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(3) The coefficients in model equation (3) are determined:
(4)

where S/x(p+1) is S/xp to which the column vector of 1's has been appended to
account for the constant term. The magnitude of each estimated coefficient in
equation (4) indicates the ability of its corresponding factor to model the
concentration values. As the regressor variables are equally scaled between -1 and
+1, the absolute values of the coefficients can be compared among one another. A
high value indicates that the corresponding factor explains a considerable variance
of the concentration. The factors are selected in the order indicated by the absolute
value of the coefficients.
(4) The cross-validation technique is used to find out the optimal number of
factors, by building the model including the factors in the order found. The factors
that give the model with the minimum error of prediction are selected.

Partial least-squares (PLS). The PLS model was also applied8. Different from
PCR, whose decomposition is based entirely on spectral variations, PLS takes the
concentrations into account when decomposing the spectral matrix. Thus, PLS
sacrifices some of the fit of the spectral data in order to achieve better correlation with
the predicted concentrations.

Model Validation. The prediction ability was assessed by the root mean
squared error of cross-validation (RMSECV). The absence of bias in the method was
assessed by performing a joint statistical test of the slope and the intercept of the
regression Une, calculated by regressing the predicted concentration using crossvalidation, atpred-cv > versus the known concentration (ci,iamm), taking into account
the errors in both axes12. The variance of known concentration and the variance of
predicted concentration were required in this test. The variance of the predicted
concentration was given by the Unscrambler program13 and the variance of the
known concentrations was considered constant and equal to 10% of the a,hiom, since
this is the error accepted in this kind of analysis.
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3 Selection of calibration samples and factors in PCR

3. Experimental section
Samples. 86 samples of pressed films with a thickness of 150 ^im were prepared
in a thermostatized press at 210° C. Their efhylene content had previously been
determined by IR and univariate calibration3 and had been between 4 and 12%. The
variability of spectral measurements due to the thickness and the non-homogeneity of
the pressed films was taken into account by using several pressed films of the same
ethylene concentration.

Spectroscopy. A Galaxy 3040 (Unicam) FTIR spectrophotometer with a tungsten
lamp and PbSe detector connected to a PC 286 was used. The software FIRST version
enhanced VI,52 selected the data acquisition conditions and provides an ASCII file.
The spectral data consisted of 178 absorbance values between 1666 and 1767 nm.
Five typical spectra are shown in Figure 2.
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Figure 2. Examples of five digitalized near-infrared (NIR) absorption spectrum of
poly(propylene-ethylene) copolymer.
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Statistical methodology and software. The UNSCRAMBLER13 program was
used for PCR and PLS, and MATLAB14 home-made subroutines were used for PCR
selecting factors and the joint statistical test. Mathematical treatments of the data such
as base line drift correction and first and second derivatives were explored to
determine the linear-regression equation with the best fit.

4. Results and discussion
The application of the analytical procedure to the 86 analyzed samples provided
the data matrix Rsexiys where each row represents the NIR absorption spectrum of a
sample. The columns in R were mean centered before calibration and were not
subjected to a standardization procedure since, as they are spectroscopic data, they
are expressed in the same units and there are no variables that incorporate special
conditions of noise.
The initial representation of the sample scores in the space of the first two
principal components, Figure 3, (99.9% of the x-variance explained) shows no
tendencies suggesting different groups of samples. Nor does it allow the presence of
any outliers to be observed at this point.
PCR, PCR selecting factors (PCRSF) and PLS were used to establish the
relationship between the ethylene content and spectral data. The number of
significant factors in the calibration model was assessed by the leave-one-out crossvalidation procedure. Table 1 shows the root mean squared error of cross-validation
(RMSECV) and the percentage of variance explained for the y variable for each factor
in the three models.
The PLS model with four factors and a prediction error RMSECV= 0.719 (86% of
total y variance explained) had the best prediction ability although it is only slightly
higher than the prediction ability of PCR and PCRSF. PLS seems to predict better
than PCR when there are random linear base lines or independently varying major
spectral components which overlap with the spectral features of the analysis15.
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Figure 3. Score plot for the two principal components of PCR model
(explained variance 99.9%).

Table 1. Root mean square error of cross-validation and percentage of Y variance in PCR,
PCRFS and PLS models.
PLS
PCRSF
PCR
Factor % Var-y RMSECV Factor
% Var-y
RMSECV Factor % Var-y RMSECV
0
0.0
1.77
0
0.0
1.77
0
0.0
1.77
1
1
1.258
24.5
1.539
4
51.9
24.5
1.390
1
1.557
0.913
2
0.843
2
24.7
76.4
41.2
3
3
25.8
1.554
2
76.6
0.892
81.7
0.770
4
0.868
77.7
0.864
7
78.3
4
86.0
0.719
5
77.5
3
0.836
5
0.872
79.4
92.0
0.719
6
79.1
0.843
6
81.0
0.807
6
94.8
0.730
7
80.8
0.813
5
0.813
7
81.2
96.7
0.730

In order to improve the prediction ability of the PLS model, the variance in base
line offset by offset subtraction and derivative transformation16 was removed. Offset
subtraction was performed by subtracting the absorbance at 1680 nm from the
absorbance values at all other wavelengths. Both offset substraction and derivative
transformation gave similar or even worse correlations with the ethylene content for
the PLS model, so they were no longer considered.
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Figure 4. Measured concentration (c;,known) of ethylene versus predicted
concentration (c;,pred-cv) from NIR spectra using PLS model.

As far as the PCR models are concerned, the optimal number of factors is 4 in the
PCR model (RMSCV=0.864) and 6 for the PCRSF model, which has a slightly
smaller prediction error (RMSECV=0.807). Although the prediction error in the two
models is similar when a larger number of factors is used, some important
considerations must be taken into account: the first three factors in PCRSF have a
greater prediction ability than PCR, which agrees with the consideration that the
factors are selected according to their capacity for explaining the variance of the
response y. Thus, it can be thought that three factors can lead to the most robust
model. Moreover, factor number 5 does not provide information correlated with
the ethylene content, so this factor was not included in the PCRSF model.

The absence of bias was assessed only for the PLS model because it had the best
prediction ability. Figure 4 shows the plot of predicted concentrations (cpKd-cv) versus
measured concentrations (chimm) for the PLS model. Although two groups of samples
are observed, the objective was to develop a unique model for predicting any
sample for its easy applicability in an industrial process. The joint confidence
interval test for the slope and the offset indicated that the methodology gives accurate
results for the PLS at a 99% level of significance. Figure 5 shows the confidence ellipse
the centre of which corresponds to the intercept=0.56 and slope=0.93. It can be seen
that the theoretical point (0,1) is included in the confidence interval of the ellipse
117

UNIVERSITAT ROVIRA I VIRGILI
EXPERIMENTAL DESIGN APPLIED TO THE SELECTION OF SAMPLES AND SENSORS IN MULTIVARIATE
CALIBRATION
Joan Ferré Baldrich
ISBN:978-84-691-1875-7/DL:
3 Selection of calibrationT-337-2008
samples and factors in PCR

1.02
1.00

,(0,1)

0.98
0.96

& 0.94
0)
Q.

°

OT

0.92

o \ (0.56,0.93)

0.90
0.88
0.86
0.84

-0.5

0.5

1

1.5

Intercept (t>0)

Figure 5. Confidence ellipse for the joint test of the slope and the intercept
of the straight line obtained regressing c¡,known on c¡/pred-cv taking into account
the uncertainties in both axes (level of significance=99%).

5. Conclusions
A new method for determining the ethylene content in poly(propylene-ethylene)
copolymers has been developed. The resulting model gives accurate and precise
predictions of the ethylene concentration, and the best prediction ability is obtained
with the PLS model. These results are within the limits permitted in this kind of
analysis. The new method is a very interesting alternative to the usual method,
because of its swiftness and precision. NIR spectroscopy makes a multicomponent
analysis possible, so it to be expected that other important parameters in quality
control can also be determined by the same technique.
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3.4 Constructing D-optimal designs from a list of
candidate samples
Trends Anal. Chem. 16 (1997) 70-73

Joan Ferré, F.Xavier Rius
Departament de Química. Universitat Rovira i Virgili.
PI. Imperial Tarraco, 1, 43005-Tarragona. SPAIN

The main characteristics of a Matlab program to select D-optimal subsets of
calibration samples for multiple linear regression are described. The performance
of Fedorov's exchange algorithm to select samples is compared with the KennardStone algorithm and the random selection of samples into training and test sets.

121

UNIVERSITAT ROVIRA I VIRGILI
EXPERIMENTAL DESIGN APPLIED TO THE SELECTION OF SAMPLES AND SENSORS IN MULTIVARIATE
CALIBRATION
Joan Ferré Baldrich
ISBN:978-84-691-1875-7/DL: T-337-2008

3 Selection of calibration samples and factors in PCR

1. Introduction
Multiple linear regression is based on the regression of / independent variables
measured in N calibration samples against a vector of observed values described by
Eq.(l):
y=

+e

(1)

where y is the A/xl vector of the dependent variable, X is the NxP model matrix
where each row corresponds to a calibration sample and each column is a predictor
variable corresponding to a coefficient in the model (usually / < P since higher order
and/or interaction terms may be included in the model), p are the coefficients to be
estimated and e is an Nxï vector of error terms. The least-squares estimate of p is
given by Eq. (2):
b = (XTX)-1XTy
(2)
where T means transposed. It is desirable to use the smallest set of N calibration
samples that reliably estimates the coefficients in order to reduce the cost of bunding
the model. Although classical experimental designs [1] might be used, they
sometimes involve a large number of calibration samples and/or may not be
described for models other than the usual first or second order ones. What is more,
these designs cannot be used if the experimental domain is irregularly shaped or if
only a predefined list of samples is available as in the spectroscopic calibration of
natural samples or quantitative structure-activity relationship (QSAR) studies. In
such cases, the calibration samples are usually selected from a list of possible
candidates using the Kennard-Stone algorithm [2], artificial neural networks [3] or
random selection, among other methods.
In this paper we present, a program to select calibration samples from a list of I
candidates based on the D-optimality criterion. Of all the sets of N<I samples that
can constitute matrix X, the N samples that maximise De^X^X), where Det denotes
determinant, are selected avoiding the need to search for all possible N sample
combinations [4-6]. The selected samples minimise the volume of the 100(l-a)%
confidence region of the coefficients, thus producing reliable estimations [7]. The
selection is made without considering the y responses, which are only measured for
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the selected samples. The performance of this algorithm is compared with the
Kennard-Stone algorithm and the random selection of calibration samples in the
prediction of the octane index in fuels from their proton NMR spectra.

2. The capabilities of the program
2.1 The algorithm
The algorithm [4-6] starts with a group of samples randomly chosen from the I
candidate samples, iteratively changes one of the selected samples for a sample from
the list of candidates that leads to a maximum increase in De^XTX) and stops when a
change can no longer increase Det(XTX). To avoid finding local optimal subsets, the
algorithm is re-started several times with a different random set of samples. In our
experience, five to ten times is enough to find the best solution. Scheme 1 shows the
program listing corresponding to the selection subroutine in Matiab code [8].
As an additional option in the algorithm, the user can select samples that have to
be included in all the selected subsets. This is useful when the y values of certain
samples have already been measured.
To help choose the most suitable subset for calibration, the program also
calculates, for each selected subset X of N samples, the values of log(Det(XTX)),
log(Det(M)), where M^X^X/N, TraceiX1*)-a and the variance inflation factors (VIF).
These values are related to the expected quality of the predictions which have been
made by the model built with the selected samples[4]. The subset with maximum
log(Det(M)) (which measures the information content per sample) is usually used for
calibration provided that the other quality measures (VIF, Trace(XTX)-1, etc ) are
acceptable.

2,2 The computer program
All algorithms were implemented in home-made Matiab subroutines which can
easily be edited by the user to adapt the program to his/her needs. The user
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3 Selection of calibration samples and factors in PCR
[n,p]=size(XC);

for ne=ni:nf
forrep=1:nrepet
a=randperm(n);a=(sort(a(:,1:ne)))';X=XC(a,:);canvi=1;niter=0;
while canvi==1 & niter<2*n
niter=niter+1;canvi=0;deltabo=0;fora=[1:n]';fora(a,:)=[];
A=XC*inv(X'*X)*XC';
d=diag(A);Dfora=d;Dfora(a,:)=n;
fors=1:ne
dsurt=d(a(s));delta=Dfora-dsurt;
fori=1: (n-ne)
ifdelta(i)>0
y=delta(i)-dsurt*Dfora(i)+A(a(s), fora(i)) A2;
if y>deltabo;deltabo=y;surt=s;entra=i; canvi=1 ;end
end
end
end
if canvi==1 ;a(surt)=fora(entra);a=sort(a);X=XC(a,:);end
end

disp(a');
end
end

Scheme 1. Main body of the selection algorithm, which selects the D-optimal subset of samples
from the list of candidate samples (XC matrix)

communicates with the algorithms through graphical menus such as editing dialogue
boxes or multi-option menus. Since Matlab can run under Windows, the results
displayed can be easily transferred to any word processor by doing copy/paste .

3. Comparative study
3.1 Samples and softivare
Proton NMR spectra were recorded for 75 gasoline samples and the areas of the
three zones corresponding to the aromatic proton signals (chemical shift, 5=6.6-8.0),
olefinic protons (5=4.5-6.0) and CHa alpha aromatic and paraffinic protons (5=3,00.6) were integrated. Samples were prepared by diluting 50% in CCk and
tetramethylsilane (TMS) was the internal reference. The objective was to predict the
octane index from proton NMR spectra with a model built from a reduced number of
calibration samples, which had been previously analysed using the ASTM reference
method.
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3.2 Methodology
Calibration sets containing from 4 to 60 samples were compiled using the Fedorov
and Kennard-Stone algorithms and random selection . The samples not used for
calibration were used for prediction, hi the case of random selection, 50 random
models were built and the mean value of the prediction ability was evaluated for
each number of selected samples.

3.3 Results
The Fedorov selection took about 2 min using a Hewlett-Packard computer with
Pentium 90Mhz CPU and 16 Mbyte RAM. The prediction error, in terms of rootmean-squared error of prediction for the test samples, RMSEP, is plotted as a function
of the number of selected samples in Fig. 1. It can be observed that Fedorov's
algorithm performs better in almost the whole range of samples while the models
built with randomly selected calibration samples always give worse predictions
except for subsets containing a rather reduced number of samples.
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Fig. 1. Prediction error, in terms of root-mean- squared error of prediction for
the test samples (RMSEP) as a function of the number of selected samples for
the three selection methods. (—) Fedorov, (- -) Kennard-Stone , (•••) random
selection.
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Fig. 2. Evolution of Iog(Det(M)) versus the number of selected samples. (—)
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Fig. 3. Evolution of Trace(XTX)-1 for each subset of calibration samples. (—)
Fedorov, (- -) Kennard-Stone ,(•••) random selection.
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The evolution of log(Det(M)) versus the number of selected samples is shown in
Fig.2, Taking into account that higher values for Det(M) are desired, Fedorov's
algorithm provides the best values for the whole range of selected subsets. It can also
be observed that when selecting the calibration samples on a random basis there is a
considerable instability. The set of samples recommended for building the regression
model is the one that maximises log(Det(M)), which corresponds to four to seven
samples.
Fig. 3 shows the evolution of the Trace(XTX)4 for each selected subset. In this case,
small values are desired. It can seen that the random selection of calibration samples
can produce higher values for the trace giving unreliable estimates of the coefficients
in the model. Note that although D-optimality does not necessarily produce
minimum trace designs they are always slightly smaller than the ones produced by
the Kennard-Stone algorithm.

4.Conclusions
The advantages of selecting D-optimal calibration subsets with Fedorpv's
algorithm have been shown. The samples are specially selected for the model that
must be built, which can have a degree of complexity of any order and is not
restricted to the first- or second-order models used in classical experimental designs.
This is in contrast with Kennard-Stone or the random selection of calibration samples,
which select samples independently of the model equation. Additionally, in contrast
to the classical designs, where the number of samples is fixed, the algorithm selects
D-optimal subsets for any number of samples. In such a case, the experimenter can
reach a compromise between the information content that is required of the
calibration set and the cost he/she is willing to pay for it.
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3.5 Selection of calibration points for PCR.

3.5 Selection of calibration points for principal
component regression in quantitative
structure-activity relationship studies
(in preparation)

Joan Ferré and F. Xavier Rius
Departament de Química. Universitat Rovira i Virgili.
PI. Imperial Tarraco, 1, 43005-Tarragona. SPAIN

D-optimality is used as a criterion for selecting calibration points for
quantitative structure-activity relationship (QSAR) studies with the principal
components as design variables. Fedorov's exchange algorithm and genetic
algorithms (GA) are used to find the D-optimal subsets.
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3 Selection of calibration samples and factors in PCR

1. Introduction
In quantitative structure-activity relationship (QSAR) studies, physicochemical
variables of test compounds are regressed versus a property of interest. To reduce
the number of experimental points (e.g. chemical reactions to measure the property
of interest) and thus the cost of the calibration step, classical statistical designs for
the regressor variables can be used1. However, the entities manipulated by the
chemist (e.g. a structural fragment such as -NOa or -Br in a molecule) rarely enter
directly into the model and they are represented by values (e.g. electronic
properties) which are used as regressor variables. In such cases, the values of these
properties cannot be independently manipulated, only measured, and may vary
coUinearly to each other. An experimental design with predefined levels of these
measured variables is impossible. The procedure is then to select the most
representative points from a list of candidates which are represented either by the
values of the measured variables or by the factor scores on several principal
components. The scores are useful in complicated systems with a large number of
variables and whose designs would require a large number of experimental runs.
To span the pertinent experimental region properly, the points whose coordinates
are the most similar to the points of a classical design (e.g. a fractional factorial
design) are selected2'6. Another procedure for selecting points is to use algorithms
such as Fedorov's7-9 (which optimizes the D-criterion) or Kennard-Stone's10.
However, the studies available1144 use the original variables, not scores.
The case study in this section is based on the QSAR studies by Skagerberg et al.15.
They evaluated four principal components for a set of one hundred aromatic
substituents characterized by nine descriptor variables. The substituents whose
scores on the first three principal components were placed approximately at the
vertices of a cube representing a 23 factorial design were selected for modeling. They
used only three factors because of the weak chemical significance of the fourth
component and because a a four variable factorial design might involve a large
number of points. However, since the scores do not cover all the possible values
within the experimental domain it was impossible to construct a design with
substituents that had coordinates which were exactly on the corners of the cube. They
then divided the candidate points into eight groups that corresponded to a corner
of the cube and subjectively selected one point from each group.
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3.5 Selection of calibration points for PCR,..

Since a factorial design is D-optimal, a D-optimal set of points selected using
optimization algorithms will be the closest possible to the factorial design points. In
this section a method is presented for selecting the aromatic substituents in QSAR
studies using Fedorov's exchange algorithm and the scores as design variables. In
addition, genetic algorithms are used to produce a list of quasi-D-optimal solutions
so that a subset which is not D-optimal can be selected if additional considerations,
such as the cost of evaluating the points, makes that solution more suitable.

2. Theoretical background
Principal component regression regresses the scores on A factors of I calibration
points against the Ixl vector of observed values of the dependent variable ( y )
according to

+e

(1)

where T is the IxP model matrix in which each row corresponds to a calibration point
and each column corresponds to a coefficient in the model, p are the coefficients to be
estimated and e is an Ixl vector of error terms. The least-squares estimate of p is
given by :
b=

(2)

where T means transposed. Several criteria based only on the model matrix can be
used to characterize the possible performance of the model 7<8:
1. logDetCTT) where Det denotes determinant. It measures the information content
in the model matrix.
2. logDet(M), where M=TIT/L This is a measure of the information content per point
and enables matrices with a different number of points to be compared.
3. TraceClTT)-1. It measures the global variance of the estimated coefficients.
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4. The maximal variance function, which is given by dmax=max(tT(T1T)-1t), where tx is
a row in the matrix of candidate points. It is related to the variance of the
predicted response at point t.
5. G-efficiency = P/(dm3XxI). This takes into account the number of coefficients, the
number of points and the largest variance function in the design.
6. Variance coefficients (UVIF), which are the diagonal values of (IT)-1 and are
proportional to the variance of the model coefficients.
7. Variance inflation factors (VIF's) for each coefficient, which measure the
collinearity in the columns in T . VIF's indicate whether the information content in
the selected points is sufficient to obtain precise estimations of the coefficients in
the model. For values larger than 10 the coefficient might be unreliably estimated
due to the collinearity16.
The model matrix should have optimal values of these properties: maximum
DetfFT), G-efficiency and Det(M), and minimum TracefFT)-1, coefficient variance
function and variance inflation factors (the value of which should never be higher
than 10 ) for all the coefficients. Hence, these criteria can be used to select the smallest
set of I points in T that reliably estimates the coefficients, before measuring the
corresponding responses y. Either classical experimental designs1 (with the
drawbacks already commented) or optimization algorithms can be used for selecting
the most suitable points. The most frequently used algorithms are the ones that
maximize DetCTT) (called the D-criterion) and avoid searching for all possible N
point combinations. Here, the Fedorov exchange algorithm (FA) 6-7'9 and genetic
algorithms (GA) are used to carry out the selection in a reasonable time. In addition
to the optimal solution, GAs can find sub-optimal sets with a given number of points.
This enables subsets of a quality similar to the D-optimal to be selected, in case that
the D-optimal have undesirable properties (such as undesirable reactants). For each
subset of N points, the performance characteristics are evaluated. This helps to choose
the most suitable matrix to perform the calibration, taking into account the number of
points that it involves. The subset with maximum information per point (maximum
logDet(M)) is usually selected for calibration provided that the other quality
measures (VIF, TracefFT)-1, etc. ) are acceptable.
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3.5 Selection of calibration points for PCR.

3. Experimental section
Data Set, We used the scores on three PCs for one hundred substituants from the
data published in Table 4 of the paper by Skagerberg et al.15.
Procedure. After adding a column of ones to T (to account for the constant term in
a factorial design), the FA found the D-optimal designs with 4 to 15. The analysis was
re-started 10 times to avoid finding only local optima. After deciding the optimal
number of points for regression, the GA selected the best 10 sets with this number of
points according to the D-optimality criterion, thus finding a list of sets with similar
qualities. The quality parameters of the matrices generated by the algorithm were
plotted against the number of points to make it easier find the optimal subset.

4. Results and discussion
Figure 1 shows the values of logDet(M), TraceCT^T)-1, <¿max and G-efficiency for the
D-optimal subsets as a function of the number of points. In addition to the global
optimum, local optima were found for the subsets of 5, 6, 7, 8, 9 and 10 points. So, in
the graph, the different solutions found con be seen by vertical lines.
It can be seen that logDet(M) has the highest values at 5 and 8 points, so these sets
contain the most information per point of all the other subsets. At more than 8 points,
logDet(M) starts decreasing. The trace decreases sharply for the sets with fewer than
8 or 10 points. Of the two solutions found for 5 points, one produces rather poor
values of logDet(M) and TraceflTT)'1. The largest variance function always decreases
as more points are added to the design and for more than 10 points the change gets
smaller and smaller. The efficiency shows that the set of 5 points, despite being Moptimal, has such a large dmm that its efficiency is smaller than that of the designs
with 8, 9 or 10 points. The 8-point design is G-efficiency optimal. Taking all this into
account, the 8-point set is most suitable for modeling (unless other constraints, such
as the economic aspect of the selected points, make the 5-point set preferable). In our
case, FA found two different 8-point solutions. The values of the performance
characteristics of these solutions and of the solution used by Skagerberg et a/.15 are
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Figure 1. logDet(M), TraceflTT)-1, ámax and G-efficiency for the D-optimal subsets of 4 to 15
points selected with the FA.

compared in Table 1. It should be noted that each of the selected points is included in
one of the 8 subregions defined by the 23 factorial design used by Skagerberg et al.15.
However, the points selected using FA give lower VIFs and variance coefficients as
well as better values of logDet(M), Tracei^FT)-1, dmm and G-efficiency . So, these sets
will estimate the coefficients in the model more precisely. Figure 2 compares the
points selected by Fedorov and the ones used by Skagerberg et al.15 in the space of the
three principal components (PCs) used for modeling. Observe how the points
selected by the algorithm are more external than the ones proposed by Skagerberg et
al.15.
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3.5 Selection of calibration points for PCR.

Table 1. Performance characteristics of the selected 8-point matrices: the sets
of points selected by FA and Skagerberg et a/.15 The numbers that identify the
points are the same as in Table 4 in Skagerberg et a/.15.
Number of points
Selected points
Number of times selected
logDet (TTT)
logDet (M)
Trace (TT)-!
Maximal variance function
G-effkiency (%}
variance
bo
coefficients
bi
b2
b3
VIF
bo
bi
b2
b3

Fedorov
8
4,7,10,42,93
95,96,97
4
2.538
-1.074
1.03
0.59
85.2
0.15
0.34
0.28
0.26
0
1.07
1.01
1.06

Skagerberg
Fedorov
8
8
4,10,13,23,92 1,8,10,33,65
71,85,93
95,96, 97
6
1.350
2.540
-2.263
-1.072
2.56
1.01
0.56
0.75
66.8
89.8
0.13
0.18
0.70
0.31
0.65
0.28
0.28
1.02
0
0
1.18
1.06
1.02
1.21
1.06
1.27

Table 2 shows the ten best solutions for the DetCTTT) criterion for 8 points found
using the genetic algorithm in decreasing order of DetCTT). The two best solutions
are the ones found by FA but others could also be acceptable (e.g. the third solution
has a Trace(TTT)-1 value of 1.011, smaller than that of the D-optimal solution, and this
is also a desirable property for the calibration matrix).
Table 2. Performance characteristics of the 8-point matrices with the largest
DetCTT). The numbers that identify the points are the same as in Table 4 in
Skagerberg et al,'15.

4
4
7
7
7
7
7
4
4
7

10
7
10
10
10
10
10
10
7
10

Selected points
13 23 92 95
10 42 93 95
13 23 92 95
23 42 93 95
23 42 92 95
13 23 81 95
23 42 81 95
23 42 92 95
10 13 92 95
13 23 93 95

96
96
96
96
96
96
96
96
96
96

97
97
97
97
97
97
97
97
97
97

log Det(TTT)
2.540
2.538
2.533
2.531
2.530
2.527
2.524
2.522
2.520
2.519

TracefFT)-1
1.019
1.027
1.011
1.040
1.010
1.042
1.044
1.030
1.028
1.062
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-0.5
1 -1

PC2

Figure 2. The 100 candidate points in the space of the three PCs. (*) Points selected by FA. (o)
Points by Skagerberg et al.15. The numbers that identify the points are the same as in Table 4 in
Skagerberg et al.15. The vertical lines show the points in the space better.

Conclusions
There are several advantages of using optimization algorithms to build D-optimal
designs for QSAR studies:
1. There is no need to represent the selected points graphically. This enables points
which fit designs of more than three variables, containing interaction terms, etc. ...
to be selected. No subjective approach is needed to decide which points are most
similar to the levels of a factorial design.
2. The algorithm can select optimal subsets for any number of points equal to or
larger than the number of coefficients. This overcomes the difficulties of using the
specific number of a classical design that could be too large. Thus the
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3,5 Selection of calibration points for PCR..,

experimenter can choose the number which is a compromise between the
information content required and the cost. In the case studied, a D-optimal
solution of five points was found for three variables.
3. These algorithms also enable some candidate points to be always included in all
the selected subsets. This is useful when the observed values y of some points
have already been measured and therefore it is information that the user already
knows. In addition, if some points are preferable to others for practical or
economic reasons, they can be weighted according to the experimenter's criterion.
By so doing, for instance, a point corresponding to an expensive experiment
would only be selected when its information content is important enough to
compensate for the additional cost of using it.
4. The variance inflation factors indicate whether the information content in the
selected points is sufficient to obtain precise estimations of the coefficients in the
model. Additional performance statistical parameters such as the DetCTT), the
TracefPT)-1 and the G-efficiency for the matrix of selected points give extra
information on the suitability of the selected subset. In our case, a subset of five
points and eight points are very similar according to the M-criterion. Therefore, if
other considerations such as cost do not influence the final decision, it is advisable
to perform the eight selected experiments instead of five since the trace and VIF
values are smaller.
5. The genetic algorithm, used to select D-optimal sets, found the same solutions as
Fedorov's algorithm and, in addition, generated a list of sub-optimal solutions
ordered according to the optimality criterion. Hence, an almost D-optimal solution
can be selected taking into account additional qualities such as the trace of the
dispersion matrix being smaller than the D-optimal solution or the lower cost of
the experimentation.
6. The statistical properties of the D-optimal calibration matrices are superior to
over the set used by Skagerberg et al.15 and supposedly to lead to models with a
better prediction ability. Unfortunately, this could not be assessed since the
values of the dependent variable were not available. However, the advantages of
these matrices, suggest that it is advisable to use the proposed method in future
problems.
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3.6 Assessing the validity of principal
component regression models in different
analytical conditions
Anal Chim. Acta 337 (1997) 287-296
A. Rius", M.P. Callao, J. Ferré and F.X. Rius
Departament de Química, Universitat Rovira i Virgili, PI Imperial Tàrraco 1,
43005 Tarragona, Spain.

This study proposes a methodology for assessing the validity of principal
component regression models when the experimental conditions which have been
used in the process of modeling may have changed. The methodology proposed is
based on the procedure for selecting the validation sample subset which includes
the D-optimal criterion and application of Fedorov's exchange algorithm. Two
basic performance characteristics define the validity of the models: trueness is
assessed by linear regression using the joint confidence test for the slope and the
intercept and precision is estimated by bias corrected MSEP and RRMSEP. The
methodology is validated with a simulated data set and three real data sets
corresponding to models constructed for spectrophotometric data from
determinations of various analytes in waters using sequential injection analysis
(SIA). Using a reduced number of samples can be very useful in several
applications, such as in process analytical control, and is specially useful as an
initial step to check the need for standardization.
Keywords: Principal component regression; Sample selection; Chemometrics
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1. Introduction
Multivariate calibration has been a well established technique in the field of
chemical analysis for a considerable time, and recently, it has been successfully
applied to the field of process analytical chemistry [1]. For these applications in
particular, multivariate calibration models need to be used for some time with no
need for recalibration, since they are usually constructed from a great deal of data.
Unfortunately, however, there may be some situations in which the model is not
valid, for example an instrument change, a change in the environmental conditions,
alterations or drifts in some of the parts of the instrument, or other changes in the
working or measuring conditions [2,3].
In any of these circumstance, the constructed model cannot be used for prediction
and either the instrument has to be recalibrated, with the work and cost it requires, or
some sort of standardization procedure has to be applied [2]. Standardization
techniques are arousing great interest at present. Different strategies have been
described, particularly for spectroscopic instruments in near infrared (NIR) [4-9],
multivariate calibration models in general [3, 10, 11] and second order instruments
[12]. Also, several approaches have been proposed for selecting the most suitable
samples to carry out the standardization [3,13,14]
All the studies published so far basically deal with the methodology of
standardization itself, but there are other aspects which are no less important and are
yet to be studied, such as establishing a methodology to determine whether the
multivariate model is applicable in the new conditions.
The present study discusses a methodology which enables the validity of a
multivariate model in different instrumental conditions to be checked. The validity of
the model is established by maintaining the two basic performance characteristics,
trueness and precision. This method is, then, a step prior to the possible
standardization of multivariate regression models, but it may also be applied to
validate the standardization methodology after it has been applied.
The quality of the model in the new conditions is validated with a subset of the
calibration samples because, if many are used, there is no gain in time or cost in

140

UNIVERSITAT ROVIRA I VIRGILI
EXPERIMENTAL DESIGN APPLIED TO THE SELECTION OF SAMPLES AND SENSORS IN MULTIVARIATE
CALIBRATION
Joan Ferré Baldrich
ISBN:978-84-691-1875-7/DL: T-337-2008

3.6 Anal. Chim, Acta 337 (1997) 287-296

comparison to recalibrating the instrument. The proposed methodology consists of
selecting this subset of samples belonging to the set used in the construction of the
model. The values of the instrumental responses in the new conditions are measured
from this reduced set, for which the concentration values of the analyte of interest are
kept constant. When the regression model constructed is applied to the responses
obtained in the new conditions, new predicted values are obtained; studying the
trueness and precision for these new values of predicted concentrations gives
information about the further usefulness of the model.

2. Theory
2.1. Steps for multivariate model validation
To validate multivariate models in different instrumental conditions the following
steps must be followed:
(1) For the set of I calibration samples: Multivariate response measurement in initial
conditions and determination of analyte concentration using a reference method.
(2) Construct the PCR model with the I calibration samples. Validation of this model:
Evaluation of the trueness by linear regression and of precision by calculating bias
corrected MSEP and RRMSEP.
(3) Select a subset of N samples from the initial calibration set.
(4) Check that the N samples selected adequately represent the total set of samples in
the initial conditions.
(5) Measure the multivariate responses for the N samples in the new instrumental
conditions.
(6) Using the multivariate model constructed in stage 2, calculate the new
concentrations predicted for the N samples considered.
(7) Check the goodness of the initial model used in the new conditions taking into
account only the set of N samples chosen: Study the precision and assess the
trueness.
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2,2. Trueness validation
The possible presence of bias is detected using linear regression. The plot of the
predicted value of concentration versus the known concentration for each sample
ideally should be a straight line with a slope of 1 and an intercept of 0. The joint
interval test for the slope and the intercept [15,16] assesses whether the theoretical
value (1,0) is really within the confidence ellipse. The F-value is calculated using the
equation:
N(b -V)2 + 2 Zx (b - b)(m - ni) + Sx2 (m - m)2 = 2Fs2

(1)

where N is the number of samples, b = 0, m = 1, b is the intercept, m is the slope, x is
the known concentration, and s is the residual standard deviation. The calculated F-value is compared to the value of the tabulated F-value for a fixed probability of a
type I error (a) considering 2 and N-2 degrees of freedom. But in practice, it is better
to calculate the value of a necessary for the point (0,1) to be inside the confidence
region than check if the joint confidence test provides a significant difference for a
given a. The values which are given in the Section 4 correspond to the significance
level of the tests, 1-oc. (For example, l-cc=0.92 is equivalent to a significant difference
for a given oc=0,08, but there is no significant difference for a given oc=0.1).
Prior to applying the test, the regression line is validated by means of the residuals
analysis, and the absence of influential points is proved with the Cook test [15].

2.3 Precision
Precision is estimated according to two criteria: the bias corrected mean square
error of prediction is estimated according to the equation:

2

[Z(ci.Pred- Ci)]

- Ci)

MSEPec =
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and the bias corrected relative root mean square error of prediction by using the
equation:

<
RRMSEP ec =

100

^2

(,Ci,pred " Cj J

-

/-I

Cm
100
Cm

[£ (ci.Pred •

Ci

)]
(3)

be

where I is the number of samples, ft is the i sample concentration, ft,pred is the
predicted concentration for the zth sample (cross-validated prediction for the initial
conditions), and cm is the mean of the ft concentrations.
If the precision obtained experimentally satisfies the needs of the user and bias is
not detected at the chosen significance level, the model is considered to be valid in the
new conditions tested.

2.4 Sample selection
2.4.1 Criterion f or sample selection
The aim is to select, from the I samples used to build the model in conditions 1, a
subset with the minimum number of samples (N) which can give a "good estimate" of
the accuracy and precision of the model in conditions 1 and, after the responses have
been measured again for these samples, in the new conditions. We select the N
samples which are the best representative of the experimental, which in turn, will
enable us to determine whether there has been any change which makes the model
unusable for prediction better. We assume that the best representative samples of the
variable space selected are the ones which give a good estimate of the model
coefficients (minimum variance of the regression coefficients in the model). Let
TNX(P+D be the score matrix for these N samples on the P principal components of the
model with a column of Is added to take into account the constant term. The
lOO(l-a) % confidence region for the coefficients in the model is given by Eq (4) [17] :
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(P+l) (P - b)< (P+l) S2 F P+l,df,a

(P - b)T

(4)

where s2 is the estimated variance for the measured concentration of analyte with df
degrees of freedom and Fp+i,df,a is the a per cent point of the F distribution on P+l and
df degrees of freedom. The precision of the estimated coefficients is given by the
T

volume of this confidence region which is proportional to [Det( T^p+i) TNx(p+i))]4/2,
where Det denotes determinant [17-20], The minimum variance in the coefficients of
the model can be achieved by selecting the N samples included in TNX(P-H) that
maximize Det(T^x/p+i)TNx(p+i)) [21]. This criterion is known as the D-optimal
criterion.
For a given number of samples, N, those which give higher values for
Det(T Jvx (/>+!) TNX(P+I)) will be the ones which give the coefficients with least variance.

2.4.2 Algorithm for sample selection

The complete search for all possible combinations of N samples in order to find
T

the subset that maximizes Det (T jvx(?+l) T Nx(P+l) ) ^ very *"ne consummg when the
number of available samples, I, is high. So, we used Fedorov's [17-19] exchange
algorithm found in Mathieu [19] which is designed to search for D-optimal designs
when there is a list of candidate samples. For a given model of P+l coefficients and a
given N>P+1, the algorithm selects the subset that makes Det (T A/X.P+I) TNX(P+I))
maximum from among the I available samples.

2.4.3. Criterion for selecting optimal N

Det(TNx(p+1)Tívx(p+i)) always increases when a new sample is added to matrix
T[19]. Therefore, the best sample set would be one that contains them all. What we
are attempting to do is avoid analysing them all again, so this is not useful. The one
we will choose will be the subset with the most information per sample which is
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given by log (Det(MN)) with MN=(T £ x(p+1) TN*cm))/N [21].
Consequently, of all the D-optimal subsets for different N, the subset with
maximum log(Det(MN)) is selected since it gives the best precision per sample for
estimating the coefficients of the regression model, and so for seeing if the model has
to be modified or not.

3. Experimental
3.1 Sequential Injection Analysis data set
The sample sets worked with are for determining the concentration of Ca, Mg and
sulphates in natural waters using a Sequential injection analysis (SIA) method with
multivariate spectrophotometilc detection. The conditions in which the spectra were
obtained have been reported elsewhere [22,23].
Data set 1: 26 samples of natural waters, of which we have the spectra and the Ca
and Mg concentrations (between 40 and 120 ppm). We shall call the models
Caa and Mga. The spectra were obtained for all the samples in different
experimental conditions.
Data set 2: 25 samples of natural waters of which we have the spectra and the Ca and
Mg concentrations (between 0 and 40ppm). We shall call the models Cab and
Mgb. The spectra were recorded for all the samples in two new experimental
conditions.
Data set 3: 38 samples of natural waters of which we have the spectra and the
sulphate concentrations (between 0 and 500 ppm). We shall call the model
SOe. For all the samples, the spectra were recorded in new conditions.
In all cases, the new experimental conditions mean analysing the samples after a
short time and with a newly prepared reagent.
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Simulated data

The spectra of 100 samples (101 variables corresponding to 101 sensors) were
simulated by adding the following (see Fig. 1):
- the spectra of the reagent and/or the sample matrix (Fig. la);
- the spectra of two randomly generated interfèrent components (Fig. Ib and le); and
- the spectra of the mixture of two pure components. The mixtures were generated by
a 102 complete factorial design (two components at ten levels) (Fig. Id and le).
Condition 1: The response matrix Ro is calculated by Eq. (5):
(5)

where C is the matrix of concentrations (100x2) for the two components considered, S
is the matrix with the two spectra of these components (2x101), 1 is a column vector
of Is (100x1), B is a row vector with the spectrum of the reagent and/or the sample
matrix (1x101), Ii and h are the spectra of the two interferences (1x101), and ri and 12
are two column vectors (100x1) which represent the intensity of the interferences
(random values between 0 and 40).
Finally, 1% of noise is added, obtaining the response matrix Ri from which the
simulated model, called sim, will be built:
RI = RO +1 % random noise

(6)

A spectrum example is shown in Fig. l(f).
To simulate new experimental conditions, the Ri matrix is modified in the ways
described below:
Condition 2: The same matrix but with different noise, Eq. (7):
R2 = Ro +1 % random noise
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80
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Fig. 1. Spectra of the components used to generate the simulated samples
spectra: (a) reagent and/or sample matrix; (b) and (c) interferents; (d) and (e)
pure components; (f) example of a sample spectrum.

This would be the case that the spectra of all the samples be repeated in the same
instrument with no other changes.
Condition 3; Spectra shifted between +0.005 and +0,006 units of absorbance, Eq. (8):
% random noise

(8)

where ra is a column vector (100x1) having has random values between 0.005 and
0.006, and 1 is a row vector (1x101) which contains Is. This would be the case for a
positive shift of all the spectra but where each spectrum has undergone a shift that is
different from the others.

3.3 Softiuare
All the algorithms for multivariate calibration, sample selection, statistical tests,
simulation and other calculations were programmed with Matlab 4.0 [24]
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4. Results and discussion
4.1. Validation ofmultivariate models
For each of the data sets described in the experimental section (Caa, Mga, Mgb,
SÜ4 and sim), a PCR model is constructed from the spectra recorded in condition 1.
The slope and the intercept of the regression line (concentrations predicted by crossvalidation vs. the actual concentrations), joint confidence test for slope and intercept,
the MSEPbc and the RRMSEPbc are calculated. The results obtained are shown in
Table l(a). It can be seen that there are no significant differences at the significance
level a = 0.05, for any model, and the relative prediction error goes from 3% for the
simulated data set to 27% for the Mga data set. These uncertainties are regarded as
being acceptable for this kind of automated, quick analysis.

Table 1. Performance characteristics of the models in the initial conditions
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Cab
25
4

Mgb
25
4

SO4
38
4

srm
100
4

(a) All samples, initial conditions (cross-validated predictions)
Joint conf. test (1-ct)
0.54
0.30
0.45
0.95
Slope
0.91
0.96
0.95
0.93
Intercept
1.13
0.37
3.32
3.15
MSEPbc
10.33
4.49
34.9
36.38
RRMSEPbc (%)
24.3
18.9
10.3
27.0

0.22
0.98
4.29
528.6
8.7

0.29
0.99
0.04
0.08
2.8

(b) Selected samples, initial conditions
Number of samples
7
7
selected by D-optimal
Joint conf. test (1-ct)
0.53
0.42
Slope
0.92
0.98
Intercept
0.91
0.00
MSEPbc
9.93
1.82
RRMSEPbc (%)
25.5
13.0

7

7

0.81
0.93
4.17
34.79
9.7

0.92
0.87
2.66
17.01
19.5

0.05
0.99
1.60
277.0
8.1

0.20
1.00
0.02
0.03
1.9

(c) F-testfor MSEPbc (Eq.(9))
1-ct
0.48

0.56

0.85

0.83

0.90

PCR model
Number of samples
Number o f factors

0.89

Caa
26
4

Mga
26
4
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4.2 Selection of the best subset of samples
The sample selection algorithm provides us with the samples chosen for each
subset of N calibration samples. As far as the precision of the results is concerned, the
plot of MSEPbc for the selected samples versus the number of samples of the chosen
subset (Fig. 2) shows that for the different models tested, MSEPbc is maintained
practically constant in relation to N. This means that if the samples are chosen
according to the D-optimal criterion a good estimate is obtained for the MSEPbc of the
model. To check whether the prediction errors calculated from all the samples are
statistically comparable to the ones calculated from the selected samples, an F-test
was carried out [25] using Eq. (9):

(MSEPJ,
(MSEP6c)2

(9)

The results are shown in Table Ic, and it can be seen that in all cases there are no
statistical differences between the MSEPbc compared. So, it can be considered that the
samples chosen adequately represent the total set of samples as far'as precision is
concerned.

800
600
sui

400

200
MSEPbc t
80
60
40
20
O

-Mgb
10

15
20
25
30
Number of selected samples

35

40

Fig. 2. Plot of the MSEPbc vs. the number of selected samples, for several models.
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With respect to checking trueness using the joint confidence interval test, the plot
of 1-a versus the number of samples selected is shown in Fig 3(a). Considerable
oscillations in the values of 1-a can be seen in the graph (for example, for the Cab
model, l-a=0.7 if the number of samples selected is 6, 0.04 if 7 are selected, or 0.54 for
all of the samples). This is due to the fact that the number of samples is a very
important parameter in the result of this test (see Eq. (1)) and when the test is applied
to a regression line obtained from a reduced set of samples, such considerable
variations are often produced. One way of preventing these oscillations is by
applying the test to the regression line which includes the predictions of selected
samples in the new conditions added to the cross-validation predictions of all
samples in condition 1. So, when applying the set test (Eq. (1)), N is the number of
samples in the calibration set plus the number of selected samples. When the test is
applied in this way, the plot of 1-a vs. the number of samples is shown in Fig. 3(b) for
the Cab model. The observation of those plots shows that, for all the models, the
variations in 1-a are not so large when the predictions of selected samples are added

1-a
0.8

-

0.6

-i

0.4

0.2

15

25
5
15
Number of selected samples

25

Fig. 3. Plot of the result of joint confidence test application vs. the number of
selected samples for the Cab model. -: initial conditions, x: conditions 2, o:
conditions 3. In (a) the test is carried out with all samples, and in b) with the
selected samples added to all samples in initial condition.
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to the initial predictions for all samples and in general, 1-a tends to increase as the
number of samples selected increases. As a result, from the values of 1-a obtained
using this procedure, we can make acceptable estimates of the behaviour of the
model considering all the samples in the new conditions. Therefore, it can be
considered that the selection algorithm of the subset of samples gives rise to N
calibration samples which adequately represent the behaviour of the total set of
samples as far as accuracy is concerned. The values of 1-a in Table (Ib) were
calculated in this way.
The plot of log(Det(MN)) vs. N, for the Cab model, is shown in Fig. 4, with the
maximum indicating the number of samples selected, since it gives the most
information per sample. From the concentrations predicted by the model of these
selected samples and the ones determined by chemical analysis, the prediction errors,
parameters of the regression une and the results of the joint confidence test of slope
and intercept are calculated. The number of samples selected and the results are
shown in Table l(b).

logCDet(MH))

10
15
Number of selected samples
, sí

20

Fig. 4. Plot of log(Det(MN)) versus N for the Cab model.
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4.3 Application of the PCR models for all the samples measured in the new
instrumental conditions
To check whether a subset of N selected samples gives the same information
about the validity of the model as the set of I calibration set samples, all the samples
of this latter set must be tested in the new conditions. Of course, this is not the process
which will be followed in the real sets in which only one subset of N samples of the
calibration set is measured again in the new condition. So, the models created and
validated for the set of I calibration set samples in conditions 1 are applied to predict
the concentrations of the analytes determined in the new conditions for all the water
samples. The results obtained are shown in Table 2(a).
As far as the trueness of the new results obtained is concerned, it can be seen that
the joint confidence interval test (l-a=0.89, 0.50 and 0.56) did not find differences for
the slope and the intercept for only three of the new conditions (Cab(2), Caa(2) and
sim(2), respectively), whereas for the others the test did find differences at a 0.05 level
of significance. The precision estimated by the MSEPbc can be seen to generally
increase a great deal for the models that show bias according to the joint confidence
test, whereas for the models which give a good trueness in the new conditions, such
as Caa(2) and sim(2), precision is maintained, except for Cab(2) which increases quite
a lot.

4.4. Application of the PCR model in new conditions for the selected samples
The PCR models developed initially are applied to obtain the concentrations from
the spectra obtained in the new conditions by the selected N samples. The precision
for the sets of predicted N concentrations is calculated and the joint interval
confidence test is applied to them to detect bias. The results obtained are shown in
Table 2(b).
The F- test is used to evaluate the magnitude of the MSEPbc obtained in the new
conditions for the reduced set of N samples. The results in Table 2(c) indicate that, in
all cases, the uncertainty obtained for the new conditions taking into account all the í
samples (Table 2(a)) or only the selected subset of N samples (Table 2(b)) are
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Table 2. Performance characteristics of the models in the new condition
PCR model
(conditions)
(a) All samples
Joint
confidence
interval, test (1-a)
Slope
Intercept
MSEPbc
RRMSEPbc (%)

Cab
(2)

Cab
(3)

Mgb
(2)

Mgb
(3)

Caá
(2)

Mga
(2)

SO4
(2)

sim
(2)

sim
(3)

0.89

1.00

0.99

1.00

0.50

1.00

0.99

0.56

1.00

1.18
-0.43
36.1
44.4

0.59
-11
64.1
59.2

0.95
-2.5
20.5
40.3

0.25
12.8
82.9
81.1

0.97
2.85
25.8
8.7

0.88
-2.2
49.9
31.6

0.92
13.8
610
9.4

1.00
0.06
0.06
2.4

1.00
-0.88
0.06
2:5

7

7

7

7

7

7

0.08

0.96

0.85

0.93

0.40

0.96

0.80

0.24

0.80

1.00
0.28
26.5
41.7

0.93
-3.5
52.0
58.3

0.94
-0.3
21.1
44.2

0.81
3.41
80.0
85.9

0.96
2.62
26.4
8.4

0.84
2.47
73.2
40.4

0.96
7.83
739
13.2

1.00
0.03
0.04
2.2

1.00
-.03
0.03
1.9

(c) F-testfor MSEPbc (Eq.(9))
0.64
1-a

0.59

0.56

0.48

0.56

0.77

0.68

0.62

0.83

(b) Selected samples
Number o f samples
selected by D-optimal
Joint
confidence
interval, test (1-a)
Slope
Intercept
MSEPbc
RRMSEPbc (%)

8 7

7

statistically comparable at a 0.05 level of significance. So, we have the same
information in relation to the precision using only the N samples selected.
As far as validating trueness, it can be seen that in all the cases in which statistical
differences have not been detected between the calculated values of the slope and the
intercept, and the theoretical values of unity slope and zero intercept using all the
samples, neither of them are detected using the N samples selected at the same or
lower levels of significance. However, in cases in which the joint confidence test did
find differences in trueness using all the samples but not using the selected samples
(Mgb(2), Mgb(3), sul(2) and sim(3)), this value of 1-a turns out to be much larger
than in the initial conditions, and given that the trend is to increase with N, there is
sufficient evidence to question the validity of the model.
The results are summarized in Table 3. In this table, the F-test value of 1-a to
evaluate the precision corresponds to comparing the MSEPbc from all the samples in
initial conditions with the MSEPbc from the samples selected in the new conditions. A
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Table 3. Summary of the results obtained for all the models in all the conditions
PCR model
Cab
Cab
Mgb Mgb Caa
Mga
SO4
sim
(conditions)
(2)
(3)
(2)
(3)
(2)
(2)
(2)
(2)
Evaluation of the accuracy and
Joint conf. test (1-cc),
0.54
initial conditions,
all samples
Joint conf. test (1-a),
0.08
new conditions,
selected samples
(1-cc) for F-test
0.96
Validity of model

yes"

precision
0.54
0.30

sim
(3)

0.30

0.45

0.95

0..22

0.28

0.28

0.96

0.85

0.93

0.40

0.96

0.80

0.24

0.80

1.00

1.00

1.00

0.62

0.90

0.77

0.80

0.90

no

no

no

yes

nob

no

yes

a

Bias is not detected, and the model is considered accurate if the decrease in the precision can be
accepted.
b
Bias is detected, and the model is considered inaccurate in spite of the precisions not being
significantly different.

comparative analysis between the results in Table 2(b) and the ones in Table l(a)
indicates that conclusions can be drawn from the conjoint behaviour of precision and
trueness:
1. Comparable MSEPbc while the value of 1-a decreases: this is the typical case we
find if there have been no significant change in the conditions, and so the model
constructed is still valid. It is obtained, for example, in the Caa models in
condition 2 (1-a goes from 0.45 to 0.40) and sim in condition 2 (1-a goes from 0.28
to 0.24). Fig. 5(a) shows how the predictions in conditions. 2 by the selected
samples of the Caa set are very similar to the predictions in initial conditions.
2. Loss of precision, to the point of not being comparable with the initial conditions,
while the value of 1-a decreases: in this case the model gives us results that would
be accurate but with a considerable decrease in precision which may be one of the
reasons for not finding differences in accuracy. It must be decided for each model
whether we can accept the increase in uncertainty. The Cab model in condition 2
is an example of this case (1-a goes from a value of 0.54 to 0.08), and we could
continue using the model if we can accept that the RRMSEPbc increases from 24%
(Table l(a), initial conditions) to 42% (Table 2(b), new conditions). Fig. 5(b) shows
how the predictions in conditions 2 by the samples selected with the Cab model
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are distributed around the regression straight line in a similar way as in condition
1 but in general, the residuals are high which causes a decrease in precision.
3. Comparable precision, while the 1-oc value of the trueness test increases
considerably. This is the case for the Mga and SÛ4 models in condition 2 and the
sim model in condition 3, For the Mga model, bias is not detected according to the
joint confidence test in the initial conditions (l-cc=0.95) while it is detected in the
new conditions, whereas there is a considerable increase in the value of 1-a, from
0.22 to 0.80 for the SO4 model and from 0.28 to 0.80 for the sim model, and so it
can be concluded that bias is detected for both models. Fig. 5(c) shows how the
predictions in conditions 2 made by the samples selected with the Mga model are
quite similar to the predictions in initial conditions, but as in the initial model bias
was not detected according to the joint confidence test at a very low significance
level, differences in trueness were detected in the new conditions.
4. Non comparable precision and 1-a in the trueness test increases considerably: in
this case it should be taken into account that the constructed PCR model is not
applicable to the new conditions since some instrumental changes have been
detected which make it unusable for obtaining acceptable results. This is the case
for the Cab model in conditions 3, and the Mgb model in conditions 2 and 3. Fig.
5(d) shows how the predictions in conditions 3 by the models selected with the
Mgb model are much worse than the predictions in initial conditions and so the
model cannot be used.

5. Conclusions
The methodology proposed, which includes sample selection and statistical tests
on trueness and precision, enables the validity of a PCR model to be checked when it
is suspected that a considerable change in the working conditions may jeopardize the
results obtained with this model. This methodology is applicable as a check,
assessing the trueness and the precision of the method even though there has been no
changes in the experimental conditions. In many cases, the conclusions as to the
validity of the model are quite clear, and when there is any doubt, the results give the
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[Mg]pred

O

20

40

[^actual

Fig. 5. Plot of the predicted concentrations vs. actual concentration for
different models: (a) Caa in condition 2, (b) Cab in condition 2, (c) Mga in
condition 2, and (d) Mgb in condition 3. o: predicted concentration for the
initial conditions (cross-validation), x: predicted concentrations for the new
conditions.

analyst sufficient information to decide whether to continue using the model, apply a
standardization procedure or construct the multivariate regression model again.
This methodology can also be used for other related purposes such as validating
the results obtained from the multivariate model after applying a standardization
procedure. In this latter case, the test results would enable us to validate the
standardization itself.
It should be pointed out that the statistical tests that allow the validity of the
model to be decided on are applied to a reduced number of samples, a fundamental
aspect from the point of view of cost because multivariate models are generally
constructed from a great deal of samples. Selecting this selected sample set may be a
good starting point for the process of standardizing the model, should this stage be
necessary.
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Wavelength Selection
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4.1 Introduction
4.1.1 Aim of the chapter
The aim of this chapter is the study of the wavelength selection criteria in CLS.
First, the concepts of the experimental design are used for interpreting the effect of
the criteria used in the literature on the confidence interval of the predicted
concentrations. Guidelines are given to improve trueness and precision of the
analytical results by selecting the calibration wavelengths used in the multivariate
calibration model. A second aim is to propose a new methodology for detecting the
presence of bias in unknown samples in CLS and select the best subset of
wavelengths for quantification.

4.1.2 Structure of the chapter
The introduction (§4.1) contains the aim of the chapter (§4.1.1), its structure
(§4.1.2)and a bibliographic revision (§4.1.3) of the different approaches and criteria
for wavelength selection used mainly in CLS. The following sections, §4.2 to §4.7,
contain the main contents dealing with wavelength selection in CLS structured in
papers. The theoretical part of CLS was considered in the section §2.2.4.
§4.2 is the paper A graphical criterion to examine the quality of multicomponent analysis.
Implications for wavelength selection, J. Ferré and F.X. Rius Trends Anal. Chem. 16 (1997)
155-162. Here, the ideas of the experimental design are used to interpret
wavelength selection criteria in CLS on the basis of their effect on the volume, shape
and orientation of the confidence region of the predicted concentrations. This
confidence region is an (hyper)ellipsoid in the K-dimensional space of the
concentrations and can be used as a graphical criterion. New guidelines for
wavelength selection in multicomponent analysis are given. These ideas are applied
to the wavelength selection in a mixture of chlorophenols.
§4.3 is the paper Further considerations on the sensitivity and selectivity of multicomponent
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systems. J. Ferré and F.X. Rius . In preparation. This paper complements the section
§4.2. The effect of sensitivity, selectivity, variance proportion decompositions and
condition number on the precision of the estimated concentrations are interpreted
from the confidence elh'psoid. The effect on these measures of adding a new sensor to
the calibration matrix confidence is considered. Simulations confirm the discussed
effects.
§4.4 is the paper Equivalence between Selectivity and Variance Inflation factors in
multicomponent analysis. J.Ferré, F.X. Rius Química Analítica 15 (1996) 259-262, which
demonstrates the mathematical equivalence between selectivity and variance
inflation factors. Both can be used as measures of collinearity in CLS.
§4.5 is a tutorial where the definitions of accuracy, trueness and precision and their
relationship with the wavelength selection criteria in CLS are revisited. This is
motivated by the confusion in the literature about the effect of these criteria on the
accuracy, trueness and precision of the results.
§4.6 is the paper Figures of Merit in Multivariate Calibration. Determination of Four
Pesticides in Water by FIA and Spectrophotometric Detection. J. Ferré, R. Boque, B.
Fernandez-Band, M.S. Larrechi and F.X, Rius. Anal. Chim. Acta 348 (1997) 167-175.
The variance proportion decompositions and the effects of the selectivity and
sensitivity in CLS are studied in the analysis of four pesticides with a FIA system. The
part referred to the detection limits in this paper is not considered a part of this thesis,
it has been included here since it is a part of the published paper.
§4.7 is the paper Detection and correction of biased residís of individual analytes in
multicomponent spectroscopic analysis J.Ferré, F.X. Rius. Submitted for publication. This
work is motivated by the fact that large selectivity and sensitivity values of the
analytes in the paper in §4.6 did not agree with the prediction errors observed. It
was supposed that the large errors were not due to the instability of the system due
to collinearity but to an erroneous preparation of the validation samples, with a
deficient assigned value of the concentration. In the present paper, a tool for
internal validation of the standards and of the validation samples is developed
based on the net analyte signal. It enables the bias in CLS models to be detected
taking advantage of the multivariate signal. A wavelength selection procedure and
the error indicator presented to select the wavelength with less prediction error.
—
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4.1.3 Bibliographie revision and comments
4.1.3.1 Using all the recorded
calibration

spectrum in multivariate

When setting up a multivariate calibration model, the simplest option is to use
the entire spectra, easily collected by modern analytical instruments (such as
photodiode arrays detectors), and calibration approaches that can deal with overdetermined systems VJ. Full-spectrum methods such as PLS and PCR enable to build
models with little or no knowledge of the spectra of the constituents of interest.
These methods are able to discern, from the information contained in the spectra of
the training set, the spectral regions that are most important for calibration.
Moreover, it is generally agreed that using a large number of wavelengths has an
error-averaging effect that is beneficial for the accuracy and precision and makes
more robust calibrations8'10. Lorber and Kowalski11 gave a mathematical proof that
increasing the number of sensors improves the prediction performance of
multivariate calibration models7'12-13. The proof was based on a expression where the
prediction error is determined by the norm of the regression coefficients. This norm
decreases when wavelengths are added, which leads to the conclusion that the
addition of wavelengths always improves the quality of the prediction.

4.1.3.2 Reasons for wavelength selection in multivariate
calibration
The range of wavelengths at which the absorbances are measured influence the
trueness and precision of the spectrophotometrically determined concentrations.
Wavelength selection is important even in methods capable of using a very large
number of measurements. The performance of the calibration model can be
improved by excluding the spectral regions that do not contain information
correlated with the concentration of the constituents of interest (e.g. where either
the detector, the spectrometer source or the optics are not effective, where none of
the constituents absorb, or regions in the spectrum that deviate from Beer's Law or
where impurities expected in unknown samples absorb appreciably). The inclusion
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of

these non-informative

spectral measurements

can seriously

degrade

3

performance .
Wavelength selection is also concerned in physical and economical constraints of
the measurement apparatus where a reduced number of wavelengths for
measurement must be used (e.g. compact on-line analyzers in an industrial process).
In such cases, the accuracy of the quantitatively analyzed data largely depends on the
selection of wavelengths. Sometimes the prediction ability of the models can be
sacrificed at expense of a reduction of the number of sensors and thus of the cost of
the instrumentation. In such cases, the sensors must be carefully selected so that the
prediction ability of the model is degraded the minimum.
Wavelength selection is also of special concern to avoid collinearity in inverse
least-squares modeling, where the samples are characterized by many variables
(spectral absorbances).
The results presented by several authors14-15' evidence that calibration employing
selected wavelength regions rather than the entire spectrum improves the predictive
ability of CLS w-23, weighted least squares (WLS)24, ILS 22'25'26, PCR ™&,27 ana
PLSRi2,22,25,28-3i models. Gemperline32 reviewed some of the work on wavelength
selection before 1989. In CLS, Frans and Harris16 found that replicate measurements
at a smallest number of selected wavelengths improves concentration precision
with respect the acquisition of a complete spectra. Rossi and Pardue18 used an
empirical selection of wavelengths to reduce the spectral overlap and improve the
accuracy of predictions. Liang et al.23 showed that larger number of wavelengths do
not always lead to higher precision of analytical results. In some cases, the use of a
large number of wavelengths in PCR and PLS provides more noise than accuracy in
the analytical results22. Using a reduced number of wavelengths that carry most
information may give PLS models easier to interpret, with fewer factors and with
better precision of the predictions, specially if very noisy wavelengths or with
irrelevant information or non-linearity are avoided. Garrido Frenich et al. 29found
wavelength ranges that yield superior or equal prediction results to those obtained
for the whole wavelength range in PLS. Jouan-Rimbaud et al.33 presented results that
feature selection with MR data can improve the performance of ILS, PCR and PLS.
Navarro et al.22 made a comparative study to select calibration mixtures and
wavelengths in CLS, ILS, PLS,PCR and Kalman filter. For ILS, PCR and PLS, the best
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results in prediction were obtained with ranges of wavelengths selected with the
condition number of the calibration mateix. Recently, Xu and Schechter13 showed that
the assumptions that lead to Lorber and Kowalski's conclusion11 (see §4.1.3.1) are not
always valid and demonstrated by both experimental and theoretical considerations
that better results can be obtained by a proper selection of the spectral range used in
simultaneous multicomponent analysis and that wavelength selection is essential
when considerable spectral overlap exists.
Very recently, Faber and Kowalski34 commented the wavelength and sample
selection problem in ILS, PCR and PLS. They concluded, considering errors in the
dependent and independent variables that, contrary to the stated by Lorber and
Kowalski11, a large size of the regression vector is unfavorable. Wavelength selection
is potentially favorable, for example, when some wavelengths are noisier than others,
or wavelengths that do not relate to the concentration in a linear way. They also
proposed that wavelength selection must be guided by a prediction criterion.

4.1.3.3 The wavelength selection problem
An important problem in multivariate calibration is selecting at which
wavelengths the sample should be measured to obtain an unbiased and precise
prediction Selecting a representative wavelength set for calibration is not trivial.
When the number of wavelengths in the analytical process is not predetermined, the
analyst has to decide the optimal wavelengths to use. This is often an empirical and
subjective choice18'28-35 based on the chemical and spectroscopic knowledge of the
samples, the visual inspection of available spectra and considering tabulated spectral
bands of the constituents of interest. However the use of the spectroscopic
knowledge may miss the optimal subset of wavelengths (OSW). Several methods
have been proposed in the literature to aid the experimenter in selecting the best
regions, mainly for multicomponent spectrophotometric determinations (CLS) 13A6-1921,36^0 although also for weighted least squares (WLS)24, ILS25'41 or PCR13 and
PLSR'12'25'29'42.
The wavelength selection problem consists of selecting, according to some
predefined criterion, the optimal subset of wavelengths among all the wavelengths
of the spectrum. Requirements for the general strategy of selection are indicated in
_
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§2,3.4, The optimization criterion to evaluate each candidate subset, the
optimization procedure and the quantitative comparison of optimal subsets with a
different number of wavelengths are considered below. Few methods in the
bibliography use all these requirements. The most complete12'19-38 use search-based
strategies in which combinations of wavelengths in all the spectral range are
evaluated with the selection criteria, In many occasions, however, some regions of the
spectra are selected empirically and used to evaluate the correlation of a determined
criterion with the prediction errors17-28. This latter are not optimal optimization
procedures, since they do not guarantee that the optimal wavelength range is used.

4.1.3.3.1 Criteria for wavelength selection
Searching the OSW is a sequence of improving steps (the candidate subsets of
wavelengths) with the aim of achieving the global optimal. A decision criterion
(also called objective Junction or optimality criterion) evaluates the quality
improvement of the candidate subsets through the optimization. Different criteria
have been described in the literature and used either for searching the set that
optimized the criterion or just for checking the relationship between the criteria and
the actual prediction errors for already selected spectral ranges.
Optimality criteria in CLS. They are mainly related to properties of the calibration
matrix S and include:
1. Minimizing the sum of the diagonal elements of the variance-covariance matrix
(the variance factors) 16, which is Tr^S)'1
2. Minimizing the mean square error between the true concentrations of the mixture
components and their estimates 20,23,37 This criterion is Tr(STS)-1 if noise obeys an
uncorrelated process with zero mean and a constant variance.
3. Minimizing the condition number of the calibration matrix 17- 21-23- 35,4347
4. Maximizing Det(STS) 21,23,35,40
5. Optimizing figures of merit derived by Lorber and coworkers ^-i49) such as
maximizing the selectivity i7,37,43,so/ ^e norm of the net analyte signal11-17-43 and
accuracy (ACC)17-19-37or minimizing the limit of detection (LOD)17or the total error
propagation (TEP)17.
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The most preferred criteria for prediction of the best wavelength combination are the
condition number the determinant of the calibration matrix (sometimes considered as
measures of matrix orthogonality 12). Other optimality criteria or selection
approaches not considered above are:
1. Maximizing the signal-to-noise (S/N) ratio22 (ILS, PCR, PLS). Salamin et «Z.24
selected wavelengths for which the ratio of the absorbance to the standard
deviation of the error of measurement was above some optimal value. This
optimal value is chosen such as to maximize the 'quality1 of the estimate of
concentration.
2. Minimizing the condition number in ILS 22 or PCR/PLS22-28
3. Selecting the wavelengths with high loadings on some selected PCs33
4. Maximizing the prediction error in ILS ^i-ss or PCR/PLS ^-^ measured as
predicted residual error sum of squares (PRESS).
5. Selection of wavelengths with the largest correlation coefficient with the
concentration33.
6. The covariance between each independent variable and the concentration33.
7. Identification of the individual wavelengths based on the linear regression
between the concentration and the absorbances at individual wavelengths14.
8. Error indicator function13 developed to predict the performance under given
experimental conditions, using a certain spectral range. This function is applied
for the location of the most informative spectral ranges to be utilized in
multicomponent analysis.
9. A feature selection method based on the regression coefficients of the closed form
of the PLS model29.
10. Selection of wavelengths to be used in the monitoring of absorbance ratiograms
during liquid chromatographic separations applying the key set factor analysis
(KSFA) 51. Warren et a/.40 compared four alternatives for the selection of
representative wavelengths sets from a collection of 101 UV-vis spectra. The key
set factor analysis (KSFA) technique provided the best overall performance.
11. Maximum differences between molar absorptivities36.
Although the researchers agree in the mathematical expressions of the criteria,
their considerations about the relationship of these criteria with the precision and
accuracy of the analytical result is sometimes different and even difficult to
understand since they do not indicate what they consider as precision and accuracy.
——
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The modern concept of accuracy (trueness and precision) is rarely used. Moreover,
different conclusions about the adequacy or not of the criteria to improve the
prediction results can be found in the literature so it is really difficult to evaluate
which criterion is the best.

4.1.3.3.2 Optimization procedures for wavelength selection
Due to its complexity, the problem of determining the OSW cannot be solved in
an analytical way. The space of all wavelength subsets is discrete, so the
optimization problem has a combinatorial nature. Search-based strategies based on
optimization algorithms are required to avoid an exhaustive search of all possible
combinations of wavelengths of a given number. The optimization methods most
used in the literature include:
1. Simplex optimization19.
2. Branch and bound combinatorial optimization techniques 20'23.
3. Stepwise selection u'21. Although the forward stepwise selection has given optimal
wavelength

sequences23, this technique may be unsatisfactory41'44 since

wavelengths are selected one at a time and may miss the optimal wavelength set.
So that the resulting models may have a poor predictive ability41. For multivariate
calibration, approaches that select the whole subset at the same time might be
preferable.
4. Genetic algorithms (GAs)52. GAs have been used in feature variable selection
problems 37<25. They are able to find acceptable solutions in a reasonable time either
in CLS37-44, ILS25-41, PCR27'53 or in PLS regression12-25-31-42.
5. generalized simulated annealing (GSA)19-38-50.
Lucasius et al.37 studied comparatively the ability of GSA, GA and stepwise
elimination to locate OSW for quantitative multicomponent analysis. They found that
the GA generally performed the best and GSA performed worst. Later, Hòrchner and
Kalivas38 showed that GSA is also able to find the optimal solutions optimizing the
same criteria employed by Lucasius et al?7 but a more adequate operating
configuration of GSA for the wavelength selection optimization.
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It is clear that the main ideas about wavelength selection criteria, precision and
accuracy must be clarified. In addition, many of these criteria do not consider the
possibility of bias introduced by an unknown sample. In this way, even the optimal
subset of wavelengths can produce wrong predictions if the spectrum of the
unknown sample does not follow the model postulated. This is dealt in the sections

§4.2 to §4.7
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4.2 A Graphical criterion to examine the quality
of multicomponent analysis. Implications
for wavelength selection
Trends Anal. Chem. 16 (1997) 155-162
Joan Ferré*, F.Xavier Rius
Departament de Química. Universitat Rovira i Virgili.
PI. Imperial Tanaca, 1, 43005-Tarragona. SPAIN

A graphical criterion approach has been developed to examine the quality of a
set of sensors in multicomponent analysis. Criteria such as sensitivity and
selectivity, used in wavelength selection problems can be explained in terms of
the confidence interval of the estimated concentrations. These confidence intervals
describe (hyper)ellipsoids whose volume, shape and orientation are related to the
optimiztion criteria. The effect of sensor selection on these criteria is discussed
and guidelines for wavelength selection are given. The usefulness of the graphical
criterion is shown in the simultaneous determination of 2-chlorophenol and 2,4dichlorophenol in water.
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l.Introduction
Spectroscopic multicomponent analysis consists of determining the concentrations
of the K components in a mixture ( cw ) from the spectra of the mixture measured at J
wavelengths ( r ) and the calculated molar absorption coefficients of the pure
components (S). The linear additive model, based on Beer's law and described by Eq.
(1), is often used:
r/xi=

Cirue + C/xi

where the subscripts indicate the dimensions of the matrices and e/xi is a vector of
error terms. This model is represented in Scheme 1 for a K=2 component system.The
least squares estimation of Ctme can be obtained using Eq, (2):
(2)

where the superscriptT indicates a transposition. Eq. (1) can be evaluated rigorously
only if all elements that contribute to the signals in the spectral regions investigated
are known. This model is adequate to analyse samples prepared synthetically or
artificially such as the quality control of pharmaceuticals.
c +e

Wavelength (also called 'sensor')
selection has been reported to
improve the prediction ability of the
model in Eq. (1). Since the spectra in
Eq. (1) are column vectors, selecting
sensors corresponds to selecting rows
of the S and r matrices. Sensors have
been selected to optimize criteria such
as selectivity [1], the condition number
Scheme 1. Simulated spectra for a twoof STS [2], the determinant of STS [2],
component system and multicomponent
or minimize the mean squared error
analysis formulation.
(MSB) [2-4], among others [5-6], The
large number of studies available, which sometimes draw different conclusions about
the performance of these criteria, makes the situation rather confusing for users who
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want to select sensors by applying these definitions to experimental data. The actual
merit of certain criteria might not be directly obvious, and very often the optimal
number of sensors is not clearly indicated by the criterion used.
Here we provide a means to interpret, from the point of view of experimental
design theory, the relationship between the most commonly used criteria by
considering the confidence region of the estimated concentrations. This region
defines, in the K-dimensional space of the concentrations, a (hyper)ellipsoid that can
be used as a graphical criterion to better understand the relationship between these
criteria and gives a better description of the guidelines for sensor selection.

2. Theoretical background
2.1 The confidence hyperellipsoid
The estimated analyte concentrations in the unknown sample from Eq. (2) are
random quantities. The bounds of the 100(l-oc)% confidence region where the true
values of concentrations ( ctme ) lie with a probability of committing a type I error are
described by Eq. (3) [7]:
(Clrue - C)T STS (Ctrue - c) = p2

(3)

where p2 = Ks2Ffc,/-K,i-a , s2 being is an estimate of the variance of instrumental
response errors on J-K degrees of freedom and FK,/-K,i-a is the a per cent point of the F
distribution on K and J-K degrees of freedom. In the K-dimensional space of the
concentrations, Eq. (3) defines a (hyper)ellipsoid centred on c. The length of the halfaxes is equal to pVXj where Aj are the eigenvalues of the matrix (STS)4. The extreme
confidence intervals (the ends of the confidence ellipsoid) are given by Eq. (4) [8]:
ft - p V(UVIF^) <CtrUe,)< < ft +p V(UVIFt )

(4)

where UVTF/c is the 7cth element in the diagonal of (STS)-1. An example of a
confidence ellipse for a two-component system is given in Fig. 1 where the
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Analylel

pVuvtFi

Fig. 1. Confidence ellipsoid for a twocomponent system. The individual
confidence intervals are shown.

Fig. 2. Confidence ellipsoid for a threecomponent system.

geometrical characteristics are shown. Fig. 2 shows the ellipsoid of a three component
determination. For easier interpretation, only two components are considered below
and the corresponding ellipses are plotted by considering p=l in Eq. (3).

2.2 Volume, shape and orientation of the confidence ellipsoid
The volume, shape and orientation of the ellipsoid are of interest if the analyte
concentrations are to be correctly estimated.
2.2.2 Volume
For a given a, the smaller the volume of the ellipsoid, the more globally precise
are the concentrations estimated. As the volume is proportional to the product of the
ellipsoid axes (thus proportional to [Det(STS)]-a/2), the highest global precision is
obtained when the / sensors in S maximise Det(STS). This is known as the Doptimality criterion in experimental design theory.
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2.2.2 Shape
The shape is related to the length of the ellipsoid axes, and thus to Tr^S)-1. For a
given volume of the confidence region, the minimum (optimal) value of Tr(STS)4 is
attained when the length of the ellipsoid axes is the same, i.e. when a hypersphere is
obtained. This is known as the A-optimality criterion. This criterion is equivalent to
minimizing the maximum eigenvalue of (STS)-1 (E-optimality) which makes the
eigenvalues as similar as possible [9].
2.2.3 Orientation
The orientation depends on the overlap of the pure component spectra. It can be
described by multicollinearity measures for each analyte such as the variance
inflation factors (VIFit) [9] and Lorber's selectivity (LSELfr) [10-11] or the correlation
matrix of the variables. Lorber's selectivity for the /cth analyte is the ratio between the
Euclidean norm of the part of the analyte's spectrum that is actually used for
quantification (the 'net analyte signal') and the Euclidean norm of the analyte's
spectrum. When there is no spectral overlap, the spectra are said to be orthogonal and
VTFic=LSEL)c=l, and the axes of the ellipsoid are parallel to the axes defined by the fcth
component concentration and the concentrations are independently estimated. With
increasing spectral overlap, LSELt decreases, VIFit becomes larger and the inclination
of the ellipsoid approaches 45°, so increasing the correlation of the estimated
concentrations. A maximum value of VIFj<=10 has been proposed by several authors
[12] to prevent large errors from being obtained in the predicted concentrations. To
obtain independent concentration estimates, the / selected sensors in S should be
nearer to LSELjr=l than any other set of / sensors.

2.3 Effect of wavelength selection criteria on the confidence region
Of all the sets of / sensors, the optimal set for calibration is the one that
simultaneously maximizes Det(STS), minimizes Tr(STS)4 or the largest eigenvalue of
(STg)-i and maximizes LSELt. The optimisation of one criterion alone does not
necessarily guarantee very precisely estimated concentrations. It has been found that
the expected improvement in the prediction errors of the concentrations determined
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15,5

Fig. 3, Simulated absorbance spectra for a
system with two components. The spectra
incorporates sensors with both high and low
selectivities and sensitivities. Matrices S\ , Si ,
Si and 84 are composed of the absorbance
values measured at sensors 6 and 50, 1 and 42,
6 and 42 and 29 and 35, respectively.

16
Analyte A

Fig. 4. Ellipses corresponding to four
different pairs of wavelengths selected
from Fig. 3 and listed in Table 1.

Table 1. Individual absorbance values for four different pairs of selected
wavelengths for analytes A and B in Fig. 3

Si

&2

S3

selectivity

high

high

high

S4
low

sensitivity

low

high

low/ high

high

sensor

A

6

1

0

1

3

50

0

1

42

0

B

sensor A

sensor

A

0

6

1

3

42

0

B

B

sensor

A

0

29

4.5

3.0

3

35 '

3.0

4.0

B

using a particular set of wavelengths is not only correlated to the improvement in
LSELjt [13] or Det(STS) [14]. The performance of these selection criteria can be
interpreted from the confidence ellipsoid.

Fig. 3 shows the simulated absorbance spectra for a system with two components.
The spectra incorporate sensors with both high and low selectivities and sensitivities
and Fig. 4 shows the ellipses of four different pairs of wavelengths selected from Fig,
3 and listed in Table 1. The ellipses are arbitrarily centred at cT=(16/7.5).
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Matrices Si - Ss are made up of pairs of absorbance values which are measured at
completely selective sensors with different sensitivity values (Table 1). The two
sensors 1 and 42 (the absorbance values of which are the components of matrix 82)
would probably have been selected by an experienced analyst because of their high
selectivity and sensitivity. Sé corresponds to the sensors of maximal absorbance for
the two analytes (maximum sensitivity). Table 2 lists, for each selected subset, the
Det(STS), TEST'S)-1, UVIFk, LSENfc LSEU and VIFk values for the two analytes (A and
B). LSENjc is a global measure of the absorbance of fcth component at the selected
wavelengths and was calculated as the Euclidean norm of each column in S, and
LSELic and VIFt according to the expressions given in Réf. [15].

Table 2, Values of several wavelength selection criteria for the analytes A and
B in matrices from Table 1.
Selected
sensor
Si
S2
Ss
S4

Det

Tr

1
81
9
81

2
0.22
1.11
0.67

UVIF
A
B
1
1
0.11 0.11
1
0.11
0.31 0.36

LSEN
A
B
1
1
3
3
1
3
5.41 5.00

LSEL
A
B
1
1
1
1
1
1
0.33 0.33

VIF
A
B
1
1
1
1
1
1
9.03 9.03

2.3,2 Volume
The largest volume corresponds to set Si, since it has the lowest determinant
value. Sets Sa and £4 have the highest determinant and thus the confidence ellipses
have the smallest volume. Both these sets have Det(STS)=81 so other criteria other
than D-optimality should be considered to decide between them. It can be observed
in the ellipse that the length of the confidence intervals for Sé is larger than for Sa. This
is due to spectral overlap. The comparison of the ellipses from sets Sa, Ss and 84 with
Si, shows that the volume can be minimised in two ways: either by having a sphere of
smaller radius (set Sa) or by increasing the eccentricity of the ellipse. If orthogonal
sensors are selected, the 'flattening' is done parallel to the axes (Ss) and independent
estimations are still obtained but with a different precision. If sensors with spectral
overlap are selected (set Sé), the 'flattening' is done diagonally to the axes and the
covariance of the estimated concentrations' increases. Sets Sa -Sé are examples of sets
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which have the same value of Det(STS) but different shape, due to different
sensitivity and selectivity.
2.3.2 Shape
According to the trace criterion, 83 is preferable to Si since this has a smaller
Tr(STS)4 value. This can be graphically interpreted from the shorter length of the
second ellipsoid axis. But Sé still has a smaller Tr(STS)4 value and according to this
criterion should be preferred. Although this latter set provides a smaller confidence
interval for analyte A, this is not true for analyte B, which is larger. Should analyte B
be predicted with a small variance, Ss should be preferred to Si despite having a
larger Tr(STS)-a value. This criterion can be used to select set 82 instead of Si, the two
sets with the same Det(STS) value. The large eccentricity of the ellipse in Se, due to
multicollinearity effects, makes one eigenvalue much larger than the other and thus
)-1 large.

2.3.3 Orientation
Sets Si,S2 and 83 have orthogonal sensors (VIFt=LSELjt=l) so that (S^)-1 is
diagonal and the axes of the ellipses are parallel to the co-ordinate axes. The smaller
volume in Sz is due to the added effect of high sensitivity. Note that Sa estimates the
precisions differently, despite having LSEL)c=l as Si does. In such cases, the criterion
LSEL/t does not identify which set of sensors (or even which number of them) is
preferable.

3. Determining 2-chlorophenol and 2,4-dichlorophenol in water
3,1 Equipment

A Hewlett-Packard 8452 diode array spectrophotometer equipped with a quartz
cell with 1 cm path and interfaced to a Hewlett-Packard Vectra AT computer was
used.
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3.2 Reagents

Table 3. Concentration values (in ppm) for
the mixtures of two chlorophenols.
Calibration samples are printed in bold

2-Chlorophenol (Aldrich, 98%
pure)
and
2,4-dichlorophenol
(Aldrich, 99% pure) were used to
prepare 1000 ppm stock solutions in
0.05 M NaOH. Standard working
solutions of the chlorophenols were
prepared by diluting the stock
solutions with deionised water so that
the resulting solutions were 10'3 M
NaOH. Each sample was prepared 3
times.The composition of the prepared
solutions is shown in Table 3.

type
Sample number

2CP

2,4-DCP

1
2
3
4
5
6
7
8
9
10
11
12

0
0
2.5
2.5
5
5
5
7.5
7.5
10
10
10

5
10
2.5
7.5
0
5
10
2.5
7.5
0
5
10

3.3 Spectra and selection of analytical wavelengths
The spectra of the twelve samples were recorded between 226 and 346 nm. The
two sensors that optimized the following criteria were selected by checking all
possible combinations of wavelengths: maximum Det(STS), minimum Tr (STS)-1,
maximum selectivity for analyte 1 (LSELi), maximum sensitivity for analyte 1
(LSENi) and the minimum prediction error for Test Set 1.

3.4 Calibration and validation sets
Sample numbers 2,10 and 12 were used as calibration mixtures to calculate the S
matrix. The remaining samples were used for validation purposes grouped in three
validation sets, each of which contained one set of replicates of each sample. For each
optimally selected set of two sensors, the prediction error was evaluated for the
validation samples by computing the total root mean squared error of prediction,
RMSEPT (Eq. (5)). The mean value of RMSEPT for the three validation sets was
computed.
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RMSEPT =

(5)

IxK

where c, and cl are the real and predicted concentrations, í is the number of test
samples and K the number of analytes.

3.5. Results and discussion
Fig. 5 shows the spectra of the pure components resulting from the S matrix along
with the sensors that optimize different selection criteria. Fig. 6 depicts the confidence
ellipsoids for two selected sensors using different criteria. Table 4 shows the values of
the different criteria for the selected pairs of sensors. The D-optimal (sensors a and b)
and A-optimal sensors (sensors c and d) correspond to near wavelengths in the
spectra and their confidence regions are very similar, so similar prediction errors

j

bd

260

280

300

Wavelength (nm)

340

Fig. 5. Calculated absorbance spectra for 2-chlorophenol (12.85 ppm) and 2,4dichlorophenol (16.3 ppm). Pairs of sensors that optimise different selection
criteria are shown.
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Table 4, Values of several criteria for the matrices with two selected sensors optimizing DET,
TR, Selectivity for analyte A, sensitivity for analyte A, RMSEPT and all sensors. (analyteA:
2CP, analyteB: 2,4DCP)

Analyte
DET
TR
LSELi
LSENi
RMSEPT

DET

TR

0.253
0.219
0.001
0.005
0.014
18.91

7.82
7.37
78.8
483
188
0.93

UVIF
A B
4.99 2.82
4.66 2.71
60.1 18.6
242 240
121 67.2
0.57 0.36

LSEN
A B
0.84 1.12
0.77 1.01
0.14 0.25
1.14 1.15
0.97 1.31
2.60 3.28

LSEL
A B
0.53 0.53
0.60 0.60
0.92 0.92
0.06 0.06
0.09 0.09
0.51 0.51

VIF
A B
3.57 3.57
2.77 2.77
1.18 1.18
316 316
114 114
3.86 3.86

sensors
6 13
5 14
26 46

7 8
9 10
ALL

should be expected for the models bunt with these sensors. Also note the small
determinant values, i.e. large area ellipses, corresponding to sensors which optimize
LSELi (sensors e and f) and LSENi (sensors g and h). Also notice the large VIF values
for the set which optimizes LSENi, indicating that it may produce unreliable
estimations of the concentrations. The large ellipse corresponding to the sensors that
minimise the prediction error (sensors i and j) indicates that although these sensors
have been selected by using test set 1, they may produce large errors for new
samples, or even for repetitions of the same samples, since small measuring errors
could considerably affect the predicted concentrations.

20
15 '

•V. SEN,

m 10
0)

1 -5
O

-10 •
-15

-20
-20

-10
O
10
Concentration analyte A

20

Fig. 6. Ellipses corresponding to the pairs of wavelengths selected from Fig. 5
and listed in Table 4.
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Table 5. RMSEPT (ppm) for the test
samples and two selected sensors. Mean
value of RMSEPT for the three validation
sets
Selection criteria
DET
TR
LSELi
LSENi
Prediction error
All sensors

RMSEPT
0.100
0,094
0.177
0.311
0.167
0.089

Table 5 shows the prediction results
using the mean value of RMSEPT
corresponding to the three validation
sets and using the sensors selected by
.the different selection criteria used.
The prediction errors are in good
agreement with what it is expected
from the confidence ellipsoids.
Sensors which optimize Det(STS) and
Tr(STS)-1 provide
the
smallest
prediction errors, which agrees with
the small area of their confidence
ellipse.

The prediction error increases in the sensors that optimise selectivity (LSELi),
which is to be expected because of the larger volume of the corresponding ellipse.
Observe, however, that this latter ellipse has the smallest incunation with respect to
the co-ordinate axes, which agrees with the maximization of the selectivity, thus
providing less correlated estimated concentrations.
The sensors which maximize sensitivity for analyte 1 have the highest error. These
are the sensors with maximum absorbance for this analyte. Observe that not only is a
large confidence interval for analyte 2 computed but also for analyte 1, which is the
one to be determined.

4.Conclusions
The graphical representation • of the confidence ellipsoid gives a better
understanding of the effect of several wavelength selection criteria on the prediction
ability of the model. The limitations of applying criteria such as sensitivity or
selectivity are better understood from the confidence intervals derived. The need for
a global optimization criterion is therefore apparent. This criterion should also take
into account the response of the unknown sample. This global criterion would require
optimization algorithms to find the optimal set of sensors, such as genetic algorithms
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or generalized simulated annealing. Other approaches would include the optimum
selection of wavelengths to predict specific analytes. Nevertheless, we must stress the
importance of the intrinsic limitations of this classical regression approach: models
usually show a lack of robustness due to common effects such as different errors in
the instrumental responses (heteroscedasticity) or in concentrations, and interaction
terms that are supposed to be absent.
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4.3 Further considerations on the sensitivity
and selectivity of multicomponent systems
(in preparation)
Joan Ferré and F, Xavier Rius.
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PI Imperial Tarraco, 1, 43005-Tarragona. SPAIN

Condition number, variance proportions decomposition, sensitivity and
selectivity and the effect of adding a new sensor to the model are interpreted
based on their effect on the ellipsoid defining the confidence interval for the
concentration values of the different analytes to be determined.The understanding
of the relationship between these criteria enables guidelines for variable selection
criteria to be proposed.
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l.Introduction
The confidence ellipsoid of the predicted concentrations in multicomponent
analysis has been shown useful for interpreting the quality of the selected sensors in
wavelength selection problems (see §4.2). Expressions related to the classical leastsquares (CLS) models and not considered in §4.2 are shown here. The present work
contains two parts: a theoretical part that introduces the mathematical expressions of
the variance of the estimated concentrations in CLS and selectivity and sensitivity
measures in CLS, not explained in §2.4.1 and a second part with the interpretation,
using the ellipsoid, of these measures and the effect of adding a new sensor to the
model. The understanding of these criteria enables guidelines for variable selection
criteria to be proposed. The notation used here (§2.2) and the mathematical
expressions of the CLS calibration (§2.4.1), the ellipsoid and the confidence intervals
(§2.4.2) have been presented in the sections indicated.

2 Theoretical background
2.1 Mathematical model and singular-value decomposition of S
The model considered is:
CUTA "*" G

(1)

where r^ is the spectra of the mixture measured at / wavelengths, S is the JxK
calibration matrix, c^ is the vector of concentrations of the K components in the
mixture and e is a vector of error terms. The singular value decomposition (SVD) of S
can be written as (see Scheme 1):
S = UDVT

(2)

where U/XK=[UI ,..., u*,..., UK] and VKXK=[VI ,..., v*,..., VK] have orthogonal columns
u* and v/t, and DKXK ={a/,-} is the matrix whose entries are all zero except for an,
1=1,2, ...,K. The values cr«, from now on denoted by cr¡, are the singular values of S
and they satisfy <ji><72>..,>aK. cf/2 are the eigenvalues of STS and the inverse of the
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S=UDVT=

Scheme 1. Matrix representation of the SVD of S.

eigenvalues X/ of (STS)-1 : A./=l/a/2. Since the eigenvalues of STS and (STS)-a are
decreasingly ordered, their indexes and those of the associated eigenvectors are
interchanged (e.g. if ta=10 and A2=l are the two eigenvalues of (STS)-1, the first
eigenvalue of STS is Gi2=l/ta=l and the second is 022=l/A,i=0.1 ). Below i is the
subscript of the eigenvectors and eigenvalues of STS and that of the eigenvectors and
eigenvalues of (STS)-a is; .From eq 2 (see also Scheme 2):

; = VD2VT =

o-/

STS=

Vl

0

K
(3)

Vi'

...

... VK
z

=

Vl

T

0
aK
vK
Scheme 2. Matrix representation of the SVD of STS.

The diagonal element that corresponds to the fcth analyte is:
K

(4)

where vu is the /cth element of v,. The determinant STS and

r1 is the product of

their eigenvalues Det(STS)-a= H^y and Det(STS)= f] cr? .
j

i
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The variance-covariance matrix of the predicted concentrations is:
K

var(cun ) =

K

V-V. T

v ,v

(5)

1=1 °"/

where a2 is the variance of the instrumental response (usually calculated as the
standard deviation of the residuals between measured and fitted values of the
absorbance vector1). Scheme 3 represents the SVD of (STS)-1.

!

I

V

1KVKK

VKÏ

VKK

Scheme 3. Matrix representation of the SVD of (STS)-1. In this scheme, VI,...VK of (STS)-i
correspond to v&... vi of (STS) respectively in the Scheme 2. The elements of the vectors are
also shown for an easier understanding of the eq 5 and eq 7.

The variance of the estimated concentration for the fcth analyte isa-2:
var(Cuia)=

(6)

where the 7cth diagonal element of (STS)"a is called unsealed variance inflation J'actor 2iot
the /cth analyte (UVIFt) or just variance factor and can be written as (see below for the
parameters not defined yet)a-4:
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X^V =lV A y= Í

UVIFt =

SEN2,

f

(7a)

LSEL2£ LSEN2,

a\

(7b)

Therefore, the variance of the estimated concentration follows:

K „ 2

a
2

SEN 2

LSELLSEN2

M <TÍ

2

aK

and the MSB error (the difference between the predicted value and the expected
value):
K

MSE(cun) = ,

K

£

K

(9)

/=!

The confidence intervals of the predicted concentrations are represented in Figure I5'6.
The confidence interval for an analyte is inversely proportional to its net sensitivity.

2.2 Measures of sensitivity and selectivity
The influence of sensitivity and selectivity on the predictive ability of the CLS
model has been considered in several works2-3-7. Local (for each analyte) and global
(for the complete system) measures of sensitivity and selectivity have been proposed2840
. They have in common of being determined by the calibration matrix only. In the
following paragraphs these measures are reviewed and interpreted from the
confidence ellipsoid.
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« var(cun>1)'/1
Figure 1. The confidence ellipse for a two component system, "x" means proportional.

2.2.1 Measures of sensitivity
Sensitivity refers to the intensity of the instrumental response due to the
components under consideration at the measured wavelengths. Different definitions
of sensitivity are:
- local sensitivity of the fcth component given by the Euclidean norm of the pure
component spectra 2 :
(10)

LSENHNI

- local net sensitivity of the /cth component2-3'11 (called sensitivity SEN* by Lorber8 and
Kalivas and Lang 2):
LSEN,<*=||s,*|| =1/VUVIF)Í =
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Two recent papers have discussed which is the best the definition of sensitivity12'13.

- global sensitivity of S2:

GSEN(S)= ai

(12)

The larger GSEN, the better the global sensitivity. The problem of this measure is
that spectral overlap makes oi increase.

2.2.2 Measures of selectivity
Selectivity refers to the extent that one component responds at selected
wavelengths compared to other components, i.e. the degree of spectral overlap of the
pure component spectra. Mathematically it corresponds to the degree of
orthogonality between the columns of S. The following are measures of selectivity:
- local selectivity of the Jcth component i-W.6 (called selectivity for Lorber and
Kowalski17)

(13)

LSEL¿. = sin ak = -j—j[ = |—|
Ml INI
where 0< LSELj<< 1. This is the most used measure of selectivity.
- variance inflation f actors (VIFjc) of the fcth component:

(14)

where the numbers making up S in eq 14 had been scaled so that STS is a correlation
matrix. This measure is equivalent to LSEL¡¿ (see §4.4):
=!/ LSEU2

(15)
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- global selectivity of the iC-component mixture, which measures the selectivity of the
complete system. This criterion has been used for wavelength selection14-16 in CLS. It
is given by:

(16)

- variance-decomposition proportions (VDP)18-20.This diagnostic tool determines the
proportion of the variance of each coefficient in a model that is attributed to the linear
dependencies in the calibration matrix. It evaluates, in CLS, the extent of collinearity
(and therefore of selectivity) in the columns of S due to spectral overlap of the pure
component spectra21. The components whose concentration estimates could be
misinterpreted owing to spectral overlap and which will not be extensively affected
can be determined. The variance coefficient of the /cth analyte can be decomposed as
a sum of squared terms (right-hand term in eq 7a):

K
(17)

the/'th element of the sum divided by the total variance:

r

jk

(18)

is the proportion of variance of the concentration of the /cth analyte attributed to the
collinearity characterized by the yth eigenvalue. These elements, calculated for each
analyte and each eigenvalue make up a KxK matrix II of variance- decomposition
proportions, shown in Table 1.
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n
Associated

Associated

eigenvalue

condition index

£

var(cWli)

...

var(cm,K)

Ttll

...

TtlK

7t?.l

.. .

7C2K

TtKl

. ••

TtKK

Table 1. Matrix O of the variance-decomposition proportions.

The entries in the 7cth column of II are the terms of eq 18 for the 7cth analyte. They
sum to unity since they are proportions of the total variance of cun,(t. Each row of IT is
the contribution of the ;'th singular value to the variance of each concentration
divided by the total variance. A row with two o more large variance proportions (n¡i<
>0.5) and a large condition index (defined as (J.j=cfmax/o)) identify the particular
terms that contribute to the collinearity and indicates spectral overlap between the
spectra of the analytes involved and a motive to suspect of the concentration
estimates of the respective components.

- condition number. The condition number is the ratio of the largest singular value of
a matrix to the smallest one. Cond(S) and Cond(STS) have been widely used as
collinearity measure in wavelength selection problems (see §4.1.3). It can be
calculated in three equivalent ways:
Cond(STS) = max(c-/2) /min(cr;2)= c-i2/CTK2

(19)

Cond(S)= (Cond(STS) )V2 =

(20)
(21)
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4 Wavelength selection in multivariate calibration models

2.3 Interpretation considering the confidence ellipsoid
- interpretation of the variance coefficients (UVIFjt). The length of the confidence interval
of the predicted concentration of the analyte k is proportional to UVIF^ (Figure 1).
Although UVTFjt is a function of both selectivity and sensitivity 2, it is only function of
the norm of the net analyte signal of the analyte (eq 11).
- interpretation of the net sensitivity LSENt*= || st* ||. The length of the confidence
interval is inversely proportional to the net sensitivity VUVIFjt =!/1| sjt* || (from eq 11).
Therefore, the more different the spectrum of the analyte k is from the spectra of
the other analytes, the larger is norm of the net analyte signal and the shorter the
length of the confidence interval for the analyte.
- interpretation of the VDP. The /cth element of the eigenvector v¡, vy, is the cosine of
the angle between the;'th ellipsoid axis and the feth concentration axes. Therefore, the
term Pi/Vx/ is the projection of the half-axis j onto the concentration axis of the
analyte k divided by p, as shown in the Figure 2. The sum of the squared projections
is proportional to the variance of Curu. The variance depends on the inclination of the
ellipsoid axes ( that gives the proportion (vy) that the eigenvalue contributes to the
variance ) and their length (that gives the extent that it contributes to the variance),
both of them associated with collinearity and sensitivity. Therefore, a large
eigenvalue of (S1?»)-1 does not necessarily involve a large variance for cm/k ; the
eigenvalue must coincide with a large eigenvector (that is to say, a large projection).
Figure 3 shows the VDP in a ellipsoid with a different inclination and in a sphere. In
the sphere, the eigenvectors are in the direction of the concentration axes and the
contribution to the total variance is only due to one eigenvalue.
- interpretation of the condition number. The condition number is the largest ellipsoid
axis divided by the shortest one. The higher the spectral overlap, the more inclined
the ellipsoid is, the larger the ratio between the largest and shortest ellipsoid axes
and the concentration estimates numerically degrade21.
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c

un,2

Figure 2. Geometrical representation of the variance-decomposition
proportions for cun,i in a system of two components. The projections for cun,2
are in the vertical axis.

Figure 3. Geometrical representation of the variance-decomposition proportions in different
confidence regions: a sphere and a ellipse.
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4 Wavelength selection in multivariate calibration models

2.4 Criteria for sensor selection
Numerous approaches have been reported in the recent years to improve the
accuracy and precision of the predicted concentrations in spectrophotometric
determinations using wavelength selection. The criteria used to evaluate the
performance of a selected subset of sensors include LSEL/t- W/nne, variance
coefficients22, sensitivity3-7-16, Det^S)4-23-24, Cond^S)3-4-7-23-28, Lorber's accuracy16-29
and minimum squared error (MSB)4-16-30 among others14-23-31. In addition,
experimentation showed that the expected improvement of the prediction errors in
the concentrations determined using a particular set of wavelengths did not
correspond with the only improvement of Det^S)23, LSEL/-15 or Cond(STS)7-28. The
large number of studies available makes the situation rather confusing when the
experimenter has to decide the best criterion to use. Kalivas and Lang2, showed the
relationship among some of the criteria quoted above. Below, some of these criteria
for sensor selection are considered and explained in terms of their effect on the
confidence ellipsoid.
- maximum local sensitivity LSEN;t= || sjt||. It corresponds to selecting the sensors with
largest absorbance for the analyte of interest (e.g. the peak in the spectrum). Its
effect on the confidence ellipsoid is not evident since this measure is not directly
related to the parameters of the ellipsoid.\\Sk\\ does not considers the spectral
overlap with the spectra of the other analytes so that a high absorbance of the
analyte is not enough to obtain precise predictions (an extreme case is the presence
of another analyte with an spectra very similar to that of the fcth analyte; the
collinearity is large independently of the amount of absorbance of the analyte of
interest). Thus, the absorbance must be high compared to the absorbance of the other
analytes. This is considered in the next criterion.
- maximum LSENjt*= || s/t* ||, minimum UVIFfr. Maximizing LSEN/t* is equivalent to
minimizing UVIF/f .The higher the norm of the net sensitivity of the method with
respect to the components(||sfc*||), the shorter the individual confidence interval and
the more precise are the estimated concentrations. The sensors that maximize this
criterion should lead to the smallest prediction errors. This was confirmed by Bauer
et al.3<7. They found that I/1| S+k.mw \\ (which is the inverse of UVIFt since || S+jt-row || =
I/1| s/(* || ) correlated quite well with the prediction errors and that it could be used to
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predict errors in the concentration tinder the assumption of equal variances for all
signals independent of their magnitude. However, they considered this as a
measure of selectivity, when in reality is a measure of net sensitivity.
- Tr(STS)-1. This is the sum of the variance factors UYIFjt (eq 9). Its improvement
should lead to a reduction of the confidence interval since it reduces the length of the
axes of the ellipsoid, and thus their projections on the coordinate axes. Since this is a
global measure, the improvement for a particular analyte is not evident. Frans and
Harris22 and Liang et aL4 used this criterion to select wavelengths that yield superior
concentration precision. They also found that the selection of wavelengths affects the
variance less as the number of measurements increases. This is a logical result of a
selection process where the best sensors are selected at the beginning so that each
new sensor considered has a smaller net sensitivity. This criterion has been
considered in §4.2.
- maximum Det(STS). The sensors selected according to this criterion make the volume
of the ellipsoid as small as possible. However, if the data is highly collinear, the Doptimal set is also collinear and gives a thin but inclined ellipsoid with correlated
estimations of the concentrations and unfavorable prediction errors (despite being Doptimal!). This agrees with Frans and Harris22, who indicated that Det(STS) provides
no prediction as to the expected improvement in accuracy or precision of the
concentrations determined using a particular set of wavelengths and that the
wavelengths selected using the determinant minimized the concentration error. Otto
and Wegscheider23 concluded that the determinant gives a wrong picture of the
selectivity. This agrees with Kalivas21 , who indicated that it is possible for a wellconditioned matrix to have a small determinant and, likewise, for an ill-conditioned
matrix to have a large determinant. In addition, it is a global measure and it does not
disclose which components are involved. This only indicates that the value of the
determinant, by itself, is not indicative of the conditioning of the system.
Kalivas32suggested that the circumstances that maximize the Det(STS) will also
minimize the condition number. Liang et alA considered that MSE and Det(STS) were
almost identical criteria for the use of experimental design and analytical wavelength
selection although Det(STS) could be preferable to the MSE since it is easy to
calculate.
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- the condition number o/STS or S. Cond(S) has been used in wavelength selection to
characterize the global selectivity of the multicomponent system 4,7,23,20,28,33,35, j^Q
condition number gives an upper limit of the relative error in solving matrix
equations 8'24'36 and thus measures the error propagation to the estimated vector of
concentrations in CLS due to the spectral overlap. Usually, the lower the selectivity,
the higher is the condition number28 and the larger the concentration errors can be.
A Cond(S) equal to one has been said to represent complete orthogonality of the
calibration spectra (fully selective system, where every component has a specific
absorption band) while larger values indicate spectral overlap21'24'26-28'34. However
this is only true if the matrix S has been scaled so that STS is a correlation matrix or
for fully selective measurements with
equal sensitivity. Orthogonal spectra
(the axes of the ellipse are parallel to
the concentration axes) may have a
«var^
condition number larger than 1 (one
elh'pse axis divided by the other) if
each analyte has a different sensitivity
(Figure 4). In addition, Cond(S) is not
directly related with selectivity. For
example, in the Figure 4 si is fully
, .. j
., ,t
j...
T
selective despite the
condition number
being large.

c

"*'

Kvar£Wl

Figure 4. Confidence ellipsoid
for an
r
°
,
orthogonal system with a different net

sensitivity.

Since Cond(S) is a global measure (all components are examined together with the
same matrix 8,21,31,34) ft ¿oes nOf. disclose which components may have degraded
concentration estimates8'19 . Its value can be influenced by analytes in the system
different from that of interest. Figure 5 shows the ellipsoid for a three component
mixture where the spectra of two of them are similar and that of the 3rd is
orthogonal. The axes of the ellipses in the planes Cun,i-Cun,3 and Ctm,i-Cun,2 are parallel
to the concentration axes and indicates that Cun,i is uncorrelated with Cun,2 and Cun,3.
The ellipse in the plane Cun,2-Cun,3 is inclined and indicates correlation between 0^,2
and cun,3. The third eigenvalue of the system (proportional to the shortest axis of the
ellipsoid) is small because two spectra are similar and the condition number is
large. Nevertheless, the component with the orthogonal spectrum may be well200
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determined with a low uncertainty
and the large confidence regions only
affect two of the three analytes. Thus,
Cond(S) may be not directly related
to the analyte of interest. This could
also explain why Bauer et al.7 found a
significant
divergence
between
calculated errors in concentrations and
the values of Cond(S) for different
wavelength combinations. Other
drawbacks of minimizing the Cond(S)
is that it is more time-consuming than
optimizing the determinant24 in
wavelength selection problems to
optimize the precision. Moreover,
Cond(S) does not asymptotically
approach a limiting value when
increasing the number of selected
sensors*.

Oun,3
Cun,1

Figure 5. Confidence ellipsoid for a three
component system with one completely
selective spectrum (si) and two not
selective (sa and 83). The projections of the
ellipsoid on the planes are also shown.

- selectivity. Selectivity is related to the orientation of the ellipsoid axes with respect to
the concentration axes. Bauer et al.3-7 found a poor coincidence between concentration
errors and selectivity evaluated as 1/(| S+jr-row|| ||s)t||) (which is the same as LSELjt, in
eq 16 since ¡S+fc-row||=l/|sit*||). They also indicated the difficulty in obtaining
adequate definitions of selectivity thaf are useful for the direct prediction of errors in
the concentration. Horchner and Kalivas15 indicated that wavelength selection based
on high selectivity may not necessarily improve accuracy and precision. The
confidence ellipsoid shows why a direct relationship between selectivity and error
in the concentrations cannot be expected. The sensors that optimize the selectivity
have an ellipsoid whose axes are as parallel as possible to the concentration axes and
the concentrations are the maximum possible uncorrelated. However, this does not
considers the length of the confidence interval (or the volume of the ellipsoid).
Then, the LSEL/t optimal sensors may have either a low or a high net sensitivity. In
the first case, but the confidence interval is large (large variance, and possibly a
large ellipsoid volume) and the prediction error may not imprpve. In the second
case, it is small and the prediction ability of the model is good.
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2.5 The ellipsoid in a completely selective system
In a completely selective system for the fcth analyte, the spectrum of the analyte is
orthogonal to the spectra of the other components and st*=s¡t. Hence YIF/t=LSELt=l
and the confidence interval of the 7cth analyte has the shortest length
VUVIFfr=l/1| s/c || =!/ LSEN/c since always || s& || > || Sk* \\ • In addition, if the system is made
up of orthogonal spectra, (STS)4 is a diagonal matrix, the ellipsoid axes are parallel to
the axes of the component concentration and the concentrations are independently
estimated. The matrix II is the identity matrix. Complete selectivity does not imply
the confidence region be a sphere. Orthogonal spectra with a different net sensitivity
give an ellipse (Figure 5) and the concentration are estimated with a different
precision. A sphere is the particular case where the concentrations are estimated with
the same precision. In this case, VIF^ -iSEL^l despite the ellipsoid having a different
shape.
In the non-orthogonal (not completely selective) case, the increase in the length of
the confidence interval due to collinearity among the columns of S with respect to the
length of the interval for orthogonal spectra with the same number of sensors is
(I/1| Sic* ||)/ (V list I )= 1/LSELt. As the spectral overlap becomes higher, the values of
the off-diagonal elements of (STS)4 become higher.

2,6 Addition of a new sensor to the matrix S
The addition to the matrix S of a new sensor with absorbance different from zero
makes the diagonal elements of (STS)4 decrease (the mathematical proof is given
by the Sherman-Morrison-Woodbury theorem; see e.g. Meyers18 page 459 or
Weisberg37 page 293) and Det(STS) increase*. The orthogonality among the columns
of S can either increase or decrease. All this has the following effects in the confidence
ellipsoid:

Proof: if the sensor with absorbances s/ (s; is here a row vector) is added to S; so that
S7+i=[ S, ; s¡], then S;+1TS,+i= S/TS, + S/TS, and Det(S/+iTS/+i)=Det(S/rs/)·(l+</so) where
dsi =s,iT(S/rS/)-1s;. Since always ds;>0, Det(STS) always increases when a sensor (with not all
the absorbances equal to zero) is added to the S.
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and thus the variance of the concentration of the Jcth component and the
length of the individual confidence interval decrease, and || s&* || =LSEN)(*=1/VUVIF|(
increases. The magnitude of the change depends on the amount of net analyte
signal that the new sensor has. Hence in CLS the precision of the procedure z5-38
(concentrations) increases with an increasing number of measurements ^A6-25 even if
the added sensor only has noise. The best precision is attained when all wavelengths
in the spectrum are selected 16'25. This fact is the result of the approximations in the
CLS of considering the S matrix as determined without error, homocedasticity for
all the sensors and that the assumed model is true. Lorber and KowalskiLOR1
considered different error sources and also concluded that the variance of the
predicted concentration decreased with an increasing number of sensors. However,
in reality the improvement strongly depends on the balance between the information
content and the noise contributions of the additional wavelengths3. As a result, the
analytical error of each component depends on the partial sensitivity, selectivity and
noise of measured signal1. This has been recently shown by Xu and Schechter31.
- Tr(STS)-1 =

decreases and thus, the variance of the estimations of the

coefficients decreases depending on the degree of orthogonality of the new sensor
with respect to the already existing sensors. The more orthogonal, the larger the
decrease. This measure is related to the sum of the length of the ellipsoid axes,
therefore, the axis of the ellipsoid decrease.
- LSEN/c =||s/c|| increases, since the vector has one more term.
- the volume of the confidence region (inversely proportional to Det(STS)) decreases
and hence, for a given a, the concentrations are globally more precise with an
increasing number of measurements25. The volume can be reduced by obtaining a
more 'flaf ellipsoid (with axes either more parallel or more diagonal to the
concentration axes) or an ellipsoid more similar to a sphere of smaller radio. If the
inclination of the ellipsoid increases, the covariance of the concentrations estimated
increase.
- the effect in the orientation corresponds to a change of LSELt. If the added sensor
increases orthogonality, the axes of the ellipsoid tend to be more parallel to the
concentration axes. On the contrary the ellipsoid is more inclined.
.
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