an algorithm for this chapter has been met by the at-
tachment of the non-linear thermo-mechanical coupling found in algorithm 4. This
algorithm meets with all the necessities to analyse a non-linear thermo-mechanical
problem for composites.

4.4.1 Goals

The goals imposed in chapter 1 are fulfilled. The goal number 4, Implement the
isotropic damage formulation, is fulfilled by the isotropic damage model proposed
in combination with the constituent-to-composite formulation used, defined as the
SPROM formulation. The goal number 5, Implement the SPROM formulation, is a
very specific implementation since to provide a damage model for the composite
the SPROM formulation is needed.

Therefore, the thermo-mechanical modification to the problem is also fulfilled by
satisfying goal number 8, Provide and implement a methodology to incorporate the thermal
dependence on mechanical properties, goal number 9, Provide and implement a correction
to the damage theory to be coherent with the thermal effects and goal number 10, Provide
and implement an enhanced version of the SPROM. The TSPROM.
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Chapter 5

Laminated thermo-mechanical
coupling of marine structures
exposed to high temperature

5.1 Introduction

The strain-displacement transformation tensor has different representations depend-
ing on the type of element used in the discretisation of the problem. In this thesis, for
shells, two elements based on the known Discrete Kirchhoff Triangle (DKT) and Linear
Shear Quadrilateral (QLLL) are derived according to the theory described by Oñate
in [16] that introduces a decoupled version of these elements in order to take into
account membrane, bending and, if allowed, shear effects. These two elements are
described in their matrix representation in the following subsection, recall that these
elements are linear or in other words, they do comply with linear elasticity.

FIGURE 5.1: Representation of a thermo-mechanical analysis on a
ship structure.
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5.2 Justification for the paradigm and methodology

The choice of the type of elements found in this chapter is indirectly conditioned
by the chapter 4. This chapter is devoted to the coupling of the thermo-mechanical
model for laminates and the thermal model. However, there are still missing some
minor holes in the formulation presented until this point, this missing information
is the related to the kinematics of the elements selected (triangle and quadrilateral).

In the maritime industry, the use of quadrilateral is more extended because this type
of element predicts better the stress distribution. However, triangles are far easier
to be used in terms of meshing and certain formulations such as the drilling rotations
formulation [124] by Felippa can be used to enhance this element and to obtain a
better prediction for the stress field.

In the assembling of the system of equations, the role of the TSPROM is very inter-
esting. The TSPROM by nature mimics the behaviour of a black box. This means
that it does not modify substantially the assembling process of the finite element
method. There is a more obscure justification, on purpose neglected previously, for
the selection of this algorithm over other non-linear laminated constitutive models,
and this finds its answer in the concept of flexibility of composites.

Most composites are very flexible when used in the design of structures. Marine
applications are not an exception, and thus a theory that can incorporate large de-
formations is highly encouraged. Previously, a discussion on the justification on
which type of element – quadrilateral or triangle – was better to be implemented,
stated that the quadrilateral element was better provided that most of the Interna-
tional Association of Classification Societies (IACS) recommend performing these
calculations using quadrilaterals and this is a major reason on why to implement a
laminate quadrilateral shell.

However, there is an excellent justification for implementing a triangle formulation
as well. It was discussed that Felippa provided a framework to enhance the stress
prediction of the classical constant strain triangle described in [16]. Felippa and
Haugen also provide the theory to extend the linear geometric formulation into non-
linear geometric. This is the so-called co-rotational theory, and it is useful because it
provides a method to enhance the standard triangle used in his previous work [124]
to account for large deformations and displacements.

The justification of implementing the triangle is partially back up by this reason,
nevertheless, there is another crucial reason and that is that the co-rotational formu-
lation combines very well with the SPROM. Since both theories do not clash, the
co-rotational models the non-linear geometric kinematics from the local-to-global
transformation matrix and the SPROM obtains the non-linear composite constitu-
tive model by applying the SPROM algorithm to the constituent constitutive matri-
ces. This second argument is the most important in choosing the co-rotational theory
to model large deformations that are very characteristic of composite materials.
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5.3 Methodology

Before delving into the specific formulations of both elements, the displacement and
strain tensor are presented for a three-dimensional shell element. Note that depend-
ing on the element, quadrilateral or triangle, some of the components of the tensor
fields may be neglected.

The displacement of a three-dimensional solid can be expressed from a reference
axis defined by (x1, x2, x3). Therefore the displacement field should be a three-
dimensional vector and the strain, which is the gradient of the displacement, a 3 × 3
matrix.

u =

u1
u2
u3

 , ε =

ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

 ≡

 ε1 ε12 ε13
ε21 ε2 ε23
ε31 ε32 ε3

 (5.1)

Note how the diagonal strains are equivalent using the single or double subscript.

The strain can be further re-formulated in the so-called Voigt space notation, assum-
ing that the strain is a symmetric tensor.

ε =



ε11
ε21
ε22
ε31
ε32
ε33

 (5.2)

And it is customary to use the so-called engineering notation where the shear strains
are modified by the following relationship

γij = 2ε ij, i ̸= j ⇒



ε11
ε22
ε33
γ21
γ31
γ32

 (5.3)

where γ is the shear strain. Moreover, this strain vector is the mechanical strain and
this means that it contains the subtracted effects of thermal expansion, as mentioned
in Equation 4.128. Therefore, assume that all the derivations in the following sections
are concerning the mechanical strain and not the total strain.

5.3.1 Analysis of thin composite shell structures - triangles

The theory employed to describe the kinematics of thin shell structures is the so-
called Kirchhoff-Love theory. The kinematics of the triangular shell element is the
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result of the combination of a plate element based on the classical DKT element
[262] and a membrane element based on the optimal triangle element with drilling
rotations presented in [124]. The total number of degrees of freedom per node is six,
three translations and three rotations.

The shell element in question is discretised thickness-wise, having a set of local axes
systems (lx1, lx2, lx3) being lx3 the local normal axis of the shell. The shell is discre-
tised in a total of n-th number of layers (nlayers). A schematic of this shell element
can be found in Figure 5.2

2

3

1

x3

x2

x1

lt

lti

FIGURE 5.2: Local and global axes of the 3-node triangular shell ele-
ment.

In this theory, several assumptions regarding the kinematics and stress distributions,
are made:

1. There is no membrane displacement in the mid-plane.

u1 = u2 = 0 , x3 = 0 (5.4)

The denomination 1 or 2 is equivalent to the directions x1 and x2 respectively.
Therefore, the mid-plane can only displace in the out-of-plane direction.

2. There is no deformation in the out-of-plane direction, so the thickness cannot
vary.

3. The normal stress is considered negligible.

σ3 = 0 , x3 ∈ [− lt

2
,

lt

2
] (5.5)

4. The in-plane deformation is considered linear and normal to the mid-plane,
this is the so-called normal orthogonality condition.
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5.3.1.1 Displacements

After describing the basic assumptions, the displacement field of the formulated
problem is described as


u1(x1, x2, x3) = −x3θ1(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω
u2(x1, x2, x3) = −x3θ2(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω
u3(x1, x2, x3) = u3(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω

(5.6)

where θ is the rotation, x1 is the x-axis and x2 is the y-axis.

The rotations are directly defined in this theory as a linear slope due to the previous
assumptions, and thus the following expressions are valid.

θ1 =
∂u3

∂x1

θ2 =
∂u3

∂x2

(5.7)

The displacement field at any local point is there expressed as

u =

u3
θ1
θ2

 (5.8)

5.3.1.2 Deformation

Once the displacements are defined, the strains can be derived using the proper
definitions from 3D elasticity. Note the relationship between the expression in Equa-
tion 5.18 and Equation 5.19.

ε1 =
∂u1

∂x1
= −x3

∂2u3

∂x2
1

ε12 =
∂u1

∂x2
+

∂u2

∂x1
= 2

∂2u3

∂x1∂x2

ε2 =
∂u1

∂x2
= −x3

∂2u3

∂x2
2

ε13 =
∂u1

∂x3
+

∂u3

∂x1
= 0

ε3 = 0 ε23 =
∂u2

∂x3
+

∂u3

∂x2
= 0

(5.9)

The strain vector is rearranged with the non-zero components and, similarly to the
constitutive model, the quantities are expressed using the stress-resultant notation
defined by Oñate in [16]. The advantage of using this notation relies on the idea that
the in-plane and bending strains are decoupled.
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lε =

lε11
ε22
γ21

 =

1 0 0 −lx3 0 0
0 1 0 0 −lx3 0
0 0 1 0 0 −lx3

 l[
εm
εb

]
= S · l ε̂ (5.10)

where S is the stress-resultant matrix. Note that the stress-resultant transformation
matrix is defined for the Kirchhoff-Love theory, i.e., this matrix may be slightly dif-
ferent depending on the theory considered. Nevertheless, the matrix serves as some
sort of transformation between the stress-resultant strain and the generalised strain.

The stress-resultant strain is the one that contains the membrane and bending strains
and these two, for a shell formulation, are expressed in the following manner

lεm =

l
∂u1,0

∂x1
∂u2,0

∂x2
∂u1,0

∂x2
+

∂u2,0

∂x1

 (5.11)

lεb =

l
∂θ1

∂x1
∂θ2

∂x2
∂θ1

∂x2
+

∂θ2

∂x1

 (5.12)

The translational displacements are defined with respect to the middle plane of the
shell. The zero-ish subscript denotes the initial displacements found in the middle-
plane, where previously, they were neglected. By the strain-displacement nomen-
clature, if membrane effects are taken into account, the following relationship holds
true

ûi = ui,0 , i = 1, 2 (5.13)

and the displacement field vector, in strain-displacement notation, can be reformu-
lated as

û =

u1,0
u2,0
u

 =


u1,0
u2,0
u3
θ1
θ2

 (5.14)
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5.3.1.3 Stress-strain relationship

The relationships betweem the stress and strain were defined in the previous chap-
ter. The generalised stress is composed of the following components.

σ =

 σ1
σ2
τ12

 = ST ·
[

σm
σb

]
(5.15)

Equation 4.8 presents the stress resultant relationship, however, the constitutive ten-
sor was expressed directly in stress resultant nomenclature, and the expression is
equivalent to the following definition.

D̂ =
∫ lt

2

− lt
2

ST · D · S dx3 (5.16)

5.3.1.4 Strengths

In the stress resultant notation, the strengths, were already derived. With the intro-
duction of the stress resultant transformation matrix (S), these strengths are equiva-
lent to

σ̂ =



σN x1

σN x2

σN x1x2

σMx1

σMx2

σMx1x2

 =
∫ lt

2

− lt
2

ST · σ dx3 =
∫ lt

2

− lt
2

ST · D · S dx3 = D̂ · ε̂ (5.17)

5.3.2 Analysis of thick composite shell structures - quadrilaterals

This quadrilateral shell element is as well discretised thickness-wise and presents a
set of local axes systems (lx1, lx2, lx3) being lx3 the local normal axis of the shell. A
detailed picture of this shell element can be found in Figure 5.3.
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FIGURE 5.3: Local and global axes of the 4-node quadrilateral shell
element.

The theory assumes the same key points found in subsection 5.3.1, however, the
fourth assumption is modified for:

4. The in-plane deformation is considered linear but not normal to the mid-plane,
this is the so-called not necessarily normal orthogonality condition.

To maintain a certain structure and to ease the lecture to the reader. The derivation
of the formulation of this quadrilateral element follows the same steps described in
the triangle derivation.

5.3.2.1 Displacements

The basic assumptions were described for the quadrilateral and the displacement
field of the formulated problem describes


u1(x1, x2, x3) = −x3θ1(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω
u2(x1, x2, x3) = −x3θ2(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω
u3(x1, x2, x3) = u3(x1, x2) , ∀x1, ∀x2, ∀x3 ∈ Ω

(5.18)

Again, the rotations are directly defined in this theory as a linear slope due to the
previous assumptions, but in this case the slope is not normal.
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θ1 =
∂u3

∂x1
+ Θ1

θ2 =
∂u3

∂x2
+ Θ2

(5.19)

where Θ is the additional rotation. This induces an extra additional degree of free-
dom both for the x1 axis and the x2 axis. The displacement field at any local point
can be expressed as

u =

u3
θ1
θ2

 (5.20)

And similarly to the triangle, when membrane effects are taken into account, the
strain-resultant notation of the displacement is analogous to Equation 5.14.

5.3.2.2 Deformation

Using [16], the kinematics are derived for the thick shell theory. The first difference
in the model is that thick shells/plates undergo shearing, thus this effect needs to be
taken into account.

lε =

l

ε11
ε22
ε33
γ21
γ31
γ32

 =



1 0 0 −lx3 0 0 0 0
0 1 0 0 −lx3 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 −lx3 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


lεm

εb
εs

 = S · l ε̂ (5.21)

Note that the stress-resultant transformation tensor (S) has another matrix descrip-
tion for the 4-node quadrilateral shell element. It is implicit that this shell fulfils the
plane stress hypothesis where the strain in the axis-normal direction (ε33) does not
generate work (σ33 = 0) and therefore can be neglected.

The other significant term that appears in the stress-resultant strain (ε̂) corresponds
to the added shear effect. The formal definition for these terms is as follows

lεs =

l
∂u3

∂x1
− θ1

∂u3

∂x2
− θ2

 (5.22)

where εs is the shear strain. Similarly to Equation 5.9, if applied in combination with
the kinematics described in the displacement section, the shear strain, indeed, yields
the additional rotation (Θi) for each component.
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5.3.2.3 Stress-strain relationship

The relationships between the stress and strain were defined in the previous chapter.
The generalised stress is composed of the following components.

σ =


σ1
σ2
τ12
τ13
τ23

 = ST ·

σm
σb
σs

 (5.23)

Equation 4.14 presents the stress resultant relationship for the thick shell theory. The
constitutive tensor expressed in stress resultant notation is defined exactly as for the
triangle, however, note that the representation of both constitutive matrix and strain
stress transformation matrix is different.

D̂ =
∫ lt

2

− lt
2

ST · D · S dx3 (5.24)

5.3.2.4 Strengths

Similarly to the triangle, the quadrilateral strengths are defined, there are a total of

σ̂ =



σN x1

σN x2

σN x1x2

σMx1

σMx2

σMx1x2

σQx1

σQx2


=
∫ lt

2

− lt
2

ST · σ dx3 =
∫ lt

2

− lt
2

ST · D · S dx3 = D̂ · ε̂ (5.25)

where σQ is the shear strength. In particular, the shear strengths present in the
quadrilateral are aligned in the directions x1 and x2.

5.3.3 Principle of virtual work

To obtain the partial differential equation in what is called the weak form, there
are two standard methods to proceed, one is using the variational method and the
second is the principle of the virtual works. The latter is described here for the three-
dimensional equation of elasticity (PDE).

∫
Ω

[
δ (ε)T · σ

]
dΩ =

∫
∂Ω

[
δ (u)T · Ft

]
dΩ + ∑

i
δ (u)T · Fp (5.26)
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where δ () is the variational operator, Ft is the traction or surface force and Fp is
the point force. The quantities on which the variational operator is applied, are
mainly the strains, δ (ε), and the displacements, δ (u). Indeed, the virtual strains are
intrinsically linked to the virtual displacements, and this will be exchanged later in
the discretisation. Note that the objective of the principle of virtual work is to analyse
the variation of this virtual work in terms of the variation of virtual displacements.

One of the advantages of expressing the solution in terms of the stress resultant
notation is that the l.h.s. yields the following equivalence.

∫
Ω

[
δ (ε)T · σ

]
dΩ ≡

∫
Ω2

[
δ (ε̂)T · σ̂

]
dΩ (5.27)

Interestingly, the PDE has become a two-dimensional equation instead, observe that
the domain in the integral is denoted in two dimensions by the subscript (Ω2) in
contrast to the three-dimensional integral denoted by (Ω). Do please not confuse
this nomenclature with the boundary integral (∂Ω).

5.3.4 Finite Element Method

The finite element method is a well-known procedure to discretise weak or varia-
tional forms of partial differential equations. The method can be further studied in
[279] and this section will follow a very similar structure that can be found in [16].

The fundaments of the constitutive model (elastic, inelastic, composite homogeni-
sation) and kinematics of composite shells have been derived. The unknown of the
structural problem is the displacement field, which is a continuous field in the vari-
ational formulation found in Equation 5.26. The variational quantities introduced
here can be substituted by an arbitrary function, the so-called test function. Indeed,
this function is not completely arbitrary, since it has to comply with certain condi-
tions (L2-space functions).

Consequently, assume that in Equation 5.26, the variational terms can be substituted
by a test function (ξ). In particular, the variational of the strain can be perceived as
the variational of the displacement, since the strains are the derivative of the dis-
placement with respect to the spatial coordinate system.

∫
Ω

[
∂ξ

∂x

T

· σ

]
dΩ =

∫
∂Ω

[
δ
(

ξ
)T

· Ft

]
dΩ + ∑

i
δ
(

ξ
)T

· Fp (5.28)

Equation 5.28 is per se the weak form of the problem, which can be achieved by either
the PVW or the variational formulation of the conservation of linear momentum.

5.3.4.1 Discretisation

The general procedure to produce the discrete solution is to leave the displacement
as the unknown variable and approximate it by a discrete solution (point-wise).



182
Chapter 5. Laminated thermo-mechanical coupling of marine structures

exposed to high temperature

u =
n

∑
i=1

Nξ iu3i
Nξ iθ1i
Nξ iθ2i

 =
[

Nξ1 . . . Nξ n

] u1(e)
. . .

un(e)

 = Nξ · u(e) (5.29)

Note the notation u(e), refers to the displacement vector of each of the nodes inside
an element. This comes from approximating the continuous field of the displace-
ment by a discretised spatial mesh, this mesh is composed of nodes and each ele-
ment contains a certain number of these nodes. Note that the same procedure is
applicable if the notation used is the stress-resultant notation, the only difference is
in the number of vector components.

In Equation 5.26, describing the weak form of the problem, the variational is applied
to the strain and this is related to the displacement in the following manner.

••ε = ∇ •u → ε = ∇Nξ · u(e) = B · u(e) (5.30)

where B is the strain-displacement matrix. Note that on the left of the arrow, the
description is given in tensor nomenclature, and on the right in vector/matrix de-
scription. The strain is expressed as a vector because it uses the Voigt notation.

In addition, the definition of the test function (ξ) in Equation 5.28 is still unknown.
The definition of the strain is found employing of the shape functions of the discrete
displacement. A very simple methodology that yields discrete solutions is the so-
called Galerkin method [280].

ξ = Nξ (5.31)

I.e., the method employs the same description for the test functions (ξ) as the inter-
polation functions of the grid, the shape functions (Nξ).

5.3.4.1.1 Kirchhoff-Love theory

The particular DKT element, a triangular element with linear shape functions, is
composed of three nodes. The strain within this element expressed locally, yields

l ε̂ = Bi · l ûi =
[
B1 B2 B3

] 
l û1(e)
l û2(e)
l û3(e)

 , Bi =

[
Bm i
Bb i

]
(5.32)

where Bm is the membrane strain-displacement matrix, Bb is the bending strain-
displacement matrix. Note the Einstein notation is used to describe the scalar prod-
uct between the strain-displacement matrix and the displacement vector at the nodal
level, i.e., ai · bi ≡ ∑i ai · bi.

Recall that the definition in stress-resultant form contains the membrane terms as
well, the membrane and bending strain-displacement matrix at a given gauss point
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are expressed in the following manner

Bm i
=


∂Nξ i
∂x1

0 0 0 0

0
∂Nξ i
∂x2

0 0 0

∂Nξ i
∂x1

∂Nξ i
∂x2

0 0 0

 (5.33)

Bb i
=


0 0 0

∂Nξ i
∂x1

0

0 0 0 0
∂Nξ i
∂x2

0 0 0
∂Nξ i
∂x1

∂Nξ i
∂x2

 (5.34)

5.3.4.1.2 Reissner-Mindlin theory

For the quadrilateral, the 4-node CLLL element with linear shape functions, the dis-
cretisation would be

l ε̂ = Bi · l ûi =
[
B1 B2 B3 B4

]


l û1(e)
l û2(e)
l û3(e)
l û4(e)

 , Bi =

Bm i
Bb i
Bs i

 (5.35)

where Bs is the shear strain-displacement matrix. In this particular case, the strain-
displacement matrices are redefined as follows

Bm i
=


∂Nξ i
∂x1

0 0 0 0

0
∂Nξ i
∂x2

0 0 0

∂Nξ i
∂x1

∂Nξ i
∂x2

0 0 0

 (5.36)

Bb i
=



0 0 0
∂Nξ i
∂x1

0

0 0 0 0
∂Nξ i
∂x2

0 0 0
∂Nξ i
∂x1

∂Nξ i
∂x2

0 0 0 0
0 0 0 0


(5.37)
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Bs i
=

0 0
∂Nξ i
∂x1

−Nξ i 0

0 0
∂Nξ i
∂x2

0 −Nξ i

 (5.38)

5.3.4.2 Discrete system

Once the unknown has been discretised and the Garlerkin method is used to define
the test function, the discrete system of equations, element-wise, can be described.
Equation 5.28, for each element, yields:

K
(e) · u(e) = Ft(e) + Fp

(e) (5.39)

where K is the stiffness. Note the element description underneath each discrete
quantity. Indeed, the r.h.s can be just written as one vector of forces, since both
point and traction forces of the element are derived from the Neumann boundary
conditions. Other forces could be considered such as the body forces (Fb) and again
added as just one generic force vector.

K
(e) · u(e) = Fext(e) (5.40)

where Fext is the external force. The numerical definition of each of the terms that
contributes to the system of equations at the element level is given below.

K
(e) =

∫
Ω(e)

[
BT · D̂ · B

]
dΩ(e) → Kij(e)

=
∫

Ω(e)

[
BT

i · D̂ · Bj

]
dΩ(e) (5.41)

Fext(e) =
∫

∂Ω(e)

[
Nξ · Ft

]
dΩ(e) + Nξ · Fp

↓

Fexti(e) =
∫

∂Ω(e)

[
Nξ i

· Fti

]
dΩ(e) + Nξ i

· Fpi

(5.42)

As already discussed, the traction and point forces are (Ft) and (Fp) respectively.
When the element notation appears beneath these two forces, it refers to the element
vector (integrated over the element) and when it does not, it refers to the very trac-
tion or point forces at the node. Therefore, in the external force vector of the element
(Fext(e)), the contribution of the traction and point loads, discrete at each node, are
obtained once more by the multiplication of the continuous distribution of loads and
the shape function (Nξ).
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5.3.4.3 Assembling of the discrete solution

The element system of equations is completely defined at this point, and only the
assembling of the different elements is left in order to obtain the global and total
response of the structure domain.

Equation 5.40 represents only the integral over an element domain. To obtain the
solution over the whole domain, referred to as Equation 5.28, the following discrete
system has to be assembled

K · u = Fext

K =
ne

∑
e

gK
(e)

Fext =
ne

∑
e

gFext(e)

(5.43)

The summation over all the elements (ne) yields the final system found in Equa-
tion 5.43. The conceptual procedure is exemplified in Figure 5.4

FIGURE 5.4: Illustration of the assembling process characteristic of
the finite element method.

The assembled quantities, expressed in Equation 5.43, were expressed directly in
the global coordinate system, whereas the definition for the elemental quantities
was expressed in the local coordinate system. In order to pass from one system to
another, the following relationships are given

gK
(e) = ΛT · lK · Λ ≡ ΛT · K

(e) · Λ (5.44)

gFext(e) = Λ · l Fext ≡ Λ · Fext(e) (5.45)
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5.3.4.4 Numerical scheme

The numerical scheme of the thermo-mechanical solver is detailed in this section.
Starting by introducing the difference between the thermo-mechanical solver and
coupling, the first refers to the mechanical model that introduces the non-linear de-
pendencies with the temperature and the second refers to the combination of the
thermal solver and the thermo-mechanical solver.

To visualise this difference, the thermo-mechanical solver is the one dealing with the
thermal and mechanical loads, and, also taking into account the mechanical loss of
the thermo-chemical effects. This is illustrated in Figure 5.5 where the solver first
has a configuration with loads, and then a thermal profile of temperatures through-
thickness is introduced. The problem is solved iteratively until the optimal displace-
ment is for the given thermal and mechanical loads and thermo-chemical degrada-
tion.

Thermo-mechanical

Internal

Solver

FIGURE 5.5: Illustration of the thermo-mechanical solver.

The procedure is similar to the one explained in the thermal scheme. From Equa-
tion 5.43, the residual of the assembled system is obtained.

ru = K · u − Fext (5.46)

In this case, a fractional load step is introduced.

ru
∣∣
n+1 ≡ ru

(
u|n+1

)
= K

∣∣
n+1 u|n+1 − Fext

∣∣
n+1 (5.47)

The fractional stepping scheme is very useful when leading with non-linear prob-
lems (mechanically and thermally). The external force at each fractional step can be
described as some final load (Fext∞) multiplied by a fractional coefficient (c).

Fext
∣∣
n+1 = c|n+1 Fext∞ (5.48)

As customary, using Taylor expansion around the iteration (k) yields



5.3. Methodology 187

ru
∣∣
n+1,k+1 = ru

∣∣
n+1,k +

∂ru (u)
∂u

∣∣∣∣
n+1,k

(
un+1,k+1 − un+1,k

)

lim
k+1→∞

ru
∣∣
n+1,k+1 = 0

(5.49)

The incremental solution of the unknown form, Equation 5.49, is posed.

Ju

∣∣∣
n+1,k

∆u|n+1,k = ru
∣∣
n+1,k (5.50)

where Ju is the jacobian of mechanical system. Some important comments need to
be discussed regarding the Jacobian of the system.

1. Time scheme

The scheme proposed in this thesis is a non-time dependent scheme, i.e., it
does not include the effects of inertia and damping. Nevertheless, if inertia
and damping were introduced, with a suitable time scheme, they would be
included both in the Jacobian and residual.

A fractional or incremental scheme is used here, for obvious reasons such as to
later be coupled with the thermal analysis depending on time. This is very con-
venient here, since it adds a similar structure that would be used if for example
time-dependent forces would be introduced. This could be modelled by hav-
ing a non-monotonic increasing fractional coefficient, but a time-dependent
one. However, the effects of inertia and damping are still neglected with this
approach.

2. The true nature of the Jacobian

Time-related assumptions were given, however, the Jacobian still needs some
more clarifications. If equation Equation 5.46 is examined, the Jacobian term
is the derivative of this equation with respect to the unknown displacement.
Therefore, this derivative can take a general form such as

∂ru

∂u
≡ Ju =

∂K
∂u

u + K − ∂Fext

∂u
(5.51)

This reveals that there are a few dependencies that need to be clarified. Start-
ing with the external forces, if those depend on the deformation or point of
application, the Jacobian matrix needs to add this behaviour. This for example
happens with hydrostatic loads or non-following loads. The theory described
within the scope of this thesis is not applied to scenarios where this type of
load are present, and thus it can be neglected.

The standard dependency found for linear elasticity is that the Jacobian matrix
is equal to the stiffness, which is the main reason behind the term tangent stiff-
ness associated with the derivative of the residuals. This term is not neglected,
as it is always necessary.

This leaves the last term which is the combination of the derivative of the stiff-
ness for the displacement and the displacement itself. This term appears when
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the stiffness has a dependency on the displacement. Recalling the expression
found in Equation 5.41, the stiffness depends on either the strain-displacement
matrix (B) or the constitutive matrix (D).

5.3.5 Flexible composite structures

The term flexibility is used in structural analysis to refer to large displacement anal-
ysis. Marine structures, such as ships, are a type of structure that often presents a
natural large displacement distribution along the length of the vessel. Moreover,
composites are materials that are advantageous in many aspects, but one disadvan-
tage can be rapidly noticed when considering two similar structures, one made out
of composites and another of traditional materials. For an identical mechanical load,
the composite vessel will present higher displacements, given it has a lower Young’s
modulus (more flexible). It is the combination of composites and marine structure
design, in which large displacements need to be taken into account.

The problems that arise when considering such a formulation have not yet been fully
addressed, the discussion was left at the point where the Jacobian matrix was dis-
seminated, and it was assumed that the external forces did not present a dependence
with respect to the displacements.

∂ru

∂u
≡ Ju =

∂K
∂u

u + K (5.52)

The only two necessary terms were the stiffness itself and the derivative of the stiff-
ness. If the governing problem is assumed to be linear geometric and constitutive,
the Jacobian would be just the stiffness matrix. The chapter 4 covers a wide range
of non-linear models that depend on the strain and indirectly on the displacement.
It seems then necessary to include this term inside the Jacobian of the system, only
if the non-linear constitutive analysis is desired. In that case scenario, the derivative
of the system can be calculated as

∂K
∂u

=
∫

Ω

[
BT · ∂σ (ϵ (u))

∂u

]
dΩ

=
∫

Ω

[
BT · ∂σ

∂ϵ

∂ϵ

∂u

]
dΩ =

∫
Ω

[
BT · Dtan · B

]
dΩ

(5.53)

So in non-linear constitutive problems, the tangent stiffness, besides needing the
stiffness itself, needs the tangent constitutive tensor. Although this may seem com-
plex enough, the small-displacement simplifications in the strain-displacement ma-
trix are certainly helpful. The other major inconvenience, after addressing the non-
linear constitutive effect, is the non-linear geometric effect or the dependency of the
strain-displacement matrix with the displacement. A priory, the strain-displacement
matrix, as the name suggests, depends on the displacement. One of the solutions, to
solve Equation 5.53, is to change the residual definition in Equation 5.54 as follows
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∂ru

∂u
≡ Ju =

∂Fint

∂u
− ∂Fext

∂u
(5.54)

where Fint is the internal force. The first term of the Jacobian of the system is min-
imised with respect to the internal forces instead of the stiffness. This approach is
the most standard way to solve a FEM problem, only taking care of the non-linear
constitutive effect by obtaining the tangent constitutive tensor. Then, as commented
previously, if large displacements are considered, this very definition of the tangent
constitutive tensor changes and needs to be adapted to the previous formulation
explained in chapter 4.

When the non-linear kinematics (geometry) are taken into account inside the non-
linear constitutive model, things become fuzzier. Theories such as the total La-
grangian theory use this approach, however, in the case of composites, using such
theory makes it very costly to generate these new non-linear geometric definitions
of the constitutive model, and the applications are unique and narrow. It does not
make the resultant derived formulation compatible with other approaches. Con-
sider that it would even require modifying TSPROM by using the total Lagrangian
theory, which would add more effort to the whole derivation. Consequently, the
non-linear geometrical model has to be a solution that allows for uncoupling both
the constitutive and kinematic laws, which would present a great synergy between
the large-displacement theory and the composite constitutive (TSPROM) theory. Al-
beit the desired solution is not the total Lagrangian, a brief explanation of the most
common methods used to deal with non-linear geometric problems is given below.

Typical solutions to adapt the finite element method to incorporate non-linear geo-
metric analysis (large deformations) are found in [281] or [282]. The total Lagrangian
formulation, [281], introduces some extra dependencies in the constitutive tensor to
include the large deformation effects. The theory uses an intermediate system of
reference to capture the large rotations introduced in the element, this intermediate
system is then embedded into the kinematics and constitutive laws. Suitable formu-
lations for shells, expressly developed for laminate shells, are found in the work of
Oliver and Onate [281].

The updated Lagrangian formulation is very similar to the total Lagrangian, both
produce the same result, however, the latter does not include an intermediate sys-
tem of references and instead updates the material description of the domain every
certain steps. Indeed, this update is the pseudo-intermediate reference system. For
shells, the work of Jiang et al. [282] is an interesting example of the application of
this methodology. An important limitation of this technique is the requirement to
update the material mesh, since, as the problem size increases, the method becomes
very computationally costly.

Nevertheless, both methodologies are difficult in combination with the damage model,
in particular when the inelastic behaviour of the composite structure is obtained
from the inelastic behaviour of the constituent phases. This is because these two
technologies introduce certain changes in the core of the constitutive matrix. To sep-
arate the non-linear geometric and constitutive effects, into different terms for the
finite element discretisation, the research of Felippa and Haugen introduced in [123]
the so-called assumed natural deviatoric strain (ANDES) and the formalisation of
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the co-rotational theory in [18].

The co-rotational theory is a tight and compartmented theory that allows the cur-
rent linear geometric theory of shells to a non-linear geometric range. The most
interesting part of it is that it uses an intermediate configuration similarly to the
total Lagrangian formulation, however, this non-linear geometric effects are not in-
troduced in the constitutive tensor and rather are introduced in the local to global
transformation matrices.

5.3.5.1 Co-rotational formulation

For composite structures, the capability to simulate a non-linear geometric analy-
sis using a definition that is similar to the one in a linear geometric formulation
is certainly of interest. However, recall that the TSPROM is very efficient because
its scope is just at the constitutive level (constitutive tensor). Therefore, a question
arises whether it is possible to use a similar approach for the non-linear kinematics
without invading the scope of the TSPROM and maintaining the same structure as
for linear geometric analysis. A theory of this kind, signifies almost no major change
in the FEM structure of any standard code. Also, provided that the SPROM in [283]
demonstrated to be able to assess correctly buckling, it would be a major upgrade to
provide an approach that separates the constitutive and geometric non-linearities.

The previous formulation has delved into the linear kinematics, however, a more ro-
bust solution including non-linear kinematics can be derived using the co-rotational
theory by Felippa and Haugen [18]. The importance of the manner, in which the co-
rotational theory addresses the problem of non-linear kinematics or better referred
as non-linear geometry, is found in the fact that this theory extends standard linear
geometric models by introducing the non-linear dependency in the transformation
between local and global axes of reference.

gx3

gx2
gx1

g
C

Undef rmed

srb
x
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x
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x
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t

n
Solid
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FIGURE 5.6: Co-rotational formulation schematic.
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Figure 5.6 illustrates how the co-rotational theory works. It uses a set of two refer-
ence axes, resembling the underlying physics of the total Lagrangian approach, the
first reference system (gC) is the material or Lagrangian reference axis, and the for-
mulation then defines a set of solid rigid body transformations that link the material
reference system to the solid rigid body rotated reference system or in short SRB ref-
erence system (SRBC). Then the element in question, expressed in the SRB reference
system, is deformed.

The qualitative advantage when using the co-rotational formulation is that the stiff-
ness or the constitutive tensors remain the same and the non-linear geometric is
directly translated to the set of axes used in the transformation between global and
local reference systems. The displacements are reformulated and expressed in ei-
ther local or global reference systems by introducing the transformation tensor that
transforms a quantity expressed in the global reference system to the local reference
system and viceversa.

gu = ΛTlu ⇐⇒ lu = Λgu (5.55)

where Λ is the rotation tensor. Furthermore, according to the co-rotational formu-
lation, the non-linear geometric dependency is introduced in this rotation tensor
(Λ(u)).


ru(gu) = gFint − gFext = Λ(gu)Tl Fint − Λ(gu)Tl Fext

∂ru (gu)
∂gu

=
∂Λ(gu)T

∂gu
l Fint + Λ(gu)T ∂l Fint

∂gu

(5.56)

Note that in this derivation, instead of considering the l.h.s. as the product of the
stiffness by the displacement, the internal force term is used. Also, the external force
has no dependence with respect to the displacement. Thus, expanding the derivative
of the internal force concerning the displacement leads to

Λ(gu)T ∂l Fint

∂gu
= Λ(gu)T

∂
(

lKlu
)

∂gu
= Λ(gu)TlKΛ(gu)gu (5.57)

Since one of the purposes of this formulation is for the stiffness matrix, at least what
is referred to as material stiffness, to not contain any dependence with respect to
displacements, Equation 5.57 directly yields the classical stiffness expression. This
can be rearranged with the following nomenclature

Λ(gu)T ∂l Fint

∂gu
= ΛT · lKM · Λ · gu = gKM · gu (5.58)

where KM denotes the material stiffness. However, the question arises on what is
the transformation matrix (rotation matrix) exactly. An intricate derivation of this
formulation can be found in [284] by Almeida and Awruch. The rotation matrix
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contains a set of three transformations useful to describe the large rotation of the
solid rigid body movement.

Λ(gu)T ≡ ΛT = ΛT
1 · ΛT

2 · ΛT
3 (5.59)

These three transformations are the ones that define the non-linear geometric, some-
times referred just as geometric [284], stiffness. The other term in Equation 5.56 if
expanded yields

∂Λ(gu)T

∂gu
l Fint =

(
∂ΛT

1
∂gu

· ΛT
2 · ΛT

3 + ΛT
1 ·

∂ΛT
2

∂gu
· ΛT

3 + ΛT
1 · ΛT

2 ·
∂ΛT

3
∂gu

)
l Fint (5.60)

If the internal force is substituted by the stiffness and displacement, the r.h.s. be-
comes

(
∂ΛT

1
∂gu

· ΛT
2 · ΛT

3 + ΛT
1 ·

∂ΛT
2

∂gu
· ΛT

3 + ΛT
1 · ΛT

2 ·
∂ΛT

3
∂gu

)
lKM · lu

=
(

gKGR + gKGP + gKGM

)
gu

(5.61)

or
gKNG = gKGR + gKGP + gKGM (5.62)

where KNG is the non-linear geometric stiffness and KGR, KGP, KGM are the rotational
geometric, equilibrium projection and moment-correction stiffnesses. The same no-
tation can be found in [284] with further detail.

The final form of the residual derivative is

∂ru (gu)
∂gu

=
(

gKM + gKNG

)
· gu (5.63)

5.3.5.2 Non-linear geometric buckling

One of the most interesting aspects of deriving the non-linear geometric formula-
tion does not only reside in the possibility to understand better the natural large-
displacement behaviour of composites, but also, assesses the occurrence of buckling.

Buckling is a phenomenon which denominates sudden failure due to non-linear geo-
metric behaviour. This mechanical failure is determined by the degree of eccentricity
a structural member endures. In Figure 5.7, an illustration of a single beam under
compression is shown which generates a buckling mode when a certain force P is
applied to it. In general circumstances, the compressive load would not generate
significant deflection and the bending moment experienced by the beam would be
negligible. However, in practice, the load may not be applied directly to the neutral
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axis and this would be the cause of a certain eccentricity. The phenomenon of buck-
ling is best describe as the collapse, like shown in this figure, once the beam is no
longer able to endure the load, it ceases to stop on deforming.

P

FIGURE 5.7: A buckling schematic.

This non-stopping behaviour (endless deformation) is the reason that buckling is
regarded as a failure. In more complex structures, the buckling of a single member
does not condition the buckling of the rest of the structure. E.g., Figure 5.8 shows
neatly that one structural pillar has undergone buckling, meaning that the effective
stress in for the beam is close to the failure load which characterises it, however at a
certain point, the load has been redistributed to the adjacent pillars that now endure
the vast majority of the load. By this redistribution and relaxation of the loads, in
complex structures, a new regime, the post-buckling, appears.

P

FIGURE 5.8: Post-buckling of a complex structure.

Post-buckling is appealing since it does not imply the total collapse of the structure,
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that would be buckling, and it is a behaviour that classical buckling analysis such
as the linear buckling method by perturbations is not able to capture. Normally
post-buckling is accompanied by inelastic effects, i.e., imagine that on the zone of
maximum deflection a hinge-like mechanism is formed, the more it deflects, the
more the hinge plasticises. This is regarded as inelastic buckling or, in the lack of total
collapse, inelastic post-buckling.

Although the difference between buckling and post-buckling has been introduced as if
post-buckling is the result of almost achieving the buckling state. That would be a very
intuitive explanation, however, some minor details need to be considered. In reality,
post-buckling refers to a situation immediately or nearby the buckling phenomenon.
Using maths to correctly phrase it, post-buckling is the outcome of undergoing buck-
ling and not collapsing. This last definition adjusts better with the discussion offered
previously. Therefore, there are structures such as the Euler-beam that once undergo-
ing buckling, collapse and some such in Figure 5.9, a case of snap-through buckling,
that after buckling, deform in such a way that finds an equilibrium position.

P

P

P

Buckling

Post-Buckling

Initial 

Configuration

FIGURE 5.9: Buckling: snap-through mechanism.

Observe how the meaning of buckling is more intricate than it may seem, a priory. In
a general sense, buckling can be recognised mathematically as a configuration that is
unstable, specifically, when the stiffness matrix has become singular. Then the prob-
lem evolution after that singularity is reached is called post-buckling analysis, and
the evolution before to that singularity is regarded as general buckling. Figure 5.9
shows very well this type of problems, at top of the image, there is a structure that
is approximating buckling (snap-through buckling), the second row belongs to the
point when the singularity is achieved and then the third schematic represents the
evolution after buckling is reached. In the snap-through buckling, the process is able
to avoid failure by reaching a geometric configuration that is stable.

So it has been clearly stated that buckling is a collapsing phenomenon that occurs
especially when a structure or part of it is very eccentric. It has been discussed
that for composites, due to their low elastic properties, these structures are prone to
present large deflections. Then the question is whether incorporation or even the
study of buckling is of importance when fire is present in the analysis.
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FIGURE 5.10: Buckling in the presence of temperature gradients.

Figure 5.10 gives a very intuitive example of one of the major issues of fire, the tem-
perature gradients, these gradients originated from the exposure of the structure to
fire, and they are of importance. The thermal dilation or thermal expansion of mate-
rials is generally of high importance, since the rate of expansion due to temperature,
generally, is higher than due to elastic deformation.

So when a structure is exposed to fire, and a gradient of temperature can be found
from the hot end to the cold end, large deformations are originated at least in the
hot side of the structure. Any structure that has a face in traction, while the other
face is consequently in contraction, can be conceptualised as a structure under bend-
ing effects. These bending effects can also be transformed to a parallel (axial) load
with a certain eccentricity. It is this analogy that best explains the importance of be-
ing at least able to address buckling when a thermo-mechanical analysis is desired.
The latter failure is sometimes coined thermal buckling, and it can be extended to the
respective post-buckling and inelastic categories as well.

The formulation of non-linear geometric buckling arises from the singularity of the
eigenvalue problem described in Equation 5.64. This considers, in Equation 5.63, the
possibility that the equation is equal to zero discarding the trivial solution.

∂ru

∂u
=
(

gKM + gKNG

)
gu = 0 ⇒ |KL − λKNL| = 0 (5.64)

where KL is the linear geometric stiffness, KNL is the non-linear geometric stiffness.
The subscripts linear and non-linear are interchangeable with material and non-linear
geometric, respectively.

Therefore, Equation 5.64 is posing the buckling problem, with the non-linear geo-
metric approach, if the conditions are suitable, the system becomes ill-posed. Other-
wise, if the r.h.s. of the arrow is examined, the problem is posed as an eigendecom-
position problem, one to find the suitable eigenvector that makes the system unsta-
ble, this is the typical method for linear buckling based on bifurcation methodology.
Nevertheless, both expressions are interrelated, proving that the co-rotational theory
is, at least theoretically, able to assess buckling by producing a non-linear geometric
stiffness that is of equal magnitude, but opposite sign, as the material stiffness.
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5.3.6 Non-linear thermo-mechanical coupling

The thermo-mechanical algorithm proposed for laminate composite materials ex-
posed to high temperatures is presented as a decoupled thermo-mechanical prob-
lem, where the thermal problem is solved first and updated in the thermo-mechanical
problem that attempts to find mechanical equilibrium.

The thermo-mechanical algorithm updates the mechanical properties that depend
on either the temperature or the pyrolysis and solves the TSPROM algorithm. Then
the system is assembled to be iteratively solved.

The stages of the analysis are two, observe Figure 5.11. In an initial phase where the
mechanical loads or pre-stress are introduced, the solver seeks the convergence of
the structure to obtain its initial configuration. The models used here can be any of
the non-linear constitutive or geometric theories.
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Exposed Surface

Unexposed Surface
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Thermal

Thermo-mechanical
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Solver
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Increment

of

time

FIGURE 5.11: Flow diagram of the derived coupling.

Once the model has converged, the analysis advances to the second stage where
the thermal solver acts as the master, it has sense since it is the uncoupled part of
the problem, and the thermo-mechanical solver awaits for the thermal to obtain the
converged temperature and pyrolysis fraction through the thickness of the different
fire zones or elements.

Once the thermal problem is solved for a given increment of time, the thermo-
chemical properties are updated in the thermo-mechanical analysis to correctly as-
sess the current mechanical state induced by temperature. The thermal expansion
is then introduced in the mechanical system and the thermo-mechanical iterates in
an attempt to find the equilibrium. Once the equilibrium is satisfied, the analysis
advances one step in time to repeat the same process.
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This algorithm can be found in algorithm 4.

Algorithm 4: Non-linear thermo-mechanical coupling

INITIALISE THE PROBLEM

T0 = T(t = 0)
F0 = F(t = 0)
u0 = u(t = 0)

for n = 0 to nend do

THERMAL PROBLEM

m = 0; Tn+1,0 = Tn

while
rT

fd + fc + fr

∣∣∣∣∣
n+1,m+1

< tolerance do

obtain the residual
(

rT
∣∣
n+1,m+1

)
and jacobian

(
JT

∣∣∣
n+1,m

)
solve ∆T|n+1,m in Equation 3.82

update Fn+1,m = Fn

go to: algorithm 2

m = m + 1

Tn+1 = Tn+1,m , Fn+1 = Fn+1,m

THERMO-MECHANICAL PROBLEM

m = 0; un+1,0 = un

while
ru

F

∣∣∣
n+1,m+1

< tolerance do


Update thermal-dependent properties (Tn+1, Fn+1)
Obtain the mechanical strain in Equation 4.128
go to: algorithm 3

obtain the residual
(

ru|n+1,m+1

)
and jacobian

(
Ju|n+1,m

)
solve ∆u|n+1,m in Equation 5.50 ; m = m + 1

un+1 = un+1,m; n = n + 1

Note that for F the same letter is designated to represent either the force vector and
F is the pyrolysis fraction. In the section on the thermo-mechanical problem, note
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that inside the thermal-dependent properties line, the variable in question is the
pyrolysis fraction.

5.3.6.1 Fire Dynamic Simulator

An important feature to take into account is the compatibility of this framework
with the so-called CFD code, Fire Dynamics Simulator (FDS), this software helps to
predict realistically the boundary conditions of the thermal solver by obtaining the
adiabatic surface temperature of the hot and cold ends, e.g., in Figure 5.12 a building
is thermally analysed under a fire scenario. It also grants the possibility to analyse
other effects such as the smoke for toxicity analysis. The software, which capabilities
are described in [54], is open source and funded by the National Institute of Standards
and Technology (NIST) and actively used in research and developed by specialised
centres such as the VTT Technical Research Centro of Finland (VTT). The application
of this software to the marine industry is well extended, this is supported by the
research found in [285, 286, 287, 288, 289].
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FIGURE 5.12: Snapshot of the temperature distribution inside a build-
ing with a fire source obtained from the FDS software product [9].

Adapted from [10].

The FDS is a large eddy simulation (LES) code for modelling incompressible ther-
mally driven flows with low Mach number. The governing equations for the flow,
consisting of conservation equations of mass, momentum and energy as well as the
ideal gas law, are solved with a finite difference method using an explicit predictor-
corrector scheme. FDS is both temporally and spatially second-order accurate. To
simulate enclosure fires, FDS can be used to model, e.g., combustion, radiation, ther-
mal degradation of solids and mechanical ventilation. [196].
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FIGURE 5.13: Flow diagram of the fire dynamic simulator and the
thermo-mechanical structural solver.

The coupling is best described in the flow diagram found in Figure 5.13. The soft-
ware is used to introduce the temperature, as an adiabatic surface type, of the sur-
rounding of the structure under analysis. This is a one-way coupling, similar to the
thermal solver, where the deflection of the structure is considered to not affect the
fire dynamics, and therefore, the fire dynamic simulation can be simulated a pri-
ory and then post-processed to obtain the boundary conditions introduced in the
thermo-mechanical analysis.
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5.4 Conclusions

This chapter is brief and provides a link to the two previous chapters (chapter 3,
chapter 4). The chapter 4 already examinates the type of thermo-mechanical cou-
pling to introduce the different effects that the thermal problem has in the thermo-
mechanical analysis. In this case, the coupling can be described as a decoupled
thermo-mechanical problem, a one-way coupling from the thermal to the thermo-
mechanical model.

The chapter has given two formulations, one for triangles and a second for quadri-
laterals, that can describe the kinematics and constitutive laws of composites. The
procedure used to derive the system is similar to the one used in [16], starting from
the Principle of Virtual Work and then applying the finite element method to obtain
the discretisation. A fair amount of discussion is given on the issues derived in the
non-linear constitutive thermo-mechanical model proposed, and then the concepts
relative to flexibility are introduced.

The non-linear geometric problem is analysed from the frameworks of [281] and
[282], however the most successful theory is the one provided in [18]. The problem
of buckling is explained and an interesting examination of thermal-induced buck-
ling is given. With this approach, the thermo-mechanical coupling is now able to
take into account, non-linear thermal analysis (pyrolysis) and non-linear thermo-
mechanical analysis, the non-linear constitutive thermo-mechanical effects such as
temperature-dependent properties, thermal-induced damage, and the non-linear ge-
ometric thermo-mechanical effects by using the co-rotational theory. This is unique
and novel, since the co-rotational theory allows performing non-linear geometric
buckling analysis, without significant modification of the FEM algorithm and with-
out modifying the constitutive thermo-mechanical laws already derived.

At the end of this chapter, the thermo-mechanical coupling is expressed in its nu-
merical form with a summarised algorithm. This algorithm summarises all the the-
oretical derivations examined during the previous chapters (chapter 3, chapter 4).

5.4.1 Goals

The goals imposed in chapter 1 are fulfilled. Goal number 7, Address the flexibility of
composites, fulfilled since the theory proposed, solves elegantly the flexibility of com-
posites. And goal number 11, Provide and implement the thermo-mechanical coupling, is
as well completed in this chapter since at the end of it, the coupling is completely
described.

Both goals are represented in the conclusion and are structured in this order.
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Verification, validation and
demonstration of the
computational model

6.1 Introduction

This chapter is structured according to the necessities and goals that were posed
in the objectives. The different verification, validation and demonstration cases are
organised in the following sections.

1. Validation of the thermal model

The thermal model was validated for linear analysis, i.e., linear homogeneity in
the micro-structure and no pyrolysis, but it seemed unnecessary to exemplify
the correctness of the code for a trivial solution such as the one-dimensional
heat transient problem. Nevertheless, in the thermo-mechanical analysis some
analytical analysis is presented based upon the linear analysis of thermal mod-
elling.

Due to its more complex solution and in order to achieve goal 3 Assess the
correctness of the implementation of the thermal model, a numerical analysis is pro-
vided in order to reproduce the experimental data found in [11].

2. Validation of the mechanical model

To assess the correct implementation of the SPROM, the FIBRESHIP project
proposed different mechanical tests, an axial, a flexural and a shear. The aim
was to compare the different materials and to provide experimental data used
to calibrate the mechanical models. This thesis shows the results of the axial
and flexural analysis. Further details on similar results applied to solid ele-
ments can be found in [12].

These two tests, axial and flexural, allow accomplishing the goal 6, Assess the
correctness of the implementation of the mechanical formulation.

Also, to address the large deflection problems characteristic of composites and
to accomplish the goal 7, Address the flexibility of composites, a non-linear ge-
ometric buckling analysis is performed to corroborate that the co-rotational
theory predicts non-linear geometric buckling.
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3. Validation of the thermo-mechanical model

Once validated in both models, the new changes introduced in the numerical
validations are the thermo-chemical dependence of mechanical properties and
the thermo-mechanical coupling itself. To fulfil goal 11, Provide and implement
the thermo-mechanical coupling, an analytical benchmark is simulated to validate
the thermo-mechanical model.

The analytical benchmark is rather simple and is more a proof of verification
than validation per se. An analysis is performed against the thermo-mechanical
response of a bulkhead test specimen under fire and mechanical loading to
validate the implementation.

This experimental test is the result of the FIBRESHIP project. Another experi-
mental test comparison is provided from the LASS campaign [2].

Regarding the flexibility of composites exposed to fire, and to introduce im-
portant concepts on the topic of inelastic thermal buckling. Three examples
are provided, two analytical and one experimental.

4. Demonstration in marine applications

Once the knowledge and validation have been built up, in order to accomplish
goal 12, Assess the correctness of the thermo-mechanical model, two study cases are
proposed.

First, a fluid-structure interaction (FSI) problem in which a CFD tool, the fire
dynamics simulator (FDS), is used to obtain the adiabatic surface temperature
and this is input as a boundary condition in the thermo-mechanical problem.
The domain of study is one of the decks of a container ship.

Another marine application analysis is performed, aiming to demonstrate the
capabilities of the present thermo-mechanical analysis. The analysis uses both
non-linear geometric and non-linear constitutive modules in order to simulate
the risk of inelastic thermal buckling and the evolution of load-bearing struc-
tural divisions. The domain in question is the engine room and cargo hold of
the same container ship.

The definition of different variables should coincide with the definition given
in the nomenclature, however, it might happen that for each particular exam-
ple the reader might encounter certain variables that have different meanings.
These variables shall only apply to each particular analysis, and therefore their
scope withstands inside it. To avoid excessive confusion, the examples shall
try to adapt as much as possible the nomenclature, which has been consistent
in all previous chapters.
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6.2 Validation of the thermal model

For this section, the numerical validation is tested against the Henderson bench-
mark, a benchmark that involves non-linear thermal transfer and degradation for
composite materials.

6.2.1 Non-linear thermal problem - Henderson benchmark

The experimental data presented in Henderson et al. in [11] will be used to validate
the non-linear transient thermal model described in chapter 3. In the experimental
tests, a composite material consisting of ΦΩm = 39.5% of phenolic resin and ΦΩ f =
60.5% of glass and talc filler was studied. The test samples were of the cylindrical
shape of 1cm diameter by 3cm height. The tests consisted of exposing one side of
these samples to a radiant heat flux of 279.7kW/m2. The temperature evolution
of the samples was monitored using four thermocouples at depths of 0.1, 0.5, 1.0
and 2.9cm from the heated side. The instrumentation, sensors and experimental
procedure is described in [63].

This experimental test has been simulated with the numerical model developed in
this thesis. The cylindrical samples have been modelled with 30 finite elements of
1D. The material properties and boundary conditions that have been used in the
simulations are the same as those reported in [11]. A table with the most important
properties is given in Table 6.1.

Property Value

Virgin density (kg/m3) 1810
Final char density (kg/m3) 1440
Virgin thermal conductivity (W/m°C) 0.804 + 2.76 · 10−4T
Final thermal conductivity (W/m°C) 0.955 + 8.42 · 10−4T
Virgin specific heat (kJ/kg°C) 1.089 + 1.09 · 10−3T
Final specific heat (kJ/kg°C) 0.870 + 1.02 · 10−3T
Gas specific heat (kJ/kg°C) 9.63
Activation energy (kJ/kg°C) 2.6 · 105

Pre-exponential factor (s−1) 8.16 · 1018

Order of reaction 6.30
Heat of decomposition (kJ/kg) 234
Surface emissivity 0.9
Temperature of glass transition (°C) 400

TABLE 6.1. Calibrated material properties extracted from [11].
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FIGURE 6.1: Evolution of the temperature (T(x3, t)) of the experimen-
tal and numerical results at different thickness positions.

As seen in Figure 6.1, the numerical simulation by the thermal model is in correspon-
dence with the experimental data carried out by Henderson et al.. This serves as a
validation benchmark for the one-dimensional non-linear transient thermal model.
Observe in Figure 6.2 the evolution of the temperature distribution through-thickness
and time. Each of the snapshots represents the instant temperature distribution
through-thickness at a given time. The heat is being transported from the hot end to
the cold end.
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FIGURE 6.2: Temperature evolution.

Similarly, the pyrolysis evolution can be assessed with the pyrolysis fraction. Ob-
serve in Figure 6.3 the evolution of the thermal degradation parameter through-
thickness and time. The material starts pyrolysis in the hot end and then the front
of degradation starts advancing from the hot end to the cold end as is supposed to
do in reality. This is in agreement with the temperature map shown in Figure 6.2, in
which temperatures over 400°C are over the glass temperature of the resin and thus
the pyrolysis process starts.
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FIGURE 6.3: Thermal degradation index evolution. 1 means intact
and 0 is completely degraded

The pyrolysis is indeed related to the fraction mass. The benchmark and the numer-
ical results, see Figure 6.4, present similar, not exactly, evolution. In the benchmark
original paper [11] a few comments are issued regarding inaccuracies in the material
calibrations and testing that may lead to these minor differences.
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FIGURE 6.4: Evolution of the fraction mass remaining of the experi-
mental and numerical results at different thickness positions.

6.2.2 Conclusion of the numerical implementation

The experimental results provided by Henderson et al. in [11] were reproduced by
the thermal model developed with the methodology derived in this thesis. This
proves the capability of the numerical implementation to predict non-linear thermal
behaviour, such in:

• Pyrolysis

The thermo-chemical degradation of the polymer matrix is shown in Figure 6.3.
The numerical tool can assess the amount of degraded fraction left in the thick-
ness of a shell.

Moreover, this pyrolysis fraction is contemplated for the matrix in this exam-
ple, but it can be retrieved also for fibre is needed.

• Composites

The model proposed uses a layer-wise approach, so it allows using non-homogeneous
materials. This difference in the materials found in the thickness stack, makes
the solution non-linear due to having different thermal properties in the stack.
This can easily be seen in Figure 6.1, where the numerical output matches pre-
cisely the non-linear evolution and distribution of the experimental results.

In conclusion, this section has served to accomplish the proposed goal number 3,
’Assess the correctness of the implementation of the thermal model’.
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6.3 Validation of the mechanical model

The validation results presented here will address the problems of inelastic and
buckling behaviours. Two inelastic tests based on the test campaign developed, in
the FIBRESHIP project, are detailed, and then validation of the non-linear geometric
module is proven against the theoretical buckling of an Euler beam.

6.3.1 FIBRESHIP Campaign

During the FIBRESHIP campaign, among the several testing, two calibrations of the
mechanical properties were carried out. These two calibrations, which are shown
below, belong to the category of tensile and flexural tests, courtesy of the University
of Limerick. In both tests, the same material is employed and the calibration shown
is useful to show a practical procedure based on the SPROM theory and to demon-
strate that this theory is capable of simulating the non-linear constitutive range.

6.3.1.1 Tensile test

This numerical validation shows the accuracy that the SPROM has in reproducing
non-linear composite failure. The validation is divided into five parts and it fo-
cuses on the so-called LEO system composite. This material is the composition of
fibreglass with a vinylester resin, and more relevant information about it is given in
Appendix A. The other material simulated is a fibreglass and epoxy solution named
SR1125, further detail can be found in [12].

1. Domain

The domain for the longitudinal (0°with respect to the fibres) and transverse
(90°) axial loading computational model is described.

2. Experimental data

Here the most relevant information for the specimen data is given. The experi-
mental data provided is the one that belongs to the composite, made out of the
Saertex’s LEO system [290], since this was the finalist material from the initial
poll of material to be used in the FIBRESHIP project.

3. Specimen results

The test results are shown for both the LEO system and SR1125, the latter is
shown to demonstrate how well the SPROM can predict the transverse stiff-
ness.

4. Linear correction

From here onward, the analysis is focused on the LEO system, the FRP that
offered better performance. This part delves into some deficiencies that have
been detected from the results provided by the University of Limerick, which
carried out the experimental campaign. In short, the tests used two sets of
instrumentation to measure force-displacement and stress-strain curves. The
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first curve is usually measured with grips and the second with an extensome-
ter, which indeed should be more precise. However, axial testing at 0° requires
that the extensometer is dismounted before damaging the specimen since the
rupture in that axial direction is very abrupt and may damage the instrumen-
tation. After a dedicated analysis, it was found that one of the two curves was
deriving the displacement/strain field from the other. Thus, certain corrections
had to be derived in order to predict well the longitudinal curves.

5. Non-linear assessment

Once the problem has been solved, an accurate solution is provided for the two
axial tests for the LEO system composite.

6.3.1.1.1 Domain

A sketch of the model indicating the sample sizes and boundary conditions is pre-
sented in Figure 6.5. Note that only a fourth of the specimen is modelled by the FEM
method, to reduce the computational cost by application of appropriate boundary
conditions in the longitudinal and transverse centre lines of the sample.

Symmetric boundary condition

Displacement boundary condition

W=2.493mm

L=50.0 mm

W=2.493mm

L=134.4 mm

FIGURE 6.5: Chart describing axial testing at 0°of a specimen.

Displacement boundary conditions are further applied to the free edges of the spec-
imen (green boundaries in Figure 6.5), these should be the same as the maximum
value of the displacement found in the force-displacement curve. In the case of the
longitudinal samples, the length of the simulated specimen was considered to be
the distance between grips. By contrast, the transversely oriented specimens were
modelled assuming the effective length to be the distance between extensometers.
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6.3.1.1.2 Experimental data

The effective data found from the experimental tests are described in Table 6.2 for
the longitudinal tests and Table 6.3 for transverse tests. The meaningful information
to simulate the SR1125 can be found in [12]. It can be seen that the problemat re-
garding the different elastic modulus readings by the two instrumentation is patent
in Table 6.2, in this table, there are two readings of E1 and E2 that are inconsistent
with 30% respect to the theoretical value that a composite made out of fibreglass and
vinylester should have. The other important problem comes from the definition of
the testing, this testing used a UD laminate, however when consulting the datasheet
found in Appendix A, the fibreglass used in the LEO system material is not purely
UD.

Following the specifications of the data sheet, each layer nominally contains 90% of
unidirectional (UD) fibres and 10% of transverse fibres and stitching. Nevertheless,
these percentages are in terms of pure areal weight. This means that a correction
factor may be necessary to calibrate a more appropriate ratio of unidirectional and
transverse fibre distribution. Note also that the reinforcement fibres in the transverse
direction (90°) have a lower density (200 and 60 TEX) than those in the longitudinal
direction (2400 TEX). This must be also considered in order to assess a precise equiv-
alent thickness for the 0°and 90°fractions of the monolithic stack.

The best option to calibrate the effective volumetric fraction, thickness-wise, i.e.,
the percentage of fibres in the 0°and the percentage in 90°, is by trying to find the
correct proportion for the given volumetric fraction (ΦΩ = 55%). Using the curves
in Figure 6.11 and Figure 6.12, the correct proportion is the one that best fits the
elastic slope on both curves. Throughout an iterative process, it has been found
to be a proportion of 83% and 17% of longitudinal (0ž) and transverse (90ž) fibres
respectively.

Sample ID LEO UD - T1 LEO UD - T2 LEO UD - T3 LEO UD - T4 LEO UD - T5 Average CV

Length
(grips)

(mm) 134 134 134 135 135 134.4 0.40%

Length (mm) 294 294 294 295 295 294 0.20%
Width (mm) 24.74 24.79 24.82 24.81 24.82 24.8 0.13%

Thickness (mm) 3.19 3.213 3.237 3.1 3.183 3.2 1.63%
Failure
Load

(kN) 62.9 60.5 53.4 54.3 54.2 57.1 7.6%

Failure
Stress

(MPa) 818.5 765.5 677.2 681.9 674.8 732.6 9.0%

Stroke
(@ failure)

(mm) 5.4 5.3 4.2 4.5 4.7 4.8 10.70%

Strain
(@ failure)

(%) 4.0 3.9 3.1 3.3 3.5 3.6 10.80%

Young’s modulus, E1 (GPa) 37.9 36.8 35.6 33.6 33.8 35.5 5.30%
Young’s modulus, E2 (GPa) 26.3 25.3 25.2 26.9 25.8 25.9 2.80%

TABLE 6.2. Properties of the LEO system experiment when the axial
test is at 0°.
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Sample ID LEO 90°- T1 LEO 90°- T2 LEO 90°- T3 LEO 90°- T4 LEO 90°- T5 Average CV

Length
(grips)

(mm) 128 128 128 128 128 128 0.00%

Length (mm) 288 288 288 288 288 288 0.00%
Width (mm) 25.27 25.14 25.15 25.15 24.95 24.93 3.02%

Thickness (mm) 3.573 3.393 3.303 3.277 3.397 3.4 3.43%
Failure
Load

(kN) 4.7 5 4.8 4.5 5 4.8 4.4%

Failure
Stress

(MPa) 51.9 61.1 57.3 54 58.8 56.6 6.5%

Stroke
(@ failure)

(mm) 0.3 0.7 0.6 0.5 0.7 0.6 29.90%

Strain
(@ failure)

(%) 0.6 1.3 1.3 0.9 1.3 1.1 29.60%

Young’s modulus, E1 (GPa) 11.6 12.3 12.2 12.4 12.1 12.1 2.60%

TABLE 6.3. Properties of the LEO system experiment when the axial
test is at 90°.

6.3.1.1.3 Specimen results

The results are presented as shown in Figure 6.6, this data is defined as follows

• Solid line in colour: the experimental data of the specimen

• Solid line in black: the numerical model with a constitutive type such as or-
thotropic homogeneous equivalent.

• Crossed points in black: the numerical model with a constitutive type such as
ROM.

• Circled points in black: the numerical model with a constitutive type such as
SPROM.
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From Figure 6.6 it can be observed that the homogeneous solution (the easiest and
quickest model) produces an accurate prediction of the longitudinal stiffness. The
SPROM is also able to predict very well this non-linear behaviour and breaks abruptly
when arriving at the ultimate strength. The other formulation is the ROM, which as-
sumes iso-strain in all directions, it shows that even in this case, the ROM is worse
at predicting the longitudinal response than the SPROM or the homogeneous equiv-
alent model.

In Figure 6.7 the longitudinal analysis of all five specimens is given and compared
against the experimental data. Generally, the homogenised formulation is much bet-
ter in the prediction of the longitudinal strength. This is an apparent result, because
as commented before, it will be seen later that indeed these curves are not scaled
correctly in the horizontal axis. The ROM performs significantly worse than the
SPROM and the SPROM more or less can to predict the rupture, however it tends to
fail a bit earlier than it should.
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FIGURE 6.7: Leo system composite material. Axial testing at 0°

If the transverse stiffness is analysed in Figure 6.8, it is found that the SPROM can
predict better the transverse stiffness, while the homogeneous method underesti-
mates the stiffness. The ROM here since uses an iso-strain hypothesis instead of the
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iso-stress hypothesis returns unreasonable predictions.
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FIGURE 6.8: Leo system composite material. Axial testing at 90°

It seemed obvious that it would take longer to find the correct calibration, however
when the SR1125, a simple fibreglass-epoxy composite was simulated, a major flaw
in the data was rapidly noticed. Observe Figure 6.9, the ROM and the SPROM cor-
rectly address the stiffness at the very beginning, but this is nothing more than a
visual effect, the truth is that thanks to checking the stiffness of this material, which
did not qualify as a finalist material, some major problem was found. The stiffness
of a material can be inferred from Young’s modulus by using a simple rod theory,
because this experimental test is a pure axial test. When doing so, the stiffness found
was aligned with the curves of the ROM and SPROM and not the experimental data.
This proved that something was not correct in the provided charts.
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FIGURE 6.9: SR1125 system composite material. Axial testing at 0°

Whereas the longitudinal charts seemed to be incorrect, once the flaw was spotted
and the numerical analysis was re-run, with the standard values for fibreglass and
epoxy, the transverse prediction was extremely outstanding for the SR1125 material
(see Figure 6.10). Notice how neither the ROM and homogeneous theory are able to
obtain the curve, the closest that can be obtained with the homogeneous equivalent
material is when using a perfect damage curve and this is still very poor.



6.3. Validation of the mechanical model 217

Results_MS-0018_SR1125_tensile.xlsx

90º

0 2 4 6 8

u (m) 10-4

0

2000

4000

F
 (

N
)

Sicomin 90° - T4 | P
max

=4.8kN

Homogeneous

ROM

SPROM

Results_MS-0018_SR1125_tensile.xlsx

90º

0 2 4 6

u (m) 10-4

0

2000

4000

F
 (

N
)

Sicomin 90° - T3 | P
max

=4.7kN

Homogeneous

ROM

SPROM

Results_MS-0018_SR1125_tensile.xlsx

90º

0 2 4 6 8

u (m) 10-4

0

2000

4000

F
 (

N
)

Sicomin 90° - T7 | P
max

=4.6kN

Homogeneous

ROM

SPROM

FIGURE 6.10: SR1125 system composite material. Axial testing at 90°

6.3.1.1.4 Linear correction

Once the problem was spotted, a thorough analysis of the problem was performed.
The LEO system composite remains the case of interest since it is the one which is go-
ing to be used in building the demonstrable as well as design material in structural
members. The longitudinal test was analysed to find which should be the equiv-
alent stiffness for the theoretical Young’s modulus found in the extensometer. In
practice, if both instrumentations are good enough, they should predict correctly the
same stiffness. Although in reality, it is true that composites suffer from length-scale
problems and this can introduce uncertainties, however this uncertainty is of −30%
which is not feasible even if large-scale effects are taking place in the readings. The
rod theory established that for a rectangular bar, the following relationship holds
true

K
E

=
ltlw

lL
(6.1)
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where lw is the width and lL is the length of the specimen. Considering the elas-
tic modulus of the grips and the elastic modulus of the extensometer, the resultant
difference is shown in Figure 6.11.
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FIGURE 6.11: Comparison of elastic modulus for 0° including the ex-
perimental data and the two instrument readings.

The provided curves do not match the young modulus that is given. Hence, the
scale of the displacement needs to be modified by the following relationship.

Kext

Kgrips
=

Eext

Egrips
=

35.5
25.9

= 1.37 (6.2)

Therefore, assuming that both instruments should read the same force.

Kgrips · ugrips = F = Kext · uext (6.3)

The following relationship is defined

uext =
ugrips

1.37
(6.4)

The next question is whether in the transverse test, an axial test where the same
methodology can be applied, the given Young’s modulus is correct or not. A priori,
the transverse stiffness was very well captured before, however, it shall be checked
to reduce any uncertainty.
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FIGURE 6.12: Comparison of elastic modulus for 90° including the
experimental data and the extensometer reading.

Figure 6.12 shows the correctness in Young’s modulus measured in the transverse
direction. The curves match the theoretical measured elastic modulus.

6.3.1.1.5 Non-linear assessment

Property Symbol Units Matrix Fibre

Young modulus E (GPa) 3.35 72
Poison coefficient ν - 0.26 0.21
Specific weight ρg (N/m3) 10791 24900
Yield stress σy (MPa) 20 1800
Fracture energy ΠF (N/m) 1.2E+04 8.0E+05
Saturation stress σ∞ (MPa) 0 0
Traction/Compression ratio cCR - 1 1
Damage law Exponential Exponential
Damage norm Symmetric Symmetric

TABLE 6.4. Mechanical properties calibrated for the LEO system ma-
terial.

By using the standard rule of mixtures and a first estimate of the fibre volume frac-
tion inferred from the information provided by the manufacturer, together with the
stacking sequence information of the tested samples, a first estimation of the fibres
and matrix elastic properties are obtained. This data is used as an input for the mate-
rial properties in the numerical model used in RamSeries to reproduce the tensile test
experiments. The force-displacement curves obtained with RamSeries are further re-
fined iteratively by adjusting the material properties until a satisfactory prediction
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of both, longitudinal and transverse tensile curves are obtained. The fine-tuning of
the predicted tensile curves is done by adjusting both, the elastic properties and the
damage model parameters necessary to capture the non-linear part of the experi-
mental curves. The final set of properties that best match the experimental results is
summarised in Table 6.4.
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FIGURE 6.13: Numerical non-linear prediction for 0° compared
against the experimental data.

In Figure 6.13 the force-displacement curve obtained in the simulations of the tensile
test along the longitudinal direction is presented together with the re-scaled Force-
Displacement curves of the experiments. The numerical results exhibit a perfect
match of the elastic part of the curves (i.e. up to a displacement of about 0.5 mm).
The gradual loss of stiffness due to the damage to the matrix is also well captured
up to a displacement of about 2.25 mm. From this point on, in advanced stages of
damage, the numerical curve is slightly higher than the experimental one.

Nevertheless, the failure load is about 56.9 kN, which is in perfect accordance with
the 57.1 kN average failure load observed in the experiments (see Table 7). The
stroke at failure is also in quite good agreement with the experiments. Although its
actual value of about 2.91 mm is significantly smaller than the average experimental
stroke at failure, it coincides well with the 2.93 mm exhibited by the earlier breaking
specimen.

Note that this can be explained by the fact that the numerical simulation completely
loses convergence when a single finite element gets completely damaged. When
this occurs, a sudden drop in the curve appears, giving complete failure of the sam-
ple itself. In the experiments, the phenomena are slightly different since the sample
breaks also abruptly but exhibits a series of discontinuous steps during the break-
ing process of the specimen. Hence, the numerical stroke at failure should be best
compared to the occurrence of the first breaking step in the experimental samples.
Note also that trying to reproduce numerically the abrupt failure of the longitudinal
experimental samples is a challenging problem since a very small-time increment
should be used to be able to capture the rapid change in the slope of the force-
displacement curve during the ultimate damage stage. The use of such small-time
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increments is very expensive in terms of computing time for this type of simulation
since the advanced material model being used is already computationally expensive
on its own.

FIGURE 6.14: Damage evolution of matrix (left) and fibre (right) for
the 0°test. The index of damage goes from 0 to 1 which is equivalent

to the colour map from blue to red.

In Figure 6.14 the damage to the matrix and fibre are examined at different stages
of the force-displacement curve. As it can be observed, the damage in the matrix
starts to develop very soon and increases continuously during the numerical exper-
iment. This explains the non-linear behaviour and the gradual loss of stiffness in
the intermediate part of the force-displacement curve. By contrast, the fibres remain
undamaged during almost the entire simulation. Only at the very end of the sim-
ulation, damage occurs in the fibre phase at the centre of the specimen and close
to the grips (i.e. where the displacement boundary conditions are applied). When
damage appears in the fibre phase, the first layer of elements in the centre of the
specimen gets completely damaged since the matrix there was already fully dam-
aged. Hence, the last snapshot in Figure 6.14 represents the instant when the abrupt
rupture because a bundle of fibres go suddenly from almost no damage to a critical
failure mechanism, as clearly exemplifies by the picture in Figure 6.15.
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FIGURE 6.15: Failure of a specimen for 0° testing, abrupt fibre fracture
happens in the centre and grips.

In Figure 6.16 the force-displacement curve obtained in the simulations of the tensile
test along the transverse direction is presented together with the corresponding ex-
perimental curves. As with the previous case, the linear range is perfectly captured.
The non-linear range is smoothly captured in the intermediate region of the curve,
where the behaviour of the material is governed by the degradation of the matrix.
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FIGURE 6.16: Numerical non-linear prediction for 90° compared
against the experimental data.

The failure mechanism seems to be different for some specimens, visco-elastic failure
or brittle fracture, as shown in Figure 6.17.
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FIGURE 6.17: Failure of a specimen for transverse testing, mild and
inconsistent damage found.

The numerical prediction, Figure 6.18, does not really give much information, aside
from the fact that it matches well the curve of one of the specimens.

FIGURE 6.18: Damage evolution of matrix (left) and fibre (right) for
the 90°test. The index of damage goes from 0 to 1 which is equivalent

to the colour map from blue to red.
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6.3.1.2 ISO 14125 - flexural test

The materials used in this example are the same as in subsubsection 6.3.1.1. This
means that there is no need to calibrate the material again.

W=2.493mm

L=80.0 mm

Displacement boundary condition

Prescribed out-of-plane displacement 

boundary condition

Symmetric boundary condition

FIGURE 6.19: Computational domain of the flexural test, both longi-
tudinal (0°) and transverse (90°)

The total length of the flexural specimens is L = 200 mm. Nevertheless, the effective
span is 80 mm. As in the previous section, only a fourth of the sample is mod-
elled because of the symmetry in the configuration of the experiments. To this aim,
appropriate symmetry boundary conditions in the in-plane directions are applied
along the longitudinal and transverse centre lines of the sample. In the out-of-plane
direction, a simply supported constraint is applied at the free edge of the simulated
sample, while a prescribed displacement resembling the deflection of the specimen
is applied at the transverse centreline of the specimen.
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FIGURE 6.20: Numerical non-linear prediction for 0°compared
against the experimental data of the flexural test.

The experimental curves corresponding to the longitudinal flexural tests are pre-
sented in Figure 6.20 together with the response simulated in RamSeries. As it can
be observed, the longitudinal flexural response can be perfectly reproduced in the
linear rane and up to around 75% of the averaged non-linear range of the curves. Al-
though it has a premature break-point, the non-linear phenomenon is well captured
as shown by the decreasing stiffness given by the slope of the force-deflection curve
which is reduced from an initial value of about 194 kN/mm to a final value of 144
kN/mm just before the abrupt failure.

FIGURE 6.21: Failure of a specimen for the longitudinal flexural test-
ing, damage localised in the centre.

Damage localisation is also in accordance with the observations made in the exper-
imental samples. As can be observed in Figure 6.21, the damage is localised in the
centre of the specimen.
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Non-linear simulation
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FIGURE 6.22: Numerical non-linear prediction for 90°compared
against the experimental data of the flexural test.

The transverse, in Figure 6.22, approximation however is not as great as the longitu-
dinal, since it is able to capture the non-linear phenomenon but breaks on a greater
value than expected. The same pattern of damage is obtained as it is supposed from
a flexural test (Figure 6.23).

FIGURE 6.23: Failure of a specimen for the transverse flexural testing,
damage localised in the centre.
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6.3.2 Sandwich buckling

A mechanical model is proposed to serve as a validation of the non-linear geometric
formulation found in [18]. This problem is not considered pure buckling, the details
shall be explained in the following paragraphs.

The laminate used is a 3 layer sandwich laminate. The first layer is a fibreglass-epoxy
UD laminate, the second would be a standard PVC H80 core from Divinycell. The
third would be identical to the first layer. Each layer belongs to a third of the total
thickness of 0.05 m and the volumetric fraction of the laminate is 60%.

The mechanical buckling model is defined as a 1 × 1 (m2) square, where the bottom
edge is simply supported, and the upper edge is a simply supported in the out-of-
plane direction. The vertical (longitudinal) direction is movable and has a prescribed
displacement of −0.1 m. This means that the plate is compressed along the vertical
axis.

The computational model is generated by a mesh of 20× 20 elements in the in-plane
directions and for the thermal problem, a one-dimensional mesh of 30 elements in
the thickness direction is considered.
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Composite16.67x1

16.67x1

PVC Core

Composite

lt=50

L
=
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FIGURE 6.24: Sketch of the sandwich panel under axial compression
and with a small initial deflection.

This numerical problem uses a non-linear geometric shell model, thus, with the de-
scribed boundary conditions the problem would be ill-conditioned unless some per-
turbation is introduced to propitiate the first mode of deflection. In order to achieve
the perturbation and trigger the buckling phenomena, an initial deflection is intro-
duced (arc shape). This initial deflection is 0.01 m.

The mechanical problem described is limited in the sense that the effective length of
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the critical buckling load is non-constant. The critical buckling load is defined by the
relationship

Pcr =
π2D̄

(L)2 (6.5)

Since the effective length L decreases due to the movable boundary condition, the
critical load tends to increase instead of stagnating. This is an important limita-
tion compared to a pure buckling scenario. The other issue is that since the model
presents an initial maximum deflection of 0.01 m in L/2, the effective length needs
to be corrected by calculating the arc-length of the deflected curve. This curve is
defined by the end nodes and the deflected node in the mid-span of the length.

The effective inertial elastic modulus (D̄) in a laminate composite is defined by the
following equation

D̄ =
∫

A
E(z)z2dA =

∫ t
2

− t
2

E(z)z2b · dz (6.6)

The critical load – for a fibreglass of 72 GPa, epoxy of 3.5 GPa and PVCH80 of 100
MPa – is 4.41 MN. This is in accordance with the numerical simulation.
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FIGURE 6.25: Critical load evolution with respect to the prescribed
movable axial boundary condition.

In Figure 6.25 the axial force tends to the critical load, however, due to the prescrip-
tion of the movable boundary conditions shown in Figure 6.26, this is not achieved
since the problem is not a pure buckling problem as explained before. This be-
haviour is well known in the simulation of post-buckling [291].
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FIGURE 6.26: Movable boundary condition and its evolution respect
a pseudo-time (incremental non-linear static analysis).

In the pure buckling phenomenon, the flexural tangent stiffness tends to zero as the
introduced load approaches the nominal critical load. In Figure 6.27 the analytical
evolution for pure buckling can be compared to the numerical solution, showing that
in the numerical solution, the problem is governed by post-buckling phenomenon.
The analytical solution, with respect to the maximum deflection, can be obtained
from the derivation in [292]. This difference, entering into post-buckling due to the
prescribed displacement situation, shows that the non-linear geometric module is
functional and that it can even reproduce post-buckling behaviour.
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6.3.3 Conclusion of the numerical implementation

In this section, devoted to the validation of the proposed mechanical approach, has
shown the capability to analyse the failure of composites from the perspective of
damage and buckling. These two failure mechanisms exemplify the non-linear con-
stitutive approach, proposed by means of the SPROM and the isotropic damage the-
ory at the constituent level, and the non-linear geometric approach by using the
co-rotational theory.

The examples given have shown interesting feats for the numerical tool developed:

• Damage

In the axial testing, the experimental results of the LEO-system material were
compared against three numerical approaches: homogeneous, ROM and SPROM.
The most notorious comparison is the one given by the homogeneous theory,
which is one of the standard methods to predict failure in composites nowa-
days.

It has been shown that once the material properties were calibrated, the SPROM
obtained a perfect prediction of the linear longitudinal and transverse elas-
tic stiffness and a good agreement on the inelastic stiffness of both longitu-
dinal and transverse testing. The homogeneous equivalent composite model
showed a poorer prediction of the inelastic transverse stiffness as discussed in
Figure 6.10.

The damage evolution, especially for the longitudinal computational model,
was very similar as shown in Figure 6.15, the damage is uniform in the matrix
until it breaks abruptly. When it breaks abruptly, it is shown in Figure 6.14,
that the zone of rupture is in the grips and the centreline of the specimen and
this is replicated in the numerical result.

The flexural response has also been modelled for longitudinal and transverse
testing. The model has clearly shown to match well the non-linear constitutive
behaviour in both longitudinal and transverse directions, although the numer-
ical transverse curve of force-deflection does not break as quick as supposed
for the experimental test.

• Buckling

One of the hypotheses posed at the beginning of the research was whether the
co-rotational theory would be able to predict failure due to buckling or not.
Buckling or non-linear geometric governed effects are very characteristic in
the analysis of composites due to their higher flexibility. Therefore, there was
a need to properly check if the formulation proposed is suitable for composites.

A very simple verification example is proposed based on the Euler-buckling
problem of a beam. The computational model is modelled with a shell and an
initial deflection is introduced to trigger the non-linear buckling phenomenon.
However, this case is not a pure-buckling problem because one of the ends is
movable.
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Nevertheless, the behaviour obtained for the numerical assessment is very
close to the analytical, with the problem that the analysis enters into a post-
buckling stage and goes beyond the critical load. Before entering into post-
buckling, the curves of both, the analytical solution and the one provided by
the numerical example, match very close.

In conclusion, this section has served to accomplish the proposed goals ’Assess the
correctness of the implementation of the mechanical formulation’ and ’Address the flexibility
of composites’, which are number 6 and 7 respectively.
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6.4 Validation of the thermo-mechanical model

The examples presented an attempt to exemplify and verify the correctness of the
different implemented aspects in the thermo-mechanical tool. The section starts with
a simple benchmark case based on an analytical solution and shows how the numer-
ical tool is able to correlate the deflections when considering different temperature
profiles through the thickness. It also shows the possibility of adding the effect of
temperature on mechanical properties.

The next example is used to explain the concept of thermal buckling and the differ-
ent effects this has on composite structures. The example builds up the necessary
knowledge to introduce the concept of inelastic thermal buckling. However, this
only shows the capabilities for beams or, i.e., one-dimensional mechanical structures.
There is another example presented that shows thermal buckling in two dimensions,
basically applied to plates. This last example also serves as proof of the capability of
the TSPROM to predict the buckling of composites.

The next examples rely on experimental data. In order to demonstrate that this
tool can predict thermal buckling, an experimental benchmark is used to compare
against the numerical solution. Besides this experiment, three more experimental
tests are provided, with far more complexity, these three are derived from the tests
required by regulations such as the FTP – necessary to certify the fire safety of a
ship being designed – and not only show the capabilities of the tool but also how
good it complements the design process of the passive fire protection, which again,
is required by regulations.

Within the three experimental tests from the FTP code, two of them are for bulkheads
and one also introduces a bulkhead with beam reinforcements. The last is also very
interesting in showing that the shell theory implemented can be used to simulate
beam structures in the presence of fire.
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6.4.1 Thermo-mechanical analysis of a shell

A simple verification case is demonstrated based on the thermo-mechanical solution
of the Euler-Bernouilli beam theory. Two examples are shown: simply supported shell
with a loose edge and clamped shell on both edges.

6.4.1.1 Domain

The computational example is a square of 1m×1m with a thickness of 1 m as well.
The computational model is divided by a regular quadrilateral mesh of 8×8 ele-
ments. To solve the one-dimensional transient problem, the thickness is discretised
in 30 linear elements.

6.4.1.2 Thermal model

Property Value

Virgin density (kg/m3) 1
Final char density (kg/m3) 0
Virgin thermal conductivity (W/m°C) 1
Final thermal conductivity (W/m°C) 0
Virgin specific heat capacity (kJ/kg°C) 1
Final specific heat (kJ/kg°C) 0
Gas specific heat capacity (kJ/kg°C) 0
Activation energy (kJ/kg°C) 0
Pre-exponential factor (s−1) 0
Order of reaction 0
Heat of decomposition (kJ/kg) 0
Surface emissivity 0.9

TABLE 6.5. Thermal properties of the analytical solution.

The model proposed is a linear one-dimensional through-thickness heat transient
problem. The parameters are considered unitary. I.e., the conductivity, the specific
heat, the coefficient of thermal expansion, etc. (see Table 6.5). A linear thermal
gradient is imposed by using a homogeneous material, note that the same profile or
expression is assumed in all cases. These expressions are defined as

∆T = T̄ + x3T̂

T̄ =
∆T2 + ∆T1

2

T̂ =
∆T2 − ∆T1

lt

(6.7)

where ∆T1 and ∆T2 are the respective increments of temperature on both ends. The
boundary conditions introduced in the thermal model will be considered station-
ary, which means that given enough time, the thermal model will tend to have a
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linear distribution from the hot end to the cold end. The boundaries are consid-
ered as a heat flux where the convection coefficient is assumed to be very high, e.g.,
1 · 106 Wm−2°C−1, therefore the temperature at both ends is almost immediately
prescribed. Then the cold end temperature (∆T1) is exposed to the ambient temper-
ature of 0 °C and the hot end (∆T2) will be specified in each example by the mean
temperature (T̄) and the gradient temperature over the thickness (T̂) values.

6.4.1.3 Mechanical model

Dimensions Value

Length (m) 1
Width (m) 1
Thickness (m) 1

Property Value

Thermal expansion coefficient (°C−1) 1
Poisson ratio 0
Virgin Young’s Modulus (Pa) 1
Char Young’s Modulus (Pa) 0.5
Virgin Young’s Modulus (Pa) 1
Char Young’s Modulus (Pa) 0.5
Mouritz-Gibson coefficient 1 1
Mouritz-Gibson coefficient 2 1
Temperature of glass transition (°C) 0.5

TABLE 6.6. Thermo-mechanical properties of the analytical solution.

The mechanical properties are considered unitary. I.e., Young’s modulus, the thick-
ness, the width, the length, etc. (see Table 6.6). The constitutive model of the Euler-
Bernouilli beam is defined as

σ1 = E (ε1 − α∆T) (6.8)

The following relationship is defined to be later used

∫ lw
2

− lw
2

∫ lt
2

− lt
2

x3S dx3 dx2 = 0 (6.9)

lw is the width of the beam and S represents the area. The axial strength of a beam
problem can be found by

σm(x1) =
∫ lw

2

− lw
2

∫ lt
2

− lt
2

σ1S dx3 dx2 =
∫ lw

2

− lw
2

∫ lt
2

− lt
2

ES (ε1 − α∆T) dx3 dx2 =

ES (u0,1x3 − αT̄)

(6.10)
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where u0,1 is the through-thickness displacement in the middle plane. Some minor
simplifications were skipped, these simplifications come from the definition of the
strain in the Euler-Bernouilli formulation. The bending can also be derived

σb(x1) =
∫ lw

2

− lw
2

∫ lt
2

− lt
2

σ1Sx3 dx3 dx2 =
∫ lw

2

− lw
2

∫ lt
2

− lt
2

ESx3 (ε1 − α∆T) dx3 dx2 =

−EI3S
(
u3x2

3 + αT̂
) (6.11)

where I is the inertia.

6.4.1.4 Simply supported shell with a loose end

Given the hexahedral domain defined as Ω = ∀x1, x2, x3 ∈ [0, 1] ∪ [0, 1] ∪ [0, 1]. The
in-plane directions are considered to be x1 and x2 and the out-of-plane direction or
through-thickness of the shell is x3. The boundary conditions on both ends are:

u1(x1, x2, x3) = u2(x1, x2, x3) = u3(x1, x2, x3) = 0 , x1 = 0, ∀x2, x3 ∈ Ω
u2(x1, x2, x3) = u3(x1, x2, x3) = 0 , x1 = L, ∀x2, x3 ∈ Ω
σm = 0 , ∀x1, x2, x3 ∈ Ω

(6.12)
where L is the length, which in this case is 1 m. From the axial and bending equilib-
rium, the following analytical solutions are obtained

{
u0,1(x1) = αT̄x1 , ∀x1 ∈ [0, L]
u3(x1) =

1
2 αT̂(L − x1)x1 , ∀x1 ∈ [0, L]

(6.13)

6.4.1.4.1 Isothermal (T̂ = 0, T̄ = 1)

All the thermal and mechanical variables are one. Hence, using the isothermal
constraints in Equation 6.13, the longitudinal displacement becomes u0,1(x1) = x1
matching the numerical solution in Figure 6.28.
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FIGURE 6.28: Uniform displacement distribution as result of increas-
ing the mean temperature in 1°C.
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Indeed, this structure is an isostatic mechanism and no internal reactions are built
in the structure since it dilates in the longitudinal direction x. The plot is in corre-
spondence with the analytical solution, thus proving the correctness of the thermo-
mechanical implementation.

6.4.1.4.2 Linear gradient (T̂ = 1, T̄ = 0.5)

All the thermal and mechanical variables are one. Hence, using the linear-gradient
constraints in Equation 6.13, the longitudinal displacement becomes u0,1(x1) =

1
2 x1

and the deflection u3(x1) = 1
2 x1(1 − x1), both are in agreement with the numerical

solution in Figure 6.29.
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FIGURE 6.29: Parabolic bending due to imposing a linear gradient of
temperature.

This is still a mechanism since it is not constrained, however it bends due to the
gradient of temperature from the hot end to the cold end.

6.4.1.5 Clamped shell on both ends

The domain remains the same, this time the boundary conditions are:


u1(x1, x2, x3) = u2(x1, x2, x3) = u3(x1, x2, x3) = 0 , x1 = 0, ∀x2, x3 ∈ Ω
u1(x1, x2, x3) = u2(x1, x2, x3) = u3(x1, x2, x3) = 0 , x1 = L, ∀x2, x3 ∈ Ω
σm = 0 , ∀x1, x2, x3 ∈ Ω

(6.14)
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{
u0,1(x1) = αT̄x1 , ∀x1 ∈ [0, L]
u3(x1) =

1
2 αT̂(L − x1)x1 , ∀x1 ∈ [0, L]

(6.15)

6.4.1.5.1 Linear gradient (T̂ = 1, T̄ = 0)

All the thermal and mechanical variables are one, except Young’s modulus, which
now is temperature-dependent. Therefore, using the linear-gradient constraints in
Equation 6.13, the longitudinal displacement becomes u0,1(x1) = 1

2 x1 and the de-
flection u3(x1) =

1
2 x1(1 − x1), both are in agreement with the numerical solution in

Figure 6.30.

D
e

fl
e

c
ti
o

n
  

  
  

 (
m

)

-0.050
0.040
0.030
0.020
0.010
0.000
0.010
0.020
0.030
0.040
0.050

=0 ºK/m D
e

fl
e

c
ti
o

n
  

  
  

 (
m

)

-0.050
0.040
0.030
0.020
0.010
0.000
0.010
0.020
0.030
0.040
0.050

=0.5 ºK/m

D
e

fl
e

c
ti
o

n
  

  
  

 (
m

)
-0.050
0.040
0.030
0.020
0.010
0.000
0.010
0.020
0.030
0.040
0.050

=1 ºK/m=1 ºK/m

FIGURE 6.30: A clamped shell enduring a linear gradient load.

Since both ends are clamped it is a hyper-static mechanism. Therefore, internal stress
is generated creating a reaction and introducing the possibility for the model to vary
with respect to the temperature. If it was not a hyper-static mechanism, in the equa-
tion of the Euler-Bernoulli beam, the mechanical and thermal strain would always
cancel each other out since Young’s modulus is outside the parenthesis and never
affects the result of the calculus. That is why thermal dependency is tested with a
hyper-static mechanism.

In Figure 6.30, observe that the shell first inflates in the positive z-direction, but as in
the upper layers Young’s modulus becomes less stiff than in the lower layers due to
the increase of the temperature, it inverts the through-thickness bending configura-
tion.
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FIGURE 6.31: Load and deflection evolution for a linear-gradient
thermal load with mechanical loss due to temperature.

The dependency of Young’s modulus with respect to temperature follows the equa-
tion provided by Mouritz-Gibson. The analytic solution is a complex equation to
obtain, however, the evolution of Young’s modulus can be understood from the
results in Figure 6.31 where the force increases until a certain point and the mate-
rial becomes less rigid. The magnitude of the reaction force starts decreasing, since
the transmitted internal forces are reduced when the stiffness of the material di-
minished. In the deflection, the traction-compression interaction from the loss of
mechanical properties can be observed due to the temperature.
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6.4.2 One dimensional buckling collapse of a laminated shell exposed to
fire

The laminate used is a 3 layer sandwich laminate. The first layer is a fibreglass-
epoxy UD laminate, the second would be a standard PVC H80 core from Divinycell
[293]. The third would be identical to the first layer. Each layer belongs to a third of
the total thickness of 0.05 m and the volumetric fraction of the laminate is 60%. The
material properties are the same as defined in subsection 6.3.2, nevertheless, it will
be specified in each of the different cases considered.
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FIGURE 6.32: Sketch of the buckling of a sandwich due to thermal
loading.

The thermal buckling model is defined by two simply supported and articulated
ends (see Figure 6.32). This model has a constant effective length and therefore can
reproduce the pure buckling phenomenon that was the main problem compared to
subsection 6.3.2. Similar to the mechanical buckling problem, the computational
model is generated by a mesh of 20 × 20 elements in the in-plane directions and
for the thermal problem a one-dimensional mesh of 30 elements in the thickness
direction is considered.

6.4.2.1 Thermal model

Figure 6.32 shows a sandwich, since this is a numerical validation and in order to
obtain a simple analytical solution to compare them, the thermal properties of the
core will be identical to the monolithic fibreglass-epoxy stack. With this, the ana-
lytical distribution of the temperature through-thickness can be obtained. Indeed,
the solution should approximately be a linear gradient of temperature from the hot
to the cold end whilst the rest of the minor differences will be due to the transient
effects.
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The evolution of the increment of temperature is defined by

∆T(x1, x3) = T(x1, x3, t)− T(x1, x3, 0) (6.16)

The intention is to obtain a stationary linear solution. The incremental is then

∆T(x1, x3) = ∆T + zδT (6.17)

where

∆T0 =
∆TH(t) + ∆TC(t)

2
(6.18)

is the mean temperature and

δT =
∆TH(t)− ∆TC(t)

lt
(6.19)

is the gradient temperature. The gradient temperature (δT) is chosen to be 1 °C in
order to have a small deflection to compare with the linear geometric solution. The
evolution of temperature at hot (TH) and cold (TC) ends is described in Figure 6.33.
The temperature evolution is saturated around time 5000 s and both thermal bound-
ary conditions are introduced as Neumann boundary conditions

q = ±hconv(T − T∞) · n (6.20)

where the surrounding temperature (T∞) corresponds to the hot and cold end tem-
perature. The hot end has a positive sign since it is considered an in-flux heat, and
the cold end is considered negative since it is an out-flux heat. The value for the
convection coefficient (hconv) is defined 106 (W°C−1m−2), which physically can be
understood as both surfaces – exposed and unexposed – have a really quick trans-
mission between the surrounding temperature and the one on the surface. This can
be seen in Figure 6.33, as both numerical and analytical solutions match perfectly.
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conditions.
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The stationary solution at time 5000 s can be observed in Figure 6.34. It shows a good
agreement on the assumption of the linear distribution of the temperature through-
thickness.
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FIGURE 6.34: Stationary temperature distribution through-thickness.
It approximates a linear solution.

The analytical temperature through-thickness can be found from



T(x3, t) = ∆TH(t)−∆TC(t)
lt x3 + ∆TC(t) + ∑∞

n=1 ĉn exp
((

nπᾱ
lt

)2
t
)

sin
(

nπᾱ
lt x3

)

ĉn = 2
lt

∫ lt
0 sin

(
nπᾱ

lt x3

)
Tt(x3, t) dx3

Tt = T(x3, 0)− TH(0)−TC(0)
lt x3 + TH(0)

(6.21)
where ᾱ is the thermal inertia.

The analytical evolution of the mean temperature and gradient temperature terms
can be observed in Figure 6.35. The gradient temperature term shows the differ-
ence between the hot and cold temperatures, indeed the gradient temperature term
would be the ratio between that difference over the thickness.
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FIGURE 6.35: Temperature of the split terms that describe the station-
ary linear gradient of temperature through-thickness.

The mean temperature is chosen to be higher than the critical mean temperature to
prove that the thermo-mechanical model stagnates to a critical load, even though
the temperature is over the critical. The critical temperature will be derived from the
mechanical model.

6.4.2.2 Mechanical model

The thermal expansion effect exerts a deformation expressed by the constitutive re-
lationship

σx1(x1, x3) = E (ε(x1, x3)− α∆T(x1, x3)) (6.22)

Note that x1 is the longitudinal axis of the beam model and x3 is the through-
thickness direction. Then, the integration of the sectional strengths for the axial force
and bending moment becomes

σm(x1) =
∫

S
σx1(x1, S) dS = lw

∫ lt
2

− lt
2

E(x3) (ε(x1, x3)− α∆T(x1, x3)) dz (6.23)

σb(x1) =
∫

S
σ(x1, S)x3 dS = lw

∫ lt
2

− lt
2

E(x3)x3 (ε(x1, x3)− α∆T(x1, x3)) dz (6.24)

where S is the surface and lw is the width. Thus, Equation 6.23 can be rearranged
with the introduction of these two split terms such that

σm(x1) = lw

∫ lt
2

− lt
2

E(x3)

(
−∂2ux3

∂x2
1

x3 +
∂u0

∂x1
− α∆T − αx3∆δT

)
dx3 (6.25)

The buckling problem can be posed such as
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σb(x1) + Pcr · ux3 = 0 ⇒ ∂ux3

∂x1
+

Pcr

D̄
ux3 = 0

σm ≡ Pcr =
π2D̄

l2
L

D̄ =
∫ lt

2

− lt
2

E(x3)x3
2lw dx3

(6.26)

In the case of a sandwich section, the odd power terms of x3 will become zero. Using
Equation 6.26 and Equation 6.28, the critical mean temperature can be found.

∆T0 = π2 ¯̄D
αlw Ē(lL)2

Ē =
∫ lt

2

− lt
2

E(x3)lw dx3

(6.27)

In this case, the critical mean temperature is found at 296.695 (°C), nevertheless a
greater temperature of 400 (°C) is chosen to demonstrate the correctness of the im-
plemented methodology and, also, to compare using linear and non-linear geomet-
ric approximations.

σb(x1) = lw

∫ lt
2

− lt
2

E(x3)

(
−∂2ux3

∂x2
1

x3
2 +

∂u0

∂x1
x3 − αx3∆T − αx3

2∆δT
)

dx3 (6.28)

Again, for a sandwich section, the odd power terms of x3 will become zero. The
linear deflection can be derived by applying the boundary conditions of a simply
supported and articulated beam and the deflection can be expressed as

u3(x1) = −αδT
(

x2
1 − lLx1

)
(6.29)

And the maximum deflection is obtained at

u3

(
lL

2

)
≡ uz =

−αδTlL
2

8
(6.30)

The analytical maximum deflection due to the thermal loading is compared in Fig-
ure 6.36 against the linear geometric numerical solution at lL/2. It shows an excellent
agreement between both curves, demonstrating the correctness of the model.
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While the linear geometric agrees with the analytical maximum deflection, the non-
linear geometric gives a larger deflection for the stationary regime (Figure 6.37).
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FIGURE 6.37: Linear and non-linear geometric deflection.

Based on the fact that the boundary conditions introduced in this example tend to a
saturated final temperature value, the deflection observed numerically for the non-
linear geometric analysis also tends to stagnate. In Figure 6.37, observe that there
is a point where the non-linear geometric simulation is bifurcated into the saturated
solution of this example and the case when the temperature keeps increasing.
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The case of pure thermal buckling would be the one where the temperature keeps
increasing, and this matches very well the analytical solution presented in the me-
chanical buckling case (see Figure 6.27). As the temperature increases, so does the
deflection, which tends rapidly to infinity.

Albeit the deflection stagnates, and thus it does not tend to infinity, which would
be the real solution to a buckling problem, the internal force obtained from Equa-
tion 6.28 matches perfectly the phenomenon of pure buckling. Figure 6.38 demon-
strates the correctness of the non-linear geometric analysis. Whereas the linear con-
verges to the axial force characteristic for a mean temperature of 400 (°C), it is the
non-linear model that reproduces the buckling phenomena and stalls to the magni-
tude of the critical load closely to time 1500 s. This is in concordance with the value
of critical mean temperature at 1500s (see Figure 6.35).
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FIGURE 6.38: Load evolution. The linear converges to the predicted
axial load due to thermal loading, and the non-linear reaches the crit-

ical load and stagnates.

Note that in the graphics presented in this section, the quantities Nx and uz are equiv-
alent to σm and ux1 respectively.

6.4.2.3 Thermal Buckling with Degradation

The degradation effect is the reduction of the mechanical properties due to the ef-
fect of temperature rather than pyrolysis. The same heat transient model presented
above is used to analyse this scenario.

The critical mean temperature is the same since Equation 6.27 contains both the
equivalent Young’s modulus (Ē) and the inertial Young’s modulus (D̄) and those
terms cancel any degradation in the constituent materials. In this manner, the vari-
ation on Young’s modulus is described in Table 6.7 where the ratio between the de-
graded and virgin Young’s modulus is 2 and the parameters that control the evo-
lution itself are identical for all materials. The evolution of the laminate fibreglass-
epoxy layer is shown in Figure 6.39 and the PVCH80 core in Figure 6.40.
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Material Pu Pr nMG1 nMG2 Tg
Fibreglass 72000000000 36000000000 3.800201e-02 6 261
Epoxy 3500000000 1750000000 3.800201e-02 6 261
PVCH80 100000000 50000000 3.800201e-02 6 261

TABLE 6.7. Mouritz-Gibson formula for Young’s modulus variation.
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FIGURE 6.39: Layer corresponding to fibreglass-epoxy laminate.
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FIGURE 6.40: Layer corresponding to PVCH80 core.

Figure 6.41 shows the effect on degradation to the critical load. All the materials
present the same evolution where their mechanical properties, namely the elastic
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modulus, are reduced to half of their virgin value when the temperature reaches
300 (°C) or higher. Note that for the stationary solution, the temperature through-
thickness is close to 400 (°C) as shown in Figure 6.34. This is a known phenomenon,
leading to a critical load of half of the virgin critical load, and it can be better appre-
ciated in Figure 6.42. Here the ratio between the degraded over the virgin critical
load is equal to 0.5.
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FIGURE 6.41: Buckling load evolution, with and without, degrada-
tion of Young’s modulus due to temperature.
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Interestingly, the deflection obtained from the degraded model is similar to the vir-
gin model. Note that both deflections are simulated with non-linear geometric ap-
proximations, thus the elevated deflection is observed at time 5000 s. Moreover, the
main difference can be found in the range of time between 1000 and 1500 s.

This difference and oscillation are due to the abrupt transition in the mechanical
properties, the layers exposed to a greater temperature become more flexible and the
compression-traction distribution of stresses through the thickness changes until all
the layers have surpassed the glass transition temperature. Note that it is during the
range of time that the temperature on both surfaces, unexposed and exposed, reach
the glass.

This can be seen in Figure 6.33 where the temperature of the surfaces is in the range
of 261 (°C) and also in Equation 6.27 that shows the mean temperature. This is
supposed to be close to the temperature in the mid-plane of the thickness.
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FIGURE 6.43: Deflection evolution for the virgin and degraded sand-
wiches.

The stiffness evolution portrayed by the evolution of the load against the deflection
is shown in Figure 6.44. It can be seen that the critical load and stiffness of the
structure have become half of its virgin value.
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FIGURE 6.44: Flexural stiffness evolution for the virgin and degraded
sandwiches.

6.4.2.4 Thermal Buckling with Damage

The damage used is the isotropic damage model with a mild linear hardening. All
the materials are characterised with exactly the same damage properties, and thus
the first constituent material to damage will be the fibre that presents the highest
Young’s modulus. In this example, only the fibre will present damage.

Material σy Hd cCR τσ

Fibreglass 5 · 107 -0.5 1 Symmetric
Epoxy 5 · 107 -0.5 1 Symmetric
PVCH80 5 · 107 -0.5 1 Symmetric

TABLE 6.8. Properties of the isotropic damage model.

In Table 6.8, it can be seen that the properties for all the materials are the same. In
this case, Young’s modulus does not depend on the temperature. The properties
were considered homogeneous, although it could be any other value. The objective
of this example is to see how the buckling load changes with the damage generated
in the structure. I.e., to assess the inelastic buckling phenomenon.

In Figure 6.45 the evolution of damage is presented. The threshold of damage sus-
tained in the structure is around a 45%.



6.4. Validation of the thermo-mechanical model 251

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time (s)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

d

Damage

FIGURE 6.45: Damage generation at x=L/2.

Figure 6.46 shows the axial load evolution for the virgin model and the damaged
model. It also plots the maximum damage solution.
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FIGURE 6.46: Load Evolution between the damaged and virgin mod-
els.

The maximum damage load is calculated using the constitutive secant tensor by the
following manner

Ndamaged, max = (1 − dmax)Nvirgin (6.31)
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The loss of rigidity due to the increment of the damage, as Figure 6.45 shows, leads
to a major deflection than the virgin deflection since the constitutive secant tensor
tends to decrease as the damage evolves. This effect can be observed in Figure 6.47.
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FIGURE 6.47: Displacement comparison at x=L/2 between the dam-
aged and virgin models.

The comparison of the flexural stiffness between the virgin and damage model is
shown in Figure 6.48. It can be seen that while the virgin is able to arrive to the
critical buckling load, and thus it would fail due to buckling, the damaged model
saturates to an axial load that is below the buckling load and which corresponds to
an inelastic buckling load.
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FIGURE 6.48: Flexural stiffness evolution for the damaged and virgin
models.
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The latter demonstrates that the failure mechanism in this case scenario would be
governed by damage and the structure would collapse once the damage factor reaches
to one, e.g., when all the layers of the composite have surpassed the yield stress. If
the damage does not arrive to unity, then the structure will enter into post-buckling,
but this buckling is of less magnitude since the effective elastic properties that are
considered would be the secant properties.

Notwithstanding that this is numerically possible, in reality, the buckling load is
lesser than the fluency load, so it is quite an unlikely that the structure reaches the
full damage scenario, however, special emphasis has to be given to the degradation
of the yielding stress, which in certain cases is many times lesser than the degrada-
tion that Young’s modulus suffers [294]. Therefore, when considering post-thermal-
buckling, where composites are present, the pyrolysis effect may lead to a yielding
rather than buckling failure. So under these circumstances the structure might either
completely yield or yield and buckling.

6.4.2.5 Thermal Buckling with Damage and Degradation

From the two previous examples, it has been demonstrated:

1. Temperature reduces Young’s modulus and reduces the critical load that a
structure with such properties can withstand.

2. Thermal strain may induce yielding in the structure, however the structure is
more prone to buckle than yielding generally speaking. As a rule of thumb,
consider that a structure will rather fail from buckling than completely dam-
aging a section.

However, inelastic buckling was shown in the previous example where the
thermal strain may induce some damage in the structure and thus the critical
load is reduced in proportion to that damage.

A very rare case can happen when the yielding stress is significantly reduced
due to temperature, in that case it may happen that if the reduction of the
yielding properties is higher than the one of the elastic properties, the structure
can be induced to damage failure by the temperature.

In practice there is a more limiting scenario, the pyrolysis of composites may lead
to premature failure with the combination of buckling and damage. This is due
to the nature of pyrolysis, which is more restrictive than temperature. Therefore,
in this example, the temperature will be taken into account for Young’s modulus
(Table 6.7) and the yielding stress (Table 6.9) by maintaining the same evolution
found in (Table 6.8). The pyrolysis properties can be found in Table 6.10, again they
are assumed to be equal for all materials.

Material σyu σyr
Fibreglass 5 · 107 3.75 · 107

Epoxy 5 · 107 3.75 · 107

PVCH80 5 · 107 3.75 · 107

TABLE 6.9. Properties of the isotropic damage model.
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Material AT Eact Nro

Fibreglass 1 · 1020 2 · 105 6
Epoxy 1 · 1020 2 · 105 6
PVCH80 1 · 1020 2 · 105 6

TABLE 6.10. Pyrolysis evolution properties.

Table 6.8 assumes the same evolution for the yielding stress and a reduction of 25%.
For the boundary conditions established in the thermal model, the resultant evolu-
tion of the pyrolysis can be found in Figure 6.49.
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FIGURE 6.49: Evolution of the pyrolysis fraction.

It clearly shows that between 1500 - 2000 seconds, the pyrolysis fraction has almost
reduced to 0%. This leads to an inelastic buckling where the damage is close to 1 and
thus the structure has lost most of its stiffness. This is shown in Figure 6.50, where
the curve of buckling is similar to the damage without temperature degradation
case.
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FIGURE 6.50: Load Evolution between the pyrolysed and virgin mod-
els.

However, since now the elastic limit depends on the temperature and pyrolysis, as
soon as the pyrolysis fraction reaches 0%, the elastic limit is significantly reduced
and generates damage close to 1. Although the damage is almost complete, the
mechanism of failure is still buckling, since Young’s modulus is 50% and a 75% yield
stress. Therefore, the buckling load suddenly becomes close to 0 and the numerical
model is unable to capture this unless the time is discretised in smaller steps. The
final outcome is a failure due to thermal inelastic buckling.
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6.4.3 Two-dimensional orthotropic thermal buckling of laminated com-
posites

In subsection 6.4.2 the capabilities of the proposed methodology were shown. The
effect of temperature degradation, inelastic buckling and pyrolysis degradation were
illustrated for a one-dimensional sandwich case where only the mechanical proper-
ties were different and the thermal, damage and pyrolysis were assumed the same.
However, this proves the correctness of the buckling module (co-rotational theory)
in one direction and not in two directions, as it happens in laminate plates. In this
example, the TSPROM in combination with the co-rotational theory will be shown
to work excellently to predict the thermal buckling of orthotropic shells.

Laminate-plate buckling is a well-known problem studied in [295, 296, 297, 298].
This benchmark case shows the buckling phenomenon of orthotropic shells. The
dimensions of this example can be found in Figure 6.51. The material is a symmetric
monolithic composite stack of ten layers of uni-directional glass fibre and vinylester
with a fibre volumetric fraction of 60%. The thermal properties of the fibre and
matrix are considered the same as the composite. The mechanical properties are
the standard values found in this thesis for fibre and resin (72 and 3.5 GPa). The
mesh generated in this example is the same as in subsection 6.4.2, but it is simply
supported on all edges.
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FIGURE 6.51: Description of the two-dimensional buckling problem.
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The critical buckling temperature for different fibre orientations is compared against
the analytical orthotropic solution. Fibre angle orientation is defined as follows, a
0° fibre orientation is aligned to the horizontal axis and 90° to the vertical axis. The
height of the plate is 1000 mm and the widths is variable, considering a total of 3
different width over height aspect ratios (0.75, 1, 2). The minimum critical buckling
temperature is found (the ambient and initial temperatures are considered 0 °C) for
these different aspect ratios.

Similarly to [298], the orthotropic definition of the critical buckling increment of tem-
perature can be derived from plate theory for simply supported plates. Using the
definition of the elastic constitutive matrix (Delast), and defining the plate flexural
rigidity matrix (D) and the thermal buckling coefficient (η), the critical buckling in-
crement of temperature yields

D =
∫

lt
Delast ·

−x3 0 0
0 −x3 0
0 0 −4x3

 · x3dx3 (6.32)

η =
∫

lt
Delast · α dx3 (6.33)

∆Tcr =
D11 ā4 + ā2b̄2(D12 + D21 + 2D33) + D22b̄4

η1 ā2 + η2b̄2
(6.34)

where ā = πn
W and b̄ = πm

L , W is the width of the plate, L is the length of the plate,
n and m are the horizontal and vertical modes (the most critical ones are when n =
m = 1).

The computational domain is discretised by a mesh of 20 × 20 elements in the in-
plane directions, and a total of 30 layers in the thickness direction. These 30 layers
coincide with the amount of one-dimensional thermal elements for the thermal anal-
ysis.
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FIGURE 6.52: Critical temperature at different angles and aspect ra-
tios (width/length).

Figure 6.52 shows the numerical results for the critical buckling mean temperature,
for different angles and aspect ratios, against the analytical orthotropic result ob-
tained from Equation 6.34. It shows a very good agreement for aspect ratios of 0.75,
1 and 2. Note that in this example, the constitutive model is considered without
pyrolysis and elastic as well, in contraposition to the subsection 6.4.2 example.

The TSPROM theory demonstrates to correctly predicts the two-dimensional ther-
mal buckling of the plate, guaranteeing the correct prediction of buckling in lam-
inate structures and also the possibility of adding thermal degradation (pyrolysis)
and inelastic buckling as shown in the subsection 6.4.2 example.
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6.4.4 Thermal-damage - Feih experimental benchmark

In order to check that the thermo-mechanical model can predict real experimental
data, it is compared against the experimental data found in [23] by Feih et al., in par-
ticular the experimental data provided for the compression test. The test calibrates
experimentally the thermal decomposition, softening and failure of the FRP lami-
nate when heated by one side and under uniaxial compressive load and finally the
time-to-failure of the structure is registered for different heat flux loads. The thermal
properties are set up as described in [23], the calibration is based on TGA, DMTA
and DSC analyses.

The standard manner to prescribe the boundary conditions is to prescribe a numeri-
cal constant heat flux, in this work, the concept of adiabatic temperature is employed
instead [28]. The adiabatic temperature is calculated based on the hot surface tem-
perature Equation 3.64 assuming a prescribed constant heat flux at each time step
for free convection. The thermal properties for the conductivity and the specific heat
coefficient can be found in Figure 6.53 and Figure 6.54
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FIGURE 6.53: Evolution of the virgin and degraded conductivity with
respect to the temperature.
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The pyrolysis is obtained from [23] and Figure 6.55 it shows the TGA used to cali-
brate the Arrhenius coefficients.
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FIGURE 6.55: Comparison of numerical and experimental remaining
mass evolution with respect to the time for different heat flux loads.

The Young’s modulus and the yield stress are assumed to vary with the temperature.
In Figure 6.56 the evolution of both is shown for the composite.
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However, this is at the composite level, then Equation 4.130 is used to infer the prop-
erties from the composite level to the constituent level. I.e., the resulting evolution
of the yield property is found in Figure 6.57.
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FIGURE 6.57: Temperature evolution of the yield stress of the con-
stituent materials, inferred from the composite properties.

The thermal model is then compared against the experimental tests of a specimen ex-
posed to high temperatures, this experiment aims to generate a temperature profile
through the thickness of the specimen by applying a constant heat flux. The speci-
men is subjected to heat flux of magnitude 10, 25, 50 and 75 kWm2. The remaining
mass fraction can be observed in Figure 6.58, where the numerical and experimental
models show a good agreement for the three lowest heat fluxes.
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FIGURE 6.58: Comparison of numerical and experimental remaining
mass evolution with respect to the time for different heat flux loads.

The flux of 75 kWm2 has proven to be more difficult to reproduce because, for the
calibrations given in [23], the specimen should follow a more harsh curve, however
in reality the specimen ignites, and thus it becomes more difficult to reproduce.
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Numerical Experimental Hot Mid Cold

FIGURE 6.59: Experimental and numerical thermocouple readings at
different positions through-thickness (Cold = 0 mm, Mid = 4.5 mm

and Hot = 9 mm) and different heat fluxes.

Figure 6.59 shows the evolution of the experimental data measured by the thermo-
couples located at the cold, mild and hot layers at 0, 4.5 and 9mm respectively. The
evolution of the temperature in respect to time is almost identical for heat flux loads
of 10 and 25 kW/m2. The main discrepancies are again for higher heat fluxes, e.g.,
the 50 kW/m2 case shows a good steady solution however the transient presents a
steeper evolution in the experimental test. This difference is mentioned in the origi-
nal paper [23] and it is attributed to the escape of the gas through the thermocouples
and even the numerical solutions provided by Feih et al. do not match the experi-
mental ones.

The special case of 75 kW/m2 is also reproduced, even though the hot end ignites.
In the numerical simulation, it has been considered what would happen if the tem-
perature remains the maximum instead of decaying in order to maintain the heat
flux constant. The numerical results, which Feih et al. provide for this case, match
perfectly at the beginning and then diverge significantly. The results provided in
this thesis match for a wider range of time especially for the cold and mid-curves,
however, the hot slope is lower compared to the experimental data.

The thermo-mechanical model is validated against the compression test results. These
tests evaluate the compression endurance of the specimens, which are prone to buck-
ling rather than yielding when exposed to high temperatures. The main objective is
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to infer a relationship between yield failure and temperature. Feih et al. employ
Equation 4.130 to establish a relationship between the yielding stress and the tem-
perature, then loads the specimens for different values below the buckling load at
ambient temperature. According to Feih et al., the specimens are constrained in
such a manner that avoids global buckling, therefore the specimens shall only fail
by yielding as the temperature rises and the yielding stress is reduced.
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FIGURE 6.60: Thermo-mechanical failure of the compression speci-
mens for a combination of different thermal and mechanical loads.

The compression failure of the specimens is then summarised and detailed in Fig-
ure 6.60. The experimental and the numerical results, provided by the analysis of
flexible laminates exposed to fire, match the heat flux of 10 kW/m2 and present a
close agreement for 50 and 75 kW/m2. On the other hand, the case of 25 kW/m2

shows an initial good agreement but as the load is decreased, lower or equal to
30% of the buckling critical load, the numerical and experimental solutions diverge.
One of the reasons for this mismatch may be due to the neglect of Young’s modulus
degradation, since the degradation of this property leads to a lower flexural rigidity
(EI), the latter is linearly related to the buckling load. Since the thermo-mechanical
analysis presented in this example focuses on linear geometric kinematics, this final
remark cannot be checked.
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6.4.5 FTP - Code

One of the objectives of FIBRESHIP is to build and test actual stiff components and
structures that have to fulfil the strict IMO/SOLAS fire safety requirements. To ad-
dress this question, large-scale fire-resistance tests of chosen components will be car-
ried out according to the IMO FTP Code Part 11 [256, Part 11]. These tests consider
simultaneous thermal and mechanical loading, and their purpose is to demonstrate
that relevant fire safety objectives and functional requirements are met. The fire re-
sistance tests will comply with the requirements of classification societies for their
use in large-length ships. These tests will include the evaluation of the performance
of the advanced intumescent coatings selected in previous phases of the project.

These tests will serve as a validation of the numerical tools developed using the
methodology derived in this thesis. The specimens under study are those, found in
the FTP code, which analyse the fire collapse of bulkheads under fire and mechan-
ical loads, i.e., load-bearing bulkheads. In particular, non-reinforced and reinforced
bulkheads are similar to the illustration found in Figure 6.61.

FIGURE 6.61: An illustration of a load-bearing reinforced bulkhead
deformed due to a mechanical load on top and a thermal load in-

duced by the exposed surface.
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6.4.5.1 FIBRESHIP Campaign

The experimental test consists of the analysis of a load-bearing FRP bulkhead de-
signed following the standards of the International Code for Application of Fire Test
Procedures (2010 FTP Code) [256, Part 11]. This test has been carried out within the
scope of the H2020 FIBRESHIP project in the vertical furnace of Eurofins Expert Ser-
vices. The test was aimed the demonstration of the performance of the bulkhead at
60 minutes load bearing fire-resistant division. In order to study the performance
of the bulkhead beyond those 60 minutes, the test was extended until 5100 s, where
it had to be finished due to safety reasons. At that instant, the panel deformation
created a significant gap from the frame, allowing the flames to start escaping.

An FRP division was manufactured with the dimensions and characteristics shown
in Figure 6.63. A total of 5 sensors – represented as groups of three squared pattern
markers in Figure 6.63 – are placed at (25%,25%), (75%,25%), (50%,50%), (25%,75%)
and (75%,75%) where each coordinate is relative to the width (2.9m) and height
(2.98m) of the panel. Each of these groups of sensors are composed of 3 through-
thickness thermocouples placed on the unexposed surface, in the middle of the PVC
core and behind the monolithic laminate bounded to the insulation (see Figure 6.63).

FIGURE 6.62: Experimental setup for the bulkhead test. Picture by
courtesy of Eurofins Expert Services.

The experiment was performed as established by the standards ([55], [255]), which
determined the heat flux based on a design temperature curve. The calibrated heat
flux is correct as the furnace temperature matches perfectly the ISO 834 curve . The
standard emissivity value of 0.9 is used for both unexposed and exposed surfaces,
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the standard convection coefficient for the unexposed surface is 9 (W/m2°K) and for
the exposed it should be 25 (W/m2°K), however the sensitivity tests have shown
that its real value is more in the order of 15 (W/m2°K). The temperature, at which
the unexposed surface is considered to be the ambient, is 17(°C).

6x1

6x1

1
4
7

FIGURE 6.63: Schematic of the test panel.

The International Maritime Organisation (IMO) in their Fire Test Procedures guide-
lines [256, Part 11] establish the mechanical load conditions used in the test. The load
condition is a compression load of 7.0 kN/m placed on the top edge. The mechan-
ical deflection in the centre of the panel was measured by an actuated cable sensor
and later compared to the numerical results.
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The composite laminate is composed of the following stack, where the layup is
shown in Figure 6.63:

Layer 1: 1× 0.375mm layers of unidirectional glass/vinylester (LEO Injection Resin
8500 from BÜFA; this resin is part of the Saertex LEO® fire retardant com-
posite system) and the fibre orientation of the stack is [0 90 ,0 ,90 ,0 ,45
,-45 ,90 ,0 ,90 ,0 ,45 ,-45 ,90 ,0 ,90 ] degrees [290].

Layer 2: 2× 17.5mm layers of PVC which works as the core of the sandwich (PVC-
H80 from Diab Group; this is the core part of the Divinycell H® materials)
[293].

Layer 3: 16 × 0.375mm layers of unidirectional glass/vinylester (LEO Injection
Resin 8500 from BÜFA; this resin is part of the Saertex LEO® fire retar-
dant composite system) and the fibre orientation of the stack is [ 90 ,0 ,90
,-45 ,45 ,0 ,90 ,0 ,90 ,-45 ,45 ,0 ,90 ,0 ,90 ,0 ] degrees [290].

Layer 4: 2 × 50mm layers of mineral wool, which works as an insulation of the
composite laminate material (SeaRox® SL 620 from Rockwool) [299].

The thermal properties of each layer material are presented in Table 6.11

Material ck (W/m°K) cp (J/m2°K) cpg (J/m2°K) ρs (kg/m3) Qp (J/kg)
glass/vinylester 0.5135 858.55 1000 - 1200 1780 2·105

PVC 0.02-0.06 1170 1200 80 0
Rockwool 0.03-0.8 1000-750 0 60 0

TABLE 6.11. Calibrated thermal properties of the layer materials.

The decomposition energy of the PVC is neglected, since the temperature measured
in the core of the bulkhead throughout the test was lower than the degradation tem-
perature threshold. The pyrolysis model of the laminate used to build the bulkhead
was calibrated against the experimental thermo-gravimetric test, which has also
been carried out within the context of the FIBRESHIP project. Figure 6.64a shows
the agreement of the mass fraction evolution of the model in the thermo-gravimetric
test of the laminate after the calibration. On the other hand, the pyrolysis of the core
material of the laminate is taken from the thermo-gravimetric analysis presented
in [300] and Figure 6.64b compares the experimental data from the literature to the
selected pyrolysis model for the PVC.

Material AT (s−1) Eact (J/mol) Nro (J/m2°K)
glass/vinylester 6 · 1020 2.8·105 6

PVC 1202604.28 90000 2

TABLE 6.12. Calibrated pyrolysis properties of layer materials.
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FIGURE 6.64: Evolution of the experimental and modelled mass frac-

tion
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)
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The values of the parameters for the Arrhenius law (Equation 3.56, Equation 3.55)
of the calibrated pyrolysis model in Figure 6.64a and Figure 6.64b are given in Ta-
ble 6.12. The insulation can be considered pyrolysis free. This means that the degra-
dation factor will remain equal to one and the evolution zero.

The mechanical properties of the components in the Leo System® material are taken
from the experimental data presented in [12]. The PVC is calibrated against the data
provided in [293] and any missing information is completed by standard low density
PVC values.

Material E (Pa) ν σy (MPa) ΠF (N/m) cCR ΦΩ
Matrix 3.35 ·109 0.26 20 1.2 ·104 1 0.40
Fibre 72.4 ·109 0.21 1800 8.0 ·105 1 0.60
PVC 49 ·106 0.4

Rockwool 2466060.9905 1.17647·10−6

TABLE 6.13. Calibrated mechanical properties of constituent materi-
als based on subsubsection 6.3.1.1 and can be found in [12, 13].

The characterisation of the evolution of Young modulus in respect to the temperature
is obtained from a dynamic mechanical thermal analysis (DMTA) of the Leo System®

material and for PVC, the storage modulus, is obtained from the research by Earl and
Shenoi in [301].



270
Chapter 6. Verification, validation and demonstration of the

computational model

0 20 40 60 80 100 120 140

2

2.5

3

3.5

⋅104

Temperature (°C)

Yo
un

g
m

od
ul

us
(M

Pa
)

Sample 1 Sample 2
Fitting equation

0 20 40 60 80 100 120 140

20

40

Temperature (°C)

Yo
un

g
m

od
ul

us
(P
a)

Experimental data Fitting equation

(A) Leo System®. (B) PVC-H80. (Adapted from [301]).

FIGURE 6.65: Experimental and numerical evolution of the storage
modulus with respect to the temperature.

Material Eu (MPa) Er (MPa) nMG1 nMG2 Tg (°K) α (°K−1)
Matrix 3350 1507.5 0.0691 6 96 36·10−6

Fibre 72400 32580 0.0691 6 96 36·10−6

PVC 49 1.47 0.0475 6 90 40·10−6

Rockwool 60·10−6

TABLE 6.14. Calibrated thermo-mechanical properties of the con-
stituent materials.

Note that in Table 6.14, the insulation only takes into account the thermal expansion
coefficient which is considered isotropic. The fitting equation in Figure 6.65 repre-
sents the evolution of the Young modulus described in Equation 4.130 and with the
assumptions in Equation 4.141, Equation 4.142 and Equation 4.143. The glass tran-
sition temperature or the thermal expansion coefficient are assumed to be identical
for both matrix and fibre since the experimental data is referring to the composite
material. Therefore, for simplicity, the properties of the composite are ingrained into
its constituent materials.

6.4.5.2 Results of the fire-resistant test on the bulkhead

This section presents the results of the fire-resistant test on the bulkhead and com-
pares them with those of the computational model. Figure 6.67 compares the time
evolution of the temperatures obtained from the experimental test and the numerical
model. The thermal numerical model consists of a discretisation of the thickness of
the composite, with a total of 112 1D finite elements. The glass/vinyl-ester layers are
discretised with 16 uniform spaced elements each. The PVC core is discretised with
20 uniform spaced elements and the insulation with a total of 60 uniform spaced
elements. Further information about the boundary conditions and discretisation is
shown in Figure 6.66.
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The temperature of the furnace is prescribed on the exposed surface using the ISO
834 curve and the ambient temperature prescribed in the unexposed surface is con-
sidered to be initially 17 °C and by the end of the experimental test it is 25 °C. Note
that these two temperatures do not refer to the temperature in the exposed/unex-
posed surfaces themselves, but rather to temperatures nearby these surfaces. Hence,
the flux can be calculated as established in Equation 3.77 and Equation 3.78 and the
convection coefficient and emissivity of both surfaces were described in the setup of
the experiment in Figure 6.4.5.1.

The thermo-mechanical model consists of a total of 256 equally distributed linear
geometric quadrilateral elements with a non-linear constitutive model. From Fig-
ure 6.63 the horizontal axis is defined as x, the vertical axis as y and the out-of-plane
axis as z. The lower horizontal edge fixes the translation degrees of freedom in x, y, z,
the upper horizontal edge fixes the translation degree of freedom z and has a load
applied of 7 kN/m as described in Figure 6.4.5.1.

Both left and right vertical edges, fix the translation degree of freedom in z and have
a dynamic variable elastic constraint. These two elastic constraints are symmetric
and are controlled by the horizontal dilatation of the edges. There are two stages,
first the translation degree of freedom in x is given a certain rigidity to simulate the
friction between the panel and the frame and later the translation degree of freedom
in x is fixed completely. The plausible phenomenon that is addressed in this exam-
ple is that the panel is able to slide in the test frame, meaning there is a little space
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left, and it is occupied as the bulkhead starts dilating due to the increase of temper-
ature. Gradually, the first stage blocks the movement in x and in the second stage,
considering there is no extra space, the boundary condition becomes fully fixed.

Both thermal and thermo-mechanical analysis are solved incrementally with a total
simulation time of 5100 s in intervals of 100 s.
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FIGURE 6.67: Evolution of the temperature (T(x, t)) at different po-
sitions of thickness. The temperature through thickness represents
the sets in red, blue and green and the temperature furnace the or-
ange set. Thermocouples T1, T2, T3, T4 and T5 in red were placed at
x = 0.0 mm, thermocouples T11, T12, T13, T14 and T15 in blue were
placed at x = 25.5 mm and thermocouples T6, T7, T8, T9 and T10 in
green were placed at x = 41.0 mm. All measures are with respect to

the unexposed surface.

Note that both the experimental and computational data closely match. There is a
minor fluctuation of the temperature (green) at the interface between the glass/vinyl-
ester layer and the core, which is closest to the fire exposed surface. This fluctuation
is produced close to the time the upper right corner of the panel starts to bulge out-
wards producing a gap between the specimen and the test frame. The two thermo-
couples, which have registered these fluctuations, coincide exactly with those that
are situated in the upper right and upper left of the panel.
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FIGURE 6.68: The final computed profile of the degradation and
temperature through thickness of the section in the mid-point of the

panel.

The profile of the degradation fraction at 5100s, computed by the pyrolysis model
at the mid-point of the panel, is presented in Figure 6.68a. Notice that the degrada-
tion can be considered zero, since the minimum degradation fraction is 0.985. This
implies that the fire-resistant performance of the panel is excellent.

The corresponding profile of temperature can be found in Figure 6.68b, which agrees
with the fact that the composite is well insulated. The 4 layers of the composite
described previously can be observed by checking the slope variation. Within those
4 regions, only two regions show a temperature over the range of 200 °C.

The degradation shown is in accordance to what was presented in Figure 6.64a. No-
tice that the mass fraction presents a substantial change for temperatures higher than
300 − 400 °C and this is the primary reason why the LEO System® closest to the ex-
posed surface does not present a significant degradation. Similarly, Figure 6.64b
shows that the mass fraction of the PVC starts degrading for temperatures above
200 °C and the PVC region almost reaches this temperature in the union with the
Leo System® layer closest to the exposed surface.

The deflection in the middle of the panel is measured with a cable actuated sensor.
The thermo-mechanical evolution of the deflection can be found in Figure 6.69.
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FIGURE 6.69: Evolution of the experimental test until collapse. Pho-
tographies by courtesy of Eurofins Expert Services.

In Figure 6.70, the deflection at the mid-point of the unexposed surface is registered
experimentally and compared to the numerical simulation, finding a good global
agreement between computed and measured data. However, relevant differences
are found in some phases of the test, likely due to the complexity of the problem and
the uncertainties in some material properties. This is discussed below.
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FIGURE 6.70: Deflection evolution in mm.
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Throughout the experiment, we can identify four phases, defined by the points 1, 2,
3 and 4 in Figure 6.70. The panel starts deflecting negatively due to the compression
load that the panel endures according to [256]. Note from Figure 6.63, the section is
non-isotropic and hence the load, theoretically placed in the middle of the thickness,
does not coincide with the neutral axis of the section. This generates two points
in the upper and lower edges that bend the structure. Moreover, since the elastic
modulus of the section is lower in the insulation than in the glass/vinyl-ester layer,
the composite initially experiments a higher compression on the exposed surface
(insulation). Thus, the exposed surface is relatively compressed and the unexposed
is relatively tensed. The numerical simulation does not fit exactly the early deflec-
tion, however, it captures the phenomenology, starting with a negative deflection
and once the temperature is high enough, it bends the opposite direction (point 1).

The panel is inserted into the test frame, meaning it is not fixed in any other direction
other than the out-of-plane direction. This combined with the increase of tempera-
ture make the panel proportionally dilate. This occurs around the time step of point
2, in Figure 6.70, when the specimen edges have started to partially contact the frame
and become fixed to it. In order to model this phenomenon, two boundary condi-
tions – namely two dynamic elastic constraints – were introduced on both vertical
edges (right and left) which add an extra fixation on the horizontal direction oppo-
site to the dilatation of the panel. As shown from point 2 onward, these dynamic
elastic constraints are able to reproduce the friction condition between the bulkhead
and the test frame.

Once the simulation arrives to point 3, the panel becomes fixed as it experiments an
elevated temperature and there is no extra space left to dilate. The dynamic bound-
ary conditions from the third point onward fix the in-plane horizontal translation.
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FIGURE 6.71: Horizontal displacement in terms of time. Note the
dynamic boundary condition stages.

The numerical model is able to reproduce the behaviour of the third stage to a certain
extent, note that the uncertainties and limitations of the experimental test play a
fundamental role in this stage. The panel approaching point 4 starts to present a
non-symmetrical behaviour, and finally the panel collapses when the upper right
corner bulges from the test frame. At the fourth point, the structure collapses due to
the augment of effective mechanical load, since the upper right corner is no longer
enduring any load.
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The collapse could be reproduced, since the non-symmetric behaviour is very com-
plex to be incorporated in this example. It is not even likely to happen in a real
bulkhead fire collapse scenario. However, the bulging can be explained through the
deflection of a sectional cut passing through the mid-point of the panel (Figure 6.72a)
and the maximum damage index (Figure 6.72b).
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FIGURE 6.72: Final snapshot of the panel at time 5100 s before the
experimental test collapses. The damage localisation can be observed

In Figure 6.72 it can be seen that the deflection of the panel presents two protuber-
ances. This is equivalent to the two blue regions found in Figure 6.72b, observe that
the lower end of the section cut presents a milder stepper rotation than the upper
end, this explains why the bulging occurs on the top rather than on the bottom.
The bulging is considered to occur due to uncertainties that cannot be controlled,
however, the methodology used in this thermo-mechanical analysis shows that the
occurrence of this phenomenon is feasible since the degradation has a double tri-
angle shape which localises the damage in all four corners, however, – numerically
speaking – it is still able to mantain the perfect contact between the frame and the
specimen.

The experimental test has some certain limitations when it comes to maintaining a
perfect contact between the bulkhead and the test frame. Once the upper right cor-
ner bulges, the fire security protocol, establishes to cease the testing. However, it is
quite interesting to extend the simulation beyond the scope of 5100 seconds and see
that the bulging phenomenon can be addressed in the model. Not the phenomenon
per se, but the prelude to it. Short after the experimental model collapses, the nu-
merical model shows a good agreement with this bulging behaviour since around
all four corners a negative deflection starts to form and this very change of the de-
flection explains the sudden bulge of one of the corners.
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FIGURE 6.73: Deflection close to the upper right corner.

Figure 6.73 shows the evolution of the deflection in the closest node to the corner
and does not belong to any of the edges. This node is inside the domain and has
no boundary condition applied of any kind. Notice how just close to time 5000s it
bulges outwards of the test frame. The rest of the analysis contemplates a scenario
that has not been capable to test in the experiment, however the numerical model
assesses the bulging of the node closest to the right upper corner and maintains it
for the rest of the extended simulation time. So this clearly shows that the bulging
phenomenon – which is the sole reason for the collapse, since the effective section
of the bulkhead is reduced considerably – is the product of the inability to perfectly
retain the edges fixed to the test frame and that the thermo-mechanical model allows
to the extension of the empirical testing to the hypothetical real scenario.



278
Chapter 6. Verification, validation and demonstration of the

computational model

6.4.5.3 BESST Campaign

The results in subsubsection 6.4.5.1 show a good match between the numerical and
experimental data. The purpose of this example was to prove that the theory ex-
posed in this thesis is able to predict the results of the experimental test. This can
significantly reduce the cost derived from the construction of composite ships.
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FIGURE 6.74: Deflection shown for the same test in BESST and FI-
BRESHIP.

However, the problem derived from the bulging of the top-right corner complicates
the analysis, therefore, it is not the most typical result. A comparison between simi-
lar bulkheads for the same test conditions is found in Figure 6.74. The results shown
are very similar for both projects for the first 30 minutes of testing, although, the
material configuration used on both projects is different in terms of composite and
insulation. This difference explains the different responses of both cases in the early
stages of the test (0 to 2300s).

The other difference comes from the bulging, it can be seen in the BESST case that
there is a sudden drop due to a collapse. However, in the FIBRESHIP case, the
bulging phenomenon leads to a less abrupt failure, as pointed out in subsubsec-
tion 6.4.5.1.

Since the FRP code [256, Part 11] is a standard code, other significant experimental
results can be obtained. From the BESST campaign, a report by Evegren et al. was
issued [2]. In this report, the same analysis can be found for a slightly different
bulkhead in terms of cross-section stacking. This report will be used to validate
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the numerical tool against the experimental data for a bulkhead with and without
reinforcement. The bulkhead without reinforcement matches the same criteria as the
one designed in the FIBRESHIP campaign.

6.4.5.3.1 Non-reinforced bulkhead
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FIGURE 6.75: Description of the computational domain that repre-
sents the bulkhead test defined in the FTP code part 11.

The analysis is the same explained in subsubsection 6.4.5.1, the same specimen de-
scribed in Figure 6.63 and the sensors are exactly the same, however the thickness
of the core is slightly higher (see Figure 6.76). A description of the computational
model is provided in Figure 6.75, note this was the same computational model used
in subsubsection 6.4.5.1 but with a different layup.

The layup follows the same structure, however the monolithic composite used in
the sandwich is a fibreglass reinforced polyester laminate. The layup description
and direction are described in [2] :

Layer 1: 1× 1.3mm layers of unidirectional glass/polyester, and the fibre orientation of
the stack is [0] degrees [2].

Layer 2: 1 × 50mm layers of PVC which works as the core of the sandwich (PVC-H80
from Diab Group; this core is part of the Divinycell H® materials) [293].

Layer 1: 1× 1.3mm layers of unidirectional glass/polyester, and the fibre orientation of
the stack is [0] degrees [2].
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Layer 4: 4 × 25mm layers of FireMaster Marine Plus Blanket®, which works as insula-
tion of the composite laminate material [2].
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FIGURE 6.76: Description of the dimensions, materials and condi-
tions of the specimen that represents the bulkhead test defined in the

FTP code part 11.

The thermal response for the new load-bearing division is calibrated starting from
the similar values of the FIBRESHIP case. The core and the fibreglass assigned simi-
lar properties initially. The values chosen for the insulation are as well similar to an
insulation made of rockwool, and the polyester resin is chosen to present the same
properties as a vinylester. After some iterations, the converged results are shown in
the following tables. The thermal properties are similar, although the temperature,
in this case, was transmitted quicker since the laminate layer and the insulation are
different. The PVC was also modified, in its conduction and specific heat coefficients,
to obtain a better thermal response. The resultant selection of thermal properties can
be found in Table 6.18.

Material ck cp cpg ρs Qp

(W/m°K) (J/m2°K) (J/m2°K) (kg/m3) (J/kg)
Glass/polyester 0.5135 500 1000 - 1200 1780 2·105

PVC 0.08 600 1200 80 0
Insulation 0.03-0.8 700-900 0 100 0

TABLE 6.15. Calibrated thermal properties of the layer materials.
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The original data from the BESST project did not provide thermal degradation exper-
imental data, the pyrolysis was selected to be the same as in the FIBRESHIP analysis.

Material AT (s−1) Eact (J/mol) Nro (J/m2°K)
Glass/vinylester 6 · 1020 2.8·105 6

PVC 1202604.28 90000 2

TABLE 6.16. Calibrated pyrolysis properties of layer materials.

The resultant temperature evolution can be found in Figure 6.77
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FIGURE 6.77: Evolution of the temperature (T(x, t)) at different po-
sitions of thickness. The temperature through thickness represents
the sets in red, blue and green and the temperature furnace the or-
ange set. Thermocouples T1, T2, T3, T4 and T5 in red were placed at
x = 0.0 mm, thermocouples T11, T12, T13, T14 and T15 in blue were
placed at x = 26.3 mm and thermocouples T6, T7, T8, T9 and T10 in
green were placed at x = 51.3 mm. All measures are with respect to

the unexposed surface.

The agreement is excellent for the readings on the hottest thermocouple and the
furnace. The measures differing a little are those for the mid-span thermocouple
and the unexposed surface. Nevertheless, the general prediction of the numerical
model is fantastic. The little discrepancies found near the end (3000s onward) of
the test are typically due to the large deformation that may affect the transmission
of heat or uncertainties from the testing. These uncertainties for example, maybe
introduced by the pins and bolts used to attach the insulation, this can affect how the
heat is transmitted, also the same instrumentation needs a physical mechanism that
is inserted inside the thickness and may affect the readings when the heat increases.
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The resistance is mostly proportioned by the fibreglass, since this is the same fibre
used in FIBRESHIP, the elastic properties are maintained to be exactly the same ones.
The inelastic properties are calibrated, especially the energy of fracture.

Material E (Pa) ν σy (MPa) ΠF (N/m) cCR ΦΩ
Matrix 3.35 ·109 0.26 20 1.2 ·104 1 0.40
Fibre 72.4 ·109 0.21 1800 1.8 ·106 1 0.60
PVC 49 ·106 0.4 0.9 1.2 ·104 1

Insulation 2466060.9905 1.17647·10−6

TABLE 6.17. Calibrated mechanical properties of constituent materi-
als.

Table 6.17 shows that the fibre gas increased its energy of fracture and the PVC was
calibrated also to include damage, however it may be neglected since the analysis
does not damage the PVC zone.

The thermal dependent properties are the ones to suffer most changes. They can be
found in Table 6.18, note the relaxed value of the young

Material Eu (MPa) Er (MPa) σyr (MPa) nMG1 nMG2 Tg (°K) α (°K−1)
Matrix 3350 935 0.15 0.0691 6 76 36·10−6

Fibre 72400 9620 122 0.0691 6 76 36·10−6

PVC 49 1.47 0.0475 6 90 90·10−6

Insulation 0·10−6

TABLE 6.18. Calibrated thermo-mechanical properties of the con-
stituent materials.

The thermo-mechanical numerical analysis is validated against the experimental de-
flection in the centre of the bulkhead. The two results are compared in Figure 6.78
and show an excellent agreement between both curves.
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FIGURE 6.78: Comparison of the numerical results against experi-
mental data for the deflection in the mid-span.

The numerical overextends a bit from the peak deflection and then abruptly breaks.
Although the breaking is abrupt, the energy of fracture can be still calibrated in an
attempt to reproduce the sudden fall better. In the experimental test, the deflection
bounces back at 3000s since there is a sudden failure at a third of the vertical height.
Indeed, it involves a better selection of the fracture energy of the PVC, but for the
simplicity of the testing, the crucial failure is produced as soon as both matrix and
fibre fail (2500s).

In Figure 6.79, a schematic evolution of the deflection in the vertical mid-axis is
shown to make evident the deflection shape. Also, note that the pyrolysis is very
mild since the insulator has not charred on the exposed surface.
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FIGURE 6.79: Evolution of the experiment test.

The failure observed corresponds to the failure of the composite layer next to the
insulation (see Figure 6.80). This is one of the weakest zones, since it presents an
average temperature above 150°C. A study of the evolution of the damage to this
layer is shown in Figure 6.81 and Figure 6.82. This damage shown corresponds to the
maximum damage registered in the thickness, which is found in the aforementioned
location.

I.e., the layers are subdivided into several numerical sublayers, the plot does not
represent all these sublayers. Nevertheless, understand that the damage index on
neighbour layers of the same material will present a similar damage index, espe-
cially if not many difference in temperature is found between them.

Note that the layers that are optimal to resist bending are the composite ones. This
is due to their inherent superior mechanical properties. Thus, once the damage is
extensive for one of the composite layers, the specimen shall fail immediately.
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FIGURE 6.80: Location of the damage in the thickness.

In Figure 6.81, a sequential evolution of the damage in the layer of composites is
shown. It can be observed that the damage tends to start in the boundaries because
the specimen was clamped and extends to the centre.

The damage is very sudden, taking less than 3 minutes to fully damage the area.
Although the map of damage seems to be one from 2300s onward, the real value is
very close to one since the damage model used is an exponential softening law. This
means that from 2300s to the end of the simulation, the fibre, PVC and the composite
of the unexposed surface are resisting almost all the load.
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FIGURE 6.81: Numerical evolution of the maximum damage index in
the matrix phase.

In Figure 6.82, the fibre damage originates as well in the boundaries and takes almost
3 minutes to fail. The model fails, especially, when the fibre presents damage to
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almost 100%. The numerical simulation is unable to find an equilibrium point, since
the static load is superior to the load that the remaining structure can withstand.
Once a patch of elements is created in the bottom edge, the structure is detached
and suddenly collapses.

In the real scenario, the uncertainties from manufacturing and testing produce the
failure at one-third of the height of the bulkhead. The numerical simulation shows
that the initial damage ioriginates at the bottom, which shows a mild correlation
with the experimental data.
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FIGURE 6.82: Numerical evolution of the maximum damage index in
the fibre phase.

The other aspect worth mentioning is the fact that the matrix is completely damaged
at 2300s and fibre only starts to damage around 2550s, almost 3 minutes later. The
explanation is found in how the temperature is transmitted in the structure, as time
passes, both the PVC and composite layers become more flexible due to the thermal
degradation of mechanical properties due to temperature.

This means that not only the fibre has lost mechanical properties, but the structure
as a whole loses stiffness and at a certain time (2550s), the layer closest to the hot end
starts to present damage in the fibre phase.
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6.4.5.3.2 Reinforced bulkhead

In the BESST campaigned, amongst the rest of tests, there is in particular one test that
involves a composite panel reinforced with composite beams. This case serves as a
demonstration that the analysis tool is able to reproduce the response of composite
beams.

The dimensions of the specimen can be found in Figure 6.83, there are a total of 29
thermocouples distributed in various locations of the panel and reinforced beams.
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FIGURE 6.83: Geometrical sketch of the reinforced FRP panel.

The panel is made of the same materials and layup order as the panel without re-
inforcements, however, the PVC core is increased to 50 mm instead of 35 mm. A
detailed sketch describing the layup of the panel and reinforcements can be found
in Figure 6.76.
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FIGURE 6.84: Detailed view of the through-thickness layup and ther-
mocouple arrangement.

The specimen is exactly constraint as in the two previous analysis (non-reinforced
panels from FibreShip and BESST campaigns). The only difference is in the loading,
which has been increased (see Figure 6.85). In addition, the load is applied by means
of a stiffened plate on the top edges of the panel and stiffeners, this is the most
realistic manner to reproduce the test.

31kN
/m

(A) Constraint and loading.
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FIGURE 6.85: Computational model description.

In Figure 6.85b, a description on how the computational model of the two reinforce-
ment is given. Since the beams are represented by shells, each beam is modelled as
a T reinforcement. This implies that the heat only flows through-thickness. More-
over, the PVC close to the panel has been modelled with extra insulation layers since
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in Figure 6.84 the thermocouple is at 141.5 mm from the exposed surface of the in-
sulator. The discretisation of the domain is shown in Figure 6.86, the domain is
subdivided in 4 fire regions, with different thermal boundary conditions, and their
subsequent meshes for the thermo-mechanical shell model.
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FIGURE 6.86: Description of the computational domain that repre-
sents the reinforced bulkhead test defined in the FTP code part 11.

The calibration of the thermal problem is performed based on the same properties
defined in paragraph 6.4.5.3.1. In this case, there are different thermocouples scat-
tered across the specimen. These are defined as follows:
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1. Unexposed surface thermocouples. These correspond to the set of thermocou-
ples conformed by C1, C2, C3, C4 and C5.

2. Inside the panel, between the PVC core and composite layer closest to the in-
sulation. This group comprises the thermocouples C6, C7, C8, C9 and C10.

3. Inside the panel, between the composite layer and the insulation. Thermocou-
ples belonging to this category are C11, C12, C13, C14 and C15.

4. Sensors close to the union between the stiffeners and the panel. There are two
groups, the first is the closest to the centre of the panel composed by C24, C25,
C26 and C27. The second are the external thermocouples C16, C17, C18 and
C19.

5. Thermocouples drilled inside the stiffeners, at the interface between the PVC
and the composite layers. The thermocouples belonging to this category are
C28 and C29, one at the upper zone and the other on the lower zone of each
stiffener.

6. Thermocouples drilled inside the stiffeners, at the interface between the com-
posite layer and the insulation. These thermocouples are sensors C20, C21,
C22 and C23.

A special comment has to be made on the particularities of calibrating the sensors
C20 to C23. Since these are the closest to the furnace and also placed at the end
of the stiffeners, the temperatures registered are significantly higher. Nevertheless,
this is caused due to not only through-thickness heat transfer, but also by transverse
through-thickness heat transfer.

Therefore, this end was modelled as a T beam and only considering the effects of
heat through the thickness. The conductivity of the composite in this zone is around
10-20% higher than previously calibrated in order to take into account the transverse
heat effects.
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FIGURE 6.87: Temperature evolution measured by the thermocouples
and numerical simulation.

In Figure 6.87, the temperature evolution for the analysis can be observed, almost
3500s for the experimental data and an extended analysis for the numerical model.
The cold end, with the thermocouples in the unexposed surface (C1-C5), presents a
minor absolute difference of 5 °C, since this region is not of special interest due to
its low temperature, the inaccuracy is not important. The group of thermocouples
C6-C10 show a match inside the experimental range, and the same happens for the
group C11-C15. The agreement is very good compared to the cold end.

For the groups C16-C19 and C24-C27, the agreement is good. These last two groups
are numerically identical, in order to obtain a non-symmetric solution of the tem-
perature distribution through the thickness, the surface of the stiffener closest to the
centre of the panel is assumed to have higher convective coefficient. The standard
assumption of 15W/m2°C for the hot end, since both are hot ends, the one with
higher temperature in the experimental test is modified to have a new convective
coefficient of 25 W/m2°C.

The numerical curve of the group C28-C29 is inside the range of the experimental
data. The agreement is good, however, at the end of the experiment there is some
minor fluctuations that are not well captured in the numerical model.

The thermocouples, C20-C23, were the most difficult to analysed, since the heat is
only assumed to flow in one direction. Due to this, the conductivity was increased
in the numerical model to be able to include the transverse effect, around 20% of the
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original one. After increasing the conductivity, the resultant solution matches well
the experimental solution. Nevertheless, the numerical solution provided once the
experiment ended cannot be considered correct due to it’s neglection of the trans-
verse heat.
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FIGURE 6.88: Comparison of the numerical results against experi-
mental data for the deflection in the mid-span.

The next calibration is done against the deflection in the centre of the panel, which
is customary for this sort of experimental tests. In Figure 6.88, the numerical de-
flection presents, overall, a satisfactory agreement with respect to the experimental
deflection.

In the experiment, once arrived to 2600 s, the deflection decreases becoming negative
and bulging outwards. This clearly signalises the beginning of the buckling. In the
numerical data, the same peak is obtained at the same time and with a peak close to
7 mm in comparison to 5 mm in the experiment.

There are some minor differences on the deflection found after 500 seconds of analy-
sis and these differences can be due to several uncertainties that condition the agree-
ment of the numerical result. It can be perceived as if the eccentricity of the load
had suddenly increased. This phenomenon is very difficult to assert and moreover,
to model. This can be also one of the reasons to explain the higher predicted peak
displacement in the numerical example.
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FIGURE 6.89: Numerical evolution of the damage in the panel.

Once the two experimental data obtained from the test are validated against the
numerical model, an evolution of the maximum damage is given in Figure 6.89. As
usual, the matrix is the first one to arrive at its threshold of damage which forces the
matrix phase to endure the vast amount of the load. During the first 1000 seconds,
the matrix only damages the top of the stiffeners and panel (matrix phase). Then,
at 2000 seconds, the matrix starts developing damage in all the panel and stiffeners,
however the fibre is yet able to endure the load. Finally, close to the collapse, the
matrix phase is completely damaged, and the fibre phase starts to develop some
vertical patches of damage. Note that the evolution of fibre damage is quicker than
the matrix and generally leads to an abrupt failure.

The evolution of the test specimen can be found in Figure 6.90 at different stages of
time.
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FIGURE 6.90: Evolution of the specimen in the experimental test.
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6.4.6 Conclusion of the numerical implementation

This section, devoted to the validation of the proposed thermo-mechanical coupling,
has shown the capability to analyse the failure of composites from the perspective
of damage and buckling when exposed to fire.

The examples given have shown interesting feats for the numerical tool developed:

• Analytical verification

One of the most important parts of the research undertaken in this thesis was
the correct systematisation of meaningful benchmark cases for the study of
thermo-mechanical laminates.

An interesting based on linear beam theory is used to corroborate that the
shell implementation was able to reproduce the theoretical solution. This was
proven to be true. Once the linear beam theory was tested, the incipient prob-
lem of buckling is introduced and in particular thermal-buckling.

The one dimensional buckling test extends its prior mechanical model and
demonstrates that under pure buckling conditions the co-rotational theory is
able to effectively predict the buckling load. Moreover, some fundamentals of
how Equation 4.130 affects buckling per se are discussed, together with incor-
porating inelastic effects as well.

This lead to an understanding of thermal-inelastic-buckling. Although this
proves that the approach selected can solve problems with non-homogeneous
materials stack-wise, it is still necessary to check if it can easily reproduce the
transverse orthotropy. The latter is a task that is accomplished by means of
the TSPROM. A benchmark case in orthotropic thermal-buckling is presented
to show that the TSPROM is able to reproduce orthotropic buckling for stacks
with different fibre orientations.

• Experimental prediction

Once the analytical benchmarks have shown that the algorithm is able to re-
produce theoretical benchmark cases. Few different validations against exper-
imental results were run.

First, the Feih et al. benchmark case that attempts to determine the curve of
yielding stress with respect to the temperature. In order to do so, the authors
attempted to limit the buckling of the specimens. However, in the numerical
calibration, it has been found that some of the experiments may be susceptible
to buckling, since, in the numerical models proposed by the same authors, the
temperature dependency of Young’s modulus was never addressed.

In order to include the effect of thermal dependence on all mechanical models,
they are validated against experimental tests based on the FTP code. The first
is based on the FIBRESHIP experimental campaign, and two other samples
are taken from the BESST campaign. By validating both, it has been proved
that the model proposed is able to reproduce the behaviour of load-bearing
structural elements.

In conclusion, this section has served to accomplish the proposed goals ’Provide
and implement the thermo-mechanical coupling’ and ’Assess the correctness of the thermo-
mechanical model’, which are number 11 and 12 respectively.
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6.5 Demonstration in marine applications

This section presents different applications of the methodology developed to actual
ships structures.

6.5.1 Fluid-structure interaction. Fire resisting marine FRP division anal-
ysis

The fire collapse analysis of an area of the superstructure of a container ship is pre-
sented in this section. In this particular case, non-structural resistant members, lo-
cated on one of the decks of the superstructure, were analysed. In the scenario stud-
ied, the fire starts in the laundry via the ignition of the different cloths hanging on
the towel rack (see Figure 6.91 and Figure 6.92).

FIGURE 6.91: The container ship of study. The fire scenario is located
in one of the decks of the superstructure.

Two fire scenarios were considered, one with closed doors and one with open doors.
All doors are considered closed and thus the ventilation between rooms is signifi-
cantly reduced, the opposite case is where the door that connects the laundry and
corridor 1 is open and the door that connects corridor 1 and the outside room is
open as well. By analysing these two possible scenarios, the effect and role that
ventilation has during fire propagation is taken into account. Each one of these fire
scenarios is simulated for Steel and FRP divisions, the first considers no pyrolysis
and the second considers a laminate composed of layers of glass fibre(ΦΩ = 55%)
and vinylester resin, the stacking information can be found in Figure 6.93. All the
materials are covered with an external layer of insulation. The mechanical load ap-
plied to the ceiling of the structure is considered as per regulations requirement,
DNV [302] recommends a design pressure load of 350 N/m2 in the superstructure.
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FIGURE 6.92: Domain of the fire scenario.

The computational model of the domain in Figure 6.92 was discretised in a finite
mesh of 671680 hexahedra elements with an element size of 10 cm for the fire dy-
namics solver, the simulation time is 1 hour and the time stepping is 0.1 seconds.
The resultant adiabatic temperature from the fire dynamics is interpolated into the
thermo-mechanical mesh that is an unstructured quadrilateral mesh of 23564 QLLL
elements with a maximum element size of 20 cm. The through-thickness mesh of 1D
linear elements of the domain in Figure 6.93 is divided in 14 and 19 divisions for steel
and FRP panels, respectively. The thermo-mechanical time scheme is fractioned in
steps of 50 seconds.
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FIGURE 6.93: Thickness stacking of the divisions.

The software used to undertake the fire dynamics is the Fire Dynamics Simula-
tor (FDS) [196]. The FDS input files were provided by Alessandra Tissari, Tuula
Hakkarainen and Antti Korkealaakso from VTT Technical Research Centre of Fin-
land Ltd. The gas temperature was 2 metres above the deck at 15, 30, 45 and 60
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minutes after the fire ignition is shown for each studied scenario in Figure 6.94. The
effect of ventilation can be clearly seen in the figures, as the simulations with two
open doors have higher maximum temperatures as there is more oxygen available
for combustion. In the simulations with FRP divisions, the temperatures are higher
than in the simulations with steel divisions, as the combustible divisions participate
in the fire, however, during the first 15 minutes, the temperature is less due to its
insulation effect. The difference is significant, especially in the scenarios with two
open doors, as the fire spreads to corridor bulkheads in the simulation with FRP.
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FIGURE 6.94: Gas temperature 2.0 metres above the deck 15, 30, 45
and 60 minutes after the fire ignition in each studied scenario.

Soot concentration is 2 metres above the deck at 15, 30, 45 and 60 minutes after the
fire ignition is shown for each studied scenario in Figure 6.95. During the fire, the
laundry room and the corridor are the most affected by the smoke in all studied sce-
narios, but all rooms receive some smoke during the simulations due to the pressure
differences. In the simulations with steel divisions, two open doors lead to more ef-
fective ventilation of smoke. It can be seen that the burning FRP materials produced
significant amount of smoke, leading to higher soot concentrations for longer time.
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FIGURE 6.95: Soot concentration 2.0 metres above the deck 15, 30, 45
and 60 minutes after the fire ignition in each studied scenario.

FDS is used to obtain the adiabatic temperature that is later introduced as thermal
boundary conditions in the thermo-mechanical problem, i.e., a division represented
by a shell that has two surfaces, the exposed and unexposed surfaces, and each of
these two surfaces is assigned to a fire region or thermal load. These thermal loads
are divided in four regions: laundry, corridor 1, corridor 2 and other rooms, as already
shown in Figure 6.92, and the resultant adiabatic temperature of those can be found
in Figure 6.96 for the four combination scenarios (open/closed doors and steel/FRP
material). Note that the temperature of other rooms is considered as the ambient
temperature (approximately 20°C).
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FIGURE 6.96: Thermal boundary loads for different fire scenarios and
materials.

The four different case scenarios can be described in the following manner:

• Steel - closed doors: The doors are shut, therefore the ventilation and O2 reno-
vation is limited. The laundry temperature increases rapidly up to a maximum
temperature of 450°C around 1500s, then the room is depleted of oxygen and
the fire starts to auto-extinguish in a slow but monotonic manner. The temper-
ature in corridor 1 and 2 rises up to 50°C around 1500s and remains steady.

• Steel - open doors: The doors that connect to the outside room are open, there-
fore an important apportion of O2 is introduced in the combustion. The laundry
temperature increases rapidly up to a maximum temperature of 600°C around
500s, then the room temperature steadily decreases to 80°C at the end of the
analysis. The temperature in corridor 1 and 2 raises up to 150°C around 500s,
remains steady up to 2000s, and then decreases to 60°C at the end of the anal-
ysis.

• FRP - closed doors: The doors are shut, therefore the ventilation and O2 ren-
ovation are limited. The laundry temperature increases rapidly up to a maxi-
mum temperature of 600°C around 3000s, after the temperature decreases until
it reaches the value of 300°C at time 3600s. The temperature in corridor 1 and 2
raises up to 100°C around 3000s and remains steady until the end.

• FRP - open doors: The doors that connect to the outside room are open, there-
fore an important apportion of O2 is introduced in the combustion together
with the pyrolysis of the material that increases the porosity of the material.
The laundry temperature increases up to a maximum temperature of 800°C
around 1300s, then the room temperature steadily decreases to 300°C at the
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time 2500s increases shortly to 400°C and decreases to 350°C at the end of the
analysis. The temperature in corridors 1 and 2 rise up to 300°C around 1000s,
remains steady up to 1700s, then corridor 1 slowly increases to 600°C and cor-
ridor 2 dramatically increases to a peak of 1000°C and falls to 800°C at the end
of the simulation.

The accumulated damage to the structure varies as the degradation of mechanical
properties develops, note that Young’s modulus and the yielding stress depends on
the temperature and the degradation fraction (F) according to Equation 4.130. The
steel divisions are useful to understand that a structure can collapse only due to
thermal effects. This is explained by the fact that the yielding stress reduces when
the temperature increases. This is very important since many real naval applications
are designed to support fixed loads – in this case the design ceiling pressure – and
this load is unaffected by the temperature and thus the damage originates as the
temperature rises, only due to the effective reduction of the yielding surface of the
characteristic material. Otherwise, the FRP divisions will sustain damage that may
originate not only due to thermal effect, but pyrolysis itself.

CLOSED

t=1000s t=3600s

OPEN

t=200s t=600s

0.0     0.5    0.95

FIGURE 6.97: Damage distribution for steel material.

The results of the analysis, in the case of the steel structure, is shown in Figure 6.97,
when doors are closed. This, is in agreement with the heat originated by the adia-
batic temperature. Damage is temperature-driven only, and it originates early in the
simulation (1000s), once the temperature in the laundry reaches its maximum, the
damage distribution remains undisturbed until the end of the analysis (3600s).
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FIGURE 6.98: Deflection of a damaged element in corridor 2.
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In the case of open doors in Figure 6.97 the damage originates earlier than in the
closed doors case (200s). This is attributived to the extra ventilation since ventilation
plays an important role not only on how quick the temperature rises but also in the
spread of combustion to other rooms as it can be seen that both corridor 1 and 2 have
small patches of elements with moderate damage. Once the temperature in the laun-
dry reaches its maximum (600s), the damage distribution remains undisturbed until
the end (3600s), however the mechanical response is increased as the temperature
decreases (the structure again becomes stiffer). This can be observed in Figure 6.98,
where the norm of the displacement decreases after arriving to the time step, 1000s.
This is due to the recovery of Young’s modulus as the temperature of the different
regions decreases. This is interesting since it shows that the mechanical post-fire
response of the structure for elements have not collapsed due to the reduction of
the yielding limit, however, it is important to understand that while the mechanical
properties have recovered, the damage does not heal.

CLOSED

t=2700s t=3600s

OPEN

t=1400s t=3600s

0.0     0.5    0.95

FIGURE 6.99: Damage distribution for FRP material.

In the case of the FRP structure, the results are shown in Figure 6.99. When doors are
closed, it reproduces a damage pattern that is in accordance to the thermal loads in-
troduced. In this case, the damage is both temperature-driven and pyrolysis-driven.
The damage on the structure, compared to its steel equivalent case, is produced sig-
nificantly later on the time analysis (note that the temperature increases slower for
the FRP design than the steel). Nevertheless, the sustained damage in the laundry
room is higher than the steel for the same time of simulation, as it clearly involves
not only temperature but the damaged originated due to the pyrolysis of the com-
posite layers closed to the exposed surfaces. The overall result is that a vast region
of the ceiling in the laundry room has degraded and no longer endures the load,
reaching a point where the ceiling collapses and the collapse development is very
sudden. This is due there being less than 1000 second from the origination of the
damage (2700s) to the collapse (3600).

On the other hand, Figure 6.99, when doors are open, the sustained damage on the
structure is greater than the case where the doors are shut, this is evident because
there is more ventilation and therefore more combustion and spreading. The dam-
age starts to be noticeable at 1400s, which is when the temperature in the laundry
room reaches its peak. Since the temperatures of all regions present similar or higher
values to the closed doors case, analogously the laundry rooms collapses in this case
scenario as well. However, the major problem in this case, where spreading of the
fire is present, is not only the collapse of the laundry. Since the fire spreads, the tem-
perature on corridors 1 and 2 are greater than before, even surpassing the values of
1000°C on corridor 2, and it reaches the final simulation with the partial collapse of
the ceiling of the cabin 6, which poses an important risk for the safety of the crew,
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and also the deterioration of the divisions located in the corridor 2, which may block
the exit of the crew located on cabin 1,2 and 3 or in the day room.
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6.5.2 The thermal-buckling collapse of a container ship

The application case in subsection 6.5.1 focused on demonstrating the capabilities of
the thermo-mechanical design of non-load bearing reinforce divisions and the inter-
action between an FDS and the thermo-mechanical tool to obtain more accurate re-
sults. In this example, the concept of ’steel equivalent’ design is addressed as required
in SOLAS. Also, the flexibility of composites is taken into account by analysing non-
linear buckling. The containership design used in this example was generated from
the research related to FIBRESHIP, it is the same used in subsection 6.5.1 and the
analysis focuses on the structural failure of bulkheads and structural members in
several sections of the ship.

Fire
Engine Room

Cargo Hold

Bulkhead
Container Support (1 - left, 2 - right)

FIGURE 6.100: container ship profile section.

It is assumed that in the engine room of the ship a fire is originated, the thermal load
is then applied to the bulkhead between the engine room and the immediate cargo
hold, and it affects the two supports holding the TEU containers. The thermal load
is assumed to be an ISO-834 during one hour of simulation.

The scantling of the composite and steel ship is obtained from the resultant design of
the FIBRESHP container ship. These scantlings comply with the regulations in terms
of structural integrity and naval architecture calculations. The model is reduced to
the section shown in Figure 6.101. Only half of the section is modelled by assuming
that the loads and boundary conditions are symmetric.

FIGURE 6.101: Domain of study, a section of the FIBRESHIP container
ship.

In order to obtain a detailed analysis focused on displacements rather than stress
(buckling driven analysis), the ship is constraint on both extremes of the section that
are being analysed.
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A section of the ship can be analysed when there is global equilibrium if the internal
loads of the sections are introduced in its extreme to equilibrate the segment.

y

z

x

Bulkhead

Support 2

Support 1

FIGURE 6.102: Load-bearing structural members of interest in the
analysis of buckling.

The area of interest, see Figure 6.102, is the one in the hold next to the engine room
(where the fire starts), especially the shelf or support structures of the TEU con-
tainers and the tight bulkhead that separates the engine room with the cargo hold.
Indeed, the lay-up of the stack used in these three zones of interest is given in Fig-
ure 6.103. Note that in the analysis, the bare-structure and the insulated-structure
will be considered for the steel and composite materials.

6
4 3

3
2

60x1     Steel

RockWhool

2x1

2x1

12x1     Composite

RockWhool

160x1

160x1

FIGURE 6.103: Thickness stacking for the two materials considered.
The dimensions are proportional in the sketches.

The steel is designed according to the structural rules required by the IACS. The
scantling of composite design follows a similar procedure, using the design criteria
developed in the content of the FIBRESHIP project.

In terms of mechanical analysis, a non-linear constitutive analysis is performed and
a second non-linear geometric buckling analysis is performed as well. The steel
presents no problem in both and the composite, with the initial thickness design,
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passes the inelastic analysis but buckles in the second. Therefore, some extra thick-
ness is given to the initial design, fulfilling the IACS regulation. The thickness of the
composite has been chosen to exert a similar deflection as the steel design.

Then the thermal-buckling is analysed for the materials in question. This analysis
has served to determine the amount of insulation needed to be put in. The com-
posite structure presents a lighter structure due to its great mechanical capabilities
compared to steel. However, steel requires less insulation so the over-all thickness,
found in Figure 6.103, is larger for the composite.

This last statement may seem strange, provided that the composites had a clear ad-
vantage when it came to thermal conduction. However, this is a fire-collapse analy-
sis and the purpose is to bring the structure to fail given enough time. Therefore, if
enough time is given, the composite presents a disadvantage compared to the steel
since the glass temperature of steel is four times the one of the composite.

The composite in question is a monolithic stack of fibreglass-epoxy. The mechanical,
thermal and degradation properties are the standard ones found in all the examples
in this thesis. The degradation properties of steel are shown in Figure 6.104, the rest
of mechanical and thermal properties are the classical ones found for a steel with a
Young’s modulus of 210 GPa.
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FIGURE 6.104: Mechanical evolution of the elastic modulus and yield
stress of steel with respect to the temperature.

The mesh generated to simulate the container ship can be appreciated in Figure 6.105.
The mesh is in triangles since it is the unique type of element implemented in Ram-
Series that includes the co-rotational formulation.
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FIGURE 6.105: Computational model meshes.

The adiabatic temperature prescribed is assumed to be that seen in Figure 6.106,
unless thermal insulation is considered, then ambient temperature is considered in-
stead (20 °C) for the support 1 and support 2 curves.
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FIGURE 6.106: Thermal load for both steel and FRP design.

Steel and FRP materials are considered for these structural members and also if the
bulkhead was insulated from the side of fire according to Figure 6.103, the fire curves
obtained for support 1 and support 2 are derived from a simple one dimensional linear
calculus that involves the thermal properties of both steel and FRP.
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Note that the steel presents a higher temperature when non-insulated than the com-
posite. This is due to the lower conductivity of composites, which is 50 times lower
than steel. However, there is still the existence of thermal degradation, which is
more severe in composites because of the glass transition temperature and pyrolysis
(not present in steel).

The results are now shown for the four designs. The analysis is performed for 3600s
however, not all the designs are able to endure the analysis for that long. The prob-
lem in time domain is discretised in steps of 10 seconds.

6.5.2.1 Steel without insulation

The analysis does not last the whole duration of the 1h simulation when consider-
ing the steel structure without insulation. The main problem is the high temper-
ature found in the cargo hold. The bulkhead is able to withstand the force with-
out damage, due to redistributing the load to other structural members. This last
phenomenon is well-known in the field of structural mechanics and is referred as
relaxation of the internal stresses.

Raw Steel

0.0      0.5     1.0

FIGURE 6.107: Damage and deformation of the area of interest for
steel and without insulation.

This is not applicable for support 1 and support 2, recall Figure 6.102, since some of
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their divisions cannot relax the load that is being endured so easily. The duration of
the simulation is 620s (approximately 10 minutes) and it can be seen in Figure 6.107
that there is significant damage prior to the structural collapse. The algorithm for
the step of 630s does not converge due to significant damage and because of the
impossibility of relaxing the internal stresses to other areas that are intact.

6.5.2.2 FRP without insulation

The case of the design using composites and without insulation is even worse than
with steel. The high-temperatures generate such rate of decomposition that the py-
rolysis in the material quickly reach an index of 0.

Raw FRP

0.0      0.5     1.0

FIGURE 6.108: Damage and deformation of the area of interest for
FRP and without insulation.

Figure 6.108 shows the integrity of the structure at 590s. All the structural members
in the area of interest present a complete damaged factor, even the bulkhead. The
bulkhead is completely damaged since the pyrolysis is close to zero, and this makes
the structure unable to redistribute the load onto neighbour elements.

This is the classical problem of composites, which despite the mechanical proper-
ties, can be reduced by the temperature. This reduction leads the structure to relax
its internal stress and to redistribute the load. This redistribution of the load does
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not matter when a material is inflammable (pyrolysis), since the material will be
degraded as long as the temperature keeps rising.

Nevertheless, it is very interesting that the composite design without insulation can
match the endurance time, 10 minutes, of the steel. Despite having a lower glass
temperature, the low conductivity is slowing the thermal heat flow and giving extra
time for the collapse of the structure.

6.5.2.3 Steel with insulation

When the steel design is insulated, the structure endures the analysis for all the 3600s
and there is a small appearance of inelastic post-buckling in both support 1 and sup-
port 2.

Steel Insulated

0.0      0.5     1.0

FIGURE 6.109: Damage and deformation of the area of interest for
steel and with insulation.

In Figure 6.109, the appearance of damage, which is not close even to an index of 0.5
in the supports, leads to an inelastic post-buckling configuration. The inelastic post-
buckling is a stage that is entered after a structural member has experimented in-
elastic processes (damage) and the critical buckling load of the element has been re-
duced. This reduction leads to a premature buckling and once this inelastic-buckling
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is produced, the element relaxes and redistributes the load to other elements that are
stiffer.

6.5.2.4 FRP with insulation

The FRP design with insulation is found in Figure 6.110. This design is the the most
successful since it only presents buckling in one small member of support 1. The
combination of the small conductivity of the composite and the retardancy of the
insulation allows it to obtain a very reliable and safe solution that needs small im-
provement to endure a 1h fire scenario.

FRP Insulated

0.0      0.5     1.0

FIGURE 6.110: Damage and deformation of the area of interest for
FRP and with insulation.

It may seem very odd that support 1 has failed, since it is the most distant from the
fire in the area of interest. The explanation is similarly odd as this is due to some
small deflection in the bulkhead, which itself is intact, however, the small gradient
of temperature from the cold side to the hot side of the bulkhead (10°C) ends up
introducing a bending moment to the bulkhead.

The bulkhead loses certain stiffness due to its new shape, and redistributes the load
to the closest supports, as support 2 is stiffer, which allows itself to endure the internal
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load. But support 1 is more flexible, and this makes one of its vertical members to
enter into a post-buckling regime.

6.5.2.5 Comparison

Figure 6.111 is shown as a summary to compare each result side by side.

FRP InsulatedRaw FRP

Raw Steel Steel Insulated

0.0      0.5     1.0

FIGURE 6.111: Damage and deformation of the structure for different
designs.

In Figure 6.111 the four designs are shown. The raw steel without insulation shows
that support 1 (the one closest to the bow) buckles at time 620s, and there is signif-
icant damage in the supports before total collapse. When insulated there is a little
damage to the vertical members of the support due to support 1 entering a post-
buckling state, however the structure does not collapse and holds for 3600s. In the
case of FRP without insulation, the structure suffers a higher damage even in the
bulkhead since the material pyrolysis is at a relatively low temperatures (200°C) and
the structures collapses at 590s. If the FRP is insulated, the structure does not col-
lapse and there is only one vertical structural member of support 1 that enters into
post-buckling and presents damage.
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6.5.3 Conclusion of the numerical implementation

This section, devoted to real application of thermo-mechanical approach for marine
structures, has addressed a very complex problem in such a degree of detail that is
very unique.

The examples given have shown interesting feats for the computational tool devel-
oped:

• Fluid-structure interaction

The first application had the aim to show that the produced model can be ex-
tremely enhanced when combined with a fire dynamic simulator (FDS) to ob-
tain a more accurate evolution of the boundary conditions introduced in the
thermo-mechanical problem.

An interesting analysis of steel and FRP material designs is given to show how
limiting is the flexibility of composites to the current thermo-mechanical tools.
Most of the available tools require high-computational cost to deal with the
flexibility of composites. Also, fair discussion on pyrolysis is given as to why
steel structures have certain advantages in post-fire scenario when collapse has
not been produced.

• Flexibility of composites

The second application is more focused on load-bearing structural divisions
such as bulkheads. The scenario of fire here is presumes from fire curves, how-
ever the FSI approach could be added to obtain a more accurate version of it.

The goal was to analyse the concept of steel equivalent design. The problem-
atic of flexibility is addressed in the presence of fire, the developed tool has
shown to be unique by the fact that it can incorporate many non-linear simula-
tions and yet it is able to deal with the flexibility of composite in a very simple
manner.

This application shows very well the key advantages of composites when con-
sidering equivalent steel design, as it has been shown that despite their flexibil-
ity, if correctly insulated, the standard overestimation of the scantlings is not
needed to overcome the flexibility.

Generally, in modern regulations, composites can offer lighter solutions when
it comes to weight and present a ratio of yielding over deformation superior to
metals. However, since they are very flexible, the regulations require overesti-
mating the scantlings for this kind of design. This is due to the fact that under
certain ambient loads, composites are very prone to buckle.

Nevertheless, this has been shown to not be necessarily true when an available
tool, such as the one developed in this thesis, is used to correctly assess the
potential risk (especially thermal-induced risk) of the flexibility in composites.

In conclusion, this section has served to accomplish the proposed goals ’Assess the
correctness of the thermo-mechanical model’ and ’Demonstrate the capabilities of the thermo-
mechanical model applied to marine structures’, which are numbers 12 and 13 respec-
tively.
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6.6 Conclusion

This section aims to be very brief since each division of the chapter has its own set
of conclusions organised and well-structured.

The conclusions extracted from the examples presented in this chapter can be listed
as follows.

• Fulfilment on verifying the methodology proposed.

One of the best remarks to make in this chapter is the contribution to the anal-
ysis of thermal, mechanical and thermo-mechanical analysis by providing an-
alytical, experimental or realistic data.

This chapter aims to provide sufficient verification data to be reproduced by
other researchers. It has provided a total of 8 benchmark cases and provided
two real application guides on how this framework has a real impact in the
marine industry.

• Material standardisation.

Although some specific examples describe and provide the mechanical, ther-
mal and degradation calibration of properties. the recurrent aim through-out
this chapter was to provide the reader with examples that make use of stan-
dard materials.

Understanding standard as common mechanical and thermo-chemical proper-
ties. E.g., the use of fibreglass and epoxy, has been enforced in many examples
in order to provide a broad solution. Note that instead the LEO system mate-
rial obtained from the FIBRESHIP campaign could be used, however, this type
of material was a very selected and tailored case of fibreglass-vinylester mate-
rial. In that sense, the simplicity in using standard materials have been primed
over specific material data that sometimes is very difficult to acquire.

• Steel equivalence.

The concept of steel equivalent designed has been thoroughly broken down
into terms of mechanical and thermal dependency. It has been shown that,
despite the common knowledge and default assumptions in regulations, the
composite designs are much efficient if tools such as the one developed in this
thesis are available.

Sometimes the limitations or knowledge is affected by the incapacity of pro-
viding a straight-forward and feasible framework to produce realistic designs.

• Flexibility.

Something that derives from steel equivalent design, or at least reflected in
the regulations, is the overestimation of scantlings due to the fear of sudden
buckling in complete composite structures. This is specially important when
considering thermal effects.

An important emphasis in the large-deformation of composites has been put
throughout the confection of this thesis. It has been identified as one of the
most limiting factors in terms of buckling risk and therefore the tool developed
has aimed at tackling this important issue to offer a better solution for the
scientific community.
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Chapter 7

Conclusions and implications

7.1 Introduction

Since each chapter had a section to conclusions, this chapter shall only be devoted
to completing the initial questions that appeared in the introductory chapter (chap-
ter 1). All previous chapters give a certain level of closure by themselves by remark-
ing the important concepts and revising the initially proposed goals.

Hence, the conclusions extracted in this chapter shall be direct and concise, the aim is
to provide a closure to the thesis and to underline its major aspects of it. The chapter
is structured in a first section devoted to extracting the conclusions to the three initial
questions. Then the conclusions of the problem itself and the implications of the
theory.

The applications of this theory are included to grant the reader a better understand-
ing of the importance of the research conducted inside this thesis. A short discussion
on the implications for policies is also given and the limitations of the research are
enumerated, followed by the future work that can be done.

Finally, a list of the original contributions and publications is given.
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7.2 Conclusions about each research question or hypothesis

One of the first questions or hypotheses was if it was possible to produce a tool avail-
able to predict the inelastic failure of FRP marine structures exposed to fire with a
micro-macro approach. The research had shown that majorly the solutions available
for commercial software products such as ANSYS or ABAQUS treated the compos-
ite from a macro approach by using certain homogenisation techniques. This yields
very poor results when analysing a structure submitted to an inelastic regime.

The solution proposed here was to find an efficient solution that could take into
account many non-linearities and that was broadly used in the marine industry.
The most known thermal model inside marine applications is the Henderson model,
which has been adapted to include pyrolysis at the constituent level (fibre and ma-
trix).

In the prediction of mechanical failure of composites, most of the commercial solu-
tions use the isotropic damage model or J2-plasticity. If combined with orthotropic
materials, the software can be extended to predict the failure of composites. Some
implementations were found for ANSYS and FDS [196], indeed the same approach
has been used in this thesis to show a coupling between the FDS solver and the
thermo-mechanical implementation in the commercial software RamSeries from Com-
pass IS.

The tool that has been produced as the result of this thesis is available for commercial
use, and it is very unique in the sense that is able to assess fire-collapse assessment
at the constituent level, something that is not achieved in modern commercial or
research software with the little amount of computational power in comparison to
the one that is needed from the framework detailed in this work.

The other hypothesis introduced was the mechanical failure of composites. In very
short lines, if it was possible to produce a framework that can assess the failure of
composites from a micro-macro approach. This framework needs to be able to re-
produce complex micro-structural morphology. There was research and commercial
software available to do this sort of analysis. Indeed, most of this software relies on
high computational costly solutions, nevertheless, the implementations of the early
SPROM reduced significantly this cost.

The SPROM acts as a constituent manager, and it is useful to derive the composite
failure from the constituent failure. This was already existent in the research. So
the conclusion is straightforward, there was already a tool able to take into account
this problem. However, most of the applications inside the branch of the SPROM
concentrate on determining failure due to yielding or fatigue. But there is very little
research on the scope of buckling, which is a type of failure. Partially, this thesis has
delved into providing a simple methodology for the SPROM framework to incorpo-
rate the prediction of buckling using the co-rotational formulation. So to extract a
brief conclusion to the question, there were already significant contributions to dam-
age and fatigue, therefore the answer to the initial hypothesis has concentrated on
providing a suitable solution for the branch of laminate buckling.

The last hypothesis was the existence of a thermal prediction model that was able to
account for pyrolysis of composites with complex micro-structure. This was quickly
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found to be true, and a very specific solution was the aforementioned Henderson
model. However, there was a need to enable the pyrolysis not only for the poly-
mer matrix but also for the fibre phase. Several authors had already answered this
problem in enhanced versions of this thermal model.

Therefore, the ideas found in these enhanced models were adapted to introduce the
thermal model proposed in this thesis. The addition of the concept of adiabatic sur-
face temperature was also found very useful to solve the problem, and the possibility
to replace this with the FDS solver has granted the developed tool a vast range of
solutions to be used in the coupling with the thermo-mechanical model.



320 Chapter 7. Conclusions and implications

7.3 Conclusions about the research problem

The research problem as a whole was the development of the technology necessary
to assess the inelastic thermo-mechanical analysis of composite structures exposed
to fire.

Most of the damage models existent in the current applications do not analyse in-
elastic behaviour and those that do, are based on models that are more complex or
limited in predicting well the inelastic behaviour.

The proposed model for isotropic damage modelling in this thesis is outstanding
since only needs a very narrow set of input variables, because of the isotropy. Fur-
thermore, most commercial software products do not include the limitations intro-
duced in the thermal isotropic damage model in order to not violate certain energy
principles as detailed in chapter 5.

This inability to satisfy the energetic principles leads to unrealistic results or directly
renders those solutions not feasible. This is interesting because there are available
solutions that have a good thermal framework but the thermo-mechanical model as
a whole lacks this kind of detail useful in the thermo-mechanical failure prediction.

The other important advantage is the SPROM, as mentioned previously, the SPROM
goal is to obtain the constituent-to-composite relationships in the either elastic or
inelastic regime. The main advantage of the formulation proposed in this thesis is its
extension to the TSPROM that incorporates several thermo-mechanical effects such
as the thermal strain or the temperature dependence of the mechanical constituent
properties.

This approach is of extreme importance because this theory can extend to many
of the existing implementations in commercial software products. An example has
been demonstrate in the commercial suite of TDYN from Compass IS, in specific the
RamSeries tool that has extended many of the finite element formulation present in
shells to include the effects of temperature and pyrolysis but also use the existent
elements to extend them to laminate elements by means of the TSPROM.

Linked with the TSPROM is the interesting approach of this thesis; including non-
linear geometric effects or so-called deformations. The selection of the co-rotational
theory is very clever since it does not clash with the scope of the SPROM. One acts
at the constituent level and the second at the kinematic level.

The use of the co-rotational theory has extend the formulation for the TSPROM to
be able to incorporate large deformations into its formulations. This has given a
formidable tool that addresses the real mechanics of composites.
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7.4 Implications for theory

The ramifications of the theory proposed within the scope of this theory are of po-
tential importance.

The thermal model itself is very well suited to be coupled with the mechanical
methodology proposed. Since both models consider the effective properties at the
constituent level. This gives a degree of control and detail to the theory that is very
difficult to match for many commercial solutions nowadays.

Moreover, the application of the specifics of this theory to the marine industry is out-
standingly good. The theory has been specifically tailored for marine simulations in
specific shells. Other tools developed within the framework of marine applications
fail to assess the specifics of marine composites, especially if exposed to high tem-
peratures.

To pose the new thermal serial-parallel rule of mixtures is something that can lead
to many other areas of knowledge within this same area.

The framework has proven to be worthy and unique when predicting the failure of
composite structures. In particular, it allows for the analyses of load-bearing ma-
rine divisions exposed to fire. It takes into account pyrolysis, damage, mechanical
degradation, buckling, thermal expansion, etc.

The theory also opens the paradigm to re-evaluate the failure criteria for buckling,
since this is a very difficult problem to be simulated and the solutions proposed by
the regulations are way more restrictive. This theory is able to assess the buckling
of the composite from the constituent level and upgrade the structural design to
correctly predict large deformations. Especially when fire passive protection design
is needed to correctly determine the scantling of the materials. This tool is good
to obtain an optimal design that for several load cases should not incur inelastic
buckling.

Then in the presence of fire, the effects of buckling, are something that few authors
have tried to clarify. Most of the research is very simple and relies on an experimen-
tal point of view, from there an ad-hoc thermo-mechanical model is derived which
tries to fulfil the physics behind buckling. However, the number of variables not
taken into account, especially when the fire is a major issue in engineering design,
leads to formulations that will not take into account the interaction of many mechan-
ical aspects that depend on the temperature.

In this sense, the methodology here is very important to analyse large-length com-
posite structures such as offshore structures or long-length ships. These types of
structures are by nature very flexible and in the presence of fire, the current tech-
nological solutions do not offer an accurate prediction of when many non-linear
phenomena are originated.
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7.5 Applications

The number of applications for this research is uncountable. It can have a significant
impact on branches such as civil, mechanical, aeronautical, automotive, electronics
and marine engineering. A proof of this is implicitly found in the concluded project
FIBRESHIP - Engineering, production and life-cycle management for the complete construc-
tion of large-length FIBRE-based SHIPs (FIBRESHIP) [6] that has nourished from the
research outlined in this thesis.

The framework discussed in this thesis has been of immeasurable assistance in the
calibration and assessment of many necessities, originating from the analysis of fire
in composites in the design of FRP ship structures.

One of the most significant applications is the possibility of reducing the amount of
testing needed, which is by no means cheap. This framework is an excellent start-
ing point in the building of more technological advances to reduce the large-scale
experimental tests that are currently required.

Or on the other hand, the possibility to obtain an optimal solution before starting
the testing campaign.

Moreover, this application is not limited to research projects such as FIBRESHIP.
Some other projects have gained special attention such as FIBREGY - Development,
engineering, production and life-cycle management of improved FIBRE-based material so-
lutions for structure and functional components of large offshore wind enerGY and tidal
power platform or FIBRE4YARDS - FIBRE COMPOSITE MANUFACTURING TECH-
NOLOGIES FOR THE AUTOMATION AND MODULAR CONSTRUCTION IN SHIP-
YARDS, which are projects focused on developing technological advances in this
direction.
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7.6 Implications for policy

The main two detrimental aspects discussed in the thesis are the requirements es-
tablished in SOLAS or the guidelines issued by the IACS.

The concept of steel equivalent regarding fire safety is a very wide term which has not
been specifically submitted to special revision for most of its existence. Generally,
this term is usually associated with mechanical behaviour, but since fire is involved,
it is an obvious requirement that composites can grant at least the same response as
metal materials.

It seems very interesting to use the research in this thesis to revise what are the
procedures necessary to obtain a steel equivalent design and to use the framework to
aid in finding an optimal design.

The other implication of interest is this thesis’ extensive discussion regarding how
the inheriting flexibility of composites is constraining the design of optimal scant-
lings in order to avoid the potential risk of buckling.

It has been proved that if accurately assessed, and for that, the methodology pre-
sented is the best starting point, the design of composite structures can offer better
thermo-mechanical properties than metal equivalents. Nowadays, advances in both
passive and active fire protective systems have become widespread in the number
of solutions offered.

The latter has severe implications for environmental policies. The scientific com-
munity and the industry, e.g., aeronautical or automotive, have agreed that the use
of advanced materials such as composites is an upgrade in the design of conven-
tional steel equivalent solutions. These materials are very characteristic due to their
lightweight properties and present a higher mechanical performance than conven-
tional materials.

It is sensical then to affirm that the applications of the concepts discussed in this
thesis are very useful in helping the current state-of-the-art regulations to modernise
and obtain more optimal solutions in the future.
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7.7 Limitations

There are several limitations, to the finding from this thesis. Starting with the ther-
mal model, one key limitation is the assumption of a convective or radiative heat
constant. In reality, this coefficient is not as constant as assumption.

The fact that the flux is prescribed in one direction may lead to strange simulations
if a structural element has fire on both sides, in that case, the assumptions of a hot
and cold end in the thickness direction become insufficient.

The theory detailed here is limited to shells. Although. it has been shown that shells
can reproduce the behaviour of beam equivalent models. However, the thermal
model is still a one-dimensional model and a thermo-mechanical formulation for
beams would be a more detailed formulation to show how the heat is transported
inside the section.

The mechanical model also presents limitations, for example, a very characteristic
problem is the fracture due to delamination. This is something that has been com-
mented on but not addressed in the formulation per se.

Other important limitations are in the thermo-mechanical degradation of mechan-
ical properties such as Young’s modulus or yield stress. These two properties are
modelled by a specific composite function, however, this could be extended to more
sophisticated functions or at least a general solution instead.
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7.8 Further Research

The work discussed in this thesis has many potential upgrades that may be of great
interest to the scientific community.

The thermal model proposed here is only developed for the one-dimensional heat
transient problem. This could be extended to two dimensions to open the possibility
of deriving the formulation also for beam elements, or at least to obtain a better
approximation of the transport of heat throughout the thickness.

A two-dimensional model will need of course a better prediction of the gas transfer
model. In order to do so, the use of a sophisticated porous-thermo-chemical model
can be used. These models already exist, which are of extreme importance since later
they can be coupled with the thermo-mechanical model based on the serial-parallel
rule of mixtures.

The modelling of pores is also interesting and can be achieved by coupling the ex-
istent thermo-chemical formulation with a porous formulation that is able to model
the size of pores from thermal and baric quantities.

The introduction of a more complete model such as the anisotropic damage con-
stituent model would be interesting to model more complex materials. This is very
good when it comes to simplifying certain micro-structural mythologies.

The introduction of a zig-zag theory can be of great repercussions since delamination
is a mechanism only found when using solid elements. These are far more costly
in terms of computational power, so the introduction of a zig-zag theory could be
interesting in order to add the possibility to take into account delamination.

The upgrade of the SPROM to be extended to the denominated enhanced serial-parallel
rule of mixtures, which is an advanced formulation to obtain better mechanical trans-
verse predictions.

The elastic or inelastic behaviour of the mechanical model should be extended to
include other temperature-dependent properties, or at least the function should be
more general. Also, a more thorough discussion is needed to be made in the ap-
proach to infer the composite temperature-dependent properties of the constituent
phases.
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7.9 Original contributions of this work

The theoretical framework discussed in this thesis, especially in chapter 3, chapter 4
and chapter 5, is the fruit of much other research work from different authors who
have impacted significantly the paradigm of study.

This section was written with the honest intent to give credit to most of the relevant
authors that have contributed to the confection of the methodology shown in this
thesis and apologise in advance if anyone was to be excluded. The author shall
redact in the following paragraphs a list of the most significant contributions to the
methodology exposed.

7.9.1 Original formulation

Several formulations are presented in this thesis, amongst them, the following can
be highlighted as their own original contributions:

• The most important formulation is the one attributed to the thermal serial-
parallel rule of mixtures, a simple extension of the basic SPROM that introduces
the effect of thermal expansion.

• This thesis adopts the thermal degradation of mechanical properties proposed
by Mouritz and Gibson, to be used at the constituent level in order to be con-
sistent with the micro-mechanical approach. In order to achieve so, the author
has proposed a simple linear relationship to be fulfilled.

• The original ideas of Cervera Ruiz et al. [264, 277] have been adapted to in-
clude a normalised thermo-mechanical norm for the thermal isotropic damage
model. The novelty of this contribution is found in adapting the procedure for
the three norms instead of only the third norm. Also includes the non-linear
effects of pyrolysis.

7.9.2 Original applications and procedures

Several implementations and applications extracted from the presented formulation
are detailed in this thesis, the following can be identified as our own.

• Numerical implementation of the isotropic damage model in RamSeries struc-
tural solver.

• Numerical implementation of the rule of mixture, serial-parallel rule of mix-
tures and thermal serial-parallel rule of mixtures in RamSeries structural solver.

• Numerical implementation of the thermal model in RamSeries structural solver.

• Numerical implementation of the thermo-mechanical degradation model of
mechanical properties in RamSeries structural solver.



7.9. Original contributions of this work 327

• Numerical implementation of the thermo-mechanical coupling in RamSeries
structural solver.

• Numerical implementation of the co-rotational theory for the thermo-mechanical
coupling in RamSeries structural solver.

• Generation of a benchmark case of study based on the tensile and flexural data
extracted from FIBRESHIP.

• Generation of a benchmark case of study for mechanical analysis of non-linear
geometric buckling based on the Euler-buckling beam problem applied to a
sandwich material.

• Generation of a benchmark case of study for thermo-mechanical analysis of a
beam problem.

• Generation of a benchmark case of study for thermo-mechanical analysis of
non-linear geometric buckling based on the Euler-buckling beam problem ap-
plied to a sandwich material.

• Generation of a benchmark case of study for thermo-mechanical analysis of
non-linear geometric buckling of orthotropic plates.

• Generation of a benchmark case of study for thermo-mechanical analysis, con-
sisting of an experimental test describing the failure of a load-bearing bulk-
head exposed to fire.

• Generation of a benchmark case of study for thermo-mechanical analysis cou-
pled with a fire dynamics simulator of a real marine application case.

• Generation of a benchmark case of study for thermo-mechanical analysis of
thermo-inelastic buckling of a real marine application case.

7.9.3 Publications

The scientific diffusion of the ideas in this thesis can be summarised in the following
lines.

7.9.3.1 Journal articles

1. R. Pacheco-Blazquez, D. Di Capua, J. García-Espinosa, O. Casals, and T. Hakkarainen.
Thermo-mechanical analysis of laminated composites shells exposed to fire.
Engineering Structures, 253, 2022. ISSN 18737323. doi: 10.1016/j.engstruct.2021.113679
[pb1]

2. Pacheco-Blazquez, R.; Di Capua, D.; García-Espinosa, J.; Casals, O. Non-linear
thermo-mechanical buckling approach for composite laminated marine struc-
tures. Ocean Engineering. (under review, last updated June 3, 2022)

3. Pacheco-Blazquez, R.; Di Capua, D.; García-Espinosa, J.; Casals, O.; Hakkarainen,
T.; Tissari, A.; Korkealaakso, A. Computational analysis of resisting marine
FRP divisions exposed to fire. Application to the analysis of ship structures.
Ocean Engineering. (under review, last updated June 3, 2022)
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7.9.3.2 Conference proceedings

1. Rafael Pacheco-blazquez, Daniel Di Capua, and Julio García-espinosa. Non-
linear thermo-mechanical buckling approach for composite laminated marine
structures . In IX International Conference on Computational Methods in
Marine Engineering (MARINE), pages 1–15, 2021 [pb2]

2. Rafael Pacheco-blazquez, Daniel Di Capua, Julio García-espinosa, Ovidi Casals,
Tuula Hakkarainen, Alexandra Tissari, and Antti Korkealaakso. Computa-
tional analysis of resisting marine FRP divisions exposed to fire . Applica-
tion to the analysis of ship structures . In IX International Conference on
Computational Methods in Marine Engineering (MARINE), pages 1–18, 2021
[pb3]

7.9.3.3 Conference presentations

• Rafael Pacheco-blazquez, Daniel Di Capua, Julio Garcia-Espinosa, Ovidi Casals,
Tuula Hakkarainene, Alexandra Tissarie, Antti Korkealaaksoe, and Korhonen
Timoe. Thermo-structural response of FRP ship structures exposed to fire.
In E-LASS 16th, Nantes, 2021. URL https://e-lass.eu/media/2022/01/02_
ElassPresentation.pdf [pb4]

• Daniel Di Capua, Julio Garcia, Rafael Pachecho, Ovidi Casals, Timo Korho-
nen, Tuula Hakkarainen, and Antti Paajanen. Thermo-mechanical analysis of
laminated composites exposed to fire. Application to the analysis of ship struc-
tures. In VIII International Conference on Computational Methods in Marine
Engineering 2019, volume 19, pages 879–896, 2019 [pb5]

7.9.3.4 Collaboration in research projects

1. Engineering, production and life-cycle management for complete construction
of large-length FIBRE-based SHIPs (FIBRESHIP). Funded by European Unions
Horizon 2020 research and innovation program under grant agreement num-
ber 723360. Starting date: 01/06/2017 End date: 31/05/2020. [6]

2. Development, engineering, production and life-cycle management of improved
FIBRE-based material solutions for structure and functional components of
large offshore wind enerGY and tidal power platform (FIBREGY). Funded by
European Unions Horizon 2020 research and innovation program under grant
agreement number 952966. Starting date: 01/01/2021 End date: 31/12/2023.
[308]

3. FIBRE composite manufacturing technologies FOR the automation and modu-
lar construction in shipYARDS (FIBRE4YARDS). Funded by European Unions
Horizon 2020 research and innovation program under grant agreement num-
ber 101006860. Starting date: 01/01/2021 End date: 31/12/2023. [309]

https://e-lass.eu/media/2022/01/02_ElassPresentation.pdf
https://e-lass.eu/media/2022/01/02_ElassPresentation.pdf
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Appendix A

Cristex composite materials

FIGURE A.1: Datasheet describing the properties and composition of
the LEO-system plies used in the manufacturing of the monolithic

laminate specimens
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Original Publications

[pb1] R. Pacheco-Blazquez, D. Di Capua, J. García-Espinosa, O. Casals, and
T. Hakkarainen. Thermo-mechanical analysis of laminated composites
shells exposed to fire. Engineering Structures, 253, 2022. ISSN 18737323.
doi: 10.1016/j.engstruct.2021.113679.

[pb2] Rafael Pacheco-blazquez, Daniel Di Capua, and Julio García-espinosa. Non-
linear thermo-mechanical buckling approach for composite laminated ma-
rine structures . In IX International Conference on Computational Methods
in Marine Engineering (MARINE), pages 1–15, 2021.

[pb3] Rafael Pacheco-blazquez, Daniel Di Capua, Julio García-espinosa, Ovidi
Casals, Tuula Hakkarainen, Alexandra Tissari, and Antti Korkealaakso.
Computational analysis of resisting marine FRP divisions exposed to fire
. Application to the analysis of ship structures . In IX International
Conference on Computational Methods in Marine Engineering (MARINE),
pages 1–18, 2021.

[pb4] Rafael Pacheco-blazquez, Daniel Di Capua, Julio Garcia-Espinosa, Ovidi
Casals, Tuula Hakkarainene, Alexandra Tissarie, Antti Korkealaaksoe, and
Korhonen Timoe. Thermo-structural response of FRP ship structures ex-
posed to fire. In E-LASS 16th, Nantes, 2021. URL https://e-lass.eu/
media/2022/01/02_ElassPresentation.pdf.

[pb5] Daniel Di Capua, Julio Garcia, Rafael Pachecho, Ovidi Casals, Timo Korho-
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structures. In VIII International Conference on Computational Methods in
Marine Engineering 2019, 2019.
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