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RESUMEN (ABSTRACT IN SPANISH)

Las ecuaciones de Jacobi constituyen un conjunto de ecuaciones diferenciales parciales no
lineales que surgen al implementar, en un sistema de coordenadas arbitrario, una estructura
de Poisson definida en una variedad finito-dimensional suave. En esta disertacion se investigan
ciertas soluciones antisimétricas de estas ecuaciones. Esto se hace desde una doble perspectiva
que incluye tanto la determinacién de nuevas familias de soluciones, como la construccién de
nuevos andlisis globales de Darboux para estructuras de Poisson. Los resultados méas gene-
rales investigados se refieren al caso de soluciones de dimensién arbitraria. Esta perspectiva
tiene interés en vista del nimero, relativamente modesto, de familias de soluciones de este
tipo tratadas en la literatura. Adicionalmente, el andlisis global de Darboux de matrices de
estructura conlleva, en primera instancia, la determinacién global de conjuntos completos de
invariantes distinguidos funcionalmente independientes, la cual proporciona una descripcion
global de la estructura simpléctica del espacio de fases de cualquier sistema de Poisson aso-
ciado; y en segundo término, requiere la determinacién global y constructiva de la forma
canénica de Darboux. Este tipo de andlisis es de interés ya que la construccién de las coorde-
nadas de Darboux es conocida sélamente para una muestra limitada de estructuras de Poisson
y, ademas, el hecho de llevar a cabo globalmente dicha reducciéon mejora el alcance del teorema
de Darboux, que sélo garantiza en principio la existencia local de las coordenadas de Darboux.
En este trabajo, tales reducciones hacen uso en ocasiones de reparametrizaciones temporales,
por tanto en consonancia con las definiciones usuales de equivalencia entre sistemas. De hecho,
las reparametrizaciones temporales desempenian un papel destacado en la comprensién de las
condiciones bajo las cuales la forma candnica de Darboux se puede construir globalmente,
cuestion esta que también se investiga en detalle en esta disertaciéon. Las implicaciones de
tales resultados en relacién a propiedades de integrabilidad se consideran asimismo en este
contexto.

La disertacion se estructura como sigue. El Capitulo 1 se dedica a la revisiéon de diversos
resultados clasicos que describen el marco basico de la investigacién. Las contribuciones
originales de la tesis se incluyen en los Capitulos 2 a 4. Finalmente, el trabajo concluye en el

Capitulo 5 con la presentacién de conclusiones.






RESUM (ABSTRACT IN CATALAN)

Les equacions de Jacobi constitueixen un conjunt d’equacions diferencials parcials no lineals
que sorgeix de l'aplicacié en un sistema arbitrari de coordenades d’una estructura de Poisson
definida en una varietat llisa de dimensié finita. Certes solucions antisimetriques d’aquestes
equacions s’investiguen en aquesta dissertacié. Aixo es fa des d’una perspectiva doble incloent-
hi tant la determinacié de families de solucions noves com la construccié global d’analisis de
Darboux de les estructures de Poisson. La majoria dels resultats generals investigats es refe-
reixen al cas de solucions de dimensié arbitraria. La perspectiva aixi obtinguda és d’interes en
vista del relativament modest nombre de families de soluciéns d’aquesta classe comunicades
en la literatura. Aixi mateix, 'analisi global de Darboux de les matrius d’estructura dona, en
primer lloc, la determinacié global de conjunts complets d’invariants distingits funcionalment
independents, proporcionant aixi una descripcié global de I'estructura simplectica de I'espai
de fases de qualsevol sistema de Poisson associat; i en segon lloc, la determinacié construc-
tiva i global de la forma canonica de Darboux. Aquest tipus d’analisi és d’interes perque
la construccié de les coordenades de Darboux és només coneguda per una mostra limitada
d’estructures de Poisson i, a més a més, el fet de globalment realitzar tal reduccié millora
I’abast del teorema de Darboux, les iniques garanties del qual en principi son ’existencia lo-
cal de les coordenades de Darboux. En aquest treball, aquestes reduccions a vegades fan ts de
reparametritzacions del temps, aixi en acord amb les definicions usuals d’equivalencia de sis-
temes. De fet, les reparametritzacions del temps juguen un paper significatiu en la comprensio
de les condicions sota les quals la forma canonica de Darboux es pot implementar globalment,
una questié també investigada en detall en aquesta tesi. Les implicacions d’aquests resultats
dins la connexié amb la integrabilitat sén també considerades en aquest context.

La tesi s’estructura de la manera segiient. El Capitol 1 és una revisié de diversos resultats
classics i coneguts que descriuen el marc basic de la investigacié. Les contribucions originals
de la tesi s’inclouen en els Capitols 2, 3 i 4. Finalment, el treball acaba en el Capitol 5 amb

la presentacié d’algunes conclusions.






ABSTRACT

Jacobi equations constitute a set of nonlinear partial differential equations which arise
from the implementation in an arbitrary system of coordinates of a Poisson structure defined
on a finite-dimensional smooth manifold. Certain skew-symmetric solutions of such equations
are investigated in this dissertation. This is done from a twofold perspective including both
the determination of new solution families as well as the construction of new global Darboux
analyses of Poisson structures. The most general results investigated refer to the case of
solutions of arbitrary dimension. The perspective thus obtained is of interest in view of
the relatively modest number of solution families of this kind reported in the literature. In
addition, the global Darboux analysis of structure matrices deals, in first place, with the
global determination of complete sets of functionally independent distinguished invariants,
thus providing a global description of the symplectic structure of phase space of any associated
Poisson system; and secondly, with the constructive and global determination of the Darboux
canonical form. Such kind of analysis is of interest because the construction of the Darboux
coordinates is a task only known for a limited sample of Poisson structures and, in addition,
the fact of globally performing such reduction improves the scope of Darboux’ theorem, which
only guarantees in principle the local existence of the Darboux coordinates. In this work, such
reductions sometimes make use of time reparametrizations, thus in agreement with the usual
definitions of system equivalence. In fact, time reparametrizations play a significant role in
the understanding of the conditions under which the Darboux canonical form can be globally
implemented, a question also investigated in detail in this dissertation. The implications of
such results in connection with integrability issues are also considered in this context.

The dissertation is structured as follows. Chapter 1 is devoted to the revision of diverse
classical and well-known results that describe the basic framework of the investigation. The
original contributions of the thesis are included in Chapters 2 to 4. Finally, the work ends in

Chapter 5 with the presentation of some conclusions.






ESTRUCTURA Y RESULTADOS DE LA TESIS

Esta disertaciéon compendia una investigacién sobre ciertas soluciones antisimétricas de las
ecuaciones en derivadas parciales de Jacobi para estructuras de Poisson finito-dimensionales.
Tales ecuaciones diferenciales parciales, junto a las condiciones de antisimetria que las acom-
panan, surgen de la implementaciéon de una estructura de Poisson definida en una variedad
finito-dimensional suave, en un sistema de coordenadas arbitrario. Por tanto, en esta tesis
se asume la formulacién del problema en términos de ecuaciones en derivadas parciales,
definiéndose asi como una investigacion de las propiedades de las soluciones escritas en forma
de matrices de estructura.

La caracterizacién y el andlisis de nuevas familias de soluciones de estructuras de Poisson
estan bien justificados desde varios puntos de vista. Desde una visiéon puramente matematica,
este es un ejemplo no trivial de sistema de ecuaciones diferenciales parciales no lineales
y acopladas, por lo cual tiene un interés intrinseco (que incluye tanto aspectos analiticos
como de clasificacién de soluciones) que ha merecido atencion en la literatura durante varias
décadas. Adicionalmente, la determinacién de una matriz de estructura adecuada es un paso
insoslayable en el problema de reexpresar (si ello es posible) un sistema dindmico dado (més
exactamente, un sistema de ecuaciones diferenciales ordinarias de primer orden descrito en
términos de un campo vectorial) como un sistema de Poisson finito-dimensional. En tal sen-
tido, llevar a cabo dicha reescritura abre la posibilidad de emplear gran variedad de métodos
analiticos y numéricos especificamente desarrollados para sistemas de Poisson. Mas aun, el
teorema de Darboux asegura la equivalencia dindmica (al menos local) entre los sistemas de
Poisson y los sistemas Hamiltonianos cldsicos. En consecuencia, si la transformacion de Dar-
boux existe y puede construirse (y especialmente si esto puede hacerse globalmente) es también
posible la transferencia de informacién entre las ecuaciones de movimiento de Poisson y de
Hamilton, en la cual todas las herramientas y resultados bien conocidos existentes en la teoria
Hamiltoniana pueden aplicarse al analisis del sistema de Poisson en consideracién. Por tltimo,
el interés de las estructuras y sistemas de Poisson es comprensible en vista de su frecuente
presencia en multitud de dominios de la matematica aplicada, la fisica y la ingenieria.

Los resultados desarrollados en esta tesis consideran tanto la determinacion de nuevas



familias de soluciones antisimétricas de las ecuaciones de Jacobi, como la construccién de
nuevos analisis globales de estructuras de Poisson. Los resultados mas generales investigados
se refieren al caso de soluciones de dimensién arbitraria. Esta perspectiva tiene interés en
vista del ntmero, relativamente modesto, de familias de soluciones de dimensién arbitraria
tratadas en la literatura. Adicionalmente, el andlisis global de matrices de estructura con-
lleva, en primera instancia, la determinacion global de conjuntos completos de invariantes
distinguidos funcionalmente independientes, la cual proporciona una descripcién global (que
ademads es independiente del Hamiltoniano) de la estructura simpléctica del espacio de fases de
cualquier sistema de Poisson asociado; y en segundo término, requiere la determinacién global
y constructiva de la forma candnica de Darboux. Este tipo de andlisis es de interés ya que la
construccion de las coordenadas de Darboux es conocida sélamente para una muestra limitada
de estructuras de Poisson y, ademads, el hecho de llevar a cabo globalmente dicha reduccién
mejora el alcance del teorema de Darboux, que sélo garantiza en principio la existencia local
de las coordenadas de Darboux. En este trabajo, tales reducciones hacen uso en ocasiones
de reparametrizaciones temporales, por tanto en consonancia con las definiciones usuales de
equivalencia entre sistemas. De hecho, las reparametrizaciones temporales desempenan un
papel destacado en la comprensién de las condiciones bajo las cuales la forma candnica de
Darboux se puede construir globalmente, cuestion esta que también se investiga en detalle en
esta disertacién. Las implicaciones de tales resultados en relacién a propiedades de integrabi-
lidad se consideran asimismo en este contexto. Para concluir, merece la pena indicar que a lo

largo del trabajo se plantea y analiza un nimero significativo de ejemplos de interés aplicado.

Tras esta vision de conjunto, en lo que sigue vamos a desarrollar el resumen de los resultados
que se exponen a lo largo de esta disertacion. Dicho resumen va a seguir el mismo esquema
organizativo que la tesis en su conjunto, en cuanto a la ordenacién por capitulos y secciones.
Asimismo conviene senalar que la exposicién que sigue va a ser fundamentalmente de tipo
descriptivo, es decir se van a obviar buena parte de los aspectos y condiciones més técnicos
para centrarse en una presentacion en la que primen la visién conceptual y la exposicion
concisa y generalista de las aportaciones incluidas en este trabajo. Como es légico, para
un tratamiento formal con la totalidad de los detalles (tales como hipétesis, suposiciones y
requisitos técnicos para la validez de un resultado, etc.) se dirige al lector a la presentacién
completa tal y como se desarrolla en los capitulos posteriores. En lo que sigue tampoco se hara

referencia a los numerosos ejemplos aplicados que se detallan a lo largo del trabajo, remitiendo



al lector a los mismos a fin de complementar en tal sentido la sinopsis que aqui se expone.

En el Capitulo 1 se presenta una introduccién cuya finalidad es hacer que la obra sea,
en la medida de lo posible, autocontenida. Para ello se exponen los prerrequisitos necesarios
junto con algunos resultados clasicos que seran de utilidad posteriormente.

Asi, en la Seccién 1.1 se hace una revisién somera de los aspectos mas bésicos relativos
a los sistemas Hamiltonianos, con especial énfasis en el corchete canénico de Poisson, en
las transformaciones candnicas y en el teorema de Liouville. Estos tres son los aspectos de
mayor importancia para lo que ha de venir mas tarde: en el caso del corchete candénico de
Poisson, porque el concepto méas amplio de estructura de Poisson se basa en la generalizaciéon
del corchete canénico; en cuanto a las transformaciones candnicas, conviene notar que las
limitaciones asociadas a las mismas se van a superar en buena medida en el contexto mas
amplio de los sistemas de Poisson, lo cual se vera en el marco del formalismo simpléctico o
matricial para dichas transformaciones; por 1ltimo, el teorema de Liouville es la base para una
generalizacién posterior importante como es la idea de sistema conservativo, que es una de las
motivaciones conceptuales méas importantes para la introduccién de los sistemas de Poisson.

La Secciéon 1.2 se ocupa de hacer una presentacion autocontenida de los sistemas y
estructuras de Poisson, incluyendo todos los elementos necesarios para el tratamiento posterior.
Se comienza motivando la necesidad de generalizar los sistemas Hamiltonianos clésicos a la
luz del teorema generalizado de Liouville y la idea de sistema conservativo. Seguidamente
se introducen los conceptos mas importantes de la teoria Poissoniana, comenzando con las
definiciones bésicas de corchete de Poisson general y sus propiedades, asi como las de estructura
y sistema de Poisson finito-dimensionales, junto con otras definiciones y resultados asociados
como los de la matriz de estructura, las identidades (ecuaciones en derivadas parciales) de
Jacobi, y los invariantes distinguidos (o de Casimir) y las relaciones (ecuaciones diferenciales
parciales) que los caracterizan. En todo lo anterior, el concepto de sistema de Poisson ocupa

una posicion central. Dichos sistemas tienen la forma
t=J(z) VH(x)

o equivalentemente, por componentes

dl‘i & .
dt = E sz(ib)ajH(fL‘) :{SL‘Z',H} 5 zzl,...,n
J=1

donde J = (J;;) constituye la matriz de estructura, y H es el Hamiltoniano (que es por

construccién una integral primera). Con posterioridad se analiza la estructura del espacio



de fases (la foliacién simpléctica) para los sistemas de Poisson, descripcién esta que culmina
con la exposicion del teorema de Darboux, verdadera base de la equivalencia dindmica en-
tre los sistemas de Poisson y los sistemas Hamiltonianos. Por la utilidad y ubicuidad de las
transformaciones en este trabajo, se presentan también los resultados practicos fundamentales
relativos a como afectan las transformaciones de coordenadas y las reparametrizaciones tem-
porales (o NTTs, por “new-time transformations”) a los sistemas de Poisson. Esta es una
vertiente en la que los sistemas de Poisson muestran su amplitud como generalizacién, ya
que en un sentido muy literal, en la dindmica de Poisson todas las transformaciones pueden
considerarse canénicas (preservan el formato) lo cual supone un gran avance operativo con
respecto al caso Hamiltoniano. La seccién concluye con la presentacion de algunos ejemplos
clésicos de sistemas de Poisson, que permiten ilustrar las definiciones y conceptos anteriores,
junto con algunas consideraciones en torno al interés fundamental y aplicado de los sistemas
de Poisson.

En la Seccién 1.3 se presenta un enfoque especifico sobre las ecuaciones diferenciales
parciales de Jacobi para las matrices de estructura, que constituyen el nicleo conceptual y

operacional del estudio desarrollado en esta disertacién,

n

> (Taddje + JyOidri + JudiJiy) =0, i,j,k=1,...,n
=1

junto a las condiciones de antisimetria que las acompanan:
Jij=—Ji ., 4,3=1...,n

Como es sabido, estos dos conjuntos de ecuaciones constituyen las condiciones necesarias y
suficientes para que una matriz sea matriz de estructura. En esta seccién se consideran en
primer lugar las propiedades mas basicas de estas ecuaciones, como cuestiones de notacién
y terminologia, un andlisis del nimero de ecuaciones e incégnitas independientes, y el falso
problema de la sobredeterminacién. Seguidamente se desarrolla una perspectiva en torno al
estado de la cuestién relativo a algunas de las principales soluciones ya conocidas, ademés de
la evoluciéon histérica del problema. Todo esto proporciona la base para delimitar con mayor
claridad el propdsito de este trabajo, que de forma breve puede resumirse como la bisqueda y
el analisis global de soluciones antisimétricas de las ecuaciones de Jacobi, entendiendo analisis
global en el doble sentido de (a) la determinacién global de los invariantes de Casimir; y (b) la
construccion, también global, de la forma canénica de Darboux. Las motivaciones para ello son
claras: el interés intrinseco de las ecuaciones de Jacobi como ejemplo de sistema de ecuaciones

diferenciales parciales no lineales acopladas; con propdsitos de clasificaciéon de soluciones y
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de identificacién de nuevas estructuras de Poisson; la unificacién conceptual y operativa de
distintos sistemas de Poisson que pueden verse desde una perspectiva comiin al encontrar una
nueva familia de matrices de estructura que abarque a las anteriores; la utilidad aplicada para
el problema de reescribir un campo vectorial dado como sistema de Poisson (si es posible)
con el nimero de herramientas de andlisis que ello aporta; la transferencia de informacion y
técnicas de andlisis que se pueden emplear si se sabe construir globalmente la forma candnica
de Darboux, y por tanto la formulacién Hamiltoniana clasica a la que se reduce el sistema de
Poisson inicial. Esta seccion se concluye con algunas consideraciones metodoldgicas.

La Seccién 1.4 se dedica a una revisiéon de resultados mateméticos misceldneos que son de
uso frecuente a lo largo de la disertacién. En primer lugar, y dada la importancia de las ma-
trices de estructura y sus propiedades algebraicas, se revisan algunas propiedades del algebra
matricial, con especial énfasis en congruencia de matrices antisimétricas. Seguidamente se
pasa a propiedades funcionales, entre las que destacan resultados cldsicos sobre dependencia e
independencia funcionales, asi como el teorema de la funcién inversa para funciones de varias
variables. Seguidamente se presentan algunas consideraciones sobre un concepto de interés
como es la equivalencia entre sistemas dindmicos dados por ecuaciones diferenciales ordina-
rias (esto es campos vectoriales). En este contexto se presentan las nociones de equivalencia
orbital topolégica (TOE) y equivalencia orbital suave (SOE), haciéndose un hincapié especial
en el papel del tiempo y sus reparametrizaciones (NTTs) en estas definiciones. La presente
seccion finaliza con un apartado dedicado a algunas definiciones bésicas sobre integrabilidad,
principalmente los conceptos de constante del movimiento, asi como de integrabilidad en los

sentidos algebraico y de Liouville, todos los cuales también seran de aplicacién posterior.

Una vez presentados en el Capitulo 1 diversos resultados cldsicos bien conocidos, en los
Capitulos 2 a 4 se exponen los resultados originales de la tesis. Estos siguen un orden de
complejidad creciente, de forma que en los Capitulos 2, 3 y 4 se describen los resultados para

dimensiones 3, 4 y arbitraria n, respectivamente.

En el Capitulo 2 se consideran distintas contribuciones que tienen como denominador
comun el trabajo sobre estructuras de Poisson tridimensionales. En este contexto, los diversos
analisis globales que se van a llevar a cabo, junto a la investigacion de cémo el uso de un
determinado ansatz puede simplificar notablemente las ecuaciones de Jacobi, comenzarin a

sentar las bases para los desarrollos de capitulos posteriores.
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En la Seccion 2.1 se hace una breve introduccion al capitulo y se describe la estructura
general del mismo.

Las primeras contribuciones del capitulo se presentan en la Secciéon 2.2. En la misma se
hace una investigacion sisteméatica de ciertas soluciones tridimensionales globalmente anali-
zables. El resultado es una familia que se divide en tres subfamilias, de ahi el nombre de triple
familia ( “threefold family”) dado a la misma.

La primera subfamilia de la Seccién 2.2 viene dada por las expresiones:

u(z) = n(x)pi(r1)Ya(r2)ds(x3)
v(z) = n(@)P1(zr1)pe(T2)d)
w(x) = n(@)p1(z1)e(xe)hs(x3)

o)
—
8
w
S~—

O bien, de forma mas breve:

Tij(2) = n(@)a(z)y (@) > eijpdnlen) o 4,5 =1,2,3

k=1
Para este tipo de soluciones que, bajo las hipdtesis establecidas, tienen rango 2 en todo el
dominio, se puede construir de manera global el Unico invariante de Casimir independiente,

que puede expresarse de la forma siguiente:

3
di(x;)
Z;/r¢ﬂxﬁ

Esto permite la reduccién global a la forma canénica de Darboux por medio de un algoritmo

en dos etapas sucesivas, la primera de las cuales es un cambio de coordenadas y la segunda una
reparametrizacion temporal. Todo lo anterior permite demostrar la integrablidad algebraica y
de Liouville (esta tultima para el sistema Hamiltoniano resultante tras la reduccién) para esta
primera subfamilia.

La segunda subfamilia de la Seccién 2.2 aparece a su vez estructurada en tres subcasos

diferentes, que brevemente pueden expresarse como sigue:

Subcaso 1 = (u=0,v=n(z),w=n(x){(x1,x2))
Subcaso 2 = (v=0,w=n(z),u=mn(x){(x1,x3))

Subcaso 3 = (w=0,u=n(x),v=n(z)x(r2,23))

Estos tres subcasos de la segunda subfamilia se pueden analizar globalmente en la situacién
denominada separable, que por ejemplo en el Subcaso 1 anterior consiste en que la funcién

&(x1,x2) tenga la forma &(x1,x2) = &1(x1)/&2(x2), v andlogamente en los Subcasos 2 y 3,
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mutatis mutandis. Estando satisfecha la hipdtesis de separabilidad, y siguiendo con el ejemplo

del Subcaso 1, un invariante de Casimir global vendria dado por:

D(z1,22) = /51($1)d$1 +/§2($2)d$2

La determinacion de este invariante permite nuevamente la reduccién global y constructiva
del sistema a la forma canénica de Darboux por medio de un cambio de coordenadas seguido
de una reparametrizacién temporal. Lo anterior conduce también a establecer la doble inte-
grabilidad (algebraica, y de Liouville para el campo vectorial Hamiltoniano resultante) para
tales sistemas de Poisson.

La tercera subfamilia de la Seccién 2.2 es comparativamente simple, siendo idénticamente
nulas dos de sus tres componentes independientes, lo cual hace que la determinacién global del
invariante distinguido, la reduccién global a la forma candnica de Darboux y el establecimiento
de la integrabilidad, sean todos ellos muy sencillos de llevar a cabo.

En la Seccién 2.3 se estudia una familia tridimensional diferente, denominada ciclica de
tipo I. Esta familia tiene una propiedad de interés, a saber que su andlisis global requiere de
una clasificacion de casos, empleandose en cada uno de tales casos un invariante de Casimir
diferente. Esto es indicativo de que la mera caracterizacién de un conjunto completo de
invariantes de Casimir puede no ser suficiente para construir la forma canénica de Darboux
con toda generalidad para una familia dada. Las soluciones ciclicas de tipo I tienen la forma

siguiente

3

Jij(@) = n(x) (i) — ¥i(a;) + rig) Y (eige) dnlar) , 0,5 =1,2,3

k=1

donde para cada i = 1,2,3, la funcién ;(x;) denota una de las primitivas de ¢;(z;), y las

constantes r;; verifican las propiedades
Kij + Kj; = 0, para todo i,j
K12 + ka3 + k31 =0

Equivalentemente podemos escribir:

Jiz2(x) = n(x) (P1(z1) — Y2(22) + K12) P3(3)
Joz(w) = n(x) (Y2(x2) — 3(x3) + Kaz) P1(w1)
J31(z) = n(z) (Y3(w3) — P1(w1) + Ka31) P2(x2)

Los tres invariantes de Casimir complementarios que se necesitan para estudiar la reduccion
a la forma candnica de Darboux son:

~ Y3(x3) — Y1(w1) + K31 x31(x3,71)

Dy(z) = Yo(w2) — P3(3) + Koz xa3(w2, 23)

si xo3(z2,23) #0
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1) —P2(x2) + K12 X12(Z1, 22

(1) (2) (
(w3) —Y1(x1) + K31 x31(w3, 21
(z2) (z3) (

(

Z ; si X31($3,x1) %0
)

Pa(r2) — Y3(w3) + Koz x23(%2,23
P1(z1) — Yo(x2) + k12 x12(x1,22)

Gracias a los mismos, es posible hacer una clasificacién de reducciones globales a la forma

Dg(l‘) = si Xlg(xl,l‘g) 7& 0

candnica de Darboux, todas las cuales hacen uso sucesivo de una transformacion de coorde-
nadas y de una reparametrizacién temporal. Con ello se demuestra también la integrabilidad,
tanto algebraica como en el sentido de Liouville (esta para el sistema Hamiltoniano obtenido
tras efectuar la reduccién) de los sistemas de Poisson basados en este tipo de matrices de
estructura.

Lo sucedido con las familias ciclicas de tipo I no es excepcional. Ello se demuestra en
la Secciéon 2.4 en la que se estudian las familias ciclicas tipo II. Estas son en gran medida
andlogas (pero diferentes como soluciones) a las de tipo 1. Por ello, las observaciones hechas
para estas en parrafos anteriores van a permanecer validas ahora. Las matrices de estructura

ciclicas de tipo II tienen la forma siguiente

3

i (@) = (@) () (2;) (i) — () Y (eijn) > drlan) o 4,5 =1,2,3

k=1
donde para cada i = 1,2, 3, la funcién ;(x;) denota una de las primitivas de ¢;(z;). O, de

manera equivalente,

Ji2(x) = n(@)P1(z1)2(z2) (V1(21) — P2(z2)) P3(3)
Joz(w) = n(x)Pa(2)Y3(w3) (Y2(22) — ¥3(x3)) P1(z1)
J31(x) = n(@)Ps(z3)r(z1) (Y3(x3) — P1(z1)) pa(2)

En este caso, nuevamente aparecen tres invariantes distinguidos complementarios que debemos

tener en cuenta, y que vienen dados por las expresiones siguientes:

_ Po(x2)(Y3(w3) — Y1(x1))  Yo(w2)wsi (w3, 1) S won(zo. 2
1) = ) alme) —s(@s) ~ i@ emlaazy) O “BE2T) 70
_h3(w3)(Pr(w1) — a(2))  P3(ws)wia(wr, z2) S wnt(za
Do) = o) (Us(as) —n(an) ~ Ga@omlasa) S @I 70

Ui(e1) (Vo(w2) = Ya(3)) _ a(wwss(wz, ) o
Ds(@) = e r (1) —Use2)) ~ Gs@s)omlan,eg) O 12132 70

Estos tres invariantes permiten construir sendas reducciones globales a la forma candnica de
Darboux para cada caso, todas ellas establecidas a partir de un cambio de coordenadas seguido
de una reparametrizacién temporal. A su vez, esta reduccién global a la forma Hamiltoniana
clésica implica la demostraciéon de la doble integrabilidad, de manera analoga a la ya vista

en otras familias de soluciones, de los sistemas de Poisson establecidos sobre la base de estas
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matrices de estructura. Estamos por tanto ante una familia paralela a la ciclica de tipo I, que
lleva a conclusiones similares, lo cual permite completar una perspectiva de los condicionantes,
aun en dimensién 3, que se dan a la hora de plantear el anélisis global de una familia de
estructuras de Poisson.

Para concluir el capitulo, en la Seccidén 2.5 se plantea una idea que muestra como mediante
un enfoque relativamente directo es posible simplificar notablemente la complejidad del pro-
blema consistente en construir soluciones antisimétricas de las ecuaciones de Jacobi. El mayor
interés del enfoque desarrollado en esta seccién es de tipo conceptual, ya que el plantear esta
clase de procedimiento sienta las bases para una de las secciones de mayor importancia de esta
disertacion, como es la que aparece en el Capitulo 4 dedicada a las reparametrizaciones tem-
porales, las cuales tienen en el plano formal una gran relaciéon con el planteamiento objeto de
la Seccion 2.5. Por tanto esta seccién sirve para establecer e ilustrar de forma sencilla las bases
de una filosofia de trabajo cuya adaptacion posterior bajo la forma de reparametrizaciones
temporales sera en gran medida la culminacién de buena parte de los resultados desarrollados
a lo largo de la presente disertacién. La idea béasica de la Seccion 2.5 es, por consiguiente, sim-
plificar el problema de la determinacién de matrices de estructura por medio de un ansatz de
tipo aditivo. Es decir, partiendo de una solucién ya conocida (ug(x), vo(z), wo(x)), se plantea

una generalizacion de la forma

(uo(z), vo(x), wo(w)) — (uo(x) + &(w), vo(z) + &(x), wo(x) + &(7))

donde &(x) es una funcién arbitraria. Este planteamiento lleva inmediatamente a que la (tinica)

ecuacion de Jacobi independiente para el caso tridimensional
v — vou + wlu — ubow + vozw — wdzv = 0
se simplifica notablemente, quedando reducida a
(up — v0) 1€ + (wo — up) 02 + (vo — wp)I3& = A(z)€

donde
A(z) = O1(up — vo) + O2(wo — ug) + I3(vo — wo)

Vemos asi que se obtiene una triple simplificacién del problema, a saber:

(a) Se transforma un problema no lineal en un problema lineal.

(b) La ecuacién en derivadas parciales de Jacobi se reduce a un problema en ecuaciones
diferenciales ordinarias, esto es el definido por las ecuaciones caracteristicas para la

ecuacién lineal que debe satisfacer &(x).
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(¢) Reducimos el niimero de incognitas de tres a una.

El problema de determinar £(z) se puede resolver en general para todos los casos posibles, que
resultan ser tres. La resolucién detallada de cada uno de ellos se presenta en la Seccién 2.5, y
dado que su descripcién es relativamente técnica se omite aqui por brevedad. En este punto
queda completada la presentacion de resultados del Capitulo 2 que, como ya se ha venido
viendo, tiene por objeto el caso de dimensién n = 3.

Por 1ltimo, el capitulo se cierra con la Seccién 2.6 que recapitula brevemente los resul-
tados obtenidos y enumera algunas de las cuestiones que quedan planteadas para su examen

en etapas posteriores del trabajo.

En el Capitulo 3 se pasa a considerar el caso inmediatamente superior desde el punto
de vista dimensional, esto es n = 4. Si bien las estructuras de Poisson han sido estudiadas y
desarrolladas en la literatura con una preferencia especial por el escenario tridimensional (el
mas sencillo que no es trivial) también es cierto que los casos de dimensiones mas altas como
n =4y n =5 son bastante frecuentes (aunque menos) en muy diversas aplicaciones. Adema4s,
en dimensién cuatro hay una mayor riqueza dindmica y de posibles valores no triviales del
rango de la matriz de estructura, todo lo cual parece indicar que detenerse en un problema
de dimensién cuatro no sdlo estd justificado, sino que puede proporcionarnos algunas claves
de interés en la transicién entre la situacién n = 3, mas sencilla, y el caso en que n es
completamente arbitraria, en que la complejidad y generalidad del problema son las mayores
posibles.

Sobre esta base, la Secciéon 3.1 presenta una breve introduccién al capitulo, planteando
algunas de las ideas anteriormente expuestas que justifican la necesidad de una etapa de
transicion entre la situacién tridimensional y la puramente n-dimensional. Como se verd a
la luz de los resultados obtenidos, esta estrategia estard bien justificada. Segun se indica en
la Seccién 3.1, todo el Capitulo 3 estd dedicado a la caracterizacion y andlisis de una familia
concreta de soluciones antisimétricas de las ecuaciones de Jacobi.

El grueso de las contribuciones del Capitulo 3 se desarrolla en la Seccién 3.2. La familia
de matrices de estructura considerada tiene la forma

4
Tij(x) = oin(@)bie)i(x) Y () , i,5=1,...,4
k=1

donde, entre otras propiedades, cabe destacar que las constantes o;; son simétricas
oij = 0j; para cada par (4,7), 1#]
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y cumplen la relacién

012034 = 013024 = 014023

Por tanto, se trata de analizar las matrices de estructura de la formas:

0 o1912(da — ¢3)  0130103(P2 — d4) o141V (B3 — P2)

7 o12P1Y2(d3 — ¢4) 0 02302103 (Pa — ¢1)  020p29Pa(P1 — ¢3)

o130193(da — ¢2)  0a3th2th3(P1 — Pa) 0 0340304 (P2 — ¢1)
o1a1¥a(P2 — ¢3)  02a2a(d3 — ¢1)  o3aP3Ya(P1 — P2) 0

Bajo las condiciones que se asumen para estas matrices de estructura, puede demostrarse que
las mismas tienen rango 2 globalmente en el dominio de definicién. Esta constancia del rango
proporciona la base para considerar la caracterizaciéon global de los invariantes distinguidos
(de los que evidentemente habra dos, funcionalmente independientes) asi como la reduccién
global y constructiva a la forma candnica de Darboux. Todo ello se considera en detalle en la
Seccién 3.2 cuya descripcién ahora nos ocupa. Sucede que resolver este problema en toda su
extension lleva a un andlisis bastante prolijo en casos y subcasos, tanto para los invariantes
distinguidos a emplear como para las posteriores reducciones, por lo cual no parece oportuna la
reproduccion de todo ello en esta sinopsis. Baste decir a este respecto, que nuevamente ocurre
en todos los casos que la reduccion a la forma candnica de Darboux se produce siempre en las
dos etapas ya citadas, siendo la primera un cambio de coordenadas, en tanto que la segunda
es una reparametrizacién temporal. Conceptualmente, y expresado en términos muy simples,
la situacién que encontramos en este contexto es similar a la que se daba con las familias
ciclicas (de ambos tipos, I y II). Esto es: el mero conocimiento de un conjunto completo de
invariantes de Casimir independientes no garantiza la construccién de una vez por todas de la
forma candnica de Darboux, aun en el caso de rango constante, debido a que la complejidad
de la familia de soluciones puede hacer que sean necesarias distintas descomposiciones en
las que se empleen diversos invariantes, requiriéndose asi un analisis sistemdatico y por casos
en orden a demostrar que la familia realmente puede reducirse de manera global a la forma
canénica de Darboux. Como resultado de esta clasificacién, se demuestra también en todos
los casos que los sistemas de Poisson construidos sobre la base de estas matrices de estructura
son integrables algebraicamente y en el sentido de Liouville, en este ultimo caso referido al
sistema Hamiltoniano resultante tras la reduccién, como es légico.

El Capitulo 3 termina en la Seccion 3.3, en la cual se recapitula acerca de las distintas
reducciones construidas hasta ese punto de la disertacion, destacando la pauta comun que

puede apreciarse, segin la cual es la combinacion de una transformacién de coordenadas y
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una reparametrizacién temporal la que permite la construccion global de la forma canénica de
Darboux. Esto tiene relacion con el hecho de que las reparametrizaciones temporales preservan
la estructura de Poisson en todos los casos considerados. Es conocida la propiedad de que
para n < 3 las NTTs preservan la estructura de Poisson, lo cual no sucede necesariamente
para n > 4, pese a que si sea el caso en la familia 4-d considerada en este capitulo. El hecho
de que las reparametrizaciones temporales no preserven siempre la estructura de Poisson en
dimensién arbitraria (n > 4) suscita asimismo el interrogante acerca de la posible construccién
global de la forma canénica de Darboux para familias de dimension n general con la ayuda
de este tipo de transformaciones. Queda asi planteado este estado de cosas, que se clarificara
en gran medida en el capitulo siguiente. Se intuye, ya en este estadio, que el papel de las
reparametrizaciones temporales serd destacado en el contexto de la construccién global de
la forma canodnica de Darboux, al menos en ciertos casos, intuicién esta que se confirmard

posteriormente.

En el Capitulo 4 se pasa ya al problema de investigar las soluciones antisimétricas de las
ecuaciones de Jacobi en su forma mas general correspondiente a dimensién arbitraria n. Es,
por tanto, el capitulo méas largo de la disertacién, y sus resultados son también los de mayor
amplitud e interés, por varias razones, entre las que cabe citar que es en este caso en el que las
soluciones de las ecuaciones de Jacobi son peor conocidas y menos tratadas en la literatura,
ademads de que la situacién de dimensién arbitraria incluye como casos particulares a los
considerados en los Capitulos 2 y 3. De hecho, se verd que bastantes resultados considerados
en los capitulos anteriores se van a ver generalizados en el actual, que ahora se inicia.

La exposicién comienza en la Secciéon 4.1, en la cual se presenta una introduccion al
capitulo. En la misma se enfatiza el interés del caso de dimensién arbitraria, al que ya nos
hemos referido en el parrafo anterior, ademas de anticipar en lineas generales los contenidos
por venir, que fundamentalmente consisten: (a) en la caracterizaciéon de nuevas soluciones
antisimétricas de las ecuaciones de Jacobi, que seran de un interés especial si, ademas de tener
dimension arbitraria, permiten también valores cualesquiera del rango y estan definidas en
términos de funciones de no linealidad arbitraria; (b) en el anélisis global y constructivo de
las correspondientes familias de soluciones, esto es familias de matrices de estructura; y (c) en
un estudio especifico de las reparametrizaciones temporales, orientado a su empleo para los
problemas (a) y (b) recién enumerados. En relacién a todo lo anterior cabe mencionar que

en los resultados expuestos en el Capitulo 4 los items (a) y (b) no van necesariamente juntos,
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dandose casos en que esto es asi, pero también reportdndose resultados en los que (a) no va
acompanado de (b), y viceversa, segin se ird viendo.

La Seccién 4.2 se dedica a la caracterizacién y anélisis global de una nueva familia de
estructuras de Poisson denominadas separables. Las mismas tienen matrices de estructura de

la forma siguiente
Jij (@) = sijpi(wa)i(xg) » 4,j=1,...,n

siendo S = (s;;) una matriz real, antisimétrica y constante. A pesar de su simplicidad formal,
las matrices de estructura separables son muy generales, en el sentido de aparecer con gran
frecuencia en aplicaciones de muy diversos campos, como se constata por medio de ejemplos.
Ademas, cumplen los requisitos anteriormente expuestos de tener dimensién arbitraria, admi-
tir valores cualesquiera del rango, y estar definidas en términos de funciones de no linealidad
arbitraria. Bajo las hipdtesis consideradas para esta familia, puede verse que el rango de estas
matrices es igual al rango de S. Esto tiene la consecuencia de asociar de manera natural el
problema de determinar un conjunto completo de invariantes de Casimir globales e indepen-
dientes con la caracterizacién de una base del niicleo de la matriz constante S, obteniéndose
asi que dicho conjunto completo puede expresarse en la forma
D-(x):zn:k[?]/dxj i=r+1,....n
TN ] )

siendo 7 el rango de S, y ("1, ... k) una base de Ker(S), donde kl) = (k‘[li], . ,klﬁ)T para
it =1r+1,...,n. Es interesante comprobar que estos resultados permiten la determinacion
global y constructiva de la forma canoénica de Darboux para la familia separable, y ademas esto
es asi exclusivamente mediante transformaciones de coordenadas, es decir sin recurrir al uso de
reparametrizaciones temporales. En el caso de rango 2, lo anterior permite asimismo demostrar
la doble integrabilidad, algebraica y de Liouville (esta tltima en el sentido ya habitual para
el sistema Hamiltoniano relacionado) asociada naturalmente a este tipo de estructuras de
Poisson.

Otro nuevo tipo de matrices de estructura con propiedades cualitativamente bastante si-
milares es el considerado en la Seccién 4.3. Dichas soluciones se han denominado multise-
parables. Su definicién es, sin embargo, algo més elaborada. Para la misma se introducen dos
matrices n x n reales y regulares (n > 2) A = (a;j) y B = (b;;), con A = B~!. Llamaremos
ademas B; = (bj1,...,bin) a la i-ésima fila de B, para i = 1,...,n. Adicionalmente, si
2 < r < n es un entero par, y si denotamos por ¥;(x), con i = 1,...,7, a r funciones de

la forma v;(z) = ¢;(B; - x), entonces las matrices de estructura multiseparables van a estar
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definidas segin la expresion

r/2
Jij(x) = ZA?f_l’zszkfl(fI?)wzk(ﬂf) , hy=1...n
k=1

donde por definicién

Qi Al
kl — v v ..
AZ] = :aikajl_ailajk- 5 ’L,j’k7l:17“"n
Ajk Ajl
Para las matrices de estructura multiseparables puede demostrarse que su rango es igual al

numero 7 globalmente en todo el dominio, y ademas un conjunto completo de invariantes

distinguidos funcionalmente independientes viene dado por:
n
DZ(.T):Z()”Q?] , t=74+1,....n
j=1

Por tanto estamos de nuevo ante matrices de estructura de dimensién y rango arbitrarios,
definidas en términos de funciones no lineales generales. Una propiedad interesante en este
sentido es que toda matriz de estructura multiseparable tiene un conjunto completo de inva-
riantes de Casimir lineales, segiin se ve, pero el reciproco no es cierto. Ademads, gracias a estos
invariantes es ahora posible construir globalmente en todo el dominio la reduccién a la forma
canénica de Darboux, lo cual se lleva a cabo nuevamente sélo por medio de transformaciones
de coordenadas, por tanto sin recurrir a reparametrizaciones temporales. Al igual que para
las matrices separables, la doble integrabilidad (en el sentido ya habitual del término) se
demuestra para el caso r = 2. En esta seccién se incluye también una comparativa entre
las familias separable y multiseparable, a fin de clarificar su relacién mutua, llegdndose a la
conclusién de que ambas familias son diferentes, es decir ninguna esta contenida en la otra, si
bien tienen interseccién no nula.

La Seccidn 4.4 se ocupa de una nueva familia de soluciones antisimétricas de las ecuaciones
de Jacobi, adicional a las anteriores, y que se ha denominado familia de matrices de estructura
distinguidas, o bien D-soluciones. Estas vienen dadas como las soluciones de las ecuaciones

de Jacobi distinguidas, que son las siguientes:

Jr=-7

J-VJij =0 paratodo i,j=1,...,n
O equivalentemente:

Jij = —Jj‘

n , paratodo ¢,5,k=1,...,n
> Judidij =0
=1
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No es complicado demostrar que toda solucién de las ecuaciones de Jacobi distinguidas es
solucién también de las ecuaciones de Jacobi, y por tanto matriz de estructura. Mas aun, dada
una solucién distinguida J(x), todas sus componentes J;;(z) son invariantes distinguidos de
J(x), de ahi el nombre que recibe esta familia. En otras palabras, y expresdndolo de forma
muy sucinta, una matriz de estructura distinguida es la que esta formada en su totalidad por
funciones de estructura que, al mismo tiempo, son invariantes de Casimir de la propia matriz.
Debido a este caracter especial, es posible demostrar que las D-soluciones tienen una serie
de propiedades que permiten con gran facilidad obtener una infinidad de nuevas soluciones
distinguidas a partir de una dada.

El cardcter tan peculiar de las D-soluciones plantea la cuestién de su misma existencia. Esta
se responde afirmativamente dentro de la propia Seccién 4.4 mediante la construccion explicita
de las denominadas D-soluciones. Dados dos enteros positivos n y p < n, se consideran las

(n — p) funciones

p
Dz(if)zlw—zalk:vk , l=p+1,....n
k=1
donde aj; son constantes reales para todo I, k. Adicionalmente, para i,j = 1,...,p, sean
Yij (Y1, - - -, Yn—p) funciones antisimétricas en sus subindices, esto es

@Z)ij(yla s 7ynfp) = —¢]z(?/1, s 7yn7p)

para todo 7, j. Finalmente, sea J = (J;;) la matriz n x n definida como:

Yij(Dpy1(x), ..., Dp(x)) , Li=1,...,p
o
Zajkwik(DpH(x),...,Dn(x)) , i=1,...,p57=p+1,....n
k=1
Jij(x) =49 » . .
Zaikwkj(DpH(:r),...,Dn(x)) , t=p+1,....n;5=1,...,p
k=1
p
> ainaje(Dps1(z), ..., Do(x)) , i j=p+1,....n
k=1

Entonces, J es una D-solucion globalmente definida en R™ y cuyo rango es menor o igual que
p — pmod 2 para todo x € R™. Ademds, las (n — p) funciones D;(x) constituyen en todo R"
un conjunto de invariantes de Casimir de J funcionalmente independientes.

En la seccién se demuestran también otras propiedades, por ejemplo que toda matriz
antisimétrica constante es una D-solucién (y una Dy-solucién también). La peculiaridad

de las D-soluciones, tanto por su forma funcional como por el hecho de no garantizarse la
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constancia del rango, hace que en esta familia no resulte clara la posibilidad de construir
globalmente la forma candnica de Darboux. Asimismo, en la Seccién 4.4 se compara la familia
distinguida con las familias separable y multiseparable. En ambos casos se demuestra que la
familia distinguida es diferente a las otras dos (no estd contenida en ninguna de ellas, ni las
contiene) pero, también en ambos casos, las D-soluciones tienen una interseccién no nula con
ambas familias.

La disertacién prosigue en la Seccién 4.5 con el tratamiento de una familia adicional,
denominada hemiseparable de tipo I. Como sucedi6 en el caso de dimensién tres con las
familias ciclicas, en este contexto vamos a tener que recurrir a una clasificacién de invariantes
de Casimir para poder resolver en todos los casos posibles el andlisis global de estas estructuras

de Poisson. La familia hemiseparable de tipo I viene dada por:

Jij(x) = n(x)pi(z:)j(xj)xij (T, 25) , 4,7=1,...,n

Adicionalmente, la caracterizacién de la familia hemiseparable de tipo I se basa en la definicién

de las funciones

dx; .
%(ajz):/%(wz) , 1=1,...,n

cada una de las cuales denota una primitiva de 1/¢;(z;), asi como en la definicién de las

funciones x;;(z;i, z;) conforme a
Xij (@i, x5) = Yi(wi) = j(xj) + ki, 4, j=1,...,m
siendo k;j, 4,j = 1,...,n, constantes reales arbitrarias que son antisimétricas
Hij—l-lﬁji:o, ,7=1,...,n
y satisfacen las condiciones de suma cero siguientes:
Kij + Kk + R =0, 4,5,k=1...n

En funcién de las deméds propiedades con las cuales se definen estas matrices de estructura,
se puede probar que las mismas tienen rango 2 globalmente. Esto permite identificar por
casos un conjunto completo de invariantes distinguidos globalmente definidos, como sigue: sea
Xij(zi, ;) # 0 para el par (7,7) en el dominio de interés, entonces dicho conjunto completo
viene dado por:

() = Yrwr) + Kjk_ Xgk(5, 71

Di(w) = bilwi) = ¥j(z5) + ki xig(i, 7))

k=1,....n; k#i,j
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La existencia de estos invariantes demuestra al mismo tiempo la integrabilidad algebraica
para sistemas de Poisson con matrices de estructura de este tipo. Por tanto, en funcién de
qué conjunto de invariantes sea el que se utiliza, puede demostrarse la posibilidad de construir
globalmente la forma canénica de Darboux, esta vez por medio de la combinacién de un
cambio de coordenadas y una reparametrizacién temporal. A su vez, este resultado implica
la integrabilidad en el sentido de Liouville (para el sistema Hamiltoniano que se obtiene tras
llevar a cabo la reduccién) asociada a este tipo de estructuras de Poisson. Un resultado
adicional de interés que se demuestra en la Seccion 4.5, en forma de ejemplo, es que la familia
hemiseparable de tipo I contiene como caso especial a la familia ciclica de tipo I ya tratada
en el capitulo sobre resultados en dimensién tres.

Con una estructura muy similar a la recién vista, en la Seccién 4.6 se estudia una familia
de soluciones que es formalmente paralela a la anterior, razén por la cual se la denominara
familia de matrices de estructura hemiseparables de tipo II. Nuevamente, va a suceder que
la construccion de la forma canodnica de Darboux requiere un tratamiento por casos, con lo
que se muestra que este comportamiento no debe considerarse como algo excepcional. Por
supuesto, a pesar de las similitudes aludidas entre ambas clases, las matrices de estructura
hemiseparables de los tipos I y II constituyen familias diferentes. Las matrices de estructura

hemiseparables de tipo II tienen la forma

Jij(x) = n(x)ei(z:)pj(zj)wij(zi, v5) , 4,5=1,...,n

da; ,
wz('rz):alexp</(p<a;)> ) ’Lzlv"'vn

siendo las a; # 0, 7 = 1,...,n, constantes reales arbitrarias (no nulas) y cada exponente

l/ dz; ‘
, 1=1,...,n
pi(w;)

denota una primitiva de 1/¢;(z;). Finalmente, las funciones w;j(x;,z;) se definen como

donde se define que

En esta ocasién, suponiendo que w;j(x;, ;) # 0 para el par (i,j) en el dominio en cuestién,
se tiene que el rango de estas matrices de estructura es 2 con caracter global, y ademés un

conjunto completo de invariantes de Casimir globales para las mismas viene dado por:

Di(z) = i) [ (x;) — dlze)] _ dilmi)wir(@;, 2) k=1 k4

U (@) (Vi) — Vi(x)]  w(er)wiy (@i, z5)
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Claramente, este resultado implica la integrabilidad algebraica para los sistemas de Poisson
basados en estas estructuras de Poisson. Adicionalmente, la caracterizacién por casos que se ha
obtenido para los conjuntos completos de invariantes de Casimir anteriores permite construir
sendas reducciones globales a la forma candnica de Darboux, las cuales proceden nuevamente
en dos etapas, que son un cambio de coordenadas y una reparametrizacién temporal que
le sigue. Con ello se demuestra en todos los casos que los sistemas de Poisson basados en
matrices de estructura hemiseparables de tipo II llevan también a sistemas Hamiltonianos
integrables en el sentido de Liouville. Dentro de los ejemplos aplicados que se presentan en
esta seccién cabe destacar la demostracion de que las matrices de estructura ciclicas de tipo
II, vistas en el Capitulo 2, son un caso especial de la familia hemiseparable de tipo II. Con
ello resulta que las cuatro familias (ciclicas y hemiseparables, de los tipos I y II) mantienen
una relacién conceptual especial dentro de esta disertacién, pues aportan por duplicado un
tipo de casuistica de especial interés, como es la constatacion de que el mero conocimiento de
un conjunto completo de invariantes distinguidos independientes puede no bastar para cons-
truir en todos los casos posibles la reduccién global a la forma candnica de Darboux para una
familia dada de estructuras de Poisson.

Como ya se ha anticipado, el papel de las reparametrizaciones temporales (o NTTs) es
importante tanto en la obtencion de nuevas estructuras de Poisson a partir de una dada, como
en la construccion de la forma canénica de Darboux, al menos en muchos de los casos tratados
a lo largo del trabajo. Por este motivo el objetivo de la Seccion 4.7 es clarificar esta cuestion,
por tanto desarrollando una investigacién especifica sobre las reparametrizaciones temporales
la cual, como veremos, serd de utilidad para comprender aspectos relevantes de cuanto se ha
ido desarrollando a lo largo de la disertacién. Para ello se introduce el concepto de factor de
reparametrizacién para una matriz de estructura J(x) de rango constante, que es una funcién
n(z) suave y que no se anula tal que 7(x)J (x) sigue siendo matriz de estructura. Es interesante
notar que al multiplicar por un factor de reparametrizacion una matriz de estructura, los
invariantes distinguidos no cambian, y la reduccién global a la forma candnica de Darboux
de n(z)J(x) es inmediata si previamente suponemos conocido el mismo tipo de reduccién
para J(x). Como sucedié al estudiar el uso de un ansatz aditivo en el caso tridimensional,
podemos ahora considerar la investigacién de los factores de reparametrizacién (o lo que es
equivalente, de reparametrizaciones temporales) como un ansatz multiplicativo que se aplica
sobre una solucién (matriz de estructura) previamente conocida. Al igual que sucedié en

el caso aditivo, se comprueba ahora que el problema general de investigar las ecuaciones de
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Jacobi n-dimensionales se simplifica notablemente, llevando al siguiente sistema de ecuaciones

diferenciales parciales para n(z):
n
> adje + Jdig + Judk)om =0, i k=1,...,n
=1
O lo que es equivalente, segtin puede comprobarse:

n

Z (Jadjk + Judij + JjiJei)Om =0,

=1
l#i.5.k

,5,k=1,...,n
iF g iFk JFk

En dltima instancia, el nticleo de la investigacion de los factores de reparametrizacién va a
consistir en buscar familias de soluciones (en dimensién arbitraria) del sistema de ecuaciones
en derivadas parciales para n(x).

En la Seccién 4.7 se reportan dos familias de factores de reparametrizaciéon. La primera
de tales familias estd relacionada con los invariantes distinguidos, ya que los mismos (si no se
anulan en el dominio de interés) son siempre factores de reparametrizacién validos en cualquier
dimensién n y para cualquier valor r del rango de la matriz de estructura. Por este motivo
los invariantes de Casimir que no se anulan se denominan en este ambito “primera familia
de factores de reparametrizacién”. En el mismo contexto, el segundo resultado de interés
que se desarrolla en la Seccién 4.7 muestra que si el rango de la matriz de estructura (que
se estd suponiendo constante) es igual a 2 entonces, independientemente de la dimensién,
cualquier factor de reparametrizacién es admisible, esto es preserva el caricter de sistema de
Poisson. Y de manera complementaria, si la matriz de estructura es simpléctica con n > 4,
entonces los unicos factores de reparametrizaciéon que admite son las constantes. En este
contexto, cuando se habla de “segunda familia de factores de reparametrizacién” nos referimos
a todas las funciones suaves y que no se anulan en el dominio de interés, que son factores de
reparametrizacién validos cuando el rango es 2, para dimensién arbitraria n.

Los resultados sobre factores de reparametrizacién tienen dos aplicaciones importantes que
se resumen a continuacién.

La primera de ellas es la generalizacion de las matrices de estructura separables, multisepa-
rables y distinguidas, ya que la multiplicacién de las mismas por factores de reparametrizacion
adecuados hace que el resultado ya no sea, respectivamente, una matriz de estructura sepa-
rable, multiseparable o de tipo D-solucién. Dado que en esta etapa se dispone de factores de
reparametrizacién explicitos, inicamente dependientes del rango, ello hace que este tipo de

generalizacion sea en gran medida directa. Por tanto esta primera aplicacién se refiere a la
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caracterizacién de nuevas matrices de estructura n-dimensionales, tomando como base las ya
conocidas, conforme a la filosofia anteriormente expuesta.

La segunda aplicaciéon que surge como consecuencia del estudio de factores de reparame-
trizacién es la determinacién global y constructiva, bajo condiciones muy generales, de la
forma candnica de Darboux para sistemas de Poisson de dimension arbitraria con matrices
de estructura de rango constante e igual a 2. Esto es posible en base a un algoritmo de dos
etapas, la primera de las cuales es un cambio de coordenadas, mientras que la segunda es una
reparametrizacién temporal. Concretamente, sea un sistema de Poisson n-dimensional,

T ). VHGE) , zerr

dt
con matriz de estructura n x n, que denotaremos J (z) = (J;j(x)), y tal que el rango de J es
2 en todas partes. Sea (Ds(x),...,Dy(z)) un conjunto completo de invariantes de Casimir de
J (), independientes en el dominio de interés. Adicionalmente, se consideran dos funciones

suaves y arbitrarias (d;(x),dz2(x)) tales que la transformacién
Y, = dl(x) N 1= 1,2
yi = Djz) , j=3,....,n
sea uno a uno globalmente, y su matriz Jacobiana M verifique:

a(dl(l'),dg(l‘>, Dg(x), . ,Dn(l‘))
6(901, e ,xn)

| M |= #0 , paratodo x

Entonces el sistema de Poisson se reduce a la forma canénica de Darboux en las coordenadas

(y1,--.,yn) anteriores y en el nuevo tiempo 7, dado por la reparametrizacién temporal:

d7 = ({d1(2), da2(2)}7)lu(y) dt = [(Vadi(2))" - T (@) - (Vada(2)] ], dt = n(y)dt

En la reduccion anterior, el hecho de que la matriz de estructura tenga rango 2, y por tanto
cualquier funcién suave y que no se anule sea admisible como factor de reparametrizacion,
hace que podamos aplicar a conveniencia una reparametrizacion temporal arbitraria, lo cual
permite completar satisfactoriamente la construccién de la forma canénica de Darboux. Como
corolario, esto nos muestra que los sistemas de Poisson cuya matriz de estructura tiene rango
2 son, bajo las hipdtesis establecidas al efecto, algebraicamente integrables y reducibles a un
sistema Hamiltoniano integrable en el sentido de Liouville. Es evidente entonces en este punto
que muchos de los ejemplos considerados con anterioridad son de hecho casos particulares de
esta reduccién, lo cual es indicativo también de la generalidad y aplicabilidad préactica del

presente resultado.
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En este momento es ya posible tener una perspectiva clara del papel relativo desempenado
por varios de los resultados desarrollados a lo largo de la disertaciéon. Este es el propdsito de
la Seccién 4.8. En la misma se pone de manifiesto cémo los distintos tipos de reducciones
considerados, aparentemente diversos, en realidad se cinen a lo permitido por los resultados
sobre factores de reparametrizacién identificados en la seccién precedente. Asi, en los capitulos
2 y 3 (dimensiones 3 y 4, respectivamente) siempre era posible proceder combinando cambios
de coordenadas con reparametrizaciones temporales, ya que las estructuras de Poisson consi-
deradas eran siempre de rango 2. Por el contrario, en el caso de dimensién general la situacion
es mas rica: cuando se trabaja con matrices de estructura de rango arbitrario (separables
y multiseparables) entonces las reducciones a la forma candnica de Darboux, si son comple-
tamente generales para la familia en cuestién, necesariamente han de emplear tinicamente
transformaciones de coordenadas, ya que las reparametrizaciones temporales arbitrarias no
van a ser admisibles para rango r > 4, y de hecho van a estar limitadas a la minima ex-
presion en el caso simpléctico (existente tanto para las estructuras de Poisson separables como
para las multiseparables). En cambio, todavia en el contexto n-dimensional, la combinacién
de transformaciones de coordenadas y reparametrizaciones temporales estd vigente en casos
como los de las familias hemiseparables de ambos tipos (I y II) dado que en situaciones como
esas tenemos matrices de estructura de rango 2. De esta forma el estudio de las NTTs ha
clarificado en un grado muy amplio el sentido de las reducciones globales a la forma canénica
de Darboux en situaciones distintas y en buena medida complementarias. En la Seccion 4.8
este argumento se emplea también como hilo conductor para mostrar los aspectos compara-
tivos mas generales de las distintas familias de estructuras de Poisson investigadas a lo largo

del capitulo, que concluye de esta manera.

Una vez finalizada la presentaciéon de resultados, se procede en el Capitulo 5 a siste-
matizar brevemente las principales conclusiones que pueden obtenerse de todo lo anterior. En
la disertacién se ha procedido a desarrollar una doble linea de investigacién, que combina
tanto (a) la busqueda de nuevas familias de estructuras de Poisson; como (b) la construccién
de nuevos andlisis globales (esto es, determinacién global de los invariantes distinguidos y
reduccién global a la forma canénica de Darboux) para matrices de estructura. Ambos enfo-
ques, que son evidentemente complementarios, han estado presentes de manera simultdnea en
algunos casos (como las matrices separables y multiseparables) mientras que en otros es sélo

uno de los dos el que se aporta, bien sea en un sentido (caso de las D-soluciones) o bien en el
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contrario (como en las familias hemiseparables de ambos tipos). De cualquier modo, los re-
sultados obtenidos tienden a combinar el interés matematico fundamental con una proyeccion
aplicada, lo que parece claro a la luz de las implicaciones en integrabilidad y céalculo de in-
variantes, en la presentacién de resultados que mejoran el alcance del teorema de Darboux,
en la caracterizacion y clasificacion de nuevas soluciones antisimétricas de las ecuaciones de
Jacobi, en la comprensién del papel del pardmetro temporal en la existencia de la estructura
de Poisson como tal, en relaciéon a distintos problemas aplicados ya mencionados, asi como
por la diversidad e interés de los muchos ejemplos tratados a lo largo del trabajo. Otras
consideraciones en torno a implicaciones adicionales de los resultados examinados, asi como a
posibles lineas futuras de investigacion en este campo, son también objeto de comentario en

el Capitulo 5. Con ello finaliza la presente disertacién como tal.

Por cuestiones técnicas de mero interés operacional se ha incluido el Apéndice 1. En
efecto, las relaciones que caracterizan a los invariantes de Casimir constituyen un sistema de
ecuaciones diferenciales parciales acopladas. Dado que la determinacién de tales invariantes es
una necesidad frecuente en este trabajo, se ha incluido en el citado Apéndice 1 una descripcion
del método Pfaffiano para el calculo de dichas constantes del movimiento. El método Pfaf-
fiano proporciona una alternativa demostrablemente més eficaz para la determinacién de los
invariantes distinguidos, preferible al procedimiento habitual (antes aludido) consistente en
resolver el sistema de ecuaciones diferenciales parciales que caracteriza a estos invariantes.
Como es la norma a lo largo de toda la disertacion, la descripcién del método Pfaffiano en

este apéndice se acompana de ejemplos detallados que lo ilustran.

Finalmente, los Apéndices 2 y 3, por su parte, se limitan a cuestiones de notacion y
terminologia matematica empleadas a lo largo de la presente tesis, en el caso del primero, y a
la enumeracion de las abreviaturas de uso comun en este trabajo, en el segundo. En cuanto
al Apéndice 4, en el mismo se incluyen a modo de indicios de calidad las publicaciones en
revistas con indice de impacto derivadas (hasta el momento) de la investigacion descrita en

esta tesis.
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CHAPTER 1.

INTRODUCTION

1.1. CLASSICAL HAMILTONIAN SYSTEMS

It is difficult to overemphasize the scope and relevance of Hamiltonian dynamics. Hamil-
tonian theory is a very rich subject with deep mathematical implications in diverse domains,
specially differential equations, geometry and integrability theory. The very specific form of
Hamilton’s equations has allowed also the development of a plethora of specialized meth-
ods of great applied projection, the canonical perturbation theory or the specifically adapted
numerical methods (symplectic integrators) being some of the most celebrated. Hamilton’s
equations are also the basis for the understanding of very different applied systems, from
classical to quantum mechanics, from celestial mechanics to electrodynamics, from optics to
plasma physics or fluid dynamics. The diversity of dynamical behaviors embraced by Hamil-
tonian dynamics include not only regular motions, but also chaotic dynamics (the celebrated
KAM theorem being one of the paramount results in this field). Even the mere mention, if
exhaustive, of all of the previously cited aspects of the Hamiltonian theory would be (by far)
out of the scope of this section. Our purpose here is just to provide a very concise introduction
of some of the most significant results regarding Hamilton’s formalism, in order to make this
dissertation self-contained. For such purpose, in this section we shall be mainly inspired by
the classical treatments of Goldstein [57] and Landau and Lifshitz [108]. For their central
interest for the generalization from Hamilton to Poisson systems, special emphasis will be
put on the significance of Poisson brackets and in the symplectic (or matrix) formulation of
Hamilton’s equations. The reader interested in more detailed presentations of Hamiltonian
theory is referred to the classic literature in the field [1,9,21,57,108,110,159,161,164,167,173]

and references therein.
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1.1.1. Introductory aspects of classical Hamiltonian systems

We shall not enter here in the subject of how the canonical equations can be derived
from Lagrange’s formulation by means of Legendre transformations. This issue is extensively
considered in the literature and is not essential for this introduction. For practical purposes,
our starting point here will be to consider Hamilton’s canonical equations of motion, which
are given by the following set of ODEs (see Appendix 3 for the different abbreviations used

in this work):

_OHGpt) . 9H(gpt)
! Op; ’ ! 0q; 7

(the notation & will denote the time derivative of a function z(t), namely & = dx/dt; the

i=1,...,s (1)

reader is referred to Appendix 2 for mathematical notation). In system (1) the variables g;
are generalized coordinates, while the p; are termed generalized momenta. Together, variables
(gi, pi) are known as canonical variables, and they constitute a coordinate system of a phase
space of dimension n = 2s. Function H(q,p,t) often corresponds to the energy of the system,
and is known as a Hamiltonian (or Hamilton’s) function. Thanks to the structure of equations

(1) it is easy to verify that:

s
ﬁl:%?*Za ql+zap b=

Therefore if the Hamiltonian is time-independent, energy is conserved for the system. In what
follows, the name classical Hamiltonian system or simply Hamiltonian system will always be
referred to a set of canonical equations of the form (1). In addition, a Hamiltonian system
of the form (1) is frequently termed in the literature a Hamiltonian system of s degrees of
freedom.

A form of reexpressing the canonical equations that will be of great importance for the
rest of the work is known as the symplectic or matrix notation. Consider that we denote the
canonical coordinates by a single column vector x = (q1,...,qs,p1,-..,0s).. We then define

the symplectic matrix S, as:

(2)

Then it is clear that system (1) can be equivalently written in matrix form as:
& =S, V. H (3)

Expression (3) for Hamilton’s equations is known as their symplectic or matrix form. The
most relevant properties of S,, at this stage are that it is skew-symmetric and invertible for

any n, namely Rank(S,) = n.
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1.1.2. The canonical Poisson bracket

Let f(q,p,t) be a given smooth function of the canonical variables and time. The total

time derivative of f(q,p,t) is, according to its standard definition [57,108]:
df _ 3f of
i Z( G+ 5, P

Making use of the canonical equations (1) this is equivalent to:

o _of

dt + {f’ H}C

where {f, H}. denotes the canonical Poisson bracket of f and H, defined as [57,108]:

S~ (orom ofom
{f7H}6_kZI<5Qkam 3pkf9%> @

If we consider (see Subsection 1.4.4 for additional details) that a first integral is a function

I(x,t) such that its total time derivative is zero

drl
= _90
dt

we find that such condition can equivalently be written as:

dr o

I
— I,H}. =
=g TLHE=0

In particular, if we are dealing with a time-independent first integral, then the condition is
simply {I, H}. = 0. For two arbitrary smooth functions f(q,p,t) and g(g,p,t) the definition

is the same:

Fe=3 (L2202} )

e~ \9qr Opr  Opr Iqk
The canonical Poisson bracket (5) has the following fundamental properties (in a sense to be

specified later) that can be deduced from its definition:

o Skew-symmetry:

{f.9te=—{g, f}e
e Bilinearity:
{k1fi+ kafo, gte = kil f1, gte + kol fo, gte » {f k1g1 +kagate = ki{f  g1}e + k2l fs 92}
for all constants k1, ke € R.
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o Leibnitz’ rule:

{fr9192} e = g2{f, 91}c + 91{ [, 92}

e Jacobi identity:
{{f’ g}c’ h}C + {{97 h}07 f}C + {{h7 f}m g}c = 0

Actually, if we consider that the canonical Poisson bracket of two functions f and g defines a
product between those functions, then it can be seen that the previous properties imply that
the canonical Poisson bracket induces a structure of a Lie algebra [57]. We shall return to this
issue later.

Notice in particular that for the canonical coordinates we have:

{q27q]}c == {pup]}c =0 B {QZ7p]}C - 6Zj ) Zv.] - 17"'78 (6)

where 6§, accounts for Kronecker’s delta. Regarding the symplectic (or matrix) formulation (3)
it is interesting to note that the canonical Poisson bracket of two functions can be equivalently

expressed in terms of column gradient vectors as:

{fag}c:(vf)T'Sn'Vg (7)

Following the same column vector terminology = = (z1,...,2,)" = (q1,.--,qs; P15+, Ps) "
introduced before for the symplectic form of the equations, note in particular that according
to (6) and (7) we have:

{l’i,dfj} = (Sn)ij 5 ’i,j = 1, .o (8)

An important property of the Poisson bracket (known as Poisson’s theorem) is that if
Ii(q,p,t) and I5(q,p,t) are first integrals of the system, then their Poisson bracket is also a
first integral:

{I1,I5}. = constant

Of course, by a successive application of Poisson’s theorem there is no guarantee that new
nontrivial first integrals are to be determined. The reason is clear: the number of functionally
independent global first integrals is limited to (2s — 1), where s is the number of degrees of
freedom, as indicated. In some cases the outcome is a trivial first integral, namely an actual
constant. In other cases, the first integral obtained is simply a function of the initial first
integrals I1 and Is. If none of these two possibilities takes place, then the Poisson bracket of

I and I is an additional (independent of I; and I5) first integral of the Hamiltonian system.
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1.1.3. Canonical transformations in the symplectic formalism

One of the advantages of Hamilton’s equations is that the choice of the generalized coor-
dinates is not limited, as they can be any set of variables determining the state of the system.
However the canonical equations (1) are not formally invariant when a general smooth change
of coordinates

G =q;(¢,pt) , p;=pi(g.pt), i=1,...,s 9)

is performed. This explains why in the canonical formalism, a key issue is the determination
of the conditions under which the form of Hamilton’s equations remains unaltered after such
a transformation is applied. In other words, the goal is to determine the conditions by which

after the change of variables (9) applied to (1) the new system remains formally

. OH*(q",p*,t) w  OH*(q*,p*,t) 1
Qi—a—ﬁ, pi__a—q;kv t=1,...,8

with a new Hamiltonian H*(¢*,p*,¢). When this is actually the case, the transformation is
termed canonical. In practice (and also for our purposes in this work) the canonical trans-
formations that do not explicitly depend on time have a special interest, namely those of the
kind:

4 =q;(¢,p) , pi=pile,p), i=1,...,s (10)

Canonical transformations of the form (10) are known as restricted canonical transformations.

There are two equivalent points of view [57,108,110,161,167,173] for the study of canonical
transformations. One of them is based on the use of generating functions. Such method is
not natural for our purposes in this work, and consequently it will not be described here. The
second possibility works directly on the symplectic form of the canonical equations. This point
of view is the one to be adopted in what follows. For this, consider the canonical equations
written in the symplectic (or matrix) form (3), namely & = S,, - V;H. Similarly to what was
done for the definition of vector z, let y = y(z) be a new system of canonical coordinates

defined in terms of by means of a smooth transformation. Let

_ oW1, Yn)
M= Ox1,...,2p) (11)

be the Jacobian matrix of such transformation. Then it is not difficult to prove that after the

change of coordinates, the transformed system has the form:

y=M-S, M V,H*(y)
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where H*(y) = H(z(y)). It is known that, in the case of restricted canonical transformations,
the Hamiltonian function of the transformed system is just the one of the original system

reexpressed in terms of the new variables, i.e.
?J = Sn : vyH*<y)

again with H*(y) = H(x(y)). Accordingly, the condition for the transformation to be canonical
is simply:

Sp=M-S,-M" | orequivalently S,=M"-S,-M (12)

Actually, it can be shown [57] that (12) is a necessary and sufficient condition for the change
of coordinates y = y(x) to be a restricted canonical transformation. The corresponding
calculations are more complicated in the case of general (or time-dependent) canonical trans-
formations. However, it is also possible to prove [57] that condition (12) is also necessary and
sufficient for the transformation to be canonical even in the case (9) in which the time appears
explicitly.

These results have some implications in connection with Poisson brackets. Let us first
recall the identities (6-8). As before, consider now a smooth change of variables y = y(z)
of Jacobian matrix (11). Then, substitution in equation (7) allows computing the canonical
Poisson brackets of the new variables y in terms of the initial variables x. The outcome can

be shown to be:
{yiayj}c:(vxyi)T'Sn'vxyj:(M'Sn‘MT)ij , Lj=1...,n
Of course, if the transformation is canonical, then equation (12) implies that

{y’uy]}c = (Sn)m ) Zvj - 17 e, n (13)

which is actually analogous to (8) for the new variables. And reciprocally, if (13) holds, then
the transformation is canonical. The Poisson brackets among the canonical variables, such as
(8) or (13), are known as fundamental Poisson brackets.

Therefore these results imply that the fundamental Poisson brackets always have the same
value in any system of canonical variables, namely they are invariant under restricted canonical
transformations (actually they are invariant under general canonical transformations, but we
shall not be concerned with this issue in the present work, in which we shall only deal with
time-independent transformations of coordinates). Thus, the invariance of the fundamental
Poisson brackets is equivalent to the canonical nature of the transformation. In fact, it is

possible to prove that the canonical Poisson bracket between any two functions is also invariant
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under canonical transformations (either restricted or not). This is why all canonical Poisson
brackets (for any two functions) are canonical invariants, namely they always take the same
value, independently of the system of canonical variables in which the bracket is computed.
This reason explains why the canonical Poisson brackets are denoted by the symbol {, },
without reference to the set of canonical variables being employed.

Thus, we see that Hamilton’s equations are invariant under canonical transformations. In
an analogous fashion, canonical invariance of Poisson brackets implies that the equations ex-
pressed in terms of Poisson brackets are also form-invariant under canonical transformations.
As it can be seen [57], it is possible to develop an entire coordinate-free formulation of clas-
sical mechanics, parallel to Hamilton’s formalism, that is expressed only by means of Poisson
brackets. Such formulation has the same form in all the systems of canonical coordinates,
and is specially useful for the transition from classical to quantum mechanics by means of the

correspondence principle.

1.1.4. Liouville’s theorem

We of course do not intend here to provide a review of classical Hamiltonian systems, but
only an outline of some properties relevant to what is to follow. Many important aspects of
the theory are thus being disregarded. For its conceptual interest for future developments, one
of the issues that is worth recalling, even briefly, is Liouville’s theorem. For this, note that
every point of the 2s-dimensional phase space corresponds to a definite state of the system.
When the system evolves, such a point moves in phase space describing a phase trajectory.
The differential dv given by

dv =dgqq...dgsdp; ... dps

can be physically interpreted as a volume element in phase space R?°. Consider then the
Riemann integral [ dv extended to a given region (2 of phase space, and thus representing
the volume of that region. It is possible to show [108] that such integral has the property of
being invariant with respect to canonical transformations ¢* = ¢*(¢,p,t) and p* = p*(¢,p, t),

namely the value of the integral is independent of the system of canonical variables used,

/.../dql...dqsdpl...dps:/.../ dgi ...dgidp] ... dp;
Q *

with Q* denoting the region € expressed in terms of the new canonical variables (¢*,p*).
Actually, this is a consequence of the fact that the Jacobian determinant of a canonical trans-

formation is always equal to one, or | M |= 1 in the previous notation. Moreover, it is possible
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to prove that the time evolution of a Hamiltonian system, namely the evolution in time of
the canonical variables (g, p), can be considered as a canonical transformation, as we shall see
now. To be precise, this means the following: let ¢(¢) and p(t) be the values of the canonical
variables at time ¢, and let ¢(t+ o) and p(t + o) be the values at time ¢+ g, with ¢ a parameter
corresponding to the time interval elapsed. Then the latter are functions of the former (and

of the time interval ¢ as a parameter):

q(t+0) =q(q(t),p(t),0) , p(t+0)=p(qt)p),0) (14)

Thus the transformation (14) of the canonical variables associated with the time evolution of
the system is in fact a canonical transformation, as it can be established [57,108]. This implies
that a region €2 of phase space that evolves according to the time evolution of the system can

of course get deformed but always maintains a constant volume:
V(t) = / dv = constant
Q

This result is known as Liouville’s theorem, and is one of the most distinctive features of
Hamiltonian dynamics. In the framework of this thesis, it is conceptually relevant because its
generalization will lead to the important concept of conservative system (Subsection 1.2.1).
As indicated, it is unavoidable to skip here many significant aspects of the Hamiltonian
theory. Some classical topics at this level are the generating function formalism for canonical
transformations, the Hamilton-Jacobi equation, the principle of least action, the canonical
perturbation theory, etc. The interested reader is referred to the classical literature on the

subject.
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1.2. POISSON STRUCTURES AND POISSON SYSTEMS

We shall now focus on the kind of dynamical systems providing the framework of this
thesis, which are finite-dimensional Poisson systems [21,110,139,159,163,167]. This type of
systems of ODEs arise from the general concept of Poisson structure, which is essentially a
smooth manifold endowed with an abstract Poisson bracket operation (to be defined in what
follows). Here we shall only provide a brief introduction to Poisson structures, which are
analyzed in detail in different classic references [1,21,109,139,159,167,171]. As we shall see
also in the following introduction, Poisson systems constitute for several reasons a natural
and wide generalization (in a sense to be specified) of Hamiltonian systems, while retaining
the essential aspects of the latter after the generalization process. The reader interested in
further basic aspects of the theory of finite-dimensional Poisson systems is referred to the

classical works just mentioned, which have been the basis of the present introductory review.

1.2.1. Generalized Liouville’s theorem and conservative systems

A relevant result to be discussed at this stage is the generalized Liouville’s theorem [96].

Consider a general n-dimensional nonautonomous system of ODEs:
&= f(z,t) , ze€R" (15)

Let ©(0) C R™ be a domain in phase space at time ¢ = 0, and let () represent this domain
at time t as transformed by the time evolution of the system. In other words, €(t) is the set
of all points z(t) such that z(0) € ©(0), according to the time evolution defined by equations
(15). We then consider the volume integral (in the Riemann sense) of some smooth function

m(z,t) : R" x R — R over this moving domain Q(¢):

I(t) :/.../Q(t) m(z, t)dz ... dz, (16)

The integral I(¢) is called an integral invariant of system (15) if its value is constant in time,

namely if it is a constant of motion:
drl
= 0
dt

It is then possible to establish the generalized Liouville’s theorem, which states that the

integral I(¢) in (16) is an integral invariant of system (15) if and only if:

om(z,t)

5 TV m@ ) f(z,t)] =0
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This is the general form of the so-called Liouville equation. This greatly generalizes the result
seen for classical Hamiltonian systems, for which it is simple to check that it is m(z,t) = 1. In
such case, the generalized Liouville theorem reduces to V, , - f = 0, a result often mentioned
in the framework of classical Hamiltonian systems. More generally, in the case in which
m(x,t) is time-independent and nonnegative, such function can be seen as a weight associated
with every point of phase space in a measure p such that duy = m(z)dz;...dz,. Then
the generalized Liouville’s theorem states that the total measure p(2(t)) of the set Q(t) is
constant in time if and only if V - [m(x) f(z,t)] = 0. Such measure-preserving (also known as
conservative) flows are of interest because they share a basic but fundamental constraint on the
trajectories in phase space. It is then clear that conservative systems provide a generalization
of classical Hamiltonian systems: notice, for instance, that odd-dimensional flows are not
excluded in the definition of conservative or measure-preserving systems. Moreover, also in
the even-dimensional case conservative systems (non-negative m(x)) are significantly more
general than Hamiltonian systems (m(x) = 1). Actually, the appearance in the applications
of non-Hamiltonian systems of ODEs which however display measure-preserving properties
that strongly suggest a parallelism with Hamiltonian systems, has motivated the search of
generalizations of the latter able to account for odd-dimensional flows and being more general
than Hamiltonian systems also in the even-dimensional case. One of the paramount extensions
of Hamilton’s equations is provided by Poisson systems, which are the subject of this work.

They are described in the following subsections.

1.2.2. Poisson structures and finite-dimensional Poisson systems

As it was mentioned at the end of Subsection 1.1.3, it is possible to develop coordinate-
free formulations of classical Hamiltonian systems, only based on the use of canonical Poisson
brackets. Precisely, the use of such kind of approach allows naturally the definition of Poisson
structures and systems [139]. Due to this reason, and following such reference, this is the

point of view that will be adopted in this subsection.

Definition 1.2.2.1. (Poisson bracket). A Poisson bracket on a smooth manifold M is an
operation that assigns a smooth real-valued function {f,g} on M to each pair of smooth and

real-valued functions f and g defined on M, according to the properties:

(a) Skew-symmetry:
{f:9y =9, 1}
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(b) Bilinearity:
{k1fi + kafa, g9} = kil f1, 9} + ko{fo, 9} o {f k191 + kage} = kil f, g1} + k2{ f, 92}

for all constants ki, ks € R

(c¢) Leibnitz’ rule:
{f,9192} = g2{f, 91} + 91{ [, 92}

(d) Jacobi identity:
{75,950} +{{g, h}, [} +{{h, [}, 9} =0

In all these equations, f, g and h denote arbitrary smooth functions on M.

Now some remarks are in order. In first place, we note that for the purposes of this work
the manifolds of interest are R™ or some domain 2 C R"”, all of which are smooth manifolds.
Secondly, it is interesting to recall that properties (a) to (d) in Definition 1.2.2.1 do coincide
with those already seen in Subsection 1.1.2 for the canonical Poisson bracket.

A manifold M endowed with a Poisson bracket is called a Poisson manifold, Mp, the
bracket defining a Poisson structure on such manifold. The notion of a Poisson manifold is
more general than that of a manifold with a classical (canonical) Poisson bracket, as it will be
proved in brief. In particular, a Poisson manifold needs not be even-dimensional, as we shall

see now in the following:

Example.

Consider the canonical Poisson bracket (4) defined in an even-dimensional real space Mp =
R™, n = 2s, with canonical variables (q1,...,¢s,P1,.--,Ps):

(=3 (2L o1 (1)

Oqr, Opr,  Opy, Ogy,

As we know, all the properties (a)-(d) indicated in Definition 1.2.2.1 are verified by (17). More
generally, a Poisson bracket can also be defined on R"™ for every value of n. Let (q,p,z) =
(G1y--yqsyP1y- -y Dsy 21, -+, 21) With 2s + 1 = n, and define the Poisson bracket between two
functions f(q,p, z) and g(q,p, z) by the same expression (17). It can be seen that the same
properties (a)-(d) in Definition 1.2.2.1 are still satisfied. Actually this example plays an

important role in what is to follow: Darboux’ theorem will show that locally (except at
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singular points, to be defined) every Poisson bracket can be reduced to this one. Note also
that every function depending only on the z variables commutes (in the sense of the bracket)
with any other function. In other words, if f = f(z), then {f, g} = 0 for any function g, in
the sense of the Poisson bracket (17). Such functions f(z), and in particular the variables
21,...,21, are known as distinguished functions or Casimir functions, and are characterized
by the property that their Poisson bracket with any other function is always zero. Notice that

now the basic relationships (6) are supplemented by the additional ones:

{Qi,Zk}:{pi,Zk}:{Zj,Zk}:O, i:17...,87 jakzlv"‘vl

The previous example motivates thus the following definition:

Definition 1.2.2.2. (Casimir or distinguished function). Let Mp be a Poisson manifold.
A smooth, real-valued function D : Mp — R is called a distinguished (or Casimir) function
if the Poisson bracket of D with any other real-valued function vanishes identically, namely

{D,f}=0 forall f:Mp — R.

In the case of the canonical Poisson bracket (on Mp = R?%) the only distinguished functions
are the constants, which always verify the requirements of the definition. On the other extreme,
if the Poisson bracket is completely trivial (namely {f, g} = 0 for every f and g¢) then every
function is distinguished.

As it was anticipated in Subsection 1.1.2, Poisson brackets have the structure of a Lie
algebra. Actually, it can be proved that there exists an important connection between the
Poisson bracket of two functions and the Lie bracket of the vector fields induced by such
functions [139]. This issue will not be considered here for the sake of conciseness. However,
this relationship allows the establishment of the analysis of Poisson manifolds in terms of
coordinate systems. Let x = (x1,...,x,) be local coordinates on Mp, then it can be proved
[139] that the Poisson bracket of two functions f(z) and g(z) takes the form:

n
(foa) = YAz} gt 8 (18)

ij=1

Then, in order to compute the Poisson bracket of any pair of functions in a system of local
coordinates, is suffices to know the Poisson brackets between all pairs of coordinate functions

x;. Such basic brackets will be termed structure functions:
Jij(x) = {5, 2}, ,j=1,...,n
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Thus, the structure functions of the Poisson manifold Mp relative to the coordinates x;
uniquely determine the Poisson structure itself. For convenience, the structure functions
are grouped into a skew-symmetric n X n matrix 7, called structure matriz. Therefore, in the

usual column gradient vector notation formula (18) can be expressed as:

{f.9y=(H"-T Vg (19)

From a constructive point of view, it is also possible to show from (19) that the distinguished

functions are the solution set of the following system of PDEs:
J(x)-VD(x) =0 (20)

It can be seen [139] that, in the system of coordinates x, the vector field associated with
a smooth function H(z) for a Poisson bracket of structure matrix J(z) takes the form (in
evident notation):

@ =J(x) VH(z) = {z, H} (21)

Equation (21) gives the general form of a Poisson system. In terms of the individual coordi-

nates:

dl‘i " .
= = > Jij(@)0;H(x) = {x;, Hy , i=1,...,n (22)
Jj=1

We see then that we obtain a generalization of classical Hamiltonian systems, in which odd
dimensions are allowed. As before, H(z) plays the role of Hamiltonian, and J(z) is a gener-
alization of the symplectic matrix. For instance, in the case of bracket (17) defined on R™ for

an arbitrary value of n and coordinates (g, p, z) with 2s 4+ [ = n, the structure matrix is:
J(x) = Sas @ Oy (23)

We then obtain the canonical Poisson bracket for classical Hamiltonian systems in the partic-
ular (even-dimensional) case [ = 0. Of course, it is necessary to know which skew-symmetric
matrices J(z) are structure matrices for Poisson brackets. In other words, we need to char-
acterize those matrices such that, according to (18), verify properties (a)-(d) of Definition

1.2.2.1. The answer is the following one [139]:

Theorem 1.2.2.3. (Structure matrices). Let J(z) = (J;;(x)) be an n x n matriz of
functions Jij(x) : @ — R defined over an open subset & C R™. Then J(x) is the structure
matriz for a Poisson bracket {f,g} = (V)T - T -Vg over Q if and only if it has the following

properties:
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(a) Skew-symmetry:
Jij:*t]ji 5 i,jzl,...,n (24)

(b) Jacobi identities (Jacobi partial differential equations):

> Jaddik + Jaddri + JudiJi) =0, ij.k=1,....n (25)
=1

for all x € Q.

Notice that equations (25) form a set of nonlinear coupled PDEs which must be verified
by the structure functions. In particular, any constant skew-symmetric matrix trivially sat-
isfies the system (24-25) and thus determines a Poisson bracket. This remark, in spite of its
simplicity, already constitutes a wide generalization of the classical symplectic matrices (2)
and also of their noncanonical generalization (23) which thus become particular cases of the

family of constant structure matrices.

1.2.3. Phase space structure: symplectic foliation and Darboux’ theorem

In order to understand the phase space geometry induced by a general Poisson structure on
a manifold, a closer look at the structure matrix J(z) which determines the local coordinate
form of the Poisson bracket is unavoidable. As it will be explained, the rank is the most
important invariant of a structure matrix. We are going to see that in the case of maximal rank
we are in the situation of a symplectic Poisson structure, well-known in classical Hamiltonian
theory. In the more general case of nonmaximal rank, the Poisson manifold Mp is going to be
foliated into symplectic submanifolds in such a way that any Poisson system on Mp naturally
restricts to any one of the symplectic submanifolds and hence, by restriction, returns us to the
canonical case, the classical scenario of Hamiltonian dynamics. However, for many problems
it may be more natural to remain in the larger Poisson manifold itself, specially when the
noncanonical variables are more natural for that specific problem (e.g. for physical reasons)
or when one is interested in the collective behavior of systems depending on parameters, with
the underlying symplectic structure varying with the parameters themselves.

Given a Poisson manifold Mp in which a set of local coordinates « is defined, it is necessary

to introduce the following important definition:
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Definition 1.2.3.1. (Rank of a Poisson manifold). The rank of a Poisson manifold at a

point x is equal to the rank of the structure matriz J at that point.

Actually, it can be shown that the rank of a Poisson manifold is independent of the choice
of the coordinates. According to Theorem 1.4.1.1, we know immediately that the rank of a
Poisson manifold at any point is always even. In this sense, notice (according to equation
(20) for the Casimir invariants) that such invariants are directly related to the kernel of the
structure matrix, and do not exist (apart from the trivial solutions, namely the real constants)

if Rank(7) = n. This case is usually denoted by means of a specific term:

Definition 1.2.3.2. (Symplectic manifold). A Poisson manifold of dimension n is said

to be symplectic if its Poisson structure has mazimal (and thus even) rank n everywhere.

Symplectic manifolds will be denoted by Mg and they lie at the basis, for instance, of
classical Hamiltonian systems (notice that the symplectic matrix S,, is of maximal rank n
everywhere). A structure matrix is said to be trivial if it has zero rank everywhere in the
Poisson manifold.

When J has constant rank r, it can be seen [139] that each Poisson manifold naturally
splits into a collection of even-dimensional symplectic submanifolds, what is known as the
symplectic foliation of a Poisson manifold. Therefore, phase space is split in a family of even-
dimensional symplectic leaves, the dimension of each leaf being equal to r = Rank(7). In fact
the symplectic leaves can be seen to be obtained as the slices, or level sets, of a set of (n —r)
functionally independent Casimir invariants, namely by the equations {D;(z) = a; | a; €
R, i=1,...,n—r}. Since (n—r) is the maximal number of functionally independent Casimir
invariants, such a set is termed a complete set of independent Casimir invariants. If the rank of
the Poisson manifold is not constant, then the symplectic leaves will have varying dimension.
In this work, we shall be concerned only with constant-rank structure matrices, for which
Darboux’ theorem (to be introduced shortly) is applicable and the symplectic foliation does
not have variable dimension. Thus, in the constant-rank case, the dynamics of every Poisson
system can be naturally restricted to any symplectic leaf, thus becoming a symplectic system.
The precise meaning of this assertion will be clear shortly with Darboux’ theorem. Actually,
in spite that Poisson systems are clearly a formal generalization of classical Hamiltonian

systems, it is not evident at this stage that this generalization preserves the Hamiltonian (or
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conservative, in general terms) nature of the dynamics. In other words, we need a result
accounting for the dynamical equivalence between classical Hamiltonian and Poisson systems
in order to state that the latter are a rightful generalization of the former. The central result

that justifies such gap is Darboux’ theorem [109,139,171]:

Theorem 1.2.3.3. (Darboux’ theorem). Let Mp be an n-dimensional Poisson manifold
of constant rank r = 2s everywhere. Then, in a neighborhood of each xro € Mp there erist
local variables (q,p,2) = (q1y -+, qss D1y -+, Psy 215 - -, 21), With n = r+1, in terms of which the
Poisson bracket takes the form:

. [/O0f O af o

The leaves of the symplectic foliation intersect the coordinate chart in the slices
21:]{21 g ey Zl:k;l

determined by the distinguished coordinates z.

In other words, every Poisson system for which the rank of the Poisson structure is constant
can be (locally at least) reduced in the neighborhood of each point to a Poisson system of the

form:

oOH ) OH 1
= P = — , v=1,...,S8

op; " 0 (27)
=0, 7=1,...,1

qi

We thus see that system (27) is essentially an s-degree of freedom classical Hamiltonian system
plus [ = (n — r) decoupled (and constant) Casimir invariants given by z1,..., 2. Equations
(27) are known as the Darboux canonical form of the Poisson system. Therefore, the Darboux
canonical form corresponds to the structure matrix J = Sas @ O; regarded in (23). Darboux’
theorem provides a (local) link between Poisson systems and classical Hamiltonian systems
accounting for their dynamical equivalence (apart from the embedding corresponding to the
symplectic foliation, which is decoupled in the Darboux canonical form). The explicit con-
struction of the Darboux coordinates may be a complicated task in general, specially in the
case of their global determination, in which the transfer of results between the Poisson and the
classical Hamiltonian formats is optimal for the applications. The global construction of the
Darboux canonical form for different families of Poisson structures will be one of the central
issues of this thesis. Accordingly, it is worth recalling that, unless otherwise specified, we shall

systematically work with structure matrices of constant rank in the region of interest.
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For the sake of clarity, in most of what is to follow, the Darboux canonical form will be
written in a way slightly different from that corresponding to (23), which is obtained sim-
ply by reordering the canonical variables (g, p) which are to be grouped in canonical pairs,
while the decoupled Casimir invariants remain at the same places. Thus the new ordering is
(q1,P1,---,qs,Dss 21, - - -, 21). The fact of grouping the variables in canonical pairs can be some-
times advantageous from the point of view of clarity, while of course the Darboux canonical
form is exactly the same: the new equations for the Darboux canonical form are still those in
(27), but the new order for the variables has the consequence of introducing a permutation of

rows and columns in the structure matrix, which changes from (23) to:

0 1\ —~—[ 0 1 RN
Ipins] = D...0 0:1®..90; (28)
-1 0 -1 0

The notation Jpy,, given by (28) will be maintained throughout the work. Notice that in
k

—N
(28) the expression A@...@ A, for any matrix A, denotes the direct sum of k& matrices A.

1.2.4. Changes of coordinates and time reparametrizations

In practice, if we wish to investigate issues such as the global determination of the Darboux
canonical form for Poisson systems, it is necessary to make use of certain types of transforma-
tions that ensure system equivalence (see Subsection 1.4.3 for a discussion of this concept). In
this paragraph, two important types of transformations and their effect on Poisson systems
are considered.

The first kind of transformation of interest in our context is provided by smooth coordinate
transformations. Consider a general Poisson system (22) defined in a given domain  C R” in
terms of a set of coordinates x. Let y = y(x) be a general smooth coordinate transformation,

and let M = (M;;) be the associated Jacobian matrix, namely:

W1, Yn)

M= e o)

Then it can be proved that, after such a change of coordinates, the transformed ODEs obtained

from (22) still constitute a Poisson system in terms of the y coordinates in 2* = y(2):
y=J"(y) - VH"(y) (29)

Now in (29) the new structure matrix J*(y) is given by:

Oyi J l@)%

i) = R au@GE L =1 (30)

k=1
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or equivalently,

And the new Hamiltonian is simply H*(y) = H(z(y)). This is a significant feature of Poisson
systems: in a sense, all smooth transformations can be regarded as “canonical” now, as far as
they preserve the key property of having the form of a Poisson system for the transformed set of
ODEs. When compared to the restrictions imposed by canonical transformations on classical
Hamiltonian systems (see Subsection 1.1.3) we obtain an indication about the generalization
achieved by means of Poisson systems.

The second kind of transformations to be considered in this paragraph corresponds to time
reparametrizations (also known in the literature as new-time transformations, or NTTs) for
Poisson systems [21], which are transformations of the form

dr = Ldt (31)

()
where t is the initial time variable, 7 is the new time and n(z) : @ C R” — R is a smooth
function in © which does not vanish in Q. Thus, again if (22) is an arbitrary Poisson system

defined in 2, then every time reparametrization (31) leads from (22) to the system:

d
= =nJ-VH (32)

Equations (32) are not necessarily of Poisson type because nJ may lose the property of being
a structure matrix, in spite that J is. Of course, time reparametrizations do not alter the
topology of trajectories in phase space, their only dynamical role amounts to modify the
“speed” at which every point moves on the system trajectories. A well-known result [70] is
that the system (32) obtained from (22) after a general time reparametrization is always a
Poisson system in the cases of dimensions n = 2 and n = 3. On the contrary, this is not
necessarily the case for dimensions n > 4. Time reparametrizations will play an important
role both for the determination of the Darboux canonical form and for the understanding of
some detailed conditions under which such a construction can be carried out. In a sense, the
results to be developed in connection with such kind of transformations will provide a unifying
perspective of the results given in this thesis. This reason explains that precisely the end of
this work is devoted to time reparametrizations (Section 4.7). Additional aspects regarding
the connection between time reparametrizations and system equivalence are considered in

Subsection 1.4.3.
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1.2.5. Introductory examples of Poisson structures and systems

In order to clarify and illustrate the previous theory as well as an advance of some typical
features to be found throughout the work, two simple and well-known instances of Poisson
structures of applied interest are briefly presented in what follows. The first one corresponds
to a mechanical system (Euler top) and is clearly close to the physical roots of classical
Hamiltonian systems, in the sense that the Hamiltonian corresponds to the system energy and
the constancy of the Casimir invariants also reflect the conservation of angular momentum.
The second example, on the contrary, has a biomathematical inspiration and describes a
population dynamics system (Lotka-Volterra equations) for which neither the Hamiltonian nor
the distinguished functions have a clear physical interpretation, thus suggesting conceptually
new domains of applicability of Poisson systems. Both examples chosen are three-dimensional,
as far as the visualization of the phase space structure (namely, of a nontrivial symplectic
foliation) should be simpler in such case. The reduction to the Darboux canonical form can
be globally carried out for both systems. However, it will not be provided here because
both reductions are particular cases of more general results to be presented in Chapter 2.
Consequently, for the moment we limit ourselves here to an illustrative description of the
systems in order to appreciate the naturalness of the Poisson description. Of course, many

other examples are going to appear along this work.

Example 1. Euler equations for the rigid body (Euler top)

We shall consider the following system of ODEs known as Euler equations [139], which
describe the rotation of a rigid body, or Euler top:

(. M2 — U3
Tl = — XT3
M2 3
. 3 — H1
To = ———2I321
31
. H1 — H2
r3 = —I1X2
\ M2

Here z; denotes the i-th component of angular momentum, and constants p; are the moments
of inertia about the coordinate axes, both for i = 1,2, 3. Energy is conserved for this system,

but of course the flow is odd-dimensional and a classical Hamiltonian formulation is excluded.
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However this system is of Poisson kind in terms of the following structure matrix:

0 —XI3 o
J(x) = 3 0 -z
—X9 I 0

Notice that the rank of the structure matrix is 2 everywhere in R? except at the origin, in

which the rank vanishes. The Hamiltonian is the total energy (kinetic energy, in this case):

1 2 2 2
H(x) = > <%+:”2+xf’*>
2\ p2 o ops

Since the rank is 2 (excluding the origin from the analysis) there must be (n—r) = 1 indepen-
dent Casimir invariants. Recall that these invariants are the solutions of the system of PDEs
(20), or:

J(x)-VD(z)=0

In our case, the independent distinguished function can be chosen to be:
D(x) = (21 + a3 + 23)"/% = ||| (33)

Namely, the distinguished invariant (33) is the Euclidean norm of the angular momentum,
which is a conserved quantity during the system rotation. Of course, any other smooth
function of D(x) in (33) will be also a Casimir invariant. Therefore, the symplectic foliation
is given by:

x3 4 23 + 23 = constant (34)

which are concentric spheres in R3. We thus see that the symplectic leaves (34) are even-
dimensional (two-dimensional, in this case) and therefore Darboux’ theorem ensures that on
the symplectic leaves the dynamics is Hamiltonian in the classical sense, at least locally (in
the neighborhood of each point). The actual trajectories of the system in phase space are
obtained by the intersection of the symplectic leaves with the energy level sets
H(z) = 1 (:U% + x—% + x%) = constant
2\ p2 o ops

which in geometric terms are ellipsoids in phase space.
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FExample 2. 3-d Lotka-Volterra equations

Let us now consider the system of ODEs [63,136]:

Ty = xl(/\l + cxo + :Ug)
To = $2(>\2 +x1 + al‘g) (35)
3 = x3(A3+bxy + :L’Q)

This is a 3-d instance of Lotka-Volterra equations, which are models of common use in math-
ematical biology for the description of population interactions. The number of individuals of
every species corresponds to the system variables x; > 0 for all ¢ = 1,2,3. Constants A1, Ay
and A3 account for the specific growth rates, and constants a, b and ¢ account for interspecific
interactions. System (35) is Poisson for certain values of the parameters (a,b,c, A1, A2, A3).

Here we shall consider one of such cases [136] in which the system parameters verify:
abc = —1 s )\3 = )\Qb — )\1(1[)

When these conditions are satisfied, one possibility for the structure matrix is:

0 crixe berixs
J(z) = —CT172 0 — T3
—bcrixs T9T3 0

Again, the rank of J is 2. In this case, the Hamiltonian function is:
H(z) = abr; + x2 —ax3z + Aglnzg — Aalnxs (36)

Contrarily to the previous example, now the Hamiltonian (36) does not have an evident inter-
pretation, let it be physical or biological. Since Rank(J) = 2, there must be one independent
Casimir invariant, and the symplectic leaves are two-dimensional. In this case, one possible

choice is given by the following quasimonomial function:
D(z) = (w1)"/“(w2)" (w3) "

As it was here the case with H(x), this distinguished invariant does not seem to have a direct
interpretation in terms of the model itself. Again, the system trajectories in phase space will

be given by the intersection of the level surfaces of functions H(z) and D(x).
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1.2.6. Interest and applications of Poisson structures and systems

Today, finite-dimensional Poisson systems (e.g. see [126,139] and references therein for
an overview and a historical discussion) are ubiquitous in the literature in most fields of
applied mathematics, physics, engineering and mathematical biology, such as in mechan-
ics [1,4,5,36,37,38,39,40,41,65,91,106,107,119,122,128,141,151,152,153,155|, dynamical systems
theory [25,29,33,63,83,86,117,143], fluid mechanics [134], electromagnetism [31,42,94,112,113],
plasma physics [142], population dynamics [53,56,83,88,101,102,103,135,136,143,144,145,146],
optics [6,42,43,93,94], quantization [150], control theory [19,148], delay equations [118], net-
work analysis [129,154], field theories [52], etc. Of course, the investigation of such applied
systems has provided the basis for a very diverse mathematical research, both fundamental
and applied, that has been active for decades. Such activity has led to the development
of very varied methods and results: describing a given system in terms of a Poisson struc-
ture allows the obtainment of a wide range of information which may be in the form of
perturbative solutions [31] and use of generating functions [45], invariants [84,175], bifur-
cation properties and characterization of chaotic behavior [12,35,43,142], efficient numerical
integration [97,99,130,131,149], use of variational principles [32,34,115], integrability results
[7,20,21,44,58,100,118,120,138], reductions [6,42,43,70,76,77,78,79,83,85], as well as stability
analysis in terms of either the energy-Casimir algorithm [18,86,92,93,107,140,147,172] or the
energy-momentum method [155], to cite a sample.

There are several reasons justifying the importance and flexibility of Poisson systems. The
first one, already mentioned, is that it provides a wide generalization of classical Hamiltonian
systems, allowing not only for odd-dimensional vector fields, but also because (even in the
symplectic case) a structure matrix verifying (24-25) admits a great diversity of forms apart
from the classical constant symplectic matrix [57]. The determination of Casimir invariants
and their use in order to carry out a reduction (local, in principle) is the cornerstone of the (at
least local) equivalence between Poisson systems and classical Hamiltonian systems, as stated
by Darboux’ theorem [139,171]. This justifies that Poisson systems can be regarded, to a large
extent, as a rightful generalization of classical Hamiltonian systems. This connection is an
additional and important advantage of Poisson systems, as far as it accounts for the potential
transfer of results and techniques from classical Hamiltonian theory once a given system has
been recognized as a Poisson one and the Darboux canonical form has been constructed,
specially if this can be achieved globally.

On the other hand, it was already indicated that sometimes the Poisson representation
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is preferable to a Darboux reduction to classical Hamiltonian form. There are several dif-
ferent reasons that can account for such preference. One is that in many applications it
is found that the noncanonical variables are desirable, for instance because they are more
natural on a physical or modelling basis. A simple instance is provided by the Lotka-
Volterra model of the previous subsection as well as diverse models in population dynamics
[63,83,101,102,103,135,136,143,144,145,146]. Other instances well-known in the literature are,
for example, [112,113] in electromagnetism, the Euler top in mechanics [139] just seen in Sub-
section 1.2.5, etc. Moreover, many methods of analysis have been specifically developed for
the Poisson representation and their use may be advantageous in terms of the original Poisson
system format. Some instances of this are given by noncanonical perturbation theory [31],
by the energy-Casimir [18,86,92,93,107,140,147,172] and energy-momentum [155] methods, a
variety of numerical methods [97,99,130,131,149], etc. The energy-Casimir method is specially
illustrative in this sense, because its application requires the use of the Casimir invariants of
the Poisson system, thus being excluded in practice in the case of the reduced Hamiltonian
system. To conclude, it was also mentioned the case of systems depending on parameters,
with the underlying symplectic structure varying with the parameters themselves, where the
use of the Poisson formulation allows a joint analysis of the different symplectic leaves [81].
What has been said in this subsection up to now concerns Poisson systems of the ODE
type, namely finite-dimensional Poisson systems. Of course, the reason is that this is the
subject of the present work. However, it is interesting to stress that the concept of Poisson
structure does not incorporate any dimensional limit. Well the opposite, it can be said that
the domain in which Poisson systems theory has achieved the greatest successes is the one
of evolution equations (partial differential equations) for nondissipative systems, for which
the underlying Poisson manifold has an infinite dimension. In such case, the concept of
Poisson bracket admits a direct generalization that can be carried out with the help of some
mathematical modifications. Despite this field is not the subject of this thesis, and therefore
will be mentioned only briefly here, it is worth recalling the plethora of application domains
and results [139,163] obtained in the last years in fluid dynamics [11,27,49,92,121,132,137,160],
plasma physics [11,68,133], continuum mechanics [48,160], field theories [54,125], etc. This
enumeration is of course not exhaustive (as it is not the list of references given, which is
merely illustrative). The interested reader is referred to these works and references therein for

further details.
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1.3. THE JACOBI PARTIAL DIFFERENTIAL EQUATIONS

We have seen that the Jacobi PDEs (25) together with the skew-symmetry conditions (24)
are one essential aspect of the formulation of a dynamical system as a finite-dimensional Pois-
son system. Actually, such equations constitute the basis for the determination of the structure
matrix, and consequently of the Poisson structure itself when expressed in an arbitrary sys-
tem of coordinates. The investigation of the Jacobi equations, including the determination of
solutions and the analysis of such solutions, is the central subject of the present thesis. It is
thus natural that after a general treatment of finite-dimensional Poisson systems we now focus
our description on the more specific subject of the Jacobi PDEs. In what follows, terms such
as “Jacobi equations” or “skew-symmetric Jacobi equations” will systematically denote the
joint system composed by (24-25) unless otherwise specified. In addition, expressions such as
“n-dimensional Poisson structure” or “n-dimensional solution of the Jacobi equations” shall
refer to Poisson structures for which n is the dimension of the associated Poisson manifold
(and of the corresponding vector field given by the respective Poisson system); in terms of

coordinates, such expressions allude to n X n structure matrices.

1.3.1. General properties

Let us then focus on the main subject of this thesis, which is primarily given by the Jacobi

partial differential equations. We thus look at the system:

n

Z(Jilaljjk + JjiO Ik + IO Jij) =0, i, 5,k=1,...,n (37)
=1
As we know, this is a set of coupled nonlinear partial differential equations, in which the solu-

tions form the entries of a skew-symmetric n x n matrix. This implies a degree of redundancy

related to the fact that J;; = —Jj; for all © # j. Taking this into account, the number of
nonredundant unknowns in (37) is:
-1
Nunonowns = ”("2) =1,3,6,10,15,...  (for n > 2)

Consequently, for large n the number of unknowns increases quadratically. Let us look, on the
other hand, at the number of equations in (37). Simply speaking, the number of equations is
of course n3. However, this is not the actual number of independent equations. The reason is
clear if we examine the situation when two or more indexes coincide. For instance, let us look

at system (37) if ¢ = j (for any value of k). Then the equation (i, 7, k) vanishes identically:

n n

> a0k + Jaddvi + TudiJa) = Y (Jadl[Jiw + Jii)) =0, i k=1,....n
=1 =1
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Clearly, the cyclic symmetry of (7,j,k) in equations (37) implies that this is the situation
whenever at least any two indexes (i, j, k) coincide. Therefore, it is necessary to determine the
number of independent equations, and such number corresponds to those for which the three
indexes (i, j, k) are all different. In addition, equations (37) are invariant under permutations
of the three indexes (i, j, k). Taking this into account, the number of independent equations

in (37) is thus [26]:

n n! n(n—1)(n—2)
Nevuations = = = =0,1,4,10,20,... (for n >2)
equations 3 3!(n _ 3)! 6

Therefore, for n = 2 the Jacobi PDEs are identically satisfied, while for large n the number
of independent equations grows as the cube of n. We shall return to this issue later in this
subsection and also in the next one. But before, for illustrative purposes it is interesting to
explicitly write the (independent) Jacobi PDEs arising in the simplest nontrivial cases n = 3
and n = 4. To begin with, consider the case n = 3, in which a single independent equation
is present, as we know in advance. If we choose the nonredundant unknown functions as Jio,
Jag and Js1, it is not difficult to verify that system (37) amounts to one equation that can be

written as:
J1201J31 — J3101J12 + J2302J12 — J1202J23 + J3103J23 — Ja303J31 = 0

Some aspects of the three-dimensional case will be analyzed in Chapter 2 of this work. Simi-
larly, let us look at the case n = 4, for which we know in advance that there are 4 independent
equations (with 6 nonredundant unknown functions). With a choice of the unknowns consist-

ing in using those J;; for which i < j, the system can be written as:

J1201J13 — J1301J12 + J1202J23 — Jo302J12 + J1303J23 — Jo303J13+
J1404J23 + J3404J12 — J2404J13 = 0

J1201J14 — J1401J12 + J1202J24 — J2402J12 + J1404J24 — J2404J14+
J1303J24 — J2303J14 — J3403J12 = 0

J1301J1a — J1401J13 + J1303J34 — J3403J13 + J1404J34 — J3404J14+
J1202J34 + J2302J14 — J2402J13 = 0

J2302J24 — J2402J23 4 J2303J34 — J3403J23 + J2404J34 — J3404J24—
J1201J34 + J1301J24 — J1401J23 = 0
Some considerations and results on the case n = 4 will be the goal of Chapter 3. We see then

that the Jacobi equations seem to become progressively complex as dimensionality increases.
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Actually, the brief analysis just carried out already shows two interesting facts, worth being

stressed, about the Jacobi equations:

(a) The Jacobi equations are identically satisfied in dimension n = 2. This is a well-known

result, as it will be mentioned in the next subsection.

(b) The number of independent equations increases (for growing n) faster than the number

of unknowns, in the sense that:

Nunknowns o 3

— 0, when n — o0
Nequations n—2

This is the reason that explains the belief, even in relatively recent literature [66], that
the Jacobi equations could be overdetermined for sufficiently large n, apart from some
simple known instances valid for arbitrary m. This issue will be also discussed in the

next subsection.

Some of the questions posed after the analysis presented in this subsection suggest that it
would be convenient to review aspects such as what are the most important known solutions
of the Jacobi equations, the existence of solutions of arbitrary dimension and rank, and the
progression in the generality of the solution families reported in the literature. In addition,
this will provide a framework for the contributions to be presented in this thesis. The next

paragraph is devoted to such issues.

1.3.2. A perspective on some important families of solutions

We shall now briefly review some well-known families of structure matrices together with
some related issues. As mentioned before, the comparatively faster increase in the number
of equations with respect to the number of unknowns has motivated that even in relatively
recent times [66] some authors have considered that in general the Jacobi equations form an
overdetermined system for large n. On the other hand, some specific families defined for
arbitrary dimension have been known for long, as we shall recall in this subsection.

Generally speaking, given that equations (25) constitute a set of coupled nonlinear partial
differential equations, the characterization of solutions of (24-25) has proceeded by means of ei-
ther suitable ansatzs [29,63,71] or through a diversity of other (sometimes ad hoc) approaches
[28,36,42,45,53,55,63,66,70,76,77,78,79,81,85,89,90,98,119,135,136,141,143] which have led to

the determination of the general solution for certain particular cases [13,62,64,111,127] that
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shall be discussed in this subsection. Roughly speaking, these efforts have led to the progres-
sive determination of certain families of solutions of increasing complexity in two senses: in
first place, a dimensional increase, and in second term, an increase in the degree of nonlin-
earity. Regarding the dimensional increase, the growing complexity of the Jacobi equations
(25) as the dimension n increases has determined that the analysis is very often focused on
three-dimensional solutions [13,42,53,55,62,63,64,66,70,71,75,76,81], while the characterization
of solutions of dimensions four [58,65,77,151,156], five [94,122,151], etc. is significantly less
frequent. In addition, some wide families of n-dimensional solutions have also been analyzed in
the literature [16,17,36,78,79,85,111,143]. In parallel, the advances in the investigation of the
Jacobi PDEs have led to known solutions of increasing nonlinearity. Starting with the most
basic, which are the constant structure matrices (of which the symplectic matrices [57] are
just a particular case), we can also speak of linear (or Lie-Poisson) [111,139], affine-linear [16],
quadratic [17,104,116,143], and cubic [63] structures, together with some solution families
which comprise functions of arbitrary nomlinearity [13,55,62,64,66,70,71,76,77,78,79,85,127].
On the other hand, when we focus on the important issue of structure matrices for which the
Darboux canonical form has been constructed globally, the number of instances falls signifi-
cantly [6,42,70,73,76,77,78,79,83,85,102,103,114,142,153,171]. Of course, the previous enumer-
ations are not intended to be exhaustive, since this would greatly exceed the scope of this
work. More modestly, they just illustrate from a very generic perspective some of the main
trends in the constructive investigation of the Jacobi PDEs.

As anticipated, some solution families deserve an explicit mention in this introduction,
both because of their special relevance and generality, as well as due to their comparative
interest for this work. In some sense, they can be regarded as the most general solution
families known (but of course, this does not prevent that other ad hoc instances of structure
matrices not comprised in such categories might have been determined in different contexts).

Such families of interest are now enumerated and briefly discussed:

(a) Constant skew-symmetric matrices. It is evident in the form of the Jacobi equations
that every constant skew-symmetric real matrix is a structure matrix. In spite of being
apparent, such solutions are interesting as far as they generalize the symplectic matri-
ces Sp and the structure matrices Jpj,,, associated with the Darboux canonical form.
In addition, constant skew-symmetric matrices have relevant applications in different

domains, see for instance [57,101,102,103,142].

(b) Lie-Poisson structure matrices. A logical step after the constant structure matrices is
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the search of linear ones. A nice result in this context is that every linear skew-symmetric

matrix of entries

Jij(x)zchjmk ,  Lij=1,...,n (38)
k=1

is a structure matrix if and only if the ci?j are the structure constants of a Lie algebra
[62,109,111,139,171]. This reason, as well as the fact that the structure matrices of the
form (38) are due to Lie himself [111], account for the name of Lie-Poisson given to such

Poisson structures.

(c) Structure matrices of arbitrary dimension and rank 2. An interesting result is the general
form [13,62,64] of structure matrices of rank 2 (at most) and dimension n > 3: given a

set of (n — 1) smooth functions R™ — R denoted by (n(x), Di(z),..., Dy—2(x)) then

n n—2
Jij(@)=n(x) D gk [ ODi®) , ij=1,...,n (39)
Koo kon—a=1 =1

defines a structure matrix J(x) such that Rank(J(z)) < 2 at every point x, where
€ij.kr,....kn_o denotes the Levi-Civita symbol. In addition, functions (D1(x), ..., Dy—2(x))
are Casimir invariants of J in (39). Conversely, for every structure matrix of rank at
most 2, there exist smooth functions (n(x), Di(z),..., Dp—a(z)) such that (39) holds.
From the point of view of this thesis, in which the global construction of the Darboux
canonical form is of central interest, this form of the solution is to some extent inconve-
nient because the constancy of the rank is not guaranteed, and therefore the applicability
of Darboux’ theorem is not ensured. In spite that one of the results of this work is the
global Darboux reduction for n-dimensional Poisson structures of rank 2 (see Chapter

4) the form (39) is not employed for the establishment of the result due to such reason.

(d) Symplectic structure matrices. It can be seen that a matrix J(x) determines a symplectic
Poisson structure in a manifold M C R™ if and only if its inverse K(z) = [J(z)] 7! is

skew-symmetric and verifies the following system of linear PDEs:
akKij—i-aiji-i-aink:O , i k=1,....n (40)

Precisely, equations (40) are the Jacobi equations for the inverse matrix K(z) = (K;;(x)).
The general solution of these linear equations is known to be [127] of the form of a

“generalized curl”
for any given set of smooth functions (f1(x),..., fu(x)).
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The previous considerations may be illustrative in order to provide some hints about the
present-day state of the art in what regards to the determination of Poisson structures and
their global Darboux analysis. Such issues are, generally speaking, the purpose of this work.
It is worth, however, giving more detailed explanations about the subject and aims of this

dissertation. This is precisely the goal of the next paragraph.

1.3.3. The subject of this work: motivation, methods, aims and applications

As indicated, the study of solution families of the Jacobi equations (24-25) and the con-
struction of global Darboux reductions for them is the generic framework of this thesis. Before
giving a more detailed description of such matters, it is interesting to add some background
on the motivation underlying this kind of analysis.

In first place, it is clear that the issue of describing a given vector field & = f(x) not yet
explicitly written in the form (21) in terms of a Poisson structure is a fundamental question in
this context. This can be regarded as a sort of “inverse problem” which still remains as an open
issue (for instance, see [22,29,30,42,63,66,81,83,89,90,100,105,119,127,135,136,141,142,143,153]
and references therein). Expressing a vector function defining a vector field, f(z) : R" —
R™, in the form f(x) = J(z) - VH(x), with J(z) being a structure matrix, is a nontrivial
decomposition to which important efforts have been devoted in past years in a variety of
approaches. The source of the difficulty is obviously twofold: first, a known constant of
motion H(x) of the system able to play the role of the Hamiltonian is required. The problem
of constructing first integrals has been extensively investigated in the literature (for instance,
see [60] and references therein for a survey on the subject). Apart from the first integral H(x),
it is clearly necessary to find a suitable structure matrix for the vector field. Consequently,
finding a solution of the identities (25) complying also with the skew-symmetry conditions
(24) is unavoidable. Compared to the determination of first integrals (which is a consolidated
branch of research) this is a subject still in progress. Therefore, the need for a structure
matrix in the decomposition f(z) = J(x)- VH(x) just mentioned provides a first explanation
about the attention deserved in the literature by the obtainment and classification of skew-
symmetric solutions of the Jacobi equations (in this sense, see the discussion in Subsection
1.3.2 and references therein). Accordingly, the determination of new solutions of arbitrary
dimension will be an important part of this thesis.

In addition, in this context it will be of special interest the characterization of n-dimensional

solution families (with n arbitrary) leading to Poisson systems for which the Darboux con-
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struction can be globally determined. The reason is twofold: in one hand, we have that while
three-dimensional Poisson structures have been widely investigated, the number of known
families of arbitrary dimension is quite limited (in this sense, recall again the discussion in
Subsection 1.3.2). Additionally, we have already seen that (depending on the kind of appli-
cation) the mere knowledge of a given family of structure matrices may be not sufficient for
applied purposes if the Darboux canonical form cannot be globally constructed, thus providing
a full connection between the corresponding Poisson system and a classical Hamiltonian for-
mulation. Detailed reasons for this have been exposed in Subsection 1.2.6. In this sense, it is
worth emphasizing that the number of n-dimensional families for which an explicit and global
construction of the Darboux canonical form has been determined is quite limited, as it was
detailed in the previous subsection. Consequently, the construction of global Darboux reduc-
tions for different Poisson structures plays an important role in what follows, as we shall see.
Actually, the strategy of finding and analyzing solution families has the additional benefit of
providing a conceptual and operational unification of (seemingly) very different Poisson struc-
tures and systems that, when identified as particular cases of such a family, can be regarded
from a more elegant and economic standpoint. In fact, the general procedures developed for
the entire family now become directly applicable to every member of it, thus avoiding the
need of a case-by-case analysis. Various examples of this conceptual and operational unifica-
tion shall be seen in this work.

Together, the combined problem of determining new solutions of the Jacobi equations (24-
25) and the global Darboux analysis of those solutions (which includes the determination of
its Casimir invariants and thus the construction of the symplectic foliation for the system)
constitute a kind of nonlinear analysis to be applied over a set of coupled nonlinear PDEs.
Of course, such analysis entails an intrinsic mathematical interest which seems worth being
explored.

Therefore, in the next chapters attention will be paid to the combined problem of the
determination and the Darboux analysis of different Poisson structures. In this sense, several
comments are to be done. In Chapters 2 and 3 the most important conceptual contribution
lies in the Darboux analyses because the general solution of the Jacobi equations is already
known, as indicated in equations (39) and (41) of Subsection 1.3.2. However, this statement
is to some extent misleading because the knowledge of (39) and (41) is not of real usefulness
for the purposes of this work, and specifically for the construction of the Darboux canonical

form, due to the facts that (i) the constancy of the rank of solutions (39) is not ensured; and
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(ii) solution (41) is defined for the matrix inverse of J. This implies a specific interest in
the determination of suitable solution families of the Jacobi equations amenable to analysis.
Chapter 2 also includes, in Section 2.5, an illustration of a technique allowing a very significant
simplification of the Jacobi equations. The presentation of this methodology is justified as far
as it will provide the conceptual basis for the analysis of time reparametrizations in Chapter
4. In fact, the different Darboux reductions considered in Chapters 2 and 3 constitute also
the guide for the more general developments of Chapter 4. In this one, it is possible to
combine the determination of new solutions with their global analysis. This is done for different
families that are considered in detail. D-solutions are an exception to this trend since (due to
their remarkable mathematical character) their global Darboux analysis seems to be a very
specific issue not possible in general. Nevertheless, D-solutions display very general properties
regarding the generation of new Poisson structures from a given one, a subject considered
in detail. Chapter 4 also makes use of the philosophy anticipated in Section 2.5 in order to
provide additional results, based on time reparametrizations, which allow the generalization
of solution families previously determined in the chapter, as well as a better understanding
of when and how the Darboux analysis is actually possible. Specifically, some of the most
interesting results allowed by such methodology are the general global Darboux reduction for
n-dimensional Poisson structures of rank 2 (again, the use of (39) is to be excluded for this
purpose) and the generalization of the separable, multiseparable and D-solutions. In fact,
the perspectives developed from the concept of time reparametrization greatly unify most
lines of research considered along the work, which naturally converge on it. Accordingly, the
contributions based on the use of NTTs constitute the natural ending of this thesis.

From a purely methodological perspective, some significant issues deserve at least a short
explanation, which is briefly presented here. From the point of view of the general structure of
the dissertation, it can be emphasized that it basically consists in first place of an Introduction
(Chapter 1) devoted to recalling classical and well-known results necessary in order to make
this thesis self-contained. This is followed by Chapters 2, 3 and 4, which comprise the original
contributions of the work in an order of increasing complexity (and increasing dimension).
Finally, Chapter 5 contains the conclusions. It is worth indicating that the different sections
of Chapters 2 to 4 of this thesis have been written, as much as possible, in such a way that
they are also self-contained and readable independently, once a common terminological and
operational basis has been established in the present chapter.

It is necessary to specify that the tensor notation sometimes used in the investigation
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of the Jacobi equations (specially in those analyses relying on geometric techniques) will be
completely avoided here for the sake of simplicity, given that it is not necessary for the PDE
perspective adopted in this work, in which a standard subindex notation is simpler and equally
effective. Of course, it is well-known that Poisson structures have been widely investigated on
the basis of geometric techniques in which, for instance, the structure matrix is described as
a differential form rather than as a skew-symmetric matrix. As indicated, the point of view
of the present dissertation is the one of DEs. However, for the interested reader it is worth
mentioning some classical and modern references that develop in detail the geometric setting
of Poisson structures and systems [1,2,11,47,126,165,166].

In addition, still in a methodological context, it is precise to note that the majority of the
calculations performed in this dissertation can be carried out by hand. In this sense, useful
references frequently employed are [3,8,26,158]. However, many of such calculations have
been done (or verified) by means of the symbolic program MATHEMATICA® (for instance, see

[15,174] for a reference regarding this working environment).
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1.4. MISCELLANEOUS BACKGROUND AND TERMINOLOGY

The aim of this section is to provide a brief outline of some useful concepts that will be
useful throughout the forthcoming chapters. The motivation for doing this is twofold: in first
place, this is convenient in order to achieve a self-contained presentation; and in second term,
it also helps in fixing the notation and the terminology to be employed.

The structure of the section is the following. In Subsection 1.4.1 the domain of matrix
algebra is considered. Classical results on functional independence are regarded in Subsection
1.4.2. The important concept of equivalence between dynamical systems is the subject of
Subsection 1.4.3. To conclude, some definitions of integrability and related topics are presented

in Subsection 1.4.4.

1.4.1. Some results on matrix algebra

In this work real matrices will be used frequently. Accordingly, we review here some linear-
algebraic elementary results regarding such matrices [14,69,123,158,168]. Without exception,
all matrices considered in this work are real, and all definitions and properties also refer to
real matrices.

A square matrix will be termed regular or invertible if it has maximal rank. Otherwise it
will be named singular or degenerate matrix. If a matrix has n rows and m columns it will be
termed an n X m matrix. If a matrix is square with n rows and columns, we shall equivalently
say that such matrix is n X n or that it has order n.

Specifically, skew-symmetric matrices play an important role in what is to follow. A square
matrix S is termed skew-symmetric if ST = —8, with ST denoting the transpose of S. The

next one is an important property of these matrices:

Theorem 1.4.1.1. (Rank of a skew-symmetric matrix). If S is a real skew-symmetric

matriz, then Rank(S) is an even number.

In spite of its simplicity (the proof is straightforward) this property will play a very signif-
icant role in the next chapters, both from a mathematical and from a dynamical perspective.
We now define the direct sum of square matrices. Let Aq, Ao, ..., A be square matrices of
arbitrary orders ni,no, ..., ng, respectively. The direct sum of such matrices will be denoted

either by A1 ® Ay @...D Ay or also by diag(Aj, As, ..., Ag), and is given by the block-diagonal
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matrix:

Al @nl Xng LR ©n1 XN
Onoxn: Az . Opoxn
Al@AQ@...@Ak:diag(Al,AQ,...,Ak): Q‘X ! '2 2'X F
@nk X N1 ©nk><n2 e Ak
k

Sometimes it is convenient to use the expression A mAk instead of A B A ® ... D Ag.
A useful property of the direct sum of matrices is that if A = diag(A1, As,...,Ax) and B =
diag(Bi, B, ..., By), where A; and B; have the same orders for all ¢ = 1,..., k, then for the
product we have that A - B = diag(A4; - By, A2 - Bo, ..., Ak - Bg).

Two real square matrices A and B of the same order n are said to be congruent on R if
there exists a regular real matrix L such that B = L- A - LT. It can be proved that two real
matrices congruent on R always have the same rank. In addition we have the following result,

specific for skew-symmetric matrices [14]:

Theorem 1.4.1.2. (Congruence of skew-symmetric matrices). Let S be a real skew-

symmetric matriz of order n and rank r = 2s. Then:
(a) Every real matriz congruent on R with S is also skew-symmetric.

(b) Matriz S is congruent on R with a canonical matriz ID[nr) of the form:

0 1\ ——[ 0 1 Rowl
jD[n,r}: ©...0 PO1®...90, (42)
-1 0 -1 0

(c) Two real skew-symmetric matrices of the same order are congruent on R if and only if

they have the same rank.

The use of the notation Jpj, ) for the canonical form (42) should be clear after the results
discussed in Section 1.2. In particular, subindex D refers to the fact that Jpj, , is the Darboux

canonical form structure matrix.

1.4.2. Functional independence and related topics

It is worth recalling also some classical concepts and results that will be of use in the work,

mainly regarding the inverse function theorem and the concept of functional independence
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[50,95,124,139]. As usual, we shall say that a real function f : R” — R is of class C? if all
the partial derivatives up to order p exist and are continuous. The same function is termed
smooth or of class C if it is of class C? for all the positive integers p. The functions considered
throughout the dissertation will be usually defined in open subsets, or in domains (namely
open and connected subsets) of R”™.

Let us begin by the inverse function theorem. In general, if we have n functions of the

form
y]. - fl(x].)"'7$n)
yn - fn(ﬁla--wxn)
then the problem consists of studying whether or not to every (yi,...,y,) there is associated

a unique (1,...,2n) = (g1 (Y1, -+ Yn)s---+9n(Y1,---,Yn)), in such a way that

1 = g(fi(xr,...,zn), oo, fulxr,.. my))

Tpn = gn(fl(xly-uaxn)a"wfn(xlvu- 7xn))

and also

Yy = fl(gl(yla'”7yn))"'7gn(y1)"'7yn))

Yn = fn(gl(ylv"‘7yn)a”'7gn(y17"'7yn))

The classical result in this sense is provided by the inverse function theorem [50,124]:

Theorem 1.4.2.1. (Inverse function theorem). Let f(x) = (fi(z),..., fu(z)) : @ — R,
be a function of type C*(SY), where §) is an open subset of R™, and let xo € 2 be a point such

that the determinant of the associated Jacobian matriz is different from zero at xzq:

‘8(f1,...,fn)

D1, am) 70| 70

Then there exists a neighborhood Y 5, of o in 2 and an open neighborhood Yy, of yo = f(xo),
such that f(Y4,) = Yy, and the restriction of f to T, has a C! inverse f~1(y) = g(y) =
(1Y), -+, 9n(y)) : Tyo — Yao. In addition, for y € Ty, and x = f~(y) = g(y) we have:

(g1 59n) _ (8(f1,...,fn))_1
oY1y Yn) O(x1,...,xn)

Moreover, if f is of class C?, p> 1, sois g = f~L.
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It is thus clear that the inverse function theorem is an existence theorem: it guarantees
the existence of the inverse function, but it does not provide an explicit expression for it.
Actually, such an expression may not exist in terms of elementary functions even in simple
cases. In addition it is important to note that, under the hypotheses of the theorem, the
transformation leading from x to f(x) is locally invertible, in a neighborhood of the point xg
in which the determinant of the Jacobian is not zero. But, in general, such transformation
will not be globally invertible, namely on the entire domain of definition of the function f. For

instance, consider the function:

fi(zy, x2) e*! cos Ta
f(z1,29) = ’ =

fa(z1,x2) €1 sin x9

The determinant of the Jacobian is now:

‘a(flny)

e*lcosxg —e*lsinxy -
= =e"t Z£0

eflsinzy el coszy

8(351,:):2)

for all (z1,22) € R%. Then, according to the inverse function theorem such function is injective
in a neighborhood of every point of R2. However, the function is not injective on the entire
plane R? since obviously f(z1,z2) = f(z1, 22 + 27).

Let us now turn to the notions of functional dependence and independence. These con-
cepts correspond in an intuitive way to the idea of a given function being, at the same time,
expressible as a function of one or more other functions, an issue that often appears in practice
in a great variety of situations. To be precise, let fi(z),..., fm(x) (with x = (z1,...,2,)) be
a set of m functions of class C! defined in an open set  C R™. It is said that a function
fr depends functionally in Q on the functions f;(z), for i = 1,...,m, i # k, if there exists
a class C! function ¢ such that fi(z) = ¥(fi(x),..., fr_1(2), fex1(x), ..., fm(x)) for every
x € Q. It is also said that the set of functions fi(x),..., fm(x) are functionally dependent
in € if at least one of them depends functionally on the rest. If this is not the case, the
functions fi(z),..., fm(x) are termed functionally independent. The following result provides

the classical necessary condition for functional dependence [50]:

Theorem 1.4.2.2. (Functional dependence). Let fi(x),..., fm(x) be m functions of class
Cl in an open set Q C R™. If fi(z),..., fm(z) are functionally dependent in Q, then the rank

of the Jacobian matriz

a(fla"'afm)
(1, .., %n)

is strictly less than m at every point x € ).
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Notice in particular that in the case m = n, Theorem 1.4.2.2 states that in order that n
functions fi(z),..., fo(z) of n variables x = (z1,...,z,) are functionally dependent in € it
is necessary that the Jacobian determinant vanishes at every point x € €2. From Theorem

1.4.2.2 we also obtain easily the following corollary [50]:

Corollary 1.4.2.3. (Functional independence). Let fi(x),..., fm(z) be m functions of

class C' in an open set Q C R™. If the rank of the Jacobian matriz

8(f17"~7fm)
o(z1,...,%n)
is equal to m at some point xg € §Q, then the functions fi(x),..., fm(z) are functionally

independent in 2. In particular, if the determinant of the Jacobian matriz of n functions
fi(x), ..., fu(x) with respect to x = (x1,...,xy,) is different from zero at some point xy € €,

then the functions fi(z),..., fo(z) are functionally independent in ).

Additional necessary and sufficient conditions can be found in the literature. However, the
previous statements are the most used in practice, and they suffice in order to make this work

self-contained.

1.4.3. Equivalence between dynamical systems of the ODE type

One issue of great importance in this thesis regards the concept of system equivalence,
when applied to the comparison of smooth dynamical systems of the ODE type (as it is the
situation in the case of Poisson systems). There is not a unique, systematically applied, answer
to this question [21]. However, one of the most commonly accepted is the concept of topological
orbital equivalence (TOE) [10,21,96]. The basic notion underlying TOE is that two systems
are regarded as equivalent if the phase portrait of one of them can be continuously deformed
into the other, possibly retaining the sense of motion (namely the orientation) in the phase
space. TOE can be formally expressed in the following way: recall that a homeomorphism is
an association of the points x € R” and y € R™ which is an one-to-one, continuous map with
a continuous inverse. Namely, we have f : X — Y or y = f(x), where f(x) is single-valued
and continuous. Moreover, the inverse z = f~!(y) is likewise single-valued and continuous.
A set in X is said to be topologically equivalent to a set in Y if the two sets can be mapped

into each other by a homeomorphism. This equivalence is too general for dynamic purposes,
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and in particular for TOE. A homeomorphism is called a diffeomorphism if both f and f~!
are differentiable at all points. In addition, a homeomorphism is orientation-preserving if a
right-handed coordinate system in X is mapped into a right-handed system in Y. (Recall
[46] that a right-handed coordinate system in R™ of basis {B; = (bi1,...,bin) | i =1,...,n}
expressed in terms of the canonical basis of R", is the one for which | B |> 0, where matrix
B is defined as B = (b;;) for i,j = 1,...,n). If the map is a diffeomorphism, then it is
orientation-preserving if the determinant of the Jacobian matrix is everywhere positive:

O(fi(x),..., falx))
8(951, c. ,xn)

>0, everywhere.

If phase portraits (i.e. all orbits) of two given smooth ODE systems & = f(x), with = € R",
and y = g(y), also with y € R™, can be related by an orientation-preserving homeomorphism,
then the two systems are TOE. In addition, if the transformation is also a diffeomorphism
this kind of equivalence is known as smooth orbital equivalence or SOE [21].

An interesting aspect of system equivalence is the fact that the preservation of the param-
eter on the trajectories (the time variable) is not required. In other words, for the purpose
of equivalence every trajectory is considered as a curve without parametrization but with the
orientation induced by the flow. Let us comment further on these issues. Consider two smooth
systems of ODEs:

e =)
with both x € R™ and y € R™. Then the concept of equivalence means that both systems are
TOE (respectively, SOE) if there exists an orientation-preserving homeomorphism (respec-
tively, diffeomorphism) y = y(z) together with a time reparametrization dr = n(z)d¢, with
n(z) > 0, which allow transforming each system into the other one. (See Subsection 1.2.4 for
the definition of time reparametrizations, also known as new-time transformations, or NTTs
for short).

For the conceptual framework of this thesis, SOE is the definition of system equivalence
adopted. In practice, however, the requirement to the diffeomorphism of being orientation-
preserving will be often disregarded in what is to follow. The reason is that the properties
to be analyzed here in connection with the concept of system equivalence (typically, the
determination of Casimir invariants of the global reduction to the Darboux canonical form)
are, without exception, not affected by possible changes in the orientation of the flow. This
explains that for practical purposes the equivalence between two systems will be often relaxed
in this work to the existence of a diffeomorphism and a time reparametrization connecting

those systems, with the understanding that inversions of the orientation may be present in
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such a case, but they do not alter the scope of the results considered. This explains also that
in Subsection 1.2.4 the function n(z) defining a time reparametrization was defined to be C*°
and nonvanishing (instead of being strictly positive). In what follows, every time that two

systems of ODEs are related, the exact form of the relationship between them will be specified.

1.4.4. Integrability of dynamical systems of the ODE type

Integrability is in its own right an important branch of nonlinear science in general, and
of Hamiltonian (and Poisson) systems in particular [9,21,60,110,159,161,164,167]. Needless to
say, the purpose of this subsection is not to account for the state of the art (such a thing
would be impossible here) but merely to fix the terminology as well as to provide a concise
review of the main results required for this work.

As in the case of system equivalence, there is not a unique or precise meaning for the term
“integrable system”. However some definitions and criteria are of very common use, and these
will be the ones adopted here.

Given an ODE-type dynamical system @ = f(z), with z € R", a first integral (also called a
constant of motion) defined on an open subset U C R™ and interval T C R is a C"! real-valued

function I(z,t) : U x T — R such that its time derivative is zero for all (x,t) € U x T"

d](az,t) let Zn:f 0I(x,t)
dt i e
Often the functions of interest are time-independent first integrals, namely those of the form
I(x). This case is of special dynamical interest because, when present, the system solutions
lie on the level sets of the time-independent constants of motion. A first integral is called
trivial if I(z,t) is actually a real number, namely it is independent of x and ¢. Clearly, if
I is a first integral so is g(I), where g is any C' function. Obviously, I and g(I) are not
functionally independent first integrals. In practice, a set of first integrals is useful for the
dynamical investigation of the system as far as they are functionally independent.
Commonly, integrability is understood as the existence of sufficiently many first integrals
to render the global integration of the differential equations possible. In this context, the
term “global” is crucial: the question of local integrability is somehow trivial in the sense that
locally a sufficient number of independent first integrals always exists, as the following result

shows [60]:
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Theorem 1.4.4.1. Let f be CY on an open subset V C (U x R). If the initial value problem
i = f(x) with x(ty) = wo has a unique C* solution, then the vector field has n independent

first integrals of class C in a neighborhood of a point (xq,tg) € V.

Therefore, the problem of finding local first integrals is trivial in the sense that the initial
value problem always provides local first integrals that can be built from the unique local
solution. Thus, the problem of integrability is generally understood as the problem of finding
globally defined first integrals. In what follows, this global character is assumed in connection
with integrability, and actually the global investigation of some integrability properties of
Poisson systems will be an important subject of this work. As said, different notions of
integrability and integrable systems can be found in the literature. We shall review here two
of special interest for what is to follow. The first one is valid for general dynamical systems

(namely systems that are not necessarily Hamiltonian) [60]:

Definition 1.4.4.2. (Algebraic integrability). A wvector field & = f(x), with x € R", is
algebraically integrable if there exist (n—1) independent first integrals I;, withi =1,...,(n—1),

which are algebraic over R.

(Recall that a real-valued function I(x), with z € R", is said to be algebraic over R if
there exist polynomials in x with real coefficients, vg(x),v1(z),...,vp(z), with & > 0, such
that: vo + vl + ...+ vpIF = 0).

A second standard definition, this time valid for classical Hamiltonian systems, is the

following one [60]:

Definition 1.4.4.3. (Liouville integrability). A Hamiltonian system of s degrees of free-
dom (s =n/2) and of Hamiltonian H(p,q) is Liouville integrable if there exist s independent
analytic first integrals Iy = H(p,q), I2,...,Is, in involution (namely, {I;,I;}. = 0 for all

i,j=1,...,8).

Moreover, if the manifolds defined by the intersection of their level sets
(i =ai | (p,q) eR"}
i=1

are compact and connected, then a theorem due to Arnol’d [9] states that they are topologically

real tori, namely they are homeomorphic to real tori. (In the context of Definition 1.4.4.3,
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recall that a real-valued function I(z), with x € R™, is termed analytic in an open set 2 C R"
if it is smooth in €2 and its Taylor series expansion at any point xg € €2 is convergent to the
value of I(x) everywhere in a neighborhood of z).

Compared to algebraic integrability, Liouville integrability is dimensionally advantageous.
In the case of algebraic integrability, it is intuitively clear that one first integral can be used
to reduce the dynamics of an n-dimensional system to a system evolving on a manifold of
dimension (n—1). Nicely, the structure of Hamiltonian systems is such that a first integral in an
n-dimensional phase space can be used to reduce the dynamics to an (n—2)-dimensional phase
space. If more first integrals in involution are known, the Liouville reduction can be repeated
to lower the dimension of the system. If the number of first integrals in involution is (s — 1),
then the system can be reduced to an one degree of freedom (hence, integrable) Hamiltonian
system. The construction of action-angle variables [57,110] is a well-known reduction of this
kind. The condition that the first integrals must be in involution is important for the existence
of the canonical coordinates that allow the Liouville integration of the Hamiltonian system.
It is interesting to note also that such involution condition implies that the first integrals
employed are isolating (the definition of isolating first integral is somehow technical and will
not be precise in this work; the interested reader is referred to [110]). For instance, in the
generalized case of Poisson systems (to which the concept of Liouville integrability can be
extended) the Casimir invariants are not isolating first integrals. Therefore the dimensional
reduction obtained from the use of Casimir functions must be based on the idea of algebraic

integrability, rather than on the one of Liouville integrability.

Remark 1.4.4.4. In the rest of this work it will be assumed that, if required, the smooth first
integrals (Casimir invariants and Hamiltonian functions) considered in connection with the
different problems examined, satisfy the functional properties that might be necessary for the

application of Definitions 1.4.4.2 and 1.4.4.3. To be precise, it is assumed that:

(a) When the property of algebraic integrability (Definition 1.4.4.2) is discussed for a Poisson
system, all the members of the complete set of Casimir invariants under consideration

as well as the Hamiltonian, are algebraic functions everywhere in the domain of interest.

(b) When the property of Liouville integrability (Definition 1.4.4.3) is discussed for a Hamil-
tonian system, its Hamiltonian is an analytic function everywhere in the domain of

interest.
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CHAPTER 2.

THREE-DIMENSIONAL SOLUTIONS

2.1. INTRODUCTION

This chapter is devoted to the global analysis of three-dimensional solutions of the Jacobi
equations. As we shall see along the work, the justification for this study is mainly twofold.
In one hand, this investigation will be the source of new results, mainly the explicit and global
characterization of the symplectic structure of the Poisson structures under consideration,
which leads to new global and constructive determinations of the Darboux canonical form,
a procedure only known for a very limited sample of Poisson structures. Another line of
investigation that is regarded in this chapter is the generation of new solutions starting from
a known one, a strategy that seems to be very fruitful as far as it leads to a significant
simplification of the Jacobi equations. These contributions provide interesting results and
methods that will lead to important clues for the investigation of the Jacobi equations in the
more general n-d framework in Chapter 4. Thus, a second fundamental justification for the
investigation of the 3-d scenario (regarding both the global determination of Casimir invariants
and of Darboux reductions, as well as the generation of solution families from a known one) is
the potential usefulness of these ideas, necessary for the development of generalized methods
and results in the n-d case.

The structure of the present chapter is the following. In Section 2.2 an investigation of
the 3-d Jacobi equations is performed. This leads to the determination of a threefold family
of solutions for which the global analysis is possible. Such analysis, including the global
characterization of the distinguished invariants and the global construction of the Darboux
canonical form, is presented on a case-by-case basis. In Sections 2.3 and 2.4 two additional
and formally very similar one each other (but different, namely not equivalent) families of
3-d Poisson structures are also characterized and globally analyzed in detail. To conclude, in

Section 2.5 it is proved how the knowledge of a given 3-d solution of the Jacobi equations can
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be used as a basis for the determination of an infinite family of additional solutions, in such
a way that the problem consisting in solving the Jacobi equations is significantly simplified:
this kind of philosophy will be very useful in the n-d context, as we shall see. Throughout the
different subsections, very diverse applied examples are presented in detail. The chapter ends

in Section 2.6 with some conclusions and final comments.
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2.2. A THREEFOLD THREE-DIMENSIONAL FAMILY

In this section, a systematic investigation of the skew-symmetric solutions of the three-
dimensional Jacobi equations is presented. As a result, three disjoint and complementary
subfamilies of solutions are characterized and globally analyzed [70].

The structure of the section is as follows. Subsection 2.2.1 provides an introduction in
which some notation is fixed. In Subsections 2.2.2 to 2.2.4, respectively, three different, disjoint
and complementary subfamilies of solutions are investigated including their characterization,
symplectic properties and global reduction to the Darboux canonical form. To conclude,

Subsection 2.2.5 contains some case-by-case instances reported in the literature.

2.2.1. Introduction

As indicated, the development of a systematic investigation of the three-dimensional Ja-
cobi equations (24-25) is the purpose of this section. As we shall see, three disjoint categories
of solutions of the problem appear naturally. For each of them, a subfamily of solutions is
found. Such subfamilies are remarkably general. This explains that many well-known three-
dimensional Poisson structures and dynamical systems now happen to appear embraced as
particular cases of a wider family, as we shall show in detail. Therefore, a first outcome is
that of the unification of many different Poisson structures seemingly unrelated. Moreover,
this unification is not only conceptual. In fact, the new families are amenable to explicit
and detailed analysis, in spite of their generality. In particular, it is possible to develop al-
gorithms for the determination of important properties such as the symplectic structure and
the Darboux canonical form. The advantage of these common strategies is that they are si-
multaneously valid for all the particular cases which can now be analyzed in a unified and
very economic way, instead of using a case-by-case approach. In addition, the methods devel-
oped are valid globally in phase space, thus improving the usual scope of Darboux’ theorem
which does only guarantee, in principle, a local reduction. The possibility of constructing the
Darboux canonical form is also remarkable in view that the practical determination of the
Darboux coordinates is a complicated task in general, which has been carried out only for a
very limited sample of systems, as discussed in the previous chapter.

For the sake of conciseness, in what follows we shall use the following notation for the

entries of three-dimensional structure matrices:
w(z) = Jig(z), v(z)=Js1(z), w(x)= Jas(x) (43)
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Now, if in the case n = 3 we simplify the Jacobi identities (25) with the help of (24) and

substitute also definition (43), then the joint system (24-25) takes the form:
w1 v — vo1u + whhu — udsw + vo3w — wdzv = 0 (44)

The three-dimensional version of system (24-25) shall be written in the compact form (44) in

the rest of this section.

2.2.2. First case: characterization and global Darboux analysis

For the characterization of the first subfamily of solutions, it is convenient to begin with

the establishment of an important general property [63,70] of equation (44):

Proposition 2.2.2.1. Let (u(z),v(z), w(z)) be a set of C*°(§2) functions solution of equation
(44) in a domain Q C R3, and let n(z) : Q@ — R be an arbitrary C*°(Q) function. Then

(u*(x),v*(x),w*(x)) = (n(z)u(z), n(x)v(x),n(z)w(zx)) is also a solution of equation (44).

Proof. After substitution of (u*(x),v*(x), w*(x)) = (n(x)u(z), n(z)v(x),n(x)w(z)) into equa-

tion (44) we arrive at:
1 [udi(nv) — w01 (nu) + wda(nu) — uds(nw) + v3(Nw) — wds (V)] =

n [nudiv + wwdin — noiu — wwdin + NWdiu + uwdan—
nudaw — uwden + Nudsw + vwdsn — nwdsv — vwdsn] =0

This completes the proof. Q.E.D.

It is important to stress that this proposition is not valid in general in dimensions higher
than three, as it can be easily verified [70]. In order to physically interpret the result contained
in Proposition 2.2.2.1 it is necessary to first recall the concept of time reparametrization (see
Subsection 1.2.4). For the moment, here we provide the following specific definition, valid for

the rest of the chapter:

Definition 2.2.2.2. Let Q C R? be a domain. A reparametrization of time is defined as a
transformation of the form

1
dr = mdt (45)
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where t is the initial time variable, T is the new time and n(zx) : Q@ — R is a C*(Q) function

which does not vanish in Q.

In addition, let

dzx
E =J-VH (46)

be an arbitrary three-dimensional Poisson system defined in a domain € C R3. Then, every

reparametrization of time of the form (45) leads from (46) to the differential system:

d
= =nJ-VH (47)

Consequently, in the three-dimensional case reparametrizations (45) preserve the existence
of a Poisson structure in the system, this time with structure matrix nJ in (47). On the
contrary, such transformations in general destroy the Poisson structure in higher dimensions
because for a given J which is a structure matrix, 7 is not necessarily a solution of (24-25).

We proceed now to characterize a first subfamily of solutions of equation (44). For this,
we shall assume that none of the solution functions (u(x),v(z),w(x)) is identically zero (the
relaxation of this condition will lead to the other two subfamilies of solutions, as we shall see

in Subsections 2.2.3 and 2.2.4).

Definition 2.2.2.3. For every domain Q C R>, we shall denote by Lo, () the set of
solutions of equation (44) defined in Q0 which are of the form (u(z),v(z),w(z)), with u(x),

v(x) and w(z) nonvanishing in Q and C*(§).
We now have the following result:

Theorem 2.2.2.4. Consider the family of functions of the form

u(x) = n(x)pr(z1)Ya(r2)ps(x3)
v(z) = n(@)Pi(zr1)p2(r2)d
w(x) = n(x)d1(z1)e(xe)s(x3)

(48)

w
—~
8
w
~—

defined in a domain Q C R3, where (n,v:,¢i), i = 1,2,3, are arbitrary C*(Q) functions of

their respective arguments which do not vanish in Q. Then the family of functions (48) belongs

to F[u,v,w](Q)'
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Proof. For solutions belonging to I'f,,, ., (€2), we can equivalently write (44) as:
u2(91 (8> + w282 <B> + 1)2(93 (E) =0 (49)
u w v

From (49) it is clear that (u(z),v(x),w(z)) are solutions if we take:

U a(enmy) — 4T G (50)
U v = wvi(z2,x3)Y1(2)
w_ B(r1,23) = o= (e, aa)va(e) (51)
w w = wa(wr,x3)Y(x)
w_ Y(z1,22) = vo= vl )vs() (52)
v w = ws(x,r2)P3(x)

In (50-52) the functions (a, 3,7, ui, vi, w;, ;), with @ € {1,2,3} and j = 1,2,3, are C>(Q)
and nonvanishing arbitrary functions of their respective arguments. A family of solutions of
equations (50-52) is found if we assume that v;(x) = v;(x;) for all j = 1,2,3. Then, taking

also into account Proposition 2.2.2.1 and Definition 2.2.2.3 we arrive at result (48). Q.E.D.
Therefore, we can equivalently state:

Corollary 2.2.2.5. For every domain 2 C R3, solution (48) can be written as:

3
Tij(x) = n(@)i(e) (€)Y eipdrlzr) , 4,4 =1,2,3 (53)

k=1
where (n,v;, ;) are arbitrary C°°(Q) functions of their respective arguments which do not

vanish in Q) and € is the Levi-Civita symbol.
Now it is convenient to introduce the following:

Definition 2.2.2.6. For every domain Q@ C R3, the subset of L(u,0,w](€2) composed of those
solutions of equation (44) given in Theorem 2.2.2.4 will be denoted A(S2).

As anticipated in Subsection 2.2.1, the generality of solutions (53) is not an obstacle in what

regards the characterization of their main properties. We begin by the symplectic structure

and the Casimir invariant.
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Proposition 2.2.2.7. For every domain Q C R3, the rank of the structure matrices belonging

to A(Q2) is constant in Q and equal to 2, and a Casimir function of the family of solutions

(53) forming A(Q) is

Z / i) (54)

Moreover, the Casimir invariant (54) is globally defined in ).

Proof. The rank is constant in 2 and has value 2 as a consequence of the nonvanishing
properties of functions (1, ¥;, ¢;). In addition, according to the Pfaffian method for the deter-
mination of Casimir invariants (see Appendix 1 and references therein), which is the simplest
in this case, the Casimir function is found to be the solution of the system

dix;)
< i (i)

dZEiZO

The integration is immediate and leads to (54). The remaining properties of the Casimir

invariant also arise from those of functions ¢; and ;. Q.E.D.

It is interesting to note that n(x) does not affect neither the symplectic structure nor the
form of the Casimir invariant. This is to be expected from the fact that it is a common factor

of the structure functions. An additional consequence of Proposition 2.2.2.7 is:

Corollary 2.2.2.8. Consider that the assumptions of Remark 1.4.4.4 hold. FEvery three-
dimensional Poisson system i = J(x)-VH(z) defined in a domain Q C R? and such that the

structure matriz J(x) belongs to A(R), is an algebraically integrable system in €.

We proceed now to construct globally the Darboux canonical form.

Theorem 2.2.2.9. For cvery three-dimensional Poisson system

dx
T J(x)-VH(x)

defined in a domain Q C R® and such that J € A(Q), the Darboux canonical form is ac-

complished globally in ) in the new coordinate system (z1, z2, 23) and the new time T, where
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(21, 22, 23) is related to (x1,x2,23) by the diffeomorphism globally defined in Q

( _ $1(z1)
21(.%'1) = wl(x1>dx1
P2 (x2)
22(z2) Vo (x2) s

3
¢i(;)
zg(x) = dz;
’ ;/ Yi(z;)

and the new time T is given by a time reparametrization of the form:

\

dr = n(2(2))¢1(x1(2)) P2 (w2(2)) P3(23(2))dt

Proof. We begin by noticing that Darboux’ theorem (Theorem 1.2.3.3) is applicable to family
(53) because its members have constant rank 2 everywhere in (2, as seen in Proposition 2.2.2.7.
This is a key necessary condition which is verified in the case of A(£2). Recall also that, after a
general smooth change of coordinates y = y(x), a given structure matrix J(x) is transformed

into another one J*(y) according to the rule (30):

T* (1) = -4 =1,...
zj(y) P 3 kal(x) e 1,7 R ) (55)

The reduction can be carried out in three steps:

Step 1. We perform a first change of variables, which is globally diffeomorphic in {2:

oy [(Gi@)
yi(x;) = %(%)dxz, 1=1,2,3 (56)

The diffeomorphic character of (56) is a direct consequence of the fact that both y;(z;)
and its inverse x;(y;) are differentiable for every ¢ = 1,2,3, and in addition we have

yi(z;) # 0 and 4 (y;) # 0 everywhere. According to (55) we arrive at:

where 71(y) = n(z(y))o1(x1(y1))p2(x2(y2)) P3(w3(ys))-
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Step 2. We can make use of the Casimir D(y) = y1 + y2 + y3 of J*(y) in (57) and perform
a second change of variables globally diffeomorphic in Q* = y(Q2) C R3:

Z1 = Y1
Zo = Yo (58)
z3 = Y1 +y2+ys3

In the case of (58) the diffeomorphic nature of the transformation in R? is clear since it
is a linear and invertible transformation. The new structure matrix can be found again

by means of (55):

0 10
I (=) =01 -1 0 0
0 00

Step 3. Finally, we can carry out a reparametrization of time of the form (45), namely dr =
N(z)dt, where 7 is the new time and 7j(z) is easily seen to be nonvanishing in Q** =
z(y(Q2)) and C*°(Q2**). The result is, according to Proposition 2.2.2.1 and (46-47), a

new Poisson system with structure matrix

0 1 0
Ipip2(z)=1 -1 0 0 (59)
0 0 O

and time 7. Consequently, the structure matrix Jp3 g in (59) is already the one corre-

sponding to the Darboux canonical form.

The reduction is thus globally completed. Q.E.D.

According to the remarks made in Section 1.2 in connection with Darboux’ theorem,
it is worth noting an interesting corollary of Theorem 2.2.2.4, namely that all the diverse
instances shown in Subsection 2.2.5 can actually be seen as the global representation of the
same basic Poisson structure (namely the Darboux one) in different systems of coordinates.
This is obviously a consequence of the transformation rule (55). However, in the case of
Theorem 2.2.2.9 this equivalence is proved globally in 2, thus exceeding the usual scope of
Darboux’ theorem. Notice also how this is founded on the fact that the rank of the structure
matrix remains constant in §2, which is ensured by the nonvanishing conditions verified by

the structure functions. Consideration of a possible variability in the value of the rank would
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lead to additional geometric issues [109,114,171] not regarded in this work for the sake of

conciseness. In addition, the global Darboux reduction implies the following;:

Corollary 2.2.2.10. Consider that the assumptions of Remark 1.4.4.4 hold. Every three-
dimensional Poisson system & = J(x)-VH(z) defined in a domain Q C R? and such that the
structure matriz J(x) belongs to A(Q2), can be reduced globally and diffeomorphically in € to

a Liouville integrable Hamiltonian system.

The description of the first subfamily of solutions is thus completed. We now proceed to

examine the second possibility.

2.2.3. Second case: characterization and global Darboux analysis

The second subfamily of solutions arises when we consider the case in which one of the

structure functions (u, v, w) is identically zero, while the remaining two are not.

Definition 2.2.3.1. For every domain Q C R3, we shall denote by Lpw) (€2); T () and
L) (2) the sets of solutions (u,v,w) of equation ({4) defined in Q which are of the forms
(0,v(x),w(x)), (u(x),0,w(x)) and (u(x),v(x),0), respectively, where u(x), v(x) and w(zx) are,

when present, C°°(Q) and nonvanishing in €.
Then, for the present context we have the following result:

Theorem 2.2.3.2. For every domain Q2 C R3, the general solutions of equation ({4) corre-

sponding to L'y, (), T'yw) () and Ty, ) () are, respectively,

F[v,w](Q) = (u =0,v= 77(53

~—

yw=n(@)¢(z1,22)) (60)
F[u,w](Q) = (U =0,w = 7](33)’ U= 77(55)«951, $3)) (61)

n(z)x(x2,23)) (62)

F[u,v](Q) = (’UJ =0,u= 77(5U)>U

where functions (n,&,¢,x) appearing in (60-62) are arbitrary, C°° () with regard to their

respective arguments and nonvanishing in €.

Proof. It is immediate after substitution in equation (44). Q.E.D.
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Accordingly, for example in the case u = 0 we have found structure matrices of the form

0 0 -1
J = 77($) 0 0 f(l‘l,xg) (63)
1 —f(.%’l,.l‘g) 0

where n(z) and £(z1,x2) are C*°(£2) and nonvanishing in Q. As it can be seen, the overall
factor considered in Proposition 2.2.2.1 already appears explicitly in (63) and needs not be
added a posteriori.

Following the same scheme than in the previous subsection, we now proceed to develop
the main properties of the solutions just found. For the sake of conciseness this shall be done
only for the case I', (), given that all the corresponding algorithms and results are entirely
analogous for I'f, ,(€2) and T, 4 (€2).

We shall begin with the symplectic structure and Casimir invariants. Again, the Pfaffian
method (see Appendix 1) seems to be the simplest one in order to characterize these properties.
From (63) the Pfaffian system to be solved is easily seen to be &(x1, x2)dx; +dze = 0. Clearly,
this equation cannot be solved without some additional information because it is very generic.

In order to restrict the problem, it is worth introducing an additional condition:

Definition 2.2.3.3. Let Q C R? be a domain and let £ : Q — R be a C(Q) function which
does not vanish in Q. We shall say that £(x1,x2) is separable in Q if it can be written in the

form

&)
§(@1,72) = §a(z2)

for all (x1,x2) € Q, where &1 (x1) and & (x2) are C°(Q) and do not vanish in Q.

(64)

Now note that all specific systems found in practice (see Subsection 2.2.5) verify the
property that &(x1,x2) is separable (notice that the only exception is the case of 3-d systems
with a known first integral [81], but this is not a specific system but a generic situation
which does not correspond to any particular vector field, and therefore it does not affect the
generality of (64)). An analogous property is verified for all examples of functions ((x1,x3)
and x(xg2,x3). Consequently, it seems well justified to conclude that, typically, £, ¢ and x will

be separable in the form indicated in Definition 2.2.3.3.
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Proposition 2.2.3.4. For every domain Q C R3, if a solution of the form (60) belonging to
Lpo,w) () has a function §(x1, ) which is separable in Q according to (64), then the rank of
such structure matriz is constant in Q and has value 2, and a Casimir function of the Poisson

structure 1is
D(z1,22) = /51(371)(1931 +/§2(l‘2)d$2 (65)

In addition, the Casimir invariant (65) is globally defined in Q.

Proof. The rank is constant and of value 2 in ) due to the nonvanishing properties of 7, &;
and &. Additionally, taking (64) into account the Pfaffian system to be solved (see Appendix
1) becomes &;(x1)dxy + &2(x2)daxy = 0. This leads to the Casimir function immediately. The
remaining properties of the Casimir invariant are a direct consequence of those of £ and &,.

Q.E.D.
Thus, only the knowledge of the Casimir invariant (65) leads to:

Corollary 2.2.3.5. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider a three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J (x) is of the kind (60) belonging to T, ,(2) and has a function §(x1,z2)
which is separable in  according to (64). Then such Poisson system is algebraically integrable

in .
In addition, the Darboux canonical form can also be computed under similar assumptions:

Theorem 2.2.3.6. For cvery three-dimensional Poisson system

d

— = J(@)- VH(x)

defined in a domain Q@ C R* and such that J € T,,,1(Q) is given by (60) and &(z1,22) in
(60) is separable in Q2 according to (64), the Darbouz canonical form is accomplished globally

in Q in the new coordinate system (y1,y2,ys) and the new time T, where (y1,y2,ys) is related

to (x1,x2,x3) by the diffeomorphism globally defined in

Yy = /51($1)d961 +/§2($2)d$2
Y2 = T2 (66)
Yys = I3
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and the new time T is given by a time reparametrization of the form:

oy @10
A=) g gy

Proof. Notice first that Darboux’ theorem is applicable in this case because solutions of
Ly, (€2) of the form (63-64) have constant rank 2 everywhere in (), as anticipated in Propo-

sition 2.2.3.4. The reduction can be carried out in two steps:

Step 1. The change of variables (66), which is globally diffeomorphic in €2, is introduced. To
see that it is actually a global diffeomorphism, notice that it is globally one-to-one as a
consequence that &;(z1) # 0 everywhere, and in addition the transformation is globally
onto (since Q* = y(Q) by definition). Thus transformation (66) is a global bijection:
therefore its global inverse exists and is unique, and moreover both are differentiable
everywhere because transformation (66) is smooth and its Jacobian is regular everywhere
in Q. Notice that (66) is not the only possibility but it would be similar, for instance, to
choose (y1 = z1,y2 = D(1,22),y3 = x3). From (55), (63), (64) and (66) we are led to:

0 0 0
Tw=awy| o0 o0 1
0 -1 0

where 7j(y) = n(z(y))&(z(y)) = n(z(y))§1(z1(y))/2(y2)-

Step 2. A reparametrization of time of the kind (45), i.e. dr = 7(y)dt, where 7 is the new

time and 7(y) is clearly nonvanishing in * = y(Q2) and C*°(Q2*). The resulting structure

matrix is
0O 0 O
Iopa)=10 0 1 (67)
0 -1 0

Since J, D[3,2) In (67) corresponds to the Darboux canonical form (given that it coincides with
Jpj3,2) apart from a simple reordering of the variables) we have that the reduction has been

accomplished globally. Q.E.D.

This reduction implies also:
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Corollary 2.2.3.7. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider a three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J (x) is of the kind (60) belonging to T, ,(2) and has a function §(x1,z2)
which is separable in Q according to (64). Then such Poisson system can be reduced globally

and diffeomorphically in Q to a Liouville integrable Hamiltonian system.

The present analysis of the solutions of (44) can now be completed without difficulty. This

is the aim of the next subsection.

2.2.4. Third case: characterization and global Darboux analysis

Following the previous considerations, the last possibility is to look for solutions of (44)
such that two of the three functions (u,v,w) are identically zero, while the remaining one is

not.

Definition 2.2.4.1. The sets of solutions (u,v,w) of equation (44) defined in a domain
Q C R which are of the forms (u(x),0,0), (0,v(x),0) and (0,0,w(z)), where u(x), v(z)
and w(z) are C*°(Q) and nonvanishing in Q, will be denoted ', (S2), T, (2) and T, (€2),

respectively.

Since all the results which are going to be examined are completely analogous for Iy, (€2),

[ (€2) and ', (£2), we shall concentrate without lack of generality on the analysis of T, (€2).

Theorem 2.2.4.2. For every domain Q C R3, the general solution of equation (44) corre-
sponding to I',)(Q2) consists of the sets of functions of the form (u = 0,v = 0,w(x)), where
w(x) is an arbitrary function of class C*°(Q) and nonvanishing in Q. Analogous results hold

for Ty (€2) and T, (©2).
Proof. It is immediate from equation (44). Q.E.D.

Accordingly, for example in the case of T, (€2) we have arrived to solutions of the form
0 0 O
J@)=n@)| 0 0 1 (68)

0

-1 0
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with n(z) a function C*°(€2) and nonvanishing in 2. Notice that the multiplication by a global
factor considered in Proposition 2.2.2.1 needs not be taken into account here, since it is already
explicit in (68). Note also that solutions described by Theorem 2.2.4.2 correspond to structure
matrices which are just time reparametrizations of the Darboux canonical form (in particular,
the Casimir invariant D(z) = x; appears as already decoupled, and therefore it is explicit).
Consequently, this kind of solutions is quite simple and is only considered here for the sake of
completeness: the analysis of features such as the Casimir invariants (which are decoupled)
or the construction of the Darboux canonical form (which amounts to performing a time
reparametrization) becomes a straightforward version of those considered in Subsections 2.2.2
and 2.2.3, and can therefore be omitted. To conclude, we also have the following statement

about integrability issues:

Corollary 2.2.4.3. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider a three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J(x) is of one of the three kinds I';;(2), T',(2) or T', () characterized
in Theorem 2.2.4.2. Then such Poisson system is algebraically integrable in ), and it can be

reduced globally and diffeomorphically in Q to a Liouville integrable Hamiltonian system.

We conclude this section by regarding to some instances of Poisson structures of the three

kinds just analyzed.

2.2.5. Case-by-case examples

The number of Poisson structures embraced by the previous three subfamilies is very
significant. For this reason, we shall not attempt to provide instances of how the constructive
procedures developed work (namely the determination of Casimir invariants or the reduction
to the Darboux canonical form) since in this case it seems more illustrative of the generality of
the results achieved to provide a brief enumeration of the very diverse Poisson structures and
systems that hereafter appear to be unified in the common methodological and conceptual
framework established after the solution subfamilies investigated.

In first place, it can be said that the family of solutions A(€2) is very general, therefore con-
taining numerous previously known structure matrices of very diverse three-dimensional sys-
tems as particular cases, as we shall see in detail now. Of special relevance are the Lie-Poisson

structure matrix associated with the Lie algebra so(3) (for which ;(z;) = 1, ¢i(z;) = x; and

85



n = 1, such as in the Euler top [139]) as well as the separable matrices [85] (¢;(z;) = constant,
n = 1). Among other instances of well-known Poisson structures described by the solution
subfamily (48) just analyzed, we can mention the Kermack-McKendrick model for epidemics
[63,135], several integrable cases of the Lorenz system [55], the Lotka-Volterra equations from
population dynamics [63,136,143], their QP (or Quasi-Polynomial) Poisson generalization [83],
the Maxwell-Bloch equations [42], different formulations of the Rabinovich system [55], the
RTW interaction equations [55], or the spin system [114]. A detailed list analyzing these
examples can be found in [70] (see Table I of such reference). It is worth recalling that the
time dependence of some of the structure matrices enumerated in the previous list of examples
is immaterial in this context, since the Jacobi equations are time-independent and therefore
time plays the only role of a parameter in the solutions.

Analogously, numerous well-known systems from diverse fields have structures matrices
which are particular cases of (60), (61) or (62). Let us cite a sample of each kind.

As particular cases of I'[,,(f2), we can mention the Poisson structure for the system
of circle maps [63], the May-Leonard equations [63], several formulations of the Rabinovich
system [55], or the Poisson structure for 3-d systems with a known first integral [81].

Regarding I'f,, ) (Q), some instances are found in connection with the Kermack-McKendrick
model for epidemics [63,135], some integrable cases of the Lorenz system [55,63] and of the
Maxwell-Bloch equations [42,63], and the two energy level system equations [63].

And in connection with I'f, ,(£2), we have instances in the context of the system of circle
maps [63], the Lorenz system [63], the Maxwell-Bloch equations [42], the May-Leonard system
in population dynamics [63] or the Rabinovich equations [55].

Detailed tables analyzing these three families of examples can be found in [70], specifically
Table II for T, ,j(€2), Table III for T, ,,)(€2) and Table IV for T, ,)(€2). The reader is referred
to such tables for further details regarding the functional structure of the previous examples.

To conclude, it can be said that in spite of their simplicity, examples of Poisson structures
corresponding to I’ (€2), T',)(Q2) or I',(€2) are not uncommon in the literature [42,70]. In
addition, it is worth mentioning that there is an important category of particular cases of (68)
which are present in diverse applications, namely the Lie-Poisson structure matrices associated

with the Lie algebra so(3) when expressed in certain systems of noncartesian coordinates
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(y1,Y2,y3). The simplest possibility is perhaps that of spherical coordinates [139]:

0 0 O

Tso(3)( ) = . 0 1
so(3)\Y1,Y2, Y3 L sings

0 -1 0

Additional instances of (68) arising from the Lie algebra so(3) for other choices of the coordi-

nate system are also of customary use [114].

87



2.3. CYCLIC SOLUTIONS OF TYPE I

In this section, an additional three-dimensional family of solutions of the Jacobi equations
is characterized and globally analyzed [76]. In particular, it is worth noting that in spite of
its general form (defined in terms of functions of an arbitrary nonlinearity) it is possible the
explicit and global determination of its main features, such as the case-classification of the
Casimir invariants and the global construction of the Darboux canonical form. As we shall
see, the analysis of this family has a special interest arising from the fact that a complete
understanding of the global analysis of these solutions implies a case classification such that a
different distinguished invariant is to be used in each case. In other words, the mere knowledge
of one nontrivial distinguished invariant now does not guarantee the reduction to the Darboux
canonical form, in spite that we are dealing with a structure matrix of constant rank 2.
Accordingly, the symplectic analysis of this kind of Poisson structures requires the use of
a case-dependent global Casimir invariant and subsequent global Darboux reduction. Such
classification is carried out in the present section.

The structure of the section is the following. In Subsection 2.3.1 the solution family
is characterized. The classification of the Casimir invariants and the associated Darboux
reductions are developed in Subsection 2.3.2. The analysis concludes in Subsection 2.3.3 with

some examples.

2.3.1. Characterization of the family

The first result to be presented is the following one:

Theorem 2.3.1.1. Let (n(x), ¢1(x1), p2(x2), Pp3(x3)) be a set of functions defined in a domain
Q C R3, all of which are C*®(Q) and nonvanishing in Q. In addition, let Kij, 1,7 = 1,2,3, be

arbitrary real constants that are skew-symmetric
Kij + ki3 =0, forall 4,j (69)
and satisfy the zero-sum condition
K12 + ka3 + k31 =0 (70)

Then J = (Ji;) is a family of 3-d structure matrices which are globally defined in 2, with
3
JZ](w) = 77(35) (wl(xl) % x] + Rij Z El]k ¢k 1’k 5 Z?] = 1a273 (71)
k=1
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where €1, is the Levi-Civita symbol, and for every i = 1,2,3, function 1;(x;) denotes one of

the primitive functions of ¢;(x;).

Proof. Skew-symmetry is already explicit in expression (71). Recall that for n = 3, system

(24-25) actually consists of the following independent nonlinear equation:
J1201J31 — J3101J12 + J2302.J12 — J1202J23 + J3103J23 — J2305.J31 = 0 (72)

Consider first family (71) in the particular case n(x) = 1. For this, let J;;(z) = Ji;(z)/n(x) in

(71). Then, substitution in (72) produces after some algebra:
J1201J31 — J3101J12 + JogOoJ1a — J120 o3 + J3103J03 — Ja303.J31 =

(1 — 2 + K12)P3(— 1) P2 — (13 — 1 + K31) 20103 + (Y2 — V3 + Kaz)P1(—d2)P3—
(Y1 — Y2 + K12)P3dad1 + (V3 — Y1 + K31)Pa(—d3)d1 — (Y2 — VY3 + Kag)dr1d3d2 =
—2¢1¢2¢3(k12 + Koz + k31) =0

This proves the result for the case n = 1. For general 7 it suffices to recall Proposition
2.2.2.1 in which it is shown that in the 3-d case nJ is a structure matrix for every arbitrary
nonvanishing C'*° function n(x) and for every structure matrix J. The proof is thus complete.

Q.E.D.

Now some remarks are in order. In first place, it is useful for what is to follow to give the

explicit form of the components of 7 for family (71), which are:

As indicated in Theorem 2.3.1.1, for every i the primitive ¢;(x;) of ¢;(x;) must be chosen to
be one and the same for all the entries of 7. However, the specific choice is actually arbitrary.
To see this it suffices to notice that if a different integration constant is selected, for instance
after replacing ;(x;) by v;(x;) + k; for every i, then the outcome is also a member of the
solution family, this time with constants &;; = ki; + k; — k;, which also verify (69-70). Thus
conditions (69-70) express in a generalized form this degree of freedom associated with the
choice of the primitives of functions ¢;(x;).

Secondly, notice that the form of the Poisson structures we are dealing with is such that

only two possibilities exist regarding the vanishing of the independent entries (J12, Ja3, J31) at
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a given point, namely: (i) either none or one of them vanishes (case of rank two), or (i) all

of them vanish (case of zero rank). To see this, it is convenient to define the functions:
Xij (i, 5) = i(wi) — i (x5) + ki, 1,5 =1,2,3

Thus it is clearly not possible that only two of such entries (Jy2, J2s, J31) vanish at the same
point, as a consequence of the zero-sum relation yio(x1,z2) + x23(z2,x3) + x31(23,21) =
0. Accordingly, when dealing with the nontrivial case in which the rank of these structure
matrices is equal to 2, we know in advance that for every point x € () there are at least two
pairs (7,7) € {(1,2),(2,3),(3,1)} for which function x;;(x;,x;) # 0. These features will be
useful in the next subsection.

To conclude, it is interesting for what is to come to recall the physical interpretation of the
degree of freedom corresponding to the factor n(z), namely the fact that in the 3-d case nJ is
a structure matrix if and only if J is [63,70]. Such result is not generally valid for dimension
n > 4, as already mentioned. The interpretation of such three-dimensional feature is naturally
associated with time reparametrizations [70], which are transformations of the form

dr = —_at (73)
n(x)
where t is the initial time variable, 7 is the new time and 7n(x) : 2 — R is a C*°(Q2) function

which does not vanish in €). Thus, if

dx
a =J-VH (74)

is an arbitrary three-dimensional Poisson system defined in €2, then every time reparametriza-

tion (73) leads from (74) to the system:

d
= =nJ-VH (75)

Therefore, in the 3-d case time reparametrizations (73) preserve the Poisson structure, this

time with structure matrix 7 in (75). This is not the case in general for n > 4, as indicated.
2.3.2. Casimir invariants and global Darboux analysis

We can now characterize some of the properties of the family identified in Theorem 2.3.1.1.

In first place, we focus on the following:
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Theorem 2.3.2.1. Let J = (Ji;) be a structure matriz of the form (71) characterized in
Theorem 2.8.1.1, which is defined in a domain Q C R3 and such that for a given pair (i,j) it
is Xij(zi, ) # 0 everywhere in Q. Then Rank(J )= 2 in Q and a Casimir invariant for J is

Vj(w5) — vn(on) + Kie Xr(T), Tr)

D) = S = 0smy)  ry Xy @i ay)

(76)

where (i,7,k) is a cyclic permutation of (1,2,3). Moreover, every Casimir invariant (76) is

globally defined in 2.

Proof. After some algebra it is not difficult to show that

9 Do) = — TG T0) _ Tel2)

X12;0<$bvxc) U(m)ch(xb,H?c)

where both (a,b,c) and (i, j, k) are cyclic permutations of (1,2,3). With the help of this
property the result can be directly shown through the verification of the fact that 7-VD; =0
for each of the three cases k = 1,2, 3 indicated. The statement is completed taking into account

the C*°(§2) property of the ¢;(z;) . Q.E.D.

Therefore it is possible to give the explicit list of Casimir invariants corresponding to the

three complementary cases just analyzed:

Y3(ws) — P1(x1) + k31 x31(xs,x1) .

Di(@) = VYo(m2) — 3(z3) + kg Xo3(w2,3) i Xs(w2,23) £0 in
VY1(z1) — Po(wa) + K12 xa2(x1,72) .

Da(w) Ys(zs) — Yi(z1) + ka1 xz1(ws, 1) i xai(es,@) #£0 i O
_ a(x2) —3(w3) + Koz Xos(w2,w3) | .

Da(@) = VY1(21) — ¥o(22) + 12 X12(71,72) i xaz(ey,a2) £ 0 o 0

Notice the symmetry of such a choice, since D1DsD3 = 1 when all of them are defined in 2.

We can also state:

Corollary 2.3.2.2. Consider that the assumptions of Remark 1.4.4.4 hold. FEvery three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J(x) is of the kind (71) characterized in Theorem 2.8.1.1 and such that for
a gwen pair (i,7) it is xij(zi, ;) # 0 everywhere in €2, is an algebraically integrable system in

Q.

The previous results allow the constructive and global determination of the Darboux canon-

ical form for this kind of Poisson structures:
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Theorem 2.3.2.3. Let Q C R3 be a domain where a Poisson system (22) with n = 3 is
defined everywhere, for which J = (Ji;) is a structure matriz of the form (71) characterized
in Theorem 2.3.1.1, and such that for a given pair (i, j) it is Xij(zi, x;) # 0 everywhere in .
Then such Poisson system can be globally reduced in € to an one degree of freedom Hamiltonian
system and the Darboux canonical form is accomplished globally in €2 in the new coordinate
system (y1,y2,y3) and the new time T, where (yi,y2,y3) are given by the diffeomorphism

globally defined in §2

vi(z) =
yj(z) = zj (77)
yr(z) = —Di(z)

in which (i, j, k) is a cyclic permutation of (1,2,3) and Dy(x) is the Casimir invariant (76);

while the new time 7 is defined by a time reparametrization of the form.:

dr = Jij(x(y))dt (78)

Proof. Only the situation yi2(z1,22) # 0 will be considered here, since the analysis of the
other two cases is analogous. Note that, according to Theorem 2.3.2.1, Darboux’ theorem is
applicable because J has constant rank 2 everywhere in ). Recall also that, after a general
smooth coordinate change y = y(x), an arbitrary structure matrix J(z) is transformed into
another one J*(y) as:

9y;

Li=1,... 79
axl ) Z’j ) 7n ( )

J;}(y) = Z

k=1

0y;
By ()

The reduction can be carried out in two steps. We first perform the change of variables (77),

which in this case is

y1 = T
Y2 = T2 (80)
y3 = —D3(x)

where Ds3(x) is given by (76). For what is to come it is necessary to explicitly write the

transformation inverse of (80) which is:

r1 = U1
T2 = Y2 (81)

w3 = (3[a(y2) + Ka3 + (Y1(y1) — P2(y2) + K12) ¥3)
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where function (3 is the inverse function of v3(x3). Note that (3 exists and is differentiable
in Q = ¢3(Q). In fact, since Y, = ¢; is smooth and nonvanishing for every ¢, we have
that ¢} = 1/¢%4 = 1/¢3 is also smooth and nonvanishing everywhere in Q, and therefore (3 is
everywhere a smooth and strictly monotonous function. Then the examination of (80-81) easily
shows that the variable transformation (80) to be performed exists and is a diffeomorphism
everywhere in € as a consequence that by hypothesis we have yi12(z1,22) # 0 and ¢3(x3) # 0

in Q. Then, according to (76) and (80), and taking (79) into account, after some algebra we

are led to
0 1 0
T (y) = Jia(z@) [ -1 0 0 (82)
0 00
where from equations (71) and (81) we have
Ji2(x(y)) = 1y, y2, £3(y)) (Y1(y1) — Ya(y2) + r12) ¢3(23(y)) (83)

The explicit dependence of x3(y) is obviously the one given in (81) and was not displayed in
(83) for the sake of clarity. Note that Jio(x(y)) is nonvanishing in Q* = y(Q2) and C>°(2*).
These properties allow the accomplishment of the second step of the reduction which is a
reparametrization of time. Thus, making use of (83) in equation (78), the transformation
dr = Ji2(z(y))dt is performed. According to (73-75) this leads from the structure matrix (82)

to the Darboux one:

0 10
Ippagy) =1 -1 0 0 (84)
0 00
The reduction is thus globally completed. Q.E.D.

After the previous global reduction, we can consequently establish:

Corollary 2.3.2.4. Consider that the assumptions of Remark 1.4.4.4 hold. FEvery three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J(x) is of the kind (71) characterized in Theorem 2.8.1.1 and such that for
a given pair (i, j) it is xij(zi, ;) # 0 everywhere in Q, can be reduced globally and diffeomor-

phically in  to a Liouville integrable Hamiltonian system.

The previous results can be now illustrated by means of some instances. This is the aim

of the next subsection.
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2.3.3. Examples

We shall consider three examples. The first one involves a Poisson structure reported for
the Halphen equations. Example 2 regards a very similar structure matrix, this time relevant
to the study of the system of circle maps. To conclude, the third instance refers to a classical

mechanical system, the Euler top.

Example 1. Poisson structure for the Halphen equations

Let us first consider the following structure matrix which has deserved some attention

regarding the analysis of the Halphen system [63]:

0 @ —m 1 —a3
J@)=n(@) | zg—21 0 x5 —x3 (85)
z3—x x3—a3 0
with
(@) = [2(z1 — 22) (22 — x3) (23 — 21)] (86)

It can be seen that the structure matrix (85-86) belongs to the family (71) with ¢;(z;) = z;
and x;; = 0 for all 4,5 = 1,2,3, provided x; # x; in § for every pair ¢ # j. If this is the
case, function n(z) is C*°(€2) and nonvanishing in Q. Note that this condition also implies
Xij(xi,zj) # 0 (and therefore J;j(x) # 0) in Q for every pair i # j. In order to perform the
Darboux reduction it should be noted that every Casimir invariant (76) is now defined in
and can thus be employed. For instance, we can focus on D3(x):

Tro — I3

Ds(z) (87)

1 — T2

Therefore the reduction to Darboux form now makes use of the following diffeomorphism

y1 = T
Y2 = T2
ys = —D3(x)

with Ds(z) given by (87). The inverse of this transformation is then:

r1T = Y
T2 = Y2
r3s = yo+ (11— Y2)y3
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After applying (79) the outcome is that J in (85-86) is transformed into:

0O 1 0 0O 1 0
T (W) = (1 —y2)n(yn,ve, 2 +ustyi — ) | =1 0 0 [ =J2(v) | =1 0 0
0O 0 O 0O 0 O

with Ji2(y) = [2(y1 — y2)?y3(1 —y3)]~'. The reduction is then completed by means of the time
reparametrization dr = Jio(y)dt, which finally leads to the Darboux canonical form (84) with
y3 acting as the decoupled Casimir function and (y1,y2) as classical Hamiltonian canonical

variables.

Example 2. Poisson structure for the system of circle maps

In addition, it is worth mentioning in this context the Poisson structure appearing in the
study of the system of circle maps [63]. The structure matrix is of the form (85), but this time
with

(@) = =[(21 — w2)(x2 — x3) (23 — 21)]
Thus the conditions for the regularity of the functions are exactly the same, the functions
¢i(x;) and 1;(z;) retain their definitions, and the constants x;; have the same zero values,
than in the case of the Poisson structure for the Halphen system. The difference existing in
n(x) does not induce variations in the form of the Casimir invariants, in the diffeomorphic
changes of variables leading to the Darboux reduction, or in the conditions indicating when
all of them are properly defined. Consequently these results also remain valid in the context

of the Poisson structure for the system of circle maps.

Example 3. Euler top

As a third example, the following cubic and homogeneous structure matrix appearing [63]

in the analysis of the Euler equations for a triaxial top will be considered:

Jia(z) = (a02? — a1z3)z3
Joz(z) = (o323 — aoxd) (88)
Js1(z) = (o123 — azz?)zs

where the «a; are real constants related to the principal moments of inertia u; of the top

according to the expressions:

M2 — [3 M3 — p M1 — p2

a1 ) 2 ) 3
Ha 3 Hips J 525
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Assuming that ajasag # 0, equations (88) can be equivalently written as:

.
Jio(z) = m(agagaﬁ — 041053x%)(2a1042x3)
Jas(x) = m(alo@x% — a173) (200371) (89)
J31(z) = ;(OQO&QIL‘% — apa37?) (201 a379)
20&10&20&3

Expressed in this way, the structure matrix (89) can be recognized as a member of family (71)

with
n=(2a1a2a3)"t ,  Y1(v1) = azasr} ,  e(r2) = arazr’d , Ys(zs) = arasa]

and k;; = 0 for all ¢,j = 1,2,3. Since functions ¢;(z;) must be nonvanishing in 2, this
implies that in what follows the structure matrix (89) is to be analyzed in a domain of the
set {(z1, 79, 73) € R® | 217923 # 0}. In addition, according to (76) we can employ different
forms for the Casimir invariant. For instance, if x12(21, 22) = asazr? — ayazzd # 0 in Q, we

have:
2 2
a1Q3T5 Q10273

Ds(z) = (90)

aoa3r? — sl
Then, in this case a transformation leading to the Darboux canonical form is defined by (80)

and (90), and its inverse is a diffeomorphism in y(Q2) given by:

r1 = U
T2 = Y2
a3 a3 a3 1/2
r3 = <3 [y% + <Z/% - y%) 93]
a9 (65} (6]

where ¢3 = sign(z3) denotes the usual sign function, namely ¢3 is a constant of value (+1) if
x3 > 0 and (—1) if 23 < 0 (recall that x5 # 0 in ). The rest of the Darboux reduction does
not present special features apart from the ones indicated in the proof of Theorem 2.3.2.3,

and therefore is omitted for the sake of conciseness.
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2.4. CYCLIC SOLUTIONS OF TYPE II

The present section is to a great extent parallel to the previous one. As it was the case
there, another three-dimensional family of solutions of the Jacobi equations is characterized
and globally analyzed. This solution family (denoted as cyclic of type II) is formally very
similar to the cyclic of type I, a parallelism accounting for such terminology. Apart from this,
it is worth noting that both families are of course different, as a simple examination shows.
On the other hand, the cyclic solutions of type II also have a very general form (defined
in terms of functions of arbitrary nonlinearity) in spite of which it is possible the explicit
and global determination of their main features, such as the case-classification of the Casimir
invariants and the global construction of the Darboux canonical form. Again, the analysis of
this family displays a remarkable feature, namely that a complete understanding of its global
analysis implies a case classification such that a different distinguished invariant is to be used
in each case. Therefore, we again find a situation in which the knowledge of one nontrivial
distinguished invariant now does not guarantee the reduction to the Darboux canonical form,
in spite of working with a structure matrix of constant rank 2. Thus, as it was the case in the
previous section, now the symplectic analysis of this family of Poisson structures requires the
use of both case-dependent global Casimir invariants and global Darboux reductions. Such
classification is done in what follows.

The structure of the section is now anticipated. In Subsection 2.4.1 the solution family
is characterized. In Subsection 2.4.2, the classification of the Casimir invariants and the
associated Darboux reductions are constructed. To conclude, some examples are provided in

Subsection 2.4.3.

2.4.1. Characterization of the family

In first place, the following result is presented:

Theorem 2.4.1.1. Let (n(z), p1(x1), p2(x2), p3(x3)) be a set of functions defined in a domain
Q C R3, all of which are C*®(Q) and nonvanishing in Q. In addition, let 1;(x;) denote for every
i =1,2,3, one primitive function of ¢;(x;) defined in such a way that v;(x;) is nonvanishing
in Q. Then J = (Ji5) is a family of 3-d structure matrices which are globally defined in (2,
with .
Tij() = (@) ()i (ag) (i) — () Y (ein)drlan) , 6,5 =1,2,3  (91)
k=1
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where €51, denotes the Levi-Civita symbol.

Proof. Skew-symmetry can be directly verified in (91). Regarding the Jacobi equations,
recall that for n = 3, system (24-25) can be reduced to the following independent nonlinear

equation:
J1201J31 — J3101J12 + J2302J12 — J1202J23 + J3103J23 — Ja303J31 = 0 (92)

Let us first consider family (91) in the particular case n(x) = 1. For this, let J;;(z) =

Jij(x)/n(x) in (91). Then, substitution in (92) produces after some algebra:
J1201J31 — J3101 12 + Ja302 12 — J1202Jos + J3103J03 — Ja303J31 =

102030102003 [(P1 — ¥2) (13 — 1) — h1(h1 — ¥2) — (Y1 — o) (Y3 — 1) —
1 (3 —ah1) + (Y2 — ¥3) (Y1 — Y2) — Y2(2 — ¥3) — (Y1 — ha) (P2 — 1b3)—
Ya(Y1 — o) + (Y3 — 1) (Y2 — ¥3) — ¥3(¥P3 — 1) — (Y2 — ¥3) (Y3 — 1) — Y3(2 —1P3)] =0

The result is thus proved for the case n = 1. For general n it is sufficient to make use
of Proposition 2.2.2.1, according to which in the 3-d case nJ is a structure matrix for an
arbitrary nonvanishing C* function n(z) and for every structure matrix J. This completes

the proof. Q.E.D.

It is now convenient to provide some comments. In first place, we can display the explicit

form of the components of J for family (91), which are:

Jiz(z) = n(z)r(z1)¥2(22) (Y1 (1) — Y2(22)) d3(w3)
Jas(z) = n(x)va(z2)P3(xs) (Yo(z2) — Y3(x3)) Pr(z1)
J31(z) = n(@)vs(zs)vr(z1) (Ys(zs) — Y1(21)) P2(z2)

As mentioned in Theorem 2.4.1.1, for every i the primitive ¥;(z;) of ¢;(z;) must be chosen
to be one and the same for all the entries of J. However, the specific choice is actually
arbitrary as far as the nonvanishing character of such function is respected.

In second term, it is worth noting that the form of the structure matrices (91) is such that
there are only two possibilities regarding the vanishing of the independent entries (J12, Jos, J31)
at a given point, namely: (i) either none or one of them vanishes (case of rank two), or (i)
all of them vanish (case of zero rank). To see this as well as for future use, it is convenient to

define the functions:
wij (i, 2) = i(ws) — Yi(xy) , 4,5 =1,2,3
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Then, clearly it is not possible that just two of such entries (Ji2, Ja3, J31) vanish at the same
point, as a consequence of the zero-sum relation wio(x1,x2) + wos(x2, x3) + w31 (z3, 1) = 0.
As a consequence, in the analysis of the nontrivial case in which the rank of the structure
matrices is equal to 2, we can make use of the feature that for every point x € 2 there are
at least two pairs (4, 7) € {(1,2),(2,3),(3,1)} for which function w;;(z;, ;) # 0. This kind of
property will be employed in the next subsection.

To finish, in order to make the section self-contained we shall recall again the physical
interpretation of the degree of freedom corresponding to the factor n(x), namely the fact that
in the 3-d case nJ is a structure matrix if and only if 7 is [63,70]. Such result is not generally
valid for dimension n > 4, as we already mentioned. As we know, the interpretation of such
three-dimensional feature is naturally associated with time reparametrizations [70], which are
transformations of the form

1

dr = @dt (93)

where ¢ is the initial time variable, 7 is the new time and n(x) : Q@ — R is a C°°(Q2) function

which does not vanish in Q. Accordingly, if

dx

is an arbitrary three-dimensional Poisson system defined in €2, then every time reparametriza-

tion (93) leads from (94) to the system:

d
ﬁ —nJ -VH (95)

Then, we see that in the 3-d case time reparametrizations (93) preserve the Poisson structure,

this time with structure matrix nJ in (95).

2.4.2. Casimir invariants and global Darboux analysis

It is now possible to determine the main properties of the family identified in Theorem

24.1.1:

Theorem 2.4.2.1. Let J = (J;;) define a structure matriz of the form (91) characterized in
Theorem 2.4.1.1, which is defined in a domain Q C R3 and such that for a given pair (i,7) it
is wij(zi, xj) # 0 everywhere in Q. Then Rank(J )= 2 in Q and a Casimir invariant for J is

Vi) (i () — Yrlor))  Yizd)win(z;, 2r)

Dy(z) = i () (Wi (2i) — () N Ui (g wij (x4, 5)

(96)
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where (i,7,k) is a cyclic permutation of (1,2,3). Moreover, every Casimir invariant (96) is

globally defined in 2.

Proof. It is not difficult to show after some calculations that

aiDa(ZE) — _gbl(ajz)wj(l'j)d)k(l‘k)u)]k(l'j’;L‘k,) _ J]k;(x)

(Ya(wa)woe(@p, c))? () (Ya(Ta)wpe (s, 7c))?

where both (a,b,c) and (7, j, k) are arbitrary cyclic permutations of (1,2,3). Making use of

these equalities, the simplest procedure to prove the result is through the direct verification
of the fact that J - VDy = 0 for each of the three cases k = 1, 2,3 indicated. The proof is
completed by taking into account the C'°°(Q) property of the ¢;(x;). Q.E.D.

Accordingly, we can now give the explicit list of Casimir invariants corresponding to the

three complementary cases just analyzed:

Pa(@2) (Ws(xs) —hi(z1)) _ Ya(zo)wsi(zs, 1) if wos(xe,x in

Di(=) U1 (1) (Ya(w2) — h3(x3)) — n(w1)was(wa, x3) fmlins) 20 i @
() (W) —va(e)) _ vs(wswna(en, o) o in

Da() ba(w2)(P3(x3) —P1(x1))  Wo(w2)ws (23, 21) Femlmn) 20
_ (e Wa(ea) —¥s(w)) _ da(anwas(azas) o in

D) = ) Wnon) —valwe))  Uslaaora(anag) R 70 0 €

It is worth noting the symmetry of the choice made for the complementary forms of the
Casimir invariant, since D1 DoD3 = 1 when all of them are simultaneously defined in 2. The

case characterization of the independent Casimir invariant leads to:

Corollary 2.4.2.2. Consider that the assumptions of Remark 1.4.4.4 hold. FEvery three-
dimensional Poisson system @ = J(z) - VH(x) defined in a domain Q C R3 in which the
structure matriz J(x) is of the kind (91) characterized in Theorem 2.4.1.1 and such that for
a giwven pair (i,7) it is wij(x;, x;) # 0 everywhere in §2, is an algebraically integrable system in

Q.

The results just shown make possible the constructive and global determination of the

Darboux canonical form for this family of Poisson structures:

Theorem 2.4.2.3. Let Q C R3? be a domain where a Poisson system (22) with n = 3 is

defined everywhere, for which J = (Ji;) is a structure matric of the form (91) characterized
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in Theorem 2.4.1.1, and such that for a given pair (i, j) it is wij(z;, x;) # 0 everywhere in ).
Then such Poisson system can be globally reduced in € to an one degree of freedom Hamiltonian
system and the Darboux canonical form is accomplished globally in Q in the new coordinate
system (y1,y2,y3) and the new time T, where (yi,y2,y3) are given by the diffeomorphism

globally defined in §2

vi(z) =
yj(z) = (97)
ye(z) = —Di(z)

in which (i,7,k) is a cyclic permutation of (1,2,3) and Dy(x) is the Casimir invariant (96);

while the new time 7T is defined by a time reparametrization of the form.:

dr = Jij(x(y))dt (98)

Proof. Here we can consider only the case wia(z1,z2) # 0, since the analysis of the other
two possibilities is analogous. Notice that, according to Theorem 2.4.2.1, Darboux’ theorem
is applicable because J has constant rank 2 everywhere in 2. Recall also that, after a general
smooth coordinate transformation y = y(z), an arbitrary structure matrix J(x) is converted

into another one J*(y) as:

Z ay] ii=1,....n (99)

It is possible to carry out the reduction in two steps. We first perform the change of variables

(97), which in this case is

y1 = T
Y2 = T2 (100)
ys = —D3(x)

where Ds(x) is given by (96). For what is to come it is necessary to explicitly write the

transformation inverse of (100) which is:

1 = U

n (101)
B 1 (y1)Y2(y2)
3 = (3 <w1(y1)_“’12(y1’y2)y3>

where function (3 is the inverse function of 13(z3). We see that (3 exists and is differentiable

in Q = ¥3(2).  Actually, since ¢} = ¢; is smooth and nonvanishing for every i, we have
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that ¢4 = 1/¢4 = 1/¢3 is also smooth and nonvanishing everywhere in Q, and therefore (3
is everywhere a smooth and strictly monotonous function. Then the examination of (100-
101) easily shows that the variable transformation (100) to be performed exists and is a
diffeomorphism everywhere in {2 as a consequence that by hypothesis we have wia(z1,x2) # 0
and ¢3(r3) # 0 in . In particular, notice that the denominator of the argument inside (3 in

equation (101) does not vanish, since:

V1(y1) — wiz(y1, ¥2)ys = W
Thus, according to (96) and (100), and taking (99) into account, after some algebra we are
led to
0 1 0
T (y) = Ji2(z(y) | -1 0 0 (102)
0 00
where from equations (91) and (101) we have
Ji2(2(y)) = n(y1, y2, 23(y))¥1(y1) Y2 (y2)wi2 (Y1, y2) ¢3(23(y)) (103)

The explicit dependence of z3(y) is obviously the one given in (101) and was not displayed in
(103) for the sake of clarity. Notice that Ji2(z(y)) is nonvanishing in Q* = y(2) and C>°(2*).
These properties allow the accomplishment of the second step of the reduction which is a
reparametrization of time. Thus, making use of (103) in equation (98), the transformation
dr = Jia(z(y))dt is to be performed. According to (93-95) this leads from the structure matrix
(102) to the Darboux one:

0 1 0
Ipp2ay) =1 -1 0 0 (104)
0 0 0
Therefore the reduction is globally completed. Q.E.D.

We then arrive at the following corollary:

Corollary 2.4.2.4. Consider that the assumptions of Remark 1.4.4.4 hold. FEvery three-
dimensional Poisson system @ = J(x) - VH(x) defined in a domain Q C R? in which the
structure matriz J(x) is of the kind (91) characterized in Theorem 2.4.1.1 and such that for
a given pair (i, j) it is wij(zi, ;) # 0 everywhere in S, can be reduced globally and diffeomor-

phically in  to a Liouville integrable Hamiltonian system.
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The aim of the next subsection is to provide some examples of application of the previous

results.

2.4.3. Examples

In what follows some instances of the solution family just analyzed are considered. The first
one deals with the Poisson formulation for Lotka-Volterra systems, which is later generalized
to the framework of the Quasi-Polynomial equations in the second example. Finally, the third

instance considers a Poisson structure related to the system of circle maps.

Example 1. Lotka-Volterra system

In first place we shall consider a Poisson structure employed in the analysis of the 3-d
Lotka-Volterra (LV) equations. The following LV system has received some attention in the
literature [63,136],

1 = z1(\1 + agxe + x3)
T2 = wa(A2+x1 + azxs) (105)
3 = wx3(\3+a1x1 + x2)

in which x; > 0 for all i. Notice that system (105) is the same considered in Example 2
of Subsection 1.2.5. However, for convenience (related to the generalization to be performed
in the next example) we now give different names to the system constants. Among several

classical integrable cases of interest, the following one is to be considered [63]:
a=1, =0, =123 (106)
System (105-106) is Poisson, in terms of the structure matrix:
Jij(x) = wxj(xs —x5) , 4,5=1,2,3 (107)
And the following first integral plays the role of Hamiltonian:

H(z) = 1n [(;;2 (1 m?)k (2o x3>2>“] (108)

for arbitrary k& € R. It can be seen that the structure matrix (107) belongs to the family

(91) with n(z) = 1, ¢i(x;) = 1 and ¥;(z;) = x; for i = 1,2,3. Since x; > 0 for all ¢, such
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structure matrix is defined in every domain @ C R%. In addition, now w;j(z;, z;) = (z; — x;)
for every pair (4,7). Thus if ; # x; in Q for a pair i # j, then w;;(x;, x;) # 0 (and therefore
Jij(z) # 0) in Q. Depending on i and j, we have to employ according to (96) different forms

for the Casimir invariant. For instance, if wio(x1,z2) # 0 in Q, we have:

z1 (1'2 - :L'S)

Ds(x) = 109
(o) = 2 (109
Thus the reduction to Darboux form begins with the following diffeomorphism
vy = 1
Y2 = X2 (110)
ys = —Ds(x)
with Ds(z) given by (109). The inverse of this transformation is then:
1 = W
T2 = Y2 (111)
Y1y2
r3 =

y1 = (y1 — y2)y3
Notice that y1 — (y1 — y2)ys = z122/x3 and consequently does not vanish, as expected. Thus,

after the application of (99) the result is that J(z) in (107) is transformed into:

0O 1 0 0O 1 0
T W) =wmytyi—w) | =1 0 0 | =J2y)| =1 0 0
0O 0 O 0O 0 O

Finally, the reduction is completed by means of the time reparametrization dr = jlg(y)dt,
which produces the Darboux canonical form (104) with (y1, y2) in the role of canonical Hamil-

tonian variables and y3 as a decoupled Casimir invariant.

Example 2. A nonstandard Quasi-Polynomial generalization of the

Lotka- Volterra system

In this second example the previous LV system is generalized as a Quasi-Polynomial (QP)
flow in such a way that its associated Poisson structure is also generalized, while remaining
in the framework of the family characterized in Theorem 2.4.1.1. The reader is referred to
[23,24,51,60,61,72,73,80,82,83,86,87] and references therein for an approach to QP systems and

their related formalism.
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Let us thus consider system (105-106) and perform the quasimonomial transformation
=y, i=1,23; cicaes £0 (112)

followed by the time reparametrization

-1
dr = (H clycl_1> dt (113)

The outcome is the following QP generalization of the LV flow, this time defined in terms of

variables y; and time 7:

o= cacsyfys Ty T (WS + uS)

g2 = eyt ustys T (0 + y5Y) (114)
. 1 o1

g3 = cieayt' st st (wyt Fugt)

Both transformations (112) and (113) become identical in the case ¢; = ¢ = ¢3 = 1, and
system (114) is thus reduced to (105-106) in such situation. On the other hand, equations

(114) still conform to a Poisson system. Actually, the Hamiltonian (108) is directly generalized

—k k—1
\ y y
H (y)zlnkyq}z(yl 952)2> <yc£y@,(yz y§3)2> ]
1 92 2 J3

for arbitrary k£ € R. Finally, both the quasimonomial transformation and the time reparame-

as:

trization transform the structure matrix (107) leading to the more general form:

w

* i —1 ..
JZ](y) = ylc y] yz - y] Z 62]]4: Cky]ik y L) = 17273 (115)
k=1

Structure matrix (115) belongs to family (91) with n(y) = 1 and ¢;(y;) = y;*. Since we have
y; > 0 for all 4, (115) is correctly defined in R3 without further assumptions. Now the reduction
to the Darboux canonical form can also be performed globally and it is a generalization of the
one for the LV case. For this, note first that if (7, j, k) is a cyclic permutation of (1,2,3) and
wij = (Y — ;) # 0 in ©, then the Casimir invariant Dj(y) is

Di(y) = y£k<y;cj - ylz)
Yo' (i — ;)
Then, use of the corresponding transformation can be made in order to carry out the reduction

to Darboux form. For instance, if wyo # 0:

21 = WU
Z2 = Y2
vt (ys® — y5°)

z3 =
ys® (7t — y5°)
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And the inverse of this transformation is also a generalization of (111):

g = 2
Y2 = 22
Zil 252 1/c3
Yys = c1 c1 co
21— (21 — 2%)z3

The remaining details of the Darboux reduction are essentially similar to those of the LV case
and are not given. To conclude, it is worth noticing that extensive families of QP Poisson
systems have been analyzed in detail in the literature [73,83,86], but always in terms of a
different (in fact separable [85] and quadratic) kind of Poisson brackets. In such context the
family (115) is not only new, but in addition it provides an instance of non-standard family

of Poisson structures for QP systems.

Example 3. Poisson structure for the system of circle maps

As a last example the following structure matrix, which is of interest for the analysis of

the system of circle maps [63], will be considered:
Jij(x) = n(@)zizj(e; —x5) 4,7 =1,2,3 (116)

where

n(x) = —[(x1 — x2) (w2 — x3) (23 — 21)] " (117)

This structure matrix is to a great extent similar to the one in Example 1, apart from the
factor n(x) which nevertheless introduces some differences. As before, we have ¥;(x;) = x;
and ¢;(x;) = 1 for every i = 1,2,3. But according to Theorem 2.4.1.1, now the structure is
defined provided that in 2 we have x; # 0 for every 4, and x; — x; # 0 for every pair 7 # j. If
this is the case, function n(z) is C*°(€2) and nonvanishing in 2. Note that the same conditions
also imply wjj(z;, ;) # 0 (and J;;(z) # 0) in 2 for every pair ¢ # j. Consequently, Theorem
2.4.2.1 implies that now every alternative form (96) of the Casimir invariant is simultaneously
defined in €2, namely:

xo(xg — 1)
b)
961(482 - 333)

x3(x1 — z2)
zo(xs — 1)

961(962 - 333)

Di(@) = r3(x1 — x2)

DQ(.T) = D3($) =

Therefore, in order to perform the Darboux reduction of (116-117) either expression can
be employed. For instance, if we focus again on D3(z), which coincides with (109), then

transformation (110) is also the same. The rest of the reduction is thus analogous to the one
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in the Lotka-Volterra case, just with minor differences due to the presence of n(x) as given
by (117). Since such reduction does not present any feature not mentioned in the proof of

Theorem 2.4.2.3, the rest will be omitted for the sake of conciseness.
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2.5. USE OF AN ANSATZ FOR THE SIMPLIFICATION OF THE
JACOBI EQUATIONS

In this section we provide a relatively simple method for the determination of additional
3-d skew-symmetric solutions of the Jacobi equations from a known one. More precisely, it is
proved that the knowledge of a single and arbitrary solution of the three-dimensional Jacobi
equations allows determining an infinity of new solutions, which can be generally and explicitly
constructed [71]. The main motivation underlying this kind of methodology is that it is very
illustrative of how the previous knowledge of a single solution can help much in the study of
the Jacobi equations, leading to a remarkable simplification of the problem. In particular,
this philosophy will be very useful in Chapter 4, in which it will be the basis for the study
of the new-time transformations (NTTs). In fact, the use of NTTs for the generation of new
solutions from a single one will help much in the obtainment of a deeper understanding of
important cases in which the Darboux canonical form can be globally obtained, as well as in
the generalization of known solution families, thus leading to aspects of central interest for
this work.

The structure of the section proceeds as follows. In Subsection 2.5.1 the method is pre-
sented and developed, analyzing and solving all the different possibilities existing. Case-by-
case examples are presented in Subsection 2.5.2. We finish in Subsection 2.5.3 with some

conclusions and final remarks.

2.5.1. Description of the method and case classification

For the sake of conciseness, the following simplified notation for the entries of 3-d structure

matrices will be used again:
u(r) = Jio(z), v(z) =J51(z), wx)= Josg(x) (118)

In the case n = 3, system (24-25) actually consists of a single independent equation. If we

make use of the definition (118) we know that such equation can be written in the form:
w01V — vO1U + whhu — udw + vo3w — wozv = 0 (119)

The equation corresponding to the 3-d version of system (24-25) will be written in the form
(119) in the rest of the section.
Now let (up(x),vo(z), wo(x)) be a known solution of (119). In what follows it will be

assumed that it is a regular and nontrivial solution, i.e. that the rank of the structure matrix
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represented by (ug(z),vo(x),wo(x)) is constant and equal to 2 everywhere in the domain of
interest. Then we can look for new solutions according to the ansatz (ug(z) + &(z),vo(x) +
&(z),wo(z) + &(x)), where £(z) is an arbitrary smooth function to be determined. If we
substitute the ansatz in (119) we see after some algebra that all the nonlinear terms are of
the form £0;&, for i = 1,2, 3, and in fact all such terms do cancel out. Consequently, we arrive

at the following linear PDE for &:
(ug — v0)01€ + (wo — u0) 026 + (vo — wo)I3E = A(x)§ (120)

where
Az) = 01(ug — vo) + O2(wy — ug) + 93(vy — wop) (121)
Therefore, the mere knowledge of one solution of (119) allows a threefold simplification of
the problem of finding new solutions:

(a) We can transform a nonlinear problem into a linear problem.

(b) We can transform the PDE problem (119) into an ODE problem, namely the one given

by the characteristic equations of (120-121).
(c) We can reduce the number of unknowns from three to one.

We can now proceed to analyze equation (120-121). Three cases must be distinguished:

I. Case \(z) =0

It is relatively frequent, as we shall see in the examples section, that (ug(z), vo(z), wo(x))
are such that A\(z) in (120-121) vanishes at every point of the domain of interest. In such case

the characteristic equations of (120) are:

Up — Yo Wo — U Vo — Wo

Obviously, we need two constants of motion of (122) in order to have the general solution
of (120-121). It is not difficult to verify that two such constants can be chosen as [;(x) =
x1 + xo + x3 and Iz(z) = D(x), where D(x) is a Casimir invariant of the known solution

(uo(x),vo(z), wo(x)). Accordingly, the general solution of (120-121) now is:

§(x) = V(1 + 22 + 23, D(2)) (123)
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where ¥ is an arbitrary smooth function of its two real arguments. Therefore we have arrived

to the following new family of solutions of (119):

(u(z), v(@), w(z)) =
(uo(z) + W (11(2), I2(2)), vo(z) + W(I1(2), I2(2)), wo(z) + W ([1(2), I2(2)))

We can now consider the second possibility.

II. Case \(z) # 0, with invertible I,(x) and Iy(z)

This time the characteristic equations are:

da:l dxg dxg . %

(124)

up —vo  Wo— Uy Vo —wp  AE

We need three constants of motion of (124) in order to find the general integral of (120-121).
However, the two constants known from Case I, i.e. I1(z) = 1 + 22 + x3 and Iz2(x) = D(z)
(where D(z) is a Casimir invariant of the known solution (ug(z),vo(x), wo(z)) being used) are
also first integrals of (124). The third constant of motion required is then evident and takes
the form of a quadrature: Assuming that the standard invertibility conditions (see Theorem
1.4.2.1) arise for I;(x) and Iz(z), it will be possible to make use of both invariants and express

two independent variables in terms of the remaining one, I; and I». For instance:
Ty = a(z1, 1, I2) , w3 = [(21, 11, 12) (125)

Then it is immediate to write:

d Ad
d¢ — 1 _ v(xy, Iy, Is)dzy
13 Uy — Vo

After integration we finally obtain the third constant of motion:

§

I3(x) = h(zy, [ (z), I2(z))

where
h(z1,z2,23) = exp </ V(l‘l,SUQ,CCg)d:El) (126)
Consequently, from (126) we arrive at the following general integral for £ in the case A # 0:

§ _
(xl,Il(fv),Iz(z))) -

where ® is an arbitrary smooth function of its three real arguments.

We finally have:

q) (Il(ﬂj),lg(a?), h
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III. Case \(z) # 0, with non-invertible I,(x) and Iy(z)

It may still happen that the usual invertibility conditions are not satisfied for I;(z) and
I>(z), i.e. it is not possible to determine equations of the form (125). In this case it is
still feasible to easily construct infinite families of solutions from a given one. As usual,
(up(z),vo(z), wo(x)) denote the known solution, corresponding to a structure matrix J(x). It
is well-known that after a smooth change of variables y = y(z) a structure matrix J(x) is

transformed into another structure matrix J*(y) according to the rule (30):

3

i Dy 9j . .

Tiw) = 2. gprda@gt . 65 =12.3 (127)
k=1

In principle, the change of variables (127) needs not be globally defined on the domain of
interest for what is to follow. However, for the sake of simplicity the global character of the
transformation shall be assumed. In the case of a change of variables restricted to a subdomain
the procedure described below is not affected, the only difference being that we would arrive
at new families of solutions of the Jacobi equations defined on that subdomain of the initial
domain of definition.

Therefore, a new system of coordinates in which (120-121) can be solved for J*(y) is to
be introduced. This is very simple to do, but obviously there is not a unique choice. For

instance, a straightforward possibility is the Darboux canonical form of matrix J(z), i.e.

0 10
T () =Ippa=| -1 0 0 (128)
0 00

According to (118) and (127), in the case of the choice (128) we are mapping the functions

(up(z), vo(z), wo(x)) into
(uo(y), vo (), wo(y)) = (Ji2(y), J51(y), J33(y)) = (1,0,0)

Notice that equations (120-121) become trivial for (128) because in the Darboux form we
are in Case I, actually. Then, the general solution of (120-121) for matrix (128) is {(y) =

U(y1 + y2 + y3,y3). In this way we have arrived to the family of solutions:

(u™(y), v™ (), w*(y)) = (ug(y), vo(y) wo(y)) + ¥(yr +y2 + y3, 43) (1, 1,1) =

(1,0,0) + ¥(y1 + y2 +y3,y3)(1,1,1) (129)
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in evident notation. Then we can make use of (127) and transform back the solution family

(u*(y), v*(y), w*(y)) in (129) into the original coordinates x. We thus arrive at:

(u(z), v(@), w(x)) = (uo(2), vo(2), wo(x))+

V(y1(z) + y2(z) + y3(2), y3(2)) (Q12(), @s1(2), Q23(7)) (130)
where 5
oy Oz;  Oz; o
@ij (@) k%:jl oy oy 0 Y b3

with the aj; being the entries of

This completes the procedure of Case III. Of course, the whole method remains entirely
identical in the case of choices different from (128).

The result just described in Case III is interesting for several reasons:

(a) The first one is that we are producing solutions such that the terms added to ug, v and
wp in (130) now are not one and the same due to the presence of the functions Q;;.
Clearly this is due to the fact that we are making a previous transformation of variables.
Therefore the procedure allows determining solutions which are not only those of the
form (ug + &, vo + &, wo + &), actually. In other words, we see that the method is in fact
more general that it seemed in principle, leading to more general families of solutions

than those originally expected.

(b) The second one is that the procedure described in Case III is, in fact, also applicable
to Cases I and II, because the verification of condition (125) is not essential for the
introduction of a new coordinate system. Therefore the generality of the method, as
considered in the previous item, applies to the three Cases I to III and is an intrinsic

feature of this approach to the construction of solutions.

2.5.2. Case-by-case examples

We can now proceed to see some examples illustrating each of the three possibilities pre-

viously analyzed.
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Example 1. Constant structure matrices

Constant structure matrices are, in spite of their simplicity, ubiquitous in very diverse
problems [101,102,103,142], one important example being the Darboux representation of 3-
d Poisson structures. Obviously, every constant 3-d skew-symmetric matrix is a structure
matrix. Therefore, let (ug, v, wp) be constants, not all equal to zero. We then have A = 0 in

(120-121). Two cases must be distinguished:

(i) uo = vo =wp # 0. In this situation equation (120-121) becomes trivial and every smooth

&(x) is a solution.

(i) wp, vo and wy are not equal. This is the generic case. According to (123) we only need
to find a Casimir invariant of (ug, vo, wp). It is straightforward to check that one choice

is D(z) = woz1 + vox2 + upzs. Consequently we arrive at the family of solutions:
(u,v,w) = (up, vo, wo) + V(21 + @2 + T3, wor1 + voT2 + uox3)(1,1,1)

in evident notation, with ¥ arbitrary and smooth. Notice that I1(x) = 21 4+ z2 + x3 and
I(z) = wor1 + vox2 + upxrs are independent when wug, vo and wy are not equal, as we

are now assuming by hypothesis.

Thus starting from a simple, constant solution we have arrived to a nonconstant family of

solutions just by finding one Casimir invariant.

Example 2. Lie-Poisson so(3) and Hamiltonian ray optics Poisson structures

Another important Poisson structure is given by the Lie-Poisson bracket associated with
the Lie algebra so(3), namely (ug,vo,wo) = (x3,x2,z1). For instance, see [114,139,162]. In

this case we again have A = 0, and the resulting PDE (120-121) is:
(3 — 22)01€ + (w1 — 23)028 + (22 — 1)036 = 0

It is well-known that a Casimir invariant of this Poisson structure is D(x) = x? + x3 + 3.
The general solution is then & = ¥(xq + z2 + x3, 2% + 23 + 2%). Therefore we have arrived to
the family:

(U, v, ’LU) = (1’3, X2, 1'1) + \IJ(‘Tl + T2 + €3, CL'% + ':L‘% + 113%)(1, ]-a 1)
Consequently, the Lie-Poisson so(3) structure can now be seen as a particular case of a wider

set.
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Many other 3-d Poisson structures of the Lie-Poisson kind can also be generalized in a very
similar way. For instance, we can consider the Hamiltonian ray optics structure [93] given by
(uo,vo, wo) = (4x3, —2x1, —2x2). In this case we again have A = 0. The Casimir invariant is

D(z) = z1m2 — 2% and consequently we arrive at the family of solutions:
(u,v,w) = (das, —2x1, —2x2) + U(x1 + 29 + 3,122 — 235)(1,1,1)

Therefore the treatment is completely similar to that of so(3), as anticipated.

Example 3. Kermack-McKendrick model Poisson structure

We now take as our starting point the Kermack-McKendrick structure matrix [63,135]
given by (ug,vo, wo) = (—=bx1z2,0, —axz), with a and b real constants. In this case A is not

identically zero, and system (120-121) becomes:
—br1w201€ + (bx129 — Ax2)02€ + ax203E = [b(x1 — z2) — al€ (131)

Of course we know a first invariant I;(x) = x1 + x2 + 3, and a second one which is given by
a Casimir function of (ug,vo, wp). This is easily found to be Iz(z) = D(z) = x3 + (a/b) Inz;.
Therefore we only need the third invariant I3 in order to have the general integral of (131).
We can first make use of I; and I to find relationships of the type (125). In our case, after

some algebra we obtain:
b
1 = exp (a(Ig — x3)> (132)
b
9 = Il — I3 — eXp <a(12 — l‘g)) (133)

Substituting (132-133) in the characteristic equations we arrive at:

b
¢ bz — x9) — a brs — bl —a + 2bexp (a(IQ — x3)>
- = 3 =

b
¢ ar2 al; — ax3 — aexp ((_[2 - :vg))
a
Integrating (134) and simplifying we can set:
b
Iy(z) = = exp (”““3)
xI9 a
Therefore the general integral of equation (131) is
b
b |21 + 22 + x3, 23 + (2) lnxl,éexp (m)] =0 (135)
b T9 a
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with & an arbitrary smooth function of three variables. In spite of its seeming complexity,
equation (135) contains families of very simple solutions. As an example of this assertion, it
is straightforward to verify that, for instance, the solution {(z) = kzix2, k € R, belongs to

the general integral (135).

Example 4. Lotka-Volterra and Quasi-Polynomial Poisson structures

As a final example we consider the LV [63,136,142,143,144,145,146] and QP [83,86] struc-

ture matrices of the form

(uo, vo, wo) = (@1221%2, 317123, A23T223) (136)

where the a;; are real constants for all 7, j, and x; > 0 for all ¢ (i.e. the domain of definition
of these structure matrices is the interior of the positive orthant, namely Ri) For the sake of
conciseness, we shall consider here the generic case in which none of the a;; is zero. It is then

easy to check that
A = (az1 — a12)w1 + (a12 — ag3)w2 + (a3 — az)r3 (137)

does not vanish in general. Therefore we have to make use of the two invariants, namely
Iy = x1 + 2 + z3 and the Casimir I, = z7*25* 25" and find two relationships of the form
(125). Clearly this is not possible in this case, as anticipated in Subsection 2.5.1. Consequently
we have to apply the procedure of Case III. For this we shall perform a suitable change of
variables which is diffeomorphic and globally defined in the interior of the positive orthant
of R3: we define (y1,%2,%3) = (:):f{‘,:ng ,23). According to equation (127) it is not difficult
to show that always there exist suitable values of «, # and 7 such that (ug(y), v§(y), w§(y))
become either (y1y2, y1y3, Y2y3) or (—y1y2, —y1Y3, —y2y3). In both cases, equation (137) is still
applicable in the new variables and now we do have A(y) = 0. Therefore in the variables
(y1,y2,y3) we are in Case I of Subsection 2.5.1 and we are thus led to the general solution

E(y) = V(y1 + y2 + Y3, y192y3), with arbitrary smooth W. If we now transform back these

results into the original variables (x1,x2,x3) we arrive at the family of solutions given by:
(u, v, w) = (127122, a317173, A23T2T3)+
B B l-a, 1-08 l—a, 1— 1-8,_1—
V(2] + o + 23, 27 2523) (a122 "2y " aziry "y azry g ) (138)

As suggested in Subsection 2.5.1 (Case III) the derivation of solutions taking (136) as

starting point and making use of the Darboux canonical form (128) is another possible line
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of action. Here it has been preferred the use of a different choice in order to emphasize the
multiplicity of suitable possibilities for the determination of new solutions. However, the use
of the Darboux canonical form is an equally good and simple alternative in this case. It will
be omitted here for the sake of brevity, although it is straightforward in the present example
(see [85] for the algorithm of global reduction of the structure matrices (136) to the Darboux
form). It is worth recalling that the solutions found in the case of the Darboux reduction are, of
course, different from (138) since the multiplicity of choices obviously reflects the multiplicity

of solutions that can be determined in this way.

2.5.3. Some remarks

We have described a method according to which the knowledge of one solution of the
Jacobi equations greatly simplifies the procedure of determining additional solutions in the

3-d case. In particular, this is possible due to two main reasons:

(i) Knowledge of a given solution allows reformulating the problem into a linear one (as it
can be verified without difficulty, this property only holds in dimension 3). This is not
the first time that such kind of simplification is presented in the literature regarding 3-d
Poisson systems [55,66,81]. However, relevant advantages of the present method when

compared to [55,66,81] are that:

(a) Now we operate directly on the Poisson structure independently of the form of the

Hamiltonian, while in [55,66,81] an specific Hamiltonian is to be assumed.

(b) The present method produces in a straightforward way a large number of new
solution families. In this sense, it seems to be more effective and simpler to apply

than [55,66,81].

(i) The second is that the use of a known solution as starting point allows reducing the
number of unknowns from three to one. Again, this type of reduction in the number of
unknowns is not new in the field, a good example being the so called conformal invariance
of the solutions of the 3-d Jacobi equations [63], which is a property equivalent to the
preservation of the Poisson structure after an arbitrary NTT. However, the quantity
and richness of solutions produced by the method described in the previous subsections
is remarkable when compared to the single, multiplicative family of solutions that the

conformal invariance generates.
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Therefore the present approach can be regarded quite naturally in the framework of the
analysis of the Jacobi identities. However, it is the simultaneous combination of the two
previous properties in the present method what actually makes it fruitful and simple to apply
for the determination of solutions.

There are some additional comments of interest in connection with the procedure developed
in this section, and more precisely with its possible generalization. An evident question in this
sense is the possible extension of additive ansatzs to dimensions higher than 3. This issue is
not considered here for the sake of conciseness, but an examination of the problem suggests
that the powerful advantages found in the 3-d case are not present in higher dimensions,
in which the associated equations are significantly more complicated. Nevertheless, there is
another possible and natural line of research (just mentioned) that provides a logical extension
of the present one, which is the use of a multiplicative (instead of an additive) ansatz. In such
case we find an evident connection with the operation of time reparametrization discussed in
Subsections 1.2.4 and 1.4.3, and systematically applied throughout the present chapter. In this
sense, the interest is twofold: not only as an alternative procedure for the idea of constructing
an infinity of solutions from a known one, but also as an operation of great interest for the
global determination of the Darboux canonical form. The advance in this direction will be

the purpose of Section 4.7, already in the general n-d framework.
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2.6. A PERSPECTIVE OF THE THREE-DIMENSIONAL SOLUTIONS
CONSIDERED

We can now present some unifying perspectives regarding the different 3-d results obtained.

Among the many features that might be emphasized, for what is to come in future chapters
it is important to stress now an issue common to all the Darboux reductions presented, namely
the fact that a concluding NTT is always applicable. Of course, at this stage it is not clear
why this should be the case. In fact, in Chapter 4 we shall analyze some n-d families in
which a mere diffeomorphism suffices for a global reduction to the Darboux canonical form.
On the other hand, along the present chapter a combination of diffeomorphism and time
reparametrization was always possible. In fact, it is evident that in the 2-d case only an NTT
(without diffeomorphism) suffices in order to achieve the global Darboux reduction. Needless
to say, all the previous possibilities are in complete agreement with the criteria for system
equivalence presented in Subsection 1.4.3. These issues will be progressively investigated in
the following chapters.

In addition, in Section 2.5 the method based on the use of an additive ansatz has been
presented. It might seem that this line of analysis has no relationship with the construction
of global Darboux reductions. As indicated in the previous subsection, this is not the case, at
least on a conceptual level. In fact, this kind of strategy will be of fundamental importance
for such reductions, since the idea of constructing an infinite family of solutions from a known
one can (and will) be directly applied in the framework of NTTs, and consequently in the
investigation of an essential aspect of Darboux reductions, in the general n-d case. This point
of view, already examined in the discussion provided in Subsection 2.5.3, will be developed
and should become apparent in Chapter 4.

Before proceeding to the study of the general n-d problem, in Chapter 3 we shall still
focus on dimensionally specific problems, this time with n = 4. The investigation of the n-d

situation will be the goal of Chapter 4.
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CHAPTER 3.

FOUR-DIMENSIONAL SOLUTIONS

3.1. INTRODUCTION

The 3-d results investigated in Chapter 2 are to be complemented in the 4-d context in
the present chapter. There are several reasons accounting for the convenience of extending
the 3-d analysis of Chapter 2 with a detailed study of a 4-d solution family.

The first of such reasons is that in the 4-d case there is a wider dynamical freedom from the
point of view of the symplectic structure of the phase space. This will confirm some interesting
aspects (already reported in the framework of the cyclic families of both types I and II) related
to the need of a case classification for the global Darboux reductions. This issue has some
relevant implications, already mentioned in the 3-d context, and it will be reexamined in the
4-d framework in Subsection 3.2.4.

In second term, we already know that the applied use of solutions of the Jacobi equations
has focused mostly in the 3-d case, also with a significant (but numerically less important)
sample of applied Poisson structures in the 4-d domain, while the instances in dimensions 5 and
higher become progressively less frequent. Therefore, a detailed consideration of a 4-d solution
family can provide significant complementary elements allowing a better understanding of the
features reported in dimension 3. As it will be clear in Chapter 4, the analysis of solutions in
dimensions 3 and 4 provides the background required for the general investigation in arbitrary
dimension n, which is the purpose of such chapter.

The structure of the present chapter includes two additional sections, namely Section 3.2
in which the 4-d family is characterized and analyzed in full detail [77], followed by Section 3.3

which is oriented towards the discussion and the conceptual analysis of the results obtained.
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3.2. A FOUR-DIMENSIONAL FAMILY

The structure of this section is the following. In Subsection 3.2.1 the main theorem giving
the characterization of the 4-d solution family is provided. This is the basis for the analysis
presented in Subsection 3.2.2, in which the different possible complete sets of independent
Casimir invariants are classified, together with the subsequent global reductions to the Dar-
boux canonical form. Some instances are the subject of Subsection 3.2.3. The section is

concluded with some final remarks in Subsection 3.2.4.

3.2.1. Characterization of the family

We begin this paragraph with one of the main results of the chapter:

Theorem 3.2.1.1. Consider the family of functions of the form
4
Jij(w) = oign(x)i(:);(z;) Z cijmdi(x) , 5 =1,...,4 (139)

defined in a domain Q C R*, where €ijki denotes the Levi-Civita symbol and such that:

(a) Constants 0,5 € R are defined for every pair (i,7), i # j.

(b) oij = 0j; for every pair (i,7), i # j.

(c) oij # 0 for at least one pair (i,j), i # j.

(d) n(x), Yi(z;) and ¢i(x;) are C°(Q) functions of their respective arguments for every i.
(e) n(z) and ¥;i(x;) are nonvanishing in Q for every i.

(f) The differences (¢i(zi) — ¢j(x;)) are nonvanishing in Q@ for every pair (i,7), i # j.

Then the set of functions Jij(x) defined in (139) constitutes in Q a skew-symmetric solution
of the four-dimensional Jacobi identities

4
Z(Jilaljjk + JudJij + Jjpoidki) =0, 4,5,k=1,...,4 (140)
=1

and therefore J = (J;j) is a four-dimensional structure matriz in Q, if and only if:

012034 = 013024 = 014023 (141)
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Proof. Consider first functions (139) in the case n = 1. Substitution of (139) in equation

(140) of indexes (4, j, k) leads after some algebra to:

S (Jady ik + IO Jij + Jj01 ) =
VitV Som o159t L (Ti T jkEijrira€iksr sy + ThjOijEhjrira€ijorsa) (D505) bry by +
(CkiCij€kirira€ijsiss + OjiOki€jiriro€kisyss) (0ii) ProDso+
(OikO jk€ikriro€jksiso + OjkOki€jkrroEkisyso) (OkWUk) Dro syt
(CisyOjkCisarirs€iksisa T OksyTij€hsyrira€ijsisy T TjsyOki€isariraChisysy)Vso Pry(OsyPsy) } =

OIS SR (Y R RN e N e LRI
(142)
where the § symbol denotes the generalized Kronecker delta according to its standard definition
[8,59,123,157] namely: given ¢ superindexes (iy,...,%;) and ¢ subindexes (ji,...,Jq) all of
them taking values in the range (1,...,n), then 6;13‘; is defined by the properties: (a) it is
totally antisymmetric in the superindexes; (b) it is totally antisymmetric in the subindexes;
(c) if the superindexes are all different (this is, i4, # 44, if a1 # a2) and the subindexes
are a permutation of the superindexes, then 5;1 ;" takes the value +1 (respectively, —1) if
(i1,...,1¢) and (J1,...,Jq) are permutations of the same (of different) sign; (d) the value of
5; j" is zero otherwise. Consequently, it can be verified that the expression in (142) vanishes
if two of the three indexes (4,7, k) are equal. Consider then the case in which ¢, j and k are
different. If m is the integer, 1 < m < 4, such that (i, j,k,m) is a permutation of (1,2, 3,4),
we arrive at:
S (Jad T + T Ji; + JudJei) =
Vi) i Vm (Omdm) {0imTjk(dk — @) + Okm0ij (95 — ¢i) + TjmOki(Pi — d)} =

Vi) j Vi Vm (Om®dm) {(OjmOki — Okm0ij) i + (OkmTij — Tim0jk) P + (Tim0Ojk — OjmOki) Dk}
(143)

Now let p, where 0 < p < 4, be the number of functions ¢; which have constant value
everywhere in €. Taking into account hypothesis (f) of the theorem, there are five different

possibilities to be examined for equation (143):

p = 0: in this case it is straightforward that (143) vanishes if and only if (141) holds.
p =1: the analysis and the result are similar to those of the case p = 0.

p = 2 : assume without loss of generality that ¢, and ¢,, are constant in () while ¢; and ¢;

are not. Then expression (143) vanishes if and only if:
TimOjk — OjmOik = (Tim0jk — ijOkm) Ok + (04j0km — Cim0jk)Pm = 0
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Given that ¢ # ¢m, these equations are equivalent to (141).

p = 3 : suppose without loss of generality that ¢;, ¢; and ¢, are constant in 2, while ¢,, is

not. Then expression (143) is equal to zero if and only if:
{(0jmoki — Okm0ij)9i + (Okmij — Oim0jk) D5 + (Tim0jk — TjmOki) Pk} OmPm = 0

Taking into account that 0,,¢,, does not vanish everywhere in 2, and that ¢;, ¢; and
¢ are arbitrary (as far as hypothesis (f) of the theorem is respected) the outcome is

again that (141) is necessary and sufficient for the vanishing of (143).

p =4 : equations (143) vanish because Oy, ¢, = 0 for all possible values of m. This is to be

expected because in this case we are dealing with a separable Poisson structure [85].

Then conditions (141) are necessary and sufficient for the vanishing of (143) when 0 < p < 3.
For p = 4 expression (143) is always zero. This concludes the analysis of the case n = 1.

Let us now turn to the general form (139) of the solution, namely to general 1. To analyze
this case, consider an arbitrary four-dimensional skew-symmetric solution J;;(z) of the Jacobi
equations. If such solution is multiplied by a C*°(€2) function n(z) the resulting set of functions

A

Jij(x) = n(x)Jij(x) will be a skew-symmetric solution of (140) if and only if n verifies:
(JimJjk + Jemdij + Jjm ki) Omn =0 (144)

where again (i, j, k, m) denotes every permutation of (1,2,3,4). We now apply condition (144)
to the functions J;; in (139) for which 7 = 1, just considered in the first part of this proof. It

can thus be seen that:

JimJ it + JkmJij + Jjm I = (145)
4 ik i )
VithjVkbm D g v s=1 PaPs {O'imajk5fm;‘z + 0ijTkmOpmpg T Ujmaki5f£§§q}

To evaluate this expression, consider first the cases 0 < p < 3, which are verified if and only

if (141) is valid. In such situations equation (145) becomes
JimJji + JkmJij + JjmJIei =
BB R Tim it S et as { Oy & Oy + 0817 b =0
and the result is proved. For the remaining case p = 4 it can be seen after some algebra that

(145) amounts to:

JimJjk + JemJij + Jim ki = ©ivjpm {(Cim0jk — Ojm0oki) (Pid; + drpdm)+
(0ijTkm — Oim0jk) (P + Gjdm) + (OjmOki — 0ijOkm)(PiPm + jdk)}

(146)
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This expression must vanish everywhere in € if (139) is to be a solution for arbitrary n in this
case. Since p = 4 (namely all ¢; are constant in Q) then hypothesis (f) implies that there are
two possibilities: either ¢; £ 0 for every i = 1,...,4; or ¢; = 0 for just one value of i. It can
be shown in both situations that (146) vanishes if and only if (141) is verified. Consequently,
the inclusion of function 7 implies that conditions (141) are also necessary and sufficient in

the case p = 4. This completes the proof of Theorem 3.2.1.1. Q.E.D.

Therefore the family of Poisson structures just characterized has the matrix form

0 o120192(Ps — ¢3)  0130193(P2 — Pa)  014P1Pa(P3 — P2)

7 o12¢192(¢3 — ¢4) 0 0232Y3(Ps — P1)  o2P2pa(P1 — ¢3)
0130193(Pa — ¢2)  023Y293(P1 — Pa) 0 0349304(P2 — ¢1)
o1ap19a(P2 — ¢3)  0212a(ds — ¢1)  T343Ya(d1 — P2) 0

(147)

where additionally 012034 = 013094 = 0140923. For what is to follow, the next definition will

be necessary:

Definition 3.2.1.2.  For every domain Q@ C R*, the set of structure matrices defined in €

and of the kind (139) characterized in Theorem 3.2.1.1 will be denoted ©(12).

To provide the basis for the analysis of the symplectic structure and Darboux reduction
in Subsection 3.2.2, and also in order to complete the description of these Poisson structures,

the following result is important:

Proposition 3.2.1.3. Let Q C R* be a domain, then every structure matriz J € ©(Q) has

constant rank of value 2 everywhere in Q.

Proof. The determinant of 7 in (147) is
| T |= 0(1¢2t310a)?[(014023 — 013024) ($102 + d3pa)+
(012031 — 014023) (9103 + P204) + (013024 — 012034) (P10 + d23)]?

Due to identities (141) we obtain that | J |= 0. Therefore the rank cannot be 4, but only 2
or 0. The fact that the rank is 2 everywhere in  is implied by conditions (c), (e) and (f) of
Theorem 3.2.1.1. Q.E.D.
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Proposition 3.2.1.3 provides the basis for the explicit and global determination of the
symplectic structure and Darboux reduction of these Poisson structures. This is the purpose

of the next subsection.

3.2.2. Casimir invariants and global Darboux analysis

Before developing the main issues of this subsection it is convenient to recall a known
definition (see Subsection 1.2.4) that will be needed for their establishment. For this reason,

as we did in Chapter 2, now a definition specifically adapted for the present chapter is provided:

Definition 3.2.2.1. Let Q C R?* be a domain. A reparametrization of time is defined as a

transformation of the form

1
dr = mdt (148)

where t is the initial time variable, T is the new time and n(zx) : @ — R is a C*°(Q) function

which does not vanish in Q.

Recall that the sense of this definition is the following: let

dx
~ _ 7.VH 14
dt J-V (149)

be an arbitrary four-dimensional Poisson system defined in a domain © C R*. Then, every

reparametrization of time of the form (148) leads from (149) to the differential system:

d
ﬁ =nJ -VH (150)

Note however that such transformation often destroys the Poisson structure for systems of
dimension higher than three [63,70], because for a given [J which is a structure matrix, n.J is
not necessarily a solution of (24-25) as it has been discussed in the proof of Theorem 3.2.1.1
in connection with the four-dimensional case.

The main purpose of this subsection is the investigation of the symplectic structure of
family ©(£2). The central result in this sense corresponds to the next theorem, for which
the proof is constructive and completely classifies the different cases arising in the explicit
determination of the Casimir invariants and the global reduction to the Darboux canonical

form for the members of O(2):
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Theorem 3.2.2.2. For every four-dimensional Poisson system

dx
&= I VH@)

defined in a domain Q C R* and such that J € ©(Q), both a complete set of independent
Casimir invariants as well as the reduction to the Darboux canonical form, can be globally

constructed in Q.
Proof. The proof begins with an auxiliary result:

Lemma 3.2.2.3. Let Q C R* be a domain, then every J € ©() can be transformed into
a structure matric J* defined in a domain Q*, of rank constant and equal to 2 in Q* and

components of the form
4
Jij(y) = oign*( Z i), hi=1,...,4 (151)

Moreover, J* is obtained through the change of variables globally diffeomorphic in €2

dl’i
Vi)
and Q* = y(Q) is the diffeomorphic image of Q through transformation (152).

Proof of Lemma 3.2.2.3. Recall that after a general smooth coordinate change y = y(x),
a given structure matrix J(x) is transformed into another one J*(y) according to the rule
(30). The use of (30) with transformation (152) on J leads to (151) with n*(y) = n(z(y))
and ¢;(y) = ¢i(z(y)) for i = 1,...,4. The fact that the rank of (151) is constant and of
value 2 everywhere in Q* is a direct consequence of Proposition 3.2.1.3 and identity (30).
Transformation (152) is a global diffeomorphism as a consequence that both y;(z;) and its
inverse z;(y;) are differentiable for every ¢ = 1,...,4, and in addition y}(x;) # 0 and z}(y;) # 0
everywhere. Q.E.D.

The structure matrix (151) will be the starting point for the rest of the proof. Now two

complementary cases are to be distinguished:

CASE I: 0;; # 0 for all pairs (i,7), i # j. The analysis of this case must begin with a

definition and some preliminary results:
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Definition 3.2.2.4. Given a domain Q C R*, a structure matriz belonging to ©(Q)

is said to be o-positive if all its constants o;; can be chosen to be positive, where i,j =

1,....,4andi+#j.

The previous definition leads to:

Lemma 3.2.2.5. Let Q C R* be a domain, and let J € ©(Q) be a structure matriz for
which o5 # 0 for every pair i # j, where i, = 1,...,4. Then J is o-positive and can

be expressed in terms of the set of constants G;; =||04j|| for i, =1,...,4, with i # j.

Proof of Lemma 3.2.2.5. We define 0 = 012034 = 013024 = 014023 from now on in

this section (recall equation (141)). Four main cases can be distinguished:

Case 1: 0;; > 0 for all ¢ # j. The matrix is already in o-positive form.
Case 2: 0,5 < 0 for all i@ # j. This is reduced to Case 1 by redefining ¢;(z;) as
bi(x;) = —pi(w;) for every i.
Case 3: o > 0 with constants ;; both positive and negative. There are two subcases:
Case 3.1: There are two negative and four positive constants o;; with 7 < j.
Case 3.1.1: 012 < 0 and o34 < 0.
Case 3.1.2: 013 <0 and o94 < 0.
Case 3.1.3: 014 < 0 and o093 < 0.
The three subcases 3.1.x are reduced in two steps:
Step 1: redefine ¢;(x;) as ¢;(x;) = —¢i(x;) for every i.
Step 2: redefine v;(x;) as ¢i(x;) = —i(x;) for i = 3,4 in subcase 3.1.1,
for i = 1,3 in subcase 3.1.2 and for i = 1,4 in subcase 3.1.3.
Case 3.2: There are two positive and four negative constants o;; with ¢ < j.
These are three possible cases that coincide with the ones appearing after Step
1 of items 3.1.1, 3.1.2 and 3.1.3 and therefore their reduction corresponds to

the transformations indicated in Step 2 of those three subcases.

Case 4: 0 < 0. Clearly it can be assumed without loss of generality that o2 < 0.

Then there are four possibilities:
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Case 4.1: 013 < 0 and 014 < 0. Redefining 1,21(951) = —1(x1) it is reduced to
Case 1.

Case 4.2: 013 > 0 and o014 > 0. Redefining 1/;2(1:2) = —b9(x9) it is reduced to
Case 1.

Case 4.3: 013 > 0 and o014 < 0. Redefining 1;3(.%3) = —3(x3) it is reduced to
Case 2.

Case 4.4: 013 < 0 and 014 > 0. Redefining 1,24(x4) = —y(xy4) it is reduced to
Case 2.

This completes the proof of Lemma 3.2.2.5. Q.E.D.
A result that complements the last lemma is the next one:

Lemma 3.2.2.6. For every set of positive real constants (012, 013,014,093, 024, 034) ver-
ifying conditions (141) there exists a unique set of positive real constants (o1,09,03,04)
such that the equalities 0,5 = o0 are satisfied for every pair (i,7), withi < j, 1 <1 <3,
2<j<4

Proof of Lemma 3.2.2.6. The existence of the constants ¢; can be seen on their

explicit expressions

1/2 1/2 1/2
o — (012013014>1/2 oy — (712 / o — (7913 / o — (T4 /
1=(—— 2 = 3= 4=
o ’ 013014 ’ 012014 ’ 012013

where now o > 0. To prove uniqueness, taking logarithms of equalities 0;; = 0,0, allows

reducing the problem to the investigation of the following linear system:

1 1 00 Inoqg

1 010 In oy Inois

1 0 0 1 Inos _ Inoya (153)
01 10 Inog Inoc —Inoyy

01 0 1 Inoy Inoc —Inoys

0 0 1 1 Inoc —Inos

Then the application of the Rouché-Frébenius theorem [69,168] shows that system (153)

has a unique solution for (o1, 09, 03,04) and the result is proved. Q.E.D.

127



Therefore notice that in Case I, Lemma 3.2.2.5 can be used to assume that all the o;; > 0.
Moreover, Lemma 3.2.2.6 can also be employed to write 0;; = 0;0; in every case. Then

from (151) we have the following type of Poisson matrix:

4
T5(y) = oioin™(y) D eimdi () o di=1,....,4 (154)
k=1
with o; > 0 for i = 1,...,4. We can now state:

Lemma 3.2.2.7. For a domain Q C R*, assume that J € ©(S) is equivalent after
transformation (152) to a structure matriz J* of the form (154) defined in y(Q2) = Q* C
R* and such that o; > 0 for i =1,...,4. Then a complete set of independent Casimir

invariants of such structure matriz J* which are globally defined in Q* is given by:
g Y g Y

D1 (y) = 020304y1 + 010304Y2 + 010204Y3 + 010203y (155)
[ dilyi)

D = S dy; 156

2(y) = 01020304 ;_1/ i (156)

Proof of Lemma 3.2.2.7. The result is obtained as an application of the Pfaffian
method (see Appendix 1). The simplest proof, however, consists in the direct verification

of the identities J*(y) - VyD;(y) = 0 for i = 1,2 in (155-156). Q.E.D.

We can then proceed to the reduction to the Darboux canonical form in Case 1. For this,
consider the following change of variables globally defined in Q2*:

(

21 = W
z =
2 Yo (157)
z3 = Di(y)
z4 = Da(y)

where D;(y) and Dy(y) are those in (155) and (156). Transformation (157) is everywhere
differentiable and invertible, since (y1,y2, D1(y), D2(y)) are functionally independent in

)* because their Jacobian determinant never vanishes in Q*. If in addition we assume
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that (157) is one-to-one in *, then such change of variables is a global diffeomorphism.

When the transformation rule (30) is applied for (157) to matrix (154) the result is:

L

[an}
o o o O
o o o O

which is defined in Q** = z(Q2*), and where n**(2) = o1020*(y(2)) [} (y(2)) — D3 (y(2))].
To conclude, the reduction to the Darboux canonical form is achieved making use of
Definition 3.2.2.1 to perform a time reparametrization of the form (148), namely dr =
n**(z)dt, where 7 is the new time and n**(2) is clearly nonvanishing in Q** and C'*°(Q**).
According to (149) and (150) the result is a new Poisson system with Darboux-type

structure matrix:

0 1 0 0
-1 0 0 0

Ipjaz = 0 000 (158)
0 00O

The reduction is thus globally completed in Case I.

CASE II: 0;; =0 for some pair (i, ), i # j. Again matrix (151) is our starting point. Now
notice that ¢ = 0 and as a consequence of conditions (141) we actually have o;; = 0 for
at least three of the six pairs (i,7), with i < j, 1 <7 <3, 2 < j < 4. This leads to eight

possible subcases:

{({II[.LAl:014 =094 =034=0), (II.A2:013 =013 =014 =0),

II.A.320'12:0'23:0'24:0, II.A.4IO’13:O'23:O'34:0,

) (
), ( (159)
II.B.1:0132014:U34:0)> (
), (

( )
( )
( I1.B.2: 019 = 013 = 093 = 0),
( )

II.B3:013=014=094=0), (I[.B4:033=094=03,=0)}

As it can be seen, these subcases are grouped in two different four-member sets (II.A
and I1.B). The four members of each set present analogous symplectic structures and

similar reduction procedures to Darboux form. Let us start with the II.A possibilities:

Lemma 3.2.2.8. For a domain Q C R*, assume that J € O(Q) is equivalent after
transformation (152) to a structure matriz J* of the form (151) defined in y(2) = Q* C
R* and corresponding to one of the subcases IL.A.1 to ILA.J in (159). Then a complete
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set of independent Casimir invariants of such structure matriz J* which are globally

defined in * 1is, respectively:

IT1.A1: Dl(y): Yq

Ds(y) = 023/¢1(Z/1)dy1 +013/¢2(y2)dy2 +012/¢3(y3)dy3 -
(023y1 + 013Y2 + 012Y3) D (y4)
I1.A2: Di(y)=
Da(y) = 0'34/¢2(y2)dy2 +0’24/¢3(y3)dy3 +023/¢4(y4)dy4 -
(034y2 + 024y3 + 023y4) P1 (Y1)
I1.A3: Di(y)= yo
Ds(y) = U34/¢1(y1)dy1 +014/¢3(y3)dy3 + 013/¢4(@/4)dy4 -
(03491 + 014Y3 + 013Y4) P2(y2)
IT.A4: Di(y)= uys
Da(y) = 024/¢1(y1)dy1 +014/¢2(?/2)dy2 + 012/¢4(y4)dy4 -

(024y1 + 014y2 + 012y4) P3(y3)

Proof of Lemma 3.2.2.8. It is similar to the one of Lemma 3.2.2.7. Q.E.D.

We carry out now the reduction to the Darboux canonical form for subcase II.A. For the
sake of conciseness this will be done for the first possibility II.A.1, since the procedure
is entirely analogous for the remaining situations II.A.2 to II.A.4. Thus for II.A.1 the

following change of variables globally defined in Q* is defined:

(

v = U1
’U pr
2 Y2 (160)
v = Da(y)
va = Di(y)

where D;(y) and Dy(y) are those in Lemma 3.2.2.8 for subcase II.A.1 and according
to hypothesis (c) of Theorem 3.2.1.1 it is assumed o192 # 0 without loss of generality.

Now we see that transformation (160) is everywhere differentiable and invertible, since
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(y1,y2, D1(y), D2(y)) are functionally independent in Q* because their Jacobian determi-
nant never vanishes in Q*. Additionally, if we assume that (160) is one-to-one in 2*, then
the change of variables is a global diffeomorphism. Applying (30) and (160) to such struc-
ture matrix it is again obtained a structure matrix of the form J**(v) = n**(v)JTpp 2
defined in v(2*), where now 7™ (v) = o127*(y(v))[¢1(y(v)) — #3(y(v))] and Tpp g is
given in (158). The reduction is concluded by means of a time reparametrization (148)
of the form dr = n**(v)dt, where n**(v) is nonvanishing in v(2*) and C*°(v(2*)). The
result is thus a new Poisson system with structure matrix (158) and the reduction is

globally completed.

Consider next subcases II.B in (159). For each of them both generic and nongeneric

possibilities must be distinguished, according to the following definition:

Definition 3.2.2.9. Given a structure matriz of the kind (151) characterized in
Lemma 3.2.2.3 and corresponding to one of the subcases II.B.1 to I1.B.4 in (159), such
structure matriz will be called generic if only three of the six constants o;; vanish, for
i<j,1<1i<3,2<j <4, while if four or five of such constants are zero the same

type of structure matrices will be termed nongeneric.

Obviously the case in which all constants o;; vanish is excluded due to condition (c) of
Theorem 3.2.1.1. Now the generic I1.B subcases will be treated first. For them we have

the following result:

Lemma 3.2.2.10. For a domain Q C R*, assume that J € () is equivalent after
transformation (152) to a structure matriz J* of the form (151) defined in y(Q2) = Q* C
R* and corresponding to one of the generic subcases I.B.1 to II.B.4 in (159). Then a
complete set of independent Casimir invariants of such structure matriz J* which are

globally defined in Q* is, respectively:

I1I.B.1: Di(y 023024Y1 + 012024Y3 + 012023Y4

(y) =

(y) = 023024/¢1(y1)dy1 +012024/¢3(y3)dy3+012023/¢4(y4)dy4
[1.B2: Di(y) =

(y) =

)

2

024034Y1 + 014034Y2 + 014024Y3

-

2(y 024034/¢1(y1)dy1 +014034/¢2(y2)dy2+U14024/¢3(y3)dy3
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I1.B.3: Di(y) = 023034Y1 + 013034Y2 + 0130234

(y)

Dy(y) = 023034/¢1(y1)dy1 +U13034/¢2(y2)dy2+a13023/¢4(y4)dy4
(y)
(y)

I1I.B4: Di(y) = 013014Y2 + 012014Y3 + 012013V

= 013014/¢2(yz)dy2+012014/¢3(y3)dy3+01za13/¢4(y4)dy4

Proof of Lemma 3.2.2.10. It is similar to the one of Lemma 3.2.2.7. Q.E.D.

Regarding the reduction to the Darboux canonical form for the generic II.B subcases,
possibility I1.B.1 will be the only one explicitly considered, since again the procedure is
completely analogous for the other cases I11.B.2 to II.B.4. Then for II.B.1 (generic) the

transformation globally defined in Q* to be performed is:

wy = U1
w fry
2 Y2 (161)
wy = Di(y)
wy = D2(y)

where Dj(y) and Dz (y) are those in Lemma 3.2.2.10 for I1.B.1. Once (161) is defined,
the rest of aspects and procedures of the reduction for the generic I1.B.1 case are entirely

similar to those of subcase II.A.1.

The only remaining situations are the nongeneric II.B subcases. The results to be
presented are completely analogous for the four possibilities I1.B.1 to I1.B.4, and conse-
quently we shall only deal explicitly with II.B.1 for the sake of brevity. For this, notice

that there are two possible nongeneric situations for I1.B.1:

II.B.1.a: One of (012,023, 024) vanishes. These three subcases are retrieved as particular
instances of the II.A cases already analyzed, in such a way that the complete set of
independent Casimir invariants and the reduction to the Darboux canonical form
are also obtained as particular results of the ones given for II.A. Specifically, we

may have:

e 019 = 0: Such matrix is a particular case of II.A.2 in which o34 = 0.

e 093 = 0: This is a particular case of II.A.4 with o714 = 0.
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e 094 = 0: It is a particular case of II.A.1 with o153 = 0.

II.B.1.b: Two of (012,023,024) vanish. Then the Casimir invariants are apparent and
only a time reparametrization remains in order to reduce the Poisson system to the

Darboux canonical form.

The classification is similar for the nongeneric I1.B.2 to II.B.4 possibilities. Case II is

thus concluded.

The demonstration of Theorem 3.2.2.2 is therefore complete. Q.E.D.

Thus not only the structure matrices considered but also their possible kinds of Casimir
invariants and global reductions to the Darboux canonical form are completely characterized

after the previous results. Consequently, we are now able to state:

Corollary 3.2.2.11. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider a
four-dimensional Poisson system @ = J(x) - VH(z) defined in a domain Q C R?* in which
the structure matriz J(x) is of the kind (139) characterized in Theorem 3.2.1.1. Then such
Poisson system is algebraically integrable in 2, and it can be reduced globally in Q) to a Liouville

integrable Hamiltonian system.

Once the main properties have been considered in detail, it is interesting to put in per-
spective the family just analyzed, as far as it is closely related to other Poisson structures

reported in the literature. This is the aim of the next paragraph.

3.2.3. Examples and relationship with other Poisson structures

In this subsection the relationship of the family of solutions investigated with some other
well-known Poisson structures is briefly explored. This is useful not only because the family
of form (139) characterized in Theorem 3.2.1.1 provides a generalization of other structures or
families of structures to be mentioned, but also because pointing up the intersections among
different families should be helpful for future investigations regarding the Jacobi equations.
Additionally, such illustrations provide interesting examples of the solutions analyzed through-
out the section.

Consider first the particular case of members of O(f2) for which functions n(z) and ¢;(x;)

(i =1,...,4) have constant values. The result is always a separable structure matrix (see Sec-
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tion 4.2 for a detailed description), namely a structure matrix of the form J;; = s;9; () (x;),
where the s;; are real constants that constitute the entries of a skew-symmetric matrix
S = (sij), and the 1;(x;) are nonvanishing C*°(Q2) functions. Recall that separable matri-
ces are always solutions of the Jacobi equations (24-25) independently of the dimension of
the Poisson manifold [85]. There are several interesting kinds of Poisson systems for which
separable structures are natural in general dimension n, and consequently in the specific case
of dimension n = 4. This is the case of Poisson models arising in the domain of population
dynamics (for either Lotka-Volterra systems [63,136,143,144,145,146] or generalizations of the
QP type [83,86]), plasma models [142], and systems such as the Toda and relativistic Toda
lattices [4,5,36,37,38,39,40,41]. The reader is referred to Section 4.2 for further examples and
the full details regarding issues such as the determination of the Casimir invariants and the
reduction to the Darboux canonical form for separable Poisson structures [85]. Note in ad-
dition that according to Proposition 3.2.1.3 the structures belonging to ©(2) have constant
rank of value 2 everywhere in €2, while the rank of a separable matrix is the rank of S. Then it
is interesting to remark that the particular case in which n and ¢; (i = 1,...,4) are constant
does not comprise all possible four-dimensional separable matrices but only separable struc-
tures of rank two, thus illustrating an intersection between two different families of Poisson
structures.

As a second example, consider the limit case in which the functions ¢4 (z4) = ¢a(x4) =0
are considered in (147). In the resulting structure matrix, it is clear that x4 is a Casimir
function. Then if a reduction is carried out to the symplectic leaf x4 = ¢, the outcome is the
3-d Poisson structure of matrix:

0 brehas  —ribsda
Tsa =1+ | —trhads 0 Y2tz (162)
Pripsdy  —thatsdn 0

where 7j(z1, 29, 23) = n(x1, 29, 23,¢) and ¢; = ojk¢i for i = 1,2,3, where (4,4, k) denotes an
arbitrary permutation of (1,2,3). Dropping the tildes for the sake of clarity, the resulting

structures can also be expressed as:
3

(T3a)ij (21, 2, 3) = (w1, w2, w3) i (wa) s (25) Y €ijudl(mn) , 6,5 =1,2,3 (163)
k=1

Structure matrices of the form (162-163) have been studied in detail in Chapter 2 (Section 2.2)
as well as in the literature [70], and actually they comprise as particular cases very different
Poisson matrices employed before in several domains, including the Euler top, the Kermack-

McKendrick model, certain integrable cases of the Lorenz system, population models such
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as those of LV and QP types, the Maxwell-Bloch equations, the Rabinovich system, or the
RTW interaction equations. A discussion of these particular instances as well as an analysis
of the structure matrices (162-163) including their symplectic structure, Casimir invariants
and construction of the Darboux coordinates, are present in the aforementioned reference
[70] as well as in Chapter 2. Such family is also interesting from the point of view of the
separable Poisson structures considered in the first part of this subsection, since it is evident
that three-dimensional separable structure matrices are also particular cases of (163).

It can be thus appreciated how the identification of the solutions characterized in Theo-
rem 3.2.1.1 leads to the establishment of some new links among different families of Poisson

structures.

3.2.4. Some remarks about the case classification

The case classification arising in the global construction of the Darboux canonical form
carried out in Subsection 3.2.2 is, apart from its intrinsic interest, significant in the following
sense: the mere knowledge of one possible complete set of independent Casimir invariants
globally defined, does not guarantee the construction of such canonical form. Interestingly,
even if the rank of the structure matrix remains constant and equal to 2 (as it is always the
case in the family reported in the present section) several different decompositions may arise,
as we have seen, requiring a systematic analysis in order to prove that the family can actually
be reduced globally to the Darboux form in all possible cases. This feature was already present
in some of the 3-d families examined (to be precise, in the case of the type I and II cyclic
Poisson structures) and now is reported also in dimension 4 (this time with an increasing
number of possible subcases, actually).

In a sense, such feature is quite relevant in connection with the n-dimensional structure
matrices of rank lower or equal to 2 given by equation (39) of Subsection 1.3.2. In spite
of being the general solution corresponding to the case of general n and r < 2, expression
(39) is of not practical use for our purposes, as the analysis of the present section shows, for
two different reasons: first of all, because the constancy of the rank is not guaranteed in the
structure matrices (39), which is a key condition for the applicability of Darboux’ theorem.
And, in second term, because expression (39) is defined on the basis of a single set of Casimir
invariants, on which no further assumptions are imposed. As we have seen, just one complete
set of independent Casimir invariants may be not sufficient for practical purposes, including

the mere definition of the family according to (39), depending on the actual complexity of the
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Poisson structure under consideration. This is the reason why a family such as the one in (139)
characterized in Theorem 3.2.1.1 considered in this chapter is not, in practice, described by
expression (39). Exactly the same situation was found in Sections 2.3 and 2.4 in the context
of both types of 3-d cyclic Poisson structures. We shall see in Chapter 4 (Subsection 4.7.8) the
result providing the global Darboux reduction for Poisson structures of arbitrary dimension
n and constant rank 2. This explains the inclusion here of the present considerations, and
accounts also for the fact that structure matrices expressed in the form (39) are not convenient

for the establishment of such result.
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3.3. INSIGHTS PROVIDED BY THE FOUR-DIMENSIONAL FAMILY
ANALYZED

We have seen that features quite similar to those found in the 3-d case now appear in the 4-d
situation, but obviously with a greater richness of possibilities associated with the increasing
dimension of phase space, while the rank remains constant and equal to 2. In particular,
as it was the rule in 3-d, now we still have an essentially double-step reduction procedure,
consisting in a first change of variables, followed by a final time reparametrization. Now we
have the background necessary to investigate in the next chapter the general n-dimensional
case. There, many of the previous features will be elucidated and put under a common
perspective. Specifically, it will be proved that the kind of reductions previously investigated
are based on the assumption that all possible NTTs are acceptable in the sense that they
preserve the Poisson structure. This is valid in the systems analyzed in Chapters 2 and 3, but
not in general. It is known in the literature (and it was mentioned in different points of the
exposition in Chapters 2 and 3) that all time reparametrizations are acceptable in dimensions
2 and 3, but not in general in dimensions equal or higher than 4. But, in addition, in the
present chapter we have seen that every NTT preserves the Poisson structures associated with
matrices (147) in spite of being a 4-d family. This state of affairs will be clarified and notably
refined in the next chapter. As a consequence, the conditions for the applicability of this
kind of two-step global Darboux reduction procedure will be identified and analyzed in what
follows. In other words, the fact that the role of time reparametrizations is important for the
perspective adopted in the present work explains that, apart from being used when required,
it will be necessary to focus on them as a subject of research on which much of what has been
done converges. To this it must be added that in the next chapter we shall see instances of
n~-d solution families for which a global Darboux reduction can be achieved without the need
of NTTs. On the other hand, the specific investigation of time reparametrizations will lead
to the general and global Darboux reduction for Poisson structures of rank 2. This seeming
diversity of situations will be completely understood in relatively simple terms in the next

chapter.
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CHAPTER 4.

SOLUTIONS OF ARBITRARY DIMENSION

4.1. INTRODUCTION

We now start the most important chapter of this thesis, in which a study of the general
n-dimensional situation is carried out. The reasons for this significance are very diverse and
of a fundamental nature. Many of them have been already considered in different points of
this dissertation, but due to their importance it is worth recalling them, at least briefly, in the
present introduction.

First of all, it is evident that the n-d case is of course the most important and, on the other
hand, it is the most poorly understood. Consequently, progress in this sense is of paramount
importance for the understanding of the solutions of the Jacobi equations and their global
analysis. In particular, the number of known n-d solutions is rather limited, specially if
we wish to consider solution families of arbitrary dimension and rank, defined in terms of
functional forms not limited to a given degree of nonlinearity. To such requirements we must
attach the interest of identifying those kinds of solutions that, in addition, are amenable to
a global symplectic analysis as well as to a global and constructive reduction to the Darboux
canonical form. The significance of new contributions of this type is increased by taking into
account the scarcity of similar results in the literature. In addition, it is worth anticipating
that the n-d analysis to be presented here will allow a complete understanding of the results
presented in Chapters 2 and 3.

Apart from the characterization and global analysis of n-d Poisson structures, but in close
connection with it, a significant part of the chapter will be devoted to the investigation of
NTTs that preserve the Poisson structure, also in the n-d framework. For this reason, as well
as for the sake of completeness, it is necessary to provide here a general n-d definition of time

reparametrizations. Such definition will be of great importance in the present chapter:
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Definition 4.1.1. Let Q C R” be a domain. A reparametrization of time is defined as a

transformation of the form

1
dr = mdt (164)

where t is the initial time variable, T is the new time and n(x) : @ — R is a C°(Q) function

which does not vanish in €.

Let us recall, in addition, the close relationship of NTTs with the role of time in Poisson
systems. Precisely, this is the reason why NTTs are also termed time reparametrizations in

this work and in the literature. Let

dx
=~ _ 7.VH 1
1 J -V (165)

be an arbitrary n-dimensional Poisson system defined in a domain €2 C R". Then, every
reparametrization of time of the form (164) leads from (165) to the differential system:

d
ﬁ —nJ - VH (166)

The question regarding whether or not the vector field (166) is a Poisson system will be of
interest in this chapter, since it is known that, in general, such transformations destroy the
Poisson structure in dimensions n > 4 because for a given J which is a structure matrix, nJ
is not necessarily a solution of the Jacobi equations (24-25).

The structure of the chapter is the following. In Sections 4.2 and 4.3 two n-d solution
families are investigated (the separable family in the case of 4.2, and the multiseparable
family in the case of 4.3). Such families are defined for arbitrary values of n and r, and can
be globally analyzed (including the reduction to the Darboux canonical form) without resort
to the use of NTTs, namely by purely diffeomorphic transformations. A very special kind
of Poisson structures, termed distinguished solutions (or D-solutions) will be the subject of
Section 4.4. D-solutions are also defined for arbitrary values of n and r. In this case, apart from
the family characterization, the functional form of D-solutions is mathematically remarkable
and permits the investigation of properties associated with them which allow a simple but
elegant generalization of any given D-solution. In Sections 4.5 and 4.6 we focus on two
formally similar (but different) families of Poisson structures termed hemiseparable solutions
(of types I and II, respectively) which are defined for arbitrary n but only admit the value
r = 2, and can also be globally analyzed, including the global reduction to Darboux canonical
form. Curiously, the reduction of both hemiseparable families requires the combined use of

a diffeomorphism and an ending NTT. After the background acquired in the n-dimensional
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context, the clarification of this situation will be carried out in Section 4.7, which is devoted
to the investigation of families of NTTs valid in arbitrary dimension. The results obtained
lead not only to the understanding of the naturalness of the several procedures employed in
different situations, but in addition allow the generalization of the separable, multiseparable
and D-solution families, as well as a very general result regarding the global construction of
the Darboux canonical form for structure matrices of rank 2 and arbitrary dimension. The

present chapter is finished in Section 4.8 with some concluding remarks.
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4.2. SEPARABLE SOLUTIONS

In this section, the characterization of a family [85] of n-d solutions of the Jacobi identities
is presented. Such a family is very general, as far as it is defined for arbitrary values of
the rank, and it is functionally built on the use of functions of arbitrary nonlinearity. Such
solution family can be regarded as the result of applying the classical method of separation
of variables [8,67,170,176], a feature which accounts for the denomination given to it. As
an outcome of their generality, separable Poisson structures unify in a common framework
many different and well-known Poisson systems seemingly unrelated. This unification is not
only conceptual, but also allows the development of general and global methods of analysis,
including the constructive determination of the Darboux canonical form.

The section begins with the characterization of the family in Subsection 4.2.1. Later, Sub-
section 4.2.2 is devoted to the global construction of the Casimir invariants and the Darboux

canonical form. The analysis is concluded in Subsection 4.2.3 with some examples.

4.2.1. Characterization of the family

We first provide the characterization of the separable family of structure matrices:

Theorem 4.2.1.1. Let Q C R"™ be a domain, and let (Y1(x1), ..., ¥Yn(xy)) be a set of functions
defined in Q, which are C*(Q) and do not vanish in any point of . In addition, let S = (s45)
be an n x n constant skew-symmetric real matriz. Then every matriz J(x) = (Jij(x)) given
by

Jij(x) = siji(xi)i(xy) , 4,7=1,...,n (167)

s a structure matrix globally defined in 2.

Proof. Skew-symmetry is clear in (167) by construction. To complete the proof of the
statement, we substitute the entries of matrix J in (167) into the Jacobi equations (25). We

arrive at:
n

Z(J,-l@ngk + Jji01Ji + Ju0Jij) =
=1
> lsusipbitbi (G005 0n+rtj k) + s juskith s (Sktbh i+ Suouthf) +swasig b (Sundjubs + 0 upind)]
=1
(168)
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where ¢} means di;/dz; for every ¢, and d;; is Kronecker’s delta. Simplifying the deltas in

(168) we arrive at:
n

Z(Ju@zij + 01y + JuOJij) =
=1

Vithjhr [ (55isjk + Sijsin) + Vi (Sjkski + Skjski) + Ui(skisij + sisij)] = 0

due to the skew-symmetry of S. This proves the result. Q.E.D.

Definition 4.2.1.2. The structure matrices of the form (167) characterized in Theorem

4.2.1.1, as well as the Poisson structures associated with them, will be termed separable.

Clearly, the name separable is related to the fact that we have characterized solutions for
which a separation of variables has been carried out, a classical method for the determination
of solutions in linear PDEs [8,67,170,176] which also works in the present domain (however,
not producing the general solution, as it is often the case in the framework of linear equations).
The need for the nonvanishing condition v;(z;) # 0 in Q for all t = 1,..., n, will become clear
in the next subsection. In this sense, the following results are devoted to analyze the main
properties of the separable structure matrices, and specifically the symplectic structure and

the global construction of the Darboux canonical form.

4.2.2. Casimir invariants and global Darboux analysis

We shall start by considering the determination of the Casimir invariants:

Theorem 4.2.2.1. Let J be a separable structure matriz of the form (167) which is defined
in a domain Q C R™. In addition, let ¥ = Rank(S), and let (KUY, ... k") be a basis of
Ker(S), where kUl = (k:gﬂ, el kq[i})T fori=r+1,....,n. Then Rank(J ) =r everywhere in

and the functions

n ) dr.
Dj(z) = k:[’]/ i i=r+1,...,n (169)
; ) i)

form a complete set of independent Casimir invariants of J which are globally defined in €.
Proof. We proceed following three steps, which take the form of auxiliary lemmas.

Lemma 4.2.2.2. Let J be a separable structure matrixz of the form (167) which is defined in
a domain @ C R™. Then, Rank(J ) = Rank(S) at every point x € Q.
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Proof of Lemma 4.2.2.2. Note that we can write J = @ - S - (), where matrix @) is defined
by @ = diag(v1(z1),...,¥n(zy)). As a consequence of the nonvanishing character of functions
;(x;) in Q for every i = 1,...,n, we have that matrix @ is invertible everywhere in Q. Thus
matrices J and S are congruent on R at every point of 2. This completes the proof of Lemma

4.2.2.2. Q.E.D.

Then, according to Lemma 4.2.2.2, there are (n — r) functionally independent Casimir
invariants defined in every point of €. In fact they can be globally characterized, which is the

aim of the next two lemmas:

Lemma 4.2.2.3. Let J be a separable structure matrixz of the form (167) which is defined in
a domain Q C R™. In addition, let k = (k1,...,k,)T € R™ be a vector such that k € Ker(S).
Then, the function

" dﬂfj
Diw) = ;kj / V() (170)

is a Casimir invariant of J globally defined in 2.

Proof of Lemma 4.2.2.3. Function (170) is obtained by application of the Pfaffian method
(see Appendix 1). However, the simplest proof consists in checking that under the hypotheses
of the lemma, function D(z) in (170) verifies J - VD = 0. The C*°(2) character of D(z) is
a consequence of the fact that functions v;(z;) are C*°(Q2) and do not vanish in €, for every

1 =1,...,n. This proves Lemma 4.2.2.3. Q.E.D.

Actually, it can be seen that there exists a natural association between linearly independent
vectors in Ker(S) and functionally independent Casimir invariants of the form (170). The last

auxiliary lemma proves this property:

Lemma 4.2.2.4. Let J be a separable structure matrixz of the form (167) which is defined in
a domain Q C R, and such that Rank(S) = r. Additionally, let (KI'tY, ... kM) be a basis of
Ker(S), where k) = (kgi], . .,k%})T fori=r+1,...,n. Then the functions (169)

n : dz.
Di(z) = k[?]/ J_ . i=r4+1,...,n
L e

form a complete set of independent Casimir invariants of J which are globally defined in €.
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Proof of Lemma 4.2.2.4. From Lemma 4.2.2.3 we know that every function D;(z) in (169)
is a Casimir invariant globally defined in 2. Thus we only need to verify the functional

independence of functions (169). This can be seen immediately after evaluating the Jacobian

matrix associated with (D,41(x),..., Dy(z)), which is:
r+1 r+1
. , R o) o R ()
8(3:1, ey xn)
Obviously, Jacobian (171) is of maximal rank (equal to n—r) everywhere in {2 as a consequence
of the linear independence of the vectors (k[””, .. .,k[”]), together with the nonvanishing
property of the 1;(x;) in  for every ¢ = 1,...,n. Since the number of Casimir functions

in the set (169) is equal to (n — r), namely the rank of the Jacobian, it is also proved that

(Dy41(x),...,Dy(x)) is a complete set of independent Casimir invariants of 7. The proof of
Lemma 4.2.2.4 is finished. Q.E.D.
Together, the three previous lemmas prove Theorem 4.2.2.1. Q.E.D.

Therefore, the Casimir invariants of the separable structure matrices can be completely
determined from the kernel of the constant matrix S, which is a significant simplification of
the problem with respect to the general case. We shall see several instances of this in the next

subsection. We also have the following outcome:

Corollary 4.2.2.5. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider an n-
dimensional Poisson system & = J(x) - VH(x) defined in a domain @ C R™ in which the
structure matriz J(x) is separable and has the form (167) with Rank(S) = 2. Then such

Poisson system is algebraically integrable in €.

We can now examine the global reduction to the Darboux canonical form. Such result is

accomplished in the following theorem, of which the proof is constructive:

Theorem 4.2.2.6. Let Q C R™ be a domain where a Poisson system & = J(x) - VH(x)
is defined everywhere, for which J(x) is a separable structure matriz. Then, such Poisson

system can be globally reduced in € to the Darbouz canonical form by means of a coordinate
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transformation which is a diffeomorphism in 2.

Proof. We shall use expression (30) for the transformation of the structure matrix (167)

under general smooth coordinate changes, y = y(x):

Jlj(y) - kgl 8.’I)k Jkl(x) a.’Iil y L) = 1a sy (172)

We introduce a first diffeomorphic transformation, which is globally defined in €:

’ Yi(xi)

The diffeomorphic character of the coordinate change (173) in 2 is clear since the transforma-

i=1,...,n (173)

tion is everywhere continuous, one-to-one and differentiable, as well as onto Q* by definition
(since Q* = y(Q)). Accordingly, the inverse exists and is also continuous, one-to-one and
differentiable. These properties arise as a consequence of the fact that functions v;(z;) are
C*°(2) and do not vanish in Q, for every i = 1,...,n. When (167) and (173) are substituted
in (172), we obtain:

JiW) =85, 4,i=1,...,n (174)

In other words, we have transformed the structure matrix in such a way that now J*(y) = S
is a matrix of constant entries. In addition to this, we now apply to the structure matrix (174)

a second transformation z = z(y), which is linear and therefore defined globally in R":
n
Zizzlijyj 5 izl,...,n (175)
j=1

In (175) matrix L = (l;;) is a constant, n x n invertible matrix. The diffeomorphic character
(everywhere in R") of transformation (175) is evident because it is linear and invertible.

According to (172), the structure matrix J*(y) now is transformed in a new one:
JT*(2)=L-J-L"=L-S-L" (176)

It is well-known (recall Theorem 1.4.1.2) that the invertible matrix L in (176) can be chosen

in order to have:

r/2 (n—r)
0 1 —— 0 —_——
T (2) = Iy = D...0 00:18...00; (177)
-1 0 -1 0

where r = Rank(.S) is an even number because S is skew-symmetric, as we know. With (177)

the Poisson system has been reduced globally to the Darboux canonical form, since J**(z) is
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a direct sum of /2 symplectic matrices Sy plus (n — ) null 1 x 1 matrices Q; associated with
the Casimir invariants, which in the Darboux representation are decoupled and correspond to

the variables (zy41,...,2n). The proof is complete. Q.E.D.

It is worth emphasizing that the reduction has been completed explicitly and globally
in the domain of interest, as anticipated. This is remarkable, since the number of Poisson
structures for which this can be done is exceedingly limited. Well on the contrary, in the
present case this is possible in a quite natural way. The previous reduction implies also the

following result:

Corollary 4.2.2.7. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider an n-
dimensional Poisson system & = J(x) - VH(x) defined in a domain Q@ C R™ in which the
structure matriz J(x) is separable and has the form (167) with Rank(S) = 2. Then such
Poisson system can be reduced globally and diffeomorphically in Q to a Liouville integrable

Hamiltonian system.

In addition to their advantageous manipulation properties, the separable structure matrices
embrace and unify many different Poisson structures of very common use in the literature.

We shall now see a sample in the following subsection.

4.2.3. Examples

The first two instances to be shown deal with separable Poisson structures appearing in
very diverse kinds of dynamical systems (Example 1) and in different Toda lattice equations
(Example 2). The third instance regards the important family of constant skew-symmetric
matrices. The subsection concludes with some varied examples briefly displayed, and grouped
under the common denomination of “further examples”, which complement the presentation

of applied instances of Poisson structures of the separable kind.

Example 1. Lotka-Volterra and Quasi-Polynomazial systems
The following kind of separable structure matrices
JZ(J}) = 8i5XiTj 5, Sij = —S8j; eR s i,j = 1, ., n (178)
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were first recognized by Plank [143] in the characterization of Poisson structures of the Lotka-
Volterra equations, and were important later in the wider case of QP Poisson systems [83,86].
However, particular cases of (178) had been previously found in different contexts, such as
plasma physics [142] or population dynamics [29,63,136] (see also the relativistic Toda lattice
equations in the next example).

In (178) we have t;(x;) = x;, and therefore the Casimir invariants are immediately found

to be, according to (170), of the form:

D(x)zzn:kj In(z;) , k= (ki k..., k)" € Ker(S) (179)
j=1

In the specific case of Lotka-Volterra equations, the first integrals (179) were already noticed
by Volterra himself [169], but they were not generically recognized as Casimir invariants until
Plank’s work [143]. Being Hamiltonian-independent, they also appear in more general types
of models sharing the structure matrix (178), such as those treated in [83,86].

The first transformation (173) necessary to achieve the Darboux canonical form now is:

. dacl-
Yi(zi)
The change of variables (180) is to be followed by the linear transformation (175). This kind of

Yi =In(z;) , i=1,...,n (180)

two-step reduction to a classical Hamiltonian formulation has been known for long —outside
the framework of Poisson structures— in the particular case of conservative, even-dimensional
and symplectic Lotka-Volterra systems [101,102,103]. The realization that such reduction is,
in fact, Hamiltonian-independent and inherent to structure matrices of the kind (178) was

formalized in [83].

Example 2. Toda lattice and relativistic Toda lattice

Toda lattice equations when expressed in Flaschka’s variables (aq,...,an—1,01,...,0n)

constitute a Poisson system with brackets
{Oéi,ﬁi}z —QyG {ai;ﬂi—f—l}:ai s i=1,...,N—1 (181)

while the rest of the elementary brackets vanish [36,37,38,39,40,41]. The Poisson bracket (181)
corresponds to a separable structure matrix given by the following elements,

wz(az) = 4, i:1,...,N—1

¢j(ﬂj) =1, j57=1,...,N

(182)
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Ov-1) ‘ Rn_1)xn
—(Rv—1)xn)" ‘ On

where the subindexes of the submatrices indicate their sizes, O denotes as usual the null

S:

(183)

matrix, and

-1 1 0 0 0

0o -1 1 0 0
Rin—1)xn =

0 0 0 -1 1

It is immediate that the kernel of S is one-dimensional, a basis of which is provided by the

vector

Consequently, from (170) there is only one independent Casimir invariant,

N N
p=3 [w=30
j=1 j=1

which is the result found in [36]. The reduction to the Darboux form also becomes straight-

forward, since we have to perform transformation (173)
5[2' = ln(ai), izl,...,N—l
/éj = ﬁ]v ]:177N

and then carry out the linear change of variables (175).

Analogously, we consider now the relativistic Toda equations expressed in similar variables

36|, namely (oq,...,an_1,01,...,0n). Again, it is a Poisson system with brackets
Yy g N
{ai,aiﬂ} = 0041 1= 1,...,N—2
{ag, iy = —aiffi , i=1,...,N—1
{ai, Biv1} = aifiy1 , i=1,...,N—1

while the rest of the elementary brackets vanish. This Poisson bracket corresponds to a
separable structure matrix of the form (178) examined in Example 1. Therefore, all the

considerations mentioned there hold also in the present instance.

Example 3. Constant structure matrices

A simple but important example is provided by constant structure matrices, or equivalently

by constant n x n skew-symmetric real matrices of arbitrary rank. Such matrices not only
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include the entire classical Hamiltonian theory, but in addition appear frequently in very
diverse developments for which the use of noncanonical variables is necessary, such as in the
case of population dynamics [83,101,102,103] and plasma physics [142], to mention a sample.
Actually, it is immediate that constant structure matrices constitute a particular case of
those of the form (167) regarded in the previous subsections. In this situation it is worth
noting that ;(z;) = 1, and thus the Casimir functions (169) are linear. Due to these facts,
when globally constructing the Darboux canonical form we find that transformation (173)
amounts to the identity, and therefore the reduction to the Darboux form only involves the
linear transformation (175-177). The reduction of constant structure matrices to classical
Hamiltonian form is a well-known procedure [56,101,102,103] that now is retrieved, however,
just as a particular case in the wider framework of separable Poisson structures.

Constant structure matrices will be very useful for the purpose of comparing different
families, as we shall see in the next sections. In part this is due to the fact that, in spite
of their simplicity, they are defined for all possible values of the dimension n and the rank
r. Because of this combination of simplicity and generality, they are going to be specially

adequate for some of the verifications required in what is to follow.

Further examples: Kermack-McKendrick model, circle maps, Lotka-Volterra

equations, 2 X 2 games

We end the present subsection with a brief enumeration of other examples which have also
deserved some interest in the literature. We shall not elaborate on them with the detail of the
previous instances, but only outline the most interesting features.

As a first example we touch upon the Kermack-McKendrick model [63,135], which admits

a 3-d Poisson structure in terms of matrix:

0 —bxll’g 0
J (w1, 22,73) = | brywy 0 —axsy (184)

0 axs 0

where the x; denote the system variables and a, b are real constants. We again have a separable
matrix with (¢1(x1), ¥2(x2),9¥3(x3)) = (z1,22,1). Therefore, this example turns out to be
very similar to the nonrelativistic Toda lattice examined before, as it can be seen from (182-
183). We thus find that seemingly unrelated problems can be analyzed in a general, unifying

framework.
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Next we shall mention the 3-d Poisson structures appearing in the study of certain circle

maps [63], in which we have:

0 0 —(21)2(x3)?
T (w1, w2, 73) = 0 0 — () (23)?
(z1)*(x3)?  (z2)*(3)? 0

We thus find v;(z;) = (2;)?, a more nonlinear kind of function. The evaluation of the Casimir
invariants and the Darboux canonical form do not present any special difficulty in this case
and are omitted.

The list of structure matrices employed for the study of conservative Lotka-Volterra sys-
tems is not limited to those of the form (178) already considered. For instance [143], in the

two-dimensional case a symplectic structure matrix for which Jis = x%fllx;b was employed,

with l1,l € R. Thus we now have ¢;(x;) = xil_li for i = 1,2. Of course, no nontrivial Casimir
invariants exist now. Note also that S is the 2 x 2 symplectic matrix So, and the linear trans-
formation (175) is not necessary: the reduction to the classical Hamiltonian form only involves
transformation (173) or, alternatively, the use of a single and direct NTT. Again, the details
of the reduction to the Darboux canonical form are omitted for the sake of conciseness, as far
as it does not present particular difficulties for any values of the constants 1 and [s.

Finally we shall consider a very different kind of 2-d structure matrix found in the context

of 2 x 2 games [88], in which:

0 :Ul(l —x1)$2(1 —I‘Q)
—551(1—1‘1){1,‘2(1—1‘2) 0

J(x1,22) =

Now we have that = Int(cw; x 1) is the interior of the cartesian product of two probability
simplices, and ;(x;) = z;(1 — x;) for i = 1,2. Obviously there are no nontrivial Casimir
functions in this case. Again, S is the symplectic matrix Sy, and no linear transformation

(175) is required, namely the reduction to the classical Hamiltonian form only makes use of

d.’L‘i ZT; .
= =1 =1,2
yl /[1}1<1—ng) n<1_xz> 9 1 9

Notice that all the manipulations are properly defined because functions v;(z;) are smooth

transformation (173):

and nonvanishing in the domain €.
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4.3. MULTISEPARABLE SOLUTIONS

A family of skew-symmetric solutions of the Jacobi partial differential equations is char-
acterized and analyzed in this section. As it was the case for separable Poisson structures,
the new family (termed multiseparable in what follows) has some remarkable properties [78].
In first place, it is defined for arbitrary values of the dimension and the rank. Secondly, it is
described in terms of arbitrary smooth functions, namely it is not limited to a given degree
of nonlinearity. Additionally, it is possible to determine explicitly the fundamental properties
of those solutions, such as their Casimir invariants and the algorithm for the reduction to the
Darboux canonical form which, as we know, have been reported only for a very limited sam-
ple of finite-dimensional Poisson structures. Moreover, such analysis is carried out globally in
phase space, thus improving the usual local scope of Darboux’ theorem.

The structure of the section is the following. In Subsection 4.3.1 the multiseparable solution
family is characterized. Globally defined Casimir invariants and construction of the Darboux
canonical form are provided in Subsection 4.3.2. Some applied examples of multiseparable
Poisson structures are later examined in Subsection 4.3.3. To conclude, it is convenient to
carry out a comparison with the separable family in order to clarify their respective domains

of applicability. This issue is analyzed in Subsection 4.3.4.

4.3.1. Characterization of the family

In first place, a preliminary definition is provided:

Definition 4.3.1.1. Let A = (ai;) and B = (b;j) be two n x n real and regular matrices
(n > 2) such that A = B~'. Let also B; = (bj1,...,byn) denote the i-th row of B, for
i =1,...,n. In addition, let Q& C R™ be a domain in which a system of local coordinates
x = (z1,...,2y) is defined. If r is an even integer, 2 < r < n, we shall denote by Q2 C R the
subsets QUf = {B;-x | x € Q}, fori=1,...,r. Let also ¥;(xz) : @ = R, withi =1,...,r,
denote r functions which are C*°(2) and do not vanish at any point of Q, and such that they
can be expressed in the form ;(x) = ¢i(B; - x), where every function ¢;(y;) : QF — R is
C>®(€Y}) and does not vanish in any point of . Finally let

ko | ik Qi L
A = = a;jpaj — agar , 1,5,k 1=1,....n (185)

ajk ajl
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Then an nxn matriz J(x) = (Jij(z)) defined in 2 is termed multiseparable if it has the form:

r/2

Jij(x) = AZT g (@)ar(z) , dj=1,...,n (186)
k=1

Moreover, for every n > 2, multiseparable matrices will be also defined in 2 for the additional

even value 7 =0 as Jij(x) =0 fori,j =1,...,n and for every x € ).
This definition provides the basis for the following result:

Theorem 4.3.1.2. Let n > 2 be an integer, and let & C R™ be a domain in which a

multiseparable matriz J is defined. Then J is a structure matriz globally defined in 2.

Proof. Since the case r = 0 is clear, we shall focus on the case r > 2. Skew-symmetry of 7 is
2k—1,2k 2k—1,2k

ij = _Aji

in (185-186). Let us now turn to the Jacobi identities (25). Substitution of (186) into (25)

a consequence of the fact that A fori,j=1,...,nand for k=1,...,7/2

produces after some rearrangements:

n

Z(Jilaljjk + Jj101Jki + Ju01Jij) =
=1

r/2 n
/ 2p—1,2p 5 2¢—1,2¢q 2p—1,2p 4 2¢—1,2¢q 2p—1,2p A 2g—1,2q
Z P2p-19P2p [@2(;—190%1 Z bag-1. (Au Ay + Ay Ay + Ay Ajj >
p,q=1 =1

n
/ 2p—1,2p A 29—1,2¢q 2p—1,2p 4 2q9—1,2¢q 2p—1,2p 4 2q—1,2¢q _
tp2q-1pP24 E bag,i (Ail Ak + A Ay + Ay Aj =
=1
r/2

Z ©2p-192p (Vg 19211 + P2q-105,T>) (187)
p,g=1

where T7 and T5 are terms to be examined separately. Let us first look at T7. Using the

definition of the constants Af} given in (185), after some algebra it is found that:

ai2p—1 ai,2p aj,2¢q—-1  Qj,2q
T = :
02g—12p—1 02g—1,2p (k291 Ok2q
aj2p—1 Qa5 2p ak.2q—1 QAk2q ak.2p—1 ak.2p ai2q—1 G42q
. + .
02q—1,2p—1  02¢—1,2p @i2q—1  @i2q 02g—1,2p—-1 02q—1,2p @j2q—1  @j2q

where the symbol d;; stands for Kronecker’s delta. Notice that in T} it is always d2q—1,2, = 0

since p and q are integers. Now consider two complementary cases for 7T7:
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Case 1.1. Assume p = ¢ in T71. Then 634_1,2,—1 = 1 and 77 becomes:
T1 = aiop(aj2pak,2p—1 — Qj2p—10k.2p) + @j2p(Ak 2p Qi 2p—1—
@ 2p0k 2p—1) + k. 2p (03 2p0 5 2p—1 — Qi 2p—1a5,2p) = 0
Case 1.2. Let p # q in T1. Now d24—1,2p—1 = 0 and T} vanishes straightforwardly.

Consequently it is 77 = 0 in all cases. Similarly, let us now examine T5. Following an analogous

procedure it can be found that:

TQZ . _|_
02g.2p—1  02g.2p ak29—1 Ok2q
Aj2p—1  Qj2p ak.2q—1 Ak 2q n ak2p—1  Gk2p A3 2q—1 Q42q
02q,2p-1  024,2p @i2q—1  @i2q 02q,2p—1  024,2p @j2q—1  @j2q

As before, note that deq2,—1 = 0 in T since p and ¢ are integers. Two complementary cases

appear now for Ty:

Case 2.1. It is p = ¢ in T5. Thus d24,2, = 1 and T reduces to:
T = ai2p—1(aj2p—10k,2p — 5 2p0k 2p—1) + @5 2p—1(ai2pAk 2p—1—
Qi 2p—10k,2p) + Ok 2p—1(0i2p—10j,2p — Gi2pj2p—1) =0
Case 2.2. Assume p # q in T. Then dy42, = 0 and it is immediate that 75 vanishes.

Therefore we also have T5 = 0 in all cases. Together with the previous result 77 = 0, this
implies in (187) that multiseparable matrices verify the Jacobi equations (25) for > 2. This
completes the proof of Theorem 4.3.1.2. Q.E.D.

One of the most significant features of the multiseparable family of Poisson structures
is that it can be explicitly and globally analyzed both for the determination of its Casimir
invariants and for the construction of the Darboux canonical form. The development of such

issues is the purpose of the next subsection.
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4.3.2. Casimir invariants and global Darboux analysis

In what follows, a theorem summarizing the main features of the multiseparable solutions

is provided. The proof of such theorem is constructive:

Theorem 4.3.2.1. For every n-dimensional (n > 2) Poisson system & = J(x)- VH(x)
defined in a domain Q@ C R™ and such that J = (J;;) is a multiseparable structure matrixz of

the form characterized in Definition 4.3.1.1, we have that:

(a) Rank(J )= r everywhere in Q.

(b) The functions
n
Di(z)=> byx; , i=r+1,...,n (188)
j=1
form globally in Q a complete set of functionally independent Casimir invariants of J .
(c) 1t is possible to perform globally in Q) the reduction of such Poisson system to the Darbouz
canonical form by means of a transformation which is a diffeomorphism everywhere in

the domain €.

Proof. The proof of the theorem begins with an auxiliary result:

Lemma 4.3.2.2. If J is a multiseparable structure matriz defined in the domain @ C R",

then functions (188) form a set of functionally independent Casimir invariants of J in €.

Proof of Lemma 4.3.2.2. Functional independence can be seen by direct evaluation of the

Jacobian matrix of functions (188):

O(Dyi1(x),...,Dp(x)) _
O(x1y...,xp)

(189)

Thus the Jacobian (189) has constant rank (equal to n—r) in R™ as a consequence that matrix
B is invertible, and accordingly functions (188) are functionally independent in €. In addition,

let us show that such functions are Casimir invariants. If » = 0 the result is direct. For r» > 2,

we evaluate the i-th component of the matrix product J - VD, for every p=7+1,...,n:
n r/2 n
(j : VDp)i = Z Jijaij = Z P2k—1P2k Z bij?]kiL% (190)
j=1 k=1 j=1
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After some algebra, (190) amounts to:

r/2
@i 2k—1 Q5 2k
(T -VDp)i = Z<P2k—1<P2k ' ' (191)
k=1 Op2k—1 Op2k

But note that p = r+ 1,...,n, while 1 < k < (r/2). This implies that in all cases it is
Op2k—1 = Op ok = 0, and the expression in (191) vanishes. Consequently, it is J - VD, = 0 for

all p=r+41,...,n and the proof of Lemma 4.3.2.2 is complete. Q.E.D.

A direct outcome of Lemma 4.3.2.2 is that Rank(J)< r everywhere in . Let us now

prove that, in fact, r is the actual value of the rank:

Lemma 4.3.2.3. If J is a multiseparable structure matriz defined in the domain  C R"™,

then Rank(J )= r everywhere in Q.

Proof of Lemma 4.3.2.3. According to Definition 4.3.1.1, the result is verified if r = 0.
For r > 2, in order to prove this lemma recall first that under a smooth change of variables
y = y(x), every structure matrix J(z) is transformed into a new structure matrix J*(y)

according to the rule:

JZj(y) - = Oy Jkl(x) oz, ;o Lyi=1...,n (192)

In our case, we shall perform the following change of variables:
n
yi=Y byz; , i=1,..,n (193)
j=1

In (193) we obviously have Jy;/0x; = b;; for all 4,5 = 1,...,n. Taking this into account,
substitution of (186) in (192) implies that:

r/2 n
T5W) =D op-1(y2p-1)pap(yap) D binbupy (194)
p=1 k=1

The use of definition (185) in (194) leads after some calculations to:

r/2

. diop—1 0;2
T =>_| | a1 (ya2p—1)2p (y2p) (195)
p=1| 0j2p—1 0j2p

In (195) three cases can be distinguished:

Case 1. If it is (i,j) = (2p — 1,2p) we have J;(y) = ¢i(yi)p;(y;). This is thus the case for
(17]) = {(172)7 R (T - 17T)}'

156



Case 2. When it is (i,7) = (2p,2p — 1) we find J;(y) = —¢i(yi)¢;(y;). This happens for
(Z’]) = {(2? 1)5 ) (T’,T‘ - 1)}

Case 3. In any other situation, it is J;5(y) = 0.

Consequently, we have just arrived to the following structure matrix:

r/2 (n—r)
0 —_—— 0 _ o
T (y) = I Y ) e 0,580, (196)
—p1p2 0O —Or_1Pr 0

where @7 denotes the 1 x 1 null submatrix. Let us define the set Q* C R™ according to Q* =
{B-z | v € Q}. It is clear that J*(y) in (196) is defined on Q*. Now let y* = (y7,...,y}) € Q*
be a point in which J*(y) is evaluated. We then have y* = B - z* for some z* € Q. But this
means that y = B; - 2* for ¢ = 1,...,7, which implies that y; € 1} for all i = 1,...,r. On
the other hand, it is assumed by Definition 4.3.1.1 that every function ¢;(y;) does not vanish
in Qf for i =1,...,7. We see then that Rank(J*)= r everywhere in Q*. Since according to
transformation (192) matrices J(x) and J*(y) are congruent, this implies in particular that

Rank(J)=r at every point of Q. Lemma 4.3.2.3 is thus proved. Q.E.D.

As a consequence of Lemmas 4.3.2.2 and 4.3.2.3, we have that the Casimir invariants (188)
constitute a complete set. After this remark, the statements (a) and (b) of Theorem 4.3.2.1
are already proved. Let us then regard item (c). The fact that Rank(J)= r is constant in
Q) implies that Darboux’ theorem is applicable. In the case r = 0 the statement (c) of the
theorem is valid since J does coincide with its Darboux canonical form, the diffeomorphic
transformation thus being the identity. Then, in what remains of the proof we shall focus on
the case r > 2. For this, the starting point will be matrix J*(y) in (196) which was obtained
after the diffeomorphic transformation y = B - z. Since every function ¢;(y;) does not vanish
in Qf for ¢ = 1,...,r, it is possible to perform on J*(y) an additional transformation of

coordinates z = z(y) defined as:

/ dy; .
zi = , i=1,...,r
vi(yi) (197)

Zi = Yi , t=r+1,....n

Transformation (197) is globally defined in ©Q*, and actually it is not difficult to verify that
it is also diffeomorphic: since functions p;(y;) are C*° and nonvanishing, both z;(y;) and its
inverse are always differentiable and strictly monotonic for every ¢ = 1,...,n. The outcome

after transformation (197) is a new structure matrix J**(z) which is obtained from (192) and
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(196) as

8,21 Oz;  dz; dz; ..
Ji (2 Jg)==2 = —J(y)—=, i,i=1,...,n 198
2.5 8yl = I (W) a; j (198)
Now two different cases are to be recognized:
Case 1. If 1 <i<rand 1< j<r, then from (198) we have:
J*
J;}*(Z): ’Lj(y) ) iajzla"wr
pi(yi)e;(y;)

Case 2. In any other case different from the previous one, we obtain Jz‘j*(z) = 0 because for

all those values of 7 and j it is J7;(y) = 0 in expression (198).

Accordingly, a comparison with (196) shows that:

0 1\ 2 [0 1 ARl
T (2) = Ippny = D...d 001®...00; (199)
-1 0 -1 0

Therefore the Darboux canonical form (199) is globally constructed by means of a diffeomor-

phism for every r > 2. The proof of Theorem 4.3.2.1 is complete. Q.E.D.

Thus the multiseparable Poisson structures considered, as well as their complete families of
Casimir invariants and the global reduction to the Darboux canonical form, have been entirely

characterized after the previous results, which lead us to the establishment of the following:

Corollary 4.3.2.4. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider an n-
dimensional Poisson system & = J(x) - VH(z) defined in a domain Q@ C R™ in which the
structure matriz J(x) is multiseparable according to (186) and Definition 4.53.1.1, and it has
r = 2. Then such Poisson system is algebraically integrable in 2, and it can be reduced globally

and diffeomorphically in  to a Liouville integrable Hamiltonian system.
At this stage, it is convenient to illustrate by means of some examples the generality of

the family just analyzed as well as the different procedures described. This is the purpose of

the next subsection.
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4.3.3. Examples

We shall consider several instances, most of them regarding Poisson structures well-known
in the literature, including domains such as population dynamics (Kermack-McKendrick sys-
tem) or mechanics (Toda lattice). In addition, other examples are useful in order to better
explain the nature and scope of the results just developed. This is specially the case in the

first two instances analyzed in what follows.

Example 1. A counterexample on the linearity of Casimir invariants

As we have seen, always there exists a complete set of linear Casimir invariants for multi-
separable matrices. The purpose of this instance is to show that such condition is necessary but
not sufficient for a structure matrix to be mulstiseparable. As a counterexample of sufficiency,

consider the following three-dimensional structure matrix:

0 n(z) 0
J@)=| —n@) 0 0 (200)
0 0 0

where n(z1, z2, x3) is a smooth and nonvanishing function. Accordingly, matrix J in (200) is
always a structure matrix, as it can be easily verified, its rank being 2 in all points. In addition,
the only independent Casimir invariant can be chosen to be linear, precisely D(z) = z3. On
the other hand, there are cases in which matrix (200) is not multiseparable. To see this, note
that for the multiseparable case with n = 3 and r = 2 the general form arising from Definition
4.3.1.1 is just:

Jio(z) = A3e1(Bi-x)p2(By - x)

Ji3(x) Ai3p1(B1 - 2)p2(Ba - x) (201)

Jos(z) = AFe1(Bi-2)pa(Bs - x)

Consequently, if function 7(x) is not of the form ¢ (B -)p2(B2 - x) then the structure matrix

(200) cannot be multiseparable, in spite of having always a complete set of independent linear

Casimir invariants.

Example 2. Constant structure matrices

In spite of their simplicity, constant structure matrices are important both for their prac-

tical applications (including the entire classical Hamiltonian theory as well as very diverse
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applications based on the use of noncanonical coordinates [101,102,103,142]) and also for pur-
poses relative to the comparison of the separable, multiseparable and distinguished solutions
(as we shall see in the next section, constant skew-symmetric matrices have the property
of belonging to those three families at the same time). In addition, they are of interest as
mere examples due to their generality, since constant structure matrices comprise all possible
combinations of dimension and rank.

In order to see that every constant structure matrix is a multiseparable matrix, let us first
recall Theorem 1.4.1.2, in which it was shown that every constant n x n skew-symmetric real
matrix S of rank r is congruent in R with Jpp,,], namely there exists an n X n constant
invertible real matrix A such that S = A - Jpp,, - AT Vice versa, every matrix of the form
A Ipmg) - AT is skew-symmetric by construction, as it is easy to check. In other words, the
set of constant skew-symmetric real matrices and the set of matrices of the form A-Jpj, AT
coincide. Now if we expand in detail the product A - Tp ) - AT for arbitrary values of n and
r > 2, and for arbitrary A, it is immediate to show that the outcome is a matrix S = (s;;) of

the form:
r/2

2k—1,2k .
sijzg Az-j , L,j=1,...,n
k=1

And consequently, such matrix S is multiseparable in terms of functions ;(x) = 1 for all
i =1,...,r. The zero-rank case (namely matrix Q) is of course embraced trivially in this
argument after Definition 4.3.1.1. It is thus proved that every constant skew-symmetric real

matrix is multiseparable.

Example 3. Kermack-McKendrick system

The following structure matrix is of interest [63,135] for the analysis of the well-known

Kermack-McKendrick model for epidemics:
J(@)=bxriza | -1 0 1 (202)

where b > 0 is a real constant. Since x; > 0 for all i = 1,2,3, it is Rank(J)= 2, a Casimir
invariant being D(x) = z1 + 22+ x3. For what is to follow it is interesting to notice that (202)

is not a separable structure matrix. In terms of the elements described in Definition 4.3.1.1,

160



matrix (202) is multiseparable with:

1 0 0 100
A= o 1 of|, B=4a1'=[010
1 -1 1 11 1

and functions ¢;(y;) = kiy; for i = 1,2, where k1 and kg are arbitrary real constants verifying
the condition k1ke2 = b. We can check how J in (202) is generated according to Definition

4.3.1.1 and (201):

1 0
J1g = Agapl(Bl - x)pa(Be - ) = K1T1KoTy = bT1To
01
12 1 0
J13 = A13<p1(Bl . :L’)(pQ(BQ . (E) = R1X1RT2 = —bxlxg
-1 -1
12 0 1
J23 = A23tp1(B1 . a:)g02(B2 . 1‘) = R1X1R2T2 = b.’L‘le
-1 -1
The calculations for the remaining nonzero entries are entirely similar as far as Af} = —A%

for all 4, j, k,l. Let us now consider the Darboux canonical form for [J. If we apply (192) for

the coordinate change (193), namely y = B - x, we arrive after some calculations at:

0 1 0
T (y)=byy2| =1 0 0 (203)
0 0 0

To complete the reduction to the Darboux canonical form according to the procedure given in
the previous subsection, an additional transformation (197) is to be applied to matrix J*(y)

in (203). Now such transformation amounts to:

( dy1 1
21 = —— =—1Iny
R1Yy1 K1
d 1
2y = 2 gy, (204)
K2Y2 K2
23 = Y3

Then, the result after the change of coordinates (204) is the Darboux canonical form:

0 10
T (z)=Jppg=| -1 0 0
0 00
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Consequently, the reduction is globally and constructively completed. The diffeomorphic

character of all the transformations involved is also evident.

Example 4. Poisson bracket for the Toda lattice

As a last instance, a Poisson structure which is frequently employed for the study of
the Toda system shall be considered [4,5,36,37,38,39,40,41]. The Toda lattice ODEs, when
expressed in Flaschka’s variables z = (z1,...,2,) = (a1,...,an-1,51,-..,0n) are a Poisson

system with noncanonical brackets

{ai, Bi} = i, {ai,Biyit=0a; , i=1,...,N—1
while the rest of elementary brackets are zero. Therefore, this is a Poisson structure of dimen-
sion n = (2N — 1) and having the following structure matrix
—a1 o

Owv-1) —ay

—aN-1 AN-1

IT=| o (205)

—Q1 a2
-2 On

aAN-1

—QpN-1
where as usual, @ denotes the square null submatrix of size given by the subindex. This
example is conceptually interesting, since matrix (205) is at the same time linear (Lie-Poisson),
separable and (as we are going to see) multiseparable. Regarded as a separable matrix, it was
already analyzed in this chapter, precisely in Subsection 4.2.3 (Example 2). This double
separable and multiseparable nature provides also an additional motivation for a comparison
of both families, a task carried out in Subsection 4.3.4. In addition, let us notice again that
the rank of J is r = n —1 = 2N — 2. Consequently, there is only one independent Casimir
invariant, which can be chosen to be D(z) = ZZ]\LI Bi.

Let us first show that the structure matrix (205) is multiseparable for every n > 3. In

terms of Definition 4.3.1.1, we now have the functions:
vilyi) = —yi , 1=13,...,r—1=n—-2=2N -3

(206)
oilys) = 1, i=24,....,r=n—1=2N -2
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And the matrices A and B are given in what follows. In first place, we have for A:

1 0 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 0 0
0O 0 0 0 —-10 0 0 0
O 0 0 0 0 0 ... -1 0 0
A=l 0 1 0 0 0 0 . 0 0 0 (207)
0O -1 0 1 0 0. 0 0 0
O 0 0 -1 0 1. 0 0 0
O 0 0 0 0 0 .. 0 1 0
O 0 0 0 0 0 ... 0 —11|1

Notice that for the sake of clarity, every row of A is symbolically split in two parts of sizes
2N — 2 (left) and 1 (right), while vertically every column is also divided schematically in two

pieces of sizes N — 1 (up) and N (down). For B we have:

-1 0 O 0 0 00O 0 0
0 0 O 0 1 0 00 0 0
0 -1 0 0 00 00 0 0
0 0 0 0 1100 0 0
B 0 0 -1 0 0 00O 0 0 (208)
0 0 O 0 1110 0 0
o o0 o0 ... -1 00 0O0 ... 00
o o0 0 ... 0 1111 ... 10
o o0 o0 ... 0 1111 ... 11

Again, for clarity every row of B has been divided in two parts of sizes N — 1 (left) and N
(right), while vertically every column is also separated in two pieces of sizes 2N — 2 (up) and
1 (down). It is simple to check that A in (207) and B in (208) are invertible and A = B~1.
Let us verify that these elements generate the structure matrix (205). According to Definition

4.3.1.1 and equations (206-208) we now have:

(B -x) = ag L i=1,3,....r—1=n—-2=2N—3
@i(B; - x) (i+1)/2 (209)
wi(Bi-x) = 1 , 1=2,4,...,r=n—1=2N -2
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Therefore using (186) together with (209) we arrive at:

r/2
Jij(x) =Y AZ Ty dij=1,....n (210)
k=1

If we examine matrix A in (207) we see that four cases appear in (210):

Case 1: 1 <i<(N—-1),1<j<(N-—1). In this case, every determinant A?fﬁl’% contains

at least three zeros, and thus vanishes.

Case 2: N <i< (2N —1), N <j < (2N —1). Now every determinant A?fﬁl’% has a null

column, and consequently also vanishes.

Case 3: 1 <i<(N—-1), N <j < (2N —1). Examination of A shows that the coefficient
A?jk_l’% will be different from zero if and only if for a given ¢ it is k = ¢, and j takes
any of the two values j = (i + N — 1) or j = (i + N). Then, according to (210) the only

2k—1,2k

entries of J that do not vanish are the ones associated with those determinants A; j

that are not zero, which are:

A?:&fil =—1 = Jigyn1=—o , 1=1...,N—-1 (211)
Ay =1 = JiieN = , i=1,...,N—1

Case 4: N <i < (2N —1),1 < j < (N —1). This case is skew-symmetrical of Case 3,
therefore it is not necessary to repeat the calculations since the argument is entirely

similar.

The outcome of the previous classification is precisely matrix J in (205), as expected.

To conclude the example, let us now turn to the construction of the Darboux canonical
form, developed in the last subsection. As we know, the first step is the coordinate transfor-
mation (193) of the form y = B -z, where y = (y1,...,y,). From the definition of B in (208)

note in particular that we now have:
Y2i—1 = — Q4 i:1,...,N—1 (212)

Making use of (210), (211) and (212), the application to J in (205) of the transformation rule
(192) for the change (193) leads after some algebra to:

(N-1)
. 0 -y \ —— 0 —Y2N-3
T (y) = ®...0 ® Oy (213)
vy 0 YaN-3 0
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We now apply to (213) the second transformation (197) which now becomes:

O %:—lnyi . i=1,3,....,2N —3
Yi
Zi:/dyi:yi L i=2,4,...,2N —2 (214)

Taking (198) into account, the application of transformation (214) to the structure matrix

(213) finally leads to the Darboux canonical form:

(N-1)
T (2) = Ippn-12N—2) = Lo ... Lo ® 0

Recall also how the diffeomorphic character of both coordinate transformations (193) and

(214) is clear in practice.

4.3.4. Comparison with the separable family

As we have seen through the examples, there is to some extent an overlap between the
separable and the multiseparable families. Clearly they are very different, but it is interesting
anyway to provide some additional details regarding the actual relationship between both
kinds of solutions. For reasons that will be clear in the presentation, it is illustrative to follow
a progressive treatment in three steps, namely n = 2, n = 3 and finally the general case of

practical interest n > 3.

Case n=2

If s12 € Ris a real constant, in the separable case we have Jia(x) = s12¢1(21)2(z2). When
n = 2, it is always possible to suppress formally s12 by redefining one function (or both), for
example as 11 (1) = s12t1(21). Thus, we can equivalently say that for the separable case it
is Ji2(z) = ¢1(x1)2(x2). On the other hand, for the multiseparable family (with » = 2) now

we have:

12 air a2
Ji2(z) = Ai3p1(B1 - 2)p2(B2 - ) = ©1(B1 - 7)p2(Bs - x) (215)
az1 ao2

In particular, if we make the choice A = B = [, then (215) becomes:

Ji2(x) = p1(w1)p2(z2)
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Therefore, we obtain that in the case n = 2, separable solutions are a subset of multiseparable
solutions (note the common requirement of smoothness for the structure functions in both

families). The converse is not true, because in general (215) is given by:

Ji2(z) = Af31 (b1 + bi122)@2(ba121 + baoas) (216)

And clearly, the structure function (216) is not separable in general. Consequently, for n = 2
the separable Poisson structures are properly contained in the multiseparable ones (notice
that the case r = 0, namely matrix Qs, is also embraced by the previous statement after
Definition 4.3.1.1). Thus, all the two-dimensional separable examples (and the corresponding
global analyses carried out for them) considered in Subsection 4.2.3 now become particular

instances in the more general framework of multiseparable Poisson structures.

Case n=3

We are going to see three simple instances that provide complementary results for this
case.

To begin with, an example of a multiseparable structure matrix which is not separable
is presented. Such instance was developed previously (matrix (202) of Example 3 from Sub-
section 4.3.3). The proof of the multiseparable character of (202) is therefore not necessary,
since it was already provided at that stage. In addition, it is evident that matrix (202) is not
separable, something that can be appreciated by simple inspection (in particular, note that
the element Jo3 = bz1xe of (202) does depend on x1). Consequently, for n = 3 multiseparable
matrices are not a subset of separable matrices.

Let us prove also the converse by means of a second instance. This can be done with the
help of Example 3 from Subsection 2.5.2, which is also a structure matrix for the Kermack-
McKendrick model (a well-known bi-Hamiltonian system [63,135]). Such matrix was also
regarded in Subsection 4.2.3 about separable matrices, and in particular it is given by (184).
We then see that this matrix is of rank 2. In Subsection 4.2.3 the separable nature of this
structure matrix was already shown. It is interesting to note that a possible choice for the

Casimir invariant of (184) is
a
D(z1,22,23) = 23 + 3 In ¢

which is neither linear nor functionally dependent on a single linear function. This is already

a proof in the sense that matrix (184) cannot be multiseparable. Alternatively, this can be

166



verified directly on the form of the matrix. To see this, notice that in the case n = 3, r = 2,
the form of a general multiseparable structure matrix is given by (201). According to such
equation, the functional dependence of Jy9, Jog and J3; is the same (apart from a multiplicative
real constant). Thus, if Jia, Jo3 and J3; do not vanish then they share the same functional
dependence on z. On the other hand, in matrix (184) we have Jj3 = —bzx2, Jo3 = —azy and
J31 = 0, which is not in agreement with a multiseparable functional form. Then, for n = 3
separable matrices are not a subset of multiseparable matrices.

To conclude the case n = 3 we go back to Example 4 (the Toda lattice) analyzed in the
previous subsection. In such example it was already mentioned that the structure matrix (205)
considered is at the same time separable and multiseparable. In particular, matrix (205) is

defined for the values n = 3, N =2 and r = 2, thus taking the following form:

0 - 1
JT=| o 0 0 (217)
—Q 0 0

Matrix (217) is defined in terms of variables (aq, 51, 32), and its multiseparable formulation

is obtained from matrices

1 0 | o0 1100
A=1] 0 1 o|, B=at=| o 10
0 -1 | 1 0 | 11

and functions ¢1(y1) = —y1 and pa(y2) = 1. The separable structure of matrix (217) is, on
the other hand, evident.

Then, the three previous examples for the case n = 3 show that the separable and multi-
separable structure matrices have nonempty intersection, but none of the families is a subset
of the other one.

In what follows the general case n > 3 is considered. Of course, this includes the case
n = 3 just seen. However, the separate consideration of the n = 3 scenario has allowed the
presentation of purely three-dimensional examples of interest that otherwise would be excluded
from the general n > 3 analysis that follows. Moreover, considering here the case n = 3 will
allow a more complete presentation of the general situation in which n > 3, as it will become

clear in what follows.
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Casen >3

For general n > 3 we follow a structure similar to the one employed for n = 3, namely the
consideration of three complementary examples. The instances employed are such that they
are dimension-independent, namely they are defined for every n > 3.

In first place, we look at examples of structure matrices that are multiseparable but not
separable. Among the infinity of possible choices, we can make use here of the one defined in

terms of the following elements:

1 00 ... 0 100 ...0
110 ...0 110 0

A=| -1 0 1 0|, B=A4A1t=]1 0 1 o], n>3
100 ... 1 100 ... 1

In order to comprise at the same time any possible value of n > 3, we obviously must fix
r = 2. If, to be specific, we choose functions ¢;(y;) = y;* for i = 1,2, with both 71,72 > 0, we

arrive at structure matrices of the form:
Jij(z) = A}f(pl(Bl - x)p2(By - ) = A}j?x? (x1+x2)? , i,5=1,...,n (218)

Evidently, matrix (218) is not separable in general. For instance, the entry Jos of the multi-

separable matrix (218) is:
Jas(x) = Aggar] (w1 + 22)" = o] (w1 + 22)7

It is clear that a great diversity of analogous examples can be generated in a similar way.
Given that the case n = 3 was specifically regarded in the previous item, we can also

consider now another kind of examples for which n > 4. This has the advantage of allowing

the consideration of the case r = 4 in the multiseparable framework. Thus if n > 4 and r =4

we have multiseparable structure matrices of the form:

Jij(x) = Ailfgol(Bl - x)pa(Ba - ) + A?;lgcag(Bg cx)pa(By-x) , G,j=1,...,n (219)

It is also evident now that, in general, structure matrices of the form (219) are not separable,
because J;; in (219) consists of a sum of functions, and in addition such entry J;; typically
will not depend only on variables z; and z;, as it would be the case for a separable structure
matrix. We thus conclude that for any n > 3, the multiseparable structure matrices are not

a subset of the separable ones.
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Let us now turn to a reciprocal set of examples, namely those of separable structure
matrices which are not multiseparable, for any n > 3. A simple instance is provided by
the separable matrices considered in Example 1 of Subsection 4.2.3, and given by expression
(178), namely J;; = sjjxiz;, with ;5 = —s;; for i,j = 1,...,n. For simplicity it is preferable
to restrict ourselves to the case Rank(J) = Rank(S) = (n—1). If this is the case, there exists

only one independent Casimir invariant, which can be chosen to be:
n
D(z)=> kilnz (220)
i=1

where k = (k1,...,k,)T € Ker(S). We see thus that the Casimir invariant (220) is not
linear, and in fact it is not linearly dependent on a linear function (apart from particular
instances such as those in which D(z) in (220) only depends on a single variable). Since
we know that every multiseparable matrix has a complete set of independent linear Casimir
invariants, it is then proven that the present kind of separable structure matrices is not in
general multiseparable, for any n > 3.

To conclude, we consider a last family of examples which are, for every n > 3, separable
and multiseparable at the same time. Such family can be generated by means of the multi-
separable definition in the following way: according to Definition 4.3.1.1 and expression (186)

we introduce the multiseparable family obtained for the choice A = B = 1,,. The outcome has

the form: ;
r/2
Jij(x) = ZA?JE_I’%"L/J%A(UC)"L/J%(%) =
k=1
r/2 5 5
i,2k—1 2k ..
Z Vok—1(xok—1)par(x2r) , 4,5=1,...,n (221)

k=1 0j2k—1 0j2k
A multiseparable structure matrix of the form (221) has already been analyzed in the present
section, and in particular in the proof of Theorem 4.3.2.1, see the analysis accompanying

equations (195-196). According to this, matrix (221) is actually of the form:

7‘/2 (n—r)
0 vip2 | —— 0 Pr_1¢ —~
J = 3.0 Tl e, 0, (222)
—p1p2 0 —Pr—1r 0

Consequently, the structure matrix (222) is multiseparable by construction, but it is also
separable, as it is apparent (note the dependences ¢; = ;(x;) for every i = 1,...,r). And, in
addition, structure matrices of the form (222) are defined for every n > 3, as intended.

Thus for the case n > 3 we conclude that both families of structure matrices have nonempty
intersection, but none of them is contained in the other one. In fact, for n > 3 there is an

infinity of structure matrices verifying either of the following propositions:
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(a) They are separable but not multiseparable.
(b) They are multiseparable but not separable.
(¢) They are both separable and multiseparable.

The case-by-case comparison is thus complete. We have therefore arrived to some concluding

remarks:

Conclusions of the comparison

Throughout the present subsection the fundamental goal has been to establish that the
separable and multiseparable families are different. This was to be expected to some extent,
but the purpose of the comparison has allowed an example-based discussion in which use
has been made of some instances, useful for a better description of the relationship between
both kinds of structure matrices. From the analysis, as well as from the rest of examples in

Subsection 4.3.3, it has been learned essentially that:

(a) For every multiseparable structure matrix there is a complete set of independent linear
Casimir invariants, but the converse is not true: there exist structure matrices with such

kind of complete set that are not multiseparable.

(b) Considered as a whole, both families have a nonempty intersection but none of them is

contained in the other one.
(¢) However, for n = 2 the separable family is a subset of the multiseparable family.

(d) In addition, for every n > 3 both families have a nonempty intersection, but such that

none of them is a subset of the other one.
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4.4. DISTINGUISHED SOLUTIONS (D-SOLUTIONS)

In this section, another new n-d family of skew-symmetric solutions of the Jacobi PDEs is
investigated. Such family is mathematically remarkable, as far as the functional dependences of
the solutions appear to be associated with the Casimir invariants of the solutions themselves.
This kind of Poisson structures (termed distinguished solutions or D-solutions due to this
reason) are defined for every possible combination of values of the dimension (n > 3) and the
rank, and are also determined in terms of arbitrary nonlinear smooth functions, properties
usually not present at the same time in the already known solution families. In particular, D-
solutions display simple properties allowing the generation of an infinity of D-solutions from a
given one, which is a relevant feature, when present, in the framework of the Jacobi equations.
Additionally, some families of D-solutions of special significance and complying to the previous
requirements are constructively characterized and analyzed. Different properties of interest
are discussed with the help of detailed examples.

The section is structured as follows. In Subsection 4.4.1 the family of D-solutions is
characterized, and different general properties naturally associated with it are determined. A
special (but important) particular subset of D-solutions is given by D,-solutions, which are
characterized in Subsection 4.4.2. The analysis of D-solutions in general, and D-solutions in
particular, is continued by means of a discussion, frequently illustrated with examples, which
takes place in Subsections 4.4.3 and 4.4.4. To conclude the section, detailed comparisons with
the multiseparable and the separable families are developed in Subsections 4.4.5 and 4.4.6,

respectively.

4.4.1. Distinguished Jacobi equations and distinguished Poisson structures

We begin with a description of the problem:

Definition 4.4.1.1. Let J = (J;;) be an nxn matriz defined in a domain & C R™ (n > 3) and
composed by C>(Q) real functions Jij(x). Then J is said to be a solution of the distinguished

Jacobi equations in Q if for every x € Q it is skew-symmetric and
n
> Juddij=0, ijk=1,...,n (223)
=1

or, equivalently, if J* = —J and J - VJij =0 for all i,5 = 1,...,n, where the superscript
T denotes the transpose matriz. Every matriz J being a solution of the distinguished Jacobi

equations (24,223) will be termed a distinguished solution, or a D-solution.

171



This definition implies two relevant consequences that can be summarized as follows:

Corollary 4.4.1.2. Let J = (J;j) be a D-solution defined in a domain Q C R", then:

(a) T is a solution of the Jacobi equations (24-25), and therefore it is a structure matriz in Q.

The converse is obviously not true, namely not every structure matriz is a D-solution.

(b) Functions J;j(x) are Casimir invariants of J globally defined in Q for all i,j =1,...,n.

Therefore, briefly speaking D-solutions can be described as structure matrices defined in
terms of their own Casimir invariants. As indicated in Subsection 1.2.2, Casimir invariants are
also termed “distinguished functions” in the literature on Poisson systems [139]. This is the
reason accounting for the denomination of “distinguished solutions” given here to the present
kind of structure matrices entirely composed of Casimir invariants. Later in this section, a
wide family of D-solutions will be constructed and characterized in full detail. Before that, it
is interesting to further focus on some general properties associated with D-solutions. Such
properties are not present in general in Poisson structures, but can be easily determined in

D-solutions. In order to see this, a preliminary definition is convenient:

Definition 4.4.1.3. Let N = (N;j(x)) be an nxn real matriz defined in a domain Q C R™ and
such that functions Nj(x) are C*°(Q) for alli,j =1,...,n. A C>®(Q) function f(x): Q —R
is said to be kernel-gradient (or KG) for matriz N if N -V f =0 for every x € €.

The previous definition is natural in this context, since a D-solution is just a skew-
symmetric matrix for which all the entries belong to the set of its KG functions. This point of
view will be useful in brief because a C* function g(fi,..., fx) of one or more KG functions

(fi(z),..., fr(x)) is also a KG function of the same matrix. We can now state a first result:

Theorem 4.4.1.4. Let J = (J;;) be an nxn D-solution defined in a domain Q@ C R™ and such
that Rank(J) = r in Q. Let (Dyy1(x),...,Dy(x)) be a complete set of independent Casimir
invariants of J in 2. In addition, let A = (auj) denote an n x n matriz of entries of the form
aij(Dyy1(z), ..., Dp(x)) such that the real functions ci;j(yi,...,Yn—r) are C(R"™") for all

i,7=1,...,n. Then:
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(a) For every odd real polynomial of J,

k
P(J) =) aunn I, k>0, (224)
i—0

and for every skew-symmetric matrix A of the aforementioned kind, the matriz product

(P(TJ)-A)™-P(J) is a D-solution in § for every integer m > 0.

(b) For every odd real polynomial P(J) of J of the form (224) and for every symmetric
matriz A of the kind indicated which commutes with J, the product (A - P(J))™ is a

D-solution in  for every odd integer m > 1.

(¢) For every even real polynomial without constant term of J,

k
Q) =) auJ”, k=>1,
=1

and for every skew-symmetric matriz A of the kind already indicated, the matriz product

(Q(T) - A)™ - Q(J) is a D-solution in 2 for every odd integer m > 1.

(d) If n(y1,-..,Yn—r) : R*"" — R is an arbitrary C*°(R™™") real function, then the product
N(Dyy1(x), ..., Dp(x))T is a D-solution in SQ.

Proof. (a) All Casimir invariants of J are also KG functions for (P(J) - A)™ - P(J). Then,
the form of A implies that every entry of (P(J)-A)™ - P(J) is a KG function of the matrix

itself. To conclude, notice that P(J) is skew-symmetric:
[P = iaziﬂ(—l)%ﬂj%ﬂ =—P(J)
i=0
According to this, (P(7) - A)™ - P(J) is also skew-symmetric:
[(P(T)- A" PI))" = =P(T) - [AT - (P(I)']" = ~(P(T) - A)™ - P(JT)

(b) The Casimir invariants of J are KG functions of (A - P(J))™. Due to the functional
dependence of A, matrix (A - P(J))™ is entirely composed by KG functions of (A - P(J))™.

In addition, it can be seen that (A - P(J))™ is skew-symmetric because P(J) is, since:
[(A-P(7)™M" = (P(T)]" - AT)" = (=P(J) - A" = —(A- P(T)"

(c) Every Casimir invariant of J is a KG function of (Q(J)-A)™-Q(J), so that taking into
account the form of A, we have that (Q(J)-A)™-Q(J) is composed by its own KG functions.
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The proof will be complete after verifying the skew-symmetry of (Q(J) - 4)"™ - Q(J). To see

this, note first that Q(J) is symmetric:

k
[RIT" = an(-1)*T% = Q(J)
i=1
And consequently, we have:

[(QT) - A)™ Q" =Q(I) - [-A- QU™ =—(QT) - A)™ Q)

(d) Matrix n(Dy41(x), ..., Dy(x))J is obviously skew-symmetric. The Casimir invariants
of J are KG functions of nJ, and consequently this matrix is fully composed of its own KG
functions.

This completes the proof of the theorem. Q.E.D.

In the previous theorem, note in particular that matrix A can be constant. As indicated,
this kind of properties, when present in the context of the Jacobi PDEs, deserve some inter-
est. In particular, Theorem 4.4.1.4 is significant for several reasons. First, because it is not
limited from the point of view of the dimension or the rank for which it can be applied, and
consequently it is remarkably general. And second, because such kind of results are uncom-
mon in the usual context of finite-dimensional Poisson structures. We see however that they
are present in the specific domain of the distinguished problem. Some less general instances
of this kind of properties for nondistinguished Poisson structures can be found in [70,71] for
certain three-dimensional situations and in [83] for some n-dimensional solution families. In

this work, this type of results is also found in Sections 2.5 and 4.7.

4.4.2. The family of D,-solutions

The fact that D-solutions are given in terms of their Casimir invariants is mathematically
nice but, at the same time, the issue of the practical determination of some representative
D-solutions requires further investigation. This is actually possible: as anticipated, after the
previous definitions and general properties the aim now is to consider one family of D-solutions

which is amenable to constructive characterization. This is the content of the next result:

Theorem 4.4.2.1. Let n > 3 and p < n be two positive integers, and consider the (n — p)

functions

p
Dl(:v):xl—Zalkxk , l=p+1,....n (225)
k=1
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where ay, are real constants for all I, k. In addition, fori,j=1,...,p, let Yi;(y1,...,Yn—p) be
C>(R"™") functions that are skew-symmetric in their subindexes, namely 1Vi;(y1, ..., Yn—p) =
—ji(Y1s .-, Yn—p) for all i, j. Finally, let J = (Jij) be the n X n matriz given by:

;

@Z}ij(Derl(m)a-naDn(l')) y ’L',jZ 1,...,p
P
Zajk¢ik(Dp+1($),...,Dn(x)) , i=1,...,p57=p+1,....n
Jy@) = o | (226)

Zazkwkj p+1(x)7~-7Dn(x)) ) Z:P+177n7]:177/7
k=1

P

Z alka]lwkl p+1($), L ,Dn(a:)) , L,j=p+1,....n
k=1

Then, J is a D-solution of the Jacobi equations which is globally defined in R™ and such that
Rank(J )< p — pmod 2 for every x € R™. In addition, the (n — p) functions Di(x) in (225)

constitute everywhere in R"™ a set of functionally independent Casimir invariants of J .

Proof. The proof is constructive. For this, let us first consider the submatrix structure of J

as suggested by equation (226), namely:

(227)

where JW, 7B 78 and 7 are submatrices of sizes p x p, p x (n — p), (n —p) X p
and (n — p) x (n — p), respectively. In the rest of the proof, the entries of J¥ will be
denoted JZ-[;?] for all & = 1,...,4. Therefore, according to (226) and (227) we have Jm

Vij(Dpi1(2),. .., Dy(x)) for all i, = 1,..., p. Regarding J?), note that from (226) we have:

o
2 1 . .
I =N apdy) . i=1...p . j=p+1....n (228)
Similarly for J1!, equation (226) implies that:
BN~
T =N agdll . i=pt1ln, j=1, (229)

k=1

To conclude, notice that from (226) we also obtain for J

P
= anapdy . ij=p+1l...n (230)
k,l=1
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Taking (228) into account, we can express (230) in an alternative form, very similar to that

for 71 in (229):

p
J};]:Zaikjlg . i,j=p+1,....,n (231)
k=1

For what is to come, it is also necessary to observe that for J there is another expression
analogous to the one displayed in (231). Now such alternative dependence can be obtained

from (229) and (230) in terms of 7% as:
gl = Zajk‘]z[k L dj=p+1l,...n (232)

With the help of expressions (228-232) some auxiliary results can be provided now:
Lemma 4.4.2.2. Matriz J = (J;;) in (226) is skew-symmetric.

Proof of Lemma 4.4.2.2. Submatrix 7! is skew-symmetric by definition. Let us now prove
that submatrices 712 and 71 also verify skew-symmetry. According to (228) and (229) we

have:
p
T+ I = Zajkjl[k Sapdl =0, i=1...p, j=p+l...,n
To conclude, making use of (230) for 7% we have:

4 .o
Z aykazljkl = Z azk’%l’Jk/l/ = _Jz'[j] s, Li=p+l..on
k=1 K'l'=1

Lemma 4.4.2.2 is thus proved. Q.E.D.
Lemma 4.4.2.3. Functions D; in (225) are KG for matriz J in (226) for alll = p+1,...,n

Proof of Lemma 4.4.2.3. Consider the first p rows of [J (namely those comprising JW and
JM). Thus fori =1,...,pand for I = p+1,...,n we have:
(J - VD)) ZJU(? D, = ZP:J ay; + Z T8 =0
j=1 =p+1
where §;; denotes Kronecker’s delta and the last equality is a consequence of (228). Analo-
gously, consider now the last (n — p) rows of J (which involve submatrices 7B and 7).
Then for i,l =p+1,...,n we arrive at:

(j'VDl)i:ZJijale ZJ[3a1]+ Z J[45lj20

j=1 Jj=p+1
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where now the last identity arises as a result of (232). The proof of Lemma 4.4.2.3 is therefore

complete. Q.E.D.

Lemma 4.4.2.4. For alli,j =1,...,n, functions J;;(x) entering matriz J in (226) are KG
for J.

Proof of Lemma 4.4.2.4. By construction in (226), all entries J;; are either functions
Vij(Dpi1(2), ..., Dy(w)), as it is the case of JIU, or linear combinations with constant coef-
ficients of such functions (as happens for J [2}, J Bl and J [4]). Therefore, in a compact and

unified way it can be said that there exist real constants b;;r; such that:

P
Jij = Y bigutbr(Dps1 (), ..., Du(x)) , d,j=1,....n (233)
k=1
1>k
From (233) it can be seen that:
. (O o
V=Y by Y, oD, VD, , i,j=1,....n (234)
kl,l:kl q=p+1
>

Finally, as a consequence of (234) and Lemma 4.4.2.3 we obtain J-VJ;; =0fori,j =1,...,n.
This proves Lemma 4.4.2.4. Q.E.D.

Therefore it is proved that J is a D-solution. Then as a consequence of Lemma 4.4.2.3,
the (n—p) functions Dj in (225) are Casimir invariants, for which the functional independence
is clear. To complete the proof, note that by construction the rows p+1,...,n of J are linear
combinations (with constant coefficients) of the first p ones, as implied by (229) and (231).
Then it is clear that Rank(J) < p. Since the rank of a skew-symmetric matrix is always even,
from Lemma 4.4.2.2 this means that necessarily it is Rank(J) < p — p mod 2, which is the
bound given. This completes the proof of the theorem. Q.E.D.

Of course, in the D-solution family described in Theorem 4.4.2.1 the linear dependences
among the elements of J have been chosen in such a way that the p first rows and columns
(those conforming J [1]) span the rest of rows and columns, as it is clear from equations
(228-232). Actually, this choice is entirely arbitrary and was used without loss of generality.
Analogous families of D-solutions can be generated on the basis of the rest of possible p x p
submatrices. This fact, the convenience for future use and the notation employed in (226)

motivate the following definition:
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Definition 4.4.2.5. Every D-solution being either of the type constructed in Theorem 4.4.2.1

or a permutation of such construction will be termed a Dy-solution.

After presenting the main definitions and results, the purpose of the next subsection will
be to provide some comments and examples aimed at clarifying the content and implications

of the previous developments.

4.4.3. Discussion and examples

The first basic aspect of D-solutions which is interesting to consider regards the possible
rank values of D-solutions in general, and of Dy-solutions in particular, for a given value of
n. The fact that D-solutions are composed by Casimir invariants seems to suggest that such
Poisson structures must be degenerate and therefore that the maximal possible rank (namely
n — n mod 2) should be excluded for D-solutions having an even value of n. However such

statement is not mathematically correct, as the following example displays.

Example 1. Constant structure matrices

As mentioned, constant structure matrices play a significant role in the theory of Poisson
systems, not only because they comprise as a special case the classical symplectic matrices
(and therefore the whole classical Hamiltonian theory) but also because they are the source of
very varied noncanonical applications. Constant structure matrices of arbitrary rank are D-
solutions, since they are entirely composed by (trivial, namely constant) Casimir invariants: in
fact, constants are Casimir invariants for every structure matrix. This is interesting because
constant structure matrices are able to take all possible ranks associated with every given

value of n. Therefore it is worth emphasizing the next statement:

Corollary 4.4.3.1. For every integer n > 3 and for every possible nontrivial rank value
(r even, 2 < r < n—nmod2) there exists an infinity of n-dimensional D-solutions having

constant rank r in R".

In particular, constant structure matrices also arise from Theorem 4.4.2.1 as Dy-solutions.

To see this, it suffices to consider the value p = n. In such case, there are (n — p) = 0
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functions D; of the form (225) and J in (226) is entirely given by submatrix 71, in other
words J = JM. Moreover, functions Ji[;] = Yij(Dpt1(x), ..., Dyp(x)) lose their dependences
and become arbitrary constants. Consequently, J is an arbitrary constant skew-symmetric
real matrix, which can have every admissible (even) rank. Thus, in this situation we still
have Dy-solutions, but in the limit case in which no Casimir invariants of the form (225) are

implemented.

Let us now present an additional example of Dy-solution. Such instance has been chosen

to illustrate the fact that the upper bound to the rank may not be reached.

Exzample 2. A four-dimensional Dy-solution

The following matrix corresponds to the form studied in Theorem 4.4.2.1 with n = 4,
p = 2, and with the two linear Casimir invariants Ds(x) = x9 4+ 23 and Dy(x) = x1 + 22 + x4

of the kind (225) implemented. If ¥(y1,%2) : R? — R is an arbitrary C°°(R?) function, the

matrix is:
0 Y(Ds, Dy) —(D3,Dq) —4(D3, Da)
S| vweny 0 0 sy |_[gW | ¥
¥(D3, Da) 0 0 —(Ds3, Dy) Rt ‘ g
¢(D37D4) _@Z’(D3>D4) ¢(D37D4) 0

(235)
It is evident that J in (235) is skew-symmetric, that both Ds(x) and D4(z) are KG functions
for such matrix, and that all the entries of J are C'* functions of D3(x) and D4(x). Moreover,
the structure (226) of the matrix (or, more in detail, the identities (228-232) among the four
submatrices) can be easily verified. Accordingly, J in (235) is a Dy-solution. In addition, for
the rank we obtain from Theorem 4.4.2.1 the bound Rank(J) < p—p mod 2 = 2, which will be
in general the case almost everywhere in R*, but not in the hypersurface (D3 (z), D4(z)) = 0

where Rank(J) vanishes.

Another aspect of interest of Dy-solutions is the possible presence of nonlinear Casimir
invariants, additional to those implemented in (225). Associated with this issue is again the
fact that Rank(7) can take lower values than the upper bound p—p mod 2. These possibilities

are illustrated in the next instance.
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Ezxzample 3. An additional four-dimensional D,-solution

The following matrix is a Dy-solution, this time with n =4 and p = 3:

0 X9 + T4 (.732 + .584)2 —Xo — X4
—Z2 — T4 0 0 0 gl
J(z) = - (236)
— (w2 + 24)? 0 0 0
o + T4 0 0 0

In this case, the linear function of the form (225) defined is Dy(x) = x2 +x4. Thus J in (236)
is a D-solution because it is skew-symmetric and Dy(x) is a KG function for J. Actually,
the submatrix structure (227) can be identified without difficulty for all 7, i = 1,...,4,
according to the constructive steps of the proof of Theorem 4.4.2.1. In addition, the same
theorem predicts the bound Rank(.7) < p— p mod 2 = 2. Accordingly, at least one additional
functionally independent Casimir invariant must exist. Actually, it can be easily verified that
it is given by D3(x) = x3 + 274 + 23, which is obviously nonlinear. In fact, both D3(x) and
Dy(x) are functionally independent as we can see on their Jacobian:
(D3, Dy) 0 24 1 294224

= 237
O(w1, w2, 73, 74) 0 1 0 1 (237)

Functional independence is thus proven since Jacobian (237) has rank 2 everywhere in R*. On
the other hand, this set of Casimir invariants is not complete when the upper bound Rank(7)
= 2 is not accomplished. Actually this is possible, since all the entries of J vanish in the
hyperplane x5+ x4 = 0. On the contrary, Rank(7) = 2 everywhere else in R*, thus complying
to the upper bound predicted by Theorem 4.4.2.1. In such case, Casimir invariants Ds(x) and

D,(z) constitute a complete set.

A relevant question indirectly posed by Theorem 4.4.2.1 regards the construction of D-
solutions for which the implemented Casimir functions are nonlinear. In general, the method
should consist of the a priori specification of (n — p) future independent Casimir invariants of
the form

Di(z) =z — pi(x1,...,zp) , i=p+1,...,n (238)

where the p;(x1,...,2,) are smooth functions. Let R; denote the i-th row of the matrix.
According to the procedure used in Theorem 4.4.2.1 for the case of linear invariants, we
have that R; = 5:1(ajﬁbi)Rj for i = p+1,...,n in the matrix to be obtained, together

with a similar relationship for the columns, so that the D;(x) in (238) are KG functions by
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construction. Similarly to what is done in Theorem 4.4.2.1, J should be splitted in four
regions, with J (11 defined as in (226), so that the entries of J [ are KG functions of the
resulting matrix. This is exactly the procedure used in Theorem 4.4.2.1, but applied to the
nonlinear functions (238). The problem however is that the outcome for J @l 7B anq g
generally produces functions that are not KG functions of the matrix thus constructed. The
reason for this is that now the coeflicients of the linear combinations generating the entries
of J [2], JB and 71 are of the form 0ji, namely they are not constant (as in the case
of Theorem 4.4.2.1). The outcome is that the entries of J 2l 7Bl and 7™ lose in general
their functional dependence with respect to functions (238). On the contrary, such functional
dependence is preserved in the case of linear invariants (225) because (in the notation of
Theorem 4.4.2.1) in this situation we have that Oju; = a;; is always a constant. A simple

example now illustrates this situation.

Example 4. A counterexample in dimension 3

Let us consider the case n = 3, p = 2 for the implementation of a nonlinear Casimir
invariant of the form Ds(z) = x3 — u(x1,z2). For D3(z) to be by construction a KG function,
it has to be Rz = (O1p)R1 + (0214) R2, and a similar relationship for the columns. Thus,
defining Ji2(x) = ¢(D3(z)) we are led to the matrix:

0 1 Oop(x1, x2)
J(z) = ¢(Ds(x)) -1 0 —ov (w1, 2) (239)
—62,&(1‘1,$2) 81#(1’1,1‘2) 0

Now it is evident that J in (239) is skew-symmetric and that Ds3(z), Ji2(x) and Jap(z)
are KG functions for J, as expected. However, it is straightforward to check that the rest
of nondiagonal entries are not in general KG functions of J. Consequently, J in (239) is
generally not a D-solution. Notice that in the particular case (225) of linear Casimir functions
the partial derivatives of u(z1,22) are constant as indicated, and then every entry of J in
(239) is a KG function, thus conforming a Dy-solution. On the contrary, when functions

Oip(x1, x2) are not constant, the property of being a D-solution is not necessarily preserved.

Since the previous reasoning is clear, the naturalness of the result contained in Theorem
4.4.2.1 suggests yet another relevant question, namely the possibility that all the solutions of
the distinguished Jacobi equations (24,223) are actually Dy-solutions. This is certainly not

the case, as it can be seen in what follows.

181



Ezxample 5. A counterexample in arbitrary dimension

In this example D-solutions of arbitrary dimension n > 3 and not being D,-solutions will
be considered. In fact, such D-solutions do not have linear Casimir invariants at all, as we

shall see in what follows. Consider the following n x n skew-symmetric matrix:

" w3/w2 (wafe2) ... (wafws)"!
—x3/ T2

J(x) = —(563/5172)2 (240)

O(n-1)

—(w3/m9)" !

In (240) the symbol O denotes a null submatrix of size indicated by the respective subindex.
Matrix (240) will be defined in a domain  C R™ in which x9 # 0 and x3 # 0 for every = € Q.
In such case, we have Rank(J) = 2 everywhere in 2. It is then possible to find (n — 2) KG

functions for matrix (240) functionally independent in 2. These are:

Dg(x):%; Di(x):%_xi, i=4,...,n (241)

That they are KG functions is simple to verify. Regarding functional independence, notice

that we have the Jacobian:

0 0 0
—x3/23 —x3/75 ... —x3TH-1/73
1/xo 2x3/x0 ... Tp—1/ T2
<8(D3,D4,...,Dn)>T _ 0 -1 ... 0 242)
(@1, o) 0 0o ... 0
0 0 x3/x9
0 0 -1

Thus if we choose in (242) the submatrix composed by the last (n — 2) rows, we see that it
is upper triangular with determinant [(—1)"73/x5] # 0 in Q. Accordingly, functional inde-
pendence of Ds(x),..., Dy(z) holds in  for every n > 3. Since all the entries of 7 in (240)
are C'*° functions of D3(z) we have that such matrix is a D-solution for every n > 3, and

functions D3(x),..., Dy(z) in (241) form a complete set of independent Casimir invariants of
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J in Q. On the other hand, recall that if a Dy-solution of constant rank has one or more
independent Casimir invariants, then at least one of them can be taken to be linear: in the
case p < n this is so by construction; and according to Example 1, in the complementary
case p = n the matrix is constant, which implies the existence of linear Casimir invariants
when such matrix is degenerate. Conversely, a degenerate structure matrix of constant rank
without linear Casimir invariants is not a Dy-solution. This is evidently the case for matrix J
in (240) since the ansatz of a generic linear Casimir invariant D(x) = > | a;x; substituted
in the identity J - VD = 0 immediately leads to a; = 0 for all ¢ = 1,...,n. Therefore it is

proved that J in (240) is a D-solution but not a Dy-solution, for every n > 3.

Note in addition that the significance of the last example is reinforced in view of the results

displayed in Theorem 4.4.1.4. This motivates the following conclusion:

Corollary 4.4.3.2. For every n > 3, there exists an infinity of n-dimensional D-solutions

that are not Dy-solutions.

In other words, Dy-solutions do not provide the general solution of the distinguished
Jacobi equations (24,223). In the next subsection we conclude the present discussion by
briefly regarding some of the previous issues as well as other questions from a more general

perspective.

4.4.4. Further remarks about D-solutions

As discussed in Chapter 1, skew-symmetric Jacobi equations become increasingly complex
as dimension grows. This explains that the characterization of families of arbitrary dimension
composed by generic functions (namely not limited to a given degree of nonlinearity) and
having arbitrary rank is very uncommon (some instances of the same kind are provided by
the separable and multiseparable Poisson structures considered in the two previous sections
of this chapter). For this reason, D-solutions may well be regarded as a significant contri-
bution in such sense. When compared to the analyses of the separable and multiseparable
families just mentioned, it can be seen that a typical outcome is the global construction of
the Darboux canonical form. This is clearly not possible in the case of D-solutions, neither
in general nor in the specific case of Dy-solutions. In both cases, this is mainly due to (a)

the generality of the functional form of the entries J;;(x) of such structure matrices; and (b)
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the possible lack of constancy of the rank (already illustrated in the examples) which is a
necessary condition for the applicability of Darboux’ theorem. Together, both reasons seem
to exclude a global application of Darboux’ theorem in the case of D-solutions, at least in
general. To conclude, notice also that in spite of the mathematically nice specialization of
the general skew-symmetric Jacobi equations which is provided by the D-solution problem,
this does not seem to imply that even a complete identification of D-solutions is at hand, as
Corollary 4.4.3.2 points out. Consequently, even in the more specific distinguished version,

skew-symmetric Jacobi equations retain their interest as a significant problem to be analyzed.

4.4.5. Comparison with the multiseparable family

The D-solutions (specially in the case of Dy-solutions) and multiseparable structure matri-
ces have in common the important role played by the linear Casimir invariants. This feature
suggests and motivates a comparison between both solution families in order to establish their
difference as solution sets. As we are going to see now, both families are unlike in spite of
such common feature. Let us show it.

In first place, notice that (according to Theorem 4.3.2.1) for multiseparable structure
matrices always exists a complete set of independent linear Casimir invariants. On the other
hand, for general D-solutions this needs not be the case as it has been seen, for instance, in
Example 5. In fact, the same statement remains valid even if we restrict ourselves to Dy-
solutions, as it can be seen from the previous examples (such as Example 3). According to
this, neither D-solutions nor D -solutions are subsets of the set of multiseparable solutions.

Conversely: let us recall that multiseparable solutions are not, in general, structure ma-

trices composed by Casimir invariants since, according to Definition 4.3.1.1 and Theorem

4.3.2.1, these structure matrices depend on (B; - z, ..., B, - ), while their Casimir invariants
are (By41-2,...,By-x). To further clarify this issue, notice in addition that both sets of linear
functions (B; - z,...,B, - x) and (By41 - @,..., By - z) are functionally independent because

matrix B is invertible. Therefore, multiseparable solutions are not a subset of D-solutions
(and obviously, not a subset of Dy-solutions, because in such a case they would be also a
subset of D-solutions).

Accordingly, the family of multiseparable structure matrices is different from the family
of D-solutions, and also different from the family of D,-solutions. Nevertheless, the three
families have an infinite intersection. For example, we know from previously seen instances

(Example 2 in Subsection 4.3.3 and Example 1 in Subsection 4.4.3) that the entire set of
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constant structure matrices is contained at the same time in the multiseparable, in the D-
solution and in the Dy-solution families. This clarifies completely the relationship between

the multiseparable and the D (or D) solutions.

4.4.6. Comparison with the separable family

For the sake of completeness, a brief comparison between D-solutions and separable so-
lutions is also provided. In this case both families display strong differences that anticipate
their radically different nature. Such analysis is interesting, nevertheless, as far as it com-
pletes the pairwise comparison among the three n-dimensional families already presented in
this dissertation. As in the previous subsection, the use of suitable examples will suffice for
our purposes.

In one sense, we can make use of matrix (240) from Example 5 in Subsection 4.4.3, which
is a D-solution structure matrix defined for arbitrary n > 3. Moreover, we see that matrix
(240) is not separable, as it is evident from simple inspection. We therefore conclude that
D-solutions are not a subset of separable solutions.

In the opposite sense, and being also defined for every n > 3, we can consider the structure
matrices provided in Example 1 of Subsection 4.2.3, which are given by the expression (178).
The entries of such structure matrices are, in general, clearly functionally independent of the
Casimir invariants (179) of such matrices. For instance, let us consider for simplicity the
case of rank (n — 1) in which a single independent Casimir invariant of the form (179) exists.

Equivalently we can write the Casimir invariant as
D(z) = [[ =¥ (243)

with k = (k1,..., k)T € Ker(S). On the other hand, the number of nonredundant entries
of the structure matrix is n(n — 1)/2, which for instance can be taken to be those over the
diagonal of J. It is clear that, in general, at most one of the nonvanishing nonredundant
entries of the matrix will be functionally dependent on the Casimir invariant (243), the rest
being by construction independent of it, thus showing that the matrix is generically not a
D-solution. Therefore, we obtain from this example that separable solutions are not a subset
of D-solutions.

To conclude, notice also that both families are not disjoint, since constant structure matri-

ces are both separable (see Example 3 of Subsection 4.2.3) and D-solutions (see Example 1 of
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Subsection 4.4.3). Actually, constant skew-symmetric matrices are also Dy-solutions, as it was
shown in the same Example 1 of Subsection 4.4.3. Thus there is an intersection between sep-
arable structure matrices and D-solutions, containing an infinity of elements for every n > 3.
The same can be said, of course, between separable structure matrices and D,-solutions.

It is worth noting the conceptually relevant role played by constant structure matrices
for the purpose of family comparison, because they are at the same time separable structure
matrices, multiseparable structure matrices, D-solutions and also Dy-solutions. Thus, in spite
of their simplicity, constant skew-symmetric matrices have been very useful for the pairwise
comparisons we were interested in. Such comparisons are now concluded, as far as they will
not be required any more in what is to follow for the additional families of Poisson structures

to be discussed.
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4.5. HEMISEPARABLE SOLUTIONS OF TYPE I

In this section, an additional family of n-dimensional solutions of the Jacobi equations
is characterized and globally analyzed. In particular, it is worth noting that in spite of its
general form (defined in terms of functions of an arbitrary nonlinearity) it is possible the
explicit and global determination of its main features, such as the case-classification of the
Casimir invariants and the global construction of the Darboux canonical form (which is a result
known for a limited sample of n-d Poisson structures, as we know). This family presents the
special feature that a complete understanding of its global analysis implies a case classification
such that different distinguished invariants are to be used in each case. Consequently, the mere
knowledge of one complete set of distinguished invariants does not guarantee the throughout
reduction to the Darboux canonical form, in spite that we are dealing with structure matrices of
constant rank. Accordingly, the symplectic analysis of this kind of Poisson structures requires
the use of a case-dependent (i) complete set of global Casimir invariants, and (ii) subsequent
global Darboux reduction to be constructed. Such classification is carried out in the present
section. The family embraces as particular cases different systems of applied interest that are
also analyzed as examples.

In Subsection 4.5.1 the analysis begins with the main results regarding the functional
characterization of the solution family. Then, in Subsection 4.5.2 the global analysis of the
family is provided. The section concludes with some applied examples, which are the subject

of Subsection 4.5.3.

4.5.1. Characterization of the family

We begin the subsection by providing a first result:

Theorem 4.5.1.1. Let n(x) and ¢;(x;), for i = 1,...,n, be functions defined in a domain
Q C R, all of which are C*°(2) and nonvanishing in Q. Let r;j, i,j = 1,...,n, be arbitrary

real constants that are skew-symmetric
Iiij+liji:0, ,5=1,...,n (244)
and satisfy the zero-sum conditions

/ﬂ’,z]"’_/{/]k—'_’ﬁkz:o ) iajak:17"'7n (245)
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In addition let

dz; . .

denote one primitive of 1/¢;(x;). Finally, let the functions xi;(z;, x;) be defined by
Xij(Ti, x5) = Vi) —¥j(x) + Ry, 6,7=1,....n

and assume that x;j(xi, ;) is nonvanishing in Q at least for one pair (i,7). Then J = (Jij)

is a family of n-dimensional structure matrices globally defined in §2, where

Jij(x) = n(x)ei(xi)pi(xi)Xxij (T, x5) , 4,5=1,...,n (247)

Proof. Skew-symmetry is evident in (247). We then substitute J in (247) into the Jacobi
identities (25) and obtain after some algebra:

n

Z(Jlialek + Ji;O0 ki + Jik0Jij) = nTy +n° Ty
=1

where T and T are the following terms, to be examined separately:

n
= Z @i PrP(Om) (X Xk + XjiXki + XkIXij)
=1

n

1 1
T = Z {SOiSOZXil [513'803801@)@1@ + kP PR X ik + PP <5lj801 - 511@%)] +
=1 j

1 1
©iPIXGI [&MPZ%XM + 0Lk Xki T PrPi <5lk(pk - 5liw>] +
(A

1 1
PLRPIXEL [5li<ﬁg@inj + Qi Xij + ipj (5“80‘ - 5@@)] }
i J
Regarding 71, if every x;; is substituted by its expression x;; = ¥; — ¥; + K;; and the result
is simplified, it is found that:

Xil Xk + XjiXki + XkiXij =

(Kjk + brt — )i + (Fri + Kg — kr)Y; + (Kij + Kji — K)o —
(Kjk + Kki + Kij )1+ Kakji + Kjikgi + Kgikig

In the last identity, the terms multiplied by one of the (i1, ...,%y) vanish due to the zero-sum

relations (245). In addition, using the same equations (245) we have:

RilKjk T KjlRki + KkiKij =
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ki(kji — ki) + Kji(kk — ki) + kr(kag — K5) =0
It is thus proved that T7 = 0. We proceed now with T5: expanding its expression and cancelling

out similar terms, after a suitable rearrangement we arrive at:
Ty = 2¢0ip5k[Xi5 + Xjk + Xks) = 20i050k[kij + Kjk + Kri] =0

Therefore it is also 7o = 0 and the proof is complete. Q.E.D.

Let us now provide some brief but relevant comments. In first place recall that, as indicated
in Theorem 4.5.1.1, for every 4 the primitive ;(z;) obtained from ¢;(z;) in (246) must be
chosen to be one and the same for all the entries of 7. However, the specific choice is actually
arbitrary. In this sense, notice that if a different integration constant is selected, for instance
after replacing ¥;(x;) by ©;(x;) + k; for every i, then the outcome is also a member of the
solution family, this time with constants /;; = k;; + k; — k;, which also verify (244-245). Thus
conditions (244-245) express in a generalized form this degree of freedom associated with
the choice of primitives (246). Secondly, note that by construction the functions ;(x;) and
Xij(zi, ;) are C*°(€2). In third place, it is worth observing that the definition (246) allows an
alternative expression for the solution family just characterized, namely J = (J;;) can also be

written as

Jij(z) n(x))Xij(xiamj) = n(z) [Yi(wi) =j(ws) +rig] , 4,5 =1,...,n (248)

Uy @) (e))
where functions ¢}(x;) are C*°(£2) and nonvanishing in 2, while the rest of defining properties
were already presented in Theorem 4.5.1.1. Under these assumptions, this can be taken as
an alternative definition of the solution family of structure matrices. Both ways of expressing

such family will be useful for what is to follow.

4.5.2. Casimir invariants and global Darboux analysis

We can now characterize some of the properties of the family described in Theorem 4.5.1.1:

Theorem 4.5.2.1. Let J be a structure matriz of the form (247) characterized in Theorem
4.5.1.1, which is defined in a domain @ C R™ and such that the pair (i, j) verifies that function
Xij (%, ) is nonvanishing in 2. Then Rank(J )= 2 everywhere in Q0 and a complete set of
independent Casimir invariants for J is given by:

() — Yr(e) + R Xge(Tg, TR)

Dk(‘r) - 77[1@(1'1) _ @bj(xj) + Kij N Xij(xiawj)

k=1,....,n; k#1i,j (249)
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Moreover, every Casimir invariant in (249) is globally defined in .

Proof. Given that functions n(z) and ¢;(z;) are nonvanishing in 2, the use of rank-preserving
matrix transformations shows that Rank(J) = Rank(X) in Q, where X = (x;;(zs,z;)) for
every pair (7, j). Since at least one of the entries of X is also nonvanishing in 2, this implies that
Rank(J) > 2 everywhere in Q2. We can now submit matrix X to additional rank-preserving
transformations: notice that Rank(X) is also maintained if we subtract the first row to the
rest of rows, and then if on the resulting matrix we subtract the first column to every one of

the remaining columns. This leads to a new matrix X* given by:

0  x12 --- Xin
—x12 0 ... O
X* = ) _ ) (250)
—X1n 0 e 0

It is then clear from (250) that Rank(J) = Rank(X™) < 2 in every point of Q. Therefore
we conclude that Rank(7) = 2 in Q. This proves the first part of the statement. For the
second part, notice first that every function Dy (z) in (249) always depends on z;, x; and xj
(since functions 1 (zy) cannot be constant for any k, according to the conditions established)
and in addition D (z) does not depend on the rest of variables. This implies immediately
the functional independence of the set {Dy(x) | k=1,...,n; k # i,j}. Moreover, since both
Xjk(xj, xr) and xgj(xs, ;) are C°(2) and x4j(x;, ;) # 0 everywhere in Q, function Dy (z) is
necessarily C*°(2). Therefore, to complete the proof it is only required to prove that functions
Dy(z) are Casimir invariants for every k. The simplest procedure to see this is to verify that
J-VDy =0 for every k = 1,...,n, with k # 7, j (notice that for both values k = 1, j, function

Dy(z) is a constant, and then also a Casimir invariant, but trivial). We thus have:

Vi Xk Ib}Xz‘k YL XGi .
0;Dg(x) = = , 0;Dp(z) = ———, OpDi(x) = , k=1,...n; k#1,j
’ (Xij)2 ! (Xij)2 (Xij)2
Then for every [ = 1,...,n it can be seen that:
n
Z J150s Dy, = Ji;0; Dy, + J1;0; Dy, + Ji.Ox Dy, = (zﬂ)z (XtiXkj + X5 Xik + Xtk Xji) (251)
s=1 v

In (251) the last term vanishes for every choice of i, j, k, [,

XtiXkj + Xt Xik + XtkXji = 0

as it was already shown in the proof of Theorem 4.5.1.1. Consequently, J - VD = 0 for every
k #i,7. This completes the proof. Q.E.D.
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As a consequence, we have that every Poisson system of this kind has (n — 2) independent

Casimir invariants, additional to the Hamiltonian. In other words:

Corollary 4.5.2.2. Consider that the assumptions of Remark 1.4.4.4 hold. Every n-dimen-
sional Poisson system & = J(x) - VH(x) defined in a domain Q@ C R™ in which the structure
matriz J (x) is of the kind (247) characterized in Theorem 4.5.1.1, is an algebraically integrable

system in §2.

In order to make the section self-contained, it is necessary to recall the concept of time
reparametrization for Poisson systems (see Definition 4.1.1) which are transformations of the
form

1

dr = mdt (252)

where t is the initial time variable, 7 is the new time and 7(x) : 2 — R is a C*°(Q2) function

which does not vanish in €). Thus, if

dz
— =7J-VH 2
dt J (253)

is an arbitrary Poisson system defined in €, then every time reparametrization (252) leads

from (253) to the system (not necessarily of Poisson type):

d
ﬁ —nJ-VH (254)

Having this in mind, an additional consequence of the previous results is that they allow the

constructive and global determination of the Darboux canonical form for this kind of Poisson

systems. This statement is contained in the following:

Theorem 4.5.2.3. Let Q C R" be a domain where a Poisson system
% =J(z)-VH(x)

is defined everywhere, for which J(x) is a structure matriz of the form (247) characterized in

Theorem 4.5.1.1, and such that the pair (i, ) verifies that function x;j(x;, ;) is nonvanishing

i Q. Then such Poisson system can be globally reduced in Q to an one degree of freedom

Hamiltonian system and the Darboux canonical form is accomplished globally in € in the

new coordinate system (yi,...,yn) and the new time T, where (y1,...,yn) are given by the
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diffeomorphism globally defined in 2

yi(z) =
y(e) = a; (255)
yp(z) = Di(z), k=1,...,n; k#1i,j

in which the Dy(x) are the Casimir invariants (249); and the new time 7 is defined by the
time reparametrization:

dr = Jij(x(y))dt (256)

Proof. Note that, according to Theorem 4.5.2.1, Darboux’ theorem is applicable because J
has constant rank 2 in €. For the sake of clarity and without loss of generality, assume that
it is x12 # 0 everywhere in ). Recall also that, after a general smooth change of coordinates

y = y(x), an arbitrary structure matrix J(z) is transformed into another one J*(y) as:

k=1

For the family of interest, the reduction is carried out in two steps. We first perform the

change of variables (255), which in this case is

vi(z) = .
ya(z) = 22 (258)
ye(z) = Dg(z), k=3,...,n

where the Dy(z) are given by (249), namely:

_ xor(z2,2k)  o(@2) — Yr(zk) + Kok

Di(@) xi2(x1, ) 1(x1) — Ya(w2) + K12

k=3,...,n (259)

Notice that the change of coordinates (258) is invertible everywhere in €2, its inverse being

r1(y) = 0
z2(y) = Y2 (260)
p(y) = Glva(y2) + kow —yrxi2(y1,42)] , k=3,...,n

where function (j is the inverse function of 1 for every k. The examination of (258-260)
shows that the variable transformation (258) to be performed exists and is a diffeomorphism

everywhere in Q as a consequence that by hypothesis we have x12(x1, z2) # 0 and ¢} (zx) # 0
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in Q. Then, according to (258) and (259), and taking (257) into account, after some algebra

we are led to

0 1 0 0
-1 0 0 0
T (y)=Jue(@@)| 0 00 ... 0 (261)
0 00 0
where from equations (247) and (260) we have
Ji2(x(y)) = n(y1, 2, 23(y), - - -, on(y)) 1 (y1)p2(y2) x12(y1, y2) (262)
The explicit dependences of (z3(y),...,z,(y)) are obviously the ones given in (260) and were

not displayed in (262) for the sake of clarity. Note that Ji2(z(y)) is nonvanishing in Q* = y()
and C*°(Q*). These properties allow the accomplishment of the second step of the reduction
which is a reparametrization of time, which in this case does not suppress the Poisson structure
of the vector field. Thus, making use of (262) in equation (256), the transformation dr =
Ji2(z(y))dt is performed. According to (252-254) this leads from the structure matrix (261)

to the Darboux canonical one:

0 10 0
-1 0 0 0
Ipm2@) =1 0 0 0 ... 0 | =S2®0(_y (263)
0 00 ... 0
Therefore the reduction is globally completed. Q.E.D.

The global reduction just achieved also implies the following consequence:

Corollary 4.5.2.4. Consider that the assumptions of Remark 1.4.4.4 hold. Every n-dimen-
sional Poisson system & = J(x) - VH(x) defined in a domain Q@ C R™ in which the structure
matriz J(x) is of the kind (247) characterized in Theorem 4.5.1.1, can be reduced globally and

diffeomorphically in ) to a Liouville integrable Hamiltonian system.

This concludes the analysis of the family of Poisson structures, since at this stage the reduc-

tion directly connects the initial Poisson systems with their classical Hamiltonian formulation.
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In what follows, the results just developed are illustrated by means of some applied examples.
This provides several instances of physical systems embraced by the previous setting, and also

illustrates the procedures introduced. This is the purpose of the next subsection.

4.5.3. Examples

Now some illustrations of the solution family (247) are given. The first one deals with
certain Poisson structures of interest in connection with the Halphen equations and the system
of circle maps. The second one is applied to a Poisson structure arising in the study of the
Euler top. Finally, in the last example it is shown that the cyclic Poisson structures of type I
analyzed in Section 2.3 are actually a particular 3-d case of the type I hemiseparable solutions

considered in the present section.

Example 1. Generalization of the Poisson structures for the Halphen equations

and the system of circle maps
Let us consider a family of three-dimensional structure matrices of the kind:
Jij(w1, 22, 23) = n3(w1, w2, 23) (25 — 25) , 4,5 =1,2,3 (264)

Poisson structures of this form have deserved some attention both for the study of the Halphen

system [63], in which

n3(z1, w9, 23) = [2(21 — w2) (w2 — 3) (23 — 21)]

as well as for the Poisson formulation of the system of circle maps [63], this time with

n3(z1, w9, 23) = —[(21 — w2) (w2 — x3) (23 — 21)]

Instead of analyzing the three-dimensional case, it is feasible to first generalize the previous
structures and then to provide a dimension-independent analysis. For this, and following
Theorem 4.5.1.1, consider a domain £2 C R™ in which the Poisson structure is to be defined,
together with a generic function n(z) = n(x1,...,z,) defined in Q and complying to the
requirements of such theorem. Moreover, we set ;(x;) = 1 and consistently 1;(x;) = x; for
every i = 1,...,n, as well as k;; = 0 for every pair (¢, 7). This leads to a natural n-dimensional

generalization of the previous structure matrices (264):

Jij(x) =n(z)(z; —x;) , 4,57=1,...,n (265)



In order to fully comply with the requirements of Theorem 4.5.1.1 (and necessarily for the
application of Theorems 4.5.2.1 and 4.5.2.3) it must be also assumed that there exists at least
one pair of indexes (i,7) for which x;;(z;, ;) = x; — x; # 0 everywhere in 2. Consistently
with the previous style, in what follows this will be the case for xi2.

Therefore, according to (249) and Theorem 4.5.2.1 a complete set of functionally indepen-

dent Casimir invariants associated in 2 to the structure matrices (265) is:

T2 — Tk

Dk(x) =

k=3,....n (266)

Ty — T2
Then the reduction to Darboux form now makes use of the diffeomorphism (258), with the

Dy.(x) given by (266). The inverse of this transformation is also a diffeomorphism, of equations:

= 0N
T2 = Y2
ry = y—(yi—y2)yk , k=3,...,n

After applying rule (257) the outcome is that J in (265) is transformed into the structure

matrix (261), this time with

Ji2(z(y)) = Ji2(y) = n(y1. y2, 2 — W1 — ¥2)y3, - -, ¥2 — (Y1 — ¥2)yn) (Y1 — 32)

The reduction is then completed by means of the time reparametrization dr = jlz(y)dt, which
finally leads to the Darboux canonical form (263) with (ys,...,yn) being trivial decoupled

Casimir functions and (y1,y2) acting as classical canonical variables.

Ezxample 2. Generalization of the Poisson structure for the FEuler top

We now consider the following cubic structure matrix appearing [63] in the analysis of the

Euler equations for a triaxial top:

3
Jij(21, 9, 23) = (] — cia?) Y (eijn)’ar , 1,5 =1,2,3 (267)
h=1

where €5, is the Levi-Civita symbol, and for i = 1,2, 3, the «; are real constants related to

the principal moments of inertia u; of the top according to the expressions:

M2 — 3 _ M3 — H1 M1 — p2
= — g = — [0

a1 5 2 y 3
M2 3 Hips H1p2

As in the previous example, an n-dimensional generalization will be developed and analyzed.

Before doing that, it is interesting to first investigate how the structure matrix (267) fits in
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the framework of Theorem 4.5.1.1. For this, and assuming that ajasas # 0, equations (267)
can be equivalently written as:

( 1 1
Ji2(z1, 22, x3) = (doyapaszirax3)

2 2
(2aga3zy) (201 322) (20377 — ara573)

1 1
(2&10[31’2) (20[1042.%3)

J23(x1, 9, xg) = (40[1@20&31‘11’2&33) (Oélag.%'% — alag.%%) (268)

1 1
(20&1&2.%‘3) (2042043371)

J31(w1, 22, 73) = (danasazz1T273) (1aox3 — agaza?)

Taking into account the alternative form (248) of the solution family, the structure matrix
thus expressed in (268) can be recognized in terms of:
2

n(z1, 2, x3) = dajagaszizors ,  Yi(z;) = alagagﬂ , 1=1,2,3 (269)
i

and k;; = 0 for all ¢, j = 1,2,3. Therefore, by means of the recasting (268-269), now it becomes

possible to generalize this Poisson structure to arbitrary dimension n. For this, let 2 C R™ be

a domain such that x; # 0 for every x €  and for every ¢ = 1,...,n, and let us also define:
e A set of n nonvanishing real constants (a1, ...,a,), their product being termed:
n
o= Hak #£0
k=1

e An arbitrary function v(x) which is C*°(§2) and does not vanish in Q. Together with it,

now function n(x) is also defined as:
n(z) = dav(zx) H Ty
k=1

e Functions ¢;(z;) = az?/a; for every i = 1,...,n.
e Constants x;;, which are taken to vanish for all 4,5 = 1,...,n.

e To conclude, it is assumed for instance (and without loss of generality) that yi2(x1, z2) #

0 in 2, where now it is:

2 2
X X
x12(z1,22) = « (1 — 2)

a1 (&%)

In this case, a generalized family of n-dimensional structure matrices is completely defined in

) and complies to the requirements of Theorem 4.5.1.1, the result being of the form:
Jij(2) = v(z)(ajz} — aix?) H T i,j=1,...,n (270)
k=1
ki,
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Notice that in the case n = 3 and v(z) = 1, the structure matrix (270) reduces to (267), as
expected.

Therefore, Poisson systems with n-dimensional structure matrix of the generalized form
(270) have the following set of (n — 2) functionally independent Casimir invariants in {2

OqOék:L'% — Oqagl'z

Dy (z) = , k=3,....n (271)

agakaz% — ozlozk:z%

Consequently, in this case the diffeomorphic coordinate transformation leading to the Darboux

canonical form is defined by (258) and (271), and its inverse is also a diffeomorphism in y(2)

given by:
r1 = U
T2 = Y2
(6773 (6773 O 12
T = Sk [y%—(y%—yg)yk} , k=3,...,n
a9 aq a9

where ¢ = sign(xy) is a constant defined in terms of the usual sign function, namely (41) if
x> 0and (—1) if x; < 0in Q (recall that x; # 0in Q for all k =1,...,n). From this stage
on, what remains of the Darboux reduction does not present any special feature not specified

in the proof of Theorem 4.5.2.3, and therefore will be omitted for the sake of brevity.

Example 3. Generalization of the cyclic Poisson structures of type I

Consider now the form of the hemiseparable structure matrices of type I, as provided in
expression (248). Using this as starting point, let us now define the functions ¢;(x;) = ¥%(z;)
for all i = 1,...,n. Accordingly, functions ¢;(z;) are C*°(£2) and do not vanish in Q2. We are
thus led to the following form for the structure matrices:

n(x) n(z)
T (x) = yii(Ti,z:) =
() bi(w)¢5(x5) i (0, ) bi(x:)¢j(x5)

The properties of the functions ¢;(z;) just defined allow a simple redefinition of function n(z)

[@Z)l(l‘z)*d}](xj)jLﬁu] ) ivj =1,...,n (272)

as

i(x) = (@) [T érlar) (273)
k=1

Substituting (273) into (272) we finally obtain:

Jij(@) = (@)xij(wi,z;) [ orlan) = 0@) Wi(mi) = b)) + ki) [] owlan) s i5=1,....n
g g
(274)
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In the case n = 3, it is therefore evident that the hemiseparable family of type I given in
(274) becomes exactly the family of nontrivial cyclic structure matrices of type I, as it was
developed in equation (71) and Theorem 2.3.1.1. Here the term “nontrivial” deserves a brief
explanation. Notice that the cyclic Poisson structures of type I were defined in Theorem
2.3.1.1 in such a way that the rank could in principle vanish (something later excluded in their
global analysis). The reason for doing this was the interest of analyzing and classifying the
different possible reductions to the Darboux canonical form arising according to the vanishing
of different functions w;;. On the contrary, doing such kind of classification is not necessary in
our present stage, and accordingly the possibility of a null rank was not present in Theorem
4.5.1.1, in which hemiseparable structure matrices of type I were directly defined in order
to have nonzero rank. According to these considerations, we see that hemiseparable Poisson
structures of type I are the natural generalization to arbitrary dimension of the 3-d family given
by the cyclic structure matrices of type I. Actually, we see that the rank of the Poisson manifold
has remained constant (and equal to 2) after such generalization to arbitrary dimension. This
explains also the strong parallelism existing in the examples considered, in spite that in the
present section the treatment has been different, mainly based on the idea of generalizing

well-known 3-d Poisson structures to general dimension n.
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4.6. HEMISEPARABLE SOLUTIONS OF TYPE II

A supplementary family of n-dimensional solutions [79] of the Jacobi equations (the last in
the work) is considered in this section. The family is completely characterized and investigated
globally. As it was the case in the previous section, this solution family has a functionally
general form, defined in terms of functions of an arbitrary nonlinearity. In fact, the new family
is formally reminiscent of the hemiseparable family of type I, and accordingly it is termed
hemiseparable of type II. In spite of their parallelism, however, both families are different. In
the new analysis it is also possible the explicit and global determination of the main features,
such as the case-classification of the Casimir invariants and the global construction of the
Darboux canonical form. Again, in this family it is found that the understanding of its
global analysis implies a case classification such that different distinguished invariants are to
be used in each case. Namely, only the knowledge of one complete set of Casimir invariants
does not guarantee everywhere the reduction to the Darboux canonical form, in spite of the
constancy of the rank. Thus, the analysis of this kind of Poisson structures requires the use
of a case-dependent set of global Casimir invariants which determines the kind of subsequent
global Darboux reduction to be constructed. Such classification is given in this section. Some
applied examples of interest are also discussed.

The analysis starts in Subsection 4.6.1 by providing the main results about the functional
characterization of the solution family. In Subsection 4.6.2, the global analysis of the family

is presented. We finish in Subsection 4.6.3 with some examples of applied significance.

4.6.1. Characterization of the family

The first result to be presented is the following one:

Theorem 4.6.1.1. Let n(x) and ¢;(z;), for i = 1,...,n, be functions defined in a domain
Q C R, all of which are C*(2) and nonvanishing in . In addition let

zbi(;vi):aiexp</ dz; ) , 1=1,...,n (275)

@i(;)
where a; # 0, i =1,...,n, are arbitrary nonzero real constants, and every exponent in (275)
da:
/ i i=1,...,n (276)
©i(w:)

denotes one primitive of 1/¢;(x;). Finally, let the functions wij(x;,x;) be defined as
wij(wi, xj) = Yi(wi) = j(g) » Hj=1...,n
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and assume that wyj(x;, ) is nonvanishing in Q at least for one pair (i,7). Then J = (Jyj)

is a family of n-dimensional structure matrices globally defined in §2, where

Jij(x) = n(@)pi(x:)ej(z)wij (@i, zj) , 4,j=1,...,n (277)

Proof. Skew-symmetry is clear from simple inspection in (277). We can then substitute J
in (277) into the Jacobi identities (25) and obtain after some calculations:

n

Z(Jlialek + Ji;0 ki + Jik0Jij) = nTy +n° Ty
=1

Here T} and T5 are the following two terms, which we examine separately:

n
Ty = Z iR (0m) (wiawjk + wjiwgk: + wriwij)
-1
— - ) / A . wj (o
Iy = Z piprwir |09 Prwik + Ok Prwik + PPk 513'; — 5lka +
=1 j

N .
PiPIw;i [&k%%wki + 8Lk Piwki + Prpi <5lk:ﬁk - 5111/}1)] +

7

Vi (]
PRIV [5&'@;%%]' + dijpipiwis + vi; (512'1 — b~
2 Pj
With regard to 717, if every w;; is substituted by its expression w;; = ; —1; and the result is
simplified, it is found that:

WiWik + Wjiwg; + wrwij =0

Then we have proved that 77 = 0. We proceed now with 75 by expanding its expression and

cancelling out similar terms. After a rearrangement we are led to:
Th = pipjprlwijtj — wirhk + wikr — wjii + writhi — wiPs] =0

Thus we also have T5 = 0 and the proof is finished. Q.E.D.

Some brief but important remarks must be provided at this point. First of all recall that,
as indicated in Theorem 4.6.1.1, for every 4 the primitive (276) obtained from ¢;(x;) must be
chosen to be one and the same for all the entries of J. However, the specific choice is actually
arbitrary. In such sense, notice that if different integration constants are selected, then the
outcome is also a member of the solution family, this time with rescaled parameters a;. In

second term, notice that by construction the functions ;(z;) and w;;(x;, ;) are C*°(Q2). In
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third place, it can be observed that the definition (275) allows an alternative writing of the

family just characterized, namely J = (J;;) can also be expressed as

Yi(i)Y; () Yi(zi)Y;(x;))

P =) i ) vi(ev5(a;)

wij(wi, 5) = n(x) [hizi) = ¥jzs)] » 4j=1,....n
(278)
where functions 9;(z;) must be C*°(Q2) and nonvanishing in €, and such that functions v (x;)
are also nonvanishing in 2, while the rest of defining properties were already presented in
Theorem 4.6.1.1. Under these assumptions, (278) can be taken as an alternative definition of
the solution family of structure matrices. Both ways of expressing the family will be employed

in the forthcoming analysis.

4.6.2. Casimir invariants and global Darboux analysis

The main global properties of the family identified in Theorem 4.6.1.1 are characterized

in what follows:

Theorem 4.6.2.1. Let J be a structure matriz of the form (277) characterized in Theorem
4.6.1.1, which is defined in a domain Q C R™ and such that the pair (i, j) verifies that function
wij(zi, xj) is nonvanishing in Q. Then Rank(J )= 2 everywhere in 2 and a complete set of
independent Casimir invariants for J is given by:

Dy(z) = ¢z(l‘z)[¢g($3) — V()] _ ¢i($i)wjk(93j,xk)
g Vi (zr) (Vi) — ¥i(x5)]  Yr(or)wij(zi, 25)

Moreover, every Casimir invariant in (279) is globally defined in .

k=1,....n; k#i,j (279

Proof. Since functions n(x) and ¢;(z;) are nonvanishing in €2, the use of rank-preserving ma-
trix transformations shows that Rank(J) = Rank(WV) in €2, where W = (wj;(z;, z;)). Given
that at least one of the entries of W is also nonvanishing in €, this implies that Rank(J) > 2
everywhere in ). Matrix W can be now submitted to additional rank-preserving transforma-
tions: notice that Rank(W) is also unaltered if we subtract the first row to the rest of rows,
and then if on the resulting matrix we subtract the first column to every one of the remaining

columns. The result is a new matrix W* of the form:

0 w12 ... Win
" —Ww12 0 e 0
W* = ‘ S (280)
—Win 0 e 0
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Thus, it is evident from (280) that Rank(7) = Rank(W*) < 2 in every point of 2. Therefore
we conclude that Rank(J) = 2 in €. This proves the first part of the statement. For the
second part, notice first that every function Dy(x) in (279) always depends on z;, x; and x,
(since functions ¥y (xy) cannot be constant for any k, according to the conditions established)
and in addition Dg(z) does not depend on the rest of variables. This implies immediately
the functional independence of the set {Dy(z) | k = 1,...,n; k # 4,j}. Moreover, since all
functions composing Dy (x) are C°°(Q2) and 9y (x)wij(x;, x;) # 0 everywhere in 2, function
Dy(z) is necessarily C*°(€2). Therefore, to complete the proof it is only required to prove that
functions Dy (x) are Casimir invariants for every k. The easiest way to see this is to verify that
J VD =0 for every k =1,...,n, with k # 4,5 (notice as well that for both values k = 1, j,

function Dg(z) is a constant, and then also a Casimir invariant, but trivial). We have then:

Vi Vewr; Vi bpwin Vi pwii
akax :Zi, 8Dkl‘ =, 8kaa: = 5
(=) (Yrwij)? iDi() (Yrwij)? (=) (Yrwij)?
fork=1,...n, k#14,j. Thus for every [ = 1,...,n it can be seen that:
Z J1s0s Dy, = Jp;0; Dy, + JljajDk + JiOp Dy, =
s=1
neri;
— S (WWE + wijwik + WigpWis 281
wk(ww)g( J J J ) ( )

In equation (281) the last term vanishes for every choice of i, j, k, [,
WWj + wijwik + wigwj; = 0

as it was already shown in the proof of Theorem 4.6.1.1. Therefore, J - VDj = 0 for every k.
Now the proof is complete. Q.E.D.

Accordingly, every Poisson system of this kind has (n —2) independent Casimir invariants,

additional to the Hamiltonian function. This implies that:

Corollary 4.6.2.2. Consider that the assumptions of Remark 1.4.4.4 hold. Every n-dimen-
sional Poisson system & = J(x) - VH(x) defined in a domain Q@ C R™ in which the structure
matriz J (x) is of the kind (277) characterized in Theorem 4.6.1.1, is an algebraically integrable

system in §2.

For the sake of completeness, we recall again the concept of time reparametrization for

Poisson systems (see Definition 4.1.1) which are transformations of the form

1
dr = mdt (282)



where t is the initial time variable, 7 is the new time and 7(x) : 2 — R is a C*°(Q2) function

which does not vanish in ). Therefore, if

dx
=~ 7.VH 2
T J -V (283)

is an arbitrary Poisson system defined in €2, then every time reparametrization (282) leads

from (283) to the system (not necessarily of Poisson type):

d
= =nJ-VH (284)

With this issue in mind, another consequence of the previous results is that they allow the

constructive and global determination of the Darboux canonical form for this family of Poisson

structures. This statement is provided in the next:

Theorem 4.6.2.3. Let ) C R™ be a domain where a Poisson system
% =J(z)-VH(z)

is defined everywhere, for which J(x) is a structure matriz of the form (277) characterized in

Theorem 4.6.1.1, and such that the pair (i, j) verifies that function w;j(x;,x;) is nonvanishing

in . Then such Poisson system can be globally reduced in ) to an one degree of freedom

Hamiltonian system and the Darbouzx canonical form is accomplished globally in € in the

new coordinate system (yi,...,yn) and the new time T, where (y1,...,yn) are given by the

diffeomorphism globally defined in Q)

vi(z) =
yi(z) = = (285)
ye(z) = Di(z), k=1,...,n; k#1i,j

in which the Dy(x) are the Casimir invariants (279); and the new time 7 is defined by the

time reparametrization:

dr = Jij(x(y))de (286)

Proof. It follows from Theorem 4.6.2.1 that Darboux’ theorem is applicable because J has
constant rank 2 in 2. Without loss of generality and for the sake of clarity, assume that it

is wie # 0 everywhere in Q. Recall also that, after a general smooth change y = y(z), an
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arbitrary structure matrix J(z) is transformed into another one J*(y) as:

k=1

For the present solution family, the reduction is carried out in two steps. We first perform the

change of variables (285), which in this case is

vi(z) = .
ya(z) = @2 (288)
ye(z) = Dg(z), k=3,...,n

where the Dy (z) are given by (279), namely:

_ Ui(@)war(@z, 2k) _ Pi(x1)(a(z2) — Yr(ar))
Up(zr)wiz(zr, z2) () (P1(z1) — 2(22))

Note that this change of variables is invertible everywhere in 2, and its inverse is

Dy(z) k=3,...,n (289)

z1(y) = n

z2(y) = Y2 (290)
_ Y1 (Y1) (y2) _ .

wl) = G <¢1(yl)+ykw12(y1,y2)> =S

where function (i is the inverse function of 1y for every k. The examination of (288-290)
shows that the variable transformation (288) to be performed exists and is a diffeomorphism
everywhere in ) as a consequence that by hypothesis we have wia(x1,22) # 0 in Q, as well as
Yr(xk) # 0 and 9y (xx) # 0 for every k in Q. Then, according to (288) and (289), and taking

(287) into account, after some calculations we arrive at

0 1 0 ... 0
-1 0 0 ... 0
T (y)=Jia(z(y))| 0 00 ... 0 (291)
0 00 0
where from equations (277) and (290) we have
Jia(x(y)) = n(yr, y2, 23(y), - -, n(y))p1(y1) w2 (y2)wiz(y1, y2) (292)
The explicit dependences of (z3(y),...,z,(y)) are obviously the ones given in (290) and were

not displayed in (292) for the sake of clarity. Note that Ji2(z(y)) is nonvanishing in Q* = y()

and C*°(2*). These properties allow the accomplishment of the second step of the reduction
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which is a reparametrization of time, which in this case does not suppress the Poisson structure
of the vector field. Thus, making use of (292) in equation (286), the transformation dr =
Ji2(z(y))dt is performed. According to (282-284) this leads from the structure matrix (291)

to the Darboux canonical form:

0 10 0
-1 0 0 0
Ipma@) =1 0 00 ... 0 | =S2&0;_y (293)
0 00 ... 0
Thus the reduction is globally accomplished and the proof is complete. Q.E.D.

As a consequence, we now have:

Corollary 4.6.2.4. Consider that the assumptions of Remark 1.4.4.4 hold. Every n-dimen-
sional Poisson system & = J(x) - VH(x) defined in a domain @ C R™ in which the structure
matriz J(x) is of the kind (277) characterized in Theorem 4.6.1.1, can be reduced globally and

diffeomorphically in Q2 to a Liowville integrable Hamiltonian system.

The analysis of the family of Poisson structures is thus completed, since at this stage
the reduction directly relates the initial Poisson systems with their classical Hamiltonian
counterparts. In the next subsection, the results developed are exemplified by means of some
instances of applied interest. This provides several cases of systems embraced and generalized

by the previous results.

4.6.3. Examples

The first example to be considered is related to a certain kind of Poisson structures appear-
ing in different domains, including Lotka-Volterra equations and the system of circle maps.
The motivation of the second example is to prove that the cyclic Poisson structures of type
IT considered in Section 2.4 are in fact a particular 3-d case of the solution family currently

investigated, which thus provides the natural generalization of the former.
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Example 1. Generalization of the Poisson structures for the Lotka-Volterra

equations and the system of circle maps
We shall first consider the family of three-dimensional structure matrices of the form:
Jij (w1, v, 23) = n3(21, T2, T3)Ti T (205 — 5) , 0,5 =1,2,3 (294)

This kind of Poisson structures have received some attention both for the study of conservative

Lotka-Volterra systems [63], in which

773(1:1,@'2,333) =1

as well as for the Poisson formulation of the system of circle maps [63], this time with

n3(z1, w2, 23) = —[(21 — w2) (w2 — x3) (23 — 31)]

It is feasible to generalize the previous structure matrices in order to provide a dimension-
independent analysis, instead of directly analyzing the three-dimensional case. For this, and
following Theorem 4.6.1.1, consider a domain £ C R™ in which the Poisson structure is to be
defined, together with a generic function n(x) = n(x1,...,z,) defined in  and complying to
the requirements of such theorem. Moreover, we set ¢;(z;) = z; and consistently 1;(z;) = z;
for every i = 1,...,n. This leads to a natural n-dimensional generalization of the structure

matrices (294) previously introduced:
Jij(x) = n(@)zizj(x; —x;) , i,j=1,...,n (295)

If we wish to fully comply with the requirements of Theorem 4.6.1.1 (and necessarily for
the application of Theorems 4.6.2.1 and 4.6.2.3) it must be assumed that z; # 0 in Q for
every ¢ = 1,...,n, and also that there exists at least one pair of indexes (i,7) for which
wij(xs, x5) = o3 —x; # 0 everywhere in Q. In agreement with the previous style, in what
follows this will be the case for wis.

Then, according to (279) and Theorem 4.6.2.1 a complete set of functionally independent

Casimir invariants associated in €2 to the structure matrices (295) is:

r1 (22 — 7))
D = — "< k=3,... 296
k(l') xk(xl —CCQ) ) ) , ( )

Therefore the reduction to the Darboux canonical form now makes use of the diffeomorphism

(288), with the Dy (z) given by (296). The inverse of this transformation is also a diffeomor-

206



phism, of equations:

rr = U
T2 = Y2
T = g1y , k=3,...,n

Y1+ (1 — y2) Yk
The outcome after applying rule (287) is that J in (295) is transformed into the structure

matrix (291), this time with:

Y192 Yy1y2
v+ —y2)ys’ T+ (v — y2)un

Tia(a(y)) = Jraly) = (yy ) v — 1)

Then the reduction is completed by means of the time reparametrization dr = jlg(y)dt,
which finally leads to the Darboux canonical form (293) with (y1,y2) now being Hamiltonian

canonical variables, while (ys, ..., y,) are trivially decoupled distinguished invariants.

Example 2. Generalization of the cyclic Poisson structures of type I1

Let us now turn back to the general form of the hemiseparable structure matrices of type
I1, as expressed in equations (278). Recall that this expression is found after making use of
equation (275) and writing v;(z;) = ¢;(x;)Y(z;) for all i = 1,...,n. According to this, we
have that functions v;(z;) are C°°(€2) and do not vanish in Q. Consistently, functions ¥} (z;)
are also C*°(Q2) and do not vanish in Q. Let us now define functions ¢;(z;) = ¢}(z;) for all
1 =1,...,n. In this way, the following equivalent form for the type II hemiseparable structure
matrices is found:

wZ(xZ)lb](mJ) ¢Z($Z)w](§]]) [wz@:z) - %(%)] ;o Ly=1...,n

Tila) = nla) gt e 2) = nla) (297)

)

Now notice that the nonvanishing properties of the functions ¢;(z;) just defined allow a redef-

inition of function n(z) as
i) = n(x) [T én(an) (298)
k=1

After substitution of (298) into (297) we finally arrive at:

Tij(x) = i) () (g)wij (i, 25) ] dnlan) =

k=1
ki,
A(@) i)y () Wilw) — ()] T] érlzr) , 4i=1,....n (299)
k=1
ki)
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We then conclude easily from (299) that if n = 3, then the hemiseparable family of type
II reduces exactly to the family of nontrivial cyclic structure matrices of type II, as it was
displayed in equation (91) and Theorem 2.4.1.1. And, as it was the case when considering
type I Poisson structures in the previous section, now “nontrivial” requires a brief comment.
This is based on the fact that the cyclic structure matrices of type II were defined in Theorem
2.4.1.1 in such a way that the rank could in principle vanish (of course, this feature was
later excluded in the corresponding global analysis). On the contrary, such possibility is not
present in Theorem 4.6.1.1, in which hemiseparable structures of type Il were defined as having
nonzero rank. In both cases, the reasons are entirely similar to those presented in Example
3 of Subsection 4.5.3 in connection with type I hemiseparable and cyclic structure matrices.
Therefore, hemiseparable Poisson structures of type II are a natural generalization to arbitrary
dimension of the 3-d family given by the cyclic Poisson structures of type II. In fact, we have
seen that the rank of the Poisson manifold has remained constant and equal to 2 after the
generalization. Again, this accounts for the parallelism existing in the examples considered,
in spite that in the present subsection the treatment has been essentially different, mainly
based now on the goal of generalizing to an arbitrary dimension n some 3-d Poisson structures

already known in the literature.
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4.7. THE ROLE OF TIME REPARAMETRIZATIONS

We now start the concluding section of this thesis, in which the use of time reparametriza-
tions will provide a unifying perspective of many previously seen results. In this sense, it is
of central importance Definition 4.1.1 of time reparametrization in the general n-dimensional
case. The most relevant outcomes of the forthcoming analysis will be the following: (a) the
characterization of some wide families of time reparametrizations that preserve the Poisson
structure for general n-dimensional Poisson systems; (b) the generalization of some of the n-
dimensional solution families already characterized in this chapter; (c) the explicit and global

construction of the Darboux canonical form for n-dimensional Poisson structures of rank 2.

4.7.1. Introduction and formulation of the problem

Provided J(z) is an n-dimensional structure matrix of constant rank in a domain 2 C R”,
we shall now consider the following problem: given an arbitrary function n(x) :  — R which
is smooth in € and does not vanish in 2, we would like to investigate the conditions such that
the product n(x)J (x) is also a structure matrix.

The naturalness of this question should be clear at this stage: notice the close relationship
of this issue with the problem of determining whether or not a specific time reparametrization
preserves a given Poisson structure, as mentioned in Subsection 1.2.4 and in Section 4.1. Ac-
cording to Definition 4.1.1, recall that a time reparametrization (or NTT) is a transformation

(164) of the form

where ¢ is the initial time variable, 7 is the new time and n(z) : @ C R” — R is a smooth
function in © which does not vanish in Q. Thus, given a Poisson system (165) defined in
(2, then the time reparametrization (164) leads from (165) to the system (not necessarily of

Poisson type) of the form (166):
dw

P nJ -VH
As it was indicated in Subsection 1.2.4 and in Section 4.1, the new vector field obtained
from (165) after a general time reparametrization is always a Poisson system in the cases
of dimensions n = 2 and n = 3. On the contrary, this is not necessarily the situation for
dimensions n > 4, which are then our subject in what follows. Therefore, apart from being a

natural problem in this framework, the study of time reparametrizations is interesting in the

present context because we have seen that sometimes they are required in order to achieve the

209



Darboux canonical form for n-dimensional solution families. In particular, notice that time
reparametrizations are not required for such task in the case of separable and multiseparable
solutions (both having arbitrary dimension and rank), while they are employed in the Darboux
reduction of hemiseparable solutions of types I and II (which have arbitrary dimension and
rank 2). As we shall see, the investigation of time reparametrizations provides important
clues on which many of the preceding developments converge, including their role in the
generalization of some of the previous solution families, as well as a tool for the determination
of the Darboux canonical form.

In this context, it is also convenient to give a brief explanation about the condition n(x) # 0
in € just introduced. Two fundamental reasons account for this requirement. The first one is
that by definition, every time reparametrization must be defined in terms of a smooth function
n(x) which does not vanish anywhere on its domain of definition (see Subsections 1.2.4 and
1.4.3, as well as Section 4.1, for additional details). Of course, it would be mathematically
acceptable to investigate the conditions such that n(z)J7(x) is a structure matrix provided
J (z) is, with the only requirement of a smooth n(x). However such problem could not be as-
similated to the use of time reparametrizations, which is of central interest here. Additionally,
the second key reason for choosing a nonvanishing function n(x) is derived from the fact that
if Rank(J(z)) is constant in 2, then the rank of n(z)J(x) will be also constant in Q. The
interest in this constancy is of course the applicability of Darboux’ theorem (recall that con-
stancy of the rank is a requirement of such theorem). Therefore, the nonvanishing character
of n(x) preserves the applicability of Darboux’ theorem, also of paramount importance in this
work.

The following definition is natural for the problem considered:
Definition 4.7.1.1. Let J(z) be an n X n structure matriz defined everywhere in a domain
Q C R™ and of constant rank in 2, and let n(z) : @ — R be a smooth function which does not
vanish in Q and such that n(x)J (z) is also a structure matrix defined everywhere in 2. Then,

the function n(z) will be called a reparametrization factor for J(x) in Q.

In connection with the previous definition, it will be of future use the following direct, but

useful result:

Proposition 4.7.1.2. Let J(x) be an n x n structure matriz defined everywhere in a domain
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Q C R™ and of constant rank in , and let n(x) be a reparametrization factor for J(x) in Q.

Then:

(a) Function D(x) is a Casimir invariant of n(z)J (x) in Q if and only if it is a Casimar

invariant of J(x) in Q.

(b) If a Poisson system having the structure matriz J(x) can be reduced globally and diffeo-
morphically in Q to the Darboux canonical form, then every Poisson system having the
structure matriz n(x)J (z) can also be reduced globally and diffeomorphically in Q to the

Darboux canonical form.

Proof. The proof of (a) is clear since Casimir invariants are the solution set of the system
of PDEs given by J - VD = 0. Regarding (b), for the reduction of n(z)J(z) it suffices to
perform a preliminary time reparametrization dr = n(x)dt, where as usual ¢ is the initial time
variable, and 7 is the new time. The outcome is thus a Poisson system with structure matrix
J(z) and time variable 7. The rest of the global reduction then follows the diffeomorphic
steps known by hypothesis for 7 (x). Q.E.D.

The previous proposition thus implies that the identification of a reparametrization factor
for a family of structure matrices immediately generalizes such family, while the operational
framework provided by the knowledge of the Casimir invariants and the global Darboux re-
duction for the initial solution family is preserved in the generalization. This is an additional
justification of the interest of reparametrization factors.

In addition, the investigation of reparametrization factors is physically relevant as far as
it aims at characterizing those Poisson structures that are not destroyed by (certain, at least)
time reparametrizations. In this sense, it is worth recalling also the general mathematical
interest of time reparametrizations, which lie at the basis of many important aspects of dy-
namical systems theory, specially in connection with integrability issues [60]. In this context,
the role of time reparametrizations should be clear in the framework of this thesis, since their
use for the determination of the Darboux canonical form has led frequently to integrability
results throughout the dissertation.

With regard to the problem formulation, let us first recall that the Jacobi PDEs

Z(Jilalek + JudJij + JpOidri) =0, i, 5,k=1,...,n (300)
=1
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vanish identically if 7, j, k are not all different, as it can be easily verified (see Subsection 1.3.1).
Thus, for convenience, in what follows we shall sometimes make use of equations (300) with
1,5,k =1,...,n together with the additional conditions i # j, i # k and j # k. As indicated
at the beginning of the present subsection, assume that an n-dimensional structure matrix
J(z) is defined in a domain 2 C R", together with a function n(x) which is C*°(Q2) and does
not vanish in Q. If we substitute the product n(z)J(z) in equations (300) we arrive at the
conditions:
n n
N> (JadTje + Jadidiy + Tpdudw) + > (Judik + Judig + Jidr)Om =0, i,5,k=1,...,n
=1 =1
Since J is by hypothesis a structure matrix, this leads to:
n
> Uadip + Judij + JpJki)om =0, i3,k =1,...,n (301)
=1
Consistently, we see that equations (301) vanish if two or three of the indexes i, j and k
take the same value. Moreover, identities (301) also vanish identically if one of such indexes
coincides with [, even in the case in which 4, j and k are all different. Accordingly, equations

(301) can be equivalently expressed as:

n

ijk=1,....n

> (adjk+ Judij + JpJki)on =0 o , (302)

e LF gy iF ks JFk
In the future developments, either form (301) or (302) will be preferred according to con-
venience. Notice that the outcome of the ansatz n(x)J(z) is a new problem in which now
only one unknown function n(z) exists. Moreover, equations (301) or (302) constitute a set
of linear PDEs. Both features imply a significant simplification of the problem. Note also
that n(x) = ¢ # 0, with ¢ € R being an arbitrary constant, is always a solution. This trivial
result will become a particular case of the first solution family of reparametrization factors
to be determined in brief. As an additional comment, it is worth saying that the linearity of
equations (301) or (302) does not imply that a traditional technique such as the use of the
characteristics method should be useful in this case, mainly for two reasons: in first place,
because we are dealing with a system of simultaneous equations, which is quite difficult to
handle in terms of such method; and secondly, because equations (301) or (302) are very
generic in form, and in particular we are not making any assumption on the functional form of
the structure functions Jj;(x), something often necessary in order to perform the integrations

required by the aforementioned method. Before proceeding further, it is also important to cite

an additional comment of interest: as it can be seen in equations (301) or (302), we are again

212



reducing the full complexity of the Jacobi equations to the study of a system of linear PDEs
for a single function n(x). This is of course a significant improvement, very similar to the one
first introduced in Section 2.5 in the three-dimensional situation. As it was the case there, the
procedure aims at determining new solutions from a given one which is used as starting point,
thus allowing a significant simplification of the problem. It can thus be appreciated how such
a philosophy can be employed again now, and actually it will lead to developments that allow
the conceptual unification of many of the results previously seen.

In what follows we shall provide two wide solution families relative to problem (301) or

(302). This is the purpose of the next two subsections.

4.7.2. First family of reparametrization factor solutions

The result corresponding to a first family of solutions of equations (301) is described in

the following:

Theorem 4.7.2.1. Let J(x) be an n X n structure matriz of constant rank everywhere in a
domain Q@ C R"™, and let D(z) be a Casimir invariant of J(x) globally defined in Q. Then

D(x)J () is a structure matriz everywhere in €.

Proof. Let us consider the problem equations in the form (301). Such identities can be

written in the following form:

Tie Y Ja0m + Jig > Judm+ Tk Y Jpdm =0, i, j,k=1,...,n (303)
=1 =1 =1

Thus, equations (303) can be expressed as:
ij(j-Vn)iJrJZ-j(j-Vn)kJeri(j-Vn)j =0, i,j,k: 1,...,n (304)

Consequently, if n(z) is a Casimir invariant, equations (304) are identically satisfied, as far as

Casimir functions constitute the solution set of the system J(z) - VD(z) = 0. Q.E.D.

The previous proof is somehow reminiscent of the kind of manipulations employed in the

study of distinguished solutions. Theorem 4.7.2.1 has a direct consequence:

Corollary 4.7.2.2. Let J(x) be an n x n structure matriz of constant rank r in a domain

Q C R™, having (n — r) functionally independent Casimir invariants globally defined in €.
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Then there are (n — r) functionally independent reparametrization factors for J(x) globally
defined in ), and every nonvanishing C°°(R"™") function of them is also a reparametrization

factor for J(x) everywhere in ).

Proof. It is sufficient to make use of the following two remarks: in first place, every C'*
function of one or more Casimir invariants is also a Casimir invariant; and secondly, as a
consequence of the previous statement, a Casimir invariant D(z) which is vanishing somewhere
in a given domain {2 can be trivially replaced by a nonvanishing one functionally dependent

on it (for instance D?(x) + 1). Q.E.D.

The previous results also allow regarding as a particular case the fact (already mentioned)
that constants are always solutions of equations (301), just as a consequence that constants
are (trivial) Casimir invariants of every structure matrix. Constant reparametrization factors
are thus always present, even in the symplectic case (r = n). On the other hand, if the rank is
lower than the dimension (7 < n) then the number of nonconstant reparametrization factors
is infinity. We shall turn back to these issues in the next subsection.

There is an alternative perspective that shows the naturalness of the result in Theorem
4.7.2.1. For this, consider a Poisson system & = J(z) - VH(x). If we rescale the Hamiltonian
as H*(z) = D(x)H(z) with D(z) being a Casimir invariant associated with the structure
matrix J(x), then the new system remains as a Poisson one, namely & = J(z)-V[D(z)H (z)].

However, this implies that:
i = J(x)-VID(@)H(@)] = T («) - [D(x)VH(z) + H(z)VD(x)] = D(a)J (z) - VH(x)

And therefore it is clear that such rescaling of the Hamiltonian (which is thus equivalent to a
rescaling of the structure matrix) must preserve the existence of a Poisson structure.

The family of reparametrization factors just characterized corresponds to a sufficient (but
not necessary) condition for the verification of equations (301). An obvious question is if

additional solutions might exist. The answer is positive, as the next subsection describes.

4.7.3. Second family of reparametrization factor solutions

Let us turn back to the problem of searching reparametrization factors, this time making

use of the equations in the form (302). Obviously, a sufficient condition (different from the
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one previously considered in Theorem 4.7.2.1) for the verification of (302) is that:

ik l=1,....n
Jadjk + Judij + Jjudki =0 (305)

L F gk g F R RFE

The interest of the conditions (305) is that they are merely algebraic, which is a remarkable
simplification of the initial PDE problem. If (305) is verified, then every C'*° and nonvanishing
function n(x) will be a valid reparametrization factor. The investigation of this possibility is

the subject of the next theorem, which is the main result of this subsection:

Theorem 4.7.3.1. Let J(x) be an n X n structure matriz defined in a domain Q C R™ and
of constant rank r everywhere in Q. Then the product n(x)J (x) is a structure matriz in Q for

every C*(Q) function n(x) if and only if r < 2.

Proof. Every implication will be shown separately.

In one sense, let us first prove that if Rank(7)< 2, then the product by every C* function n
preserves the property of being a structure matrix. For this, consider the following submatrix
of J, which is obtained after deleting all its rows and columns different from those at the

positions i, j, k and [ (with i, j, k, [ all different):
0 Jij J; J;

—Jy 0 Jg J
—Jie =T 0 Iy

likl) _ (306)

—Ju —Jyg —Ju 0

If Rank(7)< 2, then it must be | 7¥* |= 0 in (306) for all possible values of the four indexes

1,4, k,l. But notice that in fact it is:
|\ TR = (T ik + Judij + JjnJei)?

Consequently, identities (305) are verified and the proof in this sense is already accomplished.

Conversely, let us prove that if the product by every C*° function n preserves the character
of structure matrix, then Rank(7)< 2. For convenience, we shall equivalently prove that if
Rank(J)> 4, then the product by every possible C*° function 1 does not always preserve the
property of being a structure matrix. For this, we shall consider a given point zg € €2, and let
Jij(xo) = a;j for all ¢, = 1,...,n. The first part of the following reasoning is very similar to

the one employed for the construction of the normal form for skew-symmetric matrices [14].
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In first place, let us assume without loss of generality that ajo # 0. If this is not the case, it
is always possible to place another nonzero element in the position (1,2): let a;; # 0, then
we can permute the first and second rows with the i-th and j-th rows, respectively, and later
the first and second columns of the resulting matrix can also be permuted with the i-th and
j-th columns, respectively. Therefore, independently of the value of a1 the outcome is the

following skew-symmetric matrix

0 Omymy  Qmymg - Quymy,
0 Amy o E2><(n—2)
. T — 0 Oromg -+ Qromy B
Sﬂ?o = . . . . = —Qrymy 0
E(—2)x2 E2)x(n-2)
Urpmy  Ompmy  Orpms - - 0
(307)
where (71,...,m,) is a permutation of (1,...,n): if aj2 # 0, then such permutation is the

identical one; and if a2 = 0, the permutation is given by m =4, m; = 1, m = j, m; = 2, and
7 = k for every k different from 1, 2,4 and j. Thus matrix (307) is our starting point in either
case, with ar,r, # 0. In the right-hand side of (307), the letter E' denotes three submatrices of
the sizes indicated by their respective subindexes. Since row and column elementary operations
do not alter the rank of a matrix, we can make use of them in order to transform (307) into

the skew-symmetric matrix:

0 Ay o Oax (n—2)
S;: = _a'7r17'l'2 0 (308)

Omn-2)x2 En—9)x(n2)

In submatrix E(n,Q)X(n,g) of (308) we now have the entries,

0 Gmymy ... Gy,
_ Grimg 0 oer dmym,
En—2)x(n-2) =
Orpms  Ompmy - 0
where it is:
A, = Ompm; + — (i m Qo — Gy Qo) 5 Kyl =3,...,n (309)

Q7o
At this stage, since Rank(S;*)> 4, there must be a nonzero element in E(n,Q)X(n,z): if
Grsr, 7 0, then we do not need to perform any changes for what is to follow. On the contrary,

if Gryr, = 0 we can again permute rows and columns in such a way that the position (3,4)
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is occupied by a nonzero entry Gr,r, from E(n_Q)X(n_Q) (with both 7 and m; different from
71 and my), the resulting matrix being also skew-symmetric. Consequently, we can assume
without loss of generality that it is Gryr, # 0. Then, from matrix S7* in (308) we can pick

out the following submatrix composed by the intersection of the first four rows and columns:

0 amn, 0 0

- — Qg 0 0 0

Sht) = — (310)
0 0 0 fngn,
0 0 | —dnm, O

with both ar r, # 0 and Gryr, 7# 0, as indicated. The determinant of 5%234] in (310) is

|§g[610234] |= (@nymy Gy ) 7 0. Now without loss of generality and for the sake of clarity, let us

assume m; = ¢ for all ¢ = 1,...,4. From (309) we thus have that:
1 2
(a12034)° = {am <a34 + a—lz(amazg - a13a24)>] 70 (311)
Equation (311) immediately implies that:
Ji2(wo) J34(z0) + J14(20) J23(w0) + J31(20)J24(20) # O (312)

Let us investigate the implications of (312) in equations (302). For this we may consider, for
instance, the equation in (302) corresponding to the choice i = 1, j = 2 and k = 3. Such

equation takes the form:

(JiaTos + Jaa Tz + JoaJs1)0um + > (Juos + JaJiz + JaJs1)0m = 0 (313)
=5

Now two cases must be distinguished, namely n =4 and n > 5:

Case I: n=4. We proceed by means of two auxiliary lemmas:

Lemma 4.7.3.2. Let J(z) = (Jij(z)) be an n X n skew-symmetric matriz defined in a

domain Q@ C R™. Then, for every x € Q) the quantities
Eijri(@) = Ja(x) Jjn(x) + J(x) Jij(x) + Jp(z) Jeiz) 44,k 1=1,....n

are completely skew-symmetric in all the subindezxes (i, j,k,1).

Proof of Lemma 4.7.3.2. The result can be verified by direct evaluation of the index

skew-symmetry properties. Q.E.D.
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The second lemma required now is:

Lemma 4.7.3.3. Let J(z) be a 4 x 4 structure matriz defined in a domain Q C R*
and such that Rank(J )= 4 everywhere in ). Then the only possible reparametrization

factors allowed for J(x) in Q are the constant ones.

Proof of Lemma 4.7.3.3. Now equations (302) amount to:
(Jilek + JuJij + leJki)am =0 (314)

where in (314) the indexes (4, j,k,1) may be every possible permutation of (1,2,3,4).
Due to the skew-symmetry property shown in Lemma 4.7.3.2, the number of independent

equations in (314) is actually four:

(4,7,k,1) = (1,2,3,4) = (J1aJaz + J3aJ12 + J2aJ31)0an = 0
(i,7,k, 1) = (1,2,4,3) = (JizJoa + JuzJ12 + JogJu1)03m =0 (315)
(4,5, k1) = (1,3,4,2) = (JiaJsa + JazJ13 + J32J41)02n =0
(4,7,k,01) =(2,3,4,1) = (JarJ3a + JanJasz + J31J42)01m =0

In addition, if J is a regular 4 x 4 skew-symmetric matrix, its determinant is:
| T |= (J12J34 + J31J24 + J1aJa3)? # 0 (316)

Hypothesis (316) implies that equations (315) are actually simplified to 9;n = 0 for all

l=1,...,4, namely 7 is a constant. Lemma 4.7.3.3 is thus proven. Q.E.D.

Therefore n(x) cannot be an arbitrary function when n = 4 and Case I is proved. Let

us now turn to the second possibility considered:

Case II: n > 5. Notice now that equation (313) is valid, in particular, at ¢ € Q. Assume,
for instance, that a function n(z) is chosen in such a way that dsn # 0 at xg. Then,
equation (312) implies that it is not possible at the same time to make the choice 9;n = 0
at zo for all | > 5. Consequently, function 7(z) cannot be arbitrary in the complementary

case n > 5. This proves Case II.
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The proof of Theorem 4.7.3.1 is thus complete. Q.E.D.

The results provided in the framework of this second family of reparametrization factors
now investigated, can be complemented by means of an additional result, which actually

generalizes Lemma 4.7.3.3:

Theorem 4.7.3.4. Let J(x) be an nxn structure matriz (n > 4) defined in a domain Q@ C R"™
and such that Rank(J ) = n everywhere in Q. Then the only possible reparametrization factors

allowed for J(x) in Q are the constant ones.
Proof. We begin with an auxiliary result:

Lemma 4.7.3.5. Consider the matriz Jpp, ), with n > 4 an even integer. Let @ C R™ be
a domain. Then the only possible reparametrization factors allowed for Jppny,) in 2 are the

constant ones.

Proof of Lemma 4.7.3.5. For the sake of clarity, recall that it is:
n/2
0 1\ —~— 0 1
jD[n,n]: b...8
-1 0 -1 0

Let us consider four different cases for the entries of Jpj, )

Case I. Let i be odd, with 1 <i < (n—3). Now we choose indexes (i, j, k) = (i,i+ 1,7+ 2).

Then from equations (301) we obtain:

Z(Jilek + Judij + Jjudri)0om = Z Jiv2,0m = Jit2,4+30i431n = Oip3n =0 (317)
=1 =1

and consequently (317) implies O;p =0 for l =i+ 3 =4,6,...n.

Case II. Now let (i,7,k) = (1,3,4). Again from (301) we are led to:

> Tadjk + i + Jjndki)0m =Y Judm = Jio0an = 0yn = 0
=1 =1

Case III. This time we choose even values of i, with 2 < ¢ < (n — 2). Then, with indexes
(1,7, k) = (4,4 1,7 + 2) from equations (301) we now have:

n

Z(Jiljjk + Judij + JjJki)Om = Z JauOm = J;i10;-1n = —0;_1m =0 (318)
=1 =1

and thus (318) leads to g =0forl=i—1=1,3,...,(n—3).
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Case IV. Finally, let (i,j,k) = (n — 3,n — 2,n). Therefore (301) implies:
n

> adik + Judij + Jpdki)Om = Judin = Jnp-10n-10 = —0p-1m =0
=1 =1

Together, Cases I-IV provide the result stated in Lemma 4.7.3.5. Q.E.D.

Let us now continue the main proof. For this, it is worth noticing that after a general
smooth change of variables y = y(x) transforming a structure matrix J(z) into a new one
J*(y), every reparametrization factor n(x) is converted into n*(y) = n(x(y)). To see this, it
suffices to recall the general transformation rule for structure matrices subjected to smooth

coordinate changes y = y(x):

Z R S (319)

Clearly, according to (319) the transformation of n(z)J (x) leads to n*(y)J*(y), with n*(y) =
n(z(y)), as indicated. Now let 2y € Q be a point, and consider the value of the matrix at that
point, namely J(zp). As it was already mentioned, it is well-known [14] that there exists a
regular matrix Ey, such that E,, - J (7o) - E;, = Jppnn)- On the basis of this relationship,
we perform on J(x) the change of variables, dlffeomorphlc in R", given by y = E;, - x
According to (319), the outcome is evidently J*(y) = Ey, - J(z(y)) - EL . Let yo = Ey, - o.
Thus, in particular we have that J*(yo) = Jpjn,n- Consider then equation (301) for the

reparametrization factor in the new variables y:

n

Z[ zl(y)J (y )+‘]kl( )J*( )+ ( )sz( )]811177*(3/) =0, 4jk=1...,n (320)

=1
Since equations (320) are valid everywhere in Q* = y(2), they are valid in particular in

Yo € F, namely:

n

> i w0) i (wo) + T (wo) T3 (yo) + T3 (y0) Jii (wo) ) By (9)],,) = 0, ik = 1,...,m (321)
=1

Given that J*(y0) = Jpn,n), as indicated, the analysis provided in Lemma 4.7.3.5 is immedi-

ately applicable to equations (321). Consequently we find that:

on*(y)
3yz‘

=0, i=1,...,n (322)
Yo

Taking into account that it is n*(y) = n(z(y)), or equivalently that n(z) = n*(y(z)), an
application of the chain rule combined with (322) shows that:

()| _ Iyl - dy;
Z 8y aazj‘
o  j=1 J lyo !

0x; 8:EZ
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Since the analysis leading to (323) can be carried out for every point 2y € , we conclude
that actually it is 0,nm(x) = 0 everywhere in 2 for all i = 1,...,n, namely n(x) is in fact a

constant. The proof of Theorem 4.7.3.4 is complete. Q.E.D.

Of course, in Theorem 4.7.3.4 the maximal rank condition Rank(7) = n implies that we are
dealing with even values of the dimension n. In spite of being a somehow exclusive result, such
theorem complements the previous contributions for the characterization of reparametrization
factors.

In the rest of the section the goal will be to provide different applications and illustrations
of the results just considered. Such applications will be relevant to the understanding of

important aspects of what has been developed along the entire work.

4.7.4. Miscellaneous examples

It is interesting to make use of this subsection in order to briefly recall the Poisson struc-
tures and systems for which the reduction to the Darboux canonical form was considered in
Chapters 2 and 3. Now such Darboux reductions can be regarded with a wider perspective,
and consequently all the systems analyzed in those chapters become valid instances of the
results developed in the present section.

Specifically, Chapter 2 was devoted to the establishment of global reductions for a variety
of 3-d Poisson systems. Obviously, a 3-d Poisson structure which is of constant rank in its
domain of definition must be of rank 2 provided it is nontrivial. This was of course the case
in Chapter 2 for the threefold family (Section 2.2), as well as for the cyclic families of types I
and IT (Sections 2.3 and 2.4, respectively). In all cases, NTTs of arbitrary form were employed
in the different global reductions to the Darboux canonical form. That this could be done is
understandable now, since we know at this stage that every time reparametrization preserves
the existence of the Poisson structure if it has constant rank of value 2.

In addition, the subject in Chapter 3 was a 4-d family, for which a case classification was
developed in order to completely characterize the reduction to the Darboux canonical form in
all possible situations. Without exception, use of arbitrary NTTs was again necessary. In con-
nection with this, it was shown in the proof of Theorem 3.2.1.1 that in such family the Poisson
structure is not lost after the multiplication by an arbitrary smooth and nonvanishing func-
tion, which is of course equivalent to the application of an arbitrary time reparametrization.

Actually, the demonstration of this issue was a significant part of the proof of such theorem.
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However, now all these features appear as natural since the rank of such family of structure
matrices is also 2. With this knowledge in mind, the proof of Theorem 3.2.1.1 becomes simpler
and we are able to recognize in advance that free use of time reparametrizations can be made

for the reduction to the Darboux canonical form, at every stage of the reduction procedure.

4.7.5. Application to the generalization of separable solutions

The previous results of this section allow a direct generalization of separable structure

matrices, as it is summarized in the next:

Corollary 4.7.5.1. Let Q) C R" be a domain in which an n X n separable structure matriz
J(x) = (Jij(z)) is defined as Jij(x) = sijpi(xi)j(x;) in terms of the skew-symmetric constant
matriz S = (si;) and the functions V;(x;), for alli,j =1,...,n. In addition, let Rank(S)=r,
and let (kY0 k)Y be a basis of Ker(S), such that

zn:kzl]/ dz; , i=r+1,...,n
= V()

is a complete set of independent Casimir invariants of J(x) in Q. Then:

(a) If Rank(S) = 2, then J(z) = n(x)J (x) is also a structure matriz in Q for every function
n(z) which is C*° () and does not vanish in Q.

(b) If n > Rank(S) > 4, then J(z) = n(Dyy1(x), ..., Du(x)) T (x) is also a structure matriz

in Q for every function n(y1,. .., Yn—r) which is C*°(R"™") and does not vanish in R"~".

(c) If Rank(S) = n > 4, then J(z) = n(x)J (z) is also a nontrivial structure matriz in Q if

and only if n(x) is constant in 2, with n # 0.

(d) In Cases (a)-(c) the Darbouz canonical form for J(x) can be constructed globally and
diffeomorphically in €0 by means of the procedure indicated in Proposition 4.7.1.2.

(e) Consider in addition that the assumptions of Remark 1.4.4.4 hold. Every Poisson system
&= J(x)-VH(x) defined in Q for which the structure matriz J () is of the kind specified
in Case (a) is an algebraically integrable system in Q, and can be reduced globally and

diffeomorphically in ) to a Liouville integrable Hamiltonian system.
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We then see that the generalization is established in terms of a very simple property, such
as the rank of the constant matrix S. Notice also that in Case (c) we do not obtain a gener-
alization of separable structure matrices, contrarily to what is achieved in Cases (a) and (b).
The reason accounting for such remark regarding Case (c) is that the product by a constant
reparametrization factor amounts to a rescaling of matrix S, namely S = 1S, thus preserv-
ing the separable nature of the structure matrix. On the contrary, the structure matrices
obtained after Cases (a) and (b) are clearly not separable in general. At the same time, in
all situations considered the reduction to the Darboux canonical form can still be carried out
on the basis of the same algorithm employed for separable matrices (see Subsection 4.2.2),
with the only addition of a previous time reparametrization, in agreement with the general
procedure presented in Proposition 4.7.1.2. Accordingly, the separable family is generalized
while maintaining the scope of the global results developed, both for the family properties
(such as the Casimir invariants) and for the global reduction to the Darboux canonical form.

Let us mention a simple example of how the generalization can be identified in practice.

FExample. Poisson structure for the Kermack-McKendrick model

Let us consider again the structure matrix [63,135] arising in the study of the Kermack-

McKendrick model for epidemics:

)

J(@)=briza| -1 0 1 = (br1x2)J (2) (324)

where b is a positive real constant. Clearly, matrix (324) is not separable, but of course Jis. In
addition, matrix J is embraced by the generalization provided by Corollary 4.7.5.1, specifically

in terms of Case (a): since it is Rank(J)= 2, the reparametrization factor n(x) = bxizs is

admissible, thus producing the structure matrix (324).

Many other separable Poisson brackets well-known in the literature can be generalized
after Corollary 4.7.5.1. For instance, a sample can be found among the separable examples

presented in Subsection 4.2.3. More precisely, we can mention the following instances:

(a) Separable Poisson structures with n = r = 2: we can include in this category different

formulations of the LV system [29,136,143] as well as game-theoretic models [88].
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(b) Separable Poisson structures with n = 3 and r = 2: we also have LV models [63,136],
as well as the Poisson structures for the circle maps system [63] and the Kermack-

McKendrick model [63,135].
(c) Separable Poisson structures with arbitrary n:

e With arbitrary r: we can mention Poisson systems of the LV [143,146] and the QP
[83,86] forms.

o With r = (n — 1): in the literature we can find some examples of the LV form in
the domain of plasma physics [142], and specially among the very diverse Poisson

structures associated with Toda lattices [4,36,37,38,39,40].

Needless to say, this enumeration is by no means exhaustive. Its only purpose is illustrative, the
goal being to display the fact that the number of already known separable Poisson structures

generalized after Corollary 4.7.5.1 is quite significant.

4.7.6. Application to the generalization of multiseparable solutions

As it was the case with the separable family, it is relevant at this stage to briefly consider the
application of the results on time reparametrizations to the generalization of multiseparable

structure matrices. As in the previous subsection, such results are summarized as follows:

Corollary 4.7.6.1. Let Q C R" be a domain in which an n X n multiseparable structure
matriz J(z) = (Jij(x)) is defined according to Definition 4.53.1.1, namely as

r/2

Jij(x) = ZA?f_l’2k¢2k—1(ff)¢2k(1f) s hy=1.n
k=1

in terms of the even number r (with n > r > 2), the constant n x n matrices A = (a;;) and

B = A~! = (b;), and the functions (1(z),...,¥-(x)). In addition, consider the functions

n
Di(x):Bi-x:Zbijxj , t=r+1,...;n
j=1

which constitute a complete set of independent Casimir invariants of J(x) in Q. Then:

(a) If r =2, then J(z) = n(x) T (x) is also a structure matriz in Q for every function n(z)
which is C*°(Q2) and does not vanish in .
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(b) Ifn>r >4, then J(x) = n(Dyi1(z), ..., Dn(x))T () is also a structure matriz in Q for

every function N(y1, ..., Yn—r) which is C°(R"™") and does not vanish in R"™".

(c) If r =n >4, then J(z) = n(z)J (x) is also a nontrivial structure matriz in Q if and only

if n(z) is constant in Q, with n # 0.

(d) In Cases (a)-(c) the Darbouz canonical form for J(z) can be constructed globally and
diffeomorphically in € by means of the procedure indicated in Proposition 4.7.1.2.

(e) Consider in addition that the assumptions of Remark 1.4.4.4 hold. Every Poisson system
i = J(x)-VH(x) defined in Q for which the structure matriz J () is of the kind specified
in Case (a) is an algebraically integrable system in ), and can be reduced globally and

diffeomorphically in Q) to a Liouville integrable Hamiltonian system.

We see that, again, the kind of generalization achieved becomes very natural, as far as
it is entirely controlled by a simple solution feature such as the even number r. In addition,
in Cases (a) and (b) the multiseparable family is clearly generalized, in the sense that the
outcome is, in general, not multiseparable. In Case (c) such a generalization is not present,
since a constant reparametrization factor can be used in order to redefine, for instance, the
even (or, alternatively, the odd) functions ¢, as Uy = N, thus remaining in the framework
of multiseparable matrices. And, as usual, the results regarding the existence and form of
the Casimir invariants and the global reduction to the Darboux canonical form remain valid
after the generalization and can still be applied, with minor modifications, as in the original
(non-generalized) family. Let us illustrate the previous ideas by means of the same instance

just employed in the separable case.

Example. Poisson structure for the Kermack-McKendrick model revisited

Let us consider again the structure matrix (324) for the Kermack-McKendrick equations.
Such structure matrix is actually multiseparable, as it was shown thoroughly in Example 3
of Subsection 4.3.3 (see it for the details, which are not recalled here for the sake of concise-
ness). Since it is Rank(J) = 2, from Case (a) of Corollary 4.7.6.1 it is immediate that such
multiseparable structure matrix can actually be generalized to:

0o 1 -1
J(@) =n(@n,zs,23) | -1 0 1 (325)
1 -1 0
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where n(x1, x2,x3) is a C* and nonvanishing function. This ensures that the reduction to the
Darboux canonical form provided in Subsection 4.3.3 can be immediately extended to (325)

by means of Proposition 4.7.1.2, as indicated in item (d) of Corollary 4.7.6.1.

4.7.7. Application to the generalization of distinguished solutions

To complete the family generalizations reported in the previous two subsections, it is
also interesting to provide a brief description of the consequences that the results on time

reparametrizations have, when applied to D-solutions.

Corollary 4.7.7.1. Let Q C R"™ be a domain in which an n xn distinguished structure matrix
J(x) = (Jij(z)) ts defined and has constant rank r everywhere. Let (Dyi1(z),...,Dp(x)) be

a complete set of independent Casimir invariants of J(x) in Q. Then:

(a) If r =2, then J(x) = n(z)J(x) is also a structure matriz in Q for every function n(z)

which is C* () and does not vanish in €.

(b) Ifn>r >4, then J(x) = n(Dyi1(z),. .., Dn(x) T () is also a structure matriz in Q for

every function n(y1, ..., Yn—r) which is C*°(R"™") and does not vanish in R"".

(c) If r =n >4, then J(z) = n(z)J (z) is also a nontrivial structure matriz in Q if and only

if n(x) is constant in Q, with n # 0.

(d) Consider in addition that the assumptions of Remark 1.4.4.4 hold. Every Poisson system
i = J(x)-VH(x) defined in Q for which the structure matriz J () is of the kind specified

in Case (a) is an algebraically integrable system in ).

This corollary has nice implications when compared to the already known properties of
the distinguished solutions. In spite of not being primarily concerned with the construction of
the Darboux canonical form in the case of D-solutions, notice that the constancy of the rank
is necessary in order to preserve unaltered the complete set of Casimir invariants, precisely
because these are the entries of the D-solution structure matrix J(z).

In Case (a) of the previous corollary, it is worth a comparison with Case (d) of Theorem
4.4.1.4. (Recall that, according to the latter, if n(y1,...,yn—r) : R" " — R is an arbitrary
C*°(R™") real function, then the product n(D,y1(x),..., Dp(z))J (z) is a D-solution in ).

Thus, Case (a) of Corollary 4.7.7.1 provides a direct generalization for D-solutions of rank two,
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since now no limits are imposed to the functional form of n(z). On the other hand, property
(d) of Theorem 4.4.1.4 is interesting as far as it is family-preserving, namely the outcome is
always a D-solution, something not valid in general in the present generalization.

Regarding Case (b) of Corollary 4.7.7.1, we now have that it coincides with statement (d)
of Theorem 4.4.1.4. Thus now no generalization is provided by the corollary. However, it is
interesting to recall that after the study of time reparametrizations, we know that such kind
of property is actually valid for every structure matrix, and thus item (d) of Theorem 4.4.1.4
can now be seen as a particular case. In other words, property (d) of Theorem 4.4.1.4 can be
regarded as an illustration for D-solutions of Theorem 4.7.2.1 characterizing the first family
of reparametrization factor solutions.

Let us finally turn to Case (c) of Corollary 4.7.7.1. According to Example 1 in Subsection
4.4.3, we know that if r = n > 4 and J is a D-solution, then J must be a constant skew-
symmetric matrix. When multiplying such a matrix by a constant reparametrization factor,
the outcome is again a constant skew-symmetric real matrix, thus providing no generalization

from the point of view of the functional form of the structure functions.

4.7.8. Global Darboux reduction for Poisson structures of rank two

An interesting consequence of the study of time reparametrizations for Poisson systems
(and in particular of the second family of reparametrization factors, characterized in Sub-
section 4.7.3) is the possibility of constructing the global Darboux reduction for structure
matrices of rank two and arbitrary dimension, something possible under very general assump-
tions, as we shall see now. This ameliorates significantly the scope of Darboux’ theorem for

such systems. The result is given in the next theorem:

Theorem 4.7.8.1. Let Q C R™ be a domain (n > 2) where is defined a Poisson system

X Je)- VH@)

having an n x n structure matriz J(x) = (Jij(x)), and such that Rank(J )= 2 everywhere in
Q. Let (D3(z),...,Dn(x)) be a complete set of independent Casimir invariants of J(x) in Q.
In addition, let (di(x),ds(x)) be two arbitrary C>(2) functions such that the transformation

i = di(x , 1=1,2
y (z) (326)

yj = Dj(x) , j=3,....n
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is one-to-one everywhere in Q0 and its Jacobian matriz M verifies:

d(dy(z),de(x), D3(z), ..., Dy(x))
Ox1,...,xn)

| M |= 40, foral z€Q (327)

Then such Poisson system can be reduced globally in € to an one degree of freedom Hamiltonian
system and the Darboux canonical form is accomplished globally and diffeomorphically in )
in the new coordinate system (yi,...,Yyn) and the new time T, where (y1,...,yn) are given by
transformation (326) which is a diffeomorphism globally defined in ); while the new time T is

defined by the time reparametrization:

dr = ({d1(2), da(2)} 1) ) A = (Vo (1)) - T (2) - (Vadda(@))]] ) dt = ny)dt  (328)

Proof. The constancy of Rank(7) implies that Darboux’ theorem is applicable. In column

matrix notation for the gradients, the Jacobian matrix of (326) can be written as:

8(d1({L’), dg(x), Dg(x), N ,Dn(x))

D(x1,.. . xn) = (Vadi(z) Vada(z) VoDs(z) ... ViDn(x))"

(329)

M=

Note in particular that functions d;(z) and da(x) cannot be Casimir invariants because they
are functionally independent of a complete set of independent Casimir functions. The effect
of (326) is to transform J(x) into a new structure matrix J*(y) = M - J - M1 according to

the rule (30). With the help of (329) we find, still in column matrix notation:

T =M ([ -Vaedi(z)] [T Vada(z)] Onxi ... Opyr) (330)

Using in (330) the fact that for any pair of matrices A and B that can be multiplied, we can
write A- B = (BT - AT)T| we immediately find that (330) becomes:

—(Vod)T - T -Vaedy  —(Vaedo)T - T - Vady 0 ... 0
—(Vod))T - T -Vaeds — —(Vada)T - T - Vads 0 ... 0

J* = 0 0 0 ... 0 (331)
0 0 0 ... 0

But now recall that, as it was indicated in Chapter 1, for any two functions f(z) and g(z) it
is, in agreement with (18) and (19):

n

{f@), 9@} gy = (Vo) - T -Vag =Y (92.1)7i5(0s,9) (332)

ij=1
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According to (331) and (332) we arrive at:
Jip ={di(z),di(2)}7 =0, J3 = {da(2),d2(z)}7 =0

and Jfy = {di(x),d2(x)}7 = —J3;. Therefore we obtain by construction that matrix J* is
skew-symmetric, consistently with what is to be expected. Moreover, since Rank()= 2 and
Rank(M) = n everywhere in Q by hypothesis, matrix J* is congruent on R with 7 and then
it is also Rank(J*)= 2 everywhere in Q* = y(€Q). Accordingly it is Jj5(y) # 0 everywhere
in Q*. This implies that in order to fulfill the Darboux reduction we only need to perform
the time reparametrization dr = n(y)dt as detailed in (328), which is well defined everywhere

because now

n(y) = ({di(x), d2(2)}7) oy = [(Vadi (@) T (2) - (Vada(2))]] () = J2(v)

is C*°(Q*) and does not vanish in Q*. Evidently, this time reparametrization transforms the
structure matrix J* into the Darboux canonical one Jpj, 2], thus completing the global reduc-
tion. In order to conclude the proof, it is only required to show that transformation (326) is a
global diffeomorphism in €. This is actually a consequence of several facts: the change of coor-
dinates (326) is a function globally onto (since Q* = y(£2) by definition) and by hypothesis one-
to-one in 2. Consequently, (326) is a global bijection and the inverse function of (326) exists
everywhere and is unique. Moreover, both the transformation (326) and its inverse are globally
differentiable (and therefore continuous) since the functions (dy (z), d2(x), D3(z), ... Dy(z)) are

C>°(Q) and | M |# 0 in all points of 2, as indicated in (327). The proof is complete. Q.E.D.
We have the following direct consequence of the previous result:

Corollary 4.7.8.2. Suppose that the assumptions of Remark 1.4.4.4 hold. Consider an
n-dimensional Poisson system & = J(x)- VH(x) defined in a domain Q@ C R"™ in such a
way that the same hypotheses of Theorem 4.7.8.1 are verified. Then such Poisson system is
algebraically integrable in Q, and it can be reduced globally and diffeomorphically in Q to a

Liouwville integrable Hamiltonian system.

Now some remarks are in order. In principle, the previous results might appear as in-
tuitively reasonable, since according to Darboux’ theorem a Poisson system with a rank-two
structure matrix essentially looks like a one degree of freedom classical Hamiltonian system

embedded in an n-dimensional phase space by means of (n—2) Casimir invariants that produce
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the symplectic foliation. Thus, the two results in this subsection basically seem to show how
to decouple the Casimir invariants in order to reverse such construction. Accordingly, since
a Poisson system with a rank-two structure matrix appears essentially as a two-dimensional
(embedded) system, it also seems to be natural that every time reparametrization is admis-
sible, according to what was already said in Subsection 1.2.4, and thus we can always make
use of such a reparametrization in order to complete the Darboux reduction. This picture of
the situation looks reasonable, but it is somehow misleading. The reason is that such point
of view is to some extent rough, precisely because it does not take into account the essential
limitation of Darboux’ theorem, namely that it is a merely local result. Therefore there is no
guarantee at all in the sense that such embedding can be globally reversed —actually such a
global embedding might not exist at all. In spite that the constant rank condition ensures that
Darboux’ theorem is applicable, the obtainment of a global result is precisely the improvement
with respect to the local picture provided by Darboux’ theorem, which in principle constructs
the reduction in a neighborhood of each point.

A second remark concerns the hypotheses of Theorem 4.7.8.1. In particular, two key
assumptions are that: (i) transformation (326) is one-to-one globally in Q; and (ii) | M |# 0
everywhere in Q from condition (327). Clearly, such requirements are needed in order to
imply the globally diffeomorphic character of the reduction, and are interesting as far as they
can display to what extent such a reduction is feasible in practice. The naturalness of such
conditions is very clear (as they become trivial) in the case n = 2. Moreover, those conditions
have been successfully tested for all n > 3 in Chapters 2 and 3 as well as in earlier sections of
this chapter. Therefore most of the solution families previously considered in this work (among
those being of rank two or admitting in particular this rank value, and for which the Darboux
canonical form has been globally and diffeomorphically constructed) can be now regarded in

a unified framework as applied instances of the results developed in this subsection.

230



4.8. A PERSPECTIVE OF THE RESULTS FOR ARBITRARY
DIMENSION

At this stage, the relative roles played by the different contributions presented in this
chapter should be understandable. In first place, we have considered some solution families
of arbitrary rank (separable and multiseparable) for which the global Darboux reduction was
completely general and direct by means of a pure diffeomorphism, namely without the use
of time reparametrizations. On the contrary, when dealing with Poisson structures for which
the rank is 2 (such as in the case of hemiseparable solutions of both types, as well as in
Theorem 4.7.8.1) the use of arbitrary NTTs becomes possible, thus providing us with an
additional degree of freedom that can be applied to the global construction of the Darboux
canonical form (but obviously with no influence on the degree of difficulty associated with the
determination of a complete set of independent Casimir invariants). Accordingly, in the case
in which it is Rank(7) = 2 the global reduction procedure (if feasible) becomes to some extent
algorithmic, as far as it suffices the direct dynamical decoupling of the distinguished functions,
and the remaining two nonzero entries of the structure matrix are then reduced to the Darboux
canonical form by means of an NTT, independently of how functionally involved such entries
could be. This is the method implemented in Theorem 4.7.8.1. Clearly, this approach is
possible in the case of rank 2, but arbitrary time reparametrizations are not generally valid
for ranks equal or larger than 4. In such case this kind of NTT-based strategy is no longer
valid, and the typical procedure must rely, in principle, on a direct reduction based on the only
use of an adequate global coordinate transformation. These results clearly elucidate much of
the previous story, providing a knowledge (about how and when a global Darboux reduction
is feasible) that goes beyond the mere identification of solution families.

After Section 4.7 some additional aspects of the significance of time reparametrizations in
the framework of Poisson structures have been uncovered. Specifically, this is valid regarding
the conditions for the preservation of the Poisson structure itself. In particular, it is remarkable
the rank dependence of the existence of reparametrization factors. As indicated, after this
now it is a posterior: clear that N'T'T's were usable in all the Poisson systems considered in
Chapters 2 and 3, since we were always dealing with Poisson structures of constant rank of
value 2. Moreover, in the context of the validity of NTTs it is also interesting the importance
of the distinguished functions, which induce time reparametrizations which always preserve
the Poisson structure, irrespectively of its rank. This is also significant in the context of

this work, in view of the fact that the existence of nontrivial Casimir invariants is a purely
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noncanonical feature, not present in classical Hamiltonian systems (actually, not even present
in noncanonical but symplectic Poisson systems).

The degrees of freedom provided by the distinguished functions have been fundamental
also for the definition of the family of D-solutions. In this case the global analysis seems to be
nontrivial, if possible, but this drawback is compensated by the remarkable (and uncommon)
properties of D-solutions. Such properties lead to very general procedures for the generation
of an infinity of new D-solutions obtainable from a given one. Precisely, this kind of strategy
was also the one leading to the investigation of NTTs, already mentioned, since the charac-
terization of a family of reparametrization factors automatically generalizes a known solution.
Eventually, this point of view has allowed the generalization of the separable, multiseparable
and D-solution families in Section 4.7.

To conclude, it is worth recalling the significance of the global analyses performed for very
different n-d families of structure matrices, often allowing arbitrary ranks, and always defined
in terms of functions of arbitrary nonlinearity. In spite that this is quite uncommon in the
literature, it seems however a unavoidable issue of interest for the establishment of a bridge
(dynamically global, and thus usable from the point of view of many applications) with the

fruitful realm of classical Hamiltonian theory.
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CHAPTER 5.

CONCLUSIONS

In this dissertation very diverse results regarding the study of the Jacobi PDEs for finite-
dimensional Poisson systems as well as the global analysis of their skew-symmetric solutions
have been presented. The investigation of families of Poisson structures has comprised two
different and complementary points of view. In first place, a search of solutions amenable to
global analysis has involved 3-d, 4-d and n-d solution families. In second term, the charac-
terization of novel Poisson structures has been focused on the most interesting n-d scenario.
Of course, both categories overlap in some relevant n-d cases, such as in connection with
separable and multiseparable structure matrices, but also has interesting exceptions such as
the hemiseparable families of types I and II, in one sense, and the distinguished solutions, in
the opposite. The results thus obtained cover different aspects of the theory and applications
of finite-dimensional Poisson systems. In one hand, it is evident the contribution provided
by the new families characterized, which are typically of a remarkable applied generality, as
the number of Poisson structures well-known in the literature that become unified by them
shows. In the other, it is clear the interest of the global results established since these provide
us not only with new invariants (of the distinguished type) but also with reductions to the
Darboux canonical form (a task only reported in the literature for a very limited sample of
systems) which in addition improve the local scope of Darboux’ theorem. Apart from the
new solution families and global results developed, the analysis followed in the present thesis
has led to the determination of new integrability results (both in the algebraic and in the
Liouville senses) and also to a better understanding of the unexpected but important role of
time reparametrizations in the context of finite-dimensional Poisson structures and systems.

A Dbrief consideration of problems still to be investigated can also be helpful in order to
properly establish the framework and relevance of the present contributions. From a purely
mathematical perspective, the obvious open problem is the determination of the general solu-

tion of the skew-symmetric Jacobi equations in arbitrary dimension n. However, this does not
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exhaust the list of issues deserving attention in this context. The problem of recasting (if pos-
sible) a given vector field for which a first integral is known, in terms of a finite-dimensional
Poisson system, would be the second landmark in the route to a general understanding of
the theory of dynamical systems in the framework of Poisson structures. A third domain of
theoretical and applied progress would be the achievement of sufficiently general global re-
sults (in the sense of the determination of the Darboux canonical form) allowing a widespread
transfer of information and methods between the classical Hamiltonian representation and the
finite-dimensional Poisson format. The contributions displayed in this dissertation have been
directed to an improvement in the context of the first and third previous issues, and also to the
second in an indirect way (as far a the knowledge of novel solutions should also imply a better
state of the art for such problem). But, needless to say, the answer of the three questions just
enumerated constitutes an ambitious program of research that probably will require years, if
not decades, of investigation.

Consequently, it can be said that every new contribution to the study of skew-symmetric
solutions of the Jacobi equations tends to provide a more general perspective of the field of
finite-dimensional Poisson structures. Typical features of this fact can be appreciated in the
previous analysis. As already mentioned, not only the identification of new finite-dimensional
Poisson structures constitutes in itself a relevant problem from the points of view of applied
mathematics and mathematical physics but, as indicated, this knowledge provides a richer
framework for the fundamental problem of recasting a given differential flow into a Poisson
system, whenever possible. And, in addition, it is worth noting that the characterization of a
sufficiently general family of solutions often allows the conceptual and operational unification
of diverse Poisson structures and systems previously well-known but unrelated, which can
hereafter be regarded from a more general and economic standpoint. Very diverse examples
of this have been given throughout the work. In particular, in such sense it is physically
interesting to identify the Casimir invariants and to develop the reduction procedure to the
Darboux canonical form for the new solution families. These are features of special relevance
when they can be globally achieved, thus providing an additional instance of a result that goes
beyond the a priori scope of Darboux’ theorem and has been reported in the literature only
in a limited number of cases. This kind of results suggests that the direct investigation of the
Jacobi equations constitutes a fruitful line of research not only for classification purposes but
also for the detailed analysis of Poisson structures, not to mention its mathematical interest

as an example of nonlinear system of coupled PDEs. Additionally to these considerations,
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it is worth recalling that dimension three is the simplest nontrivial case for the analysis of
the Jacobi equations and has consequently been studied in much more detail than higher
dimensions, as discussed in Chapter 1. On the other hand, the Jacobi partial differential
equations (25) become increasingly complex as the dimension of the Poisson manifold grows.
This explains the relative scarcity of results for dimensions four and higher. Certainly, a
complete knowledge of the skew-symmetric solutions of the Jacobi equations is probably still
far, but nevertheless the investigation of the problem seems to be a unavoidable issue for a
better understanding of finite-dimensional Poisson structures, and therefore of the scope of

Hamiltonian dynamics.
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APPENDIX 1.

THE PFAFFIAN METHOD

Al.1. DESCRIPTION OF THE METHOD

Since it is in the basis of many of the calculations developed throughout this work, it
seems convenient to provide the description of the Pfaffian method for the determination of
Casimir invariants [84,175]. This approach is very advantageous when compared to traditional
procedures such as the characteristics method [8,67,170,176], as it will be seen in what follows.

Let us consider an n-d Poisson system (21-22), and a domain of the n-d phase space in
which the rank of J(x) is constant and equal to r = 2s < n. Without loss of generality, if

the 2s first rows of J(x) are the linearly independent, then there exists a set of 2s x (n — 2s)

smooth functions ~;x(z), where i =2s+1,...,n, and k = 1,...,2s, such that:
2s
k=1

The importance of the proportionality functions ~;x(z) was already noticed by Littlejohn [114].
Let us assume for the moment that they are known (their calculation is just a technical step
for which we shall give a procedure later in this subsection). Then, the substitution of (333)

into the Poisson system equations,

da:i - .
dt :ZJij(a;)ajH(a:):{xi,H} y ZZl,...,n
j=1

gives immediately the following relations:
2s
Bi=Y yw()ip, i=2s+1,...,n (334)
k=1

These equations reveal the degeneracy which is present in the Poisson system due to the fact
that the rank of matrix J(x) is not maximum, i.e., they express all interdependences among

the system variables induced by the existence of the Casimir functions, which arise from such
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rank degeneracy according to equation (20), or J(x) - VD(x) = 0, as explained in Chapter 1.
Then, from equations (334) we immediately obtain a system of (n — 2s) Pfaffian DEs for the
Casimir invariants:

2s
dz; :Z%k(:p)dxk , 1=2s+1,...,n (335)
k=1

Note that the system of Pfaffian equations (335) to be integrated, is equivalent to the tradi-
tional set of PDEs given by equation (20) namely J(z)-VD(x) = 0, as it can be demonstrated
[175]. Tt is not difficult to see [84] that (335) leads to the Casimir functions: let DU (z) be a
solution of the i-th equation, where 2s + 1 < i < n. Then there exists a function ¥(x) such

that:

2s
dDl = ¥(z) (Z yipday — dxi> (336)

k=1

The j-th component of the vector J - VDU will be:

n 2s
(7 - VDY, =3 " J30e DV = 9(x) (Z JikYik — in) =
k=1

k=1

2s
J(z) (Jz‘j—Z%kaj> =0, j=1,...,n
k=1

Here we have applied the original degeneracy relations (333). This shows that the result of
integrating each of the (n — 2s) Pfaffian DEs (335) leads to the Casimir functions of matrix
J(z). We know, on the other hand, that there are (n — 2s) functionally independent Casimir
invariants. From (336) it can be easily shown that the solutions of two different equations of
the set (335) are always functionally independent. Consequently, the integration of equations
(335) produces all the Casimir functions of the system [84,175].

We end this section by indicating how functions ~;; can be calculated. To do so we proceed

to write (333) in matrix form as:
(TN .G = (ghh—2hT (337)

where 7125 is the 2s x n submatrix composed by the first 2s rows of J, while J™~ 2 is the

(n — 2s) x n submatrix composed by the last (n — 2s) rows of J, and

Y2s+1,1  ---  Inl

Y2s+1,2s  --- Yn,2s

A rank analysis of the matrix equation (337) shows immediately that there always exists a

unique matrix G which is the solution. In fact, since J29! is a 25 x n matrix, there are (n—2s)?
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redundant equations in (337). If we assume again that these redundant equations are those
corresponding to the last (n — 2s) rows of (727, we can write (337) in the nonredundant

matrix form:

(j[Qs])T .G = (j[n—2s})T

where

Jun .o Jis Josp11 oo Jost1,2s
j[2s] _ , j[n—Qs] _
Jos1 .. Joss ) S U S

Since now J (2] is an invertible matrix, the solution is:
T
G = (j[nf2s] . (‘7[23})71> (338)

To summarize, the Pfaffian method for the determination of the Casimir functions proceeds

in two steps:
(i) Calculation of matrix G through relation (338).
(i) Integration of the system of Pfaffian equations (335).

We shall now illustrate the procedure by means of some applied examples.
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Al.2. EXAMPLES

Example 1. 3-d Lotka-Volterra system

Let us turn back to system (35) already considered in the Example 2 of Subsection 1.2.5.
Nutku has shown [136] that the 3-d LV equations

Ty = :Ul()\l + cxo + .1‘3)
To = $2(>\2 +x1 + al‘g) (339)
3 = x3(A3+bx1 + 22)

are biHamiltonian when abc = —1 and A3 = Aob — A\jab. In this case, the vector field (339)

can be written as a Poisson system in two different ways:
t=01-VHy =Jy - VHy

Here, we have

0 cr1xe bexrixs
Ji(x) = —Ccxr1X9 0 —T2oT3
—bcrixrs x0T3 0
0 crixe(azxs + No) cxixs(zy + A3)
Jo(z) = | —cxiza(azs + \o) 0 T1T2T3
—cxix3(z2 + A3) — 12273 0

and, in addition, the respective Hamiltonian functions are:

Hi(x) = abryi+z2—axs+ Azlnzy — Aylnzs

Hy(x) = ablnz) —blnze +Inxs
Since the rank of both J; and J5 is 2 everywhere in the interior of the positive orthant, there
is one independent Casimir invariant. We shall apply the Pfaffian method to both structure

matrices.

For [J1 we have, after simple inspection:

T3 bxs
w3) = —> (rowl) + —2 (row?2
(row3) p— (rowl) + . (row2)

In other words, v31 = x3/cx1 and 32 = bxg/xe. The Pfaffian equation we must solve is then:

T3 b:Cg
d:IZg = 7(1171 + 7dx2
CT1 9
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The integration of this equation is immediate and gives
ablnz; — blnxo + In z3 = constant

which is Nutku’s result. Since any function of a Casimir invariant is also a Casimir, the general
solution will be

D(z) =V (ablnzy — blnxy + Inxs)

with ¥ a smooth one-variable function.
Similarly, for Jo we see that:

T3

_ z3(z2 + A3)
claxs + A2)

3) —
(I“OW ) 1‘2(&.7}3 + )\2)

(rowl) + (row2)

Consequently, v31 = —x3/(c(axs + A2)) and v32 = x3(z2 + A3)/(z2(azs + A2)). This implies

that:
T3 I3 (.%'2 + )\3)

dag=—— " g
s claxs + A2) o x2(axs + A2)

Z2
After integration we arrive easily at
abri + x9 — ars + A3lnzo — Ao lnx3 = constant
which is the solution. In general:
D(z) =V (abxy + xo — ax3 + Azlnzg — Ao Inxs) (340)

It is interesting to compare this procedure with the standard method of characteristics.
We shall do it for J2. Since Rank(7;)= 2 in the domain of interest, the third equation of the
system Jo - VD = 0 is a linear combination of the first and second ones, and can therefore be

suppressed. The system of PDEs we have to solve in order to determine D is then:

0D oD
cx1x9(axs + /\2)8772 + cxrxg(zo + )\3)87373 =0 (341)
oD oD
—cxixa(axs + )\Q)a—zl + xlexga—mg =0 (342)
The characteristic equations for (341) are:
d d
2 == 3 N d:L‘l =0

criwe(axs + No)  criws(xa + A3)
Since D is a function of three variables, we have to perform two integrations from the charac-
teristic equations. It can be found easily that 1 = k1 and zo2 — ax3 + Az3lnxzs — Ao Inxg = ko,
where k1 and ko are constants of integration. Then, the general solution of equation (341) is
of the form:

DY = M (2, 29 — azs + A3lnzg — Ao Inxs) (343)
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Similarly, for the second PDE (342), the system of characteristic equations is:

dl‘l dl‘g
— = s d$2 — O
crire(azrs + No)  xixoTs3

We can obtain without difficulty that xo = k1 and abzr; — axs — Ao lnxs = ko, and then the
general solution of (342) is

Dl — yl2 (x9,abxy — axs — Ao Inxs) (344)

Now we must take into account that the Casimir invariants of the system are simultaneous
solutions of (341) and (342). This means that they are functions of the x; complying to both
formats (343) and (344). After inspection, one arrives directly to the solution (340). We shall

further comment in Section A1.3 on the differences between both methods.

Ezxample 2. A higher-dimensional system: the light top

We shall now analyze in detail a six-dimensional example due to Weinstein [171]: the
equations of motion of a rigid body anchored at one point, which moves in a gravitational
field. The system variables are the components of the angular momentum in body coordinates,
L = (L1, Ly, L3), as well as those of the gravitational force, also in body coordinates, F' =
(Fy, Fy, F3). From now on, we shall take the six variables according to the following order:

(L1, Lo, L3, Fy, Fy, F3). Then, the structure matrix and the Hamiltonian are, respectively:

0 Ly —-Ly 0 Fy -K
Iy 0 L4 -F 0 IR
Ly, -Li 0 F -F 0
0 F; —-F 0 0 0
~F; 0 EF 0 0 0
F, -F, 0 0 0 0

and
()
In H, the u; are the principal moments of 1nert1a, and the x; are the coordinates of the body’s
center of mass measured from the anchor point (see [171] and references therein for further
details).
We shall first apply the Pfaffian procedure for the determination of the Casimir functions
of this system. For the sake of comparison, we shall later solve the same problem through the

traditional method of characteristics.
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(a) Solution of the problem by the Pfaffian method.
Clearly, Rank(7) = 4, the third and the sixth rows being linear combinations of the rest.

Then there are two independent Casimir functions. We can find the ~;; by means of (338):

T
G Y31 Y32 Y34 V35 _ (j[Q] ‘ (j[4})—1)T
Y61 Y62 V64 V65
where
0 Ls 0 F3
—Lsy 0 —F3 0 Lo L1 Fy, —F;
J [4] _ j[Q] _

o K 0 o |’ F —-F, 0 0
P, 0 0 0

The solution for G is:
—Fy/F;5 0

—Iy/F3 0
(FiLs — L1 F3)/F; —F,/F}
(FoLs — LoF3)/F3 —F»/F3

We then have to solve the following system of two Pfaffian DEs:

Fy Fy Ly Iy Ly Lo
dlLs = ——dL{ — —=dL —— — — | dF} ——— — — | dF: 345
3 Ty 2+<F32 2 1+ P2 T, 2 (345)
Fy Fy
dFs = ——dFy — —=dF: 346
3 70— Al (346)

The last one is straightforward and gives a first Casimir: Dy = F? + FZ + F? = ||F||>. Now,

if we expand (345) and regroup terms we have:
Fy Fy
FidLy + FydLy + F3dLs + L1dFy + LodFy = Lg FdFl + FdFQ (347)
3 3

Making use of equation (346) in the right-hand side of (347) leads immediately to d(LiF; +
LoF5 + L3F3) = 0. Thus, the second independent Casimir is Do = L1 Fy + LoFy + L3F3 =

L - F. We can write, as usual, the most general form of a Casimir invariant as
D =W ([F}+ F} + F{"/%, LiFy + LyFy + Ly Fy ) = W(|| F||, L - F)

where W is a smooth two-variable function.

(b) Solution of the problem by the method of characteristics.
We can now compare the previous procedure with the direct solution of the system of PDEs

given by (20), namely 7 -V D = 0. For this, we should begin by recalling the same observation
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than before: since Rank(J) = 4, two of the equations of the system will be redundant, which
can be taken to be those corresponding to the third and sixth rows of J. Therefore, the

system of PDEs we have to solve is:

oD oD oD oD

Lsgrs, ~12ar, T am  2am =Y (348)
—L3£+L1(§Z —F3g?1 +Flg?3 =0 (349)
FBSZ - FQSZ —0 (350)
—53344a32=0 (351)

The characteristic equations of (348) are:

dLQ dLg dF2 dF3
= _ = = — dL, =dF = 2
Ls Lo I3 F ! 1=0 (352)

Since the unknown D is a function of six variables, we have to find five constants from the
characteristic equations (352) in order to construct the general solution of the PDE (348). We

immediately find from (352) four of them:
L=k ,Fi=ky ,L3+L3=ks , Fi+F=k
We can derive a fifth one as follows:

0 = L3dFs5— L3dF5+ F3dLs — F3dL3 =
L3dF5 4+ F3dLg + LodFy + FodLy =
d(LoFy + L3F3)

Here we have made use of the characteristic equations (352). The fifth constant is thus

ks = LoF5 4+ L3F5. The general solution of the PDE (348) is then:
DY = WM(Ly, Fy, L3 + L3, F§ + F3, LyFy + L3 F3)

The second PDE (349) can be obtained from the first one (348) if we exchange the

subindexes 1 and 2. Then we can directly write:
D = WB(Ly, Fy, L3 + L%, FE + F3, L1 Fy + Ly F3)

For the third equation (350) we now have:

dLQ dL3
Yy F12 5 1 1 2 3
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This leads to:
Li=k ,Fi=ky , Fo=Fk3 , F3=Fky

Since Fy and F3 are constants, we also arrive at ks = LoF5 + L3 F3. Consequently, the general
solution of the PDE (350) is:

DB = WBN(Ly, Iy, Fy, F3, LoFy + L3F3)

And finally, we again obtain the fourth PDE (351) from the third one (350) by permutation

of the subindexes 1 and 2. Therefore:
DWW = wl(Ly, Fy, Py, Fy, L1 Fy + L3 F3)

Now, the Casimir functions are simultaneous solutions of all the PDEs (348-351). Then,
we now have to compare the four solutions D, for i = 1,...,4, and look for those functions
of L and F' compatible with all of them. After inspection, it is not difficult to arrive at the two
most obvious possibilities: ||F||?> and L - F', which are the two independent Casimir invariants

already known.
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A1.3. CONCLUDING REMARKS

We have seen how the Pfaffian approach allows the calculation of the Casimir functions
in a quite natural and rapid way. In addition, this procedure provides some insight on how a
symplectic foliation arises from the degeneracy present in a singular Poisson structure.

A comparison with the traditional method relying on the system of PDEs (20) seems to
be convenient. If we wish to solve equations (20), the two simplest strategies are separation
of variables and the method of characteristics.

Separation of variables, which is rather lengthy even for simple PDEs and usually requires
an eigenvalue analysis of the resulting ODEs, is clearly much less efficient than the Pfaffian
method in the present situation.

On the other hand, we have already given in the examples a comparative solution of the
problems by both the Pfaffian approach and the method of characteristics. Before entering in
more quantitative and general arguments, two observations can be drawn from the examples.
The first one is that the Pfaffian method is clearly less computationally consuming than the
one of characteristics. Notice that the former technique reduces the problem to the solution
of one Pfaffian DE per Casimir. The number of ODEs which has been necessary to handle
and the number of quadratures which must be integrated in the method of characteristics is
certainly higher, in both examples. The second important remark is that both techniques
do not lead to the same set of equations, i.e., the Pfaffian method is not a shortcut for the
obtainment of the characteristic equations, as it can be easily checked.

Let us compare in a quantitative way the complexity of both methods. We shall give as a
measure of such complexity the number of quadratures which have to be calculated in every
case to determine the solution. This number is N, = (n —2s) for the Pfaffian method, namely
the corank of the structure matrix, as we already know.

In the method of characteristics, on the other hand, we have to solve system (20), which
consists of 2s nonredundant PDEs (the remaining (n — 2s) equations are redundant due to
the degeneracy in rank of the structure matrix, and can therefore be suppressed, as we have
seen in the examples). In order to compute the total number of quadratures in the method of
characteristics, let us consider the i-th PDE of system (20). Its characteristic equations are

of the form:

R A P

d da;— dx; dz,

Since D is a function of n variables, we need (n — 1) quadratures. However, we always have a

trivial one, which is x; = constant. Therefore, we only have to carry out (n — 2) quadratures
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per PDE;, in general. Consequently, the total number of quadratures is N, = 2s(n — 2) for the
method of characteristics. It is then straightforward to verify the bound

]]\\% <1 (353)
in all nontrivial cases (the only situation in which (353) is not satisfied for a singular structure
matrix, is the immaterial case corresponding to a trivial Poisson structure, namely to a null
structure matrix). When the number of Casimir functions is large, for example if 2s = 2,
we obtain N,/N. = 1/2. When such a number is medium, namely for 2s ~ n/2, we have
that N,/N. ~ 1/(n —2), thus decreasing with increasing size of the structure matrix. Finally,
when the number of Casimir invariants is small, say 2s ~ (n — 1), we arrive at N,/N, ~

2

1/[(n—1)(n—2)]. In this case the ratio decreases as n~° as n grows, and the Pfaffian method

is now much more economic for a large structure matrix.

247



248



APPENDIX 2.

MATHEMATICAL NOTATION

The following symbols and expressions are of common use throughout the text:

a,b,... Real constants

A B,... Constant real matrices

[lall Absolute value of the real number a

|| z|] Euclidean norm of vector x € R™

Ck(Q) k times continously differentiable function in the set
C>*(Q) Smooth function in the set 2

Fuclidean scalar product in R™, or matrix product

Oif, Oz f Partial derivative of f with respect to z;

D, D(x) Distinguished function (Casimir invariant)

) Kronecker’s delta or generalized Kronecer’s delta
|A| Determinant of the square matrix A

diag() Matrix formed by a direct sum of submatrices

T Time derivative of x(t)

€ Levi-Civita symbol

= Equal by definition, equivalent to

n, n(x) Time reparametrization factor

H, H(x,t) Hamiltonian function, either in the classical or in the Poisson sense
I(x) Time-independent first integral

I(x,t) Time-dependent first integral

I, m X m identity matrix or submatrix

o0 Infinity

Int(U) Interior of the set U C R™

N Intersection of sets
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A—l

J, J(x)
jD[n,r]

j[k’], j[k}(x)
Jij, Ji(l’)

(%] (%]
Jij ) Jij (z)

O(fi,--, fr)

8(3}1,. . .,acm)

Ker(A)
In(a)
M

M

Mp

Mg

a mod b

mi1 Xma

EBD@S©<]<13

k
—
Al@...@Ak

p=(pi)
{f,9}
{f.g}e
{f.9}7
£
q=(a)

Inverse of the square matrix A

Structure matrix

n x n Darboux canonical form structure matrix of rank r

k-th submatrix of the structure matrix J(x)

Structure functions

Structure functions in the k-th submatrix 7! () of the structure
matrix J(x)

Jacobian matrix of functions (f1,..., fx) with respect to (x1,...,zn)

Kernel (nullspace) of matrix A

Natural (or Napierian) logarithm of a (with a real and positive)
Jacobian matrix of a differentiable change of coordinates

Smooth manifold

Poisson manifold

Symplectic manifold

Remainder of the integer division a/b (with a, b positive integers)
Dimension of the Poisson manifold

Nabla operator

Column gradient vector of function f with respect to coordinates z
m X m null matrix or submatrix

m1 X me null matrix or submatrix

Open subset of R™, or domain (open and connected subset of R™)

Direct sum

Direct sum of k matrices Ay, ..., Ag

Set of canonical generalized momenta p;

Poisson bracket of functions f and g

Canonical Poisson bracket of functions f and ¢

Poisson bracket with structure matrix J of functions f and g
Derivative of the one-variable function f

Set of canonical generalized coordinates ¢;

Rank of a structure matrix

Rank of matrix A

m-~dimensional Euclidean space

Interior of the positive orthant of R™
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sign(a)

1

[Z N

UxV
mi1 X Mo

AT

u, u(z)
v, v(x)

w, w(x)

r/2, with r being the rank of a structure matrix

Set member

Sign function of the real number a # 0 (it takes value (+1) if a > 0
and (—1) if a < 0)

Similar or equal

Subset

Skew-symmetric constant real matrix

n x n symplectic matrix (n even)

Such that

Time variable

New time variable (reparametrized time variable)

Cartesian product of the sets U and V

Size of a matrix of m; rows and mo columns

Transpose of matrix A

Union of sets

Neighborhood of x € R™

Structure function Ji2(x) in three-dimensional structure matrices

Structure function Js;(x) in three-dimensional structure matrices

Structure function Jo3(x) in three-dimensional structure matrices

Column vectors of the sets of local coordinates (z1,...,x,),

(Y1,...,Yyn) and (21, ..., 2,), respectively
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APPENDIX 3.

ABBREVIATIONS

In addition to the symbols indicated in Appendix 2, the abbreviations now enumerated are of

common use in the present dissertation:

2-d Two-dimensional

3-d Three-dimensional

4-d Four-dimensional

n-d n-dimensional

DE Differential equation

D-solution Distinguished structure matrix

D,-solution D-solution of the kind characterized in Subsection 4.4.2
KAM Kolmogorov-Arnol’d-Moser (theorem)

KG Kernel-gradient (functions) —see Definition 4.4.1.3

LV Lotka-Volterra (systems of ordinary differential equations)
NTT New-time transformation (time reparametrization)

ODE Ordinary differential equation

PDE Partial differential equation

Q.E.D. End of a proof ( “Quod erat demonstrandum”")

QP Quasi-Polynomial (systems of ordinary differential equations)
SOE Smooth orbital equivalence

TOE Topological orbital equivalence

VV.AA. Various authors
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APPENDIX 4.

PUBLICATIONS WITH IMPACT FACTOR

The following is a list of the articles (already published in journals with impact factor) which

have been developed as a part of the research carried out in this thesis work:

1. B. Herndndez-Bermejo: “New solutions of the Jacobi equations for three-dimensional

Poisson structures”, Journal of Mathematical Physics 42 (2001) 4984-4996.

2. B. Hernandez-Bermejo: “One solution of the 3D Jacobi identities allows determining an

infinity of them”, Physics Letters A 287 (2001) 371-378.

3. B. Hernandez-Bermejo: “Characterization and global analysis of a family of Poisson

structures”, Physics Letters A 355 (2006) 98-103.

4. B. Hernandez-Bermejo: “New four-dimensional solutions of the Jacobi equations for

Poisson structures”, Journal of Mathematical Physics 47 (2006) 022901 1-13.

5. B. Hernandez-Bermejo: “New solution family of the Jacobi equations: Characterization,
invariants, and global Darboux analysis”, Journal of Mathematical Physics 48 (2007)
022903 1-11.

6. B. Herndndez-Bermejo: “Characterization, global analysis and integrability of a family

of Poisson structures”, Physics Letters A 372 (2008) 1009-1017.

7. B. Hernandez-Bermejo and V. Fairén: “Simple evaluation of Casimir invariants in finite-

dimensional Poisson systems”, Physics Letters A 241 (1998) 148-154.

8. B. Hernandez-Bermejo and V. Fairén: “Separation of variables in the Jacobi identities”,

Physics Letters A 271 (2000) 258-263.

9. T. W. Yudichak, B. Hernandez-Bermejo and P. J. Morrison: “Computing Casimir in-
variants from Pfaffian systems”, Physics Letters A 260 (1999) 475-483.
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In addition, the following manuscripts have been accepted for publication (again, in jour-

nals with impact factor) prior to the dissertation defense (thesis viva voce):

10. B. Hernandez-Bermejo: “Generalization of solutions of the Jacobi PDEs associated to
time reparametrizations of Poisson systems”, Journal of Mathematical Analysis and

Applications, in press.

11. B. Herndndez-Bermejo: “An integrable family of Poisson systems: characterization and

global analysis”, Applied Mathematics Letters, in press.

256



BIBLIOGRAPHY

10.

11.

. R. Abraham and J. E. Marsden: Foundations of Mechanics. Second Edition, Benjamin-
Cummings, Reading (Massachusetts, USA), 1978.

. R. Abraham, J. E. Marsden and T. Ratiu: Manifolds, Tensor Analysis, and Applications.
Second Edition, Springer-Verlag, New York (New York, USA), 2001.

. M. Abramowitz and I. A. Stegun: Handbook of Mathematical Functions. Dover, New
York (New York, USA), 1972.

. M. A. Agrotis, P. A. Damianou and G. Marmo: “A symplectic realization of the Volterra
lattice”, Journal of Physics A: Mathematical and General 38 (2005) 6327-6334.

. M. A. Agrotis, P. A. Damianou and C. Sophocleus: “The Toda lattice is super-integra-
ble”, Physica A 365 (2006) 235-243.

. M. S. Alber, G. G. Luther, J. E. Marsden and J. M. Robbins: “Geometric phases,
reduction and Lie-Poisson structure for the resonant three-wave interaction”, Physica D

123 (1998) 271-290.

. A. Annamalai and K. M. Tamizhmani: “Direct method of finding first integrals of finite
dimensional systems and construction of nondegenerate Poisson structures”, Journal of

Nonlinear Mathematical Physics 1 (1994) 309-330.

. G. Arfken: Mathematical methods for physicists. Third Edition, Adademic Press, Or-
lando (Florida, USA), 1985.

. V. 1. Arnol’d: Mathematical Methods of Classical Mechanics. Springer-Verlag, New York
(New York, USA), 1978.

V. L. Arnol’d: Geometrical Methods in the Theory of Ordinary Differential Equations.
Springer-Verlag, New York (New York, USA), 1988.

V. 1. Arnol’d and B. A. Khesin: Topological Methods in Hydrodynamics. Springer-Verlag,
New York (New York, USA), 2006.

257



12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. M. Arribas, F. Blesa and A. Elipe: “Quadratic Hamiltonians on non-symmetric Poisson

structures”, Chaos, Solitons and Fractals 31 (2007) 489-499.

A. Ay, M. Giirses and K. Zheltukhin: “Hamiltonian equations in R3”, Journal of Math-
ematical Physics 44 (2003) 5688-5705.

F. Ayres Jr.: Schaum’s Outline of Matrices. McGraw-Hill, New York (New York, USA),
1962.

T. B. Bahder: Mathematica®© for Scientists and Engineers. Addison-Wesley, Reading
(Massachusetts, USA), 1995.

K. H. Bhaskara: “Affine Poisson structures”, Proceedings of the Indian Academy of
Sciences (Mathematical Sciences) 100 (1990) 189-202.

K. H. Bhaskara and K. Rama: “Quadratic Poisson structures”, Journal of Mathematical

Physics 32 (1991) 2319-2321.

P. Birtea and M. Puta: “Equivalence of energy methods in stability theory”, Journal of
Mathematical Physics 48 (2007) 042704 1-9.

P. Birtea, M. Puta and T. S. Ratiu: “Controllability of Poisson systems”, SIAM Journal
on Control and Optimization 43 (2004) 937-954.

O. 1. Bogoyavlenskij: “Extended Integrability and Bi-Hamiltonian Systems”, Commu-
nications in Mathematical Physics 196 (1998) 19-51.

A. V. Bolsinov and A. T. Fomenko: Integrable Hamiltonian systems. Geometry, Topol-
ogy, Classification. Chapman and Hall / CRC, Boca Raton (Florida, USA), 2004.

H. Boualem and R. Brouzet: “Bi-Hamiltonian systems of deformation type”, Journal of

Geometry and Physics 56 (2006) 1370-1386.

L. Brenig: “Complete factorisation and analytic solutions of generalized Lotka-Volterra

equations”, Physics Letters A 133 (1988) 378-382.

L. Brenig and A. Goriely: “Universal canonical forms for time continuous dynamical

systems”, Physical Review A 40 (1989) 4119-4121.

T. J. Bridges: “Poisson structure of the reversible 1:1 resonance”, Physica D 112 (1998)
40-49.

258



26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

. L. Bronshtein and K. Semendiaev: Manual de matemdticas para ingenieros y estudiantes.

Mir, Moscow (Russian Federation), 1988.

T. Brooke Benjanim and P. J. Olver: “Hamiltonian structure, symmetries and conser-

vation laws for water waves”, Journal of Fluid Mechanics 125 (1982) 137-185.

G. B. Byrnes, F. A. Haggar and G. R. W. Quispel: “Sufficient conditions for dynamical
systems to have pre-symplectic or pre-implectic structures”, Physica A 272 (1999) 99-
129.

L. Cair6é and M. R. Feix: “On the Hamiltonian structure of 2D ODE possessing an
invariant”, Journal of Physics A: Mathematical and General 25 (1992) L1287-1.1293.

J. F. Carinena, P. Guha and M. F. Ranada: “Quasi-Hamiltonian structure and Hojman

construction”, Journal of Mathematical Analysis and Applications 332 (2007) 975-988.

J. R. Cary and R. G. Littlejohn: “Noncanonical Hamiltonian mechanics and its appli-

cation to magnetic field line flow”, Annals of Physics 151 (1983) 1-34.

H. Cendra and J. E. Marsden: “Lin constraints, Clebsch potentials and variational

principles”, Physica D 27 (1987) 63-89.

F. Cong, J. Hong and Y. Han: “Near-invariant tori on exponentially long time for Poisson

systems”, Journal of Mathematical Analysis and Applications 334 (2007) 59-68.

P. Crehan: “Variational Principles and Poisson Structures”, Progress of Theoretical

Physics Supplement 110 (1992) 321-328.

I. Cruz and H. Mena-Matos: “Normal forms for locally exact Poisson structures in R3”,

Journal of Geometry and Physics 43 (2002) 27-32.

P. A. Damianou: “Multiple Hamiltonian structures for Toda-type systems”, Journal of

Mathematical Physics 35 (1994) 5511-5541.

P. A. Damianou: “Lax pairs, symmetries and recursion operators for Toda lattices”,

Reports on Mathematical Physics 40 (1997) 443-453.

P. A. Damianou: “The negative Toda hierarchy and rational Poisson brackets”, Journal

of Geometry and Physics 45 (2003) 184-202.

P. A. Damianou: “On the bi-Hamiltonian structure of Bogoyavlensky-Toda lattices”,

Nonlinearity 17 (2004) 397-413.

259



40

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

ol.

92.

P. A. Damianou and S. Kouzaris: “Bogoyavlensky-Toda systems of type Dy”, Journal

of Physics A: Mathematical and General 36 (2003) 1385-1399.

P. A. Damianou and C. Sophocleous: “Noether and master symmetries for the Toda

lattice”, Applied Mathematics Letters 18 (2005) 163-170.

D. David and D. D. Holm: “Multiple Lie-Poisson structures, reductions, and geometric
phases for the Maxwell-Bloch travelling wave equations”, Journal of Nonlinear Science

2 (1992) 241-262.

D. David, D. D. Holm and M. V. Tratnik: “Hamiltonian chaos in nonlinear optical

polarization dynamics”, Physics Reports 187 (1990) 281-367.

L. Degiovanni: “Tri-Hamiltonian extensions of separable systems in the plane”, Journal

of Mathematical Physics 47 (2006) 043505 1-22.

B. Dherin: “The universal generating function of analytical Poisson structures”, Letters

in Mathematical Physics 75 (2006) 129-149.

M. P. do Carmo: Geometria diferencial de curvas y superficies. Alianza, Madrid (Spain),

1992.

J.-P. Dufour and N. Tien Zung: Poisson Structures and Their Normal Forms. Birk-
héuser, Basel (Switzerland), 2005.

I. E. Dzyaloshinskii and G. E. Volovick: “Poisson brackets in condensed matter physics”,

Annals of Physics 125 (1980) 67-97.

E. Ebin and J. Marsden: “Groups of diffeomorphisms and the motion of an incompress-

ible fluid”, Annals of Mathematics 92 (1970) 102-163.

C. Fernandez Pérez, F. J. Vazquez Herndandez and J. M. Vegas Montaner: Cdlculo

Diferencial de Varias Variables. Thomson, Madrid (Spain), 2003.

A. Figueiredo, T. M. Rocha and L. Brenig: “Algebraic structures and invariant manifolds

of differential systems”, Journal of Mathematical Physics 39 (1998) 2929-2946.

M. Forger, C. Paufler and H. Rémer: “Hamiltonian multivector fields and Poisson forms
in multisymplectic field theory”, Journal of Mathematical Physics 46 (2005) 112903
1-29.

260



93

o4.

99.

56.

57.

98.

99.

60.

61.

62.

63.

64.

65

P. Gao: “Hamiltonian structure and first integrals for the Lotka-Volterra systems”,

Physics Letters A 273 (2000) 85-96.

J. Gibbons, D. D. Holm and B. Kupershmidt: “Gauge-invariant Poisson brackets for
chromohydrodynamics”, Physics Letters A 90 (1982) 281-283.

J. Goedert, F. Haas, D. Hua, M. R. Feix and L. Cairé: “Generalized Hamiltonian
structures for systems in three dimensions with a rescalable constant of motion”, Journal

of Physics A: Mathematical and General 27 (1994) 6495-6507.

N. S. Goel, S. C. Maitra, E. W. Montroll: “On the Volterra and other nonlinear models
of interacting populations”, Reviews of Modern Physics 43 (1971) 231-276.

H. Goldstein: Classical Mechanics. Second Edition, Addison-Wesley, Reading (Mas-
sachusetts, USA), 1980.

C. Gonera and Y. Nutku: “Super-integrable Calogero-type systems admit maximal num-

ber of Poisson structures”, Physics Letters A 285 (2001) 301-306.

F. Gonzalez de Posada: Estructuras algebraicas tensoriales. Alhambra, Madrid (Spain),

1983.

A. Goriely: Integrability and Nonintegrability of Dynamical Systems. World Scientific,
Singapore, 2001.

A. Goriely and L. Brenig: “Algebraic degeneracy and partial integrability for systems
of ordinary differential equations”, Physics Letters A 145 (1990) 245-249.

J. Grabowski, G. Marmo and A. M. Perelomov: “Poisson structures: towards a classifi-

cation”, Modern Physics Letters A 8 (1993) 1719-1733.

H. Glimral and Y. Nutku: “Poisson structure of dynamical systems with three degrees

of freedom”, Journal of Mathematical Physics 34 (1993) 5691-5723.

M. Giirses and K. Zheltukhin: “Poisson structures in R3”, Proceedings of the Fifth
International Conference on Geometry, Integrability and Quantization. Edited by 1. M.
Mladenov and A. C. Hirshfeld, Sofia (Bulgaria), 2004, pp. 144-148.

F. Haas: “Generalized Hamiltonian structures for Ermakov systems”, Journal of Physics

A: Mathematical and General 35 (2002) 2925-2935.

261



66

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

F. Haas and J. Goedert: “On the generalized Hamiltonian structure of 3D dynamical

systems”, Physics Letters A 199 (1995) 173-179.

R. Haberman: Applied Partial Differential FEquations. Fourth Edition, Pearson Prentice
Hall, Upper Saddle River (New Jersey, USA), 2004.

R. D. Hazeltine, D. D. Holm and P. J. Morrison: “Electromagnetic solitary waves in

magnetized plasmas”, Journal of Plasma Physics 34 (1985) 103-114.

E. Hernandez: Algebm y Geometria. Ediciones de la Universidad Auténoma de Madrid,

Madrid (Spain), 1987.

B. Hernandez-Bermejo: “New solutions of the Jacobi equations for three-dimensional

Poisson structures”, Journal of Mathematical Physics 42 (2001) 4984-4996.

B. Hernandez-Bermejo: “One solution of the 3D Jacobi identities allows determining an

infinity of them”, Physics Letters A 287 (2001) 371-378.

B. Herndndez-Bermejo: “Stability conditions and Liapunov functions for quasi-polyno-

mial systems”, Applied Mathematics Letters 15 (2002) 25-28.

B. Hernandez-Bermejo: Formatos en leyes de potencias para sistemas de E.D.O.s: uni-
versalidad, algoritmica, Hamiltonizacion y perspectivas en el modelado de sistemas.
Ph.D. Thesis, Universidad Nacional de Educacién a Distancia, Madrid (Spain), 1999
(Edited by B. Herndndez-Bermejo, Madrid, 2004).

B. Hernandez Bermejo: “Nuevas soluciones de las ecuaciones de Jacobi para sistemas
Hamiltonianos generalizados”, Libro de Resumenes - Nolineal 2004. Universidad de

Castilla-La Mancha, Toledo (Spain), 2004, p. 59.

B. Hernandez-Bermejo: “Hamiltonization and the study of Jacobi equations: some per-
spectives and results”, Proceedings of XIII Fall Workshop on Geometry and Physics.
Publicaciones de la Real Sociedad Matematica Espanola, Murcia (Spain), 2005, pp.
155-160.

B. Hernandez-Bermejo: “Characterization and global analysis of a family of Poisson

structures”, Physics Letters A 355 (2006) 98-103.

B. Hernédndez-Bermejo: “New four-dimensional solutions of the Jacobi equations for

Poisson structures”, Journal of Mathematical Physics 47 (2006) 022901 1-13.

262



78

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

B. Herndandez-Bermejo: “New solution family of the Jacobi equations: Characterization,
invariants, and global Darboux analysis”, Journal of Mathematical Physics 48 (2007)
022903 1-11.

B. Hernandez-Bermejo: “Characterization, global analysis and integrability of a family

of Poisson structures”, Physics Letters A 372 (2008) 1009-1017.

B. Hernandez-Bermejo and V. Fairén: “Nonpolynomial vector fields under the Lotka-

Volterra normal form”, Physics Letters A 206 (1995) 31-37.

B. Hernandez-Bermejo and V. Fairén: “A constant of motion in 3D implies a local

generalized Hamiltonian structure”, Physics Letters A 234 (1997) 35-40.

B. Hernandez-Bermejo and V. Fairén: “Lotka-Volterra representation of general nonlin-

ear systems”, Mathematical Biosciences 140 (1997) 1-32.

B. Herndndez-Bermejo and V. Fairén: “Hamiltonian structure and Darboux theorem
for families of generalized Lotka-Volterra systems”, Journal of Mathematical Physics 39

(1998) 6162-6174.

B. Hernédndez-Bermejo and V. Fairén: “Simple evaluation of Casimir invariants in finite-

dimensional Poisson systems”, Physics Letters A 241 (1998) 148-154.

B. Hernédndez-Bermejo and V. Fairén: “Separation of variables in the Jacobi identities”,

Physics Letters A 271 (2000) 258-263.

B. Herndndez-Bermejo and V. Fairén: “Local stability and Lyapunov functionals for n-
dimensional quasipolynomial conservative systems”, Journal of Mathematical Analysis

and Applications 256 (2001) 242-256.

B. Herndndez-Bermejo, V. Fairén and L. Brenig: “Algebraic recasting of nonlinear sys-
tems of ODEs into universal formats”, Journal of Physics A: Mathematical and General

31 (1998) 2415-2430.

J. Hofbauer: “Evolutionary dynamics for bimatrix games: A Hamiltonian system?”,

Journal of Mathematical Biology 34 (1996) 675-688.

S. A. Hojman: “Quantum algebras in classical mechanics”, Journal of Physics A: Math-

ematical and General 24 (1991) L249-L254.

263



90

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

S. A. Hojman: “The construction of a Poisson structure out of a symmetry and a con-
servation law of a dynamical system”, Journal of Physics A: Mathematical and General

29 (1996) 667-674.

D. D. Holm, J. E. Marsden, T. Ratiu and A. Weinstein: “Stability of rigid body motion

using the energy-Casimir method”, Contemporary Mathematics 28 (1984) 15-23.

D. D. Holm, J. E. Marsden, T. Ratiu and A. Weinstein: “Nonlinear stability of fluid
and plasma equilibria”, Physics Reports 123 (1985) 1-116.

D. D. Holm and K. B. Wolf: “Lie-Poisson description of Hamiltonian ray optics”, Physica
D 51 (1991) 189-199.

D. Huang: “Bi-Hamiltonian structure and homoclinic orbits of the Maxwell-Bloch equa-

tions with RWA”, Chaos, Solitons and Fractals 22 (2004) 207-212.

V. Ilin and E. Pozniak: Fundamentos del andlisis matemdtico. Volume 1, Mir, Moscow

(Russian Federation), 1991.

E. A. Jackson: Perspectives of Nonlinear Dynamics. Volume 1, Cambridge University

Press, Cambridge (UK), 1994.

L. O. Jay: “Preserving Poisson structure and orthogonality in numerical integration of
differential equations”, Computers and Mathematics with Applications 48 (2004) 237-
255.

M. Jodeit Jr. and P. J. Olver: “On the equation gradf = M gradg”, Proceedings of the
Royal Society of Edinburgh A 116 (1990) 341-358.

B. Karasozen: “Poisson integrators”, Mathematical and Computer Modelling 40 (2004)
1225-1244.

S. P. Kasperczuk: “Poisson structures and integrable systems”, Physica A 284 (2000)
113-123.

E. H. Kerner: Gibbs Ensemble: Biological Ensemble. Gordon and Brench, New York
(New York, USA), 1972.

E. H. Kerner: “Comment on Hamiltonian structures for the n-dimensional Lotka-Vol-

terra equations”, Journal of Mathematical Physics 38 (1997) 1218-1223.

264



103

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

. E. H. Kerner: “Note on Hamiltonian format of Lotka-Volterra dynamics”, Physics Let-

ters A 151 (1997) 401-402.

A. U. O. Kisisei: “On quadratic Poisson brackets”, Journal of Mathematical Physics 46
(2005) 042701 1-12.

J. Koiller, P. P. M. Rios and K. M. Ehlers: “Moving frames for cotangent bundles”,
Reports on Mathematical Physics 49 (2002) 225-238.

S. P. Kouzaris: “Multiple Hamiltonian structures and Lax pairs for Bogoyavlensky-

Volterra systems”, Journal of Nonlinear Mathematical Physics 10 (2003) 431-450.

P. S. Krishnaprasad and J. E. Marsden: “Hamiltonian structures and stability for rigid
bodies with flexible attachments”, Archive for Rational Mechanics and Analysis 98
(1987) 71-93.

L. D. Landau and E. M. Lifshitz: Mecdnica. Second Edition, Reverté, Barcelona (Spain),
1988.

A. Lichnerowicz: “Les variétés de Poisson et leurs algebres de Lie associées”, Journal of

Differential Geometry 12 (1977) 253-300.

A. J. Lichtenberg and M. A. Lieberman: Regular and Chaotic Dynamics. Second Edi-
tion, Springer-Verlag, New York (New York, USA), 1992.

S. Lie: Theorie der Transformationsgruppen. B. G. Teubner, Leipzig (Germany), 1888.

R. G. Littlejohn: “A guiding center Hamiltonian: A new approach”, Journal of Mathe-
matical Physics 20 (1979) 2445-2458.

R. G. Littlejohn: “Hamiltonian perturbation theory in noncanonical coordinates”, Jour-

nal of Mathematical Physics 23 (1982) 742-T747.

R. G. Littlejohn: “Singular Poisson tensors”, AIP Conference Proceedings 88 (1982)
47-66.

R. G. Littlejohn: “Variational principles of guiding centre motion”, Journal of Plasma

Physics 29 (1983) 111-125.

Z.-J. Liu and P. Xu: “On Quadratic Poisson Structures”, Letters in Mathematical
Physics 26 (1992) 33-42.

265



117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

B. Liu, W. Zhu and Y. Han: “Persistence of lower-dimensional hyperbolic invariant tori
for generalized Hamiltonian systems”, Journal of Mathematical Analysis and Applica-

tions 322 (2006) 251-275.

J. Llibre and A.-A. Tarta: “Periodic solutions of delay equations with three delays via
bi-Hamiltonian systems”, Nonlinear Analysis 64 (2006) 2433-2441.

C. A. Lucey and E. T. Newman: “On the construction of Hamiltonians”, Journal of

Mathematical Physics 29 (1988) 2430-2433.

F. Magri: “A simple model of the integrable Hamiltonian equation”, Journal of Mathe-

matical Physics 19 (1978) 1156-1162.

A. J. Majda and A. L. Bertozzi: Vorticity and Incompressible Flow. Cambridge Univer-
sity Press, Cambridge (UK), 2001.

K. Marciniak and S. Rauch-Wojciechowski: “Two families of nonstandard Poisson struc-

tures for Newton equations”, Journal of Mathematical Physics 39 (1998) 5292-5306.

M. Markus and H. Minc: A survey of matriz theory and matrix inequalities. Dover,

Mineola (New York, USA), 1992.

J. E. Marsden and M. J. Hoffman: FElementary Classical Analysis. Second Edition, W.
H. Freeman and Company, New York (New York, USA), 1993.

J. E. Marsden, R. Montgomery, P. J. Morrison and W. B. Thompson: “Covariant Poisson
brackets for classical fields”, Annals of Physics 169 (1986) 29-47.

J. E. Marsden and T. S. Ratiu: Introduction to Mechanics and Symmetry: A Basic
Ezposition of Classical Mechanical Systems. Second Edition, Springer-Verlag, New York
(New York, USA), 2002.

J. L. Martin: “Generalized classical dynamics, and the ‘classical analogue’ of a Fermi

oscillator”, Proceedings of the Royal Society A 251 (1959) 536-542.

A. A. Martinez-Merino and M. Montesinos: “Hamilton-Jacobi theory for Hamiltonian
systems with non-canonical symplectic structures”, Annals of Physics 321 (2006) 318-
330.

266



129

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

B. M. Maschke, A. J. van der Schaft, P. C. Breedveld: “An Intrinsic Hamiltonian Formu-
lation of Network Dynamics: Non-standard Poisson Structures and Gyrators”, Journal

of the Franklin Institute 329 (1992) 923-966.

R. I. McLachlan: “Explicit Lie-Poisson integration and the Euler equations”, Physical
Review Letters 71 (1993) 3043-3046.

R. I. McLachlan, G. R. W. Quispel and N. Robidoux: “Unified approach to Hamiltonian
systems, Poisson systems, gradient systems, and systems with Lyapunov functions or

first integrals”, Physical Review Letters 81 (1998) 2399-2403.

P. J. Morrison: “Hamiltonian description of the ideal fluid”, Reviews of Modern Physics

70 (1998) 467-521.

P. J. Morrison and R. D. Hazeltine: “Hamiltonian formulation of reduced magnetohy-

drodynamics”, Physics of Fluids 27 (1984) 886-897.

K. Ngan, S. Meacham and P. J. Morrison: “Elliptical vortices in shear: Hamiltonian

moment formulation and Melnikov analysis”, Physics of Fluids 8 (1996) 896-913.

Y. Nutku: “Bi-Hamiltonian structure of the Kermack-McKendrick model for epidemics”,

Journal of Physics A: Mathematical and General 23 (1990) L1145-1.1146.

Y. Nutku: “Hamiltonian structure of the Lotka-Volterra equations”, Physics Letters A
145 (1990) 27-28.

P. Olver: “Hamiltonian perturbation theory and water waves”, Contemporary Mathe-

matics 28 (1984) 231-249.

P. J. Olver: “Canonical forms and integrability of bi-Hamiltonian systems”, Physics

Letters A 148 (1990) 177-187.

P. J. Olver: Applications of Lie Groups to Differential Equations. Second Edition,
Springer-Verlag, New York (New York, USA), 1993.

J.-P. Ortega, V. Planas-Bielsa and T. S. Ratiu: “Asymptotic and Lyapunov stability
of constrained and Poisson equilibria”, Journal of Differential Equations 214 (2005)
92-127.

V. Perlick: “The Hamiltonization problem from a global viewpoint”, Journal of Mathe-

matical Physics 33 (1992) 599-606.

267



142

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

G. Picard and T. W. Johnston: “Instability cascades, Lotka-Volterra population equa-
tions, and Hamiltonian chaos”, Physical Review Letters 48 (1982) 1610-1613.

M. Plank: “Hamiltonian structures for the n-dimensional Lotka-Volterra equations”,

Journal of Mathematical Physics 36 (1995) 3520-3534.

M. Plank: “Bi-Hamiltonian systems and Lotka-Volterra equations: a three-dimensional

classification”, Nonlinearity 9 (1996) 887-896.

M. Plank: “Some qualitative differences between the replicator dynamics of two player
and n player games”, Nonlinear Analysis, Theory, Methods and Applications 30 (1997)
1411-1417.

M. Plank: “On the dynamics of Lotka-Volterra equations having an invariant hyper-

plane”, SIAM Journal on Applied Mathematics 59 (1999) 1540-1551.

T. A. Posbergh, P. S. Krishnaprasad and J. E. Marsden: “Stability analysis of a rigid
body with a flexible attachment using the energy-Casimir method”, Contemporary Math-
ematics 68 (1987) 253-273.

M. Puta: “Three-dimensional real-valued Maxwell-Bloch equations with controls”, Re-

ports on Mathematical Physics 37 (1996) 337-348.

G. R. W. Quispel and H. W. Capel: “Solving ODEs numerically while preserving a first
integral”, Physics Letters A 218 (1996) 223-228.

S. Racaniere: “Examples of quantisation of Poisson manifolds”, Journal of Geometry

and Physics 56 (2006) 1810-1836.

A. Ramos: “Poisson structures for reduced non-holonomic systems”, Journal of Physics

A: Mathematical and General 37 (2004) 4821-4842.

S. Rauch-Wojciechowski: “A bi-Hamiltonian formulation for separable potentials and its
application to the Kepler problem and the Euler problem of two centers of gravitation”,

Physics Letters A 160 (1991) 149-154.

M. Razavy and F. J. Kennedy: “Generalized Phase Space Formulation of the Hamilto-
nian Dynamics”, Canadian Journal of Physics 52 (1974) 1532-1546.

R. Schimming: “Conservation laws for Lotka-Volterra models”, Mathematical Methods

in the Applied Sciences 26 (2003) 1517-1528.

268



155

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

. J. C. Simo, T. A. Posbergh and J. E. Marsden: “Stability of coupled rigid body and
geometrically exact rods: block diagonalization and the energy-momentum method”,

Physics Reports 193 (1990) 279-360.

E. K. Sklyanin: “Some algebraic structures connected with the Yang-Baxter equation”,
Functional Analysis and Its Applications 16 (1982) 263-270. (Translated from the Rus-
sian: Funktsional'nyi Analiz i Ego Prilozheniya 16 (1982) 27-34).

I. S. Sokolnikoff: Andlisis tensorial. Second Edition, Tormes S.L. (Editorial Index),
Madrid (Spain), 1979.

M. R. Spiegel and L. Abellanas: Férmulas y tablas de matemdtica aplicada. McGraw-
Hill, Naucalpan de Juarez (Mexico), 1991.

E. C. G. Sudarshan and N. Mukunda: Classical Dynamics: A Modern Perspective.
Wiley, New York (New York, USA), 1974.

G. E. Swaters: Introduction to Hamiltonian Fluid Dynamics and Stability Theory. Chap-
man and Hall / CRC, Boca Raton (Florida, USA), 2000.

M. Tabor: Chaos and integrability in nonlinear dynamics. Wiley, New York (New York,
USA), 1989.

J.-L. Thiffeault and P. J. Morrison: “Classification and Casimir invariants of Lie-Poisson

brackets”, Physica D 136 (2000) 205-244.

E. van Groesen and E. M. de Jager: Mathematical structures in continuous dynamical

systems. North-Holland, Amsterdam (The Netherlands), 1994.

VV.AA.: Hamiltonian dynamical systems. A reprint selection. Compiled and introduced
by R. S. MacKay and J. D. Meiss, Adam Hilger / IOP Publishing Ltd, Bristol (UK),
1987.

VV.AA.: The Breadth of Symplectic and Poisson Geometry: Festschrift in Honor of
Alan Weinstein. Edited by J. E. Marsden and T. S. Ratiu, Birkhduser, Boston (Mas-
sachusetts, USA), 2005.

VV.AA.: Poisson Geometry, Deformation Quantisation and Group Representations.
Edited by S. Gutt, J. Rawnsley and D. Sternheimer, Cambridge University Press, Cam-
bridge (UK), 2005.

269



167

168

169

170.

171.

172.

173.

174.

175.

176.

G. Vilasi: Hamiltonian Dynamics. World Scientific, Singapore, 2001.
V. V. Voevodin: Algebm Lineal. Mir, Moscow (Russian Federation), 1982.

V. Volterra: Lecons sur la Théorie Mathématique de la Lutte pour la Vie. Gauthier
Villars, Paris (France), 1931.

H. F. Weinberger: Ecuaciones Diferenciales en Derivadas Parciales. Reverté, Barcelona

(Spain), 1988.

A. Weinstein: “The local structure of Poisson manifolds”, Journal of Differential Ge-

ometry 18 (1983) 523-557.

A. Weinstein: “Stability of Poisson-Hamilton equilibria”, Contemporary Mathematics

28 (1984) 3-13.

E. T. Whittaker: A treatrise on the analytical dynamics of particles and rigid bodies.
Fourth Edition, Cambridge University Press, Cambridge (UK), 1937.

S. Wolfram: Mathematica reference guide. Addison-Wesley, Reading (Massachusetts,
USA), 1992.

T. W. Yudichak, B. Hernandez-Bermejo and P. J. Morrison: “Computing Casimir in-
variants from Pfaffian systems”, Physics Letters A 260 (1999) 475-483.

E. C. Zachmanoglou and D. W. Thoe: Introduction to Partial Differential Equations.
Dover, New York (New York, USA), 1986.

270















