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2
μ

)

Wτα

Wτα = −1

2

π

(2π)6
[W1 + 2W2 +W3 +W4 +W5]

W1 = 12t23ρ
2/3I1(τα, τν = −τα)



W2 = 3t3ρ
1/3π3/2

2∑
k=1

μ3k

[
Wk +Bk +Hk +Mk

][
I2(τα,−τα) + I3(τα,−τα)

]

W3 = π3
2∑

k=1

μ6k

{
[Wk(2Wk +Bk) +Bk(2Bk +Wk) +Hk(2Hk +Mk) +Mk(2Mk +Hk)]

×[I4(τα, τα) + I5(τα, τα) + I4(τα,−τα) + I5(τα,−τα)]

−2[Wk(2Hk +Mk) +Bk(2Mk +Hk)][I4(τα, τα) + I5(τα, τα)]

−2[Wk(2Bk +Wk) +Bk(2Wk +Bk) +Hk(2Mk +Hk) +Mk(2Hk +Mk)]I6(τα, τα)

+4[Wk(2Mk +Hk) +Bk(2Hk +Mk)][I6(τα, τα) + I6(τα,−τα)]

}

W4 = π3
2∑

I,J=1

I �=J

μ3Iμ
3
J

{
[I7(τα, τα) + I8(τα, τα) + I7(τα,−τα) + I8(τα,−τα)][Wi(2Wj +Bj)

+Bi(2Bj +Wj) +Hi(2Hj +Mj) +Mi(2Mj +Hj)]

−[I7(τα, τα) + I8(τα, τα)][Wi(2Hj +Mj) +Bi(2Mj +Hj) +Wj(2Hi +Mi)

+Bj(2Mi +Hi)]− [I9(τα, τα) + I10(τα, τα)][Wi(2Bj +Wj) +Bi(2Wj +Bj)

+Hi(2Mj +Hj) +Mi(2Hj +Mj)] + [I9(τα, τα) + I10(τα, τα) + I9(τα,−τα)

+I10(τα,−τα)][Wi(2Mj +Hj) +Bi(2Hj +Mj) +Wj(2Mi +Hi) +Bj(2Hi +Mi)]

}

W5 =
1

2
W 2

LS [2I11(τα, τα) + I11(τα,−τα)] .

Ii(τα, τν) τν = τα τν = −τα

i = 1 . . . 10

Ii(τα, τν) =

∫
d�kνd�kλd�kμfi(γ1, γ2)δ(�kα + �kν − �kλ − �kμ)×

δ(βταk
2
α + βτνk

2
ν − βταk

2
λ − βτνk

2
μ)

fi(γ1, γ2) Ii(τα, τν)



fi(γ1, γ2) = e−
γ21
4
k2αλ−

γ22
4
k2αμ

�kαλ = �kα − �kλ �kαμ = �kα − �kμ

i = 1 . . . 10

γ1, γ2

f1 f(γ1 = 0, γ2 = 0) f2 f(γ1 = μk, γ2 = 0)

f3 f(γ1 = 0, γ2 = μk) f4 f(γ1 =
√
2μk, γ2 = 0)

f5 f(γ1 = 0, γ2 =
√
2μk) f6 f(γ1 = μk, γ2 = μk)

f7 f(γ1 =
√

μ2i + μ2j , γ2 = 0) f8 f(γ1 = 0, γ2 =
√
μ2i + μ2i )

f9 f(γ1 = μi, γ2 = μj) f10 f(γ1 = μj , γ2 = μi)

f11

f11 =
(
�kαν × �kλμ

)2

�kαν = �kα − �kν �kλμ = �kλ − �kμ

W2

Ii(τα, τν) I6

Wτα kα



(Vso)τ =
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WLS
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r

d

dr
(ρ(r) + ρτ (r))

τ

208Pb

dσ/dσR
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σ σR
σ σR
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Jv = − 1

AT

∫
V (r)d�r Jw = − 1

AT

∫
W (r)d�r

Rv =

[∫
V (r)r2d�r∫
V (r)d�r

]1/2
Rw =

[∫
W (r)r2d�r∫
W (r)d�r

]1/2

AT

24Mg 208Pb
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Jw
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W (r)
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11MeV
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90



58

90
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N
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[
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σexp
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40Ca 56Fe 90Zr 120Sn 208Pb

α β γ

RMS2 =
1

N

N∑
i=1

[
σexp − σth(α, β, γ)

σexp

]2

N σth
α β γ σexp

0+

40Ca 208Pb
56Fe 90Zr 120Sn

σ(θ)

Ay(θ) σR(θ)

80MeV

160MeV

11MeV



30MeV

α



β

γ



α β γ

E α β γ

α, β, γ

α(E) β(E)

γ(E) RMS

α

RMS2 =
1

N

N∑
i=1

[
αi −Mα(E, λk)

αi

]2

Mα(E, λk)

α

E λk
RMS



Mα(E, λk) = λ1E
2 + λ2E + λ3

Mβ(E, μk) = μ1E
2 + μ2E + μ3

Mγ(E, δk) = δ1E
2 + δ2E + δ3

λk μk δk

α

β γ

λk μk δk

α β γ



α β γ
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56Fe

90Zr
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208Pb



Mα(E, λk) = λ1E
2 + λ2E + λ3

λ1 λ2 λ3

10−5 10−3

10−5

Mβ(E, μk) = μ1E
2 + μ2E + μ3

μ1 μ2 μ3
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Mγ(E, δk) = δ1E
2 + δ2E + δ3

δ1 δ2 δ3
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α

β γ



α

β



γ

α β γ

Mα(E, λk) = λ1e
−λ2E + λ3

Mβ(E, μk) =
μ1E

2 + μ2E + μ3
E + μ4

Mγ(E, δk) = δ1e
δ2E + δ3

λk μk δk

α β γ
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208Pb



Mα(E, λk) = λ1e
−λ2E + λ3

λ1 λ2 λ3

Mβ(E, μk) =
μ1E2+μ2E+μ3

E+μ4

μ1 μ2 μ3 μ4

Mγ(E, δk) = δ1e
δ2E + δ3

δ1 δ2 δ3
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α

β γ
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56Fe



56Fe

96Mo
90Zr
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Jv(E)
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ṽ

ṽ
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(1)
α1α2

α1

α1

ṽ

ρ

α2

α2

α2

α2

ṽ

ρ

α1

α1

ṽ

M

M
(1)
α1α2 =

∑
ρ≤kF

〈α1ρ|ṽ|α1ρ〉+
∑
ρ≤kF

〈α2ρ|ṽ|α2ρ〉

M
(1)
α1α2 = M

(1)
α1 +M

(1)
α2



M
(2)
α1α2

α1

λ

α1

ṽ

ṽ

μ ν

α2

α2

α2

λ

α2

ṽ

ṽ

μ ν

α1

α1

M

M
(2)
α1α2 =

1

2

∑
ν≤kF

λ,μ>kF

〈α1ν|ṽ|λμ〉 1

ω + εν − ελ − εμ − εα2 + iδ
〈λμ|ṽ|α1ν〉

+
1

2

∑
ν≤kF

λ,μ>kF

〈α2ν|ṽ|λμ〉 1

ω + εν − ελ − εμ − εα1 + iδ
〈λμ|ṽ|α2ν〉

ω = εα1 + εα2 εα1 = εα2 =
ω

2

M
(2)
α1α2(Ed) = M

(2)
α1

(
Ed

2

)
+M

(2)
α2

(
Ed

2

)

W = ImgM
(2)
α1α2(Ed) = ImgM

(2)
α1

(
Ed

2

)
+ ImgM

(2)
α2

(
Ed

2

)

ImgM
(2)
α1 ImgM

(2)
α2



Vn, Vp,Wn,Wp

Vd(�R) = 〈φd|Vn
(
�R+

�r

2

)
+ Vp

(
�R− �r

2

)
|φd〉

�R �r

Vn Vp

Vn Vp

φd

φd(r) =
Nd

r

[
e−αr − e−βr

]

Nd =
[
αβ(α+β)
2π(β−α)2

]1/2
α = −1 β = −1

Vd(R) = 2πN2
d

∫ ∫ [
e−αr − e−βr

]2
(Vn + Vp)drdμ

−1 ≤ μ ≤ 1



VSO(R) =
40

E + 40

(
V n
SO + V p

SO

)

W (R)

3 3 4

V (R) =

n∑
i=1

〈φ(ξ1, ...ξn−1)|Vi(R, ξ1...ξn−1)|φ(ξ1, ...ξn−1)〉,

n Vi(R, ξ1...ξn−1)

i φ(ξ1, ...ξn−1)

R ξi(i = 1...n− 1)

r1, r2......rn

R =
1

n

n∑
i=1

ri

ξj =
1

j

j∑
k=1

rk − rj+1 (j = 1, 2...n− 1)



n 2 n 3 3 n 4

φ
3

3

Φ3H(ξ1, ξ2) = Φ3He(ξ1, ξ2) =

(
β2

3π2

) 3
4

e−
βξ21
4

−βξ22
3

β −2 3 β −2 3 4

Φ4He(ξ1, ξ2, ξ3) =

(
β3

4π3

) 3
4

e−
β(ξ21+ξ22)

4
−βξ23

2 ,

β −2

V4He(R) = 〈φ4He|Vn
(
�R+

1

2
�ξ1 +

1

2
�ξ3

)

+ Vn

(
�R− 1

2
�ξ1 +

1

2
�ξ3

)

+ Vp

(
�R+

1

2
�ξ2 − 1

2
�ξ3

)

+ Vp

(
�R− 1

2
�ξ2 − 1

2
�ξ3

)
|φ4He〉

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�R = 1
4 (�r1 + �r2 + �r3 + �r4)

�ξ1 = �r1 − �r2
�ξ2 = �r3 − �r4
�ξ3 = 1

2 [(�r1 + �r2)− (�r3 + �r4)]

m∗/m m∗

V
3H
SO = 〈φ3H(ξ1, ξ2)|

m∗
p

mp
V p
SO +

m∗
n1

mn1

V n1
SO +

m∗
n2

mn2

V n2
SO|φ3H(ξ1, ξ2)〉
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VSO(r) = V n
SO + V p1

SO + V p2
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4
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E

E/2 2 E/3
3 3 E/4 4

σ/σR
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σ σR

2
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W (R)

3 3 4

3 3

4



3 120 3 40



4

208

Ed



16 208

24





24



9 12 16 28 40 58

120

208



16

≈ 20

≈ 32

16 5 100



9Be

±
±
±

12C

±
±
±

16O

±
±
±

28Si

±
±
±

40Ca

±
±
±

58Ni

±
±
±

120Sn

±
±
±

208Pb

±
±
±



3

12 58

3

≈ ◦

24 58



3

12 60

3

≈ ◦



10−2



α

≈ ◦

≈ ◦

4



α

α

120 208



9Be

±
±
±

12C

±
±
±

16O

±
±
±

28Si

±
±
±

40Ca

±
±
±

60Ni

±
±
±

120Sn

±
±
±

208Pb

±
±
±

4







(p, n)

(p)

(n)

(n) (p)

(p, n)

T = (N − Z)/2

T −1

(p, n)

(p, n)

U(�r) = U0(�r) + 4
�t · �T
A

U1(�R)

�t �T

A U0(�r) U1(�r)



(p, n)

(p, n)

Vc(�r)(
K + U0(�r) + 4

�t · �T
A

U1(�r) + (
1

2
− t3)Vc(�r)

)
Ψ =

(
E − (

1

2
+ t3)Δc

)
Ψ

Δc Δc = −Q

(p, n)

Ψ

Ψ = |pA〉χpA(r) + |nÃ〉χnÃ(r)

χpA(r) χnÃ(r)

|pA > |nÃ >

A Ã

T⊗ t

|pA〉 = 1√
2T + 1

|T +
1

2
, T3 − 1

2
〉+
√

2T

2T + 1
|T − 1

2
, T3 − 1

2
〉

|nÃ〉 =
√

2T

2T + 1
|T +

1

2
, T3 − 1

2
〉 − 1√

2T + 1
|T − 1

2
, T3 − 1

2
〉

< pA|t ·T|pA >= −T

2
, < nÃ|t ·T|nÃ >=

T − 1

2
, < nÃ|t ·T|pA >=

√
T

2

(
K + U0 − 2T

A
U1 + Vc − EpA

)
χpA +

2
√
2T

A
U1χnÃ = 0



(
K + U0 +

2(T − 1)

A
U1 − EpA +Δc

)
χnÃ +

2
√
2T

A
U1χpA = 0,

(p, p) (n, n)

(p, n)

QE(p, n) U0

U1 Up
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Un Up

U0(r) = Up(r) +
N − Z

A
U1(r)

U1(r) =
A

2(N − Z − 1)

[
Un(r)− Up(r)

]

Up(r) Un(r)

A(N,Z) A(N − 1, Z + 1) E

E −Δc

(p, n)

Tpn = −
〈
χnÃ|

2
√
2T

A
U1|χpA

〉
,
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dσ(p,n)

dΩ
=

1

k2p

1

2s+ 1

∑
L

(2L+ 1)A
(p,n)
L PL(cos θ)
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L = 4

μpμn
kpkn�4

∑
J ′l′

(2J ′ + 1)(2l′ + 1)
∑
Jl

(2J + 1)(2l + 1)

×
(

l l′ L

0 0 0

)2{
l l′ L

J ′ J s
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Re
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I∗J ′l′IJl

]

IJl = 2

√
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A

∫ ∞

0
dr u
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nJl(r)U

Jl
1 (r)u
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pJl (r)

μn μp
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PL(cos θ)
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|χ(�r)|2 =
1

2s+ 1

∑
L

(2L+ 1)Aρ
L(r)PL(cos θ)

Aρ
L =

∑
J ′l′

(2J ′ + 1)(2l′ + 1)
∑
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×
(

l l′ L
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)2{
l l′ L

J ′ J s

}2

Re
[
il−l′u∗J ′l′(r)uJl(r)

]

θ �k �r
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X =

∞∑
l=0

[
(l + 1)IJ=l+1/2,l + lIJ=l−1/2,l

]
Pl(cosθ)

Y =

∞∑
l=0

[
IJ=l+1/2,l − IJ=l−1/2,l

]
P 1
l (cosθ),

Pl(cosθ) P 1
l (cosθ)

m = 1

P (θ)

P (θ) =
2Img(Y X∗)
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X Y
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=

1

k2p

4μnμp
knkp�4

[
|X|2 + |Y |2

]
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|χ(�r)|2
QE(p− n) 48Ca

48Ca(p, n)48Sc
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θ = 90◦

|χ|2
r → ∞
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QE(p−n)
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%
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V1 = t3(1 + P̂σ)δ(�r12)

[
ρ

(
�r1 + �r2

2

)]1/3

V2 =

k=2∑
k=1

e
−
(

�r12
μk

)2 (
Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ

)

Vα =
∑
ρ≤kF

〈αρ|Ṽ1|αρ〉+
∑
ρ≤kF

〈αρ|Ṽ2|αρ〉 = M1 −M2 +M3 −M4

M1 =
∑
σ,τ

Ω

(2π)3

∫
d3kρ〈αρ|V1|αρ〉 M2 =

∑
σ,τ

Ω

(2π)3

∫
d3kρ〈αρ|V1|ρα〉

M3 =
∑
σ,τ

Ω

(2π)3

∫
d3kρ〈αρ|V2|αρ〉 M4 =

∑
σ,τ

Ω

(2π)3

∫
d3kρ〈αρ|V2|ρα〉

�r1 �r2 �R �r

2�R = �r1 + �r2 �r = �r1 − �r2

∫
d�r1

∫
d�r2 =

∫ ∣∣∣∣∣∂(�r1, �r2)∂(�R,�r)

∣∣∣∣∣ d�Rd�r =

∫
d�R

∫
d�r

S1 =
∑
σ,τ

(V1)αρ,αρ

∑
σ,τ

〈σατασρτρ|1 + P̂σ|σατασρτρ〉 =
∑
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[
δσασαδσρσρ + δσασρδσασρ

]
δταταδτρτρ

∑
σ,τ

〈σατασρτρ|1 + P̂σ|σατασρτρ〉 = 3[δτρ,τα + δτρ,−τα ]

S1 =
3t3
Ω2

∫
d�r1d�r2e

−i�kα·�r1e−i�kρ·�r2ei�kα·�r1ei�kρ·�r2δ(�r1−�r2)ρ
1/3
(
�r1 + �r2

2

)
[δτρ,τα + δτρ,−τα ]

=
3t3
Ω2

∫
d�Rρ1/3(�R)

∫
d�rδ(�r)[δτρ,τα+δτρ,−τα ] =

3t3
Ω2

Ωρ1/3[δτρ,τα+δτρ,−τα ] =
3t3
Ω

ρ1/3[δτρ,τα+δτρ,−τα ]



S2 =
∑
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∑
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〈σατασρτρ|1 + P̂σ|σρτρσατα〉 =
∑
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]
δτα,τρ = 3δτα,τρ
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3t3
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∫
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2
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=
3t3
Ω2

∫
d�Rρ1/3(�R)
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�kρ−�kα)·�rδ(�r)d�rδτα,τρ =
3t3
Ω2

Ωρ1/3δτα,τρ =
3t3
Ω

ρ1/3δτα,τρ

τρ = τα

S1 − S2 = 0

τρ = −τα

S1 − S2 =
3t3
Ω

ρ1/3

M1 −M2 =
Ω

(2π)3

∫ kF,−τα

0
k2ρdkρdΩS

[
3t3
Ω

ρ1/3
]
=

3

2
t3ρ

1/3 kF,−τα

3π2
=

3

2
t3ρ

1/3ρ−τα

M1 −M2 =
3

2
t3ρ

1/3[ρ− ρτα ]

S3 =
∑
σ,τ

(V2)αρ,αρ

∑
σ,τ

〈σατασρτρ|Wk+BkP̂σ−HkP̂τ−MkP̂σP̂τ |σατασρτρ〉 =
∑
σ,τ

[
Wkδσα,σαδσρ,σρδτα,ταδτρ,τρ

+Bkδσα,σρδσα,σρδτα,ταδτρ,τρ−Hkδσα,σαδσρ,σρδτα,τρδτα,τρ−Mkδσα,σρδσα,σρδτα,τρδτα,τρ

]
=

=
[
(2Wk +Bk)(δτρ,τα + δτρ,−τα)− (2Hk +Mk)δτα,τρ

]

S3 =
2∑

k=1

1

Ω2

∫
d�r1

∫
d�r2e

−((�r1−�r2)/μk)
2
e−i�kα·�r1e−i�kρ·�r2ei�kα·�r1ei�kρ·�r2 ×

[
(2Wk +Bk)(δτρ,τα + δτρ,−τα)− (2Hk +Mk)δτα,τρ

]
=

1

Ω2

2∑
k=1

∫
d�R

∫
d�re−(�r/μk)

2 ×



[
(2Wk +Bk)(δτρ,τα + δτρ,−τα)− (2Hk +Mk)δτα,τρ

]
=

1

Ω

2∑
k=1

μ3kπ
3/2 ×

[
(2Wk +Bk)(δτρ,τα + δτρ,−τα)− (2Hk +Mk)δτα,τρ

]
τρ = τα

S3 =
2

Ω
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2
−Hk − Mk

2

]

τρ = −τα

S3 =
2

Ω
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2

]

M3 =
Ω

(2π)3
2

Ω
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2
−Hk − Mk

2

] ∫ kF,τα

0
k2ρdkρ

∫
dΩS+

Ω

(2π)3
2

Ω
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2

] ∫ kF,−τα

0
k2ρdkρ

∫
dΩS =

1

π2
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2
−Hk − Mk

2

]
×

k3F,τα
3

+
1

π2
π3/2

2∑
k=1

μ3k

[
Wk +

Bk

2

]
k3F,−τα

3
= π3/2

2∑
k=1

μ3k

[(
Wk +

Bk

2

)
ρ−
(
Hk +

Mk

2

)
ρτα

]

S4 =
∑
σ,τ

(V2)αρ,ρα

∑
σ,τ

〈σατασρτρ|Wk+BkP̂σ−HkP̂τ−MkP̂σP̂τ |σρτρσατα〉 =
∑
σ,τ

[
Wkδσα,σρδσα,σρδτα,τρδτα,τρ

+Bkδσα,σαδσρ,σρδτα,τρδτα,τρ−Hkδσα,σρδσα,σρδτα,ταδτρ,τρ−Mkδσα,σαδσρ,σρδτα,ταδτρ,τρ

]
=

Wkδτρ,τα + 2Bkδτα,τρ − (Hk + 2Mk)(δτρ,τα + δτρ,−τα) = 2

[
Wk

2
+Bk − Hk

2
−Mk

]
δτρ,τα

−2

[
Hk

2
+Mk

]
δτρ,−τα



S4 =
2

Ω2

2∑
k=1

∫
d�r1

∫
d�r2e

−(�r12/μk)
2
e−i�kα·�r1e−i�kρ·�r2ei�kρ·�r1ei�kα·�r2

[
Wk

2
+Bk − Hk

2
−Mk

]
δτρ,τα −

2

Ω2

2∑
k=1

∫
d�r1

∫
d�r2e

−(�r12/μk)
2
e−i�kα·�r1e−i�kρ·�r2ei�kρ·�r1ei�kα·�r2

[
Hk

2
+Mk

]
δτρ,−τα =

2

Ω2

2∑
k=1

∫
d�R

∫
d�re−(�r/μk)

2
ei(

�kρ−�kα)·�r
[
Wk

2
+Bk − Hk

2
−Mk

]
δτρ,τα −

2

Ω2

2∑
k=1

∫
d�R

∫
d�re−(�r/μk)

2
ei(

�kρ−�kα)·�r
[
Hk

2
+Mk

]
δτρ,−τα

τρ = τα

S4 =
2

Ω
π3/2

2∑
k=1

μ3k

[
Wk

2
+Bk − Hk

2
−Mk

]
e−

μ2
k
4
(�kρ−�kα)2

τρ = −τα

S4 = − 2

Ω
π3/2

2∑
k=1

μ3k

[
Hk

2
+Mk

]
e−

μ2
k
4
(�kρ−�kα)2

M4 =
2

(2π)3
π3/2

2∑
k=1

μ3k

[
Wk

2
+Bk − Hk

2
−Mk

] ∫ kF,τα

0
d�kρe

−μ2
k
4
(�kρ−�kα)2 −

2

(2π)3
π3/2

2∑
k=1

μ3k

[
Hk

2
+Mk

] ∫ kF,−τα

0
d�kρe

−μ2
k
4
(�kρ−�kα)2

I =

∫
d�kρe

−μ2
k
4
(�kρ−�kα)2 = 2π

∫
k2ρdkρe

−μ2
k
4
(k2ρ+k2α)

∫ 1

−1
dxe

μ2
k
2
kαkρx

=
4π

kαμ2k

∫
kρdkρ

[
e−

μ2
k
4
(kα−kρ)2 − e−

μ2k
4
(kα+kρ)2

]
= I1 − I2

I1 =

∫
kρdkρe

−μ2
k
4
(kα−kρ)2 =

1

μ2k

[
√
πkαμkerf

(μk
2
(kρ − kα)

)
− 2e−

μ2
k
4
(kα−kρ)2

]

I2 =

∫
kρdkρe

−μ2
k
4
(kα+kρ)2 = − 1

μ2k

[
√
πkαμkerf

(μk
2
(kρ + kα)

)
+ 2e−

μ2
k
4
(kα+kρ)2

]

I =
4π3/2

μ3k

[
erf
(μk

2
(kρ − kα)

)
+ erf

(μk
2
(kρ + kα)

)]
+

8π

μ4kkα

[
e−

μ2k
4
(kα+kρ)2 − e−

μ2
k
4
(kα−kρ)2

]



M4 =
1

4π3/2

2∑
k=1

μ3k ×
[(

Wk

2
+Bk − Hk

2
−Mk

)
I(kα, kρ = kF,τα)−

(
Hk

2
+Mk

)
I(kα, kρ = kF,−τα)

]

V = M1 −M2 +M3 −M4

Vα =
3

2
t3ρ

1/3[ρ−ρτα ]+π3/2
2∑

k=1

μ3k

[(
Wk +

Bk

2

)
ρ−
(
Hk +

Mk

2

)
ρτα

]
− 1

4π3/2

2∑
k=1

μ3k×
[(

Wk

2
+Bk − Hk

2
−Mk

)
I(kα, kρ = kF,τα)−

(
Hk

2
+Mk

)
I(kα, kρ = kF,−τα)

]





W2

V1 = t3δ(�r12)
[
1 + P̂σ

]
ρ1/3

(
�r1 + �r2

2

)

V2 =

2∑
k=1

e
−(

�r12
μk

)2
[
Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ

]

〈αν|V1|λμ〉〈λμ|V2|αν〉 =

1

Ω4
t3ρ

1/3
∫

d�r1d�r2δ(�r12)e
−i(�kα−�kλ)·�r1e−i(�kν−�kμ)·�r2

2∑
k=1

∫
d�s1d�s2e

−(
�s12
μk

)2
e−i(�kλ−�kα)·�s1e−i(�kμ−�kν)·�s2 =

1

Ω4
t3ρ

1/3
∫

d�Rei(
�kλ−�kα+�kμ−�kν)·�R

∫
d�rδ(�r)e−i(�kα−�kλ+�kμ−�kν)·�r/2

∫
d�Se−i(�kλ−�kα+�kμ−�kν)·�S

2∑
k=1

∫
d�se−(�s/μk)

2
ei(

�kα−�kλ+�kμ−�kν)·�s/2 =
1

Ω3
t3ρ

1/3(2π)3δ(�kα+�kν−�kλ−�kμ)
2∑

k=1

∫
d�se−(�s/μk)

2
ei(

�kα−�kλ)·�s

=
1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αλ

〈αν|V1|λμ〉〈λμ|V2|αν〉 = 1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αλ

〈αν|V1|λμ〉〈λμ|V2|να〉 = 1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αμ

〈αν|V1|μλ〉〈λμ|V2|αν〉 = 1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αλ

〈αν|V1|μλ〉〈λμ|V2|να〉 = 1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αμ

〈αν|1+P̂σ|λμ〉〈λμ|Wk+BkP̂σ−HkP̂τ−MkP̂σP̂τ |αν〉 =
[
3Wkδτατλδτντμ+3Bkδτατλδτντμ−

3Hkδτατλδτντμδτντλδτατμ − 3Mkδτατλδτντμδτντλδτατμ

]



〈αν|1 + P̂σ|λμ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 =
[
3Wkδτατλδτντμδτλτν δτμτα+

3Bkδτατλδτντμδτλτν δτμτα − 3Hkδτατλδτμτν − 3Mkδτατλδτμτν

]

〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |αν〉 =
[
3Wkδτατλδτντμδτλτν δτμτα+

3Bkδτατλδτντμδτλτν δτμτα − 3Hkδτατμδτλτν − 3Mkδτατμδτλτν

]

〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 =
[
3Wkδτατμδτντλ+

3Bkδτατμδτντλ − 3Hkδτατλδτντμδτντλδτατμ − 3Mkδτατλδτντμδτντλδτατμ

]
τν = τα

〈αν|1 + P̂σ|λμ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |αν〉 −
〈αν|1 + P̂σ|λμ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 −
〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |αν〉 +

〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 =

1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αλ

[
3Wk + 3Bk − 3Hk − 3Mk

]
−

1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αμ

[
3Wk + 3Bk − 3Hk − 3Mk

]
−

1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αλ

[
3Wk + 3Bk − 3Hk − 3Mk

]
+

1

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3ke
−μ2

k
4
k2αμ

[
3Wk + 3Bk − 3Hk − 3Mk

]
= 0

τν = −τα

〈αν|1 + P̂σ|λμ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |αν〉 −
〈αν|1 + P̂σ|λμ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 −
〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |αν〉 +

〈αν|1 + P̂σ|μλ〉〈λμ|Wk +BkP̂σ −HkP̂τ −MkP̂σP̂τ |να〉 =



3

Ω3
t3ρ

1/3(2π)3δ(�kα + �kν − �kλ − �kμ)π
3/2

2∑
k=1

μ3k

[
e−

μ2
k
4
k2αλ + e−

μ2
k
4
k2αμ

] [
Wk +Bk +Hk +Mk

]

W2 =
3

Ω3
t3ρ

1/3(2π)3π3/2
2∑

k=1

μ3k

[
Wk +Bk +Hk +Mk

]
×

Ω3

(2π)9

[∫
d�kνd�kλd�kμe

−μ2
k
4
k2αλδ(�kα + �kν − �kλ − �kμ)δ(εα + εν − ελ − εμ)

]
+

3

Ω3
t3ρ

1/3(2π)3π3/2
2∑

k=1

μ3k

[
Wk +Bk +Hk +Mk

]
×

Ω3

(2π)9

[∫
d�kνd�kλd�kμe

−μ2
k
4
k2αμδ(�kα + �kν − �kλ − �kμ)δ(εα + εν − ελ − εμ)

]

f(γ1, γ2) = e−
γ21
4
k2αλ−

γ22
4
k2αμ

f2 = f(γ1 = μk, γ2 = 0) f3 = f(γ1 = 0, γ2 = μk)

I2(τα, τν = −τα) =

∫
d�kνd�kλd�kμf2δ(�kα + �kν − �kλ − �kμ)δ(εα + εν − ελ − εμ)

I3(τα, τν = −τα) =

∫
d�kνd�kλd�kμf3δ(�kα + �kν − �kλ − �kμ)δ(εα + εν − ελ − εμ)

W2 =
1

(2π)6
3t3ρ

1/3π3/2
2∑

k=1

μ3k

[
Wk +Bk +Hk +Mk

][
I2(τα,−τα) + I3(τα,−τα)

]





Ii =

∫
d�kνd�kλd�kμfi(γ1, γ2)δ(�kα + �kν − �kλ − �kμ)×

δ(βταk
2
α + βτνk

2
ν − βταk

2
λ − βτνk

2
μ)

�kλ �kμ �kp �qp

�kp = �kλ + �kμ = �kα + �kν , �qp =
1

2
(�kλ − �kμ)

�kλ =
�kp
2

+ �qp, �kμ =
�kp
2

− �qp

μ ≡ cos(θν) = cos(�kα,�kν), μp ≡ cos(θp) ≡ cos(�kp, �qp),

cos(θ0) ≡ cos(�kα, �kp), cos(β) ≡ cos(�kα, �qp),

k̂α = (sin(θ0), 0, cos(θ0)) , q̂p =
(
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

)

cos(θ0) =
kα + kνμ

kp

cos(β) = sin(θ0) sin(θp) cos(ϕp) + cos(θ0) cos(θp)

A =
γ21
4

+
γ22
4
, B =

γ22
4

− γ21
4

fi



kp

kα

qp

ϕp

θpθ0

β

fi(γ1, γ2) = e−
γ21
4
k2αλ−

γ22
4
k2αμ =

e
−A

4
k2α−A

4
k2ν+

A
2
kαkνμ−Aq2p−B

qp
kp

[k2α−k2ν ] cos(θp)−2Bkαqp sin(θ0) sin(θp) cos(ϕp)

C

C = 2Bkαqp sin(θ0) sin(θp)

∫ 2π

0
e−c cos(ϕp)dϕp = 2πI0(C)

I0(x)

Ii

Ii =
(2π)2

βτα − βτν
e−

A
4
k2α

∫ kFν

√
B0

dkνk
2
νe

−A
4
k2ν

∫ 1

−1

dμ

kp
e
A
2
kαkνμ ×

∫ Q2

Q1

dqpqpe
−Aq2p−B

qp
kp

[k2α−k2ν ] cos(θp)I0(C)

qp



Q2
2 =

H2 + βτνk
2
ν − 1

2βτνk
2
p

2βτν

Q2
1 =

H1 + βτνk
2
ν − 1

2βταk
2
p

2βτα

H2 = βταk
2
α − (βτα − βτν)k

2
τα

H1 = βταk
2
α + (βτα − βτν)k

2
τν

I1, I6, I11 I1 I11

I6

f6 = e−
μ2
k
4
(k2αλ+k2αμ) = e−

μ2
k
8
k2p−

μ2
k
2
q2p+

μ2
k
2
kαkνμ

I6 =
(2π)2

βτα − βτν

∫ kFν

√
B0

k2νdkν

∫ 1

−1

dμ

kp
e
μ2
k
2
kαkνμ−μ2

k
8
k2p ×

∫ Q2

Q1

qpdqpe
−μ2

k
2
q2p

I6 = (I6)1 − (I6)2



(I6)1 =
4π2

√
πe−

μ2
k
2
k2αe

−μ2
k
4

βτα−βτν
βτα

k2Fν

μ3kkα (βτα − βτν)

∫ kFν

√
B0

kνdkνe
−μ2

k
4

(
1+ βτν

βτα

)
k2ν

{
erfi

[μk
2
(kα + kν)

]
− erfi

[μk
2
(kα − kν)

]}

(I6)2 =
4π2

√
πe

μ2
k
4

βτα−βτν
βτν

k2Fαe
−μ2

k
4

(
1+βτα

βτν

)
k2α

μ3kkα(βτα − βτν)

∫ kFν

√
B0

kνdkνe
−μ2

k
2
k2ν

{
erfi

[μk
2
(kα + kν)

]
− erfi

[μk
2
(kα − kν)

]}

I6 =
π2

√
π

βταkαμk
e−

μ2
k
2
k2α

∫ kFν

√
B0

kν

[
k2α + k2ν − 2k2Fα

]
e−

μ2k
2
k2ν

{
erfi

[μk
2
(kα + kν)

]
− erfi

[μk
2

(kα − kν)
]}



H = Hkin +Hdir +Hexch +Hzr +Hcoul +HSO,

Hkin =
�2

2m
(τn + τp),

Hdir =
1

2

∑
i

∫
d�r′
{(

Wi +
Bi

2

)
ρ(�r)ρ(�r′)

−
(
Hi +

Mi

2

)[
ρn(�r)ρn(�r′) + ρp(�r)ρp(�r′)

]}
e
− (�r−�r′)2

μ2
i ,

Hexch = −1

2

2∑
i=1

e
− (�r−�r′)2

μ2
i

{(
Bi +

Wi

2

)[
ρ2n(�r,

�r′) + ρ2p(�r,
�r′)
]

−
(
Mi +

Hi

2

)(
ρn(�r, �r′) + ρp(�r, �r′)

)2}
,

Hzr =
t3
4
ρα(�r)

[
(2 + x3)ρ

2(�r)− (2x3 + 1)(ρ2n(�r) + ρ2p(�r))
]
,

Hcoul =
1

2

∫
d�r′

ρp(�r)ρp(�r′)
| �r − �r′ |

− 3

4

(
3

π

) 1
3

ρ
4
3
p (�r),

HSO = −1

2
W0

[
ρ(�r)�∇ · �J + ρn(�r)�∇ · �Jn + ρp(�r)�∇ · �Jp

]
,

A∑
i=1

φ∗i (�r)φi(�r′) = ρ(�R+
�s

2
, �R− �s

2
),



φi(�r) �R �s

ρ(R) = ρ(�R,�s)|s=0, ,

τ(R) =
(1
4
ΔR −Δs

)
ρ(�R,�s)|s=0,

J(�R) = −i

[
σ × (1

2
�∇R + �∇s

)]
ρ(�R,�s)|s=0,

(q = n, p)

φi

ρq(�r) =

Aq∑
i=1

∑
σ

| φi(�r, σ, q) |2 τq(�r) =

Aq∑
i=1

∑
σ

| �∇φi(�r, σ, q) |2,

�Jq(�r) = i

Aq∑
i=1

∑
σσ′

φ∗(�r, σ, q)
[
(�σ)σσ′ × �∇

]
φi(�r, σ, q).

φi

hφi =

{
−�∇ �2

2m∗
q(�r)

�∇+ Uq(�r)− i �Wq(�r)(�∇× �σ)

}
φi = εiφi



�2

2m∗
q

=
δH
δτq

,

Uq =
δH
δρq

,

�Wq =
δH
δ �Jq

.

Vc(�r) =

∫
d�r′

ρp(�r′)
| �r − �r′ |

−
(
3

π

) 1
3

ρ
1
3
p (�r),

�Wq(�r) =
1

2
W0
(
�∇ρ(�r) + �∇ρq(�r)

)
,

VSO,q(�r) =
1

r
�Wq(�r)�l · �s.
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