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ABSTRACT

Unsaturated soils are particular instances of porous materials, which are characterized by a solid
skeleton and a number of fluids that can flow through the skeleton. At the microscale, a porous
material is made of interacting entities of various dimensions (3D phases, 2D interfaces, 1D common
lines, 0D common points), which contain various species (mineral, water, air, ...). If representative
volume elements (REV) can be defined, averaging yields a set of macroscale interacting continua,
which can be modeled using mixture theory. After averaging, the microscale geometric features of the
entities and the microscale distributions of thermodynamic properties within the entities are lost. In
order to recover part of this information, macroscale geometric variables (e.g. volume, area, length or
number of points of each entity per REV volume) and macroscale density variables (e.g. mass of each
species in each entity per unit REV) are defined. Additional macroscale variables can be defined in
order to characterize the anisotropy of the porous material (e.g. structure tensors).

The state of a porous material is assumed to be given by the deformation of the solid skeleton, the
measure (volume, area, length, number of points) of each microscale entity per unit REV, the mass of
each species in each microscale entity per unit REV, the temperature and a set of internal variables,
which encapsulate the history of the material. The number of state variables can be significantly
reduced by assuming that the evolution of the porous material is along local equilibrium states. These
states are such that, for prescribed values of the strain tensor of the solid skeleton, the total mass of
each species per unit reference volume, the temperature and the internal variables, the measure of each
microscale entity per unit REV and of the mass of each species in each microscale entity per unit REV
take unique values, such that the total free energy per unit reference volume is minimum. As a result,
the state of a porous material is given by the strain tensor of the solid skeleton, the total mass of each
species per unit reference volume, the temperature and the internal variables.

The constitutive model of a porous material is derived using the framework of thermodynamics with
internal variables, in which the porous material is considered to be an open thermodynamic system.
The state equations are derived from the free energy and the evolutions of the internal variables are
derived from the dissipation or the dissipation potential. For unsaturated soils, additional simplifying
assumptions are made: (1) small strains of the solid skeleton; (2) isothermal atmospheric conditions;
(3) three species: solid mineral, water and gas; and (4) elastoplastic response of the deformation of the
solid skeleton and of the water mass content.

Eventually, short-range interaction forces bond water to the solid skeleton. Vicinal water is bond to the
solid skeleton, whereas free water is not. The behavior of free water is as if it were outside the soil, so
that microscale pressure distributions are uniform (neglecting gravity) and a macroscale pressure can
be related to chemical potentials and temperature. In contrast, the behavior of vicinal water is
influenced by interaction forces, so that microscale pressure distributions are not uniform. The
behavior of a soil is assumed to be given by three different regimes: (1) saturated (fixed vicinal water,
variable free water, no gas phase); (2) capillary (fixed vicinal water, variable free water, gas phase),
with an hysteretic water retention curve; and (3) dry (variable vicinal water, no free water, gas phase).
At each of these regimes a different constitutive model for the soil is used. Generic examples of these
models are given: elastoplastic for the saturated regime, elastoplastic with water content hysteresis for
the capillary regime and elastoplastic for the dry regime.



1 INTRODUCTION

Unsaturated soils exhibit particular features, such as reversible shrinking and hardening upon drying or
irreversible collapse upon wetting. This might have led to consider unsaturated soils as special
problem soils with respect to the more well understood saturated soils (Alonso et al. 1987). However,
available field data of moisture content distribution with depth in regions with arid and semi-arid
climates shows that total saturation is never reached in the upper soil layers, so that there is a need of
an appropriate understanding of the behavior of unsaturated soils. In fact, complete saturation should
be considered as a particular state of a soil (Gens 2010). The particular features of unsaturated soils are
the result of complex interactions between solid particles and pore water (Low 1951, 1961), which
bond the pore water to the soil. It is therefore expected that a measure of these interactions plays an
important role in unsaturated soil mechanics.

In soil science, the attraction of the solid for water in a moist soil was considered in the pioneering
work of Buckingham (1907). He defined the capillary potential as "the work required per centigram to
pull water away from the mass of soil”, which he considered to be a function of the gravimetric water
content of the soil. Soil science applied thermodynamics to soil moisture (Edlefsen and Anderson
1943; Bolt and Frissel 1960; Babcock 1963; Sposito 1981), and used the concept of chemical potential
of water. Sposito (1981) notes that the chemical potential of water has units of energy per unit mass,
but it can be expressed in pressure units by multiplication by the liquid water density at a reference
state and is called soil water pressure. He further remarks that "The chemical potential of soil water is
no more a pressure physically after multiplication by the mass density of pure liquid water than it was
before".

In soil mechanics, Terzaghi's principle of effective stress for saturated soils was an important
landmark (Terzaghi 1923; Terzaghi 1936; Clayton et al. 1995). This principle was shown to result
from the incompressibility of the solid grains and the independence of the yield stress in the grain
material of the confining pressure. A generalization of this principle for soils containing two pore
fluids at different pressures was proposed by Bishop, which depended on the pressure of both fluids
(Bishop and Blight 1963). Subsequently, based on experimental evidence and theoretical
developments, it was proposed that the stress state of an unsaturated soil requires two stress variables,
such as net stress and matric suction (Fredlund and Morgenstern 1977; Houlsby 1997). Constitutive
models for unsaturated soils based on a state surface were developed (Lloret and Alonso 1985), which
give volumetric deformations induced by monotonic changes in net stress and suction. An important
progress was achieved by the Barcelona Basic Model (Alonso et al. 1990), which extended the
modified Cam clay model to unsaturated soils and was able to reproduce irreversible deformations
induced by changes in net stress and suction. Based on this model with two stress state variables, a
number of models for unsaturated soils have been proposed. On the other hand, models for unsaturated
soils with one state variable (a generalized effective stress reducing to the Terzaghi's effective stress at
saturation) have also been proposed (i.e. Wheeler et al. 2003; Li 2007a, 2007b).

Classical irreversible thermodynamics extended equilibrium thermodynamics by using the local
equilibrium state assumption (de Groot and Mazur 1984; Kestin 1990). Rational thermodynamics was
used to ensure the compatibility of constitutive laws with the second law of thermodynamics
(Coleman and Noll 1963). Classical irreversible thermodynamics was enhanced with internal state
variables to take into account the previous history (Coleman and Gurtin 1967; Lubliner 1973; Maugin
1999). Mixture theory was developed in order to describe the interactions of bodies composed of
identifiable constituents (Bowen 1976; Truesdell 1984, Lecture 5) and has been used to develop
constitutive models for porous materials such as soils (e.g. Bowen 1980, 1982).

Available constitutive models for unsaturated soils are able to reproduce many salient features of
unsaturated soils. There are however conceptual issues in many of these models, such as not having a
thermodynamic basis or using exceedingly large negative water pressures (Korevaar et al. 1983; Gray
and Hassanizadeh 1991; Nitao and Bear 1996; Coussy 2004). It should be mentioned that the physics



of unsaturated soils has also been considered in the scientific literature, but often leading to extremely
complex models (Gray and Miller 2014).

The object of the present work is to propose a general framework for constitutive models for
unsaturated soils. The conceptual approach employed is summarized below.

At the microscale (Gray and Miller 2014) soils are considered to be made of interacting entities (3D
phases, 2D interfaces, 1D common lines and, if there are more than 3 phases, 0D common points),
which contain various species (mineral, water, air, ...). Each entity is considered to be a mixture of the
interacting continua associated to each of its species (e.g. a 3D gas phase is considered a mixture of its
gas components). If the conditions for the existence of a representative elementary volume (REV) are
satisfied (Bear and Bachmat 1990), then averaging of these microscale interacting continua yields
corresponding macroscale 3D interacting continua (Gray and Miller 2014).

After averaging, the microscale geometric features of the entities and the microscale distributions of
thermodynamic properties within the entities are lost. In order to recover part of this information,
macroscopic geometric variables are defined, such as the quotient of the measure of each entity
(volume, area, length, number of points) and the volume of the REV. Similarly, macroscopic density
variables are defined, such as the quotient of the mass of each species in each entity and the volume of
the REV. A macroscale continuum is assigned to each species in the soil, which is equivalent to the set
of the macroscopic continua assigned to the considered species in each entity (e.g. the macroscale
continuum associated to water is the set of the macroscale continua associated to water in liquid phase,
water in gas phase, water in liquid-gas interface, ...), so that the soil is considered to be the mixture of
these macroscopic interacting continua associated to each species (e.g. continua associated to mineral,
water, air, ... ).

The hypothesis of local accompanying state (Callen 1985; Kestin 1990; Maugin 1999; Coussy 2004)
allows to extend equilibrium thermodynamics to non-uniform systems. This hypothesis can be adopted
provided that the considered evolutions of the soil are sufficiently slow so that at all times the soil in
each REV can be considered to be approximately in equilibrium. The thermodynamic state is assumed
to be given by the deformation of the skeleton, the macroscopic geometric and density variables,
temperature and a set of internal variables, which account for the previous history. Recall that internal
variables are observable but not controllable (Maugin 1999).

Furthermore, it is also assumed that, for given values of the skeleton deformation, total mass of each
species, temperature and a set of internal variables, the macroscopic geometric and density variables
can be obtained by minimization of the total free energy. In this case, the thermodynamic state is
defined by the skeleton deformation, the mass of each species per unit volume, the temperature and a
set of internal variables. Constitutive equations of the soil can be derived from the free energy and the
dissipation or dissipation potential functions (Edelen 1974; Halphen and Nguyen 1975; Ziegler 1983;
Maugin 1999; Coussy 2004; Houlsby and Puzrin 2006).

Using this thermodynamic framework, derivation of the free energy yields the total stress tensor and
the chemical potentials of the constituents. If short-range interaction forces bond the liquid water to
the solid particles (Low 1951), it is not possible to define the pressure of liquid water, because within a
REV the distribution of liquid pressure is not uniform. However, it may occur that, away from the
solid particles, there is fluid not subjected to interaction forces (free fluid), so that throughout the free
fluid the pressure is uniform (neglecting gravity forces). In this case the pressure of the free liquid can
be given as a function of the chemical potentials of its components and the temperature, as if the free
liquid were outside the soil.

In the unsaturated soil mechanics literature, often exceedingly high negative liquid water pressures are
used, whereas in those conditions water should be in fact in gas phase (Gray and Hassanizadeh 1991).
While it is widely acknowledged that those high negative liquid water pressures are in fact bonding
energies per unit volume (Gens 2010), results including liquid pressures, such as the work input to a



soil (Houlsby 1997; Coussy 2004), are used to develop constitutive models for unsaturated soils in
which those high negative liquid pressures occur (i.e. energies per unit volume and pressures are used
interchangeably).

Features of the soil at the microscale, such as the presence of liquid-gas interfaces or the presence of
free liquid (not bonded to the solid particles), have an impact on the behavior of the soil. In this sense,
we can define 3 regimes in a soil: (1) saturated (free liquid, no free gas); (2) capillary (free liquid, free
gas); and (3) dry (no free liquid, free gas). In the saturated regime, under certain conditions (solid
particles and vicinal liquid (bonded to the solid particles) are incompressible, no phase change),
Terzaghi's effective stress principle applies. In the capillary regime, the soil water characteristic curve
exhibits hysteresis, and no (general) effective stress principle seems to apply. In the dry regime, drying
progressively removes bonded liquid, leading to shrinking of eventually present solid-liquid
aggregates. Because each of these regimes have different features, from the modeling point of view it
seems appropriate to model each of these regimes separately. However, the state variables deformation
of the solid skeleton, mass of each species and temperature are common to all regimes.

The following chapters are organized as follows. Chapter 2 Thermodynamic Framework presents the
general balance equation of a continuum and gives several alternative expressions of it. They are used
to establish the fundamental balance equations for a single continuum and for a material with
identifiable constituents. Chapter 3 Porous Materials first presents the modeling framework for porous
materials, describes their structure at the microscale, the variables and balance equations at the
macroscale and introduces the concept of local equilibrium state. Then it presents the general form of
the constitutive equations, the resulting entropy inequality, its general solution and the dissipative
mechanisms. Finally, it discusses the pressures of free fluids within a porous material and the effective
stresses. Chapter 4 Unsaturated Soils first presents the basic assumptions made for modeling
unsaturated soils and gives a brief summary of convex analysis. Next it presents the elastoplastic
framework used, with the general forms of the free energy and dissipation functions, Ziegler's
orthogonality principle and the application of the framework of multisurface plasticity. Next it
discusses the three regimes considered for the behavior of unsaturated soils, namely saturated,
capillary and dry, and shows a generic example of a constitutive model for each of them. The capillary
regime model includes the hysteresis of the water characteristic curve. Finally, additional topics are
addressed, namely negative pore water pressures in the context of the work input and matrix suction,
and an example of the implicit use of the concept of local equilibrium state in saturated porous
materials. Chapter 5 Conclusions presents a summary of the general modeling approach used, the soil
regimes and discusses some features of the proposed formulation.



2 THERMODYNAMIC FRAMEWORK

2.1 GENERAL BALANCE EQUATION OF A CONTINUUM

Balance equations are used to express fundamental physical principles, such as balance of mass,
balance of momentum, balance of moment of momentum, balance of energy and balance of entropy.
The main forms in which the general balance equation of a continuum can be stated are given below.

2.1.1 Basic forms of the general balance equation

The general balance equation of a continuum is stated in integral form. Additional regularity
assumptions allow to express the general balance equation of a continuum in differential and jump
forms.

2.1.1.1 Integral form
The balance equation of an extensive property ¢ in a material volume V, of a continuum states that the

rate of change of & in V; equals the sum of the supply of & through the boundary dV; of V; plus the
supply of & within V;. The integral form of the general balance equation (in Cartesian coordinates) is

%( jv E.'.'.'dv) = ja ; ¢ingda + fv {dv, (2.1)

t
where ¢ is the flux of & through 8V, n; is the outer unit normal to dV, and . is the supply of &
within V; per unit volume (Truesdell and Toupin 1960, Sect. 157).
2.1.1.2 Differential form

If (2.1) holds for all sufficiently regular volumes V, and the fields (¢:) ¢, (£, (v?) ; (qb.'.'.'i)i and

¢ are continuous, where v! is the velocity field of the continuum, then it follows the differential form
of (2.1)

€+ (vt —gt) = (2.2)

(Truesdell and Toupin 1960, Sect. 157).

2.1.1.3  Jump form

If (2.1) holds for all sufficiently regular material volumes V; and there is a persistent (not necessarily
material) singular surface S, with respect to & and possibly also with respect to v in it such that
(&) ¢ and ¢ are bounded and on each side of S, and &, vin; and ¢ in;, where n; is the unit normal
to §;, approach limits that are continuous functions of position on §;, then it follows the jump form of
(21)on S,

[£:(v" —u)n — piing] =0 (2.3)



where [()] denotes the difference of the limits of (-) as S, is approached on both sides and u® = un!
is the velocity of S; (Truesdell and Toupin 1960, Sect. 193).

For interacting continua, it will be convenient to split the supply ¢ as the sum of the supply as if the
continuum were alone o and the supply due to interactions with the other continua = (Kelly 1964). In
this case (2.2) can be rewritten in the form

EDe+ (vt — ¢t o = (2.4)

while (2.3) remains unchanged.



2.1.2  Alternative expressions of the general balance equation

There are equivalent expressions of the differential balance equation (2.4) and of the jump balance
equation (2.3), which can be interpreted by considering a motion x = (X, t) = y.(X), which is a
time-dependent smooth invertible map from a reference space with Cartesian coordinates {X’} to the
physical space with Cartesian coordinates {x'}. The velocity of the motion is ¥'(X,t) = (dx'/
at)(X, t) and the deformation gradient of the motion is F; (X, t) = (8x'/0X")(X, ¢).

The inverse map X = 7 1(x) assigns to the volume V or the surface S in the physical space the
volume V = ;7 1(V) or the surface S = 7 1(S) in the reference space and, vice versa, the map
x = y.(X) assigns to the volume V or the surface S in the reference space the volume V = x,(V) or
the surface § = %.(S) in the physical space. Similarly, the map x = j,(X) assigns to the Eulerian
field gg(x,t) the Lagrangian field g,(X,t) = gz (¥ (X),t) and, vice versa, the inverse map X =
xi 1(x) assigns to the Lagrangian field g, (X,t) the Eulerian field gg(x,t) = g, (xi1(x),t). By
notational convenience, both fields gz and g; will be denoted by the same symbol g, leaving to the
context which field is meant.

2.1.2.1 Differential form in Eulerian description

Let #'(x, t) = (87'/0t) (r7 1(x), t) be the spatial velocity of the motion x = 7,(X). Then (2.4) can
be rewritten as follows:

m = (€ + (v - gi) — o
= €+ (£ + (0 — 7)) — gT) o
= @D+ @ +E)  + (E -5 - giT)  — ot

and, using the definition D7(£-)(x, t) = (§7) ¢ (x, t) + (€) 1 (x, )7* (x, ), it becomes
DY) +&u(PY)  + (§r(v' = 9') = ¢lF)  — ol = (2.5)
Note that D¥(&) + E.‘.‘.‘(ﬁii)i is the rate of change of & in the elementary volume with motion
x = z.(X) and (6.'.'.'(171' —17")), is the flux of & that leaves the elementary volume with motion
i
x = Xe(X).
2.1.2.2 Differential form in Lagrangian description

Multiplication of (2.5) by J = dv/dV, where dv is the element of volume in the current configuration
and dV is the corresponding element of volume in the reference configuration, yields

J{DV (&) + & (ﬁi)’i + (& -vY) - d).‘ff")i -0}y =J{n:}
and use Euler's formula D” () (x, t) = J(x, t)(ﬁi),i(x, t) (Truesdell and Toupin 1960, Sect. 20) yields
DYJEN +J(E (vt - 7)) — ¢"""i),i —Jo =]n

where all variables are considered to be Eulerian fields depending on (x, t). Further, using the relation
DY(EDRX, 1), 8) = (§),.(X, t) and the Piola identity (Jy'(F~)";) , = J(»") ,» Where y' is a vector



field in the physical space and its Piola transform Y! = Jy!(F~1)!; is a vector field in the reference
space (Marsden and Hughes 1994, p. 116), yields

e+ (JEN (g (vt = 5) = ¢0)) = Jorr = Je

where all variables are considered to be Lagrangian fields depending on (X, t). This can be written in
the form

ED e+ @G =V =@, -z =11 (2.6)

where the Lagrangian fields Z:(X,t), VI(X,t), VI(X,t), ®:1(X,t), Z:(X,t) and I1:(X,t) are
defined in terms of the Eulerian fields & (x, t), vi(x,t), ' (x, t), ¢ (x, t), 0.7 (x, t) and 72 (x, t) by
the relations

Bl ) = JX, D& (XX, 1), 1)
VI t) = (F LK v (X, 1), £)
Vit = (F )& 07 XX, 0), )
OIX, 0 =X OF Y (X 0, t)p (XX, 0),0)
X ) =J(X, Dol (7 (X, 0), 1)
X, t) =J(X, O (7 (X, 0),0)

2.7)

2.1.2.3  Jump form in Eulerian description

Let 7' (x, £) = (83'/0t)((rr) ™1 (x), t) be the spatial velocity of the motion x = #,(X). Then (2.3) can
be rewritten as follows:

0=[é (v‘ — u%)ni - ¢.’.’.’inl:]] ' .
= [&:(F — u)n; + &2 (v — v)n; — ¢ling]

so that it becomes

[&:(7 —u)n] + [E: (v =) —pin] =0 (2.8)
where all variables are considered to be Eulerian fields on §; depending on (x, t).
2.1.2.4 Jump form in Lagrangian description

Multiplication of (2.8) by J; = da/dA, where da is the element of area in the current configuration
and dA is the element of area in the reference configuration, yields

J{[&:(7" —u)n] + [€:(v' — )y — o]} = 0
and using /] = 0 yields
[s€: (7" = uh)n] + [Js& (vt = o) — Jsgping] = 0

From Nanson's formula n;da = J(F~1)';N,dA, where n; is the unit normal to the element of surface
in the current configuration and N, is the unit normal to the corresponding element of surface in the
reference configuration (Truesdell and Toupin 1960, Sect. 20), it follows n; = J; YJ(F~1)!;N,. As in
definitions (2.7), define the Lagrangian field U’(X,t) in terms of the Eulerian field u‘(x,t) by the
relation

10



U'x,t) = (F )& Ou' (X, 6),£) (2.9)

From this definition and definitions (2.7) it follows & = J71&:, vl = FLV!, vt = F4V!, ¢t =
JIFL @ and ut = FLU'. Using these relations yields

Jo& (0t —ut)n; = JJ B (FLV! = FLUDS Y (FYY,N,
= E2(6/V" = 6/ U")N,
=W - UHN,

Js& (vt = o) = JJ e (Fyv! = FRv)s Y (F~YN,
=2:(8/v! - 8/VN,
=W -VHN,

Jo:ing = [ UFL 0T (FYYN,

= &/ ®:IN,
= dIN,
Using these results it follows
[E:(W=UDN] + [E(VI = VDN, —dIN] =0 (2.10)

where all variables are considered to be Lagrangian fields on § depending on (X, t).

11



2.2 FUNDAMENTAL BALANCE EQUATIONS

Balance of mass, momentum, moment of momentum, energy and entropy express fundamental

physical principles, so that they hold independently of the material type.

2.2.1 Balance equations for a single continuum

The balance equations of mass, momentum, moment of momentum, energy and entropy are obtained
by replacing in the differential balance equation (2.4) and in the jump balance equation (2.3) the

general variables £, ¢.¢, o7 and 7. by the variables indicated in Table 2.1.

Table 2.1.  Variables used in the balance equations: p is the mass density, p is the supply of mass per unit volume, v/ is
the velocity, T/% is the Cauchy stress tensor, b/ is the body force per unit mass, p/ is the supply of momentum
per unit volume, 7/ is the supply of moment of momentum per unit volume, ¢ is the internal energy per unit
mass, q* is the heat flux, r is the body heat supply per unit mass, € is the supply of energy per unit volume, n
is the entropy per unit mass, ¢! is the entropy flux, ¢ is the entropy supply per unit mass and 1 is the supply

of entropy per unit volume (jy, is the permutation symbol).

balance of & . o n:::
mass p - - 5
momentum pv T bl pJ
moment of i ok P P v

momentum E X" pU E X T" EX pb m’
energy p (S + %vkvk) T, vk — q! p(byv* +1) é
entropy on —p! ¢ 5

The resulting balance equations and some transformations of them are given below.

2.2.1.1 Balance of mass

e Differential form
P+ (pvi),i =p
This relation can be transformed as follows

(e + @) +p(v), =

(2.11)

(2.12)

which, since the expression in the first parenthesis is the material derivative of the density p, can be

rewritten as
D¥(p)+p(v'), =p
e Jump form

[o(vi ~wi)ng] = 0

12

(2.13)

(2.14)



This relation states that the flow of mass that enters one side of the surface of discontinuity is equal to
the flow of mass that exits the surface of discontinuity on the other side (cf. Wilmanski 1998, Eqg.
(4.63)).

2.2.1.2 Balance of momentum
e Differential form

(pvj),t + (pvjvi — Tji),i —_ pbj = p"j (2.15)
This relation can be transformed as follows

pl = (pvj)’t + (pvjvi - Tﬁ),i — pb/
= p(vf),t + (p)'tvj + (pvi)'ivf + pv"(vj)'i — (Tﬁ)’i — pbJ
=p ((vf),t + vi(vj)'i) + ((p)'t + (pv")’i) v/ — (Tji)'l, — pb’
=p ((vf)'t + (vj)'l.vi) + pv’ — (Tﬁ)'l, — pb/

where the balance of mass (2.11) has been used in the last equation. Consequently, by use of the
balance of mass, the balance of momentum becomes

p (W), + (W) p') = (179), - pb/ =p/ — pv/ (2.16)

which, since the expression in the first parenthesis is the material derivative of the velocity v/ (i.e., the
acceleration), can be rewritten as

pD*(v)) = (1), — pb) = p’ — pv’ (2.17)
e Jump form
Hpvj(vi — ui)ni - Tjini]] =0 (2.18)
This relation can be transformed as follows

0= [[pv{'(vi = u")nl: - Tj"n'l-']]
o ] - [P

where in the last equation the jump balance of mass (2.14) has been used. Consequently, by use of the
jump balance of mass, the jump balance of momentum becomes (cf. Wilmanski 1998, Eq. (4.79))

p(v' —u)n,[v'] - [T = 0 (2.19)

Note that if p(v' — u')n; = 0 this relation reduces to [T/¢]n;, which is the continuity of the traction
vector T/in; across the surface of discontinuity.
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2.2.1.3 Balance of moment of momentum

e Differential form
(e X pvl) + (s KX kpvlyt —e kT ) — s X kpbl = m/ (2.20)
This relation can be transformed as follows

(s X pvl) +(£klx pvivi — ¢l "T) — &l x*pb!
=¢ klxk(pvl) + & kldk(pv vt T“) + ¢ lxk(pv T“) — &l xkpb!

=¢ klx ((pvl) + (pv vt — T”) pbl) + ¢ kl(pv vk — T”‘)

J _ Ik
—eklxp 5 T

where in the last equation the balance of momentum (2.15) and the identity sjklvlv"" = 0 have been
used. Consequently, by the use of the balance of momentum, the balance of moment of momentum
becomes

sjlekl =m + ejklxkﬁl (2.21)

Note that if m/ + ¢/, ,x¥p! = 0 this relation reduces to &’,,T* = 0, which is equivalent to the
symmetry of the Cauchy stress tensor Tkt = Tk,

e Jump form
[[sjklxkpvl(vi _ ui)ni _ gjklkalini]] =0 (2.22)
This relation can be transformed as follows

0 = [¢/ x*pvt(vi — ud)n; — &/, XK Tlin]
= &/, xk[pv! (v — ud)n; — Tlin]

Consequently, the jump balance of moment of momentum is equivalent to the jump balance of
momentum.

2.2.1.4 Balance of energy
e Differential form
1 k 1 k i ik _ i _ k —_ 2
(p (s + S UkV ))t + (p (e + S Ukv )vl (T 'v q‘)),i p(bv* +71)=¢ (2.23)
This relation can be transformed as follows

é= (p (s + %vkvk))'t + (p (e + %vkvk) vt — (T vk —q )) — p(bpv* + 1)
= p((&) ¢ + (Vi) v*) + (e + %vkv ) )¢ + ((8); + (W) ;v*)pvt + (e +S Vv ) (pv'),
- (Tk"),ivk — Tki(vk),i + (g ),i — p(bpv* + 1)
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= p((e) + @) v7) + (e +5m0) () + (7)) + v* (P(@) ¢ + i)' = (i) , — pbi)
- Tki(vk),i + (qi),i - pPr
= p((e) + (©),v7) + (£ + w0 ) p+ V5 (i — pvi) — T (vF) , + (¢) , — pr

where the balance of mass (2.11) and the balance of momentum (2.16) (in which the balance of mass
(2.11) has been used) have been used in the last equation. Consequently, by use of the balance of mass
and the balance of momentum, the balance of energy becomes

p((©) + (&) v') — Tki(v"),i + (q"),i —pr=£¢- (5 — %vkv") p— v*py (2.24)

which, since the expression in the first parenthesis is the material derivative of the specific internal
energy &, can be rewritten as (cf. Truesdell 1984, Eq. (5.11),)

pDV(¢e) — Tki(vk),i + (qi),i —pr=£&-— (s — %vkvk)ﬁ — v*p, (2.25)

Furthermore, if the Cauchy stress tensor is symmetric, the second term on the I. h. s. can be rewritten
as T*'D,,;, where Dy; is the rate of deformation tensor (i.e., the symmetric part of the velocity gradient
tensor), so that

pD? (&) — T¥Dy; + (qi)'i —pr=2¢&-— (e - %vkvk)ﬁ — vkp, (2.26)
e Jump form
[[p (s + %vkvk) (vt —u)n; — (T v* — qi)ni]] =0 (2.27)
This relation can be transformed as follows

0= [[p (s + %vkvk) (vi - ui)ni - (Tkivk — qi)ni]]
= p(v' —u')n, [[s + %vkvk]] — [T'v* — ¢*]m

where in the last equation the jump balance of mass (2.14) has been used. Consequently, by use of the
jump balance of mass, the jump balance of momentum becomes (cf. Wilmanski 1998, Eq. (4.87))

p(v—u)n [[s + %vkvkﬂ —[1'v* = g'n; =0 (2.28)

2.2.1.5 Balance of entropy
o Differential form

(om),e + (pnv' + 9') = pg =1 (2.29)
This equation can be transformed as follows

1= (om e + (pnv' + '), — ps
= p)e + () + (pv') 1+ pv ()i + (9) , — ps
= p((e+ ) +1 () + (pv7) ) + (99), — ps
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=p(()c + M,v') +np + (#7) , — ps

where the balance of mass (2.11) has been used in the last equation. Consequently, by use of the
balance of mass, the balance of entropy becomes

p(e+ ')+ (9), —ps =1 —np (2.30)

which, since the expression in the first parenthesis is the material derivative of the specific entropy 7,
can be rewritten as

pDY () + (@), —ps =1 —np (2.31)
e Jump form
[on(v' = u')n; + o'ny] = 0 (2.32)

This relation can be transformed as follows

0= [[pr;(vi —'ui)nl- + go"nl:]]
= p(v' —u")nIn] + [o']ns

where in the last equation the jump balance of mass (2.14) has been used. Consequently, by use of the
jump balance of mass, the jump balance of entropy becomes

p(v' —u)nInl + [p'In; = 0 (2.33)
It will be further assumed that
q)i — lqi
g (2.34)
1 )
¢= 57”

where 8 is the temperature. In this case, (2.31) becomes (cf. Truesdell 1984, Eq. (5.18))

18 1
pD”(n) + (561‘) Tgpr=n-np (2.35)
i

which can be transformed as follows

n—np=
— Dv()+(1 i) _1 r
=pDPm+\ga') ~gP
1 . 1 .
=pD7() — 574 ); 5 ((ql),i - pr)
1 . 1 .
=pDY () — 274" (0),; +5 (&= (e = 3wuv*) o = v*pi = pD¥ (&) + T (v5) )
where the balance of energy (2.25) has been used. Defining the free energy per unit mass i by
Y=¢e—0n (2.36)

it follows that
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n—np=
1. 1 :
=pD"() =574 0); +5 (f — (l/J +6n — %Vkvk)ﬁ — v*pr — pD (P + On) + Tkl(vk),i)

1 . 1 '
= =270 (®),—np+ 5(5 — (lli - %vkvk) p — v*pr — pD¥ () — pnD¥(6) + Tkl(vk),i)

and the balance of entropy becomes

1

1 . 1 . 1
fi = ngl(vk),i _ ﬁql(e),i _ Ep(an(G) + D”(lp)) + 5 (§ - (l[} - %vkvk) p— Uklak) (2.37)
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2.2.2 Balance equations for a material with identifiable constituents

We consider a material composed of n identifiable constituents, which are modelled as interacting
continua with their own motions and thermodynamic properties (Bowen 1976; Truesdell 1984,
Lecture 5). Constituents are denoted by lowercase Fraktur letters. Variables pertaining to a constituent
are denoted by a subscript with the constituent symbol, while variables pertaining to the material as a
whole do not have such a subscript.

Balance of mass, momentum, moment of momentum, energy and entropy are postulated at two levels:
(1) for each constituent, a balance equation as for a single medium, but including a term to take into
account the interaction with the other constituents, and (2) for the material as a whole, assuming that
the interactions between the constituents are exchanges, so that the sum over all constituents of the
interaction terms vanish. As a result, the sum over all constituents of a balance equation yields the
corresponding balance equation for the material as a whole, without the interaction terms. It is also
possible to define thermodynamic properties for the material as a whole in terms of the
thermodynamic properties of the constituents so that the balance equations are those of a single
medium.

2.2.2.1 Balance of mass

The balance of mass for the constituent a (cf. (2.11)) reads
Pu=(p) ¢ + (pava) (2.38)
which can be rewritten as (cf. Truesdell 1984, Eq. (5.11),)
Pu=D"(po) + pa(va) (2.39)

The balance of mass for the material as a whole reads (cf. Truesdell 1984, Eq. (5.12),)
Z pa=0 (2.40)
a

2.2.2.2 Balance of momentum

The balance of mass for the constituent a (cf. (2.15)) reads

P = (o), + (v v = T.7") = pab (2.41)
which, using the balance of mass, can be rewritten as (cf. Truesdell 1984, Eq. (5.11),)

P = puD(v]) = (1) = pubs’ + puvi! (2.42)

The balance of momentum for the material as a whole reads (cf. Truesdell 1984, Eq. (5.12),)

). b= (2.43)
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2.2.2.3 Balance of moment of momentum
The balance of momentum for the constituent a (cf. (2.20)) reads

S0 (o) Lk l Jj Lk Ly, i J kp Ui j Lk l
m, = (e k1 X PaVa )t + (e ki1X PaVa Vg' — €4 x Ty ),i — &, X" pyb, (2.44)

which, using the balance of momentum, can be rewritten as (cf. Truesdell 1984, Eq. (5.11)3)

ﬁlaj =l T K — gl xkp! (2.45)

The balance of moment of momentum for the material as a whole reads (cf. Truesdell 1984, Eq.
(5.12),)

Z m) =0 (2.46)

2.2.2.4 Balance of energy

The balance of energy for the constituent a (cf. (2.23)) reads

A 1 1 i i i

& = (pa (‘Sa + Evakvak)) . + (pa (ga + Evakvak) val - (Taklvak - Qal)> T pa(bakvak + ra) (2-47)
) ,L

which, using the balance of mass and the balance of momentum, can be rewritten as (cf. Truesdell
1984, Eq. (5.11),)

éa = paDvu(Ea) - Taki(vak),i + (Qai),i — PaTa + (‘Sa - %vakvak) ﬁa + vakﬁak (2-48)

The balance of energy for the material as a whole reads (cf. Truesdell 1984, Eq. (5.12),)
Z £=0 (2.49)

2.2.2.5 Balance of entropy
The balance of entropy for the constituent a (cf. (2.29)) with the assumptions (2.34) reads

1

, T
i —p 2
ga q(l ) p(l Ha (2-50)

i

fla = (om) ¢ + (pnvi +

which, using the balance of mass, can be rewritten as (cf. Truesdell 1984, Eq. (5.11),)

~ v, 1 i 1 A~

fla = paD(Ma) + (_ qq ) — 2 PaTa t NaPa (2.51)
6"/, ba

and using the balance of energy becomes (cf. Truesdell 1984, Eq. (5.26))

A 1 i k 1 i 1 v v,
Ne = g_aTak (va ),i - 9_02% (Qa),i - 9—apa(77aD a(Qa) +D “(l/)a)) (252)
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+91a(éa — (e = 2 Ve V") P = va P
The balance of entropy for the material as a whole reads (cf. Truesdell 1984, Eq. (5.20))
Zaﬁ“ >0 (2.53)
which, using (2.52), becomes (cf. Truesdell 1984, Eq. (5.27))

1 i k 1 i 1 v, v,
Z {9_ Tak (va )i - ﬁCIa (Ga),i - g_pa(naD a(ga) +D “(l[}a))
a\Yq ! a a

1, ) o . (2.54)
+9_a(£a - (lpa - Evakva )pa — Vg pak)} =0

If all constituents have the same temperature 6, = 6, then using (2.49) and multiplying by 8 (which is
positive), it follows

; 1 .
DT (), — 50002 = pu(1aD%(0) + D ()

l,z (2.55)

- (lpa - Evakvak) ﬁa - vakﬁak} =0
This inequality can be transformed as follows

i k 1 i v, v, v,
D {1l (04, = 5960 = punaD™(0) = D™ (puthe) + D™ (p)
o ,
1 ~ A
- (lpa - Evakvak)pa - vakpak} =0
i k 1 i v, v, ~ i
Z {Tak (va i gqa (9),i - panaD a(g) -D a(palpa) + wa (pa - pa(va )l)
a ’ )
1 ~ A
- (l/)a - Evakvak)pa - 17akpak} =0

and, using the balance of mass for constituent a, yields
- Z DY (palpa) - z pawa(vai) i + Z Ta ki(vak),i

a a ’ a

v 1 i 1 ka A k
- panaD u(g) - _(9),i qa + SVak Vo Pa — PakVa =0
a 9 a (12 a

- Z DVa (palpa) - Z (palpa6ki - Ta ki)(vak),i

e e (2.56)

1 ; 1 ~ N
- Z PaTIaDv“(H) - 5 (9),iz Qal + Z Evakvakpa - Z pakvak =0
a a a a

Introducing a reference velocity &, this expression can be transformed as follows

=D Do) = ) (pabed™ =T )@ = . pana (D70) + (0, (v = 7))
1 .
5O ) a5+ o= BT+ (= 7))o= ) pa(F + (= 7) 2 0
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— ZQD”u (Pa¥) — Za(pa%S M- T ) (War) i — (Zapana) D7(6) — Zapur]a(e),i(vai ~ ')
- % CF zaqai + %‘71(17}(‘ Zaﬁa + gk za(vak — Uy)pa t za%(vak — 7)) (v* — %),

7> Bui = ) P~ 74 2 0
a a

using Y., P, = 0 and Y, P = 0, and further transforming the resulting expression yields

- ZQD% (Patha) — Za(pawaé M- T M) War) i — (Zapana) D7(6) — Zapana(G),i(vai ~ ')
5@ 4 Y GBIt Y S = Bk~ 70,

_Z (ﬁak - ﬁavak + ﬁavak)(vak - ﬁk) =0
a

=D D) = . (oot =T )@ = (D puma) D7(0) = . puma(©)(vi = )
2@ 4 Y G B - PR+ Y M= B~ PR,

_z (ﬁak - ﬁavak)(vak - ﬁk) =0
a
- Z Dva(palpa) - (z pana) Dﬁ(e) - Z (palpaSki - Ta ki)(vak),i
a a a
. ; . 1
=D (@t + paneb (@i =) 5@ = Gok — Pavad) (v — 7) (257)
a a
- Za%(vak - ﬁk)(vak - ﬁk)ﬁa =0
Setting 7 equal to the barycentric velocity v¢, which is defined by
vt (z pa> = z PaVd
a a
we get (cf. Bowen 1969, Eq. (4.10); Bowen 1975, Eq. (1.6.30))
- Z Dva(palpa) - (z pana) Dv(g) - z (palpa6ki - Ta ki)(vak),i
a a a

(3 (0 + paneb (i = v9)) 3@ =Y G = ) ~ o) (258)
- Z %(vak - vk)(vak - vk)ﬁa =0

The inequality (2.57) can be further transformed as follows

= (D70 + (= 7) = (D pare) D7)
_za(Pall}a(Ski — T ") (@) + W — Ti),i) — (zaqai)%(é?),i - (zapana(e),i(vé - ﬁi)>
_za(ﬁak — Pavar) (v* = 7%) — Za%(vak — 5) (v = 7%)pe = 0

—D” (Zapawa) - Za(palpa),i(vai -7') - (Zapana) D"(6) - <2a(pa¢a5k‘i -7, ’ﬂ')) B,
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- Za(palpa(SRi - Ta ki)(vak - 17k),i - (Zaqai> % (9),1'
- za(vak - 17k) ((ﬁak - ﬁavak) + pana(g),k) - Za%(vak - ﬁk)(vak - ﬁk)ﬁa =0

07 ( patha) = ) abda (=) = (D puma) D7®) = (D patn) (79,
(D 1) @i = ) (et = ) v = 50+

£ (™ 1) = 20— (D aa') 56

= D (0 = ) (G = Puvard) + pama(O)) = ) S0 = 7O(v* ~ )5, 2 0

—D? (Zapawa) - (Zapana) D(6) - (Zapa¢a> (@), + (ZaTa ’“') ().
=D (04 = 1) (pulr = 50), — . (ol = 90) (w0~ T )

(3 )5 @.= 3 (=7 (G = Puad + (Ta), + 2u1a (0D,
—z %(vak — ) (v —7%)p, = 0

and using the balance of momentum and rearranging yields
_(nv =i _ v ki) (Y.
(D (qualpa)1+ (qualpa> (17 ),i) (Zapana) D (0) + (ZaTa ) (vk),L
- Z (lpaaki - _Ta ki) (pa(vak - ﬁk)) i
a Pa !
1 ;
=) puwk =) (D”a(vak) ~ b+ ($a0% - T k) + m(e),k) (259)
a a .
— Z i) l 0 l
( aQa 0 ( ),i
- Za%(vak - 17k)(vak - 17k).b\a =0

Setting #' equal to the velocity of a constituent vt and assuming that the Cauchy stress tensors of the
other constituents are spherical, such that

1 . .
lpa(skl - p_Ta = .ua(skl (CL * 5)

a

yields

(07 (0 2ot + (D pathe) (), = (D pame) D72 0) + (D 1) v,

- Za;ﬁs HUq (pa(vai - vsi)),l, - zaispa(vak - vsk)(Dva (vak) - bak + (.ua),k + na(g),k) (2.60)
- (Zaqai) % (9),1' - Za:ﬁs %(vak - vsk)(vak - vsk)ﬁa =0

The balance of mass for constituent a can be transformed as follows:
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Pa = D"(po) + po(vah)
= Dﬁ(pa) + (pa),i(vcf - ﬁi) + pa(ﬁi + (vai - 51’))1
= Dﬁ(pa) + (pa(vcl; - ﬁi)) + pa(ﬁi),i

i

and using this result with #* = v,/ and rearranging yields

B (Dvs (Zapallia) * (Zapalpa) (vsi),i> - (Zapﬂna) D%(6) + (ZaTa ki) (Wer) i
+ Zaigua CROSETACON

B Zaigpa(vak - vsk)(Dva(vak) — by + (.ua),k + na(e),k)

_ (Zaqai)%(e)'i - za::s (ya + %(yak — 1) (VoK — vsk)) 5.>0

Multiplication of this relation by J,, the Jacobian of the motion of constituent s, (which is positive) and
using the identity D¥(J,) = J,(v,") , yields (cf. Coussy 2004, Egs. (3.26), (3.104), (6.16), (6.28))

=% (D Jopat) = (D Jooama) D@ + 1, (D 7o) i+ ) paD™Uup)
- Zugspa(va" ~ ) (D% (War) = bk + () i + 12(6) ) (2.62)

(D )5 @.= D oo+ v = (0 = 09y 20

Using the motion of constituent s, we can define the following Lagrangian variables

(2.61)

Y =], z PaWq Total (inner) free energy per unit reference volume

a
H= ]52 Palla Total entropy per unit reference volume

a
s = L(EDYETY Z T, Total (inner) 2nd Piola-Kirchhoff stress tensor

a
| . .
Ey = o (FL, FSJ]SU -8 Green-Lagrange strain tensor of constituent s
my = JsPq Mass of constituent a per unit reference volume
M, = J.p (YL (vt — v.h) Lagrangian mass flux of constituent a w.r.t. constituent s
Q' =J.(EH Z q5 Lagrangian total (inner) heat flux
a

My = JoPa Lagrangian supply of mass of constituent a

With these definitions the dissipation inequality (2.62) becomes (Coussy 2004)

—D¥(¥) — HD™(0) + SUD"(Ey;) + Z U DV=(m,)
= D M (D™ () = o) + (o) +71a(0),) (263)

1 z
_QIE (9),1 - . (.ua + %(vak - vsk)(vak - vsk)>ma =0
a#s

where (-); = (Fsi,)(-)_i denotes the partial derivative of (-) with respect to the I-th Lagrangian
coordinate.
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Remarks

e The Lagrangian formulation for porous materials is used in Biot (1972), and is also used in Coussy

(2004) and Wilmanski (1998).

In the formulation of Coussy (2004) it is assumed that the components are fluids that behave as if
they were outside the porous material. In our formulation we have not made use of this assumption.

The dissipation is the sum of the following groups of terms

—DV(¥) — HD™(0) + SUD"(Ey;) + Za:es”“Dvs(m“) intrinsic dissipation
- ZMMQI(F;,(D% Wat) = bat) + () 1 + 10(6)1) fluids dissipation
Q! % GOF thermal dissipation
- zais (.Ua + %(vak —vg) (V" — vs")) M, phase change dissipation

Although the dissipation inequality requires the non-negativity of the sum of these four groups of
terms, often the non-negativity of each group of terms is required.

Note that the form of the dissipation inequality (2.63) is based on the following assumptions:

All constituents have the same temperature.

All constituents have mass.

For each constituent, the entropy flux and body entropy source are the heat flux and body heat
source divided by the temperature, so that the corresponding balance of entropy is given by (2.50).
All constituents are non-polar, so that their respective Cauchy stress tensors are symmetric.

Except for constituent s, the Cauchy stress tensors of all constituents are spherical.

24



3 POROUS MATERIALS

3.1 MODELLING FRAMEWORK

3.1.1 Structure of a porous material

Porous materials are characterized by the presence of a solid skeleton and a number of fluids, which
can flow through the solid skeleton. The solid skeleton and the fluids occupy 3D regions (volumes) of
the space, are eventually made of various species and have thermodynamic properties, such as mass,
momentum, energy and entropy. In general, the solid skeleton and the fluids are subjected to
interactions, so that they may exchange thermodynamic properties.

Short-range interactions between 3D regions give rise to 2D regions (surfaces) with thermodynamic
properties at the common boundary of the 3D regions. Similarly, short-range interactions between 2D
regions give rise to 1D regions (lines) with thermodynamic properties at the common boundary of the
2D regions, and short-range interactions between 1D regions give rise to 0D regions (points) with
thermodynamic properties at the common boundary of the 1D regions.

Eventually, between the solid skeleton and a neighboring fluid strong interaction forces exist that bond
the fluid to the solid skeleton (Low 1951). Fluid particles in the regions subjected to these interaction
forces have properties, such as density or viscosity, that are different from those of fluid particles not
subjected to those interactions. The former will be referred to as vicinal fluid and the later as free fluid.
Because of their strong bonding to the solid skeleton, the regions containing vicinal fluids will be
considered to be part of the solid skeleton.

The structure of porous materials can be complex and some porous material can exhibit several
structural levels. For instance, clay particles and vicinal water can form aggregates, which can be
considered as larger particles which form a larger structure and the space left is occupied by free
fluids, which in turn are mixtures of various species (Alonso et al. 1987). Further, the solid skeleton
can be cemented by the presence of certain substances and can become unstable by changes in the
concentrations of certain cations or in the pH of water (Koorevaar et al. 1983).
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3.1.2 Microscale and macroscale continua

Modeling of a porous material as a continuous medium, implicitly assumes an averaging process.
Averaging is based on the existence of representative element volumes (REV) that must satisfy certain
conditions (Bear and Bachmat 1990; Whitaker 1999; Gray and Miller 2014). On the one hand, the
REV must be large enough with respect to the characteristic dimensions of the details of the structure
of the porous material so that averaging yields results independent of the REV size. On the other hand,
the REV must be small enough with respect to the characteristic dimensions of the region analyzed so
that it can be considered a macroscale point.

We assume that the material in a given region a of a certain dimension (3D, 2D, 1D, 0D) containing a
number of species can be modeled as a mixture of microscale interacting continua c,,. The interacting
continuum c¢,, corresponds to the species a contained in the region «, and has microscale
thermodynamic properties subjected to microscale balance equations, which include interaction terms
with the other microscale continua such that their sum over all ¢, vanishes. Averaging associates to
each microscale continuum c¢,, a macroscale continuum Cg,, with macroscale thermodynamic
properties subjected to macroscale balance equations, which include interaction terms with the other
macroscale continua such that their sum over all C, vanishes.

Macroscale thermodynamic properties at a macroscale space point are defined by integration of
microscale properties over the microscale region a within the REV centered at the considered
macroscale point. Macroscale balance equations are obtained by integration of microscale balance
equations over the microscale region o within the REV and use of averaging theorems (Gray and
Miller 2014). Note that, whereas the microscale continua c,, that model the behaviour of the material
in a microscale region o of a certain dimension are defined only on that microscale region, the
corresponding macroscale continua C,, are defined on macroscale 3D regions. The porous material
can be modelled as the mixture of all macroscale continua C,, as in mixture theory (Truesdell 1984,
Lecture 5).

Averaging of microscale distributions of extensive thermodynamic variables, such as mass or
momentum, is conceptually clear, because of the extensive nature of these variables. Averaging of
microscale distributions of intensive thermodynamic variables, such as pressure, chemical potential or
temperature, requires the multiplication of the intensive variable by a weighting function that yields an
extensive variable (Gray and Miller 2014), and it should be mentioned that for the same intensive
variables different weighting functions have been used by different authors. However, averaging of
microscale uniform distributions of intensive thermodynamic properties should give this uniform
value, independently of the weighting function used.

While microscale continua occupy space regions of various dimensions, macroscale continua occupy
3D space regions, so that microscale geometric information is lost after averaging. Part of this
geometric information can be recovered by macroscale variables defined as the measure of a
microscale region (volume, area, length, number of points) within the REV divided by the volume of
the REV. For instance, in geomechanics several variables are functions of the volume fractions of the
solid skeleton and the fluids. These additional macroscale variables will be referred to as geometric
variables. They increase the number of variables and require additional constitutive equations. These
geometric variables are not independent (for instance, the sum of all volume fractions must be one).
Moreover, the variations of the geometric variables are not independent (for instance, the variation of
the volume of a spherical bubble is not independent of the variation of its surface). Approximate
relations between the variations of the geometric variables have been proposed (Gray and Miller
2014). Additional geometric variables can be defined from the geometry of the microscale regions,
giving rise to structure tensors. These variables can be used to describe the anisotropy of the porous
material.

For many practical problems, the aforementioned modeling of a porous material is too detailed. This
detail can be reduced in several ways (Gray and Miller 2014). For instance, some properties of a
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microscale continuum, such as mass or momentum, can be neglected so that the corresponding balance
equations become boundary conditions between the microscale continua in the neighboring regions, or
several regions can be grouped into a larger region, with appropriately defined macroscale
thermodynamic properties.

In what follows the porous material will be modeled as the mixture C of the species-based macroscale
continua C,, where a ranges over all species, which we symbolically denote by C = U,C,. The
macroscale continuum C, associated to species a is the mixture of the macroscale continua Cg,
associated to species a in region a, where a ranges over all the regions that contain species a, which
we symbolically denote by C, = Uy Cya-
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3.1.3 Balance equations in Eulerian and Lagrangian descriptions

The postulated balance equations are those of mixture theory (Truesdell 1984, Lecture 5) presented in
section 2.2.2, where the distinguishable constituents are the aforementioned macroscale continua.
Since no chemical reactions will be considered, all mass exchange terms will be set to zero. We
assume that (1) for each constituent, the entropy flux and the entropy supply per unit mass are equal to
the heat flux and the heat supply divided by the temperature; (2) all constituents have the same
temperature; (3) the Cauchy stress tensors of all constituents are non-polar; and (4) the Cauchy stress
tensors of all constituents except the solid mineral are spherical.

Notation. In order to simplify the notation, in what follows the following changes will be made

a—a
$—S
D%() - ()
S~ F)
vt - v
E = Epp

Assuming that the microscale 3D region occupied by the solid particles contains only the species s
(solid mineral) and that species s is not contained in any other microscale region, it follows that the
motion of the constituent s coincides with the motion of the solid skeleton. Recall that the solid
skeleton contains the solid particles and the tightly bonded vicinal fluids.

With the assumptions

pa =10
0,=0
U it
a a
T,) = —p,6Y a#s
Pa' =qa/0
Ca =Ta/0

(3.1)

the balance equations can be transformed relative to the skeleton motion, both in Eulerian and in
Lagrangian descriptions.

3.1.3.1 Balance of mass for a species

Equation (2.39) becomes

0= (pa) + (pa) i(va — v') + pa(va' — '), + pa(v')
= (pa). + pa(vi)'i + (pa(val; - vi))

i

0= (pa) +pa(v?), + (pa(vi - v)) (32)

R

Multiplication by J, use of the identity (J) :](v")i and the Piola transform (Wi)i = (JFEHLwY)
yields

0= (pa) + (JpaF 1Y (vi — vY)) (33)

A
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which can be rewritten in the form (cf. Coussy 2004, Egs. (1.67), (6.6))
0= (ma). + (Mal),l (34)

where the following Lagrangian variables have been used: m, is the mass of species a per unit
reference volume and M, is the Lagrangian mass flux of species a relative to the solid skeleton.

3.1.3.2 Balance of mass for the mixture

Since there are no mass exchanges between species, the balance of mass for the mixture is trivial.

3.1.3.3 Balance of momentum for a species

Equation (2.42) becomes
pAaJ = paaaj - (Ta]l),i - paba] (3.5)

Multiplication by J, use of the identity (/) =J(v'), and the Piola transform (w') . = (J(F~")w')
yields

I8’ = Jpa(as = b)) = GEDIT), (36)

3.1.3.4 Balance of moment for the mixture

Addition of (3.6) over all constituents and use of )., pax = 0 yields

0= Jrala/ =b/) - (F’} (et ZaTa’“)) (37)

A

which can be rewritten in the form (cf. Coussy 2004, Eg. (2.50))
0= ma(a)— b)) = (s, (3.8)
a )

where the following Lagrangian variables have been used: m, is the mass of species a per unit
reference volume and S¥ is the total 2nd Piola-Kirchhoff stress tensor.

3.1.3.5 Balance of moment of momentum for a species

Equation (2.45) becomes
7 U i
a a

JE=Y (FOLTY = J(F~1 (F YT, (3.9)
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3.1.3.6 Balance of moment of momentum for the mixture

Addition of (3.9) over all constituents yields

JEDEYL Y 1Y = JE ) T (310)
which can be rewritten in the form

Sl — gJI (3.11)

where SY is the total 2nd Piola-Kirchhoff stress tensor.

3.1.3.7 Balance of energy for a species

Equation (2.48) becomes

€2 = pa(€a) + palea) i (Vi —v') — Tyl (v — Uk)'i + Taki(vk),i

+(qa') ; — pata + (V& = V¥ )Par + V" Pak

= (Paga) = (Pa) €a + palea) i(va — V') = Tor (" = v¥) , + Ty (v¥)
+(aa1) , = pata + (v = %) (Paar = (Tak) , = Pabaic) + V" Pa

= (paza) + & (pa(¥), + (pa(v = v1)) )+ palea) (vl = v7) — (Tuid (va* = v¥)).
+Taki(vk),i + (Qai)_i — PaTa + pa(vE — ;k)(aak — baie) + ¥ P |

= (Paa) + Pata(v') , + (pata(vi - vi))i — (~Pabi(vak = v"))
+Taki(vk)’i + (CIai)‘i — pata + pa(vE - v'k)(aak — bar) + V*Pa

_ : i Pa i
= (paga) + paga(v ),i + <<ga + Pa) Pa(va v ))l

+Taki(vk)’i + (Qai),i — PaTa + pa(vz{{ - vk)(aak - bak) + vkﬁak

R

a3 . i p i i
&2 = (Paga) + paga(v')  + <(€a + p—a) Pa(va— ”l)> (3.12)
- | .
i

+Taki(vk)‘i + (Qai)’i — Pala + pa(vallc - 171{)(aak - bak) + vkpAak

Note that we can set T, (v, — v*) = —p,8k(v.* — v¥) because if a = s then Ty, (v,* — v¥) =0
and if a # s then T,,," = —p, 6} by assumption. Multiplication by J, use of the identity (/) = J(v")

the Piola transform (w?) . = (J(F~1)’w?') and the identity D;; = (F‘l)’i(F‘l)]j(E,])' yields

i

.
g

Jéa = Upaga) + () F D spa(vl = v")) +JED(FY 1,7 (Ey)

. £ A (3.13)
+(](F_1 IiCIal)'I _]para +]pa(F_1)Ii(val - vl)Fk;(aak - bak) +]Ukpak

where u, = &, + pa/pa (@ # s) is the chemical potential of species a.
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3.1.3.8 Balance of energy for the mixture

Addition of (3.13) over all constituents, and use of ), &, = 0and ), P, = 0 yields

0= (Z ]paga). + (Z .uapa](F_l)Ii(val; - Vi)) + (](F_l)liz Qai) +

a a#s ) . I a ' A ' (3.14)
=D Jpar = JEDE (D R (B 4 JpaE (v = v (e bar)
which can be rewritten in the form (cf. Coussy 2004, Egs. (3.21), (6.11))

0= + (D maM) +@Dy=R=SI(Ey) + ) MIF(aai — bao) (315
a I a#s

where the following Lagrangian variables have been used: E is the total internal energy per unit
reference volume, M, is the Lagrangian mass flux of species a relative to the solid skeleton, S/ is the
total 2nd Piola-Kirchhoff stress tensor, Ej; is the Green-Lagrange strain tensor of the solid skeleton, R
is the total heat supply and Q' is the total heat flux.

3.1.3.9 Entropy inequality for the mixture

Equation (2.61) becomes

- ((Zapadfa). + (Zapalpa) (vi),i) - (Eapana) @) + (ZaTa ki) (Vi) s
+ Zmua (o) +pa(v),)

_ Zaispa(vak — %) (@ak = bar + (Ha) i +1a(0) 1)
SONOHCE

Multiplication by J, use of the identity (J)" = J(v') » the Piola transform (Wi)i = (JFHiwh) and
the identity D;; = (F~)%(F~);(E;;) yields

= (D geava) = (D Joana) @ +1EDE, (D) BI) () + ) walpay

- Zaislpa(F_l)Ii(vai - vi)(FkI(aak - bak) + (:ua),l + na(e),l) (3.17)

(3 s ad) 5@, 20

which can be rewritten in the form (cf. Coussy 2004, Eqgs. (3.26), (3.104), (6.16))

(3.16)

() —HO) +ST(Ey) + ) pram)
D M g = bad + () + 71 (0),) (3.8)

Q' (0), > 0
g =

where the following Lagrangian variables have been used: W is the total free energy per unit reference
volume, H is the total entropy per unit reference volume, S/ is the total 2nd Piola-Kirchhoff stress
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tensor, Ej; is the Green-Lagrange strain tensor of the solid skeleton, m, is the mass of species a per
unit reference volume, M, is the Lagrangian mass flux of species a relative to the solid skeleton, R is
the total heat supply and Q' is the total heat flux.
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3.1.4  State variables and local equilibrium states

The state of a porous medium will be assumed to be given by the deformation of the solid skeleton, the
measure (volume, area, length, number of points) of each microscale region per unit reference volume,
the mass of each species in each microscale region per unit reference volume, the temperature and a
set of internal variables, which encapsulate the history of the material. In a Lagrangian formulation
with respect to the motion of the solid skeleton they are

(EI]J Ng, Mya, 0, E) (319)

where Ej; is the Green-Lagrange strain tensor of the solid skeleton, n, is the measure (volume, area,
length, number of points) of the microscale region a per unit reference volume, mg, is the mass of
species a in the microscale region a per unit reference volume, 6 is the temperature and & denotes a set
on internal variables. Note that the sum of n, over all 3D regions is equal to the Jacobian of the
motion of the solid skeleton J (i.e. the current volume per unit reference volume). Since J =
(det(2E;; + 5,7))"? it follows that, for given E;;, the ng of all 3D regions are not independent, so
that one of them can be dropped.

The number of the state variables can be significantly reduced by considering local equilibrium states.
Let m, be the total mass of species a per unit reference volume, so that m, = Y., mgy,. It will be
assumed that, for prescribed values of Ej;, m,, 6 and &, the variables n, and m, take unique values
Ng = N (Ep;,my, 0,8) and my, = my, (Epy,m,, 6, ) such that the total free energy per unit reference

volume reaches a minimum. The state (E,], Ng, Maar 6, E) given by

(Erj,no(Erjma, 6,€), mea(Erjma, 6,€),6,§) (3.20)
will be called the local equilibrium state defined by (E;;, m,, 6, §).
Let the total free energy per unit reference volume & be given by
P = P(E;;, ng, Mya, 0, €) (3.21)

For fixed (E,], my, 0, E), let us consider the conditions that satisfy the functions n, (E;;, m,,6,¢) and
Mya(E,m,, 0,¢) at a relative minimum of lT’(EU, Ny, Mgar 6, f). On the one hand, as already
mentioned, for fixed E;, the variations of the n, are not independent, and some approximations have
been proposed (Gray and Miller 2014). On the other hand, for fixed m, the variables m, are related
by m, = Yo mya, SO that )., dm,, = 0. Consequently, the necessary conditions read

oV

Ma

dmy,
Z 0w (3.22)
@ 0Ny fla =

where 4,  denotes the common value of 0P /0m,,, the partial derivatives of ¥ are evaluated at the
local equilibrium state defined by the variables (E,], m,, 0, f) and the variations of the geometric
variables dn, are such that comply with the geometric constraints.

Since the solutions n, = ny(E;;, m,,60,&) comply with the geometrical constraints, using the
variations dn, = (ana/aE,])dE”, dny, = (0ny,/0my)dm,, dn, = (0n,/d6)d6 and dn, =
(0n,/0&)dE in condition (3.22), yields the following results
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0P 9 P P P
oW ona _ ¥ ona _ ¥ g _ oW ona _ (323
aOng 0E;; a0ng 0my «0n, 00 aOng 0&

where the partial derivatives of ¥ are evaluated at the local equilibrium state defined by the variables
(E;;,ma, 0,€), the partial derivatives of n, are evaluated at (E;;, m,, 8, ¢) and the fact that dE;;, dmy,
d6 and d¢ are independent has been used.

Notation. The evaluation of a state function E(EU, Ny, Mya, 0, E) at local equilibrium states defines
the corresponding local equilibrium state function E(EU, m,, 0, E) by

E(Erj,ma, 0,8) = E(Er), ng(Erjma, 6,€), mea(Erjma, 6,€),6,§)

Note that the symbol of the defined function is the same as the symbol of the original function without
the superposed tilde (~).

Lemma 3.1. Let the free energy of the porous material per unit reference volume at local equilibrium
states be

W(E;;,m,,0,8) = P(E;;, ng(Ej,ma, 0,8), mea(Erj,ma, 0,€),6,§) (3.24)
then, at local equilibrium states, the following relations hold:

ov oY ov 97 ov 0P oV oY
OEU OEU ama B amaa % a ﬁ af B af

(3.25)

where the derivatives of ¥ are evaluated at (E;;, m,, 6, ¢) and the derivatives of ¥ are evaluated at
the local equilibrium state (E;;, ny(E;;, ma, 0, ), mya(E;;,ma, 6,£),6,€).

Proof. Derivation of (3.24) with respect to E;; and use of the minimization conditions (3.22) and the
results (3.23) yield

v oy N oW an, N 0¥ amy,

_ 9% +0+2 A T
- 0Ey « 2 OE

_ iNY +1 a (2 )
TOE, e oE, \ L

oY +1 am,
0By, T 0Ey
_ 09
 0Ey,

Derivation of (3.24) with respect to m, and use of the minimization conditions (3.22) and the results
(3.23) yields

v 0P on, 0P omg,
om, Lagdn,om, o« 0Mya 0my

om
=0+Z A =
o 2 om,
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= (2 )
- maama amaa

am,

Ma 9m,

= Am,

The proofs of the remaining relations follow by derivation of (3.24) with respect to 8 and with respect
to &, along the same lines as in the proof of the first relation. m

Thus, along local equilibrium states, the variation of the free energy per unit reference volume

av = 2 4k Z Z o ks 019+a d
aE,] 1 an. wadmoy Maa T ot %

reduces to

oW
E Z -
dw aE,,d” P d9+ 57 %

where the partial derivatives of W are evaluated at (E, ],ma,e,f) and the partial derivatives of ¥ are
evaluated at the local equilibrium state (E;;, ng(E;;, ma, 0,€), mga(Erj, ma, 6,€),60,8).

Remarks

e The minimum energy principle is used by Boruvka and Neumann (1977) to obtain the general
conditions of equilibrium of a multicomponent multiphase fluid system, including phases,
interfaces, common lines and common points.

e Gray and Miller (2014) use the minimization of the total energy of the system, including phases,
interfaces, common lines and common points, to obtain the microscale equilibrium conditions.

e Bowen (1976, Sect. 2.9) studied a porous medium made of a gas and an elastic isotropic solid
without using volume fractions, and proved that the total free energy is a function of the
temperature, skeleton deformation and mass of the gas per unit mixture volume. This free energy
might be interpreted as the combination of a free energy depending on the state variables and on
the volume fractions with volume fractions depending on the state variables, so that the free energy
ultimately depends on the state variables.

e Bowen (1982) considered a porous medium with a number of fluids using volume fractions, and
proved that the total free energy is a function of the temperature, solid skeleton deformation,
masses of the fluids per unit mixture volume and volume fractions of the fluids. He considered
equilibrium states characterized by the vanishing of the partial derivatives of the total free energy
with respect to volume fractions (as in our minimization assumption) and assumed that this
condition could be inverted to obtain the volume fractions as a function of the temperature,
skeleton deformation and masses of the fluids per unit mixture volume.

e Coussy (2004) considered a porous material saturated by one fluid, and deduced a general form of
free energy, which depends on the skeleton deformation, the mass of the fluid and the temperature.
Subsequently, this free energy is equated to the sum of (1) the free energy of the skeleton, which
depends on the skeleton deformation, the volume of the fluid and the temperature, and (2) the free
energy of the fluid, which depends on the mass of the fluid, the volume of the fluid and the
temperature. From this relation it follows that the volume of the fluid is a function of the skeleton
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deformation, the mass of the fluid and the temperature. In section 4.4.2 we will show that this
relation can be interpreted as the minimization condition that defines local equilibrium states.
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3.2 CONSTITUTIVE EQUATIONS

Thermodynamics with internal variables is based on the hypothesis of a local accompanying state
(Kestin 1990; Maugin 1999), which is defined by a set of state variables. This formulation will be
completed by an additional assumptions concerning dissipative mechanisms. The constitutive
equations will then be derived from the free energy function of the porous material and from functions
associated to the considered dissipative mechanisms. The constitutive equations obtained are
thermodynamically admissible. There is a large number of material models based in this approach
(Halphen and Nguyen 1973; Ziegler 1983; Maugin 1999; Houlsby and Puzrin 2006).

3.2.1 State variables

According to the assumptions made, the state variables that define the local accompanying state are

(EI]) my, 9) ‘f) (326)

where Ej; is the Green-Lagrange strain tensor of the solid skeleton (defined in the reference

configuration), m, is the mass of constituent a per unit reference volume, 6 is the temperature and ¢ is
a set of internal variables.

Remark

¢ In finite strain plasticity (Halphen and Nguyen 1973; Maugin 1999; Lubliner 2008), in which an
intermediate local configuration is introduced, the deformation gradient tensor (from the reference
to the current configuration) is decomposed as the product of a plastic deformation gradient (from
the reference to the intermediate configuration) and an elastic deformation gradient (from the
intermediate to the current configuration). In this case, in the state variables (3.26) the Green-
Lagrange strain tensor E;; (defined in the reference configuration) is replaced, by the elastic Green-
Lagrange strain tensor (defined in the intermediate configuration).

The total free energy per unit reference volume is assumed to be a function of the state variables

¥ =W(E,,m,,0,§) (3.27)

which is convex in the variables E;;, m, and ¢, and concave in 6.
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3.2.2  Entropy inequality

Using assumption (3.27), the entropy inequality (3.18) becomes

(w--ﬂ@m (155) @+ (= gm) o) =520

=) M (@ar = ba) + () + 1a(6),) (3:28)

a¥s

'Ly, =0
g =

This inequality has the form X5, - Js = 0, with

1 .
X = (8. 0, 0my, = 55~ 500~ = by + (), 4 1a(6),).)
oW oW W
] (SI]_GTU _(H‘l'%):ﬂa_a_rrla:(f):leMal;)

where X is the vector of thermodynamic forces and J is the vector of thermodynamic fluxes. Assuming
thermodynamic fluxes of the general form J = J(X; w), with

w = (EI]' ma, 9' f)
where w is the field argument vector, the entropy inequality can be written in the form

XZ ]zj(X,(l)) > 0
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3.2.3  Solution of the entropy inequality

Edelen (1973) proved a decomposition theorem for vector-valued functions, and a corollary that has
an immediate application to the general solution of the entropy inequality Xy - J5 (X, w) = 0, namely

Theorem 3.2 (Edelen). Let X stand for an element of an N-dimensional vector space Ey with inner
product A - B, let w stand for an element of a p-dimensional vector space E,, and let /(X; w) be a

mapping of Ey X E,, into Eyy which is continuous in w and of class Clin X. Then

0Z2(X; w)
X w) = Xy + Us(X; )

)X

! 5 s(tX; w) 9Jr(tX; w) 4
e axy "

Uy (X; @) = f

0

1
E(X; w) =f X5 J5(tX; w)dt
0

where U(X; w) is unique, and Z(X; w) is unique to within an additive function of w. If J(X; w) is of
class €2 in X, then ®(X; w) is of class C? in X, and the symmetry relations

T Ur i) = Ur(s ) = 5 Us () — U )

are satisfied identically in Ey X E,.

In order to define the vector J(X; w), the following approaches have been proposed:

e Orthogonality principle. Ziegler proposed to derive the vector of forces X(J;w) from a

dissipation function ®(J; w) which is convex in the J by the condition that X (J; w) is orthogonal to
the surfaces ®(J; w) = const. (Ziegler 1958, 1983), namely

0>(J; w) (J; w)
Xs(w)=v(;w)—— V(o) =557

so that J = J(X; w) is defined implicitly by this orthogonality condition.

o Normal dissipation. The notion of dissipation was initially introduced by Rayleigh. Moreau
studied the hypothesis of the existence of a dissipation potential in the framework of convex
analysis (Moreau 1970). Halphen and Nguyen extended this approach and defined the generalised
standard materials (Halphen and Nguyen 1973). The hypothesis of normal dissipation assumes the
existence of a dissipation potential Z(X; w) which is convex with respect to the X such that

02(X; w)

Iz:(X;w) = 09Xy

If Js = Js(X; w) can be inverted with respect to the X, so that Xy = X5 (J; w), this is equivalent to
the existence of a dissipation potential Z*(J; w) which is convex with respect to J such that
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2 w)
Xs(J; = —
=(J; w) s
The functions £(X; w) and £*(J; w) are Legendre transforms of each other.

With the help of Theorem 3.2, we can analyze in which cases the orthogonality principle and the
normal dissipation hypothesis are equivalent (see also Bataille et al. (1979)).

Corollary 3.3. Let ®(J; w) be a dissipation function and let X5 (J; w) be the vector obtained using the
orthogonality principle

00(J; w) P(J; w)
XsUw)=v(;w)—— v(;w) =5F7——
s 6d>a(5ra))jr

Then there exists a dissipation potential Z*(J; w) for the vector X5 (J; w)

E(; w)

Xs(;w) = 35

i.e., the orthogonality principle and the hypothesis of normal dissipation are equivalent, if and only if

d(J; w) OCD(];a)):fladD(T];w)dT
0

6<I>(], (U)] 6]2 612
ar T

and in this case the dissipation potential Z*(J; w) is given by
. 1 dt
=G0 = [ o@iw)S
0 T

to within an additive function of w.
Proof. By Theorem 3.2, the vector X5 (J; w) can be decomposed as follows

05" (; w)

Xs(;w) = 3

+ Us(J; w)
where

o o(t/;w) 00(1); w)
2 (J; ) —f]zXz(T] w)dr = f s
o T
E(J;w) @ 0) 00(;w) _flacb(rj; w) ir
sy  99(; ‘U)] d/x 0 dJs
ar T

1
dt =f (D(T];a))?
0

Us(J; w) = X5(J; w) —

Z(J; w) is unigue to within an additive function of w and Us(J; w) is unique. Thus

2(J; w)

Xs(;w) = 3

ifandonly if Us(J; w) = 0. m
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Because of the restriction on the dissipation function ®(J; w) of Corollary 3.3, in general the
orthogonality principle and the hypothesis of normal dissipation are not equivalent. However, we have
the following result.

Corollary 3.4. If the dissipation function ®(J; w) is homogeneous of degree m in the J, so that

P w) = A"D(J; w)

then the orthogonality principle and the hypothesis of normal dissipation are equivalent, and the
dissipation potential is given by

= (i0) = 00 0)
to within an additive function of w.

Proof. Derivation of ®(1J; w) = AM®(J; w) with respect to A at A = 1 and with respect to /i yield

0Ui®), (s )
dJr
00 (Y; w) Jm-1 00(J; w)
s dJs

which, when used in the expressions of 2*(J; w) and U (J; w) of Corollary 3.3, yield

E*(];a))—j1 TO(J; a))——db(] a))f m- 1dT——<I>(] w)

1ac1>(/ ©) (1 mea02050) 99 w) Dme1g) =
Us(J; w) = ——57— ' o s (E_fo ‘ 1dT>_0

so that, in this case, the orthogonality principle is equivalent to the hypothesis of normal dissipation. m

Remarks

e The orthogonality principle and the hypothesis of normal dissipation can be extended to the
framework of convex analysis, whereby the dissipation function or the dissipation potential
function are proper lower semicontinuous convex functions (Moreau 1970; Halphen and Nguyen
1973; Eve et al. 1990; Maugin 1999). This is the case of rate-independent materials, whose
dissipation function is homogeneous of degree 1 in the X, so that it is not differentiable at X = 0.

o |f the dissipation function ®(J; w) is the sum of dissipation functions ®;(J;; w), where the set of J;
is a partition of J, so that each ®;(J;; w) is associated to a dissipation mechanism, then the
orthogonality principle can also be applied separately to each of them.

o If the dissipation potential Z(X; w) is the sum of dissipation functions Z;(X;; ), where the set of

X; is a partition of X, so that each E;(X;; w) is associated to a dissipation mechanism, then the
hypothesis of normal dissipation can also be applied separately to each of them.

41



3.2.4 Dissipative mechanisms

In the dissipation inequality (3.28), the dissipation & is the sum of the dissipations due to three
mechanisms:

o Dissipation ®.¢ due to changes in the local equilibrium state (vanishes whenever (EU)', CF
(m,) and (&) vanish).

Des = <5”—_> (EU) (H+_> @) +Z ( )( a) — af (f)

o Dissipation &, due to mass flow of constituent a through the solid skeleton (vanishes whenever
the fluid mass flow M,/ vanishes).

cI)MF =-M I(F (aal ai) + (.ua),l + na(g),l)

e Dissipation @ due to heat flow (vanishes whenever the heat flow Q' vanishes).

;1
Syr =—-0 5(9),1
We make the following assumptions:

e The three dissipation mechanisms are uncoupled, so that the dissipation due to each of them is non-
negative

Des =0 Dypa =0 Py >0

¢ In the dissipation due to changes in the local equilibrium state @, only the terms corresponding to
changes in the internal variables & produce dissipation, so that the coefficients of (E,]) , (68) and
(my)" vanish. This yields the following state laws

v
SU = _(EI]' ma'g f)
ow
H= == (Eyjma,6,8) (3.29)

my, 6,¢)

.ua:a

Additionally, it is assumed that @5 = ®@¢s((€);E;,ma,0,€) and ®¢s(A(€); Eym,, 0,8) =
Adcs((€)5 Epymy,, 0,8) for 2 = 0, so that the ensuing constitutive equations are rate-independent.

e The mass flow of constituent a with respect to the solid skeleton is a normal dissipative mechanism
with a dissipation potential £, of the form

EMFa(_(Fﬁ(aai —by) + (.“a),] + ﬂa(e),]); Ejj,my, 0, f) =
( (F (aal ai) + (ﬂa),l + na(e),l))KI{/IJFa(EI]J mawawf)(_(F]j(aaj - baj) + (Ma),] + na(g),j))

l\.)Ib—\

where K,/ (E;;,my, 6,€) is a symmetric, positive-definite matrix, so that

Mi = ~Kifra(Erjma, 6,8) (= (F] (aaj = baj) + (a) ; +1a(6) ) (3:30)
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which is analogous to Darcy's law.

e The heat flow is a normal dissipative mechanism with a dissipation potential = of the form
- 1 171 y 1
SHF (— ) (9),1> sEppymg, 0,§)=— 2 (— ] (9),1> KHF(EU: my, 0,§) (— ) (9),])
where K,’,]F (E,], m,, 0, f) is a symmetric, positive-definite matrix, so that

1
Q' = ~Kife(Eyy,m0,0,6) (- 50),) (3.31)

which is analogous to Fourier's law.

It is possible to generalize these assumptions so that couplings between mass flows of constituents and
heat flow would be taken into account.
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3.3 PRESSURES OF FREE FLUIDS

3.3.1 Free energy of a porous material with free fluids

Free fluids are assumed to behave as if they were outside of the porous material. The free energy of
the porous material with free fluids per unit reference volume is assumed to be of the form

B(E;j,ng Maa, 0,€) = Po(Er), Ny Mea, 0,€) + ZB P (ng, mga, 6) (3.32)

where $gy (E;, ng, maa, 0,€) is the free energy of the solid skeleton, interfaces, common lines and
common points per unit reference volume (which does not depend on the mg, of the free fluid phases),
‘TJB (ng, mg,, 0) is the free energy of the fluid phase g per unit reference volume (which only depends
on its own ng, mg, and 8) and B ranges over all the free fluid phases.

The state equations of the free fluid g follow from the free energy ‘T’B (ng, mg,, 05) (Callen 1985)

9T,

pg = _QTB(nB'mBa' 6p)
_ 9% 9 (3.33)
Hpa = T (ng, mga, Op) :

0W¥p
np = —@(nﬁ'"lﬁa' Op)
where pg is the pressure, ug, is the chemical potential of constituent a and 7 is the entropy per unit
reference volume. Moreover, from these equations follow the relations ng = ng(pg, Uga, 0p), Mga =

mga(Pg, Upar ) and ng = ng(pp, Upa, Bp)- Use of these relations in the Gibbs-Duhem relation
(Callen 1985)

—anPB + z mBaduBa + Uﬁdgﬁ =0 (334)
a
and integration of the resulting differential equation yields a relation between ppg, 1z, and 6, so that

v = pp(Upa Op) (3.35)

This result allows to determine the pressure of the fluid phase g from the chemical potentials of its
constituents and the temperature.
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3.3.2  Pressures of free fluids within a porous material
From (3.32) and (3.33), it follows

i P,
amgn (Bt e Maa, 0,8) = 6m§b (g, mpa, 0) = 1o (g, g2, )

where 6z = 6 (the common temperature) has been used. Further, by Lemma 3.1 and the constitutive
equation (3.29)s, it follows that at local equilibrium states

0P oy
W (EI]' nO((EI]' my, 9; E)! moca(EI]: my, 9: f); 9; E) = a_ (EI]’ ma, 0’ E) = ,ub(EI]! my, 9; E)
ab mp

Combination of the two last results yields that at local equilibrium states the chemical potentials pgy,
of the g free fluid and the chemical potentials y;, of the porous material coincide

Hpb (n/; (EU' my, 0, E)' mﬂa(EU' my, 0, f)' 9) = Up (EI]' m,, 0, f)

Using pg, = ua and 6 = 6 in (3.35) yields the pressure pg of the g free fluid within the porous
material as a function of the chemical potentials u, and the temperature 6 of the porous material

pp = pp(ta, 0) (3.36)

Note that the pressure ps of the g free fluid within the porous material is defined provided that there is
g free fluid in the porous material (i.e., ng > 0). In contrast, the chemical potential u, of constituent a
in the porous material is defined provided that there is constituent a in the porous material (i.e.,
m, > 0).

Remarks

e As already mentioned, averaging of the microscale distribution of an intensive variable requires a
weighting function, such that for uniform distributions averaging yields the uniform value of the
distribution. At the considered local equilibrium (neglecting gravity forces), a fluid subjected to
interaction forces has a non-uniform distribution of pressure but has uniform distributions of
chemical potentials. Thus, whereas the definition of a macroscale pressure is questionable, the
definition of a macroscale chemical potential is natural.

¢ In unsaturated soil mechanics, matric suction is defined as the gas pressure minus the liquid
pressure. This definition requires that the gas pressure and the liquid pressure can be defined at the
macroscale. For fine-grained soils, such as clays, in which the area of the particle surfaces per unit
volume is very large, strong short-range interaction forces bind liquid water to the soil skeleton.
For low water content, there is no free liquid water, so that the liquid water pressure cannot be
defined. In contrast, the chemical potential of water can be defined.
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3.3.3  Effective stresses
If there is only one fluid phase ¢ whose behaviour is assumed to be the same as if it were outside of
the porous material and interfaces can be neglected, then the free energy of the porous material per
unit reference volume is (cf. (3.32))

‘TJ(E,],n(p,moa, Mypa, 0, E) = ‘Tjsk(EU, Ng, Mga, 9,5) + ‘T’q,(n(p,mq,aﬂ) (3.37)

where n, = J —n,,. If the solid skeleton is incompressible and there is no mass exchange between the
solid skeleton and the fluid, then n, and m, are constant ng; = (ng), and my, = (Mg4),. Since

1/2

it follows that n, =J —n, = J(Efj) — (ng)o = ny(Ery). As a result, the total free energy of the
porous material per unit reference volume becomes

W(E;;, Mpqa, 0,§) = Wsk(Ep),0,8) + Wy (ny,(Ery), Mypa, 0) (3.38)

where we have set

l'IJ(EI]i m(pa; 9; f) = l’Ij(EI]) n(p (EI])F (mca)o; m(pa; 9! f)
l‘pSk(EI]i 9; f) = l‘pSk(EI]; (nO')OF (mca)Or 9! f)

Derivation of (3.38) with respect to Ej; yields

oW AW, v an
3E, (Eijympa, 6,§) = aT:, (Eiy,6,8) + WZ ("«p(EIJ)'m«pa'@)aTj; (E1p)

and, using the relations

oY,
an(p (n(p'm(pa'e) = _p<p(n<p'm<pa'9)
@
3] y
— = J§U(F~ WL (F~1/.

it follows
Wy oW N
5, (B 0.8) = 55 (Bipmgas 6,8) + Py (g (Exy) g ) (B3 (1P Dy (339)

where p(p]éSif(F‘l)’i(F‘l)]j is the 2nd Piola-Kirchhoff tensor that corresponds to the Cauchy tensor
pq,5ij . If we identify W /0E;;, with the 2nd Piola-Kirchhoff stress tensor that corresponds to the
Cauchy stress tensor of the porous material o/, then the tensor dWsy/9Ej; is the 2nd Piola-Kirchhoff
stress tensor that corresponds to Terzaghi's effective Cauchy stress tensor o'/ + p, 6"/ (Coussy 2004,
p. 53).

More generally, if n, depends on E;;, then n, (E;;) = J(E;;) — ns(E;;) and it follows

0¥k

E,.0.6) =% (E 9 3.40
aT,,( 17 Jf)—aTU( 1), Mg 6,§) (3.40)
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. 1 . dn
-1\I ij _ i o
+p(p(n(p(E1]); m(p; 9)](E]])(F ) i <8 J ]—(EI]) F K _aEKL

(EU)FJL> F1y;

If we identify W /0E,;; with the 2nd Piola-Kirchhoff stress tensor that corresponds to the Cauchy
stress tensor of the porous material o/, then the tensor 0¥y /0E]; is the 2nd Piola-Kirchhoff stress
tensor that corresponds to a generalization of Terzaghi's effective Cauchy stress tensor, of the form
o +p,(6Y +mY) (In Coussy 2004, for non-linear thermoporoelasticy with infinitesimal
transformations, in Eq. (4.13a) do;j = Cijideg — bijdp — CijraidT, the tensor b;; = -0%Gy/
de;;0p is a tangent thermoporoelastic property denoted Biot's tangent tensor. In the case of linear
isotropic thermoporoelasticity b;; = bé;; is constant and in Eq. (4.26) Biot's effective stress is defined

Note that in expressions (3.39) and (3.40), the stress tensor dWsy /dE;; depends only on (EU, 0, E), o)
that (assuming invertibility) E;; = E;;(0Wsk/0E);, 6,¢), which justifies to qualify the stress tensor
0¥ /0E;; as effective. The previous developments demonstrate that the existence of an effective

stress tensor of a porous material with only one free fluid is a consequence of the elimination of n, as
an independent variable.
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4 UNSATURATED SOILS
4.1 PRELIMINARIES

4.1.1 Basic assumptions

The thermodynamic framework for porous materials will be applied to unsaturated soils. We will
consider the following restrictions

o Infinitesimal transformations. The current configuration is approximated by the reference
configuration, the Green-Lagrange strain tensor Ej; is approximated by the linearized strain tensor

&ij, the 2nd. Piola-Kirchhoff stress tensor S/ is approximated by the Cauchy stress tensor o,

e Constituents. We assume that in the porous material there are three species: solid mineral, water
(liquid, vapor) and air (gas or dissolved). The gas phase is a mixture of water vapor and gas, which
behave as ideal gases and as if it were outside the porous material. The liquid phase is a mixture of
water and dissolved air, but the effect of the dissolved gas in the mechanical behavior of the porous
material will be neglected. Liquid water can be subject to interaction forces with the solid skeleton
(vicinal water) or can be free from these interactions (free water). The soil skeleton is made of the
solid mineral and the vicinal water.

e Environmental conditions. We assume that the temperature 8 and the free gas pressure p; are
constant, corresponding to atmospheric conditions. Since at ambient atmospheric conditions the
saturation water vapor pressure is a small fraction of the atmospheric pressure (for instance, at
pe = latm = 1013 mbar as 6 = 10 — 40°C the saturation water vapor pressure iS pgy =
12.271 — 73.75 mbar), it follows that p; = pga + Pew = Pga- SINCE Ugq = Uga (P6ar 0), it
follows that if 8 and ug, are constant, then p, is constant. Thus we will assume that both 6 and
Ug are constant.

o Material behavior. The solid skeleton is assumed to behave as a hardening elastoplastic material,
with an additive decomposition of the small strains tensor ¢;; as the sum of an elastic component

g;; and a plastic component sipj. The variation water mass per unit reference volume m,, with

respect to water mass in the reference configuration m,,, decomposes as the sum of an elastic
water content m¢, and a plastic water component m?, . Consequently

— o€ p
&ij _gij+£ij
mw=mwo+mﬁ,+m3

e Legendre transform of the free energy. The Legendre transform of the free energy per unit
reference volume W (g;;, ms, mw,ma,e,s}"j,m};) with respect to the mass of air m, is a potential
(g;j, ms, my, tg, 0, sl.pj,mfv), which is convenient for conditions with mg; = mg, (the mass of
solid per unit reference volume remains constant) u, = u,o and 8 = 6,. For simplicity, in what
follows the potential T1(g;j, mgo, My, i a0 , B0, €1, my,) Will be denoted by ‘P(sij,mw,gfj,mﬁ) (an
abuse of the already used function symbol W) and will be referred to as the free energy (an abuse of
the already used denomination "free energy").
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4.1.2 Brief summary of convex analysis results

We give a brief summary of convex analysis results, which has been adapted from Eve et al. (1990). A
thorough exposition of convex analysis with proofs of the quoted results can be found in Rockafellar
(1970).

4.1.2.1 Some definitions used in convex analysis

We denote by E a finite-dimensional vector space and by E* the dual vector space of E. For x* € E*
and x € E, the action of x* on x is denoted by x* - x.

Let S be a subset of E. The interior and boundary of S are denoted by int S and bd S, respectively. S
is convex if, forany x,y e Sand 0 < 1< 1, Ax + (1 — 1)y € S. The normal cone to a convex set at
x, denoted by Ng(x), is defined by

Ne(x) ={x"€E":x*-(y—x)<O0forally € S}

Note that if x € int S then Ng(x) = {0}, and if x € bd S then Ng(x) is the cone of outer normals at x.

Let f be a function whose domain is E and whose values are real or +oo. The effective domain of f is
defined by

domf ={x € E: f(x) < oo}
The function f is convex if
fAx+ A -Dy) <Af(x)+ (A -ADf() forall x,yeE,0<1<1
positively homogeneous if
f(Ax) = Af(x) forallx e E,0<A1€R
and lower semicontinuous (Isc) if
lim inf f (xa) = £ ()
for any sequence {x,} converging to x.

A convex function is proper if f(x) < 4oo for at least one x and f(x) > —oo for every x.

4.1.2.2 Legendre-Fenchel transforms and subdifferentials

Let f be a proper Isc convex function on E. The Legendre-Fenchel conjugate function of f is the
function on E* defined by

fr(x") = sup{x” - x — f(x),x € E}

If f is proper, convex and Isc then so is f*, and

F)y=f
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Given a convex function f on E, for any x € E the subdifferential of f at x is the subset of E* defined
by

fx)={x"€E“f(y) =2 f(x)+x"-(y —x),Vy € E}
Note that df (x) = @ if x € dom f. If f is differentiable at x, then af (x) = {Vf(x)}.
A proper Isc convex function f and its dual f* satisfy Fenchel's inequality
X x<f(x)+f*(x*) Vx€E,Vx*€EE*
Moreover, the following equivalences hold

xXrx=f)+fx) & xedf(x) & xedf(xh)

4.1.2.3 Some functions used in convex analysis

For any set S c E, the indicator function I of S is defined on E by

0 x€S§
40 x €S

I5(0) = {

and the support function ag of S is defined on E* by
os(x*) = sup{x* - x:x € §}
A function f on E is a gauge if f(x) =0 for all x € E, f(0) =0 and is convex, positively
homogeneous and Isc.
4.1.2.4 Some results from convex analysis
Lemma 4.1. Let f be a gauge on E and define the closed convex set K c E* by
K={x"€E"x"-x<f(x),Vx € E}

Then (a) f is the support function of K, f = ax; (b) the function f* conjugate to f is the indicator
function of K, f* = Ig; (c) the set K is the subdifferential of f at the origin K = df(0); (d) x* €
of (x) © x € 0f*(x*) = Ng(x*), where Ng(x*) is the normal cone to K at x*.
Lemma 4.2. Let g be nonnegative and convex, with g(0) = 0 and x a point in the interior of dom g

such that g(x) > 0. Set C = {z: g(z) < g(x)}. Then x* € N.(x) if and only if there exists 1 > 0 such
that x* € 1dg(x).
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4.2 ELASTOPLASTIC FRAMEWORK

Throughout this section reference is made to works on convex analysis (Rockafellar 1970) and on
application to thermodynamics with internal variables (Halphen and Nguyen 1973; Ziegler 1983;
Maugin 1999; Eve et al. 1990; Houlsby and Puzrin 2006).

4.2.1 Free energy function

We assume that the free energy per unit reference volume is a smooth convex function

¥ =W(gj,my, sipj, mb) (4.1)

We define the elastic strain tensor gfj and the elastic water content m¢ by

e __ _ P

ij = &ij T & (4.2)
e _ _ _ P '
my, = (m,, —my,0) — My,

&

where m,,, is the water mass per unit reference volume in the reference configuration. By the state
equations, the stress tensor ;; and the water chemical potential y,, are given by

v 2
O-l'j = _ag- ' (sij,mw, ‘Sij' mw)
tj
v
— 14 14
My = (&1, Moy, €5, My)
adm,, y

(4.3)

Note that, since ¥ is a smooth convex function in ¢;; and m,,, relations (4.3) can be solved for ¢;; and
m,,, SO that

eij = €j(0uj ) €1, M) 4.4)
my, =m,y, (Uij: Hw» gipj' m\?v)
We define the generalized stress tensor a;; and the generalized water chemical potential f,, by
_ oV
0;j = — = (&, My, ef’,-.mé’v)
oy (45)

_ oV p _p
Ay = — m (&1, My, €5, M)
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4.2.2 Dissipation function

We assume a dissipation function of the form & = ¢ ((elpj).,(ma)',efj,sfj,mﬁ,,mﬁ,). Considering
(( ) (mw) ) as variables and (e, U,m,‘j,,mﬁ,) as parameters, the dissipation function becomes a
function @ (((Eij) ,(mh) );sij,mw,sij,mﬁ,) on the space E = E(py X E(,p ), Where E¢p)- is the

space of plastic strain rates (sipj) and E,,,» - is the space of plastic water mass rates (mh) . We will
assume that this function on E = E(p) X E(mp)' is convex, positively homogeneous, lower
semicontinuous and satisfies

((( ) (mw)) su,mw,gu,m ) > 0 forall ((efj)',(me,)') € E(epy X E(ma).

(4.6)
((0, 0), gij' my, Sipj, mw) =0

Thus, ® ((( ) (mh) ) Eij My € 5) is agauge on E = Eery X E(py-

We define the closed convex subset C(eij,mw,el’;,m ) of the space E* = E; X E; , Where E; =

(E(gp))* is the space of generalized dissipative stresses 6;; and Ej = (E mp)') is the space of
generalized dissipative water chemical potentials f,,, by

é(eij,mw, eg,m ) {(JU,MW) € Es X Ep '6l-j . (85) + 4y (m",’l,)'

<0 (((e1) 08 sy muyn) ¢ (). 08 ) € B By}
Then, by Lemma 4.1, it follows
(4.0 )8 ) s v sppon nen f e )
" (17, fuw); €1,y €5, m3, ) s the indiicator function of €(&;;, m,,, €]}, m)
C(zyjmy, €f,mb,) = 00((0,0; £y, myy, €5, D) (4.8)

(61, Aw) € 0P ((( ) (mh) ) sl],mw,sl],mp) ®
((5) 02 ) € oo ) ()

tj’

Further, for any (6}, fi,,) € 0P ((( ) (mw)) Eijr My, € 11' ,’j,) we have the relation

o (((=5). (mb )seijm el ) = 61 (e5) + - () @9)

In particular, if CD((( ) (mw)) su,mw,su,mp) is differentiable at ((55) (mf},)) then the
subdifferential contains only the gradient, so that
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+ 6(1; (((eﬂ),(mﬁ,)) Eij, My, e

o(my,)
in agreement with Euler's theorem, and

6ij = ag%(((sg),(mﬁ,)) 3 Eijr My, 55 mp)
Ny

P = W(((sg)',(me,)') i M0, mv)
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4.2.3  Ziegler's orthogonality principle

We will apply Ziegler's orthogonality principle (Ziegler 1983), with the free energy function ¥ =
W (eij, My, €], my,) and the dissipation function ®@ = @ (( ) ,(mh); eij,mw,sfj,m",\’,), namely

<_:Tq;' _a_q;) (sij,mw,sipj,mfv) € 0D ((( ) (m?) ) gl],mw,gu,mp) (4.12)
ij

om,,

which, by Lemma 4.1, is equivalent to

1y’

: . 0 0
((Efj) ,(my) ) € Nf(eij,mw & m?) (— %, - %) (sij,mw, ss,m”) (4.13)

Note that, if (6;j,Aw) einté(eij,mw,ef’j,ma) then N, (etymue?m )(GU,MW) ={(0,0)} and if
ij,Mw,

(64, i) € bA C (17, m,,, €8, mb ) then N, (e elm )(UU,,uW) + {(0 0}

Following Eve et al. (1990), given the closed convex subset CA(eij,mw,ef;,m ) of E5 X E ,, we
define a function on E5 X Ej , called the canonical yield function, by

f((&ij,ﬁw); eij,mw,sg,mp) = inf{y >0: ((6ij,ﬁw)) € ué(sij,mw,ss,mp )} (4.14)

where ué(sij,mw,sg,mp) = {M(ﬁl]'ﬁw)(ﬁljhﬁw) € (f(el-j,mw,ez,m )} From its dEflnltlon it

follows that f((aij,uw); Eijy My, €17, ) is a gauge on Ez X E;  and its level set at 1 is equal to
f(sij, my, sipj, mﬁ,), i.e.

{(6ij'ﬁw):f((é-\ij'ﬁw);gij'mw' 5; ) 1} C(Eij,mw,gs,mp)
Consequently, by Lemma 4.2, relation (4.13) is equivalent to

(6ij,ﬁw) € intf(sij,mw,sg,mp) (( p)' (mﬁ,)) = (0,0)

(61 f) € bd € ety el il ) = (] ) (%)) = 20f (817, s €jy €5, m ) (4.15)

where 1 > 0.

Remark

o Eve et al. (1990) note that the canonical yield function and the dissipation function are polars of
each other. The canonical yield function minus 1 is 0 on the boundary of the elastic region, as is
usually assumed in the theory of plasticity.

We complete the formulation with the consistency condition, which states that at (6i]-,ﬂw) €

bd (f(sij, my,, 85, mk ))
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AMf) =0 (4.16)

where () is the chgnge in f((&ij,ﬁw);eij,mw,ef’j,m,’,’v) associated with the change in (6;;, A)
accompanying ((55) , (mﬂ’,)) so that either 2> 0 and(f) =0 or 2 =0 and (f) < 0. Note that
(f) > 0is excluded because (8;, fi, ) must remain in C(eij,mw,sfj,me,).

We transform the yield function f ((@j,ﬁw); sij,mw,efj,m,’,’v) on E; X E_, where E5 is the space of
generalized dissipative stresses and Ej; is the space of generalized dissipative water chemical

potentials 4,,, to the yield function f on E; X E,, , were E, is the space of stresses and E,  is the
space of water chemical potentials, as follows

SR I = 2 A R p _Dp))\.
f((Uij'#w); Eij'mw) = f<(O-ij(€ijtmw'Sij'mw)’yw(gijrmwrgij'mw))'

14 14 14 14 14 14
sij(aij,uw,sij,mw),mw(aij,,uw,eij,mw), Sl-j,mw )

(4.17)

where, by Ziegler's orthogonality principle (4.12), we have set (6}, &) = (7ij, @), and we have
used relations (4.4).

Note that the yield function f is defined on E; X E,, and depends parametrically on (55" mﬁ,) so that,
in general, the boundary of the yield surface depends on stresses o;;, water chemical potentials y,, and

parametrically on (sfj,mﬁ,). In this respect, it should be mentioned that the LC (for loading-collapse)
curve of the BBM model (Alonso et al. 1990) depends on the net pressure, suction and parametrically
on the plastic volumetric strain, a feature that allows to model both swelling upon wetting at low

stresses and collapse upon wetting at high stresses, as is experimentally observed.

Remark

o As explained, for instance in Ziegler (1983), Collins and Houlsby (1997) and Houlsby and Puzrin
(2006), whereas the elastic region in the space of dissipative stresses is convex and the plastic flow
direction is normal to its surface, in the space of true stresses none of these features are in general
preserved. This provides more modeling flexibility (Collins and Kelly 2002; Collins and Hilder
2002).

55



4.2.4  Multisurface plasticity
We will use the framework of multisurface plasticity and we will follow Simo and Hughes (1998).

We will assume that the convex elastic region is defined by
(f(sij,mw, sfj,mﬁ,) = {(6ij,ﬁw):fa ((6”-, ﬁw); eij,mw,elpj,ma) <Oforalla € {1, ...m}} (4.18)

where the functions £, ((6”-, flw); €1 Moy, ei”j,m,’j,) are smooth, and define independent constraints

fu ((6ij, fl )i €ij> Moy, eipj,m,’j,) = 0 at the boundary of the elastic region. Consequently, the boundary
of the elastic region is given by

bd f(sij,mw,si”j,mfv)
} (4.19)

= {(6l-j, fiw): fu ((6ij,ﬁw); sij,mw,sfj,mfv) = 0 for some a € {1,...m}
so that it is piecewise smooth.

At a point (6;;,4,) of the boundary of the elastic region (f(eij,mw, sipj,m",’v) any element of the

normal cone N, » _py\ can be expressed as a linear combination of the gradients of the
C(sij,mw,eij,mw)

functions £, ((6ij,ﬁw); Eij) My, ef’j, ma) with coefficients A% > 0, so that expression (4.13) becomes

AN of, 0f, v v\ b p
((Sij)'(mw))_z()(:lﬂa ENETS _asfj'_amfv ,(eij,mw,eij,mw) (4.20)

The consistency condition will be applied to each of the constrains, so that at (6ij,ﬁw) €

bd C(sij, m,, sipj, mﬁ,) such that £, ((6ij, fl); €ij» Moy, ef’j,m",’v) = 0 the consistency condition reads

Aa(fa)' =0 (4.21)
. ij’
accompanying ((85) , (mf,’v)'), so that, either A%* >0 and (f,,) = 0 or 2% =0 and (f,) < 0. Note

that (f,) > 0 is excluded because (8;, fi,,) must remain in (:'(eij,mw,efj,mfv).

where (f,) is the change in £, ((6ij,ﬁw);eij,mw,ep mﬁ’v) associated with the change in (6, )

For (6l-j,ﬁw) on the boundary of the elastic region, we define the following sets of indices

Jadm = {,3 €{1,..m:fp ((@pﬁw);&j:mw:ffj:ma) = 0}

Hact - {ﬂ € Hadm: (fﬁ) ((&ij:ﬁw); €ij,mw,€l.pj,m§;) = 0} (4'22)

Note that if @ € J,qm, then (fa) < 0 because (&i]-,ﬁw) must remain in the elastic region.
By (4.20), which we rewrite in the form

(7). (mh)) = Z;ﬂ“ <§£Z , :l];‘:v ) (4.23)
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we need to compute the multipliers A >0 a = 1,...,m. The multipliers of the constraints not
contained in the set ], Will be set to zero, because those constraints are not active. The multipliers of
the constraints contained in the set J,., will be computed using the corresponding consistency
conditions (4.21).

If £, = 0, then we proceed to compute (fa) First we apply the chain rule

o aa aa aa aa ’ aa
() = e (al,) e w>+f<sl,>+f<w>f() T (my)

on,

use the relations

() = 5 52 (e +a—(mw) +2 > 9)

(fw) = ( k) + 6;1‘,:/ aMW( ) + allw my)

and get

() = ] ] ]

= ;’jj J (Z”Z( W+ S (M) +Zg£l a:l:; ml, )

+66£: <gf::;( k)’ +§HW (my,) + Zug( E) + ﬂw \I/)v))
fa (gkl) e fa ( oy sl afa ( Py + afa )

_ <afa aal] + afa a#w f >( kl) <afa agij + afa a/zw f >( )

6611 aSkl aﬁw aSkl aSk 66'1] amw a‘ljw aSkl amw
(afa aaij + afa a.aw_i_ afa>( 14 '_l_(afa agij + afa’ aﬁw + afa )( p)'

06, 0ey,  O0fy 0ey,  Oel a6;jomk ~ of,, amk - amb )NV

Next we use the expressions

a6
BE€Jact ’il
GO
v 0fw
B€Jact

where we have used 2% = 0 for B € ], and we arrive at

(fa) =
<afa aal] + afa allw f >( kl) <afa ao—ij + afa a.uw f >( w)

aO'U agkl a[:iw askl agkl 66” amw aﬁw 0£kl amw

afa aaij afa a.aw afa’ afﬁ afa’ aﬁij afa aﬂw afa afB B
~ 20 T3, 7T 27 )32 T\55 Ry el vl I
s 06y 0g,, Ofy 0y, 0gy,; ) 00y d6;;0m,, O0f,om,, 0Jm,,)OMd,
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Consequently, the consistency condition (,) = 0 reads
z Gap P =44 (4.24)

where

af, 96, of, g, Of of, d6;; 0f, 0, Of

fa: {a ij + {a l’lw_l_ fa (Skl).+ {a ij + {a .uw_l_ fa (mw)
Oaij Oskl a[J.W Oekl aSkl aO'ij amw 6,uw 6£kl Omw

g - _ afa agij afa aﬂw af(x afﬁ . af(x agij afa 6ﬂw afa af[j’

ap aé-‘ijag’fl aﬁwagzl ag,fl 06y 66i]-am",’v 6ﬁwam,’,’v am\lx)v Ofy

Thus, in order to compute the multipliers A8 of the constraints contained in the set J ., We must solve
the system of equations (4.24). However, in order for the solution to be valid, all the multipliers must
be nonnegative.

To proceed further, in Simo and Hughes (1988) it is assumed that the matrix [ga[;] a, B € Jagm 1S
positive definite. With this assumption, they conclude the following loading/unloading conditions: (1)
if £, <0 for all @ € J,q, then all A% = 0 (i.e. elastic response); and (2) if £, < 0 for at least one
a € J.qm then not all 1% = 0 (i.e. elastoplastic response). They also make special note that, if several
constraints are active, the condition £, > 0 does not guarantee that £, is ultimately active.
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4.3 SOIL REGIMES

The structure at the microscale of a soil determines the behavior at the macroscale. In the first place,
there is a solid skeleton, which is made of solid particles and eventually of vicinal liquid, which is
tightly bonded to them by short-range interaction forces. Additionally, the soil can contain liquid or
gas not subjected to short-range interaction forces with the solid particles, but whose presence or
absence have an influence on the soil behavior.

There are several mechanisms that bond the water to the soil skeleton (Lu and Likos 2004). At relative
low water content, water is mainly in thin films on the particle surfaces, due to short-range interaction
forces. At relative high water content, water is mainly contained in the pores left by the particles due
to capillary forces. The relation between the water content and the water chemical potential is the soil-
water characteristic curve (SWCC), and its shape depends on the type of soil. In fine-graded soils,
such as clays, with a large particle surface, much water is in thin films, while in coarser soils, such as
sands, very little water is in thin films.

McQueen and Miller (1974) proposed a conceptual model for describing the general shape of a
SWCC, which was defined by 3 straight-line segments on a semi-log plot of suction versus moisture
content ranging from zero to saturation: (1) tightly adsorbed segment s = 10® — 10*kPa (water
retention by molecular bonding); (2) adsorbed film segment s = 10* — 100kPa (water retention by
short-range liquid-solid interaction); and (3) capillary segment s = 100 — OkPa (water retention by
capillary).

For modeling purposes, we will distinguish 3 soil regimes:

e Saturated regime (free liquid, no free gas). In this regime the pressure of the free liquid is defined.
If the soil skeleton (solid particles and vicinal liquid) is incompressible and there are no phase
exchanges, Terzaghi's effective stress principle holds. If the quotient of the bulk modulus of the soil
skeleton and the bulk modulus of the skeleton matrix is not negligible, Biot's effective stress may
conveniently replace Terzaghi's effective stress (Coussy 2004).

e Capillary regime (free liquid, free gas). In this regime the pressure of the free liquid and of the
free gas are defined. The SWCC exhibits an hysteretic behavior. The presence of the liquid-gas
interface increases the stress between the particles, which stiffens and hardens the soil, so that upon
wetting at low loads the soil swells elastically and at high loads the soil collapses plastically
(Alonso et al. 1987).

e Dry regime (no free liquid, free gas). In this regime the pressure of the gas phase is defined, but
the liquid pressure is not defined. The SWCC does not exhibit an hysteretic behavior. Vicinal fluid
is progressive lost. The soil properties depend on the water chemical potential.

In all these regimes the basic state variables, namely, the deformation of the skeleton, the masses of
species and the temperature are the same. However, the different features of the soil behavior in these
regimes seem difficult to include in a general constitutive model. We propose therefore to use a
different constitutive model for each of these regimes. Further, at the change of regime, the
corresponding constitutive models will be linked by the condition of continuity of the basic variables
and of the total stress tensor and of chemical potentials.

In order to establish the conditions of change of regime, we propose to use two values of the water
chemical potential: p,,, that marks the transition between the saturated and the capillary regimes and
Uy, that marks the transition between the capillary and the dry regimes. Setting to 0 the water
chemical potential at atmospheric conditions, the value u,,, < 0 corresponds to the air entry value and
the value u,,; < o corresponds to the vaporization of free liquid water.
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Remarks

o |If we plot the elastic region in the space (total) pressure p - water pressure p,, (recall that du,, =
(1/p,)dp,,) near the water saturation limit, we can see that (1) the compression yield pressure
increases with increasing water pressure in the saturated zone (Terzaghi's effective principle) but
decreases with increasing water pressure in the unsaturated zone; and (2) the extent of the elastic
region is constant in the saturated zone (Terzaghi's effective principle) but increases in the
unsaturated zone. Indeed, in the unsaturated state the liquid-gas interfaces tends to stabilize the
contacts of the soil grains (Gens 2010), and these interfaces disappear when saturation is reached.

e Groenevelt and Parlange (1974) present experimental data on a swelling soil at zero load pressure,
and note that the curve e = e(0) is not tangent to e = 8 at the air entry point, where 8 =V, /V, is
the moisture ratio and e = V/V; — 1 is the void ratio. They show that this discontinuity can be
associated with a second order phase transition in the sense of Ehrenfest (i.e. continuous molar
Gibbs function with continuous first order derivatives and discontinuous second order derivatives
(Callen 1960, Sect. 9.9)). They say that this phase transition is linked to the appearance and
disappearance of the gas phase due to a small change in the chemical potential of water.

In what follows we will show examples of free energy and dissipation functions for each of the soil

regimes. The corresponding constitutive models will follow by use of the state laws and Ziegler's
orthogonality principle.
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4.3.1 Preliminaries

For simplicity, we will consider isothermal conditions, no chemical reactions, small strains and
volumetric deformations of the solid skeleton. The free energy function per unit reference volume ¥ is
assumed to be of the form

— p D
Y =W(g, mg,my,,mg,0,e,,m,)

where ¢, is the volumetric deformation of the solid skeleton, m, is the mass of mineral per unit
reference volume, m,, is the mass of water per unit reference volume, m, is the mass of air per unit
reference volume, 6 is the temperature, &, is the plastic volumetric deformation and m?, is the plastic
water mass per unit reference volume.

As already mentioned, we will assume that the temperature 8 and the air chemical potential u, are
constant, corresponding to usual atmospheric conditions. This is approximately equivalent to constant
gas pressure (i.e. the partial water vapor pressure is neglected). It was also mentioned that, for constant
air chemical potential p,, it is convenient to perform the Legendre transform of the free energy
(e, mg,m,, mg, 6,5, mb)) with respect to the mass of air per unit reference volume m, to get an
equivalent thermodynamic potential TI(e,, ms, My, g, 8, €5, mh) per unit reference volume. For
notational convenience, since 8 = 8, (isothermal conditions), mgs = mg, (no chemical reactions) and
Ua = Ugo (air chemical potential is assumed constant), we define a new function

14 Py _ 14 14
l-l—’(gv,mw, gv'mw) - H(Ev' mSO'mwrﬂaO'QO'gv'mw)

for which, for simplicity, we use the symbol ¥ (an abuse of an already defined symbol) and we
denominate it the "free energy per unit reference volume" (an abuse of an already defined
denomination).

For each of the considered regimes, the constitutive model follows from the free energy function ¥
and the dissipation function @ by use of Ziegler's orthogonality principle:

¥ = Y(e, my, g\f/' mﬁ)
(4.25)
& = O((ED). (L) 60l )

where ¥ is a smooth convex function of g,, m,,, s,f, and m",’v, and & is a proper, convex, lower
semicontinuous positively homogeneous nonnegative function (i.e. a gauge function) of (sf,’) and
(m?,) , which depends also on &, m,,, €& and m?,.

From the free energy W follow the constitutive laws of the (total) pressure p and of the water chemical
potential u,,

v

=22 )
v
oW - (4.26)
Uy = om (&p, My, &y, My,)
w

and from Ziegler's orthogonality principle follow the constitutive laws of the rate of plastic volumetric
strain (}) and of the rate of the plastic water mass (m,)

o o € 00 (4.27)
ael’ omk, '
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where @& denotes the subdifferential of & with respect to (¢£) and (m})) .
We will make the following simplifying assumptions:

¢ Vicinal water. It is subjected to interaction forces with the skeleton, so that it is tightly bond to the
soil skeleton, and it is only mobilized in the dry regime. In the saturated and capillary regimes it is
constant mY, = mY, > 0; in the dry regime it is variable and 0 < m}, < mV,,.

e Free water. It is not subjected to interaction forces with the skeleton. The mass of free water m?, is
the sum of the initial (reference) free water mf,,, the elastic component m¢ and the plastic
component mh, i.e. mf, = mE, + mb, + mg,. In the saturated and capillary regimes it is variable

m%, > 0; in the dry regime it is zero mf, = 0.

e Saturated regime. The mass of vicinal water is constant m), = m',, > 0; the mass of free water is
variable mf,>0.

e Transition between the saturated and the capillary regimes. Occurs at u,, = p; the mass of
vicinal water is constant mY, = mY,, > 0; the mass of free water is variable m%, > 0.

e Capillary regime. The mass of vicinal water is constant m}, = mY, > 0; the mass of free water is
variable mf, > 0.

e Transition between the capillary and the dry regimes. Occurs at u,, = ty,1, With py,1 < thywo;
the mass of vicinal water is constant m), = m" , > 0; the mass of free water is zero mf, = 0.

e Dry regime. The mass of vicinal water is variable 0 < mY, < m ,; the mass of free water is zero

mh =

Remarks

o If the mass of vicinal water can be neglected, then the dry regime disappears. This would be the
case of sands and gravels.

e The transition between regimes involves a change of model, but the variables ¢,, m,, and ef,’ are
common to all regimes and the variable mk, is common to the saturated and capillary regimes but
disappears in the dry regime. In the saturated regime m?, is linked to &

e At the transition between regimes, the free energy and its first derivatives with respect to ¢, and
m,, (i.e. —p and u,,) are required to be continuous.
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4.3.2 Saturated regime

The reference configuration will be assumed to be at the water chemical potential u,,, corresponding
to the transition between the saturated regime and the capillary regime. We will assume that the solid
skeleton, which is made of solid mineral and vicinal water, is incompressible and there is no mass
exchange between the vicinal water and the free water, both of which will be assumed to have only the
species water. In these conditions, Terzaghi's effective stress principle holds. Recall that we have also
assumed small strains.

From these assumptions, it follows

J=1+¢, (smallstrains) (4.28)
J —nf =1—nf, (incomp.solid skeleton, no mass exchange) '
where J and &, is the Jacobian and the volumetric deformation of the skeleton motion, n, is the
volume of free water per unit reference volume and nf, is the corresponding value at the reference
configuration. Consequently

g, =nk —nk, (4.29)

and the density of free water is

F

my, _ my
Pw = =

(4.30)

nf, B &+ n\IZ/O
where mF, is the mass of free water per unit reference volume.

The volumetric strain of the soil skeleton ¢, and the mass of water per unit reference volume m,, are
assumed to decompose as follows

g, =&l + b (4.31)
my, =mVo+mb, =mV, +mb, +mé +mb '

w — Ttwo w — T'wo0 w0 w w
were e¢ and €7 are the elastic and plastic volumetric strains, mY,, and mf,, are the mass of vicinal
water and the mass of free water at the reference configuration per unit reference volume, and m¢, and
mb, are the elastic and plastic variations of the mass of water per unit reference volume with respect to
the reference configuration (Coussy 1995).

The plastic volumetric strain £? is the volumetric strain &, after (virtual) unloading from the actual
state (—p, u,,) to the reference state (—pg, o). The plastic water mass per unit reference volume m?,
is the variation of the total water mass per unit reference volume m,, with respect to the reference
water mass per unit reference volume m,,, = my,, + m%,, after (virtual) unloading from the actual
state (—p, uy,) to the reference state (—py, Hwo). Since it is assumed that the solid skeleton (solid
mineral and vicinal water) is incompressible and no mass exchange with the free water occurs, it
follows that the variation of the total water mass m,, — m,,, is equal to the variation of free water
mass mf, —mf,,. Since the free water density is a function only of the water chemical potential, it
follows that after (virtual) unloading the free water density p, is fixed by the water chemical
potential at the reference configuration u,,,. Consequently, on (virtual) unloading (i.e. mg, = 0 and
eg = 0), from relations (4.8) it follows

P _ _ F F _ F F _ _ p
m,, =my —Mye =My — My = Pwo (nw - nwo) = Pwov = Pwoéy

so that (mF,) and (&) are related by (Coussy 1995)
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(mh) = pwo(el) (4.32)

At wy, = o, let pe(gl) > 0 be the yield pressure in compression and let pg(e}) < 0 be the yield
pressure in extension. For notational convenience, we define

tan 8 = p,,o
1
k(el) = E(,oc(ggg’) —ps(eh)) cosf > 0 (4.33)
1
(ey) = E(pc(eé’) +p5(eh))

4.3.2.1 Free energy function

We assume that the free energy has the following form

i F
v &, t+n
Y(ey,my,eh,mh) =¥ (e, — b ) — f £(s)ds + (m,, — mi, YL <mv_—w‘?> (4.34)
0 w w0

where Yl (1/pk) is the specific (per unit mass) free energy function of free water and pf, is the
density of free water (cf. (4.30) and (4.31),).

The pressure p and the water chemical potential u,, are given by

oy 0‘{11 & + b &, +nh,
—p= = e el) + (—W) = /(e ) - (0
&y my, — My my, — My, (4_35)
oy 'l’F & +nk, g, +nk, WEY’ g+ o \ g & o
M = am, ~ " \iny, — miy) my,—ml Y \my, —mV,) Hw oy — mio

where p’ is (Terzaghi's) effective pressure, p% (1/pk) is the pressure function of free water and
uk, (1/pF) is the water chemical potential function of free water. Note that (Callen 1985)

pw< pt) —(%’3)’(%)
uw(pw) ww(a)—é(wa)'(é)

Thus the water chemical potential of the soil u,, and the chemical potential of free water are equal.
From the expressions of uf,(1/pkF) and p%,(1/p%), it follows a relation p%, = pf, (uf,) (an abuse of the
already used function symbol pf), using which (4.35), can be written in the form

(4.36)

oy
-p= a—el (ey — €0) — vl (uw) (4.37)
&

The generalized pressure and water chemical potential are given by

oY JYvY
P == =g (e o) + (D) = —p + pl ) + (D)
Sv &y
_ e (4.38)
b = " om, =
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where (4.37) has been used.

4.3.2.2 Dissipation function
We assume that the dissipation function has the following form

dom® = {((&]),(m},) ): (m},) = pwo(el) }

. . 1 .
O(() . (m) £y, e mE) = — k()| (D)

(4.39)

Note that dom @ is a closed convex one-dimensional subset of the space E(gp)' X E(mp)'. Figure 4.1a

shows the effective domain dom & and the level set ® < 1 of the dissipation function. Recall that, by
the convention used in convex analysis (Rockafellar 1970), outside the effective domain the value of
the proper lower semi-continuous convex function @ is 4o .

(mh) o
) ) \\\\\\ o
/1'/k(e£’1 <~ . .
S @ S
UKD N > L kED)
k(eP)

a) b)

Figure 4.1.  Saturated regime. a) The thin line that passes through the origin and forms an angle 8 with the horizontal axis
is the effective domain dom & of the dissipation function and the thick segment is the level set ® < 1 of the
dissipation function; b) The gray strip that has a width of 2k(e2) and its axis passes through the origin and
forms an angle of —(r/2 — 8) with the horizontal axis is the effective domain dom ®* of the dual of the
dissipation function. The two sets ® < 1 and dom &* are polars of each other (the length of the segment and
the width of the strip are reciprocal to each other).

Since pc(eh) > 0 and pe(e})) < 0, it follows that

k(€)= 5 (pe(eD) ~pe(eD)) > 0

cos @

so that @ is a non-negative function.

Note that @ is not differentiable at any point of dom ®. The subdifferential of @ is

If () >0, (m},) > 0 (yield in extension)

P (((55)', (mﬁ,)), £y My, sg,mf,’v) = {(ﬁ, fw):—pcosO + [, sinf = k(sf,’)} (4.40)
= {(k(sf,’) cosf — usin@,k(sf,’) sinf + ucos@),u € R}
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If () =0, (m}) = 0 (elasticity)

P ((0, 0); ev,mw,sg,mﬁ,) = {(ﬁ, ) —k(ef,’) < —pcosf + i, sinf < k(sf,’)}
= {(vcose —usinf,vsinf + ucosf),u € ]R,—k(ef) <v< k(ef)}

If (£) <0, (m},) < 0 (yield in compression)

0@ (((e), (b)) )s &, €0, ) = (B, w): =P cos 0 + i, sin 6 = —k(e}))
= {(—k(eg) cos@ —usinf, —k(ef) sin @ + u cos 9),u € IR}

The Legendre-Fenchel dual ®@* of @ is the indicator function of the subdifferential of @ at the origin
L) ((0 0; &5, My, €L, m"j,)) namely

dom ®* = {(=p, A,): |—P cos 6 + i, sin 6] < k(&)
(4.41)
CD*((_IS' .aw); Ey, My, 85, mﬁ,) =0

Figure 4.1b shows the effective domain dom ®* of this function, which is a closed convex two-
dimensional strip of the dual space E_5 X Ej = of the space E(sp)' X E mPy" By the convention used in

convex analysis (Rockafellar 1970), outside the effective domain the value of the proper lower semi-
continuous convex function ®* is +co. Thus, the elastic region in the space E_; X Ep  is

C (v mu, €5, myy) = {(=P, An): =P cos 6 + i, sin 0] < k(&)
or ) (4.42)
C(gv’ my, 85: mg/) = {(_ﬁ' ﬁw): |_ﬁ + .ﬂwa0| < E (Pc(gg) - pE(SIZJJ))}

The boundary in extension is

1
—P + AwPwo = 5 (Pc () —pe (55))
or (4.43)

1
B = o =5 (Pe(el) = pe(eD))

and, at any of its points, the cone of outer normals is
Ne(eymyepmp) = (AL o) , 4 2 0} (4.44)

The boundary in compression is

1
=D + fiwPwo = — 5 (Pc (55) - PE(&?))
or (4.45)

1
D = fwpwo + 5 (pe(ed) - ps(el))
and, at any of its points, the cone of outer normals is

Ne(epmyehmp) = (=1, =pwo) , 4 2 0} (4.46)
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4.3.2.3 Ziegler's orthogonality principle

Ziegler's orthogonality principle reads

v v o
<_ PEA amp> (e €5, mby) € 90 (((8)' ) (mh) )s £y, b))
v w

where the left hand side is given by (4.38) and the right hand side by (4.40). Replacing —p and f,, in
(4.40) by the expressions of —p and f,, in (4.38), we get

If (7)) >0, (m},) > 0 (yield in extension)

—p + ph () +£(e8) = k(ef) cos & — using
0= k(s,’,’)sin@ +ucosfd - u= —k(eé’)tan@

1
—p = —ph () —2(eD) + @k(ei’)

If () =0, (m}) = 0 (elasticity)

—p +pEu,) + {’(85) =vcosf —usinf - v= (—p + py, (L) + {’(85)) cos 6
0 =wvsinf +ucosd —> u=-vtanb
(4.47)
—k(e)) < v <k(e)
) — £(8) — —— k(e]) < —p < =l i) — £(e8) + — k(D)
w w v COSG v - - w w v Cose v
If () <0, (m},) <0 (yield in compression)
—p + ph(uy) + £(eh) = —k(e) cos 6 — usin
0=—k(e))sind +ucosd - u=k(e)tano
—p = =) = €(eL) = oo ()
p pW nuW v COSG v
The transform of the elastic region in the space E_,, X E,, is
1
C(ep,my, 8, mh) = {(—p, )i |=p + ol () +£(e5)| < @k(eﬁ’)}
or (4.48)

C(sv, my,, 85, mﬁ,)

= {(—p, o) |—p +piy (k) + % (pe(ed) +pe (65))| < %(pc(eé’) = pE(fff))}

Figure 4.2 shows the portion of the elastic region in the space E_, X E,, ~above the reference p,,o
(here taken to be zero by simplicity), which corresponds to the saturated regime. Note that the
transformation of the elastic region form the space E_; X Ej | to the space E_,, X E,,  involves a shift
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due to the term #(&!) and a deformation due to the term pf (u,), which causes that the flow
directions are not orthogonal to the boundary of the elastic region.

N

—pe(e?) Y

Figure 4.2.  Saturated regime. Elastic region in the space E_,, X E,,, (here p,,o has been taken to be zero by simplicity).

At the transition of regime, pc (L) is the yield pressure in compression and pE(ef,’) is the yield pressure in
extension. Arrows indicate flow directions, which are not normal to the boundary (they are normal to the
boundary of the elastic region in the space E_5 X Ey_ ).

The boundary in extension is

-+ D ) + 5 (pe(eD) + pe(ED)) = 5 (pe(D) ~ pe(eD)

or (4.49)

p = pe(e)) + vl (uw)

and, at any point on it, the flow rule is given by the cone of outer normals at the corresponding point in
the space E_p X Ep , namely

((e5),(mh)) =21, pwo) 220 (4.50)

The boundary in compression is

—p + P i) 5 (pe(el) + pe(e)) =~ (pe(el) — pe (<))

or (4.51)

P = pc(e)) + pw(iw)

and, at any point on it, the flow rule is given by the cone of outer normals at the corresponding point in
the space E_p X Ep , namely

((2),(m})) = A(=1,—pyo) 220 (4.52)

Remarks

¢ In the expression (4.34) of the free energy W, the first two terms can be attributed to the free energy
of the solid skeleton and the last one to the free energy of free water.

e The effective domain of the dissipation function & is one-dimensional because of the constraint
(mh,) = pwo(el) . As a result, @ is not differentiable at any point of its effective domain. For
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instance, the subdifferential d® at points of the effective domain ((?), (m%,)") # (0, 0) contains
more elements than just the gradient of ® along the one-dimensional effective domain (i.e.
(=P, Aw) = k() (cos 8, sin B) in extension, (—p, fi,) = —k(e})(cos §,sin H) in compression).

The flow rule is associated in the space E_5 X Ep  but it is not associated in the space E_, X E, .
This is due to the expressions (4.38) of —p and fz,,.
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4.3.3 Capillary regime

The transition from the saturated regime to the capillary regime occurs at u,, = 0, and the transition
from the capillary regime to the dry regime occurs at u,, = py1 < Uyo- It Will be assumed that in the
capillary regime the vicinal water mass is equal to its initial value in the reference configuration mY,
and the free water mass mf, varies.

Let the soil be virtually unloaded to the reference load (—pg, o). By definition, the elastic
volumetric deformation ¢ and the elastic water mass m¢, are zero. The water mass m,,, and the
plastic water mass m"j,o depend on the plastic volumetric deformation

Myo (55) = myo + Mo + pwoh
P (P P (4.53)
mwo(gv) = Pwoéy

Let us fix the soil skeleton and assume that the main wetting curve W and the main drying curve D are
given by the following expressions (I = W, D)

my, — My

Myo (85) — My

:uwl(mw: 55) = Hwo + (.uWO - .uwl)fl < ) (mwl =< my, =< mWO(‘Ss)) (4-54)

and that the scanning line determined by m?, is given by
.uwS(mw - m\?v) = Uwo + K (mw - (m\‘//vo + m€v0 + mlr/)ll)) (4-55)

where m,,o(€l) is the water mass at , = [0, My1 = My is the water mass at ,, = u,, (i.€. the
soil has only the vicinal water mass of the reference configuration), m!, is the plastic water mass that
determines the considered scanning line and the constant K, the normalized main wetting curve fy,(s)
and the normalized main drying curve f,(s) are such that

K>0
for=W,D
fi:10,1] - [-1,0]
fi(0) = -1
d;}(l) o (4.56)
1
E(S) >0
and

o) <fwls) (0<s<1)

Figure 4.3a shows the main wetting curve iy, (m,,, €7) and the main drying curve p,,u (m,,, €b).
The main wetting curve and the main drying curve are strictly increasing functions. The main wetting
curve is above the main drying curve at all m,, except at m,, = m,,o(¢}) and at m,, = m,,;, where
they coincide. Figure 4.3b shows the normalized main wetting curve f,,(s) and the normalized main
drying curve f5(s), which, respectively, have the same properties.

Figure 4.3a shows also the scanning line u,,s(m,, —mb) determined by mk,. The scanning line has
only one intersection point with the main wetting curve and has only one intersection point with the
main drying curve. This property follows if the slope K of the scanning line is strictly greater than the
slopes of the main wetting and drying curves at all m,,,.
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InlwoI Myo
me,  my,
Uw P
My My (&) £(5) A 1
Hwo I i —>
| m,, S
| fw(s)
Uww (mvz:/' 55 ) 7
fo(s)
twp (M, &)
-1
HUw1—
a) b)

Figure 4.3.  Capillary regime. a) The small circle is the current state, W is the main wetting curve, D is the main drying
curve and S is the current scanning line; the thick segment on the vertical axis is the projection of the current
elastic region, which at p,, = u,,o (transition to the saturated regime) and at p,, = 4 (transition to the dry
regime) reduces to a point; The scanning line, which has slope K, intersects the main wetting curve at only
one point and intersects the main drying curve at only one point; also shown are the vicinal water mass at the
reference configuration mY,, the free water mass at the reference configuration m£,, the current plastic water
mass mbk, (here it is negative), the current elastic water mass m¢, (here it is negative), the water mass
my,o(€,) at ty, = Uyo and the water mass my,; at w,, = Uy1; b) normalized main wetting curve fy, (s) and
normalized main drying curve f5(5s).

Since the scanning line p,,s(m,, —m%,) determined by m!, intersects at only one point any of the
main curves u,,;(m,, €5), it is possible to express these curves in the form p,,;(m?, €}). In order to
find the expressions of the derivatives of p,,; (m%, 7, let us introduce the variable

\%4
m,, —m m, —m
s=——pe =¥ W (0<s5<1) (4.57)
Myo (gv) — My Myo + Pwoéy

where m,,; = ml,, and (4.53) have been used. Consequently
my (s, €8) = mhg + (mho + Pwoth )s (4.58)
Expression (4.54) becomes

twi(S) = piwo + (Uwo — Hw1) f1(S) (4.59)

and by (4.55) the value of m?, that determines the scanning line that intersects the curve I at the point
determined by s is such that

Hwo t+ (wo — Uw1)f1(S) = pywo + K (mw - (m\‘:/O + mfvo + m\l/)v))
so that

HUwo — Uw1
mj, = _%fl(s) + (my, — my,g) — myyg

and using (4.57) it becomes
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Hwo — M
mly(s,0) = === f;(s) + (o + Pwoel)s — miyo (4.60)

Replacing (4.59) and (4.60) in p,,; = py,; (mh, €0 yields
Uwi (S) = Uwr (mlr/)v (S, 85)' 55) (461)

Partial derivation of (4.61) with respect to s yields

Pt (5 = S (o s, €2), p)a"‘W( &%) (4.62)

and partial derivation of (4.61) with respect to £~ yields

a“W’( P (s,6), &7 )+ Okt 5 (s 50).¢0) (4.63)
Using (4.59) and (4.60) in (4.62) yields
(o = 1)/ (5) = 5 ok o (.28, e8) (- R0 B f() + i+ pwosh)  (464)

and using the expression (4.57) of s yields

|4
(#WO .uwl)fl <—mwop>

0 mb, + £
Bl (b D) = wo T Puwofy] _ (4.65)
a‘mw TnF0 + pWng _ Uwo — .uwlfl ( — My )
v Y My + Pwoty,
Using (4.60) in (4.63) yields
aMWI P p P a.u'WI P P
0= . (mh,(s,€8), €8 )pwos 7 (mw(s b)), eh) (4.66)
mW
and using the expression (4.57) of s yields
m,, —ml, 0 0
0 = Pyo—rs wo_ OHwi mh sp) + Hwi (m",’v,ep) (4.67)

My, + pwoty, Omy, Oey,
Expressions (4.65) and (4.67) give the partial derivatives of the function p,,, (mh, b).

The requirement that the slope of the main curve I (i.e. the partial derivative of the function
thw (My, €5) given by (4.54) with respect to m,,) is less than the slope K of the scanning line yields

U — U m, —m
Fwo wlpf1,< Fw w1p> <K
m + Pwo& m + Pwo&

w0 w0<p w0 w0 <y

where m,,; = m%,, and (4.53) have been used. Consequently, since mf,, + p,,0ef > 0 (it is the mass
of free water at u,, = u,,0), the denominator of (4.65) is positive. Furthermore, since f;(s) > 0 and
Uwo — Hwr > 0, it follows that
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a.uwI
omb

(mh,el) >0 (4.68)

Since in expression (4.67), pyo IS positive, by (4.57) the fraction that multiplies the partial derivative
of p,;(mb, €)) with respect to ml, is positive, except at m,, = ml,q (i.. at w,; = 1) Where it is
zero, and by (4.68) the partial derivative is positive, it follows that

d Hwi
ael

(ma; 55) <0 if Hw1 < Hwi < Hwo

(4.69)
Olwi
ael

(mewgg) =0 if  pyr = pwa

Note that the function u,,;(mk, £) exists if and only if any scanning line intersects at only one point
the corresponding main curve. As already mentioned, a sufficient condition is that the slope K of the
scanning lines is greater than the slope of the corresponding main curve at any of its points. Since the
main wetting and drying curves are obtained from the corresponding normalized curves by an affine
transformation (see relations (4.54) and Figure 4.3) so that the square of size 1 x 1 is transformed into
a rectangle of size (m},’vo + pwosl ) X (Uwo — Uw1), the slopes of the transformed curves increase as
&b decreases, so that, for sufficiently low &7 the aforementioned sufficient condition does not hold.
Values of ) such that this condition does not hold will be considered to be outside the model
capabilities.

In the previous exposition it has been assumed that the soil is virtually unloaded to the reference load
(—Po» lwo) SO that the volumetric strains &, and the plastic volumetric strains €¥ coincide and that the
soil skeleton was fixed. For simplicity it will be assumed that the effect of the elastic volumetric
strains on the main wetting and drying curves is negligible. Consequently in what follows it will be
assume that this formulation holds in general.

4.3.3.1 Free energy function

We assume that the free energy has the following form

‘P(s,,,mw, sﬁ,mﬁ,) = ‘Pl(sv — 85) + ‘}’Z(mw — ma) + ‘%(ef,mﬁ,)

where
P P 1 14 F Py)? (4.70)
l'I',Z(‘mw - mw) = ﬂwo(mw - mw) + EK(mW - (mwo + my,o + mw))
mh, 1
Wa(elmh) = [ 2 (u (eE5) + (. 9)ds
pWOSU
The pressure p and the water chemical potential p,, are given by
oY v
P = ge, " e (0 )
v v (4.71)

ov
Uy = m = Uwo T K(mw - (m\‘:/O +m5v0 + mev))

Note that (4.71) coincides with the expression (4.55) of the scanning line determined by m?,.
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The generalized pressure and water chemical potential are given by

ow b oy 0% oW,

—ﬁ=_ﬁ(£v,mw,gv,mw)— el p)__ W)

ow - 0w, 2 (4.72)

(Ev:mw' gv'mw) = om (mw - w) ~ 4. D \I/)V)

The partial derivative of W5 (&?, m!,) with respect to m, is

oy o ([ 1
> (b w)—a—z»(f 7 (Howw (25,9 + 1 WD(E‘I’)'S))dS>
Pwo€y

om,,
-3 (“WW(Ef;" mh) + o (€5, mﬁ,))
thus

0¥,
omP

(‘Sv' mw) =5 (#WW(SV’mw) + Hwp (‘gv'mw)) (4-73)

w

The partial derivative of W;(el, ml,) with respect to ! is

Eg(gngev) :E<L Ospz(.uWW(gu;S)+‘Lle(€v,S)) >

ds
1 p
- —E(#ww(prwof ) + #wD(gv'pwog ))

1

=5 (o (e mb) + o (8, m)) <_1 " a(m‘é’v)>

P
dg,

pwosv a‘u
_f ( WW( 6:D (sE,s)) ds

14
m,, v

a (pWO 85)
deP

1
- E Pwo (MWW(EIZJJ' pWOEIZJJ) + HUwp (85' pwogfzj))

1 [Pwoss Fot )
+,0w0§f » 0 < o > > ( Fwy ( ) + MWD (EU;S)> ds
my,

mwO + Pwo ‘S

where the Reynolds transport theorem has been used to compute the derivative of the integral. Thus

0%;

de p w) = _E,DWO (.“wW(Sv:pWOS ) + ,uwp(Sv,pWoSp))

1 (Pwosy Myyo + O thww #D
ez ] (s )(  (505) g (8,5) Jds
mW

mwo + Pwof

(4.74)

We now evaluate bounds of this integral.
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Since —mb,, < s < pyoel sothat mE, + pyoel > 0, it follows

F F F F p
My — Myyo Myo +s Myo + Pwoéy

= F D F pP=_TF D
My, + Pwoy Myo + Pwo &y Myo + Pwo €y

A

=1

Using these bounds and the relation (4.68)

a.uwl
am

D (ef,’,mﬁ,) >0
w

in expression (4.74) yields

¥ 1

685 (Elzjlm\z/av) > _Epwo (#WW(EE' Pwofs) + twp (55' Pwogs))
v

oy 1

ag; (efj,mﬁ,) < _EPWO (#wW(ggi pr‘Ss) + HUwp (85' pWOE‘IZJJ))
v

1 (Pwosy (Bt Ot

+;0Wo§fm5 <67::€v (85,5 + arr‘:%v (85,5) ds

= - Epwo (:uwW (55: Pwogg) + Uwp (55: Pwogs))
1 1
+pw0 E (HWW(SE' Pwo 55) + Uwp (55' Pwofs)) — Pwo E (/"WW (55' m\?v) + Uwp (55' mﬁ/))
1
= - Epwo (:uwW (85, m\?v) + HUwp (85, m\?v))

since
HUw1 < Uwp (fg'ma) < HUwo
HUw1 < MWW(EIZJJ'm\IZI) < HUwo
‘uWW(EIZJJ'pWOgII;) = Uwp (sﬁ,pwogg) = HUwo
it follows
v 1
- 685 (Sg'mev) < Epwo (Mww(gg'pwogg) + Uwp (SEJPWOEE)) = Pwolwo
v
0¥ 1
= (8. mb) = 5 pwo (s (e, m8) + (0, m0) ) 2 puotn
v

so that we have the bounds

oW,

Z
oe,

Pwokw1 < —— (5, ml) < pwortwo (4.75)

4.3.3.2 Dissipation function

We assume that the dissipation function has the following form
dom® = {((}),(mh) ): () € R,(mh) e R}

o((el), (mh); epmy, €8, mb) = (@()(—p) + BO)| (X)) | + ()| (m) |

(4.76)
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where a(+), B(+) and £(-) are functions of the state (&, m,,, €}, m!,). The dissipation function must be
non-negative. Consequently, for the range of admissible pressure p, water chemical potential u,,,
plastic volumetric deformation e? and plastic water mass m?,, the functions of state a(-), S(-) and
£(+) must be such that

a()(-p)+B() =0
2() =0

We will determine these functions in terms of the yield pressure in extension pE(,uW,e,’,’), the yield
pressure in compression pe (., €5), the yield water chemical potential in wetting s, (mb,, €7) and
the yield water chemical potential in drying w,p(mk,€}). In the following developments we will
assume that k(—p,") = a(:)(—p) + B(-) = 0and £(-) = 0.

Figure 4.4a shows the level set ® < 1 of the dissipation function. Note that @ is not differentiable on
the axes (m},) =0and (&) = 0.

(m) Hw
1/¢(8,mb) Ie(gz; mP)
» Ty
1 el) —p
p( Vg I{)(Egrmgv)
1/4(e,, my,) v
>l k(_p'#w"gg'm\?v) k(—P'Mw'Sf'maz)
1/k(=p, thw, &5, M) [1/k(=p, . 7, M)
a) b)

Figure 4.4. Capillary regime. a) The effective domain dom & of the dissipation function is the whole plane and the gray
rhombus centered at the origin is the level set ® < 1 of the dissipation function; b) the effective domain
dom @* of the dual of the dissipation function is the gray rectangle centered at the origin. The two sets
@ < 1and dom ®* are polars of each other (the lengths of the diagonals of the rhombus and the lengths of
the respectively orthogonal sides of the rectangle are reciprocal to each other).

The subdifferential of @ is

If (7)) # 0 and (m}) = 0 (at these points @ is differentiable)

00 ((e8)', (b )s eur 8, mb)
={@ ) =P = k(=p,) sgn((&7) ) Ao = £() sgn((my,) )}
If () >0, (m}) =0

0P (((55)', (mﬁ,)), Epy My, sg,mf,’v)
={(® aw): =P = k(=p,), liw| < £()}

(4.77)
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If () <0,(m}) =0
P (((85)., (mﬁ,)), &y, My, ef,’,m,’j,)
= {(ﬁ' ﬁw): _ﬁ = _k(_p)')' |.aw| < 'B()}
If () =0, (m2) >0
0P (((85)., (mﬁ,)), Epy My, ef,’,m,’j,)
If () =0, (m?) <0
f6Le) (((85)., (mﬁ,)), £y, My, ef,’,m,’j,)
={® aw): =Pl < k(=p,"), iy = —£()}
If (£) =0,(m}) =0
0@ (((e), (mh)); &y, 1my, €5, m})
={(® aw): 1-pl < k(=p,"), lAw] < ()}

The Legendre-Fenchel dual @* of & is the indicator function of the subdifferential of & at the origin
Gl ((0 0; &y, My, 5, m"j,)) namely

dom @* = {(=p, fi): |—D| < k(—=p,), |aw| < €()}
(4.78)
CD*((_IS: ﬁw);gv:mw"gg!mev) =0

Figure 4.4b shows the effective domain dom @* of this function, which is a rectangle centered at the
origin of the dual space E_; X Ej = of the space E(gp)' X E mby" By the convention used in convex
v w

analysis (Rockafellar 1970), outside the effective domain the value of the proper lower semi-
continuous convex function ®* is +co. Thus, the elastic region in the space E_; X E  is

C (v, ), mi) = {(=P, ): | =Pl < k(=p,), 1] < ()} (4.79)
The sides of the boundary of the elastic region and the respective cones of outer normals are
Sg ={(=p,4w): =P = k(=p,), |Aw| < €()}  (extension)
Ne(eymy,e?mp) (P> ) = {4(1,0) ,4 = 0}
Sc ={(=D,fiw): =P = —k(=p,), |Aw| < £()} ~ (compression)
Ne(epm.ebmt) (7P fw) = {A(=1,0), 4 = 0} (4.80)
Sw ={(=D, Aw): =Dl < k(=p,), Aw = £()}  (wetting)

N¢(eymuelm) (B fw) = {2(0,1) , 2 = 0}

Sp = {(=0, fiw): |-P| < k(=p,), by = —£()}  (drying)
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Ne(e, mo e 2y (s i) = {A(0,—1),2 2 0}

The corners of the boundary of the elastic region and the respective cones of outer normals are

Cew = {(=D, Aw): =P = k(—p,), Aw = £(-)}  (extension-wetting)

P)( D, fw) = {4,(1,0) + 2,(0,1) ,4; = 0,4, = 0}

C(epmy,.e

Cow = {(=p,Aw): —Pp = —k(—p,), Ay, = £(-)}  (compression-wetting)

N 1’)( D, Aw) = {41(=1,0) + 2,(0,1) ,2; = 0,4, > 0}

C(epmy,ehm
Cep = {(=P, fiw): =P = k(=p,"), A, = —£(-)}  (extension-drying)

N 1’)( D, Aw) = {4:(1,0) + 1;(0,—1) ,2; = 0,4, > 0}

C(epmy,ehm
Cep = {(—D, fi): —p = —k(—p,), Ay, = —€(-)}  (compression-drying)

N(f(gv‘mw‘gg’ma) (_ﬁ; :aw) = {Al (_1, 0) + AZ (0' _1) ’ Al =0, AZ = 0}

4.3.3.3 Ziegler's orthogonality principle
Ziegler's orthogonality principle reads

< ov¥Y oV

-5 W)(ev,mw,ev, 2) €00 (((e£), (L) ) 0 s

(4.81)

where the left hand side is given by (4.72) and the right hand side by (4.77). Replacing —p and f,, in

(4.77) by the expressions of —p and f,, in (4.72), we get
If (85). * 0, (mﬁ,)' #0

oW¥s
327 (Ehml) = kp) = =) + O

atp3

(sv,mw) 70)

If (¢£) >0, (m},) = 0 (yield in extension)

A Y
3 (el,mb) = k(-p,) = a()(=p) + B()
oy — j:g,v (7, mb)| < €()

If () <0, (m},) =0 (yield in compression)

A Y
> 2 = —k(=p,) = —(a()(=p) + B(O))

’|}J
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oW,

TP
om,,

o (g5, m)| < £0)

If () =0, (m},) > 0 (yield in wetting)

d
‘ hE < k(=p,) = a()(=p) + B

_p —_ 685 (SE,me,)

IV
ty — (8, mb) = £()
w

om

If (¢£) =0, (m},) > 0 (yield in drying)

v

‘—P - a€p3 (e5,my)| < k(=p,) = a()(=p) + B()
iR Y

o = g (1) = =20

The transform of the elastic region in the space E_,, X E,, is

C(ey,my, €8, mh)

oW ¥ 4.83
- {(—p, )i |-p = 52 (e mh)| = €Y ) + B0, iy = = (eb, )| < f(-)} (483
& om,,
We proceed to determine the functions a(-), S(-) and £(-).
e Foryield in wetting
p_D 03 p P p D
.uwW(gu'mw) - a—p (gwmw) = 1?(m'w"‘gv)
mW
e Foryield in drying
oV
(&5, m3,) = ——5 (&5, m}) = —e(m}, &)
mW
Consequently
p D 1 p D p D 4.84
’g(mw' ‘Sv) = E (.UWW(‘SV'mw) - 'uwD(gv'mw)) ( : )
and, since (4.54) and (4.56) imply oy (M, €)) = pyp (my,, €5) = 0, it follows
(mh,eb) =0 (4.85)

o Foryield in extension

oW,

D
oe,

e (1 8) == (e0.mb) = a (—pe (. £5)) + B

e For yield in compression
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oV
—PC(Mw» 55) - Eg (Ss»m\?v) == (‘Z (_pc(ﬂw' 55)) + :3)
Consequently

oW
pc(uw.€5)+p5(uw;£5)+2 3(51,, ml,)

p D
a(ly, &,,my,) = —
(B 5.7y pe G D) = Pe (D)

20¢ (1 €5 )0 (ts- €8) + (P (tr €0) + P (pr € ”)) (Sv' m,)

.B(.u 'gp'mp) = -
vy v pC(MWng) - pE(.uW'gv)

The expressions

v
a(ﬂwr 55! m\zz)v) (_pE (.uW’ 55)) + .B(Mw' 55! m\z/)v) = —Pk (:uw' 55) - _3 (55' mll/,v)

a(“wr s}f,mﬁ,) (_pC(.uw: 55)) + .B(Mw'gng\?v) = pC(.uw' ) + (51;, W)

are positive if and only if
py 0P
—P(;(HW;EU) <= de p (‘Sv'mw) < pE(MW,S )

and in this case, since a(u,, &5, mb,)(—=p) + B(uw, €5, mk,) is linear in —p, it follows
a’(.uw: s,f,mfv)(—p) + B(MW’ gs'm\?v) >0 - pC(.uw' 55) < -P < _pE(:uw: 55)
Since by (4.75) we have the bounds
0¥,
—Pwoltwo < a_p (sf,mﬁ,) < —Pwolw1
81]
it follows that the conditions

—Pc (.u'W’ 55) =< —Pwolwo
—Pwolw1 < —PE (.uw' 85)

imply the conditions (4.87). Consequently, we have

—pc(twr €5) < —Pwoktwo aNd —pyotws < —Pg (i, €5)

a(pw, €5, mh))(=p) + B(uw, €5, ml) >0 for —pc(py. &) < —p < —pe(uw. &)

(4.86)

(4.87)

(4.88)

(4.89)

This condition restricts the range of applicability of the model, although with the values of u,,, and
U1 (the zero of water chemical potential is taken for free water at 1atm and 20°C), which correspond,
respectively, to the air entry value and to the total evaporation of free water, this condition is not too

restrictive. Note that it is necessary that p¢(py, €5) — pe(pw, €5) > 0 for the expressions (4.86) of

a(py, €, mh,) and By, €5, mb,) to be defined.
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Figure 4.5 shows the elastic region in the space E_,, X E,, , with a shape similar to the elastic region
proposed in the BBM model (Alonso et al. 1990), but restricted to a variable horizontal strip
tww (mh, €) <y, < pyp(ml,, €)), whose projection on the vertical axis is the thick segment
shown in Figure 4.3a. This strip reduces to a horizontal line at the transition from the saturated regime
to the capillary regime u,, = u,,o and at the transition between the capillary regime and the dry regime
Uw = w1 The flow directions are not normal to the boundary of the elastic region (they are normal to
the boundary of the elastic region in the space E_; X E ).

Uw

—Pc (.uwo' 55) —PE (MwO: 55)

= J / ] / =

Uwo \ ~ \ U

/ \ P
N 7
< 7
7
/ \
, | I

Figure 4.5.  Capillary regime. Elastic region in the space E_, x E, . At the transition from the saturated regime to the
capillary regime p,, = u,o (here u,o has been taken to be zero by simplicity), pc(two, €5) is the yield
pressure in compression and pg (two, €7 ) is the yield pressure in extension. Arrows indicate flow directions,
which, except at the horizontal boundaries (yield in drying and yield in wetting), are not normal to the
boundary (they are normal to the boundary of the elastic region in the space E_; X E3 ). At each corner there
is a fan of flow directions.

Remarks

e The interior of the elastic region in the space E_,, X E,, vanishes at u,, = p,, the transition from

the saturated regime to the capillary regime, and at u,, = u,,, the transition from the capillary
regime to the dry regime.

e The elastic region can have a shape similar to the elastic region proposed in the BBM model
(Alonso et al. 1990), which allows to reproduce reversible shrinking and hardening upon drying or
irreversible collapse upon wetting.

e Inthe space E_, X E,  the flow rule is associated in wetting and in drying, but it is not associated
extension and in compression. In the space E_; X Ej  the flow rule is associated.
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4.3.4 Dryregime
The transition from the capillary regime to the dry regime occurs at u,, = u,,1. It will be assumed that
in the dry regime there is no free water m%, = 0 and the vicinal water varies m/,.
4.3.4.1 Free energy function
We assume that the free energy has the following form
‘P(sv, my,, ef,’,m,’j,) = ‘Pl(s,, — &l ,mw) +W¥,(eh) (4.90)

The pressure p and the water chemical potential p,, are given by

oY 0¥
—p = - (&0 — £5,my)
65,, e (4.91)
ovY alpl » '
Hw = amw (Sv gv'mw)
The generalized pressure and water chemical potential are given by
_ oY v oY vy,
= {CEE AR [CIRE R G
“ € (4.92)
oY '
Hw am‘zlav
4.3.4.2 Dissipation function
We assume that the dissipation function has the following form
dom @ = {((&) , (my,) ): (my,) = 0}
(4.93)

o((ef), (mh)) s & muy, €5, mf) = () (=p) + BO)|(F) |
where a(-) and B(-) are functions of state. Note that dom @ is a closed convex one-dimensional
subset of the space E(gp)' X E(mp)'. The dissipation function must be non-negative. Consequently, for

the range of admissible pressure p, water chemical potential u,,, plastic volumetric deformation &
and plastic water mass m%,, the functions of state a(-), (-) and £(-) must be such that

a()(=p)+B() =0

We will determine these functions by prescribing the pressure in extension yield pE(yW,e,’f) and the
pressure in compression yield pc(yw,sff). In the following developments we will assume that
k(=p,) = a()(=p) + B() = 0.

Figure 4.6a shows the effective domain dom & and the level set ® < 1 of the dissipation function.

Recall that, by the convention used in convex analysis (Rockafellar 1970), outside the effective
domain the value of the proper lower semi-continuous convex function @ is +co .
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(m3) f,

N

1/k(~p, b, mb) | /K=&, m)

|[e—>|l——]
k(—p, &5, my) k(—p, e, mb)

a) b)
Figure 4.6. Dry regime. a) The horizontal axis is the effective domain dom @ of the dissipation function and the thick
segment is the level set & < 1 of the dissipation function; b) The gray strip that has a width of 2k(eZ) and its
axis is the vertical axis is the effective domain dom ®* of the dual of the dissipation function. The two sets

® < 1and dom ®* are polars of each other (the length of the segment and the width of the strip are
reciprocal to each other).

The subdifferential of @ is

If (¢£) >0, (m},) = 0 (yield in compression)

00 (((2), (mh) )s &, muy, €5, mb ) = (B, fu): =B = k(=p,))
= {(k(_p:): u),u € ]R}
If () <0, (m},) = 0 (yield in extension)

. . 4,94
00 (((2), (mh) )s &, muy, €5, mb, ) = (s fu): = = —k(=p,)) (499

= {(_k(_p:'):u):u € R}
If () =0, (m) = 0 (elasticity)
acb (((85)’ (m\f/)); 81}! mW: 85’ m\I:)) = {(pA' ij). |_pA| S k(_p!')}
={(v,u),u € R, —k(—p,") <v <k(-p,)}
The Legendre-Fenchel dual ®* of & is the indicator function of the subdifferential of & at the origin

0P ((0 0; &y, My, €L, mﬁ,)) namely

dom @* = {(=p, Aw): |-P| < k(=p,)}
(4.95)
CI)*((—ﬁ, ﬂw);gv:mw:‘?g!m\e/) =0

Figure 4.6b shows the effective domain dom ®* of this function, which is stripe whose axis is the
vertical axis of the dual space E_; X E; A of the space E(gp)‘ X E mP)" By the convention used in

convex analysis (Rockafellar 1970), outside the effective domain the value of the proper lower semi-
continuous convex function @* is +co. Thus, the elastic region in the space E_; X Ep  is

C(ep My, €5, my) = {(=B, 4y): | =P < k(=p,)} (4.96)
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The sides of the boundary of the elastic region and the respective cones of outer normals are
Sg ={(=p,4w):—p = k(—p,)} (extension)

N(f‘(ev,mw,ep ma) (_ﬁ' ﬁw) = {A(l: O) ’ 1= 0}

v

(4.97)
Sc ={(-P,4y):—p = —k(—p,)} (compression)

N ey 2 m2y (—Br i) = (A(=1,0),4 = 0}

4.3.4.3 Ziegler's orthogonality principle
Ziegler's orthogonality principle reads

( ov¥Y oV

_@’ - am‘zj) (&, My, €5, my,) € 0P (((ef) (mh)); ev,mw,ef,mfv)

where the left hand side is given by (4.92) and the right hand side by (4.94). Replacing —p and 4, in
(4.94) by the expressions of —p and fz,, in (4.92), we get

If (¢£) >0, (m},) = 0 (yield in extension)

oWV

2
o 2 685 (55) = k(_p')
O=u
Y,
—p = 685 (85) + k(_p,')
(4.98)
If (£) <0, (m},) = 0 (yield in compression)
0¥,
=57 () = ~k(p)
O=u
Y,
=57 ()~ k)
The transform of the elastic region in the space E_,, X E,, is
14 14 atpz D
C(ev £, ) = 1 (=P pt): |2 = 55 (€))] < aC)(=p) + BC) (4.99)
v

We proceed to determine the functions a(:) and B(-).

e Foryield in extension

oW
ag§ &)) = a (—pe (i el)) + B

—pe(tw, €7) —
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o Foryield in compression
~pe(twr €7) - ( eb) = —(a(-pc(uwed)) + )

Consequently

pe(twr €8) + pe(pw, €5)

pc(pw 5) — pe(pw €1) 4.1
100
20c (w, €5 )pe (. €5) (4100

Pc (.uw' 85) — DPE (/"w' 85)

CZ(HW, 8117)) =-

Bkw.€5) = =
The expressions
@t €5) (~Pe (1t €5)) + Bttr €5) = —pi (w2 )— ( )
@t €2) (=1 (D)) + Bt €5) = v (1o 81 )+ ( &)

are positive if and only if
Y2
—pc(iw &) <55 7 > (D) < —pg (w €5) (4.101)

and in this case, since a(u,, &5, mb,)(—=p) + B(ww, €5, mk) is linear in —p, it follows

a(pw, €5)(=p) + B(uw.€5) >0 —pc(pw €)) < —p < —pe(iw. €5) (4.102)

This condition is satisfied if pc(uy,e)) >0 and pg(uy, €5) < 0. Note that it is necessary that
pe(pw, €0) — pe (1w, €F) > 0 for the expressions (4.100) of a(u,, €8) and B (uy, €5) to be defined.

Figure 4.7 shows the elastic region in the space E_, X E,, ,

_p|C (:ule 55) —PE (.uwl' 55)

-D

Uw1

Figure 4.7.  Dry regime. Elastic region in the space E_, X E,, . At the transition w,, = u,,, from the capillary regime to

the dry regime, p¢(uwq, €5) is the yield pressure in compression and pE(uwl,s,’,’) is the yield pressure in
extension. Arrows indicate flow directions, which are not normal to the boundary (they are normal to the
boundary of the elastic region in the space E_; X Ey ).
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Remarks
e Since water mass is fully recoverable, there is no plastic water mass component mp,.

o As the water mass decreases with the water chemical potential, the stabilizing effect of the
liquid-gas interfaces tends to decrease, so that the increase of the compression yield pressure and
the decrease of the extension yield pressure acquired during the capillary regime tend to vanish.

e Inthe space E_, X E, the flow rule is not associated extension and in compression. In the space
E_p X Eg, the flow rule is associated.

e Since there is no free water, all water in the soil is vicinal water. In the scientific literature
exceedingly high negative pressures are usual. However, if water is tightly bonded to the soil
skeleton, water pressures at the microscale are expected to be highly positive. In the proposed
formulation for the dry regime water pressures are not used.
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4.4 SOME ADDITIONAL TOPICS

4.4.1 Work input, matric suction and negative pore water pressures

Houlsby (1997) considers the power input to an unsaturated soil made of a solid phase, a water phase,
an air phase and an air-water interface. The total stress tensor is the sum of contributions from the
solid, water and air phases and from the air-water interface, but it is assumed that the solid phase and
the air-water interface move with the same velocity. He derives two alternative expressions of the
power input to an unsaturated soil, one with Bishop's stress (with y = S,) and suction as stress
variables and another with net stress and suction as stress variables. From these work input
expressions follow in each case the identification of the corresponding work-conjugated variables.

Coussy (2004) considers the power input to an unsaturated soil made of a solid phase, a water phase,
an air phase and the corresponding interfaces. The total stress tensor is the sum of contributions from
the solid, water and air phases. Gray et al. (2010) consider the power input to unsaturated elastic
porous media made of a solid phase, a wetting fluid phase, a non-wetting fluid phase, the interfaces
between these phases and the common curve along the solid surface where the two fluid phases meet.
The total stress tensor is the sum of contributions from all phases, all interfaces and the common
curve. In these works, the liquid and gas pressures multiplied by their respective volume fractions
correspond to the (smeared) spherical stress tensors of the liquid and gas phases.

The expressions of the power input to an unsaturated soil obtained in Houlsby (1997) are often
referred in the unsaturated soil mechanics literature. However they have been applied even when
liquid pressures have exceedingly large negative values. Gray and Hassanizadeh (1991) consider that
negative absolute water pressures are unrealistic and in their work they introduce wetting potentials to
account for the attraction forces between the solid and fluid phases. In fact, short-range interaction
forces bonding water to the solid skeleton should give rise to microscale positive (compressive)
pressures (Nitao and Bear 1996), so that averaging of microscale distributions of those pressures
would yield positive (compressive) macroscale pressures. But, in this case, the expression of the work
input used in those developments should include also a contribution from the short-range interaction
forces. In this regard Alcoverro (2003) noted that, if at a microscale point x an incompressible fluid
with pressure p(x) is subjected to a potential body force field —¢ ;(x), then the terms of the balance

of momentum of the fluid at the microscale (—p&-j)j — @, can be written in the form (—ﬁSij)j with

p(x) = p(x) + @(x). If p(x) is the potential of an attraction force field (i.e. bonds the fluid to the
solid skeleton) that vanishes at infinity, then it follows that ¢(x) < 0. Consequently, although the
(absolute) pressure p(x) is positive, the modified pressure p(x) can be negative. Note that, at local
equilibrium states, the microscale distribution of 5 (x) is uniform (neglecting gravity forces).

In thermodynamics the work input is used in the balance of energy, which, when combined with the
balance of entropy, yields the entropy inequality. In the present formulation the entropy inequality
(3.18) is written in terms of the power of the total stress tensor on the solid skeleton deformation, the
working of the chemical potentials of the species on the corresponding mass variations and the
heating. For free water, which is not subjected to interaction forces with the solid skeleton, microscale
distributions of pressure are uniform (neglecting gravity forces), giving rise to macroscale water
pressures with the same value as the microscale water pressures. Since free water behaves as if it were
outside the unsaturated soil, large absolute negative water pressures should not be expected.

In unsaturated soil mechanics, matric suction s is defined by the relation

S =Dpc— DL (4.103)

where p is the pressure of the gas phase and p; is the pressure of the liquid phase. As already
mentioned, high matric suction values (i.e. several MPa), which at atmospheric gas pressure imply
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large negative liquid pressures, are acknowledged to in fact represent bonding energies per unit
volume. In the proposed framework, matric suction s = p; — p, can be defined only in the capillary
regime, in which both free liquid and free gas are present in the soil, so that the gas pressure and the
liquid pressure can be defined. It is therefore of interest to state the matric suction in terms of chemical
potentials.

In an unsaturated soil with a free liquid phase and a free gas phase, the respective pressures can be
defined as functions of the chemical potentials of the constituents and temperature using their
respective state equations, as in (3.36). In an unsaturated soil, we assume that the constituents of the
free liquid and the free gas are water and air. Using the definition of matric suction s yields

S(tw, i, 0) = D6 (U, ta, 0) — P (U Ug, 6) (4.104)

where p; is the pressure of the free gas and p;, is the pressure of the free liquid. Thus matric suction s
is a function of the chemical potentials of water y,, and air u, and of the temperature 6. We assume
that the free gas is a mixture of air and water vapor, which behave as ideal gases. Since at ambient
atmospheric conditions the saturation water vapor pressure is a small fraction of the atmospheric
pressure (for instance, at p; = 1 atm = 1013 mbar and 6 = 10 — 40°C the saturation water vapor
pressure iS pgy, = 12.271 — 73.75 mbar), it follows that p; = pga + Pew = Pga- SiNCe pgq =
Uca(Pcar 8), it Tollows that the matric suction s is a function of the chemical potential of water y,,,, the
gas pressure p; and the temperature 8, namely

§(pw D6, 0) = pe — PL(Bw> b6a (D6, 0), 6) (4.105)

If the air dissolved in the liquid can be neglected, this relation reduces to
$(w,p6, 0) = g — pL(pw, 0) (4.106)
Consequently, at constant ambient atmospheric pressure p; and temperature 8, the matric suction s is

a function of the water chemical potential u,,. This conclusion holds only if there is free liquid and
free gas in the unsaturated soil (i.e. in the capillary regime).
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4.4.2 Local equilibrium states and Coussy's formulation

We will show that Coussy's formulation (Coussy 2004) for a porous material saturated by a fluid can
be interpreted by considering local equilibrium states. This formulation can be summarized as follows

e The free energy of the porous material per unit reference volume ¥ of a porous material saturated
by a fluid is assumed to be of the form (Coussy 2004, Eq. (3.68))

Y = ‘P(Aij,mf, T; X])

where A;; is the Green-Lagrange strain tensor of the porous material, my is the fluid mass content
per unit reference volume, T is the temperature and y; is a set of internal variables. Considering
evolutions where the internal variables do not vary, the following state equations are derived from
the vanishing of the internal dissipation (Coussy 2004, Eg. (3.69))

v oY oY
Tl'ij =

= — S —_- —
oA, 91 = om, aT
where 7;; is the total second Piola-Kirchhoff stress tensor and g is the fluid-specific free enthalpy.

o The free energy and entropy of the porous material per unit reference volume are given by (Coussy
2004, Eq. (3.62))

lp:tps"‘ﬂlfll)f S=Ss+mfsf

where W and S are the free energy and entropy of the solid skeleton per unit reference volume
and ¥ and sy are the fluid-specific Helmholtz free energy and the fluid-specific entropy.

e The fluid state equations are (Coussy 2004, Eg. (3.8))

oYy
1 o oy
lpf:l/)f(_,T) p i Sp = ———
Pr I (Pf) d or

where p is the fluid pressure and py is the fluid density.

e The free energy of the skeleton per unit reference volume is assumed to be of the form (Coussy
2004, Eq. (3.62))

Ws = lPs(Aij' o, T; )(j)
where ¢ is the pore volume per unit reference volume. Considering evolutions where the internal
variables do not vary, the following state equations are derived from the vanishing of the internal

dissipation (Coussy 2004, Eq. (3.65))

OWs W IV,

dh;; P =3¢ 5= %1
Taking into account that (Coussy 2004, Eq. (1.64))

ms = preh
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it follows that
) = . ¢
W(Ayjmy, T; xy) = Ws(Bij 6,75 xp) + myey m!

but, since ‘PS(AU,¢, T; )(]) and yr(¢p/ms, T) are a priori unrelated functions, it follows that the
variables A;;, ¢, mg, T and x; cannot be independent. However such a dependency is not mentioned
in Coussy's formulation.

In the proposed formulation, & = ©(4;;, ¢, ms, T; x;) and Tg = Ps(A;, ¢, T; x;), so that
. iy ¢
(A, bmyp, Ts x) = Ps(Bij, 6. T3 xp) + My m—f'T

Consequently

G‘T’ 0P,
EY W (Aij' ¢.mp, T; xp) = _S (Aij; ¢, T; x;)

oy (¢
qu (AU'¢ me, T; XJ) a¢ (Au’qb T; J) + 6( )<_T>
Py

My
ov v (¢ o 0w (¢
%“ff’qf"mf”"”)””f(m—ff) ma(L )<m—f'T)

Pr
0Yr <l>
(AU'¢ my, T; X]) (Au,qb T; )(]) +mp—=- 7 T

The last 3 relations can be rewritten as

f)q’ 0P, ¢
a‘{’ ®
(AU'¢ my, T; X)) = 9f< 7 T)
all’ 0P ¢
oT (Al]J¢ mf,T )(]) aT (Aij,(b, T; )(]) - mfsf (m—f,T>

Solving for ¢ in the minimization condition

0P
% (8ij, b, ms, Ts ) = 0

yields the relation ¢ = ¢(4;;, mf, T; x;), so that, at local equilibrium states

) (Bij, d Dy mp, T 2, T5 2;) = P< - T

mge

If we interpret that Coussy's functions W(4;;, m¢, T; x;) and WS(A”, o, T; )(]) are given by the
relations
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W(Ay.mg, T xy) = (8, (8ij.me, T 1) my, Ts )
= B (A, p(Dijme, T x)), T x) + mf¢f<
Ws(8, 0. T 1) = Fs(84, 6. T3 1)

oL, mge, T; X)) T
mf ’

then, using Lemma 3.1 and the previous results, we get Coussy's results quoted above
ow 0P
—— (84, mp, T xy) = 57— (84, #(Aijmp, T 2y ). My, T )

v
= aA_S (A, d(Dijmp, Ts x5), Ts X)
ij

oW,

oy 0P
ﬁ(Aij'mf' T;x)) = W(Au; d(Aijme, Ti xp)me, T X )

b d(Dijme, T; X))
= =2 (8§, T, T ) = mpsy (= L2

mg
=a—TS(AU'(‘b(Aij’mf’T;X])'T;X])—mfsf< ij m; Ji ,T)

M (A, mp, T 1) = E(AU; (A, me, T xp),mye, Ts X))

A, mgT;

=9r <¢( - X])'T>
my

o%, o%
a_qbs(Aij' ¢ (Aij, me, T; ) Tx)) = a_(; (8 $(Amy T ) Ti )

—p <¢(Aij' my T x) T)

my

We believe that these results, which are based on the minimization condition, can shed light on the
issues raised in Schreyer (2016) concerning Coussy's thermodynamical definition of fluid pressure.
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5 CONCLUSIONS

5.1 GENERAL MODELING APPROACH

The unsaturated soil is modeled as a porous material using the framework of thermodynamics with
internal variables. Porous materials are characterized by the presence of a solid skeleton and a number
of fluids, which can flow through the solid skeleton. The solid skeleton provides a natural reference
for the evolution of the porous material, which can be used in a Lagrangian description. The approach
followed is summarized below.

e Microscale continua. It is assumed that the porous material is made of a number of microscale
regions of various dimensions (3D, 2D, 1D, 0D) containing several species. Each microscale region
is assumed to be modeled as a mixture of microscale interacting continua c,,, corresponding to the
species a in the microscale region a.

e Macroscale continua. It is assumed that, by an averaging process, to each microscale continuum
C4a COrresponds a macroscale continuum C,,, which is defined on macroscale 3D regions, and the
porous material is considered to be the mixture of these interacting macroscale continua. Grouping
all these macroscopic continua containing species a yields macroscale continua C,, and the porous
material is considered to be the mixture of these macroscale interacting continua.

e State variables. During the averaging process microscale information is lost. Part of this
information can be recovered by macroscale geometric variables n,, defined as the measure of
microscale region a (volume, area, length, number of points) per unit (reference) volume (e.g.
volume fractions in geomechanics) and by mass distribution variables m,,, defined as the mass of
species a in microscale region a per unit (reference) volume. Additional geometric variables can be
defined from the geometry of the microscale regions, giving rise to structural tensors. The state of
the porous material is assumed to be given by (EU, Ng, Maar 6, f), where Ej; is the Green-Lagrange
strain tensor of the solid skeleton, 8 is the temperature and ¢ is a set of internal variables.

e Local equilibrium states. The number of state variables can be significantly reduced by
considering local equilibrium states. Let m, be the total mass of species a per unit reference
volume, so that m, = Y., mq,. It will be assumed that, for prescribed values of Ej;, m,, 6 and ¢,
the variables n, and m, take unique values n, = ny(Ej;, my, 0,&) and my, = mya(Erj,my, 6,€)
such that the total free energy per unit reference volume reaches a minimum. The state
(Erj,na(Erjyma, 6,€), mea(Erjma, 6,€),6,&) will be called the local equilibrium state defined by
(E,],ma, 9,6). This minimization assumption is in line with the postulates of equilibrium
thermodynamics, and similar approaches have been used by a number of authors, in an explicit or
an implicit way.

o Constitutive equations. The behavior of the porous material will be assumed to be rate
independent. The laws of state will be derived from the free energy and the evolution equations of
the internal variables from the dissipation function, applying Ziegler's orthogonality principle
separately to the dissipation due to changes in the local equilibrium state, to the dissipation due to
mass flow of constituents through the solid skeleton, and to the dissipation due to heat flow. The
dissipation due to changes in the local equilibrium state has been treated in more detail, with the
outcome of a generalized elastoplastic behavior, in which the small strain tensor and the variation
with respect to the reference configuration of mass per unit reference volume of constituents are
considered to be the sum of an elastic and a plastic part. The dissipations due to mass and heat flow
have only been treated in a simplified manner, with the outcome of equations analogous to Darcy's
and Fourier's laws.
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5.2 SOIL REGIMES

For unsaturated soils, additional simplifying assumptions are made: (1) small strains of the solid
skeleton; (2) isothermal atmospheric conditions; (3) three species: solid mineral, water and gas; and
(4) elastoplastic response of the deformation of the solid skeleton and of the water mass content.

The behavior of a soil depends on its structure at the microscale (e.g. phases and interfaces). In this
regard, three soil regimes can be distinguished.

5.2.1 Saturated regime

The saturated regime is defined by the presence of fixed vicinal water, variable free water and no gas
phase. It corresponds to water chemical potential values higher that the air entry value. If the solid
skeleton (solid particles, water) can be assumed to be incompressible and there is no mass exchange
with the free liquid, Terzaghi's effective principle holds.

5.2.2 Capillary regime

The capillary regime is defined by the presence of fixed vicinal water, variable free water and gas
phase. It corresponds to water chemical potential values between the air entry value and the
evaporation of free water value. The free water-air interfacial tension increase the intergranular
stresses, which decreases the soil volume, increases its stiffness and increases its resistance. Due to the
geometry of the pore space, water content hysteresis in drying-wetting cycles is observed. As a result,
in the total stress - water chemical potential space, the elastic region is bounded above and below by
the values of the water chemical potential corresponding to the main drying and wetting curves. This
feature is unique to this regime.

5.2.3 Dryregime

The dry regime is defined by the presence of variable vicinal water, no free water and gas phase. It
corresponds to water chemical potential values lower than the evaporation of free water. The vicinal
water progressively disappears, so that the interaction forces between the solid particles and the vicinal
water and the water-air interface progressively disappear.

Because of the different features of these soil regimes, we propose to use a different constitutive
model for each of them. A generic example of constitutive model for each soil regime has been
presented, including the corresponding free energy and dissipation functions.
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5.3 FEATURES OF THE PROPOSED FORMULATION

We discuss aspects of some features of the proposed formulation, that have interest for the modeling
of unsaturated soils.

e Thermodynamic consistency. In the proposed formulation, the constitutive equations are derived
from the free energy using the state equations and from the dissipation function using Ziegler's
orthogonality principle. The resulting models for unstaturated soils are thermodynamically
consistent. Although there are models for unsaturated soils developed without a thermodynamic
basis that are able to reproduce many salient features of the behavior of unsaturated sois (e.g.
Alonso et al. 1990), thermodynamic consistency is recognized to be a convenient feature of a
physical model.

e Chemical potentials and temperature. At local equilibrium states, the microscale distributions of
chemical potentials and temperature are uniform (neglecting gravity forces). As a result, the values
of the corresponding macroscale variables are the same as the uniform values of the distributions of
their microscale counterparts. The proposed formulation uses these macroscale variables. In this
regard, Bear and Nitao (1995) considered these variables to be the degrees of freedom of a porous
medium with surface effects in complete equilibrium. Measuring the values of these macroscale
variables can be done by bringing the measuring device in contact with the soil until equilibrium is
established.

o Pore water pressure. Eventually, short-range interaction forces bond water to the soil skeleton.
The microscale distributions of water bond to the skeleton (vicinal water) are not uniform, so that
the relationship with a macroscale pressure is questionable. In contrast, the microscale distributions
of water not bond to the soil skeleton (free water) are uniform (neglecting gravity forces), so that a
macroscale pressure with the same value as the uniform microscale distributions is appropriate.
Absolute negative pore water pressures are considered to be unrealistic (Gray and Hassanizadeh
1991). They are the result of applying the relationship between water chemical potential, water
pressure and temperature obtained for water outside the soil to the water chemical potential of
water in the soil. In fact, short-range attractive interaction forces between the soil skeleton and
water give rise to microscale distributions of water pressure which are increasingly positive as the
surface of solid is approached (Niao and Bear 1995). The proposed formulation does not use water
pressures. However, macroscale free water pressures can be determined using the chemical
potentials and temperature, because free water behaves as if it were outside the soil.

e Local equilibrium states. Macroscale geometric variables, such as porosity, degree of saturation
and area of air-water interface per unit volume are macroscale variables that are used to recover
part of the geometric information that is lost during averaging. These variables are usually
estimated from measures of weights and volumes (e.g. in natural conditions and after oven drying)
assuming constant density of solids and water or by use of special laboratory techniques. In some
cases the results are not reliable. For instance, the determination of the degree of saturation from
measurement of weights and volumes in clays with a large specific surface area often leads to
degrees of saturation larger than 100%. The proposed formulation does not use macroscale
geometric variables, because the evolution of these variables is implicit in the considered
evolutions along local equilibrium states. A similar approach was used by Bowen (1976).
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